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Preface

What is tested is what gets taught. Tests must measure what is
most important.!

The California Assessment Program (CAP) is committed to aligning its assessment
practices with the concepts presented in the Mathematics Framework for California Public
Schools: Kindergarten Through Grade Twelve,? the Mathematics Model Curriculum Guide:
Kindergarten Through Grade Eight,® and such publications as the Curriculum and Evalu-
ation Standards published by the National Council of Teachers of Mathematics. Edu-
cators as well as the public believe that the influence of assessment on the curriculum
greatly affects the classroom teaching and learning processes.

Open-ended questions in mathematics (those requiring a written response, as opposed
to multiple choice) have the potential to drive the curriculum in positive directions
sought by leaders in education. The written responses required by open-ended
mathematics questions stimulate students to think about mathematical problems and
enable the students to communicate their mathematical thinking and solutions to
others. When teachers can see students’ thought processes sketched out in some detail,
they can then target instruction appropriately to develop students’ thinking further.

This reportis the first large-scale attempt to discover how students think about and use
mathematics. Readers will find that questions posed to students were written to
stimulate their higher-level thinking processes (e.g., to make assumptions, see connec-
tions among strands of mathematics, explain to an audience, use data organization and
graphing, and understand mathematical procedures). The examples illustrated in this
report should serve as a powerful medium to learn about students’ levels of accom-
plishment as well as methods for positively influencing classroom instruction in
mathematics.

} Everybody Counts: A Report to the Nation on the Future of Mathematics Education. Washington, D.C.: National Academy Press,
1989, p. 69.

! Mathematics Framework for California Public Schools: Kindergarten Through Grade Twelve. Sacramento: California State
Department of Education, 1985.

* Mathematics Model Curriculum Guide: Kindergarten Through Grade Eight. Sacramento: California State Department of
Education, 1987.

¢ Curriculum and Evaluation Standards for School Mathematics. Reston, Va.: National Council of Teachers of Mathematics, 1989,
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Many educators have contributed to the development of questions and to the prepa-
ration of this report. Aithough the Mathematics Assessment Advisory Committee
provided much of the innovative thinking, many other educators ser.ing on thead hoc
committees contributed to the improvement of the content of this report. The names
of the Mathematics Assessment Advisory Committee members and members who
served on the ad hoc rubrics development and scoring committee are given in the
Acknowledgments. The Department wishes to thank these professionals, who gave
their talents generously to improve assessment practices. We also thank the school
districts that willingly provided release time for many of these educators.

We suggest that readers try a few of the questions before reading students’ responses.
This approach will give an idea of the thinking involved in answering the questions.
Since this is the first report of its kind, we encourage readers to provide comments
about assessment through the use of open-ended questions or about any other aspect
of this report. Questions should be directed to Tej Pandey or Kathie Scott of the
California Assessment Program (916-322-2200).

JAMES R. SMITH FRANCIE ALEXANDER
Deputy Superintendent Associate Superintendent; and Director,
Curricsdum and Instructional Leadership Curniculur:, Instruction, and Assessment Division
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Part |
Open-ended Questions in Mathematics

Open-ended questions were included in the grade twelve mathemat-
ics test of the California Assessment Frogram (CAP) for the first time
in 1987-88. This report describes the rationale for adding these
questions. More important, what was learned from students’ re-
sponses to the open-ended questions is described and related to ideas
for improving classroom instruction.

The multiple-choice portion of the grade twelve mathematics test was
changed to align it with the concepts presented in the Mathematics
Framework for California Public Schools: Kindergarten Through Grade
Twelve and in the Model Curriculum Standards: Grades Nine Through
Twelve.! Seventy percent of the questions on the revised test involved
problem solving and applications, and the remaining items tested
understanding of mathematical concepts and principles.

The inclusion of open-ended questions is part of CAP's long-standing | cap emphasizes
emphasis on aligning assessment with principles from the California | , ligning assessment
curriculum frameworks. Open-ended questions were intended to | 1,ith principles from
improve the grade twelve test's alignment with the concepts pre- | 44, curriculum
sented in the 1985 Framework in the following ways: frameworks.
* Open-ended questions provide students an opportunity to
think for themselves and to express their mathematical ideas
that are consistent with their mathematical development.

* Open-ended questions call for students to construct their own | Students construct
responses instead of Choosing a single answer. their own responses

instead of choosing

¢ Open-ended questionsallow students to demonstrate thedepth \
a single answer.,

of their understanding of a problem, almost an impossibility
with multiple-choice items.

' Model Curriculum Standards: Crades Nine Through Twelve. Sacramento: California State Department
of Education, 1985, "

ERIC 10
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. . . open-ended questions

By writing freely
about problems,
students can
discover solutions.

¢ Open-ended questions encourage students to solve problems
in many ways, in turn reminding teachers to use a variety of
methods to “get across” mathematical concepts.

* Open-ended questions model an important ingedient of good
classroom instruction: openness to diverse responses ‘o class-
room questioning and discussion. Similarly, open-ended
questions in assessment help educators move away from a
curriculum of bits and pieces of information to a curriculum
wherestudents apply a set of mathematical tools as they areap-
propriate to situations.

Since the use of open-ended questions to assess students’ knowledge
of mathematics is new in California, this portion of the 1987-88 Survey
of Academic Skills, Grade 12 served as a pilot to inform educators about
the introduction of new kinds of tasks in future CAP assessments. A
subcommittee of the Mathematics Assessment Advisory Committee
developed the open-ended questions and prepared this report on
students’ responses.

By presenting open-ended questions that required written responses,
the committee sought to gain evidence for the importance of writing
in the mathemat*ics curriculum. Good mathematics teachers have
learned that writing is both a way of thinking and of communi-ating,.
By writing freely about problems, students often can discover solu-
tions. By reporting their methods in writing, students can tell others
how to solve problems. By reading what students have written,
teachers can gain more informed insights into students’ knowledge
and possible misconceptions, compared with what teachers learn
from seeing only students’ mathematical computations or answers.

Weinvite you as classroom teachers to read this report and to consider
how you might use open-ended questions in your instruction. We
suggest that you go through the booklet at least twice. The first time,

. you may want to browse through the students’ answers to get a sense

of the range of responses. The second time, try going back to read the
committee’s expectations for responses to each problem and the ways
in which students went astray. See whether you agree with our
recommendations for mathematics instruction directed toward ad-
dressing students’ misconceptions.

We also urge you to try these open-ended questions and many others
with yourown students. We believe that you will be convinced, as was
the committee, that students clearly need more experience with situ-

+ ation-oriented oven-ended problems.

2
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Description of the Mathematics Portion of the Grade Twelve Test

The mathematics section of the 1987-88 version of the twelfth grade
CAP test consisted of 360 multiple-choice and five open-ended ques-
tions. Each student was asked to answer 11 multiple-choice questions
(one without calculators and ten with calculators allowed) and one
open-ended question. Although there was no strict time limit for stu-
denis to answer questions, approximately 15 minutes were allowed
for the multiple-choiceitems and 12 minutes for the single open-ended
question.

Developing Open-ended Questions

In developing open-ended questions, the committee faced decisions
regarding the structure of the items. A tightly structured question is
easily scored but yields little interesting information about mathe-
matical understanding. A broadly structured question allows stu-
dents torespond creatively, demonstrate the full extent of their mathe-
matical understanding, and display the elegance and originality of
their thought processes. The committee struggled with this dichot-
omy and decided to try out a variety of questions, from tightly
structured to somewhai broadly structured. Of the five questions
described in this report, questions b and E have tight structures,
whereas questicns A, C, and D have relatively broad structures.

Scoring Students’ Responses

. . . test description

Open-ended questions can be scored in several ways. Two frequently

used methods of scoring students’ writing are analytic and holistic. In
analytic scoring, the evaluator considers whether specific points have

been addressed in the student’s response. A studentisscored accord-

ing to the points that have been satisfactorily covered. In holistic

scoring, judgment is based on the response as a whole rather than on
specific features of the response. Thus students’ essays or responses

are assembled in several stacks from low to high, according to the
levels of the responses. Holistic scoring focuses on the r.erits of the

response as a whole, rather than on how well the writing conforms to |

predetermined analyticschemes. Scoring holistically leaves the evalu-
ator free, as we hope a teacher would be, to respond to the student’s
entire thinking process rather than concentrate on the number of
points to be marked off according to a scheme.

.’ ',v. )

. Scoring holistice:lly
 allows for a re-

© sponse to the entire
- thinking process.




. . . scoring students’ responses

Open-ended
questions can test
students’ under-
standing and help
teachers improve
math instruction.

Implicitly, with holistic scoring more responsibility is placed on the
student to determine the important elements of the question, provid-
ing opportunities for students to respond creatively. With analytic
scoring the assumption is that questions have been well structured for
the student and elicit well-defined patterns of student behavior.

For the convenience of classroom teachers who develop their own
open-ended questions and wish to score students’ responses to them,
we have provided a general scoring rubric. Please refer to page 53 in
Part IT1 of the report for a rubric or rule that outlines criteria for scoring
open-ended mathematics questions, in general.

Reporting Results

The committee reviewed a random sample of 2,500 responses, ap-
proximately 500 responses to each of the five questions, out of a total
of 240,000 responses from twelfth grade students statewide. Since
funding was provided to score only a sample of responses, there were
not enough responses from which to compute school-by-school re-
sults. Therefore, this report reflects only the statewide performanceon
the open-ended questions. A “Summary of Students’ Performance on
the Open-ended Questions” appears on page 5 of the report.

This booklet was assembled to report the results of the 1987-88 pilot
test of open-ended questions in such a way that teachers will perceive
their utility both for testing students’ understanding and for improv-
ing mathematics instruction. Thus students’ responses to each of the
five open-ended questions, problems A, B, C, D, and E (students’
“papers”), are described in the following format:

* A statement of the problem is given.

¢ “General Expectations” presents the committee’s expectations
for students’ responses to the problem; for example:

- What does the problem require, and how do we expect the
students to work out a solution?

~ What elements of the problem relate to the Mathematics
Framework?

* “Strengths and Weaknesses in Student Responses” examines:

~ What approaches led students to solve the problem?




- Whatdifficulties prevented students from reaching a good
solution?

This section presents an examination of the students’ miscon-
ceptions and a description of teaching implications which

suggest instructional strategies to overcome studcnts’
difficulties.

e “Summary of Results and Instructional Implications” provides
the percentages of stuc2nts who answered correctly or inco. -
rectly and contains a summary of the implications for teaching
learned from detailed examination of students’ misconceptions
and correct responses to the open-ended questions.

The scoring rubrics for the five problems, together with a generalized
rubric, compose Part III of the report. The scheme for scoring re-
sponses to each problem consists of a paragraph statement of the
requirements of an adequate response, followed by the criteria for
scoring students’ responses from zero (blank, “don’t know”) to six.
For “inadequate” responses 1 or 2 points are given, 3 or 4 points are
awarded to “satisfactory” responses, and 5 or 6 points to responses
that show “demonstrated competence.” Students’ papers represent-
ing the upper two scoring categories (3 or 4 and 5 or 6) are attached to
the scoring rubric for each problem. Part IV contains 20 examples of
students’ work and nine additional open-ended problems.

Future Plans

The committee recommended that open-ended questions become a
regular part of the mathematics portion of the Survey of Academic Skills:
Gra”e 12, starting with the 1988-89 administration of the test. As the
other gradelevel tests arerevised, similar kinds of questions will likely
be included at those grade levels as well.

Summary of Students’ Performance on the Open-ended Questions

Of the approximately 500 papers reviewed for each problem, the
following are the percentages of students whose answers showed
“demonstrated competence,” were “satisfactory,” or were “inade-
quate.” Percentages of students giving no response also appear.

.. . reporiing results




. . . summary of students’ performance

Students’
performance would
improve with more

writing and oral
work.

