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ABSTRACT

Examples of tne role of analogical reasoning in expert problem solving

are presented. These show that using an analogy can change an expert's
understanding of a problem situation by changing the conceptual model he or
she uses to think about the situation. This suggests to us that the right
analogy may allow students to overcome a deep misconception by helping them
to change t.e conceptual model they use to think about a physical
phenomenon. For example, many students find it difficult to conceive of
certain inanimate, "rigid" objects as capable of exerting a force. When
asked about a book at rest on a table, they will argue strongly that the
table is not exerting an upward force-- it is simply "in the way" stopping
the book from falling to the ground. This study presents evidence from a
tutoring interview showing that the use of analogies can help in overcoming
this misconception. The main strategies employed to effect conceptual
change (taken from strategies observed in expert protocols) were the use of
analogies and specific techniques for confirming these analogies. In the
interview, the subject moves from a strong disbelief of the idea of a table
pushing up to "agreeing not just for the sake of agreeing" that the table
does exert an upward force on the book. Analysis of such tutoring
interviews should lead to a cognitive model for how deep misconceptions may
be changed during learning.

This paper was funded in part by FIPSE Grant # 6008302557.
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This report describes a pilgt study in which we attempt to use
analogical reasoning to help students overcome "deep" misconceptions in
physics. There is now a fairly extensive literature on students'
alternative conceptions in physics showing that students hold fiirly
consistent beliefs that are often in opposition to the physical theories
they are attempting to learn (Clement, 1962). For example, many high
school physics students find it very difficult to believe the physicist's
explanation that a table pushes up on a book resting on it with a force
equal and opposite to the force of gravity. Minstrell (1982) reported that
of twenty-seven high schsol physics students in an upper-income area, more
than haif did not believe in the force upward from the table.

It has been shown that a number of these aiternative beliefs or
misconceptions are "resilient" and deep-seated in the sense that they are
affected very little by traditional instruction. One reason for this deep-
seatedness may be that the beliefs are anchored in physical intuitions that
the subject has built up over a long period of time and that he uses with a
fair amount of success in dealing wi;h the real world.

In this study we attempted to "fight fire with fire" by appealing to
other more compatible intuitions already existing in the student's memory.
We assumed that even though the student has one intuition that tells him
that a table cannot push up on an object, he may have intuitions that
predict upward forces in other situations (such as holding a book on an
outstretched hand). We thought that we might be able to utilize one of
these other intuitions, by "stretching" its domain of application to
include the book-on-table situation. This strategy depends on analogical
reasoning, since we are trying to get the student to see an analogy between

the book on the table and the book on the hand. 1In an attempt to focus in




on the thinking of individual students, we chose to use a tape recorded

tutoring interview setting.

Previous Research

Gunstone and White (1981) used an experimentation and group discussion
approach with high ability seventh and eighth graders to teach
relationships between force and motion. They concluded that most students
did not abandon the Aristotelian view. Hewson (1983) reported some success
in changing students' incorrect criteria for identifyiné equivalent speeds
using a microcomputer simulation. Some difficulties pertaining to forces
from static objects have been studied by Sjoberg and Lie (1981), Driver
(1973), Erickson and Aguirre (1984), Minstrell (1982), and Maloney (1984).

Rosalind Driver devoted a large section of her doctoral dissertation
(1973, pp. 184-232) to the interactions of junior high school students in
a discovery learning classroom about the existence of an upward force from
a table. This research, one of the first descriptive studies of student
conceptual understanding of physics, showed clearly the difficulties many
students have with the idea of a passive, "rigid" object exerting a force.
In her discussion of the results, she suggests looking at the analogies
students make for evidence of what aspects of a situation are causing them
difficulty. This will hopefully "enable teachers to set up appropriate
tasks which will, for example, lead students to the rejection of irrelevant
aspects which perceptually may be very appealing."

Minstrell (1982) reports on a classroom lesson devoted to overcoming
this misconception. For this lesson, the teacher's main role was to set up

a sequence of situations and encourage discussion of these situations.



