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Qbstfact
Protoﬁols were obtained. from 22 subjects as they discoverad the conditions under |
which equilibrium%{s obtained on a balance beam by prgd:cting and cobserving the
oﬁtcomes of a series of problems. The interviews revealed that subjects used a
variety of heuristics to make predicticons once theyihad isblatgﬂ the t;o relevant
features of the problem, wgight.and distarce, but before they could appropriately
relate them in ore prpcgdure. These heurist}cs included instance-based |
reasoning, qualitative eétimation of distance, and the use of quantitat@ve'rules
of_limiéed generality. Variability in the use of these heﬁristics by individuals
sughests that learning to uUnderstand the balance beam is not best described in-
terms of a simple ru) * acquisition theory; and that reascning from instarices

plays a more important role in inferring a physical relationship than previcusly

thounght. : .




_"In'yhts paper, we are concerned with the way in which people develop an
understanding of physical concepte that have the followinﬁ properties: (1) two
separable variables are involved, (2) those variablgg must be measured or
quantified in sowe way, and (3) the measurements may be combined according to
gsone rule, yielding a third quantity or construct that allows predict;on 6f what'
will haopen'for any combination of thé two variables. Examples of such concepts
include dersity, the size of shadows, and the bdlance beam?

| The balance beam 1s the particular physical cohceot that we have cnosen to -
study. A bal.nce beam consists of a bar placed con. top of a fulcrum or balance
pbxnt. Weights may be placed on both sides of the fulcrum. The effectivéness of T
a weight in éausing the beam to tip down is aetermined by the product of the
weiqnt (W) and its oistance fron £ne fulcrum (d), a cornstruct called the the
torque assoc;atéd w@th the weinht;‘ If the total torque (i.e., Lwidj) associated
‘ with the weights on each side of'the beam is tne same, the beam will balance. If
' noty, the beam will tip to the side with the greater torque. Becauge of its form,
this.rule will subsequently be referred to as the preoduct-morent rule.
-0
There are a numher of redsons why_balancing is an important and rich domain
in which to study how subjects learn to combiﬁe infoémétion about variables.

Most people have some undérstand1ng of the faétors that determine whether

balancing will cccur. Even fairly young children can often identify weight and

distance from fulcrum as the critical variables and nrov1dé reasonable intuitive
explanations of why a set of weights will or will not balarice on the balance
beam. Un the other hand, relatively few adulté can specify a rule that will
aliow them to predict what will happen in any given situation. In fact, cover
several experimental ﬁep11cat1ons, enly about 204 of adﬁlts haQe produced
respunses to balance beam prablems consistent witn the product-moment rule

(Jackson, 19653 Lovell, 191§ S:ieglery, 1976). Even when provided with specific

experiences intended to promoate uncerstanding of the concept of balancing, adults




do not easily derive the product-momert rule. It is the period of xrénsition; ;
betweén being able to identi?y thg.reiévant variables and being able to combine
them %0 as to make correct predictions that is of manr interest to us.

Why is it so diff;cult to génerate the prodﬁct—moment rule? In féct, tﬁe
rule is easy to use: Siegler (1976) taught three 1@-year-old children the
product-monent rule and tney-were subsequently able to use it successfully. 1t
is clear, however, that the rule will not be derived if (1) the relevant features
or dimensians of the'problém are not identified, (2)'6n1y crie of the féatureé ;5
considered or dominates_the other, or (3) both features are considered, but not
Qithin a coordinated framework., There is ;onsiderable ev{denée supgesting that
these reasons, in the order presented, describe stagés of understanding.many
pn}sical laws. Our previously stated interest in the transition phase implies
that fhe third reason is our primary ccncern. In order to understand fully how a
coordinated framework develops, however, it is necessary fo corsider earlier
phases of urnderstanding as well.-

There have been two major descriptions of the phases of understanding the
balance beam: Inhelder and Piapet's (1958) stage theory, consisting of three °
stages, each divided into twc substages, and Siegler;é (19765 Klanr and Siegler,

1978) hierarchical rule models. Both descriptive systems are presented in Table

1.

Insert Table 1 about here.

Inhelder and Piaget (1958) presented two types of tasks. In the first task,
they enployed a balarce beam that had holes at equal intervalé on both sides of
the fulcrum (28 holes on each side) and weights of differing sizes that cou}d be
hung at various distances from the fulcrum. In the second task, children were

presented with a balance with no holes in the crossbar and instead of weights

o,



there was a basket on each side into which dolls could be placed. No units were ..

. . e
marked along the crossbar. Subjects, who rarnged in ade from three tc about 14

years, were told to play with the balance beam to find out how it workec.

Althoygh in the first task' it was possible to hang weights at more than ore

, ¢ _ .
location on each side of the fulcrum, apparently even the most advanced subjects

did riot do so. Therefore, the rule w1/wa d=/dy (henceforth referred tao as the

B
. ' A <

yatio nglg), where wi and W2 are the amounts of weiyght or each side of the
fulerum and dy and d2 the corresponaiﬁg distances from the fulcrum, would always
be sufficient:to prédict when baiahcing'would occury, 'and the general form of the
product-moment rule was-not neéded.

Examinatior of‘Inhelder aro Piaget's stages in Table & suggest an
incteasingly systematic approach to understarding the influerice of the variables
of weight anc:ﬁistanpe., However, the usefulness of the oescription is limited by
the vagueness of sqge of the ternms employed, such as "qualitative understarding."
In addition, it 1s'not clear what is recessary to advarce from one gtage to the
next. Finally, as we have indicated above, Inhelder and Piaget discusced the
ratio rule but not the most general form of the product-mcment vule.

. Siegler (1976) used a balance beam that had fou”.pegs on each side at
equally spaced distances from the fulcrum -and equally sized metal weights that
had holes in their middles so that thev could fit over the pegs. Subjects ranged
from kindergartrers to twelfth graders and had their undersfanding of the balarice
beam assessed after having participated in one of th ee conditions. In the a
priori condition, subjects were not piven any cxperierce with the beam before
being tested for understarding., In the experimentation corditicn, subjects were
told that there were rules by which they could could predict the action of the
balarice beam and that they should "expsriment" with the beam and the weights‘and
try to learn how the beanm worked. In the observation condition, subjects were

also told that a rule existed and were presented with a predetermnirned series of
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happen if the balanée beam (which was kept level by two wooden blocks that were

placed bereath the arms of the balance)_wés released. No feedback concerning the

36 problems whose outcomes they could observe. v o .

ov——— -

Understanding of the balance beam was assessed by presenting each suBJect

with a series of 38 problems that would potentially distinguish different levels

of krnowledge, For each configuration of\wéights, subJects'wereuaskedckhat would

—
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action of the balance beam was, provided. C Ny

- 4

-

Siegler proposedvfnay,Derform#ﬁce an the balance beam can be déscriged by -
the set of four hiera;chical-ﬁ;dels Dresented in Table 1, and furtheru that an -
individual progresses developmentally fron model to, model 1n an invariant crder.
91eéler classified the responses of 107 of the 10 chzldren as conforming to the
predictions made by one of the four models and concluded that the study provided
considerable support for the descrzptxve accuracy of the models. The responses
of most (23 of 3@) ©- and 6—year-olds were pred1cted by Model I, while the
responses of most (48 of 9@) of the oldgr chlldren were predicted by Mod;l II1I1. n
Notably, the resporces of only 5 of the Eq,children in the oldest proup (16— and
17-year-olds) were ﬁredicted by Model IV. There was 1itfle effect of the varied
prior experience on performance.

