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The purpose of this paper is to demonétraﬁe inddétail ﬁow the .
"empirical Bayes" or "James-Stein' statistical estimation strbtegyl‘ 1/
(Liﬁdley-and Smith, 1972; St:enio; 1981; Streﬁio, Bryk, agdLWeisberg,‘
1983; Raudenbush, 1984: noté_l) can be appiied to an important -
class of educational reséarch‘coﬁtexts. Empirical Bayes (t§B+ for short)

'@etﬁdds are tailored specifically to the.anélyéis of data with a
hierarchcial structure. For instaﬁce, investigators may Bé inferested

< in disc?vering hoy effects withiﬁ schoo}s-(e;g., the relationship
between student sodial.élass‘and achievement) vafy as a fynction of
differences Bepween schools (e.g;, po;ic;es and practices).\§iﬁilgr1y,:

. meta—analysts;gften wish to find out hbw;differences between éxperimental;

. :

and contirol groups within'studies‘vary as a function of differences between

studies (e.g., how treatments are implemented). Developmental psychologists

care about how children's intellectual growth rateg vary as a function
of different pre-s hpolvexperiénCes, In each case parameﬁers at one level
(within—schogls, within studies, and within children) vary as a functibp
of pa?ﬁmeters at another level (beﬁween schools, between studies, between
:cﬁildren).ufhig‘papéf explains how the.EB strategy works

when the ceﬁtral.goal of an inveStigation 15—20 éétimace the second

B . 1 ) g ~
level paramters (i.e., the between-group paramters), and an important

* R,

ancillafy goal 1s to assess the adequacy of a hierarchcial linear model N Ny

o

for fitting such hierarchical data.
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"empirical Bayes"

(Lindley and Smith,

. o S
1983; Raudenbush, 1984: note 1) can be applied to an important

A\Wv i e 'f:jf
/fﬁ Vi el
_methods are- tailored specifical&ﬁmto the analysis of data with a'_avg<*~'w'
hierarchcial structure. For instance, investigators may. be interested i ’
¢ N .

"in discovering how effects with1n schools (e g;: the relationshap'*
[

.

meta—analysts often Wish to find out how differences between¢exper1mental :[w

S < .
v - o, e'(.- 3 R

and control groups within, .Studies vary as a fund%ion.of differences'between‘ o {i

P I o P s N

studies (e 8oy how treatments are implementeza Developmental psychologists

' care about how children' s'intellectual ;rowth rates vary,asea function
of different Pre“SCh001 experiences. In each case parameter?ugt onedleVel tFi» 3
(within—schools -within stud1es, and within children) Qgiy as a ;nnction ;.Jh:i«

P 1] . e

of parameters at another level (between schools, between studies, between-

.children). This paper explains how the EB strategy works

I

when the ceng&al goal of an investigation is to estimate the second
level paramters (i.ef,-the between—group paramters), and‘an important
-ancillary goal is to assess the7adequa3y of a hierarchcial‘linear nodel
. A .
for fitting such hierarchical<data. .
_we proceed by explaining the empirical Bayes concept'concretelw in the
context * of school effectiveness research. A reanalysis of the High School
and Beyond data (Coleman,.Hoffér, and Kilgore, 1982) demonstrates the

a _ S



yq' schools and d,fferenCes amgng the students within each school To be
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Burste1n and Miller, 1978) first estlmate relationssgbs between student

‘hbackgr”und charac;eristics‘and student outcomes’ at each school; these
: - ,_0 . \ e ? P
fivehati nships, as specified by regression coefficients then:serve[as,

\, 2

.A.. Q . N e

nd practices.

'

However, several maJor difficulties typically plague the

-

'__Q§3 slopes as ou%;omes analysis"_':Vr. - '”'. c ' L ’

l Withln-school regression coeff1c1ents are typically estimated

T~

gunreliably far more unreliably than, sayl_

schoql means. Such sampling

jvarlance is especially acute when sample sizes within schools are smafl

and/or several regression coeff1c1ents per school ‘are estimated

>

Th1s unreliablllty of slopes as outcomes means that even if. some sclools . -

‘are more effect1ve than others 1n, say, m1nim121ng the effect of student .

