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. L . 1984 NEETING
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N NN © . EBITOR'S  FORNARD - . S | L ¢ e '
. . — L. . - . The elghth amual meeting of the Study Giroup was held at the iniversity of
’ - B Wilerioo, June 2 to 6, 194, More than.50 mtiewation edicatods sid mathi-
‘ ‘ ) : . - Y mticiawm cawe together to discuss and explore insues fn mt howat fon educa-
‘o o The pveccedings of the 1984 Annus? Mecting follow (he! ‘ - ton.  Some issues were now - the dmpoct of computers, . recent currfculim
s pattern of provions procecdings which feflect the orpanization . ] refotwy, for instance ~ others were hanky peremnials - tie place of vimm]-1
. of the mect Mg,  flow tong must one exist to claim traditionn? ’ ' " 1nation aud fegery {n sethewstics, the mole of the toncher, for Instawe, '
i At a young cight years our Annusl Heeting has acquired the - ( Bt in the context of the confermxe, where both kinds were hotaponed, -
vi Following tvoditionnd tngredieonts: : A : - ol where the betwoch-seesions talk croes-fertilised tiven, it soemcd thet .
‘ ' . L N the. "new!  aluays rafses some "old” ruestiong, ond thet “0ld” qunstions ‘.
A) Hajod proséntations by prominent mathematicions * cun be tllusinated by dellberetely looking st them fp ew" weys. .
tisitd mathematics educators, - o ‘ ‘ ) . CL . . . ,
- _ : .o o : ~ The mein {nvited loctures were given by 1eon dlenkin (Begkelay) on “Lingui- |
b) Several working ‘roups where topics aud fssucs . . stic aspects of mttematics arkl mithewt fos fnet ruct fon™ mxd Atsn Binkhop
of intriest to this ‘mrticuhr ‘emall cormunity’ (Codocidge) on "the social cometruction of meaning - & aignificmt develop-
of scholars nfe considered. S vt for mathesoticn sducetion?® ROth spewkers mie qvit?‘f:ed"cd basptud
: T ‘ contribut fone throughout the conference. A panel of mponkars disomeed - 5

* ¢} Topic groups permit individuals or groups to. : - the inpact of computers on undergradmte methematics.  Joln folad (Carleton)
- mike ‘presentations on ftems of Iwtereost fo the outlined the conclusions of a teport besed on saclier Study Growp dscuesions;

¢ group, . ' George Mevis (Clarkson (hllege) commmicted the flavwur of the (oilege's

. : Y S o » extensive use of st commitsmnt to computets in first year courses; and Keith
Y . . ‘ Geddes (Waterloo) demonetrated the pover of Meple softwore mxl {ta effect on
) o . . the tenching of integratipn. A second ponel, coneisting of Devid Ales
These proccedings, tn some small way, reffcet the nhove R {Toronto, ad Ontario-Ministry of Bhcation), Micheel sithert (wflton -

traditions ax they unfolded In 1984, , 7 ~moord of Bhucat ion), ele Drowt (N5, Ministry of Mucation} sd Clavde Gaulin
: : ; ! {taval}, discumeed the ak:trende of cucrent curgiculim reforms {n the
' - C . achool systesis of tntadio, MAFIinewick and Quebec.  oth ponels contained
¢ e { e excallent contritutions that one would it dwve.wented to curtallf, yet toth
© o - ~ . : ran out of discussion time. This wes porticularly wifortunate in”the cose
v : Lt of the Intter panel ss it wae wchediiled,on the last momming, mo even Informat
) ) Cglr!es Verhitie © - ‘ discussion at siwequent intervals s pre-ogpted, . S Ll
. Fditor. < ; : . . . et
’ . - o e 9-hour (I3} Morking Groups pl their vl Important part i glving
. . ’ : . ‘ooherence (0 the confeteios. me.nfwtpadmmﬂpy&mt
- . b ’ - abwyw sppeer to,yfeld 9 tives ss mxch as a I-boir lecture) | they afe te-
. ' yarded by most of the participants, as characterising a significmit festure '
: ' o - . of the study Group - an attitude to professionel study thet fncludes leerm-
' ' , ing from each other as well am from exparts, and that stresses that Fincing
- ) S ‘ ’ ’ . . key m;&ﬂm jo an ingortant ae presing on aneivers. CGrop A (Logo add the
* . . . : - . : - mathewst fod curriculin) vas led by Dele pumett and, Bil1 Higgineon (Queen's: .
] L ) "Growg B (1iw lwpact of research and tachnology on schood algebes cisricuta)

. ' N _woe lod by Carolyn Kieran (UNM) and Tum Rinton (Albertals Gooup C. (Fpintes ¢
o <. f , N ‘mology and mthomatics! by Mearice BSianger ((XIW) ) Iawid Miceler fConcontiag
~ . _ , * Group D' (Vimn] thinking in metheetion) by Joln Mson (The (gon Yglvernity)

. ( : T \\/ | I - and Tony tomgeon {Unthouste) . X . . ol

o e programe included informtion scssions abowt. the Myterion Mothrmst fon ‘
§  Paculty’s fnvolvowent (n computer-nanistoed dnstriction, coegetitfons, sxd oo-

dy Puanelis.
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THE SOCIAL CONSTRUCTION OF MEANING - A ;lﬁNfllFAﬁl

. DEVELOPMENT FUR MATHEMATICS EBICATJON? .
uy '
ALAN J. BISIOP |

} would “\l"o'luday to dlr\;;:t yous sttentfon to what | cm‘snm l(‘:: .
8 signifjcent new tessarch ares for us In malhematice aducetion, snd Lhe
Gosl way 1 can do this is to explajn nol qoly st n'n shout , but also
hou | comatasss ils valua. This talk wil) therefure be & kind of fourney
through soma idess and will, | hope, convay *‘n-etan of ‘the (lavour, end
olsa the substance, of the new ases. -

‘

lowever, in ordér Lo halp you comprshend end culuatr what 1 have lo
8y you should know Lhal my own warking conlexl is ig-tescher e nHun, PR
ot a mlurllw Daperlnm of Educstjon, and you must slso remesber uul 5
it de within Lhe u K. systam., Dia conumo is 'that 1| start my l‘esnurch
from the assumption thel the teacher is the masl important agent in Lhe . <

whols edocat icnal mlarprin. Huch of the puctic- af teuching sl of

‘teacher educat fon in Lhe U.K. is based on Lhe ides of the sulmn-ous

taachay?, lm- Sides is & myth, of courss, in tha sense Lhat overy leachey -
is lmjcct to sll kinds af pressures but It iz & mylh that we value sl

Dr:sérvs._ I om pot concerned today ultrk whether ar not Lhis is H‘qmul or

8 bad myth, but 1 will be happy Lo ogrgs for now that il hos ils dengers as

well as ils blessings!?

- : . - .
Hy reacarch anderests have Wiways been concepmd vith the svsberie:s wul

The complexitiog of Lhe wathemal ice chﬁqooa - the contexl in which

teachers lrf io Reewbturate popils Inlo the methesalicing's ways of wuder -

Cplunding the worlll. Hy resesich philosoghy is that of ‘constraclive abter-

nativise’ (Keily, 1955) which mewns thet | look for siternative ways f
(mmlrutnq wid diterpret ing classroom phcno-ana in order that Uw ‘
sccultural jon process cen be achieved mors succensfully thaon it i:. wl gruescol.
Uoe of the first strands of Lhis nul'rﬁ:: lu'q;l developed concerned my work
on Leschars' decision-muking. ‘The teachar as A..dcchhm-nﬁakc'(' wus @

cmkcp“m dosigned Lo calch the process whersby Lhe teucher dealn n.\i: the

" many choices mcurrhu) Lath befores sl mnnq Leaching. | was purticularly

inlerasted jn Lhe :hclnms mude during the clessrQoe interactions, now
I;u[utnd to In tie r:uorﬁr litsYoture sa ‘interactive daciion making'
(Shaveluoa, 1976). 1L is » very powerful construct in that I ks the wogk

- - Q

.
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o teachers’ knowledge, Idenlnqy.' sttitudes, etc. Silh the mtk
‘o teochein’ classroom bduvlour,,uelhmh Ieguage elc. VYarious sspecls
of ‘wathematics teachers' dechion-nnklnq were lesrnt (Bishop, (19768) and -
o1y more sre waiting to be nplored Tor sxaeple, de.“nq with puplls"
miswuicrstandings snd srrors conatitules Terge past af ® teachers

activily but the declllon--ddnq const ruct Torced me to ottand to the

chcegtion of the errors wd misunderst andings.
by those researchers who study Fhlldrm s srrors in» lihorltnr\ Hike

! therefore looked st
perrs (lescher perceived wrrors) end wee perticulerly interested in the
teachers' ltrllcqies for demling with these (Bishop, 1976b). Ihis

alsosphere avey from the intersctive clessroom.

resesrch developed some very useful activities for tescher e(bcltlml for -

e-nple, ‘freeziing' soment of decision In e video-tape of ® lesson and
analysing the cholces and criteris apm to the tescher.
It is possitle to Injecl many constructs from peychologitel resesrch’ uhlch

would olherwise seem veary remote from tht .clessroom.

, -

It is elso sstisfying to see tf;-t this construct hes be;a taken wp
in m very serjous and I-rqe-.cole marnner by the Institute for qurch on
the shale work of the !nltilu!e is
hesed on the ‘teacher as thinker' -ludel ad the decinion-meking construct
is vell embedded in thel mode} This cnncmuon remqnhes lhg fact that

'enghinq st Michiqem Shqc lhlvn:ﬂy

dhe Lanks, rnus(llll‘(s v problems of tesching deve lop cerh}n rhornlerh“c

ways of thin&inq in teachers, which clesrly hes enormous implicst fons for
both initis) sl in-service tescher eduastion (Clerk wnd Yirger, 1979),

The second resesrch stravd developed from s Jong-stending Interest in

visualisstion, snd once sqein ves concerned with the elassroom sftustion.

Hy first attedits were with different teaching methode snd their inleract inne
wilh verious aspecls of spstisl sbility, but I Foumd both of these conetracts

(1.4, avd S.A.) to be rsther remote from the resl clessroom. | U\ere!or‘p

reworked bpth constructs, end chenged ‘tesching methods' to ‘sputisl activities’,

- .

while *spatisl sbility ' hecome ‘visusl processing’.

lil;nlly' the move awey frt;ﬂ ‘methods ' to

lhe'ldfn of

runtcut nhhh | became Incressingly unesey sbout.

! ’

| o -
»

in the clulroon situstton, what §s significent lq the teacher's

il somel incs forgotten

into such discusnion

‘sctivities’ 1w highly significant,
"Lonching method! crestes o distinction betveen it snd mathemet ics)

‘lesching mathad’ Je elso

i

_a reseerchera’ and Il)l"l temchers’ conalrinl in tint i Lewcher e
POHH}'Y see the necessary renge of lesching that 8 researcher oo, mul
the témchers | vorked with were nol heppy eilher shout the -c-llnni/f molent
‘Spetisl sctivities' on the olber hmw 1ioks -nh better wilh

content snd Seems to Fit more with teschers’ idess of turmnq slithough

dichol omy .-

it is elso cmlbh of considersble extension beyond those Hecu {(Rlshayp,
1974},
wctivitiea’' end this fe & notion od-lch seversh reunﬂ*lru sre aurrent ty

npldr!nq. for me, the notion of o nlhcﬂ-ltc-l sctivity relstes to both
topic and process, wnd is 8 nit of bhoth method wyd curriculim. | .

$
It con be enbedded In the more genersl construct of '-lhe-ouc-l

<

-

porllcuhrly velue its focus on what Lhe pupils sre (supposadiy) enqaged 7

in snd It slso ensblise us to enslyse activities by such things ss type
(open, closed, practice, cwlonllm, enalysis etr.) wnd group size (whole
cinss, wmall qtoqr,\lndlvlmol). Jl con concern mysell with doevining
televent, memningful spstisl sctivities (Blshop, 1982) mdel can focus my
student te fhern’ sttention on the lnllh“m, orgmisstion end control of
those .ctlvllllll.

.chHle-, in | think e very rich and fsportent construct.

'Spetiel .chlHe- o 05 8 scli-set of methemelical

N <

the remprking of ‘spatie] sbility' was made possible by enelysing the
distinction batwead the abijjty to Interpret ¥igursl Informetfon {.¢. the
knowledge, convenlions and "vocthu!in'"
in malthenstics, end the ahility for Yisusl Procesaing (Rishop, 1783),
spstinl sbility testing oily reslly tests whatl § call If1 olthoags thet
Jo jmportent ' in utheiutic-, 1 w-ntfd to sre vhist VW could affer in the

of < the many Figqurn) fnrma we uar

clessroom cohle:l
their sbility for
rot st eil. Krutetskif‘'s (1976) ‘nerometers’ certeinly shiwed extrrme

preflarence for‘ It. Ne know slso thsl there exisl dilferencas belwen,

Hooch

for exomple, we knou that individusls differ markedly In

vhuol proceseing, some preferring to do it ® lot s some

individusl teacher preferences ss well os belween thase of individ! poplls

- s
oxd e con explore how this sbility csn be developed or haow ¥ persnn can be

encoursged not te-rely on it. It I_luki with fdess of Intultion e i-lqt“ry,

st con wlso relste to the use of wnelogy ed w?tqimr.

mpil,

" Spatisl sctivities can slso be studied in terms of their vaive In helping

or pcrllculor:lnlernt fo bhow l-lqzry can he shared betweon tes:her mnd

od this is where the usé of disgrems wwl 71 wes coi he no bwpart ml .
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vuy Qusd phu in shich ta learn sulhemut ical

‘ . v ' -
r
the -,-luf:wlnul'um; ol rmugury mal 40 sharing of visusl interpretutions.

Lapuisie has 8 slrwng pust 1o pley Iere of cousss bedhuse much Imaary

" ba wmﬁ Gy wproprinls Jenguege s uwlu ‘_(hﬁl - i'hlu)cr, 1980) .

- < .

s Wiile &hqu h-n Fessaich s{ugs wers devaloping l had bacoms hu.unmgly
owary Of the G Lubwean much ressusich in authsaal icu sducut jon wnd Lhe
atual clmrm- situstion. JIa ane paper (Biahap, 1980),1 coicluded thet,
from the palat nf view of"scal theories of llunmg, tl\n&lw“c *
classruos unm e naisy slmaaghers,with its ulliple nbhsuvn, wilh ity
hnd Ling lnwm ad with $ta uwsphau of mutua) culuclim, wES DOt 8
e prublisa ] couid sas
% 8 lsicher sduculor wes Lhal resaarch on thn lsasning of ultmhcbm
Mmmo soss wd o05s sophislicaled shije clunm ware bccn-mq aa5e
wid more af o challenge Lo mosl tauchurs. As a cumquoncc many psopls wers
fswling that 1ha guelity of deesning was dechining.

{ -
.

¥ R ot the anly parson-to natics lhh, of course, wd I could
ses diffarwn dnulqnnnls which wers d“iqm! la maka Lhe clasaroos

-

situation more controlluble wnd murs “wppropriste” fOr Iserning es il was’
thought 1t should be done. 1 Lhe USA, wgd (o some extent slsewurs,
develogmuent put sare elior? into the proshact’iun of the 'Tuwal® Lextbouk.

uch §ame, oy und sfforl is invested in what some paopls uufuuh tall =

T o

Mcuctieef- pruof“ tuxta.,  Fhwee wre carefully mqud to wvald sev wiwd

Fuciu) base, wib to build 10 molivatoso, feviaws, sxamples, haistorical
Ihe studont ‘s
texl wwd the Lewchsr®s Lext inlsrlessvse pracissly and Lhe teucher 18 told

ntu Misl aust be dons. She thercby loses her sutboiily ta The text's

q\muums, Chock-tesls, spaced praclice sxercisss sli,

~

wotbors. Ung cur dulscl bo rusasich also & suasch fOF feswny compinicnt s

“hach can be pat loguther Lo prodoce Liw *idenl® Jegson {Cood wod firouws ,
1999) . 1 U UK. too wy con Fand our 1dous of Lewchar treiniing dominated
by the ol toa of the ‘matbhemabics besson', Lésson plwning is slrossed,
tonsun compuwwnt s e winlyseid, wid SABICIuae ure given in 'lcssanam;)'

the curriculiam,

¢

P

A vecnl move lu cutrul, clussroom hnu'ninq was slso developiog 1o Lhe -
UK. wd alsesbsle, \lhu wus Lhe move buwsrde bndividusl ivad schemes {1 jke
SHELL, wud KMP) wiich Lbulll Lo soas extont;wn Lhe ssurlies sessurch

12 |

\

on progremesd 1nel ruclion.  However we haeve well-docubcoted evikawe of
tha ways in which.suwch schamas ]nh“y dmnqc the tsucher's role from
fhose of tescher, sathority, helpar, Lo thuse of .sdeinistrutor, murker,
paper distribator (Hon;m, 1971),, lhe danger hers is Lhal the more
sdphisticetsd the individus) mstariels becose, the mare thay intesvene
batweay tha Lsscher and the pupl). Ihe Lescher once sguin loses lur

suthority Lo the ancnymous plsces of papar,

- , A
Hy own responss (o the cha) Vengs of Lhe complexily ol the clussroom s
pot Lo ssek salvation Lo the textbook ful) of ideal lessunk, nor in the .

but 10 saek baller ways Lo wnder-

Jone)insas of the individualissd -ﬁl-:hl,
stand the classroom,
could understand it bauu, if we could intsrprel il more richly, than
parhapn wa could lawn hau to handls It betler.
lhfnl sresearch n"orl which has occupied by M‘Ovct recent yeurs.

3t ia only complex because of our ignarsince wad if we

This brings me to Lhe .

