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Introduction

The purpose of this study isyto examine various misconceptions
committed by junior high students in fraction addicion and subtraction
problems. Almost 600 subjects were administered two tests, addition.and
subtraccion, and their performances wereyanalyzed by several computer
programs written by Robert Baillie and Doris Shaw. Especlally FBUG and
SPBUG (Baillie, €t.al) are so flexible to any items generated by computer
- that they can be used for any teachét made tests:' SPBUG will provide
descriptive statistics; response pattern analysis as well as error
diagnosis. This program is also applicable to any fraetion addition
tests including teacher~made tests. -

The rate of diagnosing erroneous rules (algorithms) of operation is
as high as 902 of &l responses. Most rules are used with less than
perfect consistency by many students, and sporadié deviacions appeared
in one or two items per student,. Nevertheless, certain rules are
nbserved in the same individual, where the student applies the rules
systematically throughout the test.

It {7 natural to assume that the erroneous rules éesulting from the
_ same type of misconception or incompleteness or lack of knowledge tend to
be seen persistently in a variety of different types of items in a test.
But as can be seen in Figure 3 in whigh the performances of students ¢
the test items are conveniently tabulated (S-P table, see‘ﬂarnisch and
Linn, f;Si; Tatsuoka, 1978), some rules are seen over all items as well
as for many students regardless of their scores. Other errors are
observed more frequen:ly in high-~score rather than Low-score students,
while yet other rules are more common in low-score students, Some
student performances--bug patterns~-support "repair theory" (Brown &
VanLehn, 1981), but many others exhibit more complicated bug patlerns
. which are probably affected by 6omp11cated mental models based_on past
knowledge that the students have acquired. ‘

Methods for soivingﬂggged fractions: Addition and Subtraction

, Method A. The mixed (or whole) number is converted to an

improper fraction and then the strategy for adding (subtracting) two
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fractions is used. This method xs especially noticed in subtraction .
problems where borrowing is needed. However, since this method involves
manipulations with large numbers it is more subiect to arithmerte
errors. Reducing and converting the result to a mixed number is more .

‘jrequeﬁily needed when this method {s used than when other methods for
solving mixed number operations are used. i '

. ‘Method B. The fraction part and the whole numher part are dealt
with separately. The advantsge of this megpod is that once the whole
number part is separated the student can manipulate“smaller numbers as
compared with the ones that would be manipulated had Method A been
used. However, when usiﬁg this method the student has to remember to
repeat the operation twice: Once with(€he whole number zad then with
the fraction part. When the fraction part 1nvolves finding common-
denominator equivalent fractions, and reducing and converting an
improper fraction to a mixed number, the originai whele number part can

easily be*forgotten. Moreover, dn subtraction prioblems where borrowing

R} is needed it Wntroduces an additional complication which does not exist

R 4

when Method A is used.

Examples:
Method A _ Method B
5 9/22 - 2 9/11 5 9/22 -~ 2, 9/11
=119/22 - 31/11 =5 9/22 - 2 18/22
=119/22 - 62/22 =4 31/22 - 2 18/22 ‘&
=57/22 = 2 13/22 - 2 13/22

Rules for solving fraction addition and subtraction problems.

“Adding or subtracting fractions (%-t %9
I. Like Denominators (c¢=f)
A. Add (or su* ract) numerators for:the numérator part of the result.
(b te) o ’
B. The denominator of the result is one of the two like denominators.
(c,f),(c’,£")
II. Unlike Denominators (c¥f)

L4
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A, Check if you can divide each fract%on by a common factor. (See
flow chart, Klein, et al., 1981, pg. 36.) N
B. Find a common den&minator using one of the following methods.
1. Prime Factoring Mé!hod
2., Multiples Met®od
.3." One of the denominators is a multiple of the other
_ (For a flow chart of 1-3, see Ibid, p. 33-35.)
4, Automatic Method
(Multiply the cenomlinators together to get a common denominator
b/c + e/f = bf/ef + cefef) '
C. Find‘;quivalent fréctions (qef chart Ibid, p.'37).
D. Afdd (or subtract) -the same as in step I. ..

*

E. Reduce and/or coavert improper fraction to mixed number (for
. chart see Ibid, pp. 40-41) T
Adding or subtracting mixed numbers.

-~

Choose one of the following me thodss
Method A: Convert the mixed number to.an imﬁroper fraction. Proceed with
stéps I. through‘iI.E. (For a chart, see Ibid, p.32) i
"‘Method B: Add (or subﬁract) the wholé,gumbets first then repeat steps
I. through II.E. for the fraction part:/ (In subtraction problenms watch for
cases where b’ < e’. You will have to borrow from the whole number
part 8, as in a EJ ’ " \

Figure 1 displays a flowchart for solving fraction addition aad

“ subtraction problems according to the above mentioned rules.

Insert Figure 1 abouyt here

. #
Classification of observed errors according to the task analysis.

Based on the task analysis the observed errors can be clamsified
according to $he following categories. The numbers or letters in :hé‘
pareniheses refer to the list of bugs in Table 1 for addition

or subtraction. ‘ . '
. Y -

Incert Table lfhbout here

1
[} ¢

1. Errors associated with an incorrect use of Method A%

Classified into this caceggrﬁ are ét;ors resuiting from applying ~

K}

13
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° e T Table 1 -
- t : N
: - Classification of Erroneouq;Rulés'or Algorithms
\ . - According to the Task Analysis
1. Incorrect Use of Method A ' 2, 5,17, 28,.37,'60, 53 )
' * 4 N c’ D’ H N
, 2, incorre@t Use of Method B~ 32, 33, 39, 43 . . L
///" . ' ! A’ » E, F, G. J ) .
. 3. Incorrectly finding | 12, 143 59, 62, 64
comman denominator c, d, h -
4. Ingcorectly Finding : 10, 15, 17, 18, 19, 21
. " equivalent fractions 23, 26, 60, 63, 66
5. Faulty algorithms 11, 25, 39,.46, 47, 48, 50
‘ . Sl, 54' 55’ 57, 58’ 61’ 65, 67
1 ] ’ a, b, 8, n, X, ¥
6 Simplification - Co-
i (reducing) 1b, 6, 10, 11, 12
. ¢(converting) la, 2,3, 4,5, 7, 8,9
A A T N
. The numerals ané letters represent the rules (bugs or algorithms) innthe list

given in the appendix.

. . 8
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'1ncorrect rules‘of converting a. mixed nuaber to an 1mpropar froctiun. . .
Examples of these errors are multiplying the who;e number by the S, T
numerator and adding the denominator (2); keeping the whole number parr )
-_ after conversion to an improper fraction has caken place (5), converting
by multiplybns ‘the. whole nnmber by the numerator (7); converting by
adding the whole number part to the nuimerator (28)(H); or converting the - ' .

mixed fraction to a whole number by ignoring the denominator(53)(D). In

subtraction a af xed fraction 1s converted by adding all thrée'parts of -
the fraction_ for the numerator (C); or imn addition adding the thréé° T e
- Jparts of the first fraction for the numeratér of the result and the - . e

three parts of the second fraction for the denominator (37),or similarly
. - adding the whole number oud denominator of each fraction to obtain the

numerator and denominator of the result (40).

2. Errors associated'wieh an incorrect use of Method B,

Classified ihto this category are errors resultiug from applying o
incorrect rules to the Wole number or- fraction parts Suoh a8 operating .
only with the fraction part- and omitting the whole number part (33)¢6); 1
or operating with the whole number part and omitting the frac.ion part (J).
Adding the numera:or and denominator of the first fraction to obtaiu the
numerator of the result and similarly odding‘the numerator and denominator - .
) of the second fraccion to obtaio the denominator of the result (39); multiplying
the whole numbers: (43), or adding a one to the. whole number part (32) %re noted )
in addition. Errors in borrowing are unique to subtraction problems. Among ot
the incorrecikrules that lead to borrowing errors are the following,
" when borrqwing reduce the whole number by 1 but add 10 to the numerator (A),
borrow but forget to teduce the whole number from which it was Jorrowed (B);.
when borrowing, add 1 to the whole number from gﬁich it was borrowed (E); ‘
and subtract 1.from the numerator as well as from the whole number (F).
3. Errors agsociated with finding common den.ainators. d ’ )
CIossifzod 1oto this category are errors resulting from applying

incorrect rules for finding a common denominator such as choosing one of
the two denominators as the common denominator, the first or second

denominator, the smaller or larger donominator (15,62,66,c,d,h).

€ ¢+
.
v .
¢ : -
. . 1 0 - *
Q ] ' r,
1 . . .
Ak uitext providea by Eic .
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t ..
Several errors sre asfociated only with uflequal denominators such as

«r ~(14, 59b). ! " .
%%, squgs eﬂsoeiated with findingﬁeqpivalent fractions. . -

-

The following fncorrect rules result in errors classifhed into this
category, the nume:ator of each equivalent fraction 1s the sum of the
nudgtator and denominator of -that fraction (10) ~waile a.coumon
denominator is found by aultiplying the ﬂeneﬁinators or the LCD (least

,-f’”‘""common deuominator) is found; the nnmerators are added (15,17) or

subtrscted (£) or the denoninators are added together (26).

_ A gtaetion'that has 1 as its’'numerator is tteated as if the en;ire

) fraptiqn equals 1 (18). The LCD is correetly found t0 be less than the -
deuominators multiplied together, bit then the numerators are cross
multiplied'by the original denominatOts (19); the commén® denominator is °
found but the originaL denomiuators are used as the numerators of the
equivalent fracion (21), or eaeh numerator is multiplied by its
denominator (23)(60), or the numerator of the second fraetion is added
to its denominator (66) or the numerator is cross added to the other
denominator (63). -

" 5. Errors associated 'with the addition/suﬁttection algoritggg.

