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Many postage stamps tell stories: This German stamp contains some
facts about 2 German mathematician named Adam Riese. It was
issued in-1959 on the 400th anniversary of his death. The symbols
30.3.1559 indicate the date of his death, 30 March 15509.

Riese wrote arithmetic books ata time when trade and commerce had

begun requiring much computation. Up to this point, most calculating

was done by counter reckoning. This was a mechanical process used by the ancient Romans where
counters were moved on lines, much like an abacus. However, Riese gave strong support to a new form

of calculating that used Hindu-Arabic numerals that could.be written out with a quill pen. This was the
beginning of the algorithmic form of computing we use today: The title of his book, Rechnung auff der

Linier und Federn, written in 1522, can be translated as “Reckoning on Lines with a Pen.”

in the old method of reckoning on lines, the only way a computation could be checked was to move the

counters and begin again. The X and its four numbers shown on this stamp illustrate an algorithm or

method Riese used to check caleulations with numerals written with a pen. We know it today as the
“method of casting out nines.”

Tofind the remainc -r, or excess, when a number is divided by 9, cast 95 out of the Rumber as shown in the

computation below: This can be done by adding the number's digits: If their sum is greater than 9. as with
the number 437 below whose digits add up to 14, add the digits of the new sum. In this case the new result,

5, is less than 9, and it is called the excess. If the sum is 9; cast it out and call the excess 0.

Study the process below to see How casting out 9s was used by Riese to cheek multiplication: In the
check, muitiply the two excess numbers of the multiplier and multiplicand: 5 x 7 = 35. Add the digits:

3 + 5 = 8. This excess (8) must equal the excess of the product, or there is some error in the compuitation.

“PERMISSION TO REP™ _UUCE THIS
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COMPUTATION

437—=(@4+3+7=14;1+4=5)excess = 5
X 286—(2+8+6=16;1+6 =7)excess =7
2622

874 S S Z L= - (SX77=,3;5L3 +5£8)
124982—»(1+2+4+9~F82F2=26:2+658)é5iéé§§£8 excess = 8

Find the product of 589 and 3417. Then check the answer using the method given by Riese.

ERIC 2 BEST CUPY AVAILABLE




Metnc Cenveisieﬁ on Sﬁamps

Australla |ssued thls set of stamps to help educate lts populatlon on metric conversion. Use the mformatlen on them
to help answer the questions below.

1. The stamp on length shows that a height of 180 cm is equivalent to 5 feet 11 inches. Mentally
estimate the number of centimeters in a height of 5 feet. —

The stamp on volume shows that 200 mL (mlllmters) is equwalent to 7 fluwd ounces: Usnng this

reIatlonshlp. how many fluid ounces more than a quart is a liter? -

NM

3. The stamp onmass shows that 100 kllograms is equwalent to 15 stone 10 pounds if 1 knlogram

is equlvalent tc 2 2 peunds how many pounds are in one stone"

The stamp on temperature shows that 38°C is equivalent to 100°F Explaln why 19°C is i ot
equivalent to 50°F. — —

:ku

Hlus:on or Reahﬁ'?

These stamps from Brazll and Sweden show two |nterest|ng geometnc surfaces

5. One surface has two sides and the other has just one -
side. Which one is which? AT/

6. One surface exists in the real world and is called a
Mébius strip. The other is only an artist's optical

illusion. Which one is which? SVER.GE 50

Formulas on Stamps

7. Ntearagua |ssued a serles of stamps on the theme “Ten mathematlcal formul that changed the face of the

earth.” This is one of them Can ‘you tell what mathematlcuan it honors?

8. Use the formula glven on the stamp to find the count- )
ing number c If a=24andb =7.

9 Use the formula to find the countlng numbers a and
bif e = 30.

2 7 3 NCTM Student Math Notes, January 1986
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Here is a stamp honoring Switzerland's most fa-
mous mathematician, Leonhard Euler {“oiler"). It

was issued_in 1983 by East Germany to com-

memorate the bicentennial of Euler's death. The

formula on the stamp contains the variables e, k,

and f that correspond to the first letters of German

expressions for vertices, edges; and faces of a
simple closed polyhedron. .~ =~
A more familiar form of this relationship using v for

vertices, e for edges, and f for faces is
v-e+f=2
tis interesting to note that although this stamp honors Euler, the refationship it depicts among vertices, edges, and

faces of a simple closed polyhedron was known by Descartes a century earlier.

