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Preface

The writing of this volume has been motivated by two existing

gaps in mathematics education. The first gap is between student

performance on arithmetic skills and the generally worse performance

on realistic problems utilizing those same skills. The second gap is

the disparity between oftstated goals of professional organizations

and schools and textbooks (generally supportive of applications of

arithmetic) and the classroom reality. After grade 4, realistic

applications of arithmetic do not often appear in the classroom, and

those that do appear represent only a narrow picture of this broad

domain.

The intended audiences are diverse. First, we have designed the

book for use by teachers. Each concept is illustrated by a large

number of examples, and comments are given following the examples to

aid in adaptation for use in classrooms. Each chapter contains a

special section entitled "Pedagogical Remarks" to further assist in

this task.

Second, we have designed the book for use by those interested

in curriculum design or research. Each chapter contains an extended

discussion of selected theoretical, pedagogical, philosophical,

psychological or semantic issues and research related to the ideas

found within the chapter.

Third, because teachers and other professional educators often

encounter books like this one only in the context of coursework, we

have included a number of questions at the end of each chapter.

iii
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Fourth, we hope that the ideas in this book might also be suitable

to lay readers interested in understanding the uses of arithmetic. We

have tried to make the writing easy to understand and in most places

the mathematical prerequisites necessary to comprehend the material

are minimal.

Our goal is to improve our society's understanding of the applica-

tions of arithmetic. In the past, due to the necessity of having to

spend a great deal of time teaching how to get answers, books could not

afford to be devoted to teaching when to use particular arithmetic

processes. Calculators, in our opinion, allow us to change emphasis

from how to when. This book constitutes a. first attempt to provide a

rather complete categorization of the simpler applications of arithmetic.

The organization of this book is not definitive and in many

places may not exhaust the range of applications. Many may disagree

with our categorizations. We encourage criticism; we only hope that

those who criticize will help us improve the ideas presented here or

produce their own improved version.

Zalman Usiskin and Max Bell
June, 1983
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Introduction

For most of us, an application of arithmetic begins with an
attempt to comprehend numbers we encounter in everyday living. These
range from prices of goods and services to interest rates on invest-
ments to sports scores to minimum daily nutrient requirements to ID
numbers to geographic

information found on roads and maps to technical

information about objects around the home to results of surveys
published in newspapers or magazines.

Our society has become increas-
ingly numericized, requiring each of us to process more numbers than
many of us thought we would need.

.
.

On many occasions,
comprehension of numerical information

suffices. We only may want to know the protein content of a food,
or a sports score, or the time to the airport, or a social security
number. At other times we may wish to operate on given numerical

information to generate more information.
From prices of foods, one

may calculate which is more economical and still supply nutritional
needs. From interest rates, income can be determined. From tempera-
ture data, energy costs can be estimated.

From sports data, decisions
regarding the quality of teams and participants may be desired. From
information about the size of living quarters, wall and floor covering

needs can be established. We add, subtract,
multiply, divide, take

powers, and apply other operations of arithmetic to help us obtain

the additional numerical information.

But things are not always so simple. Given numerical information
is not always written in a form that makes it easy to operate upon.

xi
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We do not always know what to do with such
information until we display,

scale, or estimate it in some way. We classify
rewriting, graphing,

scaling, and estimating as maneuvers and recognize that we often
maneuver both given

numerical information and the results of computations.
These three application skills comprise the subject

matter of this
book, one part of the book being devoted to each of them.

In Part I, Numbers we ask To what uses are numbers and
1.-.amber aggregates put?

In Part II, Operations we ask What are the common uses of the
fundamental operations?

In Part III, Maneuvers we ask For what reasons are the most
common types of maneuvers applied

The three parts are divided into a total of 14 chapters. Each
chapter details the use classes of one broad arithmetic

concept (e.g.,
single number, multiplication, or estimation). The notion of use class
is at the heart of this book and is roughly defined here.

IA use class of a concept is a set of examples of real

world uses of the concept which share a common structure.
_

. .

.

The arithmetic concepts in this book have from 3 to 6 use classes each;
there are 57use classes in the 14 chapters. The chapters are organized
in the following way.

Introduction

3-6 Sections, one devoted to each use class, each

with a general introduction to that class followed
. . .

.

by example questions with answers and comments

Summary

Pedagogical Remarks

Questions

Notes and Commentary

xii
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Since use classes are defined in terms of examples, the major

space in this volume is devoted to the examples, answers, and comments.

The purpose of the other components of each chapter is as follows:

The introduction and summary each contain a short synopsis of the

types of applications of a particular concept.

Suggestions for teaching or illustrating a given concept may be

found both in the comments following each example and in the pedagogical

remarks.

The questions are a test of the reader's understanding of the ideas

herein. The notes and commentary include our reasons for the selection

of the particular use classes, related research, and short essays on

issues related to applying the various concepts.

A calculator is strongly recommended for all sections of this

book so that the reader can spend time dealing with the concepts of

this book rather than with paper and pencil computation. A calculator

with an xY key is necessary in Chapters 9 and 10.

f
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Introduction

The steps in the process of applying arithmetic are rather

straightforward and simple. One confronts or generates numbers in a

real world situation, decides what operations (if any) are appropriate,

performs the operations, translates the results back into the original

situation, and checks the feasibility of the results in that situation.

Parts I and II of this book have detailed the ways in which number ob-

jects are used and the situations in which the most common operations

are performed. Except for checking feasibility, a task which depends

upon the situation (and not the mathematics), since textbooks and calcu-

lators can handle performance of operations, it would seem that tie

first two parts have covered all of the basics in applying arithmetic.

To some extent this is true, but there is one general consideration

that the steps ignore: numerical information is not always presented

in ways clear enough or suitable for future steps in the application

process. When this occurs, maneuvers must be performed.

The term "maneuver" as used here, has been coined by us to group

together four types of processes.

Rewriting (e.g., from fractions to decimals)

Estimating (e.g., 3.14 for 7)

Transforming (e.g., standard scores from raw scores)

Displaying (e.g., graphing data)

The Doonesbury cartoon on the previous page displays a quite unusual

Li; 17
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maneuver somewhere between estimating and transforming.

Maneuvers are performed to offer the user new ways of looking at

existing information and provide ways of obtaining information that

may not have been previously accessible. They differ from the arithmetic

operations discussed in Part II in that the results of maneuvers do

not yield counts, measures, locations, or comparisons of different

things, but rather provide a different way of looking at an old thing.

To categorize the uses of the various types of maneuvers, we ask

the same sort of question asked in the earlier parts, namely: For what

reasons is each used? The answers to this question are broadly the same

for each type of maneuver, and each chapter discusses the same four use

classes. However, the uses interact with the maneuvers in different

ways.

18
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CHAPTER 11

REASONS FOR REWRITING

The same number can be denoted in many ways, as illustrated for

the number eight below.

16/2

64

8

1000
2

800%

VIII

223
3

2**3

2
3

21.3

4 + 4

.008 x 10
3

64

8

512
1/3

.144.r111

Just as numbers can be written in many ways, so can quantities,

as illustrated for the quantity one yard.

36 in.

91.44 cm

2 ft, 12 in.

3 ft

.9144 m

2 ft + 1 ft

1

1760 mi

9144 mm

5 hr x .2 21=1
hr

In using numbers or quantities, we choose the form we desire from

the many possibilities. We call changing from one of these forms to

another by the global term rewriting. Some books call this renaming.

Rewriting or renaming includes a variety of arithmetic activities. Some

of the more common are listed here.

reducing (simplifying) fractions

changing fractions to decimals

evaluating numerical expressions

converting from one unit to another

writing as a percent

putting numbers into scientific notation

19
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There are many reasons for rewriting. These reasons can broadly

be described by the titles of the four use classes for this chapter:

A. Constraints (e.g., changing 2
3
to 2**3 for use in some

computer languages)

B. Clarity (e.g., 1/7 in place of .142857 )

C. Facility (e.g., converting fractions to decimals for

easier comparison)

D. Consistency (e.g., giving all measurements in centimeters)

20
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Rewriting Use Class A: Constraints

Situational constraints are of at least two types. Hardware

constraints are those dictated by machine limitations. For example,

newspaper typesetting machinery can't deal with exponents or subscripts

and even on the fanciest calculators the keyboards are limited to just a

few dozen symbols. Because of typewriter limitations, the various computer

programming languages (BASIC, FORTRAN, etc.) each have special sets of

acceptable symbols. For example, most use 34*78 for the product of 34 and 78

and 2
3.5

is entered as 2**3.5 or 213.5 or 2A3.5.

Algorithm constraints stem from requirements in processing or

operating on numbers. For instance, to add fractions using the usual

algorithm, mixed numbers must be written as improper fractions and equal

denominators are needed. Conversion to decimals for computation purposes

is common. And, more recently, calculator and computer algorithms may have

their own idiosyncratic requirements.

Examples:

1. Many typewriters and computer console keyboards cannot handle

subscripts, superscripts, or fractions written above and below a line.

Rewrite each of the following expressions in a way that does not

require a shift up or down.

(a) 1.5 x 108 km, the approximate distance from the Earth to the sun

(b) a
2
+ b

2
= c

2
, the relationship between the legs a and b and the

hypotenuse c of a right triangle

(c) footnote
l'

a subscript used to designate a footnote



360

(d) X
1
- X2, an expression which could stand for the difference of

two first components of ordered pairs

1
(e) 12, the size change factor in "time-and-a-half" for overtime

a c

d'
(f)

b
+ the expression representing the sum of any two fractions

Answers: Each part has many possible answers.

(a) 150,000,000 km or 150 million kilometers.

(b) a ** 2 + b ** 2 = c ** 2 is done in some computer

languages; as + bb = cc would be correct in algebra,

though it is seldom used.

(c) footnote (1) is not uncommon.

(d) X(1) - X(2) is used, as is X1 - X2.

(e) 1.5 or 3/2.

(f) a/b + c/d, or possibly (a/b) + (c/d).

Comment: The popularity of word forms (as in part (a)) is in part
because these words are easily typed. The answer to (c)
could be "three-halves". The keyboard constraints make
calculators and computers more amenable to decimals than
to fractions.

Comment: Until recently, most direct printing (as opposed to
reproduction of copies) was done by typing or typesetting.
This is rapidly becoming less true with the use of thermal
print on heat sensitive paper, laser printers, ink sprayed
as dot formations, dot-matrix printers, and so on. These
newer printers are often under computer control and often
don't have the same constraints as have governed the earlier
printers.

2. Many calculators have an xY key. On these calculators, what numbers

should take the place of x and y in order to calculate: (a) /UT, the

length of a side of a square whose area is 10; (b) 3/3-6, the length

of a side of a cube whose volume is 50.

Answers: (a) x = 10, y = .5; (b) x = 50, y = 1/3 or .333...to as

many decimal places as appropriate in a given problem.



Comment: The radical sign notation for 1/1:5 and 311§5, and fractional

exponents, as in 10
1/2

and 50
1/3

, may become obsolete,

due to hardware constraints. Neither would be missed by

book publishers, since they cause considerable difficulties

in typesetting. Such changes in notation would not be

unusual in the history of arithmetic. Of the current

symbols =, +, x, +, and r, the oldest are + and ,

first used in 1489 by Johann Widman.

3. A cornerstone gives MDCCCXCVI as the year of construction for a

building. How old is the building?

Answer: Rewrite MDCCCXCVI as 1896 and then calculate.

Comment: The rewriting is essential in order to use the standard
subtraction algorithm. It is also useful for ease of
understanding in today's world (see Section B).

4. Each of the following might appear on a calculator or in a

computer program or output. Rewrite in more familiar notation.

(a) 1.324E+09, a population estimate.

(b) 3*4.29, a cost.

(c) 5t3, a volume.

Answers: (a) 1.324 x 10
9

, or 1,324,000,000. The E stands for

"exponent of 10".

(b) 12.87. The * stands for multiplication.

(c) 125. The A stands for powering.

Comment: The notations in (a) and (c) are forced by the necessity
to type on a single line; (b) is forced because X stands
for a variable and so cannot also stand for multiplication.

23
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5. A farm 1 mile square is purchased for the purpose of building an

airport. To calculate the length of the largest possible runway

(to the nearest 200 ft), what rewriting is needed?

Answer: In theory the length of the longest

runway (ignoring width) is VT miles.

The /1 needs to be rewritten as a

decimal and the resulting quantity

converted to feet.

362

Comment: Many estimates require a particular notation. For example,

the idea of significant figures is associated with decimals,
so to round to a certain number of significant figures

requires changing to decimals.

6. A babysitter is to get $1.50 per hour and works 3 hours and 30 minutes.

To calculate what to pay the sitter, what renaming is needed?

Answer: One must change the time to hours. Some would change to

3.5 hours and multiply the two decimals. We would change

1 1
to 31- hours, multiply 1.50 by 3 and then by -2- and add the

products.

Comment: Changes such as this one are so easy to do, we often forget
that renaming is involved.
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Rewriting Use Class B: Clarity

By clarity we mean ease of understanding. For given situations,

some ways of writing numbers convey information more clearly than others.

For measurements, decimals tend to be clearer. However, if the numbers

are very large or very small, scientific notation is often preferred.

For ratios, fractions or percentages tend to convey ideas most clearly.

For certain growth situations, exponential form (such as 210) may be

most clear.

Similarly, some ways of denoting quantities are more easily under

stood than others. For most situations, a half mile is easier to comprehend

than 2640 feet, and 5 mg of vitamin C in a tablet is easier to understand

than .005 g. Given no other constraints, units in quantities tend to

be chosen so that the numbers for a given situation will be small whole

numbers or simple fractions.

The clarity of any idea to someone obviously depends greatly on

the background of that someone. The metric system is clearer than the

English system of measurement to most people in the world but not at

present to most people in the United States. In many occupations, use is

made of special notation and language that may be impossible for someone

outside of that occupation to understand without instruction.
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Examples:

1. This want ad (from the Chicago Tribune, June 1, 1980) includes 6

numbers. Give a reasonable alternate way of writing each of the

numbers or quantities. If you think your alternative is clearer,

indicate why.

Answer: 6 month =26 week; 37 1/2 hours = 37.5 hours; 100% = full;

50% =
1
= half, 2 weeks = 10 days; 10 holidays = 2 work

weeks of holidays. In all cases, the ad's notation is

1
clearer except possibly for.y. However, 50% looks larger

than or half.
2

Comment: Ad writers normally are very careful in selecting notation
so that the information will be presented in a good light,
but the ad must be clear so as to avoid charges of misrep-
resentation.

2. Indicate an alternate way of reporting each bit of information. (You

may wish to perform operations.)

(a) Three of seven legislators voted for the bill.

(b) 43,212 of 96,049 registered voters went to the polls.

(c) Twelve of 24 miles of paving have been completed.

Answer: (a) "The vote was 4 to 3 against the bill" might be

clearer if in fact only 7 legislators were involved,

and the actual numbers of votes (say 42 out of 98)

might be reported if the "three of seven" is intended

as a ratio.

26
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(b) With such large numbers, reporting a percentage might

better convey the information: "Forty-five percent of

the 96,049 registered voters went to the polls."

(c) Since the quotient is a simple fraction one might say

"Half of the 24-mile paving is completed."

Comment: Notice the variety of alternatives for the same type of
situation.

3. Why is the word "quadrillion" used in this quotation?

At this very moment, for instance, your brain is so
incredibly busy that it processes an estimated 10
to 100 quadrillion impulses a second. (From R. Kotulak,
Chicago Tribune, 6/1/80)

Answer: Written as a decimal, ten quadrillion is 10,000,000,000,000,000;

100 quadrillion is 100,000,000,000,000,000. It is shorter and

clearer to use the English word.

Comment: If exponential notation were more common or if this article
had appeared as lecience article, the author might possibly
have written "10 to 10

i7
impulses per second." Exponential

notation is, however, difficult to set up on newspaper
type. Also, because "quadrillion" is to most people a
synonym for the indefinitely large quantity "zillion", the
author may have chosen the word for impact alone.

Comment: The words billion, trillion, quadrillion, etc., refer to

different numbers in Great Britain, than in the U.S. In

Britain, 1 billion = 1 million million = 10
12

, 1 trillion

= 1 million billion = 10
18

, 1 quadrillion = 1 million

trillion = 10
24

. So a London newspaper would have to

rewrite this quote to convey the same information to its

readers.

4. Why do we say "half-dollar" but write "50e (fifty cents) or $.50,

61,
rather than T---;

2
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Answell We use the form that communicates most clearly. Half

dollar is easy to say and understand; people are more

1
accustomed to $.50 or 50C in print than to t.

Comment: In some places "four bits" is spoken slang for 50c, just
as two bits" for 25c and "six bits" for 75c. These are
well understood verbal remnants of a monetary system that
no longer exists, The "bit" stood for a Spanish or
Mexican piece of silver worth 1/8 of a dollar at that time.
Notation that communicates clearly with many people some-
times has obscure origins.

5. Give alternate forms of writing the numerical idea "tripled" in this

sentence and comment on relative clarity of those alternatives.

"The number of calculators in homes has tripled over the past few

years."

Possible Answers: "is 3 times what it was a few years ago"

"is 300% of what it was a few years ago"

"is 200% more than it was a few years ago"

Comment: Because of the confusion of the second and third of these,
the given or "tripled" seems the best alternative.

6. One nanosecond is equal to 10
-9

second. Give other ways of writing

this.

Answer: Instead of scientific notation, one could write "one

billionth of a second" or ".000000001 second".

Comment: The former of these is often used. The latter is not used
because it is difficult to keep track of so many zeros.

REST COPY AVAILABLi.
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7. The table below gives various components of U.S. energy consumption

in 1977 in three different notations: millions of barrels per day

of oil equivalent, percentage of total consumption, and the units

commonly used by specialists in the various industries that supply

energy. How does each column contribute to clarity of communication?

SOURCES

U.S. ENERGY CONSUMPTION, 1977
Millions of Quantity In Unita

Panels per Day Pereentsga Commonly Used for
of Oil &Adrian* of Total Each Source

Petroleum 18.4 a 50% 18.4 million barrels
per day

Natural Gas 9.2 h 25 19.2 trillion cubic
feet per year

Coal 6.70 IS 625 million tons
per year

Nuclear 1.3 4 251 billion kilowatt
hours per year

Hydro 1.1 3 230 billion kilowatt
hours per year

Total 36.7 100%

'Includes imports of 8.7 million barrels per day (mbd), or
47 percent of total oil consumption; excludes 0.2 mpd of
exports.

h Includes imports of 0.5 mbd oil equivalent, or 5 percent of
total natural gas.

e Excludes exports of 0.6 mbd oil equivalent.
Source: Department of Energy, Energy Information Admin-

istration, Annual Report to Congress, Volume III, 1977 (Wash-
ington, D.C.: Government Printing Of Ice, 1978), pp. 5, 23, 51,
145.

(From R. Stobaugh et al., Energy Future, Baltimore Books, 1979, p. 13.)

Answer: Specialists with each of these energy sources habitually

use the particular units given in the column on the right,

and may find it difficult to communicate with colleagues in

any other terms. The middle column is clearest for showing

relative dependence on various sources, apart from quantities

used. The left column of numbers expresses all the uses

in the same unit so that readers can use the data without

learning several specialized vocabularies. The unit chosen

millions of barrels per day of oil, is the one most likely

to be familiar to someone not in the field.
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Comment: The editors of the book from which this table comes give this
explanation of why they made the choices they did. (From

Energy Future, P. 12)

We have yet to meet an energy specialist who can
keep all'ibe barrels of oil, trillion cubic feet of natural
gas, tons of coal, gigawatts of electridty, and quads of
energy in his (or ha) bead. We certainly can't. In order
to keep the energy sources straight, and to make dear
the comparisons, we have used barrels of oil per day
as our basic unitthough, of course, following conven-
tion and common sense as the energy source dictate.
Thus, the aim of Table 1-1 Is to lay out the equivalences
in barrels per day, In addition to showing U.S. energy
consumption in 1977.

8. Prices in many stores in Tijuana, Mexico, just across the border from

San Diego, California, are marked in U.S. dollars rather than Mexico

pesos. Why might business people there choose dollar notation?

Answer: One obvious reason is to communicate clearly with American

tourists, but dollar pricing is used even in stores fre-

quented mainly by Mexicans. We were told that the proximity

to the U.S. border, many local citizens working each day

in the U.S., and relative remoteness from the rest of Mexico

had resulted in a local economy with dollar values at least

as clear to many local people as peso values.

Comment: In the "duty free shops" found on ships and many airports,
items can often be purchased in a variety of currencies,
requiring salespeople often to convert from one monetary
unit to another. But for clarity, prices are typically
shown in one currency.

9. Many scientific calculators enable one to choose among three

notations for expressing angle measure: degrees, grads, and radians.

90 degrees si 100 grads le radians. Name an occupation in which

each of these units is preferred.

Answer: Degree measure is used in navigation, meteorology, and sur-

veying because its familiarity to people makes it easiest

to understand (clarity). Grads are used in some engineering

A.1411111110PY AVAILABLE ,1,143MIAVA 1,11C0 TOZiti
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applications; computations with the resulting decimals are

much easier than with degrees-minutes-seconds. Radians

are both conceptually clearer and computationally simpler

when dealing with the sine, cosine, tangent, and other

functions as functions of real numbers, as used by mathe-

maticians.

Comment: As the answer suggests, choice of notation in a field is
based not only on clarity, but facility also.
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Rewriting Use Class C: Facility

Given a particular task to perform with numbers, it is natural

to change notations to the best notation for that task. Each of the

common notations for representing numbers remains with us because there

are certain tasks for which that notation works well. Decimals are

easy to order, add, or subtract. Fractions are easy to multiply and

divide. Percentages allow ratios to be easily compared. Scientific

notation enables easy multiplication or division of very large numbers.

Similarly, one often rewrites quantities to enable easier use

later. The strongest argument in favor of converting quantities to

metric units is that the metric system is easier to use in most applica-

tions.

These reasons for rewriting quantities or numbers are grouped

under the heading facility.

Examples:

1. The following quote is taken from an employee's retirement booklet.

"In planning your budget for the year, remember that
your regular pension contribution increases from 1-2/3%
to 5% of your salary after you earn $6,600 each year." .
(University of Chicago Supplemental Retirement Plan, 1981)

Calculate the pension contribution of a part-time employee who makes

$6000 in a given year. What rewriting did you do?

Answer: Typically, one would rewrite 1-2/3% as 5/3% and then possibly

1
as -5(55 or

60
This makes calculating the pension easy.

The contribution is -64-3 x $6000, or $100.
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Comment: The choice of decimal or fraction can depend upon whether
the decimal is finite or terminating. In the case of
1-2/3%, the decimal equivalent is .01666..., which is
difficult towork with, so one often looks for a fraction.

Comment: There are calculators in which one can enter percents in
such a way as to avoid rewriting.

Comment: The language of the quotation is ambiguous with respect to
the contribution for an income over $6,600. Does 5%
apply to the entire income or only that portion over $6600?

2. In running, a standard U.S. length is 440 yards (= 1/4 mile). The

metric distance closest to this is 400 meters. Which is longer?

Answer: To compare 440 yards to 400 meters, some rewriting is

necessary. One way to do the computation is as follows:

1 inch = 2.54 cm

so 36 in. = 91.44 cm

i.e., 1 yd = 91.44 cm

so 440 yd = 40233.60 cm = 402.336 m

and so 440 yd is longer, by a little more than 2 m.

Comment: Because comparison is very easy once quantities are in
the same units, this question involves almost entirely the
notion of rewriting.

Comment: Many U.S. tracks are built for 440 yd races and have had
to be converted to the metric distances because races run
in the yard distances (except for the mile) are not recog-
nized for international records. The answer to this
question indicates that the metric distance is about a
runner's stride less than one lap on such tracks.

3. In 1964, Lyndon Johnson was elected president by having won 486 of

the 538 electoral votes. In 1980, Ronald Reagan was elected

president after winning 489 of the 538 electoral votes. Both

elections were considered overwhelming victories. Reagan received

43,000,000 of 84,000,000 votes cast; Johnson got 43,000,000 of

71,000,000 votes cast. Which was the bigger landslide?
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Answer: The answer depends upon whether electoral votes or popular

votes are considered as determining landslides. Reagan

489 486
won 3731- of the electoral vote, clearly larger than

However, he only received 51% of the popular vote, compared

to 61% for Johnson. Reagan backers would rather point to

the 91% of the electoral vote than the 51% of the popular

vote.

