DOCUMENT RESUME

ED 341 553 SE 052 473
AUTHOR Pandey, Tej; Smith, Theodore R., Ed.

TITLE A Sampler of Mathematics Assessment.

INSTITUTION California State Dept. of Education; Sacramento.
REPORT NO ISBN-0-8011-0972~-8

PUB DATE 91

NOTE 65p.; Prepared in cooperation with the Mathematics

Ascessment Development Team and the Mathematics
Assessment Advisory Committee.

AVAILABLE FROM Bureau of Fublications, Sales Unit, California Dept.
of Education, P.Q. Box 271, Sacramento, CA 95812-0271
($4.00).

PUB TYPE Guides ~ Classroom Use - Teaching Guides (For
Teacher) (052) -- Tests/Evaluation Instruments (160)

EDRS PRICE MF01 Plus Postage. PC Not Available from EDRS.

DESCRIPTORS Discovery Learning; Educational Change; Elementary
Secondary Education; Evaluation Methods;
sMathematical Enrichment; Mathematics Education;
Mathematics Instruction; *Mathematics Tests;
*Multiple Choice Tests; *Portfolios (Background
Materials); Problem Solving; Public Schools; Teaching
Methods

IDENTIFIERS x*Authenti.t Assessment; *California Assessment
Program; Open Ended Questions

ABSTRACT

The California Assessment Program (CAP) administers
tests to all public school students at certain grade levels, compiles
the results, and provides information that allows educators to judge
the effectiveness of their programs and make improvements. This
sampler describes the types of assessment that CAP proposes to
respond to the needed changes that reflect the recent curricular
reforms in schools throughout California. The four types of
assessment planned for CAP are: (1) open-ended problems; (2) enhanced
multiple-choice questions; (3) investigations; and (4) portfolios.
These modes of assessment are recommended for adaption for teachers
of all grade levels and teachers are encouraged to use the examples
in the boollet to enhance classroom instruction and to develop tasks
for student assessment. After chapter 1 that describes the changes in
assessment, the sampler is divided into six major parts: chapter 2,
"Assessment of Mathematical Power"; chapter 3, "Types of Assessment":
chapter 4, "Performance Standards and Judging a Student's Work",
chapter 5, "Implementation of Authentic Assessment in Your School,"
chapter 6, "Sample Problems." A "Participation and Feedback" page is
given to ask participants' comments and suggestions about the
sampler. (11 selected references) (MDH)

I EE XS XSRS SRR SRR R R R R SRR R R R R R R R R REEEE SR

* Reproductions supplied by EDRS are the best that can be made *

* from the original document. *
KA EEAAERNAKAANAITARARAARARARAA A AR RRAAAAARARAEARRERARARAARKRDL AL ARAR AR AR RARARRARARANRRAK




“PEAMISSION TO REPRODUCE THIS

U.8 DEPARTMENT OF EOUCATION
" OMice of { ducatipng Rosoarch ana im;
firOveiment
"PERMISE N AICHOFICHE ONLY EDUCATIONAL RE SQURCES INFORMATION
MATERIAL N ook o) CENFLRIERICG)
&K ths dacumant nas peen oproducnd ag
:\(l)u(::\‘:‘-,n‘;,ﬁm the porson o orgamglion
N 'k:);\’gvuf :\:I‘\Em h?:o bosn made to nnprove
uChOP Guality
o Ponig ol wm; O ol ‘:.w ”!m" e
YO THE EDUGATIONAL ka:%uaces e et e i
) 4 ' ' ).“ hgh or 0 Ity
INFORMATION CENTER (E
.. Fy
i
l

am_—
1
| p l e r \
' h ®
> 3 -. |
. . . | !
i ! 1
. P. ‘. e
Lo . |
K . A . . - . o |
e "
U " 5 e ‘ )
\_ [ T , ) .
e . |
. H . , _ ;o ) p . '
- . . -, B . -
. . . PR .‘:
' S l " ; | ' B
: ‘ . ot \
oy } . ) | .
. o e ; *l ‘
XN e ' ) |
. , N | |
. ot . ‘ | “
o e «,? ! AU 4 | y 3 ?} l
. f\" < N b . R . ,!; ! ‘
-"gK‘ | V ‘ | 4 ‘ ‘ . g D N N .
l L e | \

PRSI e

" ¥
' G
o A R R
P e ot AN TRy AL 0 .
_”_m;,m‘ g "
- 3

i' I
i ! | Lo
: i o
. 1 . .: LR |
e IM & a ? . i Loy -r.:\"a_ . \ "
ract H : - m
s / . g i t . *{ o . _,:f.;\ \;‘k wd
Ly ) i ' ; - *“"*."““""‘"”Q S . ot e ooy
g‘ ; - N },vrm:a-wmwl-"“ ) ! % e |




Sam?)ler

of Mathematics
Assessment

Prepared by
Tej Pandey

in Cooperation with the
Mathematics Assessment Development Team
and the

Mathematics Assessment Advisory
Committee

ERIC 3

Full Tt Provided by ERIC.




Publishing Information

Working with both the Mathewnatics Assessment Development Team and
the Mathematics Assessment Advisory Committee (see Acknowledgments
on page v), Tej Pandey, Mathematics and Science Administrator in the
California Assessment Program, developed A Sampler of Mathematics
Assessment. The document was edited for publication by Theodore R.
Smith, working in cooperation with Dr. Pandey, and it was prepared for
Photo-offset production by the staff of the Bureau of Publications. Cheryi
Shawver McDonald designed and prepared the layout, and Steve Yee
designed and prepared the cover.

This document, which was printed by the Office of State Printing, was
published by the California Department of Education, 721 Capitol Mall,
Sacramento, California (mailing address: P.O. Box 944272, Sacramento, CA
94244-2720); and it was distributed under the provisions of the Library
Distribution Act.

© Copyright 1991, California Department of Education

Any questions regarding the reproduction of this document should be
addressed to the Copyright Program Officer, California Departinent of
Education, P.O. Box 944272, Sacramento, CA 94244-2720. However, the
readers, especially teachers, are advised that the “fair use” provisions of
the U.S. Copyright Law permit the reproduction of material from this
book for “purposes such as criticism, comment, news reporting, teaching
(including multiple copies for classroom use), scholarship, or research.”
Thus, making copies of the sample problems in section 6 for classroom use
is not a violation of the copyright.

Copies of A Sampler of Mathemalics Assessment are available for $4 each,
plus sales tax for California purchasers, from the Bureau of Publications,
Sales Unit, California Department of Education, P.0. Box 271, Sacramento,
CA 93812-0271 (phone: 916-445-1260). A list of other publications available
from the Department appears on page 55.

ISBN 0-8011-0972-8




Contents

Page

A Vision of Mathematics Assessment in California ............coeceeveevenee. iv
ACKNOWIEAGIMENLS .....ovvevrvventiiiniiiis vt essssssssses s sssnassnenns \4
1. Changes in ASSeSSMENL...............ccccoumrrmmmrrnrrnnrnnsinensensssss e ssessessseen. 1
2, Assessment of Mathematical Power..........c...ccoooevvevenvecrenenreennnnn, 4
Mathematical POWET .......ccouimiiveeinmnisnnnninsinsssssesssenssssssssssssssssenesenns 5
CAP’s New AssesSment Tasks .........cccovuvmrinrmresrensensnnsesinessessessessnens 6
CAP’s New Assessment TYPes........occ.vcveenneerernmmnessenssenssenssennes evererens 8

3. TYPes 0f ASSESSMENL ...........ccoucvvrrrmmrrirriinsinsins s esssss s ssssessenns 10
Open-Ended Problems ... 10
Enhanced Multiple-Choice QUeSHONS.........cc..coeruverneinneeereeesenesennns 16
INVESHIGAtONS ..ottt e ss e 17
POTHEOlOS ....ovvvvrririitiiciicie st se st ssss s s ssansees 25
4. Performance Standards and Judging a Student’s Work .................. 28
Describing Performance Standards ...............cc..covvvveeereovsrneeenseeeesnennn. 28
Judging a Student’s WOTK ..........covueurmmrinmrinnsssnnssssesssssssssenseeenesenens 31
Judging Students’ Work to Improve Communication........................ 32

5. Implementation of Authentic Assessment in Your School.............. 35
6. SaMPle PIODIEMS ..ot senseseessessessans 38
Open-Ended Problems ... neesssssessssees 38
Enhanced Multiple-Choice QUESHONS ..........c.vvvvvrvuvcrenrneeennresreeen 44
Selected References..............cicmrnmnriinnniinesiissiessse s ssesesssensens 53
Publications Available from the Department of Education .............. 55
Participation and Feedback .........cooucvuveuereviienvecieseeeesesenesscessesssessen, 57

jii



A Vision of Mathematics
Assessment in California

What if . . .

* STUDENTS eagerly anticipated assessment tasks as opportu-
nities to produce something useful—a plan, a portfolio, a report,
or results of an investigation?

o TEACHERS welcomed assessment as an integral part of the
teaching/learning process that closely resembled actual
instructional practice while fairly assessing their students’
performance?

e PARENTS felt confident that their children were learning in
order to become motivated and productive citizens who can
function in a rapidly changing wozid?

The California Assessment Program and the teachers and educators of
the Mathematics Assessment Development Team and the Mathematics
Assessment Advisory Committee are dedicated to making this vision a
reality. Please join us in accepting the challenge of creating these riew
forms of assessment.

James R. SMITH DALE CARLSON
Deputy Superintendent Assisstant Superintendent
for Curriculum and and Director, California
Instructional Leadership Assessment Program
FRANCIE ALEXANDER

Associate Superintendent

and Director, Curriculum,
Instruction, and Assessment Division




Acknowledgments

A Sampler of Mathematics Assessment was developed by members of the
Mathematics Assessment Development Team and the Mathematics Assess-
ment Advisory Committee working with Tej Pandey, Mathematics and
Science Administrator, California Assessment Program, California Depart-
ment of Education. The Department gratefully acknowledges the work of all

these contributors.

Mathematics Assessment Development Team

Harold Asturias
Los Angeles Unified School District

Pam Beck
Fresno Unified School District

Sandra Bright
Fresno Unified School District

Carol Brooks
Oakland Unified School District

Becky Brown
Ercinitas Union Elementary School District

Ann Marie Costanza
Irvine Unified Schnol District

Cathy Crowell
San Jose Unified School District

Pam Curtis
Alameda City Unified School District

Marilyn Dickens

Ukiah Unified School District

Roger Enge

Saddleback Valley Unified School District

Rosita Fabian
Hayward Unified School District

Shelley Ferguson*
Chula Vista Elementary School District

Mardi Gale
Beverly Hills Unified School District

Brenda Gentry-Norton
University of California,

San Diego

Jody Graf

San Juan Unified School District

Linda Haysom
Garden Grove Unified School District

Joyce Ireland
Santa Ana Unified School District

Liane Jacob
Santa Ana Unified Schoo! District

Joyce Kirsch
Los Angeles Unified School District

Steve Klass
Encinitas Union School District

Drew Kravin
Albany City Unified School District

Belinda Lister
Site Math/Reading Teacher
Burbank Unified Schoo!l District

Suzanne McGrath
Chula Vista Elementary School District

*Names set in boldface type indicate that the persons served as members of the Sampler Committee.




Elizabeth O’'Donnell
Berkeley Unified School District

Don Penla..d
San Jose Unified School District

Judy Powers
Office of Santa Clara County Superintendent
of Schools

Millie Prior

San Diego City Unified School District
Bill Ruano

Mt. Diablo Unified School District

Jim Rybolt
Escondido Union High School District

Nancy Schager
Ocean View Elementary School District

Beth Schlesinger
San Diego City Unified School District

Nanette Seago
Jurupa Unified School District

Dorothy Wood
Consultant, Larkspur Elementary School
District

Mathematics Assessment Advisory Coinmittee

Nicholas A. Branca
San Diego State University

Leigh Childs*
Office of San Diego County Superintendent
of Schools

Larry Chrystal
University of California,
Irvine

Clyde L. Corcoran'
Claremont Graduate School

Ana Golan*
Santa Ana Unified School District

Donna Goldenstein'
Hayward Unified School District

Elois M. Irvin
Richmond Unified School District

Roberta Koss'
Tamalpais Union High School District

Judith Kysh
University of California,
Davis

Kathy Layton
Beverly Hills Unified School District

Joseph Lipson
California State University, Chico

Clarita Montalban'
Jurupa Unified School District

Ruth Parker*
Office of Alameda County Superintendent
of Schools

Antoinette Podesto
Scockton City Unified School District

Gail Robinette'
Fresno Unified School District

Alan Schrenfeld
University of California,
Berkeley

Tony Spears'
Office of San Diego County Superintendent
of Schools

Jean Stenmark’
EQUALS, Lawrence Hall of Science
University of California, Berkeley

Ric Thomas'
Office of Los Angeles County Superinten-
dent of Schools

Julian Weissglass
University of California,
Santa Barbara

Les Winters
Los Angeles Unified School District

California Assessment Program staff who
contributed to the preparation of this
document were John Burge, Jim Feenstra,
Gary Konas, Diane Krantz, and Bonnie
Williamson,

1This ;;ersz)r;was also a member of the Mathematics Assessment Development Team,

vi



Changes in Assessment

tests to all public school students at certain grade levels, and

then CAP’s staff compiles the results for the schools, districts.
counties, and the state as a whole. The purpose of CAP is to provide
information that allows educators to judge the effectiveness of their
programs and to give them the data they need to make improvemenis.

