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THE SHAPE OF LEARNING OPPORTUNITY IN SCHOOL ARITHMETIC AND GENERAL \
MATHEMATICS , )

- Aaron Buchanan
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ABSTRACT

.~ The report provides a detalled anélysls of skill complexes in
~arithmetic and ééneral mathematics that are covered in school textbooks
- 3 ’ .

prior to the beginning of formal algebra. The analysis is organized to

show the shape of the ‘learning opportunity that mast\students are likely

to get in school by about the time they reach the end of Grades 1-8. o
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THE SHAPE OF LEARNING OPPORTUNITY IN SCHOOL ARITHMETIC AND GENERAL
MATHEHATICS

Aaron Buchanan

The educational leadership in this country is still trying to

+

improve on a system for teaching and learning whose shape it does not T

clearly see. In the 1960s, "school reform' was intended to repiace a-

lot. of things schools were doing then. Today, we have an "effective . a

— L]

- . - =
schools'' movement aimed at improving on what schools are_ doing now.

Ovbr‘the years, the scope of change that "Ieadershlp" Is trying to bringt

about is different, but one thing, at least, is qot: with all the talk

[4Y

about what, and how schools ought to terch it has been hard to find

: schoollng practices--what is taught and basicelly how it's done--seems

s preoccupied with the amount of "engaged tlme" students spend, in

_schooling. _ : '

fiich~dTsciussTon, "then or now, of what séhoofs"gg.:"feade?shfﬁ'in'edUéStiﬁn””"“'“ Vi

_has become equated with change. -?6/s;end-much tfme explaining current

"too much ltke trying to maintaln the status quo. Research, these days,

/ .
Iearning academic tasts, but it hasn t  shed much llght on the acd emics
students are regularly "engaéed" in or how "tasks" are organ\zed nto
broad learning opportunitles that often extend across several yeprs of

What do schools do? More to the point: If students were to keep v
up with the learning opportunity that schools provide what would they

know and know how to do as they passed different transitlon points on

their way to becoming adults? The' answers are important if we are to

have informed and effective leadership and, more important, if efforts

to promote change in education are to lead anywhere. The years between

+

i
Iy ’
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1960 and 1980 have had a chastening effect, especially on educationai
_ ! : . : A '

research.. After an enormoys amount of effort to reshape schools, one

of the most'striking're§u s-hes-been the discovery that'most of what

[ 4

. schools do must be fairiy“stabje\ Most changes evolve slowly, especially

ones that affect school organization and the way teachers spend time

available, for instructlon. In order to bring about successful improvement

_of schooTing, you have to know how many degrees of freedom there are to

8

work with and where they exist

d

~Nowhere_has there been more misunderstanding over what schools do

L]

_and where there is enough margin for change than in mathematics. ""New

mathematics" programs have basically been written off by the pyblic as
’ : ;

A

to the truth as any is that too much change was attempted over too short .
a time. In fact,\“new-mathematics“ has been anything but a failure.

Even in a @ide of '"back t0'basics," mathematics teaching in U.S. schools

IU

is—different than it was.thirty years ago, but, to see the difference ' .
one has to recognize what schools‘are doing now compared with what the&

were doing then. _Abreiy attending to the ''talk" of what echools are |
supposed to do now or what they were supposed to do in the past reveals very

little. - The differences exist in practices, not goals and.objectives.

" Now, es then, schools in the.aggregate are set up'to provide some fairly

broad opportunities for learning different collections of very specific
things.- For elementary and secondary schools, there is one fairly
'continuous learning opportunity that extends through the elementary,
grades to the beginning of algebra, and a series of shorter, one-year

4

opportunities after that. The first one is the most interesting, not

(=4




because it's so long, but because there are no natural ‘breaking points
along the way. School arithmetic and general mathematics is onetmultl-
year sequence for developing a large number of interrelated skills and
concepts. Trying to identify what schools’ teach by the end of a particu- '
lar grade level is bound to be Imprecise, at best. Most of the skill
development that @egins with whole numbers at grade |1 is not very
complete before grade.ﬁ and work with fractions and decimals which '

often begins in grade 2, isn't completed until ‘students get to ratios

and proportions Just prior to beginning algebra.

‘Learning Opportunity and the Use of Textbooks

what follows is an analysis of arithmetic and general mathematics

-

instruction that schools currently provide. it deals with-the question.
"What ara U.S. schools teaching?'' or more accurately, '"What is the shape

L3

of learnino ogggrtunity that schools in .the aggregate pfovide?" Clearly
these questigis can have several quite different yet quite’legltimate
answers depending on the dataione examines. The sdurce data for the'
present,analysis.are school textbooks: On_first impression, this analytic
approach may seem indirect, but research on schoal practlces indicates
that the'learning opportunity that authors, editors,.and publishers
provide in textbooks and the learning activities that teachers,
* administrators, and supervisors provide in schools correspond closely.
We will not take.sides on whether teachers use textbooks well or
poorly or whether textbook publishers are too conservative or too innoya-

tive. It is enough to simply acknowledge that textbooks exist for schools

to use, that teachers in schools do'use them with day-to-day regularity when
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they teach mathematics to students, and that the performances of students

that we are able to observe most clearly and to explaln best are the one9

L4 . ”

Iying closeSt to the learning opportunity that textbooks provide.g WIth
+Lhese qualifications well out in. front of our |nquiry we can proceed. to
~ examine textbooks as a fairiy rich data source on the learning opportunities

Y

that ‘schools provide students prior to a first cOurse, if .any, In algebra.
Our long rdnge motives for observing learnung opportunity in this

; way are straightforward. !e want a better understanding of what to. .