1 rafer Lo it sa the T social construction’ frems snd liks to distinguish
it from oys'moge trsditional ‘mathesstics lesson’ frums siich, us | have _
slready indicetad, hes tended. Lo dosinets our thinking sbout melhemaljcs
sducition, : -
widar renge of rescisch perspact ives which hava besn brought to Lesr on the

Ihis' ‘socisl construction' conception has growr.out of the
phenomanon of life in clussrooms. Clsssroom nhmqraphen, socioloQrsts, 3
thase Wi study verbal mluﬁc(lmn, Leachars' decisions md pupl l/teoscher
percaplions huve opgned our eyes Lo 2 rich lepestny of classroom phenomena.
We ase now, ‘Iu.t sxuspla, much more swase of sspacls like teucher slres,s,
pupilst faur of muthemul jcs, of the effscts of in!u‘pcts’mﬁl percepltions,
af pupil-pupil intersctions, aof the posas (Ul posilion of bhe lewchsr 1n
the classjoom wnd of pupibs’ strutegies for coping with therr l'clulku
powsr lessness.
« e

Wial | have been ablempling to do iu Lo pull oul from thews Feseurchues
wiat } Toel wre the aire significant sspects for us in maullcmat ics eduuuuu

Fundesunt sl ta our wiksrul snding of malhemal ice clussrooms 1s the-fact
thal one §s dosling with pebpls. It may sese triviel to suy Lhis but Lhe
fuct cun essily bs overlooked when discussing deballs of lesson ml\mmcnls,

for wxumple, of ppll sbility, or motbvation, ar sy otlier paychological ,

o 13



7 .
or ‘ol hemal ical cm.ml;m'l. I -Su‘fru_f, of courase, thatl the clogscos
beioa part of m institution, institutionslises the p-rucipmts.\_pn :
esch clussroom qro;m fs stil) s unique combinatijon ;':f people - it hes fts
omt fdentity, ita own stmosphere,

plessures and 'lln owr crises.
-

its omn significant evapts, its own
As s.result, it hes its own hlltory crested
by, shared between, and rmnd Iﬂ_ih. people in the grouwp.
-~

) A corollery which is of .lqnl”cphcn to the tescher ia that esch
individudl perason in the cllnruo- qroup crestes tor own unigue ponllrucuon
of the rest of e o-rticlpmu. of thelr qonll. of the intersctions hetween
heraell and the others and of sil the events, llskl_, utlmllc,.l,conlwh
s children's abilitjes,
sathematicsl memning, \*Qld'tl"l knowledge, rules of bshaviour, do not
e-i{ o8 objective facts but are the individual pm(;ucts of- esch person’s

. S
construction. -

vhigh occur in the classroom. Such ‘ohYects’

s new ortentstion for ulhmuuc- education.

matics clessroom lelchinq an cmtkolung the organisation and dynamics of

This nrlenht'lon viers mathe-

the cussroon for che purposes of aharisg and developing mathematical _meaning.

Ihis orimutim hes the l’onowinq festurest

1 it puts the teacher in relstion to the whale classroom fqroup,
? it emphosises the dynomic and Intersctive neture of teaching,
Y il assumes the intl:rm.'r‘smulJ nature of testhing, l.c/. that the teacher

is working with learners not mergly encoursqging lesrning,

& ruoonisu the 'shared’ jdes of knowing ond knouledqc, reflecting
the lnporhnce ‘of both content end context,

5 il tekes into sccount the pupil's exist ing knawledge, -blllli'u
snd feelings, empliesising o de;'clool'elilll tather then 8 Jasrning
anretlcal spproach,

& it envhnslsel developing mathematicsl mesning ss the geners] sim

of mathematics teaching, including bolh cognitive oid sffective gosls,
1.1t recognises the existence of meny methods end classroom orgeninnt fons,

f.e. it doesggot by delinition exclude sny methodolqgical technigues -
slresdy estoab:lished, \ ‘
8 it §s 8 conceplion which permits davnlopacnl. of the teschar through g

initisl teacher trelning lgd heyond.

AR My

Recognition of this socisl construction of phenomens lesds me to propose’

v

. Central to this view of cissssoom teochirg is the idea DI mathemalical
meaning - 8 not ion wivich shondd perbaps be clarified at this point. What
1 sm seeking to e‘q.)h..ll! -h the personal nature of the meaning nf ey
Pew -‘hmuclnl ides, K new 13;: An mesnrvingful to the extent thet it
makes co:mecllom with the individual’s, present knowledge.
with tl;n in&ivldull 's knowletige of other topics snd idess in mathemstics

but it can slso connect with knouledge of other sub jocts outside - ) .

1t may wel] relste to ifmagery, anelogy and metsphor, but

It can comnect

nlhe-nllca.
these connect Jonswill be of 8 different type.
of snother mathematicsl idea (becsuse that is the nature of msthemsticy end
' ‘ finslly, end srqushly most
importently, it con connect with the individuml’s kilowledge of resl

The iraie- ‘can be en exmyle

may well generste ilﬂpli: of its own.
world" .
situations. [t jis obvious Lherefore thal* no two people will have the IN.; A
sets of comections -x})-nntnqc. and in perticuler ‘tucha; snd lesrper

will have 'vcry dif farmt mesnings sssocisted with nlhewllcn.v'-lhe "
teacher will 'know' the idessshe is tesching in teses of the connections they
make with the rast of her mathemsticel knowlsdge. - The lesrner however

is the ‘mesning meker' (Postmen and Weingartner, 1971) in the edicstionsl
mlcrpthc snd must establish the connccuonc belweon the now ides pnd her
sxisting lmowhdqo. if the fdes is to be learnt umianu“y. As Thom
(1973) asys "The raef probles which confronts methemstics tesching §s not
thet of riqour, but the problem of the development of meening, of the

evistence of mlim(lcﬂ_‘ohjects". The educalionnl gnal we are concerd

»xith here then, is thal of shering, snd developing, mathematical meaning.

‘lhi'_l concept ion has m;b.lld.-e to focus my enslysis on three fum!a‘enlol
sspects: - ‘ .
mathemat ical sctivities - chosen to mmh’-she the learner’s involvement
with mathemstics rather thsn the teacher's
.. pressntatjon of ;cmt.'cnl. '

communiicet fon - chosen to emphasise the process sod prodact

. . of shared meenings, '
neqgot ist fon ’ - chosen to _emphonise the non-symerlsy nf the
X teacher/pupil telstionship in the development of
shared meanings. .
7
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1 buve slreudy sllastretad the l-qmﬂmu of the idua bf malhemalicel
sclavition bl u faw no* mnumh-un uCantasy l-uv’. it is sluu“uant
for tiw tescins's pr--alul ducinions ba. dhal Ll towcimr na lungn lhin&u
of how she wi)) pnuut cantel dusing the cless bul ruther she must ukc

the sthhcucul cmuulou from -.uu.um cmunl and lmouhdga to .

ssthoaat ical sctivibios suitable fus the pqslh. In the ux we stil)
‘think' toa -m.u sbout condeal, knowledge and uﬂm“cul tqﬂca -and nat
‘oo bt vt tim pupiis’ activity will Lu in clau. A Tocus onto ~
that luuu:lluu end caiy

malhwaaticul sctiVitios fur l‘.lu ils can japrove

put U pupi s sctivity atl the cenire of Liw Leschers’ concarns.
. ‘l

.

Mol wnly does thias aﬂ-c{/ﬁmhu decisions bul it siso affscts tiw
lsaching is, 81 a ruult. mare

]
tenchar’ . muucuu d-chmn-nkmq
Lum.irncd um. tiw inltistion, control,
the pupile® sctivity™ lThwre h‘ m-w[t,.’dym?ic, osguin} —g.:o.uth,kl'ul‘uu] .
in e clusscuas Lhen of » cwurlnm‘lud list af cific knowledge of
skillv to be teught frus nolhing, snd Lo ba finlshed bl & sal Lime:

n ‘ * . ’ .
“Nolhor aspuct which "naumu:ul.ucuﬂty" askas us uu’und LCINE I
Pupilin valt}‘cullu&m.nnu wurking bt mulhematics

§ ,
osganiast fon and exploilatson of

colluburat Iva wurking,
lfucl{crs in lh'a UK have wm wsbivalont ‘llﬂu«k towirds il - muyf scua to
prefer pupils Lo work on Uheir ows but will say Loge soch as "yt cun worh..
wilth your Irsend 3 you don't suke tuo sich 01se*t o fuct 0 WK aglhumal ics
Classooms there wil) wxisl moch colieborat iva Isugoing but sust of 3t will
be covarl wid often "sllegel’ instoad of being deliberately planocd wxd
sivimifaged by teachers.  H only wo could devalop sore smull grovyp malble -
saldcul wcbivibies fur pupsis Lhe leachors could be cncuuruqc'd Lo Lake u musg

pusilive abdtlude lu«ardu Lul}nl:uullvn .md mlnn}cpumnt -«uknm; than they
o

-

o wt preseant.
o

’
Commmicad bon is ol o new conslnst ih thsl{un bul 0 my view 1t has
In A\

in u.. K, mallcmslicns clussrooms ars pluces were yuu du malhe- .

nnu bersss wall) woalymed or u.llv'ht‘ within uumluu sihicul ton,
ggncru}
mulscn nul ndun: you Comsmsiiculs o dluuuq,&llmtuui Mowiinge.  Muwiiga
et wdorstending ure sbout the commct b e bas bolwoun ddows - & now

ldow widl be mempdigful for a il te Lhe sxtent to which It comsects mell

v
¥

sith Um pupil’s existing idess snd meSiniiigy.
" mabics clussroom is therefare: concernad with sﬁannq muthesaticel mcanings

1Y
sbout pupils’ wulegies, mstaphors, contexts, sxasplsu, sic,

N : s

10 ’ _ o

Cosmunicution 1w u mathe-
g covmctions., We cun only shars idess by sxposing Liva, snd 'talk’ is
clairly » nost ispostant vehicle fos. exgoning c&vncuom.
sre sysbolise, uses of disgrems far conveying imagos, axuaples fyne

‘differant contexts, ‘snulogies and metaphars, and wrilien sccounts snd .
descriptiona. dhose we know ralatively more sboul {symbals,
definitions..,) others™ss know relatively less
Sovexia),  Horeover if wa sdd inla the construcl of comaunigation the
dimenslon of sharing, then Lhe lhtu-uay procass, frum the pupd) to Lleacher
as wall as teachey to pupil snd pupil Lo pupil, shows us, how MNOTANL we gre .
E and about iays ‘

For exuwile, sctivities can

Also ispartant

Some
l(‘a‘u&luqicn, ulupm‘;s, .-,

of epabling tiwss Lo be expossd and shassd.
ba skulopcd\ﬂuch ancourage snd i;qillniu this exposition and sharing,”
such a8 investigations which Involve crsating lynbohu, of projects shich
diew 00 knowlsdge of the pupils saviroment, ur discussions of mathceatical
iduny and u-k di agr samad zmlogha (rnumber Yinos etc.). Scveral resescch
studiss have nhuun us thut in clessrooms it is the tsscher M docs most
talking. _Buﬂ I should like ln.uo ars dovelopments whiich show Leachers T
il can be encouraned Lo tuke more part in the shariag of nun:mnhl
uumy I think that cxplol“ng lha ldeus of two-way aid thive way

communicat ion could be & proflilable ua) forward. o
L 4

”

I commaical 1on 1s about Shaging meanings then neqottal 1o 1s wbout
developing mesnings. Withoul wishing to suggest that the tescher s Uhe
uu(;urily fur malicmatlics in the classroom, §l 1s Lhe case thal Uw teacher
is given authasity wnd poner by Lhe sociely for Lhe q»éc?lxc educal i ol
bei pupila.  Ihis suthorily mesns thal the tescher has certain gouls wid
intsntions Tor the puguu wd Lhese will be differeit from (hc p«quls' gaau
and intentions in lln clusiroom, Ne intion is guul dum.lad mtur-a“uu
in which the purbicipants seek Lo stlain Lheir nspm.hvn youls,

inClude 1n Lids fdou the working ot of u “modus vivend; ™

We Cun

in the clusstoun

. b.e. the rules of procadure, discipline nd Lehwviour which teachers already

koow much sbout. Wl the conalruct of ncgéluum sluv offers 1u wr 1dey
of "modus sgcisndi®, & wey of knowing, which is whal the boacher 1w Lryiig to

davelopby the use of bar v, mcunr“,y richer, outhematicul kiwwfedige g . .

e
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: - ROFERINCES, - .
- . understending. this cuutruct then qucﬂlclily calches the necasssry Bishoy, A.).: 1975, ‘Visou) }b“‘;.““.' |'lmégggggu“g! he l!_’!;_’_“_‘_!_’fgﬂ!_gf_'_‘-_’
! power t-plllnc- Iqulcll in Yhe locchlng/lnmlnq relstjonship bul it . - oo ’ .
* dexribcn it in such »' way that we can see ultnrmll‘u to the mere . Conference on the Teaching of Gromelry, 1OH Wniversity of Bielefeld,f
lsposition of knowledge from the P"“"”“!- tescher. ~ Bishop, A.J.1 |976(s), 'Decisfon-making, the intervening varisble’, fducelionet

) Studies in Hathewstics, 7, 41-7. : '
. Wat il thersfore forces us to do is to comeider how to coursge ) -

teachess to use thelr power not to impose their knowledge on the 'p\p]]" Bishop, A.J.s 1976(b), 'tesclers’ 'on-the-spol’ strstagies for desling with
It makss us $hipk more sbout how teschers cen sncourage Lhe negotistion “pupilst ersors’, Peychology of Hethematics [ducstion Workshop,

process, how leschess can encourage pupils to pley . gruter part in the .) Chehe. inl;qe Univaraity of London.
* * L

dovelopment of their own -gthnutlcll nnnlnqa, how teschers can recognise

' ! | ¥
more positively the pupils’ tmtnt and goal structure, snd how tedchers Bisheyp, A.J. ' 1980, 'Classroom condjtions for learning mat rwhrs n R. .rplu‘s

might eveluate better the development of‘nunmgs. : ‘ (nd ) Procsedings of lhe fourth lnlermtio‘ul foulerece | lur tiw
‘ . | ‘ o . Psychology of lblhelatics Lducation, lhiversHy of [llH‘bmiu.
. ' In cuncluslon then, may 1 3uggest “that this 'ouclll cmatructjm 3 s
»  conceplion ang the three constructs, ‘activities!, ‘communicstion’ end Berkeley, Californis. ' . .
inegot istion', offer & many rich averwes to sxplore in resesarch. ULike nny Bishap, A.J.: 1952, *Jowerds relevance in the telchinq of geuaetry in G.Noel

conetruct, they recsst what we know ebout and direct us to what we n«d
te know sbout. I would, ms ‘s result, perticulerly urge more sttention to

{ed.) Eollogg Internat jonel sur ) muigne-enl de ln gemlru. )

’
.

thy following: g Universite de 1'ftat & Mons, Belgique.

- the development of _-cmnm',ﬁmuculmy those which exploft the Bishop, A.J.: 1983, 'Space snd Geometry’' in R.lesh and M.Landsu (eds) Acquisition
! t

pupile’ contest and those sul l' for small qroqw work, ’ of Hathemalices Cohcepts and Processes, Academic Pr‘us. New York,
- the analysis of the htim p- betveen sctivitjes and nlhcnntlc-l - .
) topics d/:/ Clurt, (. and vinger, R.: 19719, 'leschers’ thinking' in P.leterson axd i, ‘

?

- studies of lezchers' tnteractive dqchlom with pupils engaged in\ctivilin 'w,,lb"q {eds’ Resesrch on teectung, tfutchan, berbeles, (njifore gy,

< of . .
of different types, ' Good, 1.L. »nd Grouws, D.A.: 1979, ‘The Hissouri Mathematics [{fectivencss I'roject
- studies df teachers’ techniques to encourege sharing of nlhonnucnl ' :

meanings, ' an experl'inent-l study in fourth grade cla‘s'sr:xms' Jouinul of

- the snalysis, from the lhorinq perspective, of pupil- -pupi! discussions, _ ' fducations]l Psychology, 71,3,359-3¢2.

studies of the process whereby visusl imsgery can be shared, -

. Kell G.A.4 1955, The Psycholo of Personsl Constructs (Yols 1 and 2), Norton,
the analysis of teachers’ ﬂacllion—ukinq concerning methematicel suthority, o . ! = W ' .

- the snalysis of teachers' lt&:leth which permit negotistion, ' | New York. . o
7 the development of mathode of sveluating the development of meaning. Kent, D. and ledger, K.1 1980, *Growing tall’, Lducations! Studies in Malhemslica,
13-, ..
) ) c < . Krutetskif, V.A.x 1976, Ihe Peychology of Hathematics! Abjilitles in Sdtoolch“dnln.
. ) . . ) l.hhl;l'l]hf of Chicego Press, Chicago. o ¢
) ) ‘ : Morgan, J.: 1977, Affsctive Conmegquences for Lhe Learning smd luclmyg_o_f__rgy&-

matics of an Individualined Learning Programme, OIM preject,

Stirling, Scotland. ' .
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Shavelson, R.J.1 }9%6, ‘lsachers' Decision Meking' in N.L.Cage (ed.)

Te Poychology of lesching Methads, Nations) Socisty for. the

Study o‘l Ldxation, University of Chicsgo Press,
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N . . ) CANADIAN MATHEMATICS EDUCATION
4 - STUDT GROUP_ >
. ] - - 1984 MEETING
. _ _ TR UMIVERSITY OF WATERLOO
-~ ' ¢ . ) .‘
CANADIAN MATHEMATICS EDUCATION ST 6 ! -
r L STUBY GRoUR - .REPORT OF WORKING GROUP
June 1984 meeviNG (WATERLOO)

' , mummxmmmnm
REPORT ON WORKING GROUP (A) ‘ “ Tr
' ' The description of the working group read: .

The computer language Logo and its underlylng educalional philosophy,
) eloped at the Massachusetts Institute of chlmology over the past
GROUP LEADERS: DALE BURNETT fifteen years shows signs of being one of the most popular pleces of
WILLIAM HIGGINSON _ educational software of the 1980's The developmental history of Logo
CoL " " has been such that the time perfod between very limited accessibility ~

: . . \ | ' . (1968 - 1952) and widespread accessibility (1963 - ) has been quite

. - : short. A major implication of this is that mathematics educatoss have

~ had little time to consider a number of important questions.

LGGO AND THE MATHEMATICS CURRICULUM

S ’ It is the purpose of this working group to provide a forum for the
' discussion of these questions. Issues to be considered will include

‘ - problem-sojving in a Logo context, the influence on schoof cusricula
! - and Logo investigations. It will be sssumed that participants will

g ‘ ' ) — - - have some rudimentary knowledge of Logo.

