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A logical analysis of word problems provides an hypothesis about the kinds of knowledge that
may be necessory for solving multl-step word problems: - Knowledge of the overall pattern of
relations in s problem may function in problem solving apart from knowledge of the particulsr
entitles and the local relations In which they participate. This overall pattern or structure

¢ determines equivalence classes of problems—-problems whose solutions differ in the specific
mathematical operations usllized but are of simllar difsiculty.

To llustrate this analysis we( introduce 8 notation system for one-step word probiems and
then describe two-step word problems accordingly. Experimental results are thea presented that
verify the psychologleal validity of the analysls.
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Structural Differences Between Two-Step Word Problems!
Valerie L. Shalln and Nancy V. Bee
Learning Research and Development Center
Unlversity of Pittsburgh
1985 Meeting of the American Educational Research Association

Existing analyse: of problem solving knowledge lnvolve either the rational decompasition of a
task Id terms of the procedures required (Gagne, 1063) or the identification of components of 3
problem solving model that are sufficient for solving the task (Greeno, 1978). We present a
logical analysis of word problems that provides additional hypothescs about the kinds of
knowledge that may be necessary for solving muiti-step word problems: Knowledge about global
problem structure may affect problem solving success. Qur snalysis of two-step arithmetic word
problems Is based on possible logical combinsations of one-step word problems. We bulld on
previous analyses of one-step word problems, but emphasize the importance of the overall pattern
of relations between quantities in multl-step word problems. ‘The general importance of
knowledge sbout patterfis of relations between quantities has been Identified previously In the
context of the geometry problems first studied by Wertheimer (1945/1950) and lster by Greeno
and Anderson (Greeno, 1982). We suggest that knowledge of global relations in a problem may
function In problems that are not particularly spatial in nature, and that these gioba! patterns of
relations constitute knowledge apart from knowledge of the particular entities involved and the
local relations In which they participate. This overall pattern or siructure deteimines equivalence
classes of problems-problems whose solutions differ in the specific mathematical dperations
utilized but are of simiiar difficulty. . .

In the following sections we first Introduce a notation system for ‘one-step word problems.
Then we describe two-step word probiems sccording to this notation. Next we present
experimental results that verify the psy: logical validity of the snalysis. In the final section we
speculate on the representation of :{roplem solving knowledge that could account for these resuits.

One-step word problems

The analysis begins with the identlfication of some basic types of quantities and relationships
used In one-step word problems, many of which have been extensively ansiyzed in the cognitive
literature (Rlley, Greeno & Heller, 1083; Schwarts, 1076). Thege particular relationships age
meant to be lllustrative, rather than exhsustive, and many more could be ldentifled. We selected
four different relationships for description here and defined corresponding notation for them:
simple additive combination, s simple muitiplicative relation invoiving s single intensive quantity,
multipiication inVolving three intensives, and multiplicative comparison.

We propose the following notatlon for part-whole set relations In additivé combinatlon
problems, lllustrated in Figuré 1. Each quantity Is represented in & box with a rectangular top.
Each quantity box has a name (In the upper portion of the box) and s vaiue (In the lower portion
of the box). ‘The three quantities in one-step additive combination word problems are represented

Lt his recearch was sponspored by the Office of Naval Research, under Contract No. N00014-82-K-0812. We gratefully
sckaowledge the guidsnce of Jamer Greeno, snd belfpul interactions with Mark Detwniler, Matt Lawis, Ernest Rees and
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in & triad; the whole quantity Is at the top and the two parts are at the bottom.

Figure 1 shows two different word problems 2nd their natations according to the same part-
whole structure. The problems differ in terms of the role In the structure of the quantity with
the unknown valie. A problem whose solution Is obtained by adding s represented by a trind In
which the values of the two parts are knowh and the value of the whole iy determined by mnvmg
up the triad and adding the known values. A subtraction problem ls represented as one in which
the values Of a whole and one of the parts are known and the anawer Is obtalned by moving dowo
the triad, sabtracting the known part value from the known wbole value,

One relationship invoiving multipilcation uses intensive, non-additive quantities that relate
two extensive quantities (see Figure 2). The mulitiplicative triad fllustrated here Invoives
extensives assoclated by groups or collectlons (e.g., wagons and trains) and an intensive "mapping
function® quantitatively relating the two (e.g., wagons In each trainj. “As a“ove, extensive
quantities are written In boxes with rectanguliar tops. Intensive quantities are written In boxes
with semlcircular tops. Triads for three different word problems, according to the selection of
“known and unkhown quant,!sles.‘are shown in Figure 2. Note that there are two types of division
problems, one for determining the value of “wagons per traln® glven the values of “wagons® and
“tralns®. and another for determining the value of “tralns® glven the values of “wagons" and

“wagons per train®.

