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Prior to the empirical studies reported here, it was felt that errors in pro-
~‘cedural’skills such as multi-digit subtraction could be accurately modelled

w1th tw Txechanisms. bugs and slips. Slips are taken as '"performancg! phe-
SR " :- were expected t~ be ~inhl 15 unstable over time and only" loosely re-

the subtra. tion p: : sccur in. Bugs are competence phe-

reflecting mistakeff® ’4 ‘the skill and as such, ate expected
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f‘q‘,%Bus’sY" paradi,sm [agnostic. pro
+were devéioped wherein” bugs and.slips modelled perfq’ , :
.+ very fine level-of detail, describing the content of the wrong an—‘
- swers as well as. the steps taken® in prdaucing t LEED :
‘ A /,/1 . 1 h
'v#This report represents the results of several extensive empirical
v.studies. 925 students who were in tbe process of . l subtrac--
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Some students were retested two days latér to measpre t} e short- erm”.}
. stability of bugs, and.others were retest-g's»veral months ‘later to o
study long-term stability. All tesis werd\ g : ar
by several expert diagnosticians in order
nostic abilities. ;v_-. ,Qf( '

..

7 ever, a third of the students who cénnitted errors could : jodel
with bugs and slips. Moreover, bugs were:found. in gene al’. to be un=:
‘stable rather than stable, both in the short term and, fh\“long term.,/fV
‘These findings challenged the belief ‘that. bugs and slips“alone could -
~account for procedural error data. 777.-: R L ,,% _,r ,)

. /,

M

Repair Theory was originally developed as ‘a generative theory of bugs,fg f"l

one that predicted which bugs- wovld i§t for a ‘given procedural skill. .,

-'However, it also predicted that certain kinds of non-bug, non—slip per-l“”xf?"
formance would exist; both. in the static analyses and: the: stabili%y data. S

These predictions were verified. It now’ ‘appears that all’ but a small
(but still significant) fraction of the phenomena can be: precisely modelled

© using bugs, slips and the mechanisms of Repair Theory < o !;,}7{
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Pnor to thc cmpmcal studlcs reportcd hcre it was felt that, error;;m procedural skrlls suAc%

- multi- dlglt subtmctron could be accuratcly modclled ‘with two mechamsms pugs and slips

It was found that DEBUGGY was 38 good as or bcttcr‘ than human dlagnos _
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. are*taken as"'pcr:fonnance phenomgena that were cxpcctcd to be hrglﬂy unstable over time &

: only looscly rclatcd to ‘the subtractron prob s they occur in. Bugs arc "compctence phcnomena,,_

o rcﬂcctmg mrstakcn belrcfs -about the skill and as such are-cxpected tq be consistent across a whole-
test and stable across tests grven some days and even months apart. A computatronal descnpttxe‘ ’,
framework, thc "Buggy paradrgmt and .a sophisticated! diagnostic program D[-.BUGGY ‘were.

' r'developcd whgrem bugs and shps modéiied performance aua" very finc level of detarl descrlbmg o

the content of the’ wrohg answers as wcll as the steps taken m ‘producing them C

<
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v;l’his rcport prcsents the rcsults of several cxtcnsrvc empmcal studlcs 925 students who were in" -

the’ proccss of leammg su?éjnon were: ‘tested uging  highly - dlagnosue tests developed - by

" DEBUGGY. Somc students wdre retested. twé ‘days later to mcasure the short-term stability of- bugs.,_f

‘and othcrs were retested’ «several months-later to \study long-term stability. All tests were analyzed'

'by DEBUGGY and by scveral gxpett dragnosuerans in order to assess DEBUGGY's di ’ i iti
, ' v v

i

\

bugs that explam a student’s crrors Howc?cr a third of the students whb commltted ‘a‘rors could’

K ‘.mot lfe modclled with bugs: ;and shps Morgover, bugs were found in gcncral to be unstable rather

than /gtablc both in thc short term-and the, long term. - These findings challengcd the beelcf that
bugs‘ ahd shps alonc could accoum for \procedural error data. :

i
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2oLy ‘was orlgmally dcchopcd as a generative thcory of b ugl one tifat predicted, whlch

T
’. s‘w de,@ust for a given procedural skill. However, § oy * kinds of non-
&shp pcrfor‘mance would exist, both in the’ statig "andthc stability data. These
: 'gmflcant) fracuon of the

pr:edlctrons were venﬁed It now appcars that all but 4
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In the last se'veral \'years, a"lar'ge scale fnvesn n of errors in
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‘these bastc belrefs. while suppomng others.

' wrong. but what-each : wrong answée-is and the’ s@s owed ﬁy the:
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them (c f Norman 198’1,‘) are performance phenOmena, an tnherenb part of tl're oise” of the

human informatton processor Systematto errors on the, other hand are taken as stémming from

B mtstaken or missing knowledge about the. sktll the product of rncbmplete or mtsg{uqed learning.
By studytng them. tnStght can be gatned tgto' the mystenous processes ‘of learnirig and memory. It

@so commonly belteved t.hat there are a relatively small number of swtematrc errors for any

iven sktll perhaps tdozcn or a hundred, and ‘that once a student ‘has acqurred one of these

unfortunate habtts, it will be held unttl itis remedtated. The data reported here challenge some of

i
N ..' .

co.nducted, with a special emphasis . ‘oh systematic erf i .
errgmquld be formally rep’resented and precisely desct;lbed as "bugs tn a correct procedure for
the skill, 1In. bnef/ a bug is a slight modificdtion or perturbatron of a correct p ure. The bug-
based notation is compIeleLm the sense that it ‘not on descnbai whrch bl

ﬁne gramed descnptmn raises a number of questions, such as: How many different bugs are
there‘7 l-low are these bugs acqutred by students?. ‘How long are they held? What makes them go
away‘7 A questton of’ ﬁmdamental 1mportance is whether there arc any students whose errors ‘can

be described netther as’ bugs nor as ghps. This question challenges the foundauonal belief that

errors are, etther systematrc (te~ determtmsnc, procedural)  or- unsystematic (i.e. careless,

o un;ntended) ( el . . v /"\

‘;,, . . - . TY'

r:',

To answer such questions, .a large number of student egrors- have been ,llected and analyzed in -

.terms’ of ‘bugs andvshps., These ta ‘were analyzed with. the aid of DEBUQGY (Burton, 1981), a
computer program ‘that can de ine whigh bugs if any, .underlie a g.:dents, errors. ‘Thus, in

* addition to reporting data that’ ws on potential psychologtcal and pcdagogrcal theories, this paper -

provides an assessment of a parucular approach’ to computerized student diagnosis.

»

b students gets

La%




Thts report can be rcad at threc levels of detzul. The first level of detarl wwves a summary of the

'results in wrth an mtroducuon to the bug t‘ormalxsm for descnbmg errors and a dcscnptton of a-

recent theory, Repair Theory (Brown & VanLchn,. 1980) that aims to explam the aoqutsmon of

'bugs. lttsmeanttobeanglossawoftheconceptsgsedtoanalyzcthedataaswellasaqutck

.

 correct algorithm for subt

Synopsis of the findihgs. The first level of detail is sectionf 1. The sccond level of detail is' =
contamed in the. followmg secnons. The diou:e.nf subtracnon as‘a msk domam a well as the e

“methods for gathering and analyzmg the data aré dnscussed. The cmpmeal predtcuons of Repatr | ~;‘

Theory are checked, and an ektehsive discussion of the adequacy of DEBUGGY-based diagnosis is
presented. The third level of detail 1s eontamed in a*set of append:cs. which presént the datain

. -'tabular form and discuss some relanvely mmor poxns eonccrnmg its aggregauon and tabulauon. ] /,' .
1. An. introduction to tﬁe’ concépts ~,and the ﬁndings" o N }\_’ - > /
- . B . L e

At . ,

Slips in arithmeti¢ hardly need a an tntroductron since: as adults all our anthmcuc errors are slrps. e
We have all expenemd the t‘orgotten carry, the unnecessary borrow, and of course the ever /"'
present " facts errors” wherein one mis-remembers an elementary numiber combination. These - /
apparently careless, umntennonal errors also occur in the: work o'f\smdents learning anthmetlc of /
895 "third, fourth and fifth grade students, 182 (20%) were by DEBUGGY as knowing the /

i ‘»b makmgoneorm shpsdunnstesung. .

7
/,

When students were t 1 'c a ‘few days apart, half the students who answered all problems
correctly one day gnade sltps the other day. This finding confirms the impression that shps are

'umntennonal, cartless mtstak;s in that a little extra care (or. something!) appdrently makes them

disappear. So, shps explain a ‘tair number of student’s errors, and their -unstable existence

* conforms with the intuitive expectauon that they are due 1o "noise” in the processor ther than

copceptual defeets. o

t 4

What's a bug?

~The following problems display a systematic error { e . "

306 . 80 183 702 3006 7002 34 - 281

-138. -4.. =-0§ - 11 - 28 ' - 239 - /14 - 47
_78, 76 88 - 691 1087 T w4873 24 244

"One cduld vaguely descnbe these problems’ . as commg from a &udent having trouble thh

borrowing, especiafly in the pmenc&gf Zeros. Mdre precxsely the student misses all the problems
that require borrowjng from zero. .-One could say that he has .not mastered the' subskill of ..
borrowmg across zero. This deecnpnon of the systematic error is fine at one level: it is a testable -

prediction about what new problems the student will get wrong. It predicts for example that the

‘student will miss 305-117 ahd will get 315-117 correct. Systemanc errors described at this level are

- .
) | o w ' 8
- ~ “ .
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~ them "bugs." : . .

N - . . . . I ."
v . .
.

' thc data upon wthh several psychologlcal and pcdagoglcal theorics have beewﬂt (c.g. Durnin &

Scandura 1977) lt has’ become common to usc testing programs bascd on this notion for :

placcment advantemcnt gnd’ retediation in structurcd curricula, such as mathematics. Such' S
. tcsung programs are oftcn labciled "domain referenced" or -"criterion refercnccd.'?

’ N T, .- . .
Once we look beyond what, kinds of exerclscs the student mlsses and look. at the actual answers
glvcn we ﬁnd in many. cascs t.hat these answers can be precisely predzcled by computing the

. answers o the given problems using a procedure which is a small perturbanon in the fine structure
‘of the eorrect procequre. Such perturbatmns serve as a precise descnpuo,n of the errors. We¢ call

.

The student whosc work appears above has a bug called Borrow-Across-Zero ThlS bug modlﬁes
the correct subtraction procedure by deleting the step wherein the zero is changed to a nine during

’borrowmg across zero (this bug and others’ hke Jdt are described more thoroughly in appendix 1).

This modification' createf a procedure for answenng subtracuon problems ‘As a’ hypothesis, it
predicts- not only, which new problems the student will miss, but -also what his answers will be.

‘For example, -it predicts ‘that the student’ above . uld answer 305-117= 98 and 315 1= 198

Since the bug-based descriptions of systemaUC errors predict bchavnor at a finer le,l of detail than
mrssmg-subskxll/domam referenced testmg. they have the potenual to form a better basis for
cognitive theories of leammg and errors and pcrhaps a better basis for remedlau()n or placement
as well, ,

It is often the case that a student~ has ‘more than oné bug at the\same ume Indeed the example

given above 111ustrates co-occurrcnce of bugs. The last two. problems\ : answered incorrectly but
the bug Borrow- Across-Zero does not predict their answers (it predicts the two problems would be
answered correctly) A second"Bug, called Diff-N-N=N is present. When.. the student comes to
subtract a column where the top and bottom digits are equal, instead of wnung zero in the answer,
he wntes the dlgl[ that appcars m “the column. - . ~ - o
It often takes a set of bugs to form an accurate description of a stL:dents «errors.  Of the- 417
students that DEBUGGY analyzed as having bugs, 150 (36%) had ‘a multi-bug dnagnpsls Most of
these diagnoses consisted of two or three bugs, but there were several cases of four bugs co~

occurring. * So, DEBUGGY'S ablhty to .combine bugs to form an aécurate diagnosxs turned out to be
‘very important. ~ :

A brief look at the bug dau'z '

- »

Overall, 77 distinct bugs occurred (by ‘occurred,” Weamean that a student had the bug as his -

diagnosis, or if he was dxagnosed as having a-set of bugs as'fart of his diagnosis). A few bugs

occurred quite often 'I‘he; most common bug by far was Smaller-From-Larger (this. bug never

| . . . :
\‘x\ . ] . . » 4

g | : ,
s . : ‘ o

‘ ._’ : /_' : I \ _ . . . 3/\..
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- borrows but instgad simply takes the absolute difference in each column) occurred 106 times

alone, and 18 times as part of mulu-bug diagnoses. From there the frequcncy 11 off rapidly, with

- the next five most common bugs’coming in at 67, 51, 40 22 and 19 occurrencés. About half the

+ bugs (32) were quite rare, occumng only once or tvnee This marked skew in thc frequencres of
" occurrence explains the mprcssron left by informal studles that there are only a dozen or so
© systematic errors. In- fact.'*:here are many more, but it took precision analysis of thousands of -

studems to find them. 'I'hrs raises the question, how could so many bugs come to e:nst"

’ »Repazr Theory repaus & -rmpasses

Repau' Theory i§ a generative theory in that it attempts to expla.m why- we found the bugs that we
did and not other ones, to- explain how bu;s are caused, and most importantly, to predict what’

bugs will exist for procedural sh]ls we have not yet analyzed. ’Ihere are several benefits of a
generative thepry. We could automatically generate a list of bugs for a new skill ;and add these

* bugs-t6 DEBUGGY, creating a diagnostic system tailored to the new skill.  We could,anack the issue.

of remediation of bugs with more than just a knowledge of what bugs a studerit has since such . |
theory would provide a plausible basis for understanding why the susdent had those bugs. Such

an understanding could also help us ‘design learning envxromnents that might inklibit formation of _'

those bugs in the first place. Finally, in terms of oogmuve research, such a theory would provide

: .msnghts into knowledge representaoons and eognm,ve mechamsms (e.g. skill aeqmsmon) that defy
* direct  observation. '

-~ e ’ ’ - : »

Repair Theory is based on the ésrght that- when a studem gets stuck while executing his possibly
incomplete subtraction ‘procedure, he¢ is: unlikely to Just quit as a computer does when it can’t
execute the next step.in-a procedute, ' Instead, the ‘student will do a small amount of problem
solvmg. just ehough 10 get unsmek" and complete the subtraction probl These local problem

'-solvmg strag.egmm called "repairs” despite the fict that they rarely in rectifying the

brokep profedure. ' Repairs are quite simple tactics, such as skipping 3 operanon that can't be
performed or backing up to the last branch pomt in the ‘procedure and taking a different path.

They do not in general result in'a c ‘solution to the subtraction pr%b t instead result in
a buggy solution. For example; sup the student has never borroweﬂ iero :l:tj ﬁrst time
he is asked to solve a borrpw<frx ~ze10 problem. su

(a) 305. % ’.(55, 306 - ,(c) [395

., - 48 . - -_A8 - 48

267 187 ' e

he begins pr;ocesmg the units column by attemptmg to borrow from the tens column, and '

xmme&ately reaches an- unpasse because ‘2810 can- not "be decrememed. - He's stuck so he does a
repair. One repair is simply to skip the decrement operzuon. - This leads ultimately to the solution
shown in"(b). If he uses this- repaxr to the ‘borrow- -from:zero’ impasse throuihout a whole

10"
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~ Bug migration and Iinkering

subtraction test, he will be—diaénesed—a&haﬁng%ﬂ&g—%ﬁorrow%t Zero.. Suppese he.

_ chooses a drffcrent repair, namcly to.irelocate the. decrement operation and do it instcad on a

nearby digit that is not zcro, such as the ncarest digit to the lcft in the top tow, namcly the three..
This repair results in the solution shown in (c); the three has been -decrcmcnted twice, once for the

»

(repaircd) borrow ongmatmg in, thc units column, ‘and once for the borrow originating in *the

(unchangcd) tens cplumn.” If he always chooses this repair to- the unpasse he will be dmgnosed as
havmg the bug Borrow-Across- Zero . S

4 ..

