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Edito.,1 foreward

The proceedings for the 1985 CMESG/GCEDM meeting have been
delayed for a long time. It was necessary to wait until a major
contribution was received, otherwise the proceedings would have
been most inadequate.

The proceedings, following the format of previous years, include
the major lectures presented by Heinrich Bauersfeid and Henry
Pollak followed by working group and topic group contributions
in reduced format. This meeting represented our first effort to
plan a joint speaker with the. CMS - a group wit°- whom we have
many interests in common.

This represents our second meeting at Laval. Thu: University in
particular as well as Quebec City in general provide pleasant
surroundings tor such a gathering. We are especially
appreciative to Claude Gaulin and Bernard Hodgson for making the
local arrangements.

Charles Verhille
Editor
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Canadian Mathematics Eaucation Study Group,
Groupe canadien d'dtude en didactique des mathgmatiques

1985 Meeting

The ninth annual neeting of the Study Group was held at Laval University,
June 7 to 11, 1985. Fifty mathematics educators and mathematicans met
ierPlenary sessions and working groups. This year the conference was
deliberately arranged to follow immediately on the CMs Summer Meeting
amd the first of the two guest lectures, by Henry Pollak (Bell Ccanunications
Research, was planned in collaboration with the CMS Education Committee.
Dr. Pollak spoke "On the relations between the application of mathematics
and the teaching of aethematics". He identified fourdiffenent meanings
commonly attached tio the words "applied mathematics", and considered
the implications cf eaCh for curriculum and for pedagogy. Also oo-sponsored
by CMS Education Committee was a session, led by Peter Taylor (Queen's),
on "Exploratory problem solving in the mathematics rlpcsroom". -

The second guest speaker was Heinrich Bauersfeld (IOM, Bielefeld) who made
"Contributions to a fumimmntal theory of nathematics learning and teach-
ing". Setting out to answer the question: How do we manage to retrieve
what we require and adapt it to a new situatiaa?, Professor Bauersfeld
wove an intriguing account of constructivist theories.

Other lectures were given by Fernand Lemay (Laval), who presented a.naster-
ly sweep through the historical develcsments of analytic and synthetic
geometry, and by:Twos:es Wsautels (Laval), who applied the epistemological
theories of Gastan Bachelard to the learning of science. Three accounts
of specific researches on teaching, gender and mathematics were given by-
Roberta Mura (Laval), Gila Hanna (07D0 and Erika RUendiger (Windsor).

The working groups at this conference focused on a positive view of students'
errors, a group led, by Stanley Erlwanger (Ccnommlia) and Dieter Lunkenbein
(Slextmcoke); an nore advanced activities with LOGO, a group led. by Joel
Hillel (Concordia). A third group investigated the possibilities of symbolic
nenipulatian software, led by Bernard Hodgsan (Laval) and Eric Miller
(Brock); the fourth tackled feelings and mathematics, led by Fran Rosa-
mond (San Diego) and Jahn Poland (Carleton).

Thisbald summary may indicate the scope of the conference but may not make
clear the special characteristics of its style. Most conferences of
comparable length offer participazits many more lectures and paper pre-
sentations. The result, as everyone knows, is that participants at con-
ventional conferences are selective in their attendance at sessioda.; no
one can sit through continucub periods of being taIkedat. Participants
at Study Group neetings, where ample time is allowed for cooperative:work
and discussion, tend to follow the whole progranme. This generatesmore
of a sense of =union interest, a bridging of differences rather than an
accentuation of them.

David Mleeler
Concordia University
Montreal



IN MEMORIAM DIETER LUNKENBEIN

The mathematics education community has been deeply shocked
to hear bout the sudden death of our colleague Dieter Lunkenbein,
on September 11, 1985, at 48 years of age.

Born and educated in Germany, he had come to Canada in 1968
to work as a research assistant for Dr. Zoltan P. Dienes at
the Centre de Recherche en Psycho-matheinatique in Sherbrooke.
He subsequently got a Ph.D. in mathematics education at
Laval University and he bacame a regular faculty member of
Université de Sherbrooke, where he has displayed strong
leadership in teacher education as well as in research and
development in mathematics education.

In 1982 he was awarded the "Abel Gauthier Prize" by the
Association Mathematique du Québec in recognition for his
significant and exceptional contribution to mathematics
education in Québec. At the Canadian level, he has been
very active in the annual meetings of the Canadian
Mathematics Education Study Group, particularly in working
groups about teacher education and about the field of
mathematics education, and as a leader of many groups on
geometry education -- an area for which he was a recognized
expert.

Dieter is the author of more than 70 scientific lectures or
papers, including articles in Educational Studies in Mathematics,
For the Learning of Mathematics, Bulletin de l'A.M.Q., etc.
At the international level, he has been involved in many
conferences and for about ten years he has been very active
as a coopted member of the Commission Internationale,pour
l'Etude et l'Amélioration de l'Enseignement des Mathematiques
(CIEAEM), of which he was the President from 1982 to 1984.

For the mathematics education community, the death of Dieter
Lunlenbein constitutes a.great loss. Everyone will long
remember his work and dedication to our field as well as his
impressive human qualities.



I LECTURE iJ

CONTRIBUTIONS TO A

FUNDAMENTAL THEORY OF

MATHEMATICS LEARNING

AND TEACHING

BY HEINRICH BAUERSFELD
UNIVERSITAT BIELEFELD



2

Contributions to a fundamental theory o -mathematics learning
and teaching

HEINRICH BAUERSFELD

IDM (Institute for Mathematics Education), Universitet
Bielefeld, FRG

"Perhaps the greatest of all

pedagogical fallacies is the notion

that a person learns only the

particular thing he is studying at the

time; Collateral learning in the way

of formation of enduring attitudes, of

likes and dislikes, may be and often

is much more important than the-

spelling lesson or lesson in geography

that is learned. For these attitudes

are what fundamentally count in the

future." JOHN DEWEY (1938)

1. A theory gap in school practice

A few years ago the report of an outstanding piece of research
appeared: it is D.HOPF's investigation on the teaching.of
mathematics in grade 7 of the Gymnasium1) (D.HOPF 1980). The
study analyses data from 14 000 students, their teachers and
parents, at 417 Gymnasien in the area of West Germany including
West Berlin, and it is a representative sample.. Detailed
questionnaires were used in order to find out about the

"social, cognitive, and motiVational'conditions under which
learning outcomes and credits" are produced in mathematics
lessons. In our view the most interesting results are:

There is an overwhelming dominance of direct instruction, in
particular the well-known game of teacher's questioning and
student's response as well as teacher's monologues
(lecturing) and similar types of instruction; and
it is not possible to identify "any more general structure"
in the extremely rich data base "which would indicate the
existence of overall concepts for the orientation of method
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and teaching". Clearly, this came out quite contrary to the

researcher's expectation, that "at least some of the concepts

which were under discussion in mathematics education for methods

and teaching would appear more often than in single specific

phases of the lessons only." (D.HOPF 1980, p. 192)

The laek-of explicit theory in everyday school practice could

prove to be a surface phenomenon: Perhaps teachers do not talk

about theoretical backgrounds, but they may follow recipes for

action nather consistently, which are based upon certain

theoretical concepts. One might expect, therefore, that careful

analyseS could lead to reconstructions of a hidden though

theory-based grammar of teacher's decisions.

Reviewing various well-known concepts of mathematics education,

the researcher thought about such analyses,but "found no reason

for establishing a search for interpretations which could be

traced back to more general concepts." (D.HOPF 1980, p.191).

That is to say, the researchers found continuities and

regularities in the processes of the mathematics classroom -

e.g. the preference for direct instruction - but they could not

find any relatiOn with the concepts that appear in the

theoretical debates of the mathematics education community..

Now we can ask more generally: If not through theoretical

reflection, how then do the often documented and criticized

patterns of teaching and learning in mathematics classrooms come

into being (see the "recitation game", HOETKER and AHLBRAND

1969)? On the 'one hand the available theories obviously do, not

cover the practitioner's needs; the theories do not have

sufficient explanatory power. The hidden regularities of

everyday classroom practice on the other hand function as if

they arose from the subjective theories of the participants

(teachers and students). So probably these hidden regularities

are the outcomes of covert processes of optimization, that is,

they may represent a bearable balance between the given actual,

societal, institutional, and micro-sociological forces in the
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classroom (where bearable means: bearable for the
participants). Provided this is an adequate description, then
the hidden gensis of the regularities would explain the
product's tenacitY and resistance against every reform.

The following remarks are grouped into three chapters. The main
part, .chapter 3, presents theoretical considerations from the
many micro-analyses of teaching-learning situations in

mathematics conducted by a research group at the IDM Bielefeld
(EAUERSFELD, RRUMMEEUER, VOIGT). The thesis of the

domain-specific orientation of a peron's action leads to new
views on (and descriptions of) abstraction/generalization,
representation/embodiment of concepts, and learning.

The preceding chapter 2 can just as well be read after chapter
3, since the remarks on deficiencies and paradigms in .theories
of mathematics education may then be more understandable. It is
meant as an introduction as presented here. The concluding
chapter 4 relates the theoretical discussion to certain recent
issues in 'problem solving. The application gives support to the
thesis of the preceding chapter.

2. The paradigms of theories of mathematics education

The usual set of didactical questions: What is the nature of the
subject? How is it learned? and How should we teach it?
reproduces in itself disciplinary boundaries. Theories of
mathematics education tend therefore to stress the relation
either to the acting persons or to the subject matter of
mathematics. Thus we receive psychological or

mathematical-philosophical answers, such as student-centered
"theories of learning" and teacher-centered "theories of
instruction" or as subject-matter-centered theories of
knowledge, of curriculum, of task analysis, of

AI-simulations2) etc. Until very recently, linguistics,

sociology, etc., were not disciplines to which the math ed
community referred.
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Both theoretical mainstreams use the stages metaphor when

characterizing developmental aspects. Psychological approaches

arrive at stages based on classes - or more precisely at

progressive class-inclusions - of abilities (e.g. KRUTETSKII

1976), or of operations (e.g. PIAGET 1971), at levels of

learning (e.g. VAN HIELE 1959) etc. Since mathematical

abilities as well as the success of learning mathematics are

described or measured through the quality of solving certain

mathematical tasks, it becomes inevitable that the hierarchies

of psychological constructs map subject-matter structures. They

duplicate mathematical hierarchies, but do not create genuine

psychological descriptions of the related actions. The

subject-matter-centered theories on the other hand use

mathematical structures directly for the modeling of stages. We

can state therefore, that in both theoretical mainstreams the

description of the field is dominated by mathematical means.3

But math educators will have to extend their fundamental

theoretical eluestions, if at least a reasonable sUbset of

classroom processes follows hidden regulations. The more since

the regulations develop interactively rather than directly .

through the participant's intentions, and with effects often

inconsistent if not conflicting with the official aims. Then we

will have to take into account not only that teachers and

students enter and leave the classroom with certain individual

dispositions, intentions, and expectations - which we do in

order to draw inferences fram the difference between the two

cross-sections, but we will also have to ask what they make of

it in a concrete situation, how they actually employ available

states of knowledge, and when they activate and how they use

schemata (and not only which ones, as is usually done). Cross-

section analyses of input and output states with inferences

about the process in between are no longer sufficient for an

adequate understanding. If, as becomes evident, knowledge

develops together with and as part of the knowledge, then this

calls in question the process-product metaphor.
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Furthermore the ongoing vivid interation in the classroom

indeed leads to very personal (subjective) interpretations and

constructions.of meaning. But socially shared meanings and norms

of content-processing are produced as well. And these are not

just taken over like ready-made rules, rather they are

constituted through the interaction, they become reality via the

mutual processes of construction and negotiation. That is to

say, we have to discriminate individual structures of

potentially available knowledge from the interactional

structuring of the actual actionz-. And on a social level we

have to discriminate (so-called) objective subject-matter

structures from the related meanings, norms, and claims for

validity, as they are constituted in the course of the

interaction in the classroom. This of course makes cause-effect

analyses haphazard, because attributing cause to a single

person's action may become difficult.

There is a remarkable convergence in recent developments in

mathematics and in cognitive science as well as psychology that

supports.the scepticism advocated here. In the view of

cognitive psychologists the When and the-How, as mentioned

above, are mainly organized on metacognitive levels. The

classical problem solving strategy from AI-developments -

building up a hierarchy of operations or organizing control on a

superordinate level - recurs here and has been the subject of'

intensive discussion in cognitive psychology recently (see

ANN L. BROWN, J.C. CAMPIONE, and M.T.H.CHI in WEINERT 1984)

under the name "metacognition". Investigations begin to focus

on "dynamic learning situations" and on "interactive processes"

(J.V. WERTSCH 1978, 1984; and A.L. BROWN in WEINERT 1984,

p.101/102. One of the "many largely unsolved 'problems" in

developing advanced intelligent computer systems for educational

purposes that TM-O'SHEA has named is that "not enough thought

has been given to represent inexpert reasoning". He has also

pointed at he crucial role of "using natural language" (1984,
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p.266). Interestingly the attack comes from non-human

information processing research, human understanding, learning,

and reasoning in general and of mathematics in particular.4)

Even mathematics itself has been challenged from within the

community, as by LAKATOS concept of "informal, quasi-empirical

mathematics", an image of the discipline which he holds out

against the counterpart of "authoritative, infallible,

irrefutable mathematics"5) (1976, p.5). FREUDENTHAL has long

since argued against the same enemy: "True mathematics is a

meaningful activity in an open domain." (1983, p.39).

"Why, come to think of it, do we have

so few good ideas and theories about

the mind? I propose the following

answer to this question:

1. It may be the most difficult

question Science ever asked.

2. It is made even harder because

our first theories have led us

in the wrong direction."

MARVIN MINSKY (1982, p.35)

3. "Domains of Subjective Experience" and "Society of Mind"

In.our research process the adoption of sociological methods and

concepts has turned into a process of adapting the means to the

end. Since we are interested in learning and teaching

mathematics rather than in general social structures, as

identified by'sociologists across subject-matter, our analyses

are focussed on the relations between the subject-matter

aspects, as thematized by-the participants, and the

predominantly social nature of classroom processes and their

conditions. This, we think, describes an important weakness in

the dominating psychological and subject-matter-oriented

theories.

Our micro-analyses of video-taped teaching-learning situations

at different schools and with different ages have led to three

14
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related theoretical elements. GOTZ KRUMMHEUER has adapted

GOFFMAN'S "frame analysis" in order to describe the

participants'(teacher and students) definitions of Situations -
"frames" - and their stratified changes - "keyi.ags" - in the
flow of interactions. Complementary i.s.o these actual activities,

my concept of "domains of subjectivos ex2erience (DSE)" aims at
the description of the sources and the organization of memory
and of the related long-term effects called learning. These
respresentations .function as relatively stable dispositions and
as the.potential from which the individual's actual orientation

and action is coined and formed. JORG VOIGT has investigated
the hidden regulations of classroom'procedure as they are
constituted among the participants. He describes "patterns of
social interaction" and their relation to "moves under duress"

and to (DSE-rooted) individual "routines". (See KRUMMHEUER 1983
and 1984, BAUERSFELD 1980, 1983 and 1985, and VOIGT 1984 and
1985.).

In the following I shall restrict myself to discussing the ma%-
aspects of the .DSE-metaphor. It should be noticed that we ofl.

alternative interpretations but do not claim to describe "the"
reality. The theoretical elements offer a well-founded
perspective on classroom processes among other theoretical

perspectives, with which it competes. The theses and their

substained connections are the products of "abductions" (C.S.

PEIRCE 1965, J.VOIGT 1984a). Thus a specific understanding of

the genesis of theories as well as of theory itself is

functional in our approach.

1. Thesis All spbjective experience is domain-specific.

Therefore all experiences of a person (subject)

are organized in Domains of Subjective

Experiences (DSE).6)

Whenever I have experiences, that is: I learn, actively and/or

passively, this occurs in a concrete situation, something which
I realize as context. Thus learning is situation specific, is

15
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learning-in-context. Learning is not limited to cognitive
dimensions. Since I cannot switch off one or the other of my
senses deliberately, all of my senses are involved, particularly
the genetically older organs like the mid-brain (emotions) and
the cerebellum (motor functioning). The stronger the
accompanying emotions, the more distinct and richer are certain
details and circumstances in the recollection. We thetefore
speak of the totality of experiences and learning.

Learning is also multidimensional: I learn how to do things,
and along with that, though mostly indirectly, I learn about the
when and the why. At all times I learn about myself and about
others.

The specificity to situation, the totality, and the
multidimensionality, give good reasons for the conjecture that
all experiences of a person are stored in memory in disparate
domains according to the related situations. Each DSE encloses
all of the aspects and ascribed meanings which appeared to be
relevant for the person who was acting within the sitution.
Encountering the same situation repeatedly contributes to the
consolidation of the related DSE, bUt as well to its isolation
from other DSE's. When entering a specific known situation a

person immediately. 'knows' very much, due to the activated DSE.

An example: More than 25 years ago during teaching practice
with student teachers in the country, I visited a little
nongraded school of some twenty pupils ranging in age from 7
to 14. The teacher opened the first lesson with a series of
spectacular actions. He called on the attention of the few
11 and 12 year olds and made the others work silently. Then
he ostentatiously dropped a plate.which burst into pieces.

A defective teapot followed, and finally he broke a few wood
sticks into pieces. His hand waved over the scene
accompanied by the key question: "What Is this?!" And a
nice little girl answered: "It is the introduction to
fractions!"
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Apparently she had experienced this happening repeatedly in
her earlier school years and she knew it would end up with
naming and calculating with fractions. From that she gave a
clear definition of the situation.

Under a phylogenetic perspective the immediate availability of
an adequate DSE guarantees survival. The complex nature of the
DSE's enables the activation of a specific one just through a
smell, a touch, a word, a picture., an action etc., and in such a
way provides for the instantaneous identification of a dangerous
situation for quick and appropriate (re-)actions, and for a
certain coping with possible consequences. Obviously many of
the students reactions in mathematics lessons are examples of
such direct and prompt concatenation, ensuring survival in the
classroom and saving unpleasant effort and reasoning.

The ideals of mathematizing, on the other hand, are clearly
related to critical distance, to analytic decomposition and

reflected construction, and to operations with symbols and
models. These arts do not develop along the

elicitation-reaction line. .In ordei to overcome the troublesome

phylogenetic conditions (which we cannot change nor deny),

instructional situations should therefore give more attention to
indirect learning on higher levels rather than to behavioral

responses/evoking through invitations on the bottom level of
direct action and reaction only.

2. Thesis The domains of subjective experiences (DSE) are
stored in memory in a non-hierarchically ordered

accumulation, following m.MINSKY's idea of a

"society of mind" (1982). In a given situation the

DSE's function in competition for activation,

independently from each other, and this the more

intensively they have been built up initially.

The model represents a powerful description for a functioning
organisation of the isolated DSE's. According to the flow of

1 7
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personal impressions and activities the "society of mind" is
under continuous change and development. Permanent end lifelong
new DSE's are formed7), older DSE's are changing. The gradual
fading away of DSE's, not activated for a long time, diminishes
the growing burden, the more, the lower, the emotional status
and the frequency of activation of the DSE are.

Every activation produces change: Often activated DSE's pass
through many transformations: the meaning, the relations, and
the importance of their elements may shift, the characteristics
of the situations become less specific (they allow more
variance, i.e. they generalize), and a hard core of routines, of
easy meanings, and of preferred verbal or pictorial
presentations is shaped. In an actual situation these

well-developed DSE's obtrude themselves through their smooth
perspectives and therefore have the best chance to win the
competition for reactivation. Thus success has stablizing and
tracking effects, though not necessarily for optimal solutions,
as an observer may note rather than relative personal optima.
But since every situation is new in a certain sense, there is an
opportunity for younger and less elaborated DSE's ("soft state")
as well as for easy and robust older DSE's. There is no -

preference in principle in the activation game as the phenomenon
of regression demonstrates: The relapse into certain pattern of
understanding and action under stress, which are older and less
adequate or less differentiated, but are functioning more
quickly and more reliably, receives a simple explanation from
within the "society of mind" model.

The model, by the way, leaves no room for an independent or

superordinate authority.in the "society", a "demon" or something
similar, who selects and decidedly activates DSE's. Clearly we

can exercise a limited influence on our internal retrieval

processes, but we are not in command of our memory as the many
failures of mnemonics show. An idea suggests itself - or not.

Through microethnographical analyses a surpris,_nq t high degree
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of separation between single DSE's has been demonstrated (LAWLER

1979, Bauersfeld 1982). Outcomes from quantitative-experimental

research work gives support also. Recently E.FISCHBEIN et. al.

(1985) have investigated the solving of verbal problems in

multiplication and division with 623 Italian pupils in grades 5,

7, and 9. They focussed their attention on the role of

"implicit, unconscious; and primitive intuitive models." Such

models, so goes their hypothesis, might mediate "the

identification of the operation needed to solve a problem" and

thus "impose their own constraints on the search process."

(FISCHBEIN et.al. 1985, p.4). The authors arrive at the

unexpected profoundness of the expected effects, which they

describe as "a fundamental dilemma" for the teacher:

"The initial didactical modals seem to become so deeply

rooted in the learner's mind that they continue to exert an

unconscious control over mental behavior even after the

learner'has acquired formal mathematical notions that are

solid and correct."(p.16).

The authors identify two sources for the genesis of such

personal (subjective) models. One is the direct relation to the

concept and the operation as it was initially taught in school.

As the other, they found a natural tendancy to produce

subjective regularities and use them intuitively through

continuous activities "beyond any formal rules one has learned"

(p.15) and though they Might be "formally meaningless and

algorithmically incorrect" (p.14). This represents an example

of the genesis of a DSE, pointing at the specifity of

situation as well as at the totality and multidimensionaly of

subjective experience as.stated above.

The rigid disparity of two DSE's which from a teacher's

perspective should be extensively interrelated (as e.g.

experiences with a special case and the general rule)

characterizes not only the phase of initial development in the



subject. Against the expectations of a natural growing together

of separately-gained pieces of knowledge through repeated

practice, the persistent subordination of knowledge to specific

DSE's remains effective and dominates the subject's actions.

The supposition that cognitive networks develop

quasi-automatically through an adaptation to th-e.logics of

subject matters appears as an illusion. The "society of mind"

model with its independently competing DSE's allows a simple

explanation for the persistence of disparate DSE.'s for the

"same" situation. This can happen even in cases where a DSE's

concepts and procedures are stored but not used though they are

superior or more general in an observer's view, because they do

not cover the "same" problem under the subject's perspectives.

Even so-called general concepts stored in memory are inevitably

related to the subject's perception of the situation in which

the concepts were built. And therefore ascertaining the

"thameness" of two cases affords a comparing of elements from at

least two different DSE's (see thesis 4). Each activation from

memory on the other side reinforces the activated DSE, but not

an abstract relation to other DSE's.

3. Thesis The activities of the subject and the related

subjective constructions of meaning and sense, as

these develop through social interaction, are the

descisive fundamentals for the formation of DSE:

In' mathematics education, in particular, the subjectively

relevant activities are bound to the offered mediatization of

the matter taught, to what is really done. Teacher and students

act in'relation to some matter meant, usually a mathematical

structure as embodied or modelled by concrete action with

physical means and signs. But neither the model, nor the

teaching aids, nor the action, nor the signs are the matter

meant by the teacher. What he/she tries to teach cannot be

mapped, is not just visible, or readable, or otherwise easily

decodable. There is access only via the subject's active

internal construction mingled with these activities. This is

the beginning of a delicate process of negotiation about

20
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acceptance and rejection. That is why the production of meaning
is intimately and interactively related to the subjective
interpretation of both the subject's own actions as well as the
teacher's and the peer's perceived actions in specific
situations. .Via these processes the (social) norms of
mathematical action are also constituted in the classroom,
covertly, regarding acceptability, validity, completeness,
relevance, and so on.

The doctoral thesis of G.FELLER 1984) gives an idea of how
important the activities with embodiments and physical means
(teaching aids) are for the formation of mathematical
experiences. She tested mathematical achievement at the end of
grade 2 in Berlin in order to find out the extent to which the
aims of the mathematics curriculum had been attained.. As a by-
product the author was "startled by the strong IMpact of the
manner of representation". Her final assessment:

"The outcomes indicate that the acquisition of each
different type of representation requires the learner's
explicit endeavour and, connected rehearsal, an effort which
is not less than is usually required. for the learning of

mathematical matter itself (like addition or subtraction)."
(G.FELLER 1984, p.67).

In our terminology this would mean that, for many children,

experiences with a new representation of subject matter, though
perhaps well-known from other situations, lead to a new DSE,

stored separately in memory and with weak if any relations to
the older experiences.

A new DSE can also develop through the explicit connecting of

elements from different older and available DSE's. The "Aha"

insight, flashing up suddenly while acting within the horizon of
an activated DSE and producing the idea of essentially "doing

the same" as in another context (DSE), is the announcement of a
birth, for the person as well as an observer. But the "Aha"
alone does not produce by magic a fully developed network of



relations here and now. It takes time and continual activities
to elaborate the new DSE. An "Aha" insight, not elaborated
after the first appearance, can fade away in the continuous flow
and only light up again much later accompanied by the feeling
that something like that was known already.

DSE's disappear only (and slowly too) if they do not receive
.reactivation. Growing interrelations and even integration are
not necessarily weakening effects. "The mind never subtracts"
(M.MINSKY, 1981). As is the case with regression very Jld DSE's
can prevail in the competition for activation under stress
against younger DSE's where so-called "higher",

"super-ordinate", "more sophisticated" knowledge is stored.

In the mathematics classroom students are often asked to
identify common characteristics between two events or cases,
which in the view of the teacher appear to be two models for the
very same mathematical structure. .This is the task of producing

a generalizing abstraction from different embodiments upon
request. In our view the student then has to compare elements
which are rooted in two different DSE's; in other words: which
are incorporated in two different cdntexts. What can form the
basis of the required comparing activities?

Usually the perspectives of the separate DSE's themselves do not
cover such operations, due to the specificity of actions,

language and meaning. So where do the aims come from? Which
kind of similarity or commonness do I have to search for? The
adequate basis has to be a third DSE, the elements of which.are
the means for comparison and the possible aims. Comparing
common characteristics by abstracting and neglecting other ones
is a complex and highly constructive activity. Without an
orientation, at least a diffuse image of the potential results
and of the relevant characteristics, as well as an idea of the
adequate means, there is no reasonable chance for the student's
success.
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An example may demonstrate the difficulties. What do the

following three situations have in common?

a) You plunge your hand into a paper bag three times and take

out two eggs each time.

b) You see three blocks of houses with two houses in.each

block.

c) Three boys and two girls dance. How many different pairs

are possible? (old-fashioned style: one girl one boy per
pair!)