“The followiﬁg errors result from applying incorrect rules of operatibn
adding or subtracting corresponding parts (11)(a): Converting mixed numbers
to improper fractions and adding ndmetutote'end denominators (67), inver{ing
the second fraction and adding corresponding parts of the fraction (61);
adding or subtracting only fraction parts that have different numbers
in the numerators (58)(g); multiplying corresponding pante of the
fraction (48); oﬂfaddins whole numbers and numerators but multiplying
denominators (54). ' ‘

Another incorrect rﬁlewpf operation is cross cancelling followed by
multiﬁlying'numetatots and adding denominators (47); subtr;cting‘snaller
from larger corresponding parts (x); adding oumerators and deneminators (46);
or adding numerators 3%§ multiplying denominators(57)s’

After findid@ a common dendminator the smaller numerator is subtracted
from the larger for an additfon problem (50); or the numerators are <

- ¢ - "
- o

|
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nultiplied (55).

e

Other incorrect rules are‘subftécting the smaller. from the larger number ’

or adding both numbers in the first fraction to obtain the numerator and in

the second one obtain the denominator (39)(y); adding humerators ahd

subtracting denominators (65) or vise qgrsa (b)¢ using the division

algorithm(51){n); 1gnofing the numerator when the value is 10 (25).

6. Errors assoclated with simplifying the' result (reducing/converting) °
In reducing the fraction gatt.bf a mixed puﬁber, comit the briginal

-whole number part (1b) or divideé all three parts,  whole nnmber;~numérator and

denominator by the sane divisor (6). 'In redgg}ng a fraction where the
numerator and denominator are equsl, the fractiQn part equals the value of the
numerator or denominator (10). In reducing the fraction part of an answer the
numerator and denominator are divided by different numbers (12) or the

vnumerator is divided by the greatest common divisor and the gcd becomes the

-

4
’,.

denominator (11) . ’ ..
In simplifying a mixed 1mgroper fraction, convert the fraction part
but omit the original whole number (la) or retain the original whole"
number -obtained from converting the improper fraction part (2).
In simplifying the 1mptoper fraction parc oft the angwer the new whoie
number becomes’'the numerator and any remainder 1s lost (3). In converting. the

1mproper fraction part the original numerator becomes the new aenominator (4).

Any conversion of an fmproper fraction-part will equal one (9)31 This is

an'error only when the conversion does not equal one. In ganother convefsion
error of an improper fraction the whole nudber s the numerator minus any’(-
remainder after the denominstor is divided into the numerator (8). :+

A proper fraction haé the smaller nuperator divided into the larger

denominator (7) but the denominator stays the same as the originsl unlike when

the fraccion part is inver;ed and :hen converted or reduced (5).
‘The Test
Two lists, one in addition and the o:her in subtractionm, were carefully
designed in order to provide diagnostic information. For a detailed

desctiption of the item construction see Klein, et al., 1981, ’ y
The addition test consistéﬁ’of 68 items and the-suhtraction one

, *

L
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Datasets

algerithmic and reducing parts.

X

consisted of 42 items. - Two parallel sets of items were included in each

. test, cnmprising the following 8 types of items FIF; F+y; Mi? MM

wiF; F+W; MPW: WiM (where M = mixed numbers, F = fractions and

W = whole numberj. A preliminary analysis indicated that problems inciuding
a whole nuaber were clustered on a different dimension than the other

types of items. Hence, ‘these items were separated from the rest Q

and will not be discussed in this reporq. Thus,‘we will refer to two

parallel sets of 19 items each in addition and two parallel sets of 16

items each in subtraqsion. figures 2 and 3 display th;\}tem numbers

according t¢ their type. (The item numbers in the chatés refer to the original

Q

. Insert Figureés 2 & 3 about here )
numbers in the test. As can de seen in the charts, ths-itemé%%h each test
included like and unlike fractions some of which could be simplified,

i.e., reduced and/or converted to a proper fraction, prior to the addition,

N\

_ subtraction operation. The subtraction chart also specifies the items that

require borrowing -~ a procedure required where Method B is used.

-~
Rl

. The ;esﬁs'dgéCrfbed in the previous section weée administered three
times to junior high students. The first group was comprised of
148 8th and 9th graders wﬁq took‘the.tests in the spring of 1982. The
second and third groﬁﬁ obtaiﬁed in the fall of 1982 were comprised of °
171 and 273 7th and 8th grddérs. The, responsas to the paper and pencil
38~ and 32-item tests pere typed on the PLATO system. Thé answers \
before‘reﬁucing to the_simplest form of fractions as well as those after
reducing were r:oded separately so error analysis could be divided into

Computer Program .o .

An algérithmic computer program for diagnosing erroneous rules used

‘by students in fraction addition problems was written in FORIRAN on the

PLATO system. . A similar prograg was developed on an Apple computer, but
this version was not algorIChpic and diagnosed errors by checking two

. numbers--~one bcing a student ] response te 'an item and the other, the

numbers (stored on a disk) obtained by applying each erroneous rule to

the item, . : .

2



Nixed Fractiang 8imple Fractions
M+M; F+M; M+ F) (F + F)
[ ! ' [ ~ 1
c = f c¢$f c=f cy¥ f
[ 1 — 1 ] — |

1, 25 6, 30 4, 28 | - | 13, 37 3, 27 10, 34 2, 26 8, 3
9, 33 12, 36 5, 29 7, 31 "7, 41 11, 35

16y 40 ‘ 14, 38 19, 43 115, 39

. 4 18, 42
) S—
S NS S NS s NS -f - NS
o
I II I1X v ' V1 VII VIiI
. [
2
[\
Figure 2, Fraction Additiop Item Classification Chafﬁ (38 Items),
S = Simplifiable (Item Before Operation) M = Mixed Number
'S = don Simplifiable (Item Before Operation) F = Fraction
Hote: a% + d% . The numbers in the boxes are item numbers.
L
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o , 9




» ) .. * &
s p
Mixed Fractions Simple Fractions
M~-M,M-F) ‘ (F - F)
| 1 I
c = f . c ¥ f c=f c ;‘f
! ] | |
b <e b2 e ‘ v
4, 25 M7, %38 14, 35 5 26 %13, %34 12, 33 6 Nl %22 2 |
10, 81 ' - 16, 37 ' 27 8, 29 %23 3, 24
.| 11, 32 | ’ : . : ‘ / )
M8, %397
20, *41 .
s NS § NS S NS S NS 5 NS

I II 1T - IV \Y Vi ' ' VIl VIII IX X

-«

Figure 3, Fraction Subiraction Item Classificaticn Chart (32 Items).
§ = Simplifiable (Item Before Jperation) M = Mi{xed Number
NS = Non Simplifiable (Ir.em' Before Operation) F = Fraction

Note: a% - d% « The numbers in the boxes. are 1toﬁ numbers.

f
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The progr#m generates an S-P table by sorting the raﬁs and columns
of the original datamatrix by the orders of item difficulties and total
scores. Then it calculates a correlation matrix, means and standard .
deviations Qf 1tem§ and atudents; caution index for each student and
item, The second S-P table is oytainéd b} replacing 1-0 scores by the
number and letters designating seventy erroneous rules of operation in
fraction addition‘and subtraction problems. An example of the second S~

P bug table_is given in Figure 4.

Insert Figure 4 about hé}e

Analysis results: What rules are frequently seen and what rules are

~ observed together

In the S-P bug table, missing data is repiaced by 99, the use of
:ne‘right rule is 1 and unidentified wrong rvles or typographical, .
careless errors are marked by 0. The right-most column contains the
total scores arranged in descending order from the top to the
bottom. Later in this report, the three groups divided by the two lines
shown in Figure 4, which are drawn at the score of 29 ~nd 10 will be

<

designated as high~-, middle- and low-score groups and a summary of each
groups’ Jdescriptive statistics and error analyses will be given and
compared.

wr
Insert Figure 5 about here

o

As can be seen in'Figure 5, the usc of erroneous rule 11, adding
the corresponding parts of two fraction numbers, for the lower-score
group is somewhat comparable to the use of the right rule in the high-
score group. '

The order of item difficulties clearly reflects the difficulties
predicted in task analysis. Table 2 gives the summary statistics of the
dataset inclu&&ng the S-P bug tabdle as a part showv io Figure 4. r?he'
common factor in Item types VI, II, V, and I i{s that the items in these

| Insert Table 2 about here |

groups have equal denominators. The 16 items from the right-most column
have unequal denominators. Figure 4 clearly shows that students in.the
middle group dqn'c know how to obtain the largest common denominator of

s

/
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Figure 4; Continuation of S~P BUG Table
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Ttem Difficulties, Valués of the Caution Index

Table

2

" and Item Types of 38 Fraéi;onvAddicion Problems

”

W Co~WU & W=

: "35

Iten Iten Type‘ v_ pi : Ci
34 VI .80° .10
41 Vi .80 .05
10 Vi .79. .06
43 . u .79 .19

6 II . .78 .17
17 B A .78 .06
16 I .78 .10
19 VI .77 .10
31 . VI .77 .07
36 1§ ¢ .77 .15
14 v .76 .18
27 v .76 14
40 , II .75 .13

7 VI .73 .11
38 v .73 .25

2 11 .72 .17
30 IX .72 .14

1 I .71 .20
13 1 .71 .18

9 1 .70 .23

3 \ .69 .16
25 G .67 .26
32 VIII .58 .01
39 VIII .58 .04

4 111 .58 . .05

8 VIIX .57 .05
11 VIII \.. 56 .22

VIII ~ .55 .03
35 VIII 53 .05
28 III .53 .04
13 v .52 .03
42 VIII .51 .06

5 111 .51 .05

2 VIl .49 .07
29 111 46 .03
37 v L4p .04
18 VIII W45 0%
26 VII .29 .08

- ™.
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the two numbers, while the students in the low-score group don'i know

.how to add two fractions. The nunbers shown in Figure 3 représent .
erroneous rules. . ’ . v’ R
’ The caution index (C4) shows that the items in the fraction i~

s
s

addition test were reasonably well constructed because the values of 'Cy
are all nearly zero. , . _ o
Table 3 shows the percentages of descriptive statistics obtained by
error analyses performed on the three datasets. The averagsfé;rcentage
of identified rufen by “S~P bug" is 90.8% 1nc1ud;n§ the right rule,
/' 76.1% excluding the fight rule. This rate of error diagnosis is-
sacisfactbéily high, ' |

i Insert Table 3 about here . ‘
- . The use of erromeous rules of operatfon varies smong individuals.

