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F’aychometriciana have devel.oped a variety of Eeéh‘niquea_' 't’csz}(:_f'-"‘

. o« B
._x. ,‘;.-4. 4

creatlng conclhuous. _ snooth dietrlbumone to nori\ and equete teet data. o

[N ,-'.
‘. [} L.

D Ango££(1971) and Kolen(1983) have revlewed sone of these technlquea. A

. "o S REETEIEE

For example. /hand smoothlng permlts direct control o£ the dherence of -

o
the Euncti/on to tﬁe Erequency diatribution, but 15 not ané ytical /n

'».- ” "a‘ t:...':.'

nature /énd : is 'th'erefore 111-eu1ted . for ‘computer. eﬁpucatlons.'

' Tradltional llnear lnterpolatlon le ueeful £or deternlnm(g lnternedlate

. ,?:'

~ L values of a functlon but 13 not helpful 1n ennlnatlng 1rregu1ar1t1es

W
5
{

4 -

caueed by sampung err‘or orp test unreuabnity. Specific Eunctione - .
it " - '3 PN
(e.g.. - 1091st1c and quadratlc) have been auggested bv l‘larco(1977) and !

05 : P
. : 7

Llndsay and Prlchard(1971) ~to ﬂt eete o£ data. . Hhue these procedu'res a "

3
< . 4

dd lend Ehemselves to computer applicat!.ona. L one muet aasume that LEh

| 'fun'ctionall, for'm.. of the equation satiéfactorilv ﬂts the daba.

Reeearchers famular wlth’ lten reep;nee theory are well eware that‘ the
T e"xaot form of the functlo'n used to ﬂt a glven aet of dat‘o gan ven.ge(n.der ‘
-substantlal controve.ray.f"v o ‘ | - , | . ’j.( '

-~

If the £unctlonal form of the equption 1& S'Aot" heeded’; e ggnqral L

analytical curve-ﬁtting procedure / permtttng the creatlon of 'a':';-

."'"
| .

contlnuoue. smooth dlstrlbution 15 uéeful. Furthermore. 1t ls deslrable

L d . ) o "/) .

to be abLe to control the snoothness of that d‘letrlbution by aome eaeuy -

-

" epeclﬁable parameter.‘ Kolen(1983) ha% found cubic spune‘ mo‘é/hlng

a »

' proceduree to be effective in &e smqpthing oE equlpercentue equating_

&
-

."fuhctlona,. These procedures are very general. however. nd can be, used .
. ° . \1 , 1 . -
= t,. ‘ 3 , ', P \
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a to  amooth - - vametyv of functiona regarddesa . of the ‘shape “'.6£',

v . 4 N

' dlatrlbutlon... Spnnev technlquea ‘."'are‘-" used in ﬂelda as diverae':aa%
shlpbuudlng (Theuhelmer and Starkweather, 1961) and astronomy (Jonea.

i 1973,' 1977) but have not beeg frequently appued in paychometrics. Two
paychometrlc uses are Eound l.n- thel.r appllcatlona l.n multldimenalonal

‘ o acaung (Winsberg and Ramaey, 1981) and teat equating (Kolen, 1983). If

- . one test is to be equated to another 1t may be necessary to create 'a.

‘cont1nuoua dlatrlbutlon in order to approxlmate abulty levela that are

’
. v

not dlacrete. Furthermore,, amoothlmg of acore dlatrlbutlona nay be

" . de&irable to approxlmate the dlatributlon of the populatlon from whlch

»
v
=y

., scores are’ assumed to have bgen sampled., , For theae appllcatlons cub1c v

v -

“ spnne curve £1tt1ng technlquea appear to be well-sulted.
Deacrlptlon'of Cubic Snfoothlni; Spunea.

For some time polynomial curves’ have baan used to create cont1nuoua.
: dlstributiona for sets o£ dlscrete data. - 'I'he prlmary drawback to such
procedurea is that a: aubatantia‘l number of terms must - be 1ncorporated to -

\
fit the obtained. data points. Aa the number o'f theae polnta 1ncreasea,

ey ¢

8o in general does . the order'of “-the pogynon;al. -'Relagyely aman

changes in ordinate values of data pglnta can’ lead to subsatantial

v
-

changes -in polynomial coefﬂclents. More'over', .th_e_‘.'ne_"'e.d to lncorﬁorat_e
lar'ge-order - polynomial terms .leada to »addltlon:al‘, 'coMpUtatlonal

lnatabillty. " The . problems encountered in .the useof polynomlal

approxlmatlons therefore tend- to make them. a leaaaattractlve solutlon to

; . 3
C . S » R

curve £1tt1nq than might be .expected.

An alternative ~ procedure ou?ﬂ.ned in Ahlbe‘éZ ’ . Nilson " and
.-q‘ o Wdalsh (196'7) is to connect plecewlae ‘polynonial aegmenté auch that mam}
- v . -
R 3 3 . , - . \ 0' ‘ . . - 2 ,
2 o . N : e L]
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g

hose £unct1onal t’orm ls relatlvely slmple while maintaming -

o. ﬂt co'nplex \curves. The smplest example of thls ﬁttmg
v : y

in the use- of contlnuoue plecewl.se linea:‘ ll.ne segments for

v A -

the purpose of 1nterpolat1on. Howeve:y p1ecew1se llnear Eunctions are

for: curvuinear ’ sltnatlons. ’ partlcularly 'm‘ reglons of

0 . T

b4
cumulative £requency dlstrlbutlons.

.o T . . . ! L.

LR
.

fby the . analyst. ' This procedure ,gWes a great deal more'
\::}-"a

ﬂttlng slnce ‘one may connect polnts .with line"-“""-,,_"’-}-.,_..'_-'

curvature . ~such as m;&ht be expected near the. extremes of

Although these p1ecewlsé segments may take on any of a. number of

functlonal forms. in pract,tce plecewise cubxc polynomlals are frequently
used because they d1sp1 .certaln optlmal propertles such as mlnimum

-
.

curvature (Ahlberg et a'l:. '1967)' whj,le reta1n1ng a" relatively s1mp1e

form. The minimum curvature property is predlcted by a theorem of

Holladay and 1is useful’ slnce_lt avo’ids the problems ,‘ of osclllatory.'

-

functions some,times. 'encountered in ﬂt,t_lng a slngfl,e"'.p'olynomlal to.%

» "

,lari;e number of data polnts. : ;The entlre collectlon of pl.ecewl.se'

functiona is called a’ apline; the polnts at' whlch the line segments are

A

joined "are called. ‘knota or ducks. In order to dlsplay th.e optimal
properties descrlbed_"above,- the piecewlsé segme‘nts ‘,are‘ subjected . to

several restrl‘ctllons..- one '-of-,\whlch' ia-that the ﬂrst - ,and _second.' :

#
v a

‘derlvatlves must be. contlnuous at. the knots (1 Q.,r the values of, the

regardless of the spllne segment on whlch they are eyaluated).

