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LEVEL THREE

REASONABLE GUTCOMLS AT THE END OF THE YEAR

Computotior:

o>

. Add one and two digit whoie numbers to one and two .1t whole

numbers

Subtract one and two digit whole numbers from two digit whole
numbers

Add and subtract money decimals that have up to four digits.

Add and subtract proper fracticns within common “fainilies” - fourths,
eighths, tenths.

Muitiply a two digit whole number by & single digit.

Divide a two digit whole number by a single digit.

Numeration:
1. Read and write whole numbers through 999,

P NEERER

Count orally past 100

Count objects more than 30 in numbers.
Count on from any starting point <100,
Count back from any starting point <100

Fractions:

1.

2

Recognize fractional parts representing wholes divided into
2,3,4,5,6,80r 10 parts

Recognize equivaience of fractions within common families,
e.g, 2/86:=1/4

3 Compute with fractions as described above.
4

Use fractions in "story problems” that involve sdding and subtracting.

Geometry:

1

2

3.

4.

Distinguish and be able to classify squares, non-sguares, rectangles,
circles, triangles and paralleiograms.

. Distinguish and be able to classify cubes, non-cubes, rectangular

so:ids, triangular prisms, spheres, and cylinders.

Recognize equality of two shapes that can be made from the sarme two
smalier shapes, or are the result ot halving s larger shape.
Distinguish perimeter from area and area from volume.

Arithmetic Operations:

1

©
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2. Use correctly the opera*ions in situations that invalve comparing,
Joining and separating and be able to write number sentences to
show these. _

Generate problems given three numbers so an arithmetic operation on
two yields the third.

A

Problem Solving:

1. Use tables to find answers.

2. Draw piciures to represent conditions in problems.

3. Graph conditions in problems.

4. Write number sentences to represent problem situations.
5. Solve non-numeric problems.

Number Relations:

1. Immedisate recall of addition facts for numbers ¢ 10,

2. Immediate recall of multiplication facts for numbers <10

3. Write equality sentences and ineque!ity sentences in all forms, e g.
7=3+3+1,4+2+1=27,6+3>0+2,7<¢Q;,1+2+1<¢4+3+1

Logic:
1. Use AND to show multiple

classification and joint requirement.

2. Use Or to show alternative

possibilities.

3. Use NOT to show complementary condition NOT

ERIC 6

Aruitoxt provided by Eic:



LEVEL THREE

FRACTIONS. JOINING. CUISENAIRE RODS
LESSON ONE

Introduction: Use overhead projector version of the C-rods. The children
should use rods in crder to follow what you do. Establish that you are
working in the SIXTHS family. PUt the D rod on the overhead to remind
them this is the ONE rod.

Place the R rod on the overhead projector Ask the children which fraction
this is (1:“3)

Place the G rod on the overhead projector to make & train with the R rod,

R 6

Ask the children what fraction is being added to 1/3. (1/2)

Compere this result with the D rod.

Ask the chiidren what fraction this lenqth is {5/6)

Put the five W rods as shown to reinforce this.

D

R G

Wi iw | W Wi W

Remind them thet W = 1/6G in this family, or when D = 1, and thet W
MEASURES both R and G, so W will MEASURE F + 6.

write 1.3+ 1/2 = 5/6 to represent the resulls of this joining. If needed,
write this in connection with the Rod equation

ERIC ‘
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R G = w W | W W

13 + 172 = 576

Do a second joining, for example F + G

P G

Pis 2/3, G 15 1/2 so this represents 2/3 + 1/2 Again refer {o the D rod
and W rads.

D

P G

This joining 1s W longer thanD or 1 + 1/6 Wrile this as:
1+1/6:=11/6.

Aclivily. Pass out the worksheets for pairs of students to work on with
rods. Emphasize referring to the D rod which is ONE and the W rod which is
176 when interpreting the results of the joining.

LESSON TWO

This lesson is to give experience with joining fractions that are greather
than one, still in the SIXTHS family.

Introduction: Place the D rod on the overhead Remind Lhe children is is
ONE. Place 8 K rod next toit.

D

K

Ask the children if that is less than or more then one. HOw rmuch more
then One is 1t7 One W rod or 1/6 The rod then represents 1 1/6

Any other rod joined to this wili give something even more grester than
one. Futl the R rod next to K.

L
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"Now how much more than one do we have?” (3W =06 = 1/2).

Put the W rods as shown:

K R

|
wiw |w (w | w |w |w iw|w

Now count them. There are 9/6. Put the G rod next to D:

D G

K R

wWiw | W W | W w w w w

“This 1s the same as 9W,s08/6=11/2=13/6

Join K with ¥

Compare this with 2D, and: 7/6 + 5/6 = 2.
"How many SIXTHS 1s this?”

work to get the children to see that the same fraction can be expressed
many ways.

1=6/6 2=12/6  9/6=3/2=11/2 etc

Q J
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TD:  THE TEACHER

FROM: A. DEAN HENDRICKSON

Attached is something you can reproduce and send home to parents
to encourage them to support what you are doing in the classrocm.




MATHEMATICS IN THE HOME
A. Dean NHendrickson, University of Minnesota-Duluth

Intredyction:

Mathematics and the use of mathematical thinking is much mere the. what has
been traditionsl achool arithmetic. The arithmetic of whole numbers, fractions
sad decimals constitutes no more than 10-15% of the mathematics we use
througheut our lives. Much of the matdematical reasening we use can be
developed and experienced ~at of scheol, particularly in the home. Seme of these
suggestions may seem remote from the arithmetic you remember, but they will
invelve children in the THINKING essential to beth the learning and use of
mathematics in everyday life.

Pre-Mathematical Thinking:

Before a child can understand school mathematics, certsin wvays of thinking and
skills must be available for use. These are continuously used througheat learning
of mathematics, but particulariy elementary school mathemetics. These include:
countiRg, comparing, ordering, using patterns, using grouped material, using
langaage and establishing relations and relationships. Needed experience with
these can be obtained around the home. Before describing things te %o with
childrsn at heme to help them with their school mathematics, here are some
“gelden rules™ based upen research and experience with learning children.

1. You mnat not force children since this has negative effects,
such as tarning them away from doing things or from you. A
chilo learns when ready, curiouas, and needing to make sense
of samething. This goes in spades for drill on memorizing
so-called “basic facis.”

2. Give children positive things to de when time is available,
especially thase things they can do and enjoy deing. Den’t ask
for things beyond the child's capacity te do.

3. Give lots of praise and encouragement. If what the child does
er says deesn’t seem to make sense to you, don't criticize or
correct. Ask questioas that might lead the child te consider
it in a different way.

4. Dor’t look for day-to-day progress or change or for immediate
results. Just as with mang other things, such a3 walking
er talking, a child may seem to be making no beadway and then
suddenly, it’s all there. Children develop in spurts and
aneverly, and have long plateaus where nething seems te be
happening. That's p~rmal snd accept it. There is probabiy
s lot going on below the surface.

5. Don’t compare yours with other children. Everyore is different -
thank goodness!

6. Den’t worryg if a particular skill, such as wsing languoage, is



coming along more slowly than ysu'd like or than bdrother John's
did. Semehow moct of them seem guite a lot slike by the time
theyare 12 or s0.

Werds:

A number of words commenly used in mothematics and related to teaching
methematics should be used often eutside of school 84 well. Some examples are
Some-mor>, & lot, more (Rar, less (8an, large, sma’l, many, lev, 3ame &S,
difterent, alike, all, some, rot, Iefl, righi, akesd of, dedind, sbove, belovw, Ireonl,
deck, jong. shert.

In sddition to words asseciated vith comparing, grouping and spsce, the pumbe.”
words are important. Children must know thz counting words, but even mere **3n
that, they must see the pattern in the use of counting werds_ The cordial wor ..
Yke 7irst, second, IAird et. are also important. Use of these words sroend home
helps children to count objects correctly and to identify position of things in
erdered arrangements.

Comparing:

Have children compare things as to size, length, are and velume whenever
pessible. “Which glass has more?” “Which box helds more?” “which of theoe is
heavier? hesviest?™ “Put these sticks in order of length.” “Arrasge the
silverware so the leagest is farthest from the plate and the shertest is nearest
the plate.” Questions like ihese should be frequeat. They should involve different
kinds of things both 1. door:s ard outdoors. Combine these with queations that make
the children estimate measurements of distance and height such as “Which do jou
think is as high as the shed, A or B?™

Comparing of quantity leads te better understanding of number snd number

relatic “ ~hips. “Are there more chairs or lamps in this rcem?” "Are there more
cHpS or (caspeans on the table?® “Have we go more red roofs or ¢green roofs on sur
street?” “Pat cnough table knives on the table so that there are ss mang knives
ss forks.” “De you have more boys or girls in gouar class?™ These can be asked
when cut walking, riding in the car, watching T¥ or sitting in the boat. Ask
children to do things thet will make one group as large as ansther freguently All
such asctivity helps childres build namber relations into their deeper
understandings, instezd of as memorized associations that have no mezning - iike
rames and dates you once memorized to pass a history test!

Ordering things that can be counted is important. Bead stringing aclivities are
good for young children. “String some beads 3o the third bead is red and the
fourth bead is blue.” “Make a string so everd other one is greea,” etc.

Ordering things that have lengths, aress and vol umes extends compering beyond
two things. Have children place three sticks of different lengths in order from
~hortest to longest; place three pieces of puper of different areas into orders;
place three different sized cans of jars into order. Gradvally extend the number
of $hings to more than three for these activities.



Ask frequent questiorns abeut the ordering of events as te which happens first,
second.. 1ast, etc. Connect these with time estimations, "How many minates ago do
gou think this hapoened? How many dags?”™ etc.

Ceunting:

Children should keep extending their memerized sequence of counting words. This
is important. But being able to say the words in right order does net mean they
can count things. They need much practice st this. Have them count everything
around the house that is countable - the chairs, tables, Jegs on chairs; the tiles
on the flear, in the ceiling; the pumber of windows in s room; the silverwvare in
the draver; the cans on the shelf ; the pieces of wood in the wvoodpile; the
telephone poles going by, etc. The more they count, the better able theg are to
count. When they are pretty good at counting forveard, have them de some
counting back. For example, start with 20 clothespins. One at at time put ane
into a can and count aloud these that are left as cach ene is removed from the pile.

Patterns:

Have children look for patterns - in the carpet, in the ceiling, in wall: )er, in
the drapes, on the bedspreads. Patterns of shape, or color, or sound are sll
important. Beads can be strung in patterns. Collections of bottie caps, old keys,
buttons, screws, nuts and bolls, and similar “junk” can be put inte patterns. Ask
cbﬂdre" what wum come next in & pattern, or what wuld go where something is
missing in a pattern.

Number:

Help your child learn aumber size bg having him see the same number, such as
five, in many differeat arrangements apd materials. Plaging cards can be sarted
into these all baving the same numbar. Mixed groups of sag, five marbles, three
buttons, three keys, six spoens, can be used. “Find me the material there are five
of,” etc. Put some namber, seven fer example, of beads or marbles into three or
four different shaped glass jars, "Find a jar with sevenin it.” “Find another.”
Put the same number of ene kind of thing in ore jar and another kind in a second
jar, etc., and do the same kind of thing. Invelve the child with numbers inss
mang different ways, with as many different kinds of meterial, and as many
different sizes as pessible. Graduslly incresse the number size as the child seems
able to essily handie smaller aumbers.

Using Numbers:

Comparing groups with number property; combining such groups; sepirating
larger groups into smaller groups of a given size or into equal size groups - all
of these sctivities help children to understand when each of the four arithmetic
eperations are used.

Seme examples of things to do in the home of tais kind are:
1. Compare tho different sized greups in several vays. “How many more
are there in this group than in that group?™ “This group has how

many fewer than that gr2up?” “How meny times as many are there here
as there?™ Thes2 kinds of questions used with groups of all kinds

L



of things - knives, forks, cheirs, cheir legs and table legs, buttons,
marbles, pieces of candg, etc., help the child with what the scizeel
is doing.

2. Join together several groups of the same size inte a larger group.
Rows of prnniecs can be arranged intu an array Like this snd can then
be loeked at a different way to see 5 groups of 6 pennies: ocveese

000000

080989

800300

000000
Both lead to o total of 30 i the array. Do this ina rov ata time,
having the child tell gou how many are there all toegether esch time.
Separate and take apart such arrays row by row and see what is left
each time. Do this with different kinds of things, different size
rows and different total numbers of thirgs. Clothes pins, ceramic
tiles, beans, corn are all good for this.

3. Join together grovps of different size, such as seven things with
five things. Huve the child describe what is happening in vords.
Have the child add to one group of things 2neugh te make it the same
size as snother larger group. Have the child make equal two unegual
size groups witheut odding anything more te the collection. “Here
are a group of 15 clothes pins aud one of 7 clothes pins. Do some-
thing se geu heve iwe cquel groups.”

4. Give the child large amounts - in the 20's er 30's of things te:

3) meke several groups of a givea size frem. Some aumbers should
make these smaller groups an ever number of times and some
should bave some left that is not enough to make anether of

the smaller group.

b) make o certain number of groups that will all have just as
mang in them.

Examples:

“Put these 30 beans into 6 cups, 30 each cup has just as meny. How
many are in each cu?”

“Put these 43 beans, six ot a time into cups. How many cups did gou
use?”™ “Whet should ¢ done with what i s left over?” “When de gou
bave some left over ?” “When don’t gou have angthing left over?”

When gou ds for walks, have the children compare, add together, etc., things along
the vay. De the same in the car, the supermarket, in the drugstore. “How mang
are there on the top shelf?” “How mang re on the bottom shelf?" “How mang are
there on the top and bettom shelves together ?-

Have the child de as much sdding, subtracting, multiplying and dividing of this
kind - slwags os related to things - as gou can. DON'T tryg to drill gour child on
“addition” facts or “multiplication” facts. Let the child learn these iu due time

‘ J_ )




through the schoeel sctivities and these you do st home as described here. DOR'T
bave the child write number things - the scheel will do this. Accept veriw!
answers and descriptions. Get ia the habit of asking gour child why certsin
ansvers are given and LISTEN.

SOME FINAL HINTS:
1. Have geur children count things as much as pessible.

2. Ask children simple addition, sabtraction questions abeut REAL things
in the surroundings te give praciice in mental arithmetic.

3. Plag card games that require mathematics or related things like WAR,
OL) MAID, CRIBBAGE, RUMMY (rzgular or gin).

4. Give thinking games for holidag gifts - CONCENTRATION, HUSKER DU, etc.

5. Get a Little Frofessor or some similar calculator-based program to give
mental arithmetic practice.

6. Cheap mathematics games can be bought at Target, Woolworths, etc.
Seme examples are COYER UP, HEADS UP, SCORE FOUR, TUF, APOLLO, etc.

7. Give gour child a simpie four function calculator and let him er her fool
around with it.

8_ Encoerage block play and building, sand plag, making birdhouses, etc.

9. Keg words are COMPARING, COUNTING, PATTERNS, COMBiNING {(groaps),
SEPARATING (large groups into smaller groups)

10. Point out mothematics wherever it is in the surreandings. Children must
realize mathematics is:

a_ essy to learn

b. useful
c. fan



LEVEL THREE
USING THIS TEACHER'S GUIDE

The 1essons are grouped by tonic, process and/or concept. Teach each
of these to mastery. Lessons may be repeated as necessary, returned to
later in the year for desired review, or stretched out in time as
appropriate and necessary. Some lescons review previous material, but in
a more advanced context. Others are new material. These should be easily
distinguished from each other.

ERIC
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LF EL THREE

INTRODUCT ION

- ——

Coming into this level, students will have had work in:

Number concept development
Meaning and use of the four operetions
Place value representation
Numeration in base ten
Problem solving

Work with 2D and 3D shef.es
Logical use of AND and NOT
Graphing

Measurement

Fractions

Operations in base ten

- OO NOUADLD NN~

maph vy

Prior vo starting instruction, assess the children’s knowledge in these
areas, using the attached instruments.

Many of the children will complete the transition from pre-operational
thinking to concrete operational thinking during this year. Activities to
help them in this transition are included. These will give them experience
in reversibility of thought, formal measurement of lengths and aress; and
increased use of symbolism related to mathemsticail ~oncepts and
processes. However, it is still necessary for you to observe the practice
of introducing new or unmastered concepts at the concrete level, gradually
relate symbols such as numerals and pictures to these concepts, and
frequently associate concrete materials, pictures and symbols in the
sctivities.

Q ! &)
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LEVEL THREE
GETTING STARTED

Pead the LEVEL TwO TEACHER'S GUIDE as background and for information
about the previous exneriences children have had. Also read THE PIAGET
PPIMER, or a similar work to understand the psychological and educationel
theary underlying the program.

Major ideas and Processes cmphasized during the year are COMPARING,
COUNT ING, CLASSIFYING, USING PATTERNS, USING NUMBER OPERATIONS,
PROBLEM SOLVING, ESTIMATION AND REASONABLENESS OF ANSWERS,
RELATIONS BETWEEN NUMBER OPERATIONS WITH FRACTIONS, RATIO,
SEOMETRY, LOGIC, MEASUREMENT, GRAPHING, INVERSE RELATIONSHIP OF
OPERATIONS, USE OF CALCULATORS, FINDING AREAS, AND INTRODUCTIONTO
VOLUME AND TO NEGATIVE NUMBERS, and MENTAL COMPUTATION.

COMPARING will involve comparisons of weight, volumes, arzas, parts of
wholes, number properties of collections and the properties of shapes.

COUNTING should include oral counting for 5 minutes each Jay. Counting
on, counting back, skip counting forward and beckward, crunting by tens
and hundreds are all needed.

CLASSIFICATION will be related to SIMILARITIES AND DIFFERENCES and the
use of AND, OR and NOT.

USING PATTERNS will emphasize patterns in number tables, and the
patterns in the numeration system. Patterns of shape are emphasized
more.

NUMBER OPERATIONS will be used in one-step snd two-step problemns that
use more than one operation. The numbers will include larger whole
numbers and fractions.

PROBLEM SOLVING will involve numbers and non-numeric situations that
emphasize geometric properties.

ESTIMATION and REASONABLENESS of answers will be emphasized
throughout. Rounding of numbers to get "ball park”™ bounds for answers to
be found is to be emphsasized.

EQUALITY, LESS THAN and GREATER THAN relations between numbers is to
be conlinued and emphasized.

ERIC
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OPERATIONS WiTH FRACTIONS are to be related to the operations with
whole numbers, since all have their origins in comparing, jeining and
separating.

RATIO ideas ore to be extended to the use of units and a unitary basis for
what will become proporiions.

GEOMETRY will involve more areg measurement, comparison of, and
relations between lengths, and the properties of shapes. The ides c*
congruence is to be emphasized.

CALCULATORS are to be used o reinforce counting, place value, patterns,
and to make calculetions in problem solving activity.

VOLUME is to be develoned by building shapes that occupy space from units
of volume.

NEGATIVE NUMBERS are introduced with emphasis on making quantities
mo e positive or more negative.

MENTAL COMPUTATION. By the end of this year, children should have the
“addition facts™ and "multiplication facts” at the :mmadiste recall level
Frequent mental computation activities in interesting contests cuch as
games, reiays, etc. should be conducted.

Problems should be related lo children's experience. Frequently have
children write and create problems for others to soive. Point out probiem
solving strategies such as making a table, searching for a psttern, drawing
8 picture as these are employed in whole-class éctivities.

MEASUREMENT ic with standard units with emphasis on the process of
measurement.

MATERIALS 1o be used during the year include:

Base Ten blocks and Place Yalue mats
Cuiseraire Rods

Pattern Blocks and Tangrams
Geoblocks

Logic Blocks

Geoboards

Calculstors
Square Tiles
Cubes

[
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LEVEL THREE - INSTRUCTIONAL PRACTICES

——

Most lessons are designed so that introduction 1s by
demanstration 01 how to use the materials on the overheaa
Do this and ask enough questions so children know what they
gre to do. When recording forms or worksheets are involved,
make transparencies of these and show the children how to
record in them.

2. Introduce any symbols slowly and cerefully so that children
know what they represent.

3. Group children into 2's, 3's and 4's as often as ngssible and
encourage them to learn together and from each ( uiier.

4. Recerding forms and worksheets should be kept in individua]
student folders labelled "My Work in Mathematics”

5. When children are working with materials, walk around and
observe what they are doing. Ask questions of a leading or
probing nature to stimulste their thinking. Avoid "playing
teacher” and telling them how to Go something until th._y
have had sufficient time to work it out for themselves.

6. Children learn from their mistekes. Don't penalize them
for "good” mistekes that indicate an 1dea that just hasn't
matured yet. Children get right answers for wrong reasons
and wrong answers for right reasons. You must be sble to
distinguish between these.

7. Flan for storage of materials in open locations where they
are accessible to children. Use storage containers like
plastic ice cream pails, gallion milk bottles and boxes made
into drewers. Teach children to be responsible for getting
materials out to work with, policing the worl: aress for
dropped materials and for putting materials away These
are LEARNING materials and children must understand tha..

8. Feel free to develop homemade "analogues” of the
commercial materials suggested.

oW
~a
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LEVEL THREE
ASSESSMENT PROCEDURES

NUMBER

Hand Test. Show Lhe child the number to be tested in beans in one hand.
Have the child count them. Put some of these in the other hand. Show the
first hand and ask how many are in the other hand. ‘How many twos?”
"How many threes?”, etc.

Written Test: Give the child a humber, e g fourteen. Ask that this be
written in part-part whole combinations in as many ways as possible,
including equal part combinations.

COUNTING

—

. Have the child count on from a given number
2. Have the child skip count.
3. Have the cnild count out a collection of objects.

4. How does the child handle transitions from decade to decade? into the
hundreds?

5. Inrational counting, does the child touch objects as counted? Move
objects as counted? Rely on eye contact with objects? Subvacalize?
Count in groups? Feail to maintaina 1-1 correspondence between
counting words and objects counted?

FRACTIONS CONCEPT

1. Have the child divide up & shape into thirds, fourths, fifths, etc.
2. Have the child color in a given numher of equal paris,

PLACE VALUE

1. Show the child a numers), eqg. 13 4

2. whet is counled by the "177

©
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3 What is counted by the "3"7

4. How many tens in this number?
S. What digit is in the tens place?
6 In the hundreds place?

Geometric Shepe: Show a number of shapes and have the child pick out
the s Give wne child shapes to sort into like shape collections.

NUMBER OPERATIONS

Attached are the 14 <ituations that give rise to the operations of addition
and subtraction. Read these to the whole class one at a time. Children
should have some blocks to manipulate. On the first reading ask the
children to just find the answer and write it in the space provided. Tell
them to think of a number sentence to show the problem. Read it a second
time. Tell them {o write the number sentence and to circle the answer.
Use the results to know which kinds of problems to emphasizo with the
class during the early part of the yesr.

COMPUTATION FORMS

Give the child a8 computation form ke 24
4.

13

Ask the child to write this in horizonts) form: + =

Ask the child to show what is in computation farm with base ten blocke.

EQUALITY

Give the child & split board with 8 cubes on one side end 8 cubes an the
other side. Ask the child to group the objects to show, in succession
§+5+3,06+2=8and1+7:=-4+4

ERIC 2
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ASSESSHENT RECORD
for

Hathesatrcian:

Asscsssent: ‘Plegse count for se.” Circle the lorgest
nusber in the sequence the child vses correctly.

Date: Nusber Sequence

below ten 11 12 13 14 15 16 17 18 19 20
30 40 50 60 70 80 90

100 110 120 (erite in)

Date: belos ten 11 12 13 14 15 16 17 18 19 20
30 40 50 60 70 80 90

100 110 120 (srite in)

Date: below ten 11 12 13 14 15 10 17 18 19 20
30 40 50 o0 70 80 90

100 110 120 (erite in)

ERIC
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Hathemot scrian:

HAssesssent: “FPlease Count These.” (rational! counting of
chjects. Circle the largest nusber in the set the child
correctly counts.

Nuaber ¢ quence floves Touches fMenteliy
Objects UObjects "Touches®

Date: belos ten 11 12
13 14 15 16 17
186 19 20
30

{(write in)

Date: below ten 11 12
13 14 15 16 17
18 19 20
30

(srite in)

Date: belos ten 11 12
13 14 15 16 17¢
18 19 20
30

{srite in)

©

ERIC o

A Text provided b e ‘_{ ]




flatheaatician:

Rassessment: Nusbers “Knoen” - all ports cosbinations.
Lirfce the fargest anusber on thet date.

Hond Test  Bowl Teat Nusher _

Date: 6 189 10 11 12 13 14
15 16 17 18 19 20 21 22

23 24 _{srite in)

Oate: 6 8 @10 11 12 13 14
15 16 17 18 19 20 21 22

23 24 __ {srite in)

Date: 678910 11 12 13 14
15 16 17 18 19 20 21 22

23 24 {write in)

L
X
LT

©
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ffeiemal icions:

ed ar girrereniis?ed franr others.

Assessmenl - Kecagrilion of Geamelric Shspes. Lheck thase

Fecogny.