(748 .
Many bugs can be gcnerated by this impasse-repair process (the exact number depends on how the
sets of 1mpasses and repairs. are constramed—see section 6). :However, we hardly expected to
actually sce tlns process in operauon dunng the execution of one of the tests we gave. Instéad,.we
expectcd that the impasse and repair had happened some time long ago and the resulting sequence.
of steps had bgcome habitual, that is, a consistent, stable bug had been formed. Nonethcless, two
predictions were advanced, namely that a few students would be found who would repair an
impasse sevcral different ways bn a test (a phenoména we label “tinkering”), and sccondly, that
some students would switch: from one Tepair to another between tests, a phenomenon labelled "bug
migration” because it would show up as a consistent bug on the first test, and a consistent but
'dnfferent bug on the'second test. The following three pseudo-tests xllustrate these phenomena:

»

102 9007 4015 702 2006 10012 8001

39 -. 6880 - _607 --108 42 214 43
73 - 2227 . 3408 604 ‘2064 ~ 10898 8068
102. - 0007 - 4015 = 702 ~ 2006 10012 8001
739 6880 607 108. 42 214 43 .
3 - 1287 3408 504 1064 - 98 6068
c. 7 102 9007 40T5 702 2006 10012 8001 v

39 - 6880 - 607 108 " 42 214

T "éj ."22.27 3408 (| 504 . 1064 1089’8 6068 "
- e . 1'. ’ e & ..' : . i . '

r‘g,'_,

Row (a) has been ans%e;ed by a hypotheu(fal student with the bug. Stops-Borrow-At-Zero row (b)
by a student with the bhg'Borrow-Across-‘Zerq. .and row (c) by a tinkerer. All three hypothetical
students can- ‘not borrow ,ﬂ’om zerote 'I‘hey-fdrﬂ‘er only in how they repair the. resulting impasses.
The first repairs by sklppmf tﬂ’e decreﬁment opgrauqn The second repairs by decrementing thé
nearest non-zero drglt to the feft of the zero. t.mkerer reacts by sometimes doing one of these
two repalrs and sometimes the other. -On'] prom 1, 2 and 6, the tinkerer skips the troublesome

decrements, producmg the same answers as- the s&dent in row (a) who has the bug Stops-Borrow-

At-Zero. On problems 4f5 and 7, the tmkerer ref0cuses leftward, leading to the same answers as
row (b). (Problem three does not involve. borrowu;g from zero, so all three students ‘answer it
l ‘

"' VT : .

11

"



y) The two Buggy studcnts always repaxr the borrow-from-zqo w cons:stently, .
tlie tinkere ‘switehes back and forth between two different repalrs. In gencral. a tinkerer can
swm:h among several repaus. S : o "

: AlmOugh DEBUGGY xs not able to till}v}m a student,:s unkenng. intensive hand analysns of 120

-\

.. students revealed that 14 (12%) of th smdemswerennkenng. Sothxspredmal oERepmr

v

Y

R 2

H "" _.‘ ‘

Theory was venﬂod.

N .
N

‘i Toobservebugnngramn,sm ntsaretestedtwmeashonumeapart. lfasmdentansweledasm

_(a) on the first test and (b) on the second test, then we would have a case of bug ungranon.,"lhe
-bug Stops-Bonow-At-Zero has xmgrated into the bug Borrow-Acros Zero. Only 67 smdents
“were tested in this two-test condition, and of these only 12 were dxagnosed as having bugs on both

“tests. However, of ,these 12 students, two (17%) exhlblted bug mxgrauon. venfymg the. predx:nom .

oft.heRepaerheory o e
. . . . N » . . /’.v'

Repan"‘rheory alsopredlcts tﬁat/gmdentsanunkeron one tstand haveabugon the- other

'Ihatxs.asmdenteananswerasm(a)ontheﬁmmtand(c)onthesecodd. Hehasthesame ~

unpasseonbothtests.butwhereasherepauseons:stentlywuhasmglerepauonmeﬁmwst,he
" uses two (or more) repairs on the second test. When ‘the two-iest data was examined by
four cases of this phenomena were found. _ e . .

Amm:yoflhe[mdmgs AR : & , -
A model of the student pqpulauon has emerged from the data based on the nonons of impasses,
re;)mxs. bugs and slips. Given Just one test, the students who are makmg efrors can be put into
four categones in roughly the _following .prepertions: . :

, 30% " Hasabyg orasetdf bugs (plus perhaps some slips as. well). - - 5
10%+ Tinkering, using several repairs for one impasse (plus perhaps some bugs ‘and shps)
10% Errors can not be analyzu&

E‘a

% “These proporuons vary with the grade level. - The above proporuons are for third graders tested
late in the year. In general, the older the student populanon, the greater the proportion of
students in the slips category and the smaller the proportion in the buggy category. In the early -
thll‘d grade. for example. students in the buggy category oonsntute over 50% of the sample.

1 . - «

The various kinds of errors are expectéd to have dxﬁ'mng kinds of short-tenn stability. We expect
slxps for example to vary widely over two tests given a short time apart. There may be no slips on

» .

?' 50% " Knows the correct algomhm errors due to shps alone. . s ,

onetest.andseveralonanother Ifthereareslipsonbomtests.theymnotexpectedtooocmon o

sameproblems. Impaﬁeconthe otherhandareexpectedtoremmnmevxdenoeeemssm

"’_r ‘

v -
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explanatron of the acqulsmon of bugs)

~ 2. 'Background Jand motivations B

N

_An impasse may show up as a bug on bne test and on the next as a different but related bug, oras

tinkering. What would' be .uncxplained is a bug that was present on one test but absent on the
other. Thesc considerations prompt the following tabular summary of the"percentage of :students
exhibiting the v?ous\ kinds of stabrllty. : - : '
N, Sl Co

4% Noerrorson cithertest ~ * IR ’
50% - Stable correct procedltre changes due to shps alone
12% Stable bugs; changes due to slips alone” . "
12% Stable impasses;-changes due to repairs (often along wrth shps and stable bugs)
12% Appearing and disappearing bugs and/or impasses (with slips and stable bugs)
10% Errors on.one or both tests can't be anaiyzed .

.". ‘e

The stablllty pattems ol') the students in the. ﬁrst four categories (78%) conform to expectatrons
whrle the behavior of the’ students in the remammg two categones (22%) remain unexplatned.

AR - . ’
~ . ’,-

In overvrew these data show that the oldcr view of errors. as due to either bugs (dctermmlsth.

systematic errors) or SllpS (careless mlstakes) is mc0mp1ete The unpasses/reparr notions contribute |
substantially to our "ability to understand error-filled tests (m addmon to their - role as an -

3 Vi

However a slgmﬁcant proportJon of the tests (10% of the static, one-test data. and 22% of the

stability data) can not yet be analyzed even ‘with these advances Some of these students are in’ ‘the P '
undiagnosed category because. the tests were simply not Jong enough to give the analysts a large . °
enough sample of their behavior to dtsamblguate the various possible explanatrons of the errors.” .

In-other cases; "species of behavior that have not yet been formalized were apparent. Some

. students appearcd to ‘"game" the test by strugghng througfi the first part of it, then giving up and
" using some easily executed bug-such as Smaller-From-farger on the rest. Other sources -of ‘errors’

were rather uninteresting—there seemed to be several cases .of cheatmg by loo]ung at a nelghbor‘s

_ paper; in one case, a skipping ballpomt pen apparent]y caused a student to lose track of his

procedure in the middle of several problems In short, there will undoubtedly be some errors that
have rather uninteresting causes and hence can properly be left unanalyzed in' a formal descnpuve
study of errors. Our belief. is that we have not quite reached that level of understandmg yet. We
gucss that there remam some undiscovered, interesting’. mechanisms that will' - further our

understandmg of errors as much as the nnpasse/repaxr process did.”

N

LY

LN

- This SeCt.IOD and the followmg ones provrde a more- detalled dcscnptlon of the’ ﬁndmgs and how v

they weére obtained. ~ Special attention is glven to evaluatlng the DEBUGGY’s dlagnosth ability and-

dnscussmg how it could be used in practical educatJonal .settings.. To set the stage. a dtscussron of .

the history and motJvatJons of the reseaxch is presented.

e
ro. oy
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Many studies of systemzmc errors in arithmetic preceded the Buggy studles (Buswell, 1926

Brueckner, 1930 Brownell. 1941; Roberts, 1968; Lankford, 1972; Cox, . 1975 Ashlock, 1976). In-

all these studies, systematic erroxs werc thought of as incorrect or faulty algonthms with the same

inputs as the correct anthmenc algonthm. In particular, systematic performanee was assumed not
to depend on the position of the test item on the page, the nature of the precedlng item, faugue._'

or anything else.’ This assumption is shared by the Buggy studies. To do otherwise would require

_orders of magnitude more data per subject so that the influence of these context. variables could be
stidied. Since we share the belief of our predecessors that the influence is negligible; the context-

free assumption has been built into the _bug notanon. '
.

"I'he Buggy studies differ from their predecesors in that a precise, formal notation for systemauc

errors is used. All the early studies relied upon informal, English dwcnpuons of the observed

- systematic errors. However, even the most precise natural language descriptions are often flawed.
For example, Cox used the description "Borrowed from the tens column when it was unnecessary” _

(Cox, 1975 ps- 155) to notate the followmg ‘behavior (lbld.. pg. 152):

-

- 37, 4

3 86
-4 =1 -3
23 32 72

i

-

From these pmblem& it is clear that the tens dxgxt in the answer is off by one, but it is not cletr .

' that extra borrowing is the culpnt. Rather, it could be that the student thinks that a subtraction is
- necessary-in each column,-50-a one is subtracted in columns that have a blank in the bottom (this

B .

is the bug Sub-One-Over-Blank; see appendix 1). Cox’s description is adding some asumptlons, |

to the naked observation of the behavior. ‘Even fxramhmarksampmentandxtnsclearthatthe
top row's tens digit has been decremented, it is not clear whether the student decrements every
column except the units column, or only those that are over blanks, or only the. leftmost column.
" The natural language description is seriously incomplete. On the other hand, the syntax of the bug

notation is such that a bug could not be written without takmg a stand on when the extra borrows -
" occur. This insistence on precision and completeness comes quite namral_ly with a formal notation,

andxsadisnnguishmgchamctensncoftheBuggysmdm.

The xdeathatsystemanc errors can be representedassetsofbugs became theheartofaeomputer
systemnamedBUGGY BUGGYhadmnnyfaeets. lteouldbeusedasagametomuodueesmdent
teachers to the idea of bugs and to develop their skill jn discovering systematic errors ip their
students’ work. BUGGY could also-be used to analyze “tests worked by students in order to
diagnose which bugs, (if any) the students had. It was used to analyze addition and subtraction
testsfmmoverathousandsmdents. ’Ihxseerlyrseamhnsreponedin(nmwn&nunon. 1978)

14



Why subtraction?-.
Based on our carly c'xpcricncc with BUGGY, a strategic dccision was made to investig_atc one
procedusat skill thoroughly rather than to cast about t‘or examples of systematic errors in many
domains at once. The procedural skill chosen for investigation was ordinary -multi-digit

. subtraction. Its main advantage, from a psycholog'ical'point of view, .is that is a virtually -

meaningless procedure. Most clementary school students have only a dim conception of the
underlying semantics of subtraction, whrch are rooted in thc base-ten representation of numbers

When compared to the procedures they use to operatc vending machines or play - games, -

subtraction is as dry, formal and disconnected from everyday interests as the nonsense syllables

used in carly psychological.investigations were different from real words. This isolation is thc bane -

of teachers but a boon to the psychologist. It allows. (l'ne to study a skill formally without brmgmg '

in a whole world’s worth of associations,
The goals of the stu’dies.

Since BUGGY, the research developed in several drrectxons One direction was the development of
Repair Theory, which was described above. In-another dlrcctron the technology for diagnosis was
improved and extended by Richard Burton to become the DEBUGGY system. DEBUGGY is able to
produce much more elaborate diagnoses than BUGGY In addition, it can analyze a'set of test
items to measure its dragnosmcrty, in the sense dlscussed below Burton also developed an
_interactive_version of DEBUGGY (called IDEBUGGY) where the test items are generated by the

system on the basis of the student’s previous answers, thus allowmg IDEBUGGY to converge on a

diagnosis faster and with greater certainty. This lme ‘of research is reported in (Burton, 1981)

In support of the theoretrcal and technologrcal lines of. research extensive empirical. research h*

been necessary.  This research involved collection aid detailed analysis of a large’ ‘number of
systematic errors. - This empirical investigation and its results are the topic of “this paper.
. .8 . . ~

The two major goals of the empirical -studies were:

lo pilot-test DEBUGGY: ’fo evaluate DEBUGGY's diagnostic capabilities by using it on the
kind of data that it would encounter if it were deploycd as an dragnostrc adjunct to the
curriculum. S ,
" to test Repair Theory: To observe so many. bugs that the database of bugs can be taken as
an approximation of all the subtraction bugs that can occur. Repair Theory should be

able to generate this set of bugs.- - Also, the studies were intended to check for the

existence of tinkering and. bug migration.

r
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These are not the only us\cs that thc data can be put. to Indccd we have been asked so often for -

these data that 'it scems worthwhile to present it in as complcte and ncut.nl a fashion as possible. - o

' “Thus, for ¢xample, data on the: frcquency of bccurrcncc of bugs wnll be ,presented; although very. . .
3 little use can be. made of this data at-the present time vis a vis the: above gqals, the frequency dnta e
~is important in design of remcdxatlon tools for education. Rather than present the data st.mstmnlly -
or in some other summarized form taxlorcd to meet oul goals it is prescntcd for thc most part in- *
tabuilar appcndlccs. This allows other mvcsugators to analyze the data as they see fit. The text is’
. devoted to prcscnung the conccpts involved in bug-level diagriosis, the methods used to collect and " -
. analyze the data, and commentary on’ the - tables., o : o

o

3. Subjects- and gnethods ) S P

“Two 1mpommt development cycles began back in the BUGGY days and conunued -throughout lhe ’
studies reportcd here. One was to exterid DEBUGGY's diagnostic abilly by augmenting its database .
of bugs, and the other was to improve the sct of test items used to elicit crrors. Before discussing © - .
the studies per s€) it is best to describe these development cycles. B

»

_ DEBUGGY cannot invent new bugs. Its mvent.iveness is limited to creating new seis of bugs from -«
. known bugs. (Creating a ncw set of bugs may sound lnvxal but it is actually quite difficult in . Co
general since bugs can interact with each other in complex ways.) stcovenng new ‘bugs is. very NN
.important for testing gencrauve theories since it is only by having as complete a databasc of bugs :
s possxble that the generanve sut'ﬁclency of the theory can be ascertained. Since DEBUGGY does
- —— IOt mvent—new bugs, the-method used-to-discover. new~bugusmsemuagx_as_a filter to remove
: . students whose behavior is adequately characterized by some set of existing bugs, leaving the

human dmgnosucxans to concentrate on discovering any systcmnt:cxty that lurks in what Dl:BUGGY. i
: onsnders unsystematic behavior. When cven the barest hint of a new bug is uncovered - by the . g
: experts. it is formalized and. mcorporated in DEBUGGY's database. That way, DEBUGGY will -+ ¢ "‘;
dxscover any subsequent occurrences of the bug, even when it occurs with other bugs, and even .. '
with ‘it interacts in non-lmear, complex ways with those bugs. So the first cycle consists of
'computer analysxs, human analysis, and augmentauon of the bug databasei

Test ' diagnosticity-.