2

DeBoér(1978) and Relnsch(1967) have ‘discussed the use of vsmoothln_g

. r ’

splines. In ° these -procedureas -a spllne consistlng L;-of p1ece9ise

polyxnomials ia fitted to the data as above ‘but a certain amount of

‘ , . .‘.- ““ 3' ' . -.

)

-

"
. first and second derlvatwes of the curve must be 1dent1cal at the knot -,

/
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latltude m permltted m the £it of the curve to the d/ata. ‘Whereas the

¢

i _ a pvocedurea outllﬂed by . Ahlberg et al. reati:-lct the ordlnate value of the \

T curve at the knotg to the obtalned data values. ~the fltted value., s ‘ ]

permitted to devlate from theae valuea ln amoathlng splines. The = .~ "

-~

amount of thla' departure is controlled by the specification™ of a

—
[

amoothlng ‘para'meter , called E in this paper. A .value of E=0 'lmplies
[ 4

'that the cublc ap\lne is ginply a apllne of Interpolatlon conafat’lng of
r—/

v

. ' segments of cublc llnea ‘Jjoined: at the knots, the procedure outllned‘ in e

v

Ahlberg, et alv. . A larger value of E apeclflea the extent to whlch the

-

"functlon "la allowed to deviate from the obtalned data pointas, ‘The'

llmltlng value of E is detei:'mlned"by the total deviation sum of squares.

of the data polnta from a atralght llne fltted to, the data polnta and in .

»

its limiting _ case, the apllne aimply becomea a straight line.
'I'he apllne Eunctlon S(x) is evaluated by determining the ﬂacatlona

of the knota.- xj . repreaentlng score polnta in fhis paper. “The value
“ . . ’ : v

of the spllne functlon foi‘ a given value x then represents the ord__lnate
/ “ . ‘e

el value of the dlatrlbutlon undergolng smoothing (.e.. percentl‘lerank. L.
.- I T t
obaerved frequency. ete.). Ualng the notation of Ahlberg et al we have .
. (x5 - X + (x - x5_1)% . 4
= 1 2
St 31—1— M—J_—+(y14,M11h] )(J-x)
“ . S - 6 hy o 6 hy ‘
1 - . | AT ' .
‘ +(y3'-MJE‘L)(x -1y :
' . . 6 hj t -
where hj o= x'j "Xy oo the .length of the interval of interpolation; :
L - . ' ‘ e : e -
X 5.3 <X <X ji. ; and the values of Hj- ~are determined by solving the ,
" following equation: ) * ' _ .
L. -t . . . _ ?3 ]
| , o i |
4
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o e . AV § _ J R G
e . T o h= ) . l: . : »
. Here X] ia defined aas - J"’l - 41 - X5 . e
. B R F i+l 7 *j-1
M3 ia definetl as 4 _.)\j = . - x'—:i» , )
o | B P Dl = B _' C .
and d 3 ia defined as yo o < L o
. s : i . - . hj + hJ -1 . : A
The' -Mj .are referred to asa moments o£ the apline Eunctign and are
-, . . » A
g se/\nd derivatives of the Eunction evaluated at the knots. Since the"
xj‘ and _y.j . are known in “thia epplication. the .ehti\re 'SV_stem . Of .

equationa mey - be" solved_ .through the _use-o£ well_-de,_velo'ped.. " efficient

recursion techniquem, a

< y . v

- - While Holladay s theoremn requires that ng . =y 'Eotﬁ all x

o

in ‘practice this restriction is 'not- necessary.» Inetead pne may imp se . -

aome mini'ni:izetiori' requirement on the Euhcti'on". thia can. / dOne by
pequiring a least-squarea eolution Eor a spline‘ with Eewer knots than
data polnts‘or by restricting { cy .- Stx . )2 & E. I tiis '.L-u'oeA

the spline becomes the smoothing spline mentioned above.

%

which conbines Elexibility of form, replicability of - cut‘ve—ﬂtting
techniquesa, and eomputetionel eaee with a eub]ective element which

permita the analyst to control the £1t of the curve. Rethef than aprio_g

4

The uae of spline functionsa’ representa an .analytical—{ pro‘ced\'xre'



« v’ . . -. -,_ : .- ' v \ .
e&‘peclﬂcatlon ‘of E. - eeveral velue’é m 4 range' generally found to

‘ o BAA . .

provide .an -’ good blend of curve £it: and amoothneee may be tried before -

chooeing the value g1v1ng the best reaulta. .Comparing -the smoothed ,' Y

-

curve and the orlglnal dletrlbution od)the aame graph for eeveral valuee.
of E may asslet xn the Belectlon of E. Interpolated valuea of ' the spnne

functlon can be ueed for computer plotting wlthln the eoxne program whlch

- calculatee the valuee of the smoothlng functlon at the knots.

¢ -~ P

Determlnotlon o£ the optlmal emoothlng range le largely a matter of

-

experl.ence when tfe ehape of the true dlstrlbuth unknown. Relnsch

suggests reetrlctxng E to thevlnterva,l N -'/f_ZN.. < E < N *m_ where

N repreaenta the number of possiele‘" _ecore\e. aF-'ol:‘ an 80 1ten teet thle

placea ’tE between 68 and 94. However, a8 Kolen (1983) ° pointa out,
Reinach aassumed that the y j"' were lndependent. an aseumptl.on not met

when eamoothing a curvé of cumulative frequenclee. for exemple. - In
practice, the optimal value of E depends on the shape of the cu'rge being

-l «‘: B .
- -amoothed, the error within the sample (which ia in part.a function .....‘of

the ‘ number of saubjecta san_\ple'd) and the size of the 'yj .'- Optimal
. values of E will differ for cumulative freque’ncles" ‘and cumulative

LI ’

ld

relative Erequenclee. : . . o C

L] ~

The evaluatlon' of. the spline function can be carrled out thr.ough K X S
use of Fort{ran-cauable subrouunee a)auabké through IMSL(1982)> or by

‘ use of deBo_or 8 (1978) subroutlnes SMOOTH., SETUPQ. AND CHOL1D. -The

s latter procedures'. were uaed lnkthe .analyaea deacribed in thia 'paper.

. . . e “ , :
3, They "are well-documented, -appear . to be ' quite r.obu_st',; and . easlily
modifiable by the user; furthermore they are quite econoni{ool and are

-

eaaily transported from inatitution to lnetltut;on. R ';'.;.