Demonstrated No
competence  Satisfactory  Inadequate response
A 15 24 59 2
B 14 21 58 7
C 20 12 65 3
D 15 27 52 6
E 9 41 32 18

The committee members surmised that the inadequate responses of a
large number of students occurred primarily because: students are not
accustomed to writing about mathematics. It is likely that students’
performance on open-ended questions would vastly improve if stu-
dents were given opportunities to describe their thought processes
orally or in writing while solving problems. Problems that involve
reasoning, recognizing patterns or relationships, analyzing situations
using knowledge of mathematics, ard examining operational rela-
tionships would be particularly valuable. Although the committee
made recommendations regarding the implications for teaching re-
lated to students’ misconceptions, committes members emphasized
that classroom teachers arein the best position to assess what needs to
be done to help their students improve.

ERIC

Full Tt Provided by ERIC.
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Part 1I

Discussion of Results

Part II contains a discussion of the findings from the students’ re-
sponses to problems A, B, C, D, and E. The committee’s general
expectations are described. Strengths and weaknesses in students’
responses are examined; included are sections on students’ miscon-
ceptions and teaching implications. Finally, theresults of thestudents’
responses and the instructional implications are summarized.

Problem A

Imagine you are talking to a student in your class on the telephone and want the
student to draw some figures. The other student cannot see the figures. Write a set
of directions so that the other student can draw the figures exactly as shown below.

N

General Expectations

Ability to communicate mathematical ideas with clarity is an impor-
tant componentof mathematical poweras emphasized in the California
Mathematics Framework. Good communication, both verbal and writ-
ten, indicates understanding. Understanding of a problem and ability
to think are prerequisites to successful problem solving.

Problem A assessed the skiiis of communicating about geometric
shapes. It requires students to use effective terminology to describe

Problem A requires
effective use of
terriinology.




... problem A students’ responses

the necessary features, in correct steps, to reproduce the given geo-
metric shapes. Responses revealed how well students formulated and
communicated mathematical ideas. No single solution or method was
correct. An effective solution would result in the precise reproduction
of the figures. The use of the word exact in the problem implied that
the student’s written directions would preserve the scale and orienta-
tion of the figures. It was also hoped that the instructions would be
concise, mathematically elegant, and easy to follow.

Strengths and Weaknesses in Students’ Responses

Students’ strongresponses generally followed oneof threeapproaches:
use of geometric terminology, coordinate geometry, or an algorithm.
Examples 1, 2, 3, and 4 illustrate students’ actual responses using one
of these approaches successfully:

Example 1.
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. . problem A students’ responses

Example 3.
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problem A students’ responses

For most students,
limited use of
concepts marred the
explanation.

Example 1 shows that the student effectively used the knowledge of
geometric terminology (right triangle, vertical/horizontal leg, and
hypotenuse). In Example 2 the student used knowledge of coordinate
geometry to provide directions for reproducing the figure. In ex-
amples 3 and 4, the students took a dot-to-dot, or an algorithmic
approach, to describe the figure. In Example4, however, thestudent's
wording is somewhat cumbersome and excessive. Group discussions
and editing of writing, in mathematics should help students to achieve
more concise and elegant expression of ideas.

The most serious difficulty for students was inadequate use of con-
cepts to help communicate the instructions. For a vast majority of
students, limited use of concepts got in the way of clear explanation.,
Some other obstacles included misuse of algebraic terms; tangled,
cumbersome descriptions; and failure to note details such as scale,
length of lines, or orientation of the figure. Examples 5, 6, and 7 show
some of these misconceptions and related implications for classroom
instruction.

Example 5.
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.. problem A students’responses

Misconception:
Students attempted to use inappropriate m+thematical terms.

Teaching implications:
Students necd experiences explaining and defining ideas using mathe-
matical terminology.

Example 6.
4 " )
+ triew wax o)
ﬁu\% L#‘ ; “tlb (‘f)
Area = J- + Bh
s.}i(zu
’ Aﬂ -
‘I 12 fruave with 20
)) 6 6/a -
D Bant il w| 5 length
tf LH\AH‘
- J

Misconception:
Students applied inappropriate algebraic formulas.

Teaching implications:
In *heir eagerness to solve a problem, students often develop solutions
before they know what it is they are solving for. The teacher’s role is
to guide students to read the problem, assess the situation, and figure
out what is required.

11
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. problem A summary of rcsults

Giving and
following directions
lead to insights.

Few students are
able to use mathe-
matical terminology
inwriting
explanations.

Example 7.
r )
Eraw a neght 7""@"’!‘?&’.
?LM ,d/:au;fﬁ: Brapegacer.
N, .8 e M Naly
He base. L4 f m;ﬁ
the )u f ,uate :7 se ferforn
Vi dhaw a
1 M n?
4,;":‘: ‘e gza‘}“ e
\_ J
MISCOHO@P”OH.’

Students failed to consider scale, length of lines, use of graph paper, or
orientation of the figure on the page.

Teaching implications:

Activities in which students give and follow each other’s directions
will give students insights into achieving accuracy, completeness, and
clarity of assumptions.

Summary of Results and Instructional Implications

Of theapproximately 500 papers scored, fewer than 15 percent showed
a solid response. Overall, the reviewers felt that most students at the
twelfth grade level were not proficient at this sort of communication.
The reviewers, most of whom were classroom teachers, commented
that very few students seem to have had enough experience to be
able to write explanations, give directions, or use mathematical
terminology in writing explanations.

The committee members suggested that classroom activities include
opportunities for students to write instructions to others for complet-
ing mathematical tasks. Students can share this writing with each
other and discuss ways in which they can communicate effectively.

12
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Problem B

Look at these plane figures, some of which are not drawn to scale. Investigate what
might be wrong (if anything) with the given information. Briefly write your findings
and justify your ideas on the basis of geometric principles.

12 c G
“ A
34 e
ra s
D
Fig.1 Fig. I Fig. Il

General Expectations

The National Council of Teachers of Mathematics’ Curriculum and
Evaluation Standards for School Mathematics (1989) states that:

Making, conjectures, gathering evidence, and building an argument
to support such notions are fundamental to doing mathematics. In
fact, a demonstration of good reasoning should be rewarded even

more than students’ ability to find correct answers.!

In Problem B, students were asked to examine three geometric figures
to assess their understanding of the relationships between parts of
geometricfigures and the measures of those parts. For each of the three
figures, students were required to make some assertions and justify
whether or not the figures were valid, on the basis of geometric
principles.

To give a correct response in Figure ], the student would have to
indicate that the figure was invalid for any of these reasons:

* No triangle could be formed having the given angle measures
since the sum of the measures of the angles of a triangle is 180

degrees.
* No right triangle could be formed having the given angle

measures since the sum of the measures of the acute angles of
a right triangle is 90 degrees.

* Curriculum and Evaluation Standards for School Mathematics. Reston, Va.: National Council of
Teachers of Mathematics, 1989, p. 6.

In Problem B, stu-
dents were asked to
make and justify
some assertions.

13
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. . . problem B general expectations

* Somerelated theorem or property made the information given
false.

Any one or all of the above responses were acceptable, with no one
assertion being preferred.

A correct response regarding Figure Il required students to recognize
that it was possible for a quadrilateral having sides with the given
measures to exist. Students should realize that the figure was a
trapezoid, even though it was not drawn to scale. They could use the
square angle ABC or the coordinate grid to emphasize that ABand CD
were parallel.

In Figure I11 it was expected that students would recognize that either
the measure of the radius (and hence the diameter) or the measure of
the chord CD was incorrect.

Strengths and Weaknesses in Students’ Responses

Students giving | A feature of strong responses was the students’ ability to use precise
strong responses | language to identify which figures were valid or invalid, citing geo-
used precise lan- | metric principles (examples 8, 9, and 10). The students provided
guage and logic. | logical and concise justifications. An extremely small number of
students questioned whether or not point O was indeed the center of
the given circle, and that observation was also valid.

©
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Example 8.

. problem B students’ responses
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. . problem B students’ responses

Example 9.
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.. . problem B students’ responses

A typical weakness in students’ responses was the inappropriate use
of geometric principles or imprecise use of language. Students wrote
such phrases as, ‘A triangle is 180° not 170°.” In Figure Ill they said
that chord CD was a “ray,” a “tangent,” or a “diameter.” Other
difficulties are illustrated by excerpts from students’ papers (see
examples 11 through 17).

Some common misconceptions were identified by the committee
members, who then made the suggestions appearing in “Teaching
Implications” to assist in classroom instruction.
Example 11.
4 | R
c 8
w C =VA%Mbo>=

‘ >
Y35~ t 55

~ 3656

W ois 300;: Q0 = 4o

\_ _/

Misconception:

Students often resci ied to applying inappropriate formulas to gener-
ate a sequence of steps, whether correct or not. For example, students
erroneously used the measures of angles as lengths of sides and
appiied the Pythagorean theorem.

Teaching Implications

Students might be asked to justify their reasoning orally or in writing,
Discussion problems should help students rely more on understand-
ing the effective use of mathematics rather than mechanically apply-
ing memorized formulas and procedures. Students generally lack a
concrete basis for the geometric relations they learn.

Students typically
misuse geometric
principles and use
language
imprecisely.

Discussion
problems help
students rely more
on understanding
mathematics,

17



Geometric figures
need to be taught
through the use of a
variety of concrete
methods.

Ability to judge the
reasonableness of a
solution is very
important.

. problem B students’ responses

Example 12.

é N
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C 3 90° +hen
mdflomh.mcd
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\ ,

Misconception:
Students thought that the sum of the interior angles of a triangle is
something other than 180 degrees.

Teaching implications:
Students’ knowledge of triangles and other geometric figures needs to

be taught through the use of a variety of concrete methods; for
example, scissors and paper folding (cut off the angles and lay them on
a straight line).

Example 13.
- . A‘o'.s Shoder 4han Dx so )
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! d, 1,08
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Misconception:

Students used a trigonometric or other unduly advanced approach
incorrectly to arrive at, or bluff, a solution.

Teaching implications:

Students need toapproach any problem with a multitude of strategies.
Ability to judge the reasonableness of a solution is very important.
More experience with a variety of methods is needed.

18
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. problem B students’ responses

Example 14.
4 B
Dp—_12 C.
. ' ! . X+24 412 418 = qp
/AN S S X+49 =90
-A . %4 'fs. xgql
\_ _/
Misconception:

Students bring in the “magic” number 90 when referring toangles, but
they used it this time for a perimeter.

Teaching Implications: ) .2 need to
Students need to understand the differences between area, perimeter, | una.. -*and the

and anglemeasurement, using investigations with manipulativesand | differences between
holding discussions in cooperative learning groups. area, perimeter, and
angle measurement.

Example 15.
(
o L o
lS/l '} 6‘2’1
ﬂ'% 2“ = ﬁp Y
.
Misconcepiion:

This student derived a correct relationship through the use of geomet-
rical knowledge; but having made false assumptions based on the
drawing, he failed to draw the correct conclusion.

Teaching implications:
Students must learn never to go by what something looks like. In- | Students must learn
stead, they should read the directions and stick to the point of the | yever to rely ona
problem. Students must stay focused on their goal and practice geometric figure’s
summari_ing the results of their calculations. Emphasizing the goal appearasce.

of each problem should assist these students in their solutions.

19
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. .. problem B students’ responses
Example 16.
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Students should not
use formulas in
isolation.

Students need to
understand rather
than guess at
answers.

Misconception:
Students thought that inserting available numbers into the formula for
the area of a circle would generate the correct result.

Teaching Implications:
Awareness of what makes sense in a given problem must be em-
phasized. Students should not be taught to use formulas in isolation.

Example 17.
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Misconception:

Students bluffed, giving the appearance of trying out something
sensible.