expect and look for ih students' performances at the.culmination of.their

first and most comprehensive and continuous Ieanning experience in

mathematics. -For many students, arithmetic and general mathematics is

¥

theionly mathzma:ics\ihey will. ever. have (or wan; to have, an opportunity . - . _
to Igﬂ{n. By knowinghmore of what we can expect to see in student
perfbrmances now, schools and research are in a better position to +°
expialn why observed performances are too often something less than we -
would like--and they are also in better shape to do somdthing about it.
Presentiy, schools are forced to.keep a double set of.hooks in order
to account for the performances of students. One set accounts for what

schools would like to see students learn. The other accounts for what

students have learned. With the rise of legislated "accountability,"

the emphasis has shifted from one set of books to the other--away from

the learning oppottunities schools aspire te provide and toward the perfor- : J

~ mances they are more certain they can deliver. So far, most everyhody sees
'i .
the diff%rence. The risk will come if statements of minimal competencie., ;
. . pn . -

which exist everywhere, come to be ,regarded as the prattical boundaries for-’

learning opportunities that schools expect and ought to be expectfed to
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proyide.' The trick is to effect a match of the second set of expectations

with the first and not the other .way around. To do this requires

o

information.regarding the learning opportunity that characterizes school
'instruction noul INithout ; clean}view of learning opportunity and its
. relationship to'student performaﬁce,'schools--and school research-- have
greatly diminished capacity to provide the additionai learning opportunity
.needed by a current generation of students and to. desiqn improvements

~In learning opportunity for future generations coming.up along the line

* from-the early elementary grades. .

*

W

) . ' .
How Textbooks Organize Learning Opportunity by Topic

Textbooks are organized by topics, such,as "adding fractions with |

] ¢

-:nunlike‘denominators"'”r""?inding'averages." Although e&pressed as math- .

ematics themes, these topics.almost always concentrate on some aspect o
of student performance. Even with topics such as "parallel and perpen-
dicular lines" the .emphasis is on identifying these relationships in ‘ ‘
geometric figures and diagramk.. To put it another ‘way, students mainly get
opportunities to learn how to do things. (Considerably less emphasis is
placed on what an "average" is.than on how you find it.) |
Partly, the heavy emphasis on performance reflects a fairly common

, image of ‘conventional characteristﬁcs of the regui;r classroom. You have
"one teacher, 25 to 30 students, something to be taught and learned, and about
30 to~;p.minutes of time to do it.. Some time will obviousiy be ﬁsed by the
teacher in-providing information, explaining why, and often demonstrafing
how to a large group of students. Most:gk the time will be spent by )

.

students working on instructional tasks on their own. Therefore, authors

*
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and editors capture as much mathematics as possible in paper and pencil

tasks. Even when studénts are responding to direct questions’, the

o™

| anéwers requfre,specific and often fairly complex performances,
- The ehphasis on performqnce also r;¥lécts a preoqpupatio;-over :wo
~. decades'on observable objectives. Nowhere has thé enormous effbrk.to.
déscrlbe objectives "in behaviora] terms'' had more impact thah'fn
mathematics. As a'qonsequencé, ;elatively little of the leéfning.
opﬁb?funity inltextbooks Fhvoives tﬁings that students are suppésed to
know; almost all of i§3js-takqh up with thiﬁgé s;udents.are supposed to
Know ho&zto do. s . ."_ :u. | B
Topics usually deal with psrts of performance. Performance such as
' cowputation and its_Tpplicationiln social a;d cu*tural situa;ions_is
taught over a békio&uofJS§vekal ye#rs;m Within any single year, tdpics
of insiruction deal directly with sjgnificant‘parts of such p?rformaﬁce.
. These topics tend to arrange themselves linéarly according to how
" performance has been dis#ssembled into parts .that build on one gnotﬁer.
' Computétion algorithms-are never taught as a sipglé performance ;nd SO
are n;ver organized wgihln a single POpic. Even the'simplest algérlthms
tend to spread over the first and last half of a school year and usuélly

over two years and more.

Teachers can, of course, go beyond the substance of the text. Most

“textbooks are filled with margihal comments fo teachers telling how. to

»

embed‘stybent performahces in the larger ¢ontext of mathematical structures
and their -elated.concepts and skills. But ‘the @uthors and editors are ,f
actually able to capture very little of this on paper, and it is unreason- ", o

able to expect that teachers will go very:far beyond a learning opportunity iz

that deals with how and when to perform.
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Learnlng pportunltxﬁAcross leferent Textbook Serles

. It's qulte appropriate and accurate to talk about ''a" learhlng "

»
opportug)ty as such in mathomatlcs instruction up through about grade 8.

t

Dnly a half dozan or so textbook series account for what the vast majorlty

of what schools buy and classroom teachers use. .Furthermore, dlfferent

textbook series look quite a lot alike. - Things that students can be

expected to know or knqw how to do are about the same from one series to
another. Together, the similarities that vcclr across textbooks for the

sama grade leve] are far more striking than the differences. by the

v

end of the year, tudents will have seen, heard and practiced about, the

same things as a dlrect result of what's covered in the textbook regardless:

i .
of the textbook se les. =

“wwhydeWtext 5--took- soJNUch alike?--The learnlng opportunity

L d

provlded in an individual mathematlcs textbook is not determined solely
at the author's or p&?llsher's discretion, MJre realistically, lt is
shaped by an lnteractlng set of ''forces.' ThJ toplcs covered at a
partlcular grade leyel are determined to somelextent by regulations f

|

lmposed through state law, especially in larg¢r states which have state-

4

wide textbook adoptlons; by the 1imited number of toplcs that can

rea@lstlcally be‘dncluded in a year's worth of instruction, by the per-

¥

pupil costs that schools are wllllng to. pay fbr teachlng materlals, and

by economic competltlon whlch has the effect of limiting lnstances where

a learning opportunlty provlded by one publishing: many glves them an ¢

appreciable marketlng advantage over others.