- . ‘ In the present atudy smoothing aplinea were . developed . for ,

*» . - : » . ~




S

. diatributiona of “petcentile ranka by two methoda. - In Hethod 1,  the PR

> -

valuea were ‘, deternlned from cumulative frequency counts of i"aw - score

. - - ‘

valuéa -‘and then smoothed,- creatlng a contlnuoué distributién of PR

‘k . L .
values.. 'In Method 2, the caw frequenclea were gmoothed to 'create a
ol - A} . :
continuous distribution. ~-The area under the curve was then’ determlned

-

'by integrating (1) to obt?m'\the 'follawing:

- o o .
S COML L hid M. (e u Y e '
{ S(x) dx = - __1'14_ - 3‘1(x:| xo) 4 Mj (XO - xj_i)u +' ¥5-1 hj
%1 : 24 24 hj R PR
| ] . .
_ '(y-‘ MJ'-'l h; 2 X 2_ \
- o S . 2 hj o " 2h; hJ ,
f"‘ '

. . . . LU (3)
where %j-1€ x0g € %3 and M5 . M., . hy . x%° and- y’ are
‘defined as before. When xo" = xj thia aimply teduces,» to

b / . ..' ] . . ‘
[9 seoax = 8734 ¥5-0) by 5+ M) ny3 S

. . _ . @\
e | 2 I . A o

’
4

This latter area ia easaentially the area of a trapezald with "a cubic
correction for _carvatute. © After ‘integratl'nng ‘the’ entire cutvei the area

under ‘the curve is normalized to 100. If 0 represents the lowest

poaaible sc.ore: xma-x' the iughe'st,. a‘rgd' x any score on t'he 1nterva1
0‘ '_f x ‘<_. Kipax * then} o S '
- f,8(x) dx - ‘ ) )
"‘;h%a'f’* S o x apn . . K
S S(x) dx. '

Q
repreeente the PR for a subject with a ecore of x.

This paper represents an attempt to explore the behavior of cubic
. I -

aphgea in oz;der. to. determine their appropriateness for use in test

norming. .'I'wo studies Qere ‘carried oat:' . the first explares the

~

feasibility of the use of‘“apune functions for data obtained in norming
B -

,j‘.‘.";.'."7. ) '.
S 9 ‘
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the - Curricuium Referenced Teata of Mastery (CRTM) (Sabera and Sabers,

1984). Becsuae questions ‘were, raised -concerning which: of the tws

-y,

bt #
)
g

amoothing techniques more closely approximated the _population, from, which

the data were sampled, a second Monte Carlo “Study waa ' designed to

’ o

'éenérate a theoretical "population, sample repeatedly from it, _and amooth

\ @ . . . / "
the results in a comparative study., : ' 4 A
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Study One P o BN

' . ’ . X ’ . 12

ﬂethodologyi o o ‘ -} c o
Inltlai explorationa o£ the behavior of cublc apune Eunctions were

n\ade ualng _data from the F,all, . 1982, adaniat-ration o£ protot‘.ype -

'mathematica and readlng‘teata of the CRTM. The prototype teats gere ""

adnlnlatered both on-. and o££—1eve1 to aamples of 300 to 400 atudenta

- per-' teat. Grade levela of bookleta and atudenta ranged from ﬂrst to

elght.h grade. Opce the authora were Eaniuar h the behavlor of cublc

S— ’ .

-apunea. apunea were used to ~amooth 40 dlatrlbutlona reaultlng from _the

h\unt:er.‘.s 1983. admlnlstratlon o£ atandard reading and mathenatica teata

- 0

" . on- 'and off-level to aanplea of 3000 to 4_000-a_t_udenta‘. | , =
" The ’two smoothing procedﬁrea deacribed previoualy were used on the
'__pr'o_totype te'et'a-i approprlate vaLuea for the amoothlng parameter E  were

[y

determlned £or each dlatrlbution and procedure and the resultsa compared
for j;problems_f:in curve_ﬂt.' Because the criterion_ dlatrlbutlon is

unknown. it ' ia not poaaible to determine which method better
_ n - |
approximatea the true distribution of PR values.

(-"QL

P ' [ v .

Reeulta and Dlscuaalon.

i

Reaulta for Method 1 appeared quite good- am_all'lrregularitlea in.

PR dlatrlbutlona were effecmvely removed and with proper attentlon to

DEAN

. . /
: the valuea of the amoothlng . parameter. amooth dlatrlbutiona were
obtained. Valuea of E whlch appeared ,approprlate for the Fall prototype

‘teats ranged between 10 and 5S0. Diacernible differencesa in" smoothed
s . oy

test ascore dlatributlona;were noted oniy_for fﬁcrements in E of five or

. : ’ ) . o o : CA ‘ :
. moré, ao relatively few analyses were nﬁ?p‘??d to obtain a aatiafactory

’ 2
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i

« . . - R - . . . e "

diatrlbutLon in most cases. s L | L Pt e

K . . : : . T

L.lttle amoothlng waa-i’ r’equrre'd' 'E'or'the Jandar;/ norming of the’.'
) .

» - W
atandard teats. wlth -rep:}ﬁentatlve natlonal eamplee ‘of over 3000

© o

students“. PR dlstrlbutlone were qulte enooth. - For the- aake o{' g
i ., . . ’ b . .

L g

un;form’ity 1n_greport1n‘g‘ norma, all- valuee o£ E ‘were set to zero d.e., !

c .

no “e'moo‘thlng-, lntetdpolatlon -ox’aly) and :epune Eunctlone were, ueed te

- 3 -

‘d'etermin'e intermedlate values Eor subaequent teet equating. ' .Becauee

. X

CRTM atandard teet ‘norma are often used as a baele Eor réporb,lng' norlvn'e'

-/

rd

: eucceesive values could be mlnlmlzed. Although a slight improvement was

»'\too-.large_j vo‘r too-smoll‘ Erequenclea ia mlnlmlzed. ' Stul another.

hd -

- on cuetom CRTH Teste, it ia lmperatlve that PRa be avallable Eor‘ ,,n‘"on-'

.
L
.

- . o - : . I.' \.