Comment: The particular numbers of these problems enable comparison
to be made without substantial rewriting. However, the
difference in percentages between the popular and electoral
votes is why many people favor abolishing the U.S. electoral
vote system, while others defend it as giving a more clear
mandate.

4. For which of the following tasks with fractions does converting to a

common denominator help? (a) addition, (b) subtraction, (c) multi-

plication, (d) division, (e) ordering.

Answer: All but (c). Since (a) and (b) are common, we illustrate

with (d) and (e). To divide 2/3 by 4/5, change to fifteenths:

2/3 i 4/5 = 10/15 12/15 = 10/12.

Since 12/15 is larger than 10/15, 4/5 is larger than 2/3.

Comment: Switching to a common denominator is akin to measuring with
a common unit, and enables one to concentrate on numerators.
Some have suggested teaching division of fractions this way,
so as to increase understanding.

5. In 1976-77, there were about 77,000 elementary schools in the United

States. An experimental program is tried out in 5 schools and found

to be successful. How many orders of magnitude difference is there

in attempting to implement this program in all of the schools of the

U.S.?
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Answer: To calculate order of magnitude, convert to scientific

notation, divide, and look at the exponent of the nearest

power of 10.

77,000 x 104
= 1.5 x 10

4

5 5 x

There are about 4 orders of magnitude difference.

Comment: Notice that if the program had been tried in only one school,
there would be 5 orders of magnitude difference. This agrees
with the rough meaning of order of magnitude, namely that each
order of magnitude indicates a qualitative difference in the
complexity of the situation. For example, implementing in 10
schools is quite different than implementing in 1 school, perhaps
like the difference in increasing implementation from 50 schools
to 500.

6. A person runs 40 yards in 8 seconds. A second person runs 40 meters

in 8 seconds. Car speeds are usually in miles per hour or kilometers

per hour. Is it easier to convert the runner's speed to units of

car speeds in the English system or the metric system?

Answer: In each case we have to convert 8 seconds to hours, so

there is no difference in this regard. However, conversion

of yards to miles requires using the number 1760, while

conversion of meters to kilometers 'requires using the easier

number 1000. Thus this conversion is easier (for people

who know how to convert in both systems) in the metric system.

Comment: When the metric system was first proposed in the late 18th
century, there were those who wished to place time on it as
well, creating minutes of 100 seconds and hours of 100
minutes, for example. The proposal would have required a
changing of the length of the second and to our knowledge
has never been implemented. (A day of 25 such hours could
be envisioned, we suppose.)

7. In city A, there is precipitation on 75% of the days. In city B,

there is rain or snow on an average of 5 days each week. In which

city is there more likely to be precipitation on a given day?

Answer: City A.

35



Comment: It is hard to compare the likelihoods without rewriting.

We rewrote the ratio in city B as
5

and then as .714...

It is easy to compare that to 75%.
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Rewriting Use Class D: Consistency

Consistency may be considered as a precursor to both clarity and

facility. It is generally felt that numerical information that is

presented in the same format is clearer and easier to work with than

information that is given in different forms. We tend to prefer all

numbers as decimals or all as fractions to having some of each.

Consequently, when information is being gathered or presented, it is

customary to decide upon a notation (all chapter numbers in Roman num-

erals, for example) or unit (measure the lengths in centimeters) in

advance or to change to the same notation or unit before doing anything

else. Thus many of the examples of the two preceding sections may be

considered as illustrating consistency as well.

Aesthetic considerations often lead to consistency even when

clarity and facility are not prominent. One often wishes to have

numerical information in a consistent format just for the sake of

neatness, elegance, or simplicity.

Custom may be informal but may force conformity to a particular way of

presenting numbers and units. For instance, one seldom sees a sentence

begin with a numeral. Style manuals develop out of a combination of

custom and desires for clarity and facility but are established

primarily so that presentations will be consistent.

Examples:

1
1. In Chicago, a block is usually 7.3 mile. A teacher asked her students

to write on their homework papers how far they lived from school. Here

are some of the answers she got: 2 miles, 3 blocks,
1
mile, "I live

2
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across the street from school," .8 mile by car. How might the teacher

present this information to the class with consistent notation?

Answer: The teacher might convert the information to decimal parts

of a mile, to the nearest =Odle, or to blocka.

Comment: "Three blocks" might be easier for the children to deal
with than ".375 mile" or "3/8 mile," so blocks might be
the best unit but .8 mile would be difficult to convert.

2. How many quantities and how many intervals are in this excerpt

from "Ice Pond", by John McPhee, The New Yorker, July 13, 1981,

.pp. 92-94? What style regulations are being followed?

A prototype pond was tried in the
summer of 1930. It was dug beside a
decrepit university storage building,
leaky with respect to air and water,
that had cinder-block walls and a flat
roof. Size of an average house, there
were twenty-four hundred square feet

of space inside. Summer temperatures
in the nineties are commonplace in
New Jersey, and in musty rooms under
that flat roof temperatures before the
ice pond were sometimes close to a
hundred and thirty. The 1930 pond
was squareseventy-five feet across
and fifteen feet deep. It contained a

Answer: Eight numbers and four

Comment:

75 (ft), 15 (ft), 1000

thousand tons of ice for a while, but
more than half of that melted before
insulation was applied: six inches of
dry straw between sheets of poly-
ethylene, weighed down with bald
tires. Even so, the old budding was
filled most of the time from June to
September with crisp October air.
Something under seven tons of ice
would melt away on a hot day. None-
theless, at the end of sumnier a
hundred tons remained. "It's 'a nice
alternative to fossil fuels," Robert
Sucolow commented. "It has worked
too well to be forgotten."

intervals. The numbers: 2400(ft
2
), 130,

(tons), 6 (in.), 7 (tons), 100 (tons).

The intervals: year 1980 (twice), nineties, more than half.

The New Yorker style manual calls for word forms in articles

for all numbers except dates.

As unusual (and difficult) as this style is, it is still
followed by many publishers of fiction.

3. A baseball player gets 10 hits in 40 at-bats. What is the customary

way of writing and saying the batting average of this player?

Answer: The batting average is a rate and is calculated by dividing

number of hits by number of at-bats. This gives
1
or .25.

INEST COPY AVANASLE
38



377

However, custom is to write a 3-place decimal for the batting

average, .250 in this case, and to say "two hundred fifty"

(as if there were no decimal point).

Comment: Having three decimal places for all batting averages looks
nicer in tables.

Comment: The same customs apply to winning percentages. A team that
wins 20 of 25 games has a winning percentage of .800, spoken
as "eight hundred". See Chapter 14, Section D, Example 2.

4. Rewrite the amount $1152.00 as it would customarily be written on the

second line of a personal check.

Answer: Eleven hundred fifty-two dollars and no cents.

Comment: There are many variants to the above answer that are just
as good. Here are two: One thousand one hundred fifty-two
dollars and no/100 cents. Eleven hundred fifty-two dollars
and 00/100 cents. Generally, the placement of the word "and"
before the "fifty-two" is considered poorer usage but would
be accepted by banks.
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Summary

The same piece of numerical information can be expressed in a

number of ways. Rewriting is an important skill, since no notation

suffices for all uses. For numbers, the most common notations are

decimals (e.g., 3, .375), fractions (e.g., 3/1, 3/8), words (e.g.,

three, three - eighths), percents (e.g., 300%, 37 1/2%), or scientific

notation (e.g., 3.75 x 10-1). Within these notations there is further

richness because every fraction is part of an 1::2tnits equivalence

class of fractions, decimal forms can be expanded at will by use of

leading or ending zeros, and many word forms are possible. In addition

to the notations available for numberp, any quantity can be expressed

in quite a variety of ways, by changing units.

We find it convenient to classify into four use classes the reasons

people rewrite numbers or quantities.

A. Constraints: Rewrite to fit hardware or algorithm requirements.

B. Clarity: Rewrite to make the information easier to understand.

C. Facility: Rewrite to make the information easier to use.

D. Consistency: Rewrite to make data look nicer to conform to

standard practice in a given discipline or to stylistic

requirements.

Of course, a particular change of notation may satisfy several of these

purposes all at once.
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Pedagogical Remarks

All understanding of arithmetic is closely linked to the notations

in use for recording and operating with numerical information. For this

reason alone, power and flexibility in the uses of arithmetic require

the ability to exploit the choices one has among notations for numbers

and quantities. Fortunately, rewriting numbers and quantities occupies

a significant place in school arithmetic. Important skills include the

changing of fractions Zo decimals, converting units, simplifying fractions,

finding equivalents for percents, and writing numbers in scientific nota-

tion. Even the "figuring out" of numerical expressions like 39 x 4.3

could be considered as a kind of rewriting.

Getting started. First, students need to realize that the same

number or quantity can be denoted in a variety of ways. One can begin

with exercises to build up flexibility.

(A) Express 1 mile in as many different ways as

you can.

Answers include: 5280 feet, 1760 yards, half

of 2 miles, 1609.344 meters, 1.609344 km.

(B) Express 6/8 in as many ways as you can.

Answers include: 3/4, 9/12, 66/88, .75,

75%, 1/2 + 1/4, six-eighths, etc.

Second, teachers must counteract the notion that there is just

one right answer to most problems and only one correct way of writing

that answer. The child who gets 17/9 as an answer may actually have

8
a more useful way of writing his answer than the child who gets 19
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despite the fact that many teachers prefer the latter way. For a given

situation and for managerial convenience, the teacher may wish to

insist on a particular notation, but such restrictions should not be

imposed for longer than a few days. We think variety ought to be

encouraged rather than penalized.

Basic facts. There are basic facts in rewriting just as there

are basic facts for multiplication. Here are four we consider as most

important:

(1) The ability to write decimal and percent equivalents for

fractions with denominators 2, 3, 4, 5, 6, 8, 9, and 10,

and probably also for 7, and 11. For example, students

should consider 3/8, .375, 37
1

and 37.5% as completely
2

interchangeable.

(2) The ability to give as many fractions equal to a given

fraction as requested, e.g., given 16/10, to come up with

8/5, 24/15,etc.

(3) The ability to switch to and from powers of 10 (10
1

, 10
2

,

10
3

, etc., and 10
-1

, 10
-2

, etc.) to the corresponding word

forms (ten, hundred, thousand, and tenth, hundredth, etc.),

and to the base 10 decimal notation (10, 100, 1000, etc., and

.1, .01, etc.).

(4) The application of the previous facts to translating in and

out of scientific notation.

Constraints. Calculators and computers force consideration of

hardware constraints. If a calculator cannot multiply fractions, then

given a situation requiring multiplication of fractions, you must convert

to decimals to perform the multiplication. Algorithm constraints are also
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obvious. For examples, the standard addition and subtraction algorithms

("borrow", "carry", etc.) work only with our standard place value notation,

and addition of measures requires that they be converted to the same units.

Clarity. Bring in a newspaper. A number dealing with the

national budget might be written as 90.3 billion dollars rather than

$90,300,000,000. Ask students why. Can students think of better ways?

With this and similar examples, show that books and articles tend to use

the clearest notation.

Facility. To bring this idea home, begin with the following

exercises, designed to verify flexibility of notation when doing

operations.

1 1 1 1
You know -2- = .5 and -4- = .25. If and -4- are

multiplied, will the answer equal the product of

.5 and .25?

If 100 cm is converted to inches and 1 meter is

converted first to feet, and then to inches,

will the answers be equal?

We have found many students who are surprised that the answers to both

questions are "Yes", indicating that the substitution of equal quantities

in doing operations is not obvious.

Class discussion of the following questions can point out that

what is easy for one person may not be considered easy by a second.

Which is easier, multiplying by .25 or multiplying by 1/4?

1
Which is easiest, dividing by 5, multiplying by -s-, or

multiplying by .2?



One furlong, 220 yd, and
1
mile are all the same distance;

which would be easiest to compare with a quarter-mile?

Consistency. The desire for consistency is easy for students to

understand, for they have had many teachers who require answers to be

in some consistent form. Graphing information often brings a desire

for consistency. For instance, gather some information from the class

that is likely to be expressed in different units, e.g., How long has

it been since you last saw a doctor? The answers may be in days, weeks,

months, or years. One will usually convert to a common unit when

graphing this information.

Consistency and ease of use often go together. To order some

numbers, it is useful if they are written in a consistent manner. For

example, to order the five fractions from smallest to largest, 2/3,

3/5, 5/8, 9/14, and 7/10, one could convert them all to decimals or

rewrite them all with the same denominator.

The most crucial concept to teach is that no notation suffices

for all uses. Whether for ease of understanding, ease of operation,

consistency, or forced by constraints, it is important that the user

of arithmetic be acquainted with a wide variety of notations. A fine

way to alert students to the varieties of notation is to discuss the

history of arithmetic. (A classic book for this purpose is Florian

Cajori's A History of Mathematical Notations, La Salle, IL: Open Court

Publishing Co., 1974.) This is a nice way to overlap arithmetic with

social studies. The development of ever more suitable and efficient .

mathematical symbol systems is a hallmark of civilized peoples.
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Questions

1. What rewriting is necessary to answer the following question:

If the interest on the national debt of the United States is $100

billion a year, how much interest is the government paying out each

minute?

2. With a 5-day work week, a person spends 5/7 of her days at work.

(a) Convert the fraction to a percent. (b) Comment on which is

clearer, the fraction or the percent, and why.

3. Rubik's Cube can be arranged in over 43,200,000,000,000,000,000

ways. There are 86,400 seconds in a day. (a) Convert these

numbers into scientific notation and use properties of powers to

answer the question: If a person makes one move a second, at least

how long would it take the person to cover all of the possible

arrangements of the cube. (b) In your opinion, what is the most

appropriate unit for the answer, and why?

4. The weights of newborn babies are measured in grams but parents

are usually told the weight in pounds and ounces. (a) Why is

the conversion done? (b) A baby at birth weighs 3200 grams.

Name three other ways in which this weight could be written.

Tell which you prefer, the original or one of the other ways.

5. Gasoline use efficiency of cars is measured in miles per gallon in

the U.S. and in liters per kilometer in some other places. Notice

that not only is there the English-metric difference, but one is

given in capacity per distance, the other in distance per capacity.

Why is the order switched?
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6. Resolve this argument between two people A and B.

A: You can't add apples and oranges.

B: But 3 apples + 4 oranges = 7 pieces of fruit.

7. In United States money dealings, the following are synonomous:

a quarter, 25C, and $0.25. Give a situation for each of these

notations in which that notation would be preferred over the

others, and indicate why the notation would be preferred.

8. (a) Perform the following computation by switchi:_g to a common

denominator.

3 3

8 4

(b) Perform the following calculation by converting the fractions to

percents. Does this make the computation easier?

1

f 4.

1

S +
1

7+

1

T

(c) Perform the following calculation by converting the fractions

to decimals. Does this make the computation easier?

11 , 4 32

10 + 1000

9. Find an article from a newspaper or magazine in which a change of

notation could be used to help clarify the arithmetic of a situation.
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Notes and Commentary

1. The chapters of Part III
2. The term "maneuver"
3. Use classes for maneuvers
4. Alternate use classes for maneuvers
5. Related work for Part III and Chapter 11

1. The chapters of Part III. Chapters 11-13 are ordered by
the degree of adjustment one makes with the data. In rewriting,
one does not change the number or quantity, but changes how it is
represented. (Implicit understanding of the number-numeral
distinction is required.) In estimating, a number or quantity is
used either because it is the best available in a situation or is
close to a second number or quantity. (Understanding of ordering
and closeness are required prerequisites.) In transforming,
numerical information is replaced by other information which may
not look at all like the original. Chapter 14 discusses alternate
representations of data and in that sense is most akin to Chapter
11; however, the techniques used in arriving at these
representations involve ideas from each of the preceding chapters.

2. The term "maneuver". We agonized long over a term that
would fit the four processes that we wished to discuss. A first
draft used the term adjustment as a global term for Part III, and
the chapters were given the following corresponding titles:
11. Changing notation; 12. Micro-adjustments; 13. Macro-
adjustments; 14. Changing mode of presentation. Perhaps the
reader can see why this term was abandoned, for it seemed only to
obscure the content. Furthermore, both transforming and
displaying seemed to do more with numerical information than
merely adjust it.

We considered the following terms as possible alternates:
treatments, strategies, tactics, manipulations, modifications.
"Treatments" was felt to be too medical and too often used in
other contexts. "Strategies" and "tactics" are part of current
problem solving jargon and do not usually refer to the kinds of
mathematical tactics discussed in Chapters 11-13. "Manipula-
tions" are more associated with the operations of Part II.
"Modifications" was considered too weak, too connotative of small
change.

We also considered verb forms: massaging, fondling,
processsing, handling. Statisticians are particuarly fond of
using the terms "massaging" or "fondling" data, but there is a
sense of exploration that surrounds these terms that is not always
present in real situations. Processing and handling were
considered too vague.

Maneuver as a global term came to us quite late but was
immediately appealing. One of its definitions exactly suits the
idea behind this part: "an adroit move, skilfull proceeding,
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etc., esp. as characterized by craftiness" (The Random House
Dictionary, Unabridged Edition, p. 871). Skillful handling of
numerical information is a craft, and while it does not require
stealth as some maneuvers do, it requires wisdom, experience, and

perspicacity.

To call rewriting, estimating, transforming, and displaying
"maneuvers" carries a message we consider most appropriate: A
person does not change notation or estimate or scale or display
merely fur the lack of anything else to do. There is a reason.
The term maneuver suggests the existence of such a reason.

Another attraction of the word was its dual appearance as both
noun and verb. Thus it conveys not only the process (rewriting is
a maneuver) but also the action (maneuvering by estimating).

One criticism of this word, that it has its origin in military
actions, seemed to us to be weak. Strategies and tactics carry that
same origin but have come to be used in discussions of problem
solving without that connotation. We hope the same occurs with
maneuvers.

3. Use classes for maneuvers. We discuss here the global
organization for Part III. Discussion of individual chapters and
the use classes follows the chapters as usual for Chapters 12-14
and follows this note for Chapter 11.

Unlike either of Parts I or II, each chapter in this part has

the same use classes. The summary at the end of Part III
displays, as a consequence, the following matrix.
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That is, when one maneuvers numerical information without
calculating new data (such calculations would fall under
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Part II), one is either forced to do it, does it for ease of
understanding, does it for ease of use, or does it to be
consistent internally or with external criteria.

As with the use classes in Farts I and II, in a given
situation, the reasons for maneuvers often overlap. A common
overlap involves constraints. Many situations require some
maneuver of a given type. For instance, data is given in a
variety of notations and one wishes to type this onto a table.
So we must rewrite and the situation fits into the rewriting use
class called constraints. But which maneuver to use is generally
dictated by considerations of clarity, facility, or consistency.

4. Alternate use classes. It was suggested to us that
economy or efficiency might constitute a fifth reason for doing
these maneuvers. We felt that clarity and facility were reasons
that often substituted for efficiency or speed or economy of
processing or use.

A sixth reason for doing a maneuver might be aesthetics. It

may look nicer or be more elegant to rewrite decimals as fractions,
or to use an estimate, or to employ a scale value, and particularly
to graph or picture numerical information. We felt categorization
into aesthetics would be difficult and omitted this category.

We realize that our organization may be oversimplified,
and we offer some questions others may wish to consider. The
questions are followed by some brief comments on them.

(A) Could the other parts have been organized so that all
chapters in them had the same use classes? The answer is Yes
for Fart I, which could have been organized so that each of its
chapters had the same use classes as Chapter 1. In doing this,
we would have concentrated on the numbers that were components of
the n-tuple, elements of the set, and values of the variable
rather than on the n-tuple, set, or variable itself. For
example, the interval in "temperatures are expected in the 80s
tomorrow" would be classified as location rather than as
depicting a neighborhood use of set. We chose not to operate at
the level of individual numbers for two reasons: first, this
ignores the mathematical object--set, n-tuple, or variable;
second, we would have oversimplified the notion of uses to such
an extent that this higher level would be missed.

(B) Is there some explanation, other than coincidence or
convenience, for there being the same use classes in Chapters 11-
14? Again, yes, and the explanation is most evident by
considering a context much broader than mathematics. Why do we do
anything? (E.g., why do we usually wear shoes?) The answers
tend to fall into three categories: ease of use (It's easier to
walk with shoes over some types of ground.); custom (It's
considered a part of civilized dress.); necessity (You can't dine
in certain establishments without footwear.). These categories
parallel the categories we entitle facility, consistency, and
constraints.
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If we consider contexts in which communication is involved,
then clarity is an important attribute. Thus the four use classes
of this chtpter emerge rather naturally from consideration of
broad rationale for human behavior. This suggests that the broad
organization of Part III is only a rough way of analyzing the
reasons why these mathematical processes are undertaken.

(C) What alternative organizations of use classes could
have been chosen? The careful reader might look closely at the
organization within sections and the examples and specify the use
classes more closely to the particular mathematics utilized. For
e xample, in Section D of Chapter 11, situational constraints aro
e ither hardware or algorithmic. Are these the only ones? An
alternative organization could be more specific.

Another alternative is to organize by the particular
mathematical processes rather than by collections of processes.
For instance, why do we rewrite into scientific notation (rather
than why do we rewrite)? This alternative would be easier to
adapt into current schoolbooks. However, it tends to make one
lose sight of the more general.principles at work.

5. etlettg work for Part 111 'mg cheer- 11. We know of no
other work that has attempted to organize what we call maneuver::
in a way comparable to that given hire.

Chapter 11 owes homage to the number-numeral distinction in
the form given by Max Beberman et al. in the University of
Illinois Committee on School Mathematics materials of, the late
1950s. The concept of renaming certainly did not originate with
Beberman, but the authors were made aware of its broad
implications through this work.

Bell's "everyman" list includes "existence of many equiva-
lence classes' and "flexible selection and use of appropriate

elements from equivalence classes (e.g. for fractions, equations,
etc.)." Selection from an array of equivalent choices is much
the same as what we call here rewriting, as indicated by his
discussion of that idea:

Through a long series of experiences starting in kindergarten
(or before), a youngster should come to know that most
mathematical things come in many equivalent forms and that
much of school mathematics deals with conversion from one form
to another. He should also realize that problem solving both
of textbook exercises and of real, life problems frequently
involves recognition of equivalence plus good Judgement about
which of a number of possibilities are appropriate for use
in a particular situation. (For example, 3 + 7 and 10 are
each sometimes useful; 5 minutes to 3 p.m., 2:55 p.m., and
14:55 all express the same time; in calculating 1/2 +1/3, 3/6
is a more helpful form than 1/2; 2x - 11 is 3x + 7 may be a
fairly direct translation as a mathematical model of a problem
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situation, but -18 x is a more convenient version in the
end. (Bell, 1974, p.198)

We know of no others who have attempted to catalog or
categorize the uses to which rewriting is put. We guess that
others have considered rewriting quantities simultaneously with
rewriting numbers but do not have references to cite on this
either. We would appreciate being informed of related work.
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"That's oily close, Scott."
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CHAPTER 12

REASONS FOR ESTIMATING AND APPROXIMATING

Arithmetic (as well as the rest of mathematics) is commonly depicted

as involving only the most exact of ideas. But in fact the numerical

information we use often involves estimates. An estimate may be a single

number or a neighborhood (see Chapter 3, Section C). Sometimes an

2
estimate is to a fixed known value, as in the approximation

2
for 7, but

7

sometimes an estimate is used when there is no fixed or known value, as in

an estimate of the temperature in a city or the anticipated cost of a trip.

Estimating is often viewed as a task one engages in as a less

attractive alternative to dealing with exact numerical information. The

uses of estimating verify just the opposite, namely that estimating is

often more reasonable than avoiding estimates and that estimating is often

the only choice one has in a situation.

