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INTRODUCTION

The Choice and Chance module consists of an Instructor's Text, Inwruc-
tor's Guide and Solutions to Student Exercises, Student Materials ..-'.

Exercises, and Student Summary and Review.

The Instructor's Text provides the instructor with (1) specific directions
for guiding lessons and (2) commentary on the math content and nn math
attitudes. This is accomplished by a "facing pages" format. The right-
hand page gives directions that tell the instructor what steps to take iu
presenting the lessons, while the left-hand page, "Commentary and Notes,"
provides explanations, additional instructional options, attitudinal
interventions, and organizational alternatives. Space for the instructor
to add her or his own notes (for reference and future use) is also pro-
vided. When there is no commentary, the entire left-hand page is allotted
to "Notes." The Instructor's Text includes a set of content objectives,
specified to indicate the scope and structure of the module, and student
evaluation materials, which contain several questions for each objective
so that the instructor can select items for quizzes.

The Instructor's Guide and Solutions to Student Exercises gives the in-
structor approaches to the exercise materials and solutions for the prob-
lems.

Student Materials and Exercises provides such things as diagrams.and
charts to be used by the students. Instructors should plan to make trans-
parencies of these materials for use on overhead projectors during class
time; The exercises include problems that apply the concepts and problem-
solving strategies developed in the module. These problems can be used

as part of the instructional activities, as content for small-group activ-
ities, ac homework assignments, or as review materials. Appropriate ex-

ercises (A.E.) are noted after each topic in the Instructor's Text.

Student Summary and Review summarizes the content of the modules (formulas,
terminology, key concepts, problem-solving strategies, and examples of
techniques used). These notes are to be given to students after they
have participated in the learning activities of the module.

8
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OBJECTIVES

0.

The objectives of the Choice and Chanc, module are

1. List the outcomes for an experiment, using a tree diagram.

2. Calculate the number of outcomes of an experiment, using the tul-
tiplication principle. ;

3. Calculate the number of permutations for a set of objects, using

all of the objects.

4. Calculate the number of permutations for a set of objects, using
any number of objects.

5. Perform computations with faCtorials.

6. Determine the total number of subsets that can be formed from a
given set of elements, using the formula 2n.

7. Use the Pascal Triangle to determine the number of subsets of a
specific number,of elements that can be formed from a given set.

8. Given the total number of outcomes and the number of favorable
outcomes, determine the probability of an event.

9. Given the probability of an event, determine the probability
that an event will not occur.

10. Given the probability of an evert, predict the number of times

the event call be expected to occi'r in a given number of trials.

These objectives are provided here to indicate the scope and structure of

the module to you. They should be distributed to students with the Student

Summary and Review so that students can use them to organize their study

and , Taration for a quiz.

Sample items for the objectives are included at the end of this section

of the module.

10
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41

*COMMENTARY AND N0TEt

Discuss with students the significance of such predictions for them in

their lives.

113

The measure that is often called an average is actually the mean. The mean

of three scores such as 67, 73, and 70 is computed as follows:

67 73

3
=

70 210
'

or 70

Note whether students react with tension to the use of the mathematical

term ratio. If they do, raise the question of how they are feeling. Pro- '0
ceed with the content after students havt_expressed their concerns. You

might also reassure students that they are in a better position for learn-

ing mathematical terms now than they were as children. Their broader ex-

perience and greater vocabulary provide this current advantage.

Ask students to predict the number of heads they would expect in 50 tosses

of a fair coin. Then ask them to experiment by actually tossing a coin

50 times and tallying the results in a table like the one below.

No. Heads Predicted Heads Tails

Make it clear that the experimental results will usually differ from what

is predicted. Pool students' results to see whether the ratio of the num-

ber of heads to the number of tosses gets closer to 1:2.

The chances of obtaining a head on any particular toss are always the same: 0
1

50%, or f



BEGINNING THE PROGRAM

Introduce the topic of probability with an informal discussion of its use-
fulness in matting predictions. Ask students to speculate about how data
might be used in the following areas:

1. Quality control in manufacturing

2. Ge..tetiC research

3. Testing drugs used' in medicine

4. Weather forecasting

5. Baseball

Show how a "batting average" is computed. Point out that the number ob-
tained is a measure of a player's past performance and that it is used
as a predictive measure. Compare it with a simple average (mean) to show
that "batting average" is not an accurate name.

Say: r"Suppose a player has had 6 hits out of 20 times at bat: The ratio
is expressed in thousandths, and we say the player is batting three hundred."

6 3

20.
or .3

10 '

3 _ 300
ip 1000'

or .300

Based upon the player's past performance, we predict that this player has
a better chance of getting a hit the next time at bat than someone who's

batting, say, .250. It would be correct to say that the probability that
the first player will get a hit is .3 (or .30 or .300).

Next, point out that in order to understand some of the ideas of proba-
bility, we experiment with such devices as dice, coins, standard playing
cards, and spinners.

Equally
Likely
Events

Ask the following questions and have students answer them intuitively.
Do not make any fort.al calculations at this time.

1. How many times should I flip a coin to decide if it is a fa..:.r

coin?

'ibis discussion should include some indication that with a faii
coin we expect that it is equally likely that either heads or
tails will come up. The common expression "50-50 chance" conveys

1-5
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COMMENTARY AND NOTES

Help students see that whatever is substituted for a coin must be able to

perform so that:

There are exactly two outcomes

The two outcomes are equally likely to occur

A spinner of two colors, one color on each Side, would be acceptable.

You may wish to have students experiment with ,..he tossing of thumbtacks.

Toss 10 thumbtacks (of the same kind) 20 times and record the results:

point up or point down.

1. Tally the result's in a table similar to the one below.

2. Determine the total number of tacks (out of 20.10 = 200) that

land point up.

3. Form the ratio of the number of favorable outcomes to the total

number of trials. In this case, let

Number of favorable outcomes Number landing point up

Total number of trials Total number of tacks

4. Show how the ratio obtained above can be used As a probability

measure--t6 predict the number of favorable outcomes that can be

expected in the future.

Toss Number Point Up Point Down Total Up

13
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the idea that each is expected about 50% (or half) of the time.
It should be further pointed out that this is a prediction and
that the actual results will more clOsely approximate the pre-
dicted number as the number of trials (flips of the coin) in-
creases.

2. If you don't have a coin to flip, what could you use?

Suggest a thumbtack. students should intuitively find this unac-
ceptable. The discussion should revolve around the idea of equally

likely events or outcomes.

3. Which is more likely with a fair coin--two heads in two flips or
three heads in three flips?

Elicit from the students the understanding that they have to know
which outcome is expected to occur more frequently. The answer
is two heads in two flips. However, to be in a position to an-
swer the question, we must first develope systematic approach..
to counting, outcomes.

4. Two dice are rolled. If you had a choice, would you bet on 6 or 7
as the sum of the dots on the two dice?

Multipli-
cation
Principle

Point out that the answer depends on which sum can be expected to

occur more often. The numbers that have the sum 7 occur more
often than those that have the sum 6, but we need methods of
counting in crder to verify this result.

Present the following problem: A die is rolled at the same time as a coin
is tossed. How many different outcomes are possible? What are they?
Allow a few minutes for speculation and discussion.

Ask: "When a die is rolled, how many outcomes are possible? What are

they? Are they equally likely?"

Ask: "When a coin is tossed, how many outcomes are possible? What are

they? Are they equally likely?"

Point out that a systematic method is needed to list the outcomes.



Diagrams
solving.
outcomes

COMMENTARY AND NOTES

and models of problems are an important strategy for problem

Use of the tree diagram for generating and counting expected

will be helpful throughout this module.

Systematic recording of data should be demonstrated by the instructor

and discussed at opportune moments. Students' ways of recording data

should be ncted and suggestions given when appropriate.

1
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Tree
Diagram]

Develop the tree diagram with the students, step by step.

DIE COIN

.......- H

1

2

3

4

5

6

T

H

T

H

T

H

T

H

T

H

4.er.



COMMENTARY AND NOTES

In dealing with uncertain outcomes in this module, the student can learn

to feel more comfortable with outcomes that cannot be controlled. An in-

dividual can gain some sense of power from being able to recognize pos-

sible outcomes and to make predictions about what may happen in the future.

Small numbers are used throughout to minimize calculation problems. When

students have solved these simpler problems, they can then transfer the

process or method to problems with larger numbers, using a calculator

if necessary.

At some point in thu discussion help students understand that tossing

two coins once or one coin twice yields the same set of outcomes.

I-10



From the tree diagram, we can see that

6.2 = 12

4 There are 12 outcomes.

Help students see that multiplication should be used since there are 6 out-
comes for the die, with 2 branches (representing the 2 possible outcomes
for the coin) from each.

Ask: "If you rolled a die and tossed a coin twelve times, would you see
all the possibilities?". (Not necessarily)

Lk.E. 3, 12, 34, 36, 51a, b, c

Outcomes---1
and Events

Discuss with students some of the vocabulary that is customarily used in
talking about probability. We speak of probability activities as experi-
ments. Each of the possible occurrences is called an outcome. One or

more outcomes is called an event. For example, in the.die/coin experiment
just performed, an event might be the die coming up an odd number and the
coin coming up heads. (The tree diagram shows that this event consists

of 3 outcomes.)

Continue to develop the multiplication principle by presenting each of
the following problems and assisting the students with the construction
of a tree diagram for each.

I

1. Toss two coins simultaneously. How many possible outcomes are

there?

Coin 1 Coin 2

H

T

411 2.2 = 4 outcomes, or 22 = 4

H

T

H



4COMMENTARY AND NOTES

This section of problems can also be used to review students' understand-

ing of exponents. Students who are weak in this concept should work with

peer tutors. Another teaching strategy is to check understanding of ex-

ponents before beginning the section. The class can be divided into two

groups. Those who understand exponents can be given a set of exercises

for group problem solving while you work with those who need help with

exponents. N\

The presentation of a problem that has no immediate solution Is expected

to produce tension. Students should be aware that this is part of the

problem-solving process. Excitement should be high as they move toward

a solution.

Whenever n coins are tossed, there will be a total of 2n outcomes. Thus,

with 4 coins there are 24, or 16, possible outcomes. Students may need

help with the evaluation of the powers of 2. It may be helpful to show

them the way that parentheses operate. For example:

2 = 2.2.2.2, or (2.2) (2.2) = 4.4

It will be interesting for students to calculate powers of 2 on calcula-

tors so that they can see how rapidly the numbers increase.



Toss three coins simultan ously. How many outcomes are possible?

Coin 1 Coin 2

H

H

T

2.2.2 = 8 outcomes, or 23 = 8

Coin 3

T

H

T

H

T

T

Help students see the following pattern in the coin-tossing experiments:

2 coins: 22 = 4

3 coins: 23 = 8

The exponent is always the same as the number' of coins.

3. There are 5 kinds of pie (peach, apple, cherry, blueberry, lemon)
and 3 flavors of ice cream (vanilla, chocolate, strawberry).
How many different pie-a-la-mode desserts are possible?

Ask: "How many different kinds of pie can be put on your plate?
What aye they?"

Ask students to list the kinds of pie vertically (in any order):

peach

apple

cherry

blueberry

lemon



COMMENTARY AND NOTES

Help students see that a systematic way of noting data makes it possible

for patterns to be discerned. It is easier to keep track of where you

are in your progress toward a solution when data are organized.

Point out to students that the inductive approach is basic to these ma-

terials. In the last few pages, we have discerned a pattern-Ejrekaniliiiiig

specific cases. Whenever we use specific cases to generalize, we are

using inductive reasoning. Discuss with students the cautions that are

needed whenever a person makes a generalization from a limited number

of instances.

The use of m and n may evoke some tension on the part of students who

experience math anxiety. It may be helpful to show how the numbers used

in the previous examples can be substituted for m and n. Keep in mind,

however, that the statement of the multiplication principle is not as

important as the ability of students to understand and apply it..

Encourage *students to ask questions that will clarify their understanding.

Remember that students 'often are afraid to ask "dumb" questions unless

they feel very comfortable.

4



Next ask: "How many different choices of ice cream are there
to place on the peach pie?" Show the possibilities by means
of three branches:

vanilla
peach chocolate

strawberry

-In the same way, construct three branches from each -.o£_ the other
kinds of pie. Finally, show the indicated product (5.3) that
leads tothe answer, 15 desserts.

As another example of the multiplication principle, present the following
problem:

4. One can travel from.City A to City B (or from B to A) via train,
plane, or car. If one travels from A to B by one mode of trans-
portation and returns by a different mode of transportation, how
many different trips can one take? (3.2) How many trips can be
made if one can use any mode in either direction? (363)

Review the preceding four problema to show that in each case, the total
number of outcomes (0,ether trips, desserts, or the ways coins fall) is
calculated by multiplication. State the multiplication principle and
show that it can be extended to include any number of operations.

Multiplication Principle: If an operae.on can be performed
in m ways, and if after it is performed in any one cf these
ways, a second operation can be performed in n ways, then the
two successive operations can be perf.,rmed in mn ways.

A.E. 1, 2, 4, 5, .6, 7, 31

To explore the multiplication principle frther, ask students to read
the following article, "Licentious Plates" csee also in Student Mate...Lals

and Exercises).

LICENTIOUS PLATES*

There are no BUMS, CADS or DUDS on the road in Iowa, not even
APES, HAGS or HAMS. These prefixes were all banned from the
state's automobile license plates on grounds of taste by the
Iowa DeparLment of Transportation, But s'nce new plates were
issued last month, 130 irate motorists in Scott County have
returned the plates because they bore the prefix GAY. One

woman wrote: "I cannot be a single teacher and sport those

*"Licentious Plates," reprinted with permission from TIME, The Weekly

Newsmagazine, 22 January 1979. Copyright © Time, Inc., 1979.