Giegler's (19763 1978; Klahr and Siegler, 1978) rule-based set of
developmental models has several advantages over Inhelder and Piaget’s (1538)
st age theory. The most notable is the grgatly simplified interpretation of
complex behavior. The modaels make testable claims cgncerning which balance beam

prablems will be answered correctly by a subject performing at the level of one

of the four wodels. JIn addition, specification of the models in terms of

N .
production systems (Klahr anc Siegler, 1978) make it possible to state how a

model must be changed, by adding or modifying specific productions, in order to
advarce to the model of next increasing camplexity. The élarity arng testability

of these models allows one to pose questichs relovant to instuction. For
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example$.one can investigate what kinds of instruction aée effective in producirg
movement to mQre complex models and whether people of different ages are
differertially responsive to instruction. \

The simplicity of Siegler's hierarchical models nake hnem an at%ractiQe
éystem for.predicting £;; pehaVior of peopii?interacting with a balance:beam.

prevér, several potential difficulties arise wnen they &re viewed as models of

the_reasoninq.pnocess, rather tharn merely ag predictors of behavior. Ore concern

_.Q'

1s that, as Strauss ano Lev;n (1981) have pointec ocut, "...the rules of the rule
sysfem areaéhe outcome of an interaction between task variables ang an
averarching cognitive system that attempts to deal Nitﬁ them"(iQBi, p.76), so
éhefuthe relative simplicify of Siégler’s rules as compared to Inhelder and
Fiaget's descriptive system may in part reflect the more étructured natﬁre of the
tasks that S;egler'employed. In additiony we will ai‘gue that there are réasons
to bglieve that systematic predictions are based on considerations other than

" those squeéted'by the decision trees that make up Siegler's models and for that

" reason these decision trees are not édequate models of the reasoning process.
There are three general areas of corcern: (1) what is involved in the change from
Model III to Model 1V, (&) how distarce is encoded (i.e., whether distance is
dealt with as aﬁ ordinal variable or encoded numerically) at varicus levels in
the hierarchy, and (2) the limitatiors in the knowledge the models allow to be
used in making a decision abuut a balance prablem. / )

e_transition from Model 111 to Mod L_;g. Ti hierarchical rule models are

_ relatively weak in specifying how transitions between mcdels occury particularly
from Model 11l to Model 1V. The production system formulation of the models
presented by Klahr and Siegler (1978) allows one tq state what alterations must
be made to Model IIl to yield Model IV. However, the proéesses by which the
changes occur are not obvious. |

1 4

Model 1V is derived by altering Model IIl such that when a conflict problem

5
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is encountered, predictions are no longer based on "muddl;né througﬁ“'(i.e.,
p randomly gueésing). Instead, théy are based ;n computing and comparing the
torqueg for each arm qf the balance beam (i.e,,-pﬁed{cégons are based on the™
p;qduet—moment rule). A strict interpretation of Siegler's rulae hi;r;%chy as ;
develépment%l model; of reasoning would suggest Epgt the transférmation from a
évstem dealirig with conflict problems in a rand;m way .(Model 111, td'éne dealing
wi;h them correctly (Model IV} occurs ig a single step. There seems reason to
believe that at least some’subJects pass through, an intermediate stageoin wh?ch
they generaté rules that incorporate both weight and distance but are of limited
‘generality. In Inhelder and FPiaget's classification, the quantitative rule
arrived at in Stage III is the ratio rule, not the more Peneral product-moment
rule. Morecver, Klahr and Siegler’s (1278) detailed analysis of a single subgect
and description of Medel 111 explanationg advanced by subjects seem to indicate
that the use of such rules is probably quite commorn. “
Siegler (1976) classified-subJec;s‘ respornses as conforminé to Model III if
there were (1) fewer than £6 correct respﬁnses on the 3@ posttest prablems, (2)
at least 19 correct'reponses on the 12 nonconflict prob}ems (in whiczh either
weight or distance or both were tne same on both sides of the fulcrum or else the
greater weight was on the same éide as the greater cistance), and (3) more thar
four departures from ccmplete reliance on the weight dimensicon on the 18 conflict
problems. However, these criteria could have beern met by éubJects emplbyinq a
varieity of rules and strategies, such as using the ratio rule or special cases of
it (e.g., &:1), or even comparing the results of adding weight and distanée on |

i
each side of the fulcrum rather than multiplying them (which would correctly

predict that configurations like @103/3000 would -balance but would rnot work in
gpereral). It seems clear that Klahr and Siegler themselves considered Model 11l
to be an umbrella classification for a host of more specific strategies that are

irconsistently adopted. However, the existence of such stategies was menticred

ERIC . 9




only parenthetically ard not incorporated into the description of Modgi 111,
. , - . .~
fAn important guestion, therefdre, is whether subjects generate rulesisuch'as
.a . b - . - . - ) ) ' ‘\l‘

the ratio fﬁleg that incorporate both weight and distance but do not apply in all

2

situatiqns; before they‘ earr, the mora\generBI product~-momerit rule.

b3
) .
N . P

! . .. Encoding of dxstance.\\ﬂ second area of corcern is the manner in which

AN

distance is encooed. The use of dxstance first occurs in Model 11 1n which

b -
distance is considered. if. tue yexghts are the same on both sides of the fulcrum.
. . 3
However, the only Judgment s gbout distance necessary for Model 1I or Model 111

—
-.‘ A4

™ are ordirial: that 1s¥,whether distance on one side of the fulcrum is less than,
-equal to, ar greater than tne.diétancé on the other. Only for Model IV must both‘

" weight aﬁ&,@1stance be enccded in a.quantitative or numer1ca1 fashion so that

i ) «

. . 8 :
tarque may be  calculated. It is not clear wnether subJects performing at the

-

E2

level of Madel 1l or II1 enecode distance numerxcally, as Siegler's (19%&) \ !

research would seem to imply, make crude perceptual Jjuogments, or sxmply make .
Vd ] ~ -~
ordirial decisions about dxstance. if subJects do not encode distance,
O. ) ‘\’
numerxcallxg they wxll have dxff;culty qenera*xng the product—moment rule and

3 4

3 E
¢ - . 4

this may result in the use of alternative strateg1es.'

‘e

The wmarmer in which subjects ercode distarce is therefore of critical

. * ‘ .
importance in building a model of how they reason” before arriving at the ’ _"

ot

- ¥

product-moment rule. The aopara€u$ used -by Siegler (197%; does not pafticulévly
- lend itself to the i1nvestigation of this issue, sxpce theg four pegs on each side

-

of the fulcrum at which weights could be placed are very salxent._ In—the presen;
-
study, we attempted to qazn 1ns1qht into how subJects encoded d starnce in a

gituaticn in wrich a measuremert scale was provided but was notwso obvicus.

Use of inform t _about previcus prohl ms. An additional concern is that

(;""1\ —. -n——--—.—- — - — i - * W 1 —
according to Siegler's rule-based models, when dealing with a balavnce problem the
subject will go throupt a decision tree but will not uze information about either

specific problems or general types of problems erncountered previously. It seems

-
10
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likely, however, that at least some of the time, subjects maklng pred1ct10ns
about a series of balarnce problams will ccmpare a ngen'confzgurat1on of weights
with those cbserved earlier. In fact, some of the experience with eﬁe balance
beam thut Siegler provided his ShbJECtS would seem to encourage such comparisons.
.In his observati(ﬁ cordition, subjects were pr*esented w1th four sets of five
problems each in which problem n differed from problem n+l py only tte addition
or removal of a single weiqht. In such e series of problems, there are several

goints at which the correct cutcome could be predxcted'on a lopical basis merely

by considering the change from the previous problem, For example, if a single

)
.we1ght ic added to one arm of a configuration that previously balanced, the bean

must tip to that side. .