1. The geometric figure represented on the stamp is a regular icosahedron; a polyhedron with

20 congruent equilateral triangles as faces. Each of the 20 faces has three edges and three
vertices. On the icosahedron, five faces come together at each vertex and two at each
edge, as shown in this view of the icosahedron with only its front faces indicated. See if you

can use some clever thinking to count v, &, and f for this solid: Verify your results using the

fomulav —e +f=2,

This Swiss stamp was issued in 1957 to commemorate the 250th anniversary of the birth of
Leonhard Euler. He studied in every branch of mathematics then known. and his extensive

Wfi,ﬁh@s,é’r'ei iﬁéi’é numerous than those of any other mathematician.:
Notice this formula on the stamp:

i - z R — 777777%e7i’t’%7f7i3é7j9 {iéiﬁ é - - - o

Those who know trigonometry will recognize that when 8 = 1, we can get this surprising formula:
- S e +¥1=0 -
This formula connects five of the most important numbers in mathematics, Zero is the first whole number, and 1

is the first counting number. Both 0 and 1 are rational numbers. Both 7 and e are irrational numbers. All four of

these are real numbers, but / is the imaginarv unit, ~/— 1, for complex numbers that can be written in the form
a + bi, where a and b are real numbers. -
2. The number e, sometimes called Euler's number, has the value 2.7182818284 - - - - It can be approximated

using the infinite series

iilii:;j:;f;ii—ii;;i o
"titTetTes T Tzea T et

Use a calculator to evaluate the first ten terms in this series. See how the sum compares with the value given
above.

Solutons. -~ - - e
Page2:1)150cm 2)3f.az. 3)14.b: - 4) becass 0° is ot the freazing point on the Fahrenheit scale as it is c. the Celsius Scals. _ .

5 and 6) The surface on stamp A has just two sides, and the surface on stamp B »as just one side. The surface on stamp B can be made by taking a strip of papeF and giving ita
halt-twist before taping its ends together. The suriace on stamp A is impossible fo construct. 1t is an optical illusion, ng
D ﬁjiiiii _ ijc ;'77 ija"= 18 b7=‘7-”2747:: [ = . = z S e —— - -

"age 3 1) Separately, the 20 triangles contain 60 vertices and 60 edges. Together on the surface of the icosahedron, there are 12 vertices (60 - 5) and 30 edges (60 - 2) as well as
the 20 triangular faces. 12 — 30 + 20 = 2

2)2.7182812 on an cight-digit calculator

NCTM Student Math Notes, January 1986 4

Q

W .




sbeLn-unked 10
- BXEANGR -

A A 4 & 2 g

Betyoueant; o

¢ Usethe appropnate letter to match each stamp correctly, first by the mathematucuan 5 name ‘then h|s natlonallty

year of birth, and contribution.

Mathematician Nationality Yeéref Birth Contribution
— Einstein — Belgian — 430 — One of the three greatest
e R mathematicians of all time
— Gauss — Chinese — 1548 — Early supporter of the use
-~ = o of decimal fractions
—_ Pascal —_ French — 1623 — Father of probability
__ Stevin — German — 1777 —& = mc?
_ Tsu-Ching-Chih  _ American and 1879 — Used 355/113 1o approximate
) - German
° Use the approprlate Ietter to match each stamp’s mathematncuanv wdiﬁ ifni @ement that pertams te hlm Readup
on those who are unfamiliar to you. [ .

t Ao o o o g

aPaAxmMA |
1

AARALARARAL AR o

Abel Bolyai Aristotle
— Possessed amazmg ablllty and msught in number theory  _. Established the Cartesian coordinate system
= Beveloped a form of non-Eucidean geometry — Used models from mathematics to
e models tro
— Died at 27 never recelvmg the recogmtien deserved systematize logic
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NATIONAL COUNCIL GF TEACHERS OF MATHEMATICS

SIMURIENTT

Successful Simulation: spproximate Answers to Real Questions

Planning a Supermarket S S o

So you want to go into the supermarket business. You have found the perfect building, arranged the necessary
financial backing, and made contacts for stocking and replenishing the store. Everything looks good. There’s only
one more question—checkout counters. - 7 - f
How many checkotit counters siiould you have? If there are too many, some of the clerks will be standing around

idle most of the time. If you have too few, the checkout lines will get pretty long and the waiting customers will be
unhappy. You-could m~ke a guess and setup soine counters. Howaver, it's expensive to be wrong: A better way
would be to simulate the situation—do a probability experiment based on assumptions about how the counters

would operate. This is much less expensive than actually setting up the counters, and it allows you to try different
combinations to see which works best: - o 7
Let's assume that a customer arvives at the checkout counter every three minutes, on the average. Suppose it

akes the clerk three minutes to check each persan out, We gan throw a die to simulate the frequency of shoppers
arriving at the counter: 1.or 2 means someone arrives; 3, 4, §, or 6 means no one arrives. Let's look at a 30-minute
work period during the day—one throw of the die for &ach:minute. Here are the 30 rolls of the die:

. 23212 25611 36153 24665 62513 44415
_Customer: A BCD E FG H [ J K L

Let's study tiese results. Remember, only a 1 or a 2 on a roll means a customer arrives. So in this simulation of 30

minutes, 12 customers artived. Here is a minute-by-minute.analysis of the first 7 minutes. The customers are

identified by successive letters of the alphabet. At the end of the given minute—

Minute 1 Customer A arrives at the couiiter. The clerk has been idle for that minute, /-5
2 Customer A is béiii@ checked o

A is being checked out. No other customer arrives at checkout. /X
B arrives. A is still being checked out. N
C arrives and B is waiting. A finishes. AN -

D arrives and C is waiting: B is being checked out, .

E arrives and C and D are waiting. B is still being checked out. manis) ST
No new customer arrives: C, D, and E are waiting. B finishes. LR : -

~N O W

Continise this analysis through the entire 30 minutes, Assumme n clistomers amive after 30 minutes but that the

clerk continues working until all customers are checked out. Summarizs the results by completing the table below.

You will need to extend it to 37 on another sheet of paper.

End 10 1112 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30

Endofminute 1 2 3 4

(]
L
o
anil
~J
(- -}
o

Customer

arrives A—BCDE — —F
= =

checkingot — A A ABB B CC C
waiting — — — B C CD CDE DE DE DEF

Now complete thie table on page 2 for sach customer. Give the minute of arrival and final mirite of checkout, along

with the number of minutes spent waiting before checkout begins.
The editors wish to thank Albert Shuitte, Dakland Sckools; Pontiac, MI; for writing this issue.
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Customer ABCDEFGH
Minute of arrival at checkout line 1 345 6 910
Mmute of completlng checkout 4 7 10 13 16 19 22
Minutes waited in line before cneckout beglns 0135779

Find these valies for this simulation:

1. Number of customers expected: — 2. Number of customers actually arnvnng —
3. Total customer waiting time: S 4. Average waiting time: - _
5. Total clerk idle time: _— 6. Total clerk overtime (beyond 30 mmutes) -

More on eheckmg Out

The snmulated results of the checkout arrangement on the first page were not too good WaJtlng that Iong would

cause lots of custorners to become impatient and unhappy. How could you improve the situation? You might try two

checkout lines. The first customer goes to line 1. Other customers take the-line that will serve them first (line 1 if

there is atie). Roll the die as before to check this new arrangement. You could continue to simulate situations; trying
different things; until the results look reasonable to you.

Handom Dlgits anﬂ Smmlated Bow lmg

Slmulatlon can be camed out usnng dice; spmners ‘coins, cards; or. any other devices of chance Computers are

especially useful for running a simulation many times-and accurulating results. A useful way tc do simulations
quickly withoui a computer is to use a random digit table. These tables are lists of digits (numbers 0-9) generated
by a process that makes each digit equally likely to occur at each place in the table.

The random digit table below contains 1660 random digits arranged in blocks of five.

1000 Random Dnglts

91178 63914 64595 89172 04085 64395 93572 20383 93846 77476

62319 68719 48349 91172 37679 39944 33933 08402 25280 53118

44779 77020 52542 48064 06155 44303 43567 06228 97225 60371

14926 32769 89952 64944 76635 39828 66548 84706 45377 37556

56699 72694 41549 08682 15966 27395 33689 33134 64823 81367

Flow can we use a random dlglt ta‘ble to simulate events? We can start anywhere and read dlglts going in any

direction. Just don't start in the same place each time.

2 JVCTIISRudéntlﬁnhlVouugAﬂanﬂ11986
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Simulated Bowling Game

Let's use the randor diigit table to simulate a bowling game. Our game is mch

simpler than commercial simulation games.

First Ball ____ Second Ball

1-3 Strike 1 Spare 1-3 Spare

4-5 2-pin split 2-8 Leave one pin 4-6 Leave 1 pin

6-7 9 pins down 9-0 Miss both pins 7-8 * Leave 2 pins
8 8 pins down 9 +Leave 3 pins.
9 7 pins down

A it RS ;:,B: B tééVé é“ﬁ'ﬁs
0 6 pins down *It there are fewer than 2 pirns, result is a spare.
o . +li there are fewer than 3 pins, those pins are left.

Here's how to score bowiing: 7

1. There are 10 frames to a game or line. =~ -

-+ You roll two balls for each frame, unless you knock all the pins down with the first ball (a strike). -

+ Your score for a frame is the sum of the pins knocked down by the two balls, if you don't knock down all 10.

i you kneck all 10 pins down with two balls (a spare, shown as [7]), vour score is 10 pins plus the number

knocked down with the nextball. . .~ .~~~ S

If you knack all 10 pins down with the first ball (a strike, shown as [), your score is 10 pins plus the number

_ knocked down with the nexttwo balls. e T

6. A split (shown a; 0 is when there is a big space between the remaining pins. Place in the circle the number of
pins remaining after the second bal.