A second multiplicative relation refers to two grouping relations, lnvolving. for example.
horses and wagons {grouped as horses per wagon), and tralns (which group the wagons, as in
wagons per train). This Introduces a now quantity, horses per traln. The relation shown Ia
Figure 3 Involves three such intensive grouping quantities. A3 with the muitiplicative relation
just described, this structure generates one mulitiplication problem and two different dlvision
prodlems, depending upon the role of quantities with known and unknown valucs.

A third mulitiplicative relation Involves & comp\rlson between extensives. In this triad a box
with a hexagonal top Is used for the comparison factor “timea more white eggs than brown eggs”,
as shown In Figure 4. One of the extensive quuntitles, “white eggs®, Is at the top, and the other
extensive quantity, "brown eggs”, Is at the bottom. As with the other muitiplicative relations
described above, there are two types of division problems, depending upon the rcle of the
unknown.

Two-step word probléms

Two-é;‘tep word problems can be modeled by combining two of these triads based on local
relations. Each of the different ways of combining these triads constitutes a different globai
problem structure. For example, the Yollowing problem is derived from a hlerarchical
arrangement of triads (shown in Figure §) which we cail a hierarchical structure:

A nelghborhood is pianning its annual cat show. There are 72

siamese, angora and persian cats sitogether, and 26 Of these

are persian ¢ats. If 34 of the cats are angors cats, how msay

slampse cats are there? :
There are two other ways to combine blnary triads (shared-whole in Figure 6 and shared-part in
Figure 7) and these are exemplified by the ro!wwln; problems:

A sporting goods shopkeeper is checking her lnventory list. She

has 13 soccer and tennls balls sitogether, and 9 golf balls. If

14 of the balis are soccer apd golf balls, 20w many tennls balls
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d:»ea she have!

Robart ia fixing auacks for his men's club meeting. He has 200 '
onlon and rye erackers altogether, and 118 of thexe are rye
erackers. I Robert ey 384 onlon, rye and wheat ¢rachers

s, _.ther, how msny rye and wheat crackera are there! d

- These different seructural pateerns alto partain to triada based on other local relationa such aa
the shared-part strueture based on one multiplicative and one additive refatlon, shown in Flgure
A, The several problema shown in this figure Wustrate the ldea of equivalence clansce of
problema derived from s commmon problem structure, All of these probiens differ in terms of the
role played by the ‘quantities with known and unknown values, and the speclfic mathetnntical
operations that are used to solve thgm, but they are all derived froms the same structure.-

The expertment reported helow tests the hypothegls that problem atructure-or the overall
pattern in which quantities are organized--1s a significant factor In problem solving suecens and
henece the problem solving procexs. It explicitly eats the hypothenis that egquivalence classes of
problems may be defined on the basis of problem structure, although different operators and even
quantity typea may be involved. Elementary achool subjects attempted to solve the 34 problems

Involving additive and muitiplicative relations in ‘Table 1 within a mited perlod of time, with.

percent correct and written problem solution as the dependent tneasures.

Method |

Subgects. 82 Falk Elementary School third, fourth and fifth grade students partictpated in the
study. Becnuse Falk permits students to study advanced math If they are able, the ultimate
grade assighmen: was based on the textbook that a sublect was uslig at the time of testing.
Textbook levels rangsd from grades three to seven. '

Dessgn. Word prohlems were generated from 11 problem atructures, summarized In Table 2.
These structures were obtalned by crossing triads of operator type (two additive, one additive
and one multiplicative, or two multiplicative) with problem structure (hlerarchi¢ai, shared-whole

quantity or shared-part). In sl cases the additive trind concerned simple combination. In most’

cases the multiplicative triad concerned simpie multipileation. The exception was the use of a
mulitiplicative comparison in the “shared-part* mulitiplicative problems. To ensure that this cell
did not differ simply because of-the use of this relation, other probloms were designed In which
the ‘shared-part was an iIntensive quantity. However, these prodblems were also exceptional
because they contalned an sssumption that the intensive was appropriate for both types of
quantities, e.g., that there sre the same number of roses in red bunches of r*;s as in white
bunches of roses. ‘ : '