Pl

integer ecoree. Co- : o B A A

- 3 c @

Two dlfﬂcultlee aroee, when usmg Hethod .1 for non-zero valueh "oE_

.)~ . X l ‘
E. Flret, when aeveral anomaloualy h1gh or low frequenclee appear cloaé
- together, the eplvlne Eupctlon ias 1ne££ect1.ve.1n emoothlng out the
anom‘alg._ Increaelng valuea o£ E. can cauae the. emoothlng Procedure t.o d

- hd

have- mlnmalo impact on reglona -needlng smoothing ‘whlle havlng greater

impact on regions needlng leas emoothlng. N Second, end values of the'

spline function tended to depart £rom the asymptotlc valuee of' 0 and 100 ‘

wlth hgcreaeing valuea of E, a result o£ the tendency/of the Eunctlon to

. 1

approach a leaat-squares une.A' Thia reaulted in PR valies greater than

100 or leas then 0. T | r o ST
H'ethod >'2 bae developed to.. eo].\'re' the_ -/pro‘hi.el.ti‘e , men_tloned ._'-a;hove:

Since Erequenclea",r, unl}_ke gpmuiatlve Erequenelea, f,épéesen; ',independen}-_"; ‘

obeervatlone, T it ;aae N hoped that th"e almpaet o£ ) eev'eral' : 'anomal:o;ue .

noted in uelng Hethod 2° the problem was not totallv eolved. -A'potentlal. .

! . .
eolutlon to the problem uee 1n the uae o£ variable length intervale

between data pointe, 1 e.., blnnlng deta ‘in euch a way that the impact o£

e R SR "‘ 10 12

A

C ar.
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‘procedures.

-
a

-

.potentlal} eolutlon uea in the uae of leaat- equaree epnnee rather than

amoothing spllnea. Subaequent etudlee are planned to - examlne, th_eee

e ot . . )

. The ' second problem noted} . tne' non-asymptotic ends of. _ the

dlstrlbutlon. was solved by sthe second prqcedure. Occaslonai negative )

'smoothed- £requenc1es were noted near the extremes of the distrlbuilon

‘wlth the smaller samples 1n the Fall testlng. ~but thls is unukely "to'

occur ' when the number of subJects ls large. It should also be ;noted .

. Ehet 'fwith small numbers of eubJecta end smell valuea o£ E- the '_goline-

function established ’_ln,'-zthe, either_ procedure is occas;onal;y. not -

_monotontc. v' ' ) - ) - N

-

‘Approprlate' velues of E Vfor 'Hethod 2 ‘were. substantial’ly larger -th'an

for the first procedure. Although approprlate values in Hethod 1 ranged

between 10 and 50 Eor tests contalning 50 to 80 ltems. the values 'Eor

Method ‘ 2 ranged betWeen 300 and 700. . This is due in part to t;.h'e'_.'

substa‘__ntlal d1££erences in the appearance of’_'the_ curvesa- being smoqthed

in e'ac_n method ~and theae differences are of no con.:aequence Th the

evaluation of the two'_n_uethods.

>

Both - methods produced very good. usable reg.ults. Because the

procedure is analytlcel. conslstent results were obtalned in smoothlng

data dlstrlbutlons whue substentlany reduc1ng the tlme and expense of

vsmoothing' and .l-nterp'olating' dlstrlbutlons.

b4
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‘Heghodology: ¢ e

While eublc splines' were -Eoi.md to . be _an' effectlve‘.‘sm'oothlng.

procedu're lh S}udy One end whue Method 2 appeared to glve sughtly

.- better ?results in smoothrng . test data. the goal in smoothing

N . ‘e -

. d1str1.t:;ut1oh 1s ,to remove 1rregu1ar1t1es to epproxlmate the test - score
d1str1but1on in the parent/éopulatlon. Slnce nothlng' 1s known ebout. the
parent populetlon except thet whlch cen be genereuzed £rom a sample. 1t '
‘is not posslble using student sample data to determlne whlch o£ the two
mettods more closely approxlmates the . actual dlstributlon o£ teat scores -
in” the populat.lon. ‘To enswer thls questlon. ;a-,..ﬁonte Cerlo studv '. vvas_

undertaken;

The £ollow1ng esshtlons of true acore theory were mede.

1. X = -t + e, the observed _acore. ls the sum o£ a true score and
- an error score. . . ' [ \
2. 02=0%+0.2 the -observed 'scor,e' variance is the ‘sum of true

x',—t e '’

score verlence and error acore variance.
_3.-, O, = ( 1 fpxx)cx . ,error score vsrlance is a Eunctlon o£ observed

~

acore veriance and ‘tes reuabluty p L T . e
Distributions of .ob score values were slmuleted by sempung 400 -

pairs of ra-ndom’ normal devlates.. ‘ Settlng th = u 36 and ¢f“= 12, and

lettlng 24 end 2y represent the —peir o£ rendom normel devietes. observed

score velues were computed eccordlng to the £o11ow1ng £ormu1e. B = _'
‘x.= ‘(0'- .Z' H . L .
ot 1 + ) + -
®X
'=(12z1+36)+ A2 7 -
VPxx




. . . - . R - ) * l . L]
- ) . : .- . ? . ’ ' -
Item valueg were then groupe Ainto dlacrete categories with a -1-
P A . .
ppint 'lnte'rval. The reaultlg,g dla_trlbutlon G)Pa then anoothed by the two

methoda . deacribed _prevloualy " and anoothed PR (PR s ). valuea were

compared " wlth the PR valuealfor a normal (PR 3 dlatrlbutlon with & \

o mean oE 36 and 'true-acore atandard devlatlon of 12 by calc,/ldtlng the

value "of T. the total Elt qoror.' asa) below. ’

v
L

) T= YR _ -PR L . o (S
, . < A . , ‘
' i=1 o
‘- ) ’ . 'Y " . L4 . : . L.l

. « L -~

The amoothu@ procedure whlch ylelda the loweat value o£ T is preaumed -

to give the cloaeat fit fbr the aet of data under conalderathn. , ‘whlle

thia ia the procedure actually employed in thia atudy, othera could be
used dependlng on the needs of the analvat.
The valuea of T are not dlrectly comparable untll optlmal smoothlng

(mlnlmlzlng the '_valu‘e: qf T) haa been carrled out for each amoothlng

H P . . : -
procedure.  To determlne . the value ‘of E whlch mlnlmlzea T, '~INSL
N

aubrout&" ZXGSN waa uaed. The method employa a golden aectlon search
L4
procedure (IMSL., 1982) whlch aasaunes that a functlon haa a unique mlnlmum
w_lthln. ‘the range. of valuea under .conaldera_tlon. . For* amoothing.
procedures local' minima rather than a unique .mlnlmu'.m 'value. ‘may be.
.'encouhtered.- The fallure 'to' f£ind a unique’ mlnlmum. reaults from
dlfferlng " val’uea of E caualng a functlon to approxlmate nore .clo;aely
't.he, crlterlon in one region whlle causaing- it to depart from the
crlterlon in another..' Houe\ier. " aince ‘T ia compared for the _ 'tv;o."' -
.amoothlng procedurea. lf the procedure whlch falled to converge producea _

a local mlnlmum -anywhere for whlch T is lesa than the procedure whlch

conv_erged. we may. agsume the procedure wlth the unknown abaolute mlnlmum |

[N

yields better .'r_.esults.f.or the,iglven data »eet._ - In the present studv.