CAP has undergone substantial changes recently, and others are
planned for the future. For example, changes have been proposed for
some of the tests given currently in grades three, six, eight, and twelve;
and a comprehensive student-level assessment has also been proposed.
More importantly, the nature of the tests is changing to reflect new
thinking and practices in teaching. Most significant, though, are pro-
found changes in the way assessment of academic achievement is
conceived; that is, what it means to know and then to be able to use
that knowledge. Part of the focus of this booklet will be on that level of
change as it applies to mathematics.

Currently, CAP is revising its matheraatics assessment to reflect
curricular reforms in schools throughout California. Teachers now
place a greater em»hasis than they did in the past on mathematical
understandings, problem solving, hands-on learning experiences,
collaborative work, and exposure to different strands of mathematics.
In the wake of calls to sirengthen mathematics instruction in California
and the nation as a whole, more schools are certain to join the educa-
tional reform effort. This sampler describes the types of assessment
that CAP is planning or proposing to use to support that reform.

At the core of mathematics reform is the idea of mathematical
power. Mathematical power is developed as well as assessed by en-
gaging students in worthwhile mathematical tasks—worthwhile both
in the sense of being useful in a student’s life and in the development
of the student’s academic abilities. Because the tasks that are being
developed for the new assessments are grounded in sound educational

E very year the California Assessment Program (CAP) administers

The focus of
this booklet
is on the
assessment of
what students
know and are
able to do in
mathematics.




Teachers of all
grade levels need
to adapt these
new modes of
assesssment for
their classrooms
in the same way
that they adopt
new modes of
instruction,

theery and shaped and tempered by the practice of classroom teachers
who participate in creating the tasks, CAP is confident that the assess-
ment will mirror and support good instruction.

The main purpose of A Sampler of Mathematics Assessment is to de-
scribe and illustrate the four types of assessment planned for CAP:

e Open-ended problems

* Enhanced multiple-choice questions
* Investigations

* Portfolios

These four types of assessment, which are described in detail in
section 3 of this document, focus on mathematical understandings that
students develop over a period of several years, rather than just one
month or one school year. Thus, the assessment tasks described in this
sampler can be used at or adapted tc a number of grade levels, not
merely the grade levels at which CAP administers tests. All teachers
involved in any aspect of mathematical instruction have the responsi-
bility to develop their students’ mathematical power. Such teachers at
all grade levels need to adapt these new modes of assessment for their
classrcoms in the same way that they adopt new modes of instruction.

CAP’s new assessment will be phased in gradually, depending on
the availability of resources. Open-ended problems have already been
introduced at grade twelve. All the tests planned for the future will
include enhanced multiple-choice questions and open-ended prob-
lems.

Investigations and portfolios will be implemented statewide after
several years of pilot testing. In the first year of new assessment, inves-
tigations and portfolios will be administered in a statewide sample of
schools. Each year the number of schools participating in assessments
in which investigations and portfolios are used will be increased to
accomplish full implementation in three to five years. Over the years,
as the emphasis on open-ended problems, investigations, and portfo-
lios increases, the emphasis on multiple-choice questions will decrease
correspondingly.

A Sampler of Mathematics Assessment is intended for teachers of math-
ematics at both the elementary and secondary levels. Other educators
who have responsibility for CAP, curriculum development, staff devel-
opment, or other aspects of academic administration can also benefit
from this sampler. Teachers are encouraged to use the examples in this

il



booklet to enhance classroom instruction and to develop tasks for
student ~3sessment.

This sampler is divided into six major parts. The next section, “As-
sessment of Mathematical Power,” describes what mathematical
power is and how it can be assessed. “Types of Assessment” includes
samples of questions and students’ responses. “Performance Standards
and Judging a Student’s Work” explains how students’ responses can
be judged against the preestablished performance standards. “Imple-
mentation of Authentic Assessment in Your School” provides back-
ground information that can help teachers and staff developers imple-
ment sound curricular and assessment practices. “Sample Problems”
contains examples of open-ended and enhanced multiple-choice ques-
tions. Finally, a list of annotated references has been provided as an
additional resource for the users of this document.

The sampler also includes a “Participation and Feedback” form at
the end of the booklet. You are encouraged to use this form to commu-
nicate your concerns or suggestions to CAP and to volunteer for con-
ducting pilot testing.

After trying

out these new
approaches to
assessment,
please send us
your reactions by
using the
“Participation and
Feedback” form at
the end of the
booklet,

11




“What is tested is
what gets taught.
Tests must
measure what is
most important.”

—Everybody
Counts: A Report to
the Nation on the
Future of
Mathematics
Education

Assessment of Mathematical
Power

mathematics educators is that current tests, usually multiple-

choice questions that focus on narrow skills, do not assess the
learning outcomes of “good” instruction. Multiple-choice assessment,
in turn, has encouraged teaching that promotes learning facts and
executing algorithms rather than developing mathematical under-
standing.

In addition to the shortcomings in tests, the weaknesses in the
present curriculum are often acknowledged. A consensus among
educators has emerged about what is essential in the teaching and
learning of mathematics. On the state level this consensus is docu-
mented in the Mathematics Framework for California Public Schools (1985,
draft 1991), the Mathematics Model Curriculum Guide, K-8 (1987), and
the Model Curriculum Standards, Grades 9-12 (1985), published by the
California Department of Education. On the national level this consen-
sus is documented in Curriculum and Evaluation Standards for School
Mathematics (1989), published by the National Council of Teachers of
Mathematics, and Everybody Cour'ts (1989) and On the Shoulders of
Giants (1990), published by the National Research Council. These
documents emphasize that developing mathematical power for all
students is the goal of mathematics instruction.

This booklet does not descritie in detail how students develop math-
ematical power. However, a short summary description of mathemati-
cal power can provide a background for examining the new assess-
ments, for the goals of instruction must determine the structure of the
new assessment.

D uring the past several years, a growing consensus among




Mathematical Power!

Mathematical power is the capacity to do purposeful and worth-
while mathematical work. The critical manifestation of mathematical
power lies in the student’s ability to employ:

» Matheinatical thinking—to use kncwledge and understanding to
analyze, conjecture, design, evaluate, formulate, generalize, inves-
tigate, model, predict, transform, or verify

~ Mathematical understanding—to use mathematical concepts and
connections among concepts both within mathematics and across
disciplines

* Tools and techniques—to efficiently and effectively solve math-
ematical problems; for example, using diagrams and tables, calcu-
lators and computers, manipulatives, and other concrete materials

e Communication skills-——to communicate results with various
audiences and for various purposes

Students develop mathematical power by working beth individually
and in groups on many types of problems and projects. Students
should therefore be engaged in the breadth and depth of mathematics,
rather than in repetition and drill. Mathematical activities should be
based on real-life situaticns and explorations and should involve
several mathematical ideas. The activities should present the student
with the unexpected, have more than one “answer,” and extend to
other subject areas.

Such activities can stimulate and stretch students’ mathematical
thinking. By using a wide variety of mathematical manipulatives,
tools, and other resources, students become involved and reflect on

'How do the four aspects contribute to mathematical power? An analogy with the generation of power
in a gasoline engine may be helpful. Suppose that gasoline is like mathematica! .nderstanding, the process
of combustion is like thinking, the engine housing corresponds to tools and techniques, and the transmis-
sion {s analogous to communication skills. Then just as combustion in the engine converts fuel into energy,
thinking serves as the spark to fuel mathematical knowledge to do purposeful work. Just as the engine
housing and values facilitate combustion, tools and techniques allow us to think efficiently and effectively.
And just as energy produced in the engine is channeled to the wheels by the transmission, the productive
mathematical work is manifested only when student are able to communicate their ideas with the
intended audience.

The capacity or the full extent of the work that the ~ombustion produces and communicates through
the transmission is revealed only when we put the engine in gear. So, too, are students able to show the
extent of their mathematical power only when they are engaged in interesting and mathematically rich
problems.

When we give
students the
breadth and depth
of mathematics, we
provide activities
that stretch across
the seven strands
of mathematics—
number, measure-
ment, geometry,
logic, patterns and
functions, statistics
and probability,
and algebra—and
help them extend
their mathematical
work in to other
subject areas.




In order to assess
mathematical
power, the CAP
committees have
developed several

types of

assessment.

their activities. Students should be given the opportunity to express
the results of their activities in a variety of oral and written products or
presentations.

CAP’s new assessments support this approach to instruction. By
cligning assessment with instruction, teachers can use the assessmant
tasks to examine student understandings and to help develop instruc-
tional programs.

CAP’s New Assessment Tasks

The Mathematics Assessment Advisory Committee and the Math-
ematics Assessment Development Team are planning and developing
'_AP assessment tasks. The CAP advisory committee is composed of
researchers, curriculum experts, and teachers. The assessment devel-
opment team is composed of classroom teachers, kindergarten through
grade twelve. The team is divided into committees of ten to twelve
teachers, organized by current CAP grade levels.

In order to assess mathematical power, the CAP committees have
developed several types of assessment. As much as possible, each type
requires students to:

* Restructure information rather than simply recall and reproduce
it.

¢ Understand and use information in new and unfamiliar contexts.

 Explain why and how rather than just state a result of some arith-
metic calculation or algebraic manipulation.

¢ Integrate and connect their conceptual understandings as they
observe, experiment, reason, and interpret, as well as make deci-
sions and draw conclusions in situations they encounter within
and outside the school.

* Demonstrate persistence, imagination, and creativity, and show
their own novel problem-solving approaches.

Furthermore, the committees used the characteristics given in Table
1 as a guide to determine the quality of assessment tasks.

6
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TasBLE 1

UNDESIRABLE AND DESIRABLE CHARACTERISTICS OF ASSESSMENT TASKs!

Characteristics

Rationale for determining
Undesirable Desirable characteristic

Contrived Authentic Processes us\ ! by students
must be like tnose used by
people who use math.

Tangential Essential Fits the core of the curricu-
lumy; i.e., hits the big ideas,
not just an enrichment
exercise.

Superficial In-depth Leads to other problems and
questions. Ripe with possibil-
ities. Leads to connections.

Uninteresting Engaging Thought provoking. Fosters
persistence.

Won't Work Feasible Can be done easily and
safely within the constraints
of the school and classroom.

Single-dimensional Multidimensional Integrated with other topics
and subjects.

Structured Open Allows multiple entry points,
multiple points of view.

Audience and Audience and Appropriate diagrams,

purpose implied purpose specified tables, charts, symbols, and

or unclear written descriptions used to
convince the reader.

'These guidelines were first developed by Grant Wiggins of CLASS. The CAP committees adapted and
extended the guidelines for CAP’s asscasment development.




CAP’s New Assessment Types

CAP is developing four types of assessments:

¢ Open-ended problems
¢ Enhanced multiple-choice questions
¢ Investigations

¢ Portfolios

These four types of assessment differ from each other in many ways,
as summarized in Table 2. CAP will use all four types in order to
assess as many dimensions of mathematical power as possible. The
specific combination of the four assessment types will be determined
by extensive piloting and field testing. This combination will evolve
and change as new research data become available.

TABLE 2

FeaTURES OF FOUR TYPES OF ASSESSMENT?