The question can also be put this way: For which more

general issue can these three situations serve as models?

Is it enough to answer - like fourth graders perhaps would

do - "It's always six!" or "All are three times two" or "It
is multiplication!" or ...? What is the meaning of the.

concept "multiplication of natural nuMber"? How may it be
explained?

The cri.Eical step is the crossing of the borderlines of the

three related DSE.s. The interesting commonness is not with the'

same twos, threes, and sixes in each situation. What are the

conditions for seeing the well-known elements differently, to

dissociate them from narrow concreteness, to attach another

meaning, another relation, a more general relation, .to them?

Obviously, we can get hold of what we call a common structure

only by means of a model, of a certain description: no matter

how concrete or illustrative this model might be, provided that

it can work for us as the more general model, which we can

identify in (map onto) each of the three situations given.

For the above example a possible fourth model can be

d) Three parallel lines are cut by two other parallel lines.

The first three lines can then represent the 1., 2., and 3.

selection or house-per-block or boy. The second two lines

represent the 1. and 2. egg per selection or block or girl.

And the intersections (modes) stand for the six eggs or

houses or pairs in total.

't...- 23 .
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Clearly the learner either has to reconstruct from related help

and hints or he/she has to construct such a model on his/her

own. It should be clear, too, that this construction is not by

nature an integrated part of any one of the three situations.

It is not part of the experiences within the three related bSE's

it is a new perspective.

From another point of view the geometrical configuration d)

is nothing else than just another (specific) model for the

multiplication of natural numbers. Under this view there

are many more adequate models or descriptions, e..g. e) A

table with three columns and two rows, including the three

initial ones (more in H.RADATZ/W.SCHIPPER 1983, p.73).

From a developed understanding of the concept, each of the

models can serve as description of "the" general structure of

multiplication of natural number, at least potentially, and

realizable through one-to-one coordination. Thinking about

the available modes and possibilities for the representation and

any structures at'all, we might find that 'we cannot overcome the

force of the use Of models in communication. In principle there

is no transgression. This brings us nearer to the relativity, of

so:called general concepts (see T.B.SEILER 1973). At this

point, on the other hand, the common statement about "the best

learning is learning by example" sounds somewhat tautological.

4. Thesis In terms of memory there are no general or abstract

- i.e. context-free - concepts, strategies, or

procedures. The person can think (produce)

relative generality in a given situation. But the

products are not retrievable from memory in the

same generality or abstractness, that is, they are

not'activatable independently of the related DSE's.

With advancing years the development of the "society of mind"

leads to an accumulation of DSE's and also to a growing network

of relations among their elements through even the relations are

realized and retrievable only in specific domains. Their

genesis is bound to the considerable constructive activities of

the person as well.as to the situations of practice and to the
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qualities of'social interaction. The perspective of a certain

DSE may become integrated into a new DSE, together with elements

from other DSE's. In the perspectives of the new DSE thci

integrated older experiences may appear as subordinato s,nd

hierarchically lower elements. But in spite of that the older

DSE still can compete for activation with the new DSE. R.LNKLER
therefore speaks of a "structure of a mixed form, basically

competitive but hierarchical at need" (1981, p.20), more
precisely perhaps: hierarchically through special activation.

General knowledge is available through special activation only,

this is the meaning of thesis 4.

The disparity of the'DSE's marks not only the phase of their

initial formation but also the later phases when detailed or

more general knowledge has been required, which of course is

stored in different DSE's because of the differences in

situation, as the nvestigations of FISCHBEIN et al. (1985)

show. Microethnograptiical studies at preschool and early school

ages substantiate the extent to which the ability for

identifying two events as being "the same case" depends upon

previous learning experiences and upon the subjective perception

and definition of the actual situation. In several long-term

studies R.LAWLER has documented and analyzed the encounters of

his children with computers, arithmetic and geometry (1979,

1981, 1985). His early concept of "microworlds" is the

cognitive shadow of the domains of subjective experience (DSE)

as defined here (and elsewhere, RAUERSFELD 1982, 1983).

LAWLER's daughter Miriam e.g. has solved tasks,of the type

75 + 26 = ? according to the specificities of presentation

in at least three different and for long incompatible

microworlds.

If the task appears as "75 cents plus 26 cents" Miriam

calculates the solution via her activated "Money world",

like: "That's three quarters, four and a penny, one-oh-one!"

The presentation of "seventy-five plus twenty-six equals..."

she solves in her "Serial world" like: "seven plus two,

25



nine, ninety-six, ninety-se'ven, ninety-eight, ninety-nine,
hundred, one-oh-one!"

And if it is written as a vertical sum, Miriam adds up the

columns and carries the tens (R.W.LAWLER 1981, H.BAUERSFELD
1983).

The "identical" arithmetical task, as a teacher would name it,
is thus solved according to the activated special DSE using

related but completely different procedures. For the child,
obviously, the different presentations are perceived as
different and independent tasks. The rigid disparity remains in
effect even when all three representation are given
consecutively. It is much later that through spectacular "Aha"

events certain relations are produced.

The studies support the supposition that, in particular,'the use
of language is specific to the situation and hence to the
activaterl DSE. In LAWLER 's protocols Miriam uses the

phonetic lly same words "six", "seventy", "plus", etc. across
the dif -lilt situations, whilst her concrete actions indicate
differer- ';cacific meanings in correspondence 'with the different
activated microworlds. For an observer therefore it is

impossible to interpret an utterance without adequate

reconstruction of the related subjective definition of the .

situation (DSE). Likewise it ds impossible for Miriam to take a
distancing and critical perspective against her specific

procedures and interpretations from within the activated DSE.
Evidently this is Impossible in general - without having

developed the distancingsand critical perspective as an

integrated habitual activity within the DSE. That is why a

t.iacher's urging for comparing, for controlling, for looking
closer etc. has no effect when these activities are not

developed in relation to the activated narrow DSE.

There is by the way good reason for the development of

disparate DSE's because of the strikingly different sensual

characteristics of the concrete activities.

Miriam's "Money world" is built upon her intensive

experiences with her pocket money, with bUying and change.

What mathematicians call the operations of addition and
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subtraction is here embedded in a world with its own

specific sensuality: colour, and coinage etc. and with

specific non-number names like penny, nickel, dime etc. (see

H.RUMPF 1981).

In contrast to that her "Counting world" is ruled mainly by

word sequences which obey certain rules of construction

("twenty, twenty-one,...") and which are produced through

one-to-one.procedures of speaking and touching the objects

to be counted.

The Paper-sums world" is a medium of quite another type of

sensuality: Writing symbols on paper using a pencil (with

the typical fine-motoric muscle tensions), reading, and

operating with the symbols (see H.BROGELMANN 1983).

So we can state that meaning is attached to a word through

certain activities in a certain situation but a word has no

definite meaning per se. This is true with speaking, hearing,

reading, and writing. Likewise we interpret a word heard in a

concrete situation within the-range of the actually activated

DSE. There is no other chance for understanding without

additional effort, e.g. the activation of other DSE's. In this

sense ev6n the so-called universal language of mathematics is

not universally available (retrievable) for a person.

Theories become helpful models for realities when and insofar as

they generate constructive orientation. So more interesting

than the disparity of DSE's and the unthinkable purity of

context-free concepts, perhaps, are both the totality and the

principle of multidimensionality of learning in social

interaction:

5. Thesis Whenever we learn, all of the channels of human

perception are involved; i.e, we learn with all

senses, learning is total. And: simultaneously we

learn on all dimensions and levels of human

activities, at least potentially; i.e. learning is

multidimensional.
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A smell therefore can activate a certain DSE later on, as can a
pattern of motion or a sophisticated metaphor. In a given
situation we not only learn about the subject matter, directly
and attentively, the what-to-do - e.g. the theme,,facts and

procedure (declarative and procedural knowledge) - we also
learn, more covertly, about the how and the when to do it - e.g

.

orientations of action, strategies, the fit and the adequacy of
situations - we also learn about the why to do it - e.g. sense,

reasons, attached values - we learn about ourselves - e.g.
anxiety and motivation, personal identity - and we learn about
the others and how the?y see us - e.g. social norms, the person'E
social identify. The listing is far from complete. We also
develoP routines and pattern of habitual activities in all
dimensions. .

JOHN DEWEY already formulated this idea in 19387):

"Perhaps the greatest of all pedagogical fallacies is the
notion that a person learns only the particular thing he is
studying at the time, Collateral learning in the way of

formation of enduring attitudes, of likes and dislikes, may
be and often is much more important than the spelling lesson
or lesson in geography that is learned. For these attitudes
afe what fundamentally count in-the future."

The continuous flow of conscious production only marks the
surface of a much deeper stream of experiences which form the
orientation of a person's future actions. As DEWEY stated, the
most important things are learned collaterally, across many
activities and preconsciously, in a FREUDian sense. So what is

learned beyond the official theme, this major and more powerful
portion of learning appears as, a Score problem of classroom
teaching. AUSUBEL's classical and often quoted words may now be
read with a.samewhat more differentiated understanding:

"If I had to reduce all of educational psychology to just

one principle, I would say this: The most Important single

factor influencing learning is what the learner already

knows. Assertain this and teach him accordingly" (1968)

28
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Notes

1) In West Germany (FRG) after four years in primary school
about '25-40% of the 10-11 years old students enter a Gymnasium,
where they normally pass grades 5-13 and end up

with tne Abitur, at age 19. The Abitur exam is the general
pre-requisite for university entrance. The majority of the
students enter grade 5 of Hauptschule, Realschule or

Gesammtschule, the other types in the secondary school system.
2) These include not only direct simulations of mathematical
content on the computer screen, but also simulations of the
learning process, of the learner's previous knowledge and
strategies, because all this information is processed in the
form of mathematical or logical rules and with unambiguous
ascriptions (meaning)..

3) This, clearly, requires more detailed discussion, which
cannot be done here. My interest is to point out the

limitations which are carried by the unreflective use of my
categories or descriptor's. They seem to be "at hand" (like

metonymies) for what we think we see. But we usually do not
reflect upon their origin or their context, which leads to
covert, narrow pursuit, and not to novel ideas. As operations
in context, describing and interpreting are dependent on the -

qualities of these bases of the teaching-learning .processes.
4) T.O'SHEA,stated that often "the attempt to automate an
activity forces a better understanding of the activity

itself" (0'SHEA/SELF /1983, p.267). And he ends his diagnosis
by saying: "...it is easier to let children try to learn BASIC
than to develop learning environments which facilitate

intellectual discoveries; it is easier to write programs which

treat students uniformly than to write programs which try to
take account of an individual student's interests, errors and
aptitudes" (ibid., p.268)-

5) Analysing the role of example and counterexample in "proofs
and refutations" LAKATOS said: "...we may have two statements

that are consistent in (a given language )LI, but we switch to
(a new language) L2 in which they are inconsistent. Or we may
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have two statements.that are inconsistent in Ll, but we switch
to L2 in which they are consistent. As knowledge grows,
languages change.

"Every period.of creation is at the same time a period in which
the language changes." (FELIX) The growth of language cannot be
modelled in any given language." (I.LAKATOS 1976, p.93;
brackets added from context, H.B.). LAKATOS identifies the
change of language as "concept-stretching" (p. 93 f.). But

"concept-stretching will refute 4.1y. statement, and will leave no

true statement whatsoever." (p.99) Indeed he denies the
existence of "inelastic, exact concepts" as bases for
rationality (p.102). There is no eternal truth, there is only

"guessing" (p.76 f.) and "the incessant improvement of guesses"

(p.5). D.SPALT (1985) discusses in detail the failure of

LAKATOS" solution to this fundamental problemi "mitigation" of

concept-stretching (LAKATOS 1976, p.IO2 f.).
6) The notion of "subjective" experiences rather than

"personal" experiences (which might be nearer to colloquial
English) follows etymological considerations. The Latin origin,
the verb "subjicere", means in the transitive sense that the .

person (the subject) actively sub.jugates something, makes it the
person's own through action. This of course describes the

functioning of "subjective experiences". The active parts are
at least the continuous constructions of meaning and the

selecting and 'focussing in our changing definitions of the
actual situation.

7) For this quotation I am indepted to HARRIET K. CUFFARO"s

article in the Columbia Teachers College Record, summer
1984, p. 567, which interestingly critizes the present use
of computers in schools.

The vigilant reader will find that chapter 4 as promised at the
bottom of page 2 is missing here. The chapter will have to be
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added later on.
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ON THE RELATIONSHIP BETWEEN APPLICATIONS OF
MATHEMATICS AND THE TEACHING OF MATHEMATICS

INTRODUCTION

Most mathematics educators believe in the importance of
applications, but it is nevertheless very difficult to
get applications into the curriculum. Why? One
possible reason appears to be that there is no agreement
on what is meant by applied mathematics. In the
followi-ng we shall explore four different definitions,
and their consequences both for the mathematics subject
matter and for pedagogy.

1 THE DEFINITION OF APPLIED MATHEMATICS AND ITS VISUALIZATION

In discussions of applied mathematics, a large amount of unnecessary difficulty is sometimes
created by differences in perception of the appropriate defmition. These differences have come
about quite naturally in recent years, since the variety of mathematics which has significant
practical applications, the number of fields to which mathematics is applied, and the modes of
applications have all undergone vex,/ rapid change. It is useful to think in terms of four different
definitions.

* Dr. Pollak's lecture followed closely parts of the text
of his paper "The interaction between mathematics and
other school subjects", Volume 4, UNESCO. The appropriate
parts of the text are reprinted here by permission of
the author and UNESCO.
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Mathematics and ethos subJects

(1) Applied mathematics means classical applied mathematics; that is, the classical branches ofanalysis, including calculus, ordinary and partial differential equations, integral equations,the theory of functions as well as a number of related areas. It is sometimes.convenient to
annex those aspects_of secondary mathematics which are essential prerequisites to calculus,in particular algebra, trigonometry and various versio .s of geometry. The fact that thesebranches of mathematics 'are the ones most applicable to classical physics is usually under-stood as part of this definition, but no actual connection with physical problems is implied.
Applied mathematics means all mathematics that has significant practical application Thisgreatly enlarges the collection ofmathematical disciplines included under (1). All the topicsthat have been considered world-wide for inclusion in the elementary and secondary schoolhave significant practical applications including sets and logic, functions, inequalities,linear algebra, modern algebra, probability, statistics and computing. Almost all the mathe-matics taught at the tertiarY level (the undergraduate level at many universities) as well asmuch graduate mathematics are also included. In the views of many people, the mostimportant areas of mathematics that are included in (2) but not in (1) are statistics,probability, linear algebra and computer science. There axe many who feel that these topicsare as important as classical analysis. Fields of potential applicability include more thanphysics, but, once again, only the mathematics itself is being considered.

(3) Applied mathematics meana beginning with a situation in some other field or in real life,making a mathematical interpretation or model, doing mathematical work within thatmodel, and applying the results to the original situation. Note that the other field is by nomeans restricted to lie in the physical slences. In particular, applications in the biologicalsciences, the social sciences, and the management sciences have become extremely active.Many other areas of applicatiens will tt: - considered.
(4) Afiplied mathematics means what perk: ) apply mathematics in their livelihood actuailydo. This is Re (3) but usually involvea gr;ng around the loop between the rest of the worldand the mathematics many times. An excellent example of the process involved in thisdefmition of applied mathematics may be found in a report of the workings of the OxfordSeminar in the United Kingdom (Oxford, 1972).

A convenient aid in visualizing these four definitions is seen below:

(2)

-In this picture the left-hand side shows mathematics as a whole, which contains two intersecting
subsets we have called classical applied mathematics and applicable mathematics. Classical applied
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mathematics represents definition (1) and applicable mathematics, defmition (2). Why doesn't
(2) contain all of (1)? The .overlap between these is great, but it is not true that all of classical
applied mathematics is currently applicable mathematics. There is much work in the theory of
ordinary and partial differential equations, for example, which is of great theoretical interest but
has no applications which are visible at the moment. Such work is included in defmition (1) as
classical applied mathematics, since this contains all work in differential equations; on the other
hand, if it is not currently applicable, it does not belong in definition (2).

The rest of the world includes all other disciplines of human endeavour as well as everyday life.
An effort beginning in the rest of the world, going into mathematics and coming back again to
.the outside discipline belongs in defmition (3). Definition (4) involves, as will be seen, going
around the loop many times.

Other categorizations of applied mathematics have also been considered and can be examined
in terms of the diagram. Typically, they involve a more detailed study of the process within
mathematics itself than we shall undertake here. For example, applications of mathematics may
consist of routine uses of mathematics, of mathematical reasoning as opposed to direct
calculation, and of the building of models of various sizes going from small models through full'
mathematization of real situations to truly large-scale theories. Another very interesting way of
slicing the pie may be found in Felix Browder (1976) "The relevance of mathematics". His
categories consist of: (a) practical mathematics, that is mathematical practice in the common life
of mankind in civilized societies; (b) technical mathematics, that is the use of mathematical
techniques and concepts to formulate and solve problems in other intellectual disciplines; (c)
mathematical research, that is the investigation of concepts, methods and problems of various
mathematical disciplines including applied ones; and (d) mathematics as a universal pattern of
knowledge, which means the science of significant form. His essay is highly recommended.

2 A DETAILED STUDY OF ME VARIOUS DEFINITIONS

2.1 The mathematics side of the diagram .

The mathematical content of classical applied mathematics (defmition (1)) and of applicable
mathematics (defmition (2)) have already been discussed. One recent trend has been the pub-
lication of books and articles showing the applicability of many of the mathematical disciplines
which are not included in defmition (1). To name just a few examples, Hans Freudenthal (1973)
as well as M. Glaymann and Tamas Varga (1973) have written recent books on the applicability
of probability; Tanur, Mosteller, ICruskal, Link, Pieters and Rising (1972) have edited .a volume
showing the great diversity of applications of statistics; R. H. Atkin (1974) in his book has
included applications of topology, and Fred Roberts (1976) has devoted much space to appli-
cations of graphs and Markov chains. Journal articles are even more numerous; a few samples of
particular interest follow without the slightest pretence of coverage. Thus F. W. Sinden (1966)
and Uwe Beck (1974) have shown some applications of topology; M. Dumont (1973) has
discussed some uses of Boolean functions and J. H. Durran (1973) some applications of Maxkov
chains. Recent applications of combinatorics and graph them are examined, for example, by
John Niman (1975), J. N. Kapur (1970) and W.. F. Lunnon (1969).

A significant feature of applications or mathematics is that mathematical concepts 'and
stnictures have important usefulness, not just mathematical technique. An interesting discussion
of this point is given by H. G. Flegg (1974). Furthermore, since the relationship between mathe-
matics and its applications is forever changing, there is a dynamic effect on mathematics itself.
It has happened many times that areas of mathematics which were originally considered quite



32

Mathematics and other subject*

pure, and were developed with no thought of applications whatever, have turned out to beegnificantly useful. On the other hand, areas of mathematics which were invented only for
ication, with no thought of their possible contribution to core mathematics, have turnedout to have an impact on pure mathematical disciplines. As an example of the former, the theoryof_entire functions has given notable insights in electrical communicatiom; ideas of informationtheory; on the other hand, have been useful in such diverse fields as measure-preserving trans-formations and the theory of finite groups.

2.2 The rest of the world

Perhaps the outstanding feature of applications of mathematics in recent years is that the areas to
which mathematics is applied have been increasing in number so kapidly. It is fairto say that noarea of human endeavour is currently immune from quantitative reasoning or mathematical
modelling. Besides the traditional physical sciences and engineering, tha biological sciences, thesocial sciences, the management sciences, the humanities and everyday Rea are all arenas for inter-
action with mathematics. This is not meant to imply that mathematics is taking over all theseother fields, but there are many interesting applications.

Perhaps the most extensive literature in recent years on applied mathematics from the point ofview of the other disciplines has come in the biological sciences. An excellent overall surveyappears in the book by J. Maynard Smith (1968). Books dealing with specific areas within_the
biological sciences include Victor Twersky (1967) on growth, decay and competition and R. M.May (1973) on 'the stability of ecosystems. Among the articles too numerous to summarize we
note S. Karlin (1972a,b, the former jointly with M. Feldman) on genetics, S. P. Hastings (1975)on neurobiology, Arthur Engel (1971, 1975) and Beck (1975) on population models, W. D.Hamilton (1971) on the geometry of group behaviour, and several article.; in "Computers in
Higher Education" (1974) on the usa of computers in biology. Not that new books and articles
on mathematics in science have been lacking: We note particulazly a little known volume byGeorge Polya Mathematical Methods in Science (1963) as well as another pOrtion of VictorTwersky (1967). Recent articles on mathematics in Science include J. B. Griffiths (1976) onmodel building and mechanics, the conference report on "Modern Mathematics and the Teachingof Science" (1975), and the previously mentioned computer survey "Computers in HigherEducation" (1974).

Another field which has recently flourished is the interaction of mathematics with the socialsciences. Information on computers and statistics in the social sciences generally may be foundin (Computers . , 1974) and (Teaching of statistics . , 1973); a fascinating and somewhat
different viewpoint is represented in the article by H. R. Alker, Jr., "Computer simulations:Inelegant mathematics and worse social science?" (1974). The Source book on Applications of
Undergraduate Mathematics to the Sodal Sciences (1977) contains descriptions of detailed
mathematizations in many fields of the social sciences. To go on with specific fields, economics isextremely active for interactions with mathematics, although good expositions of the problemsof model building in economics are not common. One nice example is "On the theory ofinterest" by David Gale (1973). Mathematical work in geography has also been quite popular in
recent years, particularly in the United Kingdom. Again there are significant contributions in
(Computers ... , 1974) and (Source Book .. . , 1977), and an elementary treatment of weather
forecasting in Durran (1973); see also King (1970). Mathematical psychology is represented bytwo recent survey articles by Anatol Rapoport (1976); Source Book . . . (1977) also contains
extensive references to recent work. Besides their appearance in overall summaries, anthropologyis represented by example in the book by L. Pospisil (1963) and the traditional mathematicaltheory of warfare by Arthur Engel in (1971). A magnificent example of mathematics applied to

0 9



33
Mathematics Teaching IV

political science may be found in M. L Balinski and H. P. Young (1975) "The quota method of
apportionment". Mayer (1971) and Coxon (1970), for example, represent mathematical
sociology.

The very large field of mathematical models in the management sciences including the entire
area of operations research hardly needs description here. Sample articles of particular interest in
recent years include those by F. J. Fay (1972), J. C. Herz (1973) and the delightful piece on
mathematics applied to college presidency by J. G. Kemeny (1973). Mathematical models in
medicine has been an increasingly active field; there is an excellent survey by J. S. Rustagi
"Mathematical models in medicine" (1971). Mathematical linguistics has similarly become a
major accepted field. Interesting particular articles appear, for example, as parts of: Engel ( 1 97 1 )
and Source Book . . . (1977), with Sankoff (1973) as another good source.

The penetration of mathematics into the humanities, including statistical and computer
models, is a fairly recent event. Perhaps furthest advanced are Mathematical analyses of art. We
note, for example, A. V. Subnikov and V. A. Koptsik (1974) and a very valuable British summary
of mathematical ideas and concepts in art by Beryl Fletcher (1976a). Mathematics applied to
architecture is discussed by R. Fischler (1976) as well as in the summary work "Computers in
Higher Education" (1974). Some examples of mathematical ideas in hobbies and handicrafts are
given in Beryl Fletcher (1976b). Mathematical strategies for certain games such as NIM and the
towers of Hanoi have long been familiar to, and enjoyed by, mathematicians. In recent years,
there has been a great upswing in the discovery of optimal strategies for much more intricate
games, and this has even provided one of the early applications of ideas from min:standard
analysis. We particularly note the work of E. R. Berlekamp and J. H. Conway, partly reported in
Conway (1976). A nice example of optimal strategy for poker is given by W. H. Cutler.(1975).
Cryptanalysis has often been treated see e.g. Sinkov (1968); for mathematics in sports see
Klein (1972).

Besides the above-mentioned books and articles more or less devoted to specific areas of
applications, there has been a trend in recent years towards the publication of excellent
collections of articles and symposium reports which cover a broader spectrum. One of the earliest
but still of great interest is the Utrecht colloquium "How to Teach Mathematics so as to be
Useful" (Freudenthal, 1968). This was followed by the Echternach symposium "New Aspects of
Mathematical Applications to School Level" (Echternach, 1973) and the Lyon seminar "Goals
and Means Regarding Applied Mathematics in School Teaching" (Goals and Means ... , 1974).
Other noteworthy volumes of this kind include Notes of Lectures on Mathematics in the
Behavorial Sciences edited by H. A. Selby (1973), Topics in Behavorial Mathematics by T. L
Saaty (1973), A Source Boolc for Teachers and Students on Some Uses of Mathematics, MaX Bell
(1967), A Conference on the Applications of Undergraduate Mathematics . . . (Knopp and Meyer,
1973) and La Mathématique et ses Applications by E. Galion (1972).

The preceding list well Mustrates the current diversity of applications of mathematics in
contrast with the historical monolith of applications to physics. It should not be assumed,
however, that the arguments between those who stress the great variety of applications in recent
years and those who feel that their total impact cannot compare to the 2000-year accumulation
of success in mathematical physics have died down. In fact, this difference of instinctive value
judgement underlies many of the arguments about mathemati-z aducation to which we will
return later.

2.3 The model building process

When mathematics is actually applied to a situation in some other field, there are typically a
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number of distinguishable steps in the Process. These consist of a recognition that a situation
needs understanding, an attempt to formulate the situation in precise mathematical. terms..
mathematical work on the derived model, (frequently) numerical work to gain further insilatA
into the results, and an evaluation of what has been learned in terms of the original ex tax...Q
situation. This picture of theifiodel building process has been widely accepted a-nd there are
many papers which elucidate the details from various points of view. Overall descriptions appear,
for example, in the papers by M. S. Klamkin (1971), H.. O. Pollak (1970) and P. L. Bhatnagar
(1974). The same pattern, but applied specifically to operations research, appears in the paper by
Gordon Raisbeck (1975) "Mathematicians in the practice of operations research"; its application
to engineering may be found in A. C. Bajpai, L R. Mustoe and D. Walker (1975), and again in the
paper by H. G. Flegg (1974). M. E. Rayner (1973) in her paper "Mathematical applications in
science" in the Echternach report describes in detail some of the difficulties in problem form-
ulation. A quotation she gives from Eddington is particularly worth repeating, "The initial
formulation of the problem is the most difficult part, as it is necessary to use one's brains all the
time; afterwards, you can use mathematics instead". A proposal for better model building in
mechanics is also given by J. B. Griffiths (1976). See also Wilder (1973).