\
\




. C
S , It ,would be a mistake to-look at learning opportunity with the
. - I ) . .
notion that schools are captive consumers of what publishers choose

to provide. It would atéo be a mistake to think that regulations imposed

) TTTe - ‘ . -
by schools through tqeir state and local edb;atlou agencies take away-all
R b oM

'of,thé'loeway publishers have in what they can offer. The truth ties .. -

somewhere in ‘between. Two different textbooks for the same’ grade—tevel
. qover“aboutltﬁe samé toplﬁs. Thét much is fact. . The uniqbe topics in

' any textbook series account for a.very small fraction of instruction in
a school Qeér. Publlshqrs\hage tended to copy cach other's practices,

dspecially ones that seem to hé“spccessfu] In selling textbooks. We've

S - by
now coge to a point where the same topics are covered to about the same

»

degree'SY the'énd of each grade Ie’el regardless-of whose textboo '9ou buy.'
Schools, on the other hand, may qﬁi have wregulated -all of the creLtJve
‘ﬂlffergaces out of textbooks, put they have developed grade-by-grade lists

of “must'' topics that are so Iohg that instruction at.any ‘grade level would

take more tnan a year to cover all of them.

-

Different textbooks series do give different treatments to some

things. The topics that would account for all of the prototypical school
year may be essentially the same, but there are real differences in the

way they are bresentad. For example, some publishers treat the‘standard /

" task of finding what percent one number is of\another as a variation

on the (by now) more familiar task\xf finding an equivalent fraction

 with a spacific denominator, in thls.case 100. Other publishers treat = ~ RS
the task as a proportionﬁproblem which can be ;olved by cros; m;ltipliqation.
Textbooks for thﬁ same grade level also differ Qreatly.in the way they
sequence topics during the year, although the topics they cover do seem

to represent about the;same ptateaus in what students are supposed to

., 12 o -
P : _
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be able to do by the end of the year. Some textbooks at grade5’7 and 8

re-preseit the algorlthms for multiplying and dIvIdtng with fractions at

the same time that they review algorithms for multiplying and dlvlding
whole numbers. Others tend to keep all of the topics dealing with

. decimal computation separate.

Learning Opportunity as Potential Instruction

. Teaghers”may not cover all of the topics that are provided in

S _' . textbooks,:but they are unlikeﬁy to cover more,. Teachers do use’
materlals that are not in—their regular’ mathematics textbook but these
-materials usually involve supplementary activlties that provide Intenslve

A practice on topics which teachers have already used their regular text-_j'

boak to introduce. Therefore, the Iearﬁing opportunity proposed by

textbooks probably represents an dpper bound in the toplcs_that will
actually be covered in most all of the active 'instruction in classrbom;.

Individual teachers may create their own options, of course. ‘Some ' {

—_ o —_——— ——— ——— -

may be abfe to take great advantage of small differences in what one

s,

textbook series provides and ‘another one doesn't. Still, the -salient
impression one gets from analysis of the different textbook series in
mathematics is that the learning opportunity they provide functions

about the same way as a single program of national priorities. No one

o

close to policy making in mathematics education would like to admit it,
but, although there may be great diversity of opinion in what students

should know or know how to do by the end of each grade level, there .

™~

seems to be much clearer consensus regarding what schools can, or at’
Sk,

least do, accomplish. - . S ) _ .




_publlshlng community all find It conveiient to think that textbooks are.
. used malnly'to support some larger program with a more glsfble structure

+ - than what textbgoks=haye themselves. In practice, mathematics textbgoks

b

The schoé\ communfty, the academic community, and often the

.

function less llke é passive resource and more 1lke an active determinant;

.

of the mathgpd/lcs program. There is too much detall and sequence In

the ajt}Vltles that textbooks provide for us to think that teachers

t use thém conslstently in classrooms. The relattonshlp.between

he structure of a mathematics textbook and some of the ﬁpst basic needs =

that school%lhave In pfovidlng day-to-day classtoom teaching Is both
direct and clear.. First, the content of texébooks Is particular rather
than general and specific rather than broad. The most tanglb!p unit" |
of structureyls an individual lesson intended for|som§where between 30 i
and 5°_W‘“ﬂi°5 of the teaching day. Most lessons provide éome_tgrt.of o

explanation, a few gulded practice problems, and quite a lot of indepen-

dent practice for students to do mainly on their own.' Second, the content

\
of textbooks is sequential. Therq is at least an implicit Intention
that lessons be followed in the sequence in which they occur, although‘

some selection and resequencing of an individual lesson or small clusters ”mz

of:iestons by'te;chers is not precluded. =fhlrd, the number of lessons
/deailng with a common toglc is small. Thé overafl sequence of lessons
in a protbtyplcal year 7‘énges topics every three or four days,
especially at lntermedf;te and upper grade levels. This kind of pacing
Is justlffed as a catalyst to student motivation, but it also assumd$
that textbooks are used by teachers mainly from front to back as a lead-

"in to active instruction, not as passive support. Finally, textbooks
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are complete. If lessons are taught by teachers more or less In sequence
beglnnlng\ln the fall, then the textbook for each grade level will take |

about one school year to get through. The Iearnlng opportunity ln | o
textbooks'is "pogentlal" instruction, of course, because It h:sn 't |
habpened\yet. C;assroom teachers are seldom under .any mandate to ‘teach
the textbook just as It 1s, and It's fairly cohmon for’them to fall at

least one or two units or chapters short of cohplet!ng the entire

\
textbook by the. end of the year. Besides, It's not &t all uncommon for

teachers to skip some lessons or whole topics that seem to be too hand.
: . * , .