Materials. The thirty-four word probiems that repreaent.' eleven problem structures with thelr
variations sre presented In Tabie 1. Each, cover story consisted of a setting line that had no
quantitative Informstion in It. For example: A sporting goods shopkeeper Is checkingd her
inventory iist® or *A neighborhood Is planning Its annual cat show®. The next line of text gave
© the two quantities that enter into an appropriste first step, !n language that WES B8 terse as
possible to control for blasea within prohlems due to text wording. The final llne «* text
introduced the third quantity and the question. Because of the terse language and great difficulty
in selecting and ensuring that adjectives™were ‘unambiguously non-overlapping, the word
*altogether™ was used systematically to clarify the situation s much as possidle.

<
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Most of the word problema studled here can be solved walng one of twa cpmpeting
concaptualizations, In general, and Hivstrated in Flgure U, hlerarchles! problems can be solved by
alternative hierarchiles. Shared-whole gquantity prolMens ean be sclved by corresponding shared:
part strvctures.  Special shared-pary probleins ean only be represented by other ahared-part
structyyes: Lhose (n which the two outer parts overlap conceptially. although they are not
Hiustratad a3 such In the network. o ensure that » subject mnst attemft an additive shaved-
part problem, special shared-part protilems must be utlllzad. Ward order was used o bias a
stimpler or preferred structure. For example, word order on the convertibie shared-whole problems
wis blased toward a shared-whole conceptualization by arranglug the tirst two quaniities fir this
aLEucLure In the firat quantitative sentence.

To unconfound structural pattern with namber facts, number aet was grossed with problemn
atructure, Inaatiuch as poasible. Three nutiber sots were avallable for additive and muitiptioative
word problems and four were avallablt for mixed probiems to be erosied with hierarchical,
ahared-whole quantity and shared-part atyructures. Decause the differens patterna required
ditferent relationships to be caleuinted, sach structure could not aﬁcnmodaw exactly the sanie
numbers a3 nanotlier structure. Mather o pumbar sat 15 best rogarded a3 & nunber family, which
was spplled as sppropriate to struetures, requiring some adjustmenta to fit a atructure. In cages
where the use of a number aet was lucompstible, sultshie numbers were utlliced at random.
There were therefore three differant verslons of the problemn aet, each uullzipg s different
assignient of nminber fainlly to problem structure, :

‘Thore were ten difterent random orders of the 34 problens to prevent order biases in solving
the problems and t ensure that each structure had an oqually ‘lkely opportunity o be
attetipicd.

Fach of the 30 different problemn seils (10 ordeis X 3 number sets) were presented in booklets,
with oue yroblem at the top of sn otherwlse hlank page.

Procedure. Subjects were tested In the classroom during s 40 minute sesslon. They were
instructed o dd as many problems as possible and to show the relevant work. Thias Included
showing work for only part of s problem If that was all they could do, or ‘lpplng a problem that

they could not do.

Resulte -

Preliminary Analyase. Subjects were grouped by textbook level and the probiems were scored
A Mteniptcd. skipped or not stteimipted, with the Iatter categorization applying for all probiems
following the iast probiem with written work. Attempted problems were scored as correct,
pattially correct or incorrect. Correct problems had completely correct saswers, or a complete
sequence of mathematical expressions that may have Included s mathematical error. Partlally
correct problems had st least one correct expression along s possibly correct solution path,
Partial credit was nhot assigned to Individual numbers not supported by evidence of a
mathematical 2xpreasion. In all other cases & problem was scored as incorrect,

Becsuse subjects dl? not necéssarlly attempt the ssme problems, the analvsls of variance was
performed on proportion scores consisting of the number of correct answer: over the number of
attempts. Thus, for ench text level there was a et of 34 proportion scores, one for esch probiem
in the design. These scores were transformed sccording to the following formuia: arcsin (sqre{x)).
The transforined scores were submitied to a two-wdy, three x three analysis of varlance of
probiem structure by oherator set.
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In the Inllowing suhsection we firas deacribe general performance statialics scrons all problemna
by text tevel, luciuding the numtiber of problems attempted and the prohability of success given an
attemipt. Then, in the five following sabsectinns we treat each grade separately and consider the
signiticance of atructure, aperstor set snd structure x operstor set effects, t_!n general, the
structure. effect was always siyhificant with the effects of operalor set snd the interactivn varying
by text level. *