2

The second cycle mvolves development, of hxghly diagnostic tests. - The set of problems ngen ona .
paper and pencil tests is probably the most important determinant our ability do dwgnosxs One of
the facets of the. DEBUGGY system is the abnlxty to measure the diagnosticity of a test. Gnven any

subjraction test,, it"can calculate exactly how many problems a bug (or set of bugs) wxll miss on a_

they get exactly»: the same answers on the whole test It can do t.lns even wheh the bugs in'a set
interact in complex ways, such a produomg a correct answer to-a problem that each bug in the set

2




" would miss, had it alonc been applicd. to .the procedure.  Naturally, one 'wi'shcs.cach potentialf ,-' ey
' diagnosis to miss at least one problem on the testso that it can be discovered. Howcver because .' -
stu‘gcnts often make shps one wants cach bug (or sct of bugs) to miss scveral problems on the test. - Py
¥ -so that it can be discovered even if some of the problems it’ mlsses arc not matched cxactly by the g
“* stdent's answer duc to his carcless mlstakcs Similarly, one w1nts rcdundancy in the problems
. that allow "two ‘dlffer,cnt bugs “(or set-of bugs) to be differentiated from cach other.
DEB'UGGY‘s -'mcasurcment of test diagno(ticity is just as dependcnt on the bug database as "ts, /
ana'lysis of student errors. If a test passes the diagnosticity test, this ‘only guarantecs that any
: dtagnosls that can be constructcd from known bugs will be distingitishable. . It- makes no-such
guarantce about nCW bugs. Hence, thé sccond dcchopment cyclc has been to upgrade the paper /
/,and penctl tests as ncw bugs are discoveted.

oty . .
T . . -

Gyep s mutual dcpendence of the data and techmques used to acqutre it, it lS worthwhile

exanﬁ)qe 'the cyc]es from the very begmmng : ‘
W #

‘ "‘ar‘aguan and WeIIesIey studzes

- ) [ '." o :?5” ‘

¢

..

" ~'Ihe ongmal database of bugs was developed by Richard Burton, Kathy Larkm and John Seely .
.Brown from a collection of 1325 ‘Nicaraguan studcnts test results (this is the data reported in
Brown & Burton, 1978). Two prob]cms hampcred them.. One was that they did not have the
a’ctual test papers, but only each student s answers to the tests. Althoug_h/ DEBUGGY makes no use "

of the sgratch marks that students use human dtagnosttcnans seem highly dependent on them. The
wecohd problem faced by the investigators was that the dtagnosttcttles of the tests were not high.
'Despnte these handicaps, Burton,: Larkin and Brown werge able to identify 43 bugs while
a;ntammg confidence. that these bugs were not the product of pure speculatton However, the
st :important “effect of these bugs was to start the cycles rolling. Now better diagnostic tests
"u,ld»:_-be developed,» and a.tighter ﬁlterw on -new bugs could be' used. :

'~'e’ Ntcaraguan students were fourth, ﬂﬂh and sixth graders who had been taught subtraction by
5, 2 i‘adxo (Searle, Friend, & Suppes, 1976). The wide variety of bugs discovered in their work made
f'“ " us ‘wonder what kinds of bugs we would find in Amencan students who had received normal
= v classroom instruction, A study ‘was conducted with 288 students from Wellesley, Massachusetts
(Haviland, 1979) Although the actual test papers were available, the lack of test diagnosticity
. continucd fo plague the investigators. - A second problem arose in that very few students made any
 errors at all, probably because the students were sixth graders from an upper class commﬁmty that
- could be expected to have a good school system Consequently, only a few new‘bugs were :
) discovered. K - '
- Capitalizing on our past experience, two extensive studies were planned and executed by Jamesine

.
Y
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.«  Friend and thc present author wuth the" assistance of Richard. Burton John .Sccly- Brown, and

/ Elizabeth Berg. Highly diagnostic, tosts developed with the ald of DIBUGGY were used. Thc test
papers were available to the human. diagnosticians. ‘The students were mostly third and: fourth,
graders from communities of average social and economic status, with school systems of aycrage
compctcncy. o !

Several tests were devcloped wnth DI:BUGGYs hclp for thesc studles The ﬁrst two tests werc for

interim use. They were rcplaced when enough “new ‘bugs had been discovered to make their

diagnosticity unacceptable. The tests that we ended up with had twenty uems. and most items had

“three or four columns. Here is one of them: : S

" 847 - 885 83 8305 50 552 742 106 716 1564 6591
: a6 205 44 3 23 ..,.3.136 _70 598 887 2697
. o - - 3 ..'- 9, . r E B
311 1813 102 9007 4015 702 . 2006 10012 8001
214 215 _39 8880 . 807 108 _42 214 _ 43

Every bug misses at least two problems Jand almost all missed three or more. This requndancy .
 allowed DEBUGGY to detect most bugs even in the presence of a large number of slips. The tests .
were also extremely dtagnosuc in that every possxble diagnosis was dtstmgutshable from the others'_ §
by at least one problem. (For purposes of defining "all. possible dmgnoses, DEBUGGY was " e
restricted to tncludmg at most two bugs in a diagnosis) R s

v ' ? .
Thefirst-study;—called- the—Southbay—smdyrmas desxgncd_tmaccumulate ) quantity of new -
bugs and to pilot test DEBUGGY. Each,student’s test was carefully examined by at least one and
often three human dtagnosucxans 0 corroborate or revisc DEBUGGY'S du\gnoss. Also, a proportion
of the students were retested several months later in order to study the long term stabllxty of bugs. >
The second study, callet?the Short-term study, featured testing students twice, a short fime apart

N (e.g. Monday and Wednesday). With this design, we could’ ua,vesngate the short term stability of '
bu@. . o . Tl
. . j . L s i - ) v‘
The Southbay study: subjects and test administration - ' o ' e

Dunng the 1979-1980 school year, 849 students were tested during the Southbay study. Two
school districts in the southern San Francisco bay area agreed to participate in the study. ‘Both )
school districts were a fairly heterogeneous composition of socjal classcs. The majonty of t.he. .
children came from white, ‘speaking families, although there were some Japanese. h
Vietnamese, Korean and Fili chlldren There were a number- of children with Spamsh. '
surnames. Standardxzed test scores from the two districts show that one is slightly above the '
national norm and the other is at about the 70th pementﬂe. oo

r . A . " n .
, » \ k o
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Each district office sent nd'ﬁb?g
tcachcrsgo volunteer for the prd&;

grade level's population. .

N -

Most of the classrqoms'had_é ;si'nglc gradé, except the Special Education classrooms, which
in¢luded students in fourth, fifth and sixth grades. There were two combination classrooms; one

with third and fourth grades, the other with fifth ‘and sixth grades The number of classrooms by )

‘ ‘grade levél is: - .
grade . . number of classrooms
Third . o 15
Fourth R 11
: Eifth s ‘ 4
ﬂ(pccxal Education 7 3 .
. . i L . -

Testing ‘of the classro ms was spread over several months in order to ease the load on the

“diagnosticians. A ‘few days before thc tests were to be administcred in a school, Friend went to

‘the school to conduct a brief teacher training session to acquaint the teachers with the nature of

the study, the tests, and the test administration proced'~e. * - teachers were asked not to impose

a.time limit on the children, but to allow theua: s v . time’ as they nceded. (Teachers reported-

to us that thc test typically took 15 minutes or less to complete but there were some children who
finished it in S minutes and others who took a half hour.) The teachers were also asked to instruct

thc study to their clcmcntary school pnnclpals askmg~ for‘
ram. 3 tcachcrs cmpcratcd in the study. - Although the teachers
were sclf-sclected? we have no reason to bchcvc that their students were unrepresentative of their

~

the Students to Tespond o every item even” if‘ they‘weré“bot*sure—ﬂtey'éuld*dﬁ it

Each classroom’s file of student tests was analyzed by DEBUGGY DEBUGGY's analysis was then
checked by hand, always by at least one person (Friend) and frequently by another (Burton’ or.

VanLehn). . The objcctlve of the hand analysis was to discover new bugs and to check that *

DEBUGGY's diagnoses’ wcrc reasonable. DEBUGGY'S analysc.s,\ with any correctiops that the
diagnosticians felt were. nccessary, were compiled into a report for the -teacher.. This report,
together with a . teacher’s guide that explained how to use it, was mailed to the teacher.

cUlve

[

The teacher’s guide (Friend & Burt;on." 1980) ‘contains a few pages for each bug, describing the
bug, giving examples of the errors itiproduces, and sometimes making suggestions for remediation.

A page of DEBUGGY-generated exercises is included that is sultable for remedxatmg thc bug in that .

the exerciscs cause the bug to exhlblt symptoms. . .

The diagnestic reports and thc guide were seen merely as the incentive for teachers to parucnpate

“in the study, and not as a serious attempt at deploying bug-level diagnoses in the classroom. ,
However, -informal follow-up interviews with some -of the teachers exposed some "interesting

problems that deploying this kind of detailed ‘diagnostic information in the curriculum appears to
face.- Thcse problems will .be discussed in a later scct:on of the paper.

-
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5 The Short-term study: subjects and test admim'slralian
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'lo study long-tcnn smblhty of bugs, saT'nc of the students in- the S()uthhay study were rcportcd 0

‘thc ‘teucher’s as necding retesting. Whether they actual:g were ‘retested was up to the tcacher, and .
ulum.ucly .only 154 students were retested. A student was recommended for retesting if cither (1)

he could not be dlagnoscd ot (2) his diagnusis' mcludcd onc of the less common bugs. In
retrospect, -it would perhaps have been better to ask the teachers at the ou{sct to retest their whole

classat a later date. However, it was felt at the time that they would not be receptive to this since

recent concern with cducational quality has mandated a very large numbcr of . tests, and it was felt
that tcachers would not want to ‘include yct another test in their medcd schcdulcs wnhout a very
compelling ‘reason. However, 13 of the teachers’chose to do the retesting rccommcndcd to them,
and onc of thein asked to be allowed to retest her wholc class since she found that casicr than

retesting only specific individuals in the class. It appears that we could’ have asked teachers to

retest their whole class and gottcn cql.i‘hlly high or hlghcr participation. ~ # -

.

g

The sccond study o bc reported here was dcsngncd to test we short tcrm stability of bugs 1cs;s
were  administered two days apart, genesally on a Monday and the following Wednesday.
Teacher’s were asked noi to give any truction in subtracuon between tests.

‘To control for the poss:blhty that students would rcmcmbcr the pn.vnous test's answers rather than:
' rccalculaung. four testing conditions were used. In condition 1, students received cxactly the same

test form both days. In condition 2. studenits received the samc pmblcms. but in-a different order.

~—}n—eendxenen4_4hc—ordcwf_problcmsAvas_thuamc._bLu_egch problem was changed. slightly. In

_ variations of the "standard” proccdure are taught, dnffcnng particularly )
scratch marks. -However, sincc our largest samplc populauons were drawn from school systems

condition 4, both the order and content of problcms were changed. In short, the conditions
differed shghtly in the content and/or, order of the items. However, it turned out the test scores
did not imnprove sngmﬁcamly in any of the four conditions (p > .10 in all four cascs, usmg thc
Mann-Whitney U test)

Thc subject acquisition, test admnmstrauon and' analysis procedurcs were as dcscnbed for the
Southbay study. Only three third. grade classes clected to participate in the study since the school
year was almost over. A total pf 67 students completed both tests. '

-

" Data analysis
Bugs. are mo,dxﬁc)mons of some corrcct procedure for the sknll To rcprcscnt a systcmatic error, ‘u
_is necessary fo state wh@ correct proccdure is being modified by the given set of bugs, in the casc

when more than ‘one correct : procedure is possible. There arc several different subtraction

pmccdurcs taught in different parfs of the world. Moreover, cven in l.h nited States, sevcral
regard to the use of

. ' ¢
L3
@
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" thit mu"hl similar sublruc(inﬁ procedures. we have pgen able to represent the subtraction data
using just ‘one correct procedure. Nonctheless, the ‘database dl'ld the dmgnosuo pm},r.\ms -are
designed to handle muL\)h. alternative “correct  procedurcs.® ' ‘

DE lsUGG analy/cs a test in three stages. = First, it gmdu the test. The students who makc no
o errors on the test are placed in the Correct category. Next, the set of bugs lhat fits lhc errors the i
~ - . best is-found. Lastly. DEBLGGY decides whether the fit is good.cnough to put lhc student in the -

Buggy category. 1f not, then it decides whether there are few croug® crrors that the student can
be put in the Slips category. If there are too mamy ¢ ws, then e student is placed in the
T , o

< Undiagnosed. category. #

-
.

‘The criteria used to assign' subjects to the Buggy, Slips and Undiagnosed categories are complex,
and ad hoc. They were designed to_mimic the intuitions of human diagnosticians. The following
is a rough characterization of it (sce Brown & DBurton, 1978, for a complete ' treatment).

_ . ; . A

W

- Rules for  assigning diagnostic category: : \

o

1. If the diagnosis predicts all thg student’s answers, both correct .and incorrect, then he'is
: assngncd to the Bu;gy category. :

. Also, a student is assngncd to the Buggy catcgory if (i) the dmgnosns makes more true
predictions than false prcdlcuons and (ii) makes “cnough" true predictions about wrong
answers. The latter criterion is meant to prevent a student from being diagnosed as having
bugs when in fact his wrong answers arc cqually well predicted by the” hypothesis_that he

IS perioiming the correct algorithm with an ovcrlay of ships. Since tThe Buggy and Ships
hypotheses agree whenever the bugs predict a correct answer, it is lhc problcms where the
bugs predicts wrong answers that split these two hypotheses. iterion of "cnough"
trucpredictions  of wrong answers -is 1mp1cmcnlcd by the followjng threc conditions:

a

a..  Of the answers predicted to be wrong by the bu ~15% or more arc mdced

thc answers given by ’the student (i.e. arc truc,

. B b. Of the answers predxclcd to be wrong by the bugs, 50% or more arc true
-predictions, and there is only one bug in the sct of bugs, and more than half the
wrong ansyers given by-the student arc pL cd by the bug. »

c. Of the answers predicted to be wronf by the bugs, there arc more true
predictions than there are false predictions o s, and there arc at least two -
truc predictions.

"3, If a student is not assigned to the Buggy,’catégory by rules 1 or 2.>and he has gottch'
90% of the problems -correct. then. he is assigned to the Slips category.

4. Otherwisc, he is assigned 6 the ‘Unsystematic category.’

: e B @ 3
The actual algorithm used by DEBUGGY is more complex than this. DEBUGGY has an ability to - -
modecl certain kinds of slips Wthh it uscs to dccxdc which of two compcting scts of bugs is the best
fitting diagnoses (Burton, 1981) Slips arc used to temper,the decisions of rulé 2, although they do

not in fact play a role in rule 3 despite the fact that rule 3 decides between the Slips category and

N .- L ¢ PR
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the Undlagnosed category Thc‘ emphasls m the DEBUGGY research has been on modclmg bugs,

- not slips. ‘ - : BN e \

-,
c e

g -

As mentmned above, the databasc of bugs grew during the Sbuthay and Short-term,studm. '
Since the contents of thc database effects DEBUGGY's diagnosis, all the tests from both studies were
reanalyzed by DEBUGGY at the conclusions of thesc studies, after the newly discovered bugs had

been installed in the database. The- data from the reanalysis are the oncs reponed in this paperi
4. Evaluating DEJUGGY’S diagnostic expertise, N

One of the main goals was to determine .ether I‘DEBUGGY could be relied upen to diagnose bugs
as a-curately as expert human diagnosticiafgs.” There were two,reasons to believe that it might not
be reliablc. First, DEBUGGY was not ngen the sératch marks that some students se to help, them
do borrowing. Our cxperience has been that the scratch marks are mvaluable to human

. dlagnosuclans. It was not at all clear that DEBUGGY could succeed given just the answers. The

«

second area of- uncertainty in DEBUGGY's design was the heuristics used to split Buggy students
from Undlagnosed students, and to detcrmine which of two diagnoses is a better predxetor of the

‘students answers. ’I‘hese can be a difficult decxslons for human dxagnostmans. let alone ‘DEBUGGY '

DEBUGGY versus the experts R
. . 4 . : .
N ¢

- Table -4.1 of appendii 4 (repeated on the next page) cempares,‘DEBUGGY's categorization of '

students with the human diagnosticians’ using the Sopthbay.data. This is a three-by-threc table, by
diagnostic category. If there were. perfect agreement. all the off- ~diagonal entries would be zero.
Although they are not zero, in most cases_they .are fairly small, with two excepuons. The experts

-found Buggy diagnoses for/30 (13%) of the students’ that DEBUGGY considered Unchagnosed.