- < | | WOrFmg Group Leaders: | D Burnett and W.C Higginson \:

Some fourteen mcmbors of tnmsStudy Group focussed thelr attenlion on
these and related quntjom over three, three-hour, periods during the
, 1984 mesting. The initial session was given over o an examination and
s : ' ' discussion of a wide range of resource materipls and the sharing of diverse
- experiences which had arisen oul of participants’ research and teaching
. activities with Logo Following this session one of the participants (J. Ciart)
P : w _ summarized some of the questions which had arisen:
. ‘ ) 1) What do we mean when we say Logo? Is there @distinction between
‘ Turtle Geometry and Logo phitosophy? tj )
ic | 29 - | | 23
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* w) How do Legn Phitosophy and Turlle Geomels y support existing i , )
elefxenm‘y and secondary mathematics curricuta? Iy Here many teachers wouwd have to be given a sample of
’ , ‘ LT possible avenues of inquiry, for example, reverse the FD's
- 3) Other than that which relates lo mathematics, whal can students and BK's, or reyerse all the LT's and RT's, or reverse the
learn from Turtle Geometry? : S order of the procedure, or replace ail FD's and BK's with
\ * the procedurd ilself, of ..
4). Whén and how should Logo be tlroduced into classrooms 7 L
‘ ' ‘ L - Teachers might also have to be toid the task's target audience
5) What ase some models for classroom implementalion which\jeal In this example, Lhe task is appropriate for Junior, Integmedale, ’
with lime, space student access, elc-? , Senior and Post-Secoadary students. ' )
p : .
b) As a device for learning mathematics, why is Logo superior to other Toachers will also have Lo be siown the links belween the .
leaching devices (such as fgoboards and pallern blocks)? . various lines of inquiry spd the Mathematics curficulum
o : \ SR they ase Uying to implement. In this example, various
7) Is itimportant for children to learn programming? I so, when and investigations link to such topics as/t’nnslomatlon geomelsy,
how should it be taught? - , : - - algebra, group theory and combinatorics.
8) Whatare the ad‘vmtages of Logoas a programming language? *Six conclusions arrived at by the working group near the end of its ,
' : ) deliberations wers; b \
9) What s the role of the teacher in the child's Logo environment? ‘ . -
' ¢ P _ - 1) Logo, not linked more strongly to existing school programmes, .
10) Is there some conpection belween debugging and how students view { runs the risk of becoming trivialized. )

e1101s in general? N

2) Logo deserves to be integrated into school math programmes
1) Whatare other “objects to think with" like Tuslte Geomelsy? (See t

Mindstorms  page 11 and page 122)7 +3) Logo is a tool that can be used by teachers to help them -
| ' )mpiemenl their mathematics curriculum

In the second and Wiird sessions the majority of ime was given over to the . 4) Teachers need proof of the two previous points
“exploration and discussion of a:number of Logo Invesligations Two of these '
“were Dale Burnett's Turtse Billiards™ microworld and Gary ling's 5) Proof is particularly needed in the form of student tasks
Translormation” investigation The latter was posed i the form ! Which Jilustiate these two contentiots ,
Ustng only the Logo primitives FD, BK, RT and LT, write a - b) Samples of such tasks need to Be developed and delivered
small procedure (6 - 10 instructions) that will draw a smalf o teachers.
‘doodle’ an the screen. ',
Investigate INeelfects ol’canwng out-various ransformations - Further discussion aboul the nature of these Logo tasks 1sd to the lollowing
on this procedure ‘ consensus
The group found that aclivilles of this sort generated significant The taske should salisfy many of the following criteria
mathemalical queslions extsemely quickly it was feit, however, that ' T
teachers without. substantial mathematical training would probably not’ 1} Can be used by students with a varlely of inlerests and abilities
fecognize atl of the potenyal of these situations. Commenting on the ' ' ' ’
o problem stated above, for example, Gary Flewelling wrote: : 2) Allow for a number of lines of inquisy.

LRIC 24 . | | Y
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3) Can be returned to again and again through the schoolqear

) - ~ 4) Can be ulitized through | the grades at varying levels of | T L 4
o sophisUcann .

“ L - S) Has links to the mal.hcmatics curriculum , o ’ , ' .
. . ) A Y . . '
b) Contains an element of choice/Ireedom/modifiability for \ ' S
. both tba tnchor and the student.
"7) May uquin the swdont Lo construct various procedures
. ‘ to carry out related lnvosu;ttkms ’

NG \)‘V

WORKING GROUP B
- R, |

96) May havotoboggnpmkdb itten procedures o THE IMPACT OF RESEARCH AND TECHNOLDGY ON
—~ : SCHOOL ALGEBRA ?URRICULA

9) Invites the cooperative effort of more
. 3™ “Gary Flewelling (Mathematics Consultant, Wellingln County Board of &
v ,';:l =" Fucation, 500 Victoris Road North, Guelph, OntarioNy IE 6K2) voiunteered ’
% togoordinate a task’ force to generate s colfection of such tasks.

\

. . Partjcipantsm the working group: |. Bergeron, D. Burnelt, ] Clark,
o . G Pewelling, W Higginson, J. Hillet, B. Hodgson, H. Hough, R. McGee,
. A L%uan M. Rahim, P. Rogers, P. Taylor E Vmua’ms .o
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. h ‘ I ,
T B wath 0 dhas yroup Can he chasacterisred Ly what we umsuk-u-d‘,‘ /
h
l._';u\’ perhags bost by the proposed fdeas and fol Jomup wark whi o ¢ s 4% a
. N L4 . 4
) ; feaction 1o ihe material considssed. Finally the work of the group can be
CANADIAN MATHEMATICS EDUCATION STUDY GROUP '
. . } ‘ focussed by exiensions whiich we did not have tise to consider and by material
. Jude 1984 MeeTING  (MATERLOO) C ' . . '
. and dicactions which we doliberately chose not to follow.
REPORT OF WORKING GROup (B) * C- ' \
. . luhgmmd e ‘ |
' ' ‘ 3 As bac&gmunu (0 OuF work membgrs ol the group brought the hﬁ‘wiug .
" ;
: . ' L,.j Hnds of cmcuns.
(“J.qﬁ(;' A g ) )
\ {\ ,,i- What 15 is we wal fa school Algebra In § - 10 years? Uhat distortions
Globa f | N L
d ) Approuchés , \\\ ,will the use of micros cause In algabrd? .
A ropo P : . _
report.of th fm"“"“ group oa ©Mbhat will be the affgct of maw sekhnclogias in slgebraic syabal mani-
. Computers and Algobra N\ ‘ . ‘
, pulation and its maaning? " > -
q \ ¢ 4 : ‘
: - - \\"7,8 - Whai iwplications do computer related thinking, le_arnlng,md knowle dge
. \
. i building eheories (eq. Al) bava for algebral
v ) .
1
» / ‘ T What sffectt will the computer apesience backgrowds of s fudents hm‘e
2 . -
by . . for teaching algebra 10 thém! ; T
~"C‘”°“’N Kierun - What kinds of sofiware and computers u§;s will) hclp.,ln dlycbiralc concept
“und ’
developmeni? low can this be assessed?
Thomas Kicrent *
© Lan comouters be yised 1o ameliorate st udent lnming difficulties?
How can this he studled in alygebral
i l ' = Iere s high powered softwarg wliich "does algetira',
. How dues one learn (0 use §42
v s
* Reporting for and using ideas contribured b -
Yy the warking group. How doc Seach bis used
David Alexunder, bale Drost, Gila Hanna, Nick He'rscavies, Lars Jansson, o dae dedch ’ / ‘
Dave Kyrshner, Andrd L»Joutcur and Johy Poband. ) &
‘/ N T . * .
- b e grow specially comcnded Casolyn Kieran whose exira cfforgs in providigg
) L .
A - the teahalcal set-up made miny of our considerations pussibl,

ERIC . . . ’ ‘ :
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Mo ks 0t dmplinge o what bs currently taught In algebral -

- Ut vught to be taught?
. 7

- Hine dow's vere Leach teachers about computers for Icachinq’algebu?

©What s the interaction asong humen algehraic knowledpe dullding tools,

Rater

.
_The woiking grouwp consldnred four kinds ol materlals;:
ware, gral

" this phenoncna?

rials Considered

algebraic qames on a tomputer and programming? How does one. study

Heasure Jts effect?

Documents, soft-

]
reports aod slte visits, -

The ﬁsoup considered a numbar of documents.- s

by all were:

- fev, J

{cd.} (&pullnq %«d Hathematics,

1982 conference. NCIN, 1984,

~Blume, G. V. A review of research on the effects of ¢
K A paper lroq"thc New

programsing In mathematical oroblem solving.

Ortrany AFRA meeting, 198k..

Ve also had avallable a small Hbury of text materials using co«pu(erg/)

in school algébrs from 1969 - !!lﬁ .
The group todether reviewed some slieces of relevant software, In

<
carticular Algebra Arcade snd My Math.

GCiqup members provided oral reports,particularly one by Alexander on
Nv;chamlct in dluebra curriculum In Ontario a;vd Its relationship

to (uﬂqnu/r applications ani one by Kieren re\vlewlnq his lnd Nolfleld'
¢ fesrarch of the lace 1960, . ¥

The qroup visited Project MHAPLE  in the (ompuling Sclemie ’Dopartnrlvt
of the Unlversity of Vaterloo.

Included was a demonstration of the algebralc capabliigles of MAPLE.

00

studled and discussed

24 :

-

Crovp deliberations ‘

¢

As suquested by the tltle of “this report, consideration of the abou

materials seenmed to stimulate discussion of sare globat wproaches to school .

. I - —
slgebra. These global approaches scamed mdlated by whols-graphlc aspproaches
to the study ol familles of algebralec abjects, by the use of the: lmguaqe of

poncr!ul nlgebuic coavullng programs and through the use ol sltw:lured pro-

.

Algebrale Cames . e . - .

graswming languages, N

As sn opening éxercise the group looked at the game Mgebroids from the
soflwfn Algebra Mcl&. - In this gamg a person s presented with 2 nuwber
clou/d ng_u called "ol'cbro‘i_‘s" on 2 coordinate plane.  fThe wo&]ec! of !h:
game Is to use -algebraic expressions to generate graphs which "hit” the alge-
brolds. Since hlgﬁcr ;:oln;_ values are avarded for hitting more than one

algebroly with one graph (wl thout hitting a "wanster'* or designated nega.ﬁve

‘ragion), the player I's encoursged to use other than linesr graphs. A graph

tength Iimitation keeps one From using curves which would more or less wver §

the screen (eg. f{x) = 100 sin 100x). Thete was # aniform posltive reaction

' -
to this game by yrown mepbars both in terms of playing and In terms of poten-

”l{ for use In secondary schoo! ulhcntlc}. This game and {ls uses tended (o

dominate the group's Jliscussion throughout Its sessiong.
9

A first question arlsing questioned whether this game focussed 8n analysls
. »
the aroup comsensus

rather than algebra. Although It has analvtic features,

A

was that It alded in the leaching of Ihe.nmpe.rtlu of families of curves and

particularly on the effects of llwbr.lé'!ransfornvll'ﬁw; on natatlon [related
N\ . . ‘

to graphical transformations on the screen},



whitoh e (oubd produce fond o ful by lu’ld N 2 PlJ&‘l’ﬂd SCrren
varinus ud.’ls of 2 fomily (ug. Vinwar luucllous
b : ~
fumltbas [y » ax b,y = = xy * R,y anT ¢ p) or transformations wishin
Toeities®y = aa?
, ,, use would he supparied by rapidly ‘avclupcd uhu4 lmcs
]:luus TNT™ “ gamy st phcnumu
ganay and of tm.us
discussed,

du..bulc cwuulms a upposcd

Ha rensy i d Lo inma-diate blearning M*wlin.

A

pulation aad study more Intultive and object relatad).

buest

. .} ) *
ihe mosi signiticant thasis that acpse from the giovp defiberation can

be seen in,

curriculum/reseasch quesqlons.
¢ \

Yy " an ¢ b)‘. n:'ldled

.

»

-

ts it necessary 1o have an atomlc widerstanding of the functiuns

o play the qamel Shauld we nat fake this

expuacntial expressions?

28 abl 10 study thils material?

‘

t0” teaching about algebraic objecis such as tinear,

sore global avproach

quadratic or )

-,

0 schoul mathematics {say In 1he alqcbulc aspects of arades ] -

Vsuqqu sted?

s

B2
Qi sias fhe soecd ay

Tur comgrasisans)

t o,y v alu - Hz ¢ p). Thus one' s Imaglnation In’ sywol
lhc sucund benel
She work of Malone ow qualities of video
~d Lalius om the prychology of p‘!aylng such gamcs was

Thus thare u--d to ba twa Imgacts - aa cq»'hash on famllies ol
to single manigulations aad the mllvanmal

. whlect, of ulul-g Images (0 algebraic expressions (puhaps making thelr mani-

.

Pues one need 1o learn onhnd pals ideas

Is a-different sequence of instruction

iy

hese gt fons sod scactlons (o them duminated the group’s discussions .

Sowae dnacivstiog puints were as fal baws

Q

ERIC

Aruitoxt provided by Eic:

the giubai 4ppioach thiough the manipulation of eapressians and

generation of jetaled graphs scomws wmore Intubtive than the ordered

pais firgg

emphasiy.

e —
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Lt was guestToned whwther ooe ‘u_mldﬁ‘uo‘l- al lm.t'l.luus [T & T TTS T )
thons without hm«liuq about sfates or objecls transfurmd, ’
- Miginative cuxriculun uquu.nui ware discussed. One such eapdri-
montal sequence constructed was as follows. .
V. In grades K - 8 graphing expariences using poinits and-intes-
pﬁ”nn Qraphs would ba hlto&.kcd and developed. ™.

. “Algebrolds” or a like game ;ould be useq ta Intioduce a family
of funciions and the minlpul ation of related expressions and
equations; 9. for what values of b‘.does an enpression of the
form 3x + b Mg an algabrold centred at (2,1)1
1. a) h-r alternate “algebrold' sequence ' would consider the fomity

Y = a8 |al 4+ b because in s‘ncb faomllias H is casier to see the

sflects of al) pau-l;r manipulation and such graphs can hit
more Yalgebroids” at once - hence are sotlvating.

Ith. , The study of granhs s goingt sets would follow the study of

~

fomilles of exprassions/graphs. In the game context (his would
be done by reduclng the “algebrol ds'Sgo single point Qoaalimn
necessliating the con-sldcullon .ol- lhuphs as sets af puhu;.

Ih. group consldered lfw teachar l‘u(llifo necessary far such a changed sequence
and emphasls. 1t was noted that such an approach would aim at many of the
currens objectives of high sch'algcbra, but the objectives and activities
would be dramatically different fn;- 3 texher and classcoom orqani zation point

of view. .

" Mygebrale Conputers

Ye group saw a denonstiration of the very powerful BAPLE manipulation
system which Js ai-ud 41 being usable In the pext qeneration uf micro ospulers,
lhc growp 2130 used the current by avallable Mu Math system. This lalter system

- o

. 33
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Aruitoxt provided by Eic:

. the following research was proposed: .

.22 N l '

iy stom o daing Certain klods of secursive alaehralc cumput ationy becsuse of .
3.
Py st mrocessing character. St the arous saw 2 nusher of implications
sud questions for schoal algebra arising from algebraic calculator use,
- N : )
b bs 3 call for-renewed emphasis on al«bvalt manlpulation In ow \
curriculum vhsolete? What §s the rofe of such learning now?
. .
. L 4 ' .
1. MWith the use of algedraic calculators comes the need (o introduce ~

4 new natation system for algebrale expressions; will this notation
become standardizad?
J. Since the algebralc calculator can genunle'corucg sentences, there

will be an increased need 10 study sets of ;‘cnignus and look for

28

Can e use “Algedroids’ as o testing devige? .
» h »

*

- Ghven a qraph give expression.

- Giv.en euju;‘sshzn glve chr:,' « )
- Can we use sfnp/e‘ rrcuqnlllﬁproqrtn In this
effort leq. CMATCH a1 the Univ. of Alb‘ula).’
tn what ways Is the use of a global approach o algebrfl: expressions -
(hroug_h "Algebroids'! lglulll.vg. How can\ such use‘ te selated 10 2 '
theory of mathematical knowledge bullding?

€ars ooe generate evidence of knowledge~bullding from intulgion in
4

algebralc novlces {eg. Gr. 9 students) and more expert students léq.

’ patterns or oropertles. Thus as with graphic capablilities, the P .
‘ Gr. 12 students studying conlcs) as they use tools and games such R
algebraic calculator sponsors the ﬂudy‘of the global. '
- - as "Algebrolds’? . R
V. Might more new algebraic togles leg. matrices) be Introduced or - . 5
" ‘ Our group hopes 10 be sble 1@ have a continuation session at next year's
introduced ecarlter Into the curricul um? x . \
v . maeting to share results of this wotk wlih one another and with CNESG/GCEDN
. " .
Follow up actlvities ‘ 8t large.
' ' »~
' | {
The group, hecauss__of lts Interest in tha effects of algebraic games, NOTE: 1. The group doas not see much use for computer-aided practice in
¢

s¢t some goals for studw during the year. Wwith réspect to 2 game like Algebroids

1. Can we develoo and test 2 sequence of Instruction Incorporating
“Ylgebrotds"? This queilllon will be studied In a targe curriculum
sense {where does such activity f1t Into the algebra curriculuvm?)

#nd the specific senss {hat Is an approoriate:. sequence using Algebroids
to study & particular famlly of expressions, say quadratics?).

2. How would one modify the "Mgebr'o‘d" program to enhance learning?

There Is currently a8 practice screen. Could Its use be isproved by

sllinving graphs 1o stay on? be in different colours? Could sare

4
tnformation about avallable expressions and wanlpulations be huily

= “ ' \
34

into the qamel}

algebralc manlputation. Thus, there was limlted study of any such
curriculum materials,
2, The grodp did not consider image-related games which might be

related to 1eaching algebralc structures such as groups.  This s

~

an obvious uvpdate of the work of l}jenzs In the 1960's. Such

computer graphlcal/symbolic use could also be used at a2 -c’e .
. . {

advanced lavel 1o provide background for the study of various

.types of groups or oth¥¥ algebdralc stfuctures. Such study would

be an extension of the work proposed above
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MATHENATICS AND ERJSTEMOLOGY
LEADERS: MAURICE BELANGER ¥ : -
: ‘ DAVID WHEELER : ' ' g
! . Working Grouwp C: . Mathamat ics and Bpistemology LN - A

. : SN
’ In the first session the.growp attempted varioys pn?hk descrip-
tions of epistemology, and then worked for a while on the episteso-
NORKING GROUP C : ' logigal foundations of subtraction (in order o compare tieir analysis
badurbdub ittt A with one by Girard Vergnaud in his article, “Cognitive and develop-
: montal peychology and research in mathemat ics sduca%ion: stuwe
) _ thacistical and method 1 insuss®). in his article
EP1STEMOLOGY A Vargnmid makas his.:xulys s on the basis o‘é J pmbiaan that studonts
ENA at school hawe to solve, the group began with a sodel: “Given somc
! ‘ AND KATH TIes . : cbjacts, remove same, how many are laft?® The limitations of this
‘ nowledge aodal seue soon apparent: it is clear that to "know sub-
traction” inwolves knowing moge than a single model offers. After
the coffes break the growp lockad at acme oarch ts concemed
with students' aritimetical errors - the ion being that the
resaarcher (or the teacher} must try to reconstruct what is in tha
child's head, i.e. the child's knowladge. A rather loose excursion

theough the lmdsapn.of bugs, delagging and feedback followad. "

The discussion in the second session was launchad by reading two
articlss - Alan Sdoanfeld, "Metacognitive and epistenological
issues in mathamatical understanding®, and C&lg Gattegno, "Curricu-
Jlus and epistemology”. Scwenfeld‘s papet raised sharply the question
¢ o of "relative epistarologies: do we all hawe the sam: epistemlogy?
' do students and teachers share the same epistesology? ‘The Piaget
story suggests that epistesclogy ik evolutionary in the Lixlividual.. .
Gattegno's paper, whils not shadding much 1light on the patwe of
‘epistemology (in a holistic sense), gave same h\ltmctiw:a::uights

into the various sourpes of epistesological information t can be
tagped. . ' - ,

In the thind session the group attenpted to formlate sam research
Questions. ’ : .