22
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COMMENTARY AND NOTES

Point out that most calculators allow for a maximum of eight places.on

the display. Thus, we calculate 263 on the calculator and multiply the

result by 103 by annexing threeizeros to the right of 17 576.

This material uses the National Bureau of Standards notation for large .

numbers. The comma is no longer used to separate groups of three digits.

Instead, a space is used.12 Thus 3,487,521 is written 3 487 521. In the

case of four-digit numbers, neither a space nor a comma is used. Thus,

9438 is the correct form for a four-digit number.

Students should be aware of the reduction of tension when they grasp a

problem or arrive at a solution. It is useful to explore briefly how

students experience this aspect of the problem-solving process.

23



plates." A travel_ng salesman complained that while he was
in Chicago, his car doors were kicked in because of the
plates.

State officials blame the foul-up on their decision to use
California's list of three-letter, three-digit combinations
rather than prepare their own. The officials tried to elim-
inate prefixes that might be offensive to Iowans but over-
looked GAY. Says Scott County Treasurer William Cusack:
"Out in 'California I'm sure there is a waiting line for GAY
plates. But not in Iowa." He is offering ta exchange the
GAY plates--1,000 were issued--on payment of a $4 fle.

Say: "First let us calcUlate the total number of plates that`is possible
under such a system. Each license plate is made up of 3 letters followed
by 3 numbers."

Discuss the solution:

26.26.26.10.1040 = 263.103, or

17 576.103 = 17 576 000

In discussing the solution, observe that 263 allows for the repetition of
letters and that 103 allows for the use of any of the digits 0 through 9
(10 digits) in any of the three places. For example, one possible license

plate might be:

QQQ 007

Next, ask for several examples of license plates that would be withdrawn
from circulation and ask what they have in common. (Answer: Those with

GAY in the first three places: GAY 930, GAY 004, etc.)

Help students see that with GAY established
places in :he withdrawn plates, they can go
ment in the article, "1,000 were issued . .

include 000, 001, 002, 999--a total of
all together.

24
I-17

as occupying the first three
on to verify the final state-
." The GAY plates must then
10.10.10, or 1000, plates



COMMENTARY AND NOTES

Rewording a problem can often help students find the key to its solution.

Remember to leave time here for an airing of students' feelings. Knowing

that they are not the only ones who lack confidence can often help stu-

dents make significant progress.

25
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,.Permuta-

tions

Present the following problem:

Tom, Evelyn, and Alice are to sit in 'a row to have pictures taken.
How many different arrangements are possible?

Help students,develop a tree diagram and arrive at the solution.

7
Chair 1

3.2.1,e or 6

Chair 2 Chair 3

- E A
'T

A

A

A T.

E

E

A

.4.,

joint out that once a person is seated, she or he cannot be seated again.
Fence, the number of choices available decreases by one each time.

Reword the problem:

How many ways can you arrange the letters in the word TEA?

Refer to the tree diagram to show that there are 3.2.1, or 6, arrangements
of the letters in the word TEA. Point out that f(dr each arrangement we
assume that the letters are being moved and cannot be repeated.

Explain that the term permutation is used to mean an arrangement. Ask
students to consider the following examples of permutation, expressing
the solution to each as an indicated product.

1. Four names are written on separate sheets
different orders can they be drawn out of

2. In how many different wayi can we arrange
for a picture?

of paper, In how many
a hat, one at a time?

four people in a row

3. In how many different ways can we arrange five different colored
flags in a column for a signal?



4

c;

ti

COMMENTARY AND NOTES
4

Suggest that students look at the factorial table in Student Materials

and Exercises. Students should know that such tables are available and

can be consulted. It might be reassuring for students to know, too, that

factorials need-not be evaluated from scratch. Show them such equalities

as 5! = 5.4!

Discuss the use of formulas and the advantage of expressing a generaliza-

tion in this form. Practice using the formula should help give students

confidence to handle many problems of the same kind.
C

It is desirable to return to the tree diagram to show the selection pro-

cess pictorially. Using the tree diagram for counting will very often

help students see what's, happening before the diagram has been completed.

Students should be given some practice with the factorial symbol to under--

stand its meaning better. For example, they should actually evaluate

such expressions as

and

7! 7.6.$4.04./
.5!

or 42

7! V.6.5.4.3.2.1 or 6!
7

to understand how the symbol operates.

Ask students. to consult the table of factorials to see how rapidly the

answers grow. For example,

4! = 24; 51 = 5.4!, or 120; and 6! = 6.51, or 720

1-20



A.

Summarize the results by observing again that each problem is an example
of a permutation. Make sure students are aware of the following points
in the solution of these problems:

Objects are being. rearranged and their order is important.

Each indicated product starts with the number of objects and in-
cludes each smaller whole number down to 1. That is, the number
of permutations of 4 objects is A.3.2.1. The number of permuta-
tions of 5 objects is 5.4.3.2.1.

Tell students that there are tables that enable us to determine such prod-
ucts'quickly and that there is a short way to write the products. For

example,

4! (read: "4 factorial or factorial 4") means 4.3.2.1, and

5! = 5.4.3.2.1

Help students see that the number of permutations of n objects is always n!
Tell them that we shall use the symbol

n
P
n
to stand for "the number of per-

mutations of n objects."

Thus the formula for the number of permutations of n objects is: n n = n!

Now present and discuss the following examples of permutation, in which only
some of the available objects are used. Show how the multiplication prin-
ciple applies, in each case..

1. There are seven horses in a race. How many arrangements of first-,
second-, and third-place winners can there be?

7
P
3

= 7.6.5, or 210

2. In a game of musical chairs, there are 4 chairs and 5 people. In

how many ways can the 4 people be seated when the music stops?

5
P
4

= 5.4.3.2, or 120

Point out that in the first example, 7P3 stands for the number of permuta-

tions of 7 objects, 3 at a time. Note that there are 3 objects being

arranged and 3 factors in the product.

A.E. 11-19, 27, 29, 32, 33, 35



COMMENTARY AND NOTES

Review sets as needed. Remind students that members of a set may be

listed in.any order.. Thus set A can be written {a,b,d,c}. The braces

are read as "the set whose members are . . ."

Review the idea of a subset. Set B is said to be a subset of set A if

each object in set B is also in set A. Thus, if B = {a,c }, then set B

is a subset of set A.

The empty set is symbolized by { } or 0. By agreement the empty set is

a subset of every set.

If students have had previous experience with sets, their reactions may

vary. Some may react positively because they already understand sets.

Others may feel that they've never understood the concept and thus may

begin reacting to their fears.

Review the idea of the complement of a set. Every subset, B, that is

formed creates another subseeof those elements that are not in B. We

call this subset B' (B prime). For example:

If U = {a,e,i,o,u} and B = {i,o,u }, then -B' = {a,e }.

1-22
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Subsets

Present the following problem:

Given a set of 4 people, how many 3-person committeec can be formed?

List the committees with the students by representing the 4 people as

Set A: {a,b,c,d}

Say: "Let us list all.the possible subsets of set A."

Ask: "Is set A a subset of itself?"

Point out that every set is a subset of itself. Then ask students to re-

cord all the subsets with you.

Subsets of {a,b,c,d} Number

{ a,b,c,d} 1

{a,b,c} {a,t,d} {a,c,d} {b,c,d} 4

{a,b} {a,c} {a,d} {b,c} {b,d} {c,d} .6

{d} {c} {b} {a) 4

{ is the empty set 1

The 3-person committees (subsets of set A) are as follows:

{a,b,c} {a,b,d} {a,c,d} {b,c,d}

Explain the dichotomy (splitting) that is created by forming a subset of

3 elemento from a set of 4 elements. For each set of 3 elements, a set

of 1 element is created. Use a diagram like the following one to illus-

trate:

{a,b,c}

creates {d}

{a,b, d}

creates {c}

{a,c,d}

creates {b)

The complement of each set of 3 is a set of 1.

J
1423

{b,c,d}

creates {a}



COMMENTARY AND NOTES

The French mathematician Blaise Pascal (1623-1662) arranged these num-

bers in this fashion for observing the patterns among the numbers in

the triangle.

O

As students proceed with their work, help them feel the joy of creative

activity and take pleasure in their sense of increased power.

Ask students to trace aloud the mental steps they followed to solve these

problems. Acknowledge that there are various routes to a solution.

Math is not a field in which answers are memorized.

31
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Ask students to list and count all the possible subsets of a set of 2
elements. If necessary, work with them through the following steps:

Let A 7 {a,b}

Then {a,b} 1

(a){b} 2

{

Then ask students to.do the same for a set of 3 elements.

Ask students to look at the triangle on page 111-3 of Student Materials
and Exercises. Project a transparency of the triangle and ask students
to work with you to place the numbers in position.

.
Point out that this triangular array of numbers, obtained by counting*
subsets, is called the Pascal Triangle.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

Show students how the top two rows of the Pascal triangle are derived

from sets with 0 and 1 element.

Now ask students to count all the possible subsets for a set of 5 elements.
Some students will be more comfortable writing out all the subsets. Others

should be encouraged to study the patterns of the Pascal Triangle and to

use the patterns to predict the next row, which represents a set of 5 ele-

ments. Guide students to observe and use the following patterns of the

Pascal Triangle:

1.

2.

The l's are written first and last in each row.

There is a sequence of consecutive numbers (1, 2, 3, ...) written

diagonally in two directions. Thus the row for a set of 5 ele-

ments has 1, 5, , 5, 1.

3. The sequence 1, 3, 6, ... appears diagonally in two directions.

Row 5 now becomes 1, 5, 10, 10, 5, 1 to continue the sequence
1, 3(1 + 2), 6(1 + 2 + 3) with 10(1 + 2 + 3 + 4).



1.7

COMMENTARY AND NOTES

Many students may understand this material with an ease they usually

attribute to the fact that the material is "easy," rather than to .any

insight or intellectual application on their part. It is an important

point :o have students consider whether the materiaPis really easy

or just seems so because their understanding and ability have increased.

33
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4. There is a symmetry in each line that reflects the dichotomy
observed earlier.

If in a set of 5 elements there are

5 subsets of OD element each,

then there must be

5 subsets of CD elements each:

(1 + 4 = 5)

If ;.:sere are

10 subsets of CD elements each,

then there must be

10 subsets of CD elements each

5. There is always one more entry on a line than the number of ele-
ments in the given set.

6. The following patterns of sums make it possible to generate.sub-
sequent lines of the triangle.

Number of Elements

1

(n)

0

1 1 1

2 .1 2 1

3 1 3 3 1

4 1 4 64 l

5 1 5L-3-10 5 1

6 1 6 15 2 0 1 3 6 . 1

:34
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COMMENTARY AND NOTES

Help students understand the advantage of expressing each lumber in the

right-hand column as a power of 2.r Each exponent is the same as the

number of elements in the set.

35
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a

Number of
Elements

1

Total Number
of

Subsets(n)

0 1 = 20

1 1 1 a 2 * 21

2 1 2 1 4 = 22'

3 1 3 3 1 8= 23

4 1 4 6 4 1 . 16 = 24

Ask students to calculate the total number of subsets for each.number of
elements by adding across each low.

Assist students with the renaming of the sums in exponential form. Show

how the definition (2° = 1) fits into the established pattern.

1 = 2°

2 = 21

4 = 22

8 = 23

16 = 24

Ask students to observe the pattern of the total number of subsets. Elicit

from students the understanding that the number of elements is the expo-

nent. Thus with 5 elements, there is a total of 25 subsets. Ask students

to follow the pattern and express the formula for the total number of

subsets of a set of n elements: 2
n

. A set of n elements has 2
n

subsets.

Work with students to calculate the row for 6 elements (1, 6, 15, 20, 15,

6, 1). Show how the various pattern's just explored (including the sums)

can be used.

Now ask students to record the next several rows of the Pascal Triangle

and to check the sum in each case.

Ask students questions that are to be answered by referring to the Pascal

Triangle. Use the following questions as models:

1. How many subsets of 5 elements can one make from a set of 7

elements? (21)

2. How many subsets can be made from a set of 5 elements? (25, or 32)



COMMENTARY AND NOTES

Ask students tc generate their own problems and solve them. Then ask:

"Why is it important for you as learners to be able to make up questions

and problems of this sort?"

This is a good time to vary the classroom organization. Working in small

groups or pairs is appropriate for thid material.

If an incorrect solution is presented aloud, have the student deicribe

the process used to arrive at the solution. Identify those parts of the

process that were correct. Help students understand that an incorrect

solution can be a good learning experience for everyone.

The language of probability should be introduced whenever it seems ap-

propriate and useful.

rr

1-30
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3. If a child has 3 friends, in how many ways can he or she invite
one or more of them to dinner? [(23 - 1 = 7) The empty set is

not included in this case.]

Select an entry from the Pascal Triangle and ask students to pose a ques-
tion for which that number would be the answer.

I.A.E. 20-26, 28, 30, 34, 56 I

Reinforce the distinction between permutations and combinations (subsets).
St :ess the importance of arrangement and order for permutations. Point
out that a combination (or subset) is used when order is not part of the
problem. Using pairs of examples such as the following may be helpful
in making this distinction.

1. In how many different wayErV it.possible to choose a president,
secretary, and treasurer from a club with 7 members?

2. In how many different ways is it possible to choose a committee
of three from a club with 7 members?

Point out that in the first example, there are many permutations just for
one group of 3 members, since each one can be president, secretary, or

treasurer.