Teaching Implications:

Students often resort to senseless manipulation of data in order to try
to get an answer. They need more experience communicating their
understandir.g rather than guessing at answers.

20



. . . problem B summary of results

Summary of Results and Instructional Implications

Of the approximately 500 papers scored by the committee, fewer than
14 percent provided a response to Problem B that was more than
adequate. For the most part, the justifications written in Problem B
were slightly better than the “directions” written in Problem A;
however, the quality was still only marginally acceptable overall. Al-
though almost all students responded to one or more of these geomet-
ric problems, the directions to justify were often ignored, or students’
justifications minimally supported their assertions.

The committee suggests that stucdonts be given more learning time
with geometricrelationships that can bemeasured and those that must
besupported by theorems. Theability to communicate these relation-
ships effectively is crucial to many professions.

Students need opportunities to start at a concrete level and develop
formulas themselves. Beyond that, they need to work on situations
where many formulas might be used, and they have to choose the one
that is helpful.

Problem C

James knows that half of the students from his school are accepted at the public
university nearby. Also, half are accepted at the local private college. James thinks
that this adds up to 100 percent, so he will surely be accepted at one or the other
institution. Explain why James may be wrong. If possible, use a diagram in your
explanation.

General Expectations

An important aspect of mathematical power is the need to use logic
and diagrams to make sense of a situation and tc communicate this
reasoning. Diagrams are an effective analytical and communications
tool. Problem C assesses the ability to detect erroneous reasoning and
requires a clear and mathematically correct explanation of the faulty
reasoning. Specifically, the problem demands a recognition that
acceptances from the different institutions are not mutually exclusive.
The students’ responses should focus on the faulty reasoning involv-
ing James’s assumption of nonoverlapping sets. A variety of dia-
grams or explanations could be used to help clarify the situation; no
particular one was preferred.

Many students gave
minimal justifica-
tion, if any, for their
assertions.

Problem C assesses
the ability to detect
and explain faulty
reasoning.

21
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. . . problem C students’ responses

Types of figures
included Venn
diagrams, pictures,
comic strips, and
pie graphs or charts.

Strengths and Weaknesses in Students’ Responses

Of the students who succeeded in understanding and solving this
problem, all were able to make a statement to the effect that some
students may be accepted at both schools.

This type of response was judged to be adequate in showing a grasp
of the problem, but good responses included more complete explana-
tions with examples and/or counterexamples and diagrams that
clarified the reasoning. In fact, the variety of diagramming techniques
was very exciting and included Venn diagrams, picture diagrams,
keyed lists, comic strips, and pie graphs or charts. The diagrams used
by those who were successful in solving this problem indicate that at
least some students have had opportunities to create and analyze such
models in their mathematics instruction. Examples 18 through 22
illustrate good responses from students.

Example 18.
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. . . problem C students’ responses

Example 19.

4 N

Sovnt o0& e peaple aicioted vty Wave bren
L\c.c.eph'; d Yo e\v?'l-k ;g\-soo\ 5,

\ )
Example 20.
e ™

People acceptéd by +he pubh ¢ Yniversity @
People accepted iy botn —

People acecpted by +he private wilege @
People .10t accepted O _ T

James”® schoold acceptance

ovtcome /




... problem C students’ responses

Example 21.
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. . problem C students’ responses

Students whose responses were inadequate digressed from the prob-
lem, focusing on extraneous factors such as grades or graduation
requirements. Others simply were unable to make sense of the
problem and gave inappropriate answers or made misleading as-
sumptions. The committee members identified some of the common
misconceptions and made the suggestions appearing in “Teaching
Implications” to assist in classroom instruction.

Example 23.
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Misconception:

Stucents questioned the hypotheses of the problem, made inappropri-
ate assumptions, or did not correct James's reasoning.

Teaching Implications:
Students should be asked to distinguish among the given conditions | Students must

of a situation, hidden assumptions, and unjustified assumptions. | distinguish between
Students should articulate their reasoning in evaluating theirownand | given conditions
their peers’ reasoning. In addition to having students do formal | and unjustified
proofs, using theorems, teachers should provide frequent group dis- | assumptions.
cussion, writing, and drawing of diagrams.

Aruitoxt provided by Eic:
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. problem C students’ responses

4 Exammle 25.
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Students often | Misconception:
resorted to | Students often resorted to meaningless manipulation of symbols
meaningless symbol | when confronted with a new problem situation. This student unsuc-
manipulation. | cessfully attempted to produce an equation to represent the situation.
Developing | Teaching Implications:
strategies should be | Theemphasis in the classroom should be on discussing and develop-
emphasized. | ing appropriate strategies rather than on simply finding an answer.
Example 26.
4 A
- 3
) s
o
2
i .
| STUDENTS
" _J
26
< ';,‘

ERIC

Aruitoxt provided by Eic:



.. . problem C students’ responses

Example 27.
- [ N
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Misconception:
Students were unable to provide an appropriate diagram to enhance
their explanations.
Teaching Implications: Students should be

Students need more opportunities toread, interpret, and createcharts, | able to abstract
tables, diagrams, and graphs. They should be able to abstract mathe- | information froma
matical information from a situation and develop a model that | sitwation and
represents the information. develop a model.

Example 28.
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. . . problem C summary of results

Misconception:
Students used an invalid assumption that the number of students was

odd in attempting to prove that James’s inference was incorrect.
Students should be

taught to use such | Teaching Implications:
tools as Venn | Students should be taught the use of tools such as Venn diagrams in
diagrams. | order to identify false inferences in situations involving logic.

Summary of Results and Instructional Implications

Of the approximately 500 papers scored, only 20 percent of the
responses showed that students were able to explain, with or without
the help of diagrams, that an overlap can exist between the groups
admitted to the college and the university. Approximately 25 percent
of the students in the sample digressed from the point of the problem.
Another 40 percent were unable to interpret the situation sensibly and
gave inappropriate answers.

In summary, the sample of responses to this problem showed a great
need for an increase in experiences for all secondary students with
diagrams and graphs, nonroutine problems, and recognition and
interpretation of faulty reasoning.

Students need to | Althoughstudentsand teachers should become accustomed to accept-
distinguish between | ing and encouraging a variety of responses, we recommend that
important and | teachers help students focus on what the problem asks for. Students
extraneous | shouldidentifyimportantinformation and avoid using added consid-
information. | erations that are not relevant to solving the problem.

28
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. . . problem D general expectations

Problem D

Consider the following problems.

A. Marla has a job after school. Last week she worked 2 hours and earned $10.50.
How much did she earn per hour?

B. This week Marla worked 2 hours and earned $10.50 per hour. How much did
she earn this week?

C. Marla worked two jobs. She earned $5.25 on the first and $10.50 on the second.
How much did she earn altogether?

1. Which two problems are i nost similar and why?

2. Which two problems are most dissimilar and why?

General Expectations

One important problem-solving strategy is to relate a given problem
to a simpler or similar problem that can be solved or that has already
been solved. To use this technique effectively, one must be able to
identify those parts of the problems that are similar and to justify why
the given information, relationships, or outcomes are indeed similar
and which parts are dissimilar.

In Problem D it was expected that students would choose some | Students needed to
criterion or strategy that had mathematical significance and look for | choose a significant
patterns of similarities or differences against that criterion or strategy. | criterion as a basis
In fact, the question was written so that any pair of the three state- | for comparison.
ments could be treaied as most similar or dissimilar depending on the
criteria chosen.

Strengths and Weaknesses in Students’ Responses

Students whose responses were strong identified the mathematical
criteria and other criteria on which they based their judgments and
showed how their choices reflected these criteria. In addition, they
indicated why the nonselected problem in each case failed to meet the
criteria. However, noneof the students took the problem beyond what
specifically was asked for in order to describe how different criteria
would produce different answers.

The declining strength evident in responses of students between | Many students have
examples 2Y and 32 parallels the variation in their ability to think | difficulty in making
mathematically and express themselves in comparisons and contrasts | mathematical
involving complex mathematical criteria. comparisons.
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. .. problem D students’ responses

Example 29.
4 ™

Theo 4o prfle ~~s that are Mot s, lar are problem A and

pPeblem 8. Problem Cdoes net 1t inty Che Same Cafgory AS

the hrst twe . The Arst proble m chu&u,s ome o Livide the
total howrs by fay  ttal capned % faure cut an hourty
wage and e sccon problem Asked ibs sender to mul €0 ot y
the two Numbars bfind A WeC dly g e- The Se prbiens
Bre bih d‘“"'n, with hevely wages and both need

Lo be Figured wusing muliéiplication Since divig;on /s

J\-’St the in ve&rse funmcdiom of m“lhpiic‘;h'o”. Mu.ﬂvtr

pProbla o C deals cuith Add i bon .

The ftwo preblems that gre most d /sum 187 Are prebie o

A and priblem C. Ty ore really felated in mo wmy:
Problen B and O e relaied because they both asi
for an overall fotal And problems Aond B are velated
for the reasens discussed above. On the othes hand ,
Cfnd:nq an Hou/fy wage 6/ division and {iﬂlfﬂﬂ a

. {ofal earning by simple add-tion are todaily d.€ferent,
Ther. bore the tuwo Problc s that ure waost dissipmilar
are problemys A and C.

\. J

In this example the | Example 29 is a particularly strong response. A clear thinker and
student described | writer, the student compared and contrasted problems on several
both similarities | mathematically relevant features: hourly wage as a rate; multiplica-
and differences to | tion and division as inverse operations, in contrast to addition; and

justify the pairs | overall total contrasted with rate. In describing both similarities and
selected. | differences among problems, the student explained why the third
problem in each case was not selected.
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. .. problem D students’ responses

g'obkms A ard g ar mout .s,'n,,/a,: becavse
In both  Marle  worked Ahours on her Job.
Ia Fhe fint ﬂq) she €arned ‘:a.ro'w v w/y
need to divide by tw f'jmt Mr eantinge edach
hovr (’57:’) Aud in B she earm Epgo por
hwr) g you ora"" need 1 mu/ﬁ'lalr by fui
to calevlote her <arnings Phy week (’}/w)

Pfdbkmc /4 and C are most d,'ss;m;jﬂr, because

n B Macle worted Hwo hous ow the same jok

and yoo divide her carpings Per hoor (see qhore)

While iw O Mada worked fwo :)abs and you add

Hhe  earnings foge they ( 857;)

\- J

The student in Example 30 used a less important mathematical crite-
rion than that given for Example 29 (“worked two hours”) as the initial
criterion for similarity between problems A and B. Yet, this student
also strongly implied hourly wage rate as the major criterion for | In this example the
similarity. The student used two criteria for dissimilarity between | student applied the
problems A and C: two hours versus two jobs and division versus | chosen criteria

addition. However, the student did not acknowledge that the same | inconsistently,

rationale could be applied to dissimilarities between problems B and
C. In neither case, similarity or dissimilarity of the problems, did the
student mention reasons for excluding the nonselected problem.

Example 31.

~

A2 unau-‘-: A dere Mo ;ua({f/;/y 4 ‘4”.1({‘
a »wogneent 4, . mdily wa
gux, ] »7 lert (_(/ a ﬁ:
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.. . problem D students’ responses

The expianation in
this example is too
brief and awkward
to convey the
concept of rate.

Students need prac-
tice in justifying
their classification
criteria.

Inadequate
responses focused
on characteristics

not relevant to the
problem’s context.

Thestudentin Example 31 recognized the major criterion for similarity
between problems A and B, the concept of hourly wage rate. But the
student’s explanation is too brief and awkward to convey clearly the
conceptof rate or to ensure that the student himself understands it well
enough to use it.

Example 32.
4 Y

1. Which two probiems are most similar and why? ,
A+B  Beause Marla ms one (1) b in both , worked

the same numbew of Lwovrs
z.wmmmummmmmm

M-c.s Becasse Mala g i Hevent jows, ok Hevour
HAJ& .