7. A miss is shown as —.

Here is how one person simulated a bowling game using the random digits 72748223616 0461 5 5, choseniin

that order from the table.

AN

o

Digit(s)
Bowling
resu

Now you try several.

1 2 3 4 s 6 7 8 9 10

Bowling [ = I I R B e

It you wish to, you can change the probabilties in the simulation to better reflect your actual bowling abilty.

NCTM Student Math Notes, March 1986 3
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Usmg a Ramﬂeﬁ m Digit Table

|
!
!
l

Here are some suggestrons for usrng a randorr Bngit table ‘
To simulate coin tossmg Letan odd drgat represent a head and Iet an even diglt represent a tarl use 0 for a

head, 1 for a tail; or use 0-4 for a head, 5~9 foratail. @
To srmulate the role of a die: Let 1-6 represent faces on the die and |gnore T9 and G

To simulate the sum of two dice: Use two digits {one foreach die) just as in number 2: 46 grves a sum of 10.

wd |
.

_Q)\NH

Sometimes more than two consecutive random digits will be needed from the tabie: Here is a case where a

block of five digits is needed to secure a sum: 58901—You can use only the dlglts 5 and 1 for a sum of 6.

To simulate a 1=10 spinner:. LetO ‘represent a spin of 10; every other digit represents a spin of that number.
To simulate a 1-4 spinner: Represent spins this way: _

Digit 1 or 5 represents a spin of 1. Dngl4 or 8 represents a sprn of 4.

o B

Digit 2 or 6 represents a spin of 2. ignore digits 9 and 0.

~ Digit3 or 7 represents aspinof 3. R

6. To select 10 people from 100 using random digis Assrgn the people ‘iumbers 00—99 Bead e'f the flrst two

digits in a block and select the person represented by that number. Ignore repeats. For example, reading down

the first two digits of the last column in the table, we select persons 77, 53, 60, 37, 81, 97, 13, 27, 25, 75.

Use Simulation to Answer These Problems

: What is the probabrllty that a 360 hrtter |n baseball who bats five tlrnes ina game wrll get exaetly one hrt'? .

Your anrplane is scheduled to arrive at Major Airport at 1:15 P.M. Your connecting ﬂlght is due to depart at 2:00

po:wr

P.M. Past records show that the probability of your flight arriving on or before 1:15 is .65, the probability of

arriving 10 minutes late is .15; the probability of arriving 20 minutes late is .15, and the probability of arriving 30

minutes late is .05. Pecords also show that your-connecting flight leaves on time 70% of the time, 10 minutes

late 10% of the time, -and 15 minutes late 20% of the time. Your luggage can be transferred if there is 30 minutes
between your arrival and your departure. What is the probability that your luggage will be transferred to your
connecting flight?

Betyeu ihﬂn’t know that...
e Simulations t usmg probabrlrty are called Monte Carlo srmulatrons The term was mvented dunng World War II by

John Vori Neumann at the Los Alamos Scientific Laboratory when he was working with Stanislaus Ulam on neutron
diffusion problems:

e Mornopoly is a simulation game of finance based on the streets uttlmes and rarlroads in Atlantlc Crty, N J

®_Pilots can log practice instrument approaches in simulators, and these simulated approaches count just as

much as actually flying the approaches

° Gomputers and mlr*rooomputers have afunctron RND ( ) that generates random drglts for simulations or other

USES.

Solutions. 249) 10 2) 12 68 minutas ir’éﬁiﬁé; 40 sec 8) P wmsemsfem 1) + (.I5)(1) + (.15) - (3
og )mdb) &7 3) mesi'mﬂ ”77) min sec- )Lg;)w mmﬁgﬂﬂ(fgtl)ﬂ )H+( 5()';
E@aﬁél’(@yﬂhﬂ) -36. (A simulation of 100 games gave a
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Proof Without Words

For some, the essence of mathematios is proof. But finding rigorous proofs is often tedious and diffcul

For others, the beauty of mathematics lies in the patterns and relationships among numbers and figures

that can be recognized from intuitive observations. In this issue we shall look at some patterns and from
them draw some observations and derive some formulas. o L
For instance, look at how these two “staircases” of four steps each are combined to form a rectangle. The

rectangle contains 4 x 5, or 20, small squares. So each staircase must contain 20 + 2, or 10, such
squares. This is the same answer that we get when we count the squares directly:

F - S
X
o
i
-b
o

The sum of the first four counting numbers = 1+ 2 3 + 4

N

thn sopsand 1+ 243+ ..+ nsquares

If n were.a large number, it would take a lot of time and work to count all the squares directly; but the sum
could still be found in terms of n. Can you find the formula for the sum from the rectangle formed by the two
staircases?