As can be seef in Figure 4, the most popular rule {pJ(fottunately!) the

righ;'rulg and the secodd most popular is Rule 11. The 48 diffﬁfent

rules in fraction addition were observgd and the percentages oi their

frequéncies of use by 59§'students.were:summarized in Table 4. The next -
N Insert Table 4 about here C o

rule to Rule 11 in use-frequency 1s Rule 67, Then Rules 14, 12, 7 and 17:

Rule 12 15 associated with the task of finding the least common '

denominator (LCD). Rules IS and 17‘originate from finding equivalent

fractions; first the common ‘denominator 1is obtained by'multiplying the

denominators or finding the LCD and thelthe original numerators sre added
without being multiplied by the appropriate number. ‘Rules }1 and 67
result from misconceptions in adding two fraction numbers. Rule 11 is the
addition of corresponding parts of two numbers whilé Rule 67 applies the
same rule as 11 after converting mixed number to improper fractions. Rule
7 occurs when mixed mumbers are converted into improper fractions; new
numerators are obcéinedAby multiplying whole number parts bi nunerators,
not denominators. Then the right procedure {s used to get the final
answer, ' '

Rules 60 ad éi are observed only once each in 592 students. Rule
60 is "the numerator times the denoqinatqr of the, first frdction plus -

-~ :

25
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Table "3 ‘ . N

Fercentages «f Various Descriptive Statistics of

(=4

Thiree Datasets v .

L]

Dataset I Dataset II. Dataset III Total

c r. t ‘ 45.68' t .67 ' 57.89 - 57.55
orrec - B /ﬂ&
Inqﬁ?tect : 45.39

Missing o : 5,92

.

3‘055 ~ - \"‘ 8'51 ~'6043

r . ]
Identified with a
Correct Rule 8.5t - - 92.18 90.62 . 90.81

i {
Identified ' ) . B - o
without Correct 78.26 , 76.27 s 74,46 . - 76,12

Rule ¥
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Table 4 - . ‘ - S q
- .Frequenciés of the Use of ‘E'x'ront;ous Rules of lOper:a:::mn -
’ - . in 38 Fraptic:-n Addit:i.o; Problems )
o ' . | (m592) , -
| . . Rufe Freq Rule Freq Rule Freq Rule Freqva \
’ | 2 13 23 20 41 1 ss 7
B . s 120 25 18 42 . 60 s6 16
Lo 7 112 26 3 45 35 ‘51 1
T 10 38 27 s 45 66 S8 , 59
- _ 1 s23% 28 20 | 46 12 59 18
12 138 31 34 - 47 21 6D 1
' B VR 32 46 . 48 65 62 - 7
PR o 15 216 .m 33 7 49 7 63 16
. 17 96 37 .71 50 17 64 35" . .
18 28 38 18 51 4 65 11 |
. 3 19 ‘ ¥4 53 8 . 6 * 9
| 21 2> 407 s« 713 61 258 .
S 3 ‘
‘
- \
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the numerator times the denominator of the second fraction to obtain theA

numerator of the answer. Multiplying the two deneminators-to get the ‘ .
denominator of the answer." Rule 23 is a rule similar to Rule 60, but ~

20 cases“ere'oﬁserved in the data. Rule 23 is the multiplication of the

numerator and denominator to get <the new numerator,.and the denominator -
{s the common denoniuetor. The right addition procedure follows in both

the rules. Since Rule 41 is an-odd rule, the description will be

omitted here.™

Accordins :o.zhe.classification of erroneous rules besed on task ' C e
analyses, Rule 7 belongs to Category 1, Rule 15 to Category 4, Rule 12
is in Category 3, and Rules 11 and 67 belong to Category 5.

Nex%, further investigation of the difference betw :m the*
rerformances of h“igh and low score groups on the fraction addition test
is summarized in Table 5 below.. The distributions of "the frequencies in
the two groups are quite different. The high-scére group has more

Insert fable 5 about here 5
students that used Rules 33, 32, 21, 18, 43 than the low-score group
_ﬁbs. These rules are classified in C2 and C4 which are designated by

"inqorrect use of Method B", and "incorrectlys finding equivalent
fractions. Espec{ally Rule 33 occurs by omitting the whole number part
in the answer. + Conversation éich teechers in a class confirmed that Rule
33 is due to a careless mistake. Rule 32 is associated with the
principle that any number plus zero is that number. The outcome of this .
rule is that when adding mixed numbers, students add a one to the whole ‘
- nuamber part of the answer. 'It is interesting to note that the
| principle, a + 0 = a for any nember 8, may be a difficnlt concept to -
understand for a Junior-high aged 'student. The third rule strongly
differentiates good students from poor students. This rale uses the
denominators of the original fractions as the numerators of tire new
fractions while the right LCD is fpund and the right additfon procedure . >
is used to get the answer. '
The students in the low-score groep tend to use Rules 15, 48 and 54
sporadically ;nd Rules 11, 67, 10, 45, 26 and 37 systematically. It is

28



Table 5 i -

%

Frequencies of Erroneous Rules Observed in the 38~1tem Fraction

1

Addition Test by High Score (= 29) and Low Score (<.9) Sroups

. High Low - . High Low .
. Rule (N=284) (ii=158) Rule (N=284) _ (li=158)
11 61 2970% 38 3 7
33. - 51 3 45 3 69%
- 50 & 14 67 3 215%
12 136 19 62 2 ) o -
. 32 27 1 14 1 4
21 21 1 23 1 7 |
‘ 18 . 15 6 28 1 14 »
64 15 5 § 57 1 2
15 14 66 60 I 0
43 S VA 1 63 1 1
.59 - 12 : 5 ’ 65 1 2
5 10 2 ‘37 0 69%
48 10 27 46 0 12
54 8 24 2 0 9
19 7 1 - 53 0 7
10 7 25% 40 0 6
17 5 18 66 0 A
47 5 4 39 0 2
' 49 5 1 51 0 1
55 5 0 41 0 1
58 5 17 - .27 0 1
25 4 6
50 4 4
56 4 11

*These rules are observed in at least nine items per person

29
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‘ninteéesting to look at why the former appear sporadically throughout

 a test and the lqttér.systematically. Rules 15 (described earlier),
48, and 54 are classiffed in C§, faulty algorithms for addition |
procedure. Rules 11, 67 and 45 belong to €5 but these bugs are usually )
applied systematically. Rules 10 and 26 belong'to C4, incorrectly .
finding equivalent fractions. ‘ | %
Probability of Pug Occurrences as a Function of the Total-Score Scale

In the previous sectioﬁ, we have found an interesting difference
in the frequencies of certain bugs between high-score and low-score
students. Further investigation of bug—distribution is carried ocut ..
in this section,

. The formula used to produce prébabilityAdistribution of bug y

given score x 1is presented below,

Frequenacy of bug y among students who score »

[(# of students who scored x) + 1] * (38~x)

P(Y:") -

i? Frequency of bug y among students who scored Xx;

" gwl [(# of students who scored x;) + i] ;’(38-x;)

This will provide information about the relationship between

total score and appearance of bugs. If total score dées not relate
with the occurance of bugs, the probability of bug y given sc%re X
would be uniform over x and its value would be 1/37 = ,02703.

This would imply that a bug y is equally likely to be committed by
students who answer any number of items correctly., On thé contrary, if
P(y,xf systematically deviates from the uniform prpbabiliiyﬂ
distribution, .that indicates tne existence of a particular

relationship between the incidence of a bﬁg and total score, For
example, in Figure 6, bugs 32, 33, 43 are seen to be more likely 1#9 
to be found among students who score above 25 than among students who o
score lgwer than 25, These three bugs are classified together in |
Table 1 |as being an "incorrect use of Method B" group. Since

there wége onky four pecurances of bug 39, its probability distribution

was not glculhted. A negatively skewed probability distribution

b i e ¢+ v - e e . A e e e e e e - e —

. u
. A
'
* . 1 .
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(indicating greaéer probability of occurrence among stuvdents with

high score) was not found in any other bugsbut these three. It

can be said that.Method B is attempted only by.students who

score high, Figure 7 shoﬁs the probib}lity distributions of three
' Insert Figures 6, 7 & 8 about here T

bugs that are more likely to be found among students whose total

score ‘is law; These bugs indicate lack of understanding of the
meanings of numerator and denominator, For example, a student

with bug 37 adds all numbers in the first fraction to obtain the
numerator of the answer and does the same on the second “raction

to obtain the denominator; ~1In Figure 8, the probability distributions
of bugs 15 and 17 are #resented and they show thaé these bugs are
most likely committed by students whose scores are in mid range. Both
are bugs associated with faulty methods to find the denominator
of-the answer. These uﬁiqhe bug probability distributions may provide
the reason why bug migration occurs and why ;h; direction may be
more orderly than one might expect. For. example, one stddent_msy )
exhibit bugs 37, 17 and 33 consecutively, as he/she ptogressascin
learning, but not invmke reverse order. It shbuld be noted that onl&
bugs which” showed narrow concentrations of probability are presented
1n.three figures. Most of the bugs did not show any semblance c¢f a
uniform distribution over total score.