é

1. what are teachers' and studants’ implicit epistamlogical beliefs
! about mathamatics? low do they conpare with each-other and with
mathematicians' epistewlogical beliefs?

. 2. Maka a didatical-epistemological study of varjous elenentary ‘
_ - mathamtical topics, psing as entry point the distinction be--
. twoen siguﬂ‘er and gignified.

/\ 3. Cpare the epistasological questions raised by the history
{ of mathamatics with those raised by’ the developgwent of mathe-
matics In the Ldividual. '

, 4. Cerwrate a tawnomy of epistemological assumptions that could
. be aplied Lo the analysis of mathematical textbooks. '

5. Study the ebisuwlogy of the Lndividual., e.g. how does anyuoe
. _ drive general kixwledge from particular instanoccs, or parti-
EMC cular knowladge from genaral principles? ~

36 |
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6. wWhat is te epistorological significance of a currently fashion- Mathonatical epistamology stulies mathamatical science in order
able ie: the ropresentation of knowledge? to detemmine or to elucidate its logical origins, its valuwe and its
) : importance. i 1t is a bridge between mithanatics and hi losophy and
The group bocame aware that their discussions wore di fficult and of great relevance to the mathomatics educator, since it informs him
‘ not making obviously significant discoveries. The feeling was express- albout the nature of mathamatical knowledga, the cohtent of mathel
al that mxh more work in this\field has been done by e.g. Franch matics teaching and leamning. : )
mathamatics educators, infl by Bachelard, and that ane obvious . :
"\ step would be to find out more of what they have achieved and are ' Genetie®pisterology, created by Jaan Piaget, who is also its most
‘ working on. - irportant representative W to now, studies the emergence and the
‘ . o ®volution of mathematical notions and conceptual aontexts in the
. The *wended statenmits were volunteered by morbers of the group, individual (in particular in the child) and it ix intended to ex-
o ' . - plain and to rationalize the individual's behaviour in situations.
¢ Raffaella Porasi : } where such notions &vurge or can be applied. This domain is of
. . ] ‘ particular relevance to the mathamatics educator since it informs
* Although the title of thy working group focussed on the word "episteno- . him about developmental processes and thair most isportant vari-
logy”, we desperately tried in the coee. of all three session to ables, processes he wants to stimulate, accelerate or direct.
"defino” such a term. Looking back, I realize now that this specific : '
objective cmild have made us overlook some very interesting cutocmes Fpistawlogy of mathematics education studies Processes and -
of our discussion. We may not have reached an agreswent over a methods, to obtain and to validate knowledge in mathematics educ
. "rigorous”® or even satisfactory definition of epistavology ' (what a ation. 1Its results are of importance to the mathematics educator
- disappointrent for a growp of mathematicians!), but I think we ocon- . since they inform him about the validity of his methods and the
tributed to identify scme important elements and quest ions conarming relevance of his results..
mathamatics educat ton research. . ) . d
~~ ‘ , : While the distinction bstween these three domains is crucial for a
I will try briefly to list sows of them: . . clear and systematic discussion of the theme, anly the synthesis of
- what is the student's/the child's/the mathamatician’s/the math. ad. , all three aspects indicates the isportance and the scope of the
~ - researcher's/ conception of mathematics? epistamological approach in mathsmatics education. .
s - what does jt maan “to know” samsthing? o . ] | 3
- how do we "get to know", what fs the "knowing process® in the child/
the mathemat ician/the math ed researcher? \ Brock Rachar .
. - how can we evaluate our methodologies and results in mathematics : '
aducat inn? : - As inrs.ividuals, W& seam to have same sense of the point at which we
' ,~at s the child's/the mathematician’s/the math ed researcher's know that something is the case. Wo may even be able to identify
‘ systom of beliefs about how we get to know in mathematics, how wé ' how we know, :
“"do” mathomatics? ‘ ) ,
- for each of the previous points we might have to distinguish whether The how may be based on inductive experience or a kind of gestalt
¢ are speaking. about mathamatics in general or a specific math percoption, or it may be derived deductively from previous knowns -
tapic or cancept , . by an acquired system of logic. ’
~ in, what sense can we talk of “the Mﬂwticim':“/f’ﬂn child's” )
epistamology (or mord specifically, conceptions, system of beliefs, W are also awvare that different individuals my come to the state
etc.}, rather than a specific person's epistemology? - of knowing that samething is the case without the how of the know-
. ing coinciding. ' -
Dieter limkesbein . . This latter obeervation has decided implications for curriculum.
T - : ‘ As mathematics educators we should hawe avajlable different strate—
Nuog dmains of epistamlogy seem to be of importance in the di scuss ion gles for enabling the lsaming of *he knowing of swething. As
of the thome: mathematical epistemology, genetic epistamology . teacher educators we should looking at those approaches that
and epistamlogy of mathematics education. It is crucial to separate are most likely to be ul and most 1ikely to be free of setting
h these three dmains in order to awid fundamental misunderstandings. W erroneous conclusions. The settings we use for invest igating

mathenat ics are inportant to the kinds of leaming or epistenlogical
framework that children (bearners) acquire,

H L ] ’ . . “)
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1w bolise that nle."lLi& is the dowelopmont of skills in por-
forming algocitlms in order to answer standard sots of problass,
thon w isgart ane viow of sathasatics. If sathasatics enables you
0 know Wiat (o' do Whion ‘don’t know what to d&o” in solving a
psvblom, thon that is a 1o othar world view of matlxsatics.

" . ~— , : .

" As Alan Bishdp pointed out in his Jecture, what we do and the connec-

tions wo make in sathomatics leaming are largely datemmined by
the way wo think about O ‘purposes of mathamatics and the ways it
is loaned. - )

L4

Ex. 1. {(This is a quotadm'%m- a review of an article about i
mithemtical induction.) ' .

ore’ making any attamt to "repovt® an the group’s activities,
prosant sawe exasprles in onder to ask whether the insights an-

in thom are epistamological -~ or samathing else.

"We must not owerlook the conceptual/tecihnical

difficulty of handling tha'vital step P{n} ~ P(n+l). ®

Most @& of students with things like P(ntl)
‘hawe been straight substitutions - mbstitutions of
‘ntl for some variable in a known expression (function).
. But in the induction proof the student has to handle
alsost the reverse of this. For exasple, he takes
Pin) and adlis samething to it, than has to arramxe
! the naw expression to show that it is in fact - Pntl).
his stequires getting it into the foom P(x) while
simultanecusly “thinking® of ntl, and not x as the
variable. s is really hard, in many cases, because
ax is mot using the a a to sisplify but to foroe °
a correspondance to a certain model. Where else are
studonts reguired to do this?” :

Ex. 2. A®"classical” problem nms;: * show how to detect the
. false coin, which is too Figlt, in-a set of 9 wins using %é\

eqal-amm balanog twice, : V
‘The correct solution requires splitting the 9 cwins into

3 sats of 3 and weighing two of, them, then weighing two

single coins frum one set of 3. Most solwors begin with

" sars of 4 or sets of 2, purhape bocalse of the strong
- "binary” flavour of the setting - two arms to thie balance,

two - weighings,’ two kinds of cofn, "R “classical” puzzle

- offei has this quality of tawporarilydeflecting tha agproadh:

to a soluion - this miy be what makés it a good puzzle.

It soass' intuitiwely “clear® that . infinite sets can have
different mserosities. It is “vbvjous™ that thare are sore
natusal msders thaf quon mnbers, sore points in a wnit
square than ara line seguant. Yet by adopting the 1-]
wrresondanoe rule for amparing naeroslties wo can show
that "in fact” thore are the saw mebar of natural

A

}

1

At mathomatics teaching.
L .

R
< X .
R .
.
Wy - a .

nebers as evon mmbers, and the same navbaer of points in
‘3 unit sjpuare as points an a line segmant, -

So now it is Intuitively *clear” that what wre thoupt to
be different infinities are not. So, intuitiwely, all
infinitigs are equivalent. ‘

But no?! for Cantor's diagonal procedure shows that there N
are differmnt orders of .infinity, non-equivalant to each

A o it goss.

Ex. 4. Whan wa sea an alqnlxaié expression like

T x-1 2, A
X -x-6 *x=) x2
e 00 5 minus signs, but do they all maan the same thing?
Well, yes and . No bocause, if we sat about simplifying
the expression, wo treat thew in 3 different vays. 1he
minuses in x-1 ., and x-3 ame like letters in a word.
The minusaes in x“~x-6 are -iqnah“or “cantrols” which
guids us in factoring it as (x-3){x#2). ‘Finally, the
minus betweon the first two fractions almost means sub-
‘traction - although, peovided W Jet-otr *rules of signs”
,rlght. we noodn’t be mvare of this wygn we collect all the
nursxators togather, . ’ ‘
And'now, if we add ane almost insignificant stroke to #

©rour writing,
, - o
f 5 x-1 _ .2 ,_1 #
- .y X -x-6 x-3 xt2
w "sea” the wiole system totally differently. N

" If there i% a commn charactaristic of these exarples, it is that al-

though they each relate to scoe familiar mathematics, they focus sore
on “awareness” than gn knowledge. The points they make are overlooked
in the usual mathamatical accounts. Yet a student involved with mathe-
matics nweda these awarenesses as much as he/she neads kiow the

- appropriate mathematical content. flars is potentially episteology -
‘w0 epistasology that studies awarencss rather than knowledge - which

is just as iaportint for pedagody as epistemology of the usual sort.
I venture to sugyest that epistesology is the right word because

' ot«'w confidsice that such a study can be abjoctive. That is, although

focuead on avareness (which sounds parsonal, subjoctive}, what ‘can

be disobwerxed has the quality that can make us say, "Yes, these aware-
passes aw part of Wit evoryone (who is involved with this particular
mathamatics) snst know. ) .

This "episténoloyy of mathomatical awareness” is not the wole of
"didactical epistawlogy”, widch must bontaln empirical and cbservation-
al ingradients, as well as "knowledge of mathematical knowlodge®, :
but its significance fop’se at the moment s that it is a part that

i3 overlooked by met Who have discussed the epistesological fowsdatiuns
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Iet me romind you that the Oxford English ﬁ:t.iuwy, a gonerally

reliable arbiter where mottars of meaning concermad, defincs £

epistamology as follows: “The theory or science of the msthod or

growds of knowledge.” 1f we embrace this definition, then I feel we

in mathenutics education are bound to address certain issues. “Method™

and “grounds, * it seems to me, both deal with coming to know more

oftan than knowing, and with either of these more often than tho

content that is or is to be known. It may well be that the nature of

what we soek shapes to some extant ods we use to

scarch for it 1 by which’we judge whether or not we

have found it, much as the design of a tool i

nature of the matarials to which it is to be applied. I it would

be a mistake, however, to focus on the goal or the finishad product

at the expense of the process. ' .

V

Now reflect for a mowent on the question of what methads and grounds -
of knowledge studants are expectsd to operate with in the msthamatics’
classroom. All too frequantly, I suspect, the method is absocption

and the grounds lie in extarnal suthority. Students "soak up' what

the teacher, who Of course can not be wrong, inundatés them with,

That such a situation is inagpropriate and unacceptable I take as a
truism, - How can intsllectusl growth take place in soil of this sort?

I believe that abeorption should give way to inquiry and extemal
authority to intarnal validation. Perhape it is not realistic to
expect young children tp begin their lsaming careers with inquiry

and intemal validation, though I would argue that it-often is realistic. ‘
Perhape this ‘giving way' is somthing that studants should actually
experience as thelr education progresses. In any case, T feel cartain
of the direction in which I would like to see things go.

Thoroughly consistant with all of this is a strong sense of the

sanctity of. the individusl in the quest for knowledge. Not \
suprisingly, § find a precocupatios with comwmon epistesolcgical N ‘
assurptions more t.hx:[; littls uwsettling. while I will grant that

cavon grovnd is a place begin inquiry, I do not think that

it is the only place. Even i ware, is it not that the differences

which set the working of one mind apart from the workfngs of all others

50 of ten comand our attention when we try to tsach mathematics? Do

these differences constitute chetacles to lsamning, or are they

invitations to explore the richness of the individual? Are they

sawthing to be worked around and swoothed out, or are they to be

rélishad and revelled in? I, for one, have always preferred revelry

to wark. .
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CANADJAN MATIEMATICS EDUCATION STUDY GROP ' .. 1. Multiplivativa Ly -t is notorivualy Jif[ik‘qll for many .
June 1984 meevine (MATERLOO) ¢ ‘ . : o atudeats. All sorts of wataphoric models have beens proposcd
REPORT OF WORKING GROUP (D) ’ ' favolving profit ead loss, AWSTature and auv v, as aticmpls
Work ing Group om Visuslizing Methematica : to justify (<1) = (=1) « . 1 balieve that this is a

structusal fact ariaing from the wish to retain the 'lauvs of

. Yoy Thompsos N&rhm aritheatic® when sxtending to megatives. 1t also has »

...... ' : very pateri. gaometric Inserpresation as a ratatica of the

¢ ) numberl ina sbout 0, through' 180°. 1 call it potent, because
topics in uppsr-secondary/tirat-year, which n.uda-n find Jiﬂh:ulc,‘uul rotations through other angles (mor juat 90°) can lead to
to explore vays in which the sxplicit use of imagery might assist students. useful investigations as well aa suppostisg de Moivre's
Wr hackground sasuaption fe ‘.',‘ y students helleve that sathemstica theorem and Ar.ld dlurm in the 30° csse. Thus it extends
“takea plavs om papct_a'that £’hy hava Ro suppostive imsgery or comasctions consiatently to mors ganeral situations vhile providing a ’
and coasequantly they fail o pasticipats in sm essestial aapsct of gecmetric imsge to sccompsaj arithmetic calculstion, an image

. mathematics. » : - : which will mot have o be wodified later.’ "
N ‘ . . : - -

. We soon found that the instruction “maka a record of what :opu to you 2. Tontinuous fuactjons ’". usially thought of ay tu;.cxiom uh"ch

wien 1 say the folloviag words™, folloved by alalx)i (1ex)7; hava no bresks, snd no infinitely wiggly poniam (h la sin(t/x)). «
.""",I.' roo Produces o uide variaty of responses. It emerged that the * For'-ou studaats oaly the former image is svaiiable, and the b
word “image®, which | used in prefarance to visvalizing in order to admit formal definition of cm;‘-‘u, seans 1ike & 10t of wnnecessary '
acoustic and muscular respoases 8s well as pictorial images, means many symboliam. Ona of the festures of mathematics is the ; ' . _5
things to many people. For exsmple, on exsmining images cm.“..“ vith modification of imagea (imtuicion) as 2 result of experi:nu,

- sbsolute value, the ides of & dog om a h"‘ uas auggasted, to ‘"“ib., Ferhapa time devotad to the mecessary modificaiions of intuvition
[x-al<b. On the other hasd one might hope that studesta would have a would assist studentas, in comjunction with making it clears 10
peomatsic picture of am interval of lengih 2b centred oo a, and an students uhen the formalising of kntuition is taking place

4:‘:“\::““"‘ sensa .c‘:l beirng oa a and resching out b‘oa C‘(hcr‘lidc.' Thfl ' (s eloqusntly spokss of st tha conference by Professor Henkin) |
ghtights s distinction between vhat | @Ié call ‘metaphoric associatiopns and vhen Intultion is baing worked on and modified. ,

(dog on a leash) and *mathematical images® {like points on s line).
Even though [ could ;rubably aot give a definitive distinction ’bﬁwwn‘ ue kept resurning to the distinction betueen particuler snd general - |
these | feel that 1 vant students to coatact and be frisadly with the S""‘i"‘ s square; if I draw it, ft ia particulas yer I sec it as gemeral;
purer mathematical images. It "’ be that “"N,“" or simile can help, in my imagination it is sort of putlcullr.kﬁl sort of generel in its
but 1 aw 8ot tvo sure. Most pasticipants sesmed content to employ s fuzzinass. - Am I alvays susre in a class that the students au'ueing the
shot gua approach ia claes, trying cut & variety of metaphors so that genaral ity that | am seeing vhen looking at or wosking on a particutar f

students can respond (o oaes that asppeal particulasly to them., [, on exemplel
the other hand, still believe in, and seck, core mathematical images

viiich lie 3t the heart of the kard mathematical fdess. When | spoke of

appropriate and poverful images, it was Apolnt.d out that theae must be '

relative terms - relative to {adividual propenaities and to jntentions,

I ncvertheless fcel that some images are mote valuable thaa othera. :

y u..n are twvo examples: .
ERIC 43 » -
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I learned how to bo more passive whide inviting my students (o

withematical topics, but in my view not‘;p-ugh progress was made to become more sctive, "1 oam lecturing.

report on. Participants unntinfy/l;rud to uuri on imagery in their

Soms Lim was speot secking primitive Images connected with various )

classes, and 1o report some exsmples mext year, |1 tried to drav vhat ) 4. Images lhll illustrate sn example of a phenomencn vs, images that

is for me an important distinction betwean talking s¥out sn imugs, aid create an iullhl svareness of & phe non. Ve frequeatly blurred

talking directly from an image, but it requires considerable practice. the distinction (eg inegery for x)
: R —— P ' . o . Lt 0P Ll - r. -
To talk from an image is to consclouily form uu ancer & mentsl imsge, ‘ : e

and to describs it to someone vho ia »ot P“““" To talk sbout en imige 5. A difference betwees metaphor and 'hugc which | hed not thought sbout
is to talk in |¢nchlhiu as if you npcct others 11:5:.‘ to 'hm’o . before struck me forcibly, .
yourt image. Ve sl lcuad‘it ditficult to form eqd the|{rom an image, . . : )
. yet it is gssantiel to talk ‘_"E if students®ara '°__§' sssisted in 6. 1 suddenly reslized that the inability for me to demonstrate wot ion
\ forming images, 1 recQemend that reports of trying imsgery in clesses ‘ on the bllckbOItd; in ths gext book, on ths overhead in .h“;:::
consist of A | ‘ vhere I had baen wvln‘ my Bands could be poulbly be overcome by

. 1ib
(i)  explicit fnstyuctioes to form sn imsge snd work vith ir, deliberately evoking motion iy mentsl images. l foel 1 aluays
, personslly "sav" motiom in my Snd snd hoped my students did,

a8 illustrasted in the lppc‘udix,

.