Order is of no importance in the second example. Any set or combination
of 3 constitutes a single committee, regardless of the order in which

they are chosen.

Probability

IA.E. 27-30

Begin a discussion of the intuitive ideas we have about probability by
asking: "Why is there a 50-50 chance that a coin will come up heads when

it is flipped ?"

The fdlowing points should be made:

7 .1
1. The 50 refers to 50%, and 507 =

2

2. We expect the coin to come up heads roughly one-half the time,
even though we cannot predict how it will land on a particular

toss.

3. The 50-50 prediction assumes that heads and tails are equally
likely and that the coin will be tossed many times.

1
4. We say that the probability of tossing a head is T.

38
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COMMENTARY AND NOTES

The term experiment is used to describe any activity that one engages in

for the purpose of making numerical predictions about what can be expected

to occur. Tossing a coin, rolling a die, and selecting a card are all

experiments.

Any listing of all possible outcomes of an experiment is called a sample

space. Each outcome is called a simple event. Any event is a set of

simple events.

Help students see that we.are making the assumption that the outcomes

in each sample space are equally likely. Evidence of this assumption

is our intuitive recognition that a checker can be substituted for a

coin in a cointossing experiinent, but a thumbtack cannot be expected

to yield equally likely outcomes.

Whatever event is specified, that event is called success. If you specify

rolling a 5 on a die, then 5 is success. If you specify not getting a

5, then any number that is not a 5 is success.

Panic may start when so much new material is presented. Try to pace the

presentation at a rhythm that is comfortable for your class.

4
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I

aeier,to the question posed earlier: Which is
coin- -two heads in two flips or three heads in

page pI-7)? Show students how theyipaq use the

previously. In the toss of two cods there is
of 4 possible outcomes, whereas in the toss of
favorable outcome out of 8 possible outcomes.

more likely with a fair
three flips (see No. 3,
tree diagrams;. constructed

1 favorable outcome out
three coins there is 1

Propose the following probability experiment:

You roll a die. What is the. probability that 5 will come up?

It is possible that students will intuitively offer the answer
1

Help

students arrive at this answer by guiding them through the following
series of steps:

1. List the outcomes of the experiment: 1, 2, 3, 4, 5, 6

2. Since there are six equally likely outcomes, each outcome is
1

assigned the probability -6.. The probability of getting a 5

is .shownlin the following way:

l . 1
P(five) = -6-

3. There is just one way of getting a 5, but there are 6 possible.

outcomes. Consider the following probabilities:

P(four or five)

P(not -five)

6

2- 9 or
1

3

5

6

6
P(five or not-five) =

6
or 1

P(seven)
0 or 0

Help students derive the following definition for a probability measure.

Let E represent any event.
p

Number of favorable outcomes
P( ^I) = ,--

.Number of possible outcomes

Verify that the previous probability measures are consistent with this

definition. Help students come to the following conclusions from the

definition:

1. The probability of an impossible event is 0 (the n7rator is
always 0).



COkMENTARY AND NOTES

It may be necessary to remind students that a standard deck. of playing

cards contains 4 suits (spades, hearts, diamonds, and clubs), with 13

cards in each suit, making a total of 52 cards.

a

.1 25
Review percent as needed. Point out that =

100'
and 25% means 25 per

hundred.

1
.076

13
13)1.000

91

90
78
12

.076 :: 8%

1
Thus,

13
:: 8%

1-34



2. The probability of a certain event is 1 (the numerator is equal
to the denominator).

3. A probability measure is,always a number between 0 and 1, in-
cluding 0 and 1.

Present the following experiment
questions:

Suppose we draw a card from
has been shuffled.

and some relatively simple prcbability

a standard deck of playing cards that

Calculate the probability that the card is oue of the following:

1. The ace of spades 4)
4 1

2. An ace (3-2-= 170

3. A spade =

Now discuss with students the meaning of each probability measure. For

example, if you draw a card from a standard deck of 52 cards, replace
the card, and then repeat the process many times (always drawing from a

1

'

full deck), you can expect to draw a spade roughly
4

or 25%, of the time.

Thus, if you draw IA cards, you can expect to draw about 25 spades.

A.E. 36-42, 43a, b, c, 44, 45, 53, 54 1

Events and
Ordered Pairs

Work with students to construct a tree diagram (following) of an experiment

in which one tosses a coin and rolls a die. Verify that there is a branch
for each possible outcome. 'The outcomes can be listed as ordered pairs.
For example, (T,3) means tails and 3.

42
1-35



COMMENTARY AND NOTES

Continue to use the term success for the desired outcome.

4 3

1-36
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Coin Die

1 (H,1) *

2 (H,2)

3 (H,3) *

4 (H,4)

5 (H,5) *

6 (H,6)

1 (T,1)

2 (T,2)

3 (T,3)

4 (T,4)

5 (T,5)

6 (T,6)

Help students arrive at the conclusion that there are 2.6, or 12, possible

outcomes.

Ask: "What is the probability of getting tails and 3?
n 1

Ask: "What is the probability of getting heads and an odd number?"
Work through the following steps with students:

Let thisevent be F. There are 3 favorable outcomes, or succe3ses,
shown by the asterisk (*) in the tree diagram. Thus:

P(F) =
3 1

1
-2- Or 17

1
Ask: "What does [P(F) =

4
] mean?" For the answer, refer to the

preceding discussion of the probability of obtaining a spade (page
1-35).

44
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COMMENTARY AND NOTFS

It is important to help students recognize that the dice must be dis-

tinguishable from each other (different colors or sizes) so that

white 1, red 2 is a different outcome from white-2, red. 1.

45
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Next, consider the sample space for two-dice experiMents. Work with stu-

dents to construct a tree diagram like the one below for an experiment
in which two dice are rolled--a white die and a red die.

White Die Red Die

4

1 (1,1)

2 (1,2)

3 (1,3)

4 (1,4)

5 (1,5)

6 (1,6)

1 (2,1)

2 (2,2)

3 (2,3)

4 (2,4)

5 (2,5)

6 (2,6)

1 (3,1)

2 (3,2)

3 (3,3)

4 (3,4)

5 (3,5)
6 (3,6)

1

2

3

r- 4
5

6

(4,1)

(4,2)

(4,3)

(4,4)

(4,5)

(4,6)

1 (5,1)

2 (5,2)

3 (5,3)
4 (5,4)

5 (5,5)

6 (5,6)

1 (6,1)

2 (6,2)

3 <6,3)

4 (6,4)

5 (6,5)

6 (6,6)



COMMENTARY .AND NOTES

The lattice is another example of a physical model that makes it easier

to see the relationships between numbers.

This lattice is a geometric model. For students who don't readily use

a geometric approach, this Ci". be a useful introduction to coordinate

geometry.

47



Go over the various outcomes and show how, by agreement we can use. ordered
pairs of numbers to represent individual outcomes. Note that the order of

the numbers is significant. Pairs *such as (2,3) and (3,2) represent dif-

ferent outcomes.

Review with students the system for assigning ordered pairs to points in

a plane. Work with them to construct a 6 x 6 lattice of 36 points, like

the one below. This is another systematic way of writing the sample space
for a two-dice experiment.

Lattice of Points

6

5 . .

4

(2,3)
3 0 . .

(3,2)

2 0
1 .

1 2 3 4 5 6

When you discuss the lattice, be sure to use appropriate language. For

example, say: "The coordinates of the point (2,3) are 2 and 3."

Now present probability questions that can be answered by counting out-

comes--branches of the tree diagram or points of the lattice. The follow-

ing questions are provided.as models.

1. What is the probability ti.at the dice will come up 2 and 3 (or

4 and 1, etc.)?

2 1
P[(2,:1)(3,2)) = or

36 ' 18

2. What is the probability that you will obtain a sum of 6 on the

two dice? A sure of 8? A sum of 7?

For the above questions, it is helpful to locate the points for any
specified sum. (See lattice on page 1-43.) Tell students that

points whose coordinates have a sum of 6 lie along a line that

. passes through each axis at 6. There are 5 points: (1,5),

(2,4), (3,3), (4,2), and (5,1).

4 3
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COMMENTARY AND NOTES

Point out the symmetry of the 36-point lattice. A line through the 6

points representing the sum 7 is a line of symmetry for the square array

of points; The sum 6 and the sum 0 occur the same number of times (5)

as do the sums 2 and 12, 3 and 11, 4 and 10, and 5 and 9. Ask students

to derive the probability of each bum and to pair equally likely events.

49

1-42



I

6

5

4 re

3

2

1

1 2 3 4 5 a

Let E represent sdccess. Then calculate the probability of
obtaining a sum of 6 in the following way:

P (E)
5

36

3. Show how the points line up for each of the following sums. Com-

pute the probability of each sum.

Sum of 4 Sum of 10

6. 6 .

5 5 . . . .

4 . . 4

3 3 .

2 2

1 1

1 2 3 4 5 6 1 2 3 4

{(1,3), (2,2), (3,1))

3
P(sum of 4) - .5T, or

12
ti

The sum of 7 occurs most often:

{(1,6),

((4,6), (5,5), (6,4))

3 1
P(sum of 10) = -376;0 or 12

(2,5), (3,4), (4,3), (5,2), (6,1))

1
P(sum of 7) =

'

or
636

'50
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Mutually
Exclusive
Events

Present the following problem:

What is the probability of,obtaining either a sum of 7 or a sum of 11?

P(sum of 7) = 6
36

P(sum of 11) - .326

By adding the separate probabilities for 7 and 11, we find that there
are 8 favorable.outcomes (outcomes in which the sum is.11 or 7).
Thus:

8 2
P(sum of 7 or 11) = Tip or -9-

6 2 8 2
+ , or

36 36 36 9

Use this example to illustrate the meaning of the phrase mutually exclusive.
The occurrence of either one of these events (a 7 or an 11) excludes the
possibility that the other will occur.

Point out to students that two events must be mutually exclusive for
their probabilities to be added.

Ask which pairs of events in a roil of two dice are mutually exclusive.
Have students draw a line around two sets of points on a lattice for
each of the following pairs of events. Show that the demarcated areas
are disjoint (do not intersect) when the events are mutually exclusive.

1. A sum of 3 or a sum of at least 7.

6

5

4

3

2

1

e

e

a

a

1 2 3 4 5 6

F(sum of 3) =
2

1-45

52

6

5

4

3

2

1

1 2 '3 4 5 6

21
P(sum.of at least 7) = -3-e;



COMMENTARY AND NOTES

It may be helpful to review the meaning of at least. In this context it

means 7, 8, 9, 10, 11, or 12.

Ask students to use the 36-point sample space to describe other pairs

of mutually exclusive events.

1

53

1-46



.3

ao

Count the dots/points with students to show that there are
23 in all.

23
P(sum of 3 or a sum Cie/ at least 7) =

36

2 21 23

36
+

36 36

2. The white die comes up 3 ur the red die comes up 5.

But

R

5

. 4

3

2

1

1 2 3 '4 5 6 W

ft

P(T) =
6

-j6-

P(F)

P(T or F) = lt

T: .White die,
comes up 3

F: Red die,
comes up 5

These events aritinot mutually exclusive. Both can happen at the

same time. Count the enclosed points with students to show that

there are 11, not 12. There is one point that T and F have in

common. This is the point (3,5) representing the uatcome in
which the white die comes up 3 and the red die comes up 5.

A.E. 49a-j, 50

54
I-47
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COMMENTARY\AND NOTES

I

Review the idea of the complement of a set. For every subset of outcomes

(event) another subset is created, E', thatcontains all the outcomes

that are not in E. E and E' are disjoint sets and together they contain

all of the possible outcomes:

55
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Complementary
Events

Remind students that they have previously computed the probability of
obtaining a sum of 6 on the roll of two dice.

P(sum of 6) = ;6

Now ask the'M to compute the probability of not getting a sum of 6.
31

(Answer:
36
---)

a.

Then consider various other probabilities. In each case, compute as well

the probability that
so that their pattern

P(sum of 6) =

P(white is 3) =

the event
becomes

5

will not occur. Juxtapose

=

these measures

31

evident:

P(sum not 6)

P(white not 3)
6

36

30

Assist students with the obbervation that for any event, E, if E' is the
.nonoccurrence of event E, then

P(E) + P(E') = 1

For additional practice have students use tree diagrams to construct sam-
ple spaces for the toss of 2, 3, 4, ... coins. Help them co note that

the number of outcomes for n coins is 2
n

.

SAMPLE SPACE FOR TOSSING THREE COINS'

Coin 1 Coin 2

H

T

H

23= 8

1-49
5 6

Coin 3

H

- T

H

T



COMMENTARY AND NOTES

Raise a question about the relationship of these to the Pascal Triangle.

Help students see why the numerators (1, 3, 3,1) represent the number

of combinations of the three coins that result in 3 headsi heads,

1.head, 0 heads.

1-50
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Use the sample space on page 1-49 to compute the following probabilities
in an experiment with the tossing of 3 coins.

1. The probability of getting 3 heads

2. The probability of getting 2 heads

3. The probability of getting 1 head

4. The probability of getting 0 heads

Have students extend the tree diagram on page 1-49 to 4 coins and 24, or
16, outcomes. Ask them to calculate the probabilities of obtaining 4, 3,
2, 1, and 0 heads.

Help students count the branches of the tree diagram to shot. that:

1. There is 1 way of obtaining 4 heads

2. There are 4 ways of obtaining 3 heads

3. There are 6 ways of obtaining 2 heads

4. There are 4 ways of obtaining 1 head

5. There is 1 way of obtaining 0 heads

Relate these numbers (1, 4, 6, 4, 1) to the appropriate row of the Pascal
Triangle and determine the probabilities by using the denominator 16.