\. _J

Finally, the student in Example 32 mentioned two minor points of
similarity (“one job, same number of hours” for each problem) be-
tween problems A and B, but he did not refer to rate or hourly wage as
the major criterion for similarity. The student’s oversimplified crite-
rion of “different jobs, different wages” for the dissimilarity between
A and C did not provide justification for the nonselection of B.

Teaching implications:

Examples 29 through 32 illustrate the range of students’ abilities re-
garding this kind of problem. The results show that students need
more opportunities to classify problems by multiple criteria. They
need practice in justifying their choice of criteria for classification,
demonstrating that the criteria are appropriate to the comparison or
contrast. In particular, students need more work looking for mathe-
matical concepts as a basis for classification rather than identifying only
isolated numbers that are similar or different.

Inadequate responses to Problem D focused on such characteristics as
the numbers in the problem, or Marla’s name appearing first in the
sentence, without regard to the context of the situation being de-
scribed. Those students who gave inadequate responses were not
classifying similarity and differences among problems A, B, and C as
complex situations. Instead, they were discussing only one or two
surface similarities or differences in the numbers or mathematical
termsstated in the problems. In some cases, they inferred information
that was not given.
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. problem D students’ responses

Example33.
/WJ?: ﬂ’l(\ v O a0 wilh A
Wl fMtD ,m uva ior)
at -} Lamlﬁas ;bm, ” h
?Sfo?%%‘u s VY f" e
Bse, Pddin Hﬂd iMetigivin
%0 :?{ 1 9 d#amJ edurrs,
\- Y,
Misconception:

In classifying the similarities or dissimilarities among problems, stu-
dents focused only on the criterion of what operationis used tofind the
solution. The student in Example 33 classified problems A and B as
similar because of the inverse operations of multiplication and divi-
sion taught concurrently in school. Students who classify problemson
vague and simplistic criteria are likely to make false inferences about
what problems require.

Teaching implications:

Classification of problems only by what operations are used seems to
reflect textbook organization of problemsets. (All problemsinasetare
solved using the same operations—only the numbers are changed.)
This arrangement seems to lead to student questions such as, “Do we
add or multiply to solve these problems?” Focusing on one technique
per problem set apparently produces the desire to use those operations
in all problems in a set, regardless of the information that is pertinent
in the problem.

Example 34.
(" 1. Which two problems are most similar and why? )
)() -BECavsE homorte L b e
Curn g P0U7T 40 made Sme
poneq
2. Which two probiems are most dissimliar and why?
T e b
__Jeme , J

Using vague or
simplistic criteria
often leads to false
inferences.
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.. . problem D students’ responses

Example 35.

1. Which two problems are most similar and why? Acl-(

Bufasusic uX &/:‘ksvb dnowu gr e itk dud J v

y
NT/2% R\ O W AU PRUR d.-.ﬁ_h.um& wagen .
Example 36.
C 1ais Bb.cy Oip.g h
L%J fa).00 ‘%ng

T pobums A% C Gramast g‘umior
ol W0 e YImg
OMOUN Y hour . y

\_

Misconception:

In examples 34, 35, and 36, students failed to recognize some of the re-
lationships involved in each problem. This failure usually involved
misinterpretation of the information requested.

Teaching Implications:

Students need more | Students jump to conclusions based on the use of similar numbers in
opportunities to | the opening sentences of the problems. Students need increased
identify and use | opportunities to identify the information given in the problem, its

given information. | purpose, and its use in solving the problem.

Example 37.
(4108052 2950 C 230 h
) ﬂ-f/oo NN
J ot e mist snilon 3
ﬁ% wMe 2 frden biths %‘ e caue y
| Example 38.
(

)0 e A and 2S5 cban o cave®
ﬁ a;yu.a{ / :2 in  pi0b emug. §5:5

\—
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.. . problem D summary of results

Misconception:
In examples 37 and 38, students focused on a single number as a basis
for declaring problems similar or dissimilar.

Teaching implications:

Making a variety of comparisons in problem situations is a useful
technique for resolving those situations. Identifying multiple criteria
for claiming similarity or dissimilarity can be helpful in developing an
understanding of problems.

Summary of Results and Instructional Implications

Of the approximately 500 papers scored for problem D, fewer than 20
percent of the responses were more than aciequate. Students who
wrote good responses compared problems in a variety of ways, using
mathematical rather than incidental criteria.

The responses as a whole indicated to the committee that many
students are aware of some of the characteristics by wnich problems
can be classified. Furthermore, some students can develop effective
arguments. In general, students looked for some kind of criteria for
establishing similarity and difference, although the criteria chosen
may have been surface features rather than mathematical features cf
the problem. A few of the better responses included an explanation of
why the criteria chosen were appropriate for classifying these types of
problems.

A majority of students simply classified the problems by the basic | A majority of
operaiion to be used in solving the problem, without giving any | students simply
additional explanation. Many students chose to compare these prob- | classified problems
lemson the basis of either surface characteristics orirrelevantassump- | by the arithmetic
tions, indicating a lack of experience with situations requiring them to | operations used to
analyze characteristics that different problems have in common. solve them,

Approximately 27 percent of the students chose to describe the differ-
ences because of the ways in which the probiems were stated. Another
15 mercent of the students attempted to justify their choices with
reasons that were based on superficial features; for example, compar-
ing numbers, wording, or more general aspects of the situation. | Superficial
Students who focused on superficial or irrelevant characteristics had | respunses indicate a
probably not had enough experience in classifying problems accord- | lack of experience in
ing to mathematical concepts. classification.
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. . . problem E general expectations

Students had to
draw a set of tele-
scoping squares and
observe the pattern
formed by the
sequence of areas.

The committee recommends that teachers give students more oppor-
tunities to classify problems by multiple criteria in order to encourage
students to look for mathematical differences or similarities rather than
incidental differences; that is, differences that are not significant
within the context of a mathematical situation.

Problem E

The juare shown below has sides of length 2 units. Connect the midpoints of the
sides of the square, in order, to form an inierior square. Repeat the same process to
make squares within squares.

(@) Draw the first five interior squares.

(b)  Write the sequence of numbers that
represent the areas of the first five

interior squares.

(©  What rule can be used to find the
areas of the nth interior square?

General Expectations

In Problem E, students had to follow directions to draw a figure
showing the telescoping of five interior squares. Then they had to
calculate the areas of the interior squares, organize the information so
that any pattern present could be observed, and conjecture about a
general rule that could govern the situation. Algebra II tex:books
frequently include problems similar to this one that challenge stu-
dents’ creativity.

Strengths and Weaknesses in Students’ Responses

e

The students who were able to translate correctly from the verbal
description to a geometric figure made drawings that were neat,
accurate, and complete, showing the telescoping of the five interior
squares. Students who drew the figure correctly and also calculated
the areas of the five interior squares generally appeared to use one of
three approaches:

* Theyused the Pythagorean theorem, found thelength of aside,
and then found the area.

* They counted squares and partial squares on the grid behind
the figure.
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. problem E students’ responses

* They used a “transformations solution” by folding the corners
of the larger squares inward to become the size of the next inner
square. This procedure was not demonstrated, of course, but
some students appeared to have visualized this process and
used it in their solution.

Students who conjectured about a general rule for the area of the nth
square used either an algebraic expression for the nth term of a
sequence or stated a recursion rule. The algebraic formula for using n
to find the area of the nth square was given in a variety of forms:

4 1
A,=22n A,= 57, An= 5n3 s etc.

The recursion formula was sometimes stated in words (“To find the
area of the nth square, divide the area of the previous square by 2”) or
as a formula:

Examples 39 and 40 illustrate strong responses from students who
completed all three steps of the problem: drawing the five telescoped
interior squares, computing the sequence of areas, and stating a
general rule.

Example 39.

_. 0 WMecanbeusedtoﬂndthemaofmen"’Msm? .

e Dmdc-_%ha _priviols artee by 3.
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. problem E students’ responses

The majority of
students were
unable to complete
step (a) of the
problem .

Example 40.

4 N
"] The squiire]shown below has sidos of length 2jun unita. Connect the MIdPoint3 of the sioes of
~T thesquare;jimordar,to-fomy ar) interior square;-Repeat-the same process 1 make, MT-
-«—w'uhlnm -+ - ;
o) e T , — 1

i A AL B A
. i | : ;
| { L
] \ ! R
N N
\J / ! : i
{ ] . a s
~-D Wﬂt&WTmuf- that esant-the of the tirst 11 -
3 " ] : °¢ numbers ; z‘w areas of 1 vemﬂ‘!g_sqmres.!
I Qﬁﬁ ‘1 ’= ' ‘
2"? X % EN }L i 1
KE-TV S Y | D
f!_g : /3 = lA.{ | -
S i ' Xzl [ ‘
r
RN
¢)_What nsle can be used 10 find the area of tho n™ nter are? L
7 | mﬂ RN EEERN
=1 nl= mgwm AL,
n'_’ U : .
a[ a‘r i 15"1‘4‘ i ‘»ﬁk'tf"li !* : ?@ 3
\_ J
Misconception:

Themajority of students were unable to complete successfully step (a)
of the problem, “draw thefirst five interior squares.” One-fifth leftthe
paper entirely blank. Many others either misunderstood the terms
used in the question such as midpoint, square, interior, connect, five, and
in order; or they could not assemble them into a coherent whole so as
to translate a set of verbal instructions into an appropriate geometric
figure. Example 41 shows three students” attempts:

Example 41.

g - A

N
M |
g s

A

- dead
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. . . problem E students’ responses

Misconception:

Many students ignored instructions to connect midpoints and simply
drew the squares anywhere in the interior of the original square. The
most common error was to connect opposite rather than consecutive
midpoints. Example 42 portrays the drawings of a number of these
students:

Example 42.
( A ] 14 ) i N
. il i WO H fp:,:?"
i Y vy h
TR TR O S ﬂdq; vou
! ] : ] 1 | L 4%
- - 2 [EHT
A IR B IR B
] L3
i ! Ju I .'.._‘__'_._ —
I;i .._..._.. —_ )
N o N P BEUPUN -
1 1 172} ; T 2
LI J AR M Bt & ~
R I S . - hd
R 1 ‘ 1 5
Teaching impiications:

Although students have been given opportunities to translate from
verbal situations to equations and arithmetic algorithms, they have
not had enough experience in proceeding from verbal instructions to
geometric figures. They need practice in using geometrical terms and

then putting them together in a coherent whole.
Example 43.
4 — — A
PRy
! 728
PR v
\_ J
Misconception:

Students took into accountonly part of the specifications for the figure.

Teaching implications:

Readingin mathematicsis a skill that should beemphasized. Students
should list data, select relevant parts, and ensure that all restrictions
are applied.

Students have not
had enough
experience in pro-
ceeding from verbal
instructions to
geometric figures.
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.. . problem E students’ responses

Students who successfully drew the first five interior squaces fre-
quently had difficulty with step (b) of the problem, “Write the
sequence of numbers that represent the areas of the first five interjor
squares.”

Many students began computing the sequence of areas by assuming
the arza of the first interior square to be other than two square units.
Many were apparently distracted by the grid behind the figure and
gave the area of the first interior square to be either 64 or 32. Some
students assigned larger dimensions to smaller squares. Example 44
shows erroneous sequences given by eight different students.

Example 44.

Student Student Student Student Student Student Student Student
One Iwo  Three  Four Five Six Seven  Eight

256 1 1 2 3 2 5 n
144 2 1 1172 16 4 4 n+1
64 3 1/4 1 26 8 3 n+2
.16 4 1/4 1/2 64 11 2 n+3
0 5 1/2 0 1 n+5
Misconception:

Many students were confused about relati /e sizes, with dimensions
either increasing or remaining the same as the sizes of the squares
receded in theinterior. Many of the students who completed steps (a)
and (b) of the problem nevertheless were unable to completestep (c),
generalizing to a rule that could be used to find the area of the nth
interior square.