v . (ii) an accoust of what students made of it snd lessons learned 1. To share imagery 'both’ participasis must be allowed .to expose their

in vorking vith imsgery. - ‘ o varsfoas of the Imsge. On mory thsn ome occesion ‘during the
) ‘ ) n-hun 1 became comscious that | wds trying to impose my image
We finished by vatching snd vorking om s Nicolet film on conica. 1 was 00 the othar person - to kmov thet I was do!u§ that embarravsed me,
able to demonstrate wvhat 1 mess by ‘recomstruction’, which is e necessary 1 vas in the ‘tescher-trap’ feeling thar. 'wy' image wvas batter
but overlooked espect of studying that deserves more strention. The last than 'yours' end mime was the right one. )

event vas 3 reguest Lo ’partlc'lpanu to jot dowm one or two sslfent

moments from the workshop, snd some of these follow. l"""{*“ﬂr I vasn't che only person in the group ‘making this misgakel

-

$, Joha vas an[ us to viiuslize s square moving through two fixed points
snd introduced s third point (vhich I visuslized as being mot the

t. The earliast event that made an iwuulon on me wvas-during the firse

‘exercise', vhen wa did 8 'free sssocistion’ of imsges for lll?/l,

(1+x)7; at some point, 1 became vividly evare of ho?.' disparate square slresdy) and than suggested ve move the squere through the three

are the possible vays of 'l-igln'" such objects, and uhat & huge points and 1 was stuck, uneble to see thet s sguare would go through

variety of things sare going on in my students® minds vhen I pick three points!

on one such image to teeckh 8 given concept,

-
- .Y *
. ' 2. The second ;llll that sticks out in my mewmory items from the discussions ' '
at the end of day | and most of day 2: nomely, the reslizetion of hou ) ' i
. ' " ditfijcule je is to creste s spevific setlQf instructions to convey 8 . Y
plrticular image (like |x-a] ‘and fts posgible images), even once you've ’ : :
chiosen 8 specific image. Also to vhat s lerge extent I tslk about o 46
- s things rsther than trying to get mwy students to think about them, and .
Q . . . . b ) .
: 45 . o - .
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o el - succaselully. Avold usimg symbols to “work cut . Try to
Images: Multiplicac o by -1 \ see It directly Ia your hesd. v ‘
' , . ' # Ceneralize: rotate about the pelat 2, through %0 de r('n'u' nov
' 4 Inogine o numberlitne marked off with 0, 1,2, ceuy ~4,-2, ... ’ L LN s i
Fotste sbout the current polst 3 throuh 90 degreee; where fo the
- .-M ‘Nl Ruabariine go froa }l'l ke right j o - e line now l'.lll}" to Ite starting ".‘t‘“' T T o S

- e e el e e el - . lh. 3 . - . - o . -“-’ v S e = . - me e w emmsi 4 e s .

a:::'a::.':“:::f:.. Fouh 180 degraee ¢ Cenerelize to geversl uccesslive rotetlons; probably beot to
> : agres thot the lins should 8lvays come back to the horuohi\

This Ls'ane vey of thinking ehout multiplicetion by -i. before trylag to describe tts poatrica. )

Exploretion : © ® Caneralize to di{ferent angles. K

zxplovation T

T Posaible motston for describing effacte of rotetione:

* Ca back ¢ riginsl wuabar lime. ‘ Ty .
““‘: "°.:::: :" :.::““ "o‘“‘::“. rotatioas through 180 degress correspond te sultiplicetion &
Nov dees its position velste to fts sterting pasition? - ~li rotetdons through 90 degrees correspond to sultiplylag by o
Vhete are 2, 3, & .. moul . / syubol, ssy r (vhich can be used for other agreed engles as well),

Sa dy 8p e ] . o5, say 1, vhich 1s ctreditional fer %0 degress.

Consider the -dvuél;o of shoving ¢ brief dymamic image ) : -

((11a/taps) of o line roteting sbout & euccessloa of polnte, than Rotatlon chrough 180 degrees §s o potentiely poteat image for

inviting iamer Images. The fila should provide e common basls for ""l'“c'“o.“ br -1 beceuse It extande I such & rich manner.’

inagea, as wall o8 & wemory trace on which to tepose perticuler

questions. \

# Cenerolize: rotate shout two polnté Im succession; whers,vill
u line be then? .

8 'r-;»
~Reefet slgenre uatll you feel ready te exprese o genarslity which
/ fo se substential end pracles ee you feel fo posslble, befora .
ualng synbols. . . : >

# Co back to your orlginal aumber line. Rotate it sbout 2 through
180 dagress. . ! .
Nov rotete g sbout the old posltion of 3 through I80 degrasae. ; § Ve
Were to the Line mowv copared to fte sterting positlonl : -

¢ Cemarelize: rotets ebout tvo pofnts in succession; vhera witl
the line be thant

¢ Cemerelize; gotete through several polate tn succeaston, eli

fdentlifed by their origtnal nemx8; wvhere wiil the line be
thea?

c:-:: A move conelsts of Instruction te fotste your aumberlfne
shout some pofnt (fdemcified ofther by ite new wams, or its
originel name, duc be conslecenc in sech foavi). Ailut u .
pradetqinined avaber of moves, or perhsps on @ move safacted
by some rendom evuat such ae solling @ | or 6 vith & dis,
the mext player MUST raturm O to Ite orfgiuel posltion. :
1 Flayese uXy then chellangs whethar 1t hse been doae ‘i &;
Q 2N - ' .
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Juwr TU8H MegrinG (Waremio0)
REPORY OF PANEL ON
CURRICULUH GUIDELINES - A HOPE IN PRINIY

Statement for CHMESG panel, Wednesday, June 6, 1904

Curriculum Guidelines - A #ope in Print

L .

.

-~ D. N. Aloxamder

In ssking me to participate In this semsion, David
Wheeler suggested that the focus should be, *"What are
the problems of making curriculum change effective in
the schools”. i

The SINS project bhas given us a clarified mode!l for the
process of curriculum implementation In emphasizing the
distinctions among
the intepnded curriculum -
the inplemented curriculun ;
and the attained curricwlum.

Yhe implementstion of cwrriculum involves ‘negotiations’
between developer and teacher, teacher and student (or
mote complately: between chn;opcr and author, suthor
ard teacher, and author and student). Fach *negotia-
tion' Involves the exploration of and reinterpretation
of ‘meaning’.

This mode!l re-esphasizes the fact, which we all recog-
nize, that curriculum change s sedly mandated In -
documentns such as Ministry guidelines, is nothing wore
than "A Nope in Print”. Before {t becomes fmpliemented,
it must be understood and belisved in by toachers. A
commitment must be made the part of teachers to
implemant the changa and ginally mplementetion must he
engineered In such a way as to change the learning of
students.

Fullan and Park In the resource bookliet Curriculum

’ { lcfontatlon. Ministry of Education, ontarlo, 1981
EenE Y

Ty the overall problem:

“most efforts st curriculum and policy chsnge have
concentrated on curriculum development and “on
paper” changen. ... the implementation process han

( frc?uently overlooked -Yo (bekaviour, bellefa,
skilfle) in favour of things fe.g. regulations,
materfoln) ... white pcop?c are miuch mare difficult
to deal with than things, they sre atso wuch more
necesssry for success”.

They also state that crucial to Implementation Is that
teachers: .
see the need for the change;
are clear ahout the change, and do pat porcelve the
change an too comploxg
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have available or ara able to gunerate materials

that lncorporate the change and are practical,
While "on paper® changes are clearly only a start, they
can contribute to implementation by making the change
intended clear.. It is this clarity I have been concent-
rating oa over the last two ysars. : R

©

The esastest example to refer to ia the issue of calcu--
lator usagye. For a nuasber of years curriculum leaders
in Oantario, as alsewhere, have beaen advocating increased
use of the calculator in mathematica classrocms. In
1980, the Intermediate Guideline Committea suggestaed
that teachers explora methodas of using calculators fn a
variety of ways, but they did not mandate the use of
calculators, and they did not clarify the relationship
betwesn traditional arithmetic computation and computa-
tion uaing calculators.

A survey of studants ip Grades 7 to 10 inclusive, made
in 1981, showed that 808 of the studants owned or could
easily borrow a calculator but less than §08% were
permitted to use them in class and only 208 of thoge in
Basic Lavel classes were permitted to use them on tests.
Classroom Processes in Teaching Mathematics, Ministr
éf-iducation. Ontarlo, 1383}, o

Ll

We decided to clarify the change advocated and ‘include
the following statemant (which some of you may recognize
as being an offspring of Mathematics Counts.) ;

Use of Calculators

The calculator has become an integral part of our
way of life. In recognition of this tact, schools
should ensure that students become proficlent and
discerning in the use of calculators.

- *
Students should possess sgﬁﬂﬁrcliable methods of
carrying out calculati withput the use of a
calculator when & small fjumber of diyits are
involved, and with a calfulator when a large number
of digits are involved.

Calculators shall be used when the primary purpose

- of a glven activity is the development of problem-
solving or other skills in which computation is of
secondary importanca,

It should be noted - that the "shall®™ in the lant sentence
makes this a policy statement in Ontario. Thus we are

50
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clarifying the change - the choice is no longer thaice
for the teacher (on paper) - the calculator shall be
used, '

In support of this change we have also identified for
Grades 7, 8, 9, 10 and for Grades 11 and 12 Genecral
Level Mathematics (for which the interface with the
Colleges of Applied Arts and Technology imposes some ‘
terminal objectives) clarification of what "small number
of digits” means in terms of calculations without a
calculator. This clarity has an additionsl purpose, to
encourage the changa, on the part of Grade 7 and 8
teachers in particular, from spending so much time on
computation that they have little t¥me left for geometry
and measurement., ’

" Another area we have addressed is that of problem

solving, The 1980 Guideline Committee had emphasized
problsm solving, but in very geperal terms. Curriculum
committeas trying to incorporate problem solving in the
course outlines and resource document of their respec-
tive boards had wrestled with the issues of what should
be done and at what grades. Recommendations were made
to us to clarify the fintent. ‘

1 endorse the view that in this area we must take what
Fullap refexs to as the Adaptive approach (as opposed to
the Fidelity approach) to curriculum change. That is, I
bglieve that the natuxe of the change we want in this
area 'must be clarified through the process of implemen-
ting it. On the other hand, I also believe that the
work such as that of Charles and Lester (JRME,®danuary

¢

‘'1984) gives us a basis for being cl'er in our expec-

tations.

Thus, while we do not include specific content objec-
tives for prohblem solving we do make statements which
provide a framework for development of problem solving
and further, we have tried to ldentify a sequenfe for
the teaching of heuristics throughout the grades.

3
In the introduction we states

Problem Solving

DPeveloping the ability to solve problems is a major
goal of mathematics education. Problems are solved
by drawing on past experisnces - sometimes in a
systematic manner,¥but often in flashes ¢f creati-
vity and intuition. Problem solving is not exclu-
slvely the domain of mathematics; it is an integral
part of all subjects and of everyday life.

o1
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'tic problem solving involves the following Estimate (guess and check; improve the guess)
. ‘ Choose operations and sequence them

Assume a solution and work backwards
he awareness of a situstion in which there is Use a mathematical operation, a formula, or.
iven information and a goal ' ' ' write an equation

-

4 I1 {The consideration of possible strategies Solve a simpler problem (part of the problem)
5 {models) v Account for all possibilities -
11 he choice of a strategy (model) Check for hidden sssumptions '
: V_ fthe carrying out of the strategy ‘ Make an assumption and draw a conclusion .
: V''The verification of the solution in the
situation = N = . o 111 MConsidcrL:calons:fnr”the chojce of strategy:s - —— -~
There are two najor types of problems: Familisrity
: Ease of 1-plc-entation
B A strategy is evident immediately. Difficul- Efficiency (elegapce) ’ P
' ties in szolution are related to ability to : . ‘ " ’ -
carry out the strategy correctly. ' 1V Carry out the strategy:.
2. &-utratn?y is not immediately evident. Diffi- o : .
culties in solution are initially related to Work with care
‘choosing an appropriate strategy. ‘ ‘ Check work ¢
. : Present ideas clearly
A given problem may be of the firsh ty for one ' Persist (try, re:t, try again, try another
individual, but of the second for anygther. - strategy)
Word problems assigned after a mathematical concept - V Determine how good the solution { ,
or skill has been taught are usually, of the first ;
type, for most students, requiring onty the appli- ' Verify in the problem situation (reasvrgble- :
cation of a known algorithm to process\ a solutfon. : ness of result) hma\h.”/#‘N\\
It is essential that students also have expsriences ' ~ Generalize the solution to similar proble
throughout each grade with problems of the second Search for a better solution
type. Generally, these problems should be solvable
. by a varlety of ltl‘athll or by models and tech- - Throughout the Intermediate and Senior Divisions,
" niques that have not been rocently taught or courses must include planned experiences based on
practised. Type 2 probléms, which will strengthen the s

: , students’ problem-solving skills summarized above.
- The following shoyld be stressed in connection with . ‘ .

the stages of systematic problem solving: ‘
. While for Grade 7 and 8 we identify the following
I TIdentify releyant and irrelevant information: , strategies for particular attention:
Read . ‘ ‘ : Problem Solv!ng '
Understam é

Emphasis should be placed on the following aspects

Paraphrase
of problem solving:

Summarize

List
A T Identify relevant and frrelevant information:

IT Identify possible strategies:

Read
Classify information (insufficient, canfli%- . Understand -,
ting, extraneous, redundant) Paraphrase
Scarch for a pattern \
Draw a diagram or flow chart \ ' .
Construct s table //




11 Identify possible strategies: ;
A : R
Classify information ({psufficient, ‘\tonflic="
, ting, extraneous, redundant) S
: Search for a pattern :
‘ Drav a giaqraa or flaw chart O
Construct & table P
Estimate (Juess and check, improve the Quess)
Choose operations and saequence them
Assume a solution and work backwards
. . Solve a simpler problem :
* & . Make an assumption and draw a conclusion

-t

111 Consider raasons'ﬁor'choﬁbe of ﬁtratégy: L

Familiarity
Eafe of implementatipn

IV C¥rry out the strategy:, ‘ /

: rk with care

- Check work Y
. Present jdeas clearly
3 " persist ‘

v Deter;ine how good tha solution is:

Verify'in the problem situation (reaspnable-
ness of results) .

Hopefully this will provide sufficisnt clarity to give a
basis for growth on the part’ of teachers. The danger
here is that materials gand textbooks) will produce
."false clarity"” and sranslate this materfial into work
with types of problems to illustrate each strategy,
rather tlaan emphasizing the critical. aspect of. conscious
selecti from a set of possible strategies. ’

F | ' .
The hope inherézt in my last {llustration may be the:
least atiainable, since its implementation will be
influenced more by economic and social concerns than by
actions ot teachers.

-

~

Ry . .
~

Some background is necessarys

Since 1972 there have been two major programs in Grades
11 apd 12 in mathematics in Ontario. One, Foundations
of Mathematicy, was developed essentially as a pre-
cdlculus psogyram. The other, Applications of Mathema-
tics, was developed to provide a geperal program for
students not intending to take mathematics {or mathema-
tics related subjects) at university. '

+
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. accommodate students who in understanding and

One of the major destinations of students encolled jn

" the Applications of Mathematics courses should be.

Technology or Business programs of the Colleges of
Applied Arts and Technology, hgwever, the perception of
teachers and students, strengthendd by thae level of
difficulty of many CAAT courses, is that the-program.is
inadequate preparation for Technology programs, in terms
of the algebraic skills daveloped. The result has becn
an increasing pressure on the Foundations courges to

’ ivation
are better suited for the General Lavel program.

Taking as a basis, a statement of desirable prerequi- .
sites which was endorsed by the Deans of Technology, we
have constructed a program whigh should provide students -
with those prerequisites. The problem is that as long
as there is a pool of Advanced Lavel graduates to*draw
on, it seems unlikely that the guguates of dur Mathema-
tics for Technology prograik will get preferential
treatment for entry into Technology programs. For
implementation of the change we desire, we must see a
dramatic drop in students taking Advanced cobrses. This
seems to be asking too much of & change in_parental and
student expectations in terms of “keeping the door to
university open®, , L -y '

My dream is that the Deans of Technology will find the
graduates of our new program so superior in the prere-
quisites they require that they will create admission
pOlicies that will enhance the appeal of the program.

My fear is that we are in a chicken/egg situation and .
wany students will confdnue with the new Advanced
programs. to the detriment of both themselves and the
program. . :

I have tried to examine the problem of effective change
in curriculum from the perspective of the development of
Ministry guidelines. Mike Silbert will look at the same
fssue from a perspective a little closer to the class-
room, that of a mathematics coordinatdr for a large
school board.

In my view, intended change can only be achieved through
the modified teacher belisf and behaviour which cowes
from appreciation for the need for change apd commifhment
to it. In a rational world, this would precede the
development of the "on paper" change, but our systems of
education do not seem.to be adapted to such a process
and it is quite clear our warld is far from rational!

]
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REACTION TO CURRICULUM GUIDELINRS

I +A_HOPE IN PRINT
: r
By
ol Dalc R. Drost -

Before reacting to the presentations of pDavid Alexander and
Hike Silbert, I would like to describe briefly the context
in which which I work in New Brunswick.
bilingual province with less than 150 000 students enrolled
in grades '] through 12, approximately two thirds of whom are
anglophone. The provincial department of education has two
ptogran“developﬂcnt and i-plencntntion branches, one for
curriculum work in each of the two official languages.

I am the mathematics and science consuitant for the
anglophone section of the department. Along with other
tasks to which 1 em assigned, 1 am responsible for
overse¢ing the mathematics and science curricula from grades
1 attempt to monitor the situation and to keep
teachers content., Silbert’s notion of a consultant as a
navigator providing information and charting a course based
on the best information and technology available déscribes
my position; however, due to the wide range of curriculum
offerings in mathematics and science, more time is spent
providing information than charting courses. Ontario is
criticized for not having a permanent staff wmember
respodisible for looking after the interests of Msthematics
on a full time basis. Although New Brunswick has such a
person in theory, the wide range of responsibilities makes
it difficult, if not impossible to do all that needs, bo be
done in mathematics educstion. Eﬁ

.

In New Brunswick, we have three mathematics curriculum
development advisory committees to work with the consultant
to formulate and make recommendstions regarding mathematics
curricula. There is & committee responsible for each of the
elementary mathematics curriculum, the junior high
mathematics curriculum, and the senior high mathematics
curriculum. Each committee contains members from the
university community, as well as firom the public school
teaching community. Teachers form a smojority on each
committee.

Whenever necessary, a committee conducts an assessment of
the current progrsm and reviews the aims and objectives.
Input {s received from classroom teachers as much as
possible. The statement of ajims and objeckives is
transformed by the cosmittee into a set of criteria for
evaluating textbooks and other instructional material.
Following a review of avaitable materials, a selection is
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made from those which rate highest upon evaluation. pilot
classes are cotablished in several nchools to assess furthe:
the materyials and to identify inservice needs and other
tasks attached to implementing the program.