Analysis of Results: Stability of the Use of a Rule

Both the test for addition and that for subtraction of fraction.
arithmetic are constructed so as to contain pairs of parallel items.
Ifja studen; uses his/her own rule consistenfly,hthen the answer of
the two parallel items. should match the responses generated by the rule.

In order to t&3t the stability of a bug, the frequencies of two
pairs, (1,0) and (0,1)==a studenté‘ use of the bug for solving the
first item but not for the countgrpaft of the first item, and the
second binary pdir (0,1)stands for that the second item was soived by
applicatibn of the bug but not tﬁe first item--were counted and then

McNemar's test was carried out, Table 6 conta.as the frequencies

L 3

YT IO S

.1

and the results of a significance Test with Yespect to the right rule,

-
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Significantly different pairs of parallel itehs are listed
in Table 7 1n terms of the use of various erroneous rules of
Insert Tables 6 & 7 about here

operation, Six pairs of garallel‘items have the z values of

p > 0.001 in Tabie 6. Table 7 showslduite a.few bugs are applied
inconsistently to the two parallel items, But, we have actually
tested 284 pairs for McNemar's test and 31 pairs turned out to be
‘51gn1ficantly different as can be seen in Table 7., This means that
most erroneous rules are used consis;enﬁly for two parallel items,
However, it should be noted that 6 out of 19 pairs in Table 6
showed significant di:ferencés in the stability of the use of the
right rule. Indeed, all the items in 19 pairs are not necessarily
parallel in terms of procedural steps for carrying out all the right
rules which were described iﬁ the earlier part of the report. , More
strict, accurate definitions of parallel items referring to each

procedural step may be needed. |

9
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Table 6

McNEmar'é Test for Two Parallel Items in Fraction Addition

When the Right Rule was Used

mens  (op! o’ z
1, 25 68 76 -.670
2, 26 24 163 ~9,29%
3, 27 60 48 " 1.15
4, 28 35 45 -1.12
''5, 29 59 57 19
6, 30 37 80 -3.98
7, 31 38 44 | =66
8, 32 23 33 -1.34
9, 33 61 65 ~,36
10, 34 22 35 -1.72
11, 35 26 46 ~2.36
12, 36 46 49 =31
13, 37 34 64 ~3,03%
14, 38 26 54 ~3,13%
15, 39 20 34 -1,91
16, 40 31 57 -2,77%
17, 41 23 45 -2.67%
18, 42 50 54 -.39
19, 43, 31 51 ~2.21
*p £ 0,001

1 The second item in a palr was answered by the right rule

27

2 The first item-in a pair was answere by the right rule

35
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Table 7

~ [}

McNemar's Test for Two Parallel Items in Fraction Addition

Y

o

When Bups were Used

Item .‘Bug 0,1 .. 1,00 (1,1 . 2
1, 25 .5 0 11 0 -3.32
- . 2, 26 15 0 23 7 -4.80
.3, 27 1 - 17 - 55 91 -4.48
4, 28 54 o1 o 2 -3.77
5, 29 7 1 48 0 -6,71
10 o 21 1 -4,58
11 47 .0 68 : 6.86
33 % 0 0 . 6.00
67 17 6 7 _2.29
6, ,30 1t 36 15 57 2,94
7,731 11 . 16 . 51 94 -4,28
8, 32 12 3 14 0o -2.67
15 9 26 15 " =2,87
9, 33 S 0o . 7 ., 0 ~2.65
10, 34  HONE
11, 35 10 9 0 0 3.00
15 4 23 5 * =3,66
21 2 13 0 ~2.84
12, 36 11 12 . 28 59 ~2.53
] 13, 37 17 4 13 4 -2.18
47 0 .10 0 -3,16
' 54 6 0 ) 2,45
14, 38 11 19 35 52 ~2.18
15, 39 15 ° 2 15 A -3.15
16, 40 7 0 19 1 Y -4.36
- 10 0 15 ¢ 1 +=3.87 .
11 11 0 61 3.32
54 5 0- 0 2.24
17, 41  NONE \\\\\
18, 42 17 .2 1% ° "5 ~3.00
5 11 o0 0 3.32 °
‘ 64 0 30 -2 ~5,48
19, 43 11 14 34 93 -2,89
’ C N
. 36 \
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. . Simplification Errors \
Scoring Procedures K T 5
’ Quiie‘ejeueeer of students did not reduce the;r final answer to the :
simplest form. Thus, two scoring methods are used in scoring the test y

items. Since the 36-itom test is open ended, each response is viewed as
being comprised of three components; the whole number, the tumerator and
the denominator. With scoring Method 1 atndent responses are scored 1
only if all the components equaled the corresponding conponente of the
correct answer. ,

With scoring Method 2, the student responses were{coﬁverted into a |
decimal number first, and then they are scored 1 only if the converted *
decimal number matches the decimal number of the correct answer. By so
scoring, the students answer will be scored correct, regardless of whether
or not the answer is reduced to the largest simple form, or ‘danverted to a
mixed number. As long as the responses are carried out correctly up to
the addition or subtraction of equivalent fractions, such responses are
credited as correct answers. : ‘

« The following figure, Figure 9 shows the relationship between scoring
Methods 1 and 2. cThe X-axis stands for the proportion correct for Method

Insert Figure 9 about here.

1 while the Y-axis repreeente the p-values obtained by scoring Method 2.
Since Method 1 produced fewer scores of 1 than Method 2, most points in
Figure | are located above’ the 45-degree line and only a few students’
scores do not change by either method, primarily those having high“eores.
Analysis of Simplifieacion Errors: Addition Data

We are looking at simplificacion errors between the nonsimplified (NS)

and simplified (S) answer regardless of the correctness in value

of either answer. {

For each problem on a student’s paper two answers are recorded,

re

a nonsimplif{ed‘enswer and a simpliff{ed or final answer. When only
one answer appears on the paper it is repeptei for the N§ and S answer.
'bne answer may mean that no work is shown to indicate a method used or -

that after a student reached an answer they left it {n whatever
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: o

form and made no attempt to convert or reduce. In the following tables
Ur2 will stand for addition data Eollected at Urbana Junior High School
(UJHS) in the fall of 1982. Url will stand for data collected at UJHS
{n’ the spriné of 1982 and Su2-will stand for data collected at Sullivan
Junior High School in the fall of 1982. '

One Answer Problems

'S

# Students Repeat Answers over
in group (n) Totai_g:ohlems (pxk&) f
- . Ur2 S 4014,
* 8208 - 9%
' | ,
Url 148 _ . 4108

Su2 273 ' 6969

Some of the above answers with one answer repeated in the NS and siare

blanks. Either the problem was not attempted or an answer was not

reached. ' _
o ‘ % Students \ % Total ., « Prdblems for
| X Problems Students'with Blanks |
' Ur2 48 _ oo 333 _ 333, D

71 = 28% 8208 =~ ¥ . 2305 - 14%

Url 64 _502 502
138 = 43 7106 = % 3072 = 16% o,

' Su2 128 ‘ 1313 T 1313
773 = 4% 13104 ~ 10% giag < 2%

It could be considered a simplifieation .error 1f the answer Jvas not

4:. Slg-and 8 are all acceptahle

+ answers for problem‘bne because ‘they are numerically ‘equal and correct. Since

in a sfmplified or reduced- form.

we don’ c“agree on one final simplified form, we only look at the problems

where the student atteupted some form of simplification. Many students
had changes between the NS and s answer. o ’

Answers with chaqgcs between NS and 8

Url 4194

B ' 8208 5” :




i3
. ‘LI’

Url - 2996 - | | R
7106 ~ 42 T
Su2 6135
-~ 13104 = Y%

In looking at ausweés where there‘arg chahges between NS and § we are

interested in the ones where the two answers are not numerically equal.

Number of Problems Numerically Unequal

NS S « . Ur2

¢ incorrect  incorrect « 293
d  correct incorrect - 291
e  incorrect ' correct | 79
663

860

Number of Students wich'therically Unequal Answvers

Ur2 " Url - Su2
c,d,e “\ 134 140 216
c,d “ 129 134 . 205

Errors befween the NS and S answer (NS # S)
X of students number of # answers over

_problems with changes

Ur2 13 663 _ .
T - 8% %194 ~ 16%
Url 140 , . 860 .
Suz 216 853 )
':2':,.—3' 79% C 6135' - 14%

% of Problems with Changes between NS and §

__that Fit the Follcwing Three Items

ur2 sl - sw2
c Bl-n - 2R f}-&%-sz
d ol.n -2-5—%-‘9: it = 6
L . T I Y ﬁ—'ig-.-u

- 40

b ]

Su2
331
374
148
853

“
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The errors in e seem to be caused by the student dealfng with the
fractions first and adding on the whole number part foé’the final answer.
Although the student was unaware that ve were interested in the
nonsimplified anawer it shows sloppy ggrk on the part of the student and

an erroneous concept of au equality.