Suppose we let each of the staircases below represent one

n . n

=
+
b

The sum of the first n counting numbers = 1+ 2+ 8 + ...+ n
Add the first 10 counting numbers. Check your formula for n = 10to see ifyou get the same sum. Repeat

the process for the first 20 counting numbers. 10
Q 4L




] Geemeﬁw Formulas
Suppose you. know that the areaofa parallelogram can be found by multlplylng the base and the helght How can

you find the areas of these other figures?

—A = - ,
(Trlangle)
2. 7
(Rectangle)
3. |
(Trapezoid)
, , Algeﬁra Formulas
Think of areas in completmg these formulas in algebra:
- JJ -
“& ™15 - -
"""" A ]
1 o —
M -~
1
¥ B |
(@a+ bP = + +
5. I - 7
lengthi
w1dth
= (_+ _N_-_D

NCTM Student Math Notes, May 1986




o ~_ Numerical Formulas
Numerical formulas can also be found from pictures: This staircase contains 6 steps but
we can think of it as having 1 steps and containing 1+ 2+ 3 + ... + n small squares.
When two such staircases are joined, as on the first page, a rectangle measuring 1 by

n + 1is formed. The rectangle contains n(n + 1) squares. So each staircase contains
n(n + 1)/2 squares: It follows that—

1+2+3¢...+n=£("2_+1i

Here are some other proofs withiout words. Try to follow each argument. Then verify the formulayou getforn = 15.

& 1> > >

vH

—

Sumofthefistn
odd counting numbers 1+3+ 5+ ...+ (2n - 1) = n2

7.

n

— - o - oo DI T/ TTITomtTttT - oD T z :2:
Sum of the first n counting numbers 1+ 2+ 3+ ...+ n= %¢

NIZ

Three-dimensional figures can also be used in proofs, as illustrated here. Verify the formuia for i = 1.
8.

Thie ideas in this question are

adapted from Mar-Keung Siu -
(Mathematics Magazine; March 1984).

Sum of the squares
of the first n

counting numbers 12+ 22+ 32+ ... +n% = In(n + 1)(n + H

NCTM Student Math Notes, May 1986 3
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Bet you can't. ..

® Use the volumes of the prisms
formed to complete this for-
mula. Verify the results for a =

S5andb = 2.

(a + by’ + ¥

Show how the formula for the area of a triangle can be found from the figure formed as follows:
Cut out a piece of paper in the shape of a scalene acute triangie. Locate the foot of an altitude from one vertex

_ by folding. Then fold all three vertices to that point. ) o 7 ,

Describe the problem that might arise in the demonstration above if an obtuse triangle were used.

Identify the famous theorem proved by these drawings. Will the method work for any right triangle?

T

® State the relationship illustrated by this se-
quence of drawings. The cylinder, cone, and
sphere all have the same radius and height. The

cylinder and cone have an open base, and the
shading represents water being poured or dis-

placed.

- 2)A=bh -~ - 3)A=1/2h(a + b) 4)(a + b)* = a? + 2ab + b2 5)¢2 - b2 = (c ¥ b)ic - b)
Page 4 (,8, + b): = a’ + 3a%b + 3ab? + b, U DL D B . .
Let b and h be the base and height of the starting triangle. The resulting rectangle has an area of (1/2b)(1/2h); or 1/4bh. Bat two make o the area of the

Solitiona: 1) A = 1/26h -

triangle, 8o its area must be 1/2bh. Pythagorean theorem (¥85): Vo : Veoners : Veyiingsr = 1:23
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Golden Rectangles and Ratios

All the flgures Below have a rectangular shape. What else do they have |n common" Thls partlcular

rectangular shape, called the golden rectangle, is ccnsndered to be the most pleasmg to the eye.

|

w

R

Tdex card—— | | PR
index card

NHMBlRt

Parthenon

Measure the Iength and width of each rectangle in millimeters. Express the ratio of the width to the length
as a decimal rounded to two places.
Width W)  Length (1) w/l  Decimal Ratio
Parthenon - —

Index card -

By expressmg these Fatios in decimal form, we can observe that each of them is approximately 0.6. The
ratio 0.61803 . . . is called the golden ratio.