Nature of feature, by type of assessment

Enhanced
multiple-choice Open-ended
Feature questi s problems Investigations Portfolios
Time per task 2-3 minutes 15-45 minutes 2-3 hours 2-3 weeks
Calculator Yes Yes Yes Yes
Manipulatives No Wher Yes Yes
appropriate

Correct answer One Many Many Many
Who creates
responses? Item writer Student Student Student
Scoring Answer key Judging Judging Judging
Model of good
instruction No Yes Yes Yes
Collaboration No No Yes Yes
Student self-
assessment Little Some Much Most
Usefulness to
teacher Some Very much Very much | Most




'Notes to Table 2:

Time per task. Under time pressure, students can answer only straightforward,
narrowly-focused, or fact-related questions. Speed and memorization become
more important than creative solutions and extensions, which show thinking
but require more time.

Calculators. Calculators are as indispensable as paper or pencil. When stu-
dents use calculators appropriately, they show evidence of mathematical
power.

Manipulatives. Manipuiatives and other resources help students clarify think-
ing and communicate with others.

Correct answer. In multiple-choice questions students are required to think as
the item writer thought to find the single correct response. In open-ended
questions and investigations, students can use their own experiences to
produce one of many correct solutions.

Who creates responses? In multiple-choice questions, students choose re-
sponses. In open-ended problems and investigations, they are required to
construct their own responses.

Scoring. Multiple-choice questions have a single correct answer. When stu-
dents conctruct responses for open-ended problems or investigations, many
correct and even creative solutions are possible. These responses are scored
by experts—specifically, trained classroom teachers.

Model of good instruction. Assessruent tasks, such as open-ended problems und
investigations, can provide models and starting points for good instruction.

Collaboration. In the workplace and other life situations, people have to learn
to work in groups as well as individually. Student collaboration develops
cooperative skills and helps clarify thinking.

Student self-assessment. When students understand what they have accom-
plished and examine why they chose certain strategies, they are better able to
continue their development. This self-assessment takes place when students
compare their past and present work and have opportunities to see many
examples of good work and compare their own work with those examples.

Usefulness to teacher. In contrast to multiple-choice questions, open-ended
problems and investigations reveal what students can actually do and where
their difficulties lie. This information can then be used by teachers to modify
instruction according to students’ learning needs.

17




Teachers can write
assessment tasks
by combining
particular content
with these four
characteristics:
interesting
situations,
multiple entry
points, multiple
solutiorns, and an
audience.

Types of Assessment

ments developed for CAP. This section describes specific features

of each of the four types of assessments, with illustrative ex-
amples. A discussion of open-ended problems is presented first, fol-
lowed by enhanced multiple-choice questions, investigations, and
portfolios. Suggestions to teachers are also of¢zred for developing
student assessment tasks.

S ection 2 provided a genera! overview of the four types of assess-

Open-Ended Problems

An open-ended problem presents students with a descripdon of a
problem situation, and it poses a question for students to respond to in
writing. The question is designed to find how well the student can
thirk, solve, and communicate about the given situation. The problem
should be open-ended enough to allow for more than one solution (or
path leading to the solution) without being vague.

Most open-ended problems developed by CAP are designed so that
students can complete them in approximately 15 minutes. For some
problems, however, students may use up to 45 minutes. Calculators
and, in some cases, manipulatives may be needed. In particular, an
oper-2nded question provides:

e An interesting situation that engages students and involves
several mathematical concepts

e Multiple entry points that allow students at many levels of un-
derstanding to begin working on the problem

e Multiple solutions that allow students to make their own as-
sumptions and develop creative responses

e An audience that creates the need for students to communicate
effectively, using appropriate tools such as charts, graphs, and
diagrams

Although different students may approach such problems in differ-
ent ways, mathematically powerful students will:

e Find key mathematical elements of the problem situation.
 Explore mathematical relationships and formulate hypotheses.

15



* Demonstrate and ¢ xplain their unique resolution of the problem
through diagrams, graphs, charts, and other methods and extend
their mathemati-.al thinking to related problems or situations.

* Communicate their findings effectively to an audience.

While writing open-ended problems, (AP committees found it
helpful to keep in perspective the esseritial requirements described
above as well as the ways in which students might respond to the
problems. However, the above lists are not a step-by-step procedure
for creating or evaluating open-ended questions; each open-en. .1
question contains these characteristics to varying degrees.

Examples of Open-Ended Problems

The following two examples with student responses illustrate the
features of open-ended problems. Example 1 has a situation that the
student can imagine and an audience that the student raust “help.”
Example 2, like the first one, has a situation and requires the student to
explain the solution to an audience. The student can use a variety of
strategies to arrive at a solution.

Example 1—Bus Ride

from school each day. me;ﬂdemwmewmmM avaexack
changemdmustuseonlynickels,dimmdqumo. oy TR L
Your&iendlmaproblembeauseshadoesmtyetuﬁdmndmm,qndéw
does not know how to countourmoney.. ‘

Help your friend find the right coins. mgwwmmzmm“ AW
somethingonawholesheetofpaparthltmhdp Sh ok
that can show which combinations of o utad
ride. it

Be sure to organize your paper so it is clear and helpful for yout' Mehd :

<

A friend of yours, who just moved to the United States, must Meﬂﬁmmw

In responding to this problem, a mathematically powerful student
would try to:

* Identify important elements of the problem, such as various de-
nominations of U.S. coins.

 Explore possible combinations that yield 50 cents and determine
that all possible combinations have been accounted for.

The problem of
the busrideis
open-ended
because
students must
create their own
diagrammatic
way to show
their solution to
a particular
situation and
audience.

| 149
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The student;

Shows some
computational
proficiency
Creates only a
few combinations
Demonstrates a
creative approach
to represent
combinations
Does not
communicate to
the intended
audience

The student;

¢ Uses a chart

systematically
and effectively
Partially
communicates
with intended
audience
Demonstrates
computational
proficiency

* Show combinations by using illustrations, tables, or charts.
* Present the information in a manner most helpfu! to the “friend.”

Student Response 1

O O@ =20

—————

50

Student Response 2

l)()
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Student Response 3 The student:

* Uses a table
effectively to
show information

* Demonstrates
computational
proficiency

* Makes all
combinations

* Makes a minor
error in combi-
nation or com-
putation

* Communicates
pictorially to
audience

The student:

 Communicates
with the audience

* Demonstrates
some proficiency
with combina-
tions

* Uses both words
and diagrams to
show combina-
tions

13




When this problem
has been adminis-
tered, students
have arrived at
over 60 correct
interpretations or
conclusions about
the data. This
diversity in the
responses shows
that the problem
is open-ended;
multiple solutions
are possible and
are even encour-
aged by the , on e et -
structure of the E—
problem. In responding to this problem, the student has an opportunity to
demonutrate an understanding of the mathematical implications of the
data and to interpret the meaning of that data. Although there is no
step-by-step process that a student must follow, a mathematically
powerful student would try to:
* Identify important elements of the problem, such as the different
groups of students and how much they smoked.
* Explore the mathematical relationships within the problem by
comparing the relative size of each group.
* Interpret the data.
* Present ideas in a manner consistent with the intended audience;
e.g., high school students.
Student Response 1
W3 e ool L 3t Ay Bigpy Sowed of 1pe stucleuts
C\J\Q;ﬁ.‘/\ YAMOM\\{ ) duds Ao ﬂ)&* @L})y’( NQ:"\\\(\S <LIL‘500\ o
O Cassmales Tk npver Snoed v ave o oncee Sn\Ok\vt'J
Uiortundlely . 259 of oy studewts ] o\ mf{ Pickect
VP TS Tt VL. Of uost udents o do ot
GWOXL, 289 or TN A vIQuey Hvied &voging | 18 9 awv
Gk omdC g il twe AR year and 0, A0 oy
dtnex Suokers tove not had 3 Pt wa dev 3 yea
14 Q2

BEST COPY AVAIL A%, 2




Student Response 1 (Continued)

o thet apoeXimete fwvd of fwe Class Hhat cufreutly
SiokeS M e e Ywekine W ey 3 ear L;u We
R e -ﬂvﬂ T 1, (o Yeer by Yeen SV\wkmj
AUV Awne (U\\o\o. A NfOY ué\\\ o “b:‘h«ké Sy,
WIS R T wote Swat (29, of o e

Wawg Ayied $V“CLH\() &t éne fime.

Student Response 2
The iyarnadeom olias of Exeley %ﬁw&;@s ,
00 “é-j%ws":‘"’! 2’024/75 *@&fnfM

”"'ﬁ’”"e Y A coen T W‘fw pe%%m Kve

/?,

/M,M'H/y Lama u?n AU Some Aﬂ:t&?_‘-?

Mﬂd'wsw’w%‘ﬂfzw 7
me/(;/m, WW%MW E{‘é;

sﬁW/mWA—W\_W (8 tll, T#5 tme t

s e ol e st of ot o i

Several open-ended questions that are formatted for classroom use
are included in the “Sample Problems” section at the end of this book-
let. Although CAP will administer open-ended questions on an indi-
vidual basis, any of the open-ended problems in this sampler can be
given as classroom exercises to be completed individually or in small
groups. These problems can also serve as the starting point for broader
instruction and investigation.

Unlike the first
problem, this
problem allows
the student to
arrive at one of
many possible
correct solutions,
depending on the
assumptions he
or she makes.

ERIC BEST COPY AVAILABLE 27
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When answering
enhanced multiple-
choice questions,
students must use
several types of
conceptual
understanding;
merely recalling
facts or procedures
is not enough.

Enhanced Multiple-Choice Questions

Traditional multiple-choice questions usually assess concepts in
isolation, using routine procedures and facts. Students are given only
30-60 seconds to find the single correct answer.

Enhanced multiple-choice ques..ons go beyond the assessment of a
single skill. They require students to make connections among several
concepts to arrive at the correct answer. They also allow students to
use more than one mathematical strategy to solve the problem. Be-
~ause of their relative complexity, enhanced multiple-choice questions
require two to three minutes to answer.

Two examples of enhanced multiple-choice questions are given
below. The annotations explain how questions were written to capture
a student's mathematical understanding.

This problem deals with muitiplication and place value. Students
can approach the problem purely by trial and error or by trial and
error in a systematic way. Teachers can use variations of this problem
to provide rich instruction. For example, they can ask students to find
the minimum product or a product that is closest to a given number.
Alternately, the multiplication operation can be replaced by addition,
subtraction, or division. The problem can be modified for use at grades
three through twelve.




In order to answer this question, the student needs to understand
and use representation, spatial reasoning, and multiple patt >rn recog-
nition. The problem can be solved algorithmically or by logical think-
ing. Again, teachers can develop variations of this problem for class-
room use. For example, the triangle can be replaced with a square.

Additional examples of enhanced multiple-choice questions for use
at various grade levels appear in the section of “Sample Problems.”
Classroom teachers can use these problems in their current form or
develop extensions to meet their instructional and assessment needs.

Investigations

CAP investigations include all the features of open-ended problems.
They present students with a situation, allow for multipie entry points
and multiple paths to a solution, and provide opportunities to commu-
nicate to an audience. In addition during an investigation students:

* Use an extended period of time to explore as well as apply math-
ematical concepts (about three hours over two to three days).

* Collaborate with one or more partners.

* Decide how to use a variety of manipulatives and other resources.

* Can show persistence by how they identify a problem, develop a
plan, and explain results.

Investigations are designed to meet essentially all the criteria of a
desirable assessment task (see Table 2). They are richer tasks than

Feel free to use
these problems in
their current forin
or develop your
cwn extensions.

20
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Investigations
involve several
related activities
that progress from
directed to least
directed.

open-ended problems, allowing for up to three hours to complete;
hence, investigations are able to tap aspects of learning not accessible
by open-ended or multiple-choice questions. Investigations can, in fact,
be used to assess almost all aspects of the students’ mathematical
power. In other words, they can reveal how well students employ
mathematical thinking and their understanding of concepts, tools, and
techniques to accomplish a purpose and communicate their results.

The example that follows illustrates students’ responses to one
investigation. In this investigation, a pair of eighth grade students
collects data to design a fair and interesting game that shows their
understanding of probability.

The investigation is divided into three activities. Activity 1 is self-
directed to familiarize students with collecting data, discussing the
problem, and then writing individual responses. Activity 1 has enough
structure that almost all students—even those lacking similar experi-
ences—can handle it. During this activity, teachers may guide students
to set up their work and answer their questions.

Activity 2 of this investigation is relatively less structured and math-
ematically more involved, requiring students to make predictions,
gather data, check for the accuracy of their predictions, analyze and
interpret their findings, and write explanations. Although teachers
may guide students during this activity, they are encouraged to let
students persist and try alternatives for themselves to prepare for the
important third activity.