A.E. 45, 46
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COMMENTARY AND NOTES

Review examples of theoretical probability and experimental probability.

It is appropriate to summarize the methods developed in this module so

that students can better appreciate the basic ideas of probability.

59
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Experimental
Probability

Present the following problem:

There are some marbles in a container. You .shake the container, with-
draw a marble without looking, and record its: color. The marble is,
replaced, and the procedure is repeated a total of 100 times.

Suppose the results recorded are 22 reds, 26 whites, 11 blues, and 41
greens.

1. What can you say about your chances of picking a white marble on
the very next pick? A blue marble? A red one? A green one?

2. What is the probability of picking a yellow marble from the
same container?

3. There are 20 marbles,in the container. Estimate the number of

each color.

Discuss the distinction-between theoretical probability and experimental
probability. In the case of coins, spinners, dice, etc., we make a
theoretical determination beforehand as to what is to be expected. In

the case of the marbles, weather, defective items on an assembly line,
etc., we can make a prediction only after performance data have been col-
lected.

A.E. 47, 48, 51, 52, 55

60
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STUDENT EVALUATION

An approach to evaluation is provided in the section on student evaluation

in the Instructor's Handbook, along with ideas for creating a classroom

climate that encourages and .supports students' achievement. Suggestions

are offered for helping students to prepare for quizzes, for providing
feedback on performance, and for reassessing when necessary.

The Choice and Chance objectives, below, are accompanied by sample items.

.Select items according to the content objectives you have covered in the

module.

Objective 1. List the outcomes for an experiment, using a tree

diagram.

a. There are 3 marbles in a bag: 1 blue, I yellow,

and 1 red. In a certain experiment one is to
pick a marble out of the bag and flip a coin.
Draw a tree diagram to show all. the possible out-

comes of this experiment.

b. A restaurant offers 3 selections of pie (apple,

peach, and blueberry) and 3 choices of ice cream

(vanilla, chocolate, and strawberry). Draw a tree

diagram to show all possible pie-a-la-mode des-

serts (one choice of ice cream and one choice of

pie).

Objective 2. Calculate the number of outcomes of an experiment,

using the multiplication principle.

a. One can travel from City A to City B by plane,

bus, or train and from City B to City C by bus or

automobile. In how many different wayS can one
travel to City C after a stopover in City B?

b. There are 3 flavors of ice cream: vanilla (v),

chocolate (c), and strawberry (s). There are 4

toppings: fudge (f), butterscotch (b), marsh-
mallow (m), and nuts (n). How many different kinds

of sundaes are possible?

c. Bag A contains 3 marbles: a red one, a blue one,

and a green one. Bag B contains 2 marbles: a

yellow one and a red one. Without looking, a per-

son draws 2 marbles, 1 from each bag. How many

outcomes are possible?

61
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Objective 3. Calculate the number of permutations for a set of ob-
jects, using all of the objects.

a. Calculate the number of permutations for a set of
5 objects.

b. In how many ways can 4 people be arranged in a line
for a picture?

Objective 4. Calculate the number of permutations for a s0 of ob-
' jects, using any number of the objects.

a. Six, horses race. In how many ways can they come
in first, second, and third?

b. How many four-digit numbers can be formed from
1, 2, 3, 4, 5, 6, and 7 if each digit is used
exactly once in a number?

Objective 5. Perform computations with factorials.

a. Evaluate 5!

b. If 6! = 720, calculate 7!

Objective 6. Determine the total number of subsets that can be
formed from a given set of elements, using the formula 2n.

a. What is do total number of '.subsets in a set of 5
elements?

b. Determine the total number of subsets that can be
made from a set of 7 elements. Express the answer

in exponential form.

Objective 7. Use the Pascal Triangle (see following page) to de-
termine the number of subsets of a specific number
of elements that can be formed from a given set.
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a. Write the next line of die Pascal Triangle (for

7 elements).

Number of
Elements

(n)

0 1

1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

b. Determine the number of subsets of 3 elements that

can be made from a set of 6 elements:-

c. How many committees of 3 can be made from.a set of

7 people?

d. Given a set of 2.1 elements, the number of subsets

of 3 elersnts is equal to the num.,..tr of subsets of

how many elements?

Objective 8. Given the total number of outcomes and the number of

favorable outcomes, determine the probability of an

event.

a. A bag contains 3 red marbles, 2 blue rarbles, and

5 green marbles. One marble is drawn from the bag.

What is the probability that it is either red or

green?

b. Each month of the year is written on a slip of

paper. Suppose you choose one at random. What

is the probability that it will begin with the

letter J?

c. What is the probability of drawing a yellow marble

from a bag containing 3 red marbles, 2 blue marbles,

and 5 green marbles?
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d. Refer to the tree diagram below to answer this
question. In this experiment, 3 coins are tossed.
What is the probability that in the toss of 3 coins
exactly 2 coins will come up heads?

Coin 1 Coin 2

T

H

T

Coin 3

H

T

T.

T

Objective 9. Given the probability of an event, determine the probe-__
bility that the event will not occur.

a. The probability that an event will occur is
2

3°
Determine the rrobability that the event will not
occur.

b. Suppose that a standard deck of cards is shuffled
and one card is drawn. The probability that it is

13
a heart is What is the probability that it is

52
not a heart?

Objective 10. Given the probability of an event predict the number of
times the event can be expected to occur in a given num-
ber of trials.

a. The probability of obtaining 2 heads in the toss of
1

2 coins is 717. If 2 coins are tossed 100 times,

in approximately how many cases should one expect
to see 2 heads?

b. The probability of drawing a red block from a bag

of colored blocks is If a block is drawn from
2

this bag (and replaced) 50 times, how many times
should one expect to draw a red block?
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CHOICE AND CHANCE

II

INSTRUCTOR'S GUIDE AND SOLUTIONS TO STUDENT EXERCISES



This section of Choice and Chance/contains solutions for exercises

presented in Student Materials and Exercises. The solutions.are

accompanied by some explanations and suggestions.

The student exercises include problem3 that apply the concepts and

problem-solving strategies developed in this module. The exercises

can be used as part of instructional activities, as in-class activ-
ities for individuals or small groups, as assignments, or as review

materials. The asterisk (*) denotes a more challenging problem.

66
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1. At a party there are 14 women and 11 men. In how many ways can mixed

couples be paired?

Use the multiplication principle or a tree diagram.

14.11 = 154

Encourage students to return to the tree diagram for help as needed.

2. Dapper Dan has 12 sports jackets, 2 reversible vests, and 6 pairs of

slacks. How many different 3-piece outfits can he arrange for him7

self?

Since the vests are reversible, there are 4 possible vests to work

with, 12 possible jackets, and 6 choices for slacks.

4.12.6 = 288

3. How many three-digit numbers can be formed using the digits 1, 2, and

3 without repeating digits? Use a tree diagram.7--

1---2

2 1

The last branch of this diagram-is
the number, but it will not change

number of outcomes is developed !I.

shown as

3.2.1 = 6

needed to form the third digit of

the number of outcomes. The total

the first two branches and can be

4. How many three-digit numbers can be formed using the digits 1, 2, 3,

4, 5, 6, 7, 8, and 9 without repeating digits?

Since a tree diagram would be too cumbersome, show instead the number

of possible ways to fill the spaces in the three-digit number.



9.8.7 =

There are 9 ways to fill the first space,------1

Only 8 choices remain for the second space.

Only 7 choices remain for the third
since two numliere have already been
the first two digits and repetition
is not permitted here.

digit,
used for
of digits

504

5. How many three-digit numbers can be formed usir.g the digits 1, 2, 3,
4, 5, 6, 7, 8, and 9?

Since repetition is permitted here, there are 9 ways to fill each space.

9 choices for the hundreds digit

9. choices for the tens digit

9 Choices for the units digit

1-111". ,
.9.9 = 9.", or 729

Compare this with question 4, in which repetition is not permitted.

6. How many four-digit even numbers can be formed from 1, 3, 2, 8, and 9
if each digit is used exactly. once in a number?

For the number to be even, the units digit must be an even number.
Therefore, the units place can be filled by only two digits, 2 or 8.

According.to the multiplication principle, and given the number of
ways to fill the other three places, the answer is

4.3.2.2 = 48

7. How many different three-digit numbers greater than 500 can be madt..
using the digits 1, 3, 5, 6, and 7 if no digits are repeated?

A restriction is placed on the leftmost digit (the hundreds place)
since the three-digit number must be greater than 500. Therefore,

there are only three possibilities for the first digit: 5, 6, or 7.
Then four possibilities remain for the second digit, and three re-
main for the last digit (the units place).

3.4.3 = 36



8. How many possible license plates are there that consist of a letter

followed by three digits?

Since repetition is not mentioned, we can assume that there isn't any

restriction and that repetition is permitted. There are 26 possible

choices for the letters (A-Z) and 10 choices for each of the three-

digit places (0, 1, 2, 3, 4, 5, 6, 7, 8, 9):'

26.10.10.1J = 26 000

9. If seven digits are used for each telephone number for a given area

code, how many different telephone numbers can be accommodated for

Lhat area code?

There are ten possible ways to fill each of the seven-digit places:

10.10.10.10.10.10.10 = 107, or [10 000 0001

10. A wheel of fortune contains, the numbers from 1 to 5. If we spin the

wheel three times for each turn, how many different sequences. of num-

bers can we obtain?

5.5.5- = 53, or 175 1

11. Calculate:

a. 2! = 2.1, or

b. 3! = 3.2.1, or 6

C. (4!)(2!) = 4.3.2.1.2.1, or 48

d.
4!

=
4.3

, or

The (2.1) is eliminated by dividing both the numerator and the

denominator by (2.1).

10! 10.9.8.7.64.)444.1
'e. .

or 130 242J
!

t.A.01.1

The answer is not 2. Cancellation cannot be performed until the

numerator and the denominator ar4 expanded.

51.2! 5.4. CIA.r4-41:) .2.1
, or

r.
f.

3! C1.1041-v10

40

6J
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32! 32(31.30.29...2.1)
or

31! 2.1) ,

h.
15! 15.14.(13.12.11.....2.1)

im

131 (13.12.11.2.1)

Es

1. -14, or 210

The fopowing questions (12-19) involve finding the number of permutations.

12. How many arrangements of the letters in the word TEA are possible?
How many form real words?

This question is similar to question 3, except that it involves three
letters instead of three numbers.

The problem is also the same as that of arranging Tom, Evelyn, and
Aliceiin their chairso.side by side, for a photograph (see page 1-19).
You can have three students assume the different positions for these
arrangements. Have them move around to demonstrate that the letters
T, E, and A can each be used only once in any arrangement. No repe-
tition is permitted.

3.2.1 =

E - A
T

A - E

- A

A - T

- E
A

E T

6

List taken from tree diagram:

TEA

TAE

ETA

EAT

ATE

AET

Select from the list those arrangements which form English words (TEA,
EAT, ATE).

13. How many three-digit numbers can be formed using the digits 1, 2, and 3
without repetition?

3P3 = 3! and 3! = 3.2.1, or 6

This is a question about arranging digits. Because the order of the
digits is important, it is a question about permutations. Three items
are being arranged in three positions, so all of the items are being

used each time. Compare this with questioa 4, in which nine digits
are used to fill the three positions.



14. In how many ways can 5 books be arranged on a shelf?

The word arrange tells us that order is important.

5PS 0 5! and 5.4-3.2.1 120

15. If a student has 9 books and wishes to arrange any 5 of them on a

shelf, in how many ways can it be done?

Compare this with'question 14, in which 5 books are arranged in 5

spaces. Here we have 9 books to arrange in 5 positions.

9P5 = or

9 ways to fill the first position

8 ways to fill the second position

or

7 ways to fill the third position

6 ways to fill the fourth position

5 ways to fill the fifth position

[15 1201

16. a. In how many ways can 7 people be lined up for a group picture?

b. In how many ways can they be lined up if Mike is to sit iu the

middle?

a. 7P7 = 7! and 7.6.5.4.3.2.1 = 5040

b. ()ie position is absolutely determinci--Mike is in the middle.

Therefore, only 6 people remain to be arranged, and only 6 posi-

tions remain to be filled;

6! = 6P6 and 6.5.4.3.2.1 = 720

17. ET ;low many different orders is it possible to arrange the letters of

the following words?

a. MANY

b. CARDS

a. 4P4 = 4! and 4.3-2.1 =

b. 5P5 = 5! and 5.4.3.2.1 =

11-8
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18. In how many different orders can 5 slips of paper be drawn from a hat?

5,5 - 5! and 5.4.3.2.1 r1251

19. In how many different ways can 6 seats be filled by 10 people?

10P6 = 10.9.8.7.6.5, or
AL

First seat

Second seat

Third seat

Fourth seat

Fifth seat

Sixth seat

151 200

If you are using a table of factorials, then

1098.7.6.5 = 10.9.8-7.6.5.4.3.2.1
4.3.2.1

10!

4!

3 628 800
24

= 151 200

20. a. Enter the numbers in the Pascal Triangle* through line n = 12.

b. Check: Does that line read 1, 12, 66, 220, L'15, 792, and so on?

c. Pose six questions for which the numbers 1, 12, 66, 220, 495, 792,

and 924 would be he respective answers.

c. 1: Given 12 people, how many committees of 12 people can be

formed? or

Given 12 people, how many committees of 0 people can be formed?

12: Given 12 people, how many committees of 11 people can be

formed? or

Given 12 people, how many committees of 1 person can be formed?

66: Given 12 people, how many committees of 10 people can be

formed? or

Given 12 people, how many committees of 2 people can be formed?