—

o on ¢ ot ki sttt SO S Sy N PO S, W S, A At i Mgl S St s AP s S B WS A = e

e Gt o e S inigs  amt  OH oA S At b, Wikt

Triangle! Square| Circle | Rectangle |Parallelliogram | Hexagon

Date

Deate

Date
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PROBLEMS FOR ASSESSMENT (1)

i COMBINE |

——

Diane has 5 red blous<s and 4 blue blouses. How many blouses does
she have altogether?

2. CHANGE 1

——r—rr e——

Ronnie had S snowDballs on the windowsill. Jan gave him 3 maore
snowballs. How meny snowballs did he have then?

3 COMPARE |

Fred has 9 crayons and Tim has 6 creyons Fred has how many
more crayons than Tom?

4. CHANGE 2

Debbie had 7 jelly beans. She gave S of them to Tom How many
jelly beans did she have left?

3. CHANGE 3

betty had 6 paper clips. Harry gave her some more paper clips.
Then Betty had 8 paper clips. How many paper clips did Harry
give her?

6. COMPARE 2

Janice has 8 sticks of gum. Tom has 2 sticks of gum. Tom has
how many sticks less than Jamice?

/. LCHANGE 4

e

iris had 8 peanuts. She gave <ome to Eddie and then had 3 peanuts
ieft. How many peanuts did she give 1o Eodie?

ERIC
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PROBLEMS FOR ASSESSMENT (2)

1. COMPARE 3

Barb has 6 pencils. Frank has 3 pencils mare than Barb. How
many pencils does Frank have?

2. CHANGE 5

Fran had some pen~ils. She gave 4 pencils to Jean. Now she has
3 pencils left. How many pencils did she have to start with?

5. LCOMBINE 2

Bill has 9 jelly beans. 5 are blue and the rest are brown.
How many jelly beans are brown?

4. COMPARE 4

Tony has 7 books. Jane! nas 4 books less than Tony. How many
books does Janet hav2?

5. CHANGE 6

Pete had some milk cartons Annie gava him 3 more milk cartons.
Now he has 8 milk cartons. How many milk cartons did he have to
start with?

6. COMPARE S

Maxine has O swesaters She hac 5 swesaters more then Sue. How
many syveaters does Sue have?

7. COMPARE 6

Peter has 7 pencils. He has 3 pencils lese than Tom How many
pencils does Tom have?

ERIC
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MATHEMATICIAN:

ANSWER NUMBER SENTENCE
x
1
|
%
2z
)
% !
|
3
%
4
%
5
%
5 i
|
%
2




MATHEMATICIAR.

Pattern Blocks

@ JAVAY

Color 1/3 blue Color 2/3 blue

RS

Color 3/6 red

—~—— — —

Write a fraction to show what part of each shape is shaded.
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LEVYEL THREE ASSESSMENT RECORD

MATHEMATICIAN: _ Py. 1
COUWTING
ROTE COUNTING BEGINNING OF YEAR END OF YEAR

Counting from one to?

Counting on from 6 to? —_

Counting on from 15 to?

Counting on from 22 to?

Counting on from 37 to?

Counting on from 41 10?

Counting on trom S0 t0?

Counting on from 65 to? -

Counting on from 73 t0?

Counling on from 82 lo?

Counting on trom 98 to?

Counting on from 102 {o?

Counting on from 131 t0?

Counting on from 206 lo?

Counting on trom 300 to? )

Counting by tens to?

Counting by hundred; to?

Counting by tens from 12 to?

Counting by tens from 63 10?7 —

Counting by tens from 121 to?

Counting by hundreds from 13 to?

Counting by hundreds from 59 to?

Counting by hundreds from 132 to?

« 7
i~




Pg ?

RATIONAL COUNTING BEGINNING OF YEAR END OF YEAR

Number of objects correctly counted?

Moves objects as counts?

Touches abjerts as counts?

Yisually tracks objects?

NUMBER CONCLPT

Largest number for which:
parts are known? —_—

mulliples are known? _

FRACTION CONCEPI

Fractional parts recognized:

172

/3

1/74

175

1710

Other fraclion symbols written?

PLACE YALUL

Recognizes what digits represent:

in two digit numeral?

in three digil numeral?

other? (describe)




Pg. 3

GEOMETRIC SHAPES BEGINNING OF YEAR END OF YEAR

Shapes recognized:

Triangle?

Square?

Rectangle?

Parallelogram?

Circle?

Hexagon?

Cube?

Triangular Prism?

Rectanqular Prism?

Cylinder? _

Sphere?
UTATION FTORMS

Yertica® Addition

Vertical Subtraction

Horizontal Addition

Hor izontal Subtraction

SYMBOL USE

Symbols Recognized:

+




rg 4 BEGINNING OF YEAR ND OF YEAR

Symbols Used Correctly:

+

EQUALITY SENTENCES

Whele = parls
(8=6+ 2)

Parts = Whole
(1+2+3=6)

Parts = Parts
(1 +2+3=4+111)

NUMBER OPERATIONS
Problem Type Soived:

Combine |

Combine 2

Change 1

Change 2

Change 3

Change 4

Change %

Change 6

Compare |

Compare 2




Pg 5

BEGINNING OF YEAR END OF YEAR

Compare 3

Compare 4 —

Compare 5 . .

Compare 6

Correct Number Sentences Written:

Comhine 1

Combine 2

Change 1

Change 2

Change 3

Change 4

Change 5

Change ©

Compare 1

Compare 2

Compare 3

Compare 4

Compare S

Compare 6

I s
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Problem 1itie

Change 1.

Change 2.

Change 3.

Change 4.

Change 5.

Change 6.

1able !
Change Problems
vampie Problem

8111 has 2 pencils. Jean gives
him 3 pencils. How many
pencits does Bill have then?

Bill has O penciis. He gives 3
to Jean. How many pencils does
he have left?

Bill has 2 pencils. Jcan gives
him some more. Now he has S
How many did Jean give him?

Bil' has 5 pencils. He gives
some {o Jean. Now he has 2.
How many did hec give {n Jean?

8111 has some penciis. Jean

gave him 2 more. Now he has 5.

How many did he begin with?

Bill has some pencils. He gave
3 toJean. Now he has 2. How
many did he hegin with?

dos

Character 1stics

increase, 1nitial set and
change set knowhn,
qucstion about final set

Decrease, tnitial set
snd change setl known.
Question about final set.

Increase, initial set
and 11nal set known
Question aboul change set.

Decrease, initial set
and final sel known.
Question about change sct.

Increase, change set
and final set known.
Question about initial set

Decrease, change set
and final set known.
Question about imtial set.



Problem litie

Combine 1.

Combine /.

lable 2

Combine Prublems

sampie Problem

Bill has 3 red pencils and
2 green pencils. How many
pencils does Bill have
altngether ?

B1l} has b nencils. lhree
are red and the rest are
green. How many are green?

Characterislics

Two subsels are known
Question about whole
set.

whole sel and one
subset are known.
Question about other
subset.



Problem |itle

Compare 1.

Compare 2.

Compare 3.

Compare 4.

Compare 5.

Compare 6

fable 3

Compare Problems

sample Problem

Bill has 2 pencils. Jean has 5.
How many mure does Jean have
than Bill?

Bill has 2 pencils. Jean has .
How many fewer pencils does
Bill have than Jean?

B1ll has 2 pencils. Jean has 3
more than Bill. How many
pencils doer have?

Jean has 5 pencils. Bill has 3
fewer penciis than Jean. How
many pencils does Bill have?

Jean has O pencils. She has 3
more pencils than Bill. How
many penciis does Bill have?

Jean has 2 pencils. She has 3
tewer pentils than Bill. How
many pencils does Bill have?

Characteristics

Comparison stated in terms
of more, referent set and
comparcd sct known.
Ouestinn ahnut difterence
setl.

Comparison siated in terms
of less, referent sel and
compared sel known.
Question about difference
set.

Comparison stated in terms
of more, referent set and
difterence set known.
Question sboul compared
set.

Comparison stated in terms
o! less, referent set and
different set known.
Question aboul compared
sel.

Cuompar ison slated in lerms
of more, compared sel and
ditterent sel known.
Question about referent
set.

Comparison stoted in terms
of iess, compared sel gnd
difference sel known.
Question about referent
sel.



LEVEL THREE
COUNTING
ORAL Counting

1. SKIP Counting

by twos by twenties
by threes by thirties
by fours by forties
by fives by fifties
by sixes by sixties
by sevens by seventies
by eights by eighties
by nines by nineties
by tens by hundreds

2. Skip counting from 8 given number, e.g. 3, 5, etc., as above through “by
tens”

3. Counting on from any given number

4. Counting back from any given number

9 Skip counting back from a given number: "by twos....... by teng”
RATIONAL COUNTING

1. Counting of collections > 30

2. Counting of collections by twos, by threes, by fours,.... by tens.
ORDINAL COUNTING

1. Correctly identifying any ordinal position up to Z0th

ERIC
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LEVEL THREE

CLASSIFICATION: SIMILARITIES & DIFFERENCES

LESSON ONE

Use the template provided to make red, yellow, green and blue rectangles
of two sizes, circles of two sizes, squares of two sizes and triangles of
two sizes - 32 in all. These can be printed on, and then cut of 8 heavy
paper or light cardboard. Use ATTRIBUTE BLOCKS from the ESS materials
if you can get them.

Introduction: Each child should have the above set of pieces of ONE color,
& in all, of say, blue. Hold up a triangle of the same color as the students
have. "Hold up 8 triangle that is like this one.” See that all choose the
SAME SIZE as yours. “Hold up a shape that is different from mine.”

Ask a few students HOW their shape is different from yours. Pass out the
remaining shapes so each pair of children have a full set of 32

"Hold up two shapes thet are different ONLY in color® “How are these
ALIKE?" “Now hold up two that sre different ONLY in shape.” "How are
these slike?” "Now hold up two thset are different ONLY in size.” “How are
these alil.e?”

Discuss fully how things can be slike and different.

LESSON TWO

Introduction: Place one of the over head transparency versions of the
shape set on the overhead 1e, a small green triangle. "Hold up 8 piece
that | can put next to thic that is different in ONLY NME WAY" More than
one 1s possible, so discuss all candidates that are presented. Choose one
and place it next to the first

PN
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"Now hold up 8 piece | can put next to the yreen tnengle on the OTHER SIDE
that 1s also Cifferent in DNLY ONE WAY." Again, discuss those that are
suggested. Place one of those next to the green triangle.

O

Activity: The children are to work in paiwrs and arrange all 32 pieces in a
row so that each prece differs from each of i1s two neighbors in exactly
ONE way. Challenge students to see if they arrange these in a closed loop
~nd have each piece differ from each of its two neighbors in exactly one
way.

ESSON THREE:

introduction. Explain how difference games work.

ONC DIFFERENCE - A piece must differ on only ONE property - shape, color,
size - from esch of 1ts two neighbors in the line.

TWO DIFFERENCES - A piece must differ on EXACTLY TwD properties from
each of its two neighbors in 8 line.

THREE DIFFERENCES - A piece must differ on ALL THREE properties from
each of its two neighbors in a line.

Flace a transparency of Sample Logic Puzzie on the gverhesd. FPlace 8
starting piece in the first space. Ask the children what could go next.
Remind them that one hine means ONE DIFFERENCE, two lines mmean TWw0
DIFFERENCES, and three lines mean THREE DIFFERENCES. Continue asking
vhich pieces to put on the transparency until all are placed.

Activity. Use the logic puzzie cheets in order with pairs of children
working on them with a set of all 32 attribute pieces.

LESSON FOUR:

In.roduction: Make s transparency of 8 4 x 4 matrix. lise the LARGE four
shapes of four different colors. Place a piece in the upper left corner. ‘
Explain that all blocks in the same ROW (shde your finger slong the rows)
must have the same COLOR. All blocks in the same COLUMN (slide your

Y
e
©
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Tinger cown the column) must have the same SHAFE. Ask the chiidren 1o
tell you how to complete the matrix.

Activily. Pass out the 4 x 4 matrix worksheets for pairs of children to do.
They will need all of the LARGE pieces in a set {16) or sil of the SMALL
pieces in a set (16) in each pair.

LESSON FIVE:

Introduction: Make LOGIC cards from the master provided tracing a
different set of 25 of the 32 pieces on 10-15 cards. Each child has a card
and a set of 32 pieces. Have one child draw pieces from s box with all 32
meces in it just as bingo numbers are drown. Each child covers the square
on his/her card with the correct piece as called. If & line, column or
diagcnsal is covered, 8 child calls "LOGIC"

LESSON SIX

Introduction: Show a transparency of the Z0O or DISNEY WORLD. Start a
piece al the entrance and show the students which gates the piece CAN or
CANNOT enter. Repest with a second piece.

Aclivity: Assign the Z00 and DISNEY WORLD cards to pairs of students.
Each student is to racord which pieces successfully entered the 200 or
DISNEY WORLD.

LESSON SEVEN: How Does Your Garden Grow?

Introduction: Use a transparer-y made from the House master:

HOUSE

Tell the children thet a farmer lives in the large space called the house.
The smaller spaces around the house are the fields for crops. Each space
is to have a different plant. Suppose each block is a plant, ask the children

44
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to arrange them so that each plant (block) differs in 2 ways from the plant
in the next field.

Ask the children: "How are neighboring plants alike?"
"How are neighboring plants different?”

The same game can be repeated with pictures of fruits and vegetables,
where the children arrange these pictures so that the spaces will differ
from the next space in one way.

Varialions; One can try to go from the end of the path back into the center
as well as going from the center to the end. You can also change the rule
from different in one way to alike in one way.

EKC
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LEVEL THREE

COMPUTATION: NUMBER LINE SLIDES

LESSON ONE

introduction: Use the biack line master provided to make number line
slides on a heavy paper or light cardboard. Make overhead transparency
slides. 0On the overhead, place the slide as shown.

“Thmisistoadd 7 1o 8. | set the "0” of one slide opposite 8" on the other.
Opposite "7” on the first slide is the answer - "15°

ANS¥FIR
P T T T T IR PP T TT
D12 1456 7RBIID11213141516171819 202122 22
N N S N N O N O Y O O A O OO O O
IR IRIREEREER RRERERER
P123245¢ 78 9101112131415161718192021 223
S O N I O O O A O O O Y I O AR |

Activity: Children should use number shdes to do the additions on the
worksheet.

LESSON TWD

Introduction. Write the open sentence 12 -7 = on the chalkboard Ask
the children to show you how to set the number slides to do this

Find “12° on one slide. Set "7" on the other slide opposite this. The result
“S” is opposite "0” on the second slide.

N N B N I S B B S

1 2 34 P 6 791D 1212141516171819 202122 3

RN EEEE RN YN
T T T T I T T T Tt T T7 g
D1 2 3 4 S & 78 910 111213141516 17 181920212224 .
SRR |
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Aclivily: Have children use number slides to work the subtraction
problems on the worksheets.

Qo
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LEVEL THREE

FRACTIONS: PATTERN BLOCKS

LESSON ONE

Background: This is a review lesson from Level Two. The purpose is tr
remind children of a whole divided into three equal parts, into two equ 3l
parts and into six equal parts. They also need to be reminded that 1/6 <
1/3 < 1/2. At this level, work with the fractions will be with Cuisensire
rods primerily.

introduction: On the overhead projector, cover a blue Pattern Block with
two green pieces: "The green piece is what part of the biue piece?” "If the
blue piece is ONE, what fraction is the green piece?”

Cover the red pattern block with green pieces: “The green piece is what
part of the red piece?” "The blue piece is what part of the red piece?”
(You may have to show both the blue and the red covered by green pieces so
the 2 to 3 ratio can be seen.) Emphasize the idea that the green piece is o
“common measuring unit” for both the red and the blue.

Tell the children the yellow piece will be the whole that all the other
pieces are to be compared to. It is the ONE.

“vhat fraction is the red piece when the yellow is ONE?"
“What piece will be one-third?”
“what fraction is the green piece?”

when 1t is clear that the childrensex P = 1/2; B = 1/3; G = 1/6, have them
work on the activity.

Activity: The children should work in pairs. They should heve & small
collection of the red, blue, green and yellow Pattern Blocks They are to
complete the worksheets.

LESSON TwO

Background: This 15 to give additional experience with the "Sixths” family
of fractions.

TSN
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Introduction: Dn the overhead projector, use the yellow, red, blue and
green blocks to do the following:

“What fraction does the red block show?" Write 1/2.

“What fraction does the green block show?™ Write 1/6.

“what fraction of the red block is NOT covered by the green block?” 1/3 or
2/6.

“The green block 'subtracts’ from the red block.” Write 1/2 - 2/6 = 1/3
“What block fits on the rest of the red block?”

Cover the red block with three green blocks and write 1/2 = 3/6.

Go back to the equation 1/2 - 1/6 = 1/3 and under it write:
3/6-1/6:=-2/6.

Ask the children how they could show that 2/6 = 1/3 and these are two
names for the same fraction like 1/2 snd 3/6 are.

Activity: Group children in twos with Pattern Blocks to do the next
worksheets.

L.ESSON THREE

Place the red bleck and three green blocks as shown-

©
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Put another green block on the red block.
“The green block is what part of the red block?”
“So one third of one half is what fraction?” write. /3 x 1/2=1/6

Put the blue block and two green blocks as shown:

/ \

Put & green block on the blue block. "The green block is what part of the
blue block?™ "So one half of one third 1s what fraction?”
Write: 1/2x1/3=1/6.

Activity: Group children in twos with yellow, green, blue and red Pattern
Blocks and have them work on the worksheets.

LESSON FOUR
Introduction: Place a blue block and & green block on the overhead
projector:
S /
Y

Ask the children how many green block shapes could be made from the blue
block. (2) Hold up a UNIFIX cube link of four and ask how many twos could
be made from it

“

Write 4 -+ 2 to show this and completeitas 4 - 2 = 2.

"what Traction is the blue piece?” write 1/3
"What fraction is the green piece? Write. 1/6

Q
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"How many green shapes from the blue?” Write: 1/3 - 1/6 - 2.

Talk about the similarity of these. HOW MANY OF FROM ?
Place a red piece on the overhead with three green pieces as shown

“What fraction is the red piece?” 1/2

“what fraction would you get if you divided the red pieces into three
equal parts?” 1/6

write: 1/2+ 3= 1/6

Activity: Group the children in twos. Each should have a few yellow,
green, red and blue pieces. Have them work together on the worksheet,

n i
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LEVEL THREE

FRACTIONS: CUISENAIRE RODS 1

Work with fractions is based upon a recognition of equsl part-whole
relations and an understending of measurement. Denominstors are
measuring units - the larger the unit, the fewer needed and vice verss.
Hence, it takes three thirds and four fourths to measure the same ONE.
when children have identified this, then the operstions with fraclions are
just like those with whole numbers. Fractions are joined, seperated into
parts and compared like whole numbers are Cuisenaire Rods or fractions
strips can be used to measure and are a natursl follow up to initial
intuitive waork with Pattern Blocks.

Lt SSON ONE

Background: Thic lesson is to focus on the simple fractions of one half,
one third, one fourth, with different lengths as ONE.

Introductiot. Put e red rod (R) on the overhead Ask the children to put
that rod in front of them.

"Find & rod thst is one half of that™ Place the rods as shown

R

W

Write W=-1/2R

“Find a rod that is ONE HALF of the light green rod (G) "

There 1€ no such rod in the set. If any child thinks there is one, be sure io
get the confusion shout the meaning of “one half” cleared up.

"Find & rod that 1s ONE HALF of the purple (P) rod* Place this arrangement
of rods on the overhead:

P

ERIC
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Activity. Pass out the worksheets for children to work ca in pairs, using
the Cuisenaire Rods. Make a chart to hang in the reom with the symbols nn

it
White is W
Red is R
Light Green is G
Purple i1s P
Yellow 1S Y
Dark Green is D
Black is K
Brown is N
Blue is £
Orange is 0

LESSON THREE

Background: In developing fraction families using Cuisenaire rods, 8
DIFFERENT rod or rod train will represent ONE in each fanily. W will
always be A common measuring unit or A COMMON DENOMINATOR. Children
need some experience with fifferent ones.

Introduction: Place a red rod (K) on the overhead projector and have the
children place one of this length rod in front of them

"IT 1 1et R be ONE, what fraction is W7" (1/2)

R

¥

“If | let G be ONE, what fraction ic W7 (1/3)

G

“1f | let G be ONE, what fraction is R? (2/3)

Q ' T
EMC LN
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w w

Refer to the 2W to show R is two times as leng as the 1/3 length, so is
2/3.

“If 1 1et P equal ONE, what fractionis W?" (1/4}
P

L

"wWhat fraction is R?" (1/2 or 2/4)

Emphesize the two names. R is one of two equals that make P or il is
equal 1o {wo of four equals that make P,

"What rod represents three fourths?” (G). Again, show this is three of the
1/4 rod in length since G=3W.

P
6
W | W | W

Be sure the children see how W can be used to find what part each rod is oi
anolher before asssigning work to the chiloien.

Activity: Give peirs of children a set of Cuisenaire Rods and have {hem
work together on the worksheets.

LESSON FOUR

Introduction. As You demonstrate on the overhead projector, have the
children follow what you do with Cuisenaire Rods at their desks.

Neme the dark green (D) rod as ONE. Ask the children tn make & row of
white (W) rods equal in length to the I rod. Place these on the overhead

[C o
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W [ W W IW | W W

"What parts of a D rod is a W rod? (1/6)
"Now MEASURE the D rod with red (R) rods.”

Do this on the overhead.

D

W I W | W (W W W

R R R

Have the children arrange their rods this way. Ask several questions gbout
the relationships between the rods such as:

“Two Ws are what part of the D?"
“Three Ws are what part of the D?°

Now ask them to MEASURE the D rod with the light green (G) rods. Change
the overhead display to:

D

W I W | W | W W | W

Ask several questions to relate these rods such as.

“"How many R rods would you veed to make 8 G rod?”

ERIC
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“A G rod 1s how many times as long as an R rod?”

"A b rod is what part of a D rod?”
"An R rod is what par’. of 8 G rod?”

A W rod is what part of an R rod?”

= 2/6
1/6 = {W measures EVERY rod!)

T | BT

Ask the children to put these rods in order from smaliest to Jargest.

Write 1/6

“Which is the shortest?”
Point out the < symbols is used to

“Which 1s next?” Write 1/6 < 1/3
point toward the smealler

“Which is next?”

Reinforce the use of «

Write 1/6<1/3<1/2

Write . 0 < 1/3 ¢ 1/2< 1
"Are W R and G all LESS THAMN one?”
“Is one half MORE THAN or LESS THAN one third?"™

Keep pointing to the symbols as you say the words, e.g. one half - 1/2

e

;,}‘;
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FullToxt Provided by ERI



LEVEL THREE

FRACTIONS: EQUIVALENT FRACTIONS: CUISENAIRE RODS

Background: Children should see that fractional parts can be expressed in
more than one way. Using 8 common measure makes this easy to see.

Within each “"family” of fractions 8s introduced, equivalence of fractions
should be initially emphasized.

LESSON ONE

Introduction: Use overhead Cuisenaire Rods. Children should have rods to
use as you demonstrate. Place the D rod on the overhead.

D

“Find the rod that is ONE HALF of this.” (G)

"Put W rods betow your G rod”

D

Wiw ¥

"Each W rod is what fraction?” (1/6)
"How many W rods are the same as o G rod?” (3)

Write: 3/6= 1/2
SW=0

Emphasize these are two names for the same fraction

"Find the rod that is ONE “HIRD of the D rod.” (R)

©
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R
"How many ¥ rods ere the same as an R rod?” (2)

wWiWw

Write: 2/6:=1/2
2W=R

"What fraction does the P rod represent?” (2/3)

"Fut two ONE THIRD (R) rods below this "

D

Write: 2/3:=1/3+1/3
P= R + R

"Put W rods under the R rods.”

D

©
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write: 2/3 = 4/6
2R =4W

Emphasize: The DENOMINATOR —é— shows how many EQUAL parts
are in the ONE.

The NUMERATOR _E& COUNTS how many of these EQUAL parts
there gre.

Since a whole can be divided into EQUAL parts in many ways, a fraction can
have different denominators and have several names.

Symmarize:

1/2=3/6
173 = 2/6
2/3 = 4/6

Activity: Give pairs of students C rods and the worksheets to work on. As
Yyou walk around observing what they are doing, ssk question that girect
their attention to the EQUIVALENCE af fract.ons.

]:C 4
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LEVEL THREE ~

FRACTIDNS: COMPARING: CUISENAIRE RODS

introduction: Use the averhead to show the D rod as ONE.

Put the 6 rod below it:

“What fraction is the G rod?" {1/2)

Put the R rod below that:

“what fraction is the R rod?" (1/3)

"Which is larger?” (1/2)

“Which rod is part of the other rod?” (R is part of G)

“Could you get more than one or less than one R rod by cutting up the 6
rod?” (more than one)

"what part of another R rod could you get?” (1/2)

You might have to show this:
G

R W

The W, that is how much
R moie G is than R, is 1/2 0f R

Wl W

©
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Write: 6 =R+ 1/2R
G R=11/2

Discuss this thoroughly. Use UNIFIX cubes to relate this to whole numbers:
C1T 13

"Can | get a two link from this?”