S50

social class on achievement, the analysis may fail'to-detect‘this,effect‘:

or seriously underestimate its importamce. v 7 é. N
2. "Slopes—as—outcomes" research very often uses-alsinglefregression

- slope per school as an outcome variable. For instance, one_might use

.

for other variables which mdght'confound the SES/achievement relationship.l

¢
.

o . J - : o
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levels. The most promlsing current approaches (Cooley, Bonﬂ and-Mao, 1981

outcome variables for an assessment of the importance of School policfes‘

g valid statistical analyses must account simultaneously for efﬁecte at bothff

the SES/achievement slope as an outcome. Yet it will tvpicallv'be necessary to adjust
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indmany°instances. First it enables the analyst to diStiguish between

o

the variation of the paramters themselves which actually constitute they

Q.
.\, a N . s l/,l =

i{;-' obJectJof the invesgigation;:and‘the samplihg variance of the. estimates.

° . oJ,,

iy [ RN o a’

NS Second -the EB approach gakes into aZcount the unequal precision of the

. w1thin School ﬁarameter estimates, optimally weighting them to minimize
‘B k7

T variance'of between-school estimates. Third EB allows a fully multivariate

a

-

V.‘__' 3 . . . .a‘ a

nﬁnt f rmuIation Whlch adjusts all estimates for the interdependencﬁ among

the multiple r ression coefficients estimated within schools. Finally,

EB is very &lexib e: sample sizes per school can vary greatly without

4

biasing estimates without throwing out data or "plugging in" guesses

for m1ssing values, and the investigator can make a variety of assgpptions

: of_error variances,and ‘covariamces. The key restriction is that data within
schogls are assumed normal; and within-school paramters ate assumed °*

to-have_a normal "prior" distribusion. Further the consequences of

.

violating these assumptions are not yet well known. ¢

The strengths of‘the EB approach are illustrated by a reanalysis of

the-High School and Beyond data.

The "Common School" Effect . . :

s

2 - Recently Coleman et al (1982) have inspired a re—examination of the
"excellence vs. equity" issue in American High, Schools. They found that
Catholic high schools promote higher achievement,than public high schools

- and that this positive effect of Catholic schools was most‘pronouﬁced'for

" lower SES-students. We show how EB methods can be employed systematically
tobinvestigate this'assertion. We begin with a simple two-stage model

-’

'Rdﬁj with SES as a predictor within‘schools and no predietors between schools.

. ' co 6
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We then demonstrate how to add pred;étors at each level until a model
. . r . .

" is discovered which adequately accounts for variation at both levels.

-

Model I
‘Within school 1 (1=1,2,...k=176) mathematics achievement varies as

a function of student social clgss and ‘random error:

”
’
.

P «‘,‘ Vit‘é g + Bilxijt = x5.) + Rijt

-
Id ) .

¢

y Yit = mathematics‘achievement for student t in school.i;j;ﬂ

“ . il
+

: , )
k-4 P

pi = the mean math achievement‘fpf school i; -

. ~ Bi = the effect of SES on math achievement

'

within school 1i;

xit = the SES of student t in school i;
‘Xj. = the méan-SES for school i; i

< . !

R;¢ = the error of estimate'for studeﬁf t in ‘school i. .

, Thus a large error indicates that'knpuledggzbf' f
that student;s SES was unhelpful in estimating

the Student’s'math score. = - . h e

I

<

Between schools, we assume first that all-variationméf withinischoo£§\

-
y-

. v ' . . -
parameters (i.e., all means and slopes) is randqm .variation around a grand

mean; ¢

4o



e R = p,‘+ Ugj \’._ .
e o \ .
. c Bi' = B + Uqj.
‘ ~ | B
13 7= fhe grand mean achievement across all schools; -
Ugi = the e%féct of school i on mean math achievement;
B = the average effect of SES on achievement
pooled within all schools;
" Uz; = the effect of school i on the SES/math relationship;
| = ¥
By employing the EM algorithm (Dempster, ‘Laird, and Rubin, 1977) ~