General per formance stalvatice. The average numbier of problems attetipted per child and
the probabillsy of suczess given an sttempt changed acroas text levels. Third graders and fourth
graders sttempted about the ssme gumber of problems (13.33 and 13.044 respectively) but tourth
graders showsd & higher probability of success (.08 snd .20 respectiveiy). Ritth graders attempted
14.81 problems each with s .40 probability of siuceess given un attempt. Sixth graders and seventh
graders performed simijarly, having sttempted an aversge of 21.1 sad 21.2 problems each with »
18 and .73 probsbllity of suecess respectively. This similariiy in performance persists in the
mote detalled anslysls presented bLelow.

are presented In Table 3. The scores presented In each cell are collapsed across the several
members of the equivalence class in that cell. Table 2 may, be-coisuited for the number of
problema in each cail. The scores presented sz row and column totals are derived from the total
nuinber of successes over Lhe total pumber of sttempts in that section.

Third grade text level per formance. The sammary prop«guem scores of the 12 third graders

The individual proportion scores for each problem were transformed snd subiilited w s
analysis of variance. The effect of structure waa signiticant, F (2, 26) == 408, p < .05. The
effect of operator set was not significsnt, F (2, 25) s~ 1.35, but the interaction between structure
and operator set was significant st this text level, F (4, 25) == 4,72, p < 01, -

Fourth grade text level pcrlormaﬁcé; The summary proportion scores of the 25 fourth

graders are presented in Table 4. As previously described, the individusl proportion scores were

transforined and submitted to an enslysis of variance. The effect of structure waa significont, F
(2, 26) =~ 4.6, p < .026. The effect of operator was nat significant, F (2, 25) == 81, but the
Interaction between structure and operator set was sighificant, F (4,.25) = 5,42, p < .01,

‘Thus, sithough fourth ;nders’ performed some_whst better than the third graders oversll,
their performance patierus are similar, with both showing & significant effect of structure and s
significant interaction between operator get and structure, with no main effect of operator. .

Fifth grade tezt level per formance. The synmary proportion scores for the 27 fifth graders
are presented in Tabie 5. The proportion scores for esch problem were transformed sad
submitted to an anaiys!s of 7ariance. In this text level both maln effects sad the tntersstion wors
significant, F (2, 25) == 4.85, p < .025 (for structurs), F' (2, 28) == 4.97, p < .026 {operator set)
and F (4, 26) = 3.90, p < .026 (structurs x operstor set). Thils patern of performanee Is ualque
to this text level,

Sizth grade tezt level performance. ‘The cumfnw proportion scores of the 10 sixth graders
are presented in Table 6. As sbove, “he proparilon scores fof each problem were transformed and
submitted m an analysis of variaace. Ounly the effect of structure Is significant, F (2, 26) we 4. 30
p < 025 and F (2, 35) = 1.7 (operator set), F (4, 36) = 1.71 (structure x operator set).

Seventh grade text lewe! performance. The summary proportlon scores of the 7 uvenzh
graders are presented in Table 7. The ansiysls of varlance of the transformed problem scores
indicates » pattern of performance ldentical to that found at the aixth grade jevel; only the effect,

-
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of structure s significant, ¥ (2, 25) = 7.64. p < .04 and F (2, £26) «= 1.89 (operutor set) and F (4
25) uo .02 (structirfe X Operator set).