An entire chapter could easily be devoted to ways to estimate and

types of estimates. These include rounding (up or down to the nearest

whatever), successive closer and closer approximations, estimates found

from polling or sampling statistical measures (mean, median, mode, etc.),

and the various indices (e.g. the Dow-Jones stock averages) used to

estimate economic conditions. Although examples of all these are found

in this chapter, the purpose of the chapter is to identify the reasons

for using estimates.

The use classes for estimating are identical to those found in the

other chapters of Part III:

Constraints, e.g., the attendance at a future political rally

must be estimated.
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Clarity, e.g., 4 billion dollars may be easier to comprehend

than 3.986 billion dollars.

Facility, e.g., in buying a number of $19.95 items, for many

purposes computing with $20 will be easier.

Consistency, e.g., body temperatures are always rounded to the

nearest tenth of a degree.
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Estimating Use Class A: Constraints

In a large number of situations, there is no choice but to estimate,

because exact values are not obtainable. Here is a brief typology of such

situations.

1. A number may be unknown, forcing an estimate at best. Predictions

of the future, guesses about the past, estimates of military

strength of countries or economic conditions of competitors, and

even educated guesses regarding what groceries will cost are

estimates forced by lack of knowledge.

2. A quantity may be different each time it is measured, forcing one

to estimate it. Temperatures, populations, air pressures, and

typing speeds are common examples. Situations involving relative

frequencies, such as a number of heads in 100 tosses of a coin,

are of this type.

3 Physical measurements are, for the most part, not exact.

For example, no sheet of paper-is exactly 20 cm long.

(Look under a microscope and the edge of this paper

is seen to be quite rough.) Thus many measures that seem

exact are more accurately viewed as estimates close

enough for practical considerations.

4. The cost of obtaining an exact value may be prohibitive in

time or money, so estimates are substituted. Pollsters sample

to estimate how many people watched a-particular TV program or

how many prefer a candidate; they don't ask everyone.

5. A quantity makes sense only as a whole number, so any other

result from a computation must be adjusted. For instance,
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if candy is 3 for 10C, because there are no coins for parts

of a penny, a person will pay 4C for a single piece.

6. Safety or a necessary margin for error may dictate a sub-

stantial overestimate. When going to the store, the shopper

estimates what items will cost and then overestimates to play

it safe. In designing a new building, safety factors are

expected to meet more than minimal requirements.

7. A value may itself have been calculated from estimates. If

one can only estimate the number of people available for a

job, then the time they will take to do the job must also be

an estimate.

8. The number is not in a form that lends itself to computation.

For example, to add irrationals such as 1 or IT to rationals,

one must use an approximation.

In the examples of the next sections, estimates are better than

exact values, but there still usually is a choice between the two. In

the above types of situations, there is not a choice whether to estimate;

estimates are necessary. People who believe that estimates are inferior

to exactly calculated answers are ignoring the substantial number and

variety of situations in which it is wiser or necessary to use estimates.

Examples:

1. Each of the statements below is taken from The World Almanac, 1979

edition, and contains an estimate. For which of the eight reasons

mentioned above is each estimate necessary?

(a) "Current theories say the first hominid [human-like primate]

was Ramapithecus, who emerged 12 million years ago."

56



395

(b) The area of the Sahara desert is 3,320,000 sq mi. [The area of

the United States is just over 3,600,000 sq mi.]

(c) The average July temperature in San Diego, California is 69°F.

Answers: (a) The actual value is unknown (type 1 above).

(b) The area varies (type 2) and there is a theoretical

limit to the ability to measure it (type 3). Further-

more, the cost of obtaining anything close to an exact

value may not be worth the additional accuracy (type 4).

(c) The temperature varies as years go on (type 2).

Comment: Sometimes several considerations combine to make an estimate
necessary, as in (b).

Comment: An analysis of data that appears in almanacs shows estimates
to be much more common than many people seem to realize.

2. If a school puts an upper limit of 25 students in each English class,

how many classes will be needed for 110 students?

Answer: 5, rounded up from 4.4

Comment: The more general term "adjustment" is more appropriate
than "estimate" forthis kind of situation. 4.4 is adjusted
up to 5.

Comment: This example falls under Type 5, for one can only have a
whole number of classes.

3. If fruit is being sold for 3 at 40Q, what is the likely price for

one piece of fruit?

40
Answer: Not 3 Q, but 14Q.

Comment: Grocery stores almost always round fractions of a cent up.
In this case, if a kindly merchant were inclined to round
down to 13Q, it would make it senseless to sell 3 for 40Q.

4. A coin believed to be unbiased (balanced) is to be tossed 100 times.

(a) Give a single number estimate into which the most likely

number of tails that will occur. (b) Give an interval estimate into
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which the number of tails that will occur will tend to fall at least

90% of the time.

Answer: (a) 50, calculated by multiplying the probability of tails

(1/2) by the number of repetitions of tossing (100).

(b) Probability tables indicate that, for 100 tosses of

a fair coin, the number of tails will be from 41 to

59 about 90% of the time.

Comment: In (a), 50 tails is.the maximum likelihood estimate, but
exactly 50 tails is still not very likely. Tables of the
normal distribution are used to determine a precise answer
to (b).

5. Each of the questions below requires an estimate for an answer. For

which of the eight reasons in this section is the estimate necessary?

(a) How long does it take to get to the nearest airport from your home?

(b) What is the population of the People's Republic of China?

(c) What is the width of a human hair?

(d) How much pressure should a car safety belt be able to withstand?

(e) What will be the price of a Quarter Pounder at McDonald's one year

from today?

Answers: (a) 2; (b) 2 or 4 [the 1979 estimate was 953,578,000];

(c) 3 or 1 [the seldom used unit called the hairbreadth

is defined as 1/48 of an inch]; (d) 6; (e) 1.

Comment: The numerical answers to questions (a), (b), and (c) are
more reasonable as intervals than as single numbers. This
is true of most examples for reasons 1-4 given in this
section.

6. A standard dimension for a roll of wallpaper is 16 yd long and

2.21 ft wide. How many rolls of wallpaper are needed for a room 8'

from floor to ceiling and walls with a total width of 42'?
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Answer: In theory, 8' goes 6 times into 16 yd. In practice, this

would only occur if there were baseboards to give a margin

for trimming. If the latter is the case, then each roll

can be said to cover 6 x 2.21 ft or 13.28 ft of floor width.

Thus 3 rolls will not cover 42 ft and 4 rolls are needed

(with quite a bit left over).

Comment: In decorating a house or apartment, judicious estimation
of floor, wall, and shelf needs almost always involves
estimating of this type. The same holds in sewing.
Overestimation is much preferred to underestimation because
more of the fabric or covering may not be available, or
may come from a different dye lot. If there are patterns
that need to be matched, even greater overestimation might
be desired.

7. At least five of the six numbers in the following quote are necessarily

estimates. Name these five numbers and indicate why estimation is

necessary. [Source: The Book of Lists #2, by Irving Wallace et al.,

New York: Wm. Morrow and Co., 1980, p. 142.]

"A 1200-lb horse eats about 15 lb of hay and 9 lb of grain each

day. This amounts to 1/50 of its own weight each day, or 7 times its

own weight each year. The real gluttons in the animal kingdom are

birds, who consume more than 90 times their weight in food each year."

Answer: 15 lb, 9 lb, and 90 are necessarily estimates because the

numbers in question vary. The 1/50 and the 7 are estimates

forced by these earlier estimates. Though 1200 lb might

be deemed a necessary estimate because of the inability to

measure exactly, it seems here more used for facility, to

ease the other calculations, or for clarity, to make the

paragraph easier to understand.

Comment: Animals' food needs are closer to being proportional to
surface area than to weight, because food intake (measured
in calories) is balanced by heat loss through the animal's

3itikilIAVA Y1100 Tne
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surface (also measured in calories). The apparent
gluttony of birds is accounted for by their large surface
area for their weight.

8. In calculating the amount of cement needed for a circular play area

5 yards in diameter and 4 in. deep, what estimates are necessary

and why?

Answer: Though the play area may be called circular, it has thickness

so is a cylinder. The volume of a cylinder is given by

the formula V = nr
2
h, where in this case r =

5
yd and h = 4 in.

For consistency of units, rewrite 4 in. as yd. Then
9

V = nr
2h

2

T (

5
) x cubic yards

25
= 36n cubic yards

Estimation is now necessary because the above value is

difficult to compare with the units in which cement is

sold. (Use
22

for r, so V
550

cubic yards. If one
252

divides with a calculator the result is'2.1825397. This

too is an estimate, forced because the answer is an infinite

repeating decimal.

1

2
Comment: A person should order 2--

4
or 2- cubic yards of cement.

9. In Example 8, we used a TI-35 for calculating a decimal approximation

550
to 73y. It gave 2.1825397. A Sharp EL-211 gives 2.1825396. A

Texas Instruments SR-51A gives 2.182539683. Why do we get different

values?

Answer: The decimal for
550

is 2.18253968. This forces an approxi-

mationmation to be built into the calculator chip. The TI-35 rounds to 8

decimal places, the SR-51A rounds to 10 places, while the EL-211

truncates after 8 places.
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Estimating Use Class B: Clarity

A school budget of $148,309,563 for a school population of

62,772 pupils might be reported as "about $150,000,000 for 63,000

pupils." A house on a lot whose width was surveyed as 40.13 feet

would almost certainly be said to be on a "40-foot" lot. In these

cases, the estimate is clearer, that is, easier to understand, than

the more precise actual figure. Estimates for clarity are almost

always calculated by rounding.

Examples:

1. Indicate how each of the following might be estimated for purposes

of clarity. (Each number is taken from actual reports.)

(a) 8'11.1", the height of Robert Wadlow, reportedly the tallest

person who ever lived

(b) 3,851,809 sq mi, the area of Canada

(c) 2574 mi, the air distance between New York and San Francisco

(d) 4,493,491, the reported number of scouts and leaders in the Boy

Scouts of America (1980)

Answers: (a) 8'11"; (b) 3,850,000 sq mi; (c) 2600 mi, (d) 4.5 million

Comments: All of these numbers are necessarily estimates, so here we
estimate the estimates. One almost always estimates large
numbers, as in (b) and (d), perhaps because the short-term
memory of most people can retain only a few digits.
(c) would be estimated for convenience and simplicity.
(a) is least likely to be estimated because of a desire
to keep records to as much accuracy as possible.
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2. Examine the advertisement reproduced below. (a) What number is an

estimate? (b) What is the

dr.

actual value being estimated?
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Answers: (a) 1/3; (b) The actual discount is 34% for each of the.three

types of coats mentioned.

Comment: 34% is not as easy for most people to understand as 1/3,
which seems to be the reason for using the estimate.

. Carsons could not be accused ofisadvertising because
they have understated the amount of the discount.

Comment: Why Carsons would use a 34% discount instead of 1/3 is
another question. A possible reason is that .34 is more
conveniently entered into calculators.
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3. To facilitate conversion to the metric system, some have proposed that

the most used metric measures be given temporary names that suggest

their English measure counterparts. A meter would be called a "metric

yard" under this idea. If people acted as if this metric yard were

an actual yard, there would be an error of about 3.37" in every 36",

or about a 9% error. (a) What might be called a "metric quart"?

Estimate the error (to the nearest percent) if people acted as if

the equivalence were exact. (b) Do the same for a "metric pound".

Answers: (a) The liter is a natural for the metric quart. Since 1

liter = 1.057 liquid quarts, there would be about a 6%

error. (b) A metric pound might be 500g. Since 1 pound

= 453.59237 grams exactly, there is about a 10% error if

500 grams is called equivalent.

Comment: In track, 1500 meters has long been called the "metric mile"
despite 1600 meters being much closer (1 mile = 1609.344 m
exactly) because races are run over 1500 m and not over
1600 m.

Comment: Our inclusion of this example does not constitute endorsement
of the idea. It may be that such verbiage would create con-
fusion rather than clarify the new units.

4. What single number estimate is often used as a measure of the wealth

of a community?

Answer: Median family income in the community and per capita

property value are two common estimates.

Comment: Per capita property value is a rate calculated by dividing
total property value by the population. Median family income
is a better estimate than the mean (average) family income
because the former is less affected by the wealth of a few
people.

Comment: Though a single number estimate is more easily understood
than giving lots of data in such a complex situation, much
information can be lost. In this example, either of the
suggested answers misses intangibles (e.g., community pride
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or physical beauty of the surroundings), services provided
from outside the community (e.g., by state or federal
governments), and some capital assets (e.g., values of
governmental buildings and parks).

5. National TV newscasts always include the Dow-Jones Industrial

Average (DJIA) change for the day and the closing average. What

does the DJIA estimate?

Answer: The DJIA is based upon the worth of the stocks of 30

"industrial" companies, including General Motors, U.S.

Steel, and IBM. It is viewed as a measure of the economic

health of U.S. industry.

Comment: There are other stock'averages, some including many more
stocks than the DJIA, but due to its long history and the
amount of analysis done with it, the DJIA is more familiar,
and thus a clearer estimate to many people.

6. On four tests of basic arithmetic facts, Jill scored 8 out of 10,

9 of 12, 9 of 9, and 7 of 15. Estimate what percent of basic facts

Jill knows.

Answer: One might possibly estimate by adding the numbers of

questions and the numbers of correct responses. She

answered 33 of 46 questions correctly, or about 72%.

However, if the tests are on four different areas and in

each area there are the same number of basic facts, then

one might calculate individual percentages and take their

mean for the estimate. The percentages are 80%, 75%, 1007.,

and about 47%, with a mean of about 75%.

Comment: The differences between these estimates is not enough to
make a practical difference. Scores on tests are always
estimates of knowledge, and having a single score for Jill
is merely easier to understand.
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Estimating Use Class C: Facility

When considering how many $3.98 items you can afford to buy, it

is easier to do your calculations as if they cost $4. In planning a

business trip and comparing relative costs of driving versus flying

somewhere, it is more realistic to use estimates and the calculations

are a lot easier: "The trip will be about 800 miles, my automobile

gets about 20 miles per gallon, and gasoline costs about $1.40 per

gallon; but there will be two days extra driving and the motel will

cost $35 and meals about $30. On the other hand, the cheapest way to

fly costs about $300, and I'll need to rent a car at the destination for

five days at $40 per day since I won't have mine..."

It is obvious that it is often easier to calculate using esti-

mates than using exact figures. It is less obvious that even with

calculators and computers taking the work out of computation, estimating

may make things a lot easier with no important loss in the quality of

the answers. If fact, answers derived using shrewd estimates may be

more reasonable and more realistic than those that attempt to be exact.

Examples:

1. The Internal Revenue Service allows taxpayers to round all amounts

up or down to the nearest dollar, a practice called "dollar rounding".

Give two reasons for this practice.

Answers: The roundings up and down tend to balance out, so there is

little difference in totals to be paid. There is little

lost by this practice, and the ease of working with two less

significant figures saves the IRS time and money. It is

also easier for he taxpayer and means fewer mistakes on

tax forms.
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Comment: In accounting practice generally, and particularly in banks,
accounts are made to balance to the penny. When one of the

authors worked for a bank, he was told that being meticulous
in that way sometimes turned up serious errors (e.g., mistakes
in crediting accounts) that went well beyond the pennies
involved.

2. Suppose one decides that federal anti-poullution funds should be

allocated in relation to the areas of regions of the United States.

California has an area of 158,693 sq mi. The states of the Northeast

have areas as follows: Maine-30,920; Vermont--9,609; New Hampshire- -

9,304; Massachusetts--8,257; Rhode Island--1,214; Connecticut--5,009;

New York--49,576. Which should receive more money under this policy,

California or all the states of the Northeast?

Answer: California. The easy way to determine this is to round to the

nearest thousand. This gives 31, 10, 9, 8, 1, 5, and

50 thousands, the sum of which is 114,000, far less than

the area of California. Only if the sum was very close

to 158,000 would it then be reasonable to add the more precise

areas.

Comment: If anti-pollution funds should be allocated on the basis of

population, the Northeast would receive more funds than
California.

1
3. Calculate the amount of cement needed for a sidewalk 5' wide, a-

2
"

deep, and 30' long. (The 2-by-4 used for sidewalk forms is actually

1 " . 1
1-
2
" by

"
, accounting for the aT depth.)

Answer: V = length x width x depth

= 30' x 5' x 32
2

To ease calculation:

= 30' x 5' x
1

= 50 ft
3
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Cement is sold by cubic yards (27 ft
3
= 1 yd

3
).

= 2 yd
3

50
Comment: Both estimates

1
' for a-

1
" and 2 yd

3
for yd3) make

3 2 27

the situation easier to deal with. The choice is made to

overestimate each time to provide a margin of safety (see

Section A).

4. In preparing a $25,000 budget for a year for a family of four, to

what nearest amounts should estimated expenses in various categories

be rounded?

Answer: $100 would be reasonable. It is easy to work with and is

only .4% of the total. ($100/$25,000 = .004).

Comment: Carrying more accuracy than this is seldom worth the effort,
and leads to frustration when records are not obtainable
or when expenses exceed the budget by small amounts that
are of little importance in the total picture.

Comment: There is a view held by many adults that dealing with
estimates in such situations is a weakness and that one
should strive for exact amounts at all times. In our
opinion, such a view is misguided.
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Estimating Use Class D: Consistency

Government reports on the percent of people unemployed always give

that percent to the nearest tenth. For instance, if 8 million of 99

million potential workers were unemployed, the government would report

8.1% unemployed rather than 8.08% or any closer approximation to 8.08%.

Here an estimate is forced because the original data are inexact, but

the particular choice to report in tenths is done so as to be consistent

from month to month and consistent with the precision of the original

data. Similarly, results of calcuations from physical measurements

should be recorded with significant digits consistent with the input

measurements. Consistency in estimates also arises from conventions or

regulations, or from a desire to have data or uniform appearance in tables,

charts, or graphs.

Examples:

1. A team's winning "percentage" is traditionally reported as a decimal

rounded to the nearest thousandth. Give the winning percentage of

a team that has won 5 of 16 games.

Answer: An exact value is
5

6
or .3125. This would be rounded to

1

.312 or .313 for reporting purposes.

Comment: For the particular numbers, an exact decimal could be

given. In contrast, winning 4 of 14 games would give a

percentage of .285714. Because the decimals are so
different, it makes sense to impose a traditional rounding

criterion.
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2. The following news item appeared in the Chicago Tribune on October 10,

1981. It refers to the 1981 Major League baseball season.

This is an example of rounding to be consistent. with rules. State

another rule that would be equally as consistent.

Answer: We can think of three other consistent procedures.

(1) Truncate or round down to the nearest whole number of

innings. (2) Round up. (3) Use the exact data.

Comment: The formula for earned run average (ERA) is:

ERA no. of earned runs allowed
9 no. of innings pitched

From this equation, one can calculate that McCatty allowed
48 earned runs and Stewart 29. Thus before the rounding,
if the other procedures are followed, McCatty and Stewart
have the following ERA's (rounded to three decimal places),
respectively: (1) 2.335 and 2.330; (2) 2.323 and 2.310:
(3) 2.327 and 2.323. In all of these cases, Stewart
would have been the winner.

3. Indicate the normal precision to which each of the following quantities

is reported.

(a) the inflation rate for a given month

(b) the mpg of a new car

(c) total U.S. government defense expenditures
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Answers: (a) to the nearest tenth of a percent; (b) to the nearest

mile per gallon; (c) to the nearest billion or tenth of

a billion (hundred million) dollars.

Comment: Experts in many fields may utilize greater precision than
novices. Those working with (a) or (c) would need to use
greater precision; (b) is calculated from data that is
unlikely to give an answer that is a whole number.

4. A rectangular lot is 39.5 meters long and 24.3 meters wide. To

achieve consistent accuracy, how should the area of this lot be

reported?

Answer: Multiplication of length by width yields 959.85 square

meters. Since the given information has only three sig-

nificant figures, an area of 960 m
2
should be reported.

Comment: The given dimensions 39.5 and 24.3 are themselves esti-
mates. Any value between 39.45 and 39.55 m would have
been reported as 39.5 m, and any value between 24.25 and
24.35 m would have been reported as 24.3 m. Thus the
calculated area could range between 956.6625 m2 and
963.0425 m2. This further justifies the reporting of
960 m2 as the area, and only two significant digits
should be trusted.

Comment: If the 0 were significant in 960, scientists would use
scientific notation 9.60 x 102 m2.

5. A gasoline pump and an automobile odometer indicate that 8.5 gallons

of gas have been used in travelling 240.2 miles. What is the mpg?

Answer: A calculator gives 28.258824 mpg, which should be rounded

to 28 because 8.5 has only two significant figures.

240.25 240.15
Comment: = 28.43... and 28.08, indicating that

8.45 8.55

to use a third significant digit in the answer is not called

for in the data.

Comment: Neither the odometer nor the "filling" of the tank is likely

to have the indicated accuracy to tenths, giving further

reasons to round.
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6. The Natural History Magazine of March 1974 gave the following

estimates of top speeds for animals (in mph):

Cheetah 70

Elk 45

Rabbit 35

Giraffe 32

Elephant 25

Squirrel 12

Pig 11

Giant tortoise .17

Garden snail .03

What kind of consistency was used in arriving at these estimates?

Answer: Consistency in there being two significant figures (with

the possible exceptions of the snail and the cheetah).

Comment: Leading zeros for decimals or trailing zeros for whole
numbers often make obscure how many significant figures
are intended. For example, if a measure is given as
.0035 m it could be interpreted as having two, three, or
four significant figures, as could a measure given as 1500
meters. One way to attend to that ambiguity is consistent
use of scientific notation. For example, 3.5 x 10-3 m
indicates two significant figures but3.500 x 10-3 m
indicates four significant figures; similarly for 1.5 x
103 m and 1.500 x 103 m.
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Summary

The uses of estimating may be categorized into the same four use

classes as the uses of rewriting.

A. Situational constraints: Estimate because of the unknown

nature of the data, the prohibitive cost of obtaining an

exact value, the incompatability of the quantity, the

measuring unit, variability of a quantity, and theoretical

measurement restrictions.

B. Clarity: Estimate (usually by rounding) to make a given piece

of information easier to understand.

C. Facility: Estimate to ease comparison, computation, or other

future use.

D. Consistency: Estimate to conform to desired or customary

precision, significant digits, or to have consistent data for

tables or charts.
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Pedagogical Remarks

Estimation in schoolbooks. In textbooks, students are often asked

to estimate the answer to a problem before they do the precise calculation.

For instance, a student is asked to estimate an answer to a problem, say

49 x 82. (The idea is to round 49 to 50 and 82 to 80, then multiply to

get the estimate 4000.) However, when this type of problem is first

given to students, they usually don't estimate. They will multiply out

49 x 82, getting 4018, and either use 4018 as the estimate or round that

answer to get an estimate. The teacher tells the student that he or she

has done it backwards. "You are supposed to estimate first, then calculate.

Your estimation can help you to check whether the calculation is correct."

Most students are unconvinced. They have a sure-fire way to guarantee

a good estimate.

It has often been sa_i that there is logic even behind wrong answers

and "wrong" procedures. That is the case in the above scenario, for

indeed the student's procedure is more like the real world than the

teacher's advice. Seldom do we estimate when we can easily get an

exact answer. Furthermore, we often calculate for the purpose of

obtaining an estimate. These are often the only estimation activities

students encounter. With only such activities, students don't learn

when estimation is an appropriate maneuver.

Basics of estimation. For estimation, students must be able to

round up, round down, round to the nearest multiple of 10, 100, 1000,

.1, etc., and even round to the nearest multiple of some arbitrary

number. (For example, if you need a certain number of eggs, it is useful
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to be able to round this number to the next higher dozen or half-dozen.)

Students should be able to do simple arithmetic with powers of 10, e.g.,

10
2

x 10
3

= 10
5
and 10

2
10

3
=

10
or 10

-1
, and to rewrite as noted in

the pedagogical comments to Chapter 11.

Students should be able to round fractions towhole numbers. In a

recent National Assessment study, students were asked to estimate the

answer to the fraction sum

8 12

9 13

Of course the idea is to notice that each individual fraction is very

close to one, so the sum is quite close to 2. This was a very difficult

problem for most students. We believe it was difficult only because

of the refusal of teachers to work on simple estimation.