it is possible to estimate the proportion of variance of estimated
school means an Jopes which represents parameter variance as opposed to
variance of errors of'estimation. Clearly thisaproportioy has important
implications_for further studyn For instance if virtually all variance
of slope estimates were attributable to error, we would infer that‘
schools are very much alike in the strength of the SES/math relationship.
It woulq then be\of little use tq'hunt fcr schcol policies an&’practices
wnich "explain"‘such variance. On the other hand if a substantial portion of
variance is-parameter variance, it makes good sense'tc search foxr such
explanatory~variab1es. Re~estimation qﬁ these variance components then enables

a reassessment of model adequacy.

Model I{“”‘ . Ct ‘

Next we again estimate the same model as before "within schools," ~
but now add a predictor "between Schooizkifgchool sector (0 = public, -

1 = Catholic).
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Theiseqohd ;tage,of the model now becomes

= Y00 * YoqMWi * Upj

h =4
)

L-_. }
i

S Y10 * Yeaui + Uy

£

joo = the mean.échievement fér'publié schools;
Vo;. = the.”sector'ef?ebtgk the mean éiffcrenco between -
) | #atholi; énﬂ publicrschoolﬁ on mean math achieQe-
: ment A

s ! -

‘uoa s Thé-discrépancy betuween school i’s mean and the
mean for scheol i’sﬁ#ector. -

/// Y10 = the average effect of SES on méfh achie&emené

‘uith{n ﬁublic shc;ols;

RZR = The mean difference betueen public and Catholic
sdhgols on the strength of
the SES effect within schools.

Wi - s ;ector: 0 if a school is public; 1 'if Catholic.

" Ugi = the discrepancy betueen the effecf of SES“

on achievement

’ , ‘ . uithinvschool i and the averade effeét for

[N '
\ _ . 4

school i’s sector.

<




Model III

. /
.We now add a "within-school" predictor: hours of homework per week.

We add this factor because we hypoghesize that it may attenuate the effect
of SES within schools. fBE‘model between schools remains the same: with a single

_predictor, school sector. The within~school model now becomes:

N

b &

(3.5) Yit = Ri + Byilxgit = X13.3 + Bailxzit ~ x23.) + Rig

“Bij = effect of SES within school 1i;
| x1it = the SES of student t in school i; )
Bz3 = the effect homeuork uithinlschoi} i
*zi; = hours per week of homeuork done by
l student f in school . .
N —
(
Model IV .

We now add two predlctorﬁ\betweén schoolsg%the meéa SES of the school

and the mean SES by ‘sector interaction effect:

%
. @78y - Wi = Yoo + Yo1W1i + Yoz2W2i + Yo3U1iWzi + Ugj
= Bei T Y90 F YaqWai + YoMz + Yq3uWqiMzi + Ugj
- ¥
Bzi = Y20 + Y21W1§ + Y22M2i + Yz3uqiWzi + Uz

Here wz2i is the mean SES of the students in schosl i, and Yoz, Y12 and,

vz, are the effects of mean SES on mean math achievement, the SES/Math

AN

achievement slope, and the homeuwork/math slope, respectively: = Alsg,

o " Yo3» 713, and 723, are'the effects of the mean SES-by-sector interac-

tion. = - L >1() . .

14
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We' stop here. Our purpose is to illuétrate.;h?)usé)of‘khé tethod A\

>

A}

for conprdliing vatiatioﬁ.within and between schools, not to_find the ’

. ' Y i - oy &
optimal model. ' - ' RN Sa R
Results L
‘The results of estimatingythe fouy modelqwafé‘summariied'in Table 1. . »
Key findings are the foiloﬁing. o . . . _,<;

S

Model I

On average, there is an unmistakable.linear relationship between

.

student SES and mathematics achievement within échools, a result which

is h&rdly surprising. There is, however, Substantiai variation among tﬁe
. . . X X q © ) . i J

schools in this ef%ect, " after removing that'parf of the variation
-] . . .