Summary and additional per formanee features common lo all tezt levels. Thus, in all texs
irvels there was o significant mailn effect of problem steuctare. In text levels six avd seven this
was the only significant effect. Iu text levels three and four ther. was also a significant
interaction In test level five there was alw both a signiticant interaction and a mwaln offect for
Operator set

By examining Tables 4 - 7 it sppenrs that the maln effoct of structure is due Lo cqvantayge
6t the hierarchlcal problems. Not showe In the tables, hut apparent (n the r ., BFe
differences In success probabilities between the two different mixed opeysts. o« .rchies It
appears that sne cell of purely additive problems (cell 1,3--the sdditive shared-vart problems) i
consistently harder than ane <ell of purely muitiplizative problems (cell 3.1--the multiplica:ive
hievarchics! problems). It also appears that the source of the interaction effecty is 4ue at lecst Ik
part o the sdvantsge that ratic problems (¢ell 3,3) have in comparison to the other probleins
witk & shared-part struciure.

p Discvasion

I this experitnent we Jdenonsivated the psychologlesl validity of the structural ansiysis for
two-atep word problatns.  Tha ig, for all grade levels problemn structure~slie overail pattern of
relistion: between the quantities in the ptoblem—has an effect ¢ problem solving success. Of
course, these results sre rot sufficient for ciarifyiug the role of proBiein structure in the probiem
soiving process. However, there Is good resson to believe that the provlem structure eifect has
somethlug to do with knowledgs. According  cur preliminsfy snsiyals of textbnok problemns,
the easier hierarchlcal structures sre Tn fact practiced more than the hardsr strustures, except for
the Tatlo structures, which aiso yleld high success rates. In addition, thv cebl ¢f mixed upsrator
blersrchles consisis of two differeni bierarchies; the more prscticed bivrarchy ylelds greater
problem solving success. Should this effect bé entirely dus to prasiice, It Is still essential-zhst
theory of problem solving in this domaln sccounts for differences in problem solving success on
problems that differ lu the sequénce in which the steps sre exccuted; this 13, on close luspection,
one way of describing the difference between probvlems derived from different z_stﬂ/wmres.

Further analysis of the exlating data may clarily the role of probletn structure In problem
solving. Each individual structure might be thought of as & schems, In -which the types of
quantities lavolved and the local relations betv 'en them sre represented with the sdditionsl
information about the way ln which the flve gquantities are arranged, sccordiag to the three
poselbulué(lllumlnaud by our structural! anslysts. - This schera might be thought to guide
operator selectlon in the manaer of procedural stiactiment (Bobrow & Winogead, 1977). Furiher,
particular problems within » structure May te thought to yleld differentisl success depending
upon the sssociation between the schema and the required operator. Such sn explanation would
be supported by patterns of performauce withln lndivideai subjects such that ‘correct responses
are clustered within--rather than spread pemeen-stmc'wra.

We are iatrigued by the changes in performance across grade levels. Of course, since we
cannot explain the genersi effect, cur poed Aoc speculstions sbout gradeé changes are even fpore
tentative than usuai. Nevertheless, we do wish to point out that performance st the two highest
text levels is quite different thaa performance at other levels since they are both more succésstui
and show only & main effect of structure with no interaétion. The schemas that operaie here may

not represent ipdividusl structure-local relation combinstions but rather patterns that sre
)
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independent of local relations. Should this speculstion prove correct, we ginphasice the fact- thst
the subjeets fu these groups sre not true sixth and seventh graders, but rather sdvanced fourth
atid Vifth graders classified by textbock level. Differences in performance iy therefore be due o
either general increases in expertise or the speeial talents of these subjects,

Summary

We have described our analyvwis of problem structure based on the possible iegicsl
combinations of one-step word problems to generste two-step word problems. We providad
evidence that the different problem structures define equivalence classes of problems and affect
probiem solving difficulty. The other posslvle effects (operator set and structure x operstop set)
were differentislly sigaificanty across grade levels. We suggeswed thst further analysis sy
suppott the ides that each problem structure consitutes an individual sciema thiat guldes

+ operatur selectiou aud hence problem solving suecess.
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Tabie i N

Ward Prablems Usad b the Sindy
Prablerss With Two Additive Relotions

HierareRieo! iFroblemne -

A seighhorhood is planniog its anausd ¢at show.  There are 22 siumese, a0gs and persiay cols
altogether, aad B of these e persian esls. If ¢ of the cats are angors cals, Bow many siamese
¢sts ars there?

Jenny i3 dbuyisg candies w fill her candy jar. She buys 25 limne candies sad 35 chetry candies, If
Jeasiy buys 32 grape cindles, how mady {me, cherry s&d grape candies will she have altogether?
Shared-whole Problems.

A SOORUDE RowdY shnpkeeper \s checking ber inventory 1st, She bas 114 soecer and tennls bails
sitogethier, sad 62 golf beils. if 117 of she balls sre soccer and goif bells, how sy tennb balls
does sbe have?