.t

The "Shape' of Learning Opportunity )
. ) £
The shape of learning opportunity in general mathematics extegdsf»/”

-

from kindergarten through grade 8. TextEgoks~show‘no natural>hreaks at -

—grade 6 orahy—other‘ﬁrnterméﬁate—;radﬁevﬂ- '&m&mblish some.
admlnlstrative breaklng points usually by creating middle schools that

cluster grades 5 or 6 through grade 8 or }unhor .high_schools that

cluster grades 7-9. Textbook series don't show sharp transitions in

¢

what is taught across these clusterings, although the look of textbooks

for grades 7 and 8 is usually different from what is published for

earlier. grades. ¢ ' ‘ _ “%
An analysis of learning Opportunity in mathematics that only goes :

to grade 6 is incomplete. One must look at what's yet to come In grades

7 and 8 in order to fill out the corners of where potential Instruction .

has been designed to move all through elementary schoo[.~ There are

caveats, however.. A great many students take their first formal course

in algebra in grade 8. |f They have completed all of 'the topics covered

1
’
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In grades 6 and 7, they won'tlmlss much that's new in grade 8. There
.JsAan\}ntroduqt(bn to Integers, Ineludlng computation wlthdlntegers.
That's mpstly new. There are usuall§ a dozen or so lessons,ln algebraVE
thatﬂmalnly 944 threugh the solution of first q:dg; equations in one
variable containing both addition/subtraction and muttlpllcatlon/d‘vlslon
(e,g.%&ix +‘2xf+ b o 29). Those are new too._'Bdt'thh topics are the

‘

malin’ part of'the/}ntroductlon"to-algebra that students who move out of

 the general'mathematlcs sequence at the end of grade 7 will cover during

‘the first semaster of’ alpebra in grade 8. i _, BN
- The shape of learning opportunlty ln mathematics prior to a formal
first course in algebra does not complete its form unti) grades 6, 7,
and 8. However, in looking at what textbooks provlde in grades 6 T

and 8, there Isn't much from earlier grades that dgesn t show here In

—ane—way—orﬂmunﬂnnL——Jhe_shape—ef—learﬂdng—oppOftunft7~¥s4u+44naar

- +

-

that only the most elementary work done in the early grades with simple

‘geometrjc shapes, basic measurement with ruler unrts, monqy denbmlnatlons;

’ » ;
time, and simple dounting and computation facts Is complgted before
_ i

L
/

grades 6, 7, and 8. N I B

&

\

Wwhat one sees from the vantage point of looking dzwn (or back)
from grades 7 and.8ls several skill complexes representing

accumuiations of learning opportunities provided Ih\\/few general areas
.of mathematics such as whole numbers, computatlon wlyh whole numbers,

common fractions, decimals, geometry, measurement, fnd so on. .Some

d .




o ' ' : .. . 13

I"Js
e

topics fn mathematics represent a learning opportunltyrihat Is about
asrgemplete as regular scnoo1ing will make It. These areas include:

J whole numbers t ' !
gemputation with whole nnmbers
Y ' common fractions |

'5 - ' decimals

" percent ' ' _—

ey

|n.64her,areas the learning opportunlty is felrly lncomplete." This

"<:; _happens because topics represent an Introductlon that will be picked up

\

In other, more forma) mathemat!cs courses at higher grade levels. These '

!
* R ..

areas include: .ﬁgﬁ
- Integers

ratio and proportlon

probability and statlstics

»
algebra 4

special topics (malnly number theory)

A lot of incomplete learning opportunity also occurs In measurement:

and geometry, but here things are simply, fragmented Some measurement

- '

topics dealing with tength, money, time, and perhaps 1iquld capacity ; '4&2
are falrly complete. Other toplcs involving mass (welght), volure, “f.f?\' “é
_and .temperature can't Qe taken_very far unless teachers supplement o #bﬁﬁ_;é
activities nrdvided in a textbook with a lot of laboratery work. | o ' lf:;,;j
Otherwise, about all that can be accompliehéd is to learn how to use | ' fﬁg

tables of equcvalent units and to remember appropriate units and Sensible

measures for some standard .things }}ke body temperature, weight of a car, .

.I ‘

17
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and height of a house. wlth.geometry. learnlng'opportun;ty is badly
fragmented by lndeqls!on over what schools should be teaching. Beyond
the recognition of some geometrle flgures lkke clrcles and basic polygone
and the recognltlon of some basic relatlonshlps like "parallel" and

"perpendlcular.” the learning opportunlty amounts to what we once would

/;-

have called "exposure" to a wide verlety of different topics. thtle !s

‘presented other than to show.brlefly how some thlnge work. Not‘much*ls_
expected in the”;ay'ot'etudedt”performance. Furthermore. eany.of the
toplcs under geometry (there are more topycs In geometry than anywhere
else) come from qrades 7 and 8 where they are supposed to be optlonal for
all but the most abile htudents.

Once agaln, the reader should view this ahalysls as a descrlptlon

of what schoo]s in the aggregate are potentially in posltlon to teach now. ©

The shape of learnlng opportunlty shown here should not be vlewed as -

representlng all that schoole should attemptoto teach orlallﬂthey are

)

likely to be able to teach ln the future. Start[ng:ulth an analysls of
what :is'' now, we have a sound technlcal basls-for conslderlng how to

improve things in the future.

o




7+ WHOLE NUMBERS

N <

i;/f' ' éouht?ng'- !

'/ ) | A

v Determlle how mﬁny thlngs are in a set. _ o
Lt : ' . v
S . tinue a counting sequence by ones, fives, tens, or qudreds.

‘ Identify positions In an ordered set of things (e.g., 27th)
Place value and number names I :
o Give %tandand aréblc numerals for wrltten word names.
B "Say" wordlhames'for ﬁumbers. N
p?’-{ | Identify place values and periods (hundreds, thousands , ¥ llllons,.
’ ' g

and billlons) In a standard numeral. i

Order, pompartsbn{iand rounding

”“"””""“""—‘—tﬁmpiFgftwo numBérs uslhg <and > symbolJs. =~ T
Place three or more numbers in order from least to greatest

------ _ ' (s l|est to larqest) and greatest to least.

W .
) Rouqﬁ numbers to the nearest specified place value {and especla!!y
té the largeg’ place value--represented by the first digit).
. . e | hle
Y
] a '
\ 1
[ N ,&
| 'j
- . v ;.
N
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COMPUTATION WITH WHOLE NUMBERS .