'One basis for buailding & rule-based set of models is the assumption that

Because the final state of learning can be described in terms of a ryle, the

.

intermediate stages are also best describeg as rules. There seems reason to

question this assumption. Brooks (1978) showed that when a re;é is avallable for
£ N

categorizing a set of gxemplars, but is sufficiently complex and difficult to

CNGT / .\
inducek)subgects eategor;ze rnew 1nstances-af a category in terms of their
simxlqrity to previausly observed instarnces. They,.do not necessarily generate an
approximation te the .rule to use as a-basis for categorgzﬁtiqn. Rlthough the
praduct-moment law is not as complex a rule for categorizatibn as the examples
used by Brooks, it 1s obviously difficult to induce, suggestirng that at)

ietermediate stages of }earn{ng subjects may make predictions by comparing the
current pgppiem to representatiorns of previous problems.. Rt the very least,
Hrooks' findiegs suégest the p05516;1ity'that reasoning before the product-moment
rule has been learned is not ‘best cherae@erized aé the_use of simple rules.c
One_m1gh; consider &all balance\Beam‘problems to be members of one of three

categories: ({)"balance" configurations, (2) "tip ripht" configurations, or (3)

"tip left" configurat.ons. Correct categorization &f all balarice beam problems
.

11
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into one of these th%ee casegories would correspond to Model IV behavior. Thus,
the decision.about a balance problem can be conceived of as a problem of
categorization, and the relevance of tpeoriés of.boncept formation can be
considered.

There is consensus that phenomerna associated with the categorization of
natural objecis can be accounted for by some combination of two types of models,
exemplar models and prototgpe,models. Exemplar models propose that new exemplars
are categorized on the basis of compariscns with stored representations of
previously experienced exemplars. In add;tign, exemplars differ from each other
.in how well they represent the category and because of this, the boundaries among
natural object categories are cornsidered tc be “"fuzzy" (Mervis and Rosch, 1581).
Good exemplars of a category share many features with other exemplafs and few
features with members of neignboring éategorieé. FPoor exemplars share fewer
features with other examplars and more features with members of neighboring
: catégories (Mervis and Rosch, 1981; Homa, 1984).

Praototype models bropose that new exemplars are cafegorized on the basis of
comparisons with ab;tract summary:oescriptions of categories. A prototype can be
thouyht of as the weighted averape of the features of exemplars of the category,
thus reflecting the cccurrence of relatively common and uncommon features (Smith
and Medin, 1981). Whether protoype or exemplar information is gsed appears to
depend scmewhat on the experimental concext (Medin, Rlton, and Murphy, 1584).
Smith and Medin (1981) suggest that both types of information might be used in
scme situations and Malt (persconal coﬁmunication) has found an eﬁ%erimental
condition in which this appears to be the case. .

The categories of balance, tip right, and tip leftlare somewhat different>
from those typically studied 1in experinents dealanp with natural categories.
However, exemp. .urs of these categories are simlar to thoée that have been

studied in that they are gererally viewed one at a time and differ in how

12
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representative t::z}hn&?;f the category to which they belong. (i.e., the beam

s

can be slightly off balance). It j’s possible that subjects use similar

<
_ strategies for categorizing exemplarsy whether these exemplars are natural

0
objects or configurations of weights. Even when told that a rule exists that

will allow correct predictions for all balance problems, subjects may, at least
before the rule has been penerated, attempt to deal with balance prablems: by
compéring them with some representation of previously observed problems.

In summary, although the rule-based mcdels proposed by Siegler (1976) and

Klahr and S:eéler (1978) have appeal as a system within which to describe the

predictions people make wnen given balance problems, there seem to be reasons to

belieVé that they are not adequate models of the reasoning process. In the
. .

'present study, &n attempt was made to determine whether, when provided with a

[

series of balance problems and given the task of inducing the product-moment

rule, p-ople (1) generate rules of lim. - generality that involve both weight

 and distance before they learn the geneggl/broduct-moment rule, (2) encode

distance numerically at different levels of performance, and (3) base judgments

about balance problems on specific information about previously encountered

‘.

problems or classes of p%oblems. . '
The study.consisted of two phases. In the pretéi:\:Lase, a papev—an;:;Eﬁsil

test was used to idenkify subJec;s who hgd not ye:?learned the product-mnonernt

rule. In the training phase, &2 of these subqect‘ were presented with a series

of balance problems using wogden blocks and a baygnqe beam. Rlthough the set of
talarce problems was mocdeled after thét used in Siegler's (1376) observation
condition, the procedure differed in several important ways. In Siegler's study,
the observation condition corsisted of 36 trialsy on each of which the |
experinenter placed weights on the balance'beém, removed the wooden blocks

hoelding the beam level, and allowed the subaecfs 10 seconds to cbserve the

outcome. In the present study, (1) subjects were told to predict the outcome for

T 13
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each balance problem before being allowed to observe the outcome, (2) subjects

. , -
were a@sked to think aloud while performing the task and, if possible, to provide
Justification for their prediction, and (3) the trairing phase continued until

subjects gave ariswers consistent with the product-moment rule.

Methed

‘Pretest Phase

Subjects. Forty—eighf students (30 women and 18 men) enrclled in psychology
classes at the University of Massachusetts received bonus credit for
participation in the pretest phase of-tne studj. Age ranged from 17 years to 36

years with a mean of 28.39 years.

Problems, The prestest consisted of 12 schematic line drawings of a palance
beamn presented with various configurations of weights. .These problems varied in
both type ana cifficulty. There were tnree "simple" prabiems that did not
require the product-moment rule for correct predictions because either (1) weight
or distance or both were equal on both sides of the fulcrum (e.g., 0308/0302 -~
Note: notation indicates the number of weights 1,2,3, and 4 units of distance on
either side of the fulcrum == in this case, there are three weigdhts located three
ﬁnits of distance to the left of the fulcrum and three weights located two units
of distance to the right 6f the fulc;um) or (2) the preater weignht was associated
with the greater distance (e.g.; @120/1120). The remaining nine problems
represented “"conflict" situations in which the g%eater.weight was associated with
the lesser distance. For three of these pfoblems, the beam would have tipped to

the side with greater weight (e.g., QLe0/0202) and for three it would have tipped

to the side with the greater distance (e.g., 1100/22¢@). The remainingy three

14
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problems presented balance situations (2.Q., 1100/1300). The problems employed
depicted situations with weights placed at nc more than two locations on either

side of the fulcrum,

Frocedure. The pretest was administered to groups of three or four

subjects. Subjects were instructed to predict whether the balance beam presented
in each problem would tip to the left, balanée, or tip to the right. No time
limit was imposed and feedback was not provided.

nalysis. Al] subjects who made three or more incorrect predictions were

[ o

classified as nonbalancers. Thirty-six of the 48 subjects who took the prestest

‘'were claseified as nornbalancers.

1

Training Phase

o

ubjects.

= —

Twenty-two of the 36 subjects classified .as nonbalancers on the

|

prestest (16 men and & women) were randomly chosen to participate in the training
phase of the study. These subjects had a mean score of 6.4@8 correct answers on
the pretest with a standard deviation of 1.353.

Materials. The balance beam used in the the training phase cornsisted of a

o S e s .

flat, rigid aluminum bar balanced orn a fixed fulerum at its midpoirt. Distance
from the fulcrum was denoted by marks at regular intervals drawn on a ligétweight
acetate scale placed on top of the aluninum bar. The unit marks were
approximately 5 cm. apart, and half units were also irdicated. It should be
emphasized that in corntrast to Siegler’s .(1976) study in which weights could be
placed only on four pegs on each sidg of the fulcrum, in the present study, -
weights could be moved coﬁtinuously along the surface of the beam. The weights
were wocden cubes whose sides wére aoproxima;ely B0 Cm.