‘ émong_the‘eStimated slopes solely attributable to their unreliability of
! B 4 .
estimation. In fact, about 35% of the total variance of the .estimated

slopes is estimated to reflect variation among the parameters.
' ' : S . 08
The relative unreliability of the slopes as outcomes is illustrated,

-however, by the fact that, in cbntrast, 92% of the variance df the'school

~ means 1is estimated to be systematic, that 1is, to be variance of the parameters.
R ) : : e

Model II v é-. - ) i .'- ‘
Catholic schools are found to have 1) ‘substantially higher mean achieyement
-than public’schools; and 2) substantially smaller slopes, illustrating

the egalitarian effect found by Coleman and his associates. These'reéuits

are illustrated graphically in Figure 1. . - - o al

A 1

Inclusion of séctor accounts for 71.67 of the,original esti@ated.
variation of the slope parameters; but because of the!unreliability'of3 _ ¥

these estimates, only 25% of the total variance. Inclusion of sector is

0
<

less helpful- in explaining variatign in school meaﬁs: 11.3% of the parameter

Y

variance and 10.2%:05 the total vériance'is‘explained;

.
1

-,

-




“ : ) '\, . ;l ) e o 2. -' v . " . K " . ~
. Model IIT « < ' Y ‘///%, - . S
. . (U . J - * ; . . ‘ . /\ o ’ ) g
ﬁ» 'Inclnsion‘oﬁ4homework within schools 1) helps very modestly in = -

-

NN SR , : g :
explaining within-school variation; and 2) leads™“to a very small /T AN
‘ adjustment of- the efﬁect of sector on slopes. The>egalitarian‘effect .
L 2, . » . A . 1 R Pl A -

’ . . - .

7/ of Catholic sghools remains largely intact. .  °

Y Model IV o " ‘.e’ o T v “ lﬁ
X T ; -~ ‘ ‘ v -

’, Incluslon\of the mean SES and‘the mean SES—by—sectdr interaction

2 s , -
Vo hasKSeveral importgnt effects on estimates: ‘ B - - a
R . . é",' b B ~ .
1. The Catholic school advantage in mean.amth achievement disappears.;
. 4
“ ~ 2\ ghe‘ egalitarian effect" of Catholic schools remains intact:

SES e?fects-witﬁtﬁ Catholic schools remain substantiallY¢smaLler,'on'average,

»
¢

* than those within public 'schools. , ).
4 N ’ ' v A . s‘.‘
Y 3 Combining evidence from 1) and 2) yields fRe inference of a v

dlsordinal interaction between school sector and pppils SES; <

A}

Cathollc schools appear to beneflt poorer'students but téypenalize more
[N ' P

.
N

advantaged students. This fnference, 11ke(others is:quite tengative

" since we-might plausibly rev1se these estimates in 1ight of new informatiQn

. >
® : »

yielded by more complex models.

L}

o -

/f~ N 4 A substantial proportion- of, the variance. in the slope parameters has

\...

‘ been explained 83. 24.(0n1y 29.0% of the total slope variance -—which includes

¢
-

L'error var1ance - has‘been explained. ) The. comparable figures for school

Cf o
means are ldﬁs substantial but st111 1mpressive° 66.2% and 60. OA.

4

Lt is now ossible, in fact, to‘retain‘the null hypothesis that'

< ®

,ali variance among the slope paramters has been explained . We employ th% fit
statistic proposed by Hedges (1982)
. ' . ' Td/vitByi = vq0% -;_71'1*H1i ~Y12¥uz2i = .71:*U1iuzi52 )
o . . < N Ay . M * -~ . !
. o e ) : E
Q Lo S 175“7 B — ‘ S . L
EMC . s ) ‘» v ."v‘_ 12 . ) . . ‘ ‘9 . -3
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.

where vy denotes the sampling variance of the SES/math slope for

school i. If we assume-that-these estimated vari@nces are equivalent to

their true values, this statistic has a chi-squared distribution with

k=4 = 17._9;,' degﬁf‘rées-’of _fi'eé'ddm » :‘I‘n:'this_ case the statistic has a value

0f 193.07, which is equiVvdlent ‘to'a unit normal deviate of 1.13. D

t
Conclusions .-
/\ ) !