- ' »

Computation facts

Recall ''facts' through dlnes.

. . . R .

Computation algorithms

»

Add two or more numbers (up to flv; or six) with any number of digits
in them (up to about slx) . tv " |

' Subtract two numbe?s wlth any number of dlg!ts (up to about slx)

Multiply and dlvlde by any number (up to ‘three or four dlglts) Be
able to gl;e remalnd;rs indivision as whole numbers, a fractlon

?f the dlvlsor (preferrab}y ln lowest terms), and a declmal (by

1adding''.2zeros to the dividend If necessary).

Stahﬁrdww - SR B

Use the approprlate Operatlon(s) to answer questions In standard

-

word problgms which: ' _ _
A.O-Combine two quantities (''How mdny together?").

* B. Remove a smaller quantity from a larger one (""How many are
left?").
/ c. Ceﬁparp two quantities (''How much larg?r or smaller Is one

than the other?').
D. Combine several quantities of the same slize (""How mény
altogether?"). |

€. Separate a larger quantity into parté of a certaln size (' How

4 .
s

' many parts are there?"'). R

4
. +

#Use of computation with other speclfic dpplications are covered

in Measurement and Percent. .

¢
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COMPUTATION WITH WHOLE NUMBERS / (cont inued)

/
/
~N N

Standard word problems (contjnued)

Estimation ° /

F.. Separate a largqf quantity into a certain numﬁer of parts
(“*How many are /in each *part?").
/ o

Make reasonable 7étlmafes of sums, differences, products, and®

P *

" ‘quotlients us@glly by computing Wlth numbers rounded to their

largest plj7§ value.




COMMON FRACTIONS

Part/whole relationships

Use common factions, mixed numbers, and.whole numbers to exbress

s\\\ B o relationships between’parts of f reg!on,(or a line segment) or

pparts of a set, and all of it.' This lnc!ydes‘the recognition of
a unit region or reglons divided into parrs rhat are equal in
size and a unit set or sets whose parts are equal accérdlng to
how they are_counted rbgardlﬁss of their 'size." identify the

numerator'' and "denominator'’ of a fraction.

Equivalent fractions

/
Extend or reduce fractions to higher and lower terms. Express /

common fractions as. mixed numbers and whole numbers (and. vice

ver;a) X S S .l N /’

.Express thgq same phrt/whole elatlonshlb dslng-two equivalent ﬁ
:fractions. Generate a set\of fractions that are equlvalent.,:
Recognize that multlpl!cattdQ of the numerator and denomlnanfr
by’ the same number (except 0) 111 always generate an equlv?lent
fraction but addlng or subtract ng the same number will no¢ .
3 Comparp ‘common fractlohs, common fractions and mixed or whole r

.' . numbers, mixed numbers, and mtxed numbers and whole numbérs
I
_using such terms as more, less, greater, smaller, the sﬁme,

equal, or not'eqyal,-and the symbo|§\<, >, =, £, ¥, anﬂ SO on.

Identify the least common: denominator }Qr twq_fractloanfrom the ’

prime factorization of their denomlnatdrs..'Identlfgfthe greatest
. , N

" common divisor, from the prime factorization of the fraction's .
A ’ e

numerator and denominator. \
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COMMON FRACTIONS (continued)

Computathp ' . ‘

“Ad;, subtéaﬁt; ﬁuTtiply;‘and divide with common fractions, common
fractions and mixed numbers, ahd;nixed numbers and whole numbers.
(Dgnom!nator; are usually ''nice' ones such as 2, 4, 6, 8, 12, 16,
18, 24, 32, and thiw'Préferred answers are "éimplifipd" a; far
as possible which ;eans reducfﬁg proper fractions to lowest

terms and changing improper fractions to mixed numbers (in

lowest -terms) or whole numbers. v
* Express division of two numbers as a fraction (16 : 5 and %?-are

or

the same number) and vice versa.

L -

Recigrocal .

Identify the reciprocal of a common fraction, mixed number, and

whole number. This; includes recognition that when you multiply’
[ .

reciprocal nuhbers §ou get 1.

&




DEC IMALS S - | | - o _

. 12

Place value and number names _ .

.
\

. Ngayt word 'names for decimals (up to about four decimal places).

ldentlfy“pl%ce values of digits on both sides of the decimal’ point.

'l .

! .

d. roun
COmparlson an ;gyndlga |
Compare two decimals using <, >, = and #.
Round declmals'io the nearest specified plaée-value (and especlally 0
the largest place value on each side ¥ the declmel_polnt).

?

Equivalent declmdés and fractions

Express common fractlons and mixed numbers with, denomlnators of 10,

100, looe as decimals (and vlce versa).

‘Express ¢ommon fractlons ap declmals. Dlvlde the numerator of a . .

. fraction by the denominator lf necesaary. - [Use dlvlslon. o

adding 0's to the dlvldend to determlne what fractlon a smaller

number is of a larger number ] _ o | . o

Multiply or divide a declmal by lO 100, 1000, etc., to ‘move'

its decimal point a certain number of places to the rlght or left.

ldentlfy terminating, repeatlng, and non-repeatlng declqgls._

_ : Y
Computatlon // , ' o

/

Add, subtract, multiply, and divide decimals (or decimals and ‘whole

numbers)g_WAQQWG“QQQh zeros to the dividend in division to 'get'’
a certain numbér of decimal places iIn the quotient. ° (This usually'

" means addlﬁ%%eng\mbre zero than the number of decimal places you

need and then rounding back.)




PERCENT .