ERIC ~ . . o ostoTo
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Method 1 alwaysa cdnverged to a minimum.  Results for Method 2 were mdre

variable. irhese resguita and their. impi-i“c‘_a‘tiona are discuased below.

Values-of Pox uaed in the atudy we'\re.._l.oo. (no measurement error),’

q

0.91 <(reliability comparabia\ with that of many waii atandardjzed
. { -

1
-

achieveme@f taats currently - avaiiabia).' ~.and_~ 0. 74 .(parm_it.ting .

'intiorporation of aubatantiai errora of meaaurement). For each value of

p xx JSLLELY aampiing diatributiora were eatabiiahed. By ape,cifying' .the .

same initiai aeed vaiue. the diatributions were reatricted to the s\me

aampltd values acroas\ the . t’hree values of o ® '. Thua - results for. "

e, -\ * f xx y ) 0 1 -
smoothing “the- Eirat di,sltribution at - pxx = 1.00 may be com‘pa'red“ with .
smoothed reauita of the aame diatribution at P . = 0.91. Differing

. i

- 7'

vaiuea of T in theae diatributxfona are due to the relative magnitude o£

meaaur.ement errors. oA ' ‘ S B
. : P . . » i S

" e

’

Reauita and Diqcuaaion.

.

Tables .1, 2;- and 3 preaent the valuea of 'I' ‘and optimal amoothing -

values oﬁ 'E ,for .tha two procaduraa at p‘xx = 1.00. 0.91° and 0.74

reapectiveiy.' 'For compariaon with T . and 'I'2 . the summed., squared

deviations 'To of the unamoothed PR vai;.:ea from the PR valuea for a

normal iatri_bution are  also preaented in each tabve":- in coiumn 6.

These vpry over ‘the three 'diatributiona -because BE  the relative
contribution of meaaurement error to the procedure. .Aateriaka_ denote

vaiuea of E which faiied to converge to a minimum.
[

- In every ca\with either Method 1 or Method 2, the smoot‘hed \reauit

better' approximat_ea the giv_en ‘normal di_atribution than does the

unamoothed diatribution indicating that the two anaiytical' smoothing

‘-pvrocedures- are at leaat 'partiaiiy successful in reécovering the .

v

di’a_tribution from which they were sampled. - While in aoma cases the



'improbement* nay vnot beaub’atantlal; ‘ 'ln othera overall deviations are

markadly 'reduced. Figure 1 preaanta reaulta of one auch amoothlng at
. . o T Pyy
= 1.00. ° Here devlatlona from the norjal dlatrlbutlon for Method 1 are
’ ¥

represented by a .star: davlatlona for Method 2’ by - a trlangle and

deVlatlona for the/ unamoothed dlatrlbutlon by a solid llne., .The )

'corqaspondlng values for the- sanrple (#41) : for Tl . Ty , and  Tjy

b 4

representing the summed éqUared_ deviations are 20.89, 19.5_‘4 and~ 65.90
reapectively. For this -set of amoothed.r‘aaulta. _a‘ marked improvement . _—~
can .be abaerved £0r either method and the effects of sampling error are

‘Glearly dlmlnlahed. "

‘For P = l. 00 Method 2 ylelda better 'reaulta than Hethod 1 in
approximately half the cases although in general reaulta from th‘e two
procedures are qulte close(see Tabla 1). Thla lndlcatea that the exact

ainooth'lng' procedure choaen for a highly reliable teat may be ‘of leaa

importance than the fact of amoothlng itself. Aa the unrellablllty of

‘the teat lncreaaea,. the auperlorlty of Method 2 to Method 1 in terms of

mlnlmlzlngi the error becomea ‘more apparent. When pxx’ =-0.91, - Method- 27
gives better‘ “results than Method 1 in 76% of'the_ cases (see Table:' 2).

Although results are generally fairly close (as in Sample #1 for which
k . . . -

/ . . V' “
Ty and T, equal 51.90 and 50.89 respectively), sometimes the
dlacrepancy is greater fas in Sample' #32 for which the corresponding

valuea were 96.38 and 84.40). ‘When = '0.74 the' discrepancy between

Pxex
the two procedurea becomes more subatantlal (see Table 3). Method 2 is
l' . . -

clearly aukerlor to Method I in all but four of the cases. In three of

theae -Eovur. convergence to an optlmal amoothing parameter dld not occur

“n .f'act. it dld not occur in moat cases  of Method. .a at this

reliability). - With choice. ~ of another minimization procedure it is

~

> .17



'are smoothed “out. e Thereéfore.' 'me':elsu'remént. error in itself has .a

- . R ) _ ) . : vt

poaaible that lower valuea of T2 < T{' would be found for at leaat éorﬁe.
of theae valuesa. _ : Lo e ' S ' - \'

B 7

)

One effect which~ s'tengs"" out = quite sharply is that 435\ tés?:. o

\

T . -t e e . : .

reliability decreases, the‘ ‘amoothing. procedure loses ‘ltg effectiveneas -
I . . -\- “ . o ,. 4‘ - ' . B

in recovering the original normal distribution. Y Comparison ?f

dlstrlbutlon‘a‘ for a given . r‘ﬁh-_over the three ?ell,abilltieé shows that.

aa expected. the net effect o£ fheasurement error ls a Elattenlng of ‘the

entire-’ distrlbution of test _ scoreg. vieldlng ‘a ''more «platykurtic

15's
-

diatribution. At the's_ame .t'.lm'e'. some of the largér sampung anomau:es‘

4smoo£hln'q- ' effec.'t';"- ' furthez\more. once the dls‘t.rl"butlon- sy'?st‘emétlkqél‘ly'

departs from t"\e origlnal;,',.- as happens when the‘ distribution is

flattened. both smoothlng procedures lose thelr efﬂcacy in recovermg

the orlgmal.distributlon. Eor thls reason. spune smoothlng procedures -

' cannot be f_e‘;épe"'c‘ted’ to compensate for poor test reliability.” - .

»

SRR étandard devlatlons of T 'T2'. T
h o

displayed in Table 4. Several concluslons are readily apparent in .these

0° Ei. andlE at?e

~

tables. , : R o .
1. . While average aizes of Tl and T2 are close for o x =+ 1.00,
values dlerge ag p - decreases with T, <-’Tl . |
2. The ‘avetage size of the smoothing _pdr_ame'ter tends to decrease

- .