Activity 3 is the most open-ended component of the investigation.
Students are required to carry out the activity without any teacher’s
guidance. In this activity students apply concepts of probability in an
open-ended manner to design a coin-tossing game that is fair and
interesting. They have to collect data to check for fairness, write the
rules for someone else to play the game, and explain why their game is
interesting. This activity provides students an opportunity to demon-
strate their mathematical understandings and insights, creativity, and
ability to communicate. Although the two students cooperate on the
investigation, they write their results individually. Note especially
figures 1 and 2.

As this example illustrates, investigations are powerful instructional
as well as assessment tools. The whole process models good instruc-
tion, and student assessment is an almost incidental by-product, useful
for both teachers and students.
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Example—Coin Toss (Grades Seven Through Twelve)

Figure 1. ’age one of the student’s booklet

STUDENT A

CAP Math Investigations

Today you and your partner will be working togethar on an investigalion. You
will nave 80 minutes 1o complete all tasks. You must complete your own
answer sheets, byt please discuss all ideas with your panner.

The investigat:on will require
« doing an activity
= mawming and recording observations
+ answering queshons

You wil be scored on
« how well you work together
« how you use words and diagrams to show what happens and why

Activity 1: One-coin Toss

You and your partner are 10 take turns 10ssing a coin. Each of you 15 to 10ss the
coin 50 imes  Every time a coin 15 tossed, you will wrile the result on your
sheel Remember, both of you must record all information.

A. Make a Predictivn (guess)
Discuss your ideas with your partner, then write. What do you think the total
[3 ! i ‘
number of heads will be? Q0 the total number of tails? b G
Tell vshy you think so.
Because. theve qyve. only 7 Sijes
and  {heve 1S SO /S0
1O ged what You ‘want.

STUDENT B

CAP Math Investigations

Today you and your partner will be working togather on an invastigation. You
widl have 90 minutes to compiele alltasks. You must complete your own
answer sheels, but please discuss all ideas with your pantner.

F (honce]

After discussion, each student communicates
correct reasoning about probability from
slightly different viewpoints,

Activity 1: One-coin Toss

You and your partner are to lake turas tossing a coin. Each of you is 1o toss the
coin 50 imes. Fvery tme a coin 15 1ossed, you will write the result on your
sheet Rernember, both of you must record all intormation.

A. Make a Prediction (guess)

Discuss your ideas with your partner, then wnte. What do you think the total
number of heads wilbe? & () the total number of tails? 5 o
Tell why you think so

Becode e Qnd \mJ il her are jb‘ma 10 Toss
the. (O 50 Times éen\c.‘n perssn D), SO +50 /v
TO, the chanee 1o GeT heode and Toilg e

< \ Ther: Yore | you“tan get 50 4ov ench
e,

Figure 2, Page two of the student’s booklet
"STUDENT A

STUDENT B~

B. Do The Activity

Toss the coin and record the results below.
g

4
eads V

S
“ Vo

WA

- —

o 14 9/

‘ C4 1T
Il.__ —— £ .5 H 9{} H
y . T 75
Le | ¢1 H 76,7
) o~ e T 7. H
" 7 9.7 (;?\T
IR ] v 10 1 ‘9
. T

a0 T

B. Do The Activity

Toss the coin and record the results balow.

T Tlas )
i ol
CFT P
g i
X T &
P-_u:_’Lr,_»-—- - -—l&_,\_‘ B

45 51

T R e, UM -4
o Tawon e wse o e -

Student work shows that both students can
devise a table to record results. Student A
does not use tallying; however, the student
shows fiexibility by changing the table in
order to work more effectively (inset shows
back side of page). Student B uses tallying
method, and this shows the influence of past
instruction.
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Figure 3, Page three of the student’s booklet
| STUDENT A

4

Part C: Answer The Questlons
Now that you have finished the activity, answer the following questions.
1. Ware the total numbar of heads and the total number of tails what you

expected? [ % write and explain why you think the totals are the same
or why you think the tctals are diflerent.

LAk thak WS O\\)é)\yv
The same a5 M 55 becavse
oS just \YO%i. .

2. It you tossed the coin 1000 times, how many times do you think you would
getheads? g Expiain why.
beconse  Prere, (s $(O- D Chance
to  getr  eaCh Al So You
w0 WA Q)@‘V Groyni §oo

STUDENT B

Part C: Answer The Questions

Now that you have finished the activity, s nswer the following questions.

1. Were the total number of heads and the tota! number of tails what you

expacted? Yo 4 Write and explain why you think the totals are the same

or why you think the totals are ditferent

T think the Tolulsare the Same becouse
1o really Close 1o our veswt

2. It you tossed the coin 1000 times, how many times do you think you would
getheads? ;o  Explain why.

e conne SO0 1s = of /000 Times |

chance.

Figure 4, Page four of the student’s booklet

SFLDENT A -

Student work shows different reasoning. On question 2, Student A explains that the prediction of 500
is based on the understanding that “there is a 50-50 chance.” Student B only states that 500 is one-half
of 1000, but does not elaborate. On other questions, though, Student B does show understanding of

STUDENT. B

3. Imagine you cre playing a game with the coin.
a. i you get a point for every head that comes up and your partner gets a

point for every tail that comes up, is this game fair? \( Cs

Explain why cr why not. )
keCguse, TRasl L5 5 O/J J
Slhona 4o get oS AL .

b. It you get one painl for every head that comes up. and your partner gets thres
points for every tail that comes up, is this game fair? no Explain why or
why not.

aetouse skl You g § o0
Ct\qV\*C{, ‘}ouf "\kz. ?Qi? nor e.
ointsS | #‘J S {

lg\r\ R S AVIVIY (Oéﬁ‘\‘ l:;\'%? ‘\'d\\r\j:

3. Imagine you are playing a game with the coin.
a. Hf you get a point for every head that comes up ar d your pariner gets a

point tor every tail that comes up, Is this game fair? Yee,
Explain why or why not.

Beouse the chance 0% Two eades ore
eciua\.

b. It you get one point for every head that comes up. and your parner gats three
poinls for every tail that comes up, is this game fair? N() Explain why or
why not.

Freavce the Twoades, QT equal “hance
Gwmd probably your (‘aﬂhcr will get more
pon'\r,'

28
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Figure 5. Page five of the student’s booklet

STUDLENT A : STUDENT B
* £/ - . .
Activity 2: Two-coin Toss Activity 2: Two-coin Toss
For this activity, you and your partner will toss identical coins. Keep track of For this activity, you and your partner will toss identical coins. Keep track of
which is coln A and which Is coin B. Tossing the coins at the same time, do 100 which is coin A and which is coin B. Tossing the cqins &t the same time, do 100
tosses. tosses.
A. Make a Prediction A. Make a Prediction
Before you toss the coins, figure out all combinations of heads and tails that are Before you toss the coins, figure out all combinations of heads and tails that aie
possible each time you toss the coins. Use the space below to figure out the possible each time you toss the coins. Use the space below to figure out the
combinations. combinations.
hY = \ t— 'f" e
7 N Y wnes
Hod hend + head 4
\ AN
M \{ tarl Yool 54 225 Times
‘ Y

head 1 fanl = 4 ) tmes

T 1 . Lo~
fon | ¥ head o 287, me ¢
What do you think the totals for each combination will be? Discuss your ideas What do you think the lotals for each combination will be? Discuss your ideas
and explain your thinking. and explain your thinking.
1S A chance. Yo U are, Yo\ 28, bernhse. Theh: are <t 'J\‘Q'I\er(frf'f “hances,
L Di{ns an\d (‘(}\.(',\/\ eo\N S ~a_ Ahé JW\Q\‘ (N\NCe -51(1\)\0\. /OD )(’,:f =25

50 50 Chawca.

Here, Student B describes her reasoning effectively, whereas Student A does not clearly present his
ideas.

Figure 6. Page six of the student’s booklet

STUDENT A . STUDLENT B
8. Do The Activity B. Do The Activity
Start tossing the coins and record your results below. Remember, both of you Start tossing the coins and record your resulls below. Remember, both of you
should record all your results. should record all your results. ) \
A Ao A D AR | heod | Toul £ 1o | o head =+ To
4 . ) nead + kdd LN R ‘
Y W < vk Db T T !
S AL Tt [ e 'l-L‘ |
\NL\ T[H\ ‘ R . oot [ "‘ I- |
L - [Err——
Ty _\ T )= e Student work shows a clear
T W nin ¥ chart and tallying method.
14 | O N Also the students collabora-
1 Y T O tively (“we”) decided to use
L Lo the concept of a random toss
1 a to correct an error.
0|
Yoo ncadently Tace @ . .
Noot o . : Y 7oss Hhae N ' .
| S8 bl bomember ot Witetve jnct Hyan o
Feking Yoo G v ol 4h ¥ T 20
N H]ML_ M- . s ree wov ¢ e \ _
o i e NS okk what we qpt Ond wross
Ubwa(; 0. : we got

21
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Figure 7. Page seven of the student’s booklet
STUDENT A

STUDENT B

C. Answer the Questions
Now that you have finished tossing the coins, answer the following questions.

no

1. Are the totals what you predicted? Explain why or why not.

b@C;’:;)%l Yeve (J Wore MAwag
WAo A0y A0 Qe than Awe
Loivi 5o\ wou»\dvx"r o e

US MU A LCUrode.

2 If you tussed the comns 1000 times, how many times do you think you would
get two heads? %50 - Tell why.

T oney Wk oot wefore was
WISt Wt Jusk

(&)
V\O")PCV\ wol +Oe‘%g'e\jé C\;my_*o ethar

M T dogent  waan ‘
portv*_ﬁ;,,_ AAOVORY Mgy hé\d‘swx\mh\%lﬁ Hme
A Nt Smalley Han the vest
et because  OF CYvity
NG had qvst lovwe a | thinlC

thal M v AN P

C. Answer the Questions

Now that you have finishe.  3sing the coins, answer the following questions.

1. Are the totals what you predicted? N 0 Explain why or why not.

Bacovse. T TRnk 54 you have mare chance
and 11 1S hot easy Fo Get The pumber
Y ou whrt.

2. 1f you tossed the coins 1000 tmes, how many times do you think you would
get two heads? 40 O Tellwhy.

Because 11 last Test | T can see the

chanee, 7o get head + heng s 4O cut ot

[oo, “hereYove, 1 duess i you Toss The.

Covs |000 times or d you " probabh/

net 4o, CBAt I change wmywni hd, because
hny parther just tel| me T wake o msTake
the qumber ro get head + head \5 vwot
40 Yis20]

standing the independence of each coin toss.

Figure 8. Page eight of the student’s booklet

3. Imagine you are playing a game with these coins.
+ It both coins are heads, partner 1 gets one point.

« If both coins are tails, nobody gets a point.
+ it one coin is heads and the other is tails, then partner 2 gets one point.

A

LECOUADE, 4 S €nSier Xo GRX NSO
oM Hhim o ek L o o and,

1s this game fair? Explain why or why not.

Stuclent A shows a clear understanding of the relation between “luck” and specific results. The
students’ work shows they collaborated; however, in question 2, Student B shows a gap in under-

3. Imagine you are pfaying ~ . - - with these coins.

+ it both coins are hea:., partner 1 gets one point.
+ |{ both coins are tails, nobody gets a point.
+ {1 one coin is heads and the other is tails, then partner 2 gets one point.

15 this game fair? \)0 Explain why of why not.
benuse you JoT move chance to get
heads +4ails. IT1Can be ke Theads+
Tule | or Tauls +heads.

On question 3, though, Student B explains the relationship between chance and combinz .ons clearly.
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Figure 9. Page nine of the student’s booklet
STUDENT A

Activity 3: Designing a Game

You and your partner have been asked by the schoo! Carnival Committee to
design a comn tossing game. One of you will play for the Carnival, and one of
you will play for the prizes.

Uss the space below to explain the rules of your game. Remember to tell:
+ how many players are needed
+ how many coins are needed
+ how many tosses make up a turn

STUDLENT B

Activity 3: Designing a Game

You and your paniner have been asked by the school Carnival Committee to
design a coin tossing game. One of you will play for the Carnival, and one of
you will play for the prizes.

Use the space below to explain the rules of your game. Remember 1o tall:
* how many players are needed
+ how many coins are needed
* how many tosses make up a turn

Rules

-a PWNers or enere

~-\0 Con
P ORjek S o N AL Mo
Cownd ek L A

Reuds wovin \ © ot
oS or Y Point
< C.\(?SQS'\\ - 0 or 706 )

L\c%msr Score OY 4w [oukﬁ’.