The model building process has a number of interesting properties as well as pitfalls which
we shall examine. A good model is one which is to some extent succemful in explaining, or
even predicting, external reality. If it fails to have this explanatory power then, no matter how
satisfactory the mathematics itself, the model is not .good applied mathematics and must be
changed. This process can be quite painful for the mathematician but real progress zi inter-
disciplinary efforts is often made th.ough successive changes in the model. This is one of the
reasons why definition (4) of applied mathematics involves going around the Icop many times.
Another phenomenon which sometines happens is that a mathematical model predicts too mczh
rather than too little. It may happen that phenomena observed in the other field are indeed
explained satisfactorily, but that farther logical implications of the model are not acceptable.
For example, in the mathematic:, of comniunication a model of a signal which is of fmite
duration in time is very realistic. similarly, a model of a communication egnal using fmite band-
width comes up in many situations and gives quite satisfactory engineering results. Unfortunately,
Jie two are contradictory and cannot be useia at the same time in the same problem; models
which do so unwittingly will lead to nonsense. On the other hand, attempts to undustand this
difficult situation fully have led to very interesting advances, see e.g. D. Slepian (1976).

Another feature of the model building process ii that the purposes for whieh a mathematical
model is created are also quite varied. In the physical sciences and engineering, the purpose is
frequently very precise understanding which will in turn lead to action. In the socSal sciences,
on the other hand, the purposa is often one of indght; you want tl know whether a .-..ertain sec.
of hypotheses could accoimt for a particular observed phenomenon. It is often assumet although
not necessarily true, that these associations are in fact one-to-one correspondences. Physical
models of why rivers meander, or why a rapidly slurped pice of spaghetti comes up and hits your
nose, are not necessarily used for scientific decisions. On the other hand, mathematical models of
shortest connecting networks and optimal pricing are often used for management action.

The overall picture of applications of re,. tan:mattes would not be complete witaout a discussion
of truly interdisciplinary activity. Muc.::. o: die most exciting current work is in fact on the
borderline between several fields, one of which being in the mathematical sciences. The above
references will lead the reader to many examples of current interdisciplinary work.
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3 EFFECTS OF APPLIED MAMEMATICS ON MATHEMATICS EDUCATION

3.1 Problems.and problem solving in the schools

A framework for understanding the meaning of applied mathematics has now been established,
and a number of ramifications of the various definitions have been examined. A look at effects
of applied mathematics on education follows. It must be emphasized that many of the topics in
this chapter represent ideas and experiments in various countries which cannot claim to be
adopted on any large scale. Discussions at the Karlsruhe Congress did not bring forth any data
which would substantiate broad use of applied mathematics in the schools.

Traditionally most of what was considered applied mathematics in the schooli has been found
under headings such as "word problemsr, "problem solving", etc. (This does not mean the
"word problem" in the sense of modern algebra.) Ile meaning of such problem solving has been
examined in a number of projects and articles in recent years. For example, the work of IOWO in
the Netherlands is of particular importance. IOWO has also paid special attention to the
differences' in abstraction and precision between mathematical language and everyday language.
The detailed meaning of problem solving is examined in papers by H. G. Flegg (1974), Beryl
Fletcher (1976c) and H. 0. Pollak (1969). Genuine applications of mathematics to other fields
and to everyday life should ideally be in the character of dermitions (3) and (4). It is often
argued that a full presentation in the spirit of even dermition (3) represents too large a project
and takes too much time. In that case, the actual situation and numbers used in the word
problem should at least be genuine extractions from an honest problem formulation. For
example, estimates of crop yields and of times to complete a task should not be made to five
significant figures, for this will never happen in real life. Too many plumbers in one room get in
each other's way, and jobs are not always divisible. A current joint project of the National
Council of Teachers Of Mathematics and the Mathenir 31 Association of America in the United
States is producing a Source Book (1978) of hundred_ simple problems which are intended to
be genuine in the above sense.

The opposite phenomenon is that the facts alleged in the statement of a profilem are some-
times totally unreaL Problems which usa wrong linguistics or impossible engineering or incorrect
meteorology just to have some words from another discipline should be avoided. In this case,
intent can nevertheless be important Sometimes problems are clothed in a mantle of external
vocabulari only for amusement, and the pretended application is not meant to be taken seriously.
We shall call such problems whimsiczd problems. A strong argument in favor of such problems is
made for example by Arthur Engel (1969) "Some examples are artificial, Ince fabies. But just
like fablw, they have a moral, i.e., they facilitate insights into things that appear in the real
world". For example, it can be quite effective to begin with an unsatisfactory oversimplification
of a real situation, and to approach a genuine application in the sense of dermition (4) through a
series of increasingly realistic problems. Thus whimsical and unreal problems are not necessarily
devoid of pedagogic value. However, if they are perceived as stupid, they may well be counter-
productive. Similar discussions of real and unreal problems may be found in two particularly
interesting papers by Margaret Brown (1972, 1973) and Mary Williams (1971). In particular, Mary
Williams points out that the same difficulty of unreal models happens at a very advanced level as
well as at the school leveL See also section 1.1.5 of Chapter W.

The increased awareness in many countries cif the importance of teaching the applicability of
mathematics has led to a number of very interesting attempts to collect real problems at various
levels, and from various disciplines, and to make them available for teaching purposes. One
collection at the school level (Source Book ... Secondary School, 1978) has already been
mentioned. Other general collections have been made by Max Bell (1972), Ben Noble (1967),
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D. A. Quad ling (1975), and C. W. Sloyer (1974). Collections devoted to particular disciplines,
mainly at the university level, include the series on statistics by example (Mosteller et al., 1973),
the social sciences problem book (Source Book . .. Social Sciences, 1977) and the collection of
mathematical models in biology (Thrall et al., 1967), although the realism of problems in the
latfer collection varies. Another text in the same .spirit, although it is organized as an actual
course in engineering concepts, is The Man Made World (1971). It can be expected that very
interesting collections of real problems in the above spirit will also be appearing in China. One
such example of which we are aware contains, among other things, a number of excellent
geometric problems from industry and agriculture (Applications .. . , 1975).

3.2 Mathematical subject matter in the schools

The diversity of applicable mathematics (definition. (2)) which has emerged in recent years has
greatly complicated the task of designing cunicula for elementary and secondary schools. The
traditional goals of preparing students for either shopkeeping or calculus (associated with
definition (1)) cease to be uniquely valid when so many more areas in the mathematical sciences
are of undeniable importance to so many of the world's people. As the number of reasonable
choices increases, so does the difficulty of designing a curriculum. It has been argued by many
that, for example, probability, statistics and computer science are as important for applications
as the calculuS. School materials for applications to many different disciplines have become
available in recent years. Collections of materials involving applications to many differentlields
may be found, for example, in Crossing Subject Boundaries (Schools Council, 1970) and the
materials from the Minnesota School Mathematics Center (Rosenbloom, 1963). The Chelsea
Centre for Science Education project, "Science Uses Mathematics" (Chelsea) contains interesting
applications to science which can be used in an interdisciplinary way, although this is not always
done. Applied Mathematics in the High School by Max Schiffer (1963) also gives excellent
examples of the relationship of mathematics and scientific applications from the point of view of
the schools. A collection of examples which turn the tables and use physics to do mathematics.
has been made by Uspenskii (1961).

A majOr work examining curricular goals and pedagogy in the framework of an application to
economics may be found in Damerow, Elwitz, Keitel, and Zimmer (1974). Biological applications
may be found in Gibbons and Blofield (1971), and applications to geography in the materials by
IOWO, in New Ways in Geography by J. P. Cole and N. J. Beynon (1968) and also in B. Fletcher
(1976c). Applications to geography are also featured in the Travaux d'Orlians (Les
Mathématiques dans l'Enseignement 1975), which in fact contains many other fascinating
applications to a variety of fields throughout the curriculum, including economics, technology
and medicine. This work also features. references to recent work on applications in France and
interesting philosophy on the usefulness of mathematics. An interesting application to political
science may be found in Steiner (1966); environmental applications occur in the work of IOWO
and in the book by Fred Roberts (1976). As we look at applications organized from the
mathematical point of view, a superb collection of applications of linear algebra may be found in
T. J. Fletcher (1972), and of statistics and probability in the work of Arthur Engel, e.g. (1970,
1973) and in The Teaching of Frobabilfty and Statistics edited by RAde (1970). Mathematics
Applicable by the Schools Council (1975) also motivates much secondary mathematics through
examples; the volume entitled Logarithmic/Exponential is a particularly interesting sample.

This great diversity of possible applications of mathematics, and of elementary branches of
mathematics with significant applicability, has made the curriculum design problem Very difficult
For example, topic A deserves to precede topic B in the curriculum if topic A is socially more
important at this particular time, or if topic A is a prerequisite to topic B at this particular time.
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As technology and social goals change, so should the ordering of importance. As available tools
for teaching change, so will the order of prerequisites. These orderings will differ also from
country to country. These facts make it even more difficult than it has been in.the past to export
curricula from one part of the world to another. Since an imported curriculum incorporates
problems, situations and values which make no sense in a new country, this was probably never
desirable, but is is even more questionable now.

3.3 The possible effect of applications on pedagogy

An appreciation for the different forms of applications of mathematics should affect not only the
curriculum materials of the schools but also the pedagogy. If you examine even relatively simple
uses of mathematics, you find that it is necessary to understand when and how and why the
mathematics works in order to apply it correctly. There are several reasons for this. One is that
mathematics which has been understood will be remembered better. Another more fundamental;
reason is the danger that mathematics which has been memorized without understandingwill be
misapplied. It is necessary to know where a particular method or formula comes from, exactly
what kind of problem it will handle, and when and how it works in order to be sure that it will
apply to a new situation. Curriculum reform in many countries has emphasized the "why" of
mathematics in recent years on the grounds that it is essential for proper teaching of
mathematics. What we see is 'that "why" is just as important for interactions of mathematics
with other disciplines as it is for mathematics itself. The natural desire of mathematics teachers
to emphasize understanding as well as technique is reinforced, not contradicted, by aPplications.

The model building process as developed through definitions (3) and (4) of applied
mathematics interacts with mathematical pedagogy in a still deeper sense. Model building requires
an understanding of the situation outside mathematics and of the process of mathematization as
well as of the mathematics itself. You cannot hope to mathematize a situation without under-
standing it. Here we have yet another way in which "applied"problems whichdo nothing more
than mouth words from another discipline are bleely to mislead the student. A great weakness
of some courses with titles ince "Methods of Applied Mathematics" is that no attempt is made to
provide an opportunity for the student to understand the situation and the mathematization
process. This point has been particularly emphasized by H. G. Flegg (1974) and is further
substantiated, especially from the point of view of future employment, in R. R. McLone (1973).
Some of the college-level collections of real problems mentioned previously, for example Noble
(1967) and Source Book ...Social Sciences (1977), take particular pains towards the under-
standing of the situation in the real world.

Mother pedagogic. implication of the interaction betwem mathematics and other disciplines as
it is described in defmition (4) is that such interactions are clearly open-ended. Open-ended
teaching of mathematic? '4- if:f has long been recemmended by mathematics educators in many
countries, although adop'':. us rare. What does "open-ended" mean in this context? Besides the
usual activities of solving ;:.,oblems and proving theorems, students should have the experience
of finding their own problems to solve and their own theorems to prove. Such experience is an
important factor in the mathematical development of the student But eitactly the same
argument holds in the context of applications. It is veryvaluable for the student to have open-
ended modelling experience, which besides Its great pedagogic value is an accurate foretaste 4f
mathernaticarapplications in the real world. Experiments in open-ended discovery teaching of
mathematicarapplications, many in the form of truly interdisciplinary materials, are under way
in surprisingly many countries. An outstanding example is certainly China, where a major
practical problem will be used for reference and inspiration throughout a course in calculus or
linear algebra. There are many other examples of open-ended and truly interdisciplinary activities
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at the tertiary level, represented, for example, by the Case Studies in Applied Mathematics
(1976), the books by T. J. Fletcher (1972), Maki and Thompson (1973) and Roberts (1976).
At the elementary level, an outstanding example is provided by the USMES project in the United
States (Lomon et aL, 1975) in which students attack a series of action-oriented challenges by
appropriate combinations of mathematics, science and social science. Truly :open-ended
applications are particularly difficult to introduce 4t the secondary level, and corresponding
materials are very scarce.

3.4 Applications and teacher training

As mathematics teaching changes in the light of the increasing applicability of the subject, so
should teacher training. Teachers should become familiar with the new fields of applicable
mathematics, with the process of model building, and with the associated pedagogic emphases
on understanding and open-endedness. There is a general tendency world-wide to reverse certain
recent trends and to include more experiences involving applications in the training of
prospeCtive teachers. Perhaps the most exciting development in this direction is the pattern
pioneered in the United Kingdom and now also spreading, for example, to Australia (Fensham
and Davison, 1972), i.e. to make an internship in industry part of the training of a mathematics.
teacher. In this way, it is possible for the teacher to learn something of how the mathematical
sciences are really applied. Practising teachers also sometimes help with the preparation of new
interdisciplinary, open-ended materials (see e.g. Case Studies ... , 1976). Especially in those
countries in which 'there is currently an ample supply of teachers, those prepared in the broader
mathematical sciences and familiar with applications of mathematics enjoy a stronger position in
looking for employment In other countries, applied mathematics in the sense of definition (1)
has always been a strong component in teacher training, but experience with applications in the
sense of defmitions (3) and (4) has been missing. Once again, major industrial or agricultural
experience has become part of teacher training in China.

3.5 Vocational education

A further educational effect of applications of mathematics is in vocational education. As the
importance of the mathematical sciences increases for many disciplines, so does the need the
workers and technicians in these disciplines to learn the most appropriate mathematical
techniques. Noteworthy vocational materials in a variety of technical fields have been developed
in a number of countries. For example, of the order of a dozen volumes of applications of
mathematics in different technologies (clothing, carpentry, metal work, etc.) have been produced
in Hungary. A different development in the same spirit is the increasing popularity of special
curricula for technicians in computer science and data analysis. These have become particularly
prevalent, forexample, in the United States.

3.6 The implications of truly interdisciplinary teaching

Teaching which is truly multidisciplinary is very difficult to achieve at any level, but perhaps
nearest to reality in the elementary school, where in many countries a single teacher
normally handles most if not all subjects. The evidence for this may be found in the many multi-
disciplinary materials for the elementary school which have been mentioned. Such activities,
when actually carried out in the schools, are especially satisfactory for students because they
strengthen the relationship between school and real life. Students are not always satisfied with
the promise of future gratification inherent in such statements as "you will find out why this is
useful later on", and are pleased with the applicability of mathematics to problems in which they
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are interested. This is particularly stressed, for example, by IOWO and USMES (Education
Development Center, 1974, 1975). However, if the time during the school day is apportioned
according to disciplines, it is necessary that the time for multidisciplinary activities be
contributed by the various disciplines involved. This implies, at a minimum, that multi-
disciplinary projects must state what responsibility they will take for specific topics in the several
disciplines. Appropriate teacher training at the elerrieiitary level is very necessary. On the
,secondary level, the implications for the structure of the educational system are much more
severe. If a single unit involves mathematics, science, social science and language arts all in a
significant way, who is going to teach the material, who Will contribute the time, how should the
school be organized? These problems have not been solved, although team teaching is one possi-
bility; see also Rao (1975). They are discussed particularly in section 3.7 of Chapter III and in the
Report of the Memphis Conference (Education Development Center, 1974). At the university
level, multidisciplinary educational activities may take the 'form, for example, of genuine model
building courses discussed previously,or of team teaching by faculty from mathematics and from
a field of application of sections in basic courses .such as calculus, linear algebra, and statistics.
An example of a master's programme with multidisciplinary experience is Hunter College (1974).
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UT STUDENT'S ERRORS
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STANLEY ERLWANGER

DIETER LUNKENBEIN
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LESSONS FRON RESEARODI ABOUT STUDENTS' MORS
by S.H. Erlwanger

PARTICIPANTS OF KORKING GRCUP A

H. Bauersfeld, H. Bouazzaoui, V. Byers, B. Emmouna H. Gerber,
Hoffman, R. Kayler, D. Kirshner, A. Kramti, E. Kuddiger, D. I
0. Mohammed, A. Powell, Jr. Vervoort, S. Erlwanger.

"Students' errors in mathemaiics learning have often been
apprrached frame pathological point of view. In such an
approach, the study of errors or error patterns is conceiv
as the study of the symptoms of some disease for which a c
has to be found or discovered. In other relatively recent
studies, the phenanenon of errors in mathematics learning
been approached from a more developmental, cognitive point
view. In this latter approach, students' errors are seen
more as aligns of progress in learning, which may indicate
incompleted process a deviation fran an expected develops
or even a misconcepLon but which essentially is a phenome
of a cognitive process called learning. In this perspecti
students' errors in mathematics are in-portant indicators
the description of the learning prccess and its gradual de
ment.

It is the intention of this working group to study and toc
the phenomena of error in mathematics learning from the lal
perspective.

1. by looking at some recent publications or researdh in
this field;

2. by indicating'the impact of particular results on the
conception and description of models of the learning
process;

3. by identifying same areas of research, where the dewed
epproach could be of particular interest."

The Waring Group consisted of a diverse set of individuals witests ranging from the elementary sdhool to the university lave

1. Publications and Researdh

Several publications were on display for the gimp. Sane o
are listed in the Appendix. In addition, several copies of
reports and examples of students work were made available t
seaters. There was unfortunately, not a wide enou4h range,
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as of research identified as of interest were in the articles 

lisplay, especially two by Ginsberg which are discussed be- 

. The following points of interest emerged from the discussiona. 

or Analysis for Cbgnitive Purposes 

as some discussion as well as general agreement on the idea of 

crors and error analysis to study cognitive processes. The 

, 

"Cognitive Diagnosis of Children's Arithmetic" by Ginsburg 

cussed as a good example of one application of error analysis. 

felt that 
Ginsburcesclassificationof cognitive purpose and 

tive purpose was a useful way of considering error analysis. 
. 

the umbers here felt that such analysis could be useful for 
building *bile others were more interested in using such 

a for remediation. These differences reflected individual 

interest and experiences in the area of diagnosis. 

the participanta, H. Gerber, has aptly observed that "the 

got off to a ponderously slow beginning. Perhaps it was due 
heterogenious nature of the groups, or the variety of biases, 

tions, and coscarns, that the first three hours were to me at 

a waste of time. The meeting came alive at the 
starL 

of the 

ession with your (Erlwanger) examples, confirming the theory 

should introduce a topic with a problem that interests the 

e." .The point being made is an iaportant ma in that it re- 
tha state of the art regarding error analysis in mathematics. 

tele by Ginsburguas a beginning attempt towards some sort of 

However, it became clearer aver the three days that we were 
ily motivated lay anecdotal examples ;Ind subsequent discussions 

d at tha descriptive level and led to different interpretations 

viduala. 

a remaining two days we attempted to follow a plan to discuss 

re). Errors, Conceptual Errors and finally errors in Problem 

cedaral and Conceptual Errors 

nctioawas, made between those two types of errors by V. Byere. 

mer were errors in the steps of an, algorithmand the latter were 
ed with concepts. The discussion on procedural errors led to 

lowing points: 

a article, "Cognitive Analysis of Children's Mathematics Diffi- 

." by Russellahd Ginsberg was introduced by Dyers as an example 

strata procedural errors as specific defective procedures when 

ng a written algorithm. Members did net have enough time 

st the article. It was also feltthattle paper summarized m- 
ath= than described individual children. However, the results 

Licata that fourth graders with learning difficulties made a 
IuMber of errors than their peers. 
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(ii) TWo examples of children'a work were shown by Erlwange Coe example showed a boy who made procedural errora with an but could do the example mentally in his head. Moreover, th could handle fractions which were used in plans for his mode structiona, but he made errors with fractions at school. lho example was of a boy who was able to use algorithms oorremtl ! 
as informal methods of working with percents for example. al weneused to suggest that the so-called informal methods: by both good and poor students, but it is only the latter 4s often unable to use standard algorithm that are taught at scl 

(iii) Two examples of conceptual errors were given. V. Dyer an example by R. Davis on the zaro product principle which sc school students used inoorrectly to solve (x-7) (x-8) 3$as s x-8=3. 

A sot of examples by Erlwanger of children's interview resp to questions about the equal sign WA distributed. The examp illustrated how children gave their own (different) interpret of the equal sign in examples such as 2+3=5, 3=3 and 5+3=3+5. 

There was not enough time to consider these examples or any o 
C. Errors in Problem Solving 

There was no time to discuss this area at all. 

D. Other aspects that were touched upon but not discunsed at 
1. Articles by Dyers and Erlwanger. One article on "Content in Mathematics" raised tha question whether errors should buted to either the content or the fcrspor both. A second 

on "Memory and Mathematical Understarding" raised the ques What do good students in mathematics remember that poor on A related question is the role of neaory in ntrors arising spurious genralizations. 
2. The article hyFusselland Ginsburg supported same of the o made by the grom, namely: children with mathematics diff are not deficient in key informal mathematical concepts an but they have trouble recalling addition number facts and 1 maka procedural type errors. 
3. The problem of how to minimise the occurrence of errors as how to use errors as they occur to assist students Is 1.2ua mathematics WA proposed by M. Hoffman. 
4. Looking at errora frame broad context in which errors mem only one aspect of the totality of that student. 01. Damen 
5. The notion that errors are subject matter specific and refl content as well as its forns(Hyers and Erlwanger) 

6. The development Approach in Geometry where errors are consi to be indicators of tha level of development of children. ( This raised the question that we speak of children's erro quently in subjects taught at school while we seldom think, in subjects that are taught informally such as geometry. 
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discussions cn errors remained at the rleqr-riptive level
Lid not lead to any theory. (D. Kirshner)

Ire, the working group daronstrated av again that our know-
prding the learning of mathematics and the causes and nature
; is still incarplete, fragmentary and. far fran a .theory.

the group rret initially a great deal zZ tine was spent in
evaluate each otheru views. It woul;T: probably have Leen ad-

to have focussed on intrnducing each rspect by neans of
, But it turns out that finding exarrples to cover different
,g. elenentary, seconder!, college and adversity is quite
t.

d oernents by participants:

elendiger

ated very mueh, that daring disc:eat-ma a variety of differ-
; came up, as to how an error can Le e-fined and what role
in the learning process. Depending co. the chosen conceptual
t different aspects care to the fax,1
tr three different approaches:, tiar:. part1:: ,tre overlapping,
tclusive.
:ley gave (temples of a student, wtr:1 tutrlit solve an addition
mentally in a nen-school environsent 4J711 uuld not da it
;chord, neither mentally nor by using Use standard algorithn.
ack, I think Fieinrida's darains of learning are very suitable
he these difficulties: A cognitive structure is halt up
mein and by this is related to this &main and is not necessarily
;x as a successful strategy into another danain.
;it:ration the tasks: of the teacher would be to recognise suit-
itegies a studeet posseses already, to enable the student to
this strategy into another &Gain and to demonstrate the
;hip Letween strategies (standard alsoriths - others) .
another masa: why I like the above uentioned example given
ty: it dearnstrates the relevance of the affective part of the
process. This affective sweat is - as to my opinion - ale
et important characteristica of a domain, e.g. if a learning
ult is supportive in a way that a student ventures to think,
of ccgnitive structures frau another domain is more likely.

her aspect cane in to the fore in Dieker's approach, that
neloprental a:e. Taking gearetrical concepts as an example
toprent of a cognitive structure could be described. In thi s
:1 frarrewark an error can be lcoked upcn as indicator of thn
develcprent. By choosing apprepriate tasks the teacher is
rupport the daveloprent of tha cognitive structure.

above, stortly described approaches caplement one another, -
I one, in'arteroed by David Kirshner is - as to my opinion -
:table with the others. Frankly, I do not agree with David,
re 11.15 tranietaprk as too static: an error is defined as
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deviation of a well defined norm system. Moreover the occurs-a
errors has to be avoided. If this is not possible, the teethe
by intervening - has or will lead to the right way mare or ler
hmediately.

This approach 'takes it easy to identify errors and to classit
but I think it is far fran school learning or learning in gent

(b) D. Kirshner

"In this report, I focus on ray otm principal intervention in ti
Error Analysie Pbrking Group, concerning the relationship of I
tence models to error analysis. The thesis consists of the ft
ocuponents

1. Data available on students' errors are (usual2 7 en appmo
analysed through ccaparison to, or as deviat1a.4 co
behaviours.

2. Error patterns are less uniforan and "stable" than ampate
patterns, both within and Letaaaen subjects, because the c
of deviations from a procedure is (in principle and pract
broader than the procedure itself. Also, errors may pres
intermediate stage in the acquiwition of carpetence. The
is therefore an 'end point' of a developrental process.

3. The greater stability of calpetence data permits, in prir
uore systatatic and rigorous analysis of carpetence patts
is possible, independently, of error or aoguision patter::
daninant paradigms in the psychology of mathematical ski]
Infoomatien Processing) do not exploit this potential, ta
coapetence and error using the sane tools and ascribing e
status to theories of error and theories of ancetence.
suit is that "in uost (V) analyses there has Leen cami4
obscurity in the boundary between what is raant to Le tx .
subjects, and what is reant to be trea of a particular et
(Vaniehn, Brow, Green°, 1984, p.236)

4. More productive error analysis (i.e. now genrallzable ar
:my have to attend the more rigerous modeiling carpeteno
that case error analysis nay serve a nein subservient n
to tie ev/luation and verificaticn of orupetence

(c) H. Gerber

The conference nu an eXcellent one, well-organized and witt
speakers. lbwever, the session got off to a pondercusly nlr
Perhaps:it was due to the heterogeneous nature of the gnus
tte variety of biases, expectations, and ooncerns, that the
three hours were, to no at least, a waste of time.
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3ting came alive at the start of the second session with your
as, cenfirmdng the theory that ue should intrcduce a topic
problem that interests the audience. From that mcment, and
U3 when the francophanes began to speak, our sessionwes first,

, the sessions ppened a Whole new aspect of teaching. I began
=stand the problems, the terminology, and the present limita-
X2 cur understanding of errors. Ibmemmr, I rlai have a biblio-
cn which to begin. The next time I see you, I intend to
Ipate in such a meeting in a more'intelligent fashion.