' ex; 19 - e
19 18 18
18 does not equal 718 although tht latter is a correct answer .

to the problem number forty eight.
We turn our analysis to the problems with changes that have
a numerically incorrect answer in the £{nal form. '
Eleven etroneouégruies were used to identify s%mplification errors.
These rules are not totally exclusive, one problem~may appear .in more
than one rule type. ‘
Rl: In sinplifying a mixed number the original whole number is omitted

ex: 4—;' 2']:' '-' :
The student deals only with converting ‘and/or’ reducing the fraccion
part and shows an erroneous concept of an equality. /
Ur2 Url su2 : g
]

Students 27 32 _31

129 7 A% T34 v 24k g5 v LR
Problem 39 - - 64 57 ‘

R2: 1In si&plifyiné\an answer with an 1mpropef fraction part the
original whole number is recorded and the new whole number from the

improper -fraction part is omitted.

Ur2 url Su2
Students 22 20 A 32
129 7z 134 152 . 205 162
Problem/ 36 _ . 21 _40 _
584 = % 37 = ¥ 705 ™ 6%
Answers —

41
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Some of the problen answers could bg’examplesvéf-kl or R2. 1In
problem number five the answer could be

* '-g-z-- -12- '
ex: 114 114

The original whole number and the new whole number from simﬁlifying
:hg'f;action are the same nudﬂer, in this case a one. In problem nine the

repeated number is a 2.

16 2
ex: 2—7-- 27

If there are not other clear examples in the students paper, a
discussion with the individual student might reveal which simplification
error was in use. :

- R3: In simplifying the i{mproper fraction part of the answer, the new
whole number becomes the numerator, ignoring any remainder, with the same

denominator. The original whole number part, if any, remains unchanged.

1 3 1
ex: 5 - 53 = 55
14 -2
5 5
_ ur2 url su2
Students 15 L _28 _ 4
120 92 134 102 205 142
Problem/ 23 20 49
S8~ % T~ ¥ 705 = 1%
Answers
There are a few examples where an answer could be Rl, R2, or R3.
16 2
ex: 2'—7- 2‘7

~ The problem leads to an answer involving three 2°s, the original
whole number, the new whole number from the conversion of the fraction and
the new numerator. In éhis case the nonsimplified answer is correct but
the simplified answer is incorrect.
R4: In simplifying an improper fraction divide the denominator

by tie numerator as usual but use the numerator as the new denomlnator.

"5 7

R4 seems to be exclusive in occurence with the problem answers not

appearing in more than one bug. ’
Students \11 4 ' 18
129 =% 13" * 05" %
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" 35
»
?IObleﬂ/ _5_%% - 32 % - 12 -ﬂ%—% = 32
Answers"

.
R3: In simplifying a fraction the fraction is first inverted and
then usually reduced.

" 10 5 1
X S 10" 2
18 6 .l )
6" 8" 73
This like R4 seems to be exclusive in occurrence.
- -U_tg- m L] ...._..._suz :
Students 15 20 34

_-1-9--12z m-ISZ 705 " 1711

Problem,  _27 51 65

584 = O 7%7 = 1% 705 " 9%
Anawvers

Egz;_ln simplifying a mixed number, all parts are divided by the

same number,

16 .8
ex: Z-I-E 17
ue2 w o s
Students 1 4 9 -
=% Tt * st Y
Problem/ 2 _8 _1&__ \
5g;." % 7 v 1% 705 = 2

Ansvers ) AN

c (NS ¥ §): Both answers for this problem are incorrect and

numerically unequal.

4 _ ol

STE is the wrong answer for problem number thirteen and then

the reduction to 5 1/2 is incorrect.
*

b (Blanks for NS and S): No answer attempted or reached

99
¢ NS = 99
ex 59

99
S = 9935

a (Letter to letter correspondence between the NS and S answer

including the blank answers of b.)
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ex: NS - 12
18

6
R7: The smaller numerator divided into the larger denominator but

the. denominator stays the same in the final answer.

ex: oo m I
* 35" '35 / -
25 _ ,20 .
70 = %70
' Ur2 Drl  Su2
Students 2 6 6
- 129" 2% Tig=% o5 4
Problem/ 3 - _14 - _10 - ,
T L 7 A A

Answers . .
R8: 1In simplifying an improper f"ract'ion, the new whole number is the
numerator minus any remainder after the denominator is divided into the
numerator. The fraction part is handled normally.

. 34 6
ex: 12 48—1-5
61 5
1% = %1%
ur2 url Su2
Students 4 3. 6
T30 = 3% 3 =% 35~ %
Problem/ & 3 - 1 _
586 ~ *T* Far " A Tpsm 1%
Answers .

R9: Any conversion of an improper fraction is a one.
16 2
-

ex: 2-—7- 37
10
5 1
21l . 3l
5 7§
ur2 vrl su2
Students 30 17 - 32 _
129 232 -"-""134 132 205 167
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-‘ . Problenm/ ¢ 40 - 7%

23 38
584 ' 747

2 =52
Answers 705\

This, of course, is not counted if the conversion should be one.
R10: 1In simplifying a fraction where the numerator and denominator
are equal the resulting whole number is the value of the numerator but not

a one. “ .
* e 3-
ex: y k‘
: 2 prl su2
Students 2 0 . 1 . .
ST - 305 " %
Problem/ 33%__ .32 0 7%%__ 22 ‘ .
Answers

RI1: In reduciné a fraction the ged (greatest common denominator) is
found and divided into the numerator as usual but the gcd becomes the

denominator.
. 5 - -1—
ex: 110 15 . P
._-"_’.E. 1
- . 15 s
ur2 orL Su2
. Students 13 16 10
Problem/ 17 19 16 - ’
. 58 ~ % Fag " * Fos = %
nswers

d (NS # S): The NS answer was correct but the § was incorrect., The

two answers are numerically unequal.

ex‘ .2_6n ) Q— ‘
26 " 36 16 13
gg-iss a correct answer to problem number thirty eight but'TE
is an incorrect reduction of that answer. It should be %%1

e (NS # S) The NS and § answers are numerically umequal but the §

answer {s correct in numerical terms.

. 13 1
The above example is a correct answer for problem number 48.
18

ex: —z-- 8 .

-

[ I ' ‘
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This 1s a correct answer for problem 1 but l%-ia not.

, £: 1In either NS or S the fraction has a zero {n the denoninator
of the fraction. |
" l "

- B- ‘ - *
ex: 573 5 .
- g%
Analysis of Simplification Ertrors: Subtraction Data

We are looking at simplification errors between the nonsimplified

(NS) and simplified (S) answer regardless of the correctness in numerical
terms of either answer.- '

in looking at the subtraction fraction problems the prdblems lead to
fewer necessities for simplification in the answer than with the'addition
problems. The number of one answer problems therefore is greater. Wiihin
this smaller group of problems with answers that shoﬁ,a change between the
NS and Sfand are numerically unequal, we see many of the same erfors
appearing at the same Eate in relation to the smaller sample'of changes,

For example with the Urbana addition data taken in the Fall of 82,

51Z of the problems had changes between the NS and S answer. Some form of -

simplification was attempted. But with the Urbana subtraction data taken
at the same time only 197 of the problems had any changes. This seems

reasonable when we look at the difference between addition and subtraction’

and the particular problems involved in each test.

One Answer Problems

# Students . Repeat Answers over
in group (n) Total problems (nx48)
- Ur2 167 5684 _ 49%
Su2 230 7616 797 &
Url 139 ‘ 4809 _ g2
N 5838
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Ur2

Su?

Url

1I1CZ
II

II

CI

IC
ZE

Ur2

Su2

Url

Blank Answers

. X students X totsl
- problems
TN 1223 -
750" 4% 9ge0 = 13
8] 600
139" 58:{ $838 ° 102

X problems for

b

| students with blanks

531

7058 - 263

1223 _
3948

3402-

600 _ 182

Answers with Changes Between NS and SI

Ur2

Suz

Url

Number of Students with Numerically Unequal Answers °

1330

7014

2044

9660

1029

5838

= 192

e

- 212

= 18%

312 -

Ur2 - Su2  Url -
c,d,e,f 85 105 79 l
c,d 77 93 10
Number of Problems with Numerically Unequal Answers
vrz  Su2  url '
149 128 149
60 68 ‘9
(209). (196) (218)
e T 40 27 23
£ 78 27 23
327 292 260 Totals
Numerically Unequal Angwer Betweqp NS and S
Students Number of # Answers over
9 - 512 =2 . 25y
167 1330
232 - 46z S2Z o
2% - se7 {%%% - 251

problems with changes .

47
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‘, ~ Percent of Probleas with Changes Between NS and § that Fit the
Following Three Patterns .
Uz . sw 138
NS answer-Si answer o
incorrect # incorrect 149 = 117 128 = 62 _149 = 14%
1330 . 2044 1029
correct $ incorrect 60 = 52 68 = 3% 69 = 7%
1330 2044 1029
° incorrect #$ correct 40 = 3% 27 = 12 23 = 2%
: 1330 - 2044 - 1029
zero denominator in 78 = 6% 69 = 3% 19 = 22

NS or S answer 1330 2044 1029

Summary of Simplification Errors Found in Subtraction Data

Ur2 Ur2 Su2 Su2 Url Url
Students Problems Students Problems Students Problenms
R1 10 = 132 15 = 72 4= 47  6=37 10 = 147 19 = 9%
77 209 93 = 196 70 218
R2 3= 42 6 = 37 5=50 6m=3% 9137 11 = 5%
77 209 93, 196 70 218
R3 4 = 5% 9 = 42 1=1% 1=.52 8=117 9 =42
77 209 - 93 196 7 218
RG ° 5 = 62 5 m 2% 11 =127 11 =6% 3= 42 4 =22
77 209 | 3 196 70 218
R5 b = 8% 10 = 52 9 =102 14=72 6.=9% 10 = 52
77 209 93 196 70 218
R6 4 = 5% 4 = 2% 2=20 2=1% 1=1% 1= ,5%
‘ 77 209 93 196 70 218 -
R7 5=6% 6=3%7 @ 2=22 2=12 1=1% 1=.5
77 "¢ 209 93 196 70 218
RS 1 = 1% 1 = ,5% 1 = 1% 3= 22 1 =12 1 = .5%
7T 209 93 196 70 218 p