Students need to | Teaching implications:
check to see whether | Studentsneed tobeinvolved in solvingrealistic problems with reason-
answers are | able answers.

reasonable.
Example 45.
[ 2
X";/B y'}é 'X’}@ -y:‘/@
/. "qm"al 0=
2.%!#?1411 ‘:’9’\ K:}é yfth -X:V? -y-,yq
" JL:’/ ,
ﬁ'%m‘ ;;a"-’/%{ tr"'yZ')/:Vl ")("/é-yi'yz
5. % Lw,dz %n:!/sa ¥ 2 ' Y:, _x:/ _y? /
X< e y:? -X:=2 -y‘:z
~ y
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. problem E students’ responses

Rarely did the students make a chart, a problem-solving strategy that
is taught as early as the primary grades; this approach seemed to have
been abandoned by these twelfth graders. Those students who did | Students who made
make a chart were generally successful in generalizing to a rule. In | a chart were
Example 45 the student whose response is on the left used a chart to | generally successful.
proceed from the number of thesquare, 1, to the area of the nth square.
However, the student whose work is on the right was unsuccessful;
but he probably would have been able to find the pattern had he
numbered the areas that he computed for the interior squares.

Example 46.
4 N

Mmmdmwwpma wwmm

A e T A T

gmmmuwwmm”amnﬁmm

(G\ya ﬂ(b*&:ﬁ(—..
. _/
Example 47.
~ )
mmmamwmmummmmm
_*4“12"] /ﬁ ﬂ;f'['b,___..*.*«}o T

0 mmmnu»mmmqmn-mm

- -

" Find, mudporit of offer /difm*f#ums

J

Misconception:
Students failed to observe patterns in the relationship between the
number of the square and the area of the square.

Teaching Implications:
Relationships between the elements of a function should be taught on
all grade levels and in all levels of classes.
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. problem E students’ responses

Knowing students’
thinking processes
can help teachers to
guide students
toward forming
generalizations.

Example 48.

£ oen of ad /m‘:r/u s ’yy’-m "(
¥ 0 Y2 e of m*cto/ 5y
oae ' 3ed t "o ," ~ta .‘ faderior _"'
O T “=‘im43u H o
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5 O * aua *{ .. ,:; interier S’nateli
ho Yo)golholo
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Misconception:
Some students set up a sequence correctly, but they generalized to an
inappropriate rule.

Teaching Implications:

In carefully examining students’ work, teachers can ascertain the
variety of ways in which students attempt to solve problems. Knowl-
edge of students’ thinking processes enables teachers to guide stu-
dents to make generalizations from appropriate mathematical rules.
The examples above suggest that students need repeated instruction
on relationships between the elements of a function.

Summary of Results an+] Instructional Implications

Only a tiny percentage: of students completed the problem correctly.
More than 20 percent of the students were unable to make any
connection between the verbal statement and a figure, leaving the
paper entirely blank. Forty-three percentof the students in the sample
gave a figure that showed some misconception about the directions.

Of the 37 percent who drew the figure correctly, only about 20 percent
(or 7 percent of the entire student sample) were successful in comput-
ing the sequence of areas for the five interior squares.

Of the students who found the correct sequence of areas, or a plausible
sequence that was partly correct, about 10 percent stated an appropri-
ate rule for their data. Approximately 3 percent of this sample were
able to conclude that the area of each successive square was half that

- of the preceding square. About half of these students were able to

write either a general rule or a recursion formula for the sequence.
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. . . problem E summary of results

Students’ descriptions and diagrams of their work revealed a series of
ways they went astray: only 1.5 percent successfully completed the
entire problem. Major implications for instruction are fourfold. First,
students need experience translating verbal instructions into geomet-
ric figures, experimenting until thetwo correspond. Second, they need
practice making charts of the mathematical patterns they discover so
that they can generalize to a mathematical rule. Third, they needto | Relationships
highlight the relationships between elements of functions, in this case, | between elements of
between the sequence number of the interior square and its area. | functions need to ve
Finally, students should go by the information given in the problem | highlighted.

and nct be misled by the squares on the graph paper. The units of
measurement specified in the problem are what is important.
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Part 111

Scoring Students’ Respoatses to
Open-ended Questions in Mathematics

Part III contains a discussion of the CAP advisory committee’s reasons
and procedures for dev: -oping the scoring rubrics used in the open-
ended questions. As a help to persons interested in developing their
own rubrics, suggested procedures are given. Scoring rubrics foreach
of the problems, A through E, and a generalized rubric also appear.

Development of Scoring Rubrics

Open-ended mathematics questions are intended to provide evidence
of the student’s:

* Understanding of mathematics
* Use of mathematical knowledge

» Ability to communicate about mathematics

Development of scoring rubrics should reflect these aspects. In
addition, the forms of mathematical thinking required to solve a given
problem should be considered. For example, solving an applied
measurement question may requirea strategy different from thatused
in attacking a question on probability and statistics. A scoring rubric
should describe the strategies students can use to solve a problem as
well as the expectations for students’ understanding, use, and commu-
nication of mathematical concepts.

| The CAP advisory committee decided to develop and use individual
rubrics toscore each of the questionsrather than to have asingle rubric
that would apply for all questions. This need emerged from the
concern thut a single generalized rubric would mask the particular
mathematical outcomes that could be exemplified through a custom-
ized rubric. The following method was used to develop therubrics for
problems A through E administered in 1987-88.

44

rv
>

Full Tt Provided by ERIC.

ERIC



. . . development of scoring rubrics

First, the committee members looked at each question (without look-
ing at students’ papers) and discussed desirable responses for each
question. Next, a large sample of papers for each question was read
holistically and classified in one of the six categories ranked from 1 to
6, 1being thelowest and 6 the highest rank. The committee members
then described the characteristics of papers falling into each of the six
categories. These descriptions were again discussed by committee
members tp clarify criteria for papers falling into each category. This
process was refined during several committee meetings.

The committee also develorad a generalized rubric that could be
applied to all the questions, the purpose of which was to establish
consistency across questions and over a span of years. The committee
members sirongly believe that the generalized rubric should not be
used by itself for scoring; however, this rubric can be a helpful guide
to develop specific rubrics for open-ended questions.

The committee members also discussed the scores (1 thuough 6) in
relation to coinpetency in mathematics. The following description
shows that relationship:

Competency Levels Rating/Score
Demonstrated Competence
Exemplary 6
Competent 5
Satisfactory
Minor flaws 4
Serious flaws 3
Inadequate
Begins, but not completed 2
Unable to begin 1 |
|
(No attempt) 0 }
|
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. . . developing your own rubrics

Procedure for Developing Your Own Rubrics

You are welcome to use the open-ended items printed in this report or
other items to develop your own rubrics. Here is a suggested proce-
dure:

Pk

Have your students work the open-ended problem.

2. Have your faculty colleagues in mathematics do the same
problem.

3. Discuss the problem as a faculty group and try to sort the
students’ papers into six groups, with six being the highest
rank and one the lowest.

4. Discuss the characteristics of the responses and articulate a

rubric for an exemplary rating (six) response.

Articulate rubrics for the other categories.

Take a second look at the students’ papers and, based on

your rubrics, regroup them as needed.

AR

1987-88 Individual Scoring Rubrics for Problems A Through E

The following pages give scoring rubrics for problems A through E
administered in 1987-88. A generalized rubric is given at the end of
these rubrics, followed by ten marked illustrative papers. Although
no rubric is provided for the five 1988-89 open-ended questions, ten
marked illustrative papers are provided for that year. Teachers are
encouraged to develop their own rubrics for these questions. Prelimi-
nary rubrics for 1988-89 can be obtained from the CAP office on
request. The address is California Assessment Program, California
State Department of Education, P.O. Box 944272, Sacramento, CA
94244-2720; telephone (916) 322-2200.
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. . . problem A scoring rubric

ﬂ

Scoring Rubric for Problem A

A correct response to Problem A requires that the studeat be capable of giving
directions to a peer for reproducing two geometric figures; one, a right triangle; the
second, a nonstandard figure. Scorers look for coherent, unambiguous descriptions
that make effective use of proper mathematical terminology. To obtain the highest
score, students must communicate correct lengths and orientation. Coordinate geo-
metry may be used; the students should then give the order in which points are joined.

Demonstrated Competence

ints: Thestudent, using mathematical ideas, effectively givesa coherentdescription
that would result in the reproduction of a correct figure with respect to side
length and orientation. If coordinates are used for Part b, the directions for
connecting them must be unambiguous. The instructions can be interpreted

easily.
For 5 points: The student gives a coherent description, but there is some minor omission.
Satisfactory Response
For 4 points: The student gives a coherent description, but there is some major omission that
would result in figures drawn with errors such as incorrect lengths or orienta-
tion.
For 3 points: Adequate descriptions using some mathernatical terminology are given, but

there are some misdirections, such as failure to describe diagonal segments or
failure to direct the student receiving the description to connect parts of the

diagram.
Inadequate Response

For 2 points: Inadequate descriptions for drawing the figures arc given. While the student
uses some mathematical terminology, there are serious omissions or misdirec-
tions.

For 1 point: The descriptions of each figure show misuse or minimal use of mathematical
ideas.

Off Track: The student leaves a blank page or writes: “I don’t know.”

Remark: Location of the figures on the paper (top, bottom, or middle) was considered to

be a minorissue.
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. . . problem B scoring rubric

(

Scoring Rubric for Problem B

The student must detect errors, or lack thereof, in three geometric figures: a triangle
whose angle measures do not add up to 180, a trapezoid, and a circle with a chord
longer than twice theradius (i.e., longer than thediameter). Toobtain the highestscore,
students must specifically statethat thereis noerrorin the second figure, and they must
use good reasoning based on geometric principles in identifying the errors in figures

Jand III.
Demonstrated Competence
6 point Figures I and I1I are found incorrect, and good explanations are given, with
evidence of high-level thinking in the application of geometric principles. A
statement for Figure Il indicates that the figure is valid.

For 5 points: Both figuresland Iil are marked as incorrect, and good explanations are given.

No findings are given for Figure II.
Satisfactory Response
r 4 points: Either Figure or Figure Il is marked as i:icorrect, but the student uses a level
of thinking in the explanation that is higher than that in an answer awarded 3
points.

For 3 points: Either Figure I or Figure 11l is marked as incorrect, and an explanation invol-
ving geometric principles is given (e.g., the sum of the measures of the angles
in a triangle must be 180 degrees; a chord of a circle cannot be longer than the
diameter).

Inadequate Response

For 2 points: Only one of the three findings is correct.

For 1 point: The response indicates some thinking relevant to the task, but none of the
student’s findings is correct.

Off Track: No relevant response is given, or the page is left blank.

\—
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. . . problem C scoring rubric

(
For 6 points:

r in
For ints:
For nts:
For 2 points:
r 1 t:

Off Track

Scori:ig Rubric for Problem C

Students are given an example of a logic problem that involves college acceptance. The
student must give a clear and mathematically correct explanation of the faulty
reasoning involving the assumption of nonoverlapping sets in the problem. For the
highest score, responses must be complete, contain examples and /or counterexamples
of overlapping sets, or have elegantly expressed mathematics. A diagram is expected.

Demonstrated Competence

The response is exemplary. 1t goes beyond the criteria for 5 points. For
example, the response may include:

* Example(s) and/or counterexample(s)

e Mathematics expressed elegantly
¢ Anexplanation that is complete

The response is correct and the explanation is clear. It may be expressed in
words, with a diagram, or both.

Satisfactory Response
The response is generally correct, but the explanation lacks clarity.