Based on the results of the pilot projects, the committee
makes 8 recommendation to a provincial curriculum advisory
committee (PCAC). The PCAC is composed of representatives
of such groups as the school superintendents, the teachers’
association, trustees, and universities, If the recowmended
material is approved, steps are then taken towards :
implementation throughout the schools of the Province. 1f
not approved, tha recommendations are .returnad to the .
committee for further study. o

In theory the process described above provides input into
the curriculum development process from all concerned
bodies. It also allows for curriculum matexials of any
nature, efither those produced by commercial publishers or
those developed locally. In reality, the various programs
u;:l:lg are defined eventually by the textbooks which are
adopted. , Co

To a large degree in Csnada, the content of textbookl.,:
defined by guidelines developed in the more popu lous
provinces, particularly ontario. Provinces such ss New
Brunswick, because of theixr gmaller enrollments and
therefore smaller market, hgve limited impact on textbook
content and availability.

evaluating our general mathemstics programs
and 11 level, a decision was made to search
terisls. Two Canadian publishers had

fch appcared to meet our needs for the
grade 10 course ar had plans to develop an.sdditional book
which po:uibl{ could meet our grade 11 needs. However, ‘
because of delays in the production of guidelines in
Ontario, each company has postponed publication of its
additional book until it is more certain of Ontarfo's
direction. In the meantime, we in New Brunswick have
piloted and selected one of the programs for grade 10 and
vait anxiously for the production of- the sdditional book.

Recently, afte
at the grades
for new textual
sexries available

To be fair to publishers, they do allow us sowe dnput into
their products. Sometimes they are prepared to add a chapter
for us, or provide us with a gooklet contsining material pot
in the main textbook. Recently with respect to chemistry
programs, publishers agreed to make changes to their ,
Programs to mske them more Canadian, Although such changes |
are often minimal, they are of importance to the success of
the program.

-~
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Silbart commuents that currjculum guides with a content
listing as a central foeature cieste difficulties since they
often do not provide a primary foous onths ratienale for
tha cugriculum. Most curriculum guides already provide at
least a short statement of rationale - but do teachers read
it, and if they do, do they abide by it? Most of us here
would agree that statements on rationale for the curriculum,
statemants on issues such as calculators and problem
solving, and statemants as to specific elements of content
that are to be included in the curriculum peed to be
included in piovincial curriculum documents. Insurance that
such intents are actually implemented and sttained must come
from extensive inservice programs, rather than from the
document s - themselves, ‘

. N
Alexander rafers to the problem of preparing students for
post lccondar¥ programs in techiiology in Ontario. We have
axperienced similar problems in New Brunswick. Students who
have traditionally enrulled in some technology programs have
studied general mathematics courses in high school.
Community colleges complain tigt these studaents have an
inadequate background in algebra and trigonometry. As a
result many more students are now opting for the high school
academic program to satisfy eptrance requirements for
technology programs. To some extent this lowers the average
ability of students in the academic classes and to minimize
failure rates, standards arxe somctimes lowered. Then
univgrsitieg complain because students are not prepared. A
catceh twentg-two situation results. In mathematics in most
provinces wdQave several levels within our high school
programs--le s which allow most students to study
mathematics at a level commensurate with, their background
and abidity. If our programs are to retain credibility,
standards within each level must be set and maintained.

Many problems assoclated with implementing change in
mathematics are mentioned by silbert. These include
political constraints, human constrainty, school
adeinistrators who lack curriculum training, and teachers
other than those trained in mathematics teaching
mathewatics. In New Brunswick, the éxovincial government
currently is investigating the possibility of extensive
reform in the educational systemn. Concern has been
expressed that at the secondary level, a singld core program
for all students 1n being considered.  Such a decision would
be at the political | 1 and not gt the educational level.
The othexr concerns mentioned by Silbert are also real and
unlikely to change in the near future. Yet, he is
optimistic about «irricular change,

Dt
3

. largely rural and spread over a large area.
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It could be argued that if publishers are unable to provade
us with material congiuent to our neads, then we should take
more initiatives in developing our own material. For
several reasons, this is a difficult alternative ii. New
Brunswick. Our population is not only small, it is also

To bring
teachers toguther is costly and hence not feasible on a
regular basis in tha province. Finally, New Brunswick has
tried to maintain the same program for all of its students
with the same basic material used in all schools. In New
Brunswick, development of materials at the local’school or
board leval to supplemaent a core provincial cwrriqulum is a
feasible task; developmant of materiasls for that ‘cure is
much more difficult, if not impossible given current
circumstances. ' '

-

Silbert asserts that ‘curriculum guides are overrxated
documents in terms of impact'. Alexander adds that ‘while
on-paper changes ars clearly only a start, they can- -
contribute to implemantation by lakin? the change intended
clear’. In New Brunswick our curriculum documents are
modest ones which provide a byrisf rationale of the program
and in most cases outline the sections of a textbook which
constitute the content in the curriculum.

My informal observation of what is done in the classrooms of
New Brunswick is that most of the mathematics taught is, in
fact, recommended in the curriculum outline. However,
everything in the outline is seldom done. Notable examples
of this are gepwetry topics in the elementary and junior
high grades, statistics and probability in our acadeaic

. elaventh grade program, and an emphasis on 'real’ problem

solving throughout the curriculum. In Other words, in New'
Brunsu?ck the intended curriculum is not congruent to the
implemented curriculum. 1 suspect the same is true in other
provinces as well. The document may contribute to
implemendation but the impact is limited by the teacher's
perception of what is important.

Alexander elaborates on statements on calculatory and ‘
-problem solving that are to be recommended for ibclusion in

Ontaric's curyiculum documents. Will such statements make
any difference in the classroom? NWill they have an impact?
1 suspect that, although the statements provide genacral
direction, most teSchers will be unable or unwilling to
translate them into specific activities, The number of
teachers who read the statements and implement the
corresponding intended curriculum may be inversely
proportional to the length of the statement.

~
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fitlbert advocates an ongoing rather than a shot-gi apprefih
to change,  HNone of us would disagree with this position,
yet in Bew Brunswick, and | suspect in other provinces or
well, the approach tends to be shot-gun. We tend to react
to sitvations rathgr than keep Lhem under constapt review.
Can it be otherwise with a single consultant responsible for
all mathematics and science programs for grades 4 through
12, ’

Both Alexander and Silbert emphasize the importsnce of the
involvement of teachers in all aspects of the change
process. The system must be open, and must also be pgrceived
to he open, to all pf those involved - teachers, pupils,
parents, trustees, adwinistrators. In New Brunswick we
attempt to keep our system open through curriculum
committees and by close cooperation with teachers’' subject
councils and district professional devel nt committees.
Yet, ironically, those whose views do not prevail see the
system am not involving them. It is difficit, 1f not
}spnsslble, to keep all pecple happy with respect to the
curriculum, !

L
How can the intended, the implemented, and\the attalned
curricula be made more congruent. In New Brwugsylick
beginning in June 1985, there will be compulsory provincial
examinstions in mathematics for al} students at the end of
grade 11. Will this. place teachers in a position where they
must at least cover the intended curriculum? Already some

. teschers complain because of too much materfal in the

curriculum and too little tika. At the same time,
institutions of higher learning complain because students do
not know enough. 1t is possible to make the intended
curriculum congruent to the attained curriculum. 1 suggest
yes, but it will not be emsy.

The teacher is the key and teachers for the moat part need
direction - specific directio This can be done through
curriculum guides, making teafhers aware of the intended
curtriculum and the rationale Yor {t. Teachers also need
inservice - specific inservice directed at particular
problem areas. The inservice needs to be more extensive

tha presently often the case to ensure that the intended
curr fculpm becomes implemented, And finally teachers need
feedback - spepcific feedback on how they and their students
are doing. Mven proper use of this {eedback the :
implemented cprriculum can become the attained curriculum.
And, of coursk, to do all of this regquires funding -
specific funding directed at particular problem areas.
funding must come from provincial governments.

That

. Fl .
Silhert claims ‘the real challenge s to prepare gyrticulum
for teachers teatrning, not student learnin?'. Ti:ﬁ\}arge
extent I oagree, however we mast not lose sight that the

teacher tearning must result in student learning. At that

time the 'hope in print' will become 3 1eality.
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CURRICULUN GUIDELINES: A 10PE IN PRINTY
Fanelisi: Nichiel R. Silheci

In ovder to putl my comments in perspekt tve, | feel that 1 should shae
with you my mandate. As Spervisor of Malhdestics for a reasonahly large
wrban school board, 1 am of ficially respons fhle for al 1" aspects of the quality
of program and instruction im Mathemat ics f1om Kindergarten tiw Grade 13
theoughout our Jwisdiction. This includes staffing our Mathematics programs
as well, While my comments will focus rimarily on the consultative aspects
of my mindate. -- those aspects which re‘ate to effecting curricular and
instructional change -- | will be towching, albeit briefly, on issues related
Lo staff selection. N - '

What s 2 consultant? WNell, | use lo hive a tom cat, fie'd sleep all da
and be out al] might ::;rslng and cousing & lot of trouble in the !

neighbourtsood. So I t ki to the vet and got him Fixed. WNow he's only a
consultant! ‘ ‘

The following cartoom puts #t another way:

K]

“I don't knev, H, bark vt werth a damn
'

W't werth « dann

and my blir

t 1 owe 2 tremendous dedl of gratitude to my colleague, Gail Rappolt, for the
discussions we had prior to the preéparation of these rowarks and for
gem!sstm to parsphrase and excerpt from her recent article, "fffecting
ducational Change™, in Contact 61 published by the Canadfarf Studies
Foundat jon. T .
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A gty Bheae 1 ke Dikes e on bedihing sl Jesiatng 1y thal
feahers toad Lo pruject thenr owi Joda s style thowgh She same contenl
methodulogy cmploynd 1 dheir own cducalion. 1 this 15 58, ead my 0w
observal 10wy Besd 0 cocroborate thiy, thew e of Lha most difficult dilesads

facing a consuliant Lrying 10 iaplomsual sew corrtculue 15 bow Lo iatervene
effectively in shis cycle oad help paople change. ”

Uliem, teschars qppuar wawilling o wndble Lo chaage. Thay seom
detlermingd (0 b on 1@ ¢lassroom strateyies ond svaluslion practices which
vasult 1m high fallure and drop out rates. They Wold oa 10 these Lechaigues
in spite of a hasl of theorstical ead ompiricsl evidence indicating that
tearning will toke place using more diverss oad exciling Lechaiques. The
salut ive 1o this dlgm i1s parl of the problem -- owr owe educdtion. As
Beriraad Russell moted in RIS Skeptical Essays, "We ara faced with 4
M aduxicel fact thal @ jon has Bgcoma one of Lhe chiaf obstacies o
inded ligenca ond frasdon shought .*1  Adthowgh it is difficelt to bueak oul
of o One Lhinking palluras, we must Lry 1o fOCKS on chinging owr cusriculue
snd tuaching siralegies based on the findings in 6w areas: curriculua &u
lesrning thaory. lastuad of eathusiastic support for Lhese new 1deas, |
encounler resistance snd dishalief,

Unforlusatuly, ralher thea facing Ihis problem -- aad 1t 1s certalaly one
ut comsidershle magattude -- it 13 bolh easter (and safer) 1o Jash out ot 4n
tpes soaal, distaal Cwrriculum which appedrs Lo desy the reality of Lhe
Leaches 1hat we & have ead il oontinke Lo have 18 owr clissroams. Due
thiig Lhat Ras ge adually becose svideal Lo s is Lhal you caonol depend oa
you cyes when your  imagindt ion 1s 0l of focus, end my own focus, given ay
mandate, must be oa IRlarveniag 1a s effeckive wiy wilh tuschers to help them
recoguize ofd aller those bekaviours amd beliefs vhich Impede cwriculir ad
tasiruct 1onadl change .

¢
J Ihe problem we foce 1s 4 tromendous one and LM resow ces are cleady
Chimited,  Hut constiuctive chesge, | behieve, 15 indeed possible.

s

[ Iminking of the following Ristuiicsl analogy brings the problom 1ato

® haiper focus.

L L 3
Prctuwe an 1oa 1a Palos, Spain, August 3, 1492, AL the tabie beside you
o growp of sarburs com philosopbers ae Lalking after several Jugs of wine.
Ity the evening af ley Columbus has sarled.  The conversdbion you overhicd
may hiave goox someihing like ths: -

Farse Satdor.  “Any fuul can see the wort bd s thatl”

Seiond Saalos s
/

o
“} hdve redd, hisiened G0 )
mais &nd chards - there gy
Lhe wot ld must ke round.®

"The wor bd may welbl be um&a, bul dround hese 3ty flal "

Ihicd Sarln: x‘&quls and louvked at the

other Jogical expldndtun

.

Doderinand Russeldd, Skeptical Eysays. (n.mk*-m»za), p. 160
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towth Sarlu: “Rowsd, Flel ov tridngular -- fiadug out won'l pul food
ou my lable --"we are all wts)Pout of wurhl®

Over the pasl tea years 1 Rave come o acC '
. ; ] spl that sy eltempls Lo

Lonvince Ledchars tu chinge Lheir practice, other thea s;q)crhc?ﬁlly. are
doul a5 likely to succeed as attompts Lo get coassasus 4t that table in

‘. $. le ‘ “ dYEen 5a ’ o ‘
’ “" : h ‘ '.r . b d
[+] A\ .e. “ was CWIK“, was nol on oar ane

How does the analogy f117 Like Columbus, | begin wilh 4a asswipl 100
ch: 1dedl aducation is process oriented, addvesses severa) dnferm le‘u“mng
stylas, recogarzes right/lefl brais dominance and is individudlized Lo Lhe
degres that learners balieve their ows maeds are being met. The following
:lgufl fnsqnu\qy image of tha IDEML -- analogous 10 Columbus® ROUND WORLD!

baven't seea the ides! on 4 largé scale yebt, but | believe strongly ‘enough

. ::::)sl" is botk desirable and pos‘ihh that at least?l'm on board one of the

——— &, _
FROM ' 1

Owect laaching [studeris posive) — e

i Palcipatony e SN wClive]

Class managhd a¢ 30 sty

Stundwiitg eid 4
- (S PRV VTR TV Y)

YNOP eV N ke
SO agled

> quunlf dincl foachiers deviiop ¢ cwdtive and
CRMlaiging suvicoimeny

——

Wtk sid monandtiog Chsgd

T sissw aaned 14 abed bieit ot @1 1100 wiliad  leugly Qh:\‘

Sdmfml W MR

ELlcuny Mt asind by Tuociar thag
o

Newds ol skt sulioad b cuerneninty

setatnii whiaf iz fxglit
v.\

P Siwdwnot groups Headile

Frgaea |
Goale kv Educstional Changs

BT S sap it e ot Dy G Magapils & Apeinciains

lowever, as & cansultanl, | an daware Lhat many teachers gie strlbl in
Pnu;. sd | omight add, feel the same wiy sboul my educdational 1desl as sashor
:'me elliwuul the round world,  Given this, | sust now Ix prepared Lo sccept
tsmissal of my view of the world and see the tesponses of the four sarlors 4
marely paints dlung the contlinue of koowledye, skabls aind Bt 1tudes ’

Rﬁ‘l’s"(‘l'y “"‘ posslble ] "J
. ' l" [
&y de"&e '] d (4 ver “}L’ §J.|Ul encaunter that

Consader how foubish 1t would have been for ‘

A : > oF salhe one
::::d the Pinte. Vne wés khoroughly coavinced Lhat the world was flat -- he
A bgo uu‘u_». cxrmleuce. Likewise, Lleachers' views refdect il exper Fead e
W from ther uwi educalion, their ows redding, oF from In-service or

upyrating.

fo have been on
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The key, a5 a consultant, is to see the teacher as merely having certain The minimal 1mpact of ow curt iculim document
beliefs at a given point 1n time (not forever) and to see the consultant as a curviculom is clearly evident in the fiwﬁm;‘m"l:wm:p:::? ;h:'::::'?c?le?
navigalor providing information and charting a course hased on the best of Mathematics in the senjor division and the eariy J0's study of “Curr e: ™
informat 100 and technology. at his/her disposal. However, the cgnsultant s Ontario Elementary School Mathematics Progr ams® Clear ty sm:lhim in'::e
not the captain, and thus is criticall ndent on information, credibilit ocess is not working; what ' '
aptain, y dege n . y “g ; ng; wis intended 15 not being implemented,

and markeling to make her/his case. )
| Unfor tunately, in Ontario, politics-has been the significant driving

force behind . the Current set of curricular revisions although | would be the *
First 1o agree that’ some of the areqs of change are Tong overdue. This A
conclusion is only too easily formed. The guidelines for Grades 7 to 10 which
Mhat is meant by curriculua? Is 48, as the Ontarto Ministry of Education were developed in the early §0's Look.over 15 years to be superseded and yet
suggests, "all those experiences of the child for which the school s J,’:;:?::tz ::’:LS:C;:::W C&-:enced less than 2 years after they had bey:n

‘ € $. One of the early criticisms that we, a5 2

responsible72 This definition causes me some {m'sonal difficulty a5 it
suggests that curriculum is 9 consequence of authority rather than a result of witing team had to face, vas how we could possibly be chinging courses that

planned action that arises from a carefully thought out, well-researched plan, had not yet beem fully implemented. Such an acti

While this ‘after the fact' definition certainly suggests that accountability with other mon-curricular sducational thwusts, len's::':u:::gl:“:“l?:
coexists with authority, it focuses primirily-on the implemented and attained sonnel at the loca! level shaking their heads in disbelief of the e
Cg'riculu- and not on what was intended but perhaps not experienced. inistry's apparent fack of respect for Lhe integrity of the implementat jon

But enough of this talk of saifors from a bygone eral This panel is
dbout curriculum -- "Curriculum Guidelines: A Hope In Print*,

>

¢ process,

Curriculum guidelines, in the Province of Ontario at teast, are vastly .
overrated documents in terms of their direct impact on classroom instruction.

These genéral documents, vague in intent and distant from the reality of the !
teacher ald the classroom, have Tittle direct impact when compared to learning slapshot”) approack to curriculum decign, development, implementat ion and

materials such as texts and workbooks, Adwittedly, the content listing in the review. This discyete mode! treats the ases of t .