‘as rélla;bidllty decreases reéardlessf é_af the .smoothing procedure
: : : ' r .

4 -

chosen. . .

3. As reliabulty-»decreas.'es.; thé uge o£ .cubic sﬁllne_}wothmg-

pr_ocedureé loses itsa effective_nesg in restoring the shape of the

original distribution.. '

o

4. 'zrhe variancea of T,» T, and T 'lncreé'se as reliability
) ""’i » L4 . )

decreases.

Lo 16
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5. The vartances of Ei and .E//\Eecreaee as reliability decreasea.
- - . .‘j. - - : v - . ‘~:.\ ’ . )

Thege resultas, therefore, confirm the conclusions based on examination

of resqits of lndw.lduql. runs presented in Tables 1, 2, gnd 3.

~ The Eallure o£ the'convergence procedure Eor Method 2 in most cases

o -

" when ¢ k = 0.74 should not be consldered a . weakness, but rather a .

atrength. It‘can _be 'ooted that ,despl.te the' failure of the. m_lnlm'lzctlyé
. . procedure Eo\ find an doptimal smoo'thlng- paraﬁ\eter. Mech)cad 2 _generally

’ . .
‘.

gave . supericr 'results '£or ‘the vAIue of E 'selected.. In Eect._ -there
. exista, a ran;;e of’ smoot:hmg values whlch can be expected to. yield good'.
re?sults.- It ;hodld ;lso oe noted .i:.hat; Eenure to converge is a weakness '
. ot olf the golden section search method:' not the amoothing procedure. With
. b

test data, the optlmlzation procedure used m this sectlon cOuld not and

would not oe used.

Al -

'Y
,_’.‘
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"Both_ studiea ghowed that apline amoothing technlquee are -a

convenient and economical procedure ‘for enalytl'cally smoothing test °

s?ore_ dle‘trlbutlone and generally glve good reeulte. Method 2. the _“

method of lntegratlon, 'wa'e developed in reepcnee . to .two ' probleme -

encGu\ntered in Method 1-- the occurrence of e;veral eucceeelvely low o{\
>

. hlgh valuee on the curve whlch proved reeletant to enoothlng. and the

tendency of .the ende of the dletrlbutlon to _d_epart EroKe horlzontal.

'_Hethod 2 lmproved the Eirat problem and eeeentlally ellmlnated the

second.’ -

In ’the Montef Carlo study lt was found that both emoothlb'ng
proceduree glve elnllar reeulte for hlghly rellable teete ( p = 1.00) ‘
xx
but as measurement error lncreaeee.' Hethod 2 le found to glve betters

reeulste. Nelther procedure w‘ae. completely effectlve. ' however. in
A » .

restorlng the shape o£ thq orlglnal dletrlbutlon once meaeurement error
~

had eyetenatlcelly- changed the curve. =
- ) . '

Optimal amoothing - paranete're tended to vary substantially from

“

sample to sample. -‘-H'owévéf, when a teat le hlghly rellahle. a larger |

emoothlng parameter nay well be necee‘eary becauee the meaeurement error

b

‘i not preeent to emooth out the effe::te of eampllng error. Generally.

Method 2 - is qulte [ robuet wlth reepect to ‘'the _ cholce of emoothlng L

: K
par'ameter. For Method 1 the choice may be '"‘mor‘eg-crl\tlc\;al .and confined to

a rather narvow range of values. ' v s

Becauee. Method 2 generally gave reeulte as good as or superlor to'

Method 1 ' and hecauee it was more- robuat. with regard to the choice of

"emootvh-lng‘ paraneter.. Nethod 2 ehould be used whenever _.,approprlate.'v'

s s L
LM
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However, either method may be .expected to give good reaults,
particularly when teata are Yeliable,” and both are eaay, efficient, and
econonical to uae. o \ . .. '
, ‘ \ . e
1 ’ ‘j'\ .
) - >~
. . ] .. . . '
- - n - K !
Q . .
A '
S . \ .
A
¢ et
)‘ i
s e ' ‘
[ « ) ¢
' 4 . :
.
2 ) - L o . ) )
~ "&ﬂ X ’
| 21 -
? - X 19
~

LR




AT . . . ’ . ~ . ,

Blbliography

'Ahiberg., J.H., Nilaon, E.N. and Wwalah, J.L. The Theory of Splinea and
: “their Appucatlone. New York, Acadenmic Preee. 1967. :

< Angoff,\ W.H. S_cales._ Norme'. and Equivalent Scorea. R.L Thorndike “- .
(ed.), Educational Meaaurement (2nd  Ed,). Waahington, D.C.,
American Council on Educatlon. 1971, s ' ' )

de Boor. G. A Practical Guide to Spunee. New York, Springer-Verlag,
1 1978. : B :
. . - . - . - . .
. International . Hathematical and Statiatical lerariee (IHSL)./ Reference
Manual (9th Ed.), 1982. s e

v

Jones, H-l:.‘./l7973.- The Formatlon' of Resonance Lines in Multidlmeneional
Medi I1I. Interpolation Functiona, Accuracy and: Stabulty._
Aetrophyelcal Journal. 185, 183-19§

Jones, H. P.. 1977. Spllnee under Tenelon in Integral Tranafer Problems. :
J. Quant. Spectroac. Radlat. Tranefer. 17, 765~ 776

Kolen, M.J.. . 1983. Effectiveneaa of Analytlc Smoothlné in
Equipercentile Equating. ACT Technical Bulletin #41. American
College »Teetln‘g Program. Iowa City. Iowa.

Lindsay, C.A.° and Prichard, M.A., '1971. An Analytic Procedure for the
Equlpercentue Method Jo£‘ Equating Teete. J. Ed Meae.._s 203-207.

Marco, .G. L..- 1977. Uae of the Logistic Hodel as. an Alternative to
Linear Interpolation for Computlng Pergentue Ranka. J. Ed. Meaa.
14, 271-275.

Reinsach, C.H.., 1967.. Smoothing by- Spline Funct;;ons. Numerische
Hathematlk. 10, '177-'183. T :

. Sabers, D.L. and Sabera, D. Curriculum Referenced Teete of Haetery.ﬁ:
Charlea E. Merrfll Publishing Company, Columbue. Ohio, 1984.

N Theilheimer, F., and Starkweather, W.. 1961. The Fairing -of Shiplines

on a High- Speed Computer. ~ Numerical Tablea Aida Computation, 15
338-355. ' T o g

. _ . , 4 :
Winaberg, S. and Rameev. J.0., 1981. Analyais of Pajirwise Prefererice
Data uelng Integrated B- Spunee. Paychometrika., 46, 171-186.