The response indicates a partial solution (e.g., the same 50 percent are accepted
by both colleges); or the response indicates that the student may understand the
solution but the explanation is incoherent.

Inadequate Response

The response is incorrect, but it shows evidence of mathematical reasoning. A
mathematical explanation is developed. However, the explanation does not
address the crux of the problem or the essence of the solution. The paper may
include a mathematical misconception.

The response is incorrect. It is not a sensible mathematical solution of the
problem. The justification may use irrelevant arguments, such as:

Whether a student is qualified for college
Where a student attends college

Whether a student desires to attend college
Whether a student has applied to college

The student leaves a blank page or writes: “I don’t know.”

\
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. problem D scoring rubric

(

Scoring Rubric for Problem D

Caution: The scorer must recognize that different parts of a student’s response may
beaccorded different scores. In these cases the scorer must assign a score reflecting the
average quality of the total response.

Students are asked to identify and describe the most similar and the most dissimilar
pairs from a set of three problem situations. They must identify the mathematical
criteria—for example, functions, givens, or goals—on which theirjudgmentsarebased
and show how their choices reflect these criteria. For the highest scores, responses
showing students’ criteria for classifying problems as most similar or most dissimilar
must reflect high-level mathematical thinking. The student must observe and give
examples of how different criteria would produce different answers. In addition, the
student must show why the problem not selected as most similar or most dissimilar
fails to meet the criteria for classification.

ns Com nee

For 6 points: The student observes that the answer to the question will vary according to
different mathematical dimensions. He or she gives examples of how the
answer might vary. The dimensions used mightinclude functions, givens, and
goals. If thestudent chooses to argue that one pairismore similar to or different
from another according to a set of criteria, he or she supports theargument by
showing why the nonselected pair is inferior according to the dimensions
chosen.

For 5 points: The student identifies the dimensions used to establish the degree of similarity
or difference, referring to these dimensions in the examples. Some of the di-
mensions will .epresent higher-level mathematical thinking. To receive 5
points, the student must support the argument by showing why the nonse-
lected pair is inferior according to the dimensions chosen.

tisfacto espon

For 4 points: The student ‘dentifies the dimensions used to establish the degree of similarity
or difference, referring to the example to illustrate the dimensions he or she
selects. The dimensions may not represent as high a level of thinking as that of
students who receive5 points. The student who receives4 points may not refer
toas many dimensions as those swho receive 5 points. Thestudent will usually
fail to support his or her argument by showing why the nonselected pair is
inferior according to the dimensions chosen.
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. . . problem D scoring rubric

For 3 points:

For 2 points:

For 1 point:

Off Track:

The student uses some of the components that earn 4 points but fails to give
evidence of higher-level mathematical thinking. Although the student gener-
ally includes more than one dimension to support the argument, the dimen-
sions still tend to be superficial. The argument may contain minor inaccurate
statements.

Ina R

The student does not identify more than one mathematical dimension of
similarity or dissimilarity. This dimension tends to be superficial. The
argument may contain inaccurate statements.

The student attempts to answer the questions but makes major errors. Atbest,
one trivial piece of evidence, such as the appearance of the same constants in
two of the problems, is given to prove similarity.

Thestudent leaves a blank page or is off topic; no attempt is made to answer the
questions.

\
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.. . problem E scoring rubric

-

Scoring Rubric for Problem E

Students must follow instructions to draw correctly a sequence of interior squares
based on midpoints of sides of previously drawn squares. They must then calculate
areas of interior squares and finally generalize to write a rule for the area of the nth
interior square. To receive the highest score, students must complete all three parts of
the problem correctly. The rule may be a formula equivalent to 1/2* or it may be
recursive, in which case the area of the initial square must be stated.

For 4 points:

For 3 points:

For 2 points:

For 1 point:

Off Track:

Demonstrated Competence

Everything is correct, including the picture (five interior squares), the scale, the
sequence of areas, and the rule. The rule may be a formula (equivalent to
1/2*?) or recursive, equivalentto A =2, and A_, =A /2. Note: The rule
“1/2 previous area” without the initial area is notf adequate.

There is a correct drawing and a correct sequence of areas (e.g,, 2,1,1/2,1/4,
1/8) but not a rule.

Or, there isa correct drawing, a correct sequence, and a correct rule except for
scale.

Or, there isa modified drawing (not trivial), a consistent sequence to scale, and
a consistent rule.

tisf Res

There is a correct drawing for Part a; for Part b, a correct sequence of areas
except for the scale derived from mislabeling the original square (e.g., 32, 16,8,
4, 2); Part ¢ is not attempted.

Or, the problem is modified; but it is nonirivial, and a consistent sequence of
areas and a rule (Part c) are given. The scale may still be incorrect.

A correct drawing shows five interior squares; no other correct information is
presented.

Or, the problem is altered by a modification of the drawing, producing a trivial
problem; a correct solution for Part b is given in accord with the modification.

" “dequate Response

The drawing shows the midpoints of the original square or of subsequent
squares, but midpoints are not connected in order. There is no other correct
information presented.

Some attemp! is made at a solution, but no indication is given of an under-
standing of midpoints,

The student leaves a blank page or writes: “1 don’t know.”

Remark: Misinformation in one part does not reduce points earned in other parts.
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. . . generalized rubric

Generalized Rubric

Demonstrated Competence

Exemplary Response ... Rating = 6

Gives a complete response with a clear, coherent, unambiguous, and elegant explanation;
includes a clear and simplified diagram; communicates effectively to the identified audience;
shows understanding of the open-ended problem’s mathematical ideas and processes; identi-
fies all the important elements of the problem; may include examples and counterexamples;
presents strong supporting arguments.

Competent Response .. . Rating = 5

Gives a fairly complete response with reasonably clear explanations; may include an appropri-
ate diagram; communicates effectively to the identified audience; shows understanding of the
problem’s mathematical ideas and processes; identifies the most important elements of the

problems; presents solid supporting arguments.
Satisfactory Response

Minor Flaws But Satisfactory .. . Rating = 4
Completes the problemsatisfactorily, but the explanation may bemuddled; argumentation may

be incomplete; diagram may be inappropriate or unclear; understands the underlying mathe-
matical ideas ; uses mathematical ideas effectively.

18 Ylaws y... Rating= 3

Begins the ptoblem appropriate!y but may fail to complete or may omit significant parts of the
problem; may fail to show full understanding of mathematical ideas and processes; may make
major computational errors; may misuse or fail to use mathematical terms; response may reflect
an inappropriate strategy for solving the problem.

Beg ‘ : Rating = 2
F_xplanauon is not understandable, dxagram may be unclear; shows no understanding of the
problem situation; may make major computational errors.

Unable to Begin Effectively...Rating =1

Words do not reflect the problem; drawings misrepresent the problem situation; copies parts of
the problem but without attempting a solution; fails to indicate which information is appropri-
ate to problem.

No Attempt... Rating =0

~
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Part IV

Additional Responses and Problems

PartIV contains 20 scored students’ responses: two each for the ten problems given in 1987 and
1988. Scores appear at the top of each page. The report concludes with a setof nine open-ended
problems that have not been been tested. Teachers may wish to try some of these problems in
class and develop scoring rubrics for them.

Sample Scored 1987 Responses
4 N
- Survey of Academic Skills
Californla &J Assessment Program score e
OPEN-ENDED MATHEMATICS QUESTION(S) A

imagine you are talking to a student in your class on the telephone and want the student to
draw some figures. The other studant cannot see the figures. Write a set of directions so
that the other student can draw the figures exactly as shown below.

) Frem a <lart Fu}m‘ (A)drew/
a llne & Wni?% ‘o dhe Eagr
Q)Frevn stard; Fo:‘wf‘ A draw a
h line 4 umT¥s to the MNart
2 onnect #eend/a"n@ of
+he Yun {/'ﬂ&

2 ) From tarting polnk (B), drow

A I"V\C 2R uni¥ts va +he Eaef

2) Fied a poat 2 unife zcauth
and | unif east of your lact
Iines end point and oraw a line
cevw\ec-‘“w/ +hese infs

3) F.'f\e‘ o0 P;-.‘n\*} ? MM-"‘S =~ ‘\ .."H\G‘ ] Ms'+
west, Covmect Jhis widh your laest

rTwy,

8)

I

‘{) Frrim youir L fe,s.ev’( [lwea
Mdpo!')\‘(-, J.au/a l"ﬂe P Ut S
4o <“lbe wead
C) Frem here ,Jl‘a«/ A /:’ne 2. wn,fs
Nerth amd |2 umts Eaet
ga’rcuwf lue ’2+'/7_ i“H'&.}.L‘:/:ﬁd.
'} Conn 4his lge e 1
startiyg point B PO V! y
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. 1987 problem A

-

Wﬂm& Assessment Program score = o Survey of Academic Skills

OPEN-ENDED MATHEMATICS QUESTION(S) A

N

Name

Instructions: Use this sheet to answer the questions. Show as much of your work as possible. (In
some cases, there may be more than one solution.) me the reverse side of this sheet if needed.

B "_"-“"'ﬁu"ui" i maM‘Tﬁﬁ&{m’““ ”“Mmmmww

"L . : - ,,,.; - e rmmcemde o mdme is o ama ._.v__.* - —— -, . .
- @) - _....___.él'.‘fﬂ.mﬂw 3 per and Araw
. . ._-.a.,ﬁ'"" ‘f 7 1% down 4 59%1':*

s}!& h:‘i Iy acvous Lawm
_ # al O« 14000
| acho35’) Now from ot
4wo. ?pfrb Hrow  a 5‘}1&':’314‘?'

. Mh3 At o

-

ov.. T .‘,}CWN\A ong an the _
b) wtam mf{’ f De ®ame  araph
Zf)’ dray. A Ime acrods —quantS.

e a ime down Z ond o 7935 |

ofdw’ —haw 43 Araw e

ké a Houst , Mow ’ﬁ\g
ods duv a 5'+
jy across —b /ﬁ« :"1':)
U ds VOw w' Wl
zb‘] oxt o A le/lf —+v L’“‘
.5"- 3quort - /Vaw droew a
Aer0S% D aqus,-—hi The v k‘t’
oo conneet e 2 maTHun:
Mb —“dvaetie, The veouHs
o D

[4
ij Ieﬂ st:lfm gw}mn ﬁﬂ'ﬂ
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... 1987 problem B

- N\
- Survey of Academic Skills
Californla & Assessment Program score O
OPEN-ENDED MATHEMATICS QUESTION(S) B
Name

instructions: Use this sheet to answer the que<tions. Show as much of your work as possible. (in
some cases, there may be more than one solution.) Use the reverss sids of this shest if needed.

Look at thess piane figures, some of which are not drawn to scale. investigate what might
be wrong (if anything) with the given information. Briefly write your findings and justify
your ideas on the basis of geometric principles.