Theeditors wash te thank Fllek Blllsteln and Johnny W I:ott UmversutyLofMontana

Missoula, MT 59812, for writing this issue of the NCTM Student Math Notes:
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A Physical Model for Generating Golden Rectangles

Cut a sheet of paper to measure 25 cm by 15.5 cm. This rectangle
closely approximates a golden rectangle: Fold over one comer of the
rectangle as shown in the adjacent figure. Then cut off the square from 7

the rectangle. The remaining rectangle has the same proportions as the % \
original rectangle; hence it is also a golden rectangle. L

cut?
You can continue to generate golden rectangles by repeating this process. Each sticoessive square has sides
approximately 0.61803 . . . times the length of the sides of the preceding square.

Place the squares together to form the original golden rectangle as in
the figure_shown here. This representation of the golden rectangle is

often referred to as “the rectangle with the whirling squares.”

éﬁﬁsﬁl; icting a Golden Rectangle
A golden rectangle can be constructed using a compass and straightedge. To accomplish this construction, follow

the steps given below. The figure shows the appropriate lettering of the vertices.

A E_ B

7
Ve
W=
&
®
3
Q
v
n

\. ¢ DT R ahbalid
\ intersecting DF at C.

Construct a perpendicular to DC at C.
Extend AE to intersect the perpendicular at
| B:

4. With center M and radius ME, draw an arc

oo

D M F C
The rectangle ABCD is a golden rectangie. it can be shown that BCFE is also a golden rectangle. To show that this
statement is true; assume MF = 1 and find each of the following lengths:

) FCc——_ (f bC

(c) ME (d) MC

(@ FE___ _ (b) BC
Find the decimal values of these ratios: BC/DC FC/BC Are they equivalent?
2 , NCTM Student Math Notes, September 1986
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Generating Golden Ratios via Logo

To generate a Logo procedure that draws successive golder: rectangles using the idea of whirling squares, use

Logo recursion. Recursion is the process of a procedure calling on a copy of itself. In mathemanics, recursion can

be theught of as a function that defines itself in terms of preceding terms.

First, write a procedure to draw a square of variable size that returns the turtle to its original position and heading.

TO SQUARESIZE - ---
éﬁgepm 4[FD :SIZE RT 90

Next, add another square onto the square. However, you must first move to the tpper-fight-hand corner and give

the turtle a heading of 90. You can do so by redrawing the first two sides of the square. Next, draw a square whose
Side is 0.61803 times the length of the original square. To generate the whirling squares, uss recursion to repeat the

process until you obtain a square that is as small as desired. This new procedure, used with the one above, will
generate golden rectangles using whiling squares. (In Apple Logo, replace STOP with [STOP].)
T0 GOLDEN.RECTANGLES :SIZE
IF :SIZE < 1 STOP
SEHABE :S|Z,E,, [
FD:SIZERTIOFD:SIZE =
GOLDEN.RECTANGLES :SIZE * 0.61803
—EN%IDETURTI:E

An alternate procedure, called GOLDEN, for generating golden rectangles is given below. Note that it doesn't
require the existence of the procedure SQUARE. Study it to determine how it works.
TO GOLDEN :SIZE
IF:SIZE<tSTOP .=~ =
REPEAT 2[FD-:SIZE RT-90 FD :SIZE * 1.61803 RT 90]
FD :SIZE RT 90 FD :SIZE

- HIDETURTLE
END

Inthe GOLDEN procedure, the first line names the procedire, the second ine tells the procedure when to stop, and
the third line draws the initial golden rectangle.

® What does the fourth line do?

 What does the fifth line do?

Draw the picture that would result if the fourth line were removed from the procedure.

Imagine drawing a 90-degree arc connecting the opposite corners of sach square as shown here.

The resulting figure is calied a golden spiral.

NCTM Student Math Notes, Septsmber 1986 o 3
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The Divine Proportion

1 The divine proportion was derived by the fitteenth-century mathematician

, - Luca Pacioli. It is found by dividing a segment into two parts so that the
| —1 {  length of the smaller partis to the length of the larger part as the length of
the larger part is to the length of the entire segment. Divide a segment one

unit long into two parts; label the longer segment x, as shown.

The segments are in the divine proportion if the following is true: Jf* = %‘
Solve for x: x2=1-x
X2+x-1 =0
o -1 - \/g
X = > or )

Since lengths cannot be negative, the negative root can be discarded. Use a calculato . svaluate the positive root

to five or more decimal places. Are you surprised at the result? (It's our new friend, the golden ratio, 0.61803 . . . )

The algebraic expression allows us to comptite the value of the goiden ratio more precisely than the paper-folding
geometry used earlier.