L4




-~

;\ ° . ) - . . (v . \"v
BN , .
; : : ) . . - L
S N . . n.
f

. .
' A
B .

v

‘Table- 1. 'Deﬁiationa from Normal Diatribution for Each Smoothing Me%hod

and Comparison Dev_iat'.iohs for No ‘Sn_\oo'thing (T, ,T,-, and TO' ): Optimal
Smoothing Parameter Values (E, end E3 ). p . = 1.00. .

T

\ T, . E 4% ST “E ’ 0
1 83,25 . '18.5¢F - 84.54 461.8s 105.53 - -
2’ 85.98 - 6,31 " . 88.12 206.77 .. 94.73
3 112.66 29.77 . 1117.61 329.14 146.42
& o 26.56 . .54 S 22427 265.52. ~32.39
‘5, .305.63 ~ A6.25 .. 306.46 ,  430.18 328.16
. 6 282.62 . - 32.78 - 269.72 369.00 S~ 319.79
7 ..50.16 6.23 ~° . 51,02 = 341.52 . 59.48-
8 167.96 < 21.48 . , 173.01" 259.08 197.45
9 538.01 " 87.78 625.96 ' 260.28% 647.39
10 - - 720.60 " 71.41 ~ 715.21 . 344.73 798.64 .
11 203.79 18.76 224.61 "173.89% 225.45 -
12 383.01 ~  64.68 .} 373.85 314.33 460.87-
13 S81.71 _ 117.84 . 563.12  382.20 704.10
14 12.57 . .11.65 . 12.86 . 366.16 - 25.76
15 479.56 62.66 - 471.28 334.32 553.58
16 196.77 . 9.66 . 195,11  324.79 "~ 209.80
17 . 149.83 ' 8.54 ' 145.86 97.09# 160.52
18 189.95 22.54 192.67 . 303.80 217.67 . -
19 . 230.57 35.65 : '234.06 460.04 267.02
2 264.44 13.68 258.92 - 85,25 282.96
21D,  4.66 31.32 3.12 = 493.78 © 40.02
22 196.77 38.00 - 191.07  454.74 - 241.31 .
23 40.49° 45.94 . 35.73 = 253.52 93.04 .
24 88.50 8.75 . .86.90 130.42» .. 100.19
25 183.80 5.83 . 183.89 . 117.07+ ' 191.39
26 100.47 10.24 ) 94.18 333.62 113.67
27 151.44 33.01 153.97 517.84 184.57
-..28 - 150.90 : 11.32 145.74  306.56 - 164.09
29 411.65  115.18 '~ 400.84 - 285.33 530.89
30 87.04 44.80 . -84.93  294.82 . 131.99
31 68.54 13.44 1 63.00 366.78 . 84.65
32° 34.90 20.39 , 36.75 445.52." * 58.17
33 '104.60 10.15 | .101.54 310.07 L. .- 118.87
34 29.50 18.67 30.42)  224.30%:F 54.57
'35 340.82 21.39 349.51 21.22% % 1 364.06
36 334.40 37.33 © 341.98 372.78 . 373.82
37 259.01 8.52 : .- 360.12 . 131.10 - © 270.23
38 .~ 74.07 - 20.81 - 74.49  357.29 .+ 7 1.100.32
39 248.43 - 33.92 . 249.78° 304.07 . . - -289.81
40 ~ 207.40 48.75 210.13 . 401.55 . 259.59
41 7 20.89 42.07 _ 19.54 , 495.03 = . 65.90 = .
42 245.84 8.66 '~ 219.08 = 29.44 . | 257.57
43 . 352.26 - 29.40 363.99 137.30 ° 392.97
44 50.28 39.76 51.58 = 486.80 . 92.84
45 46.15 2f.96: 43.35  332.14 - ' 74.24
' 46 110.31 . 29.70 108.68 375.09 140.84
47 - 80.92 42.60 8 78.54  ,295.38 131.92
.48  30.47 13196 30.64 431.69 = 47.02
49 - ‘80.50 = 7.88 73.32 261.90 _ 90.37
S0 102.99 13.33 97.06 275.02 . k22.49

. . e ) . ) Ll & ’ (3 \- 6
-% ;ndq.cates value of E, whlch_ failed to. converge to a minimum.
21
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Table 2. - Deviationa from Normal Distribution for Each Smoothing -
Method. and Compariaon Deviations for No Smoothing (T ., and T ;.

Optlmal Smoothing Parameter Valuea (E 1 and B, ). pxx 20 91. ~ 0
T By "B, T
; 1 51,90 - 33.83 : 50.759 _,sos.ﬁs . .93.99
2 176.72 ° 6.99 174.74 278.85 " 185.87
3 94.25 10.11 T . 82.16 251.77 106.47
4 254.79 7.42 - 255,11 - 361.80 © 265.12
. 5 279.74 18.06 276.85 434.73 305.24
6 297.61 36.41 - 283.07 497.51 : 342.73
7 35.68 23.22 ©33.49 - 33l.14 69.14
8 255.40 13.25 . 251.22  296.71 " . 272.55
9 437.60 13.01 403.17 = 46.22% - 455.01
10 374.19 20.31 . 386.97 . 231.98» 398.48
L. 11 118.24 12.18" '116.55  '557.14 131.78
12 110.48 24.93 . 108.36 .322.78 - © 145.04
~13 - 239.61 - 35,57 . 239.27 - 332.31 - 282.92-
14 '94.15- ° 7.55 . . 93.03 324.60 . r04.24
15 181.83- . 10.68 175.97 ~ 257.54 195.79
16 271.59 14.67 - 272.87 358.98 291.38
©17.- . 83.49 . 17.52 - 78.28 314.29 . 107.49
. 18- . "142.40.. .  14.24 ‘ 138.64 332.05 159.53
19 638.41 18.28 - 648.31 335.36 +660.05
20 ' 204.67 25.28 194.57 490.34 1239.48
21 99.23 ' 13.42 105.03 . 83.70% 115.28
22 129.05 . 12.66 123.45 330.32 ' 145.77
23 134,43 . 43.57 134.56 457.45 . 191.26
24 179.98 7.53 174.31 . 331.49» , 189.87
25 492.85 6.99 : 471.34 190.41» - 502.20
26 124.28 9.21- . = 121.27 225.11 ‘ 136.47
27 46.69 13.67 ' 45.30 .267.55 - .~ 61.92
28 348.73 - 23.91 337.90  382.28 376.55
29 241.15 - 16.20 -237.87 .342.18 ~ 258.99
30 6.26 ' 20.75 4.63  256.42 - 28.22
31 176.73 . - 3.39° - 163.12, . 25.87 - - 180.70
32 96.38 13.25 84.40  '332.00 . 114.54
33 . 473.62, . 6.97 468.61 . 198.33» 482.66
34 80.91: 9.87 75.40  °193.99 - 93.63
35 = 263.61. 7.60 255.47° . ©  95.99 273.83
36 1089.95. - 42.32 1092.79 .475.63. . 1141.47
37 158.10 - 3.99 . '157.23 79.36% - 162.35
38  S3.68 - 7.97 50.68 314.19 "63.15 -/
39 441.10 - 11.96 442.34 409.03 455.24
40 98.56 25.09 ' 100.00 390.84 130.70
an. 1a7.67 . . 25.70. '144.00 - 322.74 - 182.59°
42 -482.16 - 7.80 - . 479.04 . 206.96% 491.73
43 222.93 - 24.20 . 214.52  398.75 . 256.55
44 126.83 24.97 125.35 343.91 160.80
45 260.78° 9.26 . 242.54 | 51.26 ©273.13
46 12.27 8.61 . 12.88 256.12 o 22.17 :
47 - 263.33 34.78 =~ 265.58  358.89 308.88
48 110.57.  9.74 '%103.24  403.06 125.26
49 - 163.16 - . 7.65 : 148.59  310.80 173.00