‘ {
.
* \
‘ RO 1 =92 9=4%  4=42 4L=22 8=11% 10 = .52
77 209 93 196 70 218
RI0 . 2=32 . 3=1% 0 0 0 0
R11 3=42  3=1T  4=4X  4=28 3=4T 3= 12
77 209 93 196 70 218
"
. B
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S Fraction Subtraction Ervors : Case Studies

) A 42-item test of fracﬁibn subtraction problems designed to diagndse
erronecis rules as projected in Klein; et al., (1981) vas given to 139
junior high school studeants. The free response tast allbwed exanination
of the sudent’s wrong answers by several methods of error analysis. The
'paper and pencil test was scored by.;egghgrs.and.ncnhexs_pfuggenpgggggch
group., The student fééﬁohée@ﬂﬁéfé tﬁen enterad into both the PLATO
conpﬁ:er at the Universitj of Illinois and 3 set of analysis prograums
implemented in Pascal on the Apple II+ computer. A description of these |
micro-computer programs is presented in another section, Thirty~two of
the test items, those not involving whole numbers as either the minuend
or the subtrahend, were used for the micro-computer sudy. Various
calculational procedures as well as searéhing technidues were used to
select casea‘which‘illu:trate thewerror patterns and 1nterpretationé,‘as
well as the pfoblem-solving methods used by the students.

The continuing theme that is {llustrated in these studies is- that
obtaining high scores on a tes: of mathemctics problems-doés not indicate
that the student has developed a high degree of understanding of
mathematical concepts. A student who usés erroneous rules may rveveal
knowledge that another student who earns a higher score does not
demonstrate. Such infofmation may be obtained from examination of
methﬁds of problem-solving and from evidence of the perception level
necessary to arrive at certain error patterns. The explanation of these
relationships will be discussed as the case studies are presented.

The Meaning of Fractions '

Case 1. Some students do not recognize the fraction as an specific
quantity. A few try to ignore the fraction part imn a mixed fraction. Bea
writes that: -

44/12-27/12=2 and 33/8~25/6=1 |
She used this rule for 15 items, all mixed fractions. Her misconc;ption
concerning the meaning of a fraction was also reflected in hei {ncorrect
procedure for sdbtracting simple fractions. She added the denominators
and subtracted the numerators: |

”
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5/3 - 3/4 = 2/7 and 6/7 - 4/7 = 2/14 = 1/7 .
The concept that the written form of a fraction represents a ‘

pérticular quantity requires that the atudent be able to visualize the ‘ B
partitioning of & unit into any number of equal parts.- The unit may be - a
expressed as 5/5, 10/10, or 127/122.‘ The denoninator indicates the -
nuaber of parts that the uni: 15 to be divided 1nto and the numerator o
represents the number of those parts the quantity includes. The student
might say in interpretation of "2/3", "if a uni; (one) were divided into
three parts, this amount is two of those parts”. Erronsous rules often _
arise when the sudent thinks of the fraction as a "2" and a "3", each to ‘ ) “i
be treated individually according to some procedure. Many of these .
wrong rules result in wrong answers; hownve:; occasionally they result

-

if correct answers for certain items. ax
Case 2. Rosemary used the most common etroheous rule to solve fraction

subtra;::ion problems. She subtracted the smsller from the latger aumber
the corresponding parts cf the two fractions: | _ y

N 4 4/12 - 2 7/12 = 2 3/0 g | -
She ﬁqd one correct answer on the test:

. 4 3/5~-34/10 =1 1/5

That cotigct answer results from® using her erroneous rule on this 1éem._
This rule\hgems to result from a lack of understanding that the
denominator‘bf a fraction symbolizes the size parts required by the
problem as weil as from the smaller from larger rule (Brownrand Burtoan,

1978). This error has been attributed to an “...attempt to commbute sub=
traction problems\ (Resnick, 1983). '

&

Case 3. Another common erroneous rule which often results in L
' correct answers is the one in which a student subtracts the smaller frou '
the larger in the numebgtors, but keeps cortesponding equal denominators
in the answer., The dataxghows that Andy used this procedure: ,
44/12 = 27/12 =2 3/12 = 2 1/4° . and’ L
53/15 ~ 3 é(zs =2 5/15 =2 1/3 | |

He also quite likely used :hé\same erroneous rule on :he 12 items in

t

which the larger/ numerator was Qontained in the first fraction:

.on
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"3/4 ~2/4°=1/4 and "4 S/T =437 =2/7.
If those correct iteas hsd been scored wrong, assuning that he £ollowed
‘An incorrect algorithm, his total score would have been 10 rather than
the 22 which was recorded. d , . "

_0f course, it is possible that Andy does understand that fractions . L

represent quantities, ha does calculate commbn denominators, but that he
has jus: forgotten the procedure that would put the minuend into a form W
‘that would allow subtraction of the subtrahend, We cannot tell from his
responses..’ ‘ | o -
The Relation hi of Method of Paoblem-Solvii

Another type of response is even/more difficult to 'interpret. Some

and Score

teachers teach students to convert all mixed fractions to improper
fractions as the first step in sol
The method is often called by tife name "around the world". The student
begins with the whole anumber, ultiplies by the'denouinator, and qhén

3/5 he might say, "Begin with three,

fraction subtraction problems,

adds the numersCOr. -‘To coﬁverf

around to’ five, three times five equals- fifteen, -go around to :hree,

fifteen plus 3 equals eighteen over five." This procedure sometimes .
results in large numerators and is time consuming, but if the s:udent
works carefully and then uses the proéedure of subttarcing the snaller
vumerator from the larger numerator while keeping common denominacots,'
all items with like denoninators will be correct. This 'method of work - .
is called "Method A™ by Klein, It is usually pessible to tell whether a
student has‘used this method from the scratches on his paper and often
from his first, unsimplified, response. | .
” Case 4. Jonathon received the sécond higest scbre of. the students
tested ssing Method A: '
4 3/5 = 3 4/10 = 23/5 - 34/10 = 46/10 --34/10 = 12/10 - 1 1/5, and
33/8-25/6m= 27/8 - 17/6 = 81/24 - 68/24 = 13/24 . ¢
He was able to get all bygeous problem correct, but there is some
question about the level of mclmtical.devslopn'_e;\t that he tixad

attained, , ' . ‘ ' .
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. In an attespt to determine whether ‘the yelection of 4 particular
lethod-for solving a particular problem cruld hélp df.ggﬁ‘ose student
erroneous rules, a comparison.was made between the stdﬂén;a'.use of
method A and the students’ scores. It was first felt that the selaction e
of the most appropriate methdd for sdiving each item, perhaps as a
. response to sone-“iiﬁasﬁé"A(Brown and VanLehn, 1980). might lead to
hibhet scores 'because the choice of Method A does tesult in. right
answers. The data shows that tha students 1n the hiah scoring third of 5
the sanple group hnd 56% of the uses of Hithod A. 'The middle third had
_ 25% and the low scoring ‘third had only 17X of the uses of thai method.
The use of method A did seem to be assoclated with ‘obtaining a high’

oA e ELT e

score. , ' b
Not only did the hisest scoring students use ‘method A the :ost . . v
frequently, but they often selected different items on which to use it.,
.At this point it seemed as if a correlation Of the frequency 'of‘-"t:he use
¢ Method A with the numher of correct responses for the item night show
. which items were mbst apﬁtopriate’for the -use of mathod A; howaver,
there was no patiérn of selection that seemed more apprbpriate in any of .
cﬁe ability groups. The item with the highest correlation was selected : .o
by the lower groups and the item with the lowest (actually sligcly . ﬂ.
‘ negative) coréglation was selected - frequently by all groups. It
appeared that a student’s selection of Method’ A was unrelated to the
characteristics of the item, such as the need for “bbrtow1n5"

Borrowing as_releted to P:gblem-Solvi_g Method

Fourteen of the test items were designed to test the ability to
"borrow', Thac ability'requires the student to change the foxm of "the
. mindend so that the subtrahend can be subtracted. In all but.two of the -
ftems, the two fractions had the same denominators, but the numerators
- of the seébnd fractions were larger than the numerktorsfof the first,

0 The student should be able to convert as mahy units a8 needed from the .
7 first fraction to the size parts needed for the problem and thed‘perform N
the subtraction. 1In the problem 4 1/3 - 1 5/3 the student should be s o

able to say, "Five thtrds is more than one third, so I can’t subtract

4‘ | | ‘ E 5d . | °.' '.r,,
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without borrouins. 1 -ay‘chnnge ona of the units in the four into three
 thirds and add it to the one third of the first fraction., That” uqkes
three and four thirds and I ltiix
change another unit into thirds aﬁd now I have two and seven thirds.
Seven ninus five equals two; the answer is one and two thirds.” A
student who can demonstrate the abii&ty to solve borrowing problems 1n
this way has procedural skill as uulk\as an understanding of the meaning

of frastions. However a student may get correct answers om those

cannot subtract five thirds. ~‘I must

problems by correctly using the Method btocedure and not demonstréte
borrowing skills or underlying, conceptas

Case 5. One way to find out whether a student who Jses that method
understauds what the fraction means and has chosuu that‘ptocedure for
changing the fraction to allow subtraction might be to find out whether