Older students should know estimates to various irrationals such

as /2, 5, and r. For it they should know all of the common estimates,

including 3.14, 3.1416, 3.14159, and 22/7. They should know estimates

that relate English and metric measures, such as a kilometer is about

.6 of a mile. And they should be able to approximate any fraction by

a finite decimal, such as approximating 1/7 by the decimal .14.

Students need to know the consequences of a poor estimate. A good

example is the famous prediction by pollsters of the defeat of Truman by

Dewey in the presidential election of 1948. Estimates carry with them a

margin of error, but often that margin is overlooked. A child's score

on a standardized test is an estimate of the child's ability in the

area of the test, but seldom is the score treated as an estimate.

It is very important that students learn that estimation is often

the preferred alternative or the only alternative possible in a situation.

It is not by chance that the section of this chapter dealing with situational



413

constraints is the longest of the four sections, for constraints force

estimating a great deal more than the public realizes or the textbooks

suggest. Whereas people are led to believe that estimating is a weak

sister to exact computation, the truth is that estimation is quite often

the stronger sister or the only child.

Getting started. As we have suggested many times in this book, a

good place to start is with a newspaper. Pick up an article that has

a good deal of numerical information. Some of that information is almost

certain to be estimates. Ask students why the estimates have been used.

Ask how they might have been determined.

Constraints. It is quite important to discuss situations where

estimates are necessary. Students realize this in the case of future

prediction without having to be reminded. A more interesting set of

examples consists of situations where there is a tradeoff between cost

and accuracy, as in TV ratings and any other instances of sampling.

The point to be made with sampling is that, beyond a certain point,

it costs too much to get just a little more accuracy. (The relevant

saying is "Penny wise, pound foolish.")

Clarity. Using estimates for clarity is a matter of judgment.

Talk to students about the population (according to the Census) of

their community or the nearest big city. Is it helpful to give such

an exact figure as the Census gives?

Notice that clarity is distinct from precision. Often the more

precise value is not as easily comprehended. For example, it is easier

to remember that a kilometer is a little over 1600 yards than to recall

or memorize that 1 km = 1609.344 yd. Precision is an important idea
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and should not be underrated, but there are occasions when sacrificing

precision for clarity is a good idea.

Facility. Any easy to understand use of estimation, and one often

supported by textbooks, is the notion of replacing numbers by other

numbers (the estimates) that are easier to work with when a situation

does not reqUire a great amount of accuracy. Begin with the standard

problem:

How many $7.95 records can be bought for $50?

The first thing to do here is not to divide, but the ascertain what sort

of answer is good enough for this situation. Here we note that an

obsession with getting an answer to a few decimal places is a great

disservice both to the mathematics of the problem (the answer must be

a whole number) and to the student, who will waste time. It is without

question more reasonable to divide 8 into 50 and get 6.25, which is

rounded down to 6, or even to realize immediately without performing

the division that 6 will suffice.

The school obsessions with exact answers in arithmetic do a great

disservice to people. These obsessions often force unnecessary calcula-

tions and keep people from gaining experience with estimation judgments.

They can kill intuition with detail (the proverbial losing the forest

through the trees) and reinforce the false notion that exactness is

always to be preferred to estimation.

Consistency. Estimates made for consistency often are needed in

the preparation of printed columns of data. The financial and sports

pages of the newspaper, calorie counts in articles dealing with foods,

prices of cars, all provide grist for the mill. Duplicate such a
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column of data and ask students what consistent pattern is being followed.

Make up a value more precise than that given. Ask students how it would

be rounded to appear in the column.

Vc1001 TORS



416

Questions

1. Give these 1974 World Series batting averages to the customary number

of decimal places. Which require no estimating, but merely rewriting?

(a) Steve Garvey, 8 hits in 21 at-bats.

(b) Reggie Jackson, 4 hits in 14 at-bats.

(c) Bill Buckner, 5 hits in 20 at-bats.

(d) Joe Rudi, 6 hits in 18 at-bats.

(e) Vida Blue, 0 hits in 4 at-bats.

2. According to the Book of Lists #2 (see Example 7, Section D), "Sales

figures for the International House of Pancakes show that their 485

U.S. restaurants sold a total of 63,487,564 pancakes in 1978. On

an individual basis, each branch restaurant sold an average of

130,902 pancakes that year." (a) Which of the numbers in the quote

are estimates? (b) Use estimates of the costs of pancakes to estimate

the toal income the International House of Pancakes chain realized

just from the sale of pancakes. Make your estimate to the nearest

10 million dollars.

3. Give a reasonable neighborhood (Chapter 3, Section C) for each

of the four single number estimates found in the following excerpt

from the Chicago Sun-Times, July 19, 1981: "About 1,500 teaching

jobs and 4,000 career service jobs were eliminated by the Board of

Education's 1981-82 budget. A Sun-Times comparison of the new

budget with the 1980-81 budget also shows that about 125 jobs were

added to central administrative and support offices, about a 6

percent increase."
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4. According to the 1970 U.S. Census, the population of Seattle,

Washington, was 530,831. (a) What do you think would be a

reasonable estimate of the actual population (since we know these

census figures are indeed estimates)? (b) Why does the U.S. Bureau

of the Census publish figures that are more accurate than the

situation calls for?

5. A family estimates the cost of a vacation at $1500. This estimate

can fall under any of three of the use classes of this chapter. Which

three classes are these and why does this situation fit each?

6. Each value below is given as it is reported in The World Almanac,

1979 edition. What would be a clearer estimate?

(a) The population of Charleston, South Carolina, according to

the 1970 census was 66,945.

(b) Louisians had 2,223,033 licensed car, truck, or bus drivers

in 1977.

(c) It is 4,876 miles from Moscow to Washington.

7. What estimate to ir is most appropriate in calculating the area of

a circle with radius (a) 6 cm; (b) 6.0 cm; (c) 6.00 cm? (d) Why

are different estimates needed for what are mathematically equal

radii?
a

8. Give the type of situational constraint forcing an estimation

exemplified in each situation.

(a) Trying to ascertain the world population on January 1, 2001.

(b) Guessing the weight of a friend.

(c) Estimating how many people are watching a presidential press

conference.
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(d) Calculating how many pieces of candy will be needed for "trick

or treaters" on Halloween.

(e) Determining the width of an atom.

80

418



419

Notes and Commentary

1. Semantics related to estimating
2. Types of estimates
3. Precision and Accuracy
4. Significant figures
5. Categories of necessity
6. Work of others
7. Reverse rounding

1. §212110tiER Eiletta tg tRILEAtiOg The word-"estimate" is
both a verb and a noun, relating both to process and the result
of that process. For instance, the Beadog Musa cojiaill
Distionery defines the verb form of "estimate" as

"to form an approximate Judgment or opinion regarding
the value, amount, size, weight, etc., of; calculate
approximately"

and the noun form as

"an approximate Judgment or cglculation, as of the
value, amount, or weight of something." (p. 452)

The word "estimation" is likewise used both to represent the
process and the result of estimating. (Similar semantics apply
to the word "transform" as it is used in Chapter 13.) The word
MR2r9ximatB is a synonym for the verb form, and the phrase
auroximatft ngmber, is used by many as a synonym for the noun
form.

These semantics can be confusing. Consider the common
estimate 3.14 for pi. As a number, 3.14 is no more or less exact
than pi is. When 3.14 is used in a calculation, the calculation
itself may be exact. Thus the phrases "calculate approximately"
and "approximate number" are in some sense self-contradictory, what
rhetoricians call oxymorons.

The semantic confusion stems partially from mixing the reason
behind the estimation either with the process of arriving at an
estimate or the result of that process. Once one has a single
number estimate, it is a number just like any other, and the
calculations are as exact as any other calculations.

2. Ilan 0 matimetn. (A) In some cases, an exact number
is known (e.g., the number of students in a school) and the
estimate represents a clearer, more consistent in precision, or
easier to use, value than the original number. A similar example
is the set of decimal approximations to irrational numbers such
as pi or the square root of two.

(B) In other cases, no exact number is known (e.g., the
number of days next month when it will rain or the weight of a
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typical brontosaurus) and the_estimate is necessary. Such
estimates may be made by "educated guesses" or calculated from
sophisticated procedures. (That many estimates are themselves
the result of exact calculations is not often appreciated.)

(C) In between types (A) and (B) are the dealings with
measure, where one often has a value good enough for all purposes
but still realizes that, in theory, it is an estimate, and may
round that value for other purposes. For instance, weight of
153.02 pounds would seem to be good enough for most purposes but
is an estimate and in almost all cases the value 153 pounds would
be used instead.

(D) Also in between are those cases where it is known that
therm is an exact value but that value may be unattainable and so
estimates are used. For example, there exist algorithms to
calculate all roots of the equation x^4 - x - 1 exactly, but
usually nne is content with an estimate.

In some places,the word a22C2HISSUARD is used when the value
is known and estimate is used when it is not. We considered
making that distinction but looking at hooks and dictionaries
convinced us that in common usage the semantics are hopelessly
muddled.

Furthermore, the processes are often intertwined. A best
guess estimate may be the first input to a process of successive
approximations to an exact value. And, conversely, an
approximation to an exact value may be an input to a best guess
estimate of a second value thAt cannot be determined..

3. Ecesili2n god amicasy. Of the four use classes for
estimate, the one most difficult to conceptualize is consistency.
The notion of consistency of estimates in, tied in with notions of
precision and accuracy, but associated with these two words are a
mix of conceptual and semantic issues.

We begin with the semantics. The 010512, HMS' Digti2DarY Of
the gnsaisb LAD2We9S gives different definitions for precision as
used by physical scientists and mathematiciansc For mathemati-
cians, precision is

"the degree to which the correctness of a quantity is
expressed".

While for physical scientists, precision is

"the extent to which a given set of measurements of the
same sample agree with their mean".

There are also two definitions for accuracy. For mathematicians,
accuracy is

"the degree of correctness of a quantity, expression,
etc.".
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For physical scientists, accuracy is

"the extent to which a given measurement agrees with the
standard value for that measurement".

Notice how close the definitions are; the words are often used
synonymously by non-experts.

Yet it is clear that measures can be precise without being
accurate. For example, a poorly calibrated weighing scale might
give the same reading time after time (good precision) but all
the readings would be wrong (poor accuracy). In statistics,
'these qualities are associated with reliability and validity. A
test is said to be reliable to the extent that repeated taking of
the same test would yield the same score for a given individual.
A test is said to be valid if it measures what it purports to
measure. Each of these can exist without the other.

Examination of a number of expositions in schoolbooks and
books for teachers convinces us that these ideas are quite
muddled for many mathematics educators. For instance, in the
Thirtieth Yearbook of the National Council of Teachers of
Mathematics, we findu

"Precision is a technical term and is defined by the
unit measure used. . . . If you are given two
measurements, the one with the smallest unit of
measure is the more precise." (p. 247)

We can hardly believe that 3.094 cm is less precise than 10 mm,
but it would be under this definition. Nor, if a student were
asked to change a measure from 10 yards to 30 feet, can we
believe that the change of notation has endowed the measure with
more precision.

Utilizing the physical scientists definition of precision
and accuracy, there are 4 distinct ideas--repeatability of a
measure vs. the truth conveyed by the measure--and these ideas
would seem to be teachable. But we gave up on an attempt to
follow science practice in using these words because of
inconsistent semantics elsewhere. It may be that the words
"reliable" and "valid" as used in educational testing would
provide a better starting point as lamas for the idggg that
should be taught.

The ideas conveyed by reliablity and validity (if we were to
settle on that vocabulary) lead to obvious questions that do not
have easy answers. For example, we usually measure once to find.
what we hope is a "true" value--we usually have no outside truth
with which to compare it. This is often dealt with by stating an
interval within which we "expect" the true value to fall and much
of statistics deals with quantifying those expectations. Also,
if we have just a single measure or set of measures, the question
of how well renett4 measures agree with one another is moot.
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This has long been dealt with in education testing by "split
half" methodspretending the same test has been repeated twice.
Recently developed methods of "bootstrapping" in statistics carry
this idea much further and make the results more believable.

4. Ilmilissat Eimacia Vocabulary and semantics aside,'
better teaching about estimates would be facilitated by better
teaching about "significant figures" as an important issue in
reporting measures or counts. Better teaching would include more
and earlier attention to the issues (the whole topic is often
disposed of in a few pages in seventh or eighth grade textbooks)
and, especially, discussions in the context of actual count and
measure situations, where an intuitive feel for what is
"significant" in an everyday sense can be .conveyed. Earlier and
more careful teaching about. significant figures would also make
teaching about rounding, scientific notation, and "standards" for
measure units easier to teach. This is another of the ways in
which mathematics education could profitably be more in tune
with science education.

5- cattmcits Qf antimity. Of the four use classes of
estimating, constraints is without question the most interesting.
The six types of constraints given in section A are derived from
reasons for sampling given by Wallis and Roberts (1956). Their
reasons (pp. 136-139) area (1) sometimes the measuring process
destroys the items; (2) the gain in accuracy from a complete
survey may not be worth the cost; (3) making a large number of
measurements may lead to poor data; (4) the population may be
infinite, as in determining whether a coin is fair (there are
infinitely many possible tosses); (5) the population may be
inaccessible (something particularly true of historical records).
While the details of the reasons are not the same here as in
Wallis and Roberts, the intent is similar, namely to point out
that what seems to be a weak alternative (for them, sampling
instead of dealing with the entire population; for us, estimating
instead of using exact values) is in fact a better or unique
alternative.

6. WWI, 12f gtbits. The literature dealing with estimating
is rather extensive, and since the identification of estimation
as one of ten basic skills in mathematics by the National Council
of Supervisors of Mathematics (1976), the literature has
increased substantially. Most of the literature has dealt with
methods for estimating, and we are not aware of any others who
have examined in depth the reasons for estimating.

Trafton (1978) relates estimation and mental arithmetic.
When estimation is used for mental arithmetic, we would classify
that as facility, namely ease of computation.

Bright A1976) relates estimation to measurement, even to the
point of giving the following quite restrictive definitions
"estimating is the process of arriving at a measurement or
measure without the aid of measuring tools". This connection
with measurements is similar to the connection of estimation and
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mental arithmetic in the sense that estimation is viewed as a
substitute for a (seemingly) more effective or more precise
procedure. If one foregoes existing measure tools to make life
easier, we might call that facility, while if the absence of
measuring tools forces an estimation, we might classify this use
under necessity. Some, however, might prefer to create a
category entitled iffiglemy or jimmy, to incorporate all of
those uses in whch estimating is done to provide a quicker way to
arrive at an answer to some question.

A review of research on estimation may be found in Rays et
al. (1980).

7. Biugui minding. When there are exactly 700 students
in a school, the exact count 700 may be perceived as an estimate
because of the zeros. Yet such a happening would be expected in
1 of every 100 counts of large populations. To make the value
seem more accurate, one could change it to 701. This process,
which.we term csygrag minding, has been done in the past, and
could be said to constitute a rare use class for estimating that
is of questionable value.

We have heard that the first attempt at an accurate value
(to the nearest foot) for the height of Mt. Everest came out to
be 29,000 feet. This was supposedly changed to 29,002 so that
All would realize the accuracy. (Recent measurements give a
height of 29,028 feet, so the problem has vanished.)

In the 1970 U.S. Census, according to the 19111 Uagagnd
Almanac, approximately 3700 places had populations of 6200 or
more. Of these, one of the authors counted only 27 places with
populations evenly divisible by 100 (37 woud be expected) and
only 1 (Bergenfield, NJ, population 29,000) evenly divisible by
1000 (4 would be most likely). /s it possible that census
workers change figures, say from 16200 to 16201, to explicitly
demonstrate significant figures? We do not know. We encourage a
more in-depth look at possible examples of reverse rounding.

The 1977 infgEngligo Elgass indium does not always give
populations agreeing with the 1221 Mimed Bleapass so original
sources should be consulted. In the 1977 source, only 1 of the
440 or so cities with populations over 45,000 has a population
evenly dvisible by 100 (Minneapolis, 434,000). Again this is
fewer than would be expected by chance.
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CHAPTER 13

REASONS FOR TRANSFORMING

A student correctly answers 19 questions on a 25-question test.

We say that 19 is the raw score. That score may be transformed in a

number of ways: to a percentage correct (76%); to a rank in a class

(say 5th); to a numerical grade (perhaps 2.7, standing for C+); to

a grade level (maybe 8.5); to a standard score (like 63). The results of

transforming may bear little or no resemblance to the raw score, but the

attribute being described has not changed, namely that each of these

numbers (76%, 5th, 2.7, 8.5, 63) is a way of stating the student's score.

The general rule behind a change in a single number or quantity is

called a transformation. Most of the examples in this chapter are of one

of the following five types of transformations.

a. ranking -giving the position of a number in comparison with

other numbers (giving rise to percentiles as well as ranks)

b. shifting--picking a particular quantity to be a zero point

and measuring all other quantities from that point (as in

measuring heights on Earth from sea level instead of from the

center of the Earth)

c. scaling--dividing all quantities by a fixed quantity (as is done

to arrive at the Consumer Price Index)

d. log scaling -- writing all quantities as a power of the same

quantity, then using the exponents (as is done with sound intensity)

e. standardizing--converting raw data to numbers based upon positions

in a normal or other standard distribution (as is sometimes done

with test scores)
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Transforming is done for the same broad reasons as rewriting and

estimating, giving rise again to four use classes.

A. Constraints, e.g., in comparing prices over long periods of time

some adjustment is necessary to account for inflation

B. Clarity, e.g., ranks may convey a clearer picture than the

original numbers

C. Facility, e.g., calculations with scaled quantities may be

easier to make

D. Consistency, e.g., putting a number of tests on the same

scale allows them to be treated in similar fashion

There are, of course, interactions among these reasons. Because

transformations can be more complex than merely rewriting or estimating,

one usually transforms only if more than one of these purposes can be met.

For example, the scaling of raw scores to obtain their SAT equivalents is

done for clearer reporting, allows easier comparison from year to year,

and is necessary because not all students take the same test.



Transforming Use Class A: Constraints

In dealing with data gathered at different times or places

or under different circumstances, some transforming may be necessary.

For instance, in situations where great accuracy in measurement is

needed, temperature, pressure, and height above sea level may need

to be taken into consideration (hotter bars are longer, objects weigh

less as they are higher from the surface of the Earth). In times of

inflation, costs in different eras are only reasonably compared if

the data is somehow modified by earning power. If one wishes to equate

tests that are qualitatively different, some sort of transformation is

needed.

'A second type of constraint may be imposed by physical or mathe-

matical limitations. A set of data may contain data too diverse to

fit on a single graph with linear scales; there exist transformations

that can fix that problem. Raw data may not be amenable to parti-

cular types of analysis, but yet some transformation of the data may

make those analyses possible.

iitlAitAVA Yci00
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Examples:

1. Adjust the U.S. per capita income values given below (Source: Department of

Commerce, Bureau of Economic Analysis) to give per capita income

values "in constant 1967 dollars", that is, a:counting for the

changes in the Consumer Price Indexes (CPI) since that time (Source:

Department of Labor, Bureau of Labor Statistics).

Year
Per capita
income

Consumer
Price Index

1967 $ 3167 100
1975 5851 161.2
1977 7043 181.5

1979 8638 217.4
1981 10517 272.4

Answer: The scaling is done by dividing income by CPI and

multiplying by 100.

1967 $3167
1975 3630
1977 3880
1979 3973
1981 3861

Comment: Some scaling, or its equivalent, is necessary to compare
buying power in the different years. The result shows
that buying power in 1979 was highest of these years
and that buying power in 1981 had retreated to below
1977 levels.

2. If wages rise as fast as expenses, then a person's ability to pay

stays the same. Thus in a time of changing wages and expenses,

a way of comparing prices in different years is to use a scale

that indicates how long a person would have to work in order to

earn enough money to pay for a particular item. Examine the fol-

lowing table, taken from the Hammond Almanac for 1981, p. 250.

BEST COPY AVAILABLE
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THE CHANGING AMERICAN FOOD IIASKET: 11114-1,711 Mufti, US. Dovervm...tt M Aivcsktir
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*2 MI trove 1914 M S.N. 1954: *303 sow liosiosios 044 UM.

an
N.A.
11.1

M.A.
4.1

13.0
40

11.04.

N.A.
N.A.

(ai Compare the numbers of eggs that could be bought with an hour's

labor in 1949 with that in 1979. The numbers you must compare

are 2.0 and 8.0. What are the units of these numbers?

(b) What does the table generally show regarding trends in prices?

Answers: (a) The units of the numbers are dozen eggs per hour.

Thus in 1979 one hour's labor could buy 8 dozen eggs,

compared with 2 dozen eggs in 1949. For eggs, the earning

power was multiplied by four in these 30 years.

(b) The table generally shows that salaries have been

rising faster than food expenses in almost every category

of food in almost every decade since 1914.

Comment: Each horizontal row of the-table forms a different scale.
Each scale is actually no more than a measure in an uncommon
food unit (food'per hour). Notice how much clearer trends
can be seen when using this measure. Comparisons of prices
are often done with such scales.

3. Baking at high altitudes requires changes in Tecipes. The Joy of

Cooking, by Irma S. Rombauer and Marion Rombauer Becker (Indianapolis,

IN: Bobbs-Merrill Co., 1975) recommends the following changes for an

altitude around 5000 feet: "...reduce the double-acting baking powder

or baking soda by 1/8 to 1/4 teaspoon for each teaspoon called for in

the recipe. Decrease sugar 1 to 2 tablespoons for each cup called

for, and increase liquid 2 to 3 tablespoons for each cup indicated.

Raise the baking temperature about 25°." Ingredients and baking

BEEF COPY AVAILABLE
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temperature for a jelly roll are given here. Modify these for

Denver (altitude 5280 feet).

Preheat oven to 375°.
3/4 cup sugar
4 egg yolks
1 teaspoon (tsp) vanilla
3/4 cup cake flour
3/4 ":.sp double-acting baking powder
1/2 tsp salt
4 egg whites
1/2 cup jelly or tart jam.

Answer: The oven should be preheated to 400°. The' Sugar should

be decreased by 3/4 to 1 1/2 tablespoons. The baking

powder should be decreased by 3/32 to 3/16 of a teaspoon

(1/8 of a teaspoon is in between). The amount of vanilla

(a liquid) is so small it need not be changed.

Comment: Most large cookbooks note alterations in recipes for high-
altitude cooking. Baking in Mexico City (altitude 7347
feet) or La Paz (the capitol of Bolivia, 11,916 feet)
requires more substantial changes.

Comment: The changes recommended in this question constitute a
scaling of the ingredients mentioned and can be accomplished
by multiplication. The amount of baking powder can be found
by multiplying by 3/4 to 7/8, but the use of two different
units (tablespbons and cups) makes finding the factors for
sugar and liquid more difficult.
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Transforming Use Class B: Clarity

Transformations achieve clarity when they place numerical infor-

mation in a simpler context. Ranks, percentiles, and stanines may be

easier to understand than the raw data that went into making them up.

If the numbers used in a measu-cing situation are quite complicated,

a modification of the unit may result in more easily understood numbers.

Transformations also achieve clarity if the scale onto which the

numbers are transformed is well-known to the user. For example, to a

person familiar with the meaning of a standard score, such scores will

be clearer than the raw scores from which they might have been calculated.

In general, the clarity of a situation depends upon the knowledge

and experience of the user. Thus one person may prefer a transformation

of data while another would feel better dealing with the raw data.

Examples:

1. In 1970, Albuquerque, New Mexico had a population given as 244,501,

58th largest of United States cities. In 1980, its population was

331,767, 44th largest. What do the ranks signify that the raw

populations do not?

Answer: The ranks indicate that many cities in the U.S. are larger

than Albuquerque. The change in ranks from 1970 to 1980

shows that Albuquerque is growing more quickly than most

large cities in the U.S.

Comment: In a case where a government program is to give aid only
to the largest cities, ranks attain more importance than
populations.
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2. In school A, Albert scores 30 of 35 on one subtest of a battery of

standardized tests. This is in the 74th percentile nationally and

the 85th percentile locally. In school B, Betty scored 30 on the

same test, which put her at the 62nd percentile locally. What

can be deduced from this information?