LT3

"What 15 left is what part of another twao link?" {1/2)

"So | get one + one half or One and one half when | divide the three links by
two?”

"Dividing fractions is just like dividing whole numbers. | must find how
many of the smaller | can get from the larger?”

“Couldn’t | get 8 G rod from the R rod?”

"Could | get PART of a G rod from an R rod?”

“what part could | get?”

“Could | use W rods to check this?”

Wiw | W Wi w

Writee R 6 = 2/3
or /3 172 =2/3

Emphasize that you can only get PART of & larger thing from a smaller
thing, or something less than one.”

Activity: Give worksheets to pairs of students to work, using Cuisendire
Rods. As you monitor the work, keep asking guestions about the relstive
sizes of the fractions. Befo~2 starting them to work on the worksheet, go
over the two examples completely.

©
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LEVEL THREE

FRACTIONS: PAPER FOLDING

introduction: Hold up a sheet of paper. Ask the children how it could be
folded in half. The two most common responses will be to fold 8s shown
by the dotted lines in A and B:

A 8

Il no one suggests folding as shown in C,

ask if folding it that way would result in it being folded in half.

"What is a half?" (The idea should come out that it is one of two equal
partst).

"How many halves are there in a whole?"

ERIC ..

Full Tt Provided by ERIC.



If you have to, fold as in C and tear along the fold and show that the two
parts can be made to coincide. Ask the children if there are cther ways to
fold the sheet into two equel parts.

Pass out two plain white sheets of paper (8 1/2 X 11 works well) to each
child. Ask them to take 3 very different color crayons from their desks or
pass some out. Ask them to fold their sheets as in B. Have them take one
color and put S or 6 lines on one half as shown:

Ask how it should he labelled. Write 1/2 on the board. Point out that the
"2" counts how many equal parts there are, and the "1° counts which of
those you ar~ working with. Have them write 1/2 on the striped half with
the same color of crayon as the stripes, and refold it with the colored part
inside.

“what part of the whole are you looking at now?”

"How would you find half of the ONE HALF?”

Have them fold it in half again.

"How many equal parts will there be when you open it up?”

"Wwhat will each part be called?”

Accept ONE FOURTH but NOT s quarter! Ask them to open it up.

"How many equsl parts are there now?”

"What part of the whole is each part?”

"How meny FOURTHS are in the whole?”

"Can you find a part of the paper that is two-fourths?

ERIC to
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"Three-fourths?”

Have them take a8 second color and color ane of the two uncolored FOURTHS
8s shown and label:

N
AN

2 —

Ask how many FOURTHS are in the HALF? write 1/2 = 2/4 on the board
Point out that the "4" shows the number of equal parts we now have and
the "2 how many of these are in the HALF.

Put the following on the board and ask the children {o (1) copy the
prablem, and (2) use the paris on their sheet to find the results:

174+ 1/4= 1/4+3/4 = 1/4+2/4=
>/f4-1/4 = 3/4-2/4 =

1/2-1/4= 1-1/4=

1-1/2= 172+ 1/2=

Ask the children to supply answers to each one, one at a time and tell how
they found them If needed draw on the board and have children shade 1n,
for example, 1/2, then another 1/4

©
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"How much is shaded?”
Reinforce with questions like, "How much is one half of one half?”

Extension: As before, refold the paper that has been folded in FOURTHS.
Hold up and be sure the size seen is identified as ONE FOURTH. Ask
children to predict how many equal parts would result if the ONE FOURTH
“is folded in half?

A surprising number of children will think there are 6, not 8, equsl paris.
Have them open up and 1abel as before with a 3rd color of crayon:

This will leave one unshaded
piece - a ONE EIGHTH. Also, ask
questions os before:

“How many EIGHTHS in ONE HALF?

write the equivalent forms as the children supply these:
1/2=2/4=-4/8 1/4 = 2/8, etc.

Ask the children 1o find 3/8, 5/8 and 7/8 on their sheets. Then have them
add 1/6 + 1/2 using the parts on the sheet. Discuss the result.

Then have them find 1/2 - 1/8 using their sheets Be sure that they can do
this using the pieces on the sheet.

ERIC £,
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Activity; Give them the worksheet and have them USE THE PIECES ON THE
PAPER to find the results (losely moniter the work, chowing how the
pieces are added together or ane piece taken from another

ERIC
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LEVEL THREE

FRACTIONS: SEPARATING: UNIFIX CUBES

LESSON ONE

Show the students a link of six green UNIFIX cubes. Tell them this 18 going
to be ONE like the D rod is ONE.

Using colored squares on the overhead projector, make 8 facsimile of the
UNIFIX cube ONE with squares:
CI T T1TT1T 1

"How many equal parts are here?” (6)

"Each one represents what fraction?" (1/6)
"Two will represent what fraction?” (2/6)
“What is another name for that fraction?” (1/3)

Place 3 blue squares below this row of green squares:
CI1I 1T 1T 1717

I .

"what fraction does this row of squares show?” (1/2)

Remove two of these to one side:
CI 1T 1T 111

| S R

"How many sixths have | taken away from the 1/27" (2)
"Two sixths is what fraction?” (1/3)
“What is left?" (1/6)

So write: 1/2-1/3=-1/6

"Here the minus sign shows /64'e &way”
"I took 1/3 from the 1/2, leaving 1/6 behind.”

Place five yellow squares on the overhead:
CI T 1T 17713

I A N N

“what fraction is this”" (5/6)

ERIC
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Remove 8 square:

"What fraction did | take away?" (1/6)

“what is 1eft?” (4/6)

"wWhatl is another name for this fraction?"(2/3)

Write: 5/6 - 1/6 = 4/6
5/6 - 76 =2/3

Teake away another square:
"What fraction did | teke aw.ay from the four sixths or two thirds?” (1/6)

Write: 4/6 - 1/6
2/3- 176

"What fraction is left?" (1/2)
“How many sixths are in this fraction? (3)

Write: 4/6 - 1/6 = 3/6
4/6 - 1/6=1/2
2/3-1/6=1/2

"These all describe this take away.”
"What fraction is left?" (1/2 or 3/6)

I 1T 171717
I -

Remaove “wo squares:
“what froction did | take away?” (2/3 or 1/3)

Write: 1/2-1/3
3/6-1/3
2/6-2/6

"How many sixths are left?”
Complete the number sentences:
1/2-1/3:=1/6

3/"6' 1/3: 1.'".6
3/6-2/6=1/6

©
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Repeat starting with four squares (23/) if necessary

Activity. Give students the worksheets and UNIFIX cubes. They are to
make TW0 six cube links. One is to be kept intact to show ONE. The other
is Lo teke away from. Monitor the work. Ask freguent questions about the
equivalence of sixths with halves and thirds as the children work.

,EC t
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LEVEL THREE

FRACTIONS FINDING THE DIFFERENCE

It 15 impossible to "take away” using Cuisenaire Rods, so this is a good
model to emphasize the “finding the difference” interpretation of
subtraction.

LESSON ONE

Introduction: Use overhead version of C rods Students should have C rods
to follow what you do.

Place the D rod on and remind them this is ONE:

D

Place the G rod on the overhead. "what fraction does this rod show?"
{(1/2)

write 1/2 on the board Put the R rod below the G rod:
b

“what fraction does the R rod show?” (1/3)
“what rod will f111 1n the space between the G rod and R rod?" (w)

"That space is the DIFFERENCE between the G rod and the P rod. You just
found thet differance. Whet fraction is the W rod?” (1/6)

Write 1/2-1/3:z1/6
G - R = w

ERIC
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"Here the minus sign shows the DIFFERENCE between the fractions. Give
me an example of a difference between whole numbers where the minus
sign is used.”

Place the Y rod on the overhead:

Y

Flace the R rod below it:

Y

"Find the rod that is the difference between 5/6 (the ¥ rod) and 1/3 (the R
rod).)” This will be G.

“Write the number sentence to show what fraction is the difference
between 5/6 and 1/3" (5/6 - 1/3 = 1/2)

“Can you write this another way." (5/6 - 2/6 = 3/6 = 1/2) (some variants
vf this)

Aclivity: Give pairs of students worksheets and rods to use to complete
them. Monitor the work. Kecp asking questions about “the DIFFERENCE" -
which fraction is greater, which is smaller and 1f the difference joined to
the smaller will give the larger.

©
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LEVEL THREE

FRACTIONS: SQUARES

LESSCN ONE

Introduction: This lesson is to give children experience in comparing
fractions. Pul a transparency of a square divided in half on the overhead.
Label each part:

172 172

Put another square on that is in four equal parts and iabel each part-

1/4 1/4

1/4 1/4

Put another on thet is divided into & parts and 1abel each part-

1/8) 178 1/8] 1/8

1/8| 178 1/8] 1/8

1

Then put the Jast one on - & square divided into 16 equal parts and 1abe!
each part:

ERIC
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1736 R716 1716 1 /16

1716 1716 1 716 1716

1716 1716 1716 1716

1716 1716 1716 t 1o

"How many 1/16in 1/27°
"How many 1/16 in 1/47°
"How many 1/16 in 1/87"
"How many 1/8 in 1/2?7°
"How many 1/8 in 1/47"

Put two squares that have been shaded on the overhead projector. Have the
children tell you how the inequelity sign should go then put it in.
Emphasize that 11 is more than 7 so 11/16 > 7/16:

7.

Aclivity: Have the children color in sixteenths as shown on the
Worksheets and write the inequalities.

% W
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LEVEL THREE
NUMERATION
Background: This will give children an idea of HOVW BIG numbers are,
LESSON ONE
Introduction: Group the children in fours. Give each a set of hase ten
blocks including the THOUSANDS block. Have them do the building
yorksheet first then hand out cards with different number words on them.

Each group is to build the number on the care received plus the next
successive ten numbers. Observe how trading is being done.

ERIC s
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LEVEL THREE

NUMERAT.ON: BASE TEN BLOCKS

introuuction: On the overhead use & place value mat and two ONES. Have
the children do as you do and write 2 in the Adding by Two's column of
their recording forms.

!

Mathematician:

En'm'rrn'nl]

Adding by Adding by

twos threes
0l
0 HITI|O HI T 40 etc.
2
4

Add two mor:« ONES and have them record "4" on the form.

Activity: Each child should have four TENS and twelve ONES, the plac:
value mat and recording form.

They are to add 2 at a time in the ONES column, trading where necessary
until all four TENS are used. Then they add 3 at a time in the ONES column
until ell four TENS are used. They should complete the recording form.

LESSON ONE

Introduction: Children should have base len place mats, hundreds, tens,
and ones and the first recording form.

write "35" on the chalkboard or overhead. Have the children read this in
words in unison, then build it on the place mat with base ten materials.
Have them draw a picture of the materials on the recording form.

Repeat other numbers until it is clear the children know what 15 wanted.

ERIC
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Activity Have Lhe children do the recording forms 1a order, using the base
ten materials. Encourage the use of & constant length hesvy line e fOr
tens and heavy dotsq for ones in drawing the pictures.

LESSON TWO

Array a set of overhead base ten blocks in a8 way sinilar to that shown
below. Make 8 cover to gradually slide back, exposing the base ten blocks.
At each position of the cover the children should write the number visible
on the recording form provided.

Reverse the direction of the cover movement to create a different

situation.
00 O 00 0o
. 00 10 00 00
U B C 00
o= O ]
O
] 2 3 4 S &) 7 3

You can make 8 permanent "mystery box" by gluing cardboard versions of
base ten blocks to a board and slide a cover over this. This is suitable for
individual instruction.

ERIC
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LEVEL THREE

ARGE NUMBERS

Background: At this level children should extend place value to several
places, though doing no paper and pencil computing with such numbers.

A natural extension is to use the thousands cube to form “longs” of ten
cubes, "flats” of ten “long” and s "block™ of these "flats ™

You will not have thousands cubes in sufficient number to do this. Waxpaper
quart milk or juice containers can be cut off to very closely approximate a
thousands cube which 1s 8 cubic decimeter in volume. The places then would

be:

------

HIRA P o s v & 3 ws
HE v
~

|
G
N

T
> rere 4




-

Notice Lhe grouping in THREE places that carrespond to where commas ore
placed when writing the numerals {cube - long - flat - comma) These
coorespoerd also to the multipies of 3 in the expondents:

b1l pto h9’ b8 b7 b6 hS b4 b3 b2 bl 0
Applied to base ten, the powers are:

...... ,108 107 108, 105 104 103, 102 101 100 where 100 = §
Most calculators will display 8 digits and then go into an overfiow mode or
else convert to exponential notation, ie, 1:d < 10x 10N Some experience
with seeing large numbers in symbolic form is important as a result. To
repest valculating with these without the use of a calculator makes no
sense whatsoever. it s nothing more than tedious busywork!

Have the students measure a link of 10 Unifix cubes. Discuss the responses
to each of the following questions:

"How long do you think a link of 100 cubes will be ?°

Reference these to lengths inat are present in the room.

"How long do you think & link of 1000 cubes will be ©°

Reference these to objects or distances familiar to the children
"Howv 1ong do you think 8 hink of 10,000 cubes will be?”

Do the same here.

"How long do you think s Hink of 100,000 cubes will be?”

There are approximately:

Cubes Distance

10 7.5 inches
100 6.25 feet
1000 625 feet
10,000 208 yards
100,000 1.18 miles
1,000,000 118 miles

ERIC
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LEVEL THREE

COMPUTATION:. ADDITION & SUBTRACTION

Background: Addition and subtraction in base ten should be maintenance of
skill for these students. Introduce it with a brief review then periodically
assign exercises, but not too often!!! Permit those who still need base ten
blocks to use these, but encourage those who can to work without tiem.

LESSON ONE:

Lise the overhead projector with base ten blocks to review these
operations. You might 81so0 use the chalkhoar 1.

N - | S

30 m— XXX o XX
+38 > + ' + I 72
— XXX X —
XXX —
— XX — XXXEX
- XXXXX
-217 -] — XXX - XX XXXKX S
XXX
— XAXXX
XX

Activity: Worksheets are provided for practice where needed.
LESSON TWO:

Background: Children should be encouraged to ALWAYS check these
operations with the inverse operstion.

introduction: Put the following on the overhead.

ERIC
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34
-23 Tens Ones

“What goes below the line? Put that in.

Tens Ones

34
and write - 23

11

"How can we be sure that is correct?”

IT children suggest adding back to see if they get the larger number, fine.
If not, suggest that. Cover up the top number orn the place value met:

"What is the result of adding these two numbers?”

Then show the original 34

ERIC S
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Write. 34 Check: 23
-23 -1
11 34

“"How do we check addition?”

"How do we check subtraction?”

Discuss this thoroughly. Use the master provided to prepare additional
worksheets as needed.

ERIC
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LEVEL THREE

COMPUTATION: SUBTRACTICN

Background: Children can interpret the "-" sign either as "teke awey” or 8s
“finding the difference.” The latter involves establishing a one-to-one
correspondence to see by how much the larger exceeds the smaller. The
former is a separation kind of change. In this lesson you will demonstrate
both interpretations and show either kind of thinking leads to the same
result. Children will do whichever is most censible and/or comfortsble to
them

LESSON ONE

Introduction. Place the following on the overhead projector and write the
accompanying computation form on the chalkboard.

Tens Gnes
OTITITIIT 24
BEREEEERED -13
SERREEERAE

Have the children arrange their place value mats and base ten blocks the
same wey.

“We will use the "-* sign to mean take eway the number on the bottom from
the number on the top”

"3 18t number will we take away?”
“which chould | take away first - TENS or ONESY”
Discuss the responses Children should see thet it makes no difference
Complete the computation form. 24
- 13

11
Arrange the following on the overhead:
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Tens Cres

ERURRERENE] 24
HBERNEREES -16
EEEERRENES ]

"Can | take away one ten?”
"Can | take away six ONES?”

Children should suggest making the trade of one ten for ones in order to
take away SixX ones.

Complete the form: 24

- 16
“Would | ever have to trade more than one ten in the larger number?”
Discuss.

Aclivity: The children sheuld work on the aclivity sheets using the take
away interpretation of "-".

LESSON TWO
introduction' Set up the problem on the overhead as in Lesson One The
children should foilow by arranging base ten blocks on the place value

mests:
Tens Ones
EEBEREENRN 24
EENESENNES -13
11 3fT]

©
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“This time we will think of the =" sign as showing us to find the different
between the top number and the botom number”

“which of these two is the larger?”
“How much of the larger can be matched by the bottom number?”
"How much of the top number is left over?”
Arrange the materisls to show the one-to-one correspondence: oihe ten
from 13 with one ten from 24, and 3 ones from 13 with 3 0of the 4ones in
24. ONE TEN and ONE ONE is the difference.
Write: 24

-13

11

Arrange as shown:

Tens Gnes
FITITIIIT]d 24
HEBRRREBRRE -17

BEBEENEEAR :

"Can we match a8 TEN from the bottom number with one from the top
pumber?”

“Can we match all of the ONES in the botlom numaer witl, ONES in the top
number?”

“what must we do?”

Make the exchange snd point out the SEVEN in the top number now
unmsetched. Write 7 in the computation 72..»

©
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LEVEL THREE

COMPUTATION: CHECKING ADDITION AND SUBTRACTION

LESSON ONE

Introduction: Children should have base ten pieces and place value mats.
Use the overhead prujector versions of base ten blocks. Write:

26

+

32 on the chalkboard

Place the base ten blocks on the overhead versiaon of a place value mat:
TENS ONES

— XXXKX
X

— XX

Ask the children to set this up on the workmst. Ask for responses and set

up as: '
TENS OMES
- — XXXKX
- "
+
— 3
— XXXXX
— XXX

Ask the children how we could tel! T the answer 15 corre~t.  Accept
subtracting either 32 or 26 “rom 58 If th,s 1s not suggesied, ask if this

ERIC &
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would be reasonable to do. Cover up the top row and remove the plus sign
as shown:

TENS ONES

XX

XXXXX
XXX

Point to the top number and tell the children to set up their place value
mats to subtract this from the number below the line. When they have
done that, uncover the top row of material and ask the children if this is
the same answer. Remind them of 4 + 5 =9 and 9 - 5 = 4 and that
subtraction is used to check addition.

Activity: Pass out the first worksheat. Have the children check esach
addition done with base ten blocks by 8 subtraction.

LESSON Tw0

Introduction: As in LESSON ONE, children should have base ten blocks and
vwork nats and you should demonstrate on the overhead projector. Place &
subtraction problem on the tlackboard:

37

24

Show this on the overhe..! «ith base ten blocks and a transparency minus
sign:

Aruitoxt provided by Eic:
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TENS ONES

— XXXXX

' XX

XXXX

Have the children set this up and work it. Then do it on the overhead:

1ENS ONES
— KXXXX
R XX
e XXX
—— XXX

"Did you get the same answer?" “How can we check our answers?” You
should elicit if you can and reinforce ihe idea of adding the result to the
smaller number to see if you get the larger number. Cover up the latter as
before and have the children set the other two numbers up to add.

ERIC
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TERS ONES

— XXXX

XXX

when they are finished, uncover your top number and see if (hat is what
the children found. Remind them that you can alw8ys check adding by
subtracting and check subtraction by adding.

Activity; Have the children work on the second worksheet, using base ten
blocks and plsce velue mats. As you circulate, keep reminding them of the
inverse nature of these - subtraciion "undoes” addition and addition gives
back what you started with.

LESSON THREE

Use the worksheets provided and the master copy to make additions)
yorksheets as you see needed. Encourage:

—

. Adding the subtraction "answer” to the smaller number
in the check.

2. Subtracting either original number from the addition
“answer” to get the other sddend.

3. ALWAYS checking answers to these two computations by
using the inverse operetion.

©
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LEVEL THREE
MULTIPLICATION 1

Background: The children will have had developmental work 1n the meaning
of multiplication and division, using tiles, beans and cups and UNIFIX
cubes. This should be repeated at this level using larger numbers.

LESSON ONE: UNIFIX CUBES

Introduction: Children should have 20- 20 UNIFIX cubes. Make several links
with 2 UNIFIX cubes in them ahead of {ime.

“Make 1inks with two cubes in them of your UNIFIX cubes "

when this is done, hold up 8 link. Join & second to it.

"How many 2’s are in this new link?"

write 2 x 2 = 4 on the chalkboard. Add another link to this.

"How many 2's are in this link now?"

Write 2 X 3 = 6 on the chalkboard.

Aclivity: Pass out the recording forms and have the children complete
these using their UNIFIX cubes. Check to be sure the number sentences are

being written correctly as you circulate among the students.

Prepare additional recording forms as needed from the master provided
and repeat the lesson with ever increasing numbers.

LESSON TWD: TILES

Background: You should have a large tagboard multiplication table that can
be filled in by the children as they develop the number combinations. This
is the same as the table that they are completing wien working with tiles
This activily gives an ares model of multiplication that (1) reinforces
understanding of ares, snd {2) leads into the model for multiplication in a
place value system.

Introduction- Have an overhesd transparency model of the tile workmat,
the recording table and some square tiles to use on the overhead.

ERIC
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NEOX
EREX

b 4 1 2 Il 4 9 etc.

etc.

Place two tiles as shown:
COLUMNS

YIVYYY

AEX




“These tiles are all in the same row. How many columns are there?”

"How many tiles are there?” Record:
X 1 21 3| 4 2 etc.

etc.

Put another row of 2 tiles:

coLU

MNS
EEREEX.

WEOX
EER,

"How many rows are there?”
"How many columns are there?”

"How meny tiles in each row?”

©
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"How many tiles 1n each column?”
"How many tiles altogether?”

Record:
X i 2 31 4 9 etc.

etc.

Activity: The children should have work mats and several square tiles of
wood or carboard or ceramic materisl, etc. They should hav’ recording
forms. As they enter in these, the number facts will begin to go into
memory. Several repetitions of creating the table along with class
activity using the tables will assure mastery of these facts. As you
circulate, see thst the table entries are being made correctiy.

LESSON THREE: BEANS AND CUPS

Introduction: Use an overhead transparency mat with circles on it to
simulate cups, and some beans. The children should have beans and cups 1o
use.

“We'll put one bean in each of these cups.”

ERIC
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“"How many beans did we use?”
Writedx 1 = 4

“Put one more bean into each cup.”

"How many beans did we use altogether?”
Write. 4x2=8.

Show an overhead transpareacy of the recording form and how 1o write
into it

Activity Oive the children beans recording forms and blank multiplication
tables and have them put beans into cups to complete both

LESSON FOUR: BASE TEN ONES

Background: This lesson is to directly lead into multiplication using Base
Ten blocks.

introduction: Children should have seversl base ten one< and graph paper
1o use. You should heve an overhead trensparency of the graph paper and
some base ten ones.

On the graph paper build a rectangie of bace ten ones

ERIC
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Write 2 3:=-3x2 =6 on the chalkboard Build another.

e

7T A L

/ JC ////// /4/,/

wWrite the number sentences for th1s: 4x2-2x4:-8

aAclivity: Set the children to woirt binlding rectangles of Baze Ten ones to
cormpiete the worksheets,

ERIC
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LEVEL THREE

ULTIPLICATION FACTS: Tiles

mrar——

LESSON ONE:

introduction: Have &n overhead transpsrency multiplicetion table and
tiles. Arrange a 4 X 6 lile rectangle. Have the children tell you how many
tiles are there. Go to the transparency tahle and rircle as shown:

Uxl 1] 2| 3]4|5] 6/ 7|89

-

A

C

oo ~ionfoniploilmf}x

“1s there another place thal shows 4 times 677

Allow for time so children can think shout this. Then put the
/\ in the table and 24 inside each of these.

Activity. Children should work n pairs to use tile rectangles to complete
the table.

LESSON TWO

Introduction: In this iesson Base Ten ones and tens are to be used to
generate entries in the multiplication table.

On the overhead projector make & rectsngle of overhead transparency base
ten ONES. Have the children tell you how many ONES are in this.

-,
on W

©
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Record this in an overhead version of a blank multiplication table.

x{ 1] 2| 3]4]s] 6] 7]8] 9
1

2

3

9

5]

6l ®

7

8

o 1]

Ask the children which of these {wo places should be used. "Does it make
any difference which way the rectangle 1s locked at?"

Trade ONES for TENS on the overhead to get:
UITITTTITTTY OO0

Al IIryl pog

Point out that this is the same as TWENTY FOUR ONES.

Activily. Have students uce pase ten blocks to compiete the worksheets
supplied and to make entries into a blank multiplication table.

L
-
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LEVEL THREE
DIVISION

Introduction: Division is the inverse of multiplication By using the same
meterals to deveiop understending of both, children see thst these
operations are related to each other.

LESSON ONE: UNIFIX CUBES

Introduction. Children should have 20-25 UNIFIX cubes of the same color
each. You demonstrate the separstion of a longer link into several shorter
links and have them follow you.

"1 have a UNIFIX cube link of 12 cubes. ' will see how many 2's are in it.”

Break off 2 links and count these as you do this:

one

“two

“three”

“four”

“five, and the
last one left
makes six.”

"So there are SIX 2's in twelve or twelve divided into twos is S|X."

Repeat by breaking off threes to show twelve divided by three is four.