SN A ! \ . R
. ;

- Percent notation-

) .- ! .
- Use percent forms, decimals, and basic fractions (e.g., %%'or 1%§ﬁ

inierchangeably, eépeclally in mgthematlcél expressions such as
_36% of 60 = 18, f%f of 60 =.18 and .3"x 60 - 18.. Change any common
fraction or decimal (e.g., 3/8 or .3927) to percent form,inéludlng.
numbers larger than | (e g.» \§ and 1.067). |

v Use percent expresslons involving fracttons and decimals (e.g.,
A )

335 2 or 12, 5%) as equlvalents for expresslons Vike l/3 and 0 125

Round rgpeatlng decimals such as .6666 to’a percent (e.g.; 67%

Fld

lor,_morn_typlcally, 66.7%).

Basic percent problems

——-1-4—-~~_w——Find -a‘plrcent of a number (30% of 50 is __ ). [recognlze that .30%

of 50 and 30 x 50 are equlvalent expresslons]

SN .—Find a number when a pergen; of 1t is known. 015's303 0f ).

. Find what percent one number is of another (15 js____z of 50).

i}

Applications

Determine soiuil&ns to applications of basic percent problems
N - .- . ', .. . ’ ) .
including sales tax and total price, amount of discount, sale. e

price, amount énd.percent'of markup, simple interest, and use of '

-

tables'fé?}compound interest,

[Substitute appropriate values into formulas (i.e., interpret
s

. >,

/7
formulas).]




©, . RAJAO AND PROPORTION - r .

Equivalence of. ratio : _ s

»

Determine whether two ratl?s are’equlyaleq;. and define a proportion -**

- as two equivalent ratios. o "
s Solve a proportion & ;L/ ' - )
v . _ ) . . [N
. solve a proportion, especially using algebra (e.g., %-% SO
~— T — . )
RN 6n = 216 and n = ). : '
Applications ‘
S Determine equleent ratios unknown values in broﬁbffi;né;ihQQibiﬁgwwhﬁm
- simifar triangles (ratio of-stdes 1s glven, or determined, and

unkno?n.stdq is found), scale drawings (ratio is given, true ~

- lengths or distances must be determined), rates (e.g..'mlleage,

.- ".;‘.‘ . -
e speed), and unit prices. o
| i . o
. - {
[
' l
) '
\ A
; \

N » i . . " . Y I P S e




PROBABILITY AND STATISTICS

Listing Outcomes

List all possible outcomes of an experiment, Identify events that

—are possible and events that are nof’bOSS‘b‘°° Identify favorable

outcomes that represent an event lncludlng favorable outcomes for

combined" events (“Evént A or Event B," “Event A and Event B")

Use multiplication to find the totql number of outcomes or thé number ~ ~ =

of favorable outcomes. nge s;udents are multiplying together the .

number of ways different parts of an ‘putcome can occur rather
than exhaustively listing outcomes (es4., number of ways you can
‘draw a firsi/@ard x number of ways you can draw a second card--

with or without replacement). ¢

Determlnlng probabilities

Determine probabllitles for different events or combinations of
events In an experlment wnere it Is possible to 1ist all possible
outcomes and all favorable outcomes. (Combinations inclgde "and,"
Mop," and con@féional events, and the complement of an event.)
Determine probabilities where it is pdssible to calculate the
number'6f“possfb1E“qutcomes and the number of favorable ones
(even though there may be ;qo many to list) us(ng the arithmetic
of combinations and factorials. Use 0 and | ashprobabllitles for
impossible events and certain events.

Determine probabilities qu combined avents that are mutually
exclusfve by adding probabilities that- are given for the indi-

vidual events. Muitiply appropriate probabilities for comb ined

,

27
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PROBABILITY AND STATISTICS (continued)

Petermining prgbabllitles (coqtlnugd)
events when these events are Independent (usually sampling with
i : '... ' replacement) and when they are not independent (usually s@mﬁling
| ‘ without rggjggg@gq})ti_pqt;rmlné the probabilities for ihe comple-

.
ment of an event..

” ' ’ . ’
- —— — - Egtimate -probabilities from ;gbles showing the empirical frequencies

4

of occurrence of various outcomes and events.

-

Statistics"

Measures of central tendency and dispersion

Identify mean median and mode for a set of values.

Identify the range of a_seg'of values and the average devlation g

~ (absolute amounts) qf observed values from thelr.hean. |

Graphs and tables

Answer questions about data and relationships among data shown In

. common forms of Qraphs including: plctographs, bar Qraph?, line

graphs, circle graphs, and (occasionally) two bar or 1ine graphs

shown on the same axes. Answer questions about information shown

.in histograms and scattérgréms }niludlng the idea of ''fitting"
a line to data in a scattergram (Mainly, it's a case of decldipg‘
+ whether the variables have a positive, negative, or zerc relationship).
identlfy from its description whether a set of data represents a |

statistical sample or a census (entire populétlon).




INTEGERS

""" "Positi _and negative numbers

ldentify positions for pogitive and negative numbers on the number{
line. Use pogltlve and negative numbers to represent qﬁantltles in

| situatlons'bf in¢r;ases and decreases (or gains andllosses) where

. values above and-below zero are posﬁlble. identi¥y théxOpposige

number of an integer or the reason two integers are 6pposites

(when you add them you get zero). Identify thé‘abssluteL;alue

of an integer. (Usually student pracflce doesn't include ‘symbolic

.expressions like |¥3| , yet.) - ) - e

Compare integers Js!ng words like ''more' or ''less' and the Qymbols

< and >.

|

Computaflon and rules for signs

-

Add, subtract; multiply and divide two lnteger%, with and without
some modél such as the numberline as a gulde. Identify the inverse
of expressions involving addition and subtraction (e.g., adding

+3 is the same as subtracting -3).

Add, subtract, multiply and divide rational numbers where rules for
computing with Integérs are applied almost directly to expressions

~

like -4, +(2), and -1.567. [Usually, students are not taught to _.

interpret fractions with signs on both numerator and denominator

(e.q., E{ or E% ) until they have a formal course In algebral.

Graphing - \
Identify coordinates for polnts-on'a grid with two complete axes

and four quadrants.