S0 .. 485.48 9.94 _ 488 85  383.97" , 497.77

® 'indicapes value of E 9 which falled to converge to a mmlmum
: 92 ‘
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Table' '3, ,,Deviations from Normal Diatribution for Each Smoothing
Method and Comparison Deviationa for’ No Smbothing (T g °Ty » and T, J;

Optimal Smoothing Perameter Values (E, and E, ). Pox = 0.743

T E T, . E o T
1. 241.66 10.8%4 - 226.86. 212.3% . 254.68
2 548.42 - 8.80 498.20 138.34» 560.53
3. - 635.44 . 7.21 . 509.24 34.61n . 645.81
.4 993.73 9.54- _ 943.37 - 58,29 . 1005.17
S 913.36 7.73 " 872.68 ’183.86% < - 925.36
6 ' .791.53 - 8.70 0 702.23 < -115.47% 802.89
"7 242.01 . .1l1l.16 . 200.21 71.42» ° 255.47
8  877.74 .+ 25.00 T, -834.73 71.91» . . "~ 911.00
9 1170.78 -  16.49° 1067.33 . .'S8.04= . ."1193.64
. 10 610.88 ’5.05 ¢ - 577.59 . 39.79= 617.05 :
11 504.86 - 442 . 479.76  -15.36 509.55
. 12 305.66 8.47 . 289.06 111.19=. '318.00 -
13 391.18 . 8.77 , 377.93 = 346.33 b 404.82
14 484.15 2.67 487.68 = 36.60= 487.91
15. 467.11 - 8.09 . 384.54 = 9.53~ 478.60"
16 - 849.73 "6.00 . '~ 852.49 '143.632 857.29
17 365.88  23.59° | . 348.40. 476.38 . 397.76
S 18 460.06 . 13.03 - 413.49 25.08= 479.10
.19 960.47 13.53 ; 960.93 404.00 ©977.07
20 568.97 15.53 _ 484.15 -  43.95= 590.65
21 . 348.88 - 5.15 303.43 74.93% . 354.70
22 567.28 . 7.20 532.89 37.00% ' 576.01
23 ;;Z.;s . 27.70 429.68  190.73= 485.80°
24 13.23 . 6.61 . 654.23 37,68 718.67
25 970.64 - 4.73. r,. . 823.31 ©  63.94» " 976.56
26" 499.23  14.00 - 494.92 1 174.17= 518.57
27 338.95 - 8.35 311.61 43.29» 350.99
28 535.10 11.33 481.71 227.23» : 550.85
"29 . 597.27 . - 13.55° : 531.90 52.52% 615.38
Sy 30 164.18 8.87 ' . 158.55 "272.45 . 175.91
31 814.95 3.80 - - 725.76 129.74 © 819.50
32 563.62 - 6.82 '487.20 © 102.98% ' 570.83
33 1131.19 8.38 1012.76 59.87% 1141.39
34 465.82  10.24 440.02 171.39~ " 480.60
35 818.65 - 4.39 . 762.21 98.17= 823.86 |
36 1904.61 21.94 1878.25 223.99» 1938.69 :
37 467.34 11.00° : 479.25 188.76= . 484.26
38 308.66 7.12 . 290.95 292.54= 318.08. g
39 . 797.37 9.70 763.84 39.78= 811.00
40 442.70 5.10 "+ 399.21 . 64.82~ - 448.82°
41 . 824.22 18,26 553.88 67.40% : 639.14
42 972.38 3.87 : 889.62 12.41» 976.71
43 562.88 . 4.66 : 497.60 ©  105.67= 567.99
44 '512.46  4.28 469.98 . 97.73w : 517.56
. 45 828.46 3.98 744.60 97.54= 833.17
46 340.77 _ 8.17 296.13. . 67.00% 351.24
- 47  442.19 ° 14.91 411.16 "~ 45.92~ 462.91
48 574.83 4.49 497.68  117.21= 579.76
49 641.65 " 2.67 _ 509.34° ~  53.12« . 642.94
50 1304.74 ., 8.02 . 1233.36  12.44= . _  1316.71 °
* indicates value of E, which failed to converge to a minimum.
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'Table'd. Meana and Standard Deviationa of Ti-, T2, and To> ' (Suhmed -

Square Errors)

". Reliability.

”
Ty . T+ Ty
Py F:1.00 | -
‘' Mean . 186.1 186.2 220.4
S D 159.8 -~ . 1§3.0 o 179.7
.p : ='0.9_1 B . T \. <
XX S . .
7. Mean _227.1 222.7 . 24842
S D- - 190.7 U lgl.d 193.0
.. = 0.74 - .
XX . . ‘ .
Mean . 641.7 ; v 591.4 654.4
- p » . 315.3 . . -304.6 " 316.7
n =50 -~ . -
§
L 3
. . 3
7 .
\
1 S
24 26

_ : . , : , Lo
~and E; and E; (Smoothing Parameter Values) for Each
’ . S . ! T . .

T TR
L - R
204 307.0
25.7 122.5
: C ,ﬂ_/.
S
16.5 1 305.6
10.1 122.5 :
9.5 116.4
5.7, 102.7
. ‘
D .
-
{
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