Activity. Pass out the recording forms and have children complete these
by breaking off smaller links from & long UNIFIX cube link. Modify this
later by heving children count a group of UNIFIX cubes and making 1inks of
a given size from these.

Repest as needed so children s11 begin writing correct number sentences.

| 9.
ERIC
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LESSON TWO: TILES

Introduction: Use a tiles woirk mat transparency and inch square pieces of
some kind on the overhead.

COLUMNS

L]

(TILES)

NngoX

"1 want to arrange these fourteen tiles into 2 columns. How many rows

will 1 get?”
Do it:

COLUMNS
R
N
W
S

I

P R S

“Faurteen divided into two's 15 seven”

wWrite: 14= 2 = 7.

]:C LN
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Arrange twelve sguares into three ROWS:

COLUMNS

wESX

“Twelve divided by three is four” Write: 12 3=z 4,
Activity. Children should have 25-30 tiles each, the workmatl and the

recording forms. As you monitor the work, watch for correct use of the
sign in particular.

LESSON THREE: BEANS AND CUPS

Background: This lesson involves the repeated subtraction version of
division, or the measurement interpretation. The size of the groups being
formed is constent, and one counts how many groups can be made.

Introduction: Use &n overheed trensparency version of a “cups” mat and
beans:

OQQ | =aea
QU

"I have twelve beans and will put three beans in esch cup. How many cups
will be used?”

|
S ot
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Measure out three/cup until the beans are used:

"Since twelve beans will go three at & time into FOUR cups, we write: 12=
3 =4-

Add more beans to the group to number seventeen.

“I'T1 put three beans in each cup. How manyy cups will | need?”

"I have two left. That's not enough {0 make another three, so | can't use
another cup. The two is a remainder and we write:
17— 3 =5 R2-

Discuss the two examples so children can do the following activity

Activity. Children should have 40-50 besns and 10 cups and recording
forms. As the children work, walk around to check on their use of symbols.

LESSON FOUR:

Background: This partitioning interpretation of division, whereby some
scheme must be developed to assure equality is more difficult for children
than the mesasurement or repeated subfraction in Lesson Three. In
partitioning, the number of groups formed is constant, the same number
must be in each group, and one counts how many are in the groups.

rRiC iU
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Introduction: Use the overhead "cup” workmat and some beans.

000 | 2228

RRNWAR

"I want to sort these twelve beans into four of these cups so that 2ach cup
has just as meny beans. How can | do this?”

If someone suggests putting three into each cup, press to fird out why
they would be sure there would be just the right number of beans. If one
or two are suggested, do this:

wWhen completed, discuss how to be sure each cup as JUST AS MANY beans.
write: 12— 4 = 3 onthe board.

So & second problem, but incorporste 8 remainder and have the children
tell you what to do.

"] have fourteen beans to divide equally among four cups. How should | do
this?”

Discuss the remainder and be sure you write the sentence 8s:
14~4 = 3R2

Talk about how many more you must start with to avoid & remainder when
dividing by four {or other numbers).

b-‘-
=
).z..
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“will you get & remainder when dividing twelve by two? by three? by
four? by five?”, etc.

LESSON FIVE: BASE TEN ONES

Backaround. This forming of rectangles with a given dimension will give
ihe background needed to introduce the children to division in base ten.

Introduction: Use an overhead transparency graph paper and base len ones
on the overhead.

"I have seventeen ones. What is the other side of the biggest rectangle |
can make with side three?”

|
ui

Make it.
Left Over
h—— r
| ]
10,

ERIC
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"The biggest one is FIVE long and there are TWO left over. | write: 17 32
= DR2"

Take 25 base ten ones and place on the overhead.

"1 want to meke a rectangle 6 long. How wide will it be?"
Left Over

\

"It will be FOUR wide with ONE left over. | write: 25 6 = 4R1”
Discuss these Lo prepere children for the aclivity.

Activitu: Children should have 30-40 base ten ones, graph paper and the
recording forms. Monitor the work 1o see thal the number sentences are
written properly.

All of the multiplication and division lessons should be repeated using
increasing numbers during the year until base ten multiplication is
introduced.

ERIC 165
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LEVEL THREE
SQUARES

LESSON ONE

Introduction: Children should have tiles and graph paper. On the overhead
praojector, build 8 square two on a side from tiles:

Write;: 4=2%x2

Have the children outline this square in the upper left hand corner of a
piece of graph paper.

Enlarge the square to one three on a side:

Write: =3 x3

"How many tiles did | use to inske this square one unit longer on each
side?”

"How many tiles were added to the first square to make this one?”

Activity: Have the children use tiles to make squares as specified on the
worksheet. Each square made should be outlined on graph paper.

LESSON TWD

Activity. Have children build squeres on geoboards 1ike those they have
recorded on the graph paper in LESSON ONE.

ERIC
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LEVEL THREE

MULTIPLICATION:. BASE TEN BLOCKS

Background: Because of the existence of calculators it is unnecessary for children to
become highly proficient in the use of the computetion aigorithms in base ten. They should
understand the relationship between multiplication and division, place value representation
and the properties of multiplication and division in base ten so as to be able to interpret
outputs of calculators and computers. This means ability to estimate quickly the recits of
these operations in terms of size of number and ability to use scientific notation fo, ! ase
ten numerals.

The model used to perform multiplication and division in base ten is the rectangie model.
This SHOWS how multiplication and division are related and the standerd algorithms do not.
These algorithms are carried out with no more than 3 digits in one number and the long
division elgorithm is introduced with no more than 2 digit divisions. This is done only
because division of polynomials is still needed for some procedures in algebra later

LESSON ONE: COUNTING NUMBERS

Background: Students must understand numeration and place value before this is done.

Introduction: Use the base ten mat n transperency form and overhead base ten blocks:

Side One
i
S |
i
: l
e __________
o
T |
W i
0 |
_____ q--=-=--
|

©
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Put {welve in base ten blocks on Side One
Side One

f -
S a
i
: !
e
S [ [,
T |
w |
0 |
—d-==q-=-=-=--
|
I

Use base ten ones along side two to show multipiication successively by one, two,
three....nine. Ask students for the result each time:

Side One
"twealve”
L Write: 1 x12=-12
5 |
i
p I
e _ _ 17— — —
“twenty-four”
T Write: 2x 12 =24
w |
0 |
—m——q—_———
etF.

Activity: Give students the multiphication-division corner mats, base ten blocks, and the
worksheets and have them do this with the base ten blocks Encourage the students to keep
the base ten materials packed into a rectangle each time.

o 1)
EC —&\. 4
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LESSON TWQ: TENS

Background: (hildren must realize that multiplying by the base (ten) changes each place to
the next lorger place. Thus, when multiplying by ten, 3 tens become 3 hundreds, 3 ones
become 3 tens, etc. If multiplying by 2 tens, 3 tens become 6 hundreds, 3 ones become 6
tens, etc. This lesson should help them see that.

:ntroduction: Use base ten blocks and the transparency mat

Put up thirteen and a ten on the other side:

Side One
T
S |
i X
: !
e—— s SN W " GEEN IS SN
1
T |
W |
o |
—-—-_1_—--—
i

Point to the area "x". “Whsat base ten piece fits in here?"
When the hundreds ,.‘ece is suggested, put that piece there.

“What 1s the result of multiplying this ten (point to the one on Side Two) times this ten
{point to the one on Side One)?* “what pieces will go in here?”

Point to the "y~ ares:

ERIC
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Side One

il

e B

“Three lens fit in here.”

Side One
1111
5
i
d
e _|] N
l
L |
I
L}
LB LB ] _-— L - St S =EES
|

"what do you get when you multiply this ten (point to the one on Side Two) times the three
aneg?”

Agein :mphasize that mulliplying by & ten reices the ten to & hundred end the three ones to
three tens.

Q ' )
ERIC 1,
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Activity: Children should use base ten blocks to do the worksheets.
This lesson should be coordinated with oral decode multiplying activity.

“Ten times three 157" “Ten times four is?7” “Ten times twenty is?”, etc.

Extend the lesson to the rise of twe tens Very the factor on Side One to 13, 14, etc. Include
several tens in the orsl activily.
?" "Twenty times 6 1s

"Twenty times one is . ?7 Twenty times eleven is?”, etc.

LESSON THREE: TENS AND ONES

Background: This puts both tens and ones together and completes the development of the
rectangle model for multiplication.

Introduction: Put thirieen on Side One and fourteen on Side Two on the overhead projector

forms:
Side One
11
|
S l
a -
e ______'____
= r
T N |
w - |
o I
- ==
|

Point to the "x” sres

"what fits in here?” (I students can't uniformly respond with "8 hundred,” they have not had
enough experience with Lesson Two activities.

ERIC
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Put the hundreds piece in;

Side One
11
=
S
i
d X
e — L]
—1
T ] !
W - |
0 |
[rua— —-———-r-———-—
!
O :

Point to the next "x" area. "What fits in here?” Work to get the ides of three tens - the base
reises the 3 ones to 3 tens.

Put thece in:

Side UOne
11

S

i

d

e

T ]

w - X

0

ERIC
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"We have multiplied by this (point to i1) ten. Now we will multiply by the four ONES"™ “what
goes here?” (Point to the next "x” area). “That's right - four ones count out four (ens when

multiplying the ten”

Put these in:

Side One

mﬁ"’"'m

-

“We now have three parts of the product ™ “what goes in here?” Point 10 the last "X area.

"Since ones multiplied by ones Jive more ones, and 4 X 3 = 12, we have twelve ones. Notice
hey make a 4 x 3 rectangle like the tiles did, and the ones did before.”

Full Tt Provided by ERIC.



Side One

mndlm

© £ ~

_— L -

“Now we can count up ONE HUNDRED + THREE TENS + FOUR TENS + TWELVE ONES.” Foint to
each as you describe 1t. "How many tenz altogether?”

"ONE HUNDRED + SEVEN TENS + TWELVE ONES™”
“What must we do with ten of the ones?” "How many tens doe  at make?”
So we have (describe orally as you write) 182
“The number sentenceis: 14X 12=-100+80+20r 152"
“This came from: 10+4x 10+ 3=100+40+30+ 12
100+ 70+ 12

100 +80+2
182

n o n

©
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LEVEL THREE

COMPUTATION: STANDARD FORM-MULTIPLICATION

LESSON ONE

work the following muitiplication using the rectangle model an the
overhead. Have the children follow what you do at their seats with the
recording forms. Have a copy of the racording form on a transpsrency.

Do 21 x 12 by the rectangle meti.ud:

Side One
[ (I IIIT0O ] Record as:
sH ! T
i H : : lﬂundreds Tens | Ones
°C | i 2 0 0
e
B I | 4 0
T — a 1 2
W
0 ] 2 S 2
I
I

"TENS muitiplied by TENS gave what?"
"TENS multiplied by ONES gave what?”
"ONES multiplied by ONES gave what?"
Point to the partial products as you discuss these.

Take the "square corner” mat off, move the materials in the rectangle over
to the side, and arrange the following on the overhead projector:

—_ O 21

X X 12
— Qg

, 1i.
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"what is the result of multiplying ONE TEN by TWQ TENS?”

Arrange as shown:

- 0

X

. —— 00

Foint to the 200 in the recording form.
“what is the result of multiplying ONE TEN times ONE ONE?”
Add the ten to the product:

D

— 04a

Point to the 10 in the recordin,, form.

“what do you get when you multiply TwO ONES time TW0 TENS?"

You may have to discuss this. Each ONE counts Tw0 TENS - TwWO ONES
count FOUR TENE

Point to the 4. e recording form and srrange four tens:

©
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"What is two times one?

Point to the 2 in the recording form and put the base ten ones in as shown:
—_ O

— 00

— O

— O

Compare the base ten pieces found this way with those put aside from: the
rectangle. Emphasize that the resulis are the same.

Activity: Pass out the activity sheets for the children to work on with
base ten blocks. Check to see the partial products are recorded correctly
and that any required trades are made 11; obtaining the final result,

,EC 1 .3_ W)
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LEVEL THREE

DIVISION: BASE TEN BLOCKS

Background: We have considered multiplication in terms of finding the area of a
rectengle, given the lengths of the two sides. We ncw consider division as being the
finding of one side of the largest rectangle to be made from & potential area andg the
length of the other side.

LESSON ORE:

Introduction: Use the overhead transparency pase ten blocks. Have the children follow
using these materials in standard form.

Put up the following:
' 1 DDO  end

HEREE
"How many of these

(point to the L DD )
can we get from the ten and three ones?”

Most students will see the single group of three enes. Push them to find those in the
ten.

“To make the groups of 3, what should be done with the ten?”

The suggestion to EXCHANGE the Ten for ten ones must be elicited and discussed:
OooOoo0oonoon 0ooo

becomes
O Qg 000 000 OO0

"So we get four "threes” with one left over.
write: 13- 3 = 4R 1

Put up:

L

[ ] ooo0o
[ ]

“We want to divide this up into two equsl groups.”

©
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“"How can we do this?”

Follow student suggestions and see what is right or wrong with each. Eventusily
separate as:

C 1 00 [ 1 00
with
[ ]
left over

“what must we do with the Ten to get something to put inte each group?”

Decompose th~ Ten and put five ones into each group.

[ ] DOGCO00O0
C ] O00O00D00
Write: 34~ 2 =17

Activity. Pass out the worksheets and have tie children use the base ten blocks to
work the exercises.

LESSON TwO:

Introduction: Place the following base ten materials on the workmat on the overhesd:

Side Ine
1
? | C 0ooooo
|
d l I 10
e __________
1 - ]
T |
w |
0 |
_____ 9 -——-—=--
|
|
Make Side One with 3 additional ONES.
1i%

ERIC
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000 Side One

|
;5 | - 10oD0o0
; ! ——
e
| [ —
T e e e e e e -
w |
o |
|
|

"How do we arrange the te£as and ones we have into a rectangle having this side?”

Put the materials into the rectangie:
000 Side One

[y

° Q=un

o % -
s [
ac

_—— e e e e - -
|

"Howr long i5 Side Two?"
Write. 36~ 3 =12

Place the following on the overhead:

Q § -
EC ] NG |
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000 Side One

I
is | C 1 OO0
; ; —
e

| C ]
L - ]
W |
0 |

i

|

|

"How do | make a rectangle of these matlerials having a side of three?”

You probably will get the suggestion to do this much first:
ooo Side One

TOr

[ 1 oO0Dn

o a -\

E
[[

o R
|

°o=%

“what must we do now to extend Side Two?”"

Exchange the Ten for ones and extend, using twelve of the ones.

ERIC
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000 Side One 0O

r"-"'_ I
S |
|
d i
¢ 1
T bapm—m—d = ———
w—Eg: |
o {OOD |

|
l
|
1

write: 43=3 =i4dR
Activity: Pass out worksheets and have children work on these with Base Ten blocks.
LESSON THREE

Background: This is to emphasize dividing by ten. Just as multiplying by len causes
each numeral to count the next larger place, so dividing by ten causes each numeral to
count the next smaller place. This should be emphasized as the lesson in multiplication
and this one are developed.

Introduction: The children should have base ten blocks and the “corner” mat to follow
what you do on the overhead.

Place the following material on the overhead:

EC l‘.;‘}
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Side One

- )
-
!_; | C 310
! |
d | C 10
e
| [ ]
T e e e e o
w I
0 |
|
l

"How muth of this will go into a rectangle having this length of Side One?"

On the overhead arrange:

Side One
[ ]
00
S
i
: :
e
i
g S S
w i
0 l
|
i

"How long 1s Side Two?"
"Are the two ones enough to make another Side One?"
write: 32— 10=3R 2

Point out the 3 has moved from the tens place to the ones place. Pul the following on
the overhead:

Aruitoxt provided by Eic:
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Side One

C I ]
1 I
.S I I 1 1 0
! | I T 10
d
e | | 1 1 O
i 1 10
y N S I
W |
o |
|
I
"What should | use in the rectangie?”
Arrange:
Side One
C T ]
f 0Doo
I | 0
d
e | |
I |
T b e e e e e e =
w |
o |
|
I

Do | have enough ones to extend the rectangle more?”
“¥hat would | need to extend the rectangle more?”
"How long is Side Two?”

write: 4720 =SR4

Point out that 4 TENS 2 TENS is just Jike 4 UNIFIX 2 UNIFIX. The result is 2.

Jraer
s
| Q]

©
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Actrity: The children should work on the worksheets using base ten blocks and the
"corner” mat. Observe the correct placement of the tens in the rectangle and the
correct identlification of the side made and the remainder, 1f there ic ane.

Aote THIS Jessan SHowE he BCCOMEEMIes P 080G ments! aivision 85 SUGEEsIed

Whel Is twent arvidged by tens”

"Whel 1s farly aiviges by twenly " el

LESSON FOUR
Background: This lesson puts tagether dividing by tens and dividing bd ones into the use
of a "two digit” division. It should not be used unti] the firet three are thoroughly
understood. With this lesson children will need to recognize when to exchange tens for
ories and w11l have to try different possibilities for Side Two, so expect come errors to
begin with. Allow plenty of time for the bace ten block activities.

Introduction. Children should have base ten blocks to foliow what you do on the
overhead. On the averhead arrange:

Side (ne
[ O
) !
S ' 'l 1
i [ 10
i i
d | | L ]
e
i |
2 R S [ |
w |
0 I
|
|

"1 want to make the largest rectangie with this side (point to Side One) from these base
ten blocks (point {0 the meterials available.)”

"How many tens and ones can | use?”

Arrange as

©
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Side One
! il

S : i _J
i
d | i
e | | |
| !
) (O T I |
W |
0 |
I
|

“The ten left won't make another row across to comple”  -—ectangle so it must stay as
8 remainder.”

Write: 32+1 =2R 10

Do another:
Side One

o R

B ] T
S | [ 31 O00
i I ( [ 1 000
d [ 1 00
. | |

I |

| I R —
I

2 5 -

"How many tens can | use in the rectangle?”
"How many ones can | use?”

Arrange as.

Q 3 ;’) -
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Side One

C O

; E—
]
: } i
e

| |
T —— ] o ——
W |
0 |

|

|

“The two is a remainder.”
Write: 38512=3R 2
Activity; When it is clear the children realize they must make the LARGEST rectangle

possible with the given side from the given materials, put them to work to do the
worksheets with base ten blocks.

,EC 1 ;’;‘;:i
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LEVEL THREE

COMPUTATION: STANDARD FORM FOR DIVISION

Background. After children have worked with the rectangle model they can be
introduced to the standard form using a single digit division or a divisor showing tens.

LESSON ONE

Introduction: Write 4143 on the chalkbosrd. Explain that this shows divicion of 44 by
4.

On the overhead place a division workmat in overhead transparency form:
Tens Ones

¥

Put the 44 with base ten pieces:
Tens Ones

oagoa

12

©
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Put the 4 ONES as a divisor as shown:

Tens Ones
D ] D
O O
n ] D
O O

“¥hat is four TENS divided by four ONES?"
“Notice that four divided by four is one - but one WHAT?" ONE TEN

Put the TEN in the "Quotient”
Ones

-
L
aaoo

aoooo

“What is four ONES divided by four ONES?"

125
Q i
|



"How many groups of four ones are i, four ones?” ONE

Put that in:
Tens Ones
E ] n

D . D

O O

D L] D

a O

11
) 4174:4— results. Emphasize the 1st "1” counts TENS ang the 2nd 1" counts onesl!

Activity: Children should use base ten blocks to show the divisions on the worksheets
provided.

1205
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LEVEL THREE

SYMBOLS:

—

+ AND X USED TOGETHER

Background: Children should begin to recognize thet addition and
subtraction are basic operstions and multiplication and division sre
basically renaming operations. This 12 4is another name for 3, and 5 x 2
1s another name for 10. Hence, in 3x 3 + 2, 3 x 3 is done first to get the
number to be ADDED to 3. In general, "x” and = ~ are always done first to
rename numbers. “+" and "-" are done 1ast in any order.

LESSON ONE

Introduction: Use tiles on the overhead with children following what you
do with tiles ot their desks. Place 12 tiles on the overhead.

“How might | arrange these in a rectangle?”

Accept the first suggestion, i.e., 3 by 4 and arrange these:

Write 12=3x 4.

“Can | make a different rectangle?” Arrange this.

You should get the children to see that there are three rectangles, - 3 x4,
bx2, 12x 1. "What is the largest square | can make from these twelve

tiles?”

Arrange 8s:

Point out the three left over. Write; 12=3x3+ 3,
Emphasize the 3 x 3 1s 9. Three added to this gives the 12 tiles.
“Is there another square we can make?"

,EC 1 2 J -

Full Tt Provided by ERIC.



“Can we mseke more than one?”

Arrange:

We get THREE 2 x 2 squares. Wwrite: 12=3x(2x 2)

Point out the parentheses sround the 2 X 2 to show how the 3 sgueres are
made.

Activity: Give students tiles and the recording forn:s (o work on. Check to
be sure the number sentences are being written correctly.

LESSON TwO

Introguction: This lesson is Lo have children interpret sentences having
operation signs into arrangements of materials. You lead with tiles on the
overhead and follow by arranging tiles at their desks.

write 10 = 3 x 3 + 1 on the chalkboard or on the overhead projector. Have
the children suggest how the tiles can be arranged to show this. Arrange
the tiles and have the children arrange theirs:

Discuss this, if needed.
Write 8 second number sentence; 3=2xX4+ 1.

Ask the children to arrange their tiles to show this. Put the arrangement
of tiles on the overhesd:

Activity, Have the children work on the worksheets provided, using sgquare
tiles.

Q 1 t;.; i
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fonitor carefully to see that the number sentences are interpreted so the
"X" 15 used to rename numbers BEFORE terms are combined using "+" or "=

LESSON THREE

Pair the children. Within each pair, they are to take turns generating
number sentences for the other to construct using tiles.

ERIC
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LEVEL THREE

PROBLEM SOLVING 1

r——

Background: Study the materisl provided on the fourteen kinds of adding
and subtracting problems arising from comparison, joining and separating,
and part-part-whole relations in the LEVEL Tw0 Guide. These are
summarized and exemplified in the beginning of this Guide.

Involve the children with problem solving of this kind at least once each
week. The kinas of problem solving to use are:

1. The 14 cases of addition and subtraction with increasingly lerger
numbers. Give more practice with those thel are presenting more
difficulty - those other than combine 1, change 1, change 2, and compare 1.

2. Multiplication and division based upon repeated addition and
subtraction and distributive division.

3. Problems that are multi-step in that more than ona operation is used.
(See problem solving material in Level Two Guide for sample problems.
Put 1arger numbers into these.)

4. Non-numeric problems that involve Pattern Blocks and Tangrams. Some
examples are provided along with sources of commercial materisls that
are good for this.

ERIC
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CHANGE PROBLEMS {PROBLEM SOLVING)

This is a procedure for giving oral problems to children to get them to
understand the different kinds of problems, and to learn to write number
sentences that represent these.

Children should have blocks, cubes or something to represent the objects
in the problems. They should have recording forms.

"l will read the problem slowly. Listen for the question. Think of the
number 10 enswer the question. write on the recording form.”

Read the problem. Display & printed form of it on the overhesd while
reading slowly. Give children time to think and to manipulate objects if
they need it.

“This time think of the number sentence that shows what is in the
problem. Write this. Circle the number in the number sentence thst
answers the question in the problem.”

Again give time.

Discuss each problem and ils number sentence after the children have done
it.

Below are the 6 change problems with the number sentences as samples.
You supply the numbers appropriate for the time of the yesr.

Change 1. (easy)
Tom had boxes. Jane gave him

have?
N1*N2

Change 2:

boxes. How many boxes did he

boys were sitting in the gym.

How many boys were stH\in the gym?
Ny - N2 5

rRiC 120
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Fg. 2

Change 3: (hard)
Paul has UNIFIX cubes. Paula gave him some more UNIFIX cubes.

Paul then had __ﬂlx cubes. How many did Paula give him?
Ny += N3

hange 4.

giris were waiting for the bus. A few girls got tired and left so
there were girls waiting for the bus. How many girls left the bus

stop?
Ny -@): N3

Fran had some Pattern blocks in a box. Marge put more Pattern
Blocks in the box. Fran counted — Pattern Blocks in the box. How many
Pattern blocks did Fran have 1o start with?

%«t N2 = N:{,

Change 6
Tom had some tennis balls. He gave of them to Peter, and had

left 1‘15 bag. How may tennis balls did he have to start with?
% - Np = N3

Change 5:

ERIC 1
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LEVEL THREE

PROBLEM SOLVING; GENERATING PROBLEMS

Background: Children should interpret open sentences into (8) arrangements of materiels
and (b} wids involving those operations.

LESSON ONE

introduction: Write an open sentence on the chalkboard: 4+ 7 =00 "what doesthe "0 "
show?” “what operation is to be used?” "Someone suggest a story to go along with the
number sentence.”

Discuss these stories, particularly terms like "in all,” "altogether,” "How many more”, etc.
Try to elicit different problem types that could be represented by this - combine, jein,
etc. Using the same numbers, write the following open sentences and ask the children to
write a story for each. Remind them, the stutyg must have a question to be answered - 8s
shown by the "0 ".