Ited an example. Intro remind you of the one I gave. The
cf the examination soores 22/30, 15/20, and 5/8, on tests

calculated as 122+15+5)/(30+20+8).42/U2,. my son thought that
is the same as the old percentage averaea. ln that case the
i of 60%, 70%, and 80% is (60+70480)/(100+100+100)210/300.,
,70%. This confusion led him to believe that if his cumu,
average after 3 months was 60%, and he got 70% cn his next
ition his new average would be 65%. He was bright enough to
ierror as soon as / painted it out tolibn."

Erlwanger

s the seoond working grow in five years that I have attended
subject of errors. The first cne in 1980 focussed on results
n tests and exapples of regediation. This time we tried to
an the value cl errors in cognitive analysis. I note that in
se the groups got edit° a very slow start. This is prObably
ction cf the different blames and interests of individeals.

h the discussiens did not go very far, I think they did reflect
vedcpuent in this area that ought to be pursued by furture
'grows - I hope in less than five years time.

suggest though that in Peter° an attempt ehould be made to
bars to contact eadh other before the conference. I think
ebsolabllyessential so that the group leaders can get same
the interests of the participants and perhaps arrange that
pnts bring one or more examples of errors for discussion."
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I WORKING GROUP B

LOGO ACTIVITIES FOR THE

147GH SCHOOL

3ROUP LEADER:

JOEL HILLEL

Appendix

This appendix contains three examples of LOGO-
activities for the math classroom. The first

relates to the topic of Pattern and can be ust

varying levels of sophistication through the

(elementary and secondary). The second activ:

to the topicig Least Common Multiple and can

in late junior and intermediate level math cl;

The third activity, relates to teaching about

and the circumference of a circle (intermedia
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Report of working Group 'IV: L030

The Group spent most of its time in examining and evaluating

several= ihspiVxlinvestigative situations which had strong

I
links to the math curriculum Thin was a foils:F./up to last year's

group (Working Grouplis LOGO and the aath-curriculun) in widdh the

oonsensus emerged that the availability of sedh explicit qnicrocorlds'

represents the best strategy for having LOGO accepted and used by

most teachers. It is an approach taking the pathof 'minimal re,

listance' since it calls on no speciel programmieg expertise by ihe

Radnar, nor does it require a major perturbation of the existing

classroom setup or the existing curriculun. This is not an argument

gaituat other possible implementations of LOGO in'the school, includ-

ng a more inclusive Fapertian visicn af a fully implemented LOGO

urriculus. Bather, it is based on the pragmatic realisation that

he acceptability of LOGO to 'met teachern will be based, rightly or

poppy, on their perception of its relevance to what.is currently

aught.

Aside &omen emphasis an specific math content, last year's

:cup employed other criteria whiCh were intended to reflect the ad-

uatages of IJDGObased environmente. These included: modifiability,

ctensibility, the posaibility of users.writing their own procedures'

id following several lines of inquiry, etc. (see last year's report).

:the riAk e,',f In oversimplification, we can say Chat two general

pes of situations were examined during the three days. The first

pe comprised those situations created specifically to enhance a topic
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within the existing math curriculum. The second type motor:

uations whose underlying math concepts are not traditional !

but yet seem accessible to students because of the graphical

ties afforded by the computer.

Gary Flewelling of the Wellington County Hoard of Educal

duced many examples in which LOGO was used to generate "Imre:

situations" conneCted to topica in the sath,curriculum.

included investigations involving fractions, vectors, motion

acceleration, trig functions and statistics (see the arpendic

some examples). These were viewed by the group, which disc=

they could be modified, or extended to allow the user more cc

Denis Therrien of Uhiversit6 Laval also demonstrated sal

packages which dealt with number concepts such as divisors,

composite, odd/even numbers, etc.

A. Senteni of 1.1.Q.A.PL demonstrated a non-turtle LOGO mi

that of variations on Cenway's Game of Life (designed bY B. f

of L.C.S.I.). Here members of the gropp discussed brieflyra

this kind of situation is only for 'buffs' or whether sudh ar

gation could be used to launch into some important math. cam

such as 'state', 'action on states', 'stability', finite and

'orbits', etc.

Finally, the possibility of using LOGO to investigate ii
processes was discussed. Here the group thought out several

limiting behaviour which could be exhibited geometrically:

shapes (e.g. circle as a limit of n-gons), limiting points ar

of inspirals, numerical limits (e.g. ratio of perimeter to di

n-gon) and fractals using recursive procedures.
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Board)

DESIGNS FROM LETTER PATTERNS

(Using LOGO procedures)

Developed by

Gary Flewelling
Mathematics Consultant

Wellington County Board of Education
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DESIGNS PROM LETTER PATTERNS

MATH
Letter Patterns
Properties of 2D

Designs

START UP INSTRUCTIONS

Load LOGO into your computer (see pin up card fl)
! With Pl.:welling disk in drive, type

READ °LETTERS IRETURN1

I. When the LETTERS file has been read in, type
LETTERS 1RETURNI

DU WILL BE ASKED TO RESPOND TO ONE OR TWO INSTRUCTIONS.

you have responded to the instructions an the screen,
lphabet keys you asked for will be activated.

:h letter is typed in, it will appear in the upper
Nortion of the screen.

lition, a larger version of the letter will appear at
:wan. (see below)

127,01--LETIcr
/77/2C7/=E7 MI VWXLL

dditional letter begins to be drawn where the previous
. stops being drawn. This gives rise to a large number
ter designs.

ery simple single-letter patterns will generate designs.elow)

itAAA
BBB

%c3)

59

. More complicated designs result from using two or r

ABABABABABABAB

If a key is hit in error and you wish to remove tha
from your design, just hit the 13 key. If you wan
several letters, hit the El key several times.

If for any_reason you want to blow up or shrink a d
hit the L.Li key.

You will be asked, "What seale factor?" If you wan
its dimension, for example, respond by typing EiHad you wadted to shrink it to half siie you would
by typing III ifilowl

To get back to original designsize you must hit th
respond with a scale factor LAIRETURNI.

Below is the 'ABABAB' design blown up using a scale

ABANBABABABABA

. Hit the gj key to erase the screen and start over i
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EMEHEMEWHEM

e.g. 2

BOBBOBOODBOBBOBBOUBOUNBOODBODOOBBOO

ter patterns need not be set out pn just one line as above.
dimensional array of letter patterns can also be created.
A in achieved by preening the m key At the and at estah
a of letters in the array.

ing ART1ART1?.RT1ADT1 for example, would give the letter
tern and design shown below.

AR
ATAR
R
ART

igns can be printed onto paper following the instructions
'pin up card 19'.

'ew sample print outs are shown on the next page.
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HELP
HELP
HELP

61

talZ
LaZU

UNIRZ

zZ

UWZZ
uzZU
ZZNII

P ZZA
P ZZA
P.,ZZA

. See the supplement
'WHAT CAN I DO WITH THE PRE7for ideas on how to utilize these designs.

NOTE: Should somethinc go wrong, for whatever reawant to start over again, hold the 1CRTL(anddown, together, and type in LETTERS IRETURN1

68
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LCH

(Using LOGO procedures)

Developed by

Gary Plewalling
Mathematics Consultant

Wellington County Board of Education

LOGO
NONE

63

LEAST COMMON MULTIPLE

MATH
Multiples
Least Convion Multiple
Lowest Common Denomini
Common Factors
Coprime i's .

Composite 11's
Properties of 20 desic
as gear ratios

START. UP INSTRUCTIONS

1. Load LOGO (see pin up card 111)

2. With Flewelling disk in disk drive, type,

READ '1.01 !RETURN]

3. When LCM file is loaded, type,

BEGIN 1RETURNI

You are first asked to type in the coordinates of the ccn
and radius for eac1+ of two circles.
I would suggest, in the beginning, typing,

O 0 tHETURN, and

125 ',RETURN]

for the first circle, and

O 0 [RETURhj

60 OTIE6ED
for the seOund circle.

125

7150 (0.11)

-125

(Keep the circles within the screen dimension shown above.

You are then asked to input two natural numbers. Initial]
should consider using one digit numbers. Had you typed, 1
example, 8 [RETURN! and then 6 URETURNI you would see, on
screen, eight points on a large out circle and six points
an inner circle. (fig 1)

fig 1
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lacedures will cause the first point of circle one (C1)
joined to the first point on circle two (C2), then the

I point on CI to be joined to the second point on C2,
Two coloured disks will appear on the points being
I. (fig 2 A fig 3)

1

1

3

fig 3

in control the action on the screen lt [1 [RET(JRN')
the procedure run continuously(type Ull[RETURNII.

and [RETUR will activate the ksy. Each time
]is pressed another pair of points gll be joined.

L a N'

i shows result of pressing Z3 five times)

above ,:xample, it will be noticed that the design
be complete (fig 4) until 24 pairs of points have been
I. In this time, the disk on CI will have made 3 trips
I CI and the disk on C2 will have made 4 trips around
.e. 3 sets of 8 points were joined to 4 sets of 6

fig 4

e action been run continuously, you would see the two
run around their circular tracks, with the disk on CI com-
g 3 laps in the time that the disk on C2 completed four.
touching 24 points)

ints loudly of the following

I I 4x1 3xI .4
3 a etc.W I 4x6 3x8 24 24

a gear with 8 teeth turning a gear with 6 teeth

4 is the "least common multiple" of 6 and 8.
ncepts can be introduced With this package.

65

. Students should ha able to predict strfmn behaviors amcomes given any two inputs.
e.g. I CI: 8 points
e.g. 2 CI: 8 points
e.g. 3 CI: 8 points

and C2: 5 v.oinr's (fig 6)
and C2: 4 paints (fig 7)
and C2: 8 points (fig 8)

fig 6 fig 7

. Natural numbers up to 180 c-In be entered (too large a n
will result in an "out of n more error).

. To print completed designs (fig 9-13) from to screen to
follow these instructions.

I. Have Flewell:Ing disk in disk drive and printer 'ON'.
2. Stop LCM procedures with CTRL and E3 keys held do

together.
3. Press P key and the [RETURN key.

(Figures 9-13 had both circles centred at (0,0), the ceof the screen.)

fig 9 CI: 4
C2:50

fig 10 CI: 67
el: 2

fig 11 CI:
C2:

7
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fig 12 CI: 68
C2: 11

fig 14
CI: (0,50) r=60
C2s (0,-60) r=50
l's 90 and 3

fig 16
CI: (0,50) r=50
C2: (0,-50) r=50

80 and 40

fig 13 CI:40
C2:30

fig 15
CI: (0,50) r=75
C2: (0,-50) r=75
1's-74-and 72
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Things other than LCM's and gear ratios can be inves

61. How do successive segments vary in length? (coul
measure each off screen and plot a graph, pair f
v.s. length in mn)

42. Can you predict design characteristics given val
inputs? (e.g. CI:16 and C2:12)

Q3. Given design, can you determine input values?

Q4. Are there characteristic differences in designs
inputs:
a) are a multiple of the other (e.g. C1:24 and C
b) share a common factor (e.g. CI:24 and C2:8)
c) coprime (no common factors) (e.g. (II:7 and CI'

Q. Am there characteristic differences between clef

el:a, e2:b and e1:b, e2:a?

NOTE 1:

NOTE 2:

NOTE 3:

NOTE 4:

NOTE 5:

prolonged use of the 11 key to step out a deg
result in an "out of memory" error. At thij
design can be completed by typing DESIGN ourm

The procedure is Dat self-stopping. You must
ICRTL1 and ci keys down to stop the drawing

To enter two new numbers without changing the
position of the two circles, type,

LCH [RETURN]

To start with two new circles, type,

INFO IRETURN1

Should anything go wrong, for whatever reason
down the [CTRL! and E3 key then type, BEGIN

Make sure the Flewelling disk is in the disk

7



CIRCLE ACTIVITIES

_-1

U. OtreAT.
FU. '.ii, LT

El

Activity I
Activity 2

Activity I

Activity 4

circles
circle designs
dilatations
circular Ards
designs
ir

(on AHD THE CIRCUMFERENCE FORMULA)

ty does thres things.

ening toil ,
a. user way of approximatingq oind

a) user tatheld tor working Out circls'a CitCumtterleo.

I is procedure from the PI Elie that draws regular

wit like the POLY%
procedure used in Activity I. Thu

ince hero is that once the polygon le drawn, the

ts to the centre of the
last side drawn, turns inwards

I pulses the direction it is Pointing in.

lov enter a command like PO 2 (or I or 5 etc.) and hit

lemsuRNI keys repeatedly until you
get to the opposite

the polygon, yOU will have measured the polygon's width

count the number of steps taken x2 (or I or 5 etc.)

gate how the width of a specific regular polygon

s to its perimeter.

)(Mar Polygon (regardless of size) hes its own peculiar
lit (arrived at be dividing its perimeter by its width).

lygon Perimeter Width
Constant

P/W

Ire

tgon

;on

gon

I.

(»spacer to do arithmetic Calculation, just enter
ter/width fecrunifj)

sans that the perimeter of regular polygon can be
simply by working out the answer to

width of polygon x polygon constant

s a weird way of calculating a perimeter. Normally,
uld just take the length ol ens aide and multiply by
mbar of sides. And yet, lc is a way ef working out
tar that. worth getting used tol

he regular polygon becomes a circle, you have no
but to use

width x circle constant il

more familiar with the usual way of writing this formula.

Circumference of a circle diameter x pi

U

'WORKING GROUP CI

IMPACT OF SYMBOLIC

MANIPULATION SOFTWARE 0

TEACHING OF. CALCULUS

dROUP LEADERS:

BERNARD HODGSON

ERIC MULLER
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iymbolic Manipulation Software on the teaching of Calculus

ies Logiciels a Calculs Symboliques sur L'Enseignement du*
Ferentiel et Integral

Working Group C

ticipants and Acknowledgements

3rt - Eric Muller

3tated Bibliography - Bernardliodgson

!ndix 1

andix 2

andix 3

andix 4

andix 5

- Gilbert Morin - A useful introduction to
rauMATH.

Page

2

3

7

15

- Charles Latour - Part A - an excellent 20
description on how muMATH was used to
solve the curvature of light problem in
general relativity - Part 8 - discusses
the inportance 'du calculn or "general
computational skills* in mathematics.

- Noelange Boisclair - raises some general
questions regarding the use of computers
in calculus courses.

Leaders:

Participants:

71

Bernard Hodgson
Eric Muller

Dave Alexander
Tpsoula Berggren
NUelange Boisclair
Gila Hanna
Charles Ldtour
Fernand Lemay
Hal Proppe
Ghislain Roy
Robert Sealy .

Bernard V.:nbrugghe
Edgar Williams

(Université Laval)
(Brock University)

(Ontario Ministry of
(Simon Fraser Univers
(Cfigep Montmorency)
(OISE)

(Cégep F.-X. Garneau)
(Universitd Laval)
(Concordia University
(Universitd Laval)
(Mount Allison Univer
(Université de Moncto
(Memorial Univers;ty)

Acknowledgements: The leaders wish to thank Professors Dicke.
and Wainwright from the University of Waterloo. These three
spent considerable time explaining the Maple System, its firs
the introductory calculus course and the use of computers in
ductory Linear Algebra course. The warm welcome to the Univel29 Waterloo and generous contribution of their time is much appri
The group expresses its thanks to Gilbert Morin, an undergradi
Universite Laval, for preparing documentation on the use of mi

- Edgar Williams - provides an extensive '32
list of potential benefits which one
can gain by using asymbolic manipulation
software in teaching mathematics.

- Dave Alexander - raises a number of 35
questions and suggests a sequence for
teaching differentiation with Symbolic
Manipulation Software.
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Report

this report the terms Symbolic Manipulation Software (SMS)
Computer Algebra Software (CAS) are assumed equivalent.
y refer to software which manipulates algebraic systems,
s rational arithmetic and can perform calculus operations.)

group started by spending three hours obtaining first hand
ce of the =MATH software in the Laval Mathematics Department's
puter laboratory. The group followed a set of instructions
d by Gilbert Morin - a mathematics undergraduate at the
te Laval (see Appendix 1).

arge number of shortcomings were found during this three hour
the must serious of these being that wrong and incomplete

were produced on the screen without comment. The general concerns
roup is that this particular software is not yet in a form
ntly consistent and correct to be used in or with a first year
The group is aware that such software as MAPLE and MACSYMA have
more widely used and tested ani; that they do not contain some
hortcomings of the muMATH. At present both MACSYMA and MAPLE
larger computer systems to operate. Nevertheless it is the opinion
rs in the field that both MAPLE and HACSYMA will be available on
I micros very soon. The group therefore was looking ahead to times
ted and powerful (computer algebra) symbolic manipulation systems
readily available. Part A of Appendix 2, by Charles Latour, is a
arly good description of the experiences of an individual using
Or the first time to solve a specific problem.

the end of the first session participants were asked to think
c impact of such systems on mathematics and to prepare a list Of
concerns, etc., which could be studied and developed by the group.

following list was drawn up at the beginning of the second session:
not in order of importance)

Develop problems (examples) particularly suited to solution using
symbolic manipulaticn software.

Develop guidelines for the use of SMS systems as a check to one's
work.

Determine whether an SMS system permits the introduction of more
advanced ideas at an earlier stage, i.e. order within curriculum
when SMS system is used

Discuss the use of such systems for non-university bound students..

7 3

5. Identify either

a) "routine" parts of the curriculum which can be un
by the SMS system and which have in themselves no
towards achieving the aims of the course

or

b) isolate the important parts of the curriculum whi
enhanced by, but not replaced by, the use of an SI

6. Guidelines on how to use the SMS systems as a means f
exploratory development of mathematics

7. Isolate those skills which are necessary for using th
sensibly:-

(a) Estimation
(b) Sense of reasonableness
(c) Knowledge of concepts
(d) Are the procedures used in testing algorithms us,

testing solutions from an SMS package?

(e) Use of graphical techniques as a check of reason

8. How much should one know about the algOrithms and the
language used in such packages? Do these algorithms
languages give any insight into the the mathematics?

9. What properties should an SMS system have in ordei fo
useful in education (as opposed to a pure research to,
capability to show intermediate steps etc.

The group then decided to isolate one topic within the differe,
and integral calculus and to discuss the use of SMS systems in
of that cucept. Without making any statement as to when or w,
a calculus curriculum "limits" should be taught the group (lett
at the possible impact of SMS systems on the teaching and lear,

80
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IS syscei4s ..n4 the teachiu; of Limits

IS systems do not provide a rich environment fur tha teaching of
wept of limits. These systems can be used to simplify complicated
lic expressions but generally numerical proceJures provide a
medium to motiyate intuitive ideas of limit concepts in calculus,
s of the type u . A useful numerical software package would have

screen displaying graphical values on one side and algebraic
Intations on the other. The plotting of function vaiues should be
: so that subsequent values appear one at a time. It should be
to enlarge any interval of values so that intervals which initially

small could be enlarged to fill the whole graphical portion of the
Such software would be used to present simple cases in class and

Ilow students to explore many different functions which are normally
essible because either the student-lacks the algebraic techniques,
computations are extremely tedious.

ce the concept of limit is understood SMS systems should bn used
vate the laws of differentiation. Every effort should be mode to
the derivative as a dynamic concept and not a numerical one. SMS

e allows quick access to more meaningful applications and to the.
ction of differential equations which provide life to the derivative.

S Systems and the teaching of Integration

en discussing integration techniques -- algebraic integration
res -- two disparate points of view are expressed:

) Too much time is spent on integration techniques both in class
and student assignments. These techniques tend to dominate the
use of the student's time and mastery of these techniques does
not translate into a better understanding of integration. Some
argue that we can now dispense completely with integration
techniques as they are largely algebraic manipulations which
shed no new light or insight on the concept of integration.

) Integration techniques are a necessary part of any calculus course.
A student faced with a particular integral is forced to consider
alternative procedures for solving it. There is therefore a
certain openess or trial and error situation. It is one of the few
areas where students apply the algebraic skills they have acquired
in school mathematics.

belielies that the following points are sufficiently significant
ey can form the basis of further thought and study in the use of
tware in calculus courses.

75

When technology is avail*.le, course content, lecture pre
and student activities coould shift to higher mental acti.
Can calculus courses learn from the scatistics experience
statistics courses spent many hours on simplification of
involving sums of squares and cross product expressions.
"good" for the students as they obtained experience using
notation and manipulation of indices to change the concepl
definition to the efficiently calculable form. This is ri
now and more time is spent on the statistical concept and
whkul and how to apply it. Is the calculus curriculum so
established that it no longer has any flexibility for chal
way to review the Calculus curriculum is to firstly isolat
concepts which are essential to calculus and secondly to !

curriculum with supporting activities restricted to those
the concepts and give a deeper understanding of calculus.
that SMS soft:15re will play a major role in such supportii
Many students presently complete a calculus course and are
integral tables. They have a very limited experience of 1

techniques and many are unaware that the integral of then
functions do not have closed analytical forms. Hopefully
ware will change this situation and will place students ir
experimental situation.

A reduced emphasis on algebraic manipulation in calculus c

have a major impact on school mathematics courses as much
algebra is directed towards preparation for calculus cours

It is clear that unviersity mathematics professors involve

year calculus and linear algebra courses have a lot to learn re
use of SMS software in these courses. It is imperative that th
are experimenting with the use of such software in their course
their findings. It is important that experimental use of such
well documented so that others can repeat these experiments in
settings. Either one of the leaders of this working group woul
receiviag such information and to circulate it to interested in



76

ANNOTATED BIBLIOGRAPHY

S 46 B.f. Kf;lmua, Jr., "Pi." Amer. Math, Monthly 92
(1986) 2!13-214.
An exaiK0e of a "cor.:toptual problem" (the
exist/1=4a o w ) showing the importeuce of
cheap, of tzsriables and integration by parts
in studying integration.,

RBGER ea 11. Znehborger, G. Collins .ond R. Loos,
gaiMiktp._ Algebreil-, (002110 and Algebraic
Coy. Windul:-VorlEgp 1983. (2nd ed.)
firot eiaWten issood so a Supplementun to the
Journal SaseptiQ (1982). A basic book
route/X4ns aleAcon suirley artAulea (with
extenelve re/Wonces) about the theory and
implepontation of symbolic mathematical
systqW0 (the su-Aaled "computer algebra").

& MATO 84 J.T. Xorp ed., g.9.-BEILUREAP--4-11111/mtiLtiC-111.

NCTM, 1904.
Report of a conference snanaored by 'NSW. Of
particular interemt aro the ohaptorm "Inpact
of c4mputing on algebra' mn4 "IA:911ot of.

computing on ce.cullue.

18 80 B.W. Ard/.m, ed., Pat call be vatomated7 MIT
Press, 100,
The 0..nsptr Ockunce sad TogAneering Research
Study, 4 hugs '3'eport (nearly 1400 pmgamt) on
all as9,41W of computer science. Pages 612-526
give a short introduction to algebraic
manipulatio.

/RD 85 "School algebra: what is still
fuodamentmi and what ia net." In (NCTLY8 86)
pp. 52-(24.
"The pue4 to incorporate symbolic mathematical
ostepn in a/gebra La questionable because we
mre not sure of the re/ationships between
procedural know/edge end skill and the
un4arstanding of algebra. (...) I predict that
nore procedural knowledge will be needed to
laara algebra than army would believe."

MORT 91 J.H. Davenport, 'Effective mathematics - the
computer algebra viewpoint." In Constructive
Nathematicl, V. Richman, ed. Springer-Verlag.
1981 pp. 31-43. (Loot. Notes in Maths, no.
873,;
An introduction to the theory underlying

FATEMAN 80

77

symbolic mathematical syetoms%

B.J. fateman, "Symbolic and algebrai
programming systens." Proc. ICMR-
Ilirkhallser, 1983. pp. 606-612.
A mini-course on symbolic and
computer programming systems.

FRY & GOOD 85 J.T. fey ,md B.A. Good, "Bethi
r.nace and priorities of hi

..\teccatice curricula." In (NCTM.
1-52.

:umber of familiar and
uuLhomatical ideas are at the hear
coamon applicationr (...) A studen
by (a symbolic mathematical aystem
endure a long skill-building appr
iv order to become an effective
solver - if the key oilganizing co
nall understood."

FISID 83 U.K. Heid, "Calculus with suMATH
tions for curriculum reform."
Teacher" 11 (1983) 46-49.
A condensed version of some issues
in (COMP & MATH 841.

HODGSON & .

AL. 85

HODGSOW
POLAND 83

NOSACI.1 86

B.R. Hodgson, B. Muller, J. Poland a
Taylor, "Introductory calculus in
(STBASBoURG 851 pp. 213-216.
"We propose ways in which the in
Calculus curriculum sight respon
recent and rapidly changing compute
ces." Discussion stresses the
contextual approach, the qualitativ
of functions in athematical modell
interactive mode of classroom teachi

H.R. Hodgson and J. Poland. "Revampi
mathematics curriculum: the inf
computers." CMS Notaq 15(8) (1983)17
Outcome of working groups nt
meetings of lea2 and 1983. Raises th
of the relevance, in the contex
actual computer revolution, of m
courses taught in the traditio
Proposes scenarios of reasonable so
the changes needed in undergraduat
tics education.

J.N. Hosack, "The affect of comput
systems on the curriculum." Prepr
College (Waterville, ME), 1985. (5 p
A general discussion regarding t

84
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symbolic mathematical systems in early courses
(see also (LANE 86]] for a preeentation of tbe
Colby Curriculum Project).

ACK., 06 J.N. Holoack, "A guide to computer algebra
systens." Preprint, Colby Collages (Watar-
villa, MR), It06. (15 pages)
A comParisoc of the capacities of MACSYMA,
Maple, nuMATH, REDUCE and SMP.