These cases.are tlue to t.he fact that the human dxagnosncxans could see the scratch marks, and
hence could be more sure of the systematicity of the errors whic¢h DEBUGGY found but rejected -as
being not quite systcmatm The other large off-diagonal entry represents 59 cases of the expert
deciding that there was not enough evidence to rate a dmgnosa as Buggy even though DEBUGGY

' Lhought s0 (these 59 cases represent 20% of DEBUGGY's Buggy. d:agnoses) Again, we believe these

represent inherent differences between DEBUGGY aqd the human dxagnosumans Judgments caused
’ by the lauers access (o the scratch- marks. '
4 :\ : . & "‘. . s ' e

3 P . 2
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e Experts' Diagnosis
.DlinUGGY'sDiagnosis, Slip$ ' Bu"gg'i_' ' ( Undiagnosed totals
Slips T 148 (95%) . 4.( 3%) v 3 ( 2%) . 155 .(100%)
Buggy - S .3 (1%)  233°(79%) - 59 (20%) 295 (100%) -
Undiagnosed | 18 ( 8%) 30 (13%) -~ 188 (80%) 236 (100%)
totals - 169 . 267 ‘250 o 6360
N

However, it appcars that DEBUGGY's classification a’léori_thm is a good compromise in that about
the same percentage of students are mis-classified into the Buggy and Undiagnosed categories.
'I‘hat is, it is biased ncrther towards systematicity not against it. This leads to the conclusion that a
ncarly opttmal settrng of the parametcrs of the classification algorithm has been reached.
lmproved classification would require gwm)g DEBUGGY access to the scratch marks and/or a more
complete model of slips. ot b

Another way that DEBUGGY could be rnaccurate is by choosrng the wrong diagnosis for a Buggy
- student when several dra;noses were in close competition. Table 4.2 of appendix 4 shows how the
diagnoses given by DEBUGGY were corrected by the human diagnosticians.- - In almost every case
(220 out of 233, or 94%), therc was “substantial agréement between the' experts’ diagnoscs and

* DEBUGGY's, and in many, cases (193, or 83%) their diagnoses were identical, . This shows that
DEBUGGY was excellent at choosrng among competing hypothcses. In short, DEBUGGY Qd the
cxperts,agree_on_w}xatisystemant;error consrstshfrbuuomeumes dtsagrec_amhaw_systemuuhe -
error is. . . :

'DEBUGGY versus the éxpe‘rts with malched-item tests . ' .

In an effort to probe DEBUGGY's expertise more deeply, we again compared it to expert judgments
’ but handicapped it. Using the Short-term study, the experts were allowed to use both tests of a
student in performmg their dragnosrs while DEBUGGY analyzed each test rndtvrdually Since the

test forms werc matched ‘item-by-item, the cxperts could" see the same item answered twrce and

thus more easily come t0.an 1ntu1trve assessment of whether an error was due to-a slip or "a bug.

In order to have a basis for companson, two' éxpe£ analyzed the tests indcpendently. The
dtfferences between their diagnoses could be used as a ‘baseline for the differences between
" DEBUGGY’s diagnoses and expert ones. The results are surnmanzed in appendix 4.

Roughly speaking, the expem' agreed more with DEBUGGY than ihey did with eack other. The only
substantive difference was that the &xperts put more students in the Slips category than DEBUGGY,
and fewer i in the Undragnosed. This can be attributed*to "their access to matched test 1tems. -which

' o ' presumably allowed them to more conﬁdently assert that non-buggy errors came from shps rather -
. than from some unknown cause. ' , oo -
) ' ? ) P L4
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To sum up, it appears that DEBUGGY using juét the answers is as good as the expert diégnosticians- -

R - using the answers. plug ‘scratch marks, plus matched-ucm tests. The decision to allowing it no

.‘access tg the scratch marks appears t0 jmve been on balance, a good one. It makes the system.
" préctical because much less data (namely the answers alone) needs to be entered off the test sheets.
- The lack of this information: does not appear to hurt its ability to formulate a bug-level diagnosis

- atall, although it does appear to hurt its ability to assess whether a diagnosis deserves the Buggy
" classification (the difference in Judgmen; could also mult from ‘DEBUGGY’S mcomplcte trcatment

of shps)

5 The Undlagnosed Category

i

When all the tests in both the Southbay and Shon-term studies are qonsldered. a large percentage
“were assigned to the Undiagnosed category Snmllar figures occurred in the Nicaraguan study, as
shown below

Category ~ - R Nicamggan Southbay &uihoﬂ-rerm

2~ ¢ Comect 37 112
" Buggy 506 (39%) 417 (40%)
- Slips . 118( 9%) 223(22%) .
Undiagnosed . _887(52%) _388(37%)

totals - 1325 | . T3

e

ﬁgum in parenthm are the percentages of th¢ smdents who made errors that were assxgn;d

to\each category. In both studies, a substantial, proportion . .of the population could not be -

diagnbs%% What is causing the errors in these students’ perfamm
The "math disabilities” hypothesis

One conjecmre is that the Undiagnosed students are not well pracnud in subtraction, math |
phobu:, or "stupid.” If test scores are taken as a-measure of such math disabilities, then there is

" no evidence for this aplanauon. The scores of the Buggy and Undiagnosed' students are almost

identical. Figure 1 is a graph of the distributions of test scores. One line shows the distribution
for students in the Buggy category and thé other shows students in the Undiagnosed category.
These distributions are very similar, exceptmtwoplacs. One is a large peak in the Buggy '
distribution at a score of three -answers correct. 'I‘hxs:sduetothefacnhatthemthadjustmrec
problems that did not require borrowing (only form 2 is covered by the graph, since it was the
most commonly used form). This peak is almost entirely due to the bug Smaller-From-Larger, of
which there were 106 occurrences. This bug misses all but three problems on the test. -

’ .
-
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Figure 1: The distribution of raw test scores _is’ blot&edk for the. Buggy category (solid

Undiagnoscd category (dashied line). - The xiaxi$. is' the number of problems answe
The, y-axis is the percentage of students in the cdtcgory who obtained that score. Th

problems.‘ Students who. missed only . one. or two proPlcms are not shown.
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o’ The other peak is in"the Undlagnoscd dtstnbutlon at the 16-answer coryect mark. We think this

" peakis due studcnts making carcless mistakes, i.c. sltpg Thtspeak is th c_admg ‘edge of a much -

' rlarger sllps k- that would contmflc upward from 16 anewers "correct to 18 answers correct (the '
test hﬁtems) except. that DEBUGGY'S classification algomhm Placesd ndtagnosable studerits
+ who or; morc problcms wrong ‘in the Undtagnosed category rather than the Shps one.

_, ‘This pcak probably reprtsents students who should have been pl}t in-the Slips category ‘(more on

*this conjecture in a momeént). These two peaks asxde. the distributions are very similar. ‘When the
points corresponding .t these two peaks (namely- the pomts at 3 4, 15 and 16) ate left out, the
correlation between .the two distributions is ..57 (p < .05). '

.’ .
L . - -

- o5 . . ﬁ a7 . T
‘ Reana&s‘& o ‘

ﬁ-’

‘ﬁy ?n&”’ ched-uem “tests
A. y the tegt s score dtstnbunons sparkcd a more mtenstve ha.nd anaiysts of the tests of .
' tgr’e,stutlenga,_ Nthe Undwgnosed category. We already knew that it was difficult to.do better than
*r* DEﬁ\'JQﬁ&‘* giﬁn just one test'(c.f. the. precedtng section). Howe%r it was dxscovered during the
- -term stu@ that ‘much & the nnccrtatnnwm hand dtagnosts were removéd. by havmg two
et exeguuons“; i he same’ test_avatlable. even though the jests were ‘taken several days apart. ‘Sirce
,[ “each ﬁroblgm was answered twice, it was easier to separate slips from repeated, conceptually based

\- errbti. 139'

‘ ng patrs of tests. informative hand dtagnoss of the Undtagnosed class proved

pidents in the Short term study were Undxagnosed on one or the other of their tests.
,

pccounted ﬂ)r with slips and tmkem

'I'he major source of unsystemanc performanc; appears to be facts errors and other shps (No

"+ 1981). ,Slips are .unintended actions. “Thé person had the competence to chose and executsy a
: certam Bcrion but, dunng performance, he dld not. ‘In addmon o errors jn the ‘basic subtraction

facts one ofterv sees ‘cases where

-, ‘a decrement is forgotten. .
A& g o a digitis incremented instcad of decremented,
©" -7 " o'the last columt of a problem is not processed,
- °anextra, inappropriate borrow is performed, - :
-#, o adigit] 13’ decremented by tw% when the bottorn dxgtt in its column is a two, E
e and many others. i o

45% of the'Stud,ents who were placed in the Undxagnosed category on the basxs of a single test
were analyzed as’ performmg the .correct algorithm with several sllps. (These performances are
pameularly éasy to pick out since slips do not in general appear on the same problems on both -

- . That 1s, if errors on the first test are not matched by errors on the same problems on the

second test. men it is ltkely that the student’s errors are due to shps. Perhaps thxs observanon

) .
. . . s ’
e s . . ] )

'“an}alyzed—by%e—auther—w&—an -eye-to ﬁndmg-wha.t.propomon.of_them_oonld_be__ .

’



, .",Sltps occur on top ol‘ bugs as well as the correct procedure Here thetr occurrence compltcates ‘
i and sometimes prcvents DEBUGGY from reachtng a dragnosxs ‘That s, the. underlying compgtence i
- is well modelled by thgs. but sltps create enough noise that diagnosis is blocked. Our tests were

L desrgned S0 that almost all bugs get at least three problems.wrong, but there are many- that miss -~ -

six or fewer problems. When slips modtﬁes a s1gn1ﬁcant percentage of the answers 'that the bug

~will cause the student to get wrong. whlch for some bugs’ means the student need sltp 6n only say, -

s

three of the six problems it would mtss. then lhere will probably not be cnough evidence: (etthcr

o for DEBUGGY or a human ‘expert) to- dtagnoses 1he performance as Buggy However, the two-test

The @wmg table summanm the ﬁndmgs gtven above

Lo

,\c' * - 4 . L. 4 o

, A third cdnjecture is that much unsystemauc crror is due to:tinkering. 18% ol‘ the Undtagnosed
o -studems in the two-test sample were found to be tmkermg ' :

The remammg 23% of the two~lest sample exhlbtted a pattern of erTors that was. too stable to be o
- analyzed as due lto slips, but could’ not be accounted for as tinkering: or slip-ridden bugs. The o ‘
. . expert sunply dld not have enough data on eagh student’s performance to reach a deﬁm}lve .
dtagnosls, even wtth the two tests ‘The source of ‘the errors in their performance remains a

’ “ . _.‘_ R . . §

wsy oshps o

14% . - Bugs .o L T L -
18% Tinkering . ’ T v

_23% °  Unknown - e e

Wox. ol 2

L

" The main reason that so many_ students could riot be dtagnosed by DEBUGGY is that they’ were

making too many slips. However {here was also some tinkering present among the Undtagnosed

, - students, as well asa non-trmal amount of truly puzélmg Behavior. ‘For DEBUGGY to do better, it
. probably would have to have rnuch more’ regundant test 1tems so that it could locate slips in.the

way. that the expert dld, namely, by companng a students performance\on 1dent1ca1 or nearly

,1dent1cal problems.' S A

-_samples allows sltps to be un00vered eveh when they are on top of bugs. It was found that 14% of -
-the Undtagnosed smdents had bugs that were covered by’ shps. ' . .

K3

‘v



-

| 6. Repalr Theory s predrctions

“The main claun of Repmr 'l'heory is that it can generate aII the observed bugs. In fact. it can not .
5, ely of reachmg o

do tlus. but for a good renson. Repau' Theory postulates a '

and repaus, the more bugs it can gcnerare If enough imp and repairs were used, all the bugs

. could be generated. Ind d, we have collected and prec ly described an ad hoc but empmlly»
sufﬁcrcnt set of i unpases d repairs. Some of these are menuoned in the appendix 5, and others-

are descnbed in ;he penodlc table” secnon of (Brown & VanLehn. 1980) .

-

,However, we. would rather have prmczpled cets of impasses and repall'S. ones thnt are generawd ’

from some constraints imposed by the: task domam or. the learmng sequence the student is in the
- midst of. This would, for example, allow one to predict the bugs of that would occur in a new
procedural skill before any data were collected. . One highly principled technique for- generauon of
rmpases “used in (Brown & VanLehn, 1980). But: it generatés only a few of the needed
imp and consequently only 18 of the 77 observed bugs (the observed bugs are listed in
appendix 3 of this paper). Other principles for generating the sets of impasses and repairs are
being investigated that will hopefully converge on generanng the ad hoc, oburvanon-based sets
~ used m tlus paper ' . , . .

Using co-occuhtnce ﬁzquenci%as evidence
¢ . .

In section 3.6 of Brown & VanLehn (1980). the-authors consxder anew’ techmque for generatmg_
.impasses based on overgenerahzauon. -The argument they present is-interesting for the way rr uses

' the data. It makes a prediction aboutv,;he frequency of bugs co-ou:umng with other bugs. That

prediction. happened to be correct in the Southbay data, and the argument and its predrcnon is
wordr recapnmlanng here for the way it uses the frequency data.

There arc several bugs that could be generated by unous repairs if only an. rmpase oecurred
whenever the student borrowed info a zero. ‘That is, when the student comes to. process.a column

with zero on top and a non-zero number on the bottom, 1nstead of borrowing he does some repair.

The bugs Diff-0-N=N and Diff-0-N=0 are two such bugs. (See appendix 1 for a description of

these bugs.) Brown and VanLehn suggest that these bugs occur because the student. does not
know: how to borrow Jfrom zero. ‘When such a student is asked to do a borrow from zero, he
violates the procondmon that a zero can not be: decremented. He then overgenerahzes the newlyl
dxscovered prohxbiuon "you can't borrow from !]ero" to include "you can't borrow into zero.” - So
in addition to hitting an impasse whenever he borrows from .zefo, the student’s overgencmhzed

-

precondrnon blocks borrowing in 0-N columns, musing an’ impasse which léads to the two O-N '

bugs. Crucrally. rhrs explananon predrcts t.hat when the two O-N bugs occur in compound-

v . ..'

Th
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“Reifying the impasse-repair process.

Y

diagnoscs, another bug in- fhc diagnosis will involve an inability 'to do bor'rowing across zero (ie.
recursive borrowing). Close: exammauon of -appendix 2 verifics this prediction. ‘The results are
¥o tablcs. «'Ehc first"counts the number of times the two Diff: 0-N~

summamed in the followin ',
bugs occurred: with récursive "borrow bugs. and the sccond counts the: number of times~ they

_occurred ‘with other kinds of bugs. As prcdlcted, there arc more occurrences with recursive borrow
£ bugs than with other bugs. : :

Occurrences - -with Recursive Borrow Bug (plus others, in some case.s)
15 Borrow-Across-Zero B
17 . . . Stops-Borrow-At-Zero

3 Smaller-From-Larger-Instead-of- Borrow-From Zero
1 ~Borrow-From-Bottom-Instead-of-Zero S
Occurrences with Non-Recursive B/now Bug (plus others, in' some cases)

7 . - Borrow-No-Decrement

4 : ~ Smaller-From- Larger

1 Diff-N-0=0 : B : : _ :

1. _» Blank-Insteadof- Borrow : _ R o,
1 Borrow-From-Zero o St : o
14 total )

LS
s
‘ .