.dim i prepuring dreskfast orders for his diner customers. He has orders for 18 serambied and

fried eggs sitogetber, aad for 5 bolMed eggs. I 11 of the orders are for fried eggs. How many
orders are there for scrambled and boiled cqgs altogether?

Shared-part Problems

Susap Is counting the stickers in ber collection  She hes 205 soiffy, puffy snd fuzsy stickers
altogether, and 122 of these are sniffy add pufly stickers. If 182 of ike stickers are fursy and
seifty stickers, how many mifty stickers does ske have!

Robért Is fixing snacks for his men’s clid meeting. He has 208 onion sod rye crackers altogeiher,

and 118 of these are rye crackers. [f/ Robert has 324 onion, rye and whest ¢rackers sltogethes,
Row macy rys and wheat crackers are there? L
[ ]

Maggie picked up her family’s ciothing from the clearnere. She brought bome 16 white and diue
shires sitogether, and © of theae are white shirts. 1, 14 of the sbirts are white and piak shirts,
how many white, blue sud pink shirts did ske bring bowe sitogether? .

Greg b countipg the records i bis coltection. He has 72 country. rock. and ssul reéom
altogether, and 48 of theso are coantry and rovk recards, if 28 of the records are couatry records,
how many -~unry aad soul records does he have ajlogether?

'Probiems with Ona Additive and Ona Multipitcative Relation

Hicvarchseal Problems TYPE o

Mr. Browa is pianting frult srecs (b his orchards. He plants 30 rows of pesch trees and 35 rows of
apple trees. If there are 18 trees In eash row of treea, how many peach atid apple trees does Mr.

Browa plant? )

Tom 13 restocking the sheives in his grocery store. He has 840 dietl snd t@g&lﬂt cokes sitogether,
and there sre 8 cokes in esch ca.rg:n of cokes. If this makes 85 cartons of regular coke, how maoy
cartons of diet'coke does Tom have!

The Ace Building Compaay is drawing piaas 0 bulid a sports fleld. They plan to install 32 ruws
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with rad 32318 a4 18 rows with Blue 2saus. If there are 400 red and bine seatn altapsther, how
man7 seats will there be in cach row of seals?

Pegay i3 planting fower seeds in her garden. Sbe has 17 p’a}:kmu of prrapis and matigold seeds
wogethier. abd 8 of these-packages sre petunin fgeds, If there are QU0 marigold sexds altcgether,
how many seeds are in esch package! .

Hierarchseal Problesas TYPE 3

The Reading Railrosd Compan¥ is trying o decide {8 1f 5as enough 523t on ity trajos There srx
4 ears of first ciass seats oa its trains, and 14 seats in each car of seats. If shere are 168 first and
second class seats altogether, how many sezond cisss sesls are there?

Grandms Clagsen is making plckies this spring. ‘Tlhere are 100 pickies o each burrei of plckics
and 3 barrels of il plekles. 1f there are .m swert pickies, how mady difl and swees pickles is ‘she
making sitogether?

The cook for Camp Pocono & putting togsther a fruit salad using ¢spoed fyuit. He uses 240
surpie and yellow plums allogether, and 18 of these sre yellow plums. If the purple plums came
fromt S caps, how many plums aee 18 each can of plams?

Jube delivers morning s;xd evenidg Bewspapers, There,are 140 morning asd evening pewspshers
sitogether and 60 of these sre evening newspspers. If thers are 10 pewspapers is ¢ach bundle of
newspapers, how many bundles v moraiog newspapers does she deliver?

Shered-whole problems

Mr. Candyman fs groupiog bis jeliy beans in jars. He bas '*io mint jelly besas and 300 spice Jeily
roana, If thete are S0 jelly beans in:esch jur of jem' beans, bow meany jais of spice ansi mint jeily
heans does he have altogether?

The Girt Scouts are seiling cookies for thefr snnusl fand ralser. 'r'hme are 24 cookies o esch box
af cookles and 34 boxzs of choeolate and vanilla cwkla. If there age 366 vadills cockies In these
bexes, bow many chocolate cookies are thers?