(1976) observation condition. #Problems prESEnted near the begirming of the
session were relatively simple and became progressively more complex. The first

few problems cornsisted of single blocks cor stacks of blocks placed on each cide

15
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of the fulcrum such that either the weight or distance (or both) was equal on
both sides of the fulerum. These p . Ylems were followed by three sequences of
problems each of which began with two equal stacks of blocks, cone placed closer
to the fulcrum than the other. Blocks were added cne at a time to the stack
closer to the fulcrum until tie beam balanced and then tipped in the opposite
direction. Thus subjects saw how problems witn conflicting weight and distance
could tip to either side or balance. ARfter cqmaleting thése three sequences of

problems, the balarce situations from each sequerice were repeated. The final and

most complex problems employed two stacks of blocks on one or both sides of the

fulerum. There were up to six blocks per stack.

Procedure. Before the session began, the subject was informed of and
cornsented to the videotaping of thg interview. Each subject was interviewed
individually, while szated opposite the interviewer with the balance beam between
themn.

The subject was told tnat he or éhe would be given a series of balance
problems. The instructions stated that the task for each individual problem was
to pred1c§ wnether %he beam would tip to the left, balance, or tip to the .right;
and further, that there was a general rule which would allow correct prediction
for all the problems and that the subject should attempt to determine this rule,
Subjects were asked to think aloud while performing the task and if possible to
provide jJustifications for the responses they made.

For each problem, the interviewer placed blocks on the balance beam while
holding it level. After the subject made a prediction and commented on it, the
beam was released so that the subject qould determine whether the prediction was
correct. The interviewer then continued with the riext problem.

In the first part of the traivang phaSe,.all subjects received the same
problems 1n the same order. There was, however, sone Qariation in the later

problems, as subjects were allowed to request that ¢ —articular configuration of
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weights be set up at'any time, although they were rnot specifically instruéted to
do sc. In aédition, if the subject stated an incorrect hypothesis about the
balarce beam, the interviewer attempted to éet up special problems that
coriitradicted the hypothesis. The eriterion for concludiné that the subject had
induced the product-moment rule was five consecutive correct predictions on
complex problems (i.e,, conflict problems with more tnan one stack of weights on
each side of the fulcrum).

1t, after 40 problems, the subject had not mace any hypotheses about gereral

rules and did not appear to be counting the numbers nf distance units, the

.interviewer indirectly prompted the subject to pay closer attention to distance.

She did so by asking "How far out is that pile of blocks?" when the subject made
a vague comment that a particular stack of blocks was "c{oser in" or "further
out."

Aralysis. Three types of information were of major interest: (1) evidence
that subjects based their reasoning Qn rules of limited generality that involvéd
both weight and distarce before they learred the product-moment rulg, (2)
eviderce that subJeEts either did or did not encode distance quantitatively at
different levels of perfo;mance, and (3) evidence that subhjects based predictions
on information about previously encountered problems or 2lasses of problems.

Subj:-.ivs were consicered to have used ratio reasoning if they stated either
before or after making a prediction the rglationship betweén the ratios of weight
and distarce in the problem. Verbal re;erences to counting and pointing to the

distarce marks were corsidered to be positive evidence of numeric encoding of

dictanice. In addition, evidence for the lack of numeric encading of distance wag

noted. Indications of gross perceptual judgments such leaning back to Judge

gistance, commerts such as “lt's hard to tell wnether they're the same, " and
questions such as "Are the lines on the beam important?" were ccsidered vo be

evicernce that pecple were not encoding distance numerically. These two typgf of
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information were coq?d by one person.

The codiﬁg qf reasoning based on prior instances was somewhat more
complicated, given the less éxplicit nature of the responses. Coding was done by
two independent coders with disagreements resclved by a third, so that a datum
nad to be agread upon by at least two of ‘the three coders before being counted.
Reasoning from particular proolems and from particular classes of probleins (i.e.y
those with a particular relationship between the.ratios of weight ard distance)
were included in thas classlfication. Refererces yo particular instarices were
broker down into problems in which a single change had been made to the previous
problem and those in which two charges had been made t; the previous problem.

The reascning was coded as logically correct or-incorrect based on the

relationship hetween the previous anoc the current problem and the subject’s

resporice. For example, if the subJect'noted that the beam was previously

palanced and one block was adced so that it must now tip to the side of the added

block, he or she was logically correcf. However, if the beam had been tipped to
cre side and cne block was row added to the cother side, the subject would be
incorrect in veasoning only on the basis of that fact that the beam ;hould now
balarice.

References to classes of configurations previously encourtered were also
coged into logically correct and incorrect forms. Correct forms included (1) two
eets of ratios that balance will balance if ".added togetheé" (e.g., Qaz4/0z01
must balarce because it 1s composed of @Q@04/02¢8 and mmee/@Eml, both of which
balarce), and (&) a configuration of Qeights will nut balance if it differs in a
critical way from a ratio configuration that does balance (e.g., 9128/3100 will
rot balance because it differs by one block from -2100/3220Q which does balance).
Incorrect predictions included those based on the B1milérity between the current

configuration ang one previously encountered (e.Q., 1100/2200 is predicted to

balance because 1t is similar to 200Q/Q410Q).
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Results , ,

All &2 subjects were able to meet the criterion for learning the
product-moment rule. The mean number of trials required to neet the critérion
was 49.9 with a stancgard ceviation of 15.4 (ranpe €5 to 88 trials). HRnalysis of
the data irdicated that subjects engaged in a variety of behaviors as they
attempted to cetermine whether the balarnce beam would balance. Not all common
behaviors wére obsérved;1n'all subJécts,“éuggesting that there may be no~l_~—w————_ﬁq?__
snvariant sequence of behaviors that subjects must ergage in while inducing the ~
product ~moment rule. There Qere three major findings observed in the iﬁterview
dafa: (1) most of the subjects seamed to develop and use the ratio rule before
usirg the product-moment rule; (2) many subjects gave evidence of not encoding
cistance numerically during tne'first part of the sessioni and (3) most subjects
seened to employ specific information about previously experiencedfconfigurations

in making decisiors about balance problems.

The use of rules of limited oererality

At least 15 of the £2 subjects employed a quantitative rule that inveolved
both weight and distance but was of limited gererality before generating the.
product-moment rule. One subject gererated ano teste tné hypothesis tnhat
salance would occur if the sum of weight and distance on each side of the fulcrum
(e.g., a stack of three blocks one umit of digtance away from the fulcrum would
yield a sum of four) was equal. Fourteen subjects explicitly verbalized a form
of the ratic rule at some point ouring the interview (e.o., méde a statement like
"1t should balance because the stack on the left has twice as many blocks byt the

otack on the richt i1s twice as far from the center). Orn the average, for these

14 subjpects, the rule was first verbalized on trial 21.1 (sd= 11.2), well before
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the criter;op for thé product-moment rule was reached. Thére was little
ditference in the rumber of trials to criterion ror the 14 subjects who

verbalized the ratio rule (mean=%9.1, sd=14.8) and the eight who dad not
(nean=47.1, sd=i{7.6). |

In gereral, sub)ects who stated scme form of the ratio rule did not do s0 on

£
"

the first simple balance problem (i.e., a problem in which there were single,
different-sized stacks of blocks on each side of the fulcrum and the bean

4
balances) they encountered. The first simple balance problems were presented on

trial 7. (Q03/0018) ard traal 11 (20d4/0200;. Only cne subject stated the ratio

‘rule on trial 7 and only three others did 5o-o; k;iﬁl 1. ; T

There seered to be é tendency for subjects to state the ratio rule first on
a tfial fer which the ratic was 2:1, suggesting that the rule was first generated
in simple situations and then generalized. Teﬁ of the 14 subjects who stated the
ratio rule did so first on a trial for which the configuration was Q004/0208 or
weaz/¢108, despite tne fact that all 18 of them had encountered cne 3:i ratio
balance problem earlier (trial 7) and that six of them had previously encountered
at least two simple balance prablems in which the ratio was not 2:1.