ThlS kind of argumentation using the frequency of co-occurrence is mteresung. and one we would

like to be able to do more of. - Unfortunately, the sample is too small to see such effects except

with extremely. common bugs such as Diff-0-N=N. Most bugs occur less than a half dozen umes.‘,l

a quantity so small that dlfferenual co -occurrence frequencies are often not stausncally meanmgfuL

-

Repair Theory was developed well before the Short-term study uas cohducted. At that time, it
was unknown whether the unpasse-repaxr process was actually a process the students went through
to remain an ‘e‘ssenually mathemaueal model, that is, a formal’ specification of a’'set of bugs,
implemented as a function whose internal chronology had nothing to do with students’ real,
temporal behaviors on arithmetic tests. A few students had: been . found who appeared to be

. tinkering, but the single test data was not redundant enough to elimifiate the possibility that what

appeared to be shifting among repau's was in fact just slips. The Short-tcrm tests were critical in

‘a

finding out whether the impasse-repair process, or rather its chronology. eould be reified. Showing

that the sequence of states traversed by the model while generating a bug could in some fashion be
observed -in the real, temporal behavior -of a student who developed that bug wouild Jusufymg

- claiming "psychological reality” at a much finer graln size, namely the gram size of the process

itself rather than Just its output.

29
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The data from the Short-term study are presented appendix 5. It is analyzed two ways, by
DEBUGGY, which can not analyze the data in terms of nnkcnng. impasses and repairs, and by an .
expert who can. . When (hc data are analyzed by DEBUGGY, therc xs a moderate amount of

 instability: :
Stable procedure; changes difto slipsalone = ¢
21 (31’%) - Stable: t algorithm
. 2 -Stable bugs
- 23 34 " subtotal .
Stable i unpases (prus perhaps some stable bugs). changes due to dxffcnng repai:s
B 2. (3% - . Bug mlgrauon _
Unstable procedure; changes unexplained - - - v
11 - (16%) - Correct procedure changes to Undmgnmd ’ ~
28% Bugs appear ordlsappear (plus perhaps some stable bugs) Y
| ,—‘—M (45 bl |
\ 12 (18%) - . "Undiagnosedbothtests- e S

; _ .
Although two cases of bug nngrauon were found. these were embedded in so much unexplamed
shifting among: procedures that it is uncertam whether the bug tmgrauon cases were caused by the
mechanisms that Repair Theory. posmlated, * whether they were due to whatever it was that was -
causmg 0 many other bugs to appear and: disappear. To resolve this uncertainty, the 67 studeats
“were thoroughly analyzed by hand. The results came out somewhat dxfferently

Stable procedure ‘changes due o slxps alone
36 (64%) Stable correct algorithm

( 4%; "~ Stablebugs
) 39 (68 . subtotal

Stable i unpases (plus perhaps some stablc bugs); changes due to dxffeﬁng repairs

0 (0% - Bug migfation 4 v
- 8 (9% - Tinkering on-one test, bug on the other e
. 8. { 9%; : Tinkering on both tests : -
- , 12 8 : ~ subtotal .
Unsnable procedure; changes unexplained Lo ‘
( 1%) Correct procedure changes to Undxagnosed
5 (7%  Bugsappear or disappear (plus perhaps some stablé bugs)
7 §1°%§ - Im appear or disappear (plus perhaps some stable bugs) -
13 19 submﬁ
Unanalyzable | S .
4 (8% - Undiagnosed both tests _ &
‘67 (100%)  total - | - :




- i Tncré is still a signiﬁéant amount of uncxplained shiﬂing'among procedures, but 'it;is comparable
' -in size to the amount of shifting cxplaincd by Repair Theory. A large amount of tinkering was
- found. _Hence.. it -can;gb& concluded that reifying the irhpaasosFr_cpair ‘process s, justified. .

v

7. Prospects for deploying bug-level diagnosis
As a user, the author found Burton’s DEBUGGY program truly amazing It performs much better
than I can given the same input; in fact, none: ‘of .the diagnosticians on the project feel they can
match DEBUGGY'S abrlrty to do diagnosis when grven only the answers anﬁot the scratch marks.
Despite the fact that is a very large very complicated program that uses Arﬁﬁcral Intelligence
techn_ology. it is extremely reliable. Typrcally, it is left runnrng unattended ovcmtght.

y | DEBUGGY was built as a research vehxcle rather than a practical way to deploy dxaghosuc
technology in the dducational system. However, it has succeeded so well that it is worth exammmg
the possrbxhty of makrng it a practical service to teachers. '

Diagnosing the Undiag'nosed
. One feature is crucially important to add to DEBUGGY. In " a third of the cases, namely the
Undragnosed students, DEBUGGY has_nothing informative to tell the teacher about the student. It is
only when. the studcnt is Buggy that the teacher receives information about the.student that can be
used for placement or remediation. In the near term, bug-level diagnosis should be combined with

standard criterion or subsktll -based- dragnosrs (e.g. Friend, 1981) for the Undragnosed students.

Unfortunately, the tests used in this study are totally inappropriate for subskill-based dragnosrs.
Subskill-based tests require test items which isolate each subskill from the others. Thus, if the -
. ability to perform borrows in adjacent columns is considered a subskill, a number of items must.
' require that subskill but not others. This allows the missing subskill to be rdenuﬁed by the binary
pattern of ng,ht and wrong answers. Since almost every - test item on our tests requires using
almost every sub,tracuon subskill to solve it (whrch is exactly what one wants in an optimal test for -
detecting bugs); the pattern of right and wrong answers reveals next to nothing about the presence
and absence of subskills, Burton (1981) suggests it would be possible to construct “a test that both .
isolated subskills while remaining highly diagnostic for bugs. How ‘many. test items such a test

would have to have remains to be seen. ' :

Moving' 1o new procedural skills: the “new bugs” problem

The central limitation on DEBUGGY is its inability to invent new bugs. Although it can invent new ..
systematic errors, so to speak, by forming never-before-seen sets of bugs, some of which have.
complex non-hnear interactions, this is not the same as rnvennng a new bug DEBUGGY helps




researchers find new bugs by filtering out students with known bugs. thus allowmg human
.dxaghosuonans to focus on the apparently unsystematn: students. : .

1 "However, this is not astrong ﬁlter since a third of the students are clmﬁed as Undlaguosed. This -

leaves the human diagnosncxans ‘with a large number of test papq-s 0 analyze for riew bugs.

Consequently, it requires a great-deal of effort to-build a database of bugs the size of the' one the
DEBUGGY now has. ‘Lumping together the work of the six dnagnosumans that have worked on the
project over the last several years, we estimate that four or ﬁve thousand hours were spent doing

hand diagnosis. Have we found all the: bugs, or are another several person-years necessary to . - -
guaranteeaccumedmgnomsswellasiosurematthedatabaseofhugsiscompleteenoughto»- .

adequately tst gc,neranve theona of bug:" . =

& o - S ' ' :
The following table isa rough summary of the rate at whtch new bugs were dxscovered. It should
betakenasanwumateonlysmoemdldnotmordthedatsthb'tbugswcreenmdmthe

database, o _ : N .
N'caraguan Study (December 1977) 45 45
- Wellesley Study (October 1979) 15 - 60
, First data from Southbay Study (November 1979) 30 )
B Further data from Southbay Study (April 1980) 15 ‘105
’ < * Last data from Southbay Swdy (June 1980) 10 1S5

The originzil Nica'raguan study mmalwed the database with 45 bugs.- The Wellesley study a year
later added only 15 bugs because the test was not very - diagnostic and the students were too
competent. The Southbay study was extremely productive, adding 55 new bugs to the database._'
Most of these came at the beginning of the study. One could concludc from the-fact that the rate
, of new bugs being entered decreases that the database was convepging. However, it appears to be
converging rather slowly. In short. we probably have not fo all the bugs, and it could takes
) substantial effort to do so. ) ’

_Tlns means that additional methods should perhaps be sought t reject generanve theories of bug
‘when, théy appear to. be generating "too many” buis that don’t occur in the database. That is,
. since the databasecannotbeasumedtobecomplete.me factthatapamculartheorygenma' .
bug or even many bugs that arc notin the database is not sufficient cause o reject that theory. A
method based on absurd or "star” bugs is used to reject theories that overgenerate in (Bmwn &
VanLehn. 1980). Its merits and shortcomings are discussed’ thene. ' :

Although having a nearly complete database of bugs is very important for tesd‘hg generative
~ theories of bugs, it may be that it is not very important for diagnostic applications in education if
the newly discovered bugs tum out to be very fare. ‘To show whether the new bugs were indeed
rare, the bugs in the table of bug occurrence frequencies in appendix 3 have been annotated to
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mdrcate whether thcy were in the database at the beginning of the Southbay study Although most

: of the new buﬁxoccurrcd only once or twice, some were not at all rare.- One .of the very last bugs E
“to beyentered, O-N =N- Exocpt-Aﬁer-Borrow turned ot to_ be the sixth. ‘most. frequently occurring

bug upbon rcanalysrs of thc Southbay data. So the new bugs were not uniformly rare. To get a
dragnosue instrument of cven medium accuracy, discovery of new bugs must be pupmcd vrgoroﬁsly
through several rteranons of the test . development cycle.

" One possrble way to reduce the need for bug discovery is to pre-load the database by giving the
imagination free rein to invent as many conceivable bugs as possrble This was not done in our

studies because increasing the size of the database increases the number of hypotheses considered -

by DEBUGGY during analysis; on the computers “used ongmally. ‘this- caused DEBUGGY to run out
of memory. ‘We now run DEBUGGY on computers with much larger addre&s Spaces, so loading the
~
d*base wrth speculative bugs is feasible.
However. ouf’ experience dunng the Southbay studr’ indicates that the rmagmanon, even of
expenenced dragnosuerans. is not powerful enough to invent some of the bugs that childgen invent.
For example take the bug Decrement-Multrple-Zeros-By-Number-To-Rrght. When borrowmg
across several zeros, this bug changes th¢ rightmost one to 9, then next one to 8, then next to 7,
and so on. It will answer problems in this fashion: o
30005 .
. : S 27898

Thrs bug .seemed incredible to us when we first noncc* >t was ce‘nly not a bug that we

would have thought of before we saw it. -But having seen this bug, it seemed plausible that. its
symmetric partner. the bug Decrement-Multrple-Zeros-By-Number-To-Leﬁ, might exist. Both bugs
“were added to the database. DEBUGGY found four cases of one and three cases of the other. This
anecdote illustrates how data and the imagination both are necessary to fill out the database.

~
[

Repair Theory offers a different approach to pre-loading a database with bugs. Essentially, it
provides a way of transferring the rmagmatron arrd .experience expended on subtraction to other
domains. The two bugs mentioned just above. for example, could be generated by Repair Theory
when it is equipped with certain repairs. . When the #hse skill of the theory is changed from
subtraction, to for example, multiplication, the analogs of these two bugs would be generated. In
~ this fashion, the database could be pre-loaded by Repair Theory Those bugs in combination with

_ those suggested by the rmagmation of experts might provide ‘a fairly good initial set. - What

proportron of the ultimate-set of observed bugs these would tum out to be is. at this point a matter
of conjeeture '

]
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Mim‘;rcompuxer‘ DEBUGGY N

It has ‘often been’ suggested that a qunck-and-dmy vemon of DEBUGGY be built for a. micro-

canputersothiutemﬂdbeusedbymeteachetmmedmoomorwhilegndmgpapersathome.j L

Byexamxmngthedata,weeangumahowmuchdaagnosucabiltyonewo\ﬂdloscmmchan
implementation. '

3 , . . “

v
Appendxx2showsthaton1yafewsetsofbugsoccurredmorethanonce. Ofthe157d1stmctsets .
~ of bugs, only S0 occurred more than once. The‘other 107 diagnoses occurred exatly once. One -
‘ mxghtsaythatthexexsalong'tall”totheﬁ'equencydm‘buuon. Ofcourse.thebulkofthe
students fell under the non-tail part of the distribution; theSOmulﬁply-oocumngsetsofbugs

accounted for 310 (74%) of the 417 Buzsy students.

Onem&mthaxmbedmwnm&aadmgnosucmmtﬁamoﬂydmanoseh&hud
mcd:umﬁequemysystemaﬂcemmwﬂfaﬂtqdnmemugﬂyaqwmofﬂ:esmdensthn '
DEBUGGY can diagnose. ’l‘hatxs.xflnsunabletodmgnosethesmdenummelongnﬂ.thenit
will miss 107 (or 26%) of the 417 students that DEBUGGY diagnosed. Moreover, it is these rare
bugsmatmpstneedwbedmgnosedsmcetheeearemeonsteacherscanbdetecttherebywmg'
~ the student to"be perceived as "random,” whxchmmmemﬂdperhapsleadtome student’s
developing a permanent fear of xnathemaﬁcs. :

This lengthy tail was also found m the Nncaraguan data. ‘However, the fall-oﬁ' in frequency was
pot as rapid as it is in'the South data.andthe tail was not as long. ‘We believe the explanation
for this. lies in the higher diagnosticity of the tests used in the Southbay study, and in
improvements to DEBUGGY and its datdbase. Because the Nicaraguan tests were not as dlasnosu:.
students that would receive distinct dxagnoses using the Southbay tests aemally received the same:
diagnosis. Snmxlarly. DEBUGGYsmereasedprowessatdiscnminaung bugs(duemostly to thelarger
variety of bugs in its database, butalsotontsabmtytouseup.to fourbugsmadmsnossmstead
of only two) tended to split students that it once would have given the same diagnosis to into
separate, although perhaps overlapping, dngnoses. In short, when more accurate diagnosis is*‘
perfoxmed. one finds that there are-more distinct dmgnom. Consequently. the frequency ‘of any
given set of bugs tendstodeclmetowardsone. )

Ttusmeansthatthewomthedmgnosﬂcmandanalyzeram,theshmmﬂletaﬂkonme
distribution and the higher the frequency of mdmdual diagnoses. Hence, a quu:k-and-dmy high-

: frequency-only diagnostic program would justify itself falsely. Suppose a diagnostic msuument ‘can
only detect Smaller-From-Larger and a few of the othér high-frequency bugs. Then, sdents who
in facthaveone the less common bugsthatlsmmﬂartoSmanerFromurger. such as Smaller-

. From-Larger- of-Borrow-From-Zero or Smaller-From-Larger-When-Borrowed or Borrow-

m-Larger, would be diagnosed as. having Smaller-From-Larger. The

tiol thatmoasmdentshaveoneofthehxghfrequencydmgnoseswouldbe '




- -
. -t

unfarr?‘ vmdlcaled. ”. " B o .

i More rhphcauong' for a qurck-and-dlrty dragnoshc mstrument foltow from me ifge. variety

- that occur in_th¢ high-mid' frequency dnagnoses in appendrx 2. Consndermg just the 50 dragnoses S

(?e sets of ) that occur.more than once, one finds 32 drferent bugs. These figures become
a eaﬁtrfgﬁxl whcn compared to the 77 bugs that occurred overall. A: large fracuon of the bugs 32
"~ of 77, or-42%)- is necessary just to ‘get the high frequency sets of'bugs. 'I‘hrs has unphcauons for

the design of a qmck-and-drrty diagnostie instrument. It says that such a program would not

benefit from mcludmg an alyhty ‘to do bug compoundmg. that is to cope with the non-linear
" interactions mvolved,l in forming sets of bugs, dynamically. It would still need to store 32 bugs just
' - to_get the high freqyency diagnoses; it would be cheaper in terms of space and time just to store
the 50 high frcquem}y,-sers of bugs. Of course, this is ‘incredibly risky in that slight perturbations
in the data presented here wguld boost some dragnoses overxthe s.mgle-oecurrem:e line, and others
under 1t. ] '

fﬂ&‘ing DEBUGGY fs;' diagnoses - : .