Rules

~Two ployers or move

- j0Cone

. You Toss your loCons to éeﬂ]ev
Arl gee who con ge‘f the |9P\esr
$core or the [owest scove (of closest

to20 0r 10)
teads are | pOmﬁ To\ La w; 2pc>lhTs

Figure 10, Page ten of the student’s booklet
' @STUDENT, A

STUDENT B

A. Make a Prediction
Is the game you designed a fair gama?So(\ & Explain why or why not.

'eum5® WOAg )ug’t‘ \VU k.
you . 7\
CAH 1ol \J

a2 Hed, !

A. Make a Prediction

Is the game you designed a fair game?,~ r—f S(EXNaInWhyorwhynol
I dowd veolly think ﬁ VS Qonv- Leawse
you need luck o C){o\\ this game.
And Somep O\WO\\/“: et

OV bod luck . ] |5 5orT ot havd o w}n
B. Do the Activity B. Do the Activity §ltucdkef:t;:lizc“::
ay your game wi our pantner and recor e results in the ace provide a' our game wi our pantner and reco u en
st:gr)rl\ay pglay this lgha¥1\9 SSVtra‘ral hs\eds. cord the resut e s provided sloglril\ay ;?Iay this 'gharne sgv:ral limeds, cord accompush the
task by organizing
O RO - their results in
e (oA o Me | e el in
" (61 1 '
A B 1) _ B
e L] 14
5,4 Ie T
4‘ / é 1T [ S B e ._\,_,._.__..-
{06

3

1




Figure 11, Page eleven of the student’s booklet

STUDENT B *

STUDENT A

C. Answer the Questions
Now that you have finished playing the game, answer the following questions.

1. Do you now think your game is fair? yc,S Explain why or why not.

tvea /,‘,l"\'/ - LA IRYV]
£

becaune,

cO Wl (vy EEEPURE & TSR S ;H(/(
R | VA Yoy ou
'l)"’" “ WGk oy el Scove

2. If you played your game 1000 times, weuld the results be the same?
m &7b¢, Explain why or why not.

/ov ¢ ef

Leadl 50 mat M ,
yOu Aoyt

\./ut/ ond Ssvmetimes

3. Imagine that the Carnival ts losing too many prizes. Change your game a
Itie, so that the Carnival will not lose so many prizes. Describe these changes.

Vou Shovld A the v
I CoONS and TS tne

Nnunmber o ‘)Q,QP\Q, +rAd-
Shovd Play Ot o yws oy

Srovld o’ Yhak  Qeca se (F L ou
add The oS, theav s L0 e
\\C.AV\C RGN QL\ \/\f".r..(A@\ ,\__’(-)‘3‘
w)r ian Y Loy, Nou
coNse AN oMb el Of seg) e

NAOY €. LeOCAE o\ o \

S
. =X N Q v
anwd /ou ger yviove TorepelHion

C. Answer the Questions
Now that you have finished playing the game, answer the following questions.

Explain why or why not.
1 veolized T don't
lacdk <o I think 1t

1. Do you now think your game s lair? (( 'S
AL ter luyihg l
(/\IW(-AQYCJ gef Lad
15 Yoy,

2. 1f you played your game 1000 times, would the results be the same?
Explain why or why not.
oy be

U be Of.
BA“aursv\e{‘\Tndeper\Ts ob Vour 'wel and

the results can’t be The Same.

3 Imaging that the Carnival is losing too many prizes. Change your game a
littte, so that the Carnival will not lose so many prizes. Descnbe these changes.

we should add fhe rumber oL couns
And vise the D(Q)’r_’rsl o tha+t Th\
Lavival Wil 1ot fose vy, F"Y‘sz—"e
Woe changed 1 becayoe ‘\\/ ou get
MNOre Co'fV\.fa and e V\O\Vyfi to get
close 1hye beggest namiber v The Sriallest-

nlljmber ( More V\C\rder‘) tis <
thing o the pbyeys. ’ e same

number of prizes given.

Students show understanding of the link between the number of combinations or players and the
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And it should be noted that teachers can vary or extend the coin-
tossing game by having their students toss three coins, toss a die and a
coin, or further analyze what fair means.

Portfolios

The portfolio is a new and powerful method of assessing students’
mathematical learning. An assessment portfolio is a planned selection
of students’ work collected from the work done throughout the school
year. Portfolios should include products that reflect a student’s devel-
oping mathematical power. An assessment portfolio, however, is not
the same as a student’s folder. A student’s folder may contain all of the
student’s work, whereas the partfolio contains a carefully chosen
sample.

A portfolio should contain typical samples of work as well as the
best efforts of the student. A “typical sample” should show evidence of
growth in learning—to what degree the student has developed math-
ematical power. The typical sample should be selected by the teacher
and should include work done toward the beginning o. instruction as
well as near the end of instruction. An “exhibition sample,” on the
other hand, should be selected by the student in corsultation with the
teacher. Exhibition samples should be accompanied by a written state-
ment by the student to tell why he or she selected the samples. The
exhibition pieces will indicate the result of the student’s best effort and
the level of perseverance.

The number of pieces in a portfolio can vary to meet the needs of the
teacher and the instructional program. The following recommenda-
tions assume a total of five to ten pieces in the portfolio:

* Individual work (select four pieces). These are pieces of students’
individual work on interesting and challenging mathematics
problems. Student writing must accompany each work. The stu-
dent could have worked on the problem as a member of a small
group; however, the write-up of the problem should be indi-
vidual. Two pieces should be selected from the beginning and two
from near the end of an instructional period.

* Group investigation report (one piece). This should be a group-
developed report of an investigation that took a minimum of three
to five days to complete. The report should include the problem,

An assessment
portfolio is a
planned selection
of students’ work
collected from the
work done
throughout the
school year.
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work reflecting progress of the student, difficulties encountered,
and the conclusions or final products. (All members of the group
should include the same report in their individual portfolios, with
names of all students in the group listed.)

e Individual reflective or imaginative pieces (one or two). This is a
piece of writing in which students reflect, imagine, and think over
the work they have done in their mathematics class.

e Other pieces (one or tv ). This can be any other work that the
teacher or student determines should be included in the portfol.o.

These guidelines may be refined in future years. For example, the
pieces may include teachers’ observations or results of classroom
assessments.

A properly designed assessment portfolio can serve four important
purposes. It can allow:

e Teachers to assess the growth of students’ understanding of math-
ematics.

* Students to keep a record of their achievement and progress (self-
assessment).
e Teachers and parents to communicate about students’ work.

¢ Teachers to collaborate with other teachers to reflect on their
instructional program.

The portfolio concept of assessment is meant to remedy many of the
concerns stemming from traditional standardized testing. Some of the
important advantages of the portfolio are that it assesses learning in
the cor.text of the regular classroom environment, focuses on student
work on complex tasks completed over a few weeks or a month, em-
phasizes mathematical thinking and performance rather than accuracy
and speed of execution, and encourages students’ self-assessment.
Since portfolio assessment can cover almost all aspects of a student’s
mathematical power, it can provide the most authentic assessment of a
student’s performance.

The preceding description is intended to give an overview of portfo-
lio assessment. Although a complete description of portfolio assess-
ment design is beyond the scope of this document, the following
information provides some direction in beginning a portfolio project:
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* Obtain a copy of Portfolio Assessment in Mathematics by Judy
Mumme (see Selected References).

* Talk to colleagues who have used portfolios.

* Explain to students in advance the rules for selecting portfolio
pieces and how they will be judged.

¢ Impress on students that portfolio assessment will focus on their
mathematical understanding through problem-solving approaches:
drawing diagrams, giving examples, writing statements, and shar-
ing their work as they complete projects.

* Use materials such a¢ open-ended problems and investigations,
which allow students to express their understanding, instead of
using single-answer work sheets.

* Contact the project director of one of the California Mathematics
Projects or the California Assessment Program for more assistance.

Portfolio assessment is still in development. In 1988-89, however,
CAP conducted a pilot study of portfolio assessment involving 60
classroom teachers, and CAP is currently pilot testing several models
of portfolio assessment. Extensive field testing will be conducted before
portfolio assessment becomes an integral part of CAP.

Teachers
interested in
participating
in CAP's pilot
testing of this
type of assess-
ment should
complete the
“Participation
and Feedback”
form at the end
of this booklet.
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Performance
standards
describe qualita-
tive differences
in students’
approaches to

solving problems.

Performance Standards
and Judging a Student’s Work

ment that CAP plans to adopt. A student’s score on a test is

commonly interpreted in relation to the score of other students
or in relation to norms to determine the letter grade. Teachers using
the new approach described here will evaluate a student’s work by
using a well-defined standard of performance rather than relating the
work to that of other students or to a fixed (criterion) score on a test.

These well-defined performance standards will allow teachers to see

strengths as well as deficiencies in student work and use these obser-
vations to help students develop mathematical power. Students will
see what level of work is expected in order to achieve a higher level of
performance. Just as significantly, students will view themselves as
having control over the level of their accomplishments. This view
should lead students to believe that attaining higher levels of perfor-
mance depends not on innate abilities but on their own effort and the
amount of time they spend on the tasks.

T his section describes a new way of looking at student achieve-

Describing Performance Standards

Performance standards are bench-mark descriptions of the quality of
performance against which actual student work can be compared. The
performance standards provide a basis for trained teachers to make
judgments about the level of accomplishment demonstrated by student
work.

Performance standards can be stated at several levels of specificity.
The most generic statement, in Table 4, refers to all types of assessment
and tasks. For example, the generic statement can be applied to an
open-ended problem or to an investigation. To facilitate the use of
performance standards at various grade levels and for different kinds
of tasks, a teacher can expand the generic statement to provide elabo-
rated descriptions. Task-specific statements, such as the descriptions in
Table 5, refer to the standards for judging a student’s performance on a
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specific task. The specific statements are based directly on the generic
performance standards, and they are developed through a process
involving many teachers’ judgments and a large sample of student
work.

CAP’s experience with assessment in direct writing and open-ended
questions in mathematics has led CAP to distinguish six levels of
performance, which are identified in Table 3. Also, setting the quality
of student work necessary at each performance level must be consis-
tent with what constitutes the mathematical power. As described in
Section 2, mathemmatical power involves mathematical thinking, math-
ematical understanding, using tools and techniques, and communicat-
ing to achieve a purpose.

Examining to what degree the student has achieved the purpose of
the task uncovers the degree of the student’s mathematical power.
While the student’s grasp of the purpose of the task necessarily in-
volves mathematical understanding and communication, the student’s
work related to these two aspects of mathematical power will also be
examined in detail while judging his or her work. Each of the three
aspects—achieving purpose, understanding, and comrnunicating—can
be aiticulated at six levels, with level 1 indicating the lowest quality of
performance and level 6 indicating the highest, as shown in tables 3, 4,
and 5.

Table 4, which is an outline of the performance standards for a
student’s work, was composed by elaborating for each of six perfor-

TABLE 3
Six PERFORMANCE LEVELS, BY TYPE OF PERFORMANC™

Type of
performance Level of performance

Achieving | Goes
purpose | beyond All Substantial | Partial | Minimal | None

Under- In-depth | Thorough | Satisfactory Gaps Frag- Little
standing mented
Communi- Clear Effective | Successful | Limited | Attempted | Unrclated
cating dynamic

Teachers should
consider how well
the student has
achieved the
purpose of the
task.
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TABLE 4
PERFORMANCE STANDARDS FOR STUDENT WORK

Level

Standard to be achieved for performance at specified level

Fully achieves the purpose of the task, while insightfully
interpreting, extending beyond the task, or raising provocative
questions. '

Demonstrates an in-depth understanding of concepts and content.

Communicates effectively and clearly to various audiences, using
dynamic and diverse means.

Accomplishes the purposes of the task.
Shows clear understanding of concepts.
Communicates effectively.

Substantially completes purposes of the task.

Displays understanding of major concepts, even though some less
important idcas may be missing.

Communicates successfully.

\

Purpose of the task not fully achieved; needs elaboration; some
strategies may be ineffectual or not appropriate; assumptions
about the purposes may be flawed.

Gaps in conceptual understanding are evident.

Limits communication to some important ideas; results may be
incomplete or not clearly presented.

Important purposes of the task not achieved; work may need
redirection; approach to task may lead away from its completion.

Presents fragmented understanding of concepts; results may be
incomplete or arguments may be weak.

Attempts communication.