Stating a form of the ratio rule correctly did not invariably result in
correct predictions for all subsequently presented problems that could have been
easily hardled by use of the ratio rule. RApparently, sungcts either did not
initialiy learn the pereral form of the rule, did rot employ the ratio rule as
their exclusive heuristic for two-stack conflict problems, or did not always
encode cistance accurately encounh tp.DPed1ct correctly. - Un the average, the.14
sdbgects mssed 1.6 of the €.6 simple balance problems they received between
first verbalizing a torm of the ratio rule and reaching criterion. In addition,

hey recelved an averaoe of 2.4 simple imbalarce problems (two-stack problems in
which tnere was more weight on cne side of the fulerum anﬁ nreater distarnce on

the other but for which the ratics of weight arnd distance were riot equal) and
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made an average of .8 errors on them.

Some error dava supgest tha. subjects may have firstilearned the rule for
ore ratio ard only later generalized it to others. Séven of the 12 subjects who
tirst stated the ratio_rule_ow a simple balarice problen w;th ratio 2:1

en
subsequently mace errors on other simple balarnce problems, but only one of them
did so on a problem with ratio E:l.ﬂ Collectively, these subjects made 16 errors
on simple balancs problems after first stating the ratio ryle, including five -
errors on problems with a 3:1 ratio, five on problems with a 3:2 ratio, and four
on problems with a 4:1! ratio. The four subjects who first stated the ratio rule.
ﬁn a 3:1 or 431 ratio trial later committed six errors on simple balance trials,

only cre of which was on the sawe Kind of tcial.

Cther data suggesf'that subjects may have made .scme evrors on ratio trials

by not jucging distance carefully enough. HRs will be discussed later, subjects
trequerntly aid not use the markx%qs on the scale to help encode distance
rumericallv arnd at least early in the session, tended to rely on ordinal or rough
perceptual judgments. The hypothesis that errcrs on simple balarce and imbalance
problems were in part caused by the failure to ercode distance numerically is
supported by the the fact that over all &2 subJects,.only four errors on these
types of problems 'are commitied after subjects had given some indication that
they ;ere encodir g distance numerically. Other supgestive eviderce is pravided
by the fact thet of the 11 errors mace on simple imbalancé vrials after first
verbalization of the ratia rule, six were committed on the conf . guration
01Qd/822¢, while the others were committed on.E@@@/EGSQ, QUR3/ 10D, 1008/300Y,
CRBZ/GcVd, and £QA0/42¢d. With the exceotion of the last configuration, each of
the others could be made to balance by movirg ore of the stacks by no more than
cne-half umt. It is gifficult to rule cut tne possioility, therefore, thaﬁ

cruce perceptual judgments of distance were a contributing factor to this type of

errar.

21



19

In summary, more than two-thirds of the subpjects explicitly stated a
quantaitative rule involvigq both weight and oistance before learning the .
product-moment rule. There is some evidence that sub..]ects wﬁo,ver‘balized a%‘owm
of the ratio rule first tended to learn the rule for one rafio (usually ¢:1) arnd
then generalized 1t to others. Errors onh simple ratio problems encounteréd after
tirst verbalization of the ratio rule cccurred possibly because: (1) the rule had
not yet become generalized, (&) subJegps made‘crude Judgments about distance, and
(3) subjects also used cother heuristics such as instance-based reascning (to be
discussed later).
Erncoding_of distance )

Therr ..as a substantial amount of evidence supgesting tiat subjects did not

erncode distance numerically ea;iy in the session. This evidence consisted of
ceveral ty,es: (1) D;sative indi?ution of begirnning to use the scale to encode
distarce rumericallv, sugcestirs that the scale had not previously been used in
thig fashion and (2) behavior or verbal statements ind;cating that subjects were
enccding distance on the basis of crude perceptual estimates. In addition, somz
comments suggested that subjects encoded distance on an ordinal scale.

Scale _use. Seventeen of the 22 subjects spontaneously gave evidernce of
counting or pointing to the umit marks on the scale in order to encode distance
numericaliy. The mean trial on which they did so was 28.3 (sd=10. 6, ranpe of
trial 14 to 44). The remaivang five subjects did not giye clear evidence of
using the scalz2 until they received a fairly éxolic;t prompt from the interviewer
after trial 42 (see method section).

Tnus mast subjects did not overtly use tne scale until after trial 20. This
15 to be contrasted with simply mentioning the use of distance either while

thintang aloud or 1n explaining why a particular decision had been made. On the

average, Oistance wac first mentioned on %rial u.2 (sd=6.2, ranne of trial 1 to
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trial 24). However, the distr;gution Qas quite skewed. Thirteen of the &2
subjects mentionied distarca within the first three trialgiand only two tock more
than 15 trials to.do so. The larpe averape lag of gé trials between commenting
on distarice and cvertly counting distance units strong}y suggests that subjects
dad nd% iratially erncooe distance numerically.

Not all of the 17 supjects who spontaneously used the scale to measuﬁg\
distarce seemea, at least initially, to realize the importgnce of doing so.
Altnoupn 1@ sub)ects contirued to use.tne scale corisistently after the first
trial on which they gave evicence of counting, the remaining seven did not,
ﬁequiring an average of an additional 13.4 trials (sd=8.@) before consisten?ly
using the scale_ to encode distance.

Of course, using ove; ¢ counting of scale uriits provides an upper bournd for
"the trial'on‘which the subJeﬁt begins to encode distance numerically, since 1t is

" possible 4o encope. distarnce numér:cally w}tnout providing any evidence of daing
so. Hecordingly, explicit signs that subjects were not using the sca}e were
sounht.

e_scale. Nire cf the &2 subjects pave positive

gyiﬁeﬂce cf _not
evicence that they were not.using the sqale at some ﬁoint between the first trial
on which they mentioned oistarnce and the first trial on which they overtly gave
an 1ndication of cAunting. Three of these subjects made comments that indicated
they had just started to cornsicer using the lires on the scale: one asked whether
the lines » xre important (trial 13), while the other two asked whether the
distances jetween the marks were equal (trials 33 and 36). Three different
subjects indicated that they were Judging distance in a crude perceptual manner,
cne commenting tnat she reeded a dgifferent perspective and moving her head (trial
28), and two others physically movirg their chairs back and changing their lines
of view (trials 16 and 33). The remainmng three subjects cammented on the

difficulty of jucging distance, indicating that they did not realize that the
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scale was present to aid in those Judgménxs (trials 12,25, 34).
The fact that more tnan one-third of the subjects ga?e explicit indications

that they were not.using the srale ;o.measure distancé, in combination with-the

relatively large number of triais it took,@o provide positive evidence of using

the scale, strongly suggoests that subjects did not.ﬁse the scale early in the

cession. The fact that subjects mentioned distance early.indicates that distance

I.
>

was encoded, but specifically how this was done is open to speculation.
) \ . : —

A rnative hypctheses. If distance was rot encoged numerically using tne
scale provided, there rgmain several possibilities,ébout how it might h#Qe been
éncoded: (1) supjects may have tried to estimate distance quantitatively on the
basis of perceptual Judaments, or (&) subjects may have simply encoded distance

M

on-an ordinal scale, croering distances rather than attaching numerical values to
themn.