ST

. -

- their students. ,‘That effect depends crucially on ‘what they do with the mformauon. -However,
srmply handmg them the mformauon does not appear to be effective. The teachers who

each bug i /detml along with, foc some bugs, co D sense suggestions for remediation. A sheet

of exert:l suitable - for photacopying and des ed tz éxhibit the bug, was included in the -

. manual for each bug. In informal meetings with the ers after they had had their class’s
) dmgnost:c report and the manual for some time, we found that in general they did not ynderstand

' - the céncept of a bug, and consequ‘ently did not use the mformatJon we gave them as\well as” they "

could have, if at all

«

This is cohsistent with our experience ig/usi th\( Buggy game, a micro-computer game -designed
" to teach the concept of a bug dent teachers (Brown & Burton, 1978). Players often
commented after playing the game that it they learned a great deal from it, that it changed the way
they thought of students’ errors (Brown & Burton, 1978, appendix 1). In short, the bug coricept is
¢ sufficiently foreign to teachers that a certain amount of teacher training, perhaps as litle as a
couple of hours playing the Buggy game, is necessary before they can begin to-use the diagnostic

information that DEBUGGY provides.

+

“

Longiudinal effects - 1 . S

Before. one:can"a_sess the effects of bug-based remediation, it is necessary to Know what happens
naturally to bugs. ' In particular, do they persist throughout school, or do corrent edoea_ﬁonal

-t

s fo . s . ', ..

35

We do not know whether provrdmg bug-level diagnoses to the teachers wxll help them “educate

L pamcrpated in ourWes were ngen a teacher’s manual (Friend & Bunon, 1981) that described -

Cae
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- practices cventually remediate them?.

4

. . . . ) \ ‘
L, - - . . . - . y

. F

A relationship was found between bugs and grade level. The fbllo‘wing table shows, for each

grade, h6w many subjects were assigned & cach diagnostic category. (The students in remedial -
* - and ‘special educatwn classés, 6f which thcrc were 30, have.not been included in this table. Eight
*“ sixth gradcrs are included in the ﬁﬁh gradc smce that was the -grade level et wluch they were

rcccwmg mstmctxon.) ' ' . . )

Grade,  Correct, Slips '“ Bugey f.lndizignoscd _ wouals .,
N M . ‘; ’ S R

Third - 32.( 6%) » 64 (13%) 237 (49%) 148 (30%) 481 (160%)

Fourth = 48 (15%) = 77 (24%) 87 (27%) = 104 (32%) 316 (100%)

Fifth 19 (19%) 41 (41%) 13 (13%) 25, (25%) 08 (100%)

totais 90 {11x) 182 (20%) 337 (38%) 277 (:'ux) . 895 (100%)

As one would expect, the proportion of the sample aslgned to the Correct and Slnps categonu
rises as the grade level increased from three to five. However, it was somewhat surprising to find
that the proportion assigned to the Undiagnosed category remained relatively constant across grade

levels. It appears that the systematic crrors of the younger students apparently become the. L

systematic correct algorithm of the older student, while current teaching practices seem to leave: the
Undiagnosed errors unremediated, Should thig trend in fact underlie the variation of this table, it

would imply thatremediation should be focused on the Undmgnoscd sudent than the Buggy one. ' g
However, the actual situation is much more comblicated Lhan that, as the long term stability data
“shows. "+ L S , - L

v, & : . , o \ .
4 \

$ .
. A long-tenn stabxmy study was mcluded as part of the Southbay study By'long-term. we mean

became Undiagnosed and about half the Undiagnosed students became Buggy. This casts doubt

-

" that the tests were given at least two months apan, but still within . the same school year. .
Appendix -6 presents the long-term data. The, basic finding is«that about half the Buggy students

on the hypothesis that current teaching practices are succeeding in correctirlg sys(émaﬂc errors but

not in correcting unsystematic crrors. However, the instability in the short term makes these
category figures somewhat suspec It could be that these "long term instability™ figures are so
buried in "short term mstabxhty"’z-at they do not in fact reveal the undcrlymg trends. So, we will
have to leave the question of the cfﬂcacy' of remcdiation on systemuc error until a better

. understanding of short-term mb{iw ls developed.

A'lthough' the changes in diagnostic category are a mystery. the ;hangés in the Bugs -of the 34

students who were Buggy oh both tests follow the patterns that one would expcect intuitively. -

There were 17 students who had the same or ovcrlappmg bug diagnoses on both tests. Appendix

6 shows their) diagnoses. The bugs in common. on both tests show long-term stabxhty Not -

surpnsmgly. the most frequently stable bugs are Smallcr-From-Largcr. Stops-Borrow-At-Zero and
Bonow-Acros;Zero whxch are exactly ‘the threc most common bugs. - .
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There were 17 sludcnts who had non-ovcrlappmg diagnoses on the two tests. In: most cascs, the

" changes showcd that the student was lcammg morc about subtraction.. For cxamplc the students

—

- who had Smallcr From-Larger-on the first test had bugs mvolvmg bormwmg on the: sgond test.: _
l;vndcntly they had lcarncd somcthing about borrowing | between the two tcsts, ‘but not cnough to ="

do it perfectly. Anothcr classic case is a _student \)Iho 'moved from Borrow-From-Zero: to. Stops- -
Borrow-At- Muluplc-Zcro This * student evndcnlly learncd about borrowmg across onc zero
between tests; but had not yet learned borrowing across scveral zeros—a skill -which is usually

- taught after borrowing -across one zero. Of the 17 studcnts therc werc only four who dlm

show this pattem

. . \ _ , ‘ .

8. Conclusions . T e : ®

Prior to the studies reported here. it was felt that all subtraction crrors could be modelled with two
mechanisms: bugs and slips. Slips were a "performance” phenomena that were expected to -be
highly unstable over time and only looscly related to the subtraction problems they ocgur in. Bugs
were a competence" phenomcena reflecting mlstaken beliefs about the skill and as such, bugs were
expected to be consistent across a wholc test and stable across tests given some days -apart.
There’ were two areas of unccrtamty mamng this early view of a world composed of bugs and
slips. First, half the students that we had analyzed at that point (i.. in the Nicaraguan study) were
not consistently following bugs during the test. We’ attnbuted this to the shortness of‘the test andv _
its lack of diagnosticity; if only izd more data on each of those studcms the bugs Lhey had

could be diagnosed. But there remaihed the possibility that these students were not really buggy,

.and that a third mechanism would have to be added.to bugs and slips to model their behavior.

»

The second uncertainty was raised by teachers who reponed‘that they had seen bugs (or whét T
appeared- to them to be bugs) come and go over very short penods of time. It could be that bugs
are not stable like bugs in computcr programs in that they requxred active participation of the
teacher or some other aspect of the learning environment to make them change. If they werc not .
stable, then a new mechanism would be needed to model how bugs changed so quickly w1th no
outside intervention. In short, the parsimony of the 'bug-slips view of the world was thrcatened.

’

The Southbay study was conducted with exccllent tests, an improved DEBUGGY, and a dedicated

~ staff of experienced diagnosticians. This diagnostic power seemed sufficient to determine whether

bugs and sllos alone would be enough to modcl any individual's pcrformancc on a test, or whether
a significant propomon of the population could not be analyzed in these terms. The latter
hypothesis was correct: 34% of the population could not be dlagnosed in terms of bugs and slips.

&
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The Short-tcrm study, although conducted’ with only a small numbcr of studentsy sufﬁccd lojust
whether bugs were in gencrat stable. “They are not." Of the students who had bugs on ‘the first
-test, only 12% had the same bugs on the second tost, and some had ‘00 bugs at.aill. 'l'herc are
dcﬁmtcly ma)or short tcrm mstabxhna m bu& L I =

Data was also collected to mparc the long-term stability of bugs by tsnng scvcral months apart.
Roughly spealung. the long-term stability data is very similar to thie short-term stability data. This
implies that the bug instabilities could be a rsult of testing itself rather than the time bctwccn
tests. That is, short-term instability can not be attributed to smd'ems remembering the test from-
the preceding day and actively trymg 1o do the present’ test dnfferently. nor can long term
instability be attributed to remediation or spontancous remission of the bugs. Instcad, it appears
that instability results from students ing a different "men‘:al set” for tho\dmation-of each test

This challengﬁ us to change our image of a bug as somethmg that necessarily ensts over time as
. part of the child’s long term beliefs about subtracnon. Instead, many students’ bugs appear to. ‘)e

- manufactured as the test begins and heid oons:stcntly for the duration of the test, only to be

dismissed and evaporate from memory as soon as the test is over and they have served their
purpose, namclytogetthesmdentthroughthemt. Thans,bugsappcartobemamfstanonsof
rational, albeit incorrect, problem solving suategm for workmg the test. As such, there is no ' s
.reason for a student to retain the strategy after the test is over; it or. another like it can be
generated again next time. (Indeed, practice may have exactly the wrong cffect here. When the
student has just mventcd a bug. pracm:e may sohdxfy the bug in memory thus making remedmtmn
more dnfﬁcult.) S o :

This view is formalizéd by Repair Theory. It describes the kind of Jocal problems and their
solutions that lead students to perform as if they. had bugs. It has proved successful in explaining -
a certain percentage of the behavior that DEBUGGY. could not diagnose; these students appear to
have’bcen tinkering with various problem solving strategies in the rmdst qg the Yest; and thus did

Y WIS exhibit consistent cnough behavior for DEBUGGY-to characterize it with bugs. Repair Theory

successful in explaining the apparent instabilities of bugs. Students who applied one problem -

solving strategy consistently on the first test, and thus \vcre diagnosed as haying bugs, often apphed
a different problem solving strategy to solve the same Tocal problems on the second wst. leading to

a different bug-level dxagnosxs on that test. Often, they chose to usc-a variety of problem solving -

strategies on the second test, wl_nch explains how they-¢an appear to have no bugs at'alt on that
tost. ' . Ty ‘) E - . . .
Despite the success of Repmr Theory. thm are sﬁll a substantial numper of students whose errors - .
can not be explamed, and an even larger msmber whose changing pattern of ‘errors over two test
can not 'be explained. These are ﬁt targets for ° further theoretical and empirical work. -

“ . . . . i
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Yet even at the bug IéveI. the data present several challenges. The goal of explathg how such a
- wide varicty of bugs could exist is bcmg ‘tackled by oursclves and  others (Brown & VanLchn.
1980; Young & O'Shca, forthcoming). Such an cffort could lead to new, deeper theories- of skill
acquisition.  Others are investigating *more immediate applications ‘of the bug-level diagnosis.
Bunderson (1980) is doing controlled experiments to detcrmine whether re’mcdizit_ion can be
improved if the tutors are given the student's diagnosis by DEBUGGY. Resnick has found

methods of teaching that appear to successfully remediate bugs, and is looking into methods of =

preliminary- research. (VanLehn & Brown,’ ‘1978) has been- directed toward._urderstanding
theoretically how a procedure could be ngen meaning for the student, thereby blocking -bug
formation. Yet another challerige ,is tb push the Buggy paradigm beyond place-value arithmetic
into other kinds of problem solving and procedural skills, A simplified bug-like notation has been
found sufficient to represent systematic errors in signed-number arithmetic, and a diagnostic system
for it has been developed (Tatsuoka, Birenbaum, Tatsuoka & Baillie, 1980). Evidence of bugs have
been found in the work of students ‘doing high school algebra '(Carry Lewis & Bernard, 1979;
Matz, 1980). The concept .of a bug in procedural skills seems to have wide applicability asa basis
for developmg new psychologlcal and pedagogical theories.

Of course, the real star of tliis investigation is DEBUGGY. It proved to have a seemingly
superhuman ability to perform Adiagnosis. Occasxonallg the experts differed with its opinions, but
no more so than they diffe d among. themselves As a research tool, it was superb. However,
there are pgoblems with ¢mploying it in %he ‘educational system. One is that teachers are ill
equipped to use its dia

currently exist no remedi

"y

teaching that will prevent bugs from being developed in the first place (Resnick, 1981). Some

Not only 1s the concept of a bug foreign to them, ‘but there
mds or prograrhs that employ bug-level diagnostic information. . Al

second major problem is that it has taken®a great deal of effort to aceumulate the extensive -

_database of subtraction bugs we how have. To duplicate this effort for each' new procedural skill is
aWaunting task. Repair Theory could be of help here in that it can in principle generate bugs for
.a new procedural skill with only a few changes. Testmg this ability is just one of the exciting
directions further axarch can, phrsue. .

O
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AN ‘ : ‘ ’ . y .
1I ' v ' i
. , B Appemhxl - .
> o “The Bug Glossary: )
T A descrlptlon of each bug _ =
;oo oN =0/AFTI:R/BORROW e
! & “When a column hagal um was changed to a 0 by a previous bon'ow the studem. wriles 0 as the answcr to th:n column
(914~ 486 = S08) -
‘” O-N -OI'D((’['P'I'/AITIZR/BORROW ' L : ’
. Thinks 0-N'is 0 except whcn Ihe column has bcen bormwed l‘rom. (906 - 484 502
. . ON= N/AFI'LR/BORROW A P
‘¢ s ‘ thnncolumnhasalu\atwasdnngcdtowbyaprewousbmow t!;estudemwmsthcbouomdlgnanheanwer
Lo ‘to that oolumn (512-136 = 436)
O-N N/EXCEPT/AFTER/RORROW o o
C ‘Thinks 0-N is N except when the column hasbc'ﬁ borrowed from. (906 484 =582) !
' 11=0/AFTER/BORROW ‘ '
L! - . ITacolumn starts with 1 in bothtopmdbouomandubomwed rrom thcszudcmwntsOnstheanswenoma
eolumn. (812-518 = 304) . .
1-1=1/AFTER/BORROW ' ’ '
If a column starts with 1 mbothlopandbouomandlsborrowed I‘rom theswdcntwmu lutheanswenothat
: column: (812 - 518 = 314) . ; L
ADD/BORROW/CARRY/SUB : 7
‘The student adds instoad ol‘ subuacnng but he subu'aus the amed digit instead of addmg it . :
K (54-383=72) . _ .
' ADD/BORROW/DECREMENT B
* Instead of dgcre:ne;mns the stu;!em. adds 1 carrying to the next eolumn 1! necessary. .
’ --134_A-104_ ‘. "
- . ADD/BORROW/DECREMENT/WH'HOUI‘/CARRY "
Instead of decremenung the student adds 1. If this nddmon results in 10 the student does not arry but stmply vma
both digits i m the same space. -
: 893
-134 1.0 & - :
ADD/INSTFADOFISUB N . IR ' ' :
- .~ The smdent adds instead of subtucun; (32-15= 47) C . : oy
ADD/LR/DECREMENI‘/ANSWER/CARRY/TO/RIGHI‘ Adds columns from left to usht instead of shbmcnng Before
. writing the column's answer, it is decremented lnd truncated to thc units dlgu. Aoncis added mko the next eolumn to
K : thenght. 411- 215 = 527) o , |
- momocmxvnusrnwomun ' o
_ o The s;udem.adds mswad of subtracting. If an'ying is requu'ed he does notadd the amed dipL (47 25 = 62)
o " ALWAYS/BORROW.
‘ The student borrows in every column mgardlus of whcther it is neclsary (488 209 = 1159)
ALWAYS/BORROW/LEFI‘ :
' , 42D
BLANK/INSI'EADOF/BORROW

.\\ .
The student borrows from the leﬁmost d!m instead ofbotrowmg from the digit immediately to lhe leﬂ. (733 216 =
(425-283=22) -

When a borrow is néeded the smdemsxmply thuhpsthe columnandgoesontothenut

Q

~

L7
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“

_%RORROW/ACROSS/’I‘OP/SMM LE R/l)l iCREME; N’l lNG/TO ‘

BORROW/DII-F/O-N = N&SMAI L-LARGE 0

e . . ’ g

- . 2
‘ -

When deerementing a column in which the top is smaller than the bottom, the student adds 10 to the top drgrt.
dccrcmcnlq the column being borrowed into and borrows from the next column to the lcll Alco the sludcnt skipsany
“column which has a 0 over a 0 or a blanksin the borrowrng process. . i o

1813 5173 . . . ’
> 9585 - 268 b :
" BORROW/ACROSS/ZERO ’ . N o
: When borrowing across a 0, the student skips over the 0 to bor;é;‘vfrom the next column. If this causcs him Lo have to
borrow twice he decrements the same number both times,  ~ . .
9 0 4 - "9 0 4 i . : . - o .
: - 7 -~ 2317 . ’ . ¢ oo oo
,E . . g U ’ s ’ ’ N - N .

v
»

: BORROW/ACROSS/ZERO/OVTR/BLANK &

When borrowrng acrossa0 overa blank ‘the student Shps to the next column to decrement (402 6= 306)

BORROW/ACROSS/?!:RO/OVER/ZERO . ) e -

Instead of borrowing across a 0 that is overa 0, the student does not change the 0 but decrements lhc next column to
t.hc left instead. (802 -304 = 308) . . .