“ the need to increase the first numeraé;\_gfompts ‘the student to use

Method A. Celeste ﬁsed Method A when borrowing was needed:
7°3/5 = 4/5 = 38/5 = &4/5 = 34/5 = 6 4/5
but when the second numerator was smaller’ she ‘wrote: ]
' [ 4 5/7 -14/]7 =3 1/7
She used Method A only.when the form of the first fractfon required
changing. : ‘ )
Upon examination of the data, it was found that of the 17 -
stdents who used Method A to solve more than 2/3 of the items requiring
Borrowing, only three-of them failed to use Method A on some item not
requtring borrowing. Ten/'of them used Method A on fore than two thirds
of the 1tens which did dot require borrowing,
Case 6., While Ken used Method A in all the problems requiring botrowing.
b 4/12 = 2 7712 = 52/12 - 31/12 = 21/12 w1 9/12 = 1 3/4
he also used that method in all the mixed fraction problems- that did not
require botrowing: .o :
34/5 - 3 2/5 = 19/5 - 17/5 = 2/5
Since the use of Method A often does not seem to be dependent upon the
need for borrowing in the particular item, we do not know from it; use
whether the student recogniées thas need or not,. ¢

-
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Case 7. Many of the students who do mot use Method A make

discriminations which indicate their awareness of the need for_borrowing

in problems with' the smaller numerator in the first fraction. The most
common erronéouq rule of that type is illustrated by Juanita. She did not
convert mixed fractions to iaproperifractions and has correct answers for
the items with the 1a;ge£ numerato} in the minuénd, however when it is
necessary to increase the numerator of the first fraction, she reduces the
whole number by one.uhit and adds 10 to the numerator of the fraction:

4 4/12 - 2 7/12 = 3 14/12 ~ 2 7/12 = | 7/12 ‘ -
The use of this rule indicates that thé student recognizes the need for
borrowing but dor. not understand the'concept that a unit must be
divided into the number of fractional parts as determined by the
denominator required in the problem. In addition, it indicates
familiarity with the procedure used for borrowins.in subtraction of
multidigit whole numbers. The student may onlv need to extend his
understanding of numbers as compositions of tens and units (Resnick,
1883) to the idea that fractional parts may be other than ten. That
erroneous rule does give the correct answer when the fraction is
partitioned 1n£§ ten parts: |

4 1/10 - 2 8/10 = 3 11/10 - 2 8/10 = 1 3/10

Several variations of procedural errors were made by students who
perceived tl.a: borrowing was necessary.

"1se 8. When bortowing from a whole number or the whole number part of a
fraction, Jehn did not change the whole number even timugh he correctly
increased the numerator:

3 3/15 ~ 3 8/15 =5 18/15 - 3 8/15 = 2 2/3

Case 9. Dave added rather than subtracted from the whole number part
of a mixed number when borrowing:

4 4/12 = 2 7/12 = 5 16/12 ~ 2 7/12 = 3 3/4

Case 10, Lisa subtracted from the numerator part of the fraction
part as well ar from the whole number part when borrowing frem a mixed

number: .
4 4/12 - 2 7/12 = 3 15/12 - 2 7/12 = 1 8/12

4
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. Errors of this type result in wrong answers but do give information
that the student has reached %ﬁ? level of understanding at which he
recognizes that the number of fractional parts in the first fraction
must be incgeased before nubtraétion is possible.

Common Denominator Errors

The practice of keeping or calculating a common denominator may be a
result of following a rote procedure or having knowledge of the concept
of needing the same number of parts in each fractional quantity in order
to add or subtract, Some\indication’may be obtained by examining the
student 's responses on the items which do not have like denominators. ,

Case 1l1. Paula kept the denominator when they were the same, but selected the
one closer to the equal sign if they were different:

5/6 - 1/9 = 4/9 and 4 4/9 - 3 5/6 = 1/6
She also consistently omitted the whole number part of the ans&er.
Tﬁ;;e is evidence that she does not understand the meaning of the
denominator even though she follows the correct procedure of keeping
common denominators in the answer.

Case 12. Brian solved the common denominator problem by using the
denominator of the first fraction in the answer:

5/3 - 3/4=2/3 and 5/3 -~ 5/6 = 0/3

Case 13. Michelle used the largest denominator of the two fractions

as the denominator of the answer: ‘
5/6 - 1/9 = 4/9 and 3 3/8 - 2 5/6 = 1 2/8

Case l4. Sometimes & student seems to recognize the need for the same
denominator in each fraction but does not recognize the necessity of
changing the nuﬁqrator also in order to keep the quantity property of
equivalence in the fractions. Ben had this problem in several test. items:

S/3 - 3/4 = 2/12 = 1/6 and 4 4/9 = 3 5/6 = 1 1/18 |
Notice that he s#btracts‘smallér from larger in the numerators.

These solutions show some idea that the denominators should not be added
or subtracted, but indicate that the student cannot vi{sualize the
denominators as the result of partitioning of units in each fraction

\ into the same size parts.

i
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Errors in Combining Procedures
The use of Msthod A does not result in a simple solution to problams

that involve calculating a common denominator as well as borrowing. Two
of the préLleus on the ‘test required both of those procedures. If the
student cohverts the fraction without regard for the necessity of
borrowing, which seems to be the most frequent'case, after he has
converted both fractions to improper fractioms, he must then find a
common denominator and the equivalent fractions. Only three |
then find a common denominato- and the equivalent fractions. Only:.
three of the students who used Method A got both of those problems
correct. ",
Case 16. Deren had trouble with the calculations involved, making an
error in equivalent fractions: | '
4 4/9 - 3 5/6 = 72/18 ~ 58/18 = 14/18 = 7/9
‘Case 16. Brad subt;acéed unlike denominators:
33/8~-25/6=27/8-17/6 =10/2 =5

Case 17. Louis, who usually used Method A, found the common denominator in

this case and then subtracted the smaller from the larger:
33/8-25/6m=39/246-220/246=1 11/24
Case 18. Chandra inverted the second fractidn, cancelled, and then s
subtracted corresponding parts when faced with unlike denominators:
4 4/9 - 3 5/6 - 40/9 - 6/23 = 40/3 - 2/23 = 38/20
At least the last three of these errors result from underlying
misconceptions. Students who do not normally ﬁse Method A also made
errors on those problems. )
Case 19. Jimmy subtracted denominators when che problem required both
borrowing and calculating a common denominator: '
33/8-25/6=211/8-25/6=26/2=23
Case 20, Greg, Craig, John, and Theresa all solved problem 3&. this
way: .
_ 4 4/9 = 3 5/6 = 2/18 = 1/9
All of these students had written in the number 17 above the first

\\

fraction., Upon questioning, all of them said that the 17 came from
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adding 8 + 9. They apparently had realized that both .borrowing and
caiulating a common denominator would be required even before they had
writtea the common denominator. After multiplying the 4 by 2 (common
denominator calculatioh), they had added the fraction to 9/9 (borrowing
conversion) and had neglected the rest of the calculation. In order
to know that the borrawing would be needed before doing the common
denominator caleculation, the student must have excellent understanding
of concepts concerning fractions and also kndw the procedures iavolved
in fraction manipulation. - The application of such complicated processes
did result in wrong answers.

. rioblems with Zero and One

Case 21. Curtis always obtained 1 when he subtracted a number from itself:

2/3-2/3=1 and 6/7 - 4/7 =2/1
He also answered 1 when the difference was 1:

3/4 - 2/4 = 1/1 | |
He occasionally kept a common denominator, but he usually subtracted
them with the a resulting denominator of 1 in the answer. His procedufe
as well as his understanding of fractions is faulty.

Some students follow a practice which results in eliminating zero
from all answers. This could stem originally from counting errors such
as beginning with the wrong number (or finger) when using the
decrementation method of subtraction, but with the 13 to 15 year old
students in the sample it would more likely be a method to cope with the
fact that answers with zero in the denominator or the numerator look
unfamiliar or illegal. “

Case 22, Nicole followed the pfactice of omitting a zero whether it
oé;urred in the nuiérator or the denominator:

3/4 - 3/8 = 0/4 =4 and 6/7 - 4/7 = 2/0 = 2
The only correct answers ihat occurred on her paper were found on the
ftems which subtracfed whole pumbers from mixed fractions and the ones
that resulted in zefﬁ, items which she apparently solved in her head.

Case 23. Chris arranged not to have denominators of zero by using a

cross inversion method:
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13/9 = 1/9 = 13/1 - 9/9 = 4/8 and

& 1/10 = 2 8/10 = 4 10/10 - 2 8/1 = 2 2/9
This procedure was only used uhen the numerator was l. Otherwise he
usually kept a common denominator. When a numerator was calculated as
zero, he omitted it and used the déﬁan‘nator as a whole number:
3/4 -3/8=4 and 5/3-5/6=3

Unusual Erroneous Rules

Case 24, A curiour result of incorréct application of a procedure 1s
found in the work of Hichael; He seems to have a goal of making the
numerators or the denominators in the fractions agvee and then keeping
that number in the answer:

5/3 = 3/4 = 5/3 = 4/3 = 1/3 (by inversion) and

. 5/6 = 1/15 = 1/6 = 1/3 = 1/3 (by cancellation).
The problem 2/3 = 2/3 is easy for him;- the answer is 2/3. He knows
fAseveral procedures and has an objec ive, but displays a lack of
understanding about the meaning of fractioas.