*The Pascal Triangle is found on page II-11.



220: Given 12 people,
formed? or

Given 12 people,
formed?

495: Given 12 people,
be formed? or
Given 12 people,
formed?

792: G- '3n 12 people,
formed? or

Given 12 people,
formed?

924: Given 12 people,
formed?

how many

how many

how many

how many

how many

how many

how many

II-10

committees of 9 people cat, be

committees of 3 people can be

committees 04°8 people can be

committees of 4 people can be

committees of 7 people can be

committees of 5 people can be

committees of 6 people can be



,,,

1
,._

2 ...
1

1 3 3 1

1 4 6 4 1

1 5 10 "10 5 1

1 6 15 20 15 6 1

1 7 21 35 15 21 7 1

1 8 28 56 70 56 28 8 1

1 9 36 84 12 12' 84 36 9 1

1 10 45 12 21 5 210 20 4 10 1
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The following
binations.

21. How many
quarter,
coins at

questions (21-26) involve finding the number of possible com-

different amounts of money can be obtained from a nickel, a

and a half-dollar, using one, two-, or all three of these

a time?

Different sums of money are obtained by grouping the coins three at

a time, two at a time, one at a time, or by using no coins at all.

Solve the problem by showing the number of different subsets that can

be formed from a set of three objects by taking none at all, one at

a me, two at a time; or three at a time. The number of objects is

small enough so that all the different groups can be.listed.

n = nickel, d = dime, q = quarLer

Groupings Subsets Formed

0 at a time

!

{ }

1 at a time {n} {d} {q}

2 at a time {n,c} {n,q) {d,q}

3 at a time {n,d,q}

'Number of Subsets

3

3

1

8

The same informatics is shown in thi `hind row of the Pascal Triangle*:

Number of different
from a given set of
time

Number of differen,..

Li:um a given set of

line

Number of different
from a given set of
time

Number of different
from a given set of
time

sets that
3 objects

1 3 3 1

can be formed-----1
, using 0 at a

sets that

3 objects,

sirs that
3 objects,

sets that
3 objects,

can be formed
using 1 at a

can be formed
using 2 at a

can be formed
using 3 at a

*The Pascal Triangle is found on page II-11.

11-12



22. There are 10 people on a school board. In how many ways can committees
of 5 people be selected?

Use the Pascal Triangle.* Find the 4ppropriate line and position that
answer the related question, "Given 10 people, how many committees of
5 people can be formed?"

Row for n = 10, sixth position (middle) = 252

Note that for a question like this one, order is not important. A
commito.te composed of Marc, Alice, Kate, Jonathan, and Saul and one
composed of Saul, Alice, Kate, Marc, and Jona.:har would be exactly
the same committee. Contrast this with question 12, for which a dif-
ferent arrangement of EAT, ATE yields a different result.

23. How many different clubs of 2 boys can be selected from a class of
6 boys?

Use the Pascal Triangle.*

Row for n = 6, third number from the left 15

24. If 8 people play a round-robin tennis tournament, how many matches
are played?

Use the Pascal Triangle* to find now many different combinations of

2 can be formed from a set of 8. Remember that order doesn't matter.
Austin versus Shriver and Shriver versus Austin are the same match.

Row for n = 8,third number from the left = 28

(Solution for question 24 continues on the next Ige.)

4

*The Pascal Triangle is found on page II11.

7
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An alternative method of solving this problem is to use a tree diagram: .11)

1 5 7 matches
6

7

8

3

4

2 5
6

7

8

6 matches

4

5

6 5 matches

7

8

5

6 4 matches
7

8

6

7 3 matches

8

7
6

8
2 matches

+

7 8 1 match

For player number 7 there is only one branch, since his or her matches

with each of the other players have already been listed in the branches

for players 1 through 6.

The sum 1 + 2 + 3 + 4 + + 7 can be solved by using the formula

for the sum of the first -n natural numbers by substituting 7 for

n in

S 2

1

2
n(n + 1)

Thus I + 2 + 3 + + 7 = 2 .7.8
'

or 28

Other methods of solving for the sum of the first seven natural num-

bers may be used.



1

25. A committee of 5 people is to be chosen from a set of 10 people.

a. If Jones and Smith both serve on the same committee, how many
committees can be formed?

b. Suppose Jones and Smith are too incompatible to serve on the-same
committee. In how many ways can the committees be formed?

Since 2 people, Jones and Smith, are definitely included in the
committee, the problem is one of choosing a committee of 3 people
from a given set of 8 people.

Refer to the fourth position from the left in the eighth row of
the Pascal Triangle.*

56

The total number of possible committees of 5, given a set of 10
people, is 252. From this total, subtract all committees that
have Jones and Smith together.

In answer (a), we found that there are 56 committees in which
Jones and Smith are together. Thus:

. 252 - 56 = 1196

26. How many diagonals can be drawn in a hexagon?

C
AB BC CD DE EF

AC BD CE DF

AD BE CF

AE BF

AF

5 + 4 + 3 + 2 + 1 = 15

A hexagon has six points. Two points determine a-line. Therefore,

solve for the number of pairs of points that can be formed. From

this total, subtract 6 because the lines forming the six original
sides of the hexagon have already been included in the total number

of sets of two points. These original six lines are not diagonals.

Given set of six points, 15 lines are determin-Jd by two points,li,and

15 - 6 = 9

*The Pascal Triangle is found on page II-11.



From this point on, students must decide whether to find the number of

combinations or the number of permutations. Questions 27 and 28 and ques-

tions 29 and 30 can be paired to point out these important differences

between permutations and combinations:

In permutations, order is important; in combinations, order is not

important.

The Inumber df combinations will'be fewer than the number of permuta-

27:. In how inany different ways is it possible to choose a president, sec-

retaiy,\and treasurer from a club with 10 members?

Order is important. "Pam is president, Fran is secretary, and Nan is

L.easurer" is different from "Fran is president, Nan is secretary,

and Pam is treasurer." Use permutations.

10 9 8

president secretary treasurer
7201

28. In how many ways is it possible to choose a committee of 3 from a club

with 10 members?
120

This differs from question 27 because it is only.the number of groups

that is of interest here, not the order in which the members of the

group are arranged. Look at the fourth position from the left in

the row of the Pascal Triangle* for n = 10. Compare this result

(120) with the solution to question 27. When order is important, the

result is.larger because there are more ways each group can be ar-

ranged. The 120 different groups solved for here, for example, could

each be rearranged 6 different ways, if order were important.

29. There are 10 qualified applicants for all of 3 available teaching

positions. In how many ways can the positions be filled?

10.9.8 = 1720

30. How many sets of 3 lucky applicants can be selected from the 10? (1201

4

31. In how many ways can a string qu-a-rtet (1 first violinist, 1 second

violinist, 1 cellist, 1 violist) be formed from 4 first violinists,

2 second violinists, 3 cellists, and 3 violists?

*The Pascal Triangle is found on page II-11
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Use the.multiplication_prinaiple. There are 4 ways to choose a first
violinist, 2 ways to choose a second violinist, 3 ways to choose a
cellist, and 3 ways to choose a violist.

4 2 3 3

firstviolinist second violinist -cellist violist
172

32. A librarian has 6 history books. Two are Volumes I and II of the same

book. In how many ways can the 6 books be arranged on the shelf, keep-
ing the 2 volumes together in the correct order?

Consider Volumes I ank1 as pasted together and moved together. You

are really moving just 5 books. Use permutations.

St = 5.4.3.2.1, or 120

33. Here you have your favorite three-flavored ice cream cone.

a. In how many different ways can you arrange
3 scoops? (Use permutations.)

32

b. In how many ways can you arrange 2 scoops?

2.1. =121

c. In how many ways can you arrange 1 scoop ?,

d. Suppose a store had 10 flavors of ice cream.
How many different double-dip ice cream
cones could be made?

10.9 = po

34. There are 12 people in a room. Each is to greet each of the others

with a handshake. What is the total number of handshakes?

This can be reworded: How many diA.inct groups of 2 (since it takes 2

people to make a handshake) can be formed, given 12 people? Use Pascal's

Triangle,* third position from the left in the row for n = 12.
66

One can also make a tree diagram to see which people the first person

will shake hands with (11 other people), which people the second' person

*The Pascal Triangle is found on page II-11.
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will shake hands with (10 other people, since the second is already //

listed with the first), etc.

.0

2

3

4

5

6

7

8

9

10
11
12

3

4
5

6

7

8

9

10
11

12

4

5

6

7

8

9

10

11
12

5

6

7

8

9

10
11
12

04)

(Solution to question 34 continues on the next page.)
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6

7

8

9

10

11
12

7

8

6 4114 10
11

12/
A

8

9

10
11
12

8

9

9

10

11

12

10

11
12

11

11 12

The number of handshakes is'then

1 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + 11

Some students may be familiar with various methods for solving for the
sum of the first 11 natural numbers. For example:

1
S =

2
n(n + 1)

1I .11;12 = 66



35. a. In how many ways can a librarian arrange 9 books on a shelf?

b. Suppose the shelf holds only 7 books. How many different arrange- lr

ments can be made then?

a. 9! = 9.8.7.6.5.4.3.2.1, or [362 880

b. 9.8.7.6.5.463

First position

Second position .

Third position

Fourth position

Fifth position
I

Sixth position I

Sevelith position

To calculate (b), divide the answer to (a) by 2.1.

9.84.6.5.4.3/4 362 880

2.1 2 '

36. a.

b.

or

How many different
obtained if a coin

5

Draw a tree diagram
on following page.)

181 4401

Sequences
is

=

tossed

of heads (H) and tails (T) can be

5 times?

these outcomes. (See tree diagramto chow

83
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t' Toss 1 Toss 2 Toss 3 Toss 4 Toss 5

84
.11-21

H HHHH
H HHHT

H HHHTH
T

H HHTHH
T HHTHT

H HHTTH
H H T T TT

H HTHHH
T HTHHT

.T

-H
-T

H THTH
H THT T

H T.THH
H T THT

H T T T HH
H T T T TT

H THHHH
THHHT

THHTH
THHT T

H THTHH
T THTHT

H THT TH
T THTT T

H TTHHH
T T THHT

H TTHTH
T T H T TT

-H
-T

TTTHH
TTTHT

H TT TTH
T TTTTT



c. What is the probability that if you "RS a coin 5 times, you

will obtain:

(1) 5 heads?

(2) Exactly 3 heads?

(3) 4 heads and 1 tail or 1 head and 4 tails?

(4) At most 2 heads?

(5) At least 2 heads?

The answers for (c) can be taken directly from the tree dia-

gram by counting the number of favorable outcomes and the

total number of possible outcomes. (See page 11-21.)

Notice that our previous methods of counting outcomeo will

come in handy to determine the denominator. For example, the

possible outcomes when tossing a coin 5 times are 25, or 32.

This result is also shown in the tree diagram.

(1)

(2)

(3)

(4)

(5)

32

10.
32

10
32

15

32

26
,--

32
All the branches left over have either 0 heads or

Only one of the possible 32 branches is H.H H H H.

These are the only possible outcomes, of the pos-

sible 32, that have exactly 3 H's:

H HHTT
H HTHT
H HTTH
H THHT
HTHTH
HTTHH
THHHT
THHTH
THTHH
TTHHH

1 head. Thus, the answer to (5) also tells you

the probability of 0 or 1 head. It will be the com-

plement of 2 heads, or

11-22



10.976923 I

37. If I have 3 sets of keys on my desk, what is the probability that with-
out looking I will take the right set for my car?

Probability (P)
Number of favorable outcomes

Number of total possible outcomes

Only 1 set is the correct one. Therefore, there is only 1 favorable

outcome. 1 is the numerator. There are 3 different sets to choose
from, thus a total of 3 possible outcomes. 3 is the denominator.

P MB

38. What is the probability of correctly guessing the month in which your
instructor was born?

There is only 1 favorable oqtcome--the month in which the instructor
was indeed born. There are 12 possible choices--the 12 different
ton,:hs of the year.

P CS
1

12

. 39. If 5 coins are tossed, what is the probability of tossing 5 tails?

Since there are 2 ways.the coin can come.up each time it is tossed,

there are 32 possible outcomes:

25 = 32

There .is only one favorable'occurrence out of a possible 32. There-

fore:

P

.11
1

32

40. A bag contains 15 balls numbered from 1 to 15. If 3 balls drawn

from the bag, what is the probability that the numbers on a1' ; balls

will be even?

There a:e 15.14.13 possible outcomes. Therefore, the denominator is

15.14.13. To determine the numerator, determine the number of favor-

able outcomes. There are only 7 even numbers between 1 and 15. Thus,

there are 7.6.5 favorable draws from the bag.

7.6.5 210
P

15.14.13'
and

2730

11-23
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41. If a student randomly answers a five -question true-or-false test,

what is the probability of getting a perfect score?

First calculate the total number of possible arrangements of true and

false answers for the test. There are 2 choices for the first an-

swer: --T or F. Likewise, there are 2 choices for the second, third,

fourth, and fifth answers. Using the multiplication principle, there

are 2.2.2.2.2 - 25, or 32, possible answers. Only one of these is

the correct sequence of answers. Therefore, the probability is

Note the similarity bete :11 this question and question 39. They both

involve 5 everts, with 2 possible outcomes for each event.

42. If a student randomly answers a four-question multiple-choice quiz,

with 3 choices per question, what is the probability of obtaining a

perfect score?

For the first question, there are 3 possible responses; likewise, for

the second, third, and fourth questions. There are 3.3.3.3 = 34,

or 81, possible arrangements of answers. However, only one sequence

is correct. Therefore, the probability is

'81

43. There are 6 red candies and 2 green candies in an:opaque jar.

a. What is the probeility of reaching in without looking and pulling

out a r: candy?

b. What i. the probability of pulling out a green candy?