Purposes of the task not accomplished.
Shows little evidence of appropriate reasoning,

Does not successfully communicate relevant ideas; presents
extraneous information.
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mance levels the three types of performance in which a student can
achieve: purpose of a task, mathematical understanding, and math-
ematical communication. In the statements that appear in Table 4, it
must be emphasized that the overriding consideration is achieving the
purpose of the tasks, rather than elements of quality of performance at
each level.

The statements of the standards of performance in Table 4 can be
applied at any grade level. However, it does not mean that a level 5
performance for a typical sixth grade student is the same as level 5
work by a typical eighth grade student. Naturally, on the same task,
much more is expected of an eighth grade student than from a sixth
grade student.

Another publication of the Department of Education, which is in the
developmental stage, will contain extended performance standards,
including examples of actual student work. These examples of student
work will serve to illustrate each of the six levels of performance stan-
dards on a variety of tasks at key grade levels. CAP invites teachers at
all grade levels to use the Participation and Feedback form near the
end of this booklet to contribute examples of student work on tasks
similar to those described in this sampler.

In the future, CAP's reports for each school will provide the percent
of students who perform at each of the six levels of the performance
standards. Teachers will then be able to see what percent of their
students moved, for example, from level 4 in one year to level 5 in the
subsequent year. Teachers will also be able to see what differentiates
level 4 work from level 5 work based on actual student samples. More-
over, students will be able to see what it takes 10r them to perform at
level 5. In essence, performance standards provide a link among school
curriculum, instruction, and assessment.

Judging a Student’s Work

Comparing a student’s work against the performance standards
requires judging by trained teachers. Based on CAP’s experience with
the scoring of open-ended problems, the holistic judgment process of
scoring a student’s work has been found most useful. In holistic judg-
ment, the judge assesses the overall quality of the response and the
level of thinking demonstrated. This process contrasts with the ana-
lytic method, in which points are awarded for each step the student

Through instruc-
tion, teachers can
influence how
students approach
problems and,
thus, help
students improve
their performance.
Students should
never be labeled or
limited because of
a particular
performance,
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Holistic evaluation
is concerned with
the overall
mathematical
thinking and
understanding
while down-
playing the role

of certain prespec-
ified key points.

The new
assessment
encourages
teacher-to-teacher
collaboration for
judging a
student’s
performance.

gets “right,” or subtracted for each step the student gets “wrong.” Such
a method does not allow for the scoring of a student’s responses that do
not follow the steps prescribed for analytic scoring. Holistic evaluation,
on the other hand, is concerned with the overall mathematical thinking
and understanding while downplaying the role of certain prespecified
key points.

The consistency or reliability of the judging process is considerably
im-roved if judges have a more detailed guide for evaluating a
student’s work on a particular task than the generalized performance
standards given in Table 4. This type of guide is called a task rubric.

A task rubric has the same six levels as the performance standards. It
is, of course, assumed that tasks are open-ended and meet the criteria
shown in Table 1. The description at each level, however, is specific to
the task. The task rubric is developed by looking at a large number of
student responses and first determining, by consensus, which responses
correspond to each level of performance. After the consensus is vali-
dated, a description of the quality of student work is developed at each
of the six levels, shown in Table 5.

The task rubric in Table 5 was developed for an open-ended problem
given to twelfth grade students as part of the California Assessment
Program. Students were allowed approximately 12 minutes to write
their responses. This task is shown on page 14 with examples of student
work on page 15.

Judging Students’ Work to Improve Communication

Communication among professionals is the most popular mode of
keeping abreast of the developments in a discipline; and researchers in
medicine, law, and education communicate through publications and
formal and informal meetings. CAP’s experience with open-ended
problems has demonstrated that judging students’ work on rich, multi-
dimensional problems encourages teacher-to-teacher interaction. Such
interaction increases understanding of the way students approach
problems and provides for a shared understanding of curriculum and
instructional practices.

Students can alsu create task rubrics and judge open-ended problems
in a classroom setting. This activity promotes self-evaluation and pro-
vides yet another means for students to gain more knowledge and
understanding of the content at hand.
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TABLE 5
SMOKING SURVEY TAsk RuUBRIC

Level

Description of work, by each performance level

The student states five conclusions or interpretations, several of
which evidence insightful comparison or synthesis, predict trends,
discuss sampling techniques, demonstrate thinking about other
issues for research, or in some way offer provocative questions.
The response reflects analysis of the data and reveals unusual
insight und variety of dimensions. Observations or interpretations
are presented effectively either in a list of statements or in the
format of an article.

The student demonstrates various dimensions of thought in
completing the task of giving five conclusions or interpretations of
the date. For example, stating that 29 percent (11 plus 18) of those
surveyed made a decision about smoking within the last year is a
different dimension from reporting that 38 percent had never
smoked, or even adding 18 to 9 to get the fact that 27 percent had
quit smoking. The student understands that extrapolation from
the sample to the total student population mandates addressing
sample reliability issues. Conclusions and interpretations are
expressed effectively in either a list of statements or an article.

The student gives five conclusions or interpretations which are
correct in concept but may have minor errors. The student under-
stands the major implications of the survey and recognizes the
possibility of bias in the sample. The explanation is successful, but
it may lack detail.

The student gives an incomplete or superficial list of conclusions
or interpretations, one or more of which may have major errors.
For example, the response extrapolates to the entire student body
without qualification. The conclusions or interpretations may be
derived from the same line of reasoning. For example, changing
each of the five numbers to percent f those surveyed or of the
student body would give five conclusions from the same dimen-
sion oy line of thought. The results are, on a whole, given coher-
ently.
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TaBLE 5 (CONTINUED)

Level

Description of work, by each performance level

The student attempts to interpret or draw conclusions from the
data but makes major conceptual errors or omissions. The re-
sponse may make no reference to either the sample set or «n
extrapolation to the whole student body. For example, the student
may simply state that 38 percent had never smoked. The student
attempts to communicate, but the statements are unclear or
fragmented.

The student copies the data or attempts to restate information
given in the problem. No conclusions or interpretations are at-
tempted, and the response reflects no understanding of the math-
ematical concepts. Any communication attempted is muddled,
irrelevant, or superfluous.




Implementation of Authentic
Assessment in Your School

What can you do to make assessment happen?

At a faculty meeting or in-service training session, you and your
colleagues can discuss how effective the sample problems are in:

* Covering the hroad mathematical understanding you believe is
important. (If you feel something is missing, please write new
problems and send them to CAP.)

* Eliciting students’ mathematical understanding and enabling
them to show the depth of their knowledge, background, and
experience.

* Assessing dimensions of mathematical power.

You can also take one particular problem and discuss how the prob-
lemn can be:

e Adapted for different grade levels.

* Modified to emphasize different aspects of the same situation; e.g.,
what additional questions could be added to focus students’ work
on other important aspects of the mathematical situation?

* Restructured to involve collaborative rather than individual work.

* Extended to include other related activities, so that the problem
could become an investigation spanning several days’ work, and
resulting in a more elaborate product, such as a poster or booklet.

Ask those who provide and support your in-service training for
opportunities to collaborate and reflect on:

v/ | Mathematics programs that:

e Emphasize expl- ring, constructing meanings or under-
standings, and communicating.

* Include varied instructional strategies, particularly tech-
niques in asking thought-provoking questions and process-
ing/summarizing activities.
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How to:

* Integrate manipulatives in your programs as modeis for
conceptual understanding and tools for problem solving.

 Understand the role of calculators in instruction and assess-
ment.

* Use collaborative groups to analyze and solve problems,
communicate their understanding, and share multiple solu-
tions.

E Ways of evaluating;:

e Student understanding by using varied authentic assess-
ment tools.

* By embedding self-assessment in instruction.

e Student growth through the use of mathematics portfolios
and investigations.

We suggest that you get together with colleagues at a faculty meet-
ing or in-service training session and discuss the suggestions ii this
Sampler of Mathematics Assessment, with the above possibilities in mind.
You and your colleagues can try out some of the items (or some of
your adaptations or creations) in your classrooms. You can then share
your students’ responses and your experiences with other interested
faculty members in order to start a new cycle of developing your
curriculum and assessment.

When meeting with colleagues, get as many different perspectives
on your developmental work as you can. You may want to structure
discussion groups by grade level to encourage the sharing of common
teaching experiences, or you may want to structure discussion groups
across grade levels to encourage a more general discussion of issues.

Where can you find help?

For additional information and assistance, contact these resources:

4

Mathematics Conferences

¢ California Mathematics Council’s annual sectional confer-
ences: central, north, and south

* Mathematics conferences of local affiliates (Contact youx
county office.)

- 36
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 Regional conferences of the National Council of the Teachers
of Mathematics

v | County Offices

¢ Mathematics coordinators
» Mathematics workshop series (e.g., Math A)

ORI

v/ | Organizations

¢ California Mathematics Projects

* Staff development programs, such as EQUALS

* State-developed replacement unit workshops (e.g., fifth-
grade fractions project)

» CAP’s scoring workshops and pilot projects

v/ | Publications (See Selected References, pages 53-54.)

e 15
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Sample Problems

problems and enhanced multiple-choice questions that can be
adapted for the appropriate grade level. Feel free to use any of
these problems in your classroom.

T his section is composed of a collection of both open-ended

Open-Ended Problems
Example 1 01 23 4567 89 Scientists have decided to
10 11 12 13 14 15 16 17 18 19 beam this 99 chart out to all
] & 26 27 28 2 known stars and galaxies.
You may want to 20 21 22 23 24 25 26 2 9 They hope that space aliens
read the problems 30 31 32 33 34 35 36 37 38 39 will pick up and understand
aloud to your 40 41 42 43 44 45 46 47 48 49 something about our world.

students. Some of the scientists thought

50 51 52 53 54 55 56 57 58 59 it would be a good idea to
60 61 62 63 64 65 66 67 68 69 send patterns that can be

7071 727374 75 76 77 78 79 foundonthed chart.If
someone gets the patterns and

80 81 82 83 84 85 86 87 88 89 the 99 chart, maybe they will
90 91 92 93 94 95 96 97 98 99 learn more about us.

The scientists want your help. Find a pattern that you would like to send into
space. You can show any pattern that you think will help the space aliens
learn something about us or our number system.

Be sure to:

¢ Circle the numbers in your pattern on the 99 chart.

* Explain with words and pictures how you know that the numbers you
circled show a pattern. (You may show your pattern in another way
than on the 99 chart—on another piece of paper.)

* Explain why you chose your pattern and what you hope the space aliens
will learn.
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A farnily of six ordered 13 hot dogs. Nine hot dogs had mustard, 3 had
catsup, 8 had relish, 4 had both mustard and relish, and 3 had mustard,
catsup, and relish. Explain to the clerk how many hot dogs had no relish or
catsup. You may use drawings in your explanation.

Imagine you are at a meeting of the Ice Cream Sales committee, which must
decide which kind(s) of ice cream and how much to sell at the next sale. Here
is some information frem the last ice cream sale:

Flavor Number of bars ordered Number of bars sold
Chocolate 375 284
Vanilla 125 119
Strawberry 250 203
Orange 100 74
Lemon 100 56
Cherry 50 50

Someone on the committee says, “Most of the people like chocolate, so let's
sell only chocolate next time.”

Decide whether or not you agree with the above statement. Justify your
opinion. If you disagree, devise and justify your own plan for the next ice
cream sale.

* You may write and draw your response.
* If you would like to know other information about the ice cream sale,
write down your questions.

Your P.T.A. has decided to raise money by selling T-shirts with a beautiful
geometric design. You have been asked to give your idea for a T-shirt design.

Draw a pattern for T-shirt designs. You may use any drawing tool to make
your design. For your design, explain:

¢ What is geometric about the design.
* Why you think your design is mathematically beautiful.

Example 2

Example 3

Exampie 4
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Example 5

Example 6

Example 7

Example 8

A visitor from outer space has just arrived. It is confused about our number
system. It asks you, “Is 5 + 29 equal to 529?” Answer the visitor’s question
and explain your answer.

For the figure above, show !/, in as many ways as you can. You may draw
more figures, if necessary. For each way you find, explain how you know you
have Y/,

The cycle for the traffic light on Main Street is green for 55 seconds, yellow
for 5 seconds, and red for 30 seconds. What is the probability of having to
stop at the traffic light? Explain your reasoning and include consideration of
how drivers react to yellow lights.

Explain all you can about the similarities and differences between these two
figures.

ERIC
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Your cousin is just beginning to learn more about numbers. She doesn't
understand what 4 x 3 = 12 means. How would you explain this to her? You
may use pictures or graphs.