O=7+4, 4+0=7, O0+4=17.

LESSON TWO

Introduction: Write the open sentence. 7 -0 =4 on the board. Ask the seme set of
questions about " 00 7, °-" and the numerals. Ask for stories to go along with this and

discuss. Then put the Tollowing on the chalkboard and have the children write stories to
go withthem: 7-4:=-0;0-4:=7, D-7:=4

ESSON THREE

introduction: Put 7, 8 and + on the chalkboard. Ask the children to think of & story with o
QUESTION that involves 7 and § and +. Discuss 3 or 4 of these suggested stories. Write
one of them on the board and have the children write the number sentence for it, solve il.
Follow up with others such as: 21,15,~; 5,4,+;21,7, -, 5,8,+, 8,4, ¢+ 20 16, -;
16,9,-; 8,4,-; 17,8, +; etc. Collect the problem samples and sentences written.
Some of these can be used for other problem solving.

LESSON FOUR

Give the children only numeral pairs and let them write story problems using these Have
them write number sentences for each problem written »

Q ) \‘; .. ]
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LEVEL THREE

PROBLEM SOLVING. MULTIPLICATION AND DIVISION

Background: Mast problems children have with verbal probiems requiring multiptication
and division arise from a lack of understanding of what these operations mean. Tneir
experience with the situations that give rise to these operations is too limited.
Multiplication too often is taught only as “repeated addition™ and division as "repested
subtraction.” Although these operations arise from consideration of part-part whole
situstions, joining, seperating, and comparing like addition and subtraction, other more
complex situations also require multiplication and division.

Similer to CHANGE 1 addition problems ere “repeated addition” CHANGE ! multiplicaetion
problems. Aninitiai set of some size is given, 8 number indicating how many sets of
this size are joined is given and tne larger resulting set must be found. An example 1s:
“labn it & hendrtuis af 3 nick €15 esch inla & benk. Haw nienly nickels aid John put nio
158 benk 7"

An inverse of this, CHANGE 2, results when a large set is given, the size of a smaller
set is given, and one needs to find the change number describing HOW MANY of that size
can be made. This is the "measurement” or “repeated subtraction” division. Anexample .
is: “Gusie hes 71 caokies. She gives 3 cookies to esch ar the children on the
FI6Ygreung. meény children get caokies?”

This 1s essertially & cointing process. The child must count how meny 3's can be
obtained from 24.

CHANGE 3 oroblems involve @ large initial set, a known change number and the SIZE of
the fine} .OUAL sets that can be made from this must e found. This is the PARTITION
interpretation of division. Anexample is: “Susie 48s 24 cookips. She gives the some
number of caokies 1o esch of & friends. How meny cookies does psch Iriend gets”

Here the child must develop some strategy for assuring EQUALITY of the resulting sets.
Comparison of two sets involves a comparison set and referent set, along with either s
differences set or a correspondence between elements of the set. If questions involve
“mere then” or “less than”, addition and subtracticn result. If questions are "how many
TIMES AS MANY?" or WHAT PART OF 7" are asked, multiplicetion or division may resuit.

-OMPARE 1 problems result when one is given the referent set and & correspondence
and needs to find the comparison sei. Anexample is. 7 /8 485 3 T/ES A5 MANY
nickels 65 gimes. She has < gimes  Haw meny nickels Gaes she hisve”"

Multiplicetion is needed to answer the question

ERIC
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COMPARE 2 problems result when one is given the comparison set ard the
correspondence and the referent set must be found. An example is: = /78 has 15 nickeis
She hes 3 Limes A5 MANY nickels 85 imes. How meny Gimes Gaes /ris heve?"

Division is used to answer this question.

COMPARE 3 problems ~esult when the two sets are given and the correspondence must
be founu. Anexemiple is: Frank K85 5 nitkels and & gimes. He h8s HOW HTANY TIHES a5
man; niKels 68 Gimes?”

Division gives the answer.

COMPARE 4 problems involve finding the correspondence in the other direction. An
example is: 7ok a5 S nickels eng 8 dimes. Frank s dimes 6re what 1rections! FAXT
GF fis nickels?"

This is really the finding of a8 ratio of dimes to nickels:

6:24 or 1:3. However, the division - 8/24 - usually is expressed gs a fraction - 1/3
The result is real conflict between a child’'s concept of fraction in terms of equal parts
of 8 whole and the concept of ratio as 8 correspondence.

COMPARE 5 praoblems result when the correspondence sought 1s MANY-TD-MANY. An
example is: " 7here sre 12 girls end 18 bays 1o the raom. KOW NANY times 88 many boys
&re there 88 girls?”

Again, division to find the answer results in a conflict between fraction and ratio.

COMPARE 6 probiems ask for the many-to-meny correspondence, but in the opposite
direction. Anexsmple is: There sre 127 girls ang 16 ba::s in 6 room 7he girls
réepresent WHAT FART GF the boyse”

Division again results in & fraction - this time <1. Note the difficulty in finding
language to avoid creating the ratie-fraction conflict.

COMPARE 7 problems result when one set 6nd 8 many-to-many correspondence is given
and the other set must be found. An exemple is-  728re sre /8 bays in the c765s There
are /3 A8 MANY bays 6s girls How maeny gir/s sre there?”

Dividing by the fraction is needed. If the larger set is sought, COMPARE 8 problems

resull. Anexsmples: " 7here sre 'L . r1S i the ream. The number af hays is /3 the
SRImGer of gQirls. Fovw meny boys 6i€ in ihe roam?"

j. J .4'.



Multiplication gives the answer.

RATE problems involve a constant rate of change of one variable relstive to another, or
a constant comparison of one variable relative tc another. Rate problems involve 8
total of one variable foura by multiplying a rate % units of the second variable. 7 .e
rates are usually expressed in units such as mi./hr, $/1b; ib./cu. ft.- X/(parts/100)
etc. These problems should not be introduced to students until they have & good
understanding of the rate function in general. That is the purpose of introducing &Gwess
My Kw/e“esrly and gradually working it inta considerstion of constant rate, or linear
functions.

RATE 1 problems result when one is given the rate and the value of the INDEPENDENT
variable and must find the value of the related DEPENDENT variable. An example is:
Fred pays £1200/5guere yord (1he rele/ for Corpel. Hew much will 16 squere ysros
{velue af the dependent veriehie/ cast hime”

Notice that you must find a tots! {of the dependent variable),

multiplying $12.00/sq. yd. % 16 sq. yds. gives $192.00. The units of the independent
variable cancel to give an answer expressed in units of the independent variable.

RATE 2 problems result when one is given the rate and value of the dependent variable
and must find the value of the corresponding independent variable. An example is:
Lohr psid K162 002 for cerpeting 1het cas! $9/8qusre yord How' monly SGuEre §6r0s aid
he by 7"

Divicion gives the answer: $162.00 = $9/sq. ydx _0 <q yds. O sq.yds =
$162 divided by $9/sq. yds.

Here the $§ units cancel and the answer is in the units of the other variable.

RATE 3 problems result when a pair of values of the two variables is given and one
must find the rate. An example is: Feler poid 83427 for 200 eight foal Zx 48 " whsl
WES the cast 1n Jo/isrs af esrh Fx &7

$342 = $0 /'2x4' x 200 '2x4's’ so

_30 /2x4 = $34Z2 divided by $200 2x4's’ = $171 for each '2x4".

This is the rate: $1.71/'2x4".

Several kinds of problems are based upen the MULTIPICATION PRINCIPLE Aitong these
are the selection problems.

ERIC 13,
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SELECTION 1 probiems involve simple ardered pairs where the choice set for each
element of the ordered pair as given the number of possible ordered pairs is sought. An
example is: Jone 85 3 syeslers with gitferent psiterns She 6ise has 5 gifferant oolar
SIS Koy meny oilrils consIstine af & swesler SND skirt csn she s8lect 16 wesrs”
The ordered pairs can be seen 8t the intersections of rows and columns in 8 matrix.

SKIRTS

Red Blue Plaid White Green

(R) (B) (P} (W) (G)
S
W Blue (b) b,k b.B bF bW b,G
E
A white (w) wR wB wpP w, W w.G
T
E Violet (v) ¥R vB yFP v, W v,6
R
S

They also can be seen from a factor tree.

SWEATERS

a—f’/’b -
S RE white

—yinlet

lue
K BLUE whi' o
T jiolet

lue
| PLAID —white
violet

lue
R WHIT white
viplet

- ——Dlue

T GREENQ white

—¥iolet

EC I
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in either case we have 3 x 5Sor 5 % 3 = 15 pairs.

SELECTION 2 problems result when one is given one choice set and the total number of
pairs and the second choice set is sought. An exemple is:  Liane A8s 2 swester-skirt
autlits. She hes 4 swesters. How meény skirts dees she heve?r”

Division is needed to find the answer: 24 4 =6 skirts.

SELECTION 3 and SELECTION 4 problems involve triples made from 3 choice sets,
quadruples made from 4 choice sets, or the extended -fupies. .7

Examples are:

Fronk hes 3 sparl cadls. 3 vests and 5 peirs of trousers How B OULTHS Cansisting
af & sport cast, vest sn6 [EIr af trausers con he chaose frams”

Multiplication is required to obtain Sx 3 x5 = 75 outfits.

Fronk con moke 24 different outrils consisting of 8 sport cast, vest snd trousers. He
HES 3 SpOrT CoBlS 610 4 PEITS OF 1rousers ang same vests How MmN VESIS 068S e
heyer”

The problem requires multiplication AND division: Multiply 3 x 4 and then divide 24 by
this product.

Children should have experience with these situations using concrete ob jects. Symbols
probably should be used with just the CHANGE problems at this level.

©
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LEVEL THREE

PROBLEM SOLVING; An Emphasis on Strategies

LESSON ONE:

1. Meke up 6 probiem.

2. Have children put information in a table.

3. Give questions {o answer.

Example: Last week on Monday; 40 boys angd 32 girls ste hot

lunch; on Tuesday, 28 boys and 23 giris ate hot lunch; on Wednesday 34 boys and 41 Qirls
ate hoi lunch; on Thursday 10 boys and 8 girls ate hot lunch; on Friday 34 boys and 39 girls

ate hot lunch:
Number Eating Hot Lunch

Monday Tuesday  Wednesday Thursday Fridag

p—

Bogs

Girls

1. How many people ate hol lunch on Wednesday?

2. How many more boys ate hot lunch on Monday?

3. How many boys ate hot lunch during the week?

4. How many people ate hot lunch during the week

5. How many more girls ate hot lunch on Wednesday than on Monday?
LESSON TWO:

1. Give problems that require the children 1o try out different possibilities or to guess
and check.

L!d
.
re-

e
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Exsmple: Tom has 4 coins that totsl 50 cents. What coine does he have?

Each shape has sides:

AN,

How many squares would you need to get 16 sides?

How many sides would 3 squares and 3 triangles have?
How many triangles and how many pentagons would you need to have 29 sides?

LESSDN THREE:

Use multi-step problems: Twenty-four children were taking Suzuki violin. Last week, 3
children guit and 7 children started the class. How many children are now taking Suzuki
violin?

These kinds are made easier by having a "number” day with UNIFIX cubes. For example:
Start with a twelve UNIFIX cube link. Have children join to and teke away UNIFIX cubes
from this link, writing the number sentences each time, i.e.:

12, join two, take away three, 12+2-3 =z 11

LESSON FOUR:

Give students problems ihat have more information than needed so they must use the
RELEVANT information.

Example: John has 4 horses, 6 sheep, 14 chickens and 10 rabbits. How many 4-legged pets
does he have?

LESSON FIVE:

Children should also recognize when there is not enough information to solve a problem.

Example: Fred and Tony bought 4 bags of marbles How many marbles did they get?

Jean and Fran chared their cookies with three other girlis. How many cookies did each girl
get?

ERIC
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LESSON SIX:

Children should be able to round to the nesrest decade, i.e. 37 to 40, or 1o the nearest
hundred, i.e. 195-200 in order to estimate an answer. When they find the answer they then
know if it makes sense.

Example: The third grade has 28 children and the fourth grade has 31 children. Is the
number of children in both grades closer to 6 or 607

There are 6 stickers on a.page. Janet used 8 1/2 pages. Is the number of stickers she used
closer to 40 or 507

LESSON SEVEN:
Children should use tables to put several known oxamples into o answer questions.

John's father sold 3 cottages for every 10 houses he sold. If in 8 year, he sold 12 cottages,
how many houses did he sell?

Houses 10 | 2x10=20] 3x10=30| 4x10=40

Cottages 3 12x3=6 3x3=9 4x3=12

!

If you have done the UNIFIX ratio activities with some frequency, children should be sble
to generate the table.

Sources of problems: Problem Solving Experiences in Mathematics, Charles, Mason &
Martin, Addgison Wesley Publishing Company (Grades 3 and 4).
Mathematics Problem Solving Activities, Dele Seymour Publications {(Grades 3 and 4.)

ERIC
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LEVEL THREE

Examples of Problems Appropriate for this Level:

1. John had crayons. Donsld had _____ more then John. Together they had 40
crayons. Find all pairs of numbers showing their crayons so the answer will be
40 crayons.

2 Jesn has UNIFIX cubes. Patsy had _____ fewer UNIFIX cubes than Jean.

Together they had 28 UNIFIX cubes. Find all pairs of numbers for their UNIFIX cubes
so the answer will be 28 UNIFIX cubes.

3. Terri brought 3 dozen cookies for the class party. She took 4 back home. How
many cookies were eaten at the party?

4. Peter put in 6 rows of lettuce with 12 seeds in each row. Half of the seeds grew.
How many lettuce plants came up? Insects destroyed 10 plants. How many letiuce
plants were left?

9. Johnson's bean plants grew 1/3 inch daily for 2 weeks. How much tslier were they
after 2 weeks?

6. At ihe school store, three oranges plus two apples cost $1.55. Two oranges plus
three apples cost $.05 more. What is the cost of one orange? 0Of one apple?

1. Joan’'s mother lost 45 pounds on a diet. She now weighs 126 pounds. How much did
she weigh before dieting?

8. In the basektball tournament, Tammy scored 32 points, Iris scored 19 points and
L1l scored 24 points. Temmy scored how many more points than Lil? Iris scored
how many fewer points than Lil? How many more points would iris
have to score t1 htve as many as Tammy”

8 John and his sister get the same allowance - $1.00 each week. One week John
spent $.38 on a candy bar and $.25 for a pencil. His sister spent $.49 for a scarf.
which had more money 1rft? How much more?

10.  The classes at Franklin Schoo! are always bigger than those at the Merritt School.
Jan's third grede st Franklin has 28 students. There are 50 third graders at the
two schools. How many are in third grade at Merritt?

11 Timis 9 years old and his brother is 13 years old. How old will Tim be when his
broth.or is 19 years old?

ot
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12, Mrs. Erickson had four boxes of UNIFIX cubes with twao links of ten in each box. She
spilled them all on the floor. How many UNIFIX cubes were on the floor?

13. Patsy bought 4 candy bers at $.40 each and 5 packages of gum. The bill was $2.85.
How much is each package of gum?

14 Kathy found some colored links in the closet. Each link wes 3/4 inch long. She
made a chain of 20 links. How many inches iong was the chain?

15.  Tom’'s mother gave him some money to buy groceries. He bought two tomatoes at
$.40 each and 3 packages of carrots for $.09 each. He received $.03 change. How
much money did his mother give him?

16.  Bill and Carol decided to pick 100 pussy willows for the classroom. After one
hour, Bili had picked 32 and Carol 38. How many more pussy willows did they need
to pick?

17 Judy and Bob sold tickets to the class carnival. Bill sold 12 and Judy sold 4 more
than Bill. How many tickets did they sell together?

18.  Annneticed that each row at the Arens had one more seat than the row below it
The first row has 13 seats and there are 0 rows. How many seats wre in the ninth
row?

19, Tom made snowballs. He gave snowballs to each of 4 friends. Find
8s many pairs of numbers for the snowballs as you can so thet they would be
equally distributed to 4 friends.

20.  Bob has bags of marbles. Each bag has marbles. Bob has 60 marbles.
Find as many pairs of numbers for bags and marbles as you cen so that Bob will
have 60 marbles.

21. Bernice has books. On her birthday she gets 11 new books. She then
has books. Find as meny number pairs for the baoks s you can so she
will have received1 1 new books each time.

22. Tom hes toy cars. Nine are red and are blue. Find as many number
pairs for toy cars and biue ones so there sre slweys 9 red cars.

23.  Jean has pencils. She has 6 pencils more than Bill. Bill has pencils.
Find s many number pairs as you can so Jean always has 6 pencils more than Bill,

x A
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24. Sissy has pencils. She has 9 pencils fewer than Joyce. Joyce has
pencils. Find as many number pairs for the pencils as you can so Sissy will slways
have 9 fewer than Joyce.

25. Alice hss skirts. She gets more skirts on her birthdey. She now has
14 skirts altogether. Find as many number pairs as you can so she always has 14
skirts.

26.  Fiank has records. His mother gives him 12 more records. He then has
records. Find as many number pairs as you can so Frank’s mother will have
given him12 more records.

27. Serah hes puppies. She gives puppies to Jill. Sarsh has 5 puppies
left. Find as many number pairs as you can so that Sarah always has S puppies
left.

28. Felix has 13 cots. of his cats ran away. He has cats left.

29. Archie has pencils and Reggie has pencils. Reggie has 6 more
pencils than Archie. Find as many number pairs as you can so Reggie has 6 more
pencils than Archie.

30. Betty has 12 books. Veronica has fewer books than Betty. Veronice has
books. Find as many number pairs as you cen so Betty will always have 12

books.
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LEVEL THREE
PROBLEM SOLVING: TANGRAMS

Background: You may want to demonstrate on the overhead with problem transparencies
and tangrams first. Then assign worksheets to the children to complete with tengrams on

those that do not have outlines of tangram pieces, have children trace the tangrams to
show where they were placed in solving the problem:

i

t_

(
N

\~

| [
L

Additional problem activities with Tangrams are available
1. Tangram Patterns - Creative Publications

2. Hands on Tangrame 3 - Creative Publications

3. Tengram Cards - Elementary Science Study Unit
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MIRE COMMERCIAL TANGRAM ACTIVITIES
Source: Tangramath

; WHICH SHAPE LOOKS LARGER?
| FIND OuT R\
IS LARGER BY }\
COVERING  WITH S
3 TANGRAMS 11
;i | »uﬂw~t3!~“-flﬂ
1 L 5
3
. ‘ ;51
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COVER WITH
TANGRAM PIECES !




EXAMPLE OF A COMMERCIAL TANGRAM ACTIVITY
Source: TANGRAM PATTERNS

Superman flying

100




A SAMHPLE TANGRAM PROBLEM GENERATOR PROBLEM
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LEVEL THREE

EQUALITY

Backaround: At this level equality activities should involve place /alue
vwith numbers of 2 digits used.

Challenge children to write the numbers in as many dif ferent ways as
possible.

LESSUN ONE

Introduction: On the overnead projector place an equality mat with base
ten blocks as shown. Tell children to arrange theirs the same way as you

do.

- oo

- s

1 O o = U
oo

1 0 0

1 O O o

R O

"How much is shown on the left side?"
"How much is shown on the right side?”
“ls the same amount shown on both sides?

Group the right side as shown:

o oo
[ o 00
1 O ooono
H E]D oooo
-0
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"What are the parts of the fourteen on the right side?”
write: 14=-6+8

Regroup into:

OO o
.
. oooon
o0 4
100
.
- ooooon
00

“What are the parts on the right side now?"

Write: 14=3+ 4 + 7 below the other. Write several starts of number
sentences below these: 14 =

14 =

14 =, etcC.

Have the children group the ONES on the right side so as to get a number
sentence DIFFERENT from any on the board. Write these down as generated.

Activity. Pass out recording sheets and have the children generate as
many number sentences for each given number as they can. Repest this
lesson at 1east once 8 month.

LESSON TwD X

>

Introduction: Arrange the followiig on the overhesd Children should have
equality bosrds and base ten blocks:

©
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EEREEEN
0ooo
0Do0oo0b

"Arrange yours to be like mine.”

“Are both sides equal?”

Write: 5+ 16 = 21

"Can this be written another way? - ook at the ONES on the bottom.”
Write: S+ 4x4=21

“"Four times four is ancther name for sixteen”

"Arrange the left side in 3 groups.” Ask for number sentences from severs]
children and write these down.

Examples:

B+5+5:=-21
4+3+14=21, efc.

Discuss each case presented.

Activity: Heve the children work on the prepared activity sheets. Check on
eachi child to determine whether or not number sentences are being
vwritten correctly. Repesat parts of the lesson as needed to remediate
number sentence wriling problems.

[
&
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LEVEL THREE

INEQUALITY

grary——

LESSON ONE

introduction: Prepare about 25 number cards with number words from nine
to forty on them. Have 2 or 3 of each kind available. Children shauld have
tiles and the recording forms.

On the overhead projector place the following tile arrays:

“¥hich rectangle has more tiles?”

"We use this sign to show that the open side points to larger number”™ Put
the symbol on the overhead between them:

<

Write: g¢i2

“The sign always points to the smaller number. Switch the positions of
the tile arrays:

"How should the ign point now?” Have one of the children arrange it.
Repesl with two different numbers of tiles.

Activivy. Pass out two difterent number cards to each child They are to
build a tile arrangement to shoys the two numbers and write the number
senience to show the compsrison of them.
All remaining cards should be placed in a8 deck accessible to the children.
wWhen thay finish with two they are to remove two more from the deck and
place their two on the deck Monitor to see the children are not always
putting the larger number to the left or right.

EC .l JJ)
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LEVEL THREE

USING CALCULATORS: CALCULATORS

Background: You should have a classroom set of four function caiculators
yith large keys that are solar powered or have long life batteries with
automatic power shift of f after a short period of disuse. First find out
how the calculator operates. Most use arithmetic logic: 5 + 3 = yields
8. These are the kind of use since they parallel the number sentence
structure of canonical form-a + b = C.

First make sure ALL students know which keys to depress in which order.
Also determine whether the first ADDEND entered or the second ADDEND
entered is repeated when = is depressed, and whether the first FACTOR or
the last FACTOR is repeated when = is depressed.

LESSON ONE: FREE EXPLORATION

Give each child a calculstor. Let them push buttons at will - they can't
hurt the calculator. Be prepared to answer questions about the unusual
displays they might obtain - exponentisl notation resulting from large
number overflows of the display.

LESSON TW0: COUNTING

Have the children use the repeat function of the calculator to keep
pressing the = to add the desired number repeatediy.

1] +fV|=1=1.....
1. Count from | -

2. Count fromany N - ———"=—"~41——~1—J oo
3. Skip counting

Example: ILZ 2] =

——

5 + 3 ===

In skip counting, use 8 hundreds chart and have the children circle each
number that appears on the display. Encourage them tn look for patierns, to
predict which number comes next in the skip counting, etc.

ERIC 1354
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Develop worksheets similar to that provided to help children recognize the
patterns in number sequences or on a table.

LESSON THREE: PLACE VALUE

Introduction: Have the children push @ on the calculstor.
“In what place is the 27”

Push Ej on the calculator.

“In what place is 3?7

in what place is 27"
"What number is shown?”

Push [4 ]

“In what place is 47"

“In what place is 37"
“In what place is 27°

“In displaying 8 number, the numeral for WHICH PLACE is puched first?"
second?” last?”

Activity: The children should have base ten blocks and calculators. Have
them build numbers out of the base ten blocks and then push buttons on the
calculator to display these. The worksheets should be completed

An additional source of sheets to use is "KEYSTROK™S - Counting and Place
Yalue” - available from several instructional materials catslogs.

1575
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LEVEL THREE

GUESS MY RULE

Background: You as teacher will be a rule machine. Children will give you
small whole numbers. You will use the rule on these to generate a
response. Children are to "guess” your rule. Establish the ground rule that
8 child 1s not to blurt out the rule when discovered. This spoils it fo-
other children. When 8 child thinks he or she knows the rule, the correct
test is, "If | gave you (number), wi". you give me

(number) back?” You answer by "yes” or “no".

Introduction: Tell the children you have 8 rule. Ask one child for a number.
Use the rule to return a number. Then ask for another, etc.

Example: Rule: !N number + 7 = OUT number

Response:
IN out If no child suggests it, you
3" “10° suggest putting numbers IN
6" "13" ORDER in the IN column to see
VA " 9" the rule more easily.

These rules can involve any of the basic srithmetic operations.

1 155
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LEVEL THREE
GEOMETRY: BASIC PROPERTIES

Background: In their development of geometric .deas, children first
recognize TOPOLOGICAL properties. These include closed v. open shapes:

O C

Inside-on-outside point location relative 1o & bounded area:

°p
1

L
s P 1 is OUTSIDE
2
oP

3 P is ON
2
P )
¥ is INSIDE

And whether or not chapes have one “hole” or two "holes”. The latter is
more closely related to their recognition of printed Englhish letters than
geometric shapes encountered.

They also recognize TRANSFORMATIONAL properties. A shape does not
chenge by rotating it about a point or “flipping” it over a line or moving 1t
in space. They can recognize symmetry about a line or point, for example.