BARD &
r 85

J.H. Hubbard and B.H. West, "Computer graphics
revolutionizes tba teaching of differential
equations." In (STRASBOURG 851 pp. 29-36
(Supplement).
Illuatrate the use of interactive high-resolu-
tion graphics for tbe (early!) teaching of
differential equations. -

I 84 "The influence of computers and informatics on
mathematic. and its teaching." .(An ICHI
discussion document). L'eneetgnement matbdme-
tique 30 (1984) 169-172.
The discussion docuaent prepared for the ICMI
Sympoaium bold in Strasbourg in Marcb 1986
(sea [STRASBOURG 86]). An expanded version of
this paper, es well as a selection of papers
submitted to Strasbourg or written by invita-
tion following the meeting, will appear in tbe
Proceedingr of tbe Symposium, to be published
by the Canbridge 'University Press.

RUT & J. Kenelly, P. Henry and C.O. Jones, "The
85 advanced placement program in calculus." In

(NCTM .VB 861 pp. 166-176.
Sone of the topics of the maths curriculum
should na be treated witb the computer. Tbe
authors make a para/lel witb machine transla-
tion of natural /engages: "Here, the computer
is very capable witb mechanical substitutions
but the ricb subtleties are lost."

ELS &
CH 84

D. Kunkle and C.I. Burch, "Symbolic computer
algebra; tbe classroom computer takes a
quantum jump.' Mathematics Taachet 77 (1984)
209-214.
Illustrates the use of muMATH for finding tbe
sum of ja(jal,...,N) for different values of
k.

R 85 E.D. Lane, "Symbolic manipulators and tbe
teaching of college mathematics: some possible
consequences And opportunities." Preprint,
Colby College (Waterville, ME), 1985. (13
pages)
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Deecription of the Colby Curries
integrating symbolic mathematical
the college curriculum. A condos
appears in (MAA. PANEL 84].

HAA. PANEL 84 M.J. Siegel. ed., panel on Diecre
tics in the First Two Years I

Report). MAA, Nov. 1984.
Included is a short "Report cn
symbolic mathematics system in uz
instruction" by J. Hosack, E. 1

Small.

MAPLE 84

MOSRS 71

B.W. Char, E.O. Geddes and OA.
introduction to Maple: sample
-session." Research Report CS-84-04,
of Computer Scienze. University oi
(16 pages)
An introduction to what can be c

symbolic matbenatical system, twin:
Maple currently under developers:
University of Waterloo.

J. Moses, "Algebraic simplificatJ
fon tbe perplexed." Comm. ACM
527-637. "Symbolic integration:
decade." Comm. ACK 14 (1971) 648-6f
Two papers from the Second SI
Symbolic and Algebraic Manipulal
excellent expositions, althougl
dated, give a lot of informatio:
way computers can manipulate symbos
sions and find antiderivativ4
preparation for the reading 01

technical (BUCHBRRGER 831.

NCTM.CONY 84 M. d. Corbitt and J.T. fey, 33
computing technology on school s
(Report of an RCM conference)...
(6 pages)
A brief roport from a conference he
1984. Includes recommendations rel
impact of computing technology on
instruction and teacher education.

NCTM.VD 84 J.Fey and M.K. Reid, "Imperatives
lities for new curricula in seem
mathematics." In Computers am
(1984 Yearbook), V.P. Hansen and
ed. NCTM, 1984. pp. 20-29.
Similar in spirit to (HELD 83
MATH 84]. Streseee "topics o:

importance" and "topics of continui
ce". (The whole 1984 Yearbo,
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27 paper A-f-fided in five parts: Issues; The
computer 3 teaching aid; Teaching mathema-
tics th% programming; Diagnostic uses of
the ..:4-vpu, bibliography.)

I 85 C.R. .ut and H.J. ZUcng, ed., The Secondary
4Athematics Curriealtim (1986 Year-

beet). NOW, 1986.
Of syt:-.Lei interest to symbolic computations
are the papers (CRUM 861, (PRY & GOOD 861,
(A2NBLLY 117 AL. 86) and (RALSTON 861.

83 L.C. Norman, "Algebraic anipulation." In
Br:cyclopedia of Computer Science and Enginee-
ring, A. Ralston et al., eds. Van Nostrand,
1983. pp. 41-60.
A quick overview of different symbolic
manipulation systems.

84 J. Poland, "Computers and the impen=
revolution in mathematics education."
Math; Gag., 23(2) (1984) 26-29.
A fresh diacussicn of some of the issues
raised by the presence of computers and
symbolic manipulation systems.

I 85 A. Ralston, "The really aim college mathema-
tics and its impact on the high school
curriculum." In (NCTM.YD 86) pp. 29-42.
What changes should occur in the high school
curriculum as a renult of changes in the
college curriculum (vg the role of discrete
mathematics) and the direct impact of compu-
ters technology (vg symbolic mathematical
systems) on tha high school curriculum.

Rand. Computer Algebra 1.6 .,PPlied
abatics: An Introduction_ to Mt-1SYMA.

Pituan, 1984.
An introduction to the use of syse..olic
manipulation systems (viz. MACSYMA) in higher
maths. ("This book is aimed at a reader who
has had at lamst three years of college level
calculus and differential equations.") The
syntax of MACSYHA is learned while working
some examples. Contains a Tow exercises with
detailed solutions. "It is etTected that it
will not be long before computer algebra is as
common to an engineering student as the new
obsoWte slide rule once was."

11R. 81 R. Pevelle, N. Rothstein 4nd J. Fitch,
"Computer Algebm,1" Scient, Amer, Dec. 1981,
pp. 136-162 (Version francaiaa: "L'elgelbre

SIOSAH 86

SQUIRE 84

STERN 81

STEWART 84

STOUT 79

STOUT 83

STOUT 86

81

informutique." Pour la science
pp.90-98.)
A most influencial paper in mal
manipulation systems hnown to
(scientific) public.

STOSAH Bulletin 18(4) and 19(1) (

A special issue of the Bull,
"Special Interest Group on Symb,
bruic Manipulation" (SIGSAH)
Contains papers from the session
mathematical systems and their e
curriculum" held at ICME-6, Ad
Sixty-two pages of interesting :1
of the papers report on experim,
high school or university.

W. Squire, "muMATH system effec
algebra." arm Neus, Nov. 1984, P
"The situation may be described
tial revolution waiting for a tax

L.A. Steen, "Computer calculus."
119 (1981) 260-251.
A short presentation of symbolic
systems.

I. Stewart, Review of (BUCHBRII,
Intell., 6(1) (1984) 72-74.
Some comments on the general q
the computer, with its synbolic
capability, put all mathematic
business

D.R. Stoutemeyer, "Computer symb,
education: a radical proposal."
13(2) (1979) 8-24.
An interesting discussiou of
symbolic manipulation systems in
of mathematics. A revised a
version of this paper has appocre
861, pp. 40-63, under the titl
proposal for computer algebra in

D.R. Stoutemyer, "Nonnumeric comp
tions to algebra, trigonometry a
Two-Year Cell. Matt), 3., 14 (1983
A general introduction to symbo
tion systems. Mentions sonnet ap
abt" -pit algebra.

D.I. Stoutemeyer, "Using compu
math for learning by discovery
801180 861, pp. 166-160.
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Sone nice suggestions of projects using
computer algebra for math discovery.

I 86 Ilp Influence of Oomeuterq and Informatics on
yathematics _end ita Teaching. Supporting
papers for the symposium organised by ICMI.
Strasbourg, March 1985. (266 pagaq plus a
gupplasent of 62 Pages).
Tha papers presented by the participants to
the ICMI symposium. A now edition of these
"supporting papers is to be published by the
URN of Strasbourg. Copies can be ordered
from F. Pluvinago, Ddpertement de mathémati-
queue, 7 rue Bong-Descartes, 67684 Strasbourg
Cáciox, franca. The price is VItIOD,

D. Tall, "Understanding the calculus." Math
Teaching No. 110 (March 1985) 49-53.
How to use the graphical capabilities of the
computer to illustrate basic concepts of the
calculus. See also, by the same author,
"Continuous mathematics and discrete computing
aro complementary, not alternatives", Coll.
Math. J. 15 (1984) 309-391 and "Visualizing
calculus concepts using a computer", in

(STRASBOURG 861 pp. 203-211.

Z. Usiskin, "Mathematics is getting easier."
Meth,_Teacher 77 (1984) 82-83.
"Some skills are clearly necessary, but (...)
too auch else should.be learned about mathema-
tics to waste time in practicing obsolete
skills. Mathematics in getting easier (with
muMATH). We will not be able to keep thin
secret from our students forever."

H.S. Wilt, "The disk with the college educa-
tion:" AnerMAW.__Montkig, 89 (1982) 4-8.
muMATH is coming! auMATH L comiog! A paper
intende4 as a "distant early-warning signal"
for We :usthematical comaunity.

H.S. VO4, "Symbolic manipulation and algo-
rithes in the curriculum of the first two
years.' In ths_Euta
A. aad U.S. Young, ed., Springer-Ver-
"Rs 1Z33. pp. 27-40.
Rxpands on the isnues raised in (WILF 82]. "It
can be very unsettling to realize that what we
previously thought was a verY human ability
(...) can actually be better done by "ma-
chines"." (Also contmina a description of a
second semester snyho:nc.re course introducing
algorithms.)

WINKRI. 84

WINKEL 85

83

D. Winkelmann, "7:Ln ilspact of the
the teaching of analysis." Jet, J.
Sci, Techa,... 16 (1984) 676-689.
A basic discussion of the ways tl

capabilities (among others, the
capabilities) will influence the I

calculus.

D. Winkelmann, "Some remarks on ti
of elementary calculus in the coal
In [STRASBOURG 85] pp. 1-7 (Suppleme
"So if it seems possible to master
tied equations] at a more elemet
than hitherto was possible, thel
regarded as the most appropriate /

and goal even for the teaching of
calculus at schools and colleges"

TUN & STOUT 90 D.Y. Yun and D.R. Stoutamoyer,
mathematical computation." In BOCV4
Computer Science and Technology. J
al., ads. M. Dekker, 1980. vol
236-310.
A general discussion of ayabolic ni
systems. Includes a guide to sol
systems and a discussion of basic
mlternatives for building up aucl
The last 30 pages are devoted to api
algebra, (muscular analysis,
analysis, caleatial mechanics
relativity, high-onergy physics.
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Appendix 1

AN INTRODUCTION TO muMATE

tolic mathematics package for micro-computers)

presented to the CMESG meeting

by

G. Morin

Universitó Laval
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BASIC INSTRUCTIONS FOR THE USE OF muMATH SYMBOLIC I

1- Insert the DOS 2.10 diskette in the left disk

2- Put the power on the video screen and on tl

(right- side of the machine).

3- On the screen will "ENTER NEW DATE:"
the "return" key ( ) in response; same th
"ENTER NEW TIME:"prompt.

4- Remove DOS 2.10 diskette from disk driv
"muMATH 1" disket in that drive and place
diskette in the right disk drive.

5- Type the word: MUSIMP on the keyboard, fo
"return" key ( ).

6- Press the key: (for t e use of capit
it's important), then press: Num

k
1

Loc

7- Following the question mark, type: LOAD (MU
press the "return" key.

You are now im muMATH.

N.B. In muMATE, always end a sentence by_ a
followed by_a "return".

A. BRIEF SURVEY OF WHAT muHATH CAN DO

Name of file What it does

ARITH.MUS rational arithmetic
ALGEBRA.ARI elementary algebra
EON.ALG equation simplificatic
SOLVR.EQN equation solver
ARRAY.ARI array operations
MATRIX.ARR matrix operations
LINEON.MAT simultaneous linear

equations
ABSVAL.ALG absolute-value sit

LOG.ALG logarithmic simplifict
TRG.ALG trigonometric simplif:
ATRG.TRG inverea trigonometrio

HYPER.ALG hyporbolic trigonome
ficotion

DIF.ALG synbolic different
Taylor series

INT.DIF symbolic integration

92
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INT extended symbolic integration
limits of functions

F. closed-form summation and
products
first-order ordinary differential
equations

)D11 higher order ordinary differen-
tial equations

.0DR extend first-order ODH.methods
vector .gebra

LTC vector calculot,

oant to see a demonstration of ot f the above items,
DS ((items's 1st name),(item'a 2nd name),B);

mple if you want to know how to differentiate with
type: RDS (DIF,ALGIBY1 and wait for a few seconds.

conds at Aoat.)

ter each demonstration the following will appear:
Break, Continue, DOS7

onsider "Break" or "DOS", Just press "C" if you want
inue with a different example or "L" if you want to
he demonstration and do some of you own material
the same punctuation and orthograph as in the demons-
of course).

he "system file" named MUMATH has been built to
all the so-called "source files" above. When you

pod LOAD (MUMATH); as indicated above, you thus have
the memory all the tools offered by muMATH. But if

It to see a demo, you need to type th, RDS command

' DEMONSTRATION OF muMATH

does exact rational arithmetic. Try these examples on
'board.

L/3;

L/4) 4E^(*I *1I/4) meaning: e iu/4

I assign an expression or a value to a "name", e.g.

87

7 TOTO: Y+3*X;

8: Y+3X

Now to see that Y+3*X is really assigned to "TOTO"

.7 TOTn+y; N.B. "*" is the multiplication symbol wl
often (but not in every case) be ol

A: 2Y+3x replace by a "apace".

Remember, you can do symbolic mathematics so it

to handle variables who don't have values assigned

Here's the trigonometric expansion function, "TRGE

7.TRGHXPD (SIN(2*X),-3);
these parameters tell 0:

8:2 COS X SIN X how to do the expansion.

7 TRGEXPD (2*COS(X)*SIN(X),30);

8: SIN(2 X)

If you want to know, more about trigomometry en mut.

RDS (TRG,ALG,B);

SOMH USEFUL muMATH COMMANDS

To do:

- ff(x)dx (indefinite integral)
. b

- f(x)dx (definite integral)
a

N.B. b can be positive infinity "PINF"

and a can be minus infinity "MINF"

- f(x)
x=a

Typ

INT (F(X)

DEFINT

SIGMA (F(

where a and b can respectively be "MINF" and '

- f'(x)
. DIF (F(X:

AILLI1
DIF (F(X

dx"
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La.Y.1 DIF (F(X),X,N,Y,M);

Taylor expansion of f(x) TAYLOR (F(X),X,A,N);

it A

tely. oqu. P(x) = q(x) SOLVE (12(X)==C1fX),,X);

)oly. oqu. P(x) = 0 SOLVE ROOM;

system of n linear equations
Impact to xtocae...,xs

LINEQH((equl,equ2,...,equH],(xt.,...,x0);

i differential equation.

le if you want to solve:

(Y4(x)+1)5°"(x)

)S (Y00):

8; 'X;

uMATH es*E (e.g. LN4E=0.

u=opI (e.g. SIII(*PI/2) = 1)

1=4'1 (e.g. *I^2 = 1)

1) is tho 1st arbitrary constant of au expression
2) is the 2nd arbitrary constant of an expresaion

X from being "DIFVAR" and the dependency of Y upon

DIFVAR: FALSE;

PUT ('Y,'X,FALSE);

95
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Appendix 2

Appepdice nu rapport du oroupe

de travail C aur

les loxiciela symbolioues

Charles LATOUR
D6partement de math&
GEGEP Francois-Xavier

EARTH A

(Séance pratique tenue le 6 juin 1985 sous la supc

Bernard R. Hodgson, Eric Muller et Gilbert Morin.)

Le document "An Introduction to muMATH"

Gklbert Morin s'ost rów114 fort utile et tout a fai

Mentionnona cependunt un petit oubli a la page 4: 1

y lire au nota bone

(e.g. * I^2 = -1) au lieu de (e.g. * I^2 = 1).

Au.cours de cette segaion nous avons choisi

las "ddmonatratione suivantea:

1- LOG. ALG. SUr les simplifications logarithmiqt

n'y avons décelé rien d'inquiétant.

2- SIGMA. DIF. sur les sommations et produits.

nous avons pu fnire une observat:

peu surprenante. Pour la sommati(

nous aioons obtenu une expression de

+ A - A.

SE
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Les tames algdbriques de la reponse se

ressemblant tous, les A n'etant pas des

expressions simples et si on y. ajoute la

difficultd da lire las rdponses sous forme

lindaire, il aura fella un bon sena de

l'obuervation pour se rendre compte de la

posaiblite de las soustraire. On a utilise la

fonction EXPAND pour faira disparattre les A

et rdcupdrer la rdponse la plus reduite. On

ne eattandait pas A na pas obtenir la

meilleure reponse & l'interieur d'una "demons-

tration". C'est d'aillaura uu problems

conitant dans l'emploi de ce logiciel de

savoir Ai la reponse obtenue est la plus

reduite possible. C'eat sans doute un

probleme de grande taille pour l'etudiant qui

apprend at qui ne posshde donc par l'experien-

ce requise pour dvaluer la reponse.

ant les demonstrations j'ai suggere de risoudre la

lème suivant sur le mode autonome: de la formula

y = gX2+Y2
/51274572-

) trouver 10(x1V) et 11"(xsY) Puis calculer la

v"
(14.(10)213/2

e se pose an relativitd gandrale. La formule (1)

uation en approximation du premier ordre de la

91

trajectoire d'un rayon lumineux resent les bords

(e.g. soleil). Le contexte physique indique qt

(1) devrait avoir l'allure suivante

Y y = 90+V2

4--
4-1177-

x

Xl s'agissait pour nous de confirmer l'allure de c

par l'étude usuelle des ddrivdes premiere et a

d'en calcular la courbure. Apres quelques tlitonr

avons procedd de la facon suivante & l'aide de muF

DEPENDS (Y(X));

DIFVAR: 'X; - (ligne peut-etre superflue]

*DIF (Y-(2*X^2+Y^2)/(X^2+Y^2)^(1/2),X);
4

(peut-etre inutile)

C: e;

SOLVE (C==0,y');

CI: (2*X^3+3*X*Y^2)/((X^2+Y^2)^(3/2)-Y^3);

[_ette expreasion est Y'=Y'(X,Y): poser tamp]

ne fonctionne pas pour la suite]

DIF(DIF(Y-(2*/(^2+Y^2)/(X^2+Y^2)^(1/2).x).X);

(je pense qua DIF(C1,X); aurait dtd plus sim;

facile pour la suite]

C:9
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2 2 ' a-6 3 '+3
2y2)0(Y24.x3)t/2-1(330.1.rs(y3.110)1/2.144(Y24.x3)1/2-y5

4

tonic Y" = Y"(X,Y), je s66cris la formula, pr6c6-

n substituant CI A Y' et utilise EXPAND]

) ;

.1ent Y" = Y"(X,Y) en 18 flyleaf]

o reidcris l'expression pour Y"]

(C3/((C1"2+1)^(3/2)));

procuie la courbure K = K(X,Y) an 3 1/4 pagesf]

on de proc6der 6voqueie ci-dessus est sans doute

Are mais elle est juste. Elle a 6t6 testde sur

y = x3 , K = fix

(1+9x4)312

X 2/3 4. y213 g g2/3
3(axy)2/2

ent majeur résidet dans le fait de rdécrire Cl et

Iff. Je suis raisonnablemeut sQr (et satisfait)

:enu les bonnes expressions pour Y', Y" et K.

suss test6 le calcul de dérivées plus complexes

s de la fonction y On n'obtient yes la

plussimple, comma c'est le cas pour y= x4 par

93

exemple. Il faut utiliser EXPAND.

Au niveau de l'int6gration muMATH ne peut p

f/101-x dx directement mais il effectue trhs bien

qui est dvidemment une forme 6quivalente. Mais c'

ai transform6 oric frI7 en IW:77 ! Le logicie

d'obtenir iii777 de orx ii:x ? Si non, l'étudi

eappuyer sur le logiciel pour résoudre l'intégr

alors s'entratner do fagon traditionnelle A ma

expressions algébriques.. Cette situation amhne

plus gendrale suivante: "Etant donne qu'il est frd

doive transformer légèrement leu integrales prc

utiliser les tables d'intégration, dans quell

systhme muMA7111 peimet-fl de le faire?" "Duels m

ce logiciel pour écrire de fagou diffdrente une

algdbrique ?"

(A ce propos, on a souleve au coura de ]

lendemain la pertinence d'utiliser uu logicie

symbolique dans l'étude de l'integration pa!

rationnelles pour éviter la longue "digression"

algébriques. Mon opinion A ce sujet est que je

que muMATH puisse convertir, par exempla, '2x+3
x2+x2-'

en - 3 + 5 1 , Je n'al pas eu le
2x 3(x-1) 6(x+2)

'tester muMATH A ce sujet.)

100
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PAHTIE B

ilisation de muMATH en classe ou an laboratoire)

atelier il fut surtout discutd le l'emploi d'un

symbolique dens Pituda de la notion de limite.

opinion a ce aujet est que si l'on s'en tient A la

ura" du type lim (0+4) = 13 par exempla, alora le
x+3

symboliqua est a tdute fin pratique inutile. Saul

qua est en jou. Mais pour la definition de la

ar une Unite, la logiciel petit se reveler utilu.

lo
f(xofald-f(xo)

lim = f'(xo)
Ax+0 Ax

= x4 is xo sg. 2. L'etudiant peut demander le

;meat de (2+4x)4-24 puts le quotient par 4x (puisque

Ce aerait A explorer en laboratoire.

taut également panaer A utiliser ce logiciel pour

indéterminationa par la règle de l'Hospital.

gendralements l'emploi de tels logiciels pose la

fondamentale suivante: "Les etudianta perdent ils

chose (ai oui, quoi?) a ue plus s'entralner

de fagoa traditionnelle?"

:rois que oui puree qua l'étude des matLematiquos et

[ligation comportera toujours du "calcul" sous une

une sutra.

rave de 34 amide qui réussit une division s'exerce

:alcul.

95

(b)- Weleve de zecondaire III qui execute x3-;

A un calcul d'un cran pluu abstrait.

(c) Plus tard celui ou calla qui montre que I

pour f et g satisfaissnt des conditic

s'exerce encore A un calcul plus abstrait.

(d) Lorsqu'on montre quo dans un groupe,

inverse droite sat aussi element invert;

calcula encore A un niveau plus abatrait.

(e) Lorsqu'on démontre les trots théorèmes d'i

that:trio des groupes, on calcule toujours

moins) a un niveau encore plus abatrait.

(f) Je soutians que milme en topologia, on "c

d'une fagon pirticuliare a un niveau Plus

Jo suis d'avis qua les mathématiques rest

lement une etude des formes de calcul (dans un

avouons-le vaguat)- la geometrie elémentaire

exception qunnd elle n'est pas modelde par l'al

ou la thiorie des groupes.

En . consequence l'etudiant chez qui l'el

calcul sous forme traditionnelle aura fait de

d'un effort accru au niveau de lo conceptual.

mise en equation, de la "mathematisatioe I

presentees pourra, selon moi, souffrir de

aiveau superieur, oh l'on ne peut plus reléguer

la machine. Ea résumé, si dans un cheminement

qui 'Ira de l'élémentaire a l'université, Pet;



96

pros dtapes de son entrainement au calcul - dtant

lout "spectateur" au plan "calculatoice" durant ces

dtapes, qui peuvent s'dtendre Jusqu'eu colldgial -

vraisemblable qu!ll manifestera une faiblesse dans

m de touteirmanipulations symboliques (lesquellas,

sont inóvitables dans l'étude des sciences

mterai que lea demonstrations methématiques (de

1 les longues) offrent une occasion singulière de

longues chaines de pensdes ou d'iddon en devant

d'un lien solide entre chacune. Je soutiens que

letd i "former des chalnes" est fondamentale a hien

dans i'exercice de la science. La misa en

A la conceptualisation, hien que très importantes,

pas un tel intdrfit de ce point de vue. QuanA I la

d'acqudrir ailleurs cette babiletd (en jouant aux

example), je rdponds qu'il est prdfdrable que le

mquidre la forme sur son vélo plutat qu'en nageant

(D'ailleurs, aux dchecs, le lien entre cheque

n'est pas toujours aussi dtroit et solide que dans

Aration mathdmatique).

tsion, Jo poursuivrai sOrement ma rdflexion sur

de ce type de logiciel dans l'enseignement des

mem. Je le ferai autant par goQt quo par nacos-

eulement ii serait souhaitable que de tells logi-

nQ
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ciels soient Jumelis 4 des logiciels graphiques mais

des logiciels de traitement de textes mathdmatiques,

permettraient peut-fitre l'écriture "normale" des exp

algdbriques dont le déchiffrement devient très

lorsqu'elles ddpassent an longueur plus de deux ligne

104
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Appendix 3

In au groups de travail CMESG/GCEDM 1965

:NCE DES LOGICIELS A CALCULS SYMBO-
i SUR L'ENSEIGNEMENT DU CALCUL DIF-
um ET INTEGRAL"

Noalange Boisclair

Cégep Montmorency

;OMMENTAIRES

lenseignament actual des premiers cours de calcul: univer-
et Capps

oche axiomatique et formelle
livres de reference des étudiants)

preponderance pour la calcul nualrique A tendance scrods-
tique

i académiqus traa vif mais, carence dans l'enseignement
rieur
s mathematiques du secondaire et le developpeoent de la
nsfie formelle s'harmonisent sur de courtes durees; ex-
ption peut-atre pour la 12e armee du Hign Scnool)

entissage confie a l'étudiant responsable de sa formation
universite lingua catte preoccupation au college ou au cégep;
college ou le cégep legue au High School ou a la poly-

alenta;
la.11instance responsable deviant muette!)

PERVgILLEMENT: efficacité et rendement s'approprient les
nonneurs du cours

tout étudiant 6coute une curtains musique; tout etudiant
decouvre les series harmoniques; qui fait u. lien?)
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COMMENTAIRES SUR L'ATELIER

Auctin participant nqtant specialists de l'incidence des :
calculs numeriques dans l'enseignement du calcul difrerenl
teural, il en ressort que les nomoreux tnames soumis par :
nants representent une ábaucne intéressante qui necessitu
une classification suivant leur caractare pédagogique et :
te d'insertion dans une sequence d'apprentissage.

Toutefois, discuter du concept du LIMITE et/ou-d'INTEGRAT:
nous l'avons fait, m'apparaft une approche d'un dynamisme.
a court terme car, elle perd de vue la structure globale i
A mon sens, la LIMITE est comma un architecte, elle cree,
entre autras, la DERIVATION et l'INTEGRATION et elle se vi
posmite inherante.