Several subjects rave cleaﬁ evx&énce of trying to estimate distance
precisely withbut using the scale, €.0., (in'response to 20R4/2001), "It Just
looks like this [referring to the weigpt ocn the rightl] is four times the distance
of these." However, there were a large number of comments that suggested
subjects were indeed encoding distance on an qrdinal.scale. Eighteen, of the &¢
subjects mace comments of this.type at some point during the interview prior to
niving explicit evidence of counting. Typical examples of such comuents were (in
response to 2Q@d/g22@), ““It might balancg because they're in pretty far [on the
rightl to have tco much ef an effect to go down," or "This one is farther over
ard i1t's less weight ard this one 1s closer and 1t's more weight." Statements of
tnis tyoe referred only:to order relations, contaired rno reference to ﬁumbers of

i
distance unmits, ard were clearly distinguishable from statements that were later
maue after counting had begun, such as (1n response to ivatl/eaza), “There's
1,243,4,5,6 (subject counts half—uni;s], 1t's on the s1xth.11ne. Six.and S1X 18

twelve" (subject ados tne oistance for each of the weights on tne ragntl.-

24



Comments about order rélapions were noticeably absent from these later

statemnents.

A1l comments supgesting tne use cof ordinal logic were tabulated for each

subject, This coging included all trikals in which a statement of an ordinal

relation such as "farther out,” cleser in," or "closer to the end" was made. Two

"

'types of cases were then excluded: (1) cases in_which nunerical encoding of

cistance wds unnecessary‘:},eftmwhen weignt was tne same on ei1ther side of the

P

fulerunm or when the qreﬁfér weight was on the same sice of the fulerum as the

ureater distance) anc (d) cases in which a specific reference was made to-an
ear11er prOblem. There were, on the average, 3.5 trials per subject in wh1ch
stetenents suggestano the use of ordinal logic was made, after the two types of
triais Qﬁntxored above ‘were excluded., Eliminating the data of one sub)ect who
age corcinal comments on 28 trials gives a mean of 4,4 such t“1als/;;r gubJect
(sd=3.5). These uaka sugpest'tﬁat early in the session, subjects commonly dealt

with dxst@nce 1n an ordinal fashion,

The use of information about previous preoblems

There were an average.of 7.4 trials per subJecf (sd=3.6, range 2 to 16) that
could be clearly documented on which subJecté maoe their predictions on the basis
of a comparison with a previous pronlem.or class of problems. Subjects made
comménts that they were using specific informat ion about previous problems on
mofe tharn 19% of'trxals, despite the fact that they were =xclicitly told tnat
their goal was to lgarn a gereral ;ule.

ihree_types, There were three basic types of instance-based reasoning
observed: (1) reasonirg applied to a problem that differed from a previous
prablem by a singie transformation, such as the addition of a block or the "
movement of a stack one unit of o1st§nce; () reasoning abdut.a problen th;t

Q

ciffered from a previous problem by more than ore transformation; and (3)

L4
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reasoning 1n which the current problem was compared to a l.nown ratio
configuration. Valid ang invalid meynods of reasoning w1tﬁ1n each of the three
bas19,tynes will be discussed below. |

“‘ﬁlhglg_gggwgfqpygygggb Subjects verbalized the use of instarnce-based
weasoningron an averape of 3.7 problems in which the current problem was éompared
to a ;imple (ore stack of bloéﬂg'on each side of the fulcrum) problem that
differed from 1t on the basis of a single transformation; . There were three
subtypes of reasoning which were sensibie heuristics in that they. produced
correct answers some ofsthe time. However, only one was consisté%tly valid. The
valid form of reasoﬁ;ng (verbalized cn épiaVErage of 1.1 trials per subject) was
that if ' a sing;e transformation was made to a configuration that balancéd, the
neﬁ configuration should no longer bald&nce. For example, if wa1@/z20pd is seen to
balance, then QIVa/286d must not ba}ance since only a single transformation hés
bteen made. GOUne form of 1hva11d.reason1nn (verpalized or, an average of 1.@ trials
per subject) was that if the present problem was similar enough tp;a previous one
(daffering by anly one transfovﬁa%1on), the outcome should be the same. The\
second type of invalxﬁ reasoning (1.5 trials per subject) was that if a sirgle
compensatory transformatiorn is made to‘a configuration that did not balance, the
new‘configuration should balance. ARlthouph this argument leacs to correct

predictions in some cases, 1t certainly woes not do so in peneral.

Multiple transformations. There were an average of 2.3 problems per subject

*in which the predictior was made by comparing the current problem with a previous
simple problem that diffeéed from it by more ﬁhan one transformation. The valid
torms of reascning (average of @.7 trials per subject) included: (1) if two
stacks are equally distant from the fulcrum, equal numbers of weights added to
each stack should rnot chanoe the cutcome (@.0., vaza/azed snould tip to the left
given that Q020/2i¢d did so) and (2). given two stacks of weilghts at different

0

cistances from the fulcrum, an inverse proporticonal change in the number of
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neigﬁls on either sice wi&l leave the outcome unchanged (i.e., application of the
ratio rule as a transfqrmation), The invalid forms (1.5 trials per sub)ct)
inclucea: (1) equal numbers of weights added to (or shbtracted from) stacks at
diffaren€5distances from the fulcrum leave the cutcome unchanged (e;g., if
2020/4000 balances than so 5ﬁou1d Q210/3008) and (2) the addition (or
ghbtraction) of .a bleck to (or from) a stack in coﬁguhction with the movement of

the stack on the opposite side out (or in) one unit of distance will leave the

cutcoge unchanped (e.Q., 1f VAZQ/74020 balances than so should @20@/5000).

Comparisons with.khoﬁn raticos. In addition there were several types of
reasoning in qnich the current complex problem (a problem with more than one

' . "stack oh at least ore sice of the fulcrum) was compared with a.known préblgm that

: wa; krniown to balance because of the ratio rule. Valid forms of such reasoning
(0.7.t}ials per subject) included: (i) stating that the current problem should
riot balénce becaus; if~differea.1n a critical way from one that would be
predicted to balance ﬁsing the hétio rule (e.g., 11@0/4000)shou1d not balance
hecause tne ratic rule would predict that 102a/4@0@8 should b;;ance) ang (2)
stating tha£ the éurrent problem should_Eélgnce becagse it. is the sum of two
.zﬁaiyidual ratios each of which balance (e.gd, 1020/4220 should balance because
1@@0/@2%@ and ©020/40vd both balarnce). In addition, if the current configuration

wdé\“sim;lar enough" to a ratio configuration for which the outcome was known,

. the ocutcome was sometimes (V.7 trial per subject) judged to be the same.

The major goal of the present study was to characteriZE'somﬁ of the changes
that cccur when subjects were presented with a series of balance problemns and
given the task of inducing a rule that would allow them to predict the outcomes.

[ 4
In particular, we were concerrned with whether the development of learning could
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be adequately characterized by Siegler's (1976) rule-based hierarchy of mcdels onr
whether heuristice that do not fit neatly into this hierarchy, like differential

encdding of distance, use of the ratio rule, and reasoning on the basis of

" previous instances of problems must also be considered. Because our data

stront ly suggest that such heuristics ave indeed used by sub)ects, Siegler‘s'
(1976) hierarchy does not adequately describe the variety and complexity of
reasoning processes that subjects engage in while attempting to induce a general
rule.

RA_well defired sequence? It is unlxkely that any simple staje analysis can
characterize the changes in knowledpe states in more ;han a superficial manner.
Our analysis of the protocals does riot depict the subJéct as relentlessly
p;ogressinq through a well defired sequence of levelq until the product-moment
rule 1s reached. Distarce may be encoded quantitatively on one trial but riot on
the riext. The ratio rule may be applied to make a correct prediction for a
pradblem and rot be applied when a similar problem ié presented a %ew trials

later. The strategy employed depends on the particular problem and on problens

that were encourtered earlier.