EUCLIDEAN properties associated with measurement and ascigning of
numeric values to length, angle, area, etc. develop more siowly since
number is involved.

Recently a model of development of geometric ideas was proposed by the
Van Hieles. Very briefly it is as follows:

Level O (the student considers visually identifable properties as a whole,
without regard to components). Students at thic level think orientation in
space, proportionality of shape (similarity) differentiate shapes:

EC 15 J
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Hence is different from and

1s different from D

They also ignore some properties such as straight v. curved lines:

Thus and ) are the same.

Students at this level will shift from one property to another when serting
or classifying she :es.

Level O (the student can compare component properties of shapes but does
not use class inclusion consistentiy, eq. a square is a parallelogram).
Students will often focus on @& single propertu to classify instead of
muitiple properties, e.g. "equal sides AND one right angle.”

Students will often identify shapes by seversl properties rather than the
minimum set of sufficient properties.

Students at Level Three ere likely to be at one of these levels or
transitional to the next level where they use definitions, cen modify
these, or recognize equivalent definitions (OR) can recognize class
inclusion and sort shapes using the minimum set of sufficient conditions.
They also make correct use of "if, then” statements. Students at Level |
also can make multiple clascifications: "A square is s rectangle”. “A
square is an equiangular shape.”

The lessons in geometry ere fomuleted to help children consolidate
thinking at the level they are at and to help them move to the next evel.

Q IU,}
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LEVEL THREE

GEOMETRY. PROPERTIES OF SHAPES

LESSON ONE

introduction: Fut an overhead transparency of different shapes thst has
been prepared from the supplied master on the overhead projector. Ask the
children to look at all of the different geometric shapes

“which of these can you name?”
“Whaet properties do they have that make them different?"
“For example, they dont have the same number of sides.”

List these properties as they are generated. Some likely to come forth that
you might solicit through probing questions, are:

The number of sides

Whether sides have the same lengths

The kinds of angles

Whether all straight lines, all curved lines or a mixture
Whether open or closed shape

Point to two, i.e, the square and the rectangle:

"How are these alike?” "How are these different?” “Which of these could be
grouped together?”

Write these on the blackboard.

Continue in this fashion, having the children compare two figures &{ @ time
tn identify how they sre ALIKE and how they are DIFFERENT from each other.

"which of these are special cases of others?” "Is a square a special kind of
rectengle”” "How is it different from other rectangles?” The purpose is to
get children to focus on:

side relationships
angle relationships
opposite side relationships
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LEVEL THREE

GEQOMETRY: SIMILARITIES AND DIFFERENCES

Introduction: Place some shape on the overhead projector, i e, a rectangle.
“¥het shape that you know the name of differs from this in just one way -
sides, angles, etc.?”

Discuss the first shape suggested thoroughly. How is it like the given
shape? How is it different from the given shape?” "Suggest another shape
different in just one way from the given shepe, but not in the same way as
before.”

Discuss this thoroughly. Contrast it with the first shape suggested.
Repeat the procedure with a second shape on the overhead.
Activity. Assign the worksheet to pairs of students. Monitor the work.

Ask questions to get them to look at as many different properties of
shapes as you can.

o 16
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LEVEL THREE

GEOMETRY: GEOBLOCKS 1

Background: Children should have experience in comparing volumes of
frequently found shapes, identify how they are alike and how they are
different and see how their linear dimensions are related to volume.

Introduction. Show the children two different geoblocks. Ask them how
they are ALIKE. You may have to prompt them to look at the number of
edges, corners, or faces, or the shapes of the faces. Explore this as fully
as you can.

Then ask them how the blocks are DIFFERENT. Try to get at the idea of how
much space they occupy. Ask the children how they might determine if
they occupied the SAME amount of space, or which occupied MORE space.

Activity. Put masking tape labels on 5 different geoblocks to label them
AB, C,Dand E. Two of these should have different shapes, but occupy the
same amount of space. Put these et @ work station along with the
recording forms. Heve children go to the work station in pairs over 8
period of days to complete the worksheets. When all have done this,
discuss the results with the whole group.

Full Tt Provided by ERIC.



LEVEL THREE

GEOBLOCKS: SURFACE AREA

introduction: Children should work in pairs. Each pair is to have 3 blocks
not too radically different from each other.

"Hold up a block that has FIVE faces”
Discuss FACES and the kinds of geometric shapes found on them.
On the overhead projecior, show how to make a “geojacket” by tracing the

faces of a block to make such an outline. The geojacke! for 8 CUBE is
shown as an example:

Activily: Ask the children to make a geojacket like this for each of their
geoblocks by tracing faces on graph paper. Upon completion:

“Which of your gesjackets have the same area?”

“Which of your geoblocks have the same volume, but different area
geojackets?”

“If you cut out your geojackets, could you fold it up to make a ‘paper’
geoblock?”

Follow-up Activity; The gecjackels should be cut out, folded, {eped
together, and colored. They could be hung around the room as mobiles.

16
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LEVEL THREE

GEOMETRY: GEOBLOCKS 2
LESSON ONE: Rectangles
Children see rectangles in textbooks that (1) have the long cide in &

horizontal position and (2) are a close approximation to the Golden
Rectangle.

They rarely cee rectangles that are oriented differently or that have 1ong
sides and very narrow widths.

Introduction: Take one of the rectengular solid geoblocks. Trace sround
each face on the chalkboard or on the overhead transparency. Point out
how the rectangles sre different and alike.

Activity, Groups of children should have a set of geoblocks each. They
should also have a 1arge sheet of wrapping paper on which to trace. Have
egch group find and trace as many different rectangies as they can. The
wrapping paper should NOT have two tracings of the same rectangle.
Children can check on this by placing a face of & block or two rectengles
thought to be alike to see if they are. When all groups are complete, hang
the wrapping paper up where all can see. Ask questions sbout the results.

"How many rectangles are there?”

"How many of these ere squares?”

"How many non-squere rectangles are there?”

“Which rectangles look like they have one side of the same length?”

If children discover that a group has made two or more tracings of the

same rectangle, have thic checked by placing the appropriste face of &
block on each.

l 1
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LESSGN TWQ: Triangles

Choose 8 triangular base solid (ramp). Trace all faces on the chalkboard or
overhead. Point out the triangies.

"Howr are they alike?”

“What do a rectangle and a triangle have in common?”

Activity; Children should be organized and given materials as in Lesson
One. They are to trace a1l DIFFERENT triangles that they find on the faces
o7 the geoblocks. When this is complete discuss as with the rectangles.
Try to get children to identify the different RIGHT triangles and the non-
right triangles they have found.

LESSON THREE

Hold up two dissimilar geoblocks:

“How are these alike?” DISCUSS

"How are these different?” DISCUSS

Clarify terminology. Solid Shapes like the geoblocks have FACES, EDGES
and VERTICES.

Look of assumptions of EDUAL edge length, EQUAL areas of faces, etc.

Qo lf; "
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LEVEL THREE

Background: Students sometimes tend to think of area as a number
resuiting ‘rom substituting numbers into a formula. Work with Tangrams,
Pattern Blocks, tiles, graph psper and geoboards give them concrete
experiences that lead to thinking of area as thal part of a plane within a
boundary.

LESSON ONE: Sqgusre

Introduction: Use either an overhead geoboard, & large demonstration
geoboard or the dotpaper template provided.

Make 8 square on it. Ask the children how many of the smaller squares of
the geoboard are inside this square. Tell them that the number of these
squares is the AREA.

“What is the area of the square | made?" “If | cut a square out of paper
just like the one | made on the geoboard, how meny of the ‘gesboard
squares’ would | have?”

“Could | use the sma!l geoboard squares to measure how much paper is in
that square?” “would the area of the square | made on the geoboard be the
same as the area of the paper square?” “Could | measure the desk top with
little squares a1l the same size?”

Activity: Give each child 6 geoboard. These should be made with 8
coordinate background so the pins are placed:

LIKE THIS NOT LIKE THIS

= pins PN+ @

Have each child make 8 square on the (eoboard.

Q ‘ lt; !(.'
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"Hold up your geoboards.” "who has the square with the least area?” “what
is the ared of the square you made?” Have the children make squares and
record their areas on the form with a picture of the square.

LESSON TWO: Triangles

Introduction: Fold a piece of paper as shown:

AN
N

AN

Tear it 1n half and place the two triangles together.

"Are the two triangles the same?” "What do we know when 2 equsl things
make a larger one?” "Each triangle has area half of the rectanglel” "If we
can find the areas of rectangles we cen find the areas of RIGHT trianglec”

Be sure children can identify:
1. 8 RIGHT tria.agle
2. the sides that meet in the right angle as sides of a rectangle.

LESSON THREE: Triangles

Introduction: On the overhead geoboard build a trisngle.

Maeke a rectangle around it

ERIC
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Remind the children the triangle is half of the rectangle, so to find the
triangle ares, they should make a rectangle that includes it and take half
ov it

"How long are the sices of the triangle that meke a right angle?” (3 and 2)
"How long are the sides of the rectangle?” (3 and 2)

"How many squares inside the rectangle?”

"How many squares inside the triangle?”

"Some of the squares are made up of seversl small pieces.”

Discuss this so the chiidren see they can ALWAYS find a rectangle
associated with a right triangle and hence find the area of the right
triangle.

“what if this triangle has no right angle?”

Make a rectangle around it

"How many right triangles do you see?” "Can you find the eres of these?”
“If you subtract the areas of the right triangles from the area of the
rectangle, what do you get?”

Discuss this thoroughly. Children cen ALWAYS find the area of ANY
triangle on the geoboard by such a subtractive process of areas of right
triangles from enclosing {or circumscribing!) rectangles.

©
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LEVEL THREE

EOMETRY: TANGRAMS

LESSON ONE

There are seversal shape ouitlines in the student book. Give each child & set
of Tangrams and have them work those and outline the Tangram pieces as
in place when the problem is solved.

LESSON TwO

The children have 8 Tangram Problem Generator in their books. Have each
child make a shape by coloring 16 small triangles that all connect
together. A sample is provided to make a transparency to show how this is
done.

Each child should use Tangrams 1o try to solve it. Collect a1l -18pes made.
Copy them. Put these into a box called "Challenges.” Children can take one
and try to convert it successfully with Tangrams. If done, it is placed in a
box "Can Be Solved.” If not, it is placed in a box, "NOT YET SOLVED.” The
idea is to have remaining in the NOT YET SOLYED box only thoco NO ONE has
been able to do.

i i g
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LEVEL THREE
USING LOGO

Background. Reed this section on Using LOGO in the LEVEL TWO Tescher's
Guide. If children have had LOGO experience as suggested there, they
should be familiar with the use of ST, BK, FD, LT, RT, HOME, CLEARSCREEN.

After chmildren are adept at using these commands to make shapes, to hit
targets in the screen field, etc. - they should learn to control the Turtle's
leavings to leave 8 trail or to not leave a trail.

PENUP PU This command does not affect the turtie’s movements - it
lifts the pen up so the turtle leaves no trail.

Closely related is:  PENERASE PE

This command will remove a line previously made by having the turtle
retrace thbat trail.

PENDOWN PD  This commend puts the pen back down so the turtie again
leaves a visible trail.

HIDETURTLE HT  This command hides the tu. - When _..ildren XNOW
what they are doing in moving the turtle, this . 'and can be used. It
removes the turtie so only the turtle's TRAILS are shown. The commands
are execuled more quickly.

Children like color. In LOGO both the background color and the pen color
can be set. The colors available are:

0 BLACK BK
1 WHITE W
2 GREEN b
3 VIOLET ¥
4 ORANGE O
9 BLUE Bl
6 REVERSE RV

Setting background and/or pen color is done by giving the command
followed by the color number.
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SETPC  This command sets the pen color. For example SETPC 2 sets the
pen color to GREEN.

SETBG  This command sets the background color. For exemple SETBG 5
sets the background color as BLUE

These two commands followed by turtle movement commands will leave a
GREEN turtle trail on 8 BLUE background.

A good experience is to have children recreate on the screen using color
the concrete materials they are working with. They can make the Paltern
Block shapes, the Cuisenaire Rods, tiles, geoboards, etc. To do seme of
these will require use of the REPEAT command.

Children will soon notice that certsin sequences of commands are repeated
to accomplish things. An example is making a square:

Using FD and RT commands slone a square can be made by:

FD 50
RT go Iside one, turn for side two

FD 50
RT 90 ) side two, turn for side three

FD 50
RT go + side three, turn for side four

FD 50 } side four
Notice the turtle is not HOME - it 1s pointing to the left.

REPEAT [commands] will cause the sequence of commands within the
brackets to be repeated * " number of times. So to make the square:
" REPEAT 3[FD 50 RT Q0]
FD S0

Once children can use this new set of commands, they sre ready to create
procedures. The primitive TO followed by a word that names the procedure
changes LOGO from the graphic or turtie mode to 8 FROGRAMMING mode.
For example: TO SOUARE followed by the Return Key wi': give the
following:

. 17.,
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4 N

7 TO SQUARE
3

The " indicates a command is to be typed in. Doing this followed by @
RETURN will bring up another ">". You can continue to write commands to
define the procedure named by the word after TO when this is to your
satisfaction. END will complete the definition and house that procedure.
It is called up and executed by typing in the name.

Example:
? TO SQUARE
> REPEAT 3[ FD 50 RT 90}
> FD 50
> END
defines SQUARE

Typing in SQUARE will result in the turtle’'s drewing of the squsre.
Normally the screen first appears as a SPLITSCREEN:
4 ™\

Graphics
AN

Text (3/1ines)

ERIC
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To gei a full screen for graphics, one must type in FULLSCREEN. Then no
text vill appear on the screen if one goes into the nrocedure defining
mode.

To get @ full screen for text, as for example when defining e procedure,
type in TEXTSCREEN. Now sll of the text, such as commands that have been
typed in, are seen. Use the references given and introduce as much in the
vay of cleaning up the memory, printing out procedures in the memory,
saving procedures on 8 disk, etc. as the children can learn to handle.

It is not appropriate at this level to introduce VARIABLES or RECURSICN to
these children. Most of them are just becoming concrete operational in
their thinking rather than functioning as pre-operational thinkers. This
year is when a majority of them will make the transition from being
primarily pre-operational to being somewhat concrete operationsl in their
thinking. The concepts of YARIABLE and the process of RECURSION are too
abstract for all but one or two of them.

ERIC
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LEVEL THREE
VOLUME: MULTILINKS

Background: Chiidren heve exposure to volume through work with geoblocks. Building
rectangular sol
1ds out of multilinks and then inch TUBES keeps visible the units used to measure volume

LESSON ONE

introduction: This lesson involves having children building rectengulsr solid houses with
specified numbers of reoms (85 represented by multiiinks.) Show the children THREE
multilinks. Manipulate these to show the only way to build hauses with square or
rectangular floors is:

or

does not heve a rectanguler floor

Repeat this with EIGHT multilinks, showing how houses can be made with rectanqular or
square floors:

L £ 77
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Activity: Children are to use multilinks to build “rectangular solid" houses on given floors.

LESSON TWO
Place an overhead transparency on that has a rectangle as shown. The units are the same
size as multilinks:

“How many multilinks does it take to cover this rectangle?”

"How many ‘rooms’ are in this ONE STORY house?”

"How many multilinks do 1 need to put a second STORY on this  house?”

"How many rooms would be in that two story house?"

"How do You find how many rooms are in 8 many story house when you know the size of the
floor?”

Activity: Have the children work in pairs to use MULTILINKS to build houses on given floors
writing the number sentences o show how many rooms are in 1t

*

LESSON THREE

Intraduction: Make these multilink "Houses™ 2x 2 x 3 and 2 x 2 % 1. Hold them up one at a
time and ask children to build one of each just like them.

“What is the volume of (hold up the 2 x 2 x 3)?"
"what is the yolume of (holdup the 2x 2 x 1)?"

Link them together intoa 2x2x 4.
“What 1s the voume of this one made of the other two?"
Poimloutthat 2x2x3 =12 2x2%x1=4 2x2x4=16

“Would the volume change if the two original houses were Joined in a different wayv”
“Join them in a different way and count the cubes in the new house ™ Discuss.

Activity; Have children use multilinks with the worksheet provided.

17,
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LEVEL THREE

MEASUREMENT: NON-STANDARD UNITS {Lengihs)

LESSON ONE

Background: Measurement is based upon the acceptance of a standard sgainst which
properties are compared - a length used to compare other lengths, a weight used to compare
other weights, 8 volume used to compare other volumes. These standards are often defined by
societies to provide uniformity of measurement. In this lesson, a variety of different units
are used to measure lengths.

Introduction: Make a line on an averhead transparency. Use matchsticks of 2 different
lengths to measure the line. Point out to the students that MORE of the SHORTER unit are
needed and FEWER of the LONGER unit.

Activity: Select a set of shorter objects in the room to be measured such as the windowsili,
a table width, height of the chalkrail from the floor, etc. Organize children inio groups of
four. Some groups should have UNIFIX cubes, other groups paper clips or plastic links, other
groups drinking straws and cellophane tape. Have each group measure the selected objects
with their material by forming UNIFIX links, chains of paper clips and taped together lengths
of drinking straws. These messurements should be recorded on the recording form. The links,
chains and drinking straw lengths for each measurement should be retsined. When the
question comes up of what to do if the length is too long for “x™ units but not long enough for
"%+ 1" units, inform the children to use the smaller number. Have one UNIFIX group put their
links up in front of the room. The rest of ihe class is to determine which links measured
which objects.

Select one of the objects measured. Have one of each material group tell what number of
those units were needed to messure that length. Discuss why more paper clips were needed
than drinking straws and releted quections.

select & different unmeasured object in the room. Ask each group to estimate how many of
their units would be needed {0 measure that.

“For lengths that you couldn’t quite measure, what would be wrong with using drinking straws
8s much as possible, then using paper clips for the rest of the length?"

ERIC
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LESSON TWO: (Weight)

Introduce this by weighing an object with two different “units” such &s washers and UNIFIX
cubes. Discuss the results. Use OHAUS balances or home-made balances for this (See Level
Two Guide.)

Activity: Select objects to be weighed and units to be used. Qrganize groups as in Lesson One
and basically repeat the process used there.

LESSON THREE: (Volume)

———

Introduction: Show children a larger jar or clear bcttle filled with colored water and 2
different smaller )ars:

A B

i

"Will the water in the jar fill more of this jar {point to A) or this jar (point to B)?"

Discuss the responses. Then takz several of A and of B. First fill the A's and have the
children count these. Pour the water back in the large jar. Now fill B's and count these
Discuss.

“How is this like measuring fengths and weights?”

Reinforce the idea thst the SMALLER the unit, the MORE needed, and the LARGER the unit, the
FEWER needed.

ERIC
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LEVEL THREE

MEASUREMENT: STANDARD LENGTH UNITS

Background: After considerable experience using non-standard units to
measure objects and emphasis on the idea more of smaller units are
needed and fewer of 1erger units are needed for a particular length,
children can be introduced to standsrd units - both English and metric
units.

LESSON ONE

Introduction: Place a transparency on the overhead that has a
straight line on it. Using a clear plastic foot ruler, show where the end of
the line comes on the foot ruler.

“Which is the end of the line closest to - 1Qor 117"

Discuss respanses. Point out you have measured the line to the NEAREST
INCH.

Put up a second liue, place one end of the ruler on an end and have the
children tell you how long it is to the NEAREST INCH.

Activity: Have children work in pairs to measure selected objects in the
room to the nearest INCH. A recording form has been supplied for this
purpose.

LESSON TwQ

Lesson ONE with measurements made to the nearest HALF-INCH

LESSON THREE

Lecsson ONE with measurements made to the nearest FOURTH of 8sn inch

o 170
ERIC

Aruitoxt provided by Eic:



LESSON FOUR:

Introduction: Draw a line on the overhead projector. P} e a de 1meter
metric ruler on the line. Have the children tell you how lonp the line is to
the nearest CENTIMETER.

Measure a second line the same way.

Activity: Have the children measure selected objects and record the
results as with English units.

LESSON FIVE:
Same as Lesson FOUR, but to the nearest HALF CENTIMETER.

LESSON SiX:
Introduction: Place two transparent rulers - one in English me& :re and
one 1n metric measure on the overhead projector

i ! 1 I 1 R 1 I l i 1
11 10 9 8 7 ) S 4 3

8V
w—

"Are inches longer than cent 'meters?”
“A centimeter is about what part of an inch?”
"How many centimeters would | need to measure a line 2 inches long?”

Remind the children of the need to use MORE of 8 shorter unit and FEWER of
3 longer unit.

(SN
e
o
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LEVEL THREE
+  CORRESPONDENCES

Background: Children need 1o have experiences with correspondences other
than 1 to 1 to develop concept of ratio. These lessons will give that kind
of experience.

LESSON ONE
Use colored sgquares on the overhead projector. Children should have

UNIFIX cubes of two different colors, about 20 of each color. If possible
they should have crayons of the same color as the UNIFIX cubes and graph
paper. Place a column of two of one color on the overhead. Beside it place
a column of three of the second color:

.
N\

iy

7/

Tell the children to make a link of TWO of one color of UNIFIX and another
link of THREE of the other color. They should color in as shown on the
graph paper (see A below). Then have them make a second link of TW0 of
the first color and another link of THREE of the second calor as before.
These should be sttached to the first links to get:

7,

o Iyt
ERIC
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Have them color these in next to the first pair of hinks on the graph paper
(see B below).

The children should continue to make links of the two colors, join to
glready existing links and color this new pair an the graph paper. When
they have exhausted the capability of the graph paper, have them use a
straight edge to draw lines as shown on the grapl, paper. (See C below).

“Which line climbs faster?” "Whu does it climb faster?” "Could you get
the TWO links and THREE links brck frorn the longer links?”

wj{/;\\ v
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Use UNIFIX cubes to have children look at other correspondences such as
3:4;1:3; 41, 3.2, 25, etc.

LESSON TwO

introduction; Children are to use 2 DIFFERENT shapes from Pattern Blocks,
or 2 DIFFERENT COLORS of chips, or ammal shapes, etc., to explore
correspondence. Always emphasize that the groups can be recovered and
that e.g. in 2:3, multiplying by 2, 3, 4, etc,, in turn gives a new comparison
but the original 2's and 3's can be obtained if desired. Hence we have
EQUIVALENCE CLASSES for each basic pair. An exampleis 3:4:= {34, 6:8;
9:12, 12:16; 15.20, etc.}

,

Q 15;)
ERIC

Full Tt Provided by ERIC.



LEVEL THREE

COMPUTATION WITH MONEY

LESSCN ONE: This lesson is to have children identify bill and coin
arrangements. Have the children do the worksheels provided.

LESSON TwO:

introduction: Make a transparency of the tenu From Harry's. Ask the
children to identify the costs of iteme on the menu. Have them orally
determine some simple computations such as two bagels, etc , using the
celculators. Review the reading of the output of the celculators.

Aactivity, Give a copy of Herry's Men. to each child and the Order
worksheet to complete, using calculators.

ERIC
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SAMPLE LOGIC PUZZLE
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A 4 x 4 MATRIX

©
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PURPOSE:

MATERIALS:

LOGIC

Logic/Bingo can be used to test and familiarize the children with

the names of the logic blocks. Instead cf Bingo we will use LOGIC
as the name of our game.

Using The Master, make several different cards to look like Bingo

(Logic) cards.

m




LOGIC PLAYING CARD SAMPLE
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Mathematlician:

1 used number slides to solve the number sentences.”

135
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Mathematician:

"] colored in the fractions as shown and used “<" or ~>°
to show which fraction was larger.”
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MATHEMATICIAN:

My Hundreds Computer

Number Huadreds | Tens | Ones

- ¥
= L
+ =

Q )
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Mathematician:

"1 wrote the numersal for each base ten number.”

197




Mathematician: Another Numeral Receord
Hundreds Tens Ones Hundreds Tens Ones
Hundreds Tens Ones Hundreds Tens Ones
Hundreds Tens Ones Hundreds Tens Ones
Hundreds | Tens Ones Hundreds Tens Ones

1 :’) .L')




Mathematician:

“1 built the numbers with hase ten blocks and wrote
the numerals.”

Number Words Picture Numeral

Starting Number




MATHEMATICIAN:

"My pictures, numerals, and words for numbers
i built with base ten blocks.”

Wirds { Pictures Humerals
t
o
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MATHEMATICIAN:
"My pictures, numerals, and words for numbers
! built with base ten blocks.”

Pictures | Words Numerals
T
- Lundreds Tens Unes
i | __Hundreds Tens __DOnes
|
1
{ [
| 1 ‘Hundreds Tens Oneg
Cl
i
i —Hundreds __Tens ___ DOnes
|
l | i
| i L
! .
i
- iHundreds { Tens I Ones
i
t ——iundreds _ _Tens _—_Dnes
R | R}
S . [Hundreds | Tens Ones
— Hundred: Jens Dies
|
I
{ ) | :
{}l) P)
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MATHEMATICIAN:

" added to the UNES column, traded as

needed unti! | reached FORTY."