ALGEBRA
£a
The work In algebra is mainly of twn kinds: simplifying expressions

using rdles for order of operations and the distributive property,

(3£ + 2x = Sx); and solving for 'x'' or for 'x'' and " " In simple
Techn!cally, the coefficlents for ''x'' and

first order equatinns.
'y In these equatlons can be any ratlona1 number (e. g., b, 7

etc.)- and so can the solutlons.: However, the general

+1. 23,_ :,
practice in textbooks through grade 8 Is to: restrict most of the

example problems and problems Intended for independent practice

to use of whole numbers.
o .

o
L]
Potis/

Numer!cal expresslons and order of operations
Slmplify numerlcal expresslons 1ike 3(47 + 5) + h 5 by applying

standard rules for order of operations.
/
{ s

T"/
/ o

Express!ons with varlables
Substitute values for variables in an expression [when x = 4

D 3x 420, , )
ldent!fy equivalent expresleqs (3x + 2x + 18 and 5x°+ 18). /

Solviggﬁéquat!ons with one variable ,
! |

Find a solytion to a first order equation with one variable 'f
: -

|

i
(e. 9-. Ix + 6 =18)..
Generate solution sets for simple linear equations (e.g., y » h

2% + IB) This usually means generating a table of value{ for

'x and y over a sm&ll set of flve to ten possible values for x.
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ALGEBRA (cont inued)

Solving equations with one variable (continued)

Generate solution sets for very slmple first order inequalities
(where "x'" Is isolated) such as =5 < x < 15, Usually this means
listing some values that x can take and: some values that lt“can'P

take.
¢

Simyltaneous solution of linear equations

Find a solution to two simple linear equations such as y + 2x = 18

and X"Y = 50

Graphs Of;eqpatlons
| Piot points and skéich.ln lines for a few values of ''x'" and ''y"

in simple linear equations. Graphing may also be extended to

include Other basic types of equations such as y = x?
'

y= %-as long as equations are not' too complicated (e.g., y =

+ 1 994

3x% + 15 and y~m.i;;afe-pfobably within the bounds of regular ¢ .
. X - _
7th and 8th grade mathematics but textbooks will not likely have

" covered more complicated forms like y = i%. and especially forms

Like 3y + 2x = 33, and y2 '+ x* = 18, .

Writing equations

Write equations to. fit simple word-expressions such as ''there are

three times ‘as many girls as boys," or “"'there are half as many

b

red palls as blue ones.'




ALGEBRA (continued) | .

P

| Other toplcs

i

Solve two Ilnear equations by gr&bhlng them and identlfylng where
the graphs lntersect. - (Problems must be very restricted as to

possible values for "x" and 'y,")

[y

Graph a first order Inequality Ilke -h <X > |2 where '"x" is Isolated.

P




GEOMETRY | T

Baslc concepts

' Identify clrcle, square, triangle, rectangle, parallelogram, point, .

-

line, -1ine segment,_ray, plane, center of a circle, radius, diameter.:

L

v

Perimeter and circumference
Find the perimeter of a.polygon by adding measures of each side

"or by using a formula.

1 4

Determine the circumference of a circle by using the formula

c = nd or c = 27w,

Areag'surface'arealfand volume ‘ .

Use standard formulas: to determine (1) area of a trlangle, rectangle,

\

parallelogram, trapezold and circle; (2) surface area of a rectangular

' prlsm, pyramld cylinder, cone, or sphere, (3)‘volume of a- rectangular

prism; cylinder, pyramld, cone, or sphere.

]

Similar triangles

>

Know that similar trlangles have correspondlnq sldes whose lengths have

" the same ratio. In practice, students mainly haye an opportunlty e

\

» '

to determine whether two trlanqles are similar by checklng:the ’
ratios of thelrrsldes. | |

" Determine an unknown side in two similar triangles where the ratio
of the sides is glvan. Sometlmas this is done by a formal process
of settlng up a proportlon and solvlng for the mlsslng value uslng

" techniques of algebra. \Sometimes the approach Is a more lntultlve-

one where students are finding either the numerator or denomlnator

of an equivalent fraction.
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S . . w“ . . PR
GEOMETRY (cont inued) - ' ' 'A ‘% S

h)

Congrience

Know that tNQ\flgures’aré'condkient if their corresponding parts .
are congruent’. . lnolndépennen _practice this usually means that //
" students determine whether two figures (usually triangles) are

congruent by checking the congruence of corresponding sides _ /

and annles. ,

Know fhat there are three basic tests you can use to check the
congruenca;of two frtangles when you can't check all of the i
corresponding sides and angles. In pﬁaétlcé, sthdents'wlll -

=-apﬁly thesn tests to see whether two triangles have:

(a) all threé sides are congruent

(b) two sides and the angle they Include are congruent

(c)- two angles and the side they Inciude are congruent

- . -

-

'ﬁométlmes they tell "why" two triangles are congruent- by

.designating one of these three principles usually as $SS,

SAS, and ASA. | L

¢

Know that parallel lines cut by a transversal form various pairs
¢ of conqruent angles. In practhe, stqdents usually do the simpler
tasks of Identlfylng‘whlch angles are congruent in this kind of

figure. ' . 1 s

Pythagorean theorem and trigonometry -

Use the Pythagorean theorem to determine the unknown length of one

side of a right tflangle. (Problems usually Involve perfect squares.)
Use tables for slne, cosine, and tangent ratios to determine the unknown

Jength of one-slde of a triangle (students look up values from a table) %
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GEOMETRY (continued)

Names of special angles and;polygpns

Symmetry and transformations s

Special relatlonshlgs

Give names for standard (regula?) polygons (hexagon octagen, etc.),

. vw.—

triangles (isoceles, equllateral, etc.), and angles (acute obtuse’,
sgralght, etc.). R

ldentlfy'twq angles that are supplementar: or complementary. o -

-

pParallel and perpendl;ulaflreiatlonsﬁfps

Idantlfy lines that are parallel or perpendicular. §|dentlfy planes ¥

“that are parallel or'berpend!cular.