*
c. If you do not replace the first candy drawn, what is the probabil-

ity of drawing first a red and then a green candy9

a. There is a total of 8 candies to choose from (6 red candies +

2 green candies = 8 candies). However, in this problem red is

the favorable outcome, and there are only 6 red candies. There-

fore:
6

P = -8- or

coMMNIIme.

3

4
.111101MMIN

*The asterisk denotes a more challenging problem.

87
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b. Again, the total number of candies is 8, and 8 will be the

denominator. However, now green is the favorable outcome.

Therefore:

2
P -6 or

c. There are 8 ways to choose the first candy and 7 ways to choose

the second one. Thus, there is a total of 8.7 possible ways

to draw the candies. For the numerator, note that there are

6 possibilities for drawing a red candy and 2 possibilities

for drawing .a green candy. Therefore, there are 6.2 favor-

able outcomes. Thus:

6.2
P or Enj

8.7 ' 56

44. Two parents and five children in a family take turns

At the beginning of each week, they write the days

slips of paper. Then each one draws a slip of paper

a. If Dud draws first, what is the probability that

sponsible for walking the dog on Wednesday?

of
walking their dog.
the week on seven
from a hat.

he will be re-

1
7

b. If Dad does get Wednesday, what is the probability

draw a day beginning with the letter S?

that 'Mom wil-

.2

6

c. Then if Mom draws Saturday, what is the probability

will draw a day beginning with the letter T?

that Robin

2

5

d. Then if Robin draws Friday, what is.the probability that Marc

will draw a day beginning with a T?
2

4

f"-
1

2

e. Then if Marc draws Tuesday, what is the probability that Janet

will draw a day beginning with the letter T? 411MI

1
3

111

f. Then if Janet draws Monday, what is the probability that Daniel

will draw Sunday?
1

2

11-25
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g. Then if Daniel draws Sunday, what is the probability that Matthew

will draw a day beginning with the letter S?
0

h. What is the probability that Matthew will draw Thursday?

01.

a. There is a total of 7 possible days. Wednesday is the only favor-

able outcome here. Therefore:

P 1

b. Since Wednesday has been drawn and not replaced in the.hat, there

are only 6 remaining slips of paper for the 6 remaining days of

the week. Since 2 of these days satisfy the favorable condition

of beginning with the letter S (Saturday and Sunday):

2 1

P 6
or

' 3

c. There are 5 remaining days. Tuesday and Thursd,..4 are the 2 favor7

able outcomes. Therefore:

2
P

5

d. There are still 2 days remaining that begin with the letter T.

However, only 4 total possibilities remain. Therefore:

2

' 2

1
P =

4
or

1

e. If Marc draws Tuesday, there is only 1 day remaining that begins

with the letter T. At this point a total of only 3 possibilities

remains. Thus:

1
P =

f. Sunday is just 1 possibility out of the remaining 2 days. There-
.

fore:
P 1

g. An impossible event has a probability equal to 0. If Daniel draws

Sunday and, as we know from (c), Mom has drawn Saturday, then

there aren't any more days that begin with the letter S. There-

fore, the probability of drawing a day beginning with the letter S

is equal to 0.

h. Since Thursday is the only day left, Matthew must draw Thursday.

An event that must occur has a probability of 1.

89
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45. Each letter of the word
paper and placed in a box.
and pick one slip of paper.

a. Picking the letter

b. Picking the letter

c. Picking a letter in

d. Picking a vowel?

e. Picking a consonant?

MATHEMATICS

I?

A?

the

Without
What

is written on a separate slip of
looking, you reach into the box

is the probability of the following:

11

32]1.

word TIME?
6

11

4.

11

There is a total of 11 letters in the word MATHEMATICS. Therefore,
all the denominators will be 11.

Note that (e) is the complement of (d). Any letter must be either a
consonant or a vowel. Thus, P (picking a vowel) + P (picking a con-
sonant) = 1.

46. A bag contains several marbles. Some are red, .-.Ame white, and the

rest blue. If you pick one marble without looking, the probability
1

'

1
of picking a red one is

3
and P(w)

3
.

Compute the probability of picking a blue marble.

The sum of all probabilities is equal
must occur when a marble is picked.

to

=

=

1.

1

1

1

3

One of 3 distinct events

P(r) + P(w) + P(b)

1 1+.. -j- +

P(b)

47. A bag contains 1 red marble, 2 white marbles, and 3 blue marbles. If

you pick 1 marble without looking, what is

a. -1(r)?
1

6

90
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c-

2

6
b. P(w)? or

c. PO)? 6)? o
r

d. How many white marbles must be added to the bag so that the fol-

lowing is true?

P(w) =
1

2
2

41wronNI

There is a total of 6 marbles. Therefore, 6 is the denominator in

all of the probabilities.

Note that when white marbles are added, the total number of marbles

1

in the bag also increases. Begin with the probability of picking a

white marble:

2
P(w) -6-

If one white marble is added,

P(w) =
37

If two white marbles are added,

P(w) =
4 1
-g, or y

Thus, two white marbles must be added to the bag so that

P(w) =
1

48. According to the Mendelian theory of heredity, eye color is transmitted

from two parents to a child by the transmission of one of two kinds

of genes: B (brown) or b (blue). Brown is dominant and blue is re-

cessIve. That is, a contribution of a B from each parent (BB) will

give a child brown eyes, and a hybrid contributiort.of brown from one

parent and blue from the other (Bb) will also result in brown eyes.

Only the combination (bb) will result in blue eyes.

a. Make a table or a tree diagram listing all of the possible out-

comes from two "hybrid" parents (Bb and Bb). What is the proba-

bility that a bite -eyed child will be born? .

Each parent will contribute either a B gene or a b gene to the child.

B b

B BB Bb

b Bb bb
94.

11-28
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There is a total of 4 possible outcomes, but only 1 outcome (bb)
will be blue eyes. Therefore:

P(bb)

b. Make a table or a tree diagram of the offspring of one "hybrid"
parent (Bb) and one BB parent. What is the probability that a
blue-eyed child will result from their union?

-.-

B b

,

B BR Bb

BB Bb

Cb

BB

Bb

BBB<
Bb

The outcome bb is not a possibility from this union. Therefore:

P(bb) - [I]

c. Make a table or a tree diagram of the offspring of two blue-eyed
parents. How many outcomes are possible? What is the probability
of their having a blue-eyed child?

b b

b bb bb

b bb bb

b_b bb

b bb

bb

bb

The only possibility is blue-eyed children. Therefore:

P(bb) =

.11110

1

Powwow.*

49. A red die and a green die are rolled simultaneously.

a. List the possible outcomes.

b. How many possible outcomes are there?

IP

For (a) and (b), the 36 possible outcomes can be listed by using a
tree diagram or a 6 x 6 lattice.

6

5

4

3

2

1

1 2 3 4 5 6

11-29 9 2
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c. Describe the outcome in which the sum of the faces showing is

equal to 2; equal to 12.

The sum of the faces showing is equal to/2 at point (1,1) ,

or when there is 1 on the red die and I/on the green

die.

The sum of the faces showing is equal to 12 at point (6,6) ,

or when there is 6 on the red die and 6 on the green

die.
Red GreenRed Die Green Die

4

1 '(1,1)

2 (1,2)

3 (1,3)

4 (1,4)

5 (1,5)

6 (1,6)

1

2'

3

4

5

6

(2,1)

(2,2)
(2,3)

(2,4)

(2.51
(2,6)

1 (3,1)

2 (3,2)

3 (3,3)
4 (3,4)

5 (3,5)
(3,6)

1

2

3

4

5

(4,1)

(4,2)

(4,3)

(4,4)
(4,5)

(4,6)

(5,1)

2 (5,2)

3 (5,3)
4 (5,4)

5 (5,5)
6 (5,6)

1 (6,1)

2 (6,2)

3 (6,3)

4 (6,4)

5 (6,5)

(6,6)



[A 'sum of 71

ti

d. What is the probability that the sum of the faces will be 2? 3?

4L.5? 6? 7? 8? 9? 10? 11? 12?

P!2)

P(3) =

P(4) =

P(5)

P(6) =

P(7)

P(8) =

'P(10)

P(11) =

P(12) =

36

2

36

3

36

4

3 6

36

5

36

4

36.0
3

36

2

36

1

36

36
The sum of the probabilities = T,or 1

(One of these sums is a certain outcome when two dice are rolled.)

e. Which event has the greatest probability?

f. What is the probability of rolling an odd sum? An even sum?

P(odd sum) = P(3)

36

+ P(5) + P(7)

4.

+ P(9)

+

+ P(11)

+4.

36 36 36 36

11-31
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P(even sum) me P(2) + P(4) + P(6) + P(8) + P(10) + P(12)

= 1 3 5 5 .1. 3 1
36 36 36 36 36 36

g. What is the probability of rolling a 7? An 11? A double? What

is the probability of rolling a 7, an 11, or a double?

vol

2

36

A double is rolled when the outcome on the red die.is equal to the

outcome on the green die: (1,1), (2,2), (3,3)i,4), (5,5), (6,6)

P(double) = E6

P(/, 11, or double) =

Note that for P(7, 11, or double), any of the outcomes--a 7, an

11, vr a double--is a favorable outcome satisfying the given con-

dition. Furthermore, the events are mutually exclusive. Thus,

the or tells us to add the separate probabilities.

*h. What -Is the probability that one die will be a 3 and the other

will be a 4?

(3,4),or (4,3) = EE7
36

*i. What is the probability that at least one of the dice will be a 6?:

Either die can be a 6 f(1,6), (2,6), (3,6), (4,6), (5,6), (6,1),

(6,2), (6,3), (6,4), (6,5), (6,6)}.

P =
11'
36

*The asterisk denotes a more challenging problem.

95
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0

*j
,,

What is the(probability'of rolling a minimum of81

If 8 is the miftimum, then

P(8) + P(9) P(10) + P(11). + P(12)

5 4 3
36 36

or
36 36 36 ' 36

Again., you can count points on the lattice.to find that 15 out of
the 36 pointsisatisfy tni condition.

Consider the outcmes for a roll oi'tyo dice (1 red and 1 green). Com-

pute the follawind,probabilities:. f
f MI

a. The sum is more than 3 but less than 7.

Favorable outcomes: 3 < sum.< 7, that is;sum = 4, 5, or 6.

P(4) + P(5) + P(6)

4 5 12

36 36 16 9
or

T67 Lio

b. the sum is either 3 or 7.

P (3) + 13(7)

--- 2 6 8.
+
-. -- or .

36 36' 36

c. The sum is neither 3 nor 7.

"The sum is neither 3 nor 7" is the complement of
or 7." Therefore, refer to (b) and note that:

*The asterisk denotes a more challenging problem.

"the sum is 3



Alternatively, take the sum of all the probabilities except P(3)
and P(7):

P(2) + P(4) + P(5) + P(6) + P(8) + P(9) + p(10) + P(11) + P(12)

1 u 4 5 u 5 4 A 3 2 1

36 36 36 36 36 36 36 36 36

28
, or rid

d. The red die is less than 3, and the green die is greater than 3.

Both conditions must be satisfied. The red die must be less than
3, and the green die must be greater than 3. That is:

Thus

e. The sum is 3.

(1,4), (1,5), (1,6), (2,4), (2,5), (2,6)

P = or366 1

6

f.

P(3)

The sum is not 3.

=
2

36.

P(not 3) = 1 - P(3)

2
= 1 -

34

36

51. A bag contains 3 marbles--one red, one green, and one white. Suppose

you draw a marble, note its color, and return it to the bag. Then

you shake the bag and draw again.

a. Complete the tree ,diagram of the possible outcomes. (Tree diagram

is on the following page.)
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First
Draw

Second
Draw Outcome

RR

RG

RW

GR

GG

GW

WR

WG

WW

Use your tree diagram to answer the following questions.

b. Which of the outcomes have red on the first draw?

[RR, RG, RWJ

c. Which of the outcomes have green on the second draw?

RG, GG, WG1

d. Which outcome has red on the first draw and green on the second?

LIG]

e. Which outcomes, then, are either red on the first draw or green
on the second, or both red on the first and green on the second?

IRR, RG, RW, GG, WG]

f. What is the probability of event E--either red on the first draw
or green on the second, or both red on the first and green on
the second?

5

36

Si



52. A spinner has a'red and white dial that looks like the accompanying

drawing.
red

a. If you spin the spinner 20 times, are you just as likely to spin

a red as a white? 1,110=Mill

No

b. Are you more likely to spin a white or a red? Why?

You are more likely to spin a white. :There is a greater white

area than a red area. Specifically, the white area is three times

that of the red. Therefore, you are more likely to spin a white.

c. What are the chances of spinning a white? A red?

P(spinning a white) =

P(spinning a red)
1

4

d. Are you certain of getting at least 1 red in 20 spins?

It is probable; however, it is not necessarily certain.

e. Is it very likely that you will not spin any reds in 20 spins?

It is not very likely, but it is possible.

f. Is it possible never to spin a red in 20 spins?

This is also a possibility, though in theory, 5 out of 20 spins

should turn up red.

53. List three occurrences whose probabilities are each 1 (that Is, they

are certain to happen).

Answers will vary. Two possibilities are that the sun will rise to-

morrow and that when a coin is tossed, either a head or a tail will

come up.

9,1
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54. List three occurrences whose probabilities are each 0 (that is, they
are impossible).