These included, for example, theibook resting on the table and the book
resting on a studeant's han-. Class votes were taken at Key steps during
the lesson, and by the end the number of students, believing in the upward
force increas=ad from twelve to twenty-five of the twenty-seven students.
The success of this lesson seemed to indicate a need for a closer scrutiny
of the processes at work. We suspected that analogical reasoning was
important in this lesson. The tutoring interview seemed to be the ideal
setting for further, in-depth analysis of the effects of an analogicsl
teaching strategy. We have, therefore, conducted a pilot study using a

modified version of Minstrell's approach.

Description of Tutoring Strategy

The first step is to suggest an analogous case (such as a hand holding
up a book) that the instructor feels will appeal to the subject's
intuitions. Hopefully the subject's memory of the muscular effort needed
to hold up a book will convince him that the hand pushes up. If the
subject still does not believe the hand pushes up, another analogy must be
found, or perhaps the extreme case of many books placed on the hand will be
convincing (the latter strategy was used by Minstrell, 1982).

Once the subject does believe in the force acting up in the analogous
case of the book on the hand, he may still be unconvinced that there is a
valid analogy relation to the original case of the book on the table. When
this occurs three subsequent teaching strategies can be attempted singly or

together.

(1) One can attempt to focus the subject on key featurey that are the

same in the analogous and original cases. This can be done by asking,
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"What is the difference between case A and case B?" (e.g., the book on the
table and the book on the hand.) This serves two purposes: First, it brings
to the subject's mind, perhaps for the first time, the possibility of the
analogy relation oy requiring him to think of the two situations side by
side. Second, it brings to light those features which the subject sees as
making the analogy relation unacceptable, thus providing valuzble feedback
to the tutor.

(2) The second strategy is to attempt to find a third case in between
the original case and the analogous case. This is termed a bridging
analogy here. For example, one might propose the idea of a book resting on
a spring (case C) which shares some features of the book on the table (Case
A) and some features of the book on the hand (case B). In the next section
we will describe how experts have been observed to look for such cases when
attempting to evaluate or confirm the validity of an analogy relation
during problem solving (Clement, 1981). We feel that the same approach may
be useful as a tutoring strategy for students. The subject may then be
convinced that A is analogous to C, that C is analogous to B, and that
therefore A is analogous to B.

(3) A third strategy involves making an explicit transformation

between the original case and the proposed analogous case. For example, a
subject may believe that a ruler suspended between supports will benu when
a weight is placed on it, but not believe that a table will bend with a
weight on it. 1If the student is asked to imagine placing a weight on
thicker and thicker rulers (or thinner and thinner tables), he may be led

to believe that the table bends siightly.




Expert Strategies. ‘

One of the purposes of this pilot study was to see whether our
observations of experts resolving conceptual difficulties of their own can
inform our attempts to help students resolve conceptual difficulties. A
number of strategies are used by experts when they cannot adequately
represent a problem situation. W will give examples of two of these
strategies here: analogies and bridging analogies. The first concerns the
"Wheel Problem" illustrated in Box A of Fig. 2, a question about whether
one can exert a more effective uphill force (parallel to the ground) on a
wheel at the top or at the level of the axle (in pushing on the wheel of a
covered wagon, for example). A number of expert subjects compared the
wheel to the analogous case of pushing uphill on a heavy lever hinged to
the ground (fig. 2B). They reasoned that pushing at the point higher up
on the lever would require less force. They then made an inference by
analogy that the wheel would be easier to push at the top (the correct
answer).

The second example of an analogy concerns the "Spring Problem" shown
in Fig. 1. Essentially, the problem is to decide whether a wide spring
will stretch more than a narrcw spring, other factors being equal. Several
subjects conjectured that this problem might be analogous to the simpler
case of comparing long and short rods bent by the same weight. A strong
intuition that the longer rod bends more was used to predict the correct
result that the wider spring stretches more.