Adding Twos

-

Adding fives

Adding Fours

Adding Threes
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MATHEMA' ICIAN:

Picture/Numerasls Worksheet

Picture Numerals
L TENS ONES
— TENS GXES




IMeliomalician:

My Base Ten Block Record

~y

1

Picture Numerals Picture Numerals
Example:
TENS | ONES TENS | ONES
1
|
i TENS | ONES TENS | OMES
& 1
|
| TEMS| ONES YENS | OHES
i
|
TENS ONES TEMS | ONES
|
| }
}

e et s swses o] vesttsnnn

[US PESEY

Powe. e

P omwn

-
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Mathematician:
“1 added the bottom number to the top number to find the answer

Tens Ones Tens Ones

Tens Ones Tens Ones

[
Ml

Tens Ones Tens Ones




Mathematician:

“{ took the bettom number from the top number to find the answer.”

|
Tens Ones Tens F Ones

[ Tens Ones I T1:ms Ones

Tens Ones Tens Ones

I —




Matematlicien:

*{ did these additions and checked the answer by subtraction.”

Hundreds Tens Ones

i

Check: Hundreds Tens Ones

Hundreds Tens Ones

Hundreds Tens Ones

Hundreds Tens Ones

Hundreds Tens Ones

Hundreds Ters Ones

'Check: Hundreds Tens Ones

Hundreds Tens Ones

Vundreds Tens Ones

Hundreds Tens Ones

Hundreds Tens Ones




MATHEMATICIAN:

“1 d1d the adding or subtracting and checked with
the INVERSE OPERATION"

TENS ONES TENS ONES TENS ONES
} 1
i
|
|
|
il
H | 1
| !
CHECKS.:
TENS ONES TENS ONES TENS ONES
1
!
I
I
i
l
! !
1 i
i
| }
TENS BNES TENS ONES TENS ONES
i !
i l
i
|
|
i
]
i
l
CHECKS:
TENS ON[S TENS ONLS TENS ONES
| }
’ ;
i |
| |
| j
| |
| |
| |
{ T -+
| i i
| | |
] i i
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Mathewmatician

"I did these additions and checked the answer by subtraction.”

Tens Ones

Cherk-
Tens Ones

Tene Ones

!

Check:
Tens Nnes

Ones Tens Gaes
Tens Ones Tens Ones
Tens Ones Tens Ones

) |
!
| 1
Tens Ones Tens Ones
204

Tens Ones
, z

Tens Npes

Tens Ones

Tens Dnes




Mathematician:

"1 did these subtractions and checked the answer by addition.”

Hundreds Tens Ones

L

Check: Wundreds Tens Ones

Hundreds Tens Ones

Hundreds 7ens Ones

Hundreds Tens Ones

Hundreds Tens Ones

Hundreds Tens Ones

|

Check: Hurdreds Teps Ones

Hundreds Tens Ones

Hundreds Tens Ones

25y

Hundreds Tens Ones

Hundreds Tens Ones




Mathematician: -
"1 did these subtractions and checked the answer by addition.”

Tens Ones Tens Dnes Tens Ones Tens Ones
Check-
Tens Ones Tens Ones Tens Ones Tens Ones
1
{
Tens Ones Yens Ones Tens Ones Tens Cnes
—_— e — N
Check:
Tens Naes
¥ Tens Ones Tens Ones Tens Ones
1 1
| |
| |
| |
4 ]
| ! 1
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MATHEMATICIAN:

“MY RECORD OF MAKING RECTANGLES OUT OF TILES.”

| ocovonmus |

X 0 2 3 4 R 6 7 g
% = —f e j
— 0
R
1|
4 = j
e 2
v
3
4
5 4
> ’ 1 4; =
\»
7
e .
8
+
1 [
9
e
"
; 2%
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Mathematician:
"1 made squares from tiles. | recorded these on graph paper.”

Side of
Square Tiles Used Number Sentence Area of the Square

N

e i, —-—

= o,

|
i
I
t
I
I
l
l

)
]

B .
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Mettemalician:

—

“These are yraph paper records of my work.”

o | s § oo | aorn

B2




MATHEMATICIAN-

"1 put beans into cups to complete this
form. | wrote Number Sentences to shnw this ™

CUPS USED X BEANS IN

LACH CUP

TOTAL BEANS
USED

NUMBER SENTENCES

215




Mathematician: _
) made these rectangles from base ten ones, entersed the
number 1n the tahle, and made trades to show this as tens and anes.”

Rectangle Size Made TENS ONES

‘ 2 _g. (s




Mathemalican:

") made smalier UNIFIX cube links from long UNIFIX cube lengths.”

UNIFIX CUBE, . UNITIX LINK NUMBER OF NUMBER
_ REMAINDE
LENGTH J > LENGTH LINKS * REH R1 SENTENCE

l
|
|
{
}
B
|
i
|
JYI _
{

!

%
|
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Malhematician:
"I made rectangies 1t | could from the tiles "™

Tiles — Rows = Columns + Remainder Number Sentence

ro-

©
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Malhemalician:

"1 ysed tiles to complete the open sentence. | then wrote
sentences that were related to that one.”

SAME FACT

OPEN SENTENCE ANOTHER WAY 2 PELATED SENTENCES
- —_— —_ - 3 - JU R R —_— -  r———— -
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MATHEMATICIAN:

"t made rectengles from tiles in as many ways

s | could. "

Number of Largest Other
Tilec Rectangles Rectangles
made made

Numbzr Sentences




Mothematician: —_—
“1 made tiles srrangements to show two numbers and
corapared them. | wiote a number sentence using "<
to shovyr this.”

Numerals Tile Pictures Number \Vords




MATHEMATICIAN:

“t1y Beans and Cups Multiplication Table.”

!

1
B X G 1 2 3 4 5 6 i
E 1 ]
A
N 0
S
i 1 I
N
E
A 2
c “P
H
3
C
u
P
- 4
|
S
6 |
7
|
8
o
10 ]

EC 2[.«:&

Full Tt Provided by ERIC.



Humber Sentence

Remainder

Columns

" | used liles to make rows and columns.”
Rows

MATHEMALILIAN
les Used

i
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MATHEMATICIAN:

“These are my rectanglies made of Base Ten
Ones and the Number Sentences for them.”




MATHEMATILCIAN:

“Here are pictures of oy multiplicatinn
shnwing all partial products.”

Side One Side Two Picture Partial Products

T Atn M

T . S————.

4
N
Q N




HATHEMATICIAN:

"Here are multiplications showing tens and ones.

Number Sentences

Side Two

Side One

S N ——
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Mathemalician:

"1 worked these multiplications by building

rectangles with base ten blocks.”

Number Sentence

Rectangle

Side Two

Side One
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Mathematician:
"1 made rectangles from base ten blocks to do these multiplications.”

Multiplication Rectangles Made Products Recorded
X
Tens | Ones Hundreds |Tens |Omes
Multiplication Rectangles Made Products Recaorded
X
Tens | DOnes Hundreds |Tens [Ones
Multiplication Rectangles Mede Products Recorded
X
Tens | Ones Hundreds |Tens [Ones
Q 2(’)"




Do

e




Mathematiciuan:

“Here are multiplications done by making rectangles with base ien blocks.”

Picture Computation Form Length x width = ares
Tens Ones
+
Tens Ones
+
Tens Ones
| +
24
ERIC

Full Tt Provided by ERIC.



h’

Mathematician:

"1 worked the multiplications by using hase ten blocks,

\ drew pictures of the base ten materials used.”

Computation Given

Picture of Multiplication

Partial Products
and Answers

undreds | Tens Cnez
+
Lundreds Tens Ones
4

23,




Mathemalician:

“i made up multiplication probiems and worked
them by making reciangles from base ten blocks.”

Rectangle Computation Rectangie Computation
Picture Form Picture Form
| |
Mundrede ; Tenc | Ones
x l Hundreds Tens ; Ones x | 1
l ........ e aEer
I
i
|
X . X {
Hunareds ; Tens ;lLines rundreds Tens | Ones
|
|
| i
{
X { x
i Llundf eds | Tens | Ones

Hundreds ; Tens 10095

X X Hundreds ;| Tens | Ones
Hundreds ;| Tens ; Ones




HATHEHATICIAN:

"l used Base Ten blocks and | traded tens for ones when
| had to in order to divide.”

Gase Ten Materials Side One Side Two Number Sentences




Mathemalician:

"Here are multiplications done by making rectangles with base ten blecks.”

Picture Computation Form Length X width - area

| Tens Ones ;
i

Tens Ones !
1

—— W . o ——_ Vot S ——
—

3 ens Ones
]
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. - — ———— s
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MATHEMATICIAN:

"1 used

to work these.”




Mathematician:

"From the base ten blocks given, | built the largest
rectangle | could inside the outline.”

Base Ten Blocks Dutline

Hundreds Tens Ones

X 2 ‘} N
ERIC
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MATHEMATICIAN:

"1 worked divisions by making rectangles with
base ten blocks.”
Rectangle Computation Rectangle Computation

Pictures Form Picture Form

23




MATHEMATICIAN:

“! made rectengles from tiles in as many ways
8s | could.”

Number of
Tiles

Largest
Rectangles

made

Other

Rectangles

made

Number Sentences

24




Malhematiciun:

“This is my record of playing GUESS MY RULE."

In Out in Out

Rule: Rule:
In Out in Out

Pule: Rule:
in Oul in Out

Rule: Rule:
in Out - in Out

Rule: Rule:
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MENU
7 '
4 HARRY'S DESERT INN
Quarter Pounder.....ccccceeveeeecennonnes ¢ 1.30
with cheese....cccceeeeeeeenenen.. $ 1.69
Harry's Special.....ccccccceeemecnncncrnnees $ 2.24
Hot Ham 'n' Cheese.....cc.cccceeeveecnnnens $ 1.83
Roast Beef.....cccceenrencnnrnsancenes $ 1.89
BageIS..ccccieierreannncnnnnnnsnncecansns $ .49
®© CREESE.....cceeeenecrrerenaceennaceens $ .69
TOMATOLS...cceereeemmeneneansennons $ .15
Lettuce....ueeecrenecenecreasenans $ .10
Bacon Burger......ccccecceccecnennnnens $1.79
Apple TUTMOUeT.....ccceeeeconcecnnennee $ .69

soft Drinks:

Large......cceeeerereerneccnanneaes $ .75
Small........cccceeccecenenccennasanes $ .49
Milk: Large.....ccccceveeeceercneeccnnans $ .60
£ | 11+ 1 | O ¢ .45

Milk Shakes....c.cceerremennnennscncses $ 1.29
Malted Milks......ccceeeeeemmeeneonnse $ 1.30
Ice Cream Bars.....ccceeenemnenenes $ .39

-y Ice Cream Cones:

One SCOOP..cccoeucoeancenernseren $ .60
TWo SCOOPS....ccccceeverannense $ .89
Super Cones....cccccceemcennennen. $1.19
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EXAMPLES OF COMMERCIAL PATTERN BLOCK ACTIVITIES
Source: PATTERN BLOCKS PROBLEMS FOR PRIMARY PEOPLE

Copy.
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Use between 18 and 24 biocks.
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Mathematiciean:

"1 made an equality board as shown, grouped tha
ONES in different ways and wrote as many DIFFERENT
number sentences as | had room to write.”




Mathematician:

"1 arranged the base ten pieces as shown, grouped the
LEFT side and wrote the number sentences.

M
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Mathematician:

"1 put the ‘¢ and *>’ signs hetween the base ten
numbers to show their sizes.”




Mathematician: _—

“1 made tiles srrangements to show two numbers nad
compared them. | wrote a8 number sentence using “<”
to show this.”

Numersis Tile Pictures Number Words




MATHEMATICIAN:

“1 built these tables by using a number key J
and = many times.”

Number Number of Times Display fiumber Sentence
Entered ! = {used

24




tiathematician:

| made base ten numbers and displayed
them on the calculator.”

Buttons Pushed

Dase Ten

plocks Used

{
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the Tangrem problems end traced
to chow wheare the nieces it "




TANGRAM PROBLEM GENERATOR

2.




Mathematician:
“1 used the given number of multilinks to build houses with
rectangle or square floors.”

Multilinks Used Floor Height Number Sentence

S Y

ERIC
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Mathematician:

“1 built houses with the given floors and aumbers of stories of
Multilinks. | found the total number of rooms in these houses.”

Floors Rooms/Story, Stories ; Total Rooms
Area Height Volume

[AW]
“H
e




Maihematician:

Number of S ysed

Jn'hat was Measured

£ e

ERIC )




Mathematician:
“Our group measured objects in the room.”

nits Used:
Nearest Unit:

Measurement
Length Measured
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fMfothematician:

“1 found the value of each cet of coins and bille agiven”

CGINS VALUL
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Verbal Addition and
Subtraction Problems:
Some Difficulties and

Some Solutions

By Charles S. Thompson and A. Dea.s Hendrickson

‘M

Many of the difficulties that chil-
dren have in solving verbal (story)
problems involving addition and sub-
traction arise because of their limited
understanding of the arithmetic oper-
ations that are involved. They don't
know when to use addition or subtrac-
tion because they lack specific knowl-
edge regarding the various situations
that give rise to these operations. Of-
ten, children are taught addition: only
as “‘putting together' and subtraction
only as ‘“‘taking away,”” but many
other settings involve addition and
subtraction operations. Children need
to receive specific instruction in dif-
ferent contexts if they are to become
good solvers of verbal addition and
subtraction problems. This article de-
scribes the contexts and then explains
a successful sequence of activities
that teach verbal problems.

Categories of Verbal
Problems

In elementary school mathematics,
three categories of verbal problems
suggest addition and subtraction oper-
ations. These categories—Change,
Combine., and Compare—are de-
scribed by Nesher (1981). Various
types of problem situations exist

Charles Thompson 1eaches undergraduate and
greduate courses that focus on teaching chii-
dren 10 undersiand mathematics at the Univer-
sity of Louisville. Louisville, KY 30292. A.
Dean Hendrickson teaches classes in mathe-
maiics and methods 10 undergraduate and in-
service teachers, preschool-12. and does re-
search and development in mathematical
reasoning and the acquisition of mathematical
knowledge in grades K-14 ar the University of
Minnesota, Duluth, MN 55812,
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Table 1
Change Problems
Problem title Sample problem Characteristics

Change 1 - Bill has two pencils. Jean gives him three  Increase, initial set and change set
E:ncil;.c ng many pencils does Biil known, question about final set

ve then?

Change 2 Bill has five pencils. He gives three to Decrease, initial set and change
,Jegg How many pencils does he have sel xnown, question about final
eft? se!

Change 3 Bill has two pencils. Jean gives him some Increase, initial set and final set
more. Now he has five. How merv did known, question about change set
Jean give him?

Change 4 Bill has five pencils. He gives some to Decrease. initial set and final set
Jean. Now he has two. How many did he known, question about change set
give 1o Jean?

Change § Bill has some pencils. Jean gave h;m two Increase, change set and finai set
more. Now he has five. How many did known, question about initial set
he begin with?

Change 6 Bill has some mcils. He gave three 10 Decrease, change set and final set
Jean. Now he two, How many did he known, question about initial set
begin with?

R

within each category.

Let’s Jook first at the Change cate-
gory. Change problems involve in-
creasing or decreasing an initial set to
create a final set. One sample Change
problem is a familiar “‘putting to-
gether’ situation (fig. 1).

Bert has two books. On his birthday
he gets three new books. How
many books does Bert have then?

All Change problems have three quan-
'ities: an initial set, a change set, and
a final set. In the problem given, the
initial set is two books, the change set
is three books, and the final ser is
unknown. The unknown quantity in
Change problems can be any one of
the three sets, yielding three kinds of
problems. Furthermore. the change
can be either an increase or a de-
crease, thus yielding two problems for
each of the three kinds, for a total of

209

six types of Change problems. These
problems are described and character-
ized in table 1.

The second category of problems is
called Combine. or part-part-whole.
Combine problems describe an exist-
ing, static condition involving a set
and its several component subsets. A
major difference between Change and
Combine problems is that no action is
involved in Combine problems. A
sample problem is as follows:

Consuelo has five buttons. Three
are round and the rest are square.
How many are square?

See figure 2.

A typical Combine problem has
three related quantities—one subset,
the other subset, and the whole set.
These yield only two types of prob-
lems. In our example, the whole set
and one subset are known. In the

21




Fig. 1 Change problems invoive increasing or decreasing an intial set to creale a final set.

- .

Y

Bert's books New books Bert received Bert's books now
(Initial set) on birthday (Final set)
(Change set)

Fig. 2 “Combine" problems describe an existing condition involving a sel and its several component subsets.

Round buttons
{One subset)

Square buttons
(Other subset)

f

Consuelo's buttons
{(Whole set)

Fig. 3 Compare problems involve a companson of two existing sets.

Jean's pencils maore than + Bill's pencils
(Compared set) (Difference set) (Referent set)

—~ Arithmetic Teacher
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other type of probiem. both subsets
are known and the whole set is un-
known. Table 2 summarizes these
Combine problems.

Other Combine problems involve
more than two subsets and the whole
set. These problems typically involve
a two-step process and are not dis-
cussed here.

The third category of problems is
called Compare. Compare problems,
which involve a comparison of two
existing sets. are probably the most
ignored type of problem in school
curricula. Yet many children's expe-
riences involve comparisons. Here is
a sample problem:

Jean has five pencils. She has three
mcre pencils than Bill. How many
pencils does Bill have?

See figure 3.

Each Compare problem has three
expressed quantilies—a referent set, a
compared set, and a difference set.
The referent set is the set to which the
comparative description refers. In the
sample problem, Bill's pencils com-
pose the referent set, since Jean *‘has
three more pencils than Bill."" The
compared set is the set being com-
pared to the referent set. In the sam-
ple problem, Jean's set of five pencils
(the compared set) is compared to
Bill's set (the referent set). The differ-
ence set is the difference between the
referent set and the compared set.

There are six types of Compare
problems. The unknown quantity can
be the referent set. the compared sel.
or the difference set. For each of these
three possibilities, the comparison
can be stated in two ways: (1) the
(larger) compared set is more than the
(smaller) referent set. or (2) the
(smaller) compared set is less than or
fewer than the (larger) referent set.

Table 3 summarizes and gives exam-

ples of the six types of Compare prob-
lems.

Relative Difficulties of
Verbal Problems

Examination of the various types of
problems and observations of children
solving these problems lead 10 the
conclusion that some types of prob-
lems are more difficult to solve than

March 1986
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Table 2
Combine Problems
Problem title Sample problem Characteristics
_ambinc 1 Bill has three red pencils and two green Two subsets are known. question
pencils. How many pencils does Bill about whole set
have all together? '

Combine 2 Bill has five penci’s. Three are red and Whole set and one subset are
the rest are green. How many are known. guestion about other sub-
green? sel

Table 3
Compare Problems
Problem utle Sample problem Characteristics

Compare | Bill has two pencils. Jean has Comparison stated in terms of “more, "
five. How many more does Jean referent set and compared set known,
have than Bill? question about difference set

Compare 2 Bill has two pencils. Jean has Comparison stated in terms of less
five. How many fewer pencils {fewer). referent set and compared set
does Bill have than Jean? known, question abcut difference set

Compare 3 Bill has two pencils. Jean has Comparison stated in terms of more.
thre. more than Bill. How many referent set and difference set known,
pencils does Jean have? question about compared set

Compare &4 Jean has five pencils. Bill has Comparison stated in terms of fess
three fewer pencils than Jean. (fewer), referent set and difference set
lI;im:s",many pencils does Bill known. question about compared set

ave’

Compare 5 Jean has five pencils. She has Comparison stated in terms of more.
three more pencils than Bill. How compared set and difference set known,
many pencils does Bill have? question about referent set

Compare 6 Jean has two pencils. She has Comparison stated in terms of Jess

three fewer pencils than Bill.
How many pencils does Bill

(fewer), compared set and difference
set known, question about referent set

have?

others. In general, it appears that the
inherent structure of the problem is
the crucial factor in determining its
difficulty. For example, Combine-1
problems are structurally straightfor-
ward (table 2).

Combine 1. Bill has three red pencils
and two green pencils.
How many pencils does
Bill have all together?

The two subsets are given. Children
can coun! those subsets separately.
Then, they must simply recount the
entire collection of objects to deter-
mine the solution to the problem. Or.
depending on instruction they have
received, they might use **all"' or '*all
together' to transform it 10 a Change
problem.

Combine-2 problems. by compari-
son, are nol straightforward. The sets
to be considered are not separate from
one another.

Combine 2. Bill has five pencils.
Three are red and the
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rest are green. How

many are green?
The children must have a well-
developed part-whole understanding.
The whole set and one subset are
given. To solve this kind of problem.
children must know that the given
subset is contained within the whole
set mentally or physically to separate
that subset from the whole set and
then count the other subset. This
problem can be transformed correctly
into a Change-2 problem by many
children. Other children transform it
incorrectly into a comparison of the
two subsets.

Another major factor affecting the
difficulty of a problem is its semantics.
How the relationships between the
sets are expressed determines. to
some extent. which cognitive struc-
tures must be used by the child to
solve the probiem. For example.
study the following Compare-4 and
Compare-5 problems:

Compare 4. Jean has five pencils. Bill

23



than the larger.

I

Jean's pencils \ or

Fig. 4 The child must understand that the larger set is three more than the smalier set and the smaller set 1s three less

more than ———

fewer than
{less than)

—e Bill's pencils

has three pencils fewer
than Jean. How many
pe~cils does Bill have?

Compare 5. Jean has five pencils. She
has three more pencils
than Bill. How many
pencils does Bill have?

See figure 4.

In each problem the larger set. of
the two being compared, and the dif-
ference set are given. The child is to
determine the smaller set. In the Com-
pare-4 problem the expression used to
relate the larger and smaller sets is
**The smaller set is three pencils fewer
than the larger (known) set.”” To solve
this problem, the child might simply
create what is described. by removing
three pencils from the larger set to
create the smaller set of two objects.
This behavior transforms the problem
into a Change-2 problem. In the Com-
pare-5 problem. however. the state-
ment used !o relate the larger and
smaller sets is. in effect, "*The larger
set is three pencils more than the
smaller (but unknown) set.”” In this
problem the child must use a different
cognitive structure to determine what
to do. Three pencils cannot be added
to the smaller set, since its quantity is
not known. The child must under-
stand that if the larger set is three
more than the smaller set, then the
smaller set is three fewer than the
larger. The child must have a well-
developed cognitive structure called
reversibility. The child must under-
stand that the stalement "‘x is ¢ more
than y*’ is equivalent to 'y is a less

than x."" Only then will the child know
that removing objects from the larger
sct will create the “"more than'’ rela-
tionship expressed i1 the verbal prob-
lem. This same reversibility enables
some children to transform Combine-
2 problems into Change-2 problems.

Another factor affecting the d'thi-
culty of Compare problems is that in
Compare-3. 4, 5. and 6 problems. the
difference set must be mentaily con-
structed by the child. It is not actually
part of the compared set or the refer-
ent set. Furthermore. after the differ-
ence sef is mentally constructed. the
child must mentally add 1t to, or sub-
tract it from, one given set to deter-
mine the unknown set.

Another difficuity is the varying use
of the expressions mare than, less
than. and fewer than. The phrase
Sfewer than is common in these four-
teen types of problems, since dis-
crete. countable sets are involved.
Fewer than suggests counting strate-
gies more readily than does less than.
However, more than is used to ex-
press relationships between either
countable or noncountable quantities.
Further, the word more is often used
in Change problems in another way,
as in **John gave Frank four more.”

The relative difficulties of all four-
teen types ou verbal problems have
not yet been fully determined. But
informal observations of children
solving these problems, carefu. analy-
sis of the problems structures and
semantics (Nesher et al. 1982). and
analysis of research results (Carpen-
ter and Moser 1981: Nesher 1981
Riley 1981; Steffe 1971; Tamburino
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1981) provide preliminary information
about the difficulty of problems. Cur-
rently available information indicates
four levels of difficulty:

Easiest: 1. Change | & 2, Combine |
2. Change 3 & 4, Compare 1
&2
3. Combine 2, Change 5 &
6. Compare 3 & 4
Hardest: 4. Compare 5 & 6

Instructional Procedures

We have been working in a conceptu-
ally oriented. matenals-based elemen-
tary mathematics program. The chil-
dren in first. second. and third grades
have received tnstruction in solving
verbal problems of the fourteen types
that have been described. The follow-
ing general instructional sequence has
been followed over a period of weeks:

1. Problem situations are presented
orally to children. The children use
countable materials that can be
grouped. linked, and separated to aid
them in solving probiems. Their an-
swers are expressed oralfyv.

2. Children use countable obiects
to explore combinations of numbers
that make larger numbers. For exam-
ple, they separate five counters into
two subsets in different ways and de-
scribe the results crally. such as
**three and two'" or ""one and four."’

3. Children use prepareZ numeral
cards (0-9), and cards with the **+."
e~ =" and "', in conjunction
with activities similar to those previ-
ously described in step 2. They con-
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struct number phrases and sentences
with the prepared sign cards to repre-
sent the objects being used. This task
helps them to connect the signs to the
concepts involved. For example, if a
child uses five counters and covers
two of them, then a partner can create
the open sentence 3 + O = § then
insert a "2 card"" to complete the
open sentence.