A fruit market owger stores his grapefruits in bins. He bay téﬁ plnk grapefruits and 175 white
grapefruits. if he haa § blas of plok \mdmhm grapeiruits, how many grapefruils are in each bin
of grapefruits?

' Shared-part prodlems

Peggy is planiicg flower seeds in her garden. She bes 17 p’iekmes o? petunis snd msrigold seei!s
sitogether, and 8 &f these packages are patunis sem if there aze 990 marigold sceds altogether,
how many seeds are 1n eseh package?

Paul works 1o o donut shop. He made T2 giszri doniits snd put 12 dosuts ia each box of ~auta.
[t he mosde 14 boxes of gisted and powdéred donuts altogether, how mAnY boxes of puwdmd
z!.onuts did he make?

Mrs. Ba!t haked homemnde buns for a family mheﬂu S!m beked 48 sesame buns and put @
buas in each packsges of buns: It Mrs. Bell made 4 packages of plain bups, how many packages
of sesame sad plain buns are there sitogether? , .

Sally is wwbping distes in paper towels. She has € roils of yellow and green paper lowels
aitogether, and 8 of these are rolls of green paper towels, If there are LBQ paper towels in each
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o), how maay vellU@ paser towsls does Sally have!

Probisme with Two Mdtﬁﬁi@ﬂkﬂ Relations. ;
Hierarehieal gaﬂzmo L ,
Jackie lo looking at the photos fu ber phm}a sibugi: She &2 300 photos sitaogeiler anid 4 sbolas

caa be fit on each page of plotos I she has 16 pages (8 rech alibuin of photos, Bow wany sibums
of photos does she have? :

The children’s basehsll committes s organiting the piayers ot tramy and jesgiued. There are 08
children altogesher, sad © childred on each tearn, if there are 3 lesguds, bow mady teams are
thers ig cach league! )

A western club is plaaniag to cross the United Biates in covered wagons. There are 7 wagons ia
. each train, and 3 traips. It thers are 4 horses for eseh wsgon, how many borses will there be?

A trait dealer is packaging be.r;m for sale. There are 3 cases of berries and 8 cartops of herries
in »och ease. If there are 450 berries, iow many berries sre there lo esch carton!?

4

Shored-whole prohlems

. Ths members of the mode! traia clud made nuﬁsa out of popsicle sticks for their next dispiay.
They made 35 houses, using 8 popsicie sticks for exth house. If there were 7 members sitogether,
how many popsicle sticks 4id each member bave in the beginoing! '
. ‘ e : .

Dr. Wizard has discovered o group of mousters living o o dgrk cave in Soush Ameries. He bss
counted 7 monsters aad there are 8 /ingers op ench monsier. If we has crunted 1€ wonster hands,
how many fingers aze there on enck monster hand? '

The Pittabargh recreation Jepartment sdds#fish 1o ila pondis every year. There are 3 parks
aitoglther, and 200 fish in ¢ach park. If there are 100 fiad in each pond, how many ponds are
there? ' o

Sem iy making meat sandwiches for chiidren golog ob s =chool picaie. He s making 60 .

sandwiches using 2 slices of meat on each sandwich. If'de pisaned on using 4 sifces vf meat for
each child, how msay chill¢iren ts he expecilag?

Shared-gart probleme TYPE 1. PROBLEMS USING INTENSIVES

Glnpy is selilng bunches of roses for her garden clud. She has 18 bunches of red roses sad 6§
bunches of white rozes. 1f there are 72 red roses, how many white roses does Gluny bave? .

A egp ‘arin s selling brown and white eggs by the carton. They have 96 white eggs and 48
browd eggs. If thers are 4 eartons of brown eggs, how many cartons ui white eggs are there!?
wer’