-
»

@

Identify figures that have line: symmetry, radlal (polnt) symmetry,

Iy 1

or plane symmetry (solid figures).
l&énilfy reflections, rotations, and translations of a figure on

4

" a two-dimensional grid.

Other Topics

Recail (or at least verlfy) special relationships like the. following:"
(1) the dlameter of a clrcle is twice as long as the radius

(2) the sum of angles in a triangle is 180° . ¥

(3) the sum of angles In a polygon with n sides is (n-2) x 180°
(this relationship can be verified by partltlonlng the .

' interior of any polygon into non-overlapping triangles whose

vertexes are the same as.the vertexes of the pofygon

(h) lnscrlbedéangleaﬁ&n a clrcla are half as big as the corresponding

-

central an?zb” . . !

2= \_l
V& : >




GEOMETRY (continued) - o /

Speclal relatlonsh[g_,(contlnued) 4 I e

(5) a parallelogram is formed by ¢onnectlng the mldpdlnté of

each side of a trapezoid ﬁ )
(6) the central "angle In a regular polygon is congruent to the
’ ! II

' - exterior angle formed by e_tendlng one of its sides

I

{7) the three perpendiculars rawn to each side of a triangle

from an inside point havg a sum that is equal to half of
: / N

-the triangle's helight %’ ‘ .

(8) a line segment connectﬂﬂg the midpoints of two slde» of a

trlangle is half as ldng as the -third slde

f
Arc_length and area of a sector ;/ _ .

Use a protractor to deter&lFe the length of an arc on a circle.
Use arc length to determine the area of assector of a circle

formed with the arc. - ,

Constructions -,

Follow directions for using (or simply ;ée) a compass or ét;alght | i
edge to: '9: ’ C
(1) bisect a linessegment
(2) bisect an angle
53)‘copy an’angle
(4) copy a'trlangle
(5) cons;fuct one line perpeﬁdlculaf to another

(6) construct one line parallel to another

(7) inscribe a polygon Inside a circle

. 36
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- GEOMETRY (continued)
y . Geometric trqnsfdfmaifgg;“' m”?rm~fw“_ E

'ldentlfJ-coordlnates for the following figures in four ‘quadrants

reflected figures . .
rotated figures /
translated figures ' , ;

’ magnified (similar) figyres T '

~

| 5
/
L 4 ) '

37.
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MEASUREMENT

Length - |

Use a ruier/to measure length to the nearest millimeter or the
. 2

nearest 1{16 of an inch.

-
-

Welght, liquid capacity, temperature, time : : '

Read values from the scale of & measurement device (weighlng sﬁale

-

- or balance, measuring container, thermometer;'c1ock).

* .

.Angles .

Use a protractor to measure-an angle in degrees. . ' g

Money

a

Identify denominations_of U.S. coins and bills aqg the total amount ~ ¢
¢ ' of money représented by a collection of ‘colns and bills. Identify :
the sm#l]est number and denominations of coins and bills that can

be used to represeht some amount of money. N L o-

Identify the total amount of a purchase and the amount of change

one would receive from a payment.

Expressing measures and equivalent measures

Use decimalsato express measures (especially when metric units are
used). \ . ,

Identify the precision and error in a measurement expression,

Determine equivaleﬁt metric units and equivalent customary units
'(é.g.; 3.3 kg = ;__;9). Usually students are nof expected to

recall all of the equivalent units. Most often, they get the - -

‘basic information from a table.




MEASUREMENT (continued) . . ... . -~

Ekpresslngﬁmeasuresfaﬁd equivalent measures (continued)

. Perform computations on measures.

" 3kg bg - .
+7 kg 500 g ' |
. ' o,
Including addition, subtraction, multiplication, and'dlvisionld‘{w .
[ ] ) ‘
Estimation . \ . ’
A ' 9

Make estimations of length, weight, liquid capacity, and volume
(cuﬁlc uﬁlts), especially for measgres involving large units.

Identlfy the most rea#onable or sensible unit for a particular kind

" of measurement. !

Other topics .

identify fixed temperatures for freezing and boiling points of water

~ and normal body heat.




SPECIAL TOPICS _ ot

Prime factorization

.

R ‘ "~ iList the prime factors ln a whole number. Usually confined to )
\ numbers less than about 100.or 150 Use prime factors to ldentify
\\\ the greatest comon divisor for the two numbers and the smallesﬂ/

common number that two 9lven numbers will dlvlde (th!s is a]so

-

_the lowest common denominator for two fractions). |
» ’ ‘ " I '

ijlslbillty

.Recall and use rules for divisibility by numbers fr+m 2 to 9.

. Scientific notation - ' ' .

._ Express.whole numbers and decimals in sclentific noéptibn. By ~
the end of grade 8, most textbooks do not:cover‘use of negative:

exponénts (for numbers between 0 and 1), but some do.] Comeare'.

h]

two numbers written in scientific notation, especialiy using the
s’hbols <, >, and =,

Identify significant digits in a number expressed. in scientific

’

A
notation. S

Compute with numbers in sclencific notation, = (Use of the distributive

law and. generalizations for adding and subtractﬁng.exponents.)4 "

s

~

Square root

Determine the squares of whole numbers (less than about 20)

1 4

Determine the square root of numbers that are perfect-squares

(%9,' 16, 25, 36, 49, etc.).




SPECIAL TOPICS (continued)
v :
Square root {(continued)

> .

"Approximate the square root of whole numbers (up to about 200)

using some process (there are seQeral) of repeated division.

~ Relations and functions )

’

Extend number sequences (including Pascal's triangle).

Generate number sequences according to somé rule.
Generate tables showing fﬁput and output values for a function

; rule, especially for linear functions.

Y
\
\
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