Create three figures with different shapes that have the same area as the
given figure. Explain how you know your drawings have the same area as
the original figure.

5

The figure below represents '/, of a whole shape. Create three possible whole
shapes. Justify how you know that each new shape is one whole.

Bob says that an increase from 10 to 40 is 300% and, therefore, a decrease
from 40 to 10 must be a 300% decrease. Do you agree with Bob? Explain your
reasoning.

Example 9

Example 10

Example 11

Example 12
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Example 13

Example 14

Example 15

Give as many similarities and differences about these two figures as you can.

D 13" C
6”
R 6“
30
A B
13"
S 8" R
P Q
18"

Henry wanted to make a box from an 8” x 14” piece of cardboard. He plans to
cut squares from each corner and tape the corners. What are the dimensions of
tlie box which will contain the largest volume? Explain to him how to find the

dimension of the squares that he will need to cut from the cardboard in order
to make the box.

You plan to build a pen with at least one gate for your dog. Fencing is $1 per
foot, fence posts are $2 each, and gates are $5 each. You can afford only $40
total. How would you design your pen in order to get the greatest possible
area? Explain what you considered in making your plan.
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Imagine that you live on a flat
world. The only way to move
is through the coordinate
plane.You are on a mission to
capture a dragon that is
threatening your village. If
you can find out exactly
where it is, you will be able to
capture it. Other people in
your village have already
found out that the dragon
does not lie farther north or
east than (8, 6). Other people
who have seen the dragon
have figured out that it is 4
units long and 1'/, units wide.
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Make up a short story that tells how you looked for the dragon by exploring
the coordinate plare. Tell where you think the dragon was found.

Imagine that you are working with a team of scientists. You are comparing
the movement of ants and frogs. One of the scientists says, “If we observe an
ant and a frog by themselves, each for five minutes, the frog will always

travel farther.”

Decide whether you agree with the above statement.

Show all measurements.

ion is correct.

Draw a diagrarn that shows the ant’s movements for five minutes.
Draw a diagram that shows the frog’s movements for five minutes.

Use words and pictures to convince tne other scientists that your opin-

Example 16

Example 17

43



Enbhanced Multiple-Choice Questions

Example 1 Kim folded the rug in half.
I
In the classroom,
you may want to
ask students to [Tt
justify their —
answers with
writing and
drawings.
Then she folded it again.
| — 4
5
How big was the rug when it was opened?
A. 4x5
B. 5x8
C 4x10
D. 8x10
4 22



The bags can have equal sums by moving one number tile from each bag to
the other bag. Which tiles should be moved?

3

28) (Ba

A B

8 7 3 9
C. D.
(8] [4 5] [z

What do all of these numbers have in common?

33
15
60

30
45
21

"~ A. Theyareall even.
B. They areall odd.
C. They are multiples of 3.
D. They are all larger than 20.

Example 2

Example 3

g
- -
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Example 4

'You are building a staircase out of cubes.

1step = 1cube
2steps = 3cubes
3steps = 6cubes

How many cubes does it takes to build a staircase that is 6 steps high?

A. 36 cubes
B. 28 cubes
C. 21 cubes
D. 15 cubes

Example 5 If the length and width of a rectangle are each doubled, the area is:

A. The same.

B. Two times as great.

C. Four times as great.

D. Eight times as great.

Example 6 Three dimes are tossed at the same time. What is the probability that exactly
two of the coins will be the same?

A Y,

B. ¥,

C ¥,

D. Y,
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Example 8

Which of the following is not a top view or side view of the figure above?

A. C.

Example 9 o . .
California Averages for High Schools in 1991
¢ Annual cost per pupil $3,610
e Number of days in school year 185
¢ Number of students in average class 24
e Number of classes average student takes each day 5
Based on the information above, which one of these are you NOT able to find?
A. How much a school spends per student for one period of instruction
B. How much a school spends per student over a 5-year period
C. How many students a teacher instructs per day during five class
periods
D. How many students a teacher instructs during a year of teaching five
periods per day
O . 48
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4

You have been asked to wrap the box above for a birthday present. The best
dimensions for a single sheet of wrapping paper, allowing for overlap, are:

A. 5by16
B. 6byl4
C. 9by18
D. 10by 20

Which one of the areas in the diagram represents the probability that a basket-
ball player who has a 70% probability of making a basket will make two
consecutive baskets?

A. AreaP
B. AreaQ
C. AreaR
D. Area$S

Example 10

Example 11
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Example 12 Which spinner is most likely to spin a sum greater than seven after two spins?
A. B.
D
ARy
/
C. D.
ST
F30
2
Example 13 In carpentry class, Pasqual sawed a 1-inch slice from a large wooden cube.
The volume of the remaining block was 48 cubic inches.
slice
What vzas the length in inches of the longest side of the new block?
A 4
B. 8
C 12
D. 24
50



Which one of the following bar graph groups represents the data from the
circle graph below?

Example 14

¢ |
-
ey
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Example 15 Four-inch pancakes are made from a package using dry mix and water. The
amounts are shown in the chart:
Pancakes Mix Water
7-8 1cup ¥,
14-15 2 cups 1Y,
If you want to make 30 pancakes, how many cups of water will you need?
A 21,
B. 3
C. 31,
D. 4
Example 16 Bill is invited to attend a party given today. His invitation reads:
You are invited to a Birthday Party.
Date: April 14th
Time: 2:30 p.m.
Place: John's House
Bill has to run an errand for his Mom on the way to the party. It will take him
20 minutes. It takes Bill a half hour to get ready for the party and 15 minutes
to get to John's house. Bill's watch reads:
Does Bill have enough time to get to the party on time?
A. Bi!! will be 10 minutes late.
B. Bill .cbe5 minutes late.
C. Bill will have 10 extra minutes to get to the party.
D. Bill will have 20 extra minutes to get to the party.
52

60



Selected References

California Department of Education’s Publications

For information on ordering the following publications of the California Department
of Education, see page 55 of this document.

The Changing Mathematics Curriculum: A Booklet for Parents, 1989,

Also available in Spanish, this booklet introduces parents to today’s curricular
concepts in mathematics. It tells parents what to expect in their children’s classrooms
in terms of methodology and teaching aids, and it describes ways in which parents
can provide support from home.

Mathematics Framework for California Public S<hools, Kindergarten Through Grade
Twelve, 1985.

Presents a recommended K-12 mathematics program, giving suggestions for both
content and structure. Emphasizzes problem solving, calculator technology,
computational skills, estimation and mental arithmetic, and computers in
mathematics education. Gives suggestions for implementing program.

Mathetnatics Model Curriculum Guide, Kindergarten Through Grade Eight, 1987.

Expands on the Mathematics Framework for kindergarten through grade eight, giving
more descriptions of what is important for learning content and classroom
experiences. Gives sample activities and teaching principles.

A Question of Thinking, A First Look at Students’ Performance on Open-ended
Questions in Mathematics, 1989.

Reports on results from the first administration of open-ended CAP test items in
1987. For each item a scoring rubric is given, as well as a listing of major student
misconceptions with corresponding teaching implications. Also includes sample
responses to 1988 open-ended items and nine additional open-ended items.

Seeing Fractions: A Unit for the Upper Elementary Grades, 1991.

Designed to help students interpret and use fractions and to grasp the relationships
that fractions represent, this unit was tested in 30 classrooms. It incorporates
teachers’ feedback from two rounds of trials.
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Publications from Other Sources

Assessment Alternatives in Mathematics, An Overview of Assessment Techniques
that Promote Learning. Ed. Jean Kerr Stenmark. Berkeley: EQUALS and the
California Mathematics Council, 1989.

Review of current assessment methods, including portfolios, writing, investigations,
open-ended questions, observation, interviews, and self-assessment. The cost is $5
from Assessment Alternatives, c/o EQUALS, Lawrence Hall of Science, University of
California, Berkeley, CA 94720.

Clarke, David. Assessment Alternatives in Mathematics. The Mathematics
Curriculum and Teacking Program, Australia, 1988.

Australian professional development package for assessment of student learning,
The cost is US $25 (VISA and Mastercard accepted) from Publications Officer, CDC,
P.O. Box 34, Woden Act 2606, Australia.

ComMuniCator. Journal of the California Mathematics Council (CMC).

Membership in CMC, which includes subscription to ComMuniCator, is available for
$20 per year. Write to Ruth Hadley, Membership, California Mathematics Council,
1414 5. Wallis, Santa Maria, CA 93454.

Curriculum and Evaluation Standards for School Mathematics. Reston Vir.:
National Council of Teachers of Mathematics, 1989.

Curriculum standards for grades K-4, 5-8, and 9-12, with a section on evaluation. The
cost is $25 from National Council of Teachers of Mathematics, 1906 Association
Drive, Reston, VA 22091.

Everybody Counts, A Report to the Nation on the Future of Mathematics Education.
Washington D.C.: National Research Council, Mathematical Sciences Education
Board, 1989.

Through a special arrangement with National Academy Press, the California
Department of Education is able to provide this publication to California residents at
a substantial discount, 30 percent off its regular price: $5 per single copy; $4.25 each
for 2-9 copies; $3 each for 10 or more copies. From this document you can learn what
educators at the highest level have to say about what must be done to set mathe-
matics education on course to achieve superior results. (See page 56 for information
on placing orders.)

Mumme, Judy. Portfolio Assessment in Mathematics. California Mathematics
Project, Santa Barbara, Calif., 1990.

Purposes of portfolios, contents and selection of items for portfolios, grading, and
benefits of portfolios. Many examples of student work. For information on the
document, write to California Mathematics Project, 300 Lakeside Drive, 18th Floor,
Oakland, CA 94612-3550.
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Publications Available from the Department of Education

This publication is one of over 600 that are available from the California Department of Education.
Some of the more recent publications or those most widely used are the following:

ISBN Title Date of publication) Price
0-8011-0722-9  Accounting Procedures for Student Organizations (198B) .............esuuumeceeesmssmsnnesssmmsssssssssssmsssssesssssssssssssssssssssssssmes sese $3.75
0-8011-0838-1 Adoption Recommendations of the Curriculum Development and Supplemental Materials Commission

to the State Board of Education, 1989: California Basic Instructional Materials in Bilingual Language Arts

and Visual and Performing Arts——Visual Arts and MUsic (1989) ..................cuuvesemmmssnsmmsssssssssoossssssssssssossssssssssssssssnse 3.50
0-8011-0890-x Bilingual Education Handbook: A Handbook for Designing Instruction for LEP Students (1990) ...........ccccoeeeerserveserenesonsen 4.25
0-8011-0273-1 California Adult EQucation Handbook (1986) ...........uunccnmmmminmssssssmsssssssssssssssssssssssmsssmmsssssssssssssssessesssssessss eessssseses seasees 4.00
0-8011-0687-7  The California CBO: The 1987-88 Profile of Chief Business Officials in California Schools, K~12 (1989) .............cesssessnes 4.50
0-8011-0862-4 California Education Summit: Background and Final Report (@ 3et) (1990) .......uuuvcuumenmeemnsssssnsssn cosssssssssssssenssessssssssssssensese 5.00
0-8011-0889-6  California Private SChOOI DArectory (1990)..........cccrusssummumeresssssssssssssssesssssmsssssssssssssssss sessesssossssssssssssssssossss -sssssssssmsssssssssnns 14.00
0-8011-0924-8 California Public SChOOI DAFECOrY (1991) ...u...uvvvvvneeuunssssssnssmsnnnnssssss sesssssmsssssmssssssssss seessessssessssssssssssssmmssssssssmsmssssemmensesss e 14.00

California’s Daily Food Guide (brochure} (1990)Y............curuunerrmsssssssmmesssssssssssssssssusssssssssssnssmsssnns sesssssssssessesssesseeesessees 6.00/25