We will also give three examples of "bridging analogies" constructed
by experts. In the "Wheel Problem" one subject was confident that it would

be easiest to move the heavy lever by pushing at point X, but he questioned
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whether there was a valid analog§ relationship between the case of the
wheel and the case of the lever. Can one really view the wheel as a lever,
given that the "fulcrum" at the bottom of the wheel is always moving and
never fixed? An elegant bridging analogy generated by this subject helped
to confirm the appropriateness of the original lever analogy. This is the
spoked wheel without a rim shown in fig.2. The spoked wheel allows one to
view the wheel as a collection of many levers.

in the spring problem one expert subject was concerned about the
apparent lack of a match between the non-constant slope a bug would
experience walking down a bending rod and the constant slope the bug would
experience walking down a stretched spring. In order to help evalQate the
analogy relation between the spring and the bending rod, another elegant
bridging analogy was constructed in the form of a spring with square-shaped
coils. This allowed him to recognize that restoring forces in the spring
come from twisting in the wire as well as bending-- a major breakthrough in
his solution which corresponds to the way in which engineering specialists
view springs. In this case the square spring analogy eventually acquired
the role of a menta. model which changed his conception of how springs
work.

Another example of an analogy followed by a bridging analogy occurred
in a solution teo the problem qf finding the volume of a doughnut. The
subject conjectured that the volume might be the same as the answer to the
analogous problem of finding the volume of a cylinder (the "staightened
out" doughnut). He thought the length of the cylinder should be equal to
the central or "average" circumference of the torus but was only "70% sure"
of this. However, he then evaluated the plausibility of this choice by

considering the bridging case of a square shaped doughnut (a doughnut made
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. 8
of four straight cylinders; the small cross-section of the doughnut is a
circle and the outside and inside perimeters are squares.) He then showed
that the four sides of the square doughnut could be reassembled into a long
cylinder with slanted ends. He rezsoned that the volume of this horizontal
cylinder would be its cross section times the length of its base, and that
the appropriate length to use in the square doughnut was the average of its
inner and outer perimeters. This raised his confidence in his solution to
“85%". He then reached the same conclusion for the case of a hexagonal
doughnut, and this raised his confidence to "100%" for the problem. Thus
the bridging analogy of a square (and hexagonal) doughnut helped the
subject change his original conjecture about the cylinder analogy into a
firm conviction., In summary, bridging analogies strike us as one of the
most insiphtful and effective strategies for confirming the validity of a

model and increasing understanding that we have observed.

Preliminary results

Several students have been tutored individually in a pilot study
utilizing two of the tutoring strategies mentioned above; matching key
features and bridging analogies. The sessions were each tape recorded.
The following transcript excerpts illustrate the approach. The subject, a
humanities graduate student with no background in physics, was
instructed that if she expressed a view on a question, the interviewer
might take the opposite view in order to generate discussion. The subject
was asked to maintain her views unless it seemed reasonable to her to
change her views. After these instructions she was asked the following

question: What forces are there on a book resting on a table?




. 9

S: I don't want to put an arrow up but I feel like this (circle
representing the earth) is forcing that (book) to come down.

I: Like the earth is forcing the book to come docwn?

S: Yeah, and the table gets in the way. So that's why the book
stays.

I: But the table isn't pushing back on the book?

S: How can a table push back on a book? (Laughter)

The tutor now introduces the analogous case of the book on the hand.

I: If I were to put the book on your hand, if you were to hold
out your hand, and you just held it there, would you be
pushing back on the book?

S: Yeah

I: You would be?

S: I'm taking the book. I'm putting it on my [hand] I'm, yeah,
I'm pushing against the book cuz if I don't the book is heavy
enough that I'd drop it if I don't push against it.

The subject believes that the hand pushes up. However, the subject is

unsure that this is analogous to the case of the table, as shown below.

I: The case with your hand is different than with the table?

S: Well, the table just doesn't have a choice on what it does,
where I have the choice about how I move my hand.

S: I mean in a way I can understand how you can :zay the table is
pushing against the book except it's not the same type of
push...I can relax my hand, while the table is, it's just
there...it cannot relax itself to allow the book to fall any
further...this (table) is immobile...so I guess that's how I
see pushing because I'm actively pushing.