BORROW/ADD/DI‘CREMEN'I‘/INSTLADOF/?[‘RO <L

°

Instead of borrowing across a 0, the student changcs theOto 1 and doesn t decrement any columin to the left
(307 108 = 219) . . & .
. . P A § f

'BORROW/AD /IS/TEN

' The studgnt changes the numbcr that causcs the borrow into 10 1nstcad of addxng 10toit. (83-29 = 51)
i - .
W/DE REMENT ING/TO/BY/EXTRAS - ' ' s
Whep there is a borrow across 0's, the student docs not add 10 to the column he is dolng but |nstead adds 10 minus the
number of 0's'borrowed across. A

308 30708
- 1309 - 1359 e

| 3 .
o - . ,

The student doesn't borrow For columns of the form 0-N he writes N as the answer. Olherwrse he wntes 0. (304-
179 = 270) - ) —

@

BORROW/DON T/DECREMENT/TOP/SMALLFR

The studeng will not decremerit a column if the top number is smaller than the bottom number.

3 2. -7 32

o - 484, -4134

5 258 2 9 8
Wrong . Correa ok

BORROWDON'T/ DECREMENT/ UNLESS/ BOTTOM/ SMALLER Lo

The stadent will not decrement a column ‘unless the bouom number is smaller than the top’ number

732 732 _
- 48 4 - 4.3 4 . . - o
738 TI08 : K
BORROW/FROM/ALL/ZERO

Instead of borrowing across 0's, the sludem changes all the 0'sto 9's but- does not conunuc borroWrng l'rom the column
to the left. (3006 - 1807 = 2199)

BN

' BORROW/FROM/BOT]‘OM ‘ ’ ,
The student borrows from the bottom row mstead of the top one. . : ‘
. 87 8 27 - v . o T e
- 28 - -208 ~ - N : .

\ 7.
e, .

BORROW/FROM/BOTTOM/INS TEADOF/ZERO
When borrowrng from a column of the form 0 - N the student decrements the bottom numbcr mszud ofthe0, -

6 0 8 108 ) R
, - 249 - 49 - o » o \

T3 .. : e g \

£y

SO
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1 i  a . L "
nonkowxmowuncm ‘ ‘ -
- When borfowing, the student deercmcms the larger dlgit in the column regardicess of whcthcr itison the top or the
bouom (872-294 = 598) :

BORROW/FROM/ONE/IS/NINE ' ‘ '
- When borrowing from a 1, the student umls the las if it were 10, decrementing itto 2 9,
(316 - 139 = 267)

-

.
a

BORROW/I"ROM/ONE/IS/I‘EN
. Whenbotmmngfromal mesmdemdungsmellommstadofloo (414 277 237) s
BORROW/FROM/ZERO ) _
;nzead of borrowing across a 0, the studem. changes the 0w9 but does not eonunue borrowing from the column to the -
eft. .

o - = 1 8 7. - 1807 : 45

BORROW/FROM/ZERO&LEFT /OK

~Instead of borrowing across a 0, the studcm changes theOto9 but does not conunue borrowmg from the column ot the , a, ‘

left. Howevcr if the digit to the left of the 0 is over a blank then the student does the correct thing.

306 3006 103 203
187 1807 .45 - "as
219 <« .~ X299 38 T38 ‘
Wrong - Wrong Correct Correa- . - L
BORROW/FROM/ZERO/IS/TEN : '

thu:n borrowing across 0, the smdent changes the 0 w 10 and does not decrement any digit to the left. (604235 =
479) :

BORROW/!GNORDZERO/OVER/SU\NK
When bom;mga?'ossmoveragh%k the swdem u'wsmecolumn mth the uroeslfuwem\ t there.
' - 7 - . 7 7 . v "

S —3 s, o s (T PR o i
>/"Wmng : Correct : R e
' BORROW/INTOJONE=TEN _ - . L o ,

(71-383 = 32) .

BORROW/NO/DECREMENT
. \X;en“bong:mg the studemadds 10 correctly but doemt change any column to the' len.
( =28) -

BORROW/NO/DECREMENT/EXCEPT/LAST PO
Decrememspnly in the last column of the problem. (6262 4444 =1828) - -

BORROW/ONCE/I’HEN/SMALLER/FROM/LARGER . L e
The student will borrow‘only once per cxercise. From then,on he subtracts the sfnaller from the larger digit in each
,  column regardless of their posiuons. (7127 - 2389 = 5278 ’ _

BORROW/ONCE/WI'I‘HOUI‘IRECURSE
1 'Thestudent will borrow only once per problem. Afterthat, if another borrow is required the swdem adds the 10
correctly but does not decrement. If there i isa borrow across a 0 the student changes theOtoQbutdoes notdectment
;’ the digit tothe leflof the 0. *
$35 . 408 - . . . : .
- 2718 c. 339 4 . :
—3 37 —m

Whe 3 borrow is causcd by 8 1. th¢ sudent changes the 1 toa 10 instead of adding 0toit.

.-

nonnowmnw/mowrowsmum . '
When borrowing. the student tries to find a column mwh:ch the top number is smaller than the botmm. Ifthereisone”

. he decrements that\otherwise he bom'ms wmeuy

.G3-3566=%62) . . R L
aonnowzom.woncn SR ' .
Whenmmmmemladjamtbmw&memdmtmtsonlywnhmeﬂmw o

. (535 218 = 357) ‘ : N

306 3006 103 , L

.&A
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BORROW/SKIP/QUAL : < o :
. When dccrcmcnling. the student skips over columns in which the top digit and-the bottom digit arc the same. (923- &

421 = 406) , R :

1l

BORROW/T1:N/PLUS/NEXT/DIGIT/INTO/ZERO .
When a borrow is caused by a 0 the student does not add 10 conedly What he does instead is add 10 plus the digitin - -
the next column to the left. (50-38 = 17 )

BORROW/TREAT/ONE/AS/ZERO  * : '
When borrowing from 1. the student treats the 1 asifit were 0 thal is, he changes the 1109 and decrements the

numberto the lel of the 1. (313 - 159 = 144)

BORROW/UNIT/DIFF '
. The student borrows the difference between the.top dxgn and the bottom digit of the current column. In other words,
he borrows just cnough to do the subuacuon which then always results in 0. (86 - 29 = 30)

:

¢ "

.

BORROW/WONT/RECURSE g
Instead of borrowing across a 0, the sludcm stops doing the excmse (8035 -2662 = 3) : ,

~* BORROWED/FROM/DONT/BORROW '
. : When there are two borrows in a row the studen. does thc first borrow cotrectly but wnh the second borrow he does hol

decrcmenl (hedoes add 10 corrcclly) (143 -88 = 155)

. .. CANT/SUBTRACT o S .
: lhcstudenlsknpstheenurc problem (8- 3— ) . ‘

COPY/T OP/lN/LAST/COLUMN /lF/BORROWED/FROM
After borrowmg from the last column, the student copies top digit as the answer (80 - 34 = 76)

DECREMENT/ALL/ON/MULTIPLE/ZERO -
When borrowm% acrossa 0 and the borrow is caused by 0, the student changes the nghl 0109 mslead of 10.
(600 142 =457 } N

DECRE\AF\T/BY/ONE/PEUS/ZEROS : -
=2n there is a borrow across zero, decrements the number 1o the left of the zcro(s) by an exlra one for every zero

.-owed aéross. (4005 - 6 = 1999) . - .

v .\EMENT/BYH‘WO/OVERH‘WO
When borrowing from a column of thc form N - 2 the student dccremenls the Nby:2 mstcad of 1. (83-29 =44)

DECREMENT/LEFTMOST/ZERO/ONLY S 4
When borrowing across two or more 0's-the student changes the leftmost of the row of 0’ s to9 but changts the other 0's

w0 10 s. He will give answers like: (1003 - 958 = 1055)

DECREMl:NT/MULTlPLE/ZEROS/BY/NUMBER/I' O/LEFT - )

When borrowing across 0’s the student changes the lefimost 0 toa 9, changes the next 0 to 8 etc. (8002- 1714 =.6278)
DECRI‘_MENT/MULTIPLE/ZEROS/BY/NUMBER/I‘O/RIGHT !

When borrowing across 0's the student changes the nghtmosto toal, changes the next0to§, etc (8002 174 =

6188)

DECREMENT/ON/FIRST /BORROW
The first colymn that requires a borrow is decremenled before the column subtract is done.

(832- 265 = 566) . s

NECREMENT/ONE/TO/ELEVEN -
Instead of decremenUng a 1, the student changes the 1 toan 11. (314 -6 = 2118)

DECREMENT/TOP/LEQ/IS/EIGHT '
When borrowing from 0 or 1, changes the Qor 1 to 8; does not decremem. dxgxt tothe left of the 0 or 1. (4013-995 =

1

. « 3778)
S DIFFAAN=0
o * ‘When the student cnoountexs a column of the form 0-Nhe doesn t borrow; instead he writes 0 as the ‘column answer,
(40-21 = 20) .

‘*'1‘.

Aruitoxt provided by Eic:
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DIFF/0-N=N '
. §7thn6|_;x)c studem encwntcna column orthe form0 - N he doesn‘t borrow. lnsmd he wns N asthcnns;cr (80 -

: DlFF/O-N =N/W1 IEN/BORROW/FROMIZERO

thnbonomngmaOandthcboﬂowlscausedbyao the student doesn’t borrow. lustudhewmut.hebonun
numberasu{e ogluénnnnswcr He‘;vnllbon'ow comalym the next column or in other cirtumstances. . ‘
. ) -4

. 32 - 24 8

v

DIFF/1-N=1
Whmacolumnhasmefotml Nthesludcmwnmlasmccolumnmet (1- 27==31)

DIFF/N-0=0
: The student thinks that N- 0 is 0. (57 - 20=30)

DIFF/N-N=N ’ .
Whenevermemsacolumnumhsmesamepumberonthelq:andmeboammemdentwﬂmummbetsthe )
answer. {83-13 = 73) ,

DOESNT/BORROW
‘ \'ﬂ‘c student stops doing the exercise when a borrow is requu'ed. (833 262 =])

DON’I'/DECREMEN’I‘/SBCOND/ZERO
Whenborrdmngammandthebomwisamedbylo thesmdentdungsmeotmsbomwinuaossinmalo
msu:adofa9 (700 - 258 =452) e

©

\
Rl

>

a

DON’I'/DECR EMENT/ZERO '
“When borrowing across a 0, thestudmtdunwﬂwmomhmudow (506 318 = 198)

DONT/DECREMENT/ZERO/OVER/BLANK S ;
. 'Ihesmdenlwillnotbomwmamnmismﬁbhnk. (305 9:306) : )

Dou'r/m-.cmwsm/zmomvswmo T vt o
mesmdenlwt}lnotbotmwamamoﬂmhmam(m 107 = 308) R e

DON’I‘/DECREMENT/ZERO/UN’HUBO’ITOM/BLANK
. When botrowing across a 0, the studen(changulbeOtoalOinnudofwunhsmeOsoveubhnk. inwhichwehe

&
v

does the correct thing.
$06 30 4 o _ SO
- 318 9 Co - : -~ w
DON'T/WRI'I'E/ZERO
Doantwnwmumthem(u “=1)
DOUBLE/DECREMENT/ONE : T
nglenbzgrasomngﬁmul.nwsmdmmmeluaO(dungesthelw9mdoonunusbmwingtothelen.213- ;
5 B
FORGET/BORROW/OVER/BLANKS . ' - -

Thesmdmtdountdeuemenumberthnuoveubhnk. (M47-9= 348)

: lGNORE/LEFIMOST/ONFJOVER/BLANK
Whentheleﬁeolumnoﬂheumlns‘lmaismuabhnhthemdemmﬂmm Q43- 22== a)

lGNORE/ZERO/OVER/BI.ANK .
cvermereueulunmtlmhasmmeubhnk,mmdemignmmwm ©907-5=92 7

INCREMENT/OVERILARGER )
When borrowing &mawmmwmmewpkmlbmmemmmdmtmijdof .
decrementing. . (833 -271 = 576) ) . S

mCREhAENr/mO/OVMANK
m{ammmmabmmemdemmumeowddm
-6 = 4]

s
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 N9=N-T/AF IlR/BORROW

’ QUIT/WHEN/BOTTOM/BLANK

. ! ! ) #
- Ifacolumn is of the form N - 9 and has been borrowed from, when the student doggihat column he subtracts 1 mslpad
4 of subtracung9 (834-796 = 127) _ ) _ &

N-N/ZALFTE R/BORROW/CAUSI.S/BORROW
Borrows with columns of the form N-N if the column has bccn borrowed from. (953-147 = 7106)

v

N—N/CALSI S/BORROW ' - :
Borrows with columns of the form N- N (953 152 = 7101) R : -

‘ [
N: N- 1/AFTER/BORROW ‘ '
. If a column had the form N - N and was borrowed from, the student writes 1 as the answer to that column. (944 348

= 616) _ :

N-N=9/PLUS/DECREMENT . ® SR
When a column has the same number on the top arg the bottom the student wriles 9 as the answer and decremgnts the
next column to the left even thongh bqrrowmg isn
(94-3 =59) , : ' .

ONCFE/BORROW/ALWAYS/BORROW- '

Oncc a student has borrowcd he conunues 0 borrow in evcry remamlng column in the exercise. (488 229 = = 1159) -

When the bottom number has fewer dlgns than the top number, the studem quits as soon as the bottom number runs
out. (439, 4=5

SIMPLE/PROBLEM/STUI‘TER/SUBTRACI‘ e
When the bottom number is a single dlglt and the top number has two or more digits, the student rcpeatedly subtmas

the single bottom digit from cach dlglt in the top number.

v

(348 -2 = 126) L o RS
SMALLER/FROM/LARGER ' ‘ e
The student docsn’t borrow:; i in each column he subtracts the smaller digit from the larger one :
(81-38 = 57) ,
SMALLER/FROM /LARGER/INSTEAD/OF/BORROW/FROM/ZERO < ~f » .
The student does not borrow acros%O Instcad he wﬂl subtmct the smaller from the larger digit - 7oL e
e 0.6 .ag. 3.0 PSR i SR : : :
-v“"" gET. 1408 » :
3 U Z . I a 2 ) ¢ -

' SMALLER/FROM /LARGER/W IIEN/BORROWED/FROM =

When there are two borrows in a row the student does the first one coneuly but for the second onc he does nol borrow;
instead he subtracts the smaller from the larger digit regardless of order. (824 - 157 = 747)

SMALLER/FROM /LARGER/WITH/BORROW )
- When borrowing the student decrements correctly, then subuacu Wd:mw iarger as if he had not
borrowed at alL (13-4 = 411) ' T : _

STOPS/BORROW/AT/MUL’I'IPLE/ZERO
i Instead of borrowing across several 0's, the student adds 10 to the column he’s doing but doem tchanseany columnto .

the left. (4004 - 9 = 4005)

STOPS/BORROW/AT/SECOND/ZERO .
- When borrowing across several 0's, changes the right 0 to 9 but riot the other 0\. (4004 -9 = 4095) .-

>

-STOPS/BORROW/AT/ZERO .