Answers will vary. Two possibilities are to roll a sum of 13 with 4
pair of dice and to toss 2 coins and have a result of H H H.

*55. A standard deck of cards is shuffled and 2 cards are dealt. What is
the probability that:

a. The 2 cards are spades?

The total number of cards in a deck is 52. Therefore, the denom-
inator must be 52.51the total number of ways that 2 cards can
be dealt from a deck. The number of spades in the deck is 13,
so the numerator is 13.12--the total number of favorable out-
comes.

P(the 2 cards are spades) =
13.12
52.51

b. The 2 cards are of the same suit (any suit)?

The first card may be selected in any way from the deck of 52.
The second card, however, must match the suit of the first card.
After the first cafd hp been drawn, there are only 12 cards of
that same suit remainin g. Therefore, the numerator is equal to
52.12.

P(the 2,acards are of the same suit) =

c. The cards are 2 kings?

There are 4 kings in a deck. Thus:

P(the cards are 2 kings) =

d. Neither card is a picture card?

`4.3
52.51

52.12
52.51

There are 12 picture cards in a deck and 40 cards that are not
picture cards. Thus:

P(neither card is a picture card) =

*The asterisk denotes a more challenging problem.

11-37
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You can also determine the probability that the 2 cards are pic-

ture cards--the complementary event--and subtract from 1.

Therefore:

12.11
P(the two cards are picture °cards) =

52.51

P(neither card is a picture card) 1
12.11

52.51

56. a. Rewrite the Pascal Triangle in another triangular form. Part of

it has been done below.
0

1 1

Continue it for several rows.

. 1 2 1 1.%

1 3 3 1

1 4 6 4 1

1 5 10 10 5 1

1 6 15 20 15 6 1

1 7 21 35 35 21 7 1

1 8 28 56 70 56 28 8 1

b. Now calculate the sums of the entries along the diagonals. Several

are shown. For instance, 1 + 2 = 3, 1 + 3 + 1 = 5, and 1 + 4 + 3

= 8. Calculate the next several sums. What do you notice? Can

you predict subsequent diagonal sums?

10

1 6 15

The sums form a sequence of numbers with a definite pattern. Each

term is the sum of the previous two terms. For example:

4

10

20

1

5

15

1

6 1

1 + 2 = 3, 2 + 3 = 5, 5 + 3 = 8

1 oi
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To continue the pattern, the next several sums would have to be

5 1- 8 = 13

8 + 13 = 21

13 + 21 = 34

The sequence 1, 2,, 3, 5, 8 is also known as the Fibonacci sequence,
and it possesses many other interesting properties for students
to explore.

The Fibonacci sequence is explored in the Patterns module of the
TEAM project materials.

11).2
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LICENTIOUS PLATES*

There are no BUMS, CADS or DUDS on the road in Iowa, not even APES,

HAGS, or HAMS. These prefixes were all banned from the state's auto-
'

mobile, license plates on grounds of taste by the Iowa Department, of

Transportation. But since new plavis were issued last month, 130 irate

motorists in Scott County have-returned the plates because they bore the

prefix GAY. One woman wrote: "I cannot be a single teacher and sport

those plates." A traveling salesman complained that while he was in

Chicago, his car doors were kieked.# because of the plates.

State officials blame the foul-up on their decision to use California's

list of three-letter, three-digit combinations rather than prepare their

own. The officials tried to eliminate prefixes that might be offensive

to Iowans but overlooked GAY. Says Scott County Treasurer William

Cusack: "Out in Californi- I'm sure there is a waiting line for GAY

plates. But not in Iowa." He is offering to exchange the GAY plates- -

1,000 were issued--on payment of a $4 Zee.

*"Licentious Plates," reprinted with permission from TIME, The Weekly.

Newsmagazine, 22 January 1979. Copyright © Time, Inc., 1979.

111-4
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TABLE OF FACTORIALS

ea

1 FACTORIAL = 1.
2 FACTORIAL = 2
3 FACTORIAL = . 6.
4 FACTORIAL = 24.
5 FACTORIAL =

gg.6 FACTORIAL =
7 FACTORIAL = 5040.
8 FACIORIAL = 40320.
9 FACTORIAL = 362880.
10 FACTORIAL = 3628800.
11 FACTORIAL = 39916800.
12 FACTORIAL = 479001600.
13 FACTORIAL = 6227020800.
14 FACTORIAL = 87178291200.
15 FACTORIAL = 1307674368000.
16 FACTORIAL = 20922789888000.
17 FACTORIAL = 355687428096000.
18.FACTORIAL = 6402373705728000.
19 FACTORIAL = 121645100408832000.
20 FACTORIAL = 2432902008176640000.
21 FACTORIAL = 51090942371709440000.
22 FACTORIAL = 1124000727777607680000.
23 FACTORIAL = 25852016738E184976100000.
24 FACTORIAL = 620448401733239427000000.
25 FACTORIAL = 15511210043330985600000600.
26 FACTORIAL = 403291461126605582000000000.

=27 FACTORIAL 10888869450418349800000000000.
28 FACTORIAL = 304880344611713784000000000006.
29 FACTORIAL = 8841761993739699650000000000000.
30 FACTORIAL = 2652528598121909870000000000D0000.
31 FACTORIAL = 8222838654177920120000000000000000.

106



I

STUDENT EXERCISES

1. At a party there are 14 women and 11 men. In how many ways can

mixed couples be paired?

2. Dapper Dan has 12 sports jackets, 2 revrtrsible vests, and 6 pairs 4. -.,_

of slacks. How many different 3-piece"outfits can he arrange for

....
himself?

. .

3. How many three-digitnumbers can be feinted using the digits 1, 2,*

and 3 without repeating digits? Use a tree diagram.

ti

4. How many three-digit nu,nbers can be formed using the digits 1, 2,

3, 4, 5, 6, 7, 8, and 9 without repeating digits?

. 5. How many three-digit numbers cari be formed using the digits 1, 2,

3, 4, 5, 6, 7, 8, and 93

6. How many four-digit even numbers can be formed from 1, 3, 2, 8,

and 9 if each digit is used exactly once in a number?

7. How many different three-digit numbers greater than 500 can be made

using the digits 1, 3, 5, 6, and 7 if no digits are repeated?

8. How many possible license,..plates are there that consist of a letter

followed by three digits?

9. If seven digits are used for each telephone *number for a given

area code, how many different telephone numbers can be accommodated

for that area code?

10. A wheel of fortune contains the numbers from 1 to 5. If we spin the

wheel three times for each turn, how many different sequences of

numbers can we obtain?

11. Calculate:

a. 2!

b. 3!

111-6

1007

.

Eri



4

c4

c. (4!)(2!)

4
d.

!

21

e. 10!

5!

f.. 5!2!'
3!

g. 32!

31!

h.
1.5P"

.13!

12. How many arrangementsSL-the letters in the word TEA are poss.ible?
.How many form real words?

13. How many three-digit numbers can be formed using the digits 1,

and 3 without repetition?

14. In how Many ways can 5 books be arranged on a shelf?

4

15. If a student has 9 books and wishes to arrange any 5 of them on a
shelf, in how many,ways can it be done?

16. a. In how many ways can 7 people be lined up for a group picture?

b. In how many ways cai, they be lined up if Mike is to sit in the
middle? #,

. .

17. In hgw many different: orders is it possible to arrange the letters
of the following words?

a., MANY

V. CARDS

18. In how many different orders can 5 slips of paper be drawn from a hat?

111-7
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19. In how many different ways can 6 seats be filled by 10 people?

20. a. Enter the numbers in the Pascal Triangle (see page 111-3) through

line n = 12.

b. Check: Does that line read 1, 12, 66, 220, 495, 792, and so on?

c. Pose six questions for which the above numbers 1, 12, 66, 220,

495, 792, and 924 would be the respective answers.

21. How many different amounts of money can be obtained from a nickel,

a quarter, and a half-dollar, using one, two, or all three of these

coins at a time?

22. There are 10 people on a school board. In how many ways can com-

mittees of 5 people be selected?

23. How many different clubs of 2 boys can be selected from a class of

6 boys?

C

24. If 8 people play a round-robin tennis tk .ament, how many matches 410---

are played?

25. A committee of 5 people is to be chosen from a set of 10 people.

a. If Jones and Smith both serve on the sale committee, how many

committees can be formed?

b. Suppose Jones and Smith are too incompatible to serve on the

same committee. In how many ways can the commitees be formed?

26. How many diagonals can be drawn in a hexagon?

27. In how many different ways is it possible to choose a president,

secretary, and treasurer from a club with 10 members?

28. In how many ways is it possible to choose a committee of 3 from a

club with 10 members?

29. There are 10 qualified applicants for all of 3 available teaching

positions. In how many ways can the positions be filled?

111-8
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30. How many sets of 3 lucky applicants can be selected from the 10?

31. In how many ways can a string quartet (1 first violinist, 1 second
violinist, 1 cellist, 1 violist) be formed from 4 first violinists,
2 second violinists, 3 cellists, and 3 violists?

32. A librarian has 6 history books. Two are Volumes I and II of the
same book. In how many ways can the 6 books be arranged on the
shelf, keeping the 2 volumes together in the correct order?

33. Here you have your favorite three-flavored ice cream cone.

a. In how many different ways can you arrange
the 3 scoops?

b. In how many ways can you arrange 2 scoops?

c. In hat.; many ways can you arrange 1 scoop?

d. Suppose a store had 10 flavors of ice
cream. How many different double-dip
ice cream cones could be made?

34. There are 12 people in a room. Each is to greet each of the others
with a handshake. What is the total number of handshakes?

35. a. In how many ways can a librarian arrange 9 books on a shelf?

b. Suppose the shelf holds only 7 books. How many different ar-
rangements can be trade then?

36. a. How many different sequences of heads (H) and tails (T) can be
obtained if a coin is tossed 5 times?

b. Draw a tree diagram to show these outcomes.

c. What is the probability-that if you toss a coin 5 times, you will
obtain:

(1) 5 heads?

(2) Exactly 3 heads?

(3) 4 heads and 1 tail or 1 head and 4 tails?

(4) At most 2 heads?

(5) At least 2 heads?

111-9
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37. If I hzve 3 sets of keys on my desk, what is the probability that

without looking I will take the right set for my car?

38. What is the probability of correctly guessing the month in which

your instructor was born?

39. If 5 coins are tossed, what is the probability of tossing 5 tails?

40. A bag contains 15 balls numbered from 1 to 15. If 3 balls are drawn

from the bag, what is the probability that the numbers on all 3 balls

will be even?

41. If a student randomly answers a five-question true-or-false test,

what is the probability of getting a perfect score?

42. If a student randomly answers a four-question multiple-choice quiz,

with 3 choices per question, what is the probability of obtaining /a

perfect score?

43. There ate 6 red candies and 2 green candies in an opaque jar.

a. What is the probability of reaching in without looking and pull-

ing out a red candy?

b. What is the probability of pulling out a green candy?

*
c. If you do not replace the first candy drawn, what is the proba-

bility of drawing first a red and then a green candy?

44. 2 parents and 5 children in a family take turns walking their dog.

At the beginning of each week, they write the days of the week on

7 slips of paper. Then each one draws a slip of paper from a hat.

a. If Dad draws first, what is the probability that he will be

responsible for walking the dog on Wednesday?

b. If Dad does get Wednef,;ay, what is the probability that Mom

will draw a day beginning with the letter S?

c. Then if Mom draws Saturday, what is the probability that Robin

will draw a day beginning with the letter T?

*The asterisk represents a more challenging problem.
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d. Then if Robin draws Friday, what is the probability that MaLc
will draw a day beginning with tt letter T?

e. Then if Marc draws Tuesday, what is the probability that Janet
will draw a day beginning with the letter T?

f. Then if Janet draws Monday, what is the probability that Daniel .

will draw Sunday?

g. Then if Daniel draws Sunday, what is the probability that Matthew

will draw a day beginning with the letter S?

h. What is the probability that Matthew will draw Thursday?

45. Each letter of the word MATHMATICS is written on a separate slip of
paper and placed in a box. Without looking, you reach into the box

and pick one slip of paper. What is the probability of the following:

a. Picking the letter I?

b. Picking the letter A?

c. Picking a letter in the word TIME?

d. Picking a vowel?

e. Picking a consonant?

46. A bag contains several marbles. Some are red, some white, and the

rest blue. If you pick one marble without looking, the probability
1

of picking a red one is
1

and P(w) =
33

Compute the probability of picking a blue marb3-.

47. A bag contains 1 red marble, 2 white marbles, and 3 blue marbles.

If you pick 1 marble without looking, what is

a. P(r)?

b. P(w)?

c. P(b)?

d. How many white marbles must be added to the bag so that the fol-

lowing is true?

P(w) =
1

2
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48. According to the Mendelian theory of heredity, eye color is trans-

mitted from two parents to a child by the transmission of one of

two kinds of genes: B (brown) or b (blue). Brown is dominant and

blue is recessive. That is, a contribution of a B from each parent

(BB) will give a child brown eyes, and a hybrid contribution of

brown from one parent and blue from the other (Bb) will also result

in brown eyes. Only the combination (bb) will result in blue eyes.

a. Make a table or a tree diagram listing all of the possible out-

comes from two "hybrid" parents (Bb and Bb). What is the proba-

bility that a blue-eyed (bb) child will be born?

b. Make a table or a tree diagram of the offspring of one "hybrid"

parent (Bb) and one BB parent. What is the probability that a

blue-eyed child will result from their union?

c. Make a table or a.tree diagram of the offspring of two blue-eyed

parents. How many outcomes are possible? What is the probability

of their having a blue-eyed child?