L (of . &L m\ﬁ Q-'m
V\m u tis\s;?
ﬁ\ﬂ»&)\\h} & u to NIRC

. D 12 c Nt R W™\,
/ >
A > B
M. .
7 ha TR N Dol

ot3em J, . o\OAL \Llu.\ P
PR ANISL w\%m would M%
YRICO VL TS L o N

5 Lol B woadsix m&j
VA v LD 0‘&9..“.\&. .
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... 1987 probiem B

(" .
” score e e Survey of Academic Skills
OPEN-ENDED MATHEMATICS QUESTION(S) B
Name
instructions: Use this sheet to answer the questions. Show as much of your work as possible. (In
some cases, there may be more than one solution.) Use the reverse side of this sheet if needed.
Look at these piane figures, some of which are not drawn to scale. investigate what might
be wrong (if anything) with the given information. Briefly write your findings and justify
your ideas on the basis of geometric principles.
L c B
The swnm of 4hc
a0 Zhdrgc angics esflauld
A ad W o 180
Sg ms*ca_cfoﬁ )70°
CLE
H. D 12 c
B/ |5 5 No+thing 1S Wy oi
A , excep¥ +hat +he Ggwc
) 2 IS not dyvawn 10
24 scalic.
Rs+ x22)3% =5
144 Fx°= 19
TIN5 XES
M. C
A >
34 o No+bm<3 WY O
with e AZurve
\ J
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... 1987 problem C

4 N
- Survey of Academic Skills
wm&mmmm score = 9 C
OPEN-ENDED MATHEMATICS QUESTION(S)
Name,
Instructions: Use this sheet 1o answer the questions. Show as much of your work as possible. (In
some cases, there may be more than one solution.) Use the reverse side of this sieet if needed.
James knows that haif of the students from his school are accepted at the public university
nearby. Also, haif are accepted at the local private coliege. James thinks that this adds up
to 100%, 0 he will surely be accepted at one or the other institution. Explain why James
may be wrong. if possibis, use a diagram in your explanation.
let us sUuppose thst 4here e AO@ sfude. {s
a3} Jomes' school. Plio, (et us svppose +had
3\\ QPP\iv.d +e 'LJO‘H": cc lhoeals.
Then s
Pr'w;*e Co“gge PULliC L)v\fvtrs:“)/
SO S
\how eve g
Provate C&UCSE Pu\o{?c Uﬂl/fr§?+y
\to&c.ause -\’\r\ere_ 1S NO e OL k f.ww'ns
L)Ouo Vnény —5+udeh‘}5 werng «&Ce '436 to (ﬂolh
5(',\\00‘5’ '\ 15 .\V‘l(osﬂbk” +o E& ‘(ef“f'e:'n
thsy Sé"_ﬂcl 2ods dcePled 1o eifler olC.
wow, 'gL 4 hat N uv be ~ 9s 2er, e Javnes
va . dccepted 4o one of the selnoly,
\_ J
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... 1987 problem C

r )

— Survey of Academic Skills
corsP eirm 3501 =0 .
OPEN-ENDED MATHEMATICS QUESTION(S)

Name

Instructions: Use this sheet 10 answer the questions. Show as much of your work as possible. (In
some cases, there may be more than one solution.) Use the reverse side of this sheet if needed.

James knows that haif of the students from his school are accepted at the public university
nearby. Also, half are accepted at the local private college. James thinks that this adds up
to 100%, 80 he will surely be accepted at one or the other Institution. Explain why James
may be wrong. if possibig, use a diagram In your expilanation,

Qantes moyy Be coreny oot Q
‘ol wké‘\-n..kcuz 12 Qk OM—M'\J( . M-& n’La(.‘r LR
many onldn L s .n.‘avé.zd btda p/wvav&
eetllape,
S M_O_{ £he stheonl 1a Wﬂf’( t© Chs
potrlic wiimenticty | buk part of Hhast
hal{ counle also be incbuolesl in Hhe M{
that o=t occeprac! hthe f/wv@ﬂ c.ar'fCeg,e,
%W QLoURd, e
_— S

EAGTEE
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... 1987 problem D

OPEN-ENDED MATHEMATICS QUESTION(S)

(
— Survey of Academic Skills
California ~7” Assessment Program score e

D

Name.

instructions: Use this sheet to answer the questions. Show as much of your work as possible. (In
some cases, there may be more tha~. one solution.) Use the reverse side of this sheet if needed.

Consider the following problems.

A. Maria has a job after school. Last week she worked 2 hours and eamed $10.60.
How much did she earmn per hour?

B. This week Maria worked 2 hours and eamed $10.50 per hoiwr.
How much did she earn this woek?

C. Maria worked two jobs. fhe eamed $5.25 on the first and $10.60 on the secomu.
How much did she eam altogather?
1. Which two problems are most similar and why?

4 E R
LT are OV\C\;oJo Lor Us'wﬁ e same wumbers.

A 1070 + R

B 1050 x X

1 ¢
rrrraey#S represe ts
mom;v Fime ( l\wrﬂ

2. Which two problems are most dissimilar and why?

RB¢C

B ;s one Job
C is +we Jobs
Bis £10.55 per hovr
C is /050 per ove rab
15 f/oso per Wefi
C does nst vse Fime avall,
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.. 1987 problem D
( -
Californla & Assessment Program score = o Survey of Academic Skills )
OPEN-ENDED MATHEMATICS QUESTION(S) D

Name

Instructions: Use this sheet to answer the questions. Show as much of your work as possible /'
some cases, there may be more than one solution.) Use the reverse side of this shest if nseded.

Consider the foliowing problems.

A. Maria has a job after school. Last week she worked 2 hours and samed $10.50.
How much did she eam per hour?

/15SC
ammmmzmmwumwm .
How much did she eam this week? A @

C. Maria worked two jobs. She eamed $5.26 on the first and $10.50 on the second.
How much did she eam aitogether? a o

1. Which two problems are most similar and why?
%&%W%W
Cwimpe: 1939 93¢ 2 % b7 eagm' m/ﬁf

2100 /{’75'

2. Which two problems are most dissimilar and why?

A mydt
‘th Mdzhﬁwm

oy, #Mw dm ks ot A

s
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. 1987 problem E

(

cammuaa’ Assessment Program score = G

N

Survey of Academic Skills

OPEN-ENDED MATHEMATICS QUESTION(S) E

Name.

Instructions: Use this sheet to answer the questions. Show as much of your work as possible. (In
some cases, there may be more than one solution.) Use the reverse side of this sheet if needed.

The square shown beiow has sides of length 2 units. Connect the midpoints of the sides of
the square, In order, to form an interior squars. Repeat the same process to make squares

within squares.

a) Draw the first five interior squares.

¢) What rule can be used to find the area of the n*" interior square?

OMOB\V\:: %C&u@.a\w—l>

oc
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.. . 1987 problem

E

(

Californla & Assessment Program

score = e Survey of Academic Skill
OPEN-ENDED MATHEMATICS QUESTION(S) E

Name

Instructions: Use this sheet to answer the questions. Show as much of your work as possible. (In
some cases, there may be more than one solution.) Use the reverse side of this sheet if needed.

within squares.

The square shown below has sides of length 2 units. Connect the midpoints of the sides of
the square, In order, to form an interior square. Repeat the same process to make squares

a) Draw the first five interior equares.

¢) What rule can be used to find the area of the n'" interlor square?

ac =

ze = A

A O; "H\E. n'”" inderior 57uar¢.
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... 1988 problem A
Sample Scored 1988 Responses
Bt i e s R
- California § Assessment score = @)
Program
1688-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Name sox Eoonale  pogorpnn Y92
School District

instructions: Use this sheet to answer the questions. Showesmuchofyouworkasposeible {In some cases,
there may be more than one solution,) Uss the reverse side of this sheet if needed.

The origin, O, and point A on this graph
represent opposite vertices of a rectangle
whose area is 24 square inches. | 9

A(g 6)

a) List one set of ible coordinates of
oA 4§

b) Keep one vertex at the origin and the
opposite vertex in the first quadrant,
Mark and label the coordinates of at
least two more points that could be
opposite vertices of rectang!

oo 2scr s Expan (6:‘*)(1 a‘OcM (3, 8X¢,3
.ma. ) (s )

1
?
i
1
I
!
i
1
i
1
i
]

¢) Hcw many other points in this quadrant would give you rectangies with an
area of 24 square inches if O is e vertex and the points are opposite
.vemoes of these rectangies? Explain your reasoning.
/ ®
LML ALV AN - . A : Soaav. " L AT - -
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... 1988 problem A
A
Callfom:ogmwm scCore = 6 Survey of Academic Skills
1888-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Name sox —M Date of Birth —lﬁﬁl——
School District

Instructions: Use this sheet to answer the guestions. Show as much of your work as possible. (In some cases,
there may be more than one solution.) Use the reverse side of this sheet if needed.

The origin, O, and point A on this graph

represent opposite vertices of a rectangle &
whose area is 24 squareinches. @™ = L ._.._o...

a) List one set of possibie coordinates of
point A. ¢
(ﬂ‘) N

b) Keep one vertex at the origin and the
opposite vertex in the first quadrant.
Mark and label the coordinates of at

e T L L T T
v

least two more points that could be g
opposite vertices of rectangles of

area 24 square inches. Explain

why you chose these coordinates.

me;

¢) How many other points in this quadrant would give you rectangles with an
area of 24 square inches if O is one vertex and the points are opposite
vertices of these rectangles? Explain your reasoning.

| doharaiasl by He cqubion Ny ERY. T ace ea rnllaile
_mm_hnm_hwﬂ of He curoe, |
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.. . 1988 problem B

B
c:allfow-.;’a}ag rA::‘essment score = o Survey of Academic Skiils
1688-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Name Sex F Date of Birth Ai‘ﬁ 28,/77/
School District

instructions: Use this sheet 1o answer the questions. Show as much of your work as possible. {in some cases,
there may be more than one solution.) Use the reverse side of this sheet if needad.

You are a clerk in a garden shop. A customer comses 1o you for advice about his garden.

The customer hes had a rectangular shapad vegetable garden for several years, The
length of the fence around it was 50 feet. He found, by experience, that he uses a
100-pound bag of fertilizer on the garden each year.

This spring, the customer tore down the oid fence and threw it away. He decided to enlarge
the size of his garden and make another rectangular garden with a fence of length 180
feet. He was not sure how much fertilizer he should buy.

You, the clerk, are aware that the amount of fenilizer needed will depend on the size of
) the ofiginal and the new garden. Explain 10 the customer how he can find the number of
S, bags of fertilizer needed for his new garden. Give some exampies of possible dimensions
e 1 last year's and this year's garden in your explanation. You may want to use diagrams 10

hei explain. N a, '
PYOU X'B!?. s"r I-.ﬁ»v\ms. ﬂ.\.+\ QM" W|710.’ . ,fl)fﬂ l’\e’A ”\l— R4 g:rﬂnrﬁaﬁ'

D P A gor POSEIblE o T o bpmie ;c.,,?ﬂ.a_;_ ke, Lilew 'ge by y.v/"(n/f«i
Aprden. That moax ' mam areet /S obta.aedd b?’ Fhepin, - 9
’ ;A”O K fY ST ”\da S'_ w”/ﬂ,r&m €f|'ﬁ«¢h/"" Y -/{;n :S :_?::,‘.‘-.
“ = AN ¥, 5 ma ';?unf{ Shhope, e Or0a’ ~aq- 66"% g
;S\)'n&l— l’fﬂ,#\ o&"'oy\ﬂ.. S;JE@) tL\CS‘f%'u- ,‘ef\?fx\ ;‘c"’qno)é;,-
6"/‘:. Gn g;Jcs be, orcc \MJ /ﬂi'ﬂ;\)‘,’ﬂ‘;S Vea Cand e
ool %.équ‘qf So .35431' Mow " s on kaow Th ot pou
;‘Fid Ioo.w; oF Fertilizer Qf €vely "S0§,254° you nee)
4 /‘TD,:F,.« e Aren of | ey alder and'cee how
;‘45’"7 Fhts 506.0¢ ¢4 wi{’ ff" iny Vi and 6v-y 100ks. oA
NN %f@v‘e-/‘f home 08 divis) bl L?’ "ot viusmbes I€
Ao cnftnt qarden 1y a ﬁiy\q/& eacth s'd, eyl Le M0, 4.z,
lfsx(ts . "1\‘ / % . a 9 4"‘ 1
< (ane” Jendh Yaes anythay ‘“)") 15 2037 g2 20254512 Jdialed
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... 1988 problem B

B

(:allft:mgc,g :;mment score = o Survey of Academic Skills
1988-89 OPEN-ENDED MATHEMATICS QUESTION(S)

Name gox —DALE Date of Birth —2—JUNE (922
School District

instructions: Use this sheet 1o answer the questions. Show as much of your work as possible. (In some cases,
there may be more than one solution.) Use the reverse side of this sheet if needed.