? guideline makes itself felt in the clessroom indir;ctly through lhesen%uruiug "events® rather than as a series of toqr?:x, hle"::‘::;';::::sgtle .
saterials but, infterms of impacting on the process component of learning, the :
present guideii s are sbysmally unsuccessful. ‘ )

The curriculum model that, for ali inlenfi and
purposes, is rational
in Ontario today is the "add waler and stir® or, 'smpshopr" (;one :?;M argze

, o
The curriculum process, as whole, s adwitted} oper
. oy at tnder
number of environment al coas'!rlinls, noteably: Y u;ng : ‘

One of the profound difficulties with a curriculum which has a content
- listing as a central feature, be this intentional or otherwise, is a lack of a

primary focus on the rationale For the curriculim as a framework for interpre- ;

tation. This lack of focus can lead to Sigl{iflunt misinterpretations of the _ : ~
intent of the statements in the content Tisting and to.a course development There is a serious under-resourcing of the process at both the local and
that is diametrically opposed to that intended by the guideline developers. , Provincial levels: for example, there is no ons-presently on permanent staff

. Political comstraints
. constraints (time available, rate of learning)

ThiS point was forcefully broo?hl home to me in recent weeks by two in the Cwrriculum Branch of the Ninistry whose primary responsibility js t
mithemalics leaders who have played an active role in the current process and look after the interests of Mathematics on an ongaing b,;g? Y °

-+ who are preceived as 'innovators’. 1t was thejr belief that the ‘caps’
: Another matter of considerable personal concern is the partitioning of

(restrictions) on some of the more traditional arithwetic and algebraic )
Enl on these topics -- not less! issessment, curriculum and instruction. Al a Lime when there is a strong cry

operations meant that more time was ta be s 3
They had equated increased specificity in the core content listing withy for "accountability” we showld be attempting to develop a symbiot ic
increased proficiency, or greater mastery, If you like, and greater “-&Oﬂ ~ relationship between curriculom, instruction and assessment. It s my
Lask , Personal belief that assessment shoufd reflect instruction, and instruct ion
should reflect curricufum, both the " intent and content, to'lhe greates( extent
Documents do not effect change; people .effect change. As Cooper and possible. Is iy sy wonder that our teachers have not developed a coherent
Petrosky reported on a study made alwmost a decade age, “Sludents' attitudes if}legrlled pproach to these three aspecls of the teaching/ learpi 'ocess.
and learnings are directly influenced b! the personal qualities of teachers given the mode! that we have pravided? When “push comes to bull""ge‘l”ne&
and the classroom climate they create.” curriculom, which is general, and assessment, which is specific, it is the
e latter wiich rules the day with curriculum taking a back seat! When ve Come

ior across "exemplary strategies*, do we build thew equally into both our

.?.Hinnl‘ry of Education, Ontarjo, Education in_the. Primary und or
fnstruct ional and‘ issessment repertofres? fhe danswer, qenerally,” is no.

Divisions. {Toronto, 1975), p. 7. . ‘

ts! ' At the local level, there are two additional prohlems thal have

 (harltes R, Cooper and Anthony Petrosky, "Secondary School Stud
signiflicant impact on effecting curr fcular change.

Perceptions of Math Teachers and Math Classes”, in Halhematics Teacher,
{March, 1978), p. 2727.
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AL Lhe stdmimistrative level, saay adwinistrators tack the cwriculum
Lraining sad exper tence ad hence do Aol have ¢rther the lools or the
aedidibitly Lo coavince teachers (hat aaything bul a teacker-centred, ruie-

. orienled mode of operstion will provide Lhom with the necessary securily and

stabrlity in the classroom. \
\

classroom ‘level, many educationsl jurisdjctions in Ontario have
responded 1o decliming envolmest palterss by ¢stablishing a subject-
1ndependent sesiority system. As a result, a increaiing mumber of teachers
are leaching mathomatecs wilhoul adequale background il the discipline and
with a0 formal mathematics education preparation. In oW jJurisdicpion, 10-15%
of owr imstructional lines Ne being Laught by these “cioss-over® teachers
while at the same time, of Lhe 22 probatioaary Leachers owr secondary
schacls who recently had their coatracts terminated due declining
enrplment , / (Jl.?{ were Leaching mathematics oo @ full o part-time bls(li.

Given Lhe plt::l‘ constraints we face, 1s change possible? My answer is
4 oplimistic, ent astic YE - :

M appropriate allocation of resources Lo support al) phases, noteably the
iq:l*enl ation and assessment phases.

How might the “add water and slir® proRess we mow engage in be idihed
to optimize Lhe possibility of effeclive cuwrriculdr changel Certainly, 3 sore
rational procedure for effecting change would provide for an ongoing rather
than a shot gue process of curriculum development asnd wmplementalion utlh
appropriate mechanmisims built into the process for monitoring, meintaining and
updating lbe-currlc/ulm.

Clearly whial s peeded 1s & dynamic, rFesponsive cwrricul procias nnh'

Two noies of 4wt|on apply here:

/ .

B, As with gther “sequential systems™, the process 15 bound. by its least
effective phase. - If nadequale resources are applied 1n Lhe
implementation phase, for example, additional resources n olher
phases will aerther speed up nor improve the qualily of Lhe overall
process; .

- .

2. As with viartuaily all human endeavours, Lhere 1s 3 "law of
conservatton” which governs Lhe curriculum process. .
Change must bLe managesble 1a asounl and pace and should be 1nstituted as

a1 dccepted parl of the teaching/ledrning process. When we dre assessing

leacher perfTormance we must go beyend Tooking al what the tescher knows and
should be asking, *Whal have you done recentiyl Whal heve you learned?”

Expertence has demonstraled that mast individuals are reluctant, an
general, to chaage their present practices wiless they are forced to do so or
believe Lhal they have somelhitng Lo gdin as 3 result of thewr change in,
behaviour . Two of the stiongesl non coercive mlivatars for change are @
reduclion in work toad Lo achieve the sae level of aulpul or .an increase in
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perceived productive output for Lhe same jevel of energy expenditme. With

these hclo;s in mind Lhe sacentives and rewards for the users of new
curriculum inaovetions are very dependent om Lhe design and extest Jf the
support provided on implementation.  We must increasingly shift our focus to
Mvelqpmg and auturing istrinsic motivatlion to chaage on the partl of (eachers
45 evidence suggests that “appeal to athority” alone will not work.

In order for students to derive full benefits from a new curriculum
teschers need Lo be prepared through the idestification of needs. an uu"euess
of the potential of the curriculum to meet those meeds and a familiar ity and
comfort with.both the conception snd actualization of the curriculum. The
deulw-cntvol these cnvirommental factors is as import ant as the development
of the curru:uhp itself. Ualess the clieats parceive bolh needs on therr
part w.-sigaihq&nl benefits resulting from their use of the curriculum the
cost of the projO will not be Justified by fts bewefits. '

A In order to encourage fyl) participation i1a new curricular\'aevel' wends
individuals and groups must, in adition, perceive that their plrlicig‘allon '
will not be directed against their own interests. The openness of the current
rocess has done much to encourage dn active rather than reactive participa-
tion on the part of members of the educational commbaity across Oatario,

L) 1] . 'Lle"t
< mliv“io" ‘he & 15 st ' f

If corriculum 15 to be more than just “a hope in prinl™
! pe in prial im¢ and mone
musl now be invested i1n qualily teacher education WWI‘Mn/g;‘der‘ to i
implement the curriculum that has been developed -

For those who wish to design better curyiculum, the r ‘
A eal challenge
Prepare curriculum for teacher learning, no studeui learning. re e te

That this will be done effec“vely ¥$ my hopel
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CANADIAN MATHEMATICS EDUCATION STUDY GROUP

. June 1934 meeving (NATERLOO)
) v, REPORT TO PANEL ON !
THE IHPACT OF COMPUTERS O!ff UNDERGRADUATE HATHEHATILS
J - L.
" Tensl on the {mpact of computatrs oa undergraduate -agb.-atlcl
Chelrman: Peter D. Taylor (Quasn’s) .

At.tha June 1982 -cctln. of thc CMESG one ©f the working groups, lad
by Topy Thompeos’ end Sarnsrd Nodgeon, explored the impact of crwputars on
uadsrgraduate mathesatice aducation. Tha gsoup falt {tw deliberatioms to
be rather successful, snd st the (__j}nﬂh“ meeting, fa June 1983, _Bernard
end John Poland sst down and prapsred s paper vhich they publd ed ia the
November 1983 edftios o( the Notes of tha Canadisn Math Socte

At the Jun-.l9!6 maeting of the CMESG, tha topfc vii‘:;-la pursued
vith a panel chaired by Peter Taylor. The three penalists were Joho *
Foland (Cerleton), Ceotgs Davis (Clarkeson) snd Keith Ccdd,. (H-tcr
John apent 15 minutes bhighlighting the papar relsrred to sbov
particuler, sddresning the qusstios of how the current usd ;t-dunt-
curricuiiiis might be modifisd to teke sdvantsge of (or be asriched by) nev,
developmants fa computer kardvare and softwara. .

: p .

bcnrgn Davis ia s -atho-ltlcl,tllckcr snd Profassor of Educational
Development st Clarksoa Beiversity. Me Is instigstor, prchitect and
‘adeinfatretor of vhe much talked about Clerksoa scheme which puty &
miccocomputer {gto the handm of every entering freshman. He pressnmted
some of the philospphy behind and ‘ltli;l offjthe scheme and then geva &
number of pedagogicsl examples from his lab course {n matheweticel
wodelling.
appended. - .

, P*Y

Ketth beddcn is Asgocfste Frofessor in tha Couputer Science

Depsrtment st Waterloo dnd works with slgebrafc slgorfthme for sysbolic

computaetion. He is currently fnvolved im the fmplemeatstion of MAPLE, &
tenguege swited to exsct mgnipulstion of matrices snd functione. In his
presentation he described the centrel festures of this languege. | It ofma"

to provide software which can be essily used by undergraduate .tud.ntg on
-lcrocnnpu(cr‘z and which will manipulste snd factor polynowisls,
differentiate snd lﬂ\egrntc functions, and manipuldte matrices, e}l with
retfonal acfthmetic, fla hopes to have 8 version svetleble in 1-2 years.

v
-
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He has kindly prcpnrei a digest of his presentstion, which (s

\, \‘ - m.'. . .’
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propossls for

, K A

Appendix A Microcomputer for Every Siudewt.

A. Ceorge Davis - Clarkson Univerefty

Cletkaon Uaiversity has an uwndergraduste enroliment’ of spproximately
‘3300 students snd & graduste entollment of meacly 300. Of the usder-
gredustss §)X are snginearing atodenta, 20T gxe science students snd 172

sre {n management studies.

In tﬁ;’lpliﬂ‘ of 1982 the President esked the fsculty to submit
“peaks -of sxcellenca™ {n undergraduste programs, In the
brosd cowuter ares three propossle were submitted:

“{1) hardvsre for computsr lske for majore

(2) a.retreining institute for solving the shortsge of colle;n level
computer ncicupc fastructors. - )

(3) s microcomputer for every muhr‘nduno.

Civen the nature of owur f{nstitution thnn- vere sll matursl propossls sad
by October 982 the Board of Trustess was persusded that the funding of
thess: proposale would creste s “pesk of excellance™ {n edwcation.

. ~

1 vill concentrats on the aicrocomputer propossl since it was afne.

" The heart of the propossl wes to r-quirc each_studant to have a wicro-

computar (one lpocl!ie wodel to be chossn)., The atudent would wpos entry
pay & fee for maintensace af tha computer for the™$ aewestars i wttend-
snce.. At the cpnclusfom of the four yesrs the dtudent would be given the-
computer ‘but ugtfl that time the Usfversity would meintsis owership. The
program Vll to be phased im over & yesrs by providing computers for each
firet yesr cless. Thua, the fsstitutionsl fnvestment fu dollars would
lavel off sfter 4 years. The progras begsn in the fsll of 1983 so0 we have
completed one year of experfsnce. The faculty who were to tesch freshmen
courses in the fall of 1983 were provided with s computer in Decembhr of
1982 s0 that: they could heve lesd time to develop materfal for their
courses thet relied on the computer. Since every etwdeat at Clarksoa is
tequired to teks ® course s comgutér programming some use wes guaranteed.

£

. The' ‘biggast use outside of thes¥coursss wes in the humsnities course

where word processing was widaly wsed. Broad use o(\co-putard‘plcd
tutorfsls ‘was made in the besic phyaics coutse where the professor pro- .+~
duced some/I0 tutorisls and students produced spproximetely 200 tutortsl
leseons. ese tutorfsle were distributed through the currfculum support
ates of fhe Educationsl Resource Center. The major quastion fecing ue now ~
as ve prepsre for sophomars cs‘llll snd beyond fs “Mow do vwe wmake certsin
that we don't hsve horseless- friage cour-eif . By that | wean the micro
should not only fafluence ho¥ we tesach but lluo vhet ve tesch. Reel
thought needs Egrba_glv.n to what should course content be now. “

To that end let me describs my experiment with s methematics
{sboratory. This courve wes started & years sgo vith one micro and [0
programmablie cslculators. Ite bewic thesis is thst fnteresting problams
are inveatigated ndv - not the tesditional spproach thet you can only Took
at them efter you heve teken coursed A, B, C, ‘etc.

Progrln-lng is not the emphasis - but th"developnont ol mathematical
models ts the focus. Stmple progrums that sre ecesy to slter are ueed to

-
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fuvent igate the implications of the models and the pfedtc(cd out Comes 8fe
checked with the resl world pliconcmena.

This past ysar smoag the projects favestiguted wera:

]

{1) & precticsl mov-euclidaan gsometry with Implicetions for city traffic,
robotice snd information storsge. Here ot firat s rectangular pesttara of
“atreata” vss sssumed and all pointe wers considersd, sot jusk “strest-
cotnecs™ a8 in “taxi cab geowetsry”. Questiocss sddressed the nature of
“etraight 1iuea™, perpeadfcular blasctors, stc. Some of the bstier ‘ 7
g studenie fnvestigated similar questions for a rediel patitern of streats.

{2) Kaponsatial decsy or grnuthT/ Heze one of (So gosia was to get
students to guses st & closed form of the soluttiou.

TOPIC GROUP |

(3) Pandulum. This was tavastigsted efter the ensuar for the pertad of @
sinple pandulum had besn divelopad in their physics courss sesuming amall
vecilistions. Quastions sddressed fnclude "How small e saall™, hay long
sust erm ba im order to just detect s 51 change in grevity - differan
snsuwer for d1iferest initial eagle?, iateraction of 'preciston of t}
messuring device vith the sbave question. My questioa is, givey -
aow aveilebls why do we do the “small oscillation” work at sll?

FAMOUS PROBLEMS IN HATHEMATICS
AN OUTLIRE OF A COURSE

' (4) Machanice. (a) Tha flight of o beseball. Questions jacl > ) BY: * 1SREAL KLEINER
, #hould the better bsheve differentl envay Park, air ip-hasvy - DEPARTHENT OF MATHEMATjCS

fmpact?, the complex job of t1ig under & fﬁg bell, how to throw balls ' YORK UNIVERSITY
to homs on the fly or «! (b) Adveatage of being tsll tn beskétball - ‘ k
saide from reboundin : ‘
(5) Length c. (o) Length of firet src of the eine curve. Interassting, '
hore stude don’t believa the spsusr beceuss when we draw sine curve we
raraly g the same unit of distance on sach sxis. A chancs to
fnve ste matematical theory when outcome conflicte with fntuftion.

pgth of en allipae
{8) Montas Carlo Methods.

{8) Buffoa Needle probles’

{b) arc langth of en sllipes -

“(c) logartictha )

(d) why did vaing sverage radiue of ellipse work well for esc length \

but fatl for sreal (a8 model quewtion) «\\

(1) Randve pnumbera (central limit theorem)
~ (a) wlivifltog a deck of cards
(b) energy w#tates in atomic chemistry and physics
I will spand suvma of sy summer workliug out new questtons to f1llust- ‘ 1
rete these wvama concepts 80 I'won’t be tempted to short cut fnvestigatiocns
but ba truly as Involved oa the students in the model work. In some way [ '
will, get sy questions saywhere - Sclsatific Amesican, tudays newspaper,
the gambling taeble, etc.

.
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( ANAD LAN MATHEMATICS EDUCATION STUDY GROUP
June 1984 meering (HaTERLOO)
REPORT OF TOPIc gRoup (L)

Famous Peoblems in Methematics: An Outline of a Course

Israol Klelner, York University

&

Thin {8 a4 one-semexter course 8t the Jrd year lavel offered in the
d’apull-nnt of u.-niu--nllu* York Universfity. (Some technfcal details ahout

the Courss are glven at the end.) It is not » course In the hilstory of “(c)

mathematics, but it has a significant historical component. In fact, one of

the objectives of the course 18 to make students sware that mathemetics has
s hintory, and that (t may be interesting, vseful, and {mportant to brln.?
hl;tnry to bear on the study of mathematics.

The rourse tries to legitimize in the eyes of students the point that

.

it makes wenac to talk sbout mathemstics in oddition to doing wathematics;

that it makes sense tg desl with {dess In mathematics in addftion to desling "

with "mathematicsl technoln|y*. In brief, the course sttempts to maks

students more "mathemati~slly civilized”. (The phrase {n quotes is the title

of & "letter to the editor” written by Proflsssor 0. Shisha; it sppestrsd in

the A.M.S. Notices, v.30 (198)), p.603).
Before dealing with the so called “lamous prodleas”, let me list some
’ »
{deas or themes which I try to pursue in the course, with briaf indicetions

of tntent:

(8) The origin of concepts, results, snd theoriss in mathematics.

'
A televant major theme of the course is that “concrete” problems oftsn give

. 2 . .
riee to abstract con&pli sid theoriss.

(b) The roles of tnguition and logic im the crestion of mathematics
(e)
Stndr:¥1 o§>>q sea only tha logicel side of the mathematicsl

But, i{n the viev of Hadamard, "logic merely asnctions thdf/ﬂ_-\\

On the other

enterpriam,
comquests of the futuition'. History often bears him out.

hand, thete were timas (n the evolution of mathemat{re vhen fogicel’

rathep than (ntultive thinking was the creattve force, (The creation

71

of non buclidron growetty mul net theary ave prise examples,)  For
the uul(lnl matliemat icfan there fn, of rourér, uy opgalng fulerplay
betwern futuition and logtc.
Changing standerds of rigor fn the cvolution of mathcmatics.

The coucepts of “proof” and “rigor” In mathematics ara not
sbeolute hut ch;ngc ulfk'tlnc. Horeover, the change 18 not necessartly

<

from the less to the wore rigorous - there ere fluctaations !:)ft-ndnrdn
of rigor. 1In fmct, 1 think that what ve are witnessliug novadays (both
pedsgogicalty and professionslly) s & renctlon agsfnst the strict rigor

¢

snd abstraction which have dowminated mathematics for much of this centwry.

The tole of tha hodtvhls_nl in the crestion gi_nLt_b_eg_l_t_l_q_l_.‘

Thg sociologtcal theoty concerning the development of mathrmatics
can be suwmarfized succinctly and poetically by the-following statement
of J. Bolyst: “Hathemsticsl discovertes, like springtime Violets tn the

voods, hive thelr sesson which no homen can hasten or retard.”™ At the®

|u-e_tl-e, the discoverfes sre made by homans - howane with p;rsonalltleu,
psasions snd prejudices which sometines have . benring on th; nathemstics
they create. (Cunfor fa = case {n pofnt.)