49. A red die and a groen die are rolled simultaneously.

a. List the possible outcomes.

b. How many possible outcomes are there?

c. Describe the outcome in which the sum of the faces showing is

equal to 2; equal to 12.

d. What is the probability that the sum of the faces will be 2?

3? 4? 5? 6? 7? 8? 9? 10? 11? 12?

e. Which event has the greatest probability?

f. What is the probability of rolling an odd sum? An even sum?

g. What iF he probability of rolling a 7? An 11? A double?

What is the probability of rolling a 7, an 11, or a double?

*h. What is the probability that one die will be a 3 and the other

a 4?

*i. What is the probability that at least one of the dice will be

a 6?

*j. What is the probability of rolling a minimum of 8?

*The asterisk denotes a more challenging problem.
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*50. Consider the outcomes for a roll of two dice (1 red and 1 green).

Compute the following probabilities:

a. The sum is more than 3 but less than 7.

b. The sum is either 3 or 7.

c. The sum is neither 3 nor 7.

d. The red die is less than 3, and the green die is greater than 3.

e. The sum is 3.

f. The sum is not 3.

51. A bag contains 3 marbles--one red, one green, and one white. Suppose

you draw a marble, note its color, and return it to the bag. Then

you shake the bag and draw again.

a. Complete the tree diagram of the possible outcomes.

First
Draw

Second
Draw

1

G

w

*
The asterisk denotes a more challenging problem.
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Use your tree diagram to answer the following questions:

b. Which of the outcomes have red on the first draw?

c. Which of the outcomes have green on the second draw?

d. Which outcome has red on the first draw and green on the second?

e. Which outcomes, then, are either red on the first draw or green

on the second or both red on the first and green on the second?

f. What is the probability of event E--either red on the first draw

or green on the second or both red on the first and green on

the second?

52. A spinner has a red and white dial that looks like the accompanying

drawing:

white

red

a. If you spin the spinner 20 times, are you just as likely to spin

a red as a white?

b. Are you more likely to spin a white or a red? Why?

c. What are the chances of spinning a white? A red?

d. Are you certain of getting at least 1 red in 20 spins?

e. Is it very likely that you will not spin any reds in 20 spins?

f. Is it possible never to split a red in 20 spins?

53. List three occurrences whose probabilities are each 1 that is, they

are certain to happen).

54. List three occurrences whose probabilities are each 0 (that is,

they are impossible).
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*55. A standard deck of cards is shuffled and 2 cards are dealt. What is

the probabiiity 445:

a. The 2 cards are spades?

b. The 2 cards are of the same suit (any suit)?

c. The cards are 2 kings?

d. Neither card is a picture card?

56. a. Rewrite the Pascal Triangle in another triangular form. Part of
it has been done below. Continue it for reveral additional rows.

C

1 1

1 2 1

1, 3 3 1

1 4 6 4 1

1 5 10 10 5 ].

1

1

1

b. Now calculate the sums of the entries along the diagonals. Several

are shown. For instance, 2. 1- 2 = 3, 1 + 3 + 1 = 5, and 1 + 4 + 3

= 8. Calculate the next several sums. What do you notice. Can

you predict subsequent diagonal sums?

10

1 6 15

4

10

20

1

5

15

1

6 1

*The asterisk represents a more challenging problem.

1 t 6
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CHOICE AND CHANCE

IV

STUDENT SUMMARY AND REVIEW



To the Student: This summary and review includes the Ley ideas discussed
and presented throughout the Choice and Chance module.
You will probably find it useful to compare your notes
from class sessions with these.

I. MULTIPLICATION PRINCIPLE

A. Sometimes it is obvious and easy to list all of the possible out-
comes or events for an experiment.

Example: When you toss a coin, there are 2 different possible
outcomes--heads or tails.

When you roll a die, there are 6 different possible
outcomes--1, 2, 3, 4, 5, or 6.

Try to list the outcomes in a systematic way.

B. Tree diagrams assist us in more difficult experiments.

Example: Toss a coin 2 times. Mat are the possible outcomes?

Toss 1 Toss 2

H

T

Mere are 4
There are 2
either H or
or T) = 4.

T

possible outcomes: HH, HT, TH, and TT.
possible outcomes (for the first toss,
T) x 2 (for the second toss, either H

2 x 2 = 4

IV-3
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Example: Roll 1 die ana then toss 1 coin. What are the possible out-

comes?

H

1 <

2

T

1,H
i,T

2,H
2,T

3,H
3,T

4,H

4,T

5,H

5,T

6,H
6,T

'r *ere are 6.2 = 12 possible outcomes.

119
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Question: If the only possible outcomes for the sex of a child
are F (female) or M (male), list all of the possible

combinations in a 2-child family. Draw a tree diagram
to show the combinations.

How many different combinations of one F child and
one M child can a family have?

4*

Complete the tree diagram that has been started below
to show the combinations of F and M in a 3-child fam-
ily. Then list the combinations. One is MFM.

3-child Family

Oldest Middle Youngest

F

C. When the number of outcomes becomes too cumbersome to list, use

the multiplication principle:

If an operation can be performed in m ways, and if
after it is performed in any one of these ways, a
second operation can be performed in n ways, then
the two successive operations can be performed in

mn ways.

Example: How many different kinds of cars can you buy if you

have a choice of 2 different body styles, 3 interior
colors, and 10 exterior colors?

2.3.10 = 60

iNumber of choices for body style -----11

Number of choices for interior color

Number of choiceeNq3Xerior color

Question: flow many integers between 400 and 500 can be formed

using the digits 1, 2, 3, 4, and 5 if no digit is
repeated in any integers?

Question: How many mixed dancing couples can be formed from a

group of 17 men and 8 women?



II. PERMUTATIONS AND FACTORIALS

A. A permutation is an arrangement of a group. of things in a definite

order.

Example: If Ted, Jan, and Amy are candidates for the position

of president, vice-president, and .treasurer, how many

different tickets can be formed? Let P, V-P, and T

stand for the respective offices.

Note that:

Ted Jan ___LIAr
s different from

Jan Ted Amy

P' V-P T P V-P T

Choices to fill position of P

Once P slot is filled, there are

2 people left to fill, position of V-P

After P and V-P slots are filled, 1 person
is left

In permutation problems, order is important.
410

B. A factorial is the product of all the positive integers from one to

n--symbol n!

2
P
2 =

total number of different
arrangements of 2 things

3
P
3 . total number different

arrangements of 3 things

5
P
5 -

5
.

4
...

1
- 5.4.3.2.1 = 5!

ways to 4 ways only 1

fill left to choice

first fill left for

space second last

space space

= 2.1 = 2! (2 factorial,
or factorial 2)

= 3.2.1 = 3! (3 factorial,
or factorial 3)

n
P
n =

total number of different =
an

n(n-1)(n-2) ... 2.1 = n!
arrangements of n things

6! 6.5.4.3.2.1
Example:

4! 4.3.2.1

= 6.5, or 30

121
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Question: (3!)(2!) =

9!

Question:

Question:

3!

7(6!) =

In how many different, ways can 4 books be arranged on
a sheif?

How many different arrangements of ne letters in the
word MONEY are possible?

C. Given n things, what is the total number of possible arrangements
of fewer than n things? (Note that not all of the objects are
being used at one time in.these arrangements.)

Example: 8P2 = 8.7 (8 things, 2 at a time)

5P2 = 5.4 (5 things, 2 at a time)

5P3 = 5.4.3 (5.things, 3 at a time)

Question: There are 10 candidates for the positions of president
and vice-president. How many different tickets can be
formed? .--.

5
P
4 =

4
P
3 =.:.>

III. THE PASCAL TRIANGLE: COUNTING SUBSETS

A. List and count the number of subsets that can be made from a set
of three elements.

Given: the set {a,b,c}

1 subset of 3 elements: {a,b,c}

3 subsets of 2 elements:

{b,c }, which creates its complement subset {a}

{a,c }, which creates its complement subset {b}

{a,b }, whichicreates its complement subset {c}

3 subsets of 1 element: {a), fh/, {c}

1 subset of 0 elements: { } (the empty set)
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1. Whenever a subset is made, its complement is created from
4 the remaining elements. This. symmetry (dichotomy) provides_

a strategy for writing subsets.

Example:

Question:

Answer:

In.a set of 5 elements, there are 5 subsets of

1 element each and 5 subsets of (5-1), or 4,

elements each.

How many committees of 4 can be formed from a

of 5 students?

There are 5 subsets of 4 elements each; thus,

answer is 5 committees.

2. Note that in forming subsets, order doesn't count.

interested only in sets of objects.

{a,b,c,d,e} is the same set as {a,c,d,b,e}

group

the

We are

The Pascal Triangle is formed when the total number of subsets

for the sets 0, 1, 2, ... elements is arranged in triangular

form.

Given 'Number of
Elements

0

1

2 1

3 1

4 1 4

5 1 5

6 1 6 15

1

Total Number of
Subsets

1

1 1 2

2 1 4

3 3 1 8

6 4 1 16

10 10 5 1 32

20 15 6 1 64

.

Question: Write the next line for this triangle. What should

the sum of the numbers in this line equal?

1.

0

IV -8



Observations about the Pascal /iiangle:

1. The empty at is always included in the number of subsets

that can be formet That is, given n objects, 2n subsets
can be formed.

Question:

Question:

How many subsets can be formed from a set
of 3 elements? 6 elements? 105 elements?

Can you pose a Pascal Triangle question for
which 16 would be the answer?

2. The diagonals form patterns: (1, 2, 3, 4, ...)
(1, 3, 6, 10, ...)

3. There is always one more entry on a line than the number
of elements in the given set.

4. The sum of two adjacent numbers in a row is equal to the
number below these two in the next row:

1 2 1

1 3 3 1

Question: Use the numbers in this row--1, 3, 3, 1--to
answer the following questions:

Give-a 3 people, how many committees of 3
people can be formed?

Given 3 people, how many committees of 2
people can be formed?

Given 3 people, how many committees of 1
person can be formed?

Given 3 people, how many committees of 0
people can be formed?

Question: Using line 8 of the Pascal Triangle, pose a
question for which the number 70 would be
the correct answer.

-.4

Question: Using the same line, pose a question for which
the number 56 would' be the correct answer.
(Note that there are two types of possible
qugstions.)

Question: Given 6 elements, how many subsets of 3 ele-
ments can be formed?



Question:

Question:

Question:

Question:

IV. PROBABILITY

How many different teams of 9 members each

can be formed from a'iroup of 10 people? .

In how many ways can you choose a committee

of 4 from a club with 8 members?

What is the total number of handshakes in a

room of 10 people if each person is to greet

each of the other people?

In a round-robi tennis tournament, each player

must play each of the other players just once.

.What is the total number of matches played if

there are 10 participants?

A. A sample spice is any systematic listing (including a tree dia-

gram) of the outcomes of an experiment.

Experiment

Flip of a coin

Roll of a die

Flip of 2 coins

Sample Space

{H,T}

{1,2,3,4,5,6}

{HH, HT, TH, TT}

B. An event (E) is any subset of a sample space.

The probability (P) of an event is shown in the following way:

P(E)
Number of favorable outcomes

= Total number of outcomes

Example: What is the probability of each of these events?

Event E: Obtaining an odd number on a single roll of a

die

Event F: Obtaining two heads on the flip of two coins

Count the outcomes in the sample spaces shown in A, above.

P(E) =
3 1

or

P(F) =
1

4

12
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Example: What is the probability of event G--obtaining a sum
of at least 7 on the roll of 2 dice?

The sample space for two-dice experiments is most e.maily
shown with a 6 x 6 lattice of points:

Event G is shown as the set of points with sums of 7,

8, 9, 10, 11, and 12 (that is, sums of at least 7).

P(sum of 7)

P(sum of 8)

P(sum of 9)

P(sum of 10)

P(sum of 11)

P(sum of 12)

=

=

=

.

=

=

6

5

36

4

3

36

2
36

1

36

21 7
Therefore, P(G) or

36 ' 12

Question: A spinner has 5 numbers, equally spaced. In this ex-

periment, you spin the spinner and flip a coin.

List the 10 possible outcomes of the experiment. Compute

the following probabilities:

The spinner points to 5 and the coin comes up heads.

The spinner points to an odd number or the coin comes
comes up heads.
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Question; Two dice are tossed.

How many outcomes are pOssible? Compute the following

probabilities:

You roll doubles (that is, the same number on both

dice).

You do not obtain a sum of 7.

C. Observations about probability measures

1. A probability measure is a number between 0 and 1, including

0 and 1.

2. The probability of an impossible event is O.

3. The probability of a certain event is 1.

4. The probability that an event either will occur or will not

occur is 1.

P(E) + P(E') = 1

Example: On a roll of a die:

P(6) =

P(not =
5

TherefOre, P(6 or not 6) =

Question: Roll two dice.

6

6
or 1

Compute the probability of rolling a sum of 12.

Compute the probability of rolling a sum that

is not 12.

D. Probability measures can be used to predict. Look again at

events E, F, and G in B, above.

1. P(E) =
1

2

,

This means that event E is expected to occur about
1

kor 50%)
2

of the time in the future.
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Question: A die is rolled 100 times. About how4many times
can we expect to roll an odd number?

P(E) =
1

1 x 100 = 50
2

2. P(F) =
1

4

Question: Two coins are tossed 120 times. How many times
should we expect to obtain 2 heads?

P(F) =
4

1
x 120 = 30

4

7
,

3. P(G) =
12

Question: Two'dice are rolled 24 times. In how many of these
rolls can we expect to obtain a sum of at least 7?

7
P(G) =

21
\s,

7
x 24'41.= 14

28
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