0-8011-0874-8 The Changing History-Social Science Curriculum: A Booklet for Parents (19900t .........euuvvvseenseesescoosvsmsssssssssssssmssssssens 5.00/10
0-8011-0867-5 The Changing Language Arts Curriculum: A Booklet for Parents (1990)t .................uuemrens sovmeresesssssssssssnmmesssesessmmsen 5.00/10
0-8011-09280  The Changing Language Arts Curriculum: A Booklet for Parents (Spanish Edition) (19910 ........cooveeveevervsesssersesns 5.00/10
0-8011-0777-6 The Changing Mathematics Curriculum: A Booklet for Parents (19891 ..................o.oosssurssesssemesessssssssssesssssssssssssssens 5.00/10
0-8011-0891-8 The Changing Mathematics Curriculum: A Booklet for Parents (Spanish EAition) (1991)% ..........ccooomvvessesocesssssssssseen 5.00/10
0-8011-0907-8 Coordinated Compliance Review Manual, 1990-91 EItion (1990) ........cuv..uuumrumsrssssssmsessessesssseassssssessesssssesssssssssssssssssssssssssss 6.75
0-8011-0797-0  Desktop Publishing Guidelines (1989) ............cooocccrrvnee. L eReseE e ERA R 1 oL AR R8240 RS ERRS8 ueR S R e RR R R R RO RRRR O RO RRROOS 4.00
0-8011-0833-0 Directory of Microcomputer Software for School Brisiness AdminiStration (1990) ................oovveererssssssssssesssssssssssmssmsennsensens 7.50
0-8011-0856-x English as a Second Language Handbook for Adult Education INSUructors (1990) ...............eseeesesssesssssenssmssmsessesssssmssmmsssonne 4.50
0-8011-0041-0 English-Language Arts Framework for California Public SChoolS (1087) .............vceceeeeeenssssssssssssmess sossesssssssssssssssssssssmsss sses 3.00
0-8011-0927-2 English~Language Arts Model Curriculum Standards: Grades Nine Through Twelve (1991).........occcevevvvvsssssessssessssssnens 4.50
0-8011-0894-2 Enhancing Opportunities for Students Underrepresented in Higher EQUCation (1990) ............cccooooomerensvssssssssssmsssssssssns 3.50
0-8011-0786-5 Enrichment Opportunities Guide: A Resource for Teachers and Students in Math and Science

(WL DINAET) (198B)] .....ooovvunisitrnnnssnsssssssssssssssassssssssssesssesssssssssssssssssosssssesessseseessesesmmsosssssss st sessseos e e eeeeseeesssees s oo sene 8.75
0-8011-0849-7 Food Sanitation and Safety Self-Assessment Instrument for Child Care Centers (1990) ..........couovvveeeeesssonssssssssmmsnsosssmsns 375
0-8011-0850-0 Food Sanitation and Safety Self-Assessment Instrument for Family Day Care Homes (1990)........oooooocrsvevmsessessssmsssssssss 375
0-8011-0851-9 Food Sanitation and Safety Self-Assessment Instrvment for School Nutrition Programs (1990).............c...eeeememeresssssssssons 3.75
0-8011-0804-7 Foreign Language Framework for California Public SChOOIS (1989) .........c....cccovsmereerermssmmsssmmsmsessessessssmsssseosssssssssssssnsssnnn 5.50
0-8011-0179-4 Handbook for Planning an Effective Mathematics Program, Kindergarten Through Grade Twelve (1982) .................... 225
0-8011-0909-4 Handbook on California Education for Language Minority Parents—Portuguese/ English Edition (1990)§ ............c0vvnee. 325
0-8011-0734-2 Here They Come: Ready or Not—-Report of the School Readiness Task Force (Full Report) (1988) ...........ooooocoesssserssvns 425
0-8011-0712-1 History--Sodial Science Framework for Calitornia Public SChOOLS (1988).........cooooeversssverissesessessmsssesssssssssossssssseessssessssseess, 6.00
0-8011-0782-2 Images: A Workbook for Enhancing Self-esteem and Promoting Career Preparation, Especially for

BIACK GHILS (19BB) ..vvvv. evunsusessessesesssssssssssss st ssssssssssssstssessessssssssss eesseses 44 4tn 0 4428811888100 4218 R R85 e 0 08 e e e et e 6.00
0-8011-08284  Instructor's Behind-the-Wheel Guide for California’s Bus Driver’s Training Course (1989
0-8011-03584 Mathematics Framework for Califoritia Public SChOo1S (1985)..............c0mumeveesossesessssessessssssmssssseenns
0-8011-0664-8 Mathematics Model Curriculum Guide, K—8 (1987) ............uevesveeesssnsecsssscossssssssssmsmssssmssessssssssess
0-8011-0794-6  Microcomputer Software Use in School District Business Offices: Report of a Survey (1989) .....ccovmmusiurnmerveerinssersseeseens 4.00
0-8011-0929-9 Model Curriculum Standards, Grades Nine Through TWEIVE (1985) ..............ooveoseemsmmssssssssssssssssssssssssseses s sessssessessessmmmnnn, 5.50
0-8011-0969-8 Not Schools Alone: Guidelines for Schools and Communities to Prevent the Use of Tobacco, Alcohol, and

Other Drugs Among Children and YOuth (1991) .........uvuvmcesvisssssssssssssssssssss sosesessesesssssessssssssssssssssnmnsmsssssssssommsosssnn 325

“The price for 100 brochures is $16.50; the price for 1,000 brochures is $145, ,

#The price for 100 booklets is $30; the price for 1,000 booklets is $230. A set of one of each of the parent booklets in English is $3.

$Also available without binder for $5.75.

§The following editions are also available at the same price: Armenian/English, Cambodian/ English, Chinese/English, Hmong/English,
Japanese/English, Korean/English, Laotian/English, Pilipino/English, Samoan /English, Spanish/English, and Vietnamese/English,
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ISBN Title Date of publication) Price
0-8011-0306-1 Physical Education for Individuals with Exceptional Needs (1986) ... s $9.75
0-8011-0834-9  Program Cost Accounting Manual (Form J-380—Form J-580) (1989).....ccceuuniiniisisimiiimmimmmiimnsssssssssmssssssss s ssssssss ssssssssssssses 20.00
0-8011-0886-1 Program Guidelines for Individuals Who Are Deaf-Blind (1990) ... 6.00
0-8011-0817-9 Program Guidelines for Language, Speech, and Hearing Specialists Providing Designated Instruction and

GETVICES (1989) ....vvvuvreveeeesevssesssunssesssesssssssss 10000001428 444448 104 HRRRE 1000 442810008811 00 1280011184 4EERKSS 4100184800444 00RL RS LERL RS HERSOARL SORERR SIS RRR S SERRR S0 18 6.00
0-8011-0899-3  Quality Criteria for Elementary Schools: Planning, Implementing, Self-Study, and Program Quality

REVEEW (1990) ... couieiiesrversesenssssesmasossassssssosse st sassssssssssssssssssss sesssess uss 40880480 1008048008820 4040080010 4800 0010 400 44 SHERERIEIIERREOESHRERRERSER SRS RS RS RE SE0ERS B0 08 4.50
0-8011-0906-x  Quality Criteria for High Schools (1990) ..ot s s s s s s s 4.50
0-8011-0905-1 Quality Criteria for Middle Grades (1990) ..........cwwuuuuussussussumsssmsssms ssssssssssssssssssssmusssssss s sssssssssssssssss s ssasssssss sasssss ssssses s 4.50
0-8011-08152 A Question of Thinking: A First Look at Students’ Performance on Open-ended Questions in Mathematics (1989) .......6.00
0-8011-0858-6  Readings for Teachers of United States History and Government (1990) ... smsssssssses 3.25
0-8011-0831-4 Recommended Literature, Grades Nine Through Twelve (1990) ... o, 4.50
0-8011-0863-2  Recommended Readings in Literature, Kindergarten Through Grade Eight, Addendum (1990) ......ccceinmmmmmsnnsusinnsen 225
0-8011-0745-8  Recommended Readings in Literature, Kindergarten Through Grade Eight, Annotated Edition (1988)* .....cccoovvvvvrs v, 450
0-8011-0972-8 A Sampler of Mathematics ASSeSSMENt (1991) ...cuuuuuummummmmmmissssmmsisms s s s s s s s ssssss ssssssssssssssssssssssss 4.00
0-8011-0868-3  School Crime in California for the 1938-89 School Year (1990) ... s s 350
0-8011-0911-6  Schools for the Twenty-first Century (1990) ... i s 375
0-8011-0870-5  Sdence Framework for California Public SChools {1990) ...t s 6.50
0-8011-0665-6  Sdence Model Curriculum Guide, K—8 (1988) ....cc.cuuiiimininiinmmunmmmemimssssss s s sssssssssssss s s s amsssssssisonns 3.25
0-8011-0677-x Secondary Textbook Review: General Mathematics (1987) ......cvuuum i s s 6.50
0-8011-0926-4  Sceing Fractions: A Unit for the Upper Elementary Grades (1991) ..o s 7.00
0-8011-0970-1 Self-Assessment Guide for School District Policy Teams: Facilitie: Planning and Construction (1991) ....cooovvvvuviimmsines 3.50
0-8011-0860-8  Self-Assessment Guide for School District Policy Teams: Maintenance and Operations (1990) ......couniirnsissmssrmsssssssnens 3.50
0-8011-0857-8  Self-Assessment Guide for School District Policy Teams: Pupil Transportation Services (1990) ........ccooueuuuumimmmmssssissnnns 350
0-8011-0813-6  Self-Assessment Guide for School District Policy Teams: School Nutrition Program (1989) ... ninsssssssssissssinns 3.50
0-8011-0807-1 Statement on Competencies in Languages Other Than English Expected of Entering

Freshmen: Phase |—French, German, Spanish (1988) ... s s e 4,00
0-8011-0836-5  Statement on Competencies in Mathematics Expected of Entering Freshmen (1989) ...coovcecconnnivvnsiiimmssisssssisssisssssssnnn 4.00
0-8011-0855-1 Strengthening the Arts in California Schools: A Design for the Future (1990) ......coomivmnmmmn, 4.50
0-8011-0827-6  Technical Assistance Manual for the California Model School Accountability Report Card (1989) ..coouvuivcenviicsssisisinnn, 375
0-3011-08462  Toward a State of Esteem: The Final Report of the California Task Force to Promote Self-esteem and

Personal and Social Responsibility (1990) ... s s s s s 4.00
0-8011-0854-3  Toward a State of Esteem, Appendixes ta (1990) ......cc.ccvuimnnunsrmsmmmmmsmenms s s s s st 4.00
0-8011-0758-x  Visions for Infant/Toddler Care: Guidelines for Professional Caregiving (1989) ......c..nivnivmminnmminsssmmmssimmnen: 5.50
0-8011-0805-5  Visual and Performing Arts Framework sor California Public Schools (1989) ..., 6.00
0-8011-0814-4  Writing Achievement of California Eighth Graders: A First Look (1989) ..., 5.00
0-8011-0832-2  Writing Achievement of California Eighth Graders: Year Two (1989) ..., 4.00
0-8011-0887-x Writing Assessment Handbook, Grade 8 (1990) .......uumruummmmmsmmmsssssssmssssssssssssss s sassssmmsss ssassssss s s sses 8.50

*Includes com~plimcntary copy of Addendum (ISBN 0-8011-0863-2).

Orders should be directed to:

California Department of Education
P.O. Box 271
Sacramento, CA 95812-0271

Please include the International Standard Book Number (ISBN) for each title ordered.

Remittance or purchase order must accompany order. Purchase orders without checks are accepted only from govern-
mental agencies. Sales tax should be added to all orders from California purchasers. All prices include shipping
charges to anywhere in the United States.

A complete list of publications available from the Department, including apprenticeship instructional materials, may
be obtained by writing to the address listed above or by calling (916) 445-1260.

b4




Participation and Feedback

Please use the back of this form to provide your comments or suggestions about A Sampler of
Mathematics Assessment. Also use this form to get involved in field testing of CAP questions,
serving on CAP committees, or being part of CAP’s mathematics network.

Name:

Telephone: Work ( ) Home ( )

School/District Address:

Home Address:

Please indicate your current position:

I am also interested in:

[} Mathematics Assessment Development Tearr
(Classroom teachers and other educators write and revise new assessment tasks.)

[J Investigations Field Test
(Classroom teachers will pilot investigations.)

[ Portfolio Field Test

(Classroom teachers will pilot portfolio assessment.)

[J Performance Standards Development
(Teachers and other educators contribute examples of student work.)

We are using this form to build a roster of mathematics educators who are giving workshops,
presentations, seminars, or writing innovative materials. This roster will be used for network-
ing with advisers and mathematics oreanizations to improve assessment in classrooms. Please
check the box below if you want to be placed on this roster, and attach a short description of
your activities.

[J Place my name on the CAP workshop presenters’ roster.
[ Attached is a description of my activities.

Please return this form to:

Tej Pandey

California Assessment Program
P.O. Box 944272

Sacramento, CA 94244-2720

QO (087-81016,0288-810: 4, & 029057236 5-91 30M

C 1016 6 5
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