Notics the subject's misconceptions about force: 1) Volition is involved,
“the table just doesn't have a choice," and, "I can relax my hand," and; 2)
the source cf force is active, "I'm actively pushing."

Here the book on S's hand has been given as an analogy to the bock on
the table in an attempt to help her see the table ag pushing back on the
took. That is, one hopes that the subject will believe in a force up from
the hand on the book, and that this will make a force up from the table

more plausible. There was a glimmer of success; "I mean in a way I can
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) 10
understand how you can say the table is pushing against the book."

However, the subject does not appear to be convinced. Now another analogy
is attempted which is an intermediate bridge between the table and the hand
in hopes that this will make the first analogy relation more plausible.

The bridging case consists of placing the book on an imaginary spring of
about the "springiness" of a bedspring. The spring shares with the table
the features of being inanimate and non-volitional. It shares with the

hand the feature of being obviously capable of motion.

-

Would you say that the spring is pushing on the book?

S: I suppose you could say that in a reverse manner, but not--so

why doesn't the table push on the book? (laughs) Umm, again

it just seems like the spring is being acted upon, I mean, I

guess in a way you could say it's pushing against it, yeah I

guess you would say it's pushing against it.

You said something about a reverse manner?

Wzll just because I think of--if you pr°t something on a

spring, that something makes the spring go down, but I guess

if you see it another way the spring is also holding that

thing up from going, as uh, as far as it wants to go down.

I: So do you see that as a different kind of push than the push
you were giving with your hand on the book?

S: (Pause) In one way yes, in one way no. I guesa there seems

to be more action in the spring than there is in the table,

but it's still--my hand, I control my hand while the spring

again is one of those things that it can't control its

response to whatever is being placed upon it. But I guess it

does have more of, it seems to have more of a, uh, impact on

pushing back something than a table would.

wm
PYT

This bridge between the first analogy and the original situation seems to
have had some impact on S, even though she still remains to be fully
convinced. The situaton is shown in Fig. 3. Case C was proposed as a
bridge from case A to case B. Now the interviewer sets out to build a
bridge from B to C and then from C back to A. After a series of analogies,
most of which were generated by the interviewer but some by S, she is
vrought to the point at which it seems reasonable to her to say the table

pushes back. The final analogy, the last link in this process, is
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documented below. I tells S that the table bends when the book is placed

on it.

S does not believe this and asks I to prove it.

Right. It's when you put this pile of books on it, it's not
bent ‘ery much but it is, it does bend a very slight
amount. ..

But you're suying, even though with this amount of books on
it this table is bending slightly?

Yes

How can you prove that? (pause) So you're saying that all
things will berd? No matter, does it matter...

Woll on the microscopic view if you wanted to look at it that
wvay, um, a table, would you agree that the table is composed
of molecules?

Sure.

And molecules, um, basically what they are is they're
connected by bonds which are flexible, that are sort of like
springs, they might be pretty stiff springs, but they're sort
of like springs. And so this table is composad of, this is
in drawing 3, each of these little circles is a molecule.

You can think of it as being composed of a group of molecules
which are attached by springs., each molecule has what s
called a bond with other neighboring molecules which is
something like a spring. 1It's not a literal spring, but it
acts like a spring.

Mmm

...a gredap of springs and I put this other group of springs
on top of it, which is the bt~ok

Mmm hmm

and the two things «ind of

Push against each other

Push against each other, right. Does that make sense at all?
Yeah that makes sense. So I can see why you would say *he
table would move.

So you're saying the molecules [picture] was helpful to you?
That was the most helpful, seeing the composition as being
springs against springs, but, you know, the other ways, I
would have just been agreeing with you for the sake of
agreeing.

But the springs as molecules that did (help)?

Yeah, that did.

So if I were to ask you is the table pushing against the book
what would you say now? -~

The molecules in the table are pushing against the book.
(laughs)

Okay now, what would you say if I were tc ask you: "Is the
table puszhing against the book?"