More generally, the fntent {# to pey sttentfon to the crestors se
well as the crentfons of methematics Y1.e., the humnn drame In the crestion
of mathematfcs). ' ‘
Mathematics and the physics! vorld.

The relationship between -nthn--tlés,-nd the phystcal world 1s s
lfongstanding one. 1t hsw enriched both mathemntics swlanur understand ing

of the pliyslcnl warld., Horeover, cur view of this relnttonship hae

Witness the folloulng

72

changed over time (capecially {n the 19th contury).
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watdy ol WMol tebead: Tu: patadonx lu nov Tully catabilshed that the far the ander by bng thoemes. Nov to the “probitoms®™
etmunt sbntsactlone are the true waapine with whick to contrel our . . . )
The countent of the Cousne tu flexible wid one cai choone the
thought of concrete fact.™ / .
~e . ) piobleme wore or lews as ous ploases. Nure ars some of my cholees.
(1) Yhe "relativity of mathomatice”. The ¢ :
‘ P y lf- ch:léed by personal tnntc, by the level of (e conewe, by
-~ By this | mean that mathematical truths ‘sru not shsolute but
R the tn et thll the subject matger o( the probleme s usually pot dealt
depend i tharcontext. For exsmple, the stotcement “If o + b - o ¢ ¢
re ’ c - with fu the standerd cuuress, sad, most Importently, by the reluvance
then b = c” Ie trus Iu the domaln of, say, rval or complax. meabers ' ¢
. e ’ of the problens to the thomes which I & trydng to expound. (You will
but false In the domalm of tsansflulte avalers. Agsla, ﬂb' squatfon nots thet “problems™ ara Intarprated quite brosdly.)

.I 1 =~ 0 has wu solutions Is tha domats of resl Rumbsrs,

I. Otophantt
solutions {a the domalu of complex uwumbers, snd 1uflultely many solutlons =22phant ine equations .
- 1 2 2 2 2 *
"""")‘"i'*r--:-202-11;x“ty'-:",n>2.

I8 the doawin of quaturnioas.

(8) Hathematfcs = discovery of !ﬂv-lt._s' The common thread fa the four “qustions fe that one cmbedy conciete
This question srises more o5 less meturslly §n counection with Q“Gl‘lﬂﬂl sbout fntegers In ¢ theoretical (elgebratc) framework of onl
’ d uitlqise

verlous mathematical devalopmants fn tlia 1%ch contuty which sre dealt / factorisation domatus (e.g., xz + '2 - ,2 ylelde (x + yi)(x yi) - ‘2
[

wlth«lu tha course. MHorsover, ons ussd mot opt for une cherscterizetion an squstion in Ceussien Integars). Ouce developad, the theory bear
- . * ® o

the solution of the concrete prubli-l one sterted wvith. (Thé s(;ly of

ui the other. Davis snd Negtsh (in thefr buok The Nathematical tugcg!_ﬂss)

soggent hat the typleel working mathematiction la o Platontet ou wcehdaysn Fermst's equation ts more complex.)

ve . N . Sucl
aund o tormilfst vo wechends (thus viewling mathematics st ons' tlme ss o uch questfons gave rise to o Agw biench of mathemstice, namely

al‘tbta ¢ number theory snd, a particuler, to such concepts as ynlyue

dlucovery and st another os s Inveutlos).

.li

idesl

factorization domatn, ring, f1and,

- ‘
Phe ubove thymew ure, of courue, of s jor ln‘x‘tplacl ‘ﬂ the Llstory '
: 2. Bletribution of primes smong the lptegers :

and phitosophy of mathemaclcs, and one can sot treat them exbaovutlvely o
"
Here one embeds practical™ questtons sboot {““.‘mf fu the

hovever, ceatiral toe the contee. Horvover,

8 oHe Srmewlivl course. They sre,
theo . .
heotetfcal framevork of sneslysis, Ths startfug potnt (s Euler's fdenttty

(e binted above), Lut rether ars

theay 81 not dealt with une by ovne
. - i
; . |
dlosruascd tn the (ovise of denllag vith l'DdA (amgus plublunl' . Su much L . - lT a-p l, C\ s any seal momber s | ek
u=-1 n P oprime - ~ r Wi

T I3
al H
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badeer wted to pglve an nhc{natc proof of the Jauftuttude of primes

ol to shou that the ptlm*ﬂ!re (In somc sense) “deansce’ among the,

|
Intem-:n’(l.r.. thot L '/1 diveeges vith Eo/n s cf. the
P riime n integer . .
T ity '
convergence of ° . Yhis was the f1rat {nuntance of the
. P tuin prime

wie of amalysls in number theory lﬁ‘l fed to snalytic mwmber theory.
Other problrms cmuldcut srk prime-produclug formuias (e.g.,
Fevat 4 Hersenna primes, the Hatffnncevich polynominl, Dicichiet's
theorem on primes in sn srithmetic progresslon), the Frime Nowber
‘Thwnr.. and the Rfemanm Nypothestis. , .
Remstk on Problems 1 and 2
“l'n sddition to 'to'lfﬂu llluntnu:nn of so t b ﬂcrnu
ment loned sbove (e.g., (a), ?\). {e)), the ltngdyl of Mumber Theory,
as exemplifled In the first ;ituo problems, nhcdn‘ fight on the folloving

-

poloate:
1) "Simplicity” in mathewstics fs ccfglex (there ts an sbundance
of “simple” questione to wiich there are, a5 yet, no IN-INI'I).
{(t1) Yo wtudy problens in s given nyl‘l!'- (In this case, the Intqu’l)
it ts often very helpful to enlarge the aystem (a rectrrent
thieme I mothemetlics).

(111) The role and limitations of the (cqmtet fre mathematics.

. L

Folynemial equations )
The cubfc, the quartic, and hl"htt Je‘teevequltlonﬂ.

Students think that 1t vee the quadretic rqu?}nfn (e.g., 12 £t ~0)
whtch led to the fntroduction of complex numbers. " This fs not the case.

Tu facet, 1t was 'the cubic vhich geve rise to complex numbers. The “why"

-

nnd "hou’’ of this “story” are explored, bt

The complox mumbers ate mn tutrreating cane study of the genesls,

" evolutfon, and nccef!nnce of » “mathrmaticnl myatem™,

Some fudication Il/‘}(bfol hov the study of permytations of the
roots of s polynomisl equation sldn tn the ntudy of solutions of the
equation -

on Important wource of the tlee of the group concept.

This problem tllustrates themes (s), (d), (¢), and (g).
2 ) ‘
Ate there numbers beyomd the cogpl_g_x_;g*g_r_l_!

The sraver deperdy on what we mesn by "agmbers™. We explore
the historfcal evolution of the vacious womber systems (indicating

v

grins ard losses at sech l&‘t of the evolutionsry process), and then

B4

hou these, in turn, ld"/’to the study of non-commutstive slgeben.

This probiem llll-lr-te-ihmn {w), (b); (d), Ce), (), and (g).

Why s (-1)(-1)-11

© This fs an lNlEercl of the genersl probles of the (logical)
Justiftcation pf the lave of operation with nmegntive numbern. It 4
became & pressing piobln (fo.r both pedugoglcsl and ptnl‘en\i;«nl‘ tednone)
at Casbyidge University around I830. Peecock and othets srt themnelves
the task of resolving this problem by codifying the 1eun of aperation
vith mmbers. This uas peihaps the esclifest fostance of axiowatics in
algebra. The needs of “abstract sigebrn” thet emerge here ete
(1) The manipulation of nWln for thelr own u-‘r {sc called symbojlicnl
nl;rbn'); !nterptrtnllﬁn comas lnrrr.. , l\ |

(1) Some freedom to chonse the Iave ohoyed by the aymholn,

The problem Illustrntes themen (a2}, (h), and (c). ’
. ’ ‘ .

f | | 17(3
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, &, and 5 coma fsom algelirs and ste an fndication of
tha transltlon from “clasalical®™ algebra (the 'l(m(y of polynomial
vquat fone and laus of operation with "uumbars”) to “modern™ slgcbia

{the nlLJy of axlomagic aystems),

. v

6.  Euclfd's pasallul postulage. ;
This prublen ;u\n slae to She creation of n_o*‘uc“du Ruomstsy,

the re-evalustion of the foupdatious of Euclidean geomctry, and the

stwdy of saxfomatics. It Is an excellenc topic for r.hl_“ interesting

¢ isvwag (o.5., vhat s u_t.hm(l:»” and, in particular, nﬂ{drnlslng all

the themes (8) to (g) mcationed sbove, ‘,i

I.  Uutgueness of representstion of & fusction in a Fourler _!;“‘F_;

The study of Fourler serius had o great impact on subsequent

duvelopments In mathematics. The problem of unique repiescntation was
addsenwned by Cantor and thte led him to tha cseation of set fheory and
the clasificatton of the comcept of the (actual) fafinite

~—

-

__________________________ = E .
This fs an excellent topic for Hllustratlng chemes (a), (L), }gg,

(£}, and (g).

.

Varfous sppioaches to resolving Russell's parndox concerntng the

wet N = Lo x} led to dtfterent axtomatfzations Of st theoiy tn che

ERIC [
3
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carly 201“ centuly. {e.g., R;ﬂhull'n theory of typv& lothida uﬁglng
If NEN; the Zu-f.'lo--l"rna.ukcl (bcoxr‘ foﬂ??s the formation of N.; the t
voa-Neumans -Ldel -Bernays theory cl:§mll‘ N as a class it not ae a
set.) .

Among other causss, these axiomagfxzations led to varioua
philosophtius of uli-aﬂcl‘ﬂoglclu, formalism, intultfonism),

The problem helps 1llustrate themas (a), (L), (<), (J), amd (£).
Connistancy, Complucenass, Independance.

H‘cu we -tw;yd the continuve hypothesin and, cspecially, Cldel'e
theorema and thets {mpact. ;"

Thase matters f{llustrate tbe;os (b}, (), (£), and (g).
Remack on Prublems 6, 7, 8, ns;4 9. (

In addition ¢o illun(raﬂng the varfous themes as Imiicatml’i these
prob{cu relate to questions in the pPhilosophy of mathematics, and B
nbecully to the fundamental question about the nature of sathematics.

Notes , .
{L) In s uucAumalner course ope can deal with only some (.nl”mml six)
of th...bovc ning problems. q
(11) Mo textbook 1s used. Uouever, many references are glven snd students,
ara expected o go to the Ilbrary sud read some of thew!
{(t11) The prorequieltes for the cu‘urle ;ra any two mathemalfos coui sen. - \\\\
Students vith only this minimum prerequlsite are asked to tuke concusrently .
st least oue or two more mathematics courses. (Une e looking far the
elusive quality of “machematical maturtty®.)’
)
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Other Fro Problems

75.

(Iv) The teclustcal aspects of the course (which constitute sbout 1/3
y :

te 1/2 of gyc course) are not very nding. Hany students, however,

find the intellectual aspects demanding. To deal vith idcas in

mathematics, to be asked to resd !ndepcndently in'thc -athoautlc-l

llterltura, to vrite -lnl-ellayn . Mre tasks which -ntha-ncl:n studants
!

are mot - but showld bcco-c accu.:on-d to. 1

&

H‘tl agre a fcs more probless (etchnlcally uoucuhct wore dc-and!n.)

. uh!ch nay by considered in sech 8 course, .
a) The X¥nigsberg bridge problem; the Euler—Délcl;teb theorem for

polyﬁcdrn; the Four-cnlour'thcure-: (motivsted the vaclup-cnt of

staph theory, topology).
(motkvated the development of the

-

b) Heasurement - langth~grea, volume;

~

fntegral).

c) “Exotfc" fumctions; spsce-filling curves;
; ~and aritlmetfization of analysis). . '
B
a d} Xloperi-ettlc problc-s:]ctbcr maxima and min{ma pwngblems; (wotivated

[

o

L che creatioa’ of the c.lLulﬁt of variatfons).
- 4

,e) Aspec;l of Fourier sarfes; (led to a re-«valustion of a number of

1

) funds-ental concepte of anslysis such as functfon, fntegral, conver-

X
C !
2\ gence).
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Remark

| .
When 1 teach this course in 1984-85 1 shall call the attention of
student fectmers to uew possibilities. Spocifically, topic 4 on

Kepler and Newton could profit from the inclusion of relevant

miterial on Einstein alogg the lines of splendid twvo-page essay in a

first book on physics by A, V. French (see sext page). Topic :§ on the
evolution of the mmber systom could profit from the in:lusion of materinl
on :}mnv'mhms amd octonjans. As for new topics, | wodld li&c stidents

to - .

Iscuss: - o
.

(1) “Infinitesimrls fyom Leibmiz to Robinson.

- {b) Comic sections in Greek geometry, in astronomy and in 19¢h century

_ geometyy, o o
{c) “Some-uspects of the evolution of projective gcouctrgc:n the 19th
. century. (Mure cexplicity, how projective geometry ame an independent
discipline) :

(d) buclidis classification of irrationad ratios in Book X of the Elements
and the modern rhssi“cqtim if irrational moasbers.

k. The nxlémuq mehtod. Foic idean geometry and geometry i the 19th c.

* 80

CORSE 2

A comse in the history of sithesat jos

the Greeh soots of the calenlus and of geowetry and their sibsequent cvolut iv.
‘Laft year 1 tought a comrse in the histo of_mtl‘icmtics Tt centercfm
the history of the cafculus but Inclw discussion-of some aspects of -
the evolution of geometry.  The approac s thomatic amd genetic. 1 rolicd
to & luyge extent on C. 1. liward's The histerical develogment of the calcnlus®
and on the relevant parts of a vecont Russiun series of books o the lristory
of mathematics. The main topics discussed in the comrse were:

‘ 4

2. The mots of the calcutus in the works of Archimiedes and Fudoxus .

b. thilosophical coutiﬁutim in the 14th c. (Orosmes, etc.) A

.

c. . Technical continiation in the 17th c. ((Invnlielri,.l.&mrtcs', Format ctc.)

d. Creation of the apparatus of the calculus by Newton ahd fcibniz. A critics!
compar ison of the spproaches of Newton and Leibniz to the calculus.
c.  Newton's role in the emcrgence of differciitial’ equations as the core of
the cllcu!ui- aid in the growth of mathomatical physics. Determinisa.
5 ' >, <
[.  Infinitesimals from Leibniz to Robinson.
- . L
8- . Euler's introdxtion of the stidy of functions as an important
concern of the calculus. .

h. Four.ie‘r’s serdfes and its fmpect on mathematics: (1) impatt on the fxction
concept, (2) impact on the toncept of the integral, (3) . impact on
-uthemticn‘g physics, and 0 on. ’

i. The contributions of Cadchy, Rieman, Weierstrass am Lebesgue

to the development of the central concepts of the calculus.

§.  Tudoxus mnd Dedekind, The arithmetization of analysfs. | .

L4

* Those unfomiliar with Fdward's book might like to kiow that «it Fs a migue”
combination of hard-to-come-by computational miterial amd exéellent criticil
analyses. 2 .

*‘ ~



EINSTEIN'S THEORY OF
' GRAVITATION - -

(A.P. Freuch, Ng¢wionian Mechanics)

Ws have doagibed eudier bow Nowton secogalond shet the
NogosUoashily of nelghd to incrtiel mess bs o foct of Asdsmental

Cigeilicancc] i pluyad & ccatrad sole e lending biin 1o the can-

utiom thet bie law of gaviiaiion must ke & geacinl hw of
s, For Nowéon ihis wus & siiicly dymembcal resule, ca-
wessing the basic propertics of the forcs law. Bedt Adbcss

s 1913, lookad at the siluation thraygh new syes. For hine the™
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A Course in Geometry

.«

5

Last year | taght a peametry course which conld be
described as an intvodixctjon to this peowmetsic ideas
of Klein wnd a disclssidn of the discovery of
hyperbolic guometry and its revolutiowary effect o
‘vegard this saterial as

very woll suited for prodicing tic mysterious side
cffect bnows as.mathemat ical saturity”.  (Growps:
come t0 life amd 5o do iavariants. History hecomes

& history of idwus rather than a chironicle of exuully
busiguificans events), 1The materials | used inchaded
8 Swiss high school text on transfonmat ioy geumet ry
(out of priut?); % a sketch of the history of the
paraliel ‘)ustuluc sd of the discovery of hyperbol ic
keometry Qun essay o the significamce of the discoveyy
of lypertolic guametry® uid a proof of the consistency
of the uxiows bffhme hyperbodic ggometry {1he
Poincard model ). z‘

Y Max Jeger, Trans fénmat ion peometv,

Ablen §
Ihwin Ltd., 1966 :
L Introketion to Kelley § M-uthmﬁ, e won-
b bidean bywrho'lj’y Rbie, Sprivger Verlag, -
+ (aeillen, Bridges o infinity, 1.9,
ppr. 1050416, ; B

& Moise, blomentary peomctsy l.;uu al
Addison Wesley, 1963, oh. 25,

Farcher, e,
¢ _

advancal viewpoing,
.
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. : . A few recent books with suhsmntinl critical and historical component s

. could be used to develop A course in msber l!wmy The books
’ ' I have in mind are: |

CONTENTS ‘ o L ILN. Edwards, Fermst's Last Theorowm,
T ‘ Keil, Nmber Theory. An Approach through Hntmy

renswese .S rlau and Qpolka, Von Fermat bis Minkowski .

d ‘ FRETACH TO TINAS QLAMAN -unu
. IsamcArans’ Mot
LT o2 svnooLa

I. Mappiags
llal-ah.hslhn ‘ ,
] . .
| e s f e a . - .
: 4 Yotations o L ‘ X . :
\ | T Combinarion of relasions N - . » ‘

5. The Group of fsematrios ' “ o ’ S . : © -
The role of reflections ared haif-swrns in the gronp o A

[4 ) A. P B
-CTRG«.,JTM‘NM- . . ; v
Square sute itself _ T " _ o . , .

L
+ {pdrlished by Springer; volumes 1 andd 2 are out out and Tour more
" volimes are pronised for 19841) wmay help one dvvclq‘r‘sisilnr courses in
other arcas,

e T ' . ,
il . The bLrand new German series of books called (.rmnklsscn Mmhemtik
[\
" ‘
» - -
n

1. Ewsgeincats | (¥ v | .
The groug peoperties of ewhergeeents ; ¢ .
Selgrous of the groop of enlargemenis ; . ' ‘ ’
& Simioriies T B | ,
9. Afies Traasformativas 10 ' q
. Propecties of prrapectivg affinivies - / : .
. WWWHJNMM o " _
Al geomutry ’ . o o o
10. mAsuG«myditcsﬂm - m . ‘ . : .

LI TRAPNY . 14
. " . .

| . g T A

-

- -

e .immt.ntcd bibliogmphr
iv a welcome feature of ot

| | 4 ... 88
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