Answer: Since Albert was in a better percentile locally than

nationally, the students in his school are not scoring

as well as students across the nation. Betty and Albert

know about the amount, having scored the same, but

students in Betty's school did better on this test than

students in Albert's school.

Comment: Betty may think she knows less than Albert thinks he
knows, because they are comparing themselves to populations
with different levels of achievement.

3. The population of the United States is about 230,000,000 (1982).

What number would be entered into a table if the heading stated

(a) population (millions); (b) population (thousands); (c) popu-

lation (billions).

Answers: (a) 230; (b) 230,000; (c) .23.

Comment: This type of transformation is commonly employed to save
room in tables without loss of clarity. One divides the
raw data, here 230,000,000, by the unit indicated in
parentheses. See the comment to Example 4, Section C,

Chapter 14.

Comment: it is also possible to interpret the change from 230,000,000
to 23 with the heading (in millions) as rewriting. See

note 4 in the Notes and Commentary section.

4. One can obtain the year number in the Jewish calendar by adding

3760 or 3761 to the year in our normal Gregorian calendar. (Add

3760 before the Jewish New Year in September, add 3761 afterwards.)
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Thus January 1, 2000 will be in the year 5760 of the Jewish calendar.

In what way is this latter date clearer to a religious Jew?

Answer: The latter date is measured from the date of Creation as

calculated using the chronology of the Old Testament.

Thus it has meaning whereas a date calculated from an event

in the life of Jesus would not.

Comment: Since years in our time are denoted by numbers in the
thousands in almost all calendars, the choice of one
over the other is usually not dictated by mathematical
considerations of clarity, but more often by religious
significance.

5. To a golfer, what is the clearest way to assess how well someone

is playing while still on the course?

Answer: Compare the score to "par", the expected score for that

number of holes. For example, if a golfer has taken

39 shots on 9 holes whose par scores sum to 36, his score

so far is "3 over par". The transformation here is a

shift of 3 from the sum of expected scores on each hole.

Comment: The expected score is assigned mainly on the basis of the
distance from tee to green, with some adjustment for
difficulty of terrain. This is itself a sort of transfor-
mation. Golf courses are designed so "par" is more or
less comparable from one course to another; for standard
eighteen-hole courses par usually ranges from 70 to 73 for
men and 72 to 78 for women.
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Transforming Use Class C: Facility

It is often easier to work with numbers that have been transformed.

For instance, Examples 2 and 3 of Section A exhibit transforming done to

equate information obtained from different times, allowing for easier

comparison of the data.

Transforming is also done for ease of calculation or extrapolation,

particularly when the given data contains very small or very large

numbers, or numbers that differ by many orders of magnitude. It is

also done to convert data to a simpler scale to use.

Examples:

1. Ease of calculation. To calculate the average of her bowling

scores 123, 105, 119, and 109, Jane ignores the hundreds and averages

23, 5, 19, 9, and then adds 100 to this average. Will this work?

What kind of transformations have been used?

Answer: She has shifted the scores 100 down, computed an average,

then shifted 100 up. It works, and it is often the easiest

way to calculate the average of a set of large numbers that

are rather closely spaced.

Comment: If numbers are all very small or very large, the average
can be calculated by the analogous transformations using
multiplication and division. For instance, to average
.0073, .0610, and .0324, multiply the numbers by 10000,
average the resulting whole number products, and then
divide by 10000.

95



2. Facility. The set of ten scores at left below has been transformed

in the right column. (a) What transformation has been used?

(b) Calculate the mean of the set of aumbers at right. (c) Use

this mean to find the mean of the set of numbers at left.

Original Scores Transformed Scores
98 13
98 13
96 11

93 8

87 2

85 0

83 -2

82 -3

78 -7

75 -10

Answers: (a) 85 has been subtracted from each score. (b) 2.5

(c) Add 85 to get 87.5 as the mean at left.

Comment: The number 85 was chosen because it is nearly midway
between 98 and 75 ,so would make the transformed scores
closer to zero. Some would prefer to subtract 80, to
make the subtractions easier, or 75, to keep all scores
nonnegative.

Comment: Regardless of the number subtracted from all original
scores, the 'set of transformed scores has the same standard
deviation as the set of original scores. So this kind of
transformation is particularly useful in statistics.

3. Placement. Student scores on standardized tests are sometimes

transformed into stanines. A stanine is a number from 1 to 9,

calculated from percentiles as follows: 0-4%, stanine 1; 5-11%, 2;

12-23%, 3; 24-40%, 4; 41-60%, 5; 61-77%, 6; 78-89%, 7; 90-96%, 8;

97-100%, 9. (a) What prOportion of students will be classified

into stanine 5? (b) What proportion will be in stanine 8?

Answers: (a) 20%, (b) 7%. Thus stanines do not appear with

equal frequency.
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Comment: The transformation of percentile into stanine loses a
lot of information, yet many people want to work with 1
digit rather than 2 because it is so much easier for
placement purposes and for interpreting the many scores
in a battery of a test.

4. Ease of extrapolation. Display the population of California from

1850 (when California entered the Union) through 1970, given the

following census data. Estimate the 1980 population from this.

Year Population Year Population
1850 92,597 1920 3,426,861
1860 379,994 1930 5,677,251
1970 560,247 1940 6,907,387
1880 864,694 1950 10,586,223
1890 1,213,398 1960 15,717,204
1900 1,485,053 1970 19,953,134
1910 2,377,549 1980 ?

Answer: To display the actual numbers would require an interval

from 0 to 20 million and half of the values would be below

2.5 million. So we take the logarithm of the population

(using a calculator) and graph that instead. (See next page.)

Year log (Population) Year log (Population)
1850 4.97 1920 6.53
1860 5.58 1930 6.75
1870 5.75 1940 6.84
1880 5.9- 1950 7.02
1890 6.08 1960 7.20
1900 6.17 1970 7.30
1910 6.38 1980 ?

The data suggests log (Population 1980) would be 7.44,

corresponding to a population of about 27,500,000.

97
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Comment: Actually the growth rate slowed and the population was
about 23,667,565 in 1980, with log(Population) being 7.37.

Comment: The only point that is not close to a line of best fit on
this graph is the one for the 1850 population. This reflects
the extraordinary rise in population following the discovery
of gold in 1849.

Comment: It would be close to impossible to estimate the 1980
population from the graph if the raw populations, rather
than their logs, were used, so this example could fit
under constraints (section A) as well.

Comment: An alternative is to use semilog graph papger and graph the
actual population. Then no transformation is needed on
the data, but a compensating transformation has been carried
out to create the graph paper.
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Transforming Use Class D: Consistency

Scales are used to accomplish consistency of reporting over time

and place. Examples include the Dow-Jones industrial stock averages

(MIA), Consumer Price Index (CPI), IQ and SAT scores, and the various

standardized test scales. In order to find a value on these scales,

several pieces of data are needed (prices of several stocks, costs of

a number of goods and services, responses to dozens of test items), and

then this data is combined in some way to arrive at the scaled value.

Often the ways in which these scales are defined must be modified from

time to time so that the numbers can be given a consistent interpreta-

tion even though the outside world changes. For example, today's market

basket for the CPI is different from the one used thirty years ago, and

today's SAT exams use different items than those of just a few years ago.

We transform data to place it on these scales. So the ability to

take advantage of a scale becomes a reason for transforming.

.1;01AJIMA Ifil03 TSUI
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Examples:

1. The graph below shows median Black family income transformed into

a percentage of median White family income. (a) If median White

family income was about $14,300 in 1975, what was the median Black

family income in that same year? (b) What is the advantage of

transforming into these percentages? (Wall Street Journal, March 6,

1978)
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Answers: (a) about $8500, substantially less than the median White

family income. (b) Since both incomes change over time,

the percentage enables consistent comparison.

Comment: Using the median incomes alone would not fairly show ups
and downs in median Black family income, since inflation
erodes much of what are generally upward trends in recent
years. White income in each year is a better reference
value.

Comment: The dips in 1966, 1974, and 1978 are the result of Blacks
being harder hit in years of recession.

IMEST COPY AVAILABLE
00

3.16001AVA YcitY3 Teas
1



2. The chart below converts "number of items correct" into SAT scores.

On these SAT tests, what are the scores of a student who responds

to all items and correctly answers 80% of them on each part?

1111111T COPY AVAILABLE

Scars Conversion Table
Scholastic Aptitude Test . ..

Form Code 88210

1181, San

cm.Med /WNW Sun Camp Owl Awned km

SaVerial 1 Sx&rws 10.11011. 1a4184. Walla

85 800 40 470 600

84 790 39 460 590

63 780 38 450 590
82 770 37 450 580
81 760 36 440 570

80 760 35 430 560
79 750 34 430 550

78 740 33 420 540

77 730 32 410 540

76 720 31 410 530

75 720 30 400 520
74 710 29 390 510

73 700 28 390 500

72 690 27 380 490

71 690 26 370 490

70 680 25 370 480

69 670 24 360 470

68 660 23 350 460
67 650 22 350 450

66

'65

650 21 340 440

640 20 330 430

64 630 19 330 430

63 620 18 320 420

62 810 17 310 410

61 610 16 310 400

60 600 800 15 300 390

59 590 780 14 290 380

58 590 770 13 290 380

57 580 760 12 280 370

56 570 750 11 270 360

55 570 740 10 270 350

54 560 730 9 260 340

53 550 720 8 250 330

52 550 710 7 250 330

51 540 700 6 240 320

50 530 690 5 230 310

49 530 680 4 220 300
48 520 670 3 220 290
47 510 660 2 210 280

46 510 650 1 200 280

45 500 640 0 200 270

44 490 640 - 1 200 260

43 490 630 - 2 200 250

42 480 620 - 3 200 240

41 470 610 - 4 200 230

- 5 200 220
- 8 200 220 ii
- 7 200 210 a"
- 8 200 200

or below

1
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Answer: 660 on Verbal, 670 on Math.

Comment: A different SAT test might have a different chart, but
the tests are statistically equated so that the SAT
scores are roughly equivalent regardless of which test
is taken. This enables consistent interpretation of scores
over a period of years.

3. A teacher customarily gives 100-point tests. At the end of the year

a 40-item multiple choice standardized test is given. What can the

teacher do to the raw scores on this test to make them equivalent to

raw scores on the other tests?

Answer: Since 100/40 = 2.5, the raw scores on the standardized

test can be multiplied by 2.5.

Comment: This still might not make the scores equivalent. If the
standardized test is somewhat harder than the teacher's
tests, then the scores on the standardized test will be
lower and may have a wider range than the teacher's
tests. As a result, the standardized test may assume
greater importance even though it seems to be weighted
equally. This is one reason why the various standardized
tests are normalized and not merely weighted.
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Summary

By translorming is meant the converting of numerical information

into other numerical information that may have little or no resemblance

to the original. The types of transformations considered in this chapter

include ranking, shifting, scaling, log scaling, and standardizing.

A transformation may be required because of situational constraints.

The resulting numbers may be easier to interpret (clarity). They may be

easier to operate with, particularly if the given numbers are very small

or very large and the results of transforming are small whole numbers

(facility). Transformation may make it possible to compare numbers

despite their arising out of different situations or from different times

(consistency). Thus one transforms for the same reasons as one does

other maneuvers.

Many transformations require a knowledge of mathematics beyond

the scope of this volume. Though transformations are only briefly

exemplified in this chapter,.a thorough discussion would require con-

siderably more space and would entail a great variety of examples.

103



443

Pedagogical Remarks

The arithmetic discussed in this chapter is not found in the

standard curriculum, but is very closely related to standard ideas.

Students can be asked to rank in discussions of the ordinal numbers

first, second, third, etc. Percentiles can be taught as an application

of percentages. Scaling is a wonderful application of division, and

quickly involves multiplication, ratio, and proportion. Because trans-

forming is usually performed for more than one of the use class

reasons, we suggest focussing on th various types of transformations

and letting all of the uses derive at once.

Ranking. Ranking can be tied to lessons in other areas. For

instance, in history, one could discuss the changes in rank of the most

populous states in the United States, and connect that with the move

westward. In geography, one can rank the areas of the continents, or

the lengths of the longest rivers in the world. In health, one could

determine the calorie count of the breakfasts of students and rank them.

In all these cases, the effect of ranking is to give a qualitative

comparison from the quantitative (numerical) information. For instance,

the population of North Carolina according to the 1790 census was

393,000. This number does not say as much as knowing that North Carolina

ranked 3rd among the states at that time (Virginia was first and Pennsyl-

vania second). Transforming populations into ranks tells us something

about the United States at that time that the populations themselves

do not.

Percentiles. It is distressing to realize that, on any measure,

half of those things measured must fall below the 50th percentile.



Similarly, if grade level is measured as the median score of a large

group on a test, half of the children in that group are below grade

level. These notions are obvious from the mathematics of the situation,

but they are difficult to translate into school policies: every school

wants all of its children to be reading at grade level. A discussion

of percentiles can be rather revealing in this regard. Grade levels

are based upon percentiles and so can enter into the same kind of

discussion.

Though sometimes used when a small collection of numbers are

being ordered, percentiles are most meaningful when there are hundreds

of numbers involved. For classroom examples, this is hard to do, and

smaller collections may have to suffice.

How tall are you? is a possible question with which to begin.

A child answers: "5 feet, 3 inches". The answer does not tell us whether

this child is tall for his or her age. Take the heights of everyone

in a class. Order them and calculate percentiles. The percentile of

height that a person falls in may be a more meaningful number than the

original heights.

Scaling. Scaling is an important transformation, and the Consumer

Price Index is a particularly good example to use, because some salaries

are based upon it. The idea is as follows. In a particular year, some

items.are priced. Say the total is $357.23. This number is set equal

to 100. Now if the same items cost $450 some years later, we calculate

the Consumer Price Index by solving the proportion

450 CPI

357.23 100

Here we would get a CPI of 126.0.

105
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Ofttimes in tables or graphs, data will be given "in millions"

or "in thousands" or "in 1979 dollars". This scales the data, for the

distance from the Earth to the Sun in millions of kilometers is about

150, not 150,000,000. Despite the ubiquity of this kind of scaling

in applications, problems requiring this scaling are seldom found

in schoolbooks.

Standardizing. Students are often grouped into classes on the

basis of test scores, yet they are seldom instructed regarding the

meaning of those scores. Many students do not realize that a difference

of one point in raw score may wean a difference of 5 to 10 percentiles.

They may be surprised at how few or how many answers correct are needed

in order to achieve a particular level.
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Questions

1. (a) Rank the state (or province or country) in which you live

against the other states of the U.S. (or provinces of Canada, or

other countries on your continent) in terms of population and

land area. (b) Give the percentile rank in each of these charac-

teristics. (c) What information is given by'these ranks that is

not in the raw data?

2. Apply a transformation to average the following temperatures.

(Different transformations may be appropriate for the different sets.)

(a) 73°, 71°, 75°, 74°, 79° (high temperatures fora week)

(b) -23', -21°, -7°, -14°, -2° (low temperatures for a week)

3. From some source, determine the present value of the Consumer

Price Index. Unleaded gasoline cost about $1.40 per gallon in

1981, when the CPI was about 260. (a) What should it cost at

the time you are answering this question, if gasoline price is

acting like other consumer prices? (b) How does this compare with

the actual cost?

4. A student is tested in January of the 7th grade and found to be

reading at the 11th grade level. (a) What does "reading at the 11th

grade level" mean? (b) Since the student was not given an 11th

grade test, how could such a determination be made? (c) Discuss

the advantages and disadvantages of taking a raw score and converting

it into a grade level equivalent.
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5-11. The next three pages display conversion tables for the Metropolitan

Achievement Tests Primary II (Harcourt Brace Jovanovich, 1971). Given

are the raw scores of 20 students, named A through T, on Form G of

the Math Computation subtest, taken at the end of Grade 2.

Local Standard Grade National Local
Student Raw Score Rank Score Equivalent Stanine Percentile Percentile

A 30
B 11
C 31

29

E 21

F 31

G 18

H 33

I 27

J 20

K 14

L 24

M 29

N 26

O 22

P 31

Q 17

R 15

25

T 26

(a) Complete each column of the table. (Assume local percentiles are

calculated from this group alone.) (b) For each column, indicate why

the information f.n that column might be useful.
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Table 1. Raw Score to Standard Score Conversion Table

STANDARD SCORES

lbw
sows

Wefg
Kam lab!GM

WWO
&whin
FAN

abitheFON F

TOW
Wawa

G N F G

T

N

Misfit
Csabottalaw
F C N

Math
Comeau
FAN

Math
Prob. SalaamFGN

Two
Matnsaw ma
F G N

St.
bw4

I

55 52 53 51 53 53 53 55

54 51 53 51 53 53 53 54

53 51 52 51 52 52 52 53

52 51 52 50 52 52 52 52

51 51 52 50 52 52 52 51

50 50 51 50 51 51 51 50

49 50 51 50 51 51 51 49

48 50 51 49 51 51 51 48

47 50 50 49 50 50 50, 47

46 49 50 49 50 50 50 46

45 49 50 49 49 49 49 45

44 86 86 86 49 49 48 . 49 49 49 44

43 77 77 77 49 49 48 48 48 48 43

42 70 70 70 48 49 48 47 47 47 42

41 65 66 65 48 48 47 46 46 46 41

40 87 87 87 62 63 62 48 48 47 97 45 45 45 40

39 74 77 74 60 62 62 48 48 47 91 44 44 44 39

38 67 70 67 59 61 61 47 47 46 86 43 43 43 38

37 64 67 64 57 60 60 47 47 46 81 41 41 41 37

36 62 65 62 56 59 59 47 47 46 76 40 40 40 36

35 61 64 61 72 55 58 58 46 46 45 73 94 94 94 39 39 39 35

34 59 62 59 67 55 57 57 46 46 45 71 87 87 87 38 38 38 34

33 58 61 58 63 54 56 56 45 45 44 89 89 89 69 82 82 82 37 37 37 33

32 57 60 57 61 54 56 56 45 45 43 82 82 82 67 78 78 78 36 36 36 32

31 56 59 56 59 53 55 55 44 44 42 77 77 77 65 74 74 74 36 36 36 31

4s30 55 58 55 58 53 54 54 .43 43 42 76 76 76 73 73 73 63 71 71 71 35 35 35 30

29 55 57 54 56 52 54 54 42 42 41 69 69 69 69 69 69 61 "6868 68 34 34 34 29

28 54 56 53 55 52 53 53 41 41 40 64 65 64 67 67 67 59 66 66 66 33 33 33 28

27 54 55 52 54 52 53 53 40 40 39 62 62 62 65 65 65 58 65 65 65 33 33 33 27

2E 53 54 52 53 51 52 52 39 39 38 60 61 60 62 63 63 56 64 64 64 32 32 32 26

25 53 53 51 52 51 52 52 38 38 37 59 60 59 60 61 61 54 62 62 63 31 31 31 25

24 52 53 51 51 50 51 51 37 37 37 58 59 58 58 60 60 53 61 61 62 30 30 30 24

23 52 52 50 50 50 50 50 36 36 36 57 58 57 57 59 59 52 60 60 61 30 30 30 23

22 51 52 50 49 49 50 50 35 35 35 56 57 56 56 57 57 51 58 58 59 29 29 29 22

-21 51 51 49 47 49 49 49 34 34 34 56 56 56 55 56 56 50 57 57 58 28 28 28 21

20 50 50 49 46 48 48 48 32 32 32 55 56 55 54 54 54 49 55 55 56 27 27 27 20

19 50 50 48 45 47 47 47 31 31 31 54 55 54 53 53 53 48 54 54 55 26 26 26 19

18 49 49 48 44 46 46 46 29 29 29 53 54 53 52 52 52 46 52 52 53 25 25 25 18

17 48 48 47 43 44 44 44 28 28 28 52 53 52 51 51 51 44 51 51 52 24 24 24 17

16 47 47 46 42 42 42 42 27 27 27 51 52 51 50 50 50 42 50 50 51 23 23 23 16

15 46 46 44 41 40 40 40 25 25 25 50 51 50 49 49 49 40 49 49 50 22 22 22 15

14 44 44 43 40 38 38 38 23 23 23 49 50 49 48 48 41 38 47 47 48 21 21 21 14

13 43 43 42 38 36 36 36 21 21 21 49 49 49 46 46 46 36 45 45 47 20 20 20 13

12 42 42 41 37 34 34 34 19 19 19 48 49 48 45 45 45 34 43 43 45 20 20 20 12

11 41 41 39 35 32 32 32 17 17 17 47 48 47 43 43 43 32 41 41 43 19 19 19 11

10 39 39 37 33 30 30 30 16 16 16 46 47 46 40 40 40 31 38 31 39 18 18 18 10

9 37 37 35 31 28 28 28 14 14 14 45 46 45 37 37 37 29 35 35 36 17 17 17 9

II 35 35 33 29 26 26 26 13 13 13 44 45 44 35 35 35 21 33 33 33 15 15 15 8

7 33 33 31 26 24 24 24 11 11 11 43 44 43 33 33 33 27 30 30 30 14 14 14 7

6 31 31 30 24 22 22 22 9 9 9 41 43 41 32 32 32 26 26 28 28 13 13 13 6.

5 29 29 28 21 20 20 20 I 8 8 . 40 41 40 30 30 30 25 26 26 26 11 11 11 5

4 26 26 26 19 18 11 18 6 6 6 39 40 39 2$ 25 28 24 25 25 25 10 10 10 4

3 24 24 24 17 15 15 15 5 5 5 38 39 38 27 27 27 24 23 23 23 9 9 9 3

2 20 20 20 15 13 13 13 4 4 4 36 37 36 26 26 26 23 22 22 22 7 7 7 2

1 14 14 14 12 9 9 9 2 2 2 35 35 35 25 25 25 23 21 21 21 6 6 6 1
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Metropolitan Achievement Tests Primary II

Table 3. Standard Store to Percentile Rank and
Stanine Conversion Table

For Beginning of Grade 2 (Primary II)

STANDARD SCORES

St.

nmg
We
unk

Mull

Km1.
up

Ward
kill 1p

mg
laid

mg

TCC
WC
mg

Soll
mg

Moth

UTIMIc
Uthm

Moth

Cc,
cuM

Moth

140.
UN.

TCO
Math

SIN
Pink

MP
mint

9

99 73 70 74 80 69 67 71 68 83 99

998 70 67 71 74 65 62 69 66 78 98

96 67 64 69 63 64 58 65 65 71 96

Q

Ij

94 64 62 66 62 62 57 63 64 67 94

0

°
92 62 60 64 61 61 56 61 62 64 92

90 58 62 59 61 63 90

89 61 60 60 55 89

7

88 60 57 61 59 58 60 62 88

7

86 59 56 60 58 59 54 56 58 60 86

84 58 55 59 57 58 53 55 58 84

82 57 54 58 56 54 57 57 82

80 56 53 57 55 57 52 56 80

78 55 52 56 54 56 53 55 56 78

77 77

6

76 54 51 55 53 55 51 54 55 76

6

74 53 54 52 54 52 53 74

72 52 50 53 51 53 52 54 72

70 49 52 50 52 50 51 70

68 48 51 49 51 51 53 68

66 51 50 49 50 66

64 47 50 48 50 52 64

62 50 46 49 49 49 62

60 49 47 48 49 51 60

5

58 48 48 48 48 48 58

5

56 47 45- as 47 50 56

54 47 47 47 47 54

52 46 46 49 52

50 46 44 46 45 46 46 45 48 50

48 45 45 45 45 44 48

46 43 44 44 45 44 44 43 47 46

44 44 43 42 44

42 42 43 43 4.3 46 42

40 43 44 42 42 41 45 40

4

38

767
41 42 42 41 41 40 44 38

4

42 43 40 40 39 43 36

34 40 41 41 39 39 38 42 34

32 41 39 42 38 37 41 32

30 40 40 37 38 36 40 30

28 40 38 39 41 36 37 35 39 28

26 39 34 38 26

24

T
39 37 38 38 35 36 33 24

32 23

3

22 38 37 40 34 35 31 37 22

3

20 37 36 36 37 33 34 30 36 20

18 35 35 36 33 29 18

16 36 35 39 32 28 35 16

14 35 34 34 34 38 32 27 34 14

12 34 33 33 31 31 33 12

11 33 33 37 30 26 11

2

10 32 32 32 32 30 29 32 10

8 31 31 31 30 36 29 25 31 3

6 29 30 29 29 35 28 28 24 30 5

4 27 29 28 28 27 27 23 28

1
2 26 27 27 27

22 22 23 23 25 25 211 21

26 26 22 26
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Table 3: Standard Score to Percentile Rank and
Stanine Conversion Table

For End of Grade 2

STANDARD SCORES

Us.
non,

%.*
link

Ward

Mewl.
HO

Ward
Andy
an

laid-

int

TN..