This paper has illustrated*a:syStematic approach for adjusting simultane-

ously for effects measured af two -levels of aggregatién. I;_has also - .
shown how to assess modélvadequacy.in each étage'of'an iter#tive process
wﬁereby'variables "within" and "between'" are addéd. T;is strategy, known

as empirical Bayes estiﬁétion,haé obvious attractions for educ;tional

researchers who commonly confront multi-level data which has proved

resistant to satisfactory quantitative assessment. We showed, for instance,

how to resolve the regression of math achievement on SES into three components:

a between-school component; a pooled within-school component; and é school-
specific component. Further, the'éstim&tes of each of these components.
was adjusted simultanéously for potentially éonfounding variables within
and between schpols. This simultaneggs, multi-level strategy offers
many opportunities for gains in édﬁdéf;bnallreseafch.

Analysts are advised, howevg;, to gonside; the tenabilitj'of'key
assumptions: that within—school Aata are ﬁérmally distribute&, and that
the parameters whose variance is to belexplained.are normally distributed.
Under these conditions the estimates used here are maximum likelihood
estimates with co;comitant advantages of asymptotig efficiency and known

asymptotic distribu;iqps. Little is yet known about. the consequences of

violating these assumptionms.

13



.: o —_— . Table 1.

Summary of Results . .

o ) TeSmSSSSsssssssssssses . -
| “Model 1 1| Model 2 _ t "Model 3 | Model 4
. | (basic) - | (SECTOR @ | CHMWORK © | (SchSES +
FIXED EFFECTS | | stage 2) [ atage 1) iint. @ stage 1)
............. | effect s.e.1 effect s.e.1 effect s.e«| effect’ s.e.
Dverall Effects - i | |- | .
grand mean MATHACT, ¥, o 1100.74 573 | | i ,
mean SES/MATHACH relation., %" | 4.52 ° .290°1° ! o
‘mean unwonx/nnug‘cn rel.,¥,, ' I [ T oy
I o N I ,
Sector Effects ‘ | I ® . |
. mean:NATHACH, 6, | I 8,06 1,09 | 5.06 1,09 I ,43 .83
.SES/MATHACH relau.on., X I | -3.86 .49 | -3.%6 .49 | -4.24 .45
HMWORK/MATHACH relation., s I I | -.33 10 1 -.36 .11
I I | |, :
School - SES Effects - ! I ] I
‘mean MATHACH, ¥., ! I I | 15.09 1.32
SES/MATHACH relation., % a I I I 1 2.32 .90
HMWORK/MATHACH relation.;, 1:‘_1 I I S § | .19
I I I I
School SES x SECTOR Effects I I I . o
"mean MATHACH, , I I I | -2.50 1.85
SES/MATHACH relauon.,'s., L ! o ! | .41 1.28
HMWORK/MATHACH relation., 2 38 I I I r -.39 .25
I I I I
---_-----7-_---------_------------:,1----__-_----_----------S-------_--------: .................
RANDOM EFFECTS I j ! I I
variation among school means | ’ I I . I
' in MATHACH | o | o -
est. var <;\Ju’ ) I 53.25 | 47.36 | 47.24 1 18.01
est. var (,., fw;) I - 58.66 | I o . o
: ! | o R™ =0.1021 R™ =0.2021 R"* = 0.600
X of variance systematic | 0.92 |'¥ RY =0.113 1 Ry =0.113 | R: = 0.662
| I I I
variation among SES/MATHACH | | | |
¥&iopes across gchools ! I 1 S|
eat. var ( Bulwy) I , 5.26 | 1.49 | 1.48 1 0.88
est. var <-/§,\,,‘_) 1~ 15.11 1| : . ( |
1 I I R%“ =0.2501 R =0.2521 R “=0.290
X of variance aystematic | 0.35 1 R} = 0.7:6 | R; = 0.719 | R; = 0.832
Note, numerous oth variances and covariances aamong the parameters
could be estimated pending upon the substantive problem of interest.
- 3’
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