Model-determired encoding of distarnce. The protccols suggéét that initially,
subjects frequently rely on relatively primitive encoding of distance. ther
they have made predictions about a number of simple balance proplems, they tend
to progress to the use of some mixture of_the'ratio rule (where appropriate) and
instance-based reasorning and begin to consider more complex hypotheses. 1t seems
likely that the level of éncoding enployed by subjects is }argely determined by
the heuristics or models they are using. The argumert for this ig twofold.
First, ocur subjectc were of college ége and it is extremely likely that they
thought of uistance as a quantitative concept in gereral. Thus, any failure to
encode distance 1n a quant;tatxve fashion more plausibly represents a failure to

anpply an existing concept of quantitative distance rather than the lack of the
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concept. 'Second. there were occasions on which subjects used qualitative
enceding aftér having earlier givern some indication of encoding distance
quantitatively, such as counting scale units or using the ratio rule. It seems
plausible that some cccurrences of qQualitative encoding resulted from the use of
_more qualitative models, such as those involving instance-based reasoning. The
pattern of rgasoning séems similar to that engaged in by a mathématician or
logician whgn he or she attempts to understand ; problem on an intuitive,
informal level before tryi;g to formalize a ﬁypothesis.

The presert hypothesis that the e€ncoding empicyed by subjects will depend on
the heuristics or models they use, contrasts with conclusions that might be drawn
from Siegler's (1976) work on encoding with five— and eight-year-olds. Siegler

demonstrated that training children to encade both weight and distarnce
significantly improved t?eir performance on balance beam problems. Rlthough
quantitative encoding is rnecessary for an adequate understanding of the balarce
beam, it is not sufficient for undergtanding. While it is possible that learning
how to erncode distance quantitatively can be considered responsible for young

children's progresé in understanding the balance beam, this explanation has less

appeal. when applied to older subjects who already know how to ercode distarce

&
¢

quantitatively.

Instance-based_reasoning. The use of reasoning aboui problems by comparing

them to previously experienced problems seems to be outsidé the scope of a
rule-based model of learning. In fact, ;ne might think that when subjects were
instruczgd to gerarate a general ruléf the demand cﬁaraqteristics of the task
would preclude reasoning bésed on individual instances. However, the prevalence
of such reasoning is less surprising within the context of a growing literature
coricerned with the learning of complex conceﬁts. Stud;es have demoﬁstrated that

learning to classify instances of a concept by a complex rule or set of rules,

for example the pronunciation of English words (Brooks, 1978) or the learning of
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syntactic structures (Reber, 1376), is mo;t parsimoniously accounted for by a
theory that claims subject categorize neﬁ instances by comparing them to specific
old inst;nces. Thé product-moment rule may be sufficiently complex that basing a
prediction on previous 1nstances 1nvo}ves less straiv on cognitive resources than
immediately trying to infer 2 quantitative law.

1f one assunes that instance-~based reasoning was prevalent, it is possible
to develop an explanation for why subjects were not more consistent in their use
of the ratio rule once they had first verbalizea a form of the rule. On a given
problem, subjects may hive used whatever informaticn was ava:lable and seemed
appropr:ate for that problem. In additiQn, there was some evidence tnat subjects
first learned the rat1o rule for a specific ratic and later genevalxﬁed it. When
subjects first verbalized a form of the ratio rule, they rarely mage comments
suggesting that the rule should held for all rati1os and in some cases expressed
doubts that the relatibnsnip observed in a few instances was gereralizable. For
example, one subject said in considering whether the ratio rule verbalized
earlier for a smaller ratio woula hold for 4:1, "I know we kept the proportion
the same, but I thought that there was a point at whlcn you went one toco many
down here [referrinp to glstancel and tne ratio didn't stay the same.Just because
1t was so far out on the end. You want to put one more block on there and move
that one more? (requestinyg that the interviewer modify the problem from
10Vd/4000 to 1UQ0V/5020) Oh, you mean it's a constant rule, it.doesn't change?
(after observing tnat the beam st1ll balancedl].

‘Why _do _subiects progress? The documeniation and description of a change in

understanding cannot in 1tself provide an explanation aof the mechan1sm producivig
the change. At most, the protocol provides a record of the sfopping places on
the journey. Noretheless. we believé that documenting the changes in
understanding demonstr-ted by subjects, and inferring the kinds of heuristics

they employ, represents an advance in our understanding of how subjects learn to
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reason correctly about balance problems._ At the very least, it is clear that our
training procedure was sufficient, in that all of our.subjects were able to
generate the product-momerit rule within a reasonable amount of time.

This finding contrasts with the results Siegler :1876) obtained with younger
subjects that indicated relatively few subjects der .ved the product-moment rule.
While it 15 possible that the difference in results was due to the age of tae
subjects, there are several propedural differences between:these trainirng sfudies _
that seem relevant. fFirst subjects in the present study took 43,2 trials to
reach criterion, whereas subjects in Siegler's obsérvation condition received
only 36 trials. Thus Siegler’'s observation corndition may riot have prdv;ded
enough trials to bé effective. The secord, and ﬁore interésting possibility is
that a cratical differencelmay have been that in the present study subjects wvere
asked to meverate oredictions for each preblem and to Justify thece predictions
if possible, wnilé Sieéler's subjects merely observed the problems and the
outcomes. More active i1nvolvement with the problems may lead to more active
hvpoynesxs formation ang hence faster learning. This interpretation 1s supported
by recent research by Lewis and Anderson (1983), Who-fpund'in a study of the
acquisition of problem solving operators that subjects learrned correlations
between problem features and operators only when they were forced to make and
test exnlicit hypotheses. Clearly, active learring shauld be an important topic
of research in the the future. Siegler and Klahr (1982) also conducted another
training study in which the majority of college~-age subjects were avdle to learn
to provide predictions consistent with Model IV after being presented with a
sequence of balance-scale feedback probisms, provided they received either
external memory axdg (a sheet of paper with schematic represéntations of each
problem and its outcome), quantified encoding (a pracedure "in which the
mathematical nature of the task vas hignlighted). or both. Siegler (personal.

communication) has suggested that the effectiveness of the external memory aids
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manipulation may be explained in terms of making specific instances more

available.

Educational value of the corcept cof balancing.. The topic of how people come

to understand the balance beam gains significance when one considers that the
balancing schema might influence the acquisition of mathematizal concepts. Dng
recent study has indicated that krnowledpe a?out the balance beém may facilitate
understanding of the superficially unrelated concept of thé mean (Hardiman, Qell._
and Pollatsek, 1984). Nearly all college students know the standard algorithm
for computing the mean of a set of scores (i.e., a&d the scores and divide by the
nunber of scores) and can apply it correctly when the scores provided are'based
on.equai rumbers o% osservations. However, rglatively fewladdlts can
successfully compute the overall mean when given two subproup means based on
different numbers of scores. They do not-“weight“ the means in proportion to the
number of scores in eaéh proup, but rather treat the group means as though they
were based ocn equal numbers ofvscgres (PFollatsek, Lima, & Well, 19&1).