:Did ?ﬁﬁ i{ﬁ'\iw i i\&: t i

[ ]

=1
=z
j(m:
.
Al
=
O
=2
o
e
=
[(» I
Q.
Qi
§ =
v
[
Q.
S
@

=i
1]

3

8
(=}

oo}

the factorial function is an example of recursion? L S R

the golden ratio is the limit of the ratio of successive terms in the Fibonacci sequenice; which is related to such
natural phenomena as pinecones, sunflowers, pineapples, and seashells?

the reciprocal of 0.61803 . . . equals 1.61803 . .. ? Does any other number differ from its reciprocal by 17

CanYou ce

use Euclidean tools to construct a regular pentagon?
find the retio of the measure of the side of a regular

pentagon to the measure of its diagonal?

show that BC/AB is a golden ratio in triangle ABC?

write a Logo procedure o draw a golden spiral?

Solutions: Page2: &)2 b2 Vs . GivE B { y )
e)V5-1 HV5+1; 0.61803...; 0:61803:::; y&s B— C
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A prime number is anatural number thathas exacty twofactors, tself and 1. The pyramid below s called

a prime pyramid. Each row in the pyramid begins with 1 and ends with the rumber thatis the row.number.
In each row; the consecutive numbers from 1 to the row number are arranged so that the siirn of any two
adjacent numbers is a prime.

Forexample, lockatrows:

1) It must contain the numbers 1, 2, 3, 4, and 5.

2) It must begin with 1 and erd with 5.

3) The sum of adjacent pairs must be a prime number.

4) 1+4=54+3=73+2=5and2+5=7.

Row 1
Row 2

»

ud
N

Row 3

wh
-
& -
i wh
W N
W N
N W
N e
L
(N
1

-
|
I
|
I\
I
~

..‘
|
|
|
|
1
|
. NN

1 - _ 13

1T - - — - — 12

o , S —_ 15Row 15

Supply the missing numbers in this prime pyramid.

Can you extend the prime pyramid beyond row 157

What pattems do you see in your solutions? _ o
What is your solution strategy for completing the pyramid?

The editors wish to thank Margaret Kenney, Mathematics Institits, Boston College,

Chestnut Hill; MA 02167, for writing this issue of the NCTM Student Math Notes.
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Euclid (bon about 300 8.C.), a Greek mathematician famous for his geometry, showed thatthe number of primes is
infinite. Eratosthenes (born in 230 B.C.), also a Greek, was the chief librarian at the University of Alexandria in
Egypt. He developed a method for finding primes that is still in use today.

Sieve of Eratosthenes
Startwitha 10 x 10array of the numbers 1 through 100. The number 1 is crossed out because itis nota prime. Why
not? — = -

Circle 2, the first prime; then cross out the remaining [——————————
multiples of 2 using a horizontal slash (—). X2 3 4 S 6 7 10
What visual pattern do the multiples of 2 make in the 11 12 13 14 15 16 17 1 20
gﬁd? B - 777 — - s - :’7: T T oo oo S oL
What's the next number that hasn't been crossed out? | 21 22 23 24 25 26 27 28 29 30

31 32 33 34 35 36 37 38 39 40

Circle 3, the next prime; then cross out the remaining | . . . o oo o oo o0 %
multiples of 3 using a vertical slash ( | ). 41 42 43 44 45 46 47 48 49 50

‘mﬁmu
-y
O .

44
What visual pattern is made by the multiples of 3? 51 52 53 54 55 56 57 58 59 60
5 64
74

Whatis the niextprime number thathasntbesn crossed | 61 62 83 64 65 66 67 68 69 70
Ofl?t’?’i’ — - /h LT T LTt . _ . 71 72 73 74 75 76 77 78 ?9 86
elrde,t,hé Séﬁd cross out the remaining multiples of 5 LS Lol Il il mID o Z= Z_ - - -
using the diagonal slash (/). o 81 82 83 84 85 86 87 88 89 90
In a similar manner, circle the next prime, 7, and cross | 91 g2 93 94 95 96 97 98 99 100
out all its remaining multiples using the reverse diagonal |~ 7
élééﬁ(\i)’; 7 | - |

At this point, except for 2, 3, 5, and 7, you have sifted out all the multiples of 2, 3, 5, and 7.

1. Are any multiples of 11, the next prime, not yet crossed out?

2. Why is this the case? -

The numbers that are not crossed out are the primes less than 100. Make a list of these primes.

2!3'5'7;11' ’ ’ ’ ’ ’ ’ — —y —_—y ———, ’

, and

2 - NCTM Student Math Notes, November 1986
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Several pairs of primes in the list of primes less than 100 have a difference of 2. For example, the pairs 3 and 5, 5

and 7, and 11 and 13 each have a difference of 2. These pairs are called twin primes. Complete the list of all twin
primes less than 100. Also, find the sums and products of these twin primes.