De ceci, ma reaction aux discussione est que l'on a eu tel
thin sa vision personnelle du calcul tout en manifestant
rat avouloir répondre aux nouvelles exigences scientifiqui
A mon avis, on a euplore des moyens de moderniser les cou:
a vue le rythme traditlonnel deo concepts tels qu'enseigni

Nonobstant cette remarqua, cette concertation a eu un aspi
dans le sens qu'elle a répondu une nécessité de poser in
cussion qui se veut l'emorce d'une reflexion plus articull
congras. 3e partage l'idée qu'un tel.débat merite une dem;
te et reflechie.

SUGGESTION

Ii ma semblerait intérassant d'orienter le debat autour d
tincts qui rendraient.pertinente. Putilisation des logici
gisse de MUMATH,de MAMMA, de MAPLE ou d'autres.

Disons, en guise d'exemples, qu'un logiciel pourrait Etre
divers aspects, soient:

un outil pour alléger l'enseignement des notions reconnue
les cours prealables
v.g.; manipulation algebrique

domaine et image de functions elementaire

un outil pour développer une representation spaciale des
tiques
v.g.: graphiques statiques

graphiques dynamiques; mouvement des E et
familles de courbes,
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mt pour soutenir et/ou prolonger l'enseignement
v.g.i esquisces d'analyse

proposition de synthase
interpretation des valeurs numériques

p'estce qu'on met la-dedans?... un peu de genie et..
criativIté a l'epreuva.

/?Ialancle 1)0c Tid)cAr

NOELANGE BOISCLAIR
collage Montmorency
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Appendix 4

The Canadian Mathematics Education Study Group

Laval 85 Meeting

A Personal Report from Working Group C

The Impact of symbolic manipulation software on the

teaching of calculus.

Edgar R. Williams

Memorial University of Newfoundland

1 suspect that for some of us in Working Group C, our arst two sessions cc

appropriately labelled as Learning Group C. We did try to come to some conclusiot

last session and overall, I can honestly sa.y that, for me, the learning, the discuss

product of Working Group C made it one of the Mon fruitful and interesting se

have attended.

Without going into a lot of detail, I would like to summarize some or the concl

drew from dila session. In what. follows, the ahhreviation CAS will refer to Symbol

lion Software Programs or simply Computer Algebra Software (CAS).

1. CAS has the potential to provide Professors with the opportunity to spend less

classroom illustrating routine but time consuming computations and more tim

and more exciting Mathematical concepts.

108
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tiso has the potential to provide students with the opportunity to spend leas time on

and time consuming paper and pencil computations, as is normally required en

meats, and to spend more time doing real mathematics.

, put, CAS can be used as a tool to alleviate computational drudgery and aile w (nc.re

ex examples to be introduced and studied.

:au ba used by both students and professore to check answer] to assigned or coin-

homework.

can he used to automate part of a task, for example, the computation uf Taylor

when the task is to examine questiona of con,i-ergence, etc.

=ample' can be done and done successfully when the computer takes over the chore

tine computation.

ceptional students, CAS may permit the introduction of Calculus and other areas of

much earlier than is possible at the moment.

the possibility of incorporating graphics capabilities into a CAS system, it -may Ise

le to illustrate many concepts geometrically right before the studeats eyes in a very

tic and interactive way.

ias the potential to improve student attitudes toward mathematics especially for

sf average ability or below..

las the potential to permit us to re-establish the importance of creative thought and

m solving in the mathematics curriculum.

resent generation of CAS Systems were developed for the use of Scientists and

:en. However, with potential *developments in Artificial Intelligence, the future

ial for improvement in CAS designed for educational purposes, seems enormous.

u the potential to provide opportunities for more individual attention to those stu-

1 0 3

dents who need it.

13. Successful mathematics students today appear to learn by being prc

plc", i.e. after observing enough examples, a methodological techniqui

tunately, many (unsuccessful) Mathematics students never infer such

them correctly, or in aome cam, never even realize such rules exist. Ci

to convince weaker student., that such rules exist and that even a du

programmed to carry them out.

14. CAS can be wed to provide enrichment and motivation in the mathems

15. CAS has the potential to permit students MI do exploratory mathemati

before possible.

10. CAS eau be extended to include automatic drill, testing, and record !:

advantage to those of us who have better ways to spend our time.

17. What are we going to do when many, or most, or perhaps all of our st

to come to class with a relatively inexpensive hand held computer with

We must answer that question 130111. OthLrWhe, our students ;11 answer

11 (
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Appendix 5

Some thoughts on the "Impact of symbolic

manipulation software on the teaching of calculus"

D.W. Alexander

at routines are unnecessary for understanding?

at routines are necessary for understanding?

w can the graphic capabilities and symbolic

nipulation potential of computers be beat used to

hence learning (of calculus)?

w might the availability of symbolic manipulation

Itware (and.graphics) effect priorities, order?

m these be used to promote understandings,

lem-endedness a la Pollack?

no does .this relate the Whitehead's cycle: romance,

:ecision, and generalization?

Iggested sequence:

Graphical introduction to derivative:

chords to tangent; "window" on screen;

associete slope of tangent at a point:

exploration - generalization for specific function,

"derivative" (i.e. slope of tangent at su point).

Symbolic manipulation code for derivative

Maximum/minimum problems

- approximation (graphically)

- precision (using derivative code)
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Should problems be limited to polynominals or u

students "understand" derivatives of other func

Should equation solving capacity of symbolic ma

be used?

Is there need to explore second derivatives or

graphical capacity remove that need?

Could second derivative tests be introduced as

confirming computer graphs? (reasonableness of

What other aspects of "curve sketching" techniq

still appropriate assuming availability of graE

packages?

Should inverse differentiation (differential ec

problems be introduced?

3. Generalization: Explorations of derivativ

given by symbolic manipulation to give y'

:rivative of sinx = coax; derivative of c

sinx; derivative of sinax, etc. Is this

time to introduce limit ideas as a basis f

4. Other "Rules of Derivatives"

- Derivative of a Sum

- Product Rule for Derivatives

- Derivative of Quotient

- Chain Rule

Given the symbolic manipulator, how much of thi

needed?

Could it be motivated by "need" to know how to

results without the "black box"? By a desire t



106
107

Land" how the derivatives are obtained?

his be "optional" and only done with some students?

mental issue: Do we desire to teach calculus as a

us" development with the need for "proofs" or.is

1 to use calculus in solving problems?

the latter, then 4. and perhaps 3. are

eery. (Is it only my conditioning that makes me

ous of this conclusion?)

I WORKING GROUP D

THE ROLE OF FEELINGS

LEARNING MATHEMATD

GROUP LEADERS:

JOHN POLAND

FRAN ROSAMOND

1
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MATHEMATICS AND FEELINGS

rtIcipants: Dorothy Duerk, Renee Caron, Claude Gaulin.
son. Bill Higginson. John Poland, Pat Rogers. Fran
Ralph Steal, Peter Taylor.

&gen this working group by explaining that although
lot of literature touching an the role at feelings in
mathematics, there is almost nothing direotly on it.
important area to understand and we must rely strongly

I examples shared An the group.

each participant introduced him or herself to Ihe
plaining his or her connection to this workshop. This
going around the group to share was a key component of

3115 Of our working group. The following excerpts from
the introduottons indicate the wonderful collection of
isperienoe0 in this group.

lathomatios is oonneated with feeling the power of
looking et new and eignifioant ideas. There is the
hrill of invention, of being able to name at making
IP new words.

7here is the feeling at exploration and at uncovering
lew and eleolting thing.. There is the eureka experien-
le, the feeling of curiosity, of challenge, of aesthe-
tic. and the philosophical side of uncovering real
lasio truths.

would like to see how the enthusiasium of the teacher
Ian influence students in the classroom.

have team taught a math class with a poet. Half the
lass was spent in analysing a piece oi *poetry. The
ither half was spent analysing a math problem. J would
ike to explore the feelings that are common to poetry.
mole, math.

sea that the beginner's view of math is tar different
ram the mathematIolan's vision and I would like to explore,
ow to open up the latter vision to the beginners.

am interested in how the environment influences us.
lac I would like to try to be speoltio about whioh
e elings we pay attention to.

here are not many people at my school with whom I can
isouss these ideas. 1 fuel isolated and would like
his workshop to be the beginning of a support group.

here is no such thing as non-emotional motives. Poop-
seem less inhibited to uprose feelings about musio.

ergs groups of mathematiolans love music. Is there a
omplimentarity hero?
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As a possible framework for our topic we 1.

discussed the Perry dftvelopment scheme. Several h
scheme that are attached to this paper were kindly
Dorothy Duerk. As these indicate. it seems that
level we tend to teach to reintore level 1, peraepti
students to evolve to level 4. Early levels collu,
at the world that what is correct is restricted to
gamily, Pmers, school and is reflected in statement
teacher last year didn't do it that way "

In this regard. Lars Janssen drew our attenti,
dimaussing tho problems of beginning teachers (see

I

We discussed but left unresolved whether emotions
are more important at lower Perry levels than at h
Doss a change in pedagogy equate to a change in thi
of students perceptions? Th experience of many in
that a fooling of community and oaring in the clasi
important role in Perry development. The role
oontinuod to be a theme an successive days.

Participants were asked to attend the Tol
Problem-Solving by Peter Taylor that afternoon. I

keep careful track of their feelings during thii
When we met an the second day, the sharing of thee'
a great stimulus. Pat Rogers described how i

feelings and the need to be aware of them.
experience of having them. This valadation helped
situations when negative or confusing feelings arosi

One feeling far example, was Pat's anger with
peers who were model students for the teacher durini
Solving session. There also was an ancher with thi
insisting on receiving his own answer from the si
feeling of anger formed a block that kept Pat fi

involve'd participant in the Problem-Solving session,
the workshop desaribed feelings uch as anger, ciente
or competition. The owners of these negative !sell
being turned off or disengaged during the Pi
session.

The sourees of the negative feelings could, in
traced to specific inoidents. Male-female dill
discussed in this contest. It was noted that in i

across all subjects, h has shown that teaol
attention to thw male students. Discussion shifti
press mathematios has in general. An argument was m
who were not partioularily athletic could be acoepti
they excelled in math. Many questions such as the
raised. Does mathematics always assume one's wor;
related to an authoritative perception of matl
onumually strong in the feeling of self-worth?

1
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o uch as "Goo!". "'I:controlled" have been used to
thematic's. These often oonvey a remoteness oc
e ss on the part of the learner. W. disoussed. "How
ed mathematics to 'suppress feeling's?" In response to
on the image of "000l" was pleasant and positive.
d desocibed hls ability to focus attention on
and thus distraot himself during a painful illness.

nd mentioned that she enjoyed mathematics as an
beoause thoughts about mathematics oculd orowd out
ut sem. Others commented that mathematics is a way
sheetf from interactlon with peers.

o conoludef with many of us eagerly describing
los of the best teachers we have known. Fran
it it imperative that we also recognise and share our
s. To this end we began the third day by spending two
pairs. talking about "Why I am a good mathematics

turning to the group. we spoke in turn about what we
o ur partner say that stcuok us as important to good
nue of the con aaaaa tion follows.

th our students:
must make mazimum effort to involve all and avoid

s000upaticn with just the bright students.

an students come in to offloe hours I go over the
it days lession with them. Then in class the neat
r they join the disoussion because they have had a
aview. This also helps me find theirmisconoeptlons
advance.

deal with disappearing students. I have the class
lit to small groups and then report baok.

try to, involve the students using modified Hoore
thod., There are weekly assignments leading to big
sults. I play it by ear to give just the right
punt of ohallenge and hints so the results become
airs.

want the students to learn to think wilder In the
tura. We brainstorm in oleos. When a person
!gents an idea, that person is the idea. Releoting
' opinion is rejecting the person. In brainstorming,
ideas are evaluated until all have been listed.and a
Ise of oommunity has developed in the group.
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o In the classroom:
Provide olosure. At the end of every hour point to

the positive accomplishment, if it is only the &ski'
a good question. Look forward and baokward in th

I use two overhead proteotors. One is used '

prepared overheads and is a way for me to convey
e nthusiasm with the math and also look at the stud.

The other is used to write spontaneously on.

When discussing p lgned problems, keep pee

other interesting probiems that come up. Let t

become optinal homework probiems.

1 work with colleagues in team teaching. An Eng

teaoher Jointly teaches my math ciass. We each
half of a three hour class. The English prof discu
what makes a poem work. Then I discuss what make
math problem work. There is oritict.sm of the wri
e sperience as well as of the math problem-solving.

I relate what we are studying in math to other area
math. Take a problem and approach it from sieve

in mathematios. Students sometimes re

dlsous:lon of biographical. historical or cult

aspeots of the subject. They limit what they want
profs to talk about. Its as il they -feet we
ohanged the ground rules on them.

I give marks for attendance. I assume
progression oc growth.depends on attendants.. II

exam seems hard, I look at the marks of those

attend regularity.

I give feedbaok periodioally in the what looks iil
quiz but it Is not for a grade. The students writs
what they lest is important. I give feedbaok.

An a teacher:
There has to be harmony between being to

egocentric or totally out-going. The teacher mu
in charge of what is going on in the el m. AI

teacher must listen to what the students say and
they say it In this way the teacher oan hear mis
The teacher oan build on students past experience

The teacher must hang on to a genuino egooentrl

Students don't want a teacher who disappears into
background. Students want to hear what you are s
because you've got something. Be yourselt: that

what you have the most of. Concentrating on o

requires a detaohment from yourself.
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on I go into a prole mmmmm office to ask advice,

tally he or she has a special perconat metaphor with
(oh to explain the concept. V. should share our

taphors in the classroom. Talk about mathematics as
you ars talking to a person while walking by a lake

while on a stroll through the woods.

is Important to be uptr.ont about what we are doing.

F that we expect our students to move through the

rrIoulum by first being able to do problems of one

two steps. Eventually they should be able to read on

sir own and enjoy what mathematics has to oiler.

is can be written In a handcult and said In class.

I. important to build on students past experiences.

acoept with good graoe my own mistakes. The ideal

um is not one where teacher never makes mistakes.

ass must function as a support system. This must be
ear to the student so there Is no fear it opening-up.
begin first class with lots of sell-disclosure and

as In small groups. This lays the groundwork tor

soussion ol feelings.

s of community was A 'dominant th.,,me among our

Community provldes safety and belonging. This

udents. Tills allows them to be In oontaot with
to know themselves. We see the ol m as a

(as in the '40'o). V. envisioned the superior high.
high as of passing the mathematics.

.esed tar too quickly and we have munif to discuss. We

.11y Interested In which emotions belong strictly to

and cannot be avoldod beoause ol the nature of the

fere or when do we see the "Ah ha" experience in

our students? V. alao want to explore strategies lor
leaching that bultd community. Our main goal I. to

students.
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11.3

Appendix to did RepoCt of Working Croup 0

June, 1985

U. Laval

(R.A. Staal)

One of the by-products of working in this group was a 11i

appreciation of the importance (and existence) of emotive as;

learning in mathematics which have their source outside of tl

mathematics itself.

Within mathematical activity, there are numerous exampi

what we might call "emotive" factors - while not strictly pa

mathematics, they are inseparably connected with it, and ref

essential nature of the total mathematical experience. A fel

are: "Eureka!"; various forma of aesthetic satisfaction (p1 .

the apparently complex and instructured to a simple, structu

of a beautiful and ingenious proof...); che feeling of secu

dealing with a "clean", well-defined structure with clear cri

success; the excitement and suspense of exploration; the sen

stimulation of mystery; the "down side", of frustration ("wh

this work", "why couldn't I have seen chat?" I just wasn't

be a mathematician") etc. These examples are all pretty fam

and come to mind rather easily.

At a less purely mathematical level, there are emotive

arising from interactions of mathematics with other subjects

at the seashore). These are hard to list in a systematic wa

surface in our discussions.

120
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a to the main point of this note: the're are emotive aspects

sroom experience which have nothing especially to do with

1 per se - they apply to the classroom, rather than the subject

influence on the learning of whatever the subject might

mays adequately kept in mind. They have to do essentially

al-interpersonal matters, and include such things as:

An in the development of material, participation as a

; member of a group, getting approval versus being put down,

Aered important as a person.

to be emphasized that here we are concerned with the role

pects in the learning of mathematics, and have no intention

s the path in which concern for "the whole child" is expressed'

Oasis ori the learning of a subject.

la of che teacher is.brought to the fore in this. Self-study,

ry materials, and computer-assisted-instruction (both of

time-to-time are touted as in the forefront of educational

eave this aspect of learning virtually untouched, unless,

used as a supplementary tool at the hands of a teacher. A

1 our thesis, then, is that the teacher is uniquely important.

llowing desbription of four levels of teaching mathematics fits

omments into a broader scheme.

b ect matter is presented, in logical form (Definition, Theorem,

mples are worked out, problems are assigned and solutions

and examinations are conducted.
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II

?a in Levnl I, but enriched by the addition of backgrour

(Hi:Inapt-deal and historical material included) )mathemati

and inns:connections with other topics and subjects.

Level III

As in level II, but in addition the students are' brouE

picture as participants in the mathematical activity. (The c

fairly obvious - Socratic and similar approaches, the use of

exploratory assignments, etc.)

*Level IV

As in Level III, but, in addition, the students are core

fully as persons, and the emotive aspects of the classroom en,

are caken into account as part of the process of learning_ma
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The Dualistic View

Prepared For

toject MATCH Conference (Davidson College)

6/19/85

By Dorothy Buerk
Ithaca College

lock more alosely at the beliefs of those holding a Perry 2 view
:al knowledge. Students holding this view will have a number of
; beliefs:

Lowers are known by an authority for all mathematical question,.
.0 on finaolvad problems. and no multiple answers. Right answers
md on, mot created by the authority.

s onetight method to attain the right answer aad whila students
aakad to find it for themselves, they know they are being asked
ME method to find THE answer.

len 10 learned by memorization and hard work aad by doing every
that is assigned, while following literally each instruction

a teacher (or the textbook) gives. Ws know how much practice

either sod at mathematics or bad at mathematics. If you are
it you will catch oa vary quinkly. Otherwise you will not.

i in i:Olatraet to the notion that one can come to understand over
.

1 aet act on a problem and one does not bring nna's experience to
CCU One brings the methods that have been taught for similar
6 Even the authorities learn this way.

lent's rola is to collect facts, not aot na them, but to store
they are received. 000 does not use one's intuition.

no gradations of truth - no gray araaa.

leritY (teacher, textbook. etc.) is respoaaible when a student
owledge.

education Isn't mscessary. sinaa it ',won't do me any good on my

123
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To appear: Journal of Education Fall 1985, 16

Strategies to Enhance Learning
By Dorothy Buerk.
Ithaca College

Provide tima to experience and clarify a problem (sfocusing on solution. Let each person think about the
anyone speak.% Respond to questions about interprati
Thia would include providing background for application
student's field. Focus on resolution only after each ;
problem (question) clearly.

Include the historical perspective to help students bao
person-made quality of mathematica. Concepts as "simp
negative numbers were controversial and adopted with
and yet students are expected to accept them without quo:

Acknowledge and encourage alternative methods a
approximation, guessing, estimation, partial solutions,
intuition.

&newer questions with questions that both olarify
questions and Uoat help the students realize their a
problem solvcom and problem posers.

Encourage students to abare ideas, partial solutionst
interpretation., of problems with each other. Establish
ennouragas collaboration and the pooling of ideas to
and/or new questions. Sharing authority in the clasaroc
to the improveaent of student learning.

Encourage the asking of new questions and create an a
both teacher and student are free to yonder out loud.
see their teachers asking, thinking, puzzling, and cockle(
in class.

Hake ooncerted attempta to avoid absolute language.

Set as a goal Me development of each student's internal
of confidence, and of control over the material. He
r;l4.1ize that mathematics nan be learned by thinking
memorizing.

Offer opportunities far atudenta to reflect on paper ab
and feelings about mathematics. Often after acknowli
feelings and reactions a student nan move on as it
burden. Writing out one's thoughts often brings a deeper
a new insight and with Uoese come a nsw senae of confidenc

Don't rush closure. It ia important to continue to think
a Problem, aa idea, a queation, and even a possible ammo
leave resolution until the next cr an even later alasa.

12
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Our Expectations of our Students

Prepared For

roject MATCH Conference (Davidson College)
6/19/85

By Dorothy Buerk
Ithaca College

er in talking with malaise mathematioe faoulty about their
of their studente. I have concluded that mathematics studente
to be:

al and able to think quantitatively and deduatively.

do "proofe. a :skill which requiree bringing together disparate
knowledge ud seeing the situation from :several perspeotives.

in both top dove and Nbottca upu modes is often neoeseary to
I a proof.

uo the relevanae of applioatione v..3 theory and theory to
ions and, in addition, to understand the connections between
1.

we problem solving heuristice to approach non-traditiesal
and to have the patienoe to try out auroral approaohee - to

b a diffioult problem.

realize that male intuitions are isnortent and need to be
id; that these intuitional oan be misleading atxt need to be tested
a theory or with evidanoe.

learn on their own ami from oath other; have the internal eenee
3ing neoessary to do that.

make remoned gueases. conjectures. and to utimate results in
:eaa of inquiry.

aak good questions - espeoially new ones (problem posing).

of the power of mathematics, but still willing to experiment,
sat ideee that stay not work.

write good definitions and to use them - to pull out relevant
'ion and to be complete.

1L9

Proposal for 1786 Working Group on Feelings and t

The 1983 Wocking Group on Feelings and Hathemal
()concept analysis to identify the meaning, role.
workings of affeot in mathematics instruotion,
propose to further develop the analysis of how off(
are related to mathematics learning and teaching an(
theotstical framework to guide h in this ar :

While most h in mathematics education
olving hax focused on developing informatton-proco
of purely oognittve ystems. there has been oonsid(
recognition that affective dimensions are integral
stimulate the oognitive. Emotions and belief systo
the twelve maioc issues that Norman (1981) assert,
add d in future eeeee roh in oognitive motel
(1983) urges careful attention to the language ala

instruction and says we badly need comprehensive al
studies of' affect in mathematics cl In di

implications from ceoent h on mathematios
future h and polioy, Good (1984) mphasise,
examine systematically how teaoher belief systems
belief ystems in small-group and whole-class sett
Learnang.

The immediate desoriptors of affect ace the
signs suoh as flushed oheeks, muscle tension or cal
HoLeod (1984) has related to mathematios prol
Handler's theory that motion results when an
planned behavior is interrupted. Handier's theory
may need to be expanded to inolude emotio.ns suoh
relief and Ahl Hal Eureka described by partiolpan
Working Group. Emotion also is evoked by unoonsciol
of present activity with past vents. Recall of
memorien is one way to raise level of awareness.

A cognitive interpretation of affective b

include the influence of belief and value systems.
the forms of intellectual and ethical development f

Prry (1970) as a first model Cf how student belief
learning are related. Work of Rosamond (1784), Hu
Copes (1982) will demonstrate the relevance of Parr
specific mathematics courses.
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ve interpretation also will include elements of
leolsion making during problem-solving as described by
1983) Concerns such as that voiced by Brown (1984)
nt ability to generate mathematical questions and by
81) about making meaning and feeling the significance
teal tdeas will be integrated into the icamewock.
discussed is the effect of emotion on memory and

impetus to modificatieriCf learning behavior is the
e vel of awareness With a low level of awareness a

react automatoally to certain @stetsons while a higher
warenoss allows the learner to choose appropriate
The Perry development scheme, problem-solving ()ouzel's
e nfeld's and texts suoh as that by Mason. Burton and
2) will be examined to ascertain the pitfalls and
e fforts to influence level of awareness.

agnate that we need one-on-one h tn laboratory
o help us describe and characterite those aspects of

impact on student learning behator. Such "ideal"
oan skew findings however, and tor classroom
learning to be improved. methodology must be

o examine affect under conditions of large-group.
nstruotion. The observations of Taylor( I and
83) will be used to guide development of suoh
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ion Unique?

an exercise in cooperative theorem discoVery, formulation
hat may not be clear from the following review of the session
conaiderable time was spent playing with the formulation and
current result to make it satisfactory to me and to the

c was the uniqueness of factorization of natural numbers. I

viewing the notion of prime number and ensuring everyone was
the proceaa by which a prime factorization is obtained. I

bout the amateur Canadian mathematician J.P. O'Reilly
hoae hobby for many years was playing with large primes. In

vered by chance that if he multiplied the primes

p
o

2648552897

clo 9133228103 .

resulting number no was diviaible by 19. He realized

at if he factored che quotient n0119 he would get a second

of n This he did, obtaining

3
n0 19.73.223.727.1481.2161.33613 .

has been written as a product of primes in two differen::
3

primes in common. This was a revelation to O'Reilly because
t time generally supposed that prime factorizations were
order); Indeed this was known to be true for reasonably

. O'Reilly's discovery received some attention from
9, and for many years, no was the only number of this type

1 the following definition is now scandardi.

An O'Reilly number is a number with at least two disjoint (no
non) prime factorizations.

the close for another example of a number with cwo not
lajoint factorizations. After a moment they agreed that
a of n

0
had this property. They formulated:

E n is an O'Reilly number, then for any k, kn has 2
ne factorizations.

)ne asked about the converse.

n haa two different prime faccorizaciona, then n is, or
of, an O'Reilly number.

moments co find che simple proof of cilia, based on
mmon primes of the two factorizations.

)oint, one or two students declared some confusion: is ic
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not the case chat all numbers have only one factorization? I

chat while this was Indeed the ease for che numbers one mec it
life, ic can evidencly(1) fail for large numbers. Indeed our
session was to discover just how widespread this faildre'tsighi
young man, Ian by name, was noc satisfied. He insisted chat I

divide either po or go . That cannot be, I replied, they

prime. Someone had a calculator which cook 10 digits and verl
indeed was not a divisor of po or clo . The youth became c

angry. (I knew him to be one of the brighter and more -active
che group.) O'Reilly must have made a mistake; 19 cannot di%
n
o

. I patiently explained chat although I had not checked t

such an error would surely have been noLiced by now. He persi
was sure chat factorization was unique. How do you know, I as
could not say. His fellows were embarrassed for him and.asket
down. He did but he was upset.

Someone asked whether all O'Reilly numbers were as big as

there any smaller ones? I answered chat although others have
they are all bigger than no . Indeed an American machemacicia

used a computer in 1952 to verify that all numbers less than

unique factorization; no is che smallest O'Reilly number.

Of course, I continued, ic is not pleasant co have number
unique factorization fella, and ic is important co cry co uncle
ic is about these numbers which gives them this property. The
theorems cell us chat co understand such numbers, ic is enougli
understand O'Reilly numbers. The cask I am proposing is to fi
theorems about O'Reilly numbers, which elucidate their propert

To start them off, I suggested

Theorem 'I. An O'Reilly number cannot be even.