Rud
int

U. 1.

ini

Moth Mch
Camp', Can.

Mon tool.

Yr.
P.11

S 3 v .
7 VI

Y if.% v 1,. -i ,

9

99 85 72 83 86 77 82 91 94 88 99

998 79 70 80 81 76 77 86 87 84 98

96 76 69 77 75 75 73 81 82 81 96

8

94 74 68 73 70 74 69 76 78 78 94

8
92 70 67 70 69 68 73 74 75 92

90 67 65 68 68 73 67 i 72 73 73 90

89 66 64 67 66 72 89

7

88 65 66 65 72 66 71 71 72 88

7

86 64 63 64 64 71 65 70 68 70 86

84 63 62 63 63 70 63 69 67 69 84

82 62 62 69 62 66 67 82

80 62 61 61 61 68 61 68 66 80

78 60 60 67 60 67 65 65 78

77 60 66 77

6

76 61 59 65 59 66 64 76

6

74 60 59 64 58 65 64 74

72 59 59 58 63 63 63 72

70 58 58 57 62 64 62 70

68 58 57 57 61 57 63 62 68

66 56 56 61 66

64 57 56 60 62 61 64

62 55 55 56 61 60 .62

60 55 59 60 60 60

a

")

58 56 54 55 59 59 59 58

5

56. 55 54 58 56

54 53 54 58 58 54

52 53 57 54 58 52

50 54 52 53 57 57 57 50

48 52 56. 56 48

46 51 53 56 46
44 53 50 52 51 55 56 44

42 55 54 55 42

40 51 52 40

4

38 52 49 50 54 53 54 55 38

4

36 47 50 53 51 53 36
34 49 52 52 54 34

32 51 46 49 52 32

30 51 50 51 30
28 45 48 48 50 51 53 28

26 50 44 47 49 50 26
24 49 50 52 24
23 46 47 23

3

22 49 43 45 48 49 49 2220
3

20 48 42 44 46 48 47 51

18 42 47 46 148 48 18

16 47 41 41 45 46 r 47 47 50 16

14 46 40 40 44 45 45 46 45 49 14

12 45 39 39 43 44 44 44 44 48 12

11 44 38 42 43 43 43 .7 :1

2

10 43 38 37 41 41 42 42 :3 :6 12

8 42 37 36 10 10 40 40 :1 :4
6 41 35 35 38 38 37 38 38 :1 6

4 39 34 34 37 36 35 36 35 39 4

2 37 33 32 35 35 33 34 33 36

1 31 26 25 29 28 31 7.3 1:*
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Table 1. Raw Score to Standard Score
Conversion Table (continued)

STANDARD SCORES

km

Total' 118841141

F C N

Tsui
IForNomthra

F C N
On
ken

108 102 102 102 108
107 99 99 99 107
106 96 96 96 106

105 94 94 94 105
104 92 92 92 104
103 90 90 90 103
102 88 88 88 102
101 87 17 87 101

100 85 15 15 100
99 83 83 83 99
91 11 81 81 St
97 80 80 SO 9
96 79 79 79 976

95 78 78 78 95
94 76 76 76 94
93 75 75 75 93
92 74 74 74 92
91 73 73 73 91

90 72 72 72 90
89 71 71 71 89
8 8 70 70 70 88
87 69 69 69 87
86 68 68 68 86

85 67 6 68 as
84 94 94 94 66 67 67 84
83 86 86 86 65 67 67 83
82 81 81 81 65 66 66 82
81 75 75 75 64 66 66 81

80 70 70 70 63 65 65 80
79 68 68 68 63 65 65 79
78 65 66 65 62 64 64 78
77 63 64 63 62 64 64 77
76 62 63 62 61 63 63 76

75 61 62 61 61 63 63 75
74 60 61 61 60 62 62 74
73 59 61 60 60 62 62 73
72 58 60 59 59 61 .&1 72
71 57 60 59 59 61 61 71

70 57 59 58 58 60 60 70
69 56 59 58 58 60 60 69
68 56 58 57 57 59 59 61
67 55 58 57 57 58 58 67
66 55 57 56 57 58 58 66

65 55 57 56 56 57 57 65
U 54 57 55 56 57 57 64
63 54 56 55 56 56 56 63
62 54 56 54 55 56 56 62
61 53 55 54 55 56 56 61

60 53 55 53 55 55 55 60
59 53 54 53 54 55 55 59
58 52 54 52 54 54 54 51
57 52 54 52 54 54 54 57
56 52 53 52 53 54 54 56
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Teacher's Handbook

Table 2. Standard Score to Grade Equivalent (G.E.)
Conversion Table

STANDARD SCORES

st
...1
""""' ...7,1,,. ...,

...., !

s:.T:, ,,,....., :::::.. -..:!?.I.;., !.77
',,'?- :,-,

9.9 130 I 135 135 135 140 135 ), .-. :
9.1 99 101

9.7 96 102
I

9.7
9.6 98 105 :05 9.5
9.5 911 100 101 104 110 9.5

9.4 97 9.4
1.3 96 97 97 99 100 9.3
9.2 I 104 l 109 9.2
9.1 95 9$ 99 !03 9.:!
9.0 96 96 j i_____,_ ._104 .9.1
1.9 e7- I 98 I 3.9
LI 94 103 102 1 107 9.3

97
95 95 96 97 8.7

1.6 93 106 8.6
as 102 96 101 8.5
1.4 92 94 94 105 8.4
13 95 101 95 100 8.3
9.2 93 93 104 8.2
11 91 64 100 34 99 103 8.1

9.0 92 92 102 8.0

7.9 90 63 99 93 98 7.9
7.1 91 91 101 7.8
7.7 89 92 98 92 97 7.7
7.6 90 50 100 7.6
7.5 U 89 91 97 91 96 99 7.5
7.4 99 95 7.4
7.3 87 IS 55 90 66 90 94 98 7.3
7.2 86 19 7.2
7.1 t5 87 87 95 89 93 97 7.1

7.0 92 7.0

6.9 N 86 86 64 U 96 6.9
6.1 87 93 91 95 6.8
6.7 63 85 85 16 92 87 94 6.7
6.6 84 91 90 93 6.6
6.5 12 84 85 SO 86 89 6.5
6.4 9.3 114 88 92 6.4
6.3
6.2

81 63
B2 ID

69
U

85 87 6.3
91 6.2

6.1 13 82 82 87 114 36 6.1
6.0 71 81 51 81 66 85 90 6.0

5.9 10 85 63 1 89 5.9
5.1 71 60 80 84 5.8
5.1 79 79 114 82 29 5.7
5.6 77 71 79 ID 81 63 87 5.6
5.5 72 71 77 12 SO $2 5.5
5.4 76 77 . 78 81 81 86 5.4
5.3 75 76 76 80 79 85 5.3
52 74 I 75 77 71 80 84 5.2
5.1 75 76 79 77 79 83 5.1
5.0 73 1 74 75 71 5.0

4.9 74 I. 73 74 77 76 71 82 4.9

4.7:..1 71 772 72
73
72 771 7574 77

81 4.8
80. 4.7

4.6 I 71 71 74 73 76 79 4.6
43 70 71 I 70 73 75 71 4.5
4.4 69 70 1 69 70 72 72 74 77 4.4
4.3 54 69 U 69 71 73 76 4.3
4.2 U U : 67 68 69 71 75 4.2
4.1 67 63 67 I 66 67 68 70 72 74 4.1
4.0

I
67 69 71 73 4.0

3.6 66 62 66 65 66 66 U 70 72 3.9
3.6 45 61 15 64 65 67 69 71 3.8
3.7 64 60 64 63 65 64 66 58 ' 70 3.7
Li 63 59 63 62 64 I 63 65 67 69 3.6
3.5 62 62 61 63 62 64 56 67 3.5
3.4 61 51 61 60 62 , 61 63 65 I 66 3.4
3.3 60 57 60 59 , 61 10 fz 64 I 65 3.3
3.2 59 56 59 51 : 59 1 50 42 I 63 3.2
3.1 5i 55 51 57 i i 59 61 I 52 3.1

10 57 54 57 _56 : 55 Si 51 59 fig_,.._,Ii_
29 56 53 54 55 57 55 56 57 9 2.:
7-6 SS 2 55 54 : 56 ; 53 55 55 ; 8 2.5
2.7 54 51 54 53 55 . 52 53 54 7 2.7
2.6 53 50 52 52 54 1 51 52 92 6 2.6
2.5 52 49 51 51 52 50 51 51 5 2.5
2.4 SO 47 50 49 51 49 50 50 3 2.4

23 49 41 19 4 39 4 49 39 1 2.3
22 47 45 47 46 .4, 46 19 z7 .9 2.2
2.1 41 IC 41 IS 4 45 :6 z5 z3 2.1
2.0 45 42 45 43 :5 43 z5 zz z5 4 2.9

1.9 12 40 13 11 - - -; -4 -- ..3
1.1 40 31 11 29 42 3e z; z: z: :.3
1.7 31 37 33 37 41 37 ii.2 ..,
1.6 36 35 27 35 4 36 .-. ::: !.i
13 34 34 31 32 33 35 25 7; 36 c....,

1 1.4 31 33 21 29 37 34 33 3:: :.4
1.3 27
12 i 24

1.0 :8

31
29
:5
:2

7:

:5

-4 ::
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Notes and Commentary

1. Types of transformations
2. Alternate organizations
3. Process vs. Outcome
4. Alias vs. Alibi

1. Intl Si IcaufgamtLios. There are numerous types of
transformations, including types not mentioned in this chapter.
A common way to classify them is by their preservation
properties. In this regard,

(a) ranking preserves order only,
(b) shifting preserves distance between numbers (and

thus many other things based upon distance, such as
standard deviation),

(c) scaling preserves ratios of numbers.

The results of transformations like this are called scale*,
as discussed in Chapter 1, Section 0, even though technically
scaling is the creation of a new measure. Some statisticians
distinguish four kinds of scales. nominal or clasetficatory
scales (e.g., numbers on football Jerseys) that have few
arithmetic. properties, ordinal or ranking scales, interval
scales, and ratio scales.

Emaimatial. mats (e.g., the Richter scale, star
magnitudes, and the decibel scales mentioned in Chapter!,
Section D) convert equal ratios into equal distances. They are
not exemplified in this chapter because the mathematics is beyond
the scope of this book. Ummillged 'Gags convert data into
relative positions on the bell-shaped curve.

Other types of transformations can be more complicatect.- For
instance, the approximation of data by a line of best fit
converts given data into new data in a way that does not preserve
distance or ratio, but the new data can be described by a simple
formula and the sum of the squares of the changes in values ks
minimized.

2. AntlICOAti munixatton. The above .discussion suggests
that we might have organized this chapter around the var*ws
types of transforeations.. This alternative was considered and
not followed because it would have necessitated a discussionn
more depth than the importance of transformations in the present
context warranted, and because many statistics books disclose the
uses and benefits of various transformations of data.

We opted for consistency among the Chapters of Part III.
This required that we fit the examples into the four use classes.
Often a single example fits into many use classes, and even our
final sorting may not sit well with some readers. Far instance,--
a major use of the Consumer Price Index is to equate prices at

112 3.4$A. SAVA IMOD Tale
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different times despite inflation, and thus to provide means
to consistency, whereas we used it to exemplify situational
necessity. The CPI also facilitates comparison of prices in
various eras. Many of the examples straddle use classes in.
similar fashion.

3. ecgcega yast. Mime. Many people have difficulty
distinguishing scales from scaling or transforming. The process
of transforming leads to the outcome called scale. Because the
two ideas are so inherently related, any classification of
transforming suggests classification of scales. (Analogously,
the various processes of estimating give rise to various kinds of
estimates.)

Our discussion of scales as such is found under the uses
of number, in Chapter 1, Section O. Numbers on scales are
locations. This chapter is devoted to answering why one would
want to take numerical information and transform it to. scale.

4. 011in yas. aLikt. Is change of unit (which we
classified under rewriting) a transformation? Is equating for
changes in timev as in dividing by the CPI, only sophisticated
rewriting as with unit of "constant dollars"? The answer is
that either interpretation is possible. When something has been
rewritten (to its 111141) we can always judge the rewriting
process to be transformation. When something has been placed
in a different context (the &1W), as on a different scale, we
can always say that we have the same attribute (a scoro or value)
but are denoting it differently.

A good example of choice in interpretation is the
conversion from Fahrenheit to Celsius temperatures. The
conversion could be considered as transformation with the
formula C (5/9)(F - 32) or as merely rewriting in different
system. To some) extent all maneuvers, including transforming,
displaying, and estimating, are sophisticated forms of rewriting.:
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CHAPTER 14

REASONS FOR DISPLAYING

453

A display of numerical information is a visual presentation of

that information. Displays may take on a variety of forms, including

lists, tables, charts, diagrams, graphs, maps, and prose. Below are

four displays of the results of the 1860 U.S. presidential election:

prose, bar graph, circle graph, and table. Still other displays are

possible with this data. For example, one often sees maps of the

United States showing election results on a state-by-state basis.

In the 1860 presidential election, Abraham Lincoln
received 180 electoral votes, John C. Breckenridge
72 electoral votes, John Bell 39 electoral votes,
and Stephen A. Douglas, 12 electoral votes.

Lincoln

Breckenridge

Bell

Douglas 12

39

72

180
4/Douglas 12

Electoral Votes--1860 Election

Major Parties' Popular UM Electoral Vote for President

(F) Rd.** Domecrat: (R) Reps Maw (DR) Democrat Raub Nam MR) Noise&
(W) WW1: al Paw's: (TR.) booromem (SR) Dom' RON: ma) Liberal Rose Nam Age* ri&

year Preskient siscisd Popular floe. Laming candidate

M i l Georg, Wasrington (F) . . . . Urioxivm IN No app.:Mimi
1 7 12 George W a s t i n g t o n (F) . . . lfretreram 132 No opposition
094 Jolt Adams (F) Unknown 71 Thorns Jefferson (DR)
ts00 Thomas Misr (OR) . . . Unknown 73 Avon Ilurr (DR)
1004 Themes J s t r e r s o n (DR) . . . . Unknown 1112 Chrism OWN*/ (F)
ISOS James Mattson (DR) Unknown 122 Charles Praia*/ (F)

. .

MW ArnimaBucnomn(13).... 1.1W7015 174 JohiC.Frsinont(R)
MS0 AbransmUmioln(M 1.801,352 110 eispOsmk gn

JainC. MI).
Johnesil (caret

MU AbostionUncoin(M 221$017 112. SsomeModsikm
466 UrpmMS.GMM(R) 3.015g71 .2111,411111060f1tOur
on. uirmosSAftmM) 3,07.00-214 Olowsengiey

From The World Almanac, 1980,

Rom Moor
(6)sm

Popular INe.

Unknown IN
Unknown 73
Unknown 14
Unknown 47

- 1,311,555 114
1,375,157 n
&Ivo 72
UMA11 M

1,101.725 21
2.7MAIS W
2.04.0M ....

p. 279
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The person who generates data may have a choice of display.

However, it is more common to encounter information already displayed

than to generate it. It is obvious that there are many ways to display

the same information. In this chapter we analyze the reasons for choosing

particular kinds of displays over others.

The reasons for these choices can be categorized under four

headings, identical to those in Chapters 11 - 13.

A. Constraints (e.g., log-log graphs when data is of many different

orders of magnitude)

B. Clarity (e.g., graphing to illuminate a relationship)

C. Facility (e.g., tabulating to enable easier comparison)

D. Consistency (e.g., placing dissimilar information on the same

types of graphs)
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Displaying Use Class A: Constraints

Unlike rewriting, estimating, or transforming, maneuvers which

are often optional, displaying is necessary for all communications of

numerical information (and other types of information as well) for

which one wants a record. Thus we do not consider in detail the question

"When does one display?" because the answer is "almost always".

However, the choice of display is subject to many constraints.

One set of constraints deals with the graphic and type font capabilities

of the person or machine doing the displaying. A second set of con-

straints is imposed by the numerical information itself, and usually

revolves around space or perceptual limitations. Tables are usually

designed to minimize the space the numbers occupy. Graphs are needed

if there is too much information to tabulate. Special axes are needed

-n graphs if the numerical information involves a wide range of values.

Prose is seldom used when there are many numbers involved because it

takes too much space.
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Examples:

1. Five separate items are graphed in the following chart. What are

these five items and what are their values for the year 1975?

(Source: The Conference Board.)

U.S. Philanthropy

Economic Road Maps

Nos. 1870 1871

Valters Maps Poem fikloobrs

14.0

12.0

1011

14

1.4

12

1.0

.9

.7

January, 1980

MO

30

20

i5

to

7
1958 '55 70 '75 7

Raw some

Individuals

AIL Bequests /ilk

Foundations

Corporations

orbs .ta 119 .17 :1919- "Mi.f: 7S T7 7$
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30.0

20.0

ao
2.8

21
2.4

22 i

2.0

1.2
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Answer: In 1975, approximately 29 billion dollars was contributed

in the United States. Of this total, 1.2 billion dollars

was contributed by corporations, 2.0 billion dollars by

foundations, 2.3 billion dollars by bequests, and about

23.5 billion dollars by individuals.

Comment: The vertical scale is a ratio or logarithmic scale,
utilized to accommodate all of the giving levels on
the same graph. (Graph paper with a ratio scale on
one axis is called semilog graph paper.) Even this scale
does not allow all of the data to fit, so there are dif-
ferent breaks in both the left and right scales to accommodate
the amounts of individual contributions. The complexity of
this chart is rather unusual. Clarity has been sacrificed
because of the constraints of space.

Comment: The small inset chart also utilizes a ratio scale. Such
scales are helpful in prediction, for when something grows
exponentially (as does compound interest), when graphed on
this scale the graph will resemble a straight line. Thus
we see that total contributions and individual contributions
have grown nearly exponentially over the time interval
considered.
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2. Give the lung volume and skeleton weight for a man, a mouse, and

a cat, as shown on these graphs. Source: Knut Schmidt-Nielsen,

How animals work (Cambridge University Press, 1972), p. 89, p. 102.

SLOPE 1.02

MANAT00
SP11/ CON.

0/0POIP0)31
PIG !MAN

GOA1

/000
PACOON

CAT

mowx,Y
mAlitA01 411"

APMADui0

.001 mOuSE

141X0OW

01

GuiNtA PIG
OAT

C 100 1 000
BODY WEIGHT. 14p

1000

-AC

0
10

u,s

0

.001

458

RAT

MOUSE

ELEPHANT

MAN
DOG

CAT
RAB$IT

I I t I I i

0.1 1 10 100 1000 10000
BODY WEIGHT, kg

Answers: A man has a lung volume of about 7 liters, skeleton weight of

about 10 kg; for the mouse, about .001 liters and .001 kg;

for the cat, about .4 liters and .6 kg.

Comment: Lung volume and skeleton weight are both multiples of powers
of body weight. Here, if B = body weight, L = lung volume,
and S = skeleton weight, then L = .0881.02 and S = .07131.1.

The use of logarithmic scales on both axes, as done here,
converts a power relationship into a linear one. It is

quite difficult to read values from the graph when they are
not integer powers of 10, but the purpose- of the graphs is

to show how closely the animals fit the relationship.

Comment: Graph paper with ratio scales on both axes is called log-log
paper, particularly useful in situatioaa like this, where both

variables range widely.
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3. "Red ink" or "in the red" as phrases to describe business losses

have their origin in the fact that in times past business ledger

displays often indicated losses or debits by using red ink. Today

that is not usually so; displays of financial data use signals other

than color to indicate losses or debits. (a) What are some such

signals? (b) Why has the use of color generally been discontinued?

Answer: (a) To indicate a loss of, let's say $150, used are -$150,

($150), or $150 (loss), or the word "loss" is displayed in

a heading. (b) The main reason for discontinuing color

has been that nearly all copying machines produce black

and white copies no matter what is on the original and

that printers on computers rarely have ways of printing

in two colors.

Comment: Copying machines and computers have revolutionized business
and accounting practices in the past few decades, and forced
many customs dealing with presentations of data to be changed.

4. (a) In the table below, what do the numbers in the row beginning 1950

denote? (b) Why aren't the actual numbers used? Source: Information

Please Almanac, 1983, p. 65.

BEST COPY AVAILABLE

Women in the Working
Population

Year'
*Amber .

(theme/yds)

Percent el
female

population
arml 10 and

ever'

Percent ef
Wel

marking
population

an
sod 10 and

1190
1900
1910
1920
1930
1940
1950
19602

1970
1975
1580
1521

4,006
5,315
7,445
8,637

10,752
12,545
11,412
23,272
31,563
44,375
45,646
46,173

17.4
III
21.5
21.4
22.0
25.4
33.9

371
43.4
51.0
51.5
52.2

172
11.3
191
20.4
22.0
74.3
17.3
14.4
223
261
263
27.7

1. For 1110-1930, data relate to copulation anenrinfol
workers at ages 10 and over, for 1940, to ages 14 a over,
for 1950-7I. to pepulaton at ages 16 and emr. 2. beginning
in 1960. figures include Alaska and Hawaii. Spumes: Depart.
ment of Commerce, bureau of the Gems, and Department
of Labor, Bureau of Labor Statistics.

..
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Answer: (a) In 1950, there were 18,412,000 women in the working

population, equal to 33.9% of the female population and 17.3%

of the total working population age 16 or older. (b) To

save space and avoid unnecessary repetition.

Comment: It is very common in tables or graphs to see headings like
the "Number (thousands)" heading used here. Such headings
are seldom found in the corresponding exercises in schoolbooks.

Comment: The prose following the table is necessary in order to under-
stand what the data signify.

5. How :many pieces of information are given in the graph below? (Source:

The Wall Street Journal, July 27, 1981.)

CONSOMME, ARMING./ WEEK ENDED FRIDAY, JULY 24, 1981

P11111114111ComvionarsIndusirlds . 4=40_4
1

1 LOW
I AL) EllMGM! I

1

I I

I
1

;

4

I
.

ON

1000

NO

NO

800

Answer: The graph gives high, low and closing prices for 108 weeks

and the corresponding months. The shape of the graph exhibits

the range for each week and trends over the 2-year period.

So there are at least 300 to 400 pieces of information.

Comment: To put so much information in so little space requires skillful

charting techniques.
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Displaying Use Class B: Clarity

Just as photographs taken from different angles can convey different

aspects of an object or event, various types of displays clarify different

aspects about numerical data.

The well-known aphorism "A picture is worth a thousand words"

applies to the ability of a well-constructed graph to exhibit relationships

among numbers. Prose displays enable emphasis of qualitative aspects of

data. Tables convey a large amount of sorted information ir.L a brief space.

For purposes of clarity, two or more types of displays can be combined,

thus taking advantage of the powers of each type. For instance, many dia-

grams and charts combine aspects of graphs and tables, and books often

elaborate upon graphs with prose.

Examples:

1. Name the two types of displays used in this report and indicate what

information is clarified by each.

UST COPY AVAILABLE

WOMEN'S KEENER

SENSE OF SMELL

= 80

70
Z 1.61

r.e. 50
0_ c_,

cc 0 50

1 2 3 4

TEST NUMBER

5

OUI 7ome of an experiment that tested 22
men ind 24 women on learning 80 odors,
over o period of 10 days. After a trial
run. subjects were told the names of

some of the odors. The ability of both men
and women to come up with the correct
names improved over time. But on the
average, women correctly identified more
items on the initial test and maintained
their advantage in four later trials.

PVC.CILOGY TODer AA, ss, 55

122
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Answer: This report combines a (Cartesian) coordinate graph with

prose. The graph clarifies the improvement of both women

and men over time to distinguish odors. The prose gives

background data that is not so appropriate for graphing

and also interprets two aspects of the graph that the

authors feel are most important.