4. The problem situations are pre-
sented orally to children as in step 1.
They use countable objects to solve
the problems and now use the pre-
pared cards io construct number sen-
Iences 10 represent the objects used
and the conditions of the problem.
For example. consider the following
problem:

Change 1. Bill has two pencils. Jean
gives him three pencils.
How many pencils does
Bill have now?

To solve this problem, children fre-
quently make separate links of cubes
to represent the two sets, join the two
links, and arrange cards as shown:

A A A A

5. Children use countable materials
to solve orally presented problems
and then write number sentences to
indicate how they interpreted the
problems. In particular, children cir-
cle their answers in the number sen-
tences. In many problem situations
several possible number sentences
can be written. Consider this
problem:

Compare 1. Jean has five pencils.
Bill has two pencils.
How many more pencils
does Jean have than
Bill?

Some children will interpret this as an

addition problem and write 2 + ) =

S. Others will interpret it as subtrac-

tion and write 5§ — 2 = (3. Both

interpretations are correct.

6. Open sentences in written form
are given to children, who use count-
able matenials to solve them.

7. Materials are not used, and chil-
dren solve written verbal problems
mentally while writing the corre-
sponding number sentences.

- l{fC‘ March 1986
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8. Children solve open sentences
(not directly tied to verbal problems)
in written form without the use of
countable matenals.

From a broad perspective, the se-
quence has used the following steps:
(1) develop concepts using matenials.
(2) connect signs to the concepts, (3)
construct symbolic {orms (number
sentences) using prepared symbols.
{4) wnite symbolic forms. and (5) in-
terpret prepared symbolic forms. This
sequence has resulted in students be-
ing able to interpret these problems
and translate them into number-
sentence models.

In conjunction with these activities,
children participate in numerous
counting exercises. Ti:ey learn to
count on from an, given number and
to count back from any given number.
Counting on is useful in many prob-
lems, particularly in part-whole situa-
tions. in which one subset and the
whole set are known, and in compare
situations. where equalizing of the
two sets is the strategy to be used.
Counting back is also used frequently.
especially in Change problems. For
example, in Change-2 problems the
children often count back from the
larger tinitial) set to create the smaller
(final) set.

Instructional Resuits
So Far

The instructional sequence described
seems 10 be effective in enabling chil-
dren in the primary grades to so' =
verbal problems. Of crucial impo.-
tance seem to be the use of countable
matenals. the use of the prepared nu-
meral and sign cards. and the practice
of circling answers when writing num-
ber sentences.

Using the countable matenals en-
ables the children to create or model
the conditions presented in the prob-
lems. The children can then determine
which sets to count, compare, sepa-
rate. or join to solve the problems.
The u-e of the prepared cards allows
the children quickly to attach numer-
als to the quantities represented and
to construct the corresponding num-
ber sentences. We have found that
children who have not used numeral

260

cards expenience greater difficulty in
writing number sentences corre-
sponding 1o a verbal problem. The
practice of having children circle an-
swers when writing number sentences
helps teachers understand how the
children are thinking abou! the verbal
problems. Indeed. for many of the
types of problem., either an addition
or a subtraction number sentence is
appropriate. These practices also help
teachers to recognize when children
are successfully using the class-
inclusion relation. reversibility of
both actions and relations, and equal-
ization of two sets.

In summary. we have leamed that
children can become good solvers of
verbal problems. What they need is an
instructional program that proceeds
from the concrete to the symbolic and
the opportunity to encounter the var-
ious problem situations that occur in
real life.
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Verbal Multiplication and
Division Problems:
Some Difficulties and
Some Solutions

By A. Dean Hendrickson

Verbal problems that involve multi-
plication and division are difficult for
children to solve. Many of these diffi-
culties arise because of their limited
understanding cf these arithmetic op-
erations. Their experience with the
different kinds of situations that call
for these operations is alsc limited. At
the same time, these problems cannot
be categorized easily because the sit-
uations that require these operations
are varied. Nonetheless, multiplica-
tion is often taught only as *'repeated
addition™" and division only as ‘‘re-
peated subtraction.' Children must
have specific instruction in all the
situations that require multiplication
and division as arithmetic operations
if they are to apply them successfully
to verbal problems.

Change Problems

Extensions of the **change problems"
for addition and subtraction can lead
to multiplication and division. In this
particular kind of problem we have an
initial set, a change number. and a
final set. Given an initial set of small
size and a change number that de-
scribes how many of this size set are
joined, we find the size of the larger
final set by multiplication. These
problems are change I, or repeated
addition. problems, Here is an exam-
ple (fig. I):

Dean Hendrickson is professor of education ar
the University of Minnesota. Duluih. MN
33812, He teuches conrse’s un the psvchology of
learning und methods of teaching mathematics.
preschool through secondury schoul.
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bank?

: |
Change Number
{6)

Fig. 1 An example of a change 7 or "repeated addition™ problem: John put 6
hanafuls of 3 tokens each into a bank. How many tokens did John put in the

Fina'l Set
{size ?)

John put 6 handfuls of 3 tokens each
into a bank. How many tokens did
John put in the bank?

Change 2 problems result when a
large initial set is given along with the
size of a smaller final set, and a
change number needs to be found that
describes how many sets of that size
can be made from the initial set. This
problem represents the measurement.
or repeated-subiraction. interpreta-
tion of division. Here is an example
(fig. 2)

Susie has 24 cookies. She gives 3
cookies to each of the children on
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the playground. How many chil-
dren are on the playground?

A child who can reverse the "put-
ting together™* transformation can re-
late 2 measurement interpretation of
the division of countable materials to
the repeated-addition kind of multipli-
cation. In some ways the division is
easier, since the child must retain only
the final set size and count the number
of sets that can be made. The count is
constructed in the process and the
size of the initial sel is not important.
since the count stops whenever the
process runs out of objects. In re-
peated addition, both the count num-
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ber and the size of the initial set must
be retained mentally along with the
result at the end of each successive
Joining.

Change 3 problems involve a Jarge
initial set and a known change num-
ber: the size of the final. equal sets
that can be made from the initial set
must be found. This is the partition
interpretation of division. An example
follows (fig. 3):

Susie has 24 cookies. She gives an
equal number to each of her 4
friends. How many cookies does
each friend get?

Change 2. or measurement division.
is easier, since only the size of the set
being formed repeatedly must be re-
tained and a count of these sets kept
‘as they are made. Change 3, or parti-
tion division, requires a strategy to
assure the equality of the sets being
made and hence is more difficult.

Comparison Problems

Questions involving ‘“‘less than'" or
**more than’’ lead to addition and sub-
traction problems. These problems in-
volve a comparison set, a difference
set, and a referent set. When we com-
pare two sets and the comparison in-
volves questions of **how many times
as many'" or ‘"what part of,”” we use
multiplication and division. Such
problems involve ¢ comparison set, a
referent set, and a correspondence
other than a one-to-one correspon-
dence between these sets. In figure 4,
if the question is asked. '*A has how
many times as many as 87" then A is
the comparison set. B is the referent
set, and the correspondence of A to B
is sought.

Compare 1 problems resuit wnen
the referent set and a many-to-one
correspondence are given and stu-
dents are asked to find the comparison
set. The following is an example (fig.
S):

Iris has 3 times as many nickels as
dimes. She has 4 dimes. How many
nickels does she have?

Multiplication is used to find the an-
swer 3 x4 = 12,

Compare 2 pioblems occur when
the comparison and a many-to-one

Fig. 2 An example of a change 2 problem. measurement or repeated-
subtraction interpretation of division: Susie has 24 cookies. St.e gives

3 cookies to each of the children on the playground. How many children
are on the playground?

?
Change Number
O O 4 L 1
08000 9o @ L4
0SS
Ooc0
Initial Sat e e »
(24) Q00 OCO 00 ®)
Final Set
(size 3)

Fig. 3 An example of a change 3 problem, a partition interpretation of division:
Susie has 24 cookies. She gives them in equal numbers to her four friends. How
many cookies does each friend get?

Change Number
(4)
|

]
(o)
C000 o @

Initial Set
(24)

?

Final éet(s)
(size ?)

Fig. 4 A comparison problem: Find the correspondence of A 1o 8. A has how
many times as many as 87

O 0O O (Correspzndenci A A
Oogd A A
00O A A
Oogd

{Comparison Set) {Referent Set)
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Fig. 5 A compare 1 problem: Inis has 3 limes as many nickels as dimes. She
has 4 dimes. How many nickels does she have?

n 3 to 1 correspondence
Comparison Set Referent Set
{nickels) {dimes)

Fig. 6 A compars 2 problem: Iris has 15 nickels. She has 3 times as many
nickeis as dimes. How many dimes does lris have?

3 to 1 correspondence )
Comparison Set Referent Set
{nickels) {dimes)

Fig. 7 A compars 3 problem: Frank has 24 nickels and 8 dimes. He has how
many times as many nickels as dimes?

Co
O o O

? to 1 correspondence o

Referent Set
{dimes)

Fig. 8 A compare 4 problem: Frank has 24 nickeis and 8 dimes. He has what
raction as many dimes as nickeis?

Referent Set
(nickels)

Comparison Set

(dimes)
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correspondence are given and the ref-
erent set must be found. Here is an
example (fig. 6):

Iris has 15 nickels. She has 3 times
as many nickels as dimes. How
many dimes. does Iris have?

Division is used to find the answer:
1IS+3=25.

Compare 3 problems resuit when
the comparison set and referent set
are known and a many-lo-one corre-
spondeuce must be found (fig. 7):

Frank has 24 nickels and 8 dimes.
He has how many times as many
nickels as dimes?

Division is used to find the answer:
24 -8 =3.

Compare 4 problems occur when a
comparison set and a referent set are
given and a one-to-many correspon-
dence is sought. In this case, the com-
parison set is the smallei of the two.
Here is an example (fig. 8):

Frank has 24 nickels and 8 dimes.
He has what fraction as many dimes
as nickels? (or, Frank's dimes are
what fractional part of his nickels?)

The result is division of a smaller by a
larger number or formation of a ratio-
nal number, usually expressed as a
fraction: 8 = 24 = 1/3.

This kind of question puts a child's
concept of fraction being equal parts
of a whole into conflict with this ratio
situation. What other language can be
used to ask for this correspondence?
Because of the difficulty of finding
suitable language, questions related to
finding this correspondence are sel-
dom found in textbooks.

Compare 5 problems arise when the
comparison set and the referent set
are given and a many-to-many corsre-
spondence is sought (fig. 9):

There are 12 girls and 16 boys in the
room. How many times as many
boys are there as girls?

One divides to find the answer (16 +
12 = 4/3). Here again a fraction tells
how many times as much, although a
ratio correspondence is made in the
thinking.

Compare 6 problems occur when
the comparison set is smaller than the
referent set and the correspondence is
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sought (fig. 10):

There are 12 girls and 16 boys in a
room. The number of girls is what
part of the number of boys?

The result is found by division again,
12 = 16 = 3/4, and the same conflict
between ratio and fraction results.

Compare 7 problems result when
the larger comparison set and the
many-to-many correspondence are
given and the size of the smaller ref-
erent set is sought (fig. 11):

There are 16 boys in a class. There
are 4/3 as many boys as girls. How
many girls are there?

The answer is found by dividing: 16 +
43 = 12,

Compare 8 probiems arise when the
smaller referent set is given along with
a many-to-many correspondence. The
size of the larger comparison set is
sought (fig. 12):

There are 12 girls in the room. The
number of boys is 4/3 the number of
girls. How many boys are in the
room?

Tte answer is found by multiplying:
4/3 x 12 = 16.

The compare problems that involve
many-to-many correspondences are
difficult, since they bring inio conflict
the child's recognition of a fraction as
comparing a given number of equal
parts to the whole and the idea of 1atio
as a correspondence. The use of the
same symbolism for both fractions
and rational numbers compounds this
diff culty.

Thinking in ratios, equating ratios,
and applying ratios to situations in-
volve furmal operational thought.
Very few elementary children are ca-
pable of this kind of reasoning. In
fact, few eighth and ninth graders can
think through the Mr. Tall-Mr. Short
problem:

Mr. Mr.
Tall Short
Measured in 9 6
mutch sticks
Measured in 12 ?
paper clips

Fig. 9 A compare 5 problem: There are 12 girls and 16 boys in the room. How
many times as many boys are there as giris?

Reforent Set Comparison Set
(giris} (boys)

Fig. 10 A compare 6 problem: There are 12 giris and 16 boys in a room. The
girls are what part of the boys?

Comparison Set Referent Set
{girts) (boys)

Fig. 11 A compare 7 problem: There are 16 boys in a class. There are 4/3 as
many boys as girls. How many girls are there?

Reterent Set

Comparison Set
{girls) {boys)
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Rate Problems

Fig. 12 A compare 8 problem: There are 12 girls in the room. The number of
boys is 4/3 the number of girls. How many boys are in the room?

The kind of proportional reasoning
used in equating ratios is also in-
volved in thinking about rate prob-
lems. These are commonly found in
intermediate textbooks. A rate prob-
lem involves two variables—one inde-
pendent and one dependent—and a
rate of comparison between them. An
example is distance {(miles) = rate
(miles per hour) X time (hours). Here
the number of hours is the indepen-
dent variable, the distance in miles (a
total) is the dependent variable. and
Referent Set the ratio of miles to hours is the rate.

(girls) theSs(:'.ne common rate exampies are

Fig. 13 A rate 1 problem: Fred pays $12.00 a square yard for outdoor carpeting. How much will 16 square yards cost?

312 $12 | $12 | $12 | $12 | 812 | $12 $12 | $12 ] $12 | 12| $12 | 12 | $12 | $12 | $12

sq. yd.|sq. yd.|sq. yd.| sq. yd|sq. yd.|sq. yd.{sq. yd.| sq. vd. | sq. yd.] sq. yd.| sq. yd.{ sq. yd.{sq. yd.|sq. yd.| sq. yd.} sq. yd.

Fig. 14 A rate 2 problem: Jane pays $162 for carpeting at $9 a square yard. How many square yards aid she get?

$162
1
i . |
I ' T 1T 7 1 | | I
T T A A S A A A
$9 | s9 | s9 | s9 ; L % l : ; L }
I | !
O N U U SR S NN SN S A S
| x i T T l
| 1

sq. yd. | sq. yd.| sq. yd.| sg. yd. : i : ? square yards : ; : : : i
1 2 | 3| 4 ' : | | | | l | l i |
. | 1 | J 1 i L i | 1 |
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-,

¢ feet per second

dollars per pound
pounds per cubic foot
gallons per minute
cents per kilowatt hour
parts per hundred

Children who are unable to think
about rates and ratios will have diffi-
culty doing these problems in any way
other than substituting numbers into
memorized formulas. Problems deal-
ing with percentages are probably the
best example of this difficuity.

Rate | problems result when the
rate and the value of independent
variable quantity are given (usually ir
units of measurement) and the value
of the dependent variable, usually a
total, must be found (fig. 13):

Fred pays $12 a square yard for
outdoor carpeting. How much will
16 square yards cost him?

The resuiting application,

total cost
= cost/sq. yd. X number of sq. yd.
= $12/sq. yd. x 16 sq. yd. = $192,

is the easiest of the rate situations to
vse.

Rate 2 problems result when the
rate and the value of the dependent
variable are given and the value of the
independent vanable is sought (fig.
14):

Jane pays $162 for carpeting at $9 a
square yard. How many square
yards does she get?

We have
$162 = $9/sq. vd. x [__]sq. yd.

or

o vd. = $162
- ¥e $9/sq. yd.

[18].

Rare 3 problems result when the
values of the dependent and indepen-
dent variables are given and the ratio
or comparison rate is sought {(fig. 15)

Peter paid $342 for 200 eight-foot
two-by-fours. What was the cost in
dollars of each two-by-four?

We have
$342 = §_}/board x 200 boards

 April 1986

Fig. 15 A rate 3 problem: Peter paid $342 for 200 eight-loot 2 x 4's. What was

the cost in dollars of each 2 x 47

/4

v
200 pieces
Cost =

$342

9. Cost
" # of pieces

or
$342

200 boards
= $1.71/board

$ cost/board =

Selection Problems

Among the most difficult problems are
those that require multiplication.
These belong to a more general group
of selection problems.

Selection  problems involve simple
ordered pairs where the choice sets
for each clement of the ordered pair
are given and the number of ordered
pairs possible is sought. The pairs are
ordered in the sense that one choice
set is associated with one element and
a second choice set with the other. No
ordering occurs in the writing or se-
lection. In the following example.
(skirt. sweater) is not different fromn
(sweater, skirt). See figure 16.

Amy has 3 swealers with different
patterns. She also has § different
skirts. How many outfits consisting
of a sweater and a skirt are possi-
ble? ‘
The pairs can be determined from a
matrix {table 1) or from a “‘factor
tree.”’ Either way, multiplication is
used: 3 X 5 = 1§ outfits.

Selection 2 problems result when
one choice set and the number of pairs
are given and the other choice set is
sought. These problems are similar to
selection | problems.
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Table 1
:tEMatrlx to Record the Pairs in Figure

Skirts
Sweaters 1 2 3 4 s
A Al A2 ALY A4 AS
B B.1 B.2 B.}3 B.4 B.S§
C c.! C.1 C3 C4 C.3

Selection 3 problems involve tn-
ples, quadruples. or other extended
n-tuples (n > 2) and the choice sets for
each place in the n-tuple.

Frank has 5 sport coats. 3 vests,
and § pairs of trousers. all of which
are color compatible. How many
different outfits consisting of a sport
coat. vest, and pair of trousers are
in his wardrobe?

Here a 3-tuple must be formed
{sport coat. vest, trousers) where or-
dering is not important. Finding the
total number of 3-tuples uses the mul-
tiplication principle: 5§ x 3 x § =75,

Selection 4 problems give the num-
ber of n-tuples and the sizes of all but
one choice set, which is sought. An
example follows:

Frank can make 24 different outfits
consisting ot a sport coat. vest. and
trousers. He has 3 sport coats and 4
pairs of trousers. How many vests
does Frank have?
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Fig. 16 A salection 1 problem:
Amy has 3 sweaters with different
pattomns. She also has 5 skirts of
different colors. How many outfits,
consisting of a sweater and a skirt,
are sossible?

A A
A
\g
\B

L e

Fig_. 17 Ceramic liles can be used to link the repeated-addition idea of multipli-
cabion to area: Make 4 rows of 6 tiles each. How many liles are used?
y 'C ol 1‘ mn s' V ;
-
u’ ’,
; Ed
o Tiles
0 >
o
Table 2 )
Change Proolems
Problem title Sample probiem Characteristics
{Change 1) Fred has 3 boxes with 4 cars Initial (smaller) set sizes and
Repeated addition in each box. How many change number known;
cars does Fred have? question about final (larger)
sel.
{Change 2) Jean had 12 coonies. She Initial (larger) set and final
Repeated subtmction {mea- ve 3 cookies to each of {smaller) set sizes known;
surement) friends. How many of question about change
ber friends got cookies? number.
{Change 3) Paul had 24 marbles that he Initial (larger) set and change

This is a two-step problem: first mul-
tiply and then divide, or successively
divide.

The selection group of problems
involves the multiplication principle
or one aspect of what Piaget calls
combinatorial reasoning—the ability
to consider the effect of several vari-

2

Partitioning into equal sets

ve away 10 4 friends.
ch friend received the
same number of marbles.

numbers known: question
about the size of final
(smaller) sets.

How many marbles did
each friend get?

ables simultaneously. Selection 1
problems can be thought of as cells in
a matrix. The thinking needed to solve
them is similar to that used to solve
area problems, such as being given
two dimensions and finding the area
and being given the area and one
dimension and finding the other di-
mension.

Overview

If students are going to apply multipli-
cation and division to everyday situa-
tions, they must have experience with
materials that represent these dif-
ferent situations.

The change situations that involve
joining and separating can be intro-
duced with materials that can be
joi-.d, separated, and arranged.

ALY

Unifix cubes can be used to illustrate
repeated additions and repeated sub-
tractions as well as measurements.
Ceramic tiles can also be used to link
the idea of repeated addition to area
(fig. 17). The measurement concept of
division can also be introduced with
tiles. The following kinds of guestions
can be asked:

* Given 24 tiles, how many rows can
be made with 4 tiles in each row?

* Make 4 rows of 6 tiles each. How
many tiles are used?

Beans and paper cups can be used 1o
give experience with the partition in-
terpretation of division as well as to
the repeated-addition and repeated-
subtraction interpretations of multipli-
cation and division. Some examples
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Charactenstics

Referent set and many-lo-one correspon-
dence known: question about the com-
pansan sel.

Companison set and many-to-ane corre-
spondence known: question ahout the
referent set.

Comparison set and referent set given:
question about kind of (many-lo-onc}
correspondence.

Comparison s¢t a~4 referent set given;
question about Kind of (ane-to-many)
comespondence.

Comparison set and referent set given.
question about the {many-to-many)
comrespondence.

Comparison set and referent set given.
question about many-to-many corre-
spondence.

Comparison set and many-to-many cor-
respondence given: Guestion about ref-
erent set.

Referent set and many-to-many corte-
spondence given: question about com-
parison sel.

Charactenstics

Table 3
Compare Problams
Problem
title Sampie problem

Compare | Joellen has 3 pairs of sandals. She has 4
times as many pairs of shoes. How
many pairs of shoes does she have?

Compare 2 Irene has 30 pennies. She has © .imes as
many pennics as Pat has. How many
pennies docs Pat have?

Compare 3 Donald has § marbles. Peter has {5 mar-
bles. Peter has how many times as
many marbles as Donsld?

Compare 4 Bonnie has 16 white blouses and 4 col-
ored blouses. Her colored blouses are
what (fractional) part of her white
blouses?

Compare §  Our <lass has 16 boys and 12 girls. There
are how many times as many boys as
girls?

Compare 6 Our class has 16 boys and 12 girs, The

irls gre what (fractional} part of the
ys?

Compare 7 Fred has 25 baseball ¢t 1s. He has 5/4 as
many cards as Jim & .. How many
baseball cards does m have?

Compare 8 Erica has 25 stickers. Peggy has 4/5 as
many stickers as Erica. How many
stickers does Peggy have?

Table 4

Selection Probiems

Problem title Sample problem

Selection | Paula has 3 kinds of cheese and 2
kinds of sausage. How many dif-
ferent cheese-and-sausage pizzas
can she make?

Selection 2 Frank makes 18 different cheese-and-
sausage pizzas. He has 6 kinds of
cheese. How many kinds of sau-
sage does he have?

Selection 3: Dave has 3 different-sized sets of

extended a-tuple  wheels, 4 kinds of bodies. and 3
different motors. How many differ-
ent cars with wheels. a body, and

a motor can he put together?

Dave has 3 different-sized sets of
wheels and 4 kinds of bodies: he
can make 96 different cars with
wheels. bodies. and motors. How
many different kinds of motors
does he have?

Selection 4:
extended a-tuple

Number given from which to select
for cach pair clement: question
about number of pairs possible.

Number in one choice set and num-
ber of pairs given: question about
number in other choice sel.

Number given {rom which to choose
for each portion in n-tuple: ques-
tion about number of n-tuples pos-
sible.

Number given from which to choose
for all but one position in n-tupie
and aiso number of n-tuples: ques-
tion about remaining position.

Table 5
Rate Preblems
Problem .
title Sample probiem C..aractenstics
Rate ° Liza buys 1B cans of polish at 50.72 per Given the rate snd the independent van-

can. What is the total cost?

able value; question is about the depen-

dent vanable.

Rate 2 Peter buys a suit on sale. The price. after
a 25% discount. is $90. What was the
original price?

Rate 3 Commine runs 200 meters in 72 seconds.
What is her average speed in meters per
second?

Given the rate and the dependent vanable
value: question is about the independent
vanable.

Given the values of the dependent and in-
dependen! vanabies. question 15 about
the rate.

April 1986
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are the following:

» Given 21 beans, put 3 beans 1n Cups
until the beans are gone. How many
cups did you use?

« Given 35 beans. put an equal num-
ber of beans into each of § cups.
How many beans are in each cup?

s Given 4 cups. put 5 beans in each
cup. How many beans were need-
ed?

The ratio comparison situations can
be introduced with two different
shapes, two different colors of chips
or cubes, or any other materials that
can be put into sets and compared
using the multiplication- and division-
related questions in the examples.

The seleciion ideas can be intro-
duced best with colored cubes or sev-
eral geometric shapes in different col-
ors. forming pairs and triples of these
materials. Subsequently using situa-
tions that involve items from the stu-
dents’ experience. such as stickers,
pizza toppings., clothing, and record
labels, can help children apply these
basic ideas of multiplication to the
real world.

Rate problems should probably be
introduced after establishing the idea
of a constant rate of change in two
related vanables. This introduction
must be done slowly and carefully and
timed to the stage of cognitive devel-
opment of the students. The demands
are primarily on the proportional-
reasoning capability of the students.

Introducing probiems iavolving
such relationships as distance =
time X rale, cost = costiunit X units,
and peicentage = percent X base
should be within the more general
context of rate of change. Otherwise
students may substitute values into
formulas without understanding the
processes involved.
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