He spent some time finding and being careful about che pr
knew that this watt to serve as a model for other proofs to com
seemed natural to start by contradiction. Suppose n is an e
number. Since n Is even it has a factorization which contain
since it has two disjoint factorizations, ic must have one the
contain 2. Thus n pl...pk where the pi are odd. But the

odd numbers is odd. So n is odd. Contradiction. Actually,
carefully at this proof, you will notice that it does not real
(should not?) proceed by contradiction, but can be done more e
directly. I will write subsequent proofs in this direct mode,
ones produced in class were always by contradiction.

I asked for another theorem of this nature. The one I. go

Theorem 4. An O'Reilly number cannot end in 5.

The proof proceeds as above. An O'Reilly number n must
factorization that does not contain 5. The primes in this fac
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in 5 (or they wouldn't be prime). So n is the product of
.ch don't end in 5, and so can't end in 5 either.

yof hinges on the fact that the product of two numbers which
A 5 can't end in 5, and I asked how they could be sure uf this.

that one just had to bheck the possibilities. The key point
t iplcation has the property that if you know the last digit of

then you know the last digit of their product. So yuu draw
digit" multiplication table for numbers nut ending in 5,

pointed out that, because a number ending in 5 is udd, the
only be constructed for the odd last digits 1, 3, 7 and 9.

last digit of
second number

1 3 7 9

1 1 3 7 9

3 3 9 1 7

'inn 7 7 1 9 3

ctr 9 9 7 3 1

Table of last
digit of product
of two odd numbers
not ending in 5

d for more theorems. Someone put forward that an O'Reilly
d not be prime and I called this Theorem 5. I asked for a
onging to the same family as the previous two. It was remarked
tate that O'Reilly numbers are not divisible by 2 or 5. What
small primes?

An O'Reilly number is not a multiple of 3.

the class some time to think about this. Can they do for
they did for 2 and 5? It was realized that 2 and 5 worked out
y are the factors of 10 which is the base of our number scheme,
redients of our proof were little facts about endings of
chis base. The required results were not available for 3.

t work in based 3? Let's try. The proof should begin as
O'Reilly number n must hawe a factorization which does noc
If we write the primes, this factorization in base 31 then

m will end in zero. .uess) their product cannot end in
is noc divisible to ' that seems to do it.

d the fact that in base L, the product of numbers not ending in .

end in zero. Is this true? Everyone said it was. Are you
ked. After a moment, it was decided that you simply had to
ast digit table.

t digit
first
ber

1

2

last digit of
second number

1 2

2 1

Base 3
Last digit table for
product of two numbers
not ending in zero
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Since no zeros appear, the product of two numbers not ending
3) cannot end in zero.

We appeared co have an interesting "machine". What's ne:
It was suggested we should cry 7 next. But the young man, lal

sume trouble with earlier, who had been sitting scowling fur
while, said quietly, let's try 19.

Theorem 7. An O'Reilly number is nut a multiple ur 19.

Of course, I hastily explained to the class, we know thif
be false. But in trying the above approach on it, we may, in
find the proof, learn something about why 19 is different frou
S. So off we went.

An O'Reilly number must have at least une factorization
1,

not contain 19. Think of these prime factors in base 19. Nor
end in zero, so the possible endings are 11 21 3, 171 18,
treat the numbers 10, 111 ..., 18 as single "digits".) Can tt
two such numbers end in zero? I asked the class.

Someone said no, of course not, but someone else argued y
think of the base 19 representation of po and (10 above. IT

end in "digits" between 1 and 18. But their product 11,, must
zero. Make up the table, someone said. I sketched out'an
It's a big table, I said.

Ian had borrowed the 10 place calculator and was calculat
final "digits" base 19 of p

0
and q He did this by divi

0
19 and taking the remainder. He got 17 and 18 respectively.
multiplied them together and filled in that square of the tabl
The class was silent for a moment. I wonder what that means,
means O'Reilly was wrong, said Ian immediately, and there was
silence.

I chink what it means, I said after a moment, is that I'v
one or both of these numbers po or qo . Lcn surry, they m

ln my notes. Ian shook his head in dismay. Having tasted blo
not about to be put off. Fill in the table, he said; you won
zero. It's a big table, I replied again.

. Okay, I said,.after a moment, suppose we fill in the tabl
we get no zero. What have we got? We know O'Reilly's example
came the reply. No O'Reilly number is divisible by 19. Right
where do we go from there? Do we do the same thing for other
far can we get just by filling in larger and larger tables? C
any way of arguing directly that the table couldn't have a ter
actually filling it in? Such an approach would be very powerf
it might extend to a large family of primes. Suppose there's
the table. Can you see anything wrong with that?

This was a large piece of direction I had given them, and
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ty for awhile. Happily it was Ian who found the argument. It

:o restore hie equilibrium.

ears is a zero in the base 19 table, say in the (h,k) position,

h,k 18 , then hk 19s for some U Since h and k are

19, this gives us two different factorizationa for the namo

nice gives us a new O'Reilly number (possibly after cancelling

:tors). This new number is certainly smaller than no , and

ts the fact that n
0

was the amallest.

class was respectfully silent. Notice what's happened, I raid.

filing in the base 19 table, we argued that it couldn't havn a

t we used a piece of-information we hadn't used before: the

y of no . Now generally can you make this trick workT

yone felt game to try to tackle:

There are no O'Reilly numbers.

ook a bit of trial and error to get the proof right. It turns

to generalize the no argument there are really two important

vs that n
0

be the smallest O'Reilly number and that 19 be the

prime factor of no .

Theorem 8. Supposing the theorem false, let n be On swallest

number and let p be the smallest prime factor of n Now n

a prime factorization that doesn't contain p , say n pi...pm

p > p Replace each p
i

by its final "digit" r, in base

.et t ri..rm . Since n is divisible by p the last

t (which is the same as the last "digit" of n) is zero (base

pk . This gives us two factorizations of t which, after

common primes, gives us a new O'Reilly number less than no

Ich ri < p i) . Contradiction.

:he end, some of the class were a hilt bewildered by what had been

el. I pointed out that unique factorization waa indeed a property
ategers, and that that was in fact what Theorem 8 stated. What we

aced, in our explorations, was quite a reasonable proof of the

actorization result. Had anyone, / asked, seen a proof of the

actorization theorem before? One or two thought they had, but

an't sure.

I have given this exercise to four different groups: high school

, high school math teachers, university math seniors, and

Cy math educators. Ln all groups there was some initial confusion
appearance of an example which appeared to contradict a firmly

ief. But if the example was properly dressed up with the righr
al footnotes, I found my audience on the whole quite willing to

their disbelief" and enter actively into a search for theorems,

numbers po and qo are choaen with care. I don't have any

o believe they are prime, but they have no factors < 61 If you
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multiply them out with a 10 digit hand calculator you get
which is also what you get if you multiply out the "small"
of n

0
. Also if you do a '11P.st 3 digit" analysis of the

factorizstions you get 391 for the product of both sides.
factorizations are the same mod 1000.

The unique factorization result Is usually (casually)
high school, and is proved in a first or second algebra cc
university. [Nevertheless I had no trouble selling My exa
university students.] The usual proof uses the Euclidean
There is a standard proof similar in spirit to our "discov
Theorem 8, which Nathan Jacobsen [Basic Algebra I, Freeman
attributes to Zermelo. (I am grateful to John Poland for
It goes as follows: let n be the smallest number with tu
factorizations

pi...pm n ql...qk

and suppose pi > ql Then

(p1-11)(p2pm).- cil(q2cikP2Pm)

By completing the factorization of both sides we get two p
factorizations of a number smaller than n one of which

the other of which does not (since ql cannot divide plqi
divide p1).

Peter D. Taylor
Dept. of mathematics &
Queen's University
Kingston, Ontario
K7L 3N6
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I TOPIC GROUP C I

5TEMOLOGICAL FALLICIES

ELL LEAD YOU NOWHERE

JACQUES DESAUTELS
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EPISTEMDLOWAL FALLACIES WILL LEAD YOU NOWHERE!

fitre arrogant pod,- une conference si,d'une part,on tradu

"fallacies" par "faussetes" et si,d'autre part,on imagine que
invective ses auditetirs. 11 perd cepedant son impertinence s

la sens d'illusion pu15(:J411 se transforme en lapalissaae. Qu

oherait affirmer que Pon peut eller "quelque part" dans le dm

tissage des mathematiques en se bet-cant d'illusions et d'illus

ques au surplus. Mais tette lapalissade n'en est pas vraiment

a pas le caractere premier, soit l'evidence Hee a l'univocite

connote. Pourtant, pour ceux d'entre nous qui ont reflechi A cert

de 1 sapprentissage des sciences, elle a acquis un sens evident,

graduellement au Jour par des travaux qui ferment un veritable
cherche que l'on reconnaTt dans la 1itterature sous les etiqu(

tions conceptions ou representations spontar

tre pe7:51:ir:ndie:iinui:si'vement toute insolence ou pretention pui

l'apprentissage des sciences et ne s'adresse-donc pas, tout au

aux didacticiens des mathematiques. Mais nos travaux peuvent-i

certaine utilite?

C'est la question qui a oriente ma reflexion et je me prop

vous des sujets suivants:succinctement avec

1) Quelques exemples de representations spontandes.

2) m. Bachelard, ses obstacles et son profil epistemologiq

3) La droite, le point, le hasard.

1) QuEicce EXEWLES DE REPRESENTATIONS SPONTANEES:

La chaleur le mouvement etc.

Lorsqu'on demande A des enfants d'une dizaine d'annees d'e

l'extremite A d'une tige de metal devient chaude alors que la s

est situde a l'extremite B de celle-ci, on ne les prend pas au

fournissent spontanement des explications. Celles-ci, bien que



eci en commun: ii y a quelque chose qui se ddplace du point B au

qui au demeurant est tout A fait logique. Mais qu'elle est la nature

e chose qui se ddplace ainsi? Evidemment, c'est de la chaleur et

ne oeut rien reprocher a l'explication. Si on poursuit le question-

'a leur demander ce que c'est la chaleur, on ddcouvre que pour eux, ii

substance plus on moins volatile,qu'ils comparent A l'air, A la

n fluide quelconque. Ces explications ne correspondent

qui forment le champ de connaissance de la science moderne, bien que,

s cas,elles prdsentent des similaritds dtonnantes avec des theories

nt reonnnues (1) par les scientifiques, notamment la thdorie du calo-

CePendant, ces explications enfantines,

e verrons ci-apres, font obstacle A l'apprentissage des sciences et, A ce
viduel ce qui me permettra de spdcifier en quoi les reprdsenta

dtudes? N'avant pas dtd vraiment assimilde, elle est relegude

lentement mais sOrement se transforme en vague souvenir Ah: c

le principe d'Archimede l'eau qui monte dans la baignoire...

yraiment compris.

Le spectre des raisons qui peuvent etre invoqudes pour exi

nos enseignements respectifs (3) est varid: formation des mattt

tique, strategies pddagogiques nature des disciplines, ddvelop

des eleves, sont autant de facteurs A examiner afin d'eclairer

toutes ses dimensions. Or parmi ceux-ci, je m'attarderai A la

gigue intrinseque du processus de la transformation de la conna

considtre du point de vue historique ou du point de vue de l'ap

aient etre prises en considdration dans I'dlaboration de stratdgies
des eleves constituent des obstacles a leur apprentissage des s

cation du mouvement fournie Par des eleves d'une dlzaine d'annees

autre exemple de representation spontande. Ceux-ci, A l'instar

penvent concevoir qu'un objet puisse se mouvoir sans

on d'une force qui non seulement initie le mouvement mais le main-

tre part, si la vitesse d'u ebjet est constante, c'est que ndces-

force agissante est constante . et plus celle-ci est grande, plus la

proportionnellement grande. Dans cette optique, un obJet qui se

ande vitesse doit ndcessaire(Bent Etre mu par une grande force.

d Driver (2) utilise l'expression "children's science" pour ddsigner

es explications que les enfants'construisent spontandment pour ren-

as phdnomanes avec lesquels ils interagissent, avant toute education

formelle, mais dgalement pour souligner que ces explications forment

a conceptuelle dont on doit tenir compte en pddagogie des sciences,

parce qu'elle permet aux enfants de donner un sens a leurs ob-

lotidiennes. Or, jusqu'A tout rdcemment, on a neglige de le faire,

I suffisait de montrer la bonne solution pour que les dleves changent

itions. Les resultats de la recherche sont clairs
(2)

, les dleves

t pas leurs explications Premi6 res et les rdutilisent tres volontiers

antexte du probleme qui leur est posd differe de celui des problemes

Ipitre dans un livre; ce gei d'ailleurs ne les empeche pas de rdussir

Mais que devient la connaissance scolaire quelque temps apres les
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2) Monsieur Bachelard, ses obstacles son rofil d istemologique

11 est dtonnant de constater que la publication du petit 1

Kuhn
(4)

, La St/Luanne de4 Revotation4 Seientiliquea, ait provo

chez les intellectuels de toutes les disciplines, alors que l'o

d'epistdmologie historique de Gaston Bachelard continue A etre

Des ses premieres publications(5),ce dernier, en interrogeant 1

de la relativitd etdelathdorie quantique, posait les jalons d'

qui. A mon avis, est plus riche d'enseignement que l'oeuvre de

an regard de la comprdhension de la nature du savoir scientifiq

formation, mais dgalement du point de vue pddagogique, car s'il

mologue, Gaston Bachelard a d'abord dtd professeur de sciences.

pas s'dtonner de trouver tout au long de l'oeuvre de Bachelard
I

pour l'enseignement scientifique; n'dcrivait-il pas des les anni

"Lea pitaliesaemAa de acieneea .imaginent que t'eAptit commeni
une &con, qu'on peat tou3oun4 4e6aine ane euttake nonelwal
kedoubtant une eta44e, qu on peat ifaike compkendlte une auu
tion en ea kepEtant point pouh point." (6)

11 ne saurait etre question d'dpuiser en quelques pages um

che; je me contenterai donc d'dvoquer quelques-uns des concepts

cét auteur, qui permettent, A mon avis, de saisir en quoi les

spontandes constituent des obstacles A l'apprentissage.
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helard (7).
seule une philosophie dispersde des sciences peut rendre

transformation historique du savoir scientifique, et c'est.A partir

de masse qu'il illustre cette idde. 11 affirme que l'on peut dis-

stades dans la transformation de cette notion correspondant a

rants philosophiques, c'est-A-dire: le rdalisme nalf, le rdalisme-

rationalisme, le rationalisme dialectique et le rationalisme complet.

ade, la masse est congue intuitivement comme une "apprdciation

comme gourmande de la rdalitd" (8); au deuxieme stade, la masse est

iquement ear l'opdration de la balance et alors: "Peser c'est penser.

peser (9)
. Ce n'est qu'au troisieme stade que la notion prendra

l'on peut parler ain'si, et sera rationnellement congue comme

s de notions et non plus seulement comme un dldment primitif d'une

mddiate et directe. (10).
et ddfinie come le rapport de deux

s, la force et l'acceldration. Cette belle assurance rationaliste

u moment de la complexification de la notion de masse qui devient

vitesse de l'objet en *plus d'Otre transformable en dnergie. Enfin,

re et A la logique thdorique et aux exigences empiriques,i1 a dtd

accepter l'idde d'une masse ndgative.

iption de ces stades ne nous informe cependant pas quant au mdca-

able de cette transformation, et c'est pourquoi Bachelard a mis au

ept de rupture dpistdmologique. Par exemple, le passage de la masse

masse relative suppose l'abandon de certaines prdmisses dpistdmolo-

elles d'espace et de temps absolu, et d'en accepter d'autres dont

itesse limite. H y a dohc une rupture qui rend ces notions incom- Je ne me risquerais pas a affirmer que l'ou retrouve exacte

ce qui ne signifie pas pour autant que celles-ci ne soient pat problemes au niveau de cet apprentissage, compte tenu de la prdc

ertains domaines spdcifiques. D'une fagon similaire, la thdorie ture mathdmatique et ce,tant au plan des notions elles-mémes que

permet de ddfinir en science la notion de chaleur exige dpistdmologique. Cependant. il me semble qu'un certain nombre d

e de considdrer la chaleur comme une substance pour adopter le gdomdtrie euclddienne (la seule que je connaisse) prdsente des

d ldnerg ur!
similaires a celles que j'ai voqudes ci-avant, au plan de eurdrique, beaucoup plus abstrait, puisque la chaleur est alors conc

ie cindtique moyenne des atomes ou moldculev.telle que donna par
1 a

Or, il s'agit d'une vdritable rupture dans la mesure on

mire de nier les impressions sensorielles A.partir desquelles,tout

on construit une certaine reprdsentation de.la chaleur, sans

tre part, l'dlimination de la notion de froid, qui n'aaucun sens

xte des thdories scientifiques. De même, l'enfant doit nier les

ansorielles premieres, qui le conduisent logiquement a croire au

at A nier qu'un objet puisse.se ddplacer

135

sans l'action d'une force, pour accdder a la comprdhension du pr

C'est dans ce sens qu'il faut saisir le mot de Bachelard lorsqu'

"en &tit, on connait contne une connai4eance ananieune, en
deo connaisaanceo mat liaite4, en emmontant ce qui, dam t'
mEme, aLt obetacte a ta epiAituatization." (11).

d'on la notion d'obstacle dpistdmologique qui mdriterait a elle

commentaire. Je rappelle seulement que ces transformations de 1

intrinsOque a l'apprentissage des dleves sont l'Oquivalent d'une

relle. Le rOle du pddagogue doit alors s'articuler aux exigence

formations et on canprendra qu'il est alors nettement insuffisan

version officielle des sciences, mdme si la prdsentation est log

3) Le point, la droite

Les notions de Pdpistdmologie bachelardienne nous ont aide

en quoi les reprdsentations spontandes des eleves constituent de

leur apprentissage des sciences. En effet , elles nous rdvèlent q

transformation de ces connaissances exige la remise en question

ment implicites qui forment la structure de base de la vision du

laquelle les naves reglent, avec un certain bonheur, leurs inte

vers matdriel. 11 est das lors illusoire de.penser que ces chan

s'opdreront au cours de quelques legons bien faites. L'apprenti

matiques pose-t-il des problemes similaires?

des naves.

Pour ces derniers, comme pour la plupart des gens, 11 n'y a

de distinction entre la ligne et la droite. Celles-ci correspon

physique observable qui.manifestement,a une longueur et une dpai

quant A lui, s'il est minuscule, n'est quand mdme pas infinimenl

ta deve.ht ieurs yeux et bien visible. Et il est tout'A fait con

eux, un point qui se ddplace dans l'espace engendre une ligne.
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'ace. Mais on sait que les definitions mathdmatiques du
point et dn

correspondent pas A ces representations sensuelles. 11 est fort

r les eltves de s'en detacher et de concevoir un point sans dimension,
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NOTES DE REFERENCES

y ait

Je ne suppose pas ic que l'ontogentse est une simple recapit:i
A l'intersection de deux segments de droites qui n'ont qu'une Ion- 1.

d'epaisseur. Or, la comprehension des concepts de la geometrie eu- phylogentse, bien que,dans certains de leurs aspects,

dessite un ddtachement par rapport A ces representations concrttes ments tonnants.

i1

r a l'univers abstrait des constructions geometriques. 11 s'agit lA

1
saut qualitatif sans lequel on imagine mal comment les individus accd- 2. DUVER, Rosalind. The Pupil as Scientist?. 983, Stony Strati
univers "dtranges" des geometries A n dimensions o6 la reference au University Press.

titue un veritable obstacle dpistemologique.

It-il pas ainsi une kyrielle d'obstacles dpistemologiqUes a identi-

't avec de nombreux concepts mathdmatiques au sujet desquels les

istruit spontanement des representations? Je pense,par exemple,aux

ints: l'infini, le hasard, la relation et,pourquoi pas,le nombre?

:r des obstacles A l'apprentissage est une chose, crder les stratdgies

Voir notamment:

8ARRUK, Stella. L'Age du Capitaine, 1985, Paris, Editions du S

Science Ouverte.

DESAUTELS, Jacques. Ecole Science = Echec, 1980, Quebec, Qu

Editeur.

)our les.surmonter en est une autre.
4. KUHN, Thomas. La Structure des Revolutions Scientifiques, 198

Collection Champs.
s pas certain que mes propos aient Ote parfaitement clairs,

ni

tout.A fait pertinents par rapport aux problemes rencontrds dans

e des mathdmatiques. IntuitiveMent, je pense que les concepts de

e bachelardienne ont un certain A-propos eu egard A vos preoccupaT

ticiens des mathdmatiques. La discussion qui suivra permettra, je
profondir ces questions.
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SEX DIFFERENCES IN TI1E MATHEMATICS ACI1 !EVE
OF Eicirril GRADERS IN ONTARIO

Gila Hanna

The Ontario Institute for Studies in Education

In the pust two decades researchers have shown considerable interest In tl

between the sex and the mathematics achievement of children in the upper grad

schools. Some have examined sex differences by comparing total test scores (Bac

& Stanley, 1980, 1983; Maccoby & Jacklin, 1974), while others have focused on t

students who answered a particular item correctly (Armstrong, 1980: Fennema.

Wahlstrom & McLean. 1984). In a recent study by S.F. Marshall (19831 the anal

comparison of the kinds of errors made by mule and female students

Some of the studies done to date purport to have established thui IA, age la

difference in mathematical ability between the sexes, and that ills espeoully pr

high-scoring exceptionally gifted students, with boys outnumbering girls 13 to I

1983), while others have argued the opposite: that very little difference ekists. if

difference is detected it favours boys only slightly (Fennema & Curpentei 19811

Internationa/ Reviewon Gender and 41fathematics(Schildkamp-Kiindiger. 1982

research carried out in nine countries, gender-related differences in achievemen

vary considerubly both within and among countries.

The purpose of this study is to assess the scope of sex-related differences ir

achievement of Ontario Grade 8 students, making use of the pool of data collecte

International Mathematics Study (SIMS).

Test Instruments and Data

For the SIMS study, a random sample of 130 schools wus selected from a tc

schools after each school had been assigned to one of twenty-six strata bused on I

categories: (a) school size, (b) type of school (private, French. English Catholic.

rural or urban, and (d) geographical region of the province (In Ontario, virtuall
olds are enrolled in either a privitte or a public school.)

The present analysis does not use data for private schools (which are atten

Grade 8 students). Since previous analyses (McLean. Raphael & Wahistrom, 19

students in private schools had much higher rates of success, and since there wei

boys as girls in the private-school stratum, it was decided to delete these datcrfrc

sample retained for this study consisted of all the Grade 8 students not attendini

whom data were available for both the pretest and the posttest: 3523 in total, 17'
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had developed 180 items for Grade 8, administered in five forms: u Core form of 40

Rotated forms of 35 items each; for technical reasons six items were not part of the

ihe 174 Ontario items covered five broad topics: Arithmetic (68 items), Algebra (31

try (42 items), Probability and Statistics (17 items), and Measurement (26 items).

ints wore administered both a protest and a posttest. Each student responded to tho

to one of the Rotated forms A, B, C, or D on each occasion. Each student was given the

m at both the pretest and the posttest, but not necessarily the same Rotated form; the

were administered randomly on both occasions, each form to ono quarter of the class. As

of this method, there are variations in number of respondents among the four Rotated

between the two occasions for the same Rotated form. In addition, the Core form yields

ision of results. since it has about four times as many respondents us u Rotated form.

adzes the pattern of responses to each of these test forms.

Table 1

Number of Respondents by Sex and Test Form

otal)

Pretest Posttest

Boys Girls

466
427
447
4i_14

1773

417
470
426

1760

Boys Girls

469
465
433
416

1773

417
444
437
452

1750

lumber of respondents 3623.

ma ware flve-alternative multiple choice (one correct response and four distracters).

ise to each item was coded into one of three categories: correct, wrong, or item omitted.

a, three percent values (correct, wrong and omitted) were calculated separately for boys

with the student as the unit of analysis. (The percent correct of an item, for example, is .

ge of students who answered that item correctly.) Three mean percent values were then

each topic by averaging the percent values for the Individual items in that topic; these are

31e 2.
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Table 2

Mean Percent Values (and Standard Deviations) per Category of RI
by Sex and by Topic

Pretest

Correct Wrong Omit Correc

Arithmetic Boys: 49.5 48,0 2.5 54.!

(58 items) (18.1) (17.0) (2.7) (161
Girls: 48.2 48.2 3.5 54.!

(20.0) (18.4) (3.9) (171

Algebra Boys: 34.6 59.1 6.2 44.

(31 ite ms) (15.9) (16.4) (3.6) (15.1

Girls: 33.5 57.8 8.5 44.1

(17.2) (17.7) (4.7)

Geometry Bays: 36.4 56.9 6.7 .46.1

(42 ite ms) (17.6) (15.1) (5.1) (17.f
Girls: 33.4 57.6 8.9 42.1

(17.2) (14.5) (6.5) (18.Z

Probability & Boys: 53.5 43.7 2.8 57.1

Statistics (19.6) (18.7) (1.9) 1181

(17 items) Girls: 52.9 42.9 4.2 56.'
(22.2) (20.1) (3.0) 1181

Measurement Boys: 45.9 51.1 3.1 53.,

(26 items) (21.8) (20.6) (2.6) (19.',

Girls: 42.6 53.1 4.3 50.:

(22.8) (21.2) (3.4) (21.1

Note. Due to rounding error the figures for Correct. Wrong and Omit may not adc

Results

For each topic the difference between boys and girls in the mean percent el

omitted responses was analysed using the paired t-test with the item as the unit

addition, a Wilcoxon matched-pairs test was performed to obtain the z-statlstic a

probability as well us information on the number ofitems with positive or negati

between boys and girls.
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in Correct Responses
in in Table 3 no statisticelly significunt differences were found between boys and girls on

n for three of the topics lArithmetic, Mgebra, und Probubility und Stutistics). In

Un Meusurement, however, more buys gave correct responses on both uccusiens; in both

areas the difference of ubout 3 percent is statistically significant ut the .01 level.

retest as a whole, boys were moro successful on 100 items and girls on 60; boys and girls

t in Geometry and in Measurement, boys did better than girls on more than twice us

This puttern of results was very much the same for the posttest.