Shaved-part pro‘blem TYPFE 3 - RATIO FROBLEMS

Andy i3 mixing punch for ., party. He moixes 8 cxns of orange {uice snd 2 caus of pioeapple juice.
it Aady uses 8 cams of pinespple julee for & bigger baick, how many cans of orauge julce wiil he
use? . ' .
Deboraly feeds the dirds to a pet sqoan She makes specisl disd sced with 10 dags of suaflower
seeds and 2 bags of fax seeds. if Deboralh makes the specisl bird seed using <40 bags of sunflower
sgeds. Bow many wLgs of fiax seeds wili she use!
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‘ SRR Jenny is buying candy. There are 8 lime candies
.7 77 " snd 4 grape candies, How many ‘ime aud grape
candles are there altogether?
‘ -~
) ¢
o ' e
Jenny is buying candy. There are 12 lime and grape
c>- les altogetber, and 4 of these are grape candies.
How many lime candles are there!
8 ) .
. P .
Figure 1. A network notation for two different additive combination probiems.
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i
k - A western club Is planning a trip In covered wagons.
Thentre?monslneuhmlnmésm. !-low
‘maay wagons sre there!?
' I’ . o
. ,
A western club s planning s trip In coveréd wagons. . e
There are 21 wagons and 3 traina. . How many . ‘
wagons are thers In each train? o ; : [ |
'_ A . ) . ‘ ‘ -
' A western club [ plaaning a trip 1a covmd wagons.
There are 21 wagons snd 7 wagons In eaeh traln.
. How many tralns are thers?
Figure 2. Network notstion for three different simple multiplication prob}ems:
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"A western club Is planaing a trip n covered

There are 7 wagons in each train and 4 horses for

esch 'i'it_tcon. ng many horses wte thers in each
) L _

Ammcmbbpmmnﬂphmmdm o .
_Thers are 28 horses in each traln and 7 wagons in '-
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A western clubd s planning a trip i coveped wagons.
There are 28 horses In each train and 4 borses for
each wsgon. How many wagons are there in each
A .. train? )
* Flgure 3. Network potation for tme dlmrcnt multlplleatlon probiems with three %
* Intensive qmtmes. _
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An §gg farm is selling brown eggs aad white eggs. It
. " has 48 brown eggs snd 2 times more white eggs than
‘ ¢ : brown eggs. How many white eggs does it bave! -,

-l

¢

An egg fach s selling brown eggs and white eggs. It | - '
_has 98 white eggs and 3 times more white ¢ggs than
brown eggs. How many brown ¢ggs does it hsn_t
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| . v . - .An egg farm s selilng brown eggs and white eggs. It -
. has 98 white ¢ggs and 48 brown eggs. How maay
times fBore white eggs that brown eggs does I havet
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- Figure 4. Network gotation for three multiplicative comparison problems.
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A Beighborhood s plsaning its annus! cat show. Thers are 73 slamess,
sngors and persian eats altogesher, and 26 of these are Dersian cats. If 24
| . of the cats are augors cats, how many siamese cats are there?
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Figure 5. An additive hierarchy formed by stacking twé additive triads.
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A sporting goods shopkesper is checking her Inventory Hss. She has 13
saccir aud ténnis balls altogether; ad ¢ goif bells. 1f 14 of the balls ere
scecer nd gou ‘balls, how w tennis balls does spe have?
T -
Figure 6. An additive shared-whole structure formed by two additive trisds that shace :
S the sams whole quaatity. o
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Robert In fixing snacks fof his mep's club meeting. He has 206 onion and
rye crackers sitogether, and 116 of these are rye crackers, If Robert has
* - 324 onion, rye-sud wheat crackers altogether, how many rye and wheat
crackers are there? - . ~
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Paul works 1o s donut shop.: He made 14 boxes of
glszed and powdeéred donuts and 8 of these boxes
were powdered donuts. I be put 12 donuts o each
box, how msay gisted donuts did he make!?

Paul works in a doout shop. e made 14 boxes of
glazed and powdered donuls and .8 of thése boxes
were powdered donuts. if he made 73 glased
donuts, how many donuts are there in each boxi

Psul works In » donut stiop. He m‘nde‘ ‘ia glazed

donuts snd put 12 deauts In each dox of dobuts. §f

ke made 8 boxes of powdered donuts, how many
boxes of powdcted and glazed doauu did- he sk

]
aftogetties? f

. Pan} works In & donut shop. Me made 73 glased

donuts and pi.¢ 12 donuts In each box of donuts. If
he ac~i4 boxes of glaved snd powdered donuts
aitogéthier, how many boxes of powdered domm atd
tie make?

Pigure 8. The v;qulmfnce cinzs of mixed relation shared-past problems. /
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' Jackle is looking o+ the photos lu ber photo sibums. She has 300 paotes:
aitogether and 4 photos can be fit on each page of photos. If she hes 15
. pages in ¢cach aldum of photos, how many :,gbttm of phictos does she have?
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