Case 25. Rana had no trouble calculating common denominators or
converting a whole number to a mixed fraction for the purpose of
bértowing, but she was confused when she needed to borrow from the whole
number part of a mixed number. She often added all the digits in the
mixed number to obtain the numerator of the converted mixed fractiona

4 1/10 = 3 15/10, 4 1/3 = 3 8/3, 4 4/12 = 3 20/12 ‘

Case 26. An incorrect procedure which indicates that the student is

not thinking of fractions as quantities is the one that Joe uses. He

cross subtracts for the numerator and denominator of the answer. Usually,

he arranges the answer so the numerator is smaller than the denominator:
4 4/12 - 2 7/12 = 2 5/8 and 11/8 ~ 1/8 = 3/7
While the same answers would result for problems with like denominators
if he subtracted within each fraction, he folibwed the cross subtraction
rule also for those with unlike denominatorsﬁ
5/6 - 1/15 = 5/10 =.1/2 and 4 4/9 = 3 5/6 = 1 2/4 = 1 1/2
Case 27. Becky used a combination of erroneous rules that illustrate

her underlying misconceptions about fractions. In mixed fractions she

o9
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subtracted the whole numbers for the nuneta;or and added all the fraction

parts in both fractions for the denominator'
& 4/12 = 2 7112 = 2/35 \

For simple fraci'ions, she subtracted the numerators for the aumerator A

~

and the denominator was always zero. This treatment of the demomimator for \
like denominator problems gave the same answers as the students who |
subtracted corresponding parts, but thc‘zero in the case of fractions which /
had unlike denominators suggests that she used a more general rule,

Her procedures seem to'be erroneous rules for treating a set of

unrelated digits. : ﬂ

Sametimes a student s uork may indicate more than a lack of
knowledge or concepts.

Case 28. Steve’s errors vere only 31 percent diagnosed by the ' /
computer program and many of those matches seemed to be chance occurrenees.‘
He used different rules for almost every item and some of them were
unique.

For example:

5/3 = 3/4 = 16/9 = 1 7/9 ’
From the scratches on his paper it was discovéred that the 9 was the k
product of 3 x 3 and the 16 was obtained from 5 x 4 - 4. |

48/25 = 1 23/25 and 42/28 = 1 14/28 = 1 1/2

Other examples of Steve’s incorrect answers for subtraction of fractions
were: .

31/2~-23/2=52/1~11/1=61/1

4 4/12 - 2 7/12 = 2 8/5 =1 3/5
Such response patterns way indicate that the student has poor cqnéeptual
and prbcedural knowledge, or that he has some motivational or attitudinal
problem. Steve had penciled in the words "Ha Ha" in the space next to
one of his answers. Onl&rfngetviewing students of this type can help
explain such performance. K
. While the total score has 1oﬁg been used as the measure of a
student’s knowledge, the cases studie& for this report indicate that

.



such more important information can result from consideration of
students wrong answe:s; Information about methods of problem-solving gpd
possible underlying miscoanceptions can lead to more accurate evaluation
and more appropriate remediation. | ' <’ | )

The summary list of frequencies obséfved in various subéraction
erroneous rules is giQen beluw, The number of students who used

Inser’/Table 8 about here

Rule-2 (subtract the smaller number from the larger, corresponding
parts) is dominantly large, 558. The second largest number is
Rule 8: Subtract the smaller from the larger numbér in unequal
corresponding parts, but keep equal corresponding parts the saﬁe.
The third-most popular error is a borrowing error: Reduce the
whole number of the minuend by 1 and add ome to éhe tens columg'cf
the numerator. The first two errors? are also often observed in
whole numbervsuﬁtracgion and signed number addition and subtraction
problems. It seems .that the. idea of a large number minus a smaller

number is deeply rooted in many students past knowledge base.
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. Table 8 | o
Fréquenéies of Each Subtractioid Rule Obsé;ved in ' 3
138 Students, 32-Item Fraction Subtraction Test | A
Rule Frequencies Rule Frequencies Iiule . Frequenties
2 558 11 . 9 30 108
) 3 29 Bt % o3 38
4 -~ 31 18 11 33 11
5 ~ 92 19 25 34 .15
6 63 20 4 35 B
7 9 - 21 4 36 16
) 8 287 22 10 37 - 8
10 7 25 16 38 8
| 1 © 3 ﬂ
' (
\\
\
o
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Micro=Computer Programs for Error Diagnosis

of Fractibn Subtraction .

The microféomputer programs were implemented bevguse it was
felt th;t computerized assistance for teachers must be available
on micro~computers in order to he useful at the present time. The
study included ahalysis,prdgrags; user interfaces including both ?
student on-line tests and editors for data entry and modification, and
printed output design.d to be'useful for teachers as well as for
research. Several pilof studies were carried out with public
schoolAstudents and teachers in order to explore the potential
of the computer. v - _

The programs were written in UCSD Pascal on the Apple II+
computer. Students and teachers from two schbol districts, Urbana
Junior High and Sullivan secondary schools tried the programs and
consulted. The test items used weée those designed for error
analysis of fractfion subtraction (Klein, et al., 1981),

The student data was stored in records containing the studeut
ID, grades in English and math, sex, an attituvde index, the whole
number, numerator, Qnd denominator of two student responses, and
up to 64 Boolean variables available for each test item for matching
student reéponses with erroneous responses. The computer program
allowed up to 200 records of this structure to be stored on 4 data

disk. Other data files stored over 500 corvect and "buggy' student

. responses.

For the data files there were editors for data entry and
merging student records from data collected on different disks.
File modification and printout programs for examigation‘of the data
both on screen and hardcopy were implemented. The edicors were used by
teachers and students for recording data and in addition, a test driver
was used for collaction of data‘from on-line testing, Programs .
calcdlatgd the correct answers by decimal value as well as fraccipn

forms according to Method A and Method B.

Other programs identified student~items sclved by using Method A, ...

marked the student record for that characteristic and compared the

use of Method A with correct answers by student and by item. A
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program sorted the student responses by item, and recordud the
frequency of each response, éheqkﬂqg both first and second answer.
Arother program compared all student responses with the :lassified
wrong responses and marked the student record for the different
"bugs" as they occurred in the data. |
Great effort was made to design §rihted output that would be
helpful for analysis as well as for teacher assistance. The program -
prints a matrix by student and item with frequencies of occurrence.
The student records were sorted according to total score and the ‘
items were sorted dccording. to difficulty. A chart, called'an
S-P table, was made of the sorted file: according to student .
score and difilculty of itgm. The items were marked with
a "+" 4f tha answer was correct, a épage if the item was blank, a
"N o "A" {f undiagnosed (depending upon the method used) and with
a symbol (see descriptions of errors) to indicate erroneous rules, v
A sample of somestudent records printed according to this program
is included. For the purpose of analysis, several print programs
were designed which allowed comparison of student responses over |
subsets of items as well as calculations such as the ca&tion index
for each student and proportions of different response characteristics.
Originally, 31 misconceptions were used to diagnose.t@e 139 cases
in the sample. 23 of them were found to occur in more than one percent
of the responses, and six of them accounted for 83 percent of the '
diagnosed erroneous rules in fraction subtraction., 81 percent of the
observed incorrect responses have been diagnosed. Some of the ‘
underlying misconceptions were comprised qf cogbinétions of errors
and some errof patterns still defy description. The computer programs
foved to be very helpful in selection of case studies for illustration.
Some testing was done of programs with special purposes. An item
generator was tested with the objective of comparing generated items
to those‘designed’for error diagnosis with respect ‘to parallelism,
The results were promising and proved to be much faster than éxpected,

- which allows for--improvement-upon-the -instructions -for generation, -

Insert Table 9 about here

—
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Bug Deseriptions . .

t

Smaller from larger, cqrresponding parts. ‘

Smallerlf}om 1;}ger numerator, add denominators. T
Smaller from larger numerator, use largest demominator.

Smaller from larger'numeféhor, use first denominator.

Cross subtract.

-~

Smaller from larger in unequal parts, keep equal parts in answer. . o

Smaller from larger numerator, denominator = 0.

Subtré&t whole numbers for numerator, add all fraction parts

for denodinator: : . . B
Reduce whole number of minuend by 1 and add 1 to the tens |
column of the numerator when borrowing. ' |

Borrow but . do not reduce the value of the whole number of the minueﬁd.

Calculate improper fractions by Method A and then drop denominators.

Subtract‘whole numbers and omit fraction parts from the answer.
Correct answer. '

Item not déedﬂ

Undiaghqsed, Method B.

Undiagnosed,\Method A.

No answer

The numerals and letters are from the list of erroneous rules of operatian (bugs)
given dn the Appendix.

¥



than we had expected, Many erroneous rules are committed by students
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Such item gegerafion would be desirdble in remediation programs.

A gtudent input program which would encourage students to "show their

. work" much as they do on paper and pencil tests was tested, “The

~

purpose was to allow the gomputer to save their steps in problem-
solving, The results have not been satisfactory since the student
"interface is too complicated for easy use. Probably some additionsl .

item type is needed in order to test method of work.

While it was necessary to begin with actual data in order to

test the miero-comgucer capacity, it now appears feasible to )
" generate wrong responses and store them which would make the program ,

useful for different items., The search can be done rapidly enough

to make it reaeonsble to match errors and récord them during

‘on~line testing. This makes adaptive~testing a possibility for

use with m}cro—comguters and as technology ddvances it is almost a -

"o

certainty that it can be done,

< -

Summary '

‘ A painstaking error analysis and construction[of buggy programs
were carried out and summary statisties were described in this report.
The analysis results indicate that individual differences in applying
different strategies and procedural skills‘varied more aqgng students'
who used them sporadically.,. These rules are often observed only once
per student ahd ' never used repeatedly by the'same individual. , Various
errnr types, i.e., sources’ of misconceptions, cover almost all the levels
of tasks involved in solving fraction problems, '

A close examlnation of frequency disrributions of ‘erroneous rules
revealed thac some errors tend to appear among high-score students
while others appeared only among low-scote students. Systematic
investigation of "bug~behnviors" will lead to further understanding in
human cognitionand learning and thus it will bring about ‘further

improvement in American educarion.
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