Table 3

Differences Between Boys and Girls in Mean Percent Values
by Topic

df

Pretest Posttest

Correct Wrong Omit Correct Wrong Omit

57 1,3 -0.2 -1.0" 0.7 0.4 -1.1'

30 1.1 1.3 -2.3' -0.5 I.B 1.3'

41 3.0 -0.7 -2.2" 2.4- .0.6 -1.7'

16 0.6 0.8 -1.4' 0.9 0.2 -1.0'

t 25 3.3. -2.0 3.2 -1.8 -1.2'

tive difference represents a higher mean percent for boys; a negative difference,
m for girls.

I in Wrong Responses
were no statistically significant differences between boys and girls at the .01 level on any

the two sexes gave wrong responses with shailar frequency.

pretest as a whole moreboys gave wrong responses on 84 items while more girls did so on

ms the percent of wrong response was the same for both sexes. In Arithmetic,Geometry

1 boys and girls gave wrong responses on approximately the same number of items. In

'ever, the rate of wrong responses wsa higher for boys on 20 items, while for girls it was

; this pattern was reversed in Measurement, with the girls giving more wrong responses

Ind tha boys on 9.The posttest results were very similar to those of the pretest in terms of

Jon of wrong responses.

9 a

Differences In Omitted It usponses
As shown In Tubb) 3, the differences between the sexes were negative, Ind

percent ofomitted responses fur girls wus greeter than that for boys on all the sul
pretest and the posttest. Furthermore, the West puired comparisons showed tha
between boys and girls were statistkully significant at the .01 level,

In both the pretest and the posttest more girls than boys omitted responses,
was higher for the boys only un 17 items (10% o( the test), while it was higher for I

(70% o( the test), The Wilcoxon unulyses yielded z-statistics significant at the 01
topics, Indicuting that this trend wus consistent from topk to topic.

A detailed examinutien el the omitted responses reveuled that the percenta
omitting items on the pretest runged from 0 to 28 for girls and from 0 to 23 for boy
4.5 and 3.0, respectively. Although there was a decrease in these values for both t
posttest (that s, fewer students omitted items), thegap between the sexes was mai

posttest the range was 0 to 21 with u mediun of 3.0 for girls, while it was 0 to 17 wi
boys.

Differences in Gains
The gains are based on the difference between the mean percent of correct

topic on the posttest and on the pretest, for each group taken separately, and coul

taken to represent the growth in mathematics achievement for the group. The rc
4 would indicate that on average boys and girls improve atthe same rate during

no statistically significant differences (at the .01 level) between the two groups lc
in mean percent ofcorrect responses by topic.

Girls showed greater gains on 93 items and boys on 63; girls and boys tied c

in Measurement girls had greater gains on approxhnately the same number (Sit

Arithmetic, Algebra and Georaetry, taken together, gids had greater gains than
many items.

Table 4

Gains in Mean Percent Values by Sex and Topic

Bc.ys Girls

Arithmetic 5.4 6.0
Algebra 9.5 11.1
Geometry 8.6 9:1
Probability &
Statistics 4.1 3.5

Measurement 7.5 7.6

Notq. Differences between boys and gtris not significant at the .01 level.
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Discussiou

s of this study may be summarized as follows:

percent of correct responses in two of the rive topics (Geometry and

lent) was slightly higher for boys than for girls. These differences, though not

e statistically significunt at the .111 level.

e differences between boys and girls in omitted responses. All the t-tests were

tut the .01 level Girls had much higher omission rates on ull topics. On average

on ratio of boys to girls was 2:3.

ion of the gains indicated that instructioq in Grade a had about the same

in girls us on boys.

le findings aszume educational s:Enificance w`ten one bears in mind thut the boys and

the same randomly selected schoo,:.:a kproviNately equal proportions and thus can
itched on socio-economic level, on ar,..-r..nt of 'Carmel training io mathematics, and on

ng (ignoring possible differential treatrec P.1 ethe two sexes an the part of teachers).

hus be generalized to students attending public schools in Ontario. and any sex

must be attributed to factors other than socioeconomic level, formai training, or

ng.

vable that the boys had had a certain amount of informal training through out.of-class

-malty pursued by girls (following instructions for building models, reading charts and
Ike). Different informal training in mathematics could explain the differences in

.leometry and in Measurement in particular.

; to McLean. Raphael and Wahistrom (1983), Ontario teachers reported that only about

letry items had been taught at all, either before or during Grade 8. This would land

the idea that out-of-class activities contributed to the disparities in achievement

es. On the other hand, the other topic which showed differences between the sexes,

ma among four topics in which most teachers reported covering about 80% of the

is on the basis of the information available It is not possible to determine with any

her out-of-class activities had an effect on the differences between the sexes in

asurement.

xes sometimes cited for sex differences in mathematical achievement, such as the

natherrictics asa male domain (Becker, 1982) or the presumed social conditioning and

ations for boys and girls (Fennema, 1978). might explain why more girls omitted

lid boys, Oa the basis of the Grade 8 SIMS data no attempt could be made to determine

sf these factors, or indeed of infomal training.
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Thk figure above shows a
wooden cube with one corner
cut off and shaded. Which of
the following drawings shows
how this cube would look when
viewed from directly above it!

A

A

a

Figure 9

A half-tura (18ct ) about
point 0 is applied to
the figure above. Which
of the figures below Ls
the result!

1. told

c

UMNIN11111111111111111111111N1111181111P-2
111Will1111111111Pfail
MilMEM1111111111PIEPraillIPill
IMMINILIPY.41111FP"....1111111111
1111111111PriliMillIMEIWINI
1114Veallii11111111111111111
Waal' IIMIUNAINWINNEIN

TIce In Boum

now much longer doec St take
tor car I to go 50 km than it

does for car A to go 50 kiloes eeee ?

A 1 h 15 min

8 1 h 3OsIn

C 2 h

D Z h lOsth

E 2 h 35 min

141 Vhet is the capacity or
. cubi: container 10 cm
by tO := by tO cm?
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o.

ki Hov many pieces ol
Meech 20 long. wc

required to Comm
pipeline one kilos
length?

A 5

B 50

C 500

D 5000

E 50.000

1 Ai

BI

0 1 2 3 4 5 1

Cenclriore,

According to the scale s
the length of side IC of
rectangle A8CD (to cha
NEAREST CENTIMETRE) is

A 1 L A Sc.

b 10 L 8 6 cm

C 100 L C 1 cm

O 1000 L 0 8 cm

E 1000 cm E 9 cm

Figure 10
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4 Windsor

PERCEPTIONS OF PRE-SERVICE STUDENT TEACHERS

ON MATHEMATICAL ACHIEVEMENT AND ON TEACHING

MATHEMATICS. RESULTS OF A PILOT STUDY

ICO of teachers' expectations in the learning process
i has been well recognized, since Rosenthal and
tblished their book 'Pygmalion in the Classroom' in
atempts have been made to trace the channels by which
Mpactations and students' achievement are linked
:n particular, this question has become of interest in
'ocusing on sex-related differences in students'
, achievement and course-taking behavior.

te for a moment a teacher-has the following attitude:
:t as able as boys when it comes to mathematics and,
i their future profession they are not going to need
as boys do. According to this attitude the teacher
mpact the girls in his/her class to do very well
.cs.

several possible ways in which this teacher's
i might be communicated to the students. The teacher
P display them when commenting on the poor work of a
ir he/she might consciously or unconsciously use more
wole.g., praising a girl very much for correctly
easy question, asking mostly boys to solve really

'oblems pand attributing good mathematical achievement
a lot of effort and by boys to ability.

iG not only a subject that more or less often gets
r teachers, parents and students themselves but it Ls
:eject that many people perceive as very difficult to

151

Let us assume for a moment a primary teacher who suc
passing high school math fairly well. The teacher
female because most primary teachers are female.
high school she did not take any math courses at th
level.It was not until she entered the pre-ser
training program that she had to deal with mathem
According to har personal experiences with mathemati
that it is a difficult subJect to /earn and that s
good grades because she worked very hard at it. Her
in relation to mathematics is low and she might even
that somehow men are the better mathematicians
appeared to her during high school that those studen
to have the least difficulty with mathematics and
the most self-confident in doing it were boys. Alth
not necessarily get the best grades, the boys did
need a lot of effort to grasp the main concepts.

During her time in presarvice teacher training our
teacher pays particular attention to learn how to
mathematics,for, as she sees it, this is the mo
subJect she is going to teach. She likes to coll
teaching ideas as possible. The more ready made t
better. She wants to be prepared for all possible s
she is going to use her entire stock when tvaching
very hesitant about trying new things, in future y
not give her students much scope to bring math p
encounter outside school into the classroom. Ther
fear that she might not be able to solve unfamiliar

Of course the learning history of our teacher could
different. Let us assume for a moment that she is
teacher. She is one of the few female high school
have mathematics as a teachable subject. For her,
was always an enjoyable adventure. She is proud of
in this subject and found it easy to teach rig
beginning of her career as a teacher.

Her self-confidence in her.math ability being well e
she is not afraid of challenging questions from her
the contrary she appreciates them as they demonstr
students are interested in math. She often uses the
as starting points for math investigations, of whic
does not know the results in advance.
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examples are hypothetical. In fact very little is

eut the mathematical learning history of teachers
eth at different grade levels, about the relationship cf

ery to their perceptions on teaching mathematics, and

x actual teaching. Moreover, the same is true for

entering a prenervice program, that is for teachers to
seems to be reasonable to assume that the learning
"ongly influences certain aspectu of teaching and that

1 investigating these variables.
5 a pilot study was carried out at the University of

rhe study focused - among other things - on answering

lng questionse

the personal learning history in mathematics of pre-

ident teachers?

ant are they in teaching mathnmatics?

bns do they give when the students they taught during

mashing did not make much prbgress in mathematics?

Hers to the above stated questions depend on the sex of

nt teacher and/or On the division he/she has chosen to

Procedure

e r training program of the University of Windsor is a

program and includes three iiivisions, these are the
nior (K - 6), the Junior/intermediate (4 - 8) and the

te/senior (7 - 13) division. Students enrolled in the
nior program have to take the math education course

or their division, while for students in the other
math education is an optional couvse Students enrolled

the Junior/intermediate or the intermediate/senior
are grouped together for the analysis of tl..e results

O as jun/1nt/senior division.
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Relevant information was gathered via a questionnai
The variable 'learning history in mathemi
operationalizad as followse students were asked to cv
mathematical achievement during their schooldays and
reasons to their achievement. The questionnaire use(
the latter variable was developed by the author in 1

another research study (s. Schildkamp-Kuendiger 1980:

Moreover, the student teachers were asked to cor
achievement in mathematics and their confidence in 1

with that in other subJects. They were also asked tc
related students'achievement differences they hac
schools. To evaluate the reasons the student teacht
the pupils they taught not makind satisfacory
mathematics, a questionnaire developed for the Secon(
International Mathematics Study was used.

The questionnaire was answered by. 'students c

educational classes after they had been out for the
four practice teaching sessions. Students answered or
and anonymous basis.
Chi Square Tests were used.to compare the responses
groups of students; e.g. male and female stuck
enrolled in the primary/junior division.
In the graphs showing the results, arithmetic means
characterise the distributions.

Results

Overall 111 student teachers, enrolled in the pr
division, answered the questionnaire; 96 female and
teachers.
The corresponding numbers for the jun/int/senior di
overall 61 student teachers; 36 female and 2 Z male te

160
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will be discussed for primary/junior student teachers
formation about their learning history in mathematics is
in graph 1. As a group primary/Junior teachers remembor

th achievement during their schooldays as average and
unt for it by a lot of reasons. The internal
tasted are: math ability and learning effort; relevant
reasons are s math is difficult, good or poor teacher's
on and help by others.
nt sex-differences ( p < 0.05 ) within the group are
one variable only, that is fack of help of others. This
is not considered as very relevant in general, but

udent teachers Judge it as even less relevant than male

unior student teachers remember their math achievement
less .good than their achievement in other school

( see grahp 2 ). This goes together with their
n of being comparatively less good in teaching this

ncouraging that they only sometimes encountered sex-
chievement differences in their pupils during practice
Moreover, the questionnaire reveals that, if sex-

differences had been observed, they did not show
icular subject like mathematics.
d female primary/Junior teachers do not differ
ntly as to the variables considered in graph 2.

displays the reasons teachers perceive as relevant when
Is they taught during practice teaching did not make
ory progress in mathematics. Primary/junior student
mention two reasons the mosts lack of ability of the

d lack of motivation. Lack of student ability is a
reason for the teacher; this is not his/her

ility. Motivating to learn on the other hand is
that falls in the duty of a teacher.
female teachers differ significantly in their evaluation
ts' misbehavior and lack of motivation; female teachers
se reasons as more important as their male colleagues.

there are very few significant sex-related differences
alm and female primary/Junior student teachers. This is
partly due to the fact that there are very few male

in this sample. It seems as if teaching in the
unior grades will stay mainly a female affair. Whether
le and female primary/Junior student teachers can really
d upon au having the same charcteristics as to the
considered here has to be answered by subsequent
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GRAPH 1

MATH ACHIEVEMENT DURING SCHOOLDAYS 1 X 0
ABOVE

AVERA

CAUSAL ATTRIBUTION OF STUDENT TEACHE

MATHEMATICAL ACHIEVEMENT

OWN MATH ABILITY

LACK OF MATH ABILITY

BIG LEARNING EFFORT

LACK OP EFFORT

GOOD LUCK

sre

MA10 r: EASY

MATH i6 DIFFICULT

GOOD TEACHER'S
EXPLANATION

POOR TEACHER'S
EXPLANATION

HELP BY OTHERS

LACK OF HELP

PPPLICABLE NO'

0 PRIMARY/JUNIOR STUDENT TEACHERS, N 111
X /UNIAIITKPEUMB_WRIPOT_JWIAEMA N ' 61

INDICATES SIGNIFICANT DIFFERENCES BETWEEN THESE TW(
A- C p < 0.05, CHI SQUARE TEST ).
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iIEVEMENT IN MATHEMATICS

I TEACH MATHEMATICS

IEVEMENT DIFFERENCES
BETWEEN

ALg AND MALE STUDENTg

o 1 4-

BETTER LESS GOOD

THAN IN OTHER SUBJECTS

xo
1 4'

BETTER LESS GOOD

THAN OTHER SUBJECTS

X0
I

ALWAYS NEVER

IUNIOR STUDENT TEACHERS, N 111
3ENIOR STUDENT TEALIERS, N 61
3 SIGNIFICANT DIFFERENCES BETWEEN THESE TWO GROUPS
5, CHI SQUARE TEST ).
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GRAPH 3
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REASONS THAT STUDENT TEACHERS GIVE FOR PUPIL

MAKING SATISFACTORY PROGRESS IN MATHEMATIC

STUDENT'S LACK OF ABILITY

STUDENT'S MISBEHAVIOR

STUDENT'S LACK OF
MOTIVATION

DEBILITATING FEAR OF MATH

STUDENT'S ABSENTEEISM

INSUFFICIENT TIME FOR MATH

INSUFFICIENT PROFICIENCY
ON MY PART

LIMITED RESOURCES

TOO MANY STUDENTS

VERY
IMPORT'

0 PRIMARY/JUNIOR STUDENT TEACHERS, N 111
X JUN/INT/SENIOR STUDENT TEACHERS. N 61
* INDICATES SIGNIFICANT DIFFERENCES BETWEEN THESE TWO

( p < 0.05, CHI SQUARE TEST ).
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; history of Jun/int/senior student teachers is quite
From that of the primary/Junior group (s. graph 1).
tor student teachers remember their achievement during
is above average. It is significantly higher than that
iry/Junior group. Moreover, the Jun/int/senior group
reasons for this achievement. Lack of ability, good

luck, difficulty of math and poor teacher explanation
I to significantly less as causes of achievement. At
:h is perceived as easier.

'senior group remembers its math achievement as about
in other subjects and Judge= its ability in relation
:Ject as average. For both variables the differences
1 Jun/int/senior teachers and the primary/junior
i,significant.
do not differ as to the extent achievement differences
i and girls had been observed during practice teaching.

ims to indicate differences in the attribution pattern
m/int/senior student teachers primary/Junior
rachers in the direction that the Jun/int/senior
ted fewer reasons to account for students not making

progress in mathematics. Only for the reason
it time for math' are the differences significant on
, but there is a trend ( p < 0.07 ) for the reasons:
ack of motivation, limited resources, and too, many

r two groups of student teachers seem to differ in
late considered in this reseach.

differences between male and female primary/Junior
achers were rare; this is not the case for the
or group. Although the whole group remembers its math
during schooldays as aboVe average, this is even more
he female teachers ( p.( 0.01 ). Moreover. female
Naluate their math ability and gooe .f%Achers'
as more relevant a reason for their act,ievw!,ent than

achers ( p < 0.05) ; whereaz lack of effort is
i less a reason by female teachers (p < 0.05 ).
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Finally there is another rather unexpected significant ,

between male and female jun/int/senior student teachers
comes to. .explaining why their pupils did not make sa
progress female teachers more often perceive in
proficiency on their part to be the reason. This is
astonishing as oaccording to their learning hi
mathematics, they should be uven more self-confident
male teachers.

Summary

The results of this pilot study reveal considerable d
U.etween student teachers in the primary/Junior division
in the Junior/intermediate/senior division. Student tl
the latter division have a much more positive learning I
mathematics than the primary/junior group.
Of course, it can be argued that the group of Jun/
student teachers considered here would not have taken
course, if they had not felt rather confident in this
as they had a choice the primary/Junior student teachel
have. The situation becomes more delicate , if this
history is looked upon as having important impact on tl
of teaching. Afterall all these student teachers will ti
get, a teaching postion after finishing the program. A.

the primary/Junior student teachers will start teaching
less confidence in their ability to teach this subject
teach other subject:.
It can be expected that in doing the job they will
confident in teaching mathematics. But the hypothesi .
easily be turned down that they might gain this confi,
following a rather rigid teaching method that minil
challenge of unexpected questions and problems.
Up to now the results of this pilot study indicatm a.

a trend that the primary/Junior student teachere noel
upon more reasons then the other group to explain i

pupils f'ail to learn mathematics. Further information al
student teachers think to be important to make math teal
effective is available and will be analysed in the near
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ird to sexdifferences the results indicate some

diffsrences for jun/int/senior students. It seems as
student teachers only choose to teach mathematics if

very canfident about their 'competence in the subject.

=gather with a readiness to explain failures in their

earning morn often by personal insufficient proficiency

',lir male colleagues. The question remains open what

these future female teachers are going to deliver

emale students.

set ittxrelated achievement differences .at school have

ad tvAt girls tend to have lower selfesteem in

to their math ability, even when they have the same

t as boys. It is worth investigating if there is a

at the teacher level in so far an the perception of

eaching proficiency comes into play.

R., Jacobson, L.: Pygmalion in the classroom. New York

Kuendiger, E.: Learnig the concept of a function. Ins

enhold at al. (eds.): Cognitive Development in science
atics. Leeds 1980, p. 181-190.
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Roberto Mura

Université Laval

Micanismes d'actuallsotion de la sous-representation des femMea en mathem

Presentation d'un orojet en cowl

Un sondaqe realise . A 198 i our l'état de la recherche concernant les differeni

exc en mathematique au Ceneda, avalt indlqui qu'i peu pris dans tout le pays, la

des lilies aux cours de mathimatique commence 6 decliner vers la fin du secc

qu'aucune recherche n'avait itte effectuee pour tenter d'expliquer ce phenomena at

Celle constatation m'a Incas 6 concevoir une prem. iere etude exploratoire

Comma 11 me semblalt Important d'etudier le phenomena dens se globallte, j'i

collaboration de colliques eVeC des compitences en sociologic et en psuchologie; F

et Meredith Kimball, ont accepti do se joindre 6 moi et notre projet a obtenu une

Conseil de recherches en sciences humai nes du Canada.

Au Quebec, dans lc secteur francophone, le phenomena de la 30Us-reprisentati

en mathernatique s'amorce au passage. du secondaire au collegictl (Cegep) C.03

1 lame 6 la 12ima antic D'apres 103 statistiques fournies par le Ministire do

Quebec, en Same secondai re (dornière angles de l'icole secondaire), mime si

mathemallqua ne sont IMO oblIqatoires, depuis plusteurs annees, les lilies repris

de la clientele de ces cours. Au collegial par contra, 6 l'automne 1984, ales n*ei

pluo que 42%. TOUjOUr0 d'apres 10 Minielirs do l'Education, la reussite dee fillos

COM= OUCeqep, est oussi bonne qUO cello des garcons, sinon meilleUre.



16 2

eut en étant conscientes qua 103 racines des choix que les olives font en entrant au Cegep

ramonter loin dans le passé, nous avons decide d'aborder le problems en itudiant ce

moment de se formulationc'est-a-dire vers la fin de la cinquilme armee du secondai re.

premiere phase de la cueillette de donnies a eu lieu de février a mai 1983 dans trots de

aes de mathematique de cinquiime secondaire. Pendant cette periods les Cleves faisaient,

:hient, leur &monde d'admission au Cegap. Les mimes Cleves ont ensuite iti contacte/e/s

ou un an plus tard.

3 nylons qua le phenomena de la diffirenciation des choix scolaires selon le sexe itait

nplexe et nOU3 avons choisi d'en brosser un tableau global, plutfit que d en itudier plus

II quelques aspects soulement. Dans cella perspective, nous evens opte pour l'emploi

ni d'une veriété de methodes de cueillette des donnie3: questionnaires aux Cleves,

lions en C133303, entravues avec 103 éleves et avec leurs enseignant/e/s de mathemetique.

avons retenu un grand nombre de variables. Parmi les principales, on retrouve les

es:

occupation et la scolarite des parents,

kart entre rimage de soi et l'image d'une psrsonne de science,

'valour intrinseque et le valour utilitaire attribuies a la mathamatique,

ettitude envers le sUCC63 en mathimatique et en (newels,

confiance on 343 capecités en mathematique,

3 CaU303 auqualles les élaves attribuent leurs sUCCis et echecs en mathematique et en

anceis,

s previsions de reussite en mathematiqua,

aspirations 3COlaires at professionnelles,
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- la presence de modeleede roles scientifiques dans le milieu de l'eleve,

- las cours 3UiVi3 at les notes obtenues,

les motivations du choix 3COlaire telle3 qu'exprimees par les Cleves,

- l'attitude du milieu de l'élave envers son choix scolaire,

- les interactions entre les Cayes et leur enseignant/e de mathernatique,

- la perception qua renseignant/e a du potentiel de 3E3 Cleves en mathernatiqu

interet pour cette matiere et de leur niveau de confiance,

les previsions de l'enseignant/e a l'egard de is reussite de 3C3 Cleves,

- le3 Causes aUXQU011es la3 enseignant/e/3 attribuent les succes et les ichecsd

Dans la choix de Ce3 variables, nous nous 3011M103 en partia inspirCes du modell

Eccles (1985) -- modele qui Reit did& disponible avant le debut de notre projet.

Toutes les variables ont Cté analystes en forctton du sexe et du chotx scolatre

choix scolaire a kb a par& de la demande d'admission au Cegep faite par

printemps 1984 ; nous avow 'link distingue le3 eaves qui ont choisi ui

scientifique de ceux et Callas qui ont choisi une autre orientation. Tel quo prey

groupe comprenait proportionnellement moins de lilies que de garcons. Cette defli

scolaire a le desaventage dllargir le champs d'itude de la mathematique aux :clef

nous a sembli plus (table qu'une definition bases sur les intentions de suivre

mathernatip: (Adirreees par 1C3 Cleves, car dens la demande d'admission FCiC

programme calque] ii, ou elle, veut s'inscrire 30113 preciser las COM perticulii

sUiVis.

Jo presento ici saulement quelques resultats priliminaires & titre d'exemple

personnes interessies a 3C procurer le rapport final a la fin de 1985.
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rensamble, nous avons trouvé plus de differences reliees au choix scolaire quo a

is rallies au MC. Ains,. recut entre !image QUO les ilives ont d'eux-mimes, OU

limes, et l'image qu'ils, ou elles, 3E font Woe personna de science est plus petit chez

I gut s'ortentent vas les sciences que chez les autres. De mime, la primier groupe

MO plus grande valeur intrinseque et utilitaire o la mathematique et possede plus de

en 503 capacites dans cella matiere. Parmi ce3 quatre variables, la derniere est la

a donne lieu 0 une difference entre filles et garcons, ces derniers manifestant un plus

au de confiance.

isle toutefois quelques exceptions. Par exempla, 0 propos des causes auxquelles ICS

tribuent lours SUCCES et echecs en mathornatiqua, (VOUS avons irouve des differences

axe, msis non selon le choix scolai re: les fines attribuent his majoritairement le urs

leur3 efforts, tends qua les garcons sont parte* entre leurs efforts et leur habileté.

ui est as explications de Ile hec, la majoritb as filles comme des orcons fait appal au

'effort, mais quelques filies invoquent 811331 lour moque d'habilete ou la difficultb de la

.03 mimes tendances 30 sont manifestees 0 propos des COOLS par ICSQUelle3 1E3

It/0/3 exilliQUent les SUCCas et ectiecs de leurs ClOves. NOUS n'avons pas trouve de

e analogue entre (tiles et garcons dans leur perception des causes a succes et d'ectlec en

itre difference importante entre filles et garcons est apparue dans lours propres

l'amplot et dans ce quelles, ou iI3, prévoient pour le conjoint, ou la conjointe, torque

les enfants: garcons et filles Vaccordent majoritairement pour dire que ce seront ces

s qui assumeront les responsabilites majeures au niveau des tithes familiales et

leur emploi 0 l'exterieur au temps partiel ou mime le suspendront complitement.
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I:influence de ce facteur sur le choix scolairrest liee 0 l'image des sciences cor

particulierement exigeant, ot) il est difficile de poursuivre des etudes ou une car r

partiel, ou de les reprendra apres une interruption.

Enfin, un dernier exemple de difference entre fills, et garcons touche leur carry

classe do mathematique: rIOU3 VOW observe que les garcons partici paient be

vocalement que les filles, en repondant 0 75% des questions de l'enseignant/e lora,

nitaient pas adressees 0 un/e Cleve en particulier (les garcons constituaient 4

echantillon). Avant d'avancer des hypothise sur le rile de ce fecteur dans les choix

faudrait cependant effectual' des observations pour savoir Si CC comportement ne SC

(Mai dans de3 classes oil Ion aborda des disciplines non scientifiguo.
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