Twin Primes Sums Products
3and5 . E——
5 éﬁd 7 —
11and 13

1. Do you See a pattern in the colmn of sums? Can you prove a fact about the sums of twin primes?

2. Do you see a patter in the column of products? Can you prove a fact about the products of twin primes?

3. Examine the primes larger than 5 in your list, What different digits appear in the units position of these

pnnggs" — Will any prime larger than 100 have a different ending than the ones you have
found? ____

_ The number 13 is a prime, and 31, the reverse of 13, is aiso a prime. 13 is called an emirp (prime spelled
backward) because its reverse is a different prime. 31 is also an emirp. But 11 is not an emirp. Why not?

4. List all the emirps less than 100. 7

Prime Concerns

Over the centuries we have leamed a great deal about prime numbers. Biit in all this time no one has discovered a

simple formula that will produce all the primes starting with 2. Many aftempts have been made, and no doubt wil

continue to be made, to find such a formula. One such attempt produced the following:

P> =n%—n + 41

P is a prime number for n = 1 throligh n = 40. For exampls, p = 41, ps = 43, and ps =47. Use your calculator or
write a computer program to find additional values of p, for n = 4, . . . , 40. What is p41? Is it prime or
composite? Why? , S

5. What are some other values of n > 41 for which p, is a 66556&&9 number? e

" s p, prime for some values of n > 417 If so, list some of them. o

NCTM Student Math Notes, November 1986 3
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Can You. . .

e replace each blank with a “+" or “~" to ,r}éi an equality relation?
17=1__2__3__5__7__ 11 13___13

’ 7 11 13___17

71— 13__17___19___19

29 = 1 2 3 5 7 11 13 17 —— 19— 23

-
©
Il
-
N
w
(4,

N
w
]
‘N
w
Ot

find some emirps that

T contain three, four, or more digits? S
in Eratosthenes’ sieve, name the primes whose multiples must be crossed out to find all primes less than 200?
30075007 , o
write a computer program based on Eratosthenes’ sieve to find all primes less than 10007

* finda string of at !sast 1 million consecutive numbers that are all composite? For example, 24, 25, 26, 27, 28is a

string of five consecutive numbers that are all composite. Identify your string by naming the first number and the

one-millionth number in the string. (Hint: Use factorials!)
Did You Know That . . . -
* a conjecture states that the number of twin primes is infinite? No one has been able to prove or disprove this
¢ J.P. Kulik spent twenty years, unassisted, vomputing a factor table of the numbers from 1 to 100 000 0007 He

completed his monumental work in 1867. It filled eight volumes, but volume 2 is now missing from the collection
_ atthe Vienna Royal Academy. . E
¢ aspecial kind of prime number; Mersenne numbers, are named after the French priest and amateiir mathemati-

cian Marin Mersenne?.In-1644, he published his (incomplete) list of primes that satisfied the rule M, = 2° ~ 1,
where p is prime: p = 2,3, 5;7; 13; 17, 19, 31; 67, 127, 257. It took 304 years to resolve the errors in his short list.

® in 1978, the twenty-fifth Mersenne prime, 22 7% ~ 1, was found by two eighteen-year-old students, Laura Nickel

 and Curt Noll, using a CYBER-174 computer at California State University at Haywara?
® the largest known Mersenne prime, 22'6%! — 1; consists of 65 050 digits and was discovered in 1985 in
Houston, Texas, on a Cray X-MP supercomputer by scientists at Chevron Geosciences Company? This find will

probably be declared the thiitieth Mersenne prime. : |
* Christian Goldbach, 1690-1764, conjectured that every even number greater than 4 is equal to the sum of two
prime numbers? His eonjectre remains unproved today:

Solutions: Page 1: 1,4.8._2_5_6_7_ --Page 2: 1) no; 2) Youdo not need to cross out multiples of 11 in adgitionito the
7 6 5 8 ones alraady crossed out, since the first one to go would be 11 x 11 which is

A L ?reater,lhahloo.:f?i’éal 1) ExCept for 3+ 5, all are divisible by 12: (6m — 1) +

/ 5 8 9 10 6m + 1) = 12m; 2) Each product is one less than the square of the average of

~6_-7-10-9-8 11 the twin primes; 3) 1, 3; 7, 9; no; 4) 13,17, 31, 37, 71, 73, 79, and 97: 5) i = 42,

6 71009 -8 _11.12.° 45, 50, 57, 66, 77, 82, 83, 85, 88, . . .

7 12 11_6_13.10 9_14

12 11 6 13 10 9 14 15

Page 4:

- _ (108 + 1)1+ 2,(10° + 1)1 +3,(105 + 1)1 + 4,0 (108 + 1)1 + (105 + 1jis asiring of 1 million consecutive numbers that
~ are all composite.
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