Comment: Students are often instructed to have axes intersect at
(0, 0). In this case, such a constraint would either
waste space on a much larger display or cause the men's
and women's data to be too close to be clearly read.

Comment: A good simple question for young students is to pick a
point (say the point at the upper right) and ask what it
stands for. Answer: On the 5th test, women were able to
identify 72% of the odors they had previously been in-
structed upon.

2. Examine the four presentations of the data for the 1860 presidential

election as given at the beginning of the chapter. Which display

clarifies best: (a) the ratios of electoral votes for the candidates;

(b) the ratio of the votes for a given candidate with the total

electoral vote; (c) how this election stacked up with other elections

in the same era.

Answers: (a) the bar graph; (b) the circle graph; (c) the table.

Comment: When bar graphs start from 0, as this one does, the lengths
of the bars convey a good feel for the ratios between the
numbers. Circle graphs are best for comparing parts with
a whole. Tables enable so much more information to be fit
into a given space that descriptive information (here the
parties of the candidates and who won or lost) an other
numerical information (here the vote totals) can be included

without reducing clarity.

INUIT COPY AVAILAINA
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3. Here are two graphs dealing with the weather at Guadalupe Mountains

National Park in western Texas. Name one feature of the weather

emphasized in each graph. (Source: The' Backpacker, June-July, 1981.)

Weather Guide
GUADALUPE MOUNTAINS NATIONAL PARK

V M NLAN AWN WMf JW JUl AUO W OCT NOV DEC

MMIMIMMMIMI
P.M MOH RANGE MEI

=ET = 111011.

=MIMIC -q-Z

I
3.5

e.

3 0

e. 2.5

ig 2.0

E., 15
V 10
a

5

00

LOW RANG

MMMMIMMII=MU
- - -- MMEIMMIM
MEM=

1111MMIMM MIMIMMIMM
11...1.111.11..w

1.1.1.111111.F EIMIMMIMMr-qm.

HAZARDS RATTLESNAKES *

32

21

16

10

-1
-7

-12
-11

1 _LIc I * 1* * 4li'ic 1 *1 1TI
The stow ,n(orrnabon was fecet011 In Ma Me ca Ina nocaontans. al an tarvanon
5500 Ns1 Eveci nen~ powwow, ang awn temperatures et tripe fretrons

Same U S Otoonfneni M me Mir*/

Answers: The top graph emphasizes the range of temperatures each

day (about 20°F or 12°C). The bottom graph indicates that

the rainy season in the park is from June to September with

very little rain at other times. (Other answers are possible.)

Comment: Each graph contains at least one confusing notion. At the
top, since the park contains mountains, the word "range"
has a dual meaning. Perhaps the park has two mountain
ranges, one high and one low, with different temperatures
at each. The shading is a clue that this is not meant, but
it is a subtle clue. The confusion in the bottom graph can
be seen by trying to determine the precipitation in June.
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4. (a) What two types of displays sre combined in this report from the

Chicago Tribune, July 26, 1981? (b) What is clarified by this

combination? (c) What possible deception is caused by this combination?

# ,,, ._. ih, . . itepref, App,......-
tO ww

mer-tA.Almou....- ..

,..,
;a ..... , .

-4. '' -.I ...t Vsti

4 ),, . .
Alait6INL7 -6...12,,a1014101111400tariottk ...`.7 I 111:1 t,,,,,

, , '
.. 4'41476.:-.6;.;-'.00. 3 .44;4

Arge-- ..= lrow
- 911111Pik. '

eisaninkaLL 0 .

-eft".14*Ireitt.04 :iLli 46111111141 4!-".. ,..;.--; .){ 4itilf 0

311/4_______.............._ ,,,IWIF. :', : 4./

1 COMMIANOMO
COMM" . -1' .6 6.

r ,..; , ;I: ..
,.

r

111711 Tait aft
allal MIND 411011!..

-
lame

I

,

63 4 le

Answers: (a) A circle graph indicating the product mix is combined

with a bar graph indicating sales for 1970 and 1980.

(b) The combination enables one to see the changing product

mix at the same time as the total sales are described. The

biggest change is in the consumer end.

(c) The bar graph is indicated by a three-dimensional picture.

Though the height of the'cylinder at right is (correctly) about

four times that of the cylinder at left, the volume is about

sixteen times. Thus the viewer is given an impression that

total sales have grown much more than they did. (The visual

impact is somewhere between four and sixteen times greater.)

Comment: One should further temper the 1980 total sales figure by
adjusting for changes in the value of a dollar.
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5. Below is the description of a horse race at Arlington Park, July 18,

1981, as given in the Chicago Sun-Times the next day. Convert the

information for the line starting "Apollo Six-Day" into prose.

Mil 111.4L1 WI* 4 * (158811M 0110.11011
mem MILdwp- MLA* M M , (M. PM. Oamm- 114.$1

/b..= Stl,,,....ra,m LI 9 t V .': . - 'V L Ormer Mb V V Oman
LIM

..:,...1.1 F:,V PM r Illebilmbly

Pa IIP 111,..41- fib-
ns IIM VP

Pm. Gams

rwer=maii.614.
TeMLIIII=LIN 'SS

,

AinnittaiTIVW-°bit
esigkek"I"rairiamik-

7.10 Allook ant . smairlailia

Answer: Apollo Six, ridden by jockey Day, carried a weight of 119

lbs. He started from post position 7 and after 1/4 mile

was 8th by 3 lengths over the 9th place horse. After 1/2 mile

he was 6th by 1 1/2 lengths. In the stretch he was 4th,

where he finished 3/4 of a length ahead of the 5th place

horse. Owned by Fran Gibbons, he would have paid $16.30 for

each dollar bet had he won.

Comment: This question is easy for someone familiar with horse racing
and racing charts, and difficult for others. Clarity depends
upon one's familiarity with the context.

Comment: Imagine how many lines it would take to present by prose all
of the information contained in the table, and how unclear
that might be.
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6. (a) From the following table of Consumer Price Indexes for Selected

Countries, taken from the 1981 Information Please Almanac, p. 134,

graph the total indexes for Japan, the United Kingdom, and the United

States for the indicated years. (b) What does the graph exhibit that

is not as clearly shown by the table?

Consumer Price Indexes for Selected Countries
(11167-100)

Country

Total Wears

Anemia
arimiai

liercm4
dense.
1170-
11711

Imams fee Waded Name, 1171

Feed'
Doh-

MI
.. 414nos.

lwil

Trans-
p...,:tatien1171 1177 1179 1170

Australia 245.1 227.9 171.7 109.1 10.6 227.4 2114.0 277.3 n.a.
Austria 114.4 171.0 157.2 110.6 6.6 173.1 1611 206.7 112.1
Belgium 202.2 193.6 165.6 110.7 71 111.1 n.a. 11.11. MI
Canada 202.5 115.9 1601 112.4 7.6 231.4 191 210.0 111.4
Denmark 247.2 224.7 115.5 119.1 9.6 275.1 Inv Ma. n.a.
Finland 210 0 - 260.3 202.0 114.6 11.1 29.4 n.a. n.a. n.a.
Flinn 233.9 211.5 171.9 117.1 9.0 246.6 21E2 234.5 257.3
Germany, West I$O.i 156.5 144.1 107.0 5.2 150.7 161.9 171.2 167.1
Greece V0.3 240.1 119.0 105.1 12.4 29.4 n.a. n.a. 1111.

Iceland 1,200.03 141.1 481.2 19.7 21.7' n.a. n.a. n.a. 11.11.

Ireland 327.6 304.2 226.1 121.7 13.2 350.1 n.a. n.a n.a.
Italy 219 1 251.5 116.9 109.2 13.0 292.1 311.1 254.0 334.1
Japan 252.1 241.9 204.5 119.3 9.1 I66.2 251.7 29.4 272.1
Luxembourg 19.0 112.4 155.7 109 9 6.9 192.3 n.a. La. r1.11.

Netherlands 212.5 203.1 175.3 115.5 7.9 113.7 231.5 212.0 197.6
New Zealand 214.4 254.0 111.6 116.6 11.1 277.7 n.a. n.a. n.a.
Norway 227.2 210.1 176.5 118.0 1.5 230.0 211.7 n.a. n.a.
Portugal 423,4 3711 247E 122.7 16,7 474.6 n.a, n.a. n,a.

SPaln 3501 213 2 200.3 113.3 15.2 312.7 n.a. n.a. n.a.
Sweden 222.0 201.1 19.3 112.0 1.9 240.2 174.9 236.9 n.a.
Switzerland 190 162.3 157.5 101.1 5.3 153.0 156.7 n.a. n.a.
Turkey 676.1 1111 212.5 120.1 24.1 n.a. n.a. n.a. n.a.
United Kingdom 316.6 292.4 216.5 111.4 13.2 372.7 255.0 296.2 323.1
United States 19.4 111.5 161.2 116.3 6/ 211.4 159.6 202.1 115.5
Yugoslave 449.1 391.0 301.2 125.5 17.3 411.5 n.a. nA. n.a.

1 Restaurant meals. alcohol. and tobacco are included for same countries. excluded for otters. 2. Includes the ter.
and housetuad funushings and agitnitens Saravvex. actual ramerytke and rnitasurarnent methods vary signiticantly ham country
to cum.-, 3 June 1171 4. 11170 Ss June 11711. NOTE: na. nut evalalMe. UMW OMNI Wain Dapantrnent e4 labor.
Wreak, al Labor Statistics.

Answer: (a)
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(b) The graph shows the large difference that seemingly

small differences in average percent yearly inflation can

make when carried over a period of 8 years.

Comment: The table contains so much information that a reader has
to shut out information in order to see trends. By displaying
less information, the trends are more apparent. Notice that
though the U.S. inflation was not low in this era, it waL,
one of the lowest of all developed countries.

11111111` COPT AVAILABLE
128
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7. Circle graph. The two circle graphs are from a report of a study

"The Nation's Families: 1960=1990," sponsored by the Joint Center

for Urban Studies at MIT and Harvard, as reported and displayed in

the Chicago Tribune. Why were circle graphs chosen to display the

given information?

The :American family

1960

Proisdid slam

Pamorigies may not add up b 100per cord dua lo mud%
Mama Jad Caw ler ( sG IIIRadWad'

1990*

- Tritommo Graphic

Answer: Trends in families are most reasonably expressed by percentages

of families with certain characteristics. These percentages

can 'oe clearly displayed in circle graphs.

Comment: The two circle graphs enable easy comparison of 1960 with the
projections for 1990. On the other hand, the five shaded
houses (one for each category in the pie) distracted us and

added no information.
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8. Redo the graph below with a vertical scale that goes from 0 to 30

million dollars.

Answer:

469

Comment: This example is taken from Darrell Huff's famous book, How
to Lie with Statistics, p. 65. Neither graph is wrong or
a lie, but they convey different impressions (as the titles
indicate). The original graph does not start at 0, but that
is not a rule that must be followed. Space does not always
allow a graph to begin at zero and include all data. In fact,
the answer's graph has such a large scale that it could be
considered deceptive because it disguises all trends. Clarity
is a function of what information you wish to emphasize.

Darr COPY AVAILMILEL
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9. Dual-direction bar graphs. The bar graphs given below represent a

relatively new trend in graphs, namely the two- direction bar

graph. What is an advantage of this-type of graph?

4-0

470

Answer: Comparative information (in this case, men and women) can be

displayed side by side. An imbalance to one side can easily

be seen. In this case, as is to be expected, more men than

women work at each age level.

Comment: The Conference Board in July, 1978, stated: "As to labor-

force participation, the latest Bureau of Labor Statistics
projections show a modest further rise during the next decade
in the participation of women aged 45-54 but declining rates
for others in the 45-and-over population." Notice how easily
trends can be seen.

OINIT COPY MALAWI 131 1,111JUIAVA YI100 TOM



471

Displaying Use Class C: Facility

One often chooses one display over another to make a particular data

analysis task easier. An appropriately designed graphical display enables

the viewer to estimate missing data and interpolate or extrapolate from

given information to an extent that the numbers themselves might not suggest.

Prose presentations may include non-numerical information that can help

one to work with data. Tables, because they organize so much information,

facilitate analysis and comparison.

Examples:

1. What three comparisons can be easily made because of the way that the

top part of the following table is organized? (Source: The New York

Times, July 19, 1981.)

Survey of High School Students' Use
, Of Drugs and Alcohol

Now you ow tried
YES NO

Now most of your friends mod

YES NO NOT SURE

MARIJUANA 54 se 74.2 10.6 14.9
COCAINE 15.2 84.8 29.5 45.1 25.3
'UJ{ 19.6 80.4 32.2 43.1 24.7

3.7 96.3 7.3 12.6 29.7
QUALMS 71 92.2 20 61.9 28
HEROIN 0.6 99.4 3.5 67.6 28.6

419Mmuroombsdftrmommiem
tPromycliimozommontyknownsoArtosiCum

NewoflondommdAMO

city SUIMMISS TOTAL
EVERY DAY 3.$ 52 4.1

ONCE A WEEK 17.1 252 - 19.9

OCCASIONALLY 52.9 524 52.9agir- 254 14.2 202

Sam Noe Mow rtrIt now adonssern SOPPOWany!

Answer: One can compare those who have used a particular drug with

those who have not, one can compare the drugs against each

other, and one can compare the actual use with the perceived

use.

UST COPY AVAttAIME' 132
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Comment: All of the numbers in this table are percents. Judging from
the number of decimal places in them, it seems that the
authors dropped zeros even though they would signify greater
accuracy. It is probable that the percent that had used
marijuana was 54.0.

2. From the table below, calculate the total cost to the buyer of

(a) 4 A78-13 tires and (b) 2 L78-15 tires. (Source: Chicago Sun-Times,

July 19, 1981.)
Milenernalcer IL

Sale 4-for $144
neg. 542 +1.115 11.11..T. Size /171-13. Our finest'
four plytire has a polyester cord botly.V/hitiowalls.

fAt------1....-rL----N/---"--
08-13 .00 148

0712-12 4040 42.00 1A1

275-14 84.00 4840 2.04

P75-14 8040 47.00 2.14

078-14 8840 4040 2.28

075.15 88.00 8000 240
1475-15 4240 1340 247

17040 8440 8400 244

Answers: (a) $144 + 4($1.58) = $150.32; (b) 2(54.00 + 2.84) = 113.68.

Comment: The headline is misleading, as the sale price does not include

Federal Excise Tax. However, separating tax from price in

the table makes it easier to calculate the pre-tax savings.

(No one is allowed to discount the F.E.T.)
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(b) Drawing a line through the 1790 and 1860 populations,

one arrives at an estimate of 250 million for the 1930

population. (c) and (d) An estimate similarly done for 2010

yields 350 million.

Comment: Drawing a line through the 1860 and 1790 populations and
using that to predict the 1930 population is equivalent
to solving the proportion

1860 population 1930 population
1790 population 1860 population

4 x
That is, in millions

31.4

31.4

This method yields 252 million for the 1930 estimate and
may be what Lincoln did. (It only works because the number
of years between 1790 and 1860 equals the number of years
bf,tween 1860 and 1930.)

Comment: Small changes in theTait 0410 mitre changes
in the population. what a large
change in the size of the family can do. The two-child
family data comes close to the answer predicted in part (d)
of this example.

OUT COPY AVAIL/WU

Anticipated Population
Growth in the United States:

Two-Child Family Compered with
Three-Child Family

United States population (in millions)
1000

800
800
700
600 Three-child family/

SOO

400
300
200 Two-child family
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0
1810 1130 1170 2010 2050
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4. Use the table below to answer each question regarding the seven countries

during 197880. (a) Which countries had the greatest and least infla-

tion during this time? (b) Which had the highest and lowest unemployment?

(c) Does there seem to be a relationship between inflation and unemploy-

ment? (d) What was the total balance'of payments for the U.S. in these

three years? (e) What trend occurred in British oil imports? (Source:

New York Times, July 5, 1981.)

Statistical sketchbook of the big 7

Annual
Inflation
rates
(in percent)

Annual
unemployment
rates
(in percent)

Growth of real 04",
Gross National 1F8A
Product b$019
(Percent change
from previous
year)

Balance of
payments
On ki!liQns of
dollar:, seasonally
adjustol)

Oil
Imports
(in millions
of tons)

497

498-4"1l r-41'Z=4

preliminary excess domestic production Enures*: O.E.C.D.; International Energy Agency; French Ministry of Energy
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Answers: (a) Italy, West Germany. (b) Canada, Japan. (c) The

countries with higher inflation rates tended to have higher

unemployment. (d) -8.00 billion dollars, i.e., 8 billion

more paid out than taken in. (e) Britain became self-

sufficient on oil (due to North Sea drillings).

Comment: Tables make it easy to find, compare, and operate on data,
and to spot trends. Many other questions could be posed
and easily answered from the information in this table.
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Displaying Use Class D: Consistency

To make sense of numerical data and to search for trends and

relationships, the experienced data analyst may rewrite values, make

estimates, transform data, or display the data in quite a variety of

ways. That is, in exploration of numerical data one often uses all the

maneuvers covered in Chapters 11 - 14 of this book, and in particular one

might display the same data in different ways. But in communicating

results, it is often useful to choose a single -ind of display and stick

to it throughout a report or in different reports at different times.

For example, displays on sports pages or financial pages of newspapers

are remarkably consistent from day to day and even from year to year.

Such consistency enables a reader to become familiar with abbreviations

or codes or standard format used in the displays. The reader can also,

when appropriate, more easily make comparisons from one display to

the next.

That is, while variety of display is useful in understanding and using

numerical information, consistent displays tend to enhance communication

of data. Consistency breeds clarity.

3.113.1.11AVA Y4103 T830
138
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Examples:

1. Here are four graphs from an investment newsletter giving information

about different commodities. What are the common features of these

displays?
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Answer: For each graph, the vertical axis indicates the range of

prices within which the particular commodity has been

traded over the previous 36 weeks. The bar for each day

shows the range from minimum to maxizum trade price for

.139
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that day, with a tick mark showing the price at the close

of trading. The series of bars shows price trends over

the period from September 15, 1980 to about May 20, 1981.

Comment: To interpret the graphs, the reader must be familiar with
the field. For example, 5200 on the vertical scale for
live hogs means $52.00 was the price per hundred pounds
traded.
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2. Here are standings, as given daily in many newspapers, for football,

basketball, and hockey. (a) What feature do these standings have

in common? (b) In each of the three standings, there are one or

more columns which contains information that could have been calculated

by a reader from information in the other columns. Find these columns.

(c) Why would standings contain so much redundant information?

(Source: Chicago Tribune,

N. F. L.
Standings

AIMIRICAM COMPOIMINCI
11142024 MOB

W L T M. PrPOW
241.- NI 4 .714 306 M3

nnv &giro. s as
114112rure .- 7 7 al 313
Miami .... 1137

414 la3 1
11/41121114

Owelang 0471 4
11

.711
16162en -- I APN= NI

JP
Mem IOU.

MOW I .41 3151
Warm -.... I MI 311
Ourrar . 7 7ram 7 I g m
Saab ...--- 4 111 3W se

NATIONAL 001111111WW131MOBVela - own II PI 405 3111
PWIWW7-1 -4 11 $ 0 JO a. 1114
St Lois --..I I Ill a
GINO 4 16
722212002 - 4 111 E E
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of wins (W) and losses (L), and

rank the teams in order within divisions. (b) The Pct.

column in football, the Pct. and games behind (GB) columns

in basketball, and the Pts. column in hockey are redundant.

(c) Except for the GB column, these redundant columns

contain the information used to rank the teams. Thus they

are, in their own way, more important than the raw data.
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Comment: In football, Pct. =
W + .5T

. In basketball,no. of games played

Pct. =
W

. In hockey, Pts. = 2W + T.no. of games played

In all sports,

GB = [(W-L for 1st place team) - (W-L for given team)] 2.

(This formula involves a nice application of negative numbers.)

Comment: In the basketball standings, there is an error in the GB
column for Cleveland and in the Pct. column for Chicago.

3. Here is a fragment from a display of results for trading on the New York

Stock Exchange. This display packs in a great amount of information in

a consistentmannerknown to stock watchers. (a) What does each column

stand for? (b) Is any of the information redundant (as in the sports

standings of the previous example)?
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Answers: (a) We interpret the columns for the stock Rep Air (Republic

Airlines). In the last 52 weeks before this day, the stock

sold for as high as 11 5/8 dollars per share and as low as

5 1/4 dollars per share. It pays a $.10 yearly dividend,

(the yield), which is 1.1% (the Pct.) of its present price.

The ratio of the stock price to the past year's company

earnings (P-E ratio) is not given (probably because the earnings

were negative; i.e., there was a loss). 57,500 shares of stock

YolOt) 11830
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were traded this day, selling for between 8 1/2 and 8 7/8

dollars per share. The last trade was at 8 3/4 dollars a

share, which was 1/8 dollar higher than the last trade on

the previous day. (b) The column with the 1.1 (which is

actually Pct., but the label is too far left) is redundant.

Comment: 11 5/8 dollars . $11.625. Odd pennies, when they occur,

are rounded.

4. Below is the standard display for showing the cards held by the four

players at the beginning of a bridge hand. Who holds the 3 of clubs?

(Source: Chicago Tribune.)
MAMA, vishouWAL East
clash.lions

A72
01103 -

0(1178
4185

WEST EAST
J8 411054

0 A 0,11141

0 KM 0443
AJ1117$4 K83

SOUTK
. KU3
m(1117852
0 Ale
2

The bidding:
East South West North

pass Pass 1 Peas

1 20 3 30
pass 4 0 Pao pass
Pass
Opanair lamb Jack of 4.

Answer: East. The 3-club sign in the bidding stands for something

entirely different.

Comment: The number of codes in this display makes it hard for someone

who has not played bridge to understand what is meant.

Almost every field or hobby has displays that are easily

understood by those in the know and difficult for others.

This display is consistent with the seating at a standard

bridge table.
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Summary

A display of numerical information is a visual presentation of that

information. Displays include lists, tables, charts, diagrams, graphs, maps,

and prose. The major reasons for selecting one kind of display over another

are constraints, or a desire for clarity, facility, or consistency.

A wide range of numbers may constrain one to pick one sort of display

over another. Other constraints are the graphics and script capabilities

of available hardware. Regarding clarity, a well-constructed display can

illuminate relationships in data. Prose and diagrams enable qualitative

aspects to be emphasized. Tables and graphs allow a large amount of infor-

mation to be conveyed without confusion. Combining different kinds of

displays can achieve all of these purposes at one time. Displays may

facilitate extrapolation, detailed analyses and comparisons with given

information, and signal what information is worth using. Communication

is enhanced by consistency in display format.

These uses result in a vast assortment of kinds of displays. The

displays exhibited in this chapter constitute only a sample of the

possibilities.
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Pedagogical Remarks

Since numerical information found in books and periodical literature

is displayed in some format, there is never a problem finding displays.

In fact, a large newspaper or magazines like Time or Newsweek may have

more graphs, charts, and tables than a textbook that discusses the topic.

Our problem in writing this chapter was to select from the myriads of

types of displays, not to find them.

Basic skills. The first skill in work with displays is reading.

Wallis and Roberts, in The Nature of Statistics (a very fine book, and

quite easy to read), remind us that

"Ordinary reading ability is no more effective in
reading a table than an ordinary can opener in
opening a can of sardines, and if you go at it
with a hammer and chisel you are likely to mutilate
the contents." (p. 195)

That is, reading tables (and the same goes for graphs and charts) requires

careful attention and different skills than ordinary reading.

To read a display, it helps to know the components of the particular

type of display being read. A graph has two axes upon which are scales.

A bar graph has only one scale. A table has headings. Any display may

have descriptive information in prose.

The second skill in work with displays is interpretation. What value

is largest? Which smallest? Are there any patterns in the data? What is

the purpose of the display? Is anything is the display misleading? Is

anything surprising? With real data, there are an unlimited number of such

questions. The idea in teaching students to interpret displays is to

increase their sensitivity to the various aspects of displays: large

sectors or small sectors in circle graphs; bars of about the same length
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in bar graphs; high points or low points in coordinate graphs; subjective

information in prose; trends in tables.