Pollatsek et al (1981) suggested that subjects who failed to solve weighted
mean problems lacked "analog" knowledge of the mean. - Such-anaIOQ knqwledge might
involve a visual or kinesthetic image of the mean as a balance point, a commonly
used metaphor ir. textbooks. Given two subgroup means based on different numbers
of observations, the weighted mean or "balance point" must lie closer to the
subgroup mean based on the larger number of observations because that mean
"weighs" more. Hardiman et al (1984) assessed college students’ knowledge of the
corcept of balancirng and of the mean. Subjects whb were consistently able to
predict the outcomes of bglance problems correctly were also able to solve
weighted mean problems ceorrectly and could represent weighted mean problems on
the balance beam. More importantly, subjects who irtially performed poorly on
both balance beam and weighted mean problems and who were given training on

balarce problems (but not on problems specifically having to do with the mean)
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subsequently were able to solve weighted mean problems better and with greater
understarding than control subjects who had not received this training. Thus the
understanding of ;n important concept such as the mean can be enhanced through
training with baléncé pracblems. An interesting question is whether acquisition
of the product-moment rule is necessary in order for transfer to take place.

Conclusions. Our ;tudy of how subjects attempt to make correct predictions
about balance problems leads us tg form several conclusion;, Reasoning before
the product-momert rule has been learvied is complex, involving heuristics such as
ordinal encoding of disfance, reasoning from previ;us problems, and using |
quantitgtive rules of limited generality, as well as misconceptions about the
physical nature of-tne balance beam itself. Nof ail heuristics seem to be
employed by all subjects, indicating that there may be different paths toward
acquiring the prodﬁct-moment fu}e. Thus; it.is not likely that a simple stage
analysis or hierarchy of rules can adeguately reflect the oynamics and complexity
of intermediate stages of learning. The use of both limited rules like the ratio
rule and instance-based reasoning does not fit intc the models of Siepgler's
(1976) rule-based hierarchy nor does it conform to methods.of discovery employed
by some artificial intelligence programsj €.0., a program receives data in a
tabular form and systematically reducés it to a single empirical law (Langley,
1981).

Erooks' (1978) work sungests tnat iﬁ relatively complex situations,
categorization based on comparisons wWith previously experienced exemplars may
represent less of a load on copnitive resources than an attempt to abstract a
rule. The central role of eritical examples has been acknowledged within the
domain of mathematics (Micherer, 1978) and in the coritext of learnming to classity
instances generated by a complex rule or set of rules (Brooks, 1978; Reber,

1976), bdt not within the context of inducing a relatively simple physical law. -

The decumentatiorn of the use of instance-based‘reésoning in the presant study
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sugpests that reasoning from salient examples may be a rather general heuristic
employed in many types of -reasoning, incluoing judgments about frequercy and
probability (e.g. HKahneman, Slovic, and Tversky, 1982), understarding
mathematics (Micherer, 1978) and phvsics (Clement, 198i), aﬁd deducing syntactic

structure (Reber, 1376), as well as in the discovery of physical laws.

34



This research was sUpporteu by furds from NSF grants SED-8113323 and SED-B216567.
The authors would like to thank Charlene Rheaume, Susan Lima, and Gale Sinatra
for their assistance in various pnases of protocol transcription and analysis.
Jere Confrey provided helpful sugpestions in-the'early stage of Bata analsis. We
are also i1ncedted to Carolyn Mervie for her comments on the paper. Requests for
reprints should be sent to Famela Thibodeau Hardiman, Dep.rtment of Psychology,

University of Massachusetts, Rmherst, @Q1vas,

-

35



d - | ' 33

References

Brooks, L. (1978). Nonanalytic eoncept formation and memory for instances. In
€. Rosch and B.B. Lloyd (Eds.) ngnition_gnd céteQOfizatiqn
(pp. 17@-216). Hi}lsdale, N.J.s Erlbaum. | |

Clement, J. (1981). Analcg generation in scientific p#oblem solving.

Proceedinns_cof the Tnird frnvual Meeting of the Copnitive Science Scociety,

137-140.

Kahneman, D., Slovic, P., and Tversky, R. (1982). Judorhent under _uncertaintys

p- AR

Heuristics ard biases. New York: Cambridoe University Press.

Klahr, D., and Siegler, KR.S8., (1978). The representation of children’s

krnowledge. In H.W. Reese and L.P. Lipsett (Eds.) Advances in Child

Develcpment and_ Eehavior, ig, €e-116.

Hardiman, P.T., Well, A.D., and Pollatsek, R. (1984). The usefulress of a

balance model in understanding the mean. Journal of Educaticnal Psycholongy,

76, 792-801.

Inhelder, B., and Fiaget, J. (1958). The orowth of lcaical thinking from

childhood to_adglescence. New York: Basic Books.

Langley, F. (1981). Data-driven discovery of physical laws. Cognitive Science,
3

_5_, 31-54-

Lewis, M.W., and Qnderson; J.R. (198%)., Discrimination of operator schemata in

S
!

problem solving: Learning from examples. Cognitivé_ggxph logy, 17,
£6-635.
Medin, D.L., Rlton, M.W., and Murphy, T.D. (1984), Giyen versus induced
_category representations: Use of prototypé and exemﬁlar information.

Journal _of Experimental Peycholony: Learning Memory and Cognition, 19,

= m—— -

-

™~

- e c—



. — - .

34

333-35z2.

Mervis, C.E., and Rosch, E. (1981). Categorzation of natural objects. Annual

Review of Psychology, 32, 83-115.

Micherer, E.R. (1978). Understanding understanding mathematics. Cognitive
Science, &, 361-383.
Pollatsek, A., Lima, S.D., and Well, AR.D. (1981). Corcept or computation:

Students' understanding of the mean. Educational Studies in_Mathematics,

ig, 191-2@4.
Reber, A.S. (1976). Implicit learning of synthetic languages: The role of

instruetional set. Journal of Experimental Psychology:? Humand Memory and

Learning, &, 88-94,

Siegler, R.S. (1976). Three aspects of cognitive development. Comnitive
Psychaloay, 8, 481-5g24.

Sieglery, R.S. (1378).. The oridins of sciertific reasoning. In R.S. G&Giepgler

(Ed.) Children's thinking: What develops? (pp. 103-151). Hillsdale, N.J.:

Erlbaumn.
Siegler, R.S., and Klahr, D. (1982). Why do children learn? The relationship
between existing Knowledoe and the acquisition of new knéwledge. In

R. Glaser (Ed.) Rdvances in instructional psycholeogy: Vol. &. (pp.

121-211). Hillsdale, N.J.: Erlbaun.

Smith, E.E., and Medin, D.L. (1981). Categories. and_concepts. Cadbridge:

———

Harvard University Prass.

o
N {



Table 1 C ' - ;

Siegler's . Inhelder and Piaget's
classification® a classification

Stage IR: Subjects fail to distinguish
their own actions trom external
processes (e.0., the subJect
will push the beam so that it is
level and expect it to remain that
way). '

. Stage IB: Subjects realize that weight is

Model T needed on both sides of the fulcrum
= to achieve balance but there is as
yet no systematic correspondence
hatween weight and distance.

LY
.

Grester Stage IIR: Subjects achieve balance by making
 Soun : - weight and distance both symmet-

' rical.  Subjects discover by trial-
and—error that there is equilibrium
between a smaller weight ag a large
distance from the fulerum and a
greater weight at a small distance
but do not draw out general conse-
quences.

Mode) W

Greoter
15tance
Down

Stage 11B: Subjects develop qualitative under—
: standing of the relationship between
weight and distance.

Metel I Stage I[11A: Subjects start to discover the

: quantitative law for balancingCF.
It tazkes the form of the proposition
W/W'sLY /L. where W and W' are two
unequal weights and L and L' are the
distances from the fulcrua at which
‘they are placed.

goler
it.gnee
Dosh

Grester
W Seme

Stage [I1B: Subjymcts search for a causal
exp)anation.

Greetet
Terque : 0

4 after Klahr and Siegler (1978) -
b »mugdle through® means guess :
€ at least for the special case in which weights are placed

at only one distance on each side of the fulcrum
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