The table pushing against the book? I could understand why
you would say that. Molecule speaking.

12
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In this last section, the‘tutor proposes that the spring and the table
share the common property of deforming under a force. He also proposes a
new bridging analogy between the books on the spring and_the books on the
table. This bridging anaiogy takes the form of an image of the table being
made up of molecules connectad by stiff springs. This analogy serves as a
model which provides an explanation for the bending property of the table.
The explanation then finally seems to "make sense" to the student, after a
fairly long prior period of disbelief on her part.

The right bridge can help a student see why a standard physical model
is a good way of viewing phenomenon A. Presumably, this method works
because it is easier to comprehend a "close" analogy than a "distant" one.
The bridge divides the analogy into two smaller steps which are easier to
comprehend than one large step. Using the term "bridge" in a more general
way, we can say one of the teacher's mcst important jobs is to help
students build bridges from their intuitive conceptions to the standard
conceptions in the curriculum,

We have only been able to present excerpts from this exploratory
tutoring session here. The entire session was considerably more involved,
as indicated in Fig. 4. This figure shows a map of the major analogies
generated during the interview. It is significant that many were generated
by the subject as well as the investigator. A key is provided to aid

interpretation of the diagram.

Connection to Classroom Teaching

The tutoring strategy used in this study needs some modifications in

order to apply it to classroom instruction. Individual students differ in

13
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the strength of their beliefs in Yarious preconceptions, and the classroom
teacher cannot respond individually to each student. However, we have had
some success in generating discussions in a high school classroom by using
the same basic strategy. These discussions were quite animated. The
conflicts between 'the strongly held views of different students were useful
in that they seemed to be a powerful agent in promoting interesting

debates. Minstrell (1982) reported fairly good results in using a slightly
less structured approach. Thus, we have reason to believe that the

strategies developed will be important in group instruction as well.

Summary

We have only considered a single subject in this paper, but such case
studies are an important first indication that an interesting tutoring
method has been found. The protocol provides evidence for the student
making some progress in changing her ideas at a fairly deep ->nceptual
level. A misconception which is quite deep-seated in many students has
been supplanted with other ideas. The main principles used in this
approach are (1) Socratic tutoring--in which questions posed to the student
encourage her to become actively involved in learning; (2) Using key
examples to activate useful intuitions possessed by the student; (3)
building on and extending those intuitions by using analogical reasoning,
and in particular, using the strategy of "bridging analogies" that has been
observed in the solutions of experts problem solvers. Analyses of such
transcripts should allow us to greatly increase our understanding of the

learning processes involved in overcoming deep-seated misconceptions.
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INTERVIEW SUMMARY KEY

RENERATED ACTUAL (E) or PERSONAL (P) or OCCURS
NUMBER DESCRIPTION BY THOUGHT EXPERIMENT (G) NON-PERSONAL (N) ON TAPE
0~ Book on Table I E " N A020
1 Book on Hand 1 E P A080
2 Table Pushing Chair S G P A124
Table exerts force
3 Balloon Pushing Chair S G P A127
Does not exert force
4 Book on Spring 1 G N A156
5 Hand on Spring I G P A238
6 Bicycle Pump pushes S G P A278
back on hand
7  Push on Table S 6 P A313
g Push Molecules in S G p A313
Table
9 Arm Resting on Table S G P A320
10 Push Book on Spring I G P A480
11 Pull from the Center
of the Earth 1 G N A502
12 Head on Ground if pull S G p A505
From center of earth
13 Pile of Books
on Spring | G N BNBH
14 Block on Bar - bends 1 G N B100
Pushes back
15 Molecules Connected
by Springs I G N B170
16 Magnets I G P B180

The analecqies are listed in the order they appeared on the tape.

is given corresponding to
each analogy follows.

and whether the situation

First a number
the number on the diagram, and a short description of

The next three columns tell who gencrated the analogy
(Interviewer Cr Subject), whether the situation involvec actual or imagined objects,

personally jnvolved the subject.