You are a clerk in a garden shop. A customer comes 10 you for advice about his garden.

The customer has had a rectangular shaped vegetable garden for several years. The
length of the fence around it was 90 feel. He found, by experience, that he uses a
100-pound bag of fertilizer on the garden each year.

This spring, the customer tore down the old fence and threw it away. He decided 1o enlarge
the size of his garden and make another rectangular garden with a fence of length 180
feet. He was not sure how much fertilizer he should buy.

You, the clierk, are aware that the amount of fertilizer needed will depend on the size of
the original and the new garden. Explain 1o the customer how he can find the number of
bags of fertilizer needed for his new garden. Give some examples of possible dimensions

of iast year's and this year's garden in your explanation. You may want 10 use diagrams to
help you explain,
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.. . 1988 problem C

@ C
Caitonia ¥ Assessmons score = @ Survey of Academic Skills
1988-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Name Se M te of Birth 242 2]
School Dis,;rict 'JS.E |

there may be more than one solution.) Use the reverse side of this sheet if needed.

Instructions: Use this sheet 10 answer the questions. Show as much of your work /s possible. (in some cases,

You have a bag of 30 identical wooden cubes.

a) lfyousweadthecubesomonatable,howmanyofthecubeswouldyoune&to
completely cover the largest possible square surface on 5“’!8 table? Draw 8 diagram.

- <N
5<|JJ u{':l’l = 28 ¢ubeg

U W Y

& E
et g, &

hat is the largest ibie cube you can make from the 30 cubes? Explain why
this is the largest possible cube.

A 333 =3":229

b)

b butp it o cult (cgual anall siks)é A hudd

pe lign  bnf {lve ovent iy Agks

¢) How would you determine the largest cube that could be made from N identical

small cubes? (# o.( b]ocks)s é N

YN = real positive 1ndeaoy
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... 1988 problem C

c
California B Assessment = .
Program score o Survey of Academic Skills
1688-89 OPEN-ENDED MATHEMATICS QUESTION(S)
el Sex el of Birth QESJCA[-7y
School District ;ﬂ"ﬁ -

instructicng: Use this sheet 10 answer the questions., Show as much of your work as possible. (in some cases,
there may be more than one solution.) Use the reverse side of this sheet if needed.

You have a bag of 30 identical woodsn cubes.

a) If you spread the cubes out on a table, how many of the cubes would you need to
completely cover the largest possible ' on the table? Draw a diagram.

\\ dn.fnnd.s (\ V)
<\ze ok \‘:.n%e.
W Neunes, %vac»\\y

b) What is the largest possible cube you can make from the 30 cubes? Explain why -

Wi .

this is the largest possible cube.
\'\' m' _W\MDMM \ ' \ Jmf

¢) How wouid you determine the largest cube that could be made from N identical
small cubes?

F

"
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. . 1988 problem D

D
Califomgog::essmem SCore = 0 Survey of Academic Skills
1988-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Name sex £ Date of Birth L/ 3L [ T
Schoo! District

instructions: Use this sheet to answer the questions. Show as much of your work as possibie. (in some cases,
there may be more than one solution.) Use the reverse side of this sheet if needed,

Writing Situation

You and 8 good friend Sheila were shopping in a grocery store for food and beverages for
a picnic. When you were buying soda, you noticed that you could buy it in quart (32 o02.)
bottles or in six-packs of 12 oz, botties. The six-pack cost $1.49, and the quart bottle cost
$0.73. Sheila suggested buying two quart botties, because it would be cheaper. Being
thrifty, you took out your pocket calculator and in 8 few seconds said you should buy the
six-pack because you get more soda per dollar. Sheils was impressed and asked how you
knew that.

instructions for Writing

Tell Sheila how you knew that the six-pack of soda was a better value than two quarnt
botties. Explain your method so that Sheils will understand why your caiculations were
valid and how she can make the sams kind of calculation whenever she is in a similar

situation.
bl ow g2 o2
Fas8 v o2 - LA ot ). 4¢ @ 1.4 %~ A3. E /#
\ ,
b ‘,ucK’ 12¢2 = 2 s 1,44 B %ﬁ$ - 4%, 37 %4
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.. 1988 problem D

D
California ?:::mmm sCcore = e Survey of Academic Skills
1888-89 OPEN-ENDED MATHEMATICS QUESTION(S)

Name Sex p‘-mﬂ& Date of Birth A2 71
School District _Un bra Distyes

instructions: Use this sheet 10 answer the quastions. Show as much of your work as possible. (in some cases,
there may be more than one solution.) Use the reverss side of this sheet if needed.

Writing Situation

You and a good friend Sheila were shopping in a grocery store for food and beverages for
a picnic. When you were buying soda, you noticed that you could buy it in quan (32 oz.)
bottles or in six-packs of 12 02. botties. The six-pack cost $1.48, and the quart bottle cost
$0.73. Sheila suggested buying two quart bottles, because it would be cheaper. Being IPA
thrifty, you took out your pocket calculator and in a few seconds said you should buy the
six-pack because you get more soda per doliar. Sheile was impressed and asked how you

knew that. o

Qv
Instructions for Writing ﬂb‘““

4\1‘\ —
Tell Shella how you knew that the six-pack of soda was a better value than two quart pe )
bottles. Explain your method so that Sheila will understand why your calculations were <y o
valid and how she can make the same kind of calculation whenever she is in a similar - 7
situation, -

Bwnde ol ounces price < 7

{
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... 1988 problem E

E
California ;?samem sCore = G Survey of Academic Skills
1888-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Nams sox — Pormale. Date of Binh —2=(2=2/
School District ALY

instructions: Use this sheet to answer the questions, Show as much of your work as possible. (in some cases,
there may be more than one solution.) Use 1he reverse side of this sheet if needed.

John has four place settings of dishes, with each place setting being a plete, a cup, and a
saucer. He has a place sefting in each of four colors: green, yellow, biue, and red. John
wants to know the probability of a cup, saucer, and piate being the same color if he
chooses the dishes randomly while setting the table.

Expiain to John how 1o determine the probability of a cup, saucer, and plate being the
same color. Use a diagram or chart in your expianation,
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... 1988 problem E

E
Caﬂfomgwgﬁmmeﬂt score = © Survey of Acadsmic Skills
1988-89 OPEN-ENDED MATHEMATICS QUESTION(S)
Name Sex — Date of Binh —DLI4/T {
Schoo! District

instructions: Use this sheet to answer the questions. Show as much of your work as possible. (In some cases,
there may be more than one solution.) Use the reverse side of this sheet if needed.

John has four place settings of dishes, with each place satting being a plate, a cup, and a
saucer. He has a place sefting in each of four colors: green, yeilow, biue, and red. John

wants to know the probability of a cup, saucer, and piate being the same color if he
chooses the dishes randomly while setting the table.

Exptlain to John how to determine the probability of a8 cup, saucer, and plate being the

;Pm;rcolm. Use a diagram or chart in your expianation,

® ® (\?S‘\‘ Cho()sg adufq I-F + 1S ROG’,
@g a \tjou waeual o R ecl Saucerj §0
& Croure uow hate O 28% chapcs af
@
@ . ohoos'n% ¢. Red Sauc;:& “harny Yo
oo’ naed  to choose a.plafe'}_«jou-\

Lpve 3S% chane of Chao.sw.é
R REd PL“}Q.

T pro babil 7
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‘Dc choo:_', IV\% i

9 C)\ane_bd,\noosircé
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Red Ty Jo5% 9% e ot
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Additional Open-ended Problems

14

Henry wants to make a box from an 8 inch by 14 inch piece of cardboard. By cut-
ting the same-sized square from each corner, he can fold up the sides to make a box,
as shown.

If he cuts out only squares with whole-number sides, what is the volume of each
box he can make? :

If he s not restricted to whole-number squares, is there any larger box he =an make
from the cardboard? Explain.

74

o~
.
C' -




(

Problem 2.

(a) Draw three rectangles of different lengths and widths, each with a perimeter of
36 units. Determine the area of each of the three rectangles.

(b) Determine the length and the width of the rectangle that would have the great-
est area. Use a chart or graph to justify your answer.
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Problem 3.

»z

Ambrose (A)

Zenia (Z)

Mona wishes to drive from Ambrose (A) to Zenia (Z). She wants to know how
many trips she can make to Zenia, using a different route each time. With the help
of the road map given, show how she can systematically determine these routes if
she must always be traveling in a southerly direction.
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Problem 4.

Suppose that a running track is designed with two semicircular ends and two
parallel straightaways of 100 yards or more, as shown below.

If the perimeter of the track is to be exactly 440 yards, explain how you would
decide how long the straightaways should be and what the resulting diameter of
the semicircles would be.
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Problem 5.

Room 15 has 8 tables that measure 3 feet by 6 feet each. The tables are made so that
they have to be fastened together in one of three ways:

When all of the eight tables are fastened together, how could they be arranged to
give maximum seating? Draw a sketch and explain why you think this arrange-
ment gives the most seating.




.
Problem 6.
Favorite Grade No. of brothers
Name sport Age in school and sisters
Jack Tennis 16 10 2
Sean Tennis 18 12 1
, Pete Baseball 17 12 3
Maria Golf 16 11 2
Kate Tennis 17 12 1
Sara Baseball 17 11 2
José Footbali 15 10 4
Hushi Crew 18 12 3
Bob

Which person in the group is unique? Why?

When a new student, Bob, arrives at school and data are collected, it is discovered
that information about him is closest to that for a typical student. Complete ‘he
chart by showing the data for Bob, and explain how you arrived at your choices.
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Problem 7.

Fig. I Fig. I

John took the picture shown on the left (Figure I) to the copy machine to make a
copy. He didn’t notice that someone had left the machine set for a reduction to 80

percent of original size (setting; .80). He gave the original picture away before he
realized that he had actually made a reduced copy (Figure II).

(a) Write an explanation telling John what setting he would have to set on the
copy machine to obtain from his reduced copy a picture with the original
dimensions.

(b) What setting would he have to set on the copy rachine to obtain from his

reduced copy an enlargement that was 20 percent greater than the size of the
original picture?

e
Lo




Lo

Problem 8.

Writing Situation

Your ~chool club can sell either hot chocolate or cold cider at the concert but not
both. The club buys both drinks for 50 cents per cup and sells them for $1.00 per
cup. In warm weather clubs sell an average of 300 cups of hot chocolate or 400 cups
of cold cider. In cold weather they sell an average of 700 cups of hot chocolate or
600 cups of cider.

Your club wants to make maximum profit, but the weather is unreliable. You don’t
know whether it will be warm or cold on the day of the concert. Your club has
asked you for advice on whether to sell hot chocolate or cold cider.

Instructions for Writing

Tell your club which drink you think they should sell. Explain why your choice is
the best one, considering the unreliability of the weather. You may want to use
tables or diagrams to help explain your choice.
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Problem 9.

At a party a cake is cut as follows:

Kim takes 1; of the cake;

Bill takes 13 of what remains of the cake;
1
ry

Antonio takes 13 of what remaiﬂs;

Connie takes of what remains;

1 .
Keiko takes 5 of what remains;

Jamal takes the remainder.

Draw a diagram of the cake:

1. How large is Jamal's piece of cake compared with Kim’s? Explain your answer.
You might want to refer to your diagram in your explanation,

Now assume there are n people at a party. The first person takes %- of the

cake. The next person takes ;17 of what remains, then -;1-5- of what remains,

and so forth, until the next to the last person takes %— of what remains.
2. How large is the last piece of cake compared with the size of the first piece?
3. Consider how the relative size of the piece of cake changes with successive cuts

of the cake. Write a general statement about this situation that explains the
relationship between the sizes of the pieces if you divide the cake this way.
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