A third skill is the construction of displays and the conversion

from one kind of display to another. Such work takes time even for adults,

and the teacher should be patient with the student who may take 40 minutes

to construct what seems to be a simple graph or chart.

At what grade level are students ready to deal with graphs, charts,

and tables? The beliefs of teachers are surprisingly varied. We have

seen second grade classrooms in which children are producing graphs and

we have seen eighth grade classrooms in which teachers feel that reading

graphs is beyond their students. We prefer to be optimistic.

Clarity. Students tend not to realize the importance of carefully

constructed scales. This must be emphasized. A display takes a long time

to construct and that time is rather wasted if the information on the

display cannot be easily understood.

If students are constructing their own charts, tables, or graphs,

you may wish to allow a great deal of flexibility so that students can

decide for themselves what is clear and what isn't. Clarity is often a

matter of taste.

Facility. Pick a display out of the newspaper that is particularly

rich in data and ask about all of the things that can be determined from

the display. For example, a display of prices may give original and sales

prices but nct.: the percentage of discount or the amount saved. Milk the

display for all that can be gotten from it.

Consistency. Have students bring in displays from hobbies or

specialized pursuits. These almost always have special languages (as

in the bridge example or the stock market prices). Help the students to
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explain these special languages to each other. The more varied an

assortment of displays a student sees, the less fearful the student will

be when a novel kind of display presents itself.

A good display to work with at the beginning of the school year is

one of high and low temperatures in your area. Affix each day's temperature.

In the northern part of the country, this display will then extend naturally

into a discussion of negative numbers (which come earlier for Celsius than

for Fahrenheit temperatures). We know of cases where this has been success-

ful with first graders.

Constraints. We do not recommend working on ratio scales at the

elementary level. There are more important things to do. But headings

like "in thousands" at the top of a column of numbers in order to save

space are often used and can be fit in with lessons on computation with

powers of 10.
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Questions

1. Examine the table. (a) About how many pieces of numerical information

are in it? (b) In what countries does a 60-year-old male have the

lowest average future lifetime? (c) Why might this data not be

accurate today? (Source: Information Please Almanac 1981, p. 130.)

Expectation of tile by Age,and Sex for Selected.Countries .'"4

Country Period

AVOralift mure Minima ki years at Mated age

Males Fe: males

0 1 10 20 40 0 0 I Id 20 40 60

NORTH AMERICA

ate
United States 1975 61.7 68.9 8.3 50.1 32.6 16.8 7t5 7E6 67.9 51.1 39.0 211
Canada 1970-72 0.3 69.1 61.2 51.7 33.2 17.0 76.4 76.6 VI 51.2 39.0 21.4
Mexico 1975 62.1 61.0 59.2 493 32.7 17.9 66.6 603 62.6 53.1 35.3 19.1
Puerto Rico 1976 70.2 70.1 62.1 52.3 31.1 19.0 77.1 77.S 68.7 5E9 39.7 22.0
Trinidad and Tobago 1970 64.1 651 57.3 47.8 21.5 13.6 66.1 69.3 60.9 51.3 32.1 t6.3 .

CENTRAL AND SOUTH AMERICA
Brazil 1960-70 571 56.2 47.0 30.0 15.0 61.1 - 583 497 32.5 16.6
Chile 1969-70 8.5 64.9 5E7 17.3 291 15.5 66.0 70.0 62.2 52.7 34.5 11.0
Colombia 1950-52 44.2 E0.4 41.2 39.6 24.8 11.1 45.9 51.1 49.4 103 26.6 12.8
Costa Rica 1972-74 66.3 691 6L3 51.8 33.8 17.4 70.5 72.7 643 55.2 363 192
Ecuador 1%2-74 54.9 60.5 55.5 47.1 31.3 16.2 58.1 61.8 58.0 493 33.0 17.3
Gus Lew!: 1963-65 41.3 52.5 51.3 43.2 211 14.8 49.7 53.4 52.1 114 29.2 14.7
Panama 1970 64.3 66.4 593 50.8 33.4 17.0 67.5 694 62.7 53.6 36.1 19.9 .
Uruguay 1%3-64 65.5 61.0 59.5 50.0 31.7 15.9 711 73.7 65.2 55.5 36.7 195
Venezuela, 1%1 66.4 61.8 61.8 52.4 341 18.9 - - - - - --

EUROPE
Austria 1976 61.1 - 593 50.4 32.0 15.7 75.1 - 66.6 .56.8 37.6 19.7
Belgium 1961 -72 67.8 6E4 59.9. 50.3 311 15.2 74.2 74.5 8.9 56.1 36.9 19.2
Cyprus 1973 70.0 70.7 62.1 52.3 33.5 16.5 72.9 74.2 65.7 551 36.4 11.5.
Czechoslovakia 1970 6E2 67.0 58.4 49.9 30.6 14.6 72.9 726 143 55.2 35.9 18.3
Denmark' . 1975-76 71.1 703 62.3 52.6 33.7 17.1 76.8 76.5 67.7 57.9 31.5 21.1
Finland 1975 67.4 67.1 51.5 483 30.6 15.0 753 75.6 66.8 57.0 37.7 19.7
France 1176 6L2 69.2 60.5 51.0 32.5 16.7 77.2 77.0 61.3 516 393 21.5

. East!
Germany, West'

1976
1975-77

$.S
U.

8.0 60.4
69.0 60.4

50.8
50.9

32.2
323

153 74.4
15.8 75.2

74.3 0.6
75.4 66.7

553
56.9

M4
37.7

18.8
19.9

1970 70.1 72.2 63.8 54.1 35.1 17.5 73.6 7L3 663 57.1 37.8 113
1974 66.5 1.2 595 49.9 31.5 15.5 72.4 73.7 65.1 55.3 36.1 18.7

1970-72 UI 69.2 O. 51.0 32.1 15.6 75.Z 73.1 15.1 55.3 40.8 18.7
1970-72 69.0 70.1 61.6 52.0 33.2 16.7 743 75.1 67.1 57.3 311 20.2

Netherlands 1977 72.0 711 63.2 53.5 34.4 17.4 78.4 71.1 0.4 59.6 40.2 22.1
Norway 1976-77 72.1 71.9 63.2 531 34.7 17.7 78.4 78.1 69.4 59.5 40.0 21.1
Poland 1170-72 66.1 U.0 59.4 01 316 15.5 718 741 610 56.2 37.0 19.3
Portugal 1974 65.3 67.2 59.0 49.6 31.5 15.4 72.0 73.5 65.3 55.6 363 11.7
Spain 1970 69.7 - 62.0 52.4 33.7 17.0 75.0 - 663 57.1 31.0 20.1
Sweden 1972-76 72.1 713 63.1 53.5 34.7 171 77.1 77.1 U. 518 39.5 21.4
Switzerland 1968-73 70.3 70.5 62.0 52.4 331 16.7 712 76.2 67.6 571 38.4 20.4
U.S.S.R. 1971-72 64.0 - - - - - 74.0
United Kingdom

England and Wales 1974-76 69.6 75.8
Northern Ireland 1975-77 673 6)..9. 59.3 49.7 3L2 141 73.8 74.2 655 55.7 MA 19.0
Scotland 1971-73 67.2 671 512 411 31.3 15.0 731 74.1 0.4 55.1 363 18.9

Yugoslavia 1970-72 65.4 61.0 59.7 50.1 31.1 15.7 70.2 721 641 543 35.8 11.2
ASIA

Bangladesh 1974 45.8 S..5 50.5 42.5 211 14.4 46.6 53.5 50.3 422 27.7 14.1
India 1951-60 413 41.4 45.2 36.9 22.1 111 40.6 46.0 43.1 35.6 22.4 .123
Iran 1973-76 571 63.5 59.1 49.7 31.4 16.1 57.4 64.0 60.9 514 33.7 17.9
Israel 1977 71.3 713 8.0 533 34.6 17.6 74.7 743 663 56.5 37.1 192
Japan' 1974 71.2 71.0 62.5 52.8 33.0 17.0 763 76.0 67.4 57.5 38.3 20.3
Korea. South 1970 63.0 KO 58.0 490 31.0 16.0 67.0 , 690 61.0 52.0 34.0 17.0
Pakistan 1%2 533 601 51.0 47.8 301 15.6 411 533 51.7 423 273 15.5
Sri Lanka 1%7 64.8 67.4 60.5 51.2 33.2 17.0 66.9 61.9 62.4 53.0 35.0 17.6
Syria 1970 54.5 60.7 56.4 47.4 30.5 15.2 58.7 64.1 59.5 50.5 33.3 17.3

AFRICA
Egypt 1960 511 56.2 56.6 47.7 30.5 15.1 531 59.9 62.0 523 35.0 18.0
Kenya 1969 463 52.6 51.0 43.0 21.3 14.5 51.2 56.6 54.1 45.7 30.3 15.7
South Africa

(white population) 195941 64.7 65.9 57.5 410 30.2 15.0 71.7 72.5 64.1 54.4 353 181
OCEANIA

Aust9lia' 1%547 67.6 68.1 515 50.0 31.4 151 71.2 74.4 65.1 56.0 36.9 193
New Zealand 1970-72 61.5 74.6

I. Fvtures $s male and tamale I.letlrr. 2tE data for Fawn Islands and Greenland. 3. indudis teievant data muting("Junky
to term. No sadarata data nave been suppled. 4. Jaspanna nationals In Excludos 4114mmints. Seurat
United Woos Daregraphic realm* 1,78.
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2. (a) According to the ad, what were the sales of the New England Rare

Coin Galleries in 1980 and what were the sales of their nearest

competitor? (b) What feature of the display is rather deceptive?

3. Graph the data for the three sub-categories for 1940 through 1979

on the same graph. Estimate from your graph what the indexes will

be in 1985.
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5. Reorder the data below by year. What information does the reordering

make more evident? (Source: Irving Wallace et.al.,The Book of Lists #2,

p. 199.) THE 25 ALL.TIME
BOX-OFFICE CHAMPION FUNS

(Adjusted for Inflation)

Usually when the top money-making films are tabulated, the
ravages of inflation over the years are ignored. For example, on a
strict dollar basis, Star Wars (1977) has already reaped $100 million
more than Gone With the Wind (1939). But this doesn't take into
account the fact that the 1939 dollar was worth nearly five times as
much as the 1977 dollar, and the average price of a theater ticket in
1977 was S2.23 as compared to 23¢ 38 years earlier. Here, then, is
a ranking of the top box-office champs, compiled by Charles Schreger,
incorporating the inflation factor.

U.S.-Canada
Rentals in

Millions of Dollars
1. Gone With the Wind (1939) 382.7
2. Star Wars (1977) 187.8
3. The Sound of Music (1965) 173 8
4. Jaws (1975) 156.4
5. The Godfather (1972) 143.2
6. Snow White (1937) 128.9
7. The Exorcist (1973) 128.2
8. The Sting (1973) 123.1
9. The Ten Commandments (1956) 109.7

10. Doctor Zhivago (1965) 102.4
11. The Graduate (1968) 97.7
12. Mary Poppins (1964) 91.4
13. Love Story (1970) 89.0
14. Grease (1978) 88.1
15. Close Encounters of the Third Kind (1977) 87.8
16. Ben-Hur (1959) 87.2
17. American Graffiti (1973) 87.2
18. Butch Cassidy and the Sundance Kid (1969) 87.0
19. Saturday Night Fever (1977) 81.5
20. Airport (1970) 80.6
21. One Flew Over the Cuckoo's Nest (1975) 76.1
22. The Poseidon Adventure (1972, 69.7
23. Rocky (1976) 65.9
24. MASH (1970) 65.4
25. Smokey and the Bandit (1977) 65.3

6. From any source you can find, locate a graph constructed with a ratio

scale and indicate why it seems that a ratio scale was used.
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7. For which sexes and which age groups was there most difference in

unemployment between Britain and the U.S. in April, 1981?

(Source: The New York Times, July 19, 1981.)
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8. (a) Transform the data given in the table to the circle graph.

(b) What does the circle graph clarify?

Annual Budget for 4-Person Family (1979) Where the Money Goes

Food $5000

Housing 4600 90...,5 2___S,?,

E5
15

Transportation 1800 E 0 1
T

20

76 I:

. i 23

Medical 1200 i

7crt
"-Jo

/ 35t5......r,
Taxes* 4200 ° 5b 50 '5

Other 3000

Total $19,800

*Including social security

9. In designing calendars, the situational constraint is that one must

take numbers from 1 to 31 (or 30 or 29 or 28), arrange them among

days of the week, and come up with a consistent design for all the

months of a given year or years. Locate at least one unusual calendar

design and indicate its advantages or disadvantages compared to the

typical rectangular one-month array.

10. Baseball standings typically include numbers of wins and losses, the

percentages of games won, and games behind for all teams but the leaders.

(a) Which of this information is redundant? (b) Why is redundant

information included?

11. Find an interesting display different in some way from any mentioned

in this chapter. Indicate what it is that makes the display so

interesting to you.
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Notes and Commentary

1. Non-arithmetic displays
2. Related work
3. Other possible classifications of uses of displays

1. Npn:srithsstig pisplsys. There are at least four common
kinds of displays that were purposely left out of the discussion
in this chapter: flow charts, displays of functions, displays
which seemed to us to be geometric than arithmetic, and displays
in which a standard format is highly embellished by graphics tied
to the situational context. Here are examples of all of these
kinds but flow charts.

Displays of functions

(Source: F. Stine. Handbook of Model Rocketry, G. Follett, 1967,

p. 56.)

ma.

IDC1. CORE. DvIR411

CCitt itve...:;

5LIG,:"'LY COILED CND111VOLNICA

Dta.t. END- AVINC

DURATION-0

Figure 3-7: Thrust-time curves of various types of model-
rocket engines.
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gINSEIELQ 0.1212X1 (Source: 01.0192 ICLIWO21 March 15, 1981)

National Forecast

Snow showers are likely to tall across the Ohio Valley, the lake region, the Northern
Plains States and the upper Mississippi Valley. Freezing rain will probably fall in
Northern New England and the Pacific Northwest. Temperatures will be warmer
across the Northern and Central Rockies and skies will be clear elsewhere.
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(Source' UAL Wm sod WIWI
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Our rationale for restricting the kinds of displays was two-
folds space considerations and a desire to restrict discussion
to those displays that were clearly tied to numerical information.

2. BLUM wgrh. A fine reference on the various types of
displays is Qc itahisa Onax ail, by Philip Stein. Recently, due
primarily to the work of Tukey (1977), "exploratory data
analysis" has become a sopisticated look into the techniques of
display and tranformation of numerical information. Such
analysis includes a large number of interesting ways of
displaying numerical information for the purposes of clarity and
teasing out relationships. Among these, stem and leaf displays
seem most likely to appear in future schoolwork (see Tukey,. pp.
8 -16).

William Kruskal (1982) has written a superb discussion of
criteria for judging displays.

We know of no work that has attempted classification of
displays such as we have given in this chapter.

3 WANE agaliAL2 skaisificatiens 21 mum id disaLays As
with the other chapters in this part, a natural alternate
classification can be achieved by first deciding upon what types
of displays are to be considered, and then examining the specific
reasons each type of display is used. For _instance, tabular
displays are used because they enable a great deal of information
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to be put into a small space and because they can be typed on a
typewriter.

The result of doing this kind of classification would be a
more detailed rendering of the concepts of clarity, facility,
consistency, and situational constraints than is given here, and
would be a welcome contribution. Because of our decision to be
consistent within the chapters of this part, we did not undertake
such a task.
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Summary of Part III

Each of the maneuvers has the same use classes. The use classes interact with the maneuvers in varying

ways, as depicted in this table.

Maneuver/
Use Class Constraints Clarity Facility Consistency

Rewriting to fit hardware
to fit algorithms

Estimating required by measurements,
variability, lack of
knowledge, prohibitive
cost of obtaining exact
value, safety margins

Transforming to fit space
constraints

to compress data or fit
mathematical constraints

Displaying to fit hardware

to compress data or fit
mathematical constraints

for ease of
understanding

for ease of
understanding

for ease of
interpretation

to emphasize or
illuminate
relationships

Cti-rf MAILAIBLE

for ease of
computation or
comparison

for ease of
computation or
comparison

for ease of
computation

for ease of
extrapolation
or comparison

to simplify

to conform to stylistic
requirements

to conform to customary
precision, digits, or
stylistic requirements

to equate data from
dissimilar contexts

to facilitate
communication
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Postscript

It was 1979, after each of us had written separately on various

aspects of applications, when we decided to write together on the

applications of arithmetic. We envisioned a monograph of 100-125 pages,

structuring and detailing the uses of numbers and operations. That we

would wind up with a manuscript four to five times as long was far from

our minds.

The size of the manuscript grew due to a variety of reasons.

First was the decision to include in our schema objects other than

single numbers. That led to a sizeable Part I. Second was the concep-

tualization of what we later called maneuvers, giving rise to Part III.

Third was the view of our Advisory Boards that, for a book of this kind,

examples are as important as generalizations, leading us to include a

variety of examples (rather than just two or three) in most sections.

Fourth was our own view that the thinking that went into our decisions

regarding categorization is as important as our final product, resulting

in a collection of notes and commentary.

With the manuscript growing like Topsy, the maintenance of the

visibility of the important ideas became a difficult task. We decided

on comments after each example, pedagogical comments after each chapter,

and further notes and commentary after each chapter so that we could

separate out the various kinds of statements we wished to make.

Along the way we wrote essays, sometimes to each other, sometimes

for a wider audience, on those ideas that we felt were particularly
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important and not well-enough treated elsewhere. These essays in

briefer form were subsumed into the book. For example:

Differing views ofratio (note 4, Chapter 2)

Classification of uses of operations (notes 2-4, Chapter 5)

Other kinds of meaning than use meanings (note 5, Chapter 5)

Unit arithmetic and dimensional analysis (note 6, Chapter 7)

Repeated addition as not a use of multiplication (Pedagogical
Comments, Chapter 7)

Conceptual confusion regarding fractions and ratios (notes 8-11,
Chapter 9)

Uses of operations as a postulate set (note 1, Chapter 10)

Necessity to estimate (Section A, Chapter 12)

Semantics dealing with estimation (notes 1 and 3, Chapter 12)

Despite all of these added features, and despite occasional

bickering and even arguments between us regar-'1-g many aspects of

this book, the beliefs that motivated the writing from the beginning

are still with us four years later.

1. The reason many people have trouble applying arithmetic

is that they have not been taught the application concepts

(use meanings) that such applications involve. Because

they have not been taught the concepts, they must proceed

by feel, and many choose not to proceed at all.

2. There are basic uses for number objects, operations, and

maneuvers of arithmetic. These uses are appropriate first

ideas in learning how to apply arithmetic.

3. The calculator has already had a profound effect on the ways

adults do arithmetic. It should have a similar effect upon

the ways children learn arithmetic Specifically, much of

USAJIAVA retx4 'Tao
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the time now spent doing arithmetic should be replaced by

time spent learning when and why that arithmetic is

appropriate.

We are disappointed that the calculator remains a forbidden tool

in many if not most elementary school classrooms. To is this is akin

to forcing children to use a chisel on stone.after paper and pencil

have been invented. Yet we fear that, when calculators do attain their

rightful presence in these classrooms, there will be a tendency to avoid

all arithmetic, because teachers will not think there is anything to

teach once the skills are taken care of.

We are worried that some people have interpreted our attention to

applications of arithmetic as signifying a view that children do not

need to learn the mathematical properties underlying number systems,

operations, and maneuvers. Let it be clear: the interplay between

application and abstraction, and between concrete example and formal

generalization, helps the learning of both use and theory. This book is

designed to complement corresponding volumes dealing with what is basic

to understanding the mathematical properties underlying arithmetic. It

does not and should not replace such volumes.

We have been pleased and gratified by the interest shown by colleagues

in schools and universities in this work, and by the impact that earlier

drafts and conceptualizations have already had on curriculum guides,

textbooks, and research.

34SAJIAVA 1,403 IOU

Zalman Usiskin and Max Bell
June, 1983
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Clarity, reason for
Displaying 454, 461, 483,
Estimating 399, 410, 413
Rewriting 363, 378, 381
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Combine 173, 198
Combined operations 323
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Computers 126-29, 134-35, 315, 359, 361
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Algorithm 359, 380
Displaying 454, 455, 483, 486
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Hardware 359, 380, 455
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Division comparison, see Ratio
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Log scaling 425, 436, 456, 458, 473
LOGO 132
Logarithms 318-21, 425, 436
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508

M
MACSYMA 139
Maneuvers xii. 354-56, 385, 386
Meanings for operations 170-71
Meanings of relationships 350
Measure 9, 38, 42, 46, 53, 61
Measure unit 9, 42, 46
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Mercalli 18
Meter 10
Metric system 10, 42-43, 302, 309, 366, 370 -71, 373, 401
Missing addend 199
Missing subtrahend 181, 186, 198
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Notation use of powering 301, 308, 315, 320, 363, 365, 380
N-tuple 58, 72-73, 78-9
Number 3, 5, 45-46, 51
Number collections 83
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Odds 67
One 8
Operations 45, 144-48, 170
Order of magnitude 305-06, 372
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Ordered triple 58
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Outcome 107

P
Pair 8
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Parameter 138
Part-part-whole 173, 190,
Partition division 275-76
Partitive division 275
Percent 26, 117, 207, 271,
Percentiles 425, 432, 435,
Permutation 219, 307
Personal unit 11
Polynomial 292
Power, in powering 285
Power, in size change 206
Power, of microscopes 28

200

280,
443

357

Powering 146, 285
Powering notation, see Notation
Precision 420
Probability 28, 153, 181, 184, 213, 248, 263, 307
Properties of operations 120, 132
Proportion 328
Putting together 150, 164, 165, 172
Pythagorean theorem 27, 135, 338

Quantity 6, 9, 240-44
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Quotitive division 275

R
Range 107
Rank 44
Ranking 425, 443, 451
Rate, division 251, 269, 275, 278, 282, 343
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Ratio 25, 66, 74, 79-82, 246-47, 280
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3.0.1A-11AVA Yq4;i4 Teait

171

509



510

Ratio division 246, 281
Ratio, extended 66
Reciprocal 243
Recovering addend 189, 191
Recovering exponent 318
Recovering factor 264, 267, 272
Recovering subtrahend 200
Related facts 148, 161, 189, 267, 283, 318
Renaming 357
Repeated addition 227, 231, 236
Repeated multiplication 316-17
Repeated subtraction 278
Repetition 148
Reverse rounding 423
Rewriting 357, 452, 496
Richter scale 19, 44
Roots 286, 290
Rough units 11

Rounding 392, 398-99, 403-04, 406-08, 411, 423
Rule of 72 36-37
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Smpling 422
Scalars 18, 204, 241, 243
Scale 16-18, 43, 67, 206-07, 249, 451-52
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Scaling 425, 428, 443-44, 451
Scientific notation 301, 357, 380, 409
Separating 197
Set 83-84, 104, 105
Shift 156, 164-65, 173
Shifting 425, 434, 451
Shortcut counting 175
Significant figures 422
Similar figures 207, 311
Similarity 207
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Size change 227-28, 239, 267, 270
Size change divisor 260, 267, 270
Size change factor 204, 239, 296
Slope 327
Solution set 84, 95, 101
Standard deviation 17
Standardizing 425, 435, 440, 447-50, 445
Star magnitude 23
Storage locations 124, 132
Subscript 117
Subtraction 146, 161, 177, 283
Subtraction comparison 175, 182, 191, 343
Subtraction shift 162, 187, 191
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Take-away 162, 178, 185, 191
Time 40
Tolerance 91
Transformation 425
Transforming 425, 442, 496
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Umbral variable 139
Understanding, ease of, see Clarity
Unit 9-11, 240-44
Unit analysis 215, 221, 230, 240-44, 269-70, 282
Unit conversion 225, 238, 254, 278, 357, 401
Unknown 116, 118, 131
Use class xii, 5, 146-48, 201, 283, 323, 349
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Use meaning 146-47, 165, 170, 349
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Value 11, 42
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Variable 34, 109, 137-40
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Volume 289-90, 310
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