Instead of borrowing acrossa 0, thestuden,uddslowtheeolumnhesdomsbutdoemtdeaememfmnaeolumnto
the left. (404 - 187 = 227) 4

‘ SI'L!'ITER/SUBTRACI'
: When there are blanks in the bonom number, the student subtracts the lefimost dizit of the bottom‘number in every
column that has a blank. (4369 - 22 = 2147) ‘ .
SUB/BOTTOM/FROM/TOP )

The student always subtracts the top dlgxt from the bottom digit If the bottom digit is smaller, he decréments the top
digit and adds 10 to the bottom before subtracting. Ifthe bottom digit is zero, however, hewrites the top digit in the
answer. Ifthe top digit is 1 grester than the bottom he writes 9. He will give answers like this. (4723 - 3065 = 9742)

;4_7 -
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SUB/COPY/LEAS'I '/BOT" lOM/MOS’f'/}‘OP

’ “The student docs not subtract. Insicad he copies digits from thc éxcmsc to fill in lhe gnswcr spacd. He copus lhc

i lcﬂmost;lllgn. from the top numbcr and the other digits from the bottom number. Tle'will gwc answers hkc thns (648 -
231 = 631) - .

. SUB/ONE/OVER/BLANKS ' :
\;/‘hacn ;hcrc arc blanks in thc botiom numbef, lhc st.udem subtracts 1 from the top dxpt.
( 436)

* TREAT/TOP/ZERO/AS/NINE
Ina 0-N column, the student doesa’ tboﬂow lnstadhe uwstheOns ifitwerea9. (30-4 = 39)

TREAT/I‘OP/ZERO/AS/I’EN ’ o
* InaO-N column. thesmdent adds 10 to it correctly butdoem‘tclnnac any eolumnlothelell (40.-,27 = 23)

X-N=0/AFFER/BORROW
lfaeolumnhubeenbomwedfmmdenuwnuwnuinm (234 -115 = 109). : .

x-N N/AFI'ERIBORROW ' - _ :
anlumntnsbecnbonowedfmm.mxdenuw.usmebomdizitasiuanswer.-(m- 165 = 169)

ZERO/A'FI‘ER/BORROW *
When a column requires aborrow, mewdentdeuunmncomcﬂybut wmanslhe(nﬂm.
(65 - 48 = 10) : : .

ZERO/INS!'EAD/OF/BORROW/FROM/ZERO o . ) g ) ,
The student won't borrow if he has to borrow across 0. Instead he will write 0 as the answer to the column requiring the

/ 70 2 7 02

/'// B ‘- ' - 3 4 8 -, o« o
: , U : 6 ! a u -.'vi . d ’ - Y ' -
/ zsnonnmoownomow ‘ o 4 D R # A
s The student doesn’t borrow; he writes 0 as the answer instead. (42-16‘: k1) SN . e ‘

*(

@
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Append 2 : _ o K ;; a"
AllDlag : R

"

The diagnqscs of all tests-of all students analyzed by DEBUGGY fall into the following categories: y

Correct ' Co112. (10%) o o ;

Slips : . 223 (20%) - ' o
Buggy ' 417 . (37%) : . .
Undiagnosed . 386 (34%) - = o

lolal L _ ) 1138 (100%)

P

The dmgnoscs thc studcnts that were analyzed as having bugs arc shown ordered by. their .
frequency of occurrence. Diagnoses consisting of ‘more than one bug are shown in parentheses. '
Therc are 157 distinct diagnoses, of which only 50 occurred more than once. However, these 50
diagnoses account for 310 of the 417 cases (74%). o

The names used for bugs in this appendix and all others are somewhat differci. in form than
those used in lhc test. Smaller-From-Larger is writtcn here as *SMALLER/FROM/LARGER. Also, the
diagnoscs in the appendxces sometimes contain coercions. A cocrcions is 2 modlﬁer that is

‘included in a diagnosis to lmprove the fit of the bugs to ths studenz’s & ~ Most often, these

slightly pcrturb thc deﬁmuons of bugs. For. example certamn bugs modify procedure so that

~on occasion it will wme ‘column_answers that are grcater than 9.- Some students who have these

-B—ORR_OWACRTO 7ZERO - S T ‘ o

a

bugs apparcntly know from addition }hat theré should only be bne answer dxgxt per Collm‘m so -

they only write the units digit. To capture this, the coercion IWRITE/UNITS/DIGIT/ONLY is added to
the diagnoses of such students by DEBUGGY. Coercnons can easily be picked out in the appendxccs .
because they have exclamation points in their names. For more on coercions, sce (Burton. 1981)

v

106 occurrences: ',; om
'SMALLER/FROM/LARGER

s

34 occurrences
'STOPS/pORRow/AT/ZERO

18 occurrences:

12 occurrences

'BORRON/NO/DEE“GMENT

11 OCCUrrences:

St TRROW/FROM/ ZERO
A%

9 occurrences: . . . ' C -
‘STOPS/BBRRO /AT/ZERO ‘DIFF/O N'N)
(‘BORRON/ACROSS/ZERO *DIFF/0- N'N) . "

‘.

7 occurrences: '
°BORROw/ACRO§S/ZERO/OVER/ZERO °BORROWIACROSS/ZERO/OVER/BLANK)

m$jp,



'BORROW/DON * T/DECREMENT /UNLESS/BOTTOM/SMALLER

6 occurrences: o .

2‘85"R5N7N5/5€CREHENT'fDIFF/O-N'H) . .

*BORROW/NO/DECREMENT/EXCEPT/LAST ;

SALWAYS /BORROW/LEFT - .

_ 5 occurrgices:

? (*SMAL /LARBER ‘IGNOREILEFTMOST/OHE/OVER/BLAH
*BORROW/DIF ¥ /0-NeN&SMALL-LARGE®0
(‘QUIT/NHEH/BDTTOH/BLAHK 'SMALLER/FROM/LARGER)

B 4 _occurrences: . S _ : ,
T{*BORROW/ACROSS/ ZERO -otrr/o-u-o) oo : .
“ «.  ®OON'T/OECREMENT/ZERO : :
‘ (*STOPS/BORROW/AT/ZERO -aonnow/oucs/rusu/suALnsn/rnou/LAnssn ) _ E
, *DIFF/0-NsN) - _ , . , ’ B
*STOPS/BORROW/AT/MULTIPLE/ZERO . - e - “
(*BORROW/ INTO/ONE*TEN 'STOPS/BORROW/AT/ZERO) v .

: : 3 occurrences;
MR MTIPLE/zznosmv)‘:nnommﬂ 3

. " 0-NeN/EXCEPT/AFTER/BORMOW - . ,
ROW/AT/ZERO -aonnow/oucs/Tusu/suafLsnArnou/LAnssn) . S~ O
' {DTFF/N-050 SSMALLER/FROM/LARGER DIFT :0-N=0) ' s A
‘ LELRROBLEN/S m*x _ _ . -
*OEBREMERTZALL /ON/NUB IPL C :

(*STGPS /B! OW/AT/ZERO *DIFF/0-N*0)
S*OECREMENT/LEFTMOST/ZERD/ONLY
(‘BORRON/ACROSS/ZERO . H‘N/EXCEPT/AFTER/BORROH)
v *OLFF/0-N=*N . p
: *QUIT/WHEN/BOTTOM/BLANK
*STUTTER/SUBTRACT = - ’
(‘BORRON/O“LY/FRO"/TOP/SHILLER ‘BORROV/ACROSS/ZERO/OVER/IERO
T sBORROW/ACROSS/ZERO/OVER/BLANK)
! 7" »OECREMENT/MULTIPLE/ZEROS/BY/NUMBER/ TO/LEFY
(‘SNALLER/FRON/LARGER/INSTEAD/OF/BORROU/FROH/ZERO 'BORROU/ONCE/THEH/SMALLER/FRO“/LARGER
SDIFF/0-N=N)
* . ®0=-Ne0/AFTER/BORROW : .
(®*STUTTER/SUBTRACT ‘BORROU/ACROSS/ZERO/OVER/ZERO) - v
) . (*BORROW/ACROSS/ZERC *BORROW/DON'T/D CRE"EH?/TOP/S“ALLER) LT
. . *BORROW/ACROSS/TOP/SMALLER/OECREMENTING/TO . . :
*BORROW/DON * T/DE CREMENT/TOP/SNALLER o
N L - .

/ A ‘

P 1 occurrence:’ .
. _T‘?TE?§7EE§RUN/AT/zgno *1- 1-1/arrsn/aonnow) '
, . (*BORROM/ACROSS/ ZERO/OVER/ZERO" “#0-N=N/EXCEPT/AFTER/BORROW
_ *1-1¢0/AFTER/BORROW) . ,
(*0-NeN/EXCEPT/AFTER/BORROM *BORROW/SKIP/EQUAL) ¢
*IGNORE /LEF TMOST /ONE/OVER/BLANK - ' T \
(®STOPS/BORROW/AT/ZERO -SMALLER/rnon/LAnssn/uusu/aonnouso/rnon)
( *BORROW/NO/DECREMENT ®OIFF/0-N+0)
(*BORROW/ACROSS/ZERO *DIFF/0-NeN/WHEN/BORROW/ FROM/ZERO -aoanow/ncaoss/zsno/ovsn/zcn0)
(*SMALLER/FROM/LARGER/ INSTEAO/OF /BORROW/FROM/ZERO *DIFF/0~NeN
*SMALLER/ FROM/LARGER/WHEN/BORROWED/ FRON)
(*0-NeN/EXCEPT/AFTER/BORROW *1-1+1/AFTER/BORROW)
(*BORROW/ONCE/WITHOUT/RECURSE *DON' T/oscnsusur/zEnO/uuTIb/aorTon/aLAux)
(*BORROW/NO/DECREMENT =0-NsN/EXCEPT/AFTER/BORROW) »
(*BORROW/ACROSS/ZERO *QUIT/WNHEN/BOTTOM/BLANK *DIFF/0-N%0)
(*BORROW/ALROSS/ZERO *FORGET/BORROWYOVER/BLANKS ®DIFF/0~NeN) ,
(*DON'T/WRITE/ZERO *BORROW/IGNORE/ZERO/OVER/BLANKY ’ : s
( *BORROW/ACROSS/ZERQ *0-N=0/EXCEPT/AFTER/BORROW *1- 1-1/Arrsn/nonnow) s
(*BORROW/ACROSS/ ZERO *0-N=0/EXCEPT/AFTER/BORRON *1- 1-o/ArT£n/nonuou) . LR
(‘STOPS/BORROM/AT/ZERO *DIFF/0-NeN 'DOI'T/HRITE/ZERO) :

N .
. "

M ¢

Q ':' o S ' o i.

Aruitoxt provided by Eic:
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Aruitoxt provided by Eic:

(‘BORROW/FROM/BOTTOM/INSTEKDOF/ZERO *OIFF/0-N=N)
-(*"BORROW/FROM/ONE/IS/TEN *BORROW/FROM/ZERO/IS/TEN)
-(*SMALLER/FROM/LARGER *0-N=0/EXCEPT/AFTER/BORROW)

/*BORROW/FROM/ALL/ZERO

f('ONLY/WRITE/UNITS/OIGIT *=SIMPLE/PROBLEM/STUTTER/SUBTRACT

»

(‘BORROW/ACROSS/ZERO ‘SIMPLE/PROBLEM/STUTTER/SUBTRACT)
*ADO/INSTEADOF/SUB )

(*0-N=N/AFTER/GORROW ‘NPN!I/AFTER/BORROV

*SMALLER/FROM/LARGER/INSTEAO/Or /BORROW/ FROM/ ZERO)
(*BORROW/INTO/ONE=TEN ‘D[CREMEN?/MULTlPLE/ZEROS/BY/NUMBER/TQ/LEFT) *
( *BORROW/ACROSS/ZERO ‘BORROW/SKIP/EQUAL)

*FORGET/BORROW/OVER/BLANKS

(*0-N=N/EXCEPT/AFTER/BORROW *1-1=0/AFTER/BORROW)
*1-1=0/AFTER/BORROW

(*BORROW/ACROSS/ZERO ‘BORROW/ONCE/THEN/SMALLER/FROM/LARGER)

. (*SMALLER/FROM/LARGER *OIFF/N-N=N *OIFF/0-N=0)

(*BORROW/FROM/ONE/1S/TEN SOECREMENT/LEFTMOST/ZERO/ONLY ‘BORROVEO/FROM/OON T/BORROW)
(*STOPS/BORROW/AT/ZERC- ®*0=-N= 0/EXCEPT/AFTER/BORROW
) *1-1=0/AFTER/BORROW)

L
* ®ADO/LR/OECREMENT/ANSWER/CARRY/TO/RIGHT
(*STOPS/BORROW/AT/ZERO *0-N=O/AFTER/BORROW)

(*"TREAT/TOP/ZERO/AS/TEN *0- N'N/EXCEPT/AFTER/BORROU BORROWYACROSS/ZERO/OVER/BLANK)

" *IGNORE/ZERO/OVER/BLANK
“*DECREMENT/TOP/LEQ/IS/EIGHT

(*BORROW/OON ' TAOECREMENT/ LESS/BOTTOM/?MALLER *00N'T/WRITE/ZERO)

(*BORROW/ACROSS ~ATOP/SMALLER/DECREMENT INu/TO ‘BORROW/ONCE/THEN/SMALLER/FROM/LARGER)

*Q0ON'T/OECREMENT/ZERO/OVER/BLANK

(*OIFF/0-N=N ®*OIFF/N-0e0) *, - ’ *

('ONLY/WRITE/UNITS/0IGIT. ‘BORROV/ACROSS/ZERO *BORROW/OON" T/DECREMENT/TOP/SM&LLER
*N- N/AFTEB/BORRG‘/CAUSES/BORRON)

_(*STOPS/BORROW/AT/ZERO *BORROW/QON' T/OECREMENT/TOP/SMALLER

*OIFF/0-N=N)

’ (‘DECREMENT/ALL/ON/MULTIPLE/ZERO ‘OOUBLEIOECREMENTIONE)

(*BORROW/UNIT/OIFF ‘SMALLER/FROM/LARGER/INSTEAO/OF/BORROW/FROM/ZERO .
.+ ®0-N=N/EXCEPT/AFTER/BORROW) N , ’

*BORROW/ONCE/THEN/SMALLER/FROM/LARGER . :

(*BORBOW/FROM/ZERO *0-N=0/AFTER/BORROW) o . . »f

. ®*SUB/COPY/LEAST/BOTTOM/MOST/TOP

(*N- N/AFTER/BORROW/CAUSES/BORROW *0- N'O/EXCEPT/AFTERIBORROH) _ . ‘ N

© *N-9=N-1/AFTER/BORROW
- (1SUB/UNITS/SPECIAL 'BORROW/ACROSS/ZERO ‘SMALLER/ ROM/LARGER) -

(*OECREMENT/LEFTMOST/ZERQ/ONLY *BORROWEO/FROM/OON"T/BORROW)
(*"BORROW/FROM/ZERO *0-N=N/AFTER/BORROW) -
(®OIFF/N-0=0 ‘STOPS/BORROW/AT/ZERO) C ’
(‘OHFFIO N=N/WHEN/BORROW/ FROM/ ZERO ‘STOPS/BORROV/AT/ZERO .
. *BORROW/00N"* T/DECREMENT/TOP/SMALLER) '

'iig

(*BORROW/TREAT/ONE/AS/ZERO *N-N=1/AFTER/BORROW *OON' T/DECREMENIVZERO/OVER/BLANK)

*SUB/BOTTOM/FROM/TOP . . .

(*BORROW/NO/OECREMENT ‘OECREMENT/TOP/LEQ/IS/EIGHT .x- N-N/AFTER/BORROV ’
‘BORROW/ONCE/THEN/SMALLER/FROM/LARGER) v .

* =QQUELE/OECREMENT /ONE
(*BORROW/ACROSS/ZERO *DIFF/Oafi=N/WHEN/BORROW/FROM/ ZERO

NI . *SMALLER/FROM/LARGER/WHEN/BORROWEO/FROM)

(*BORROW/ACROSS/ZERO *X-N=0/AfTER/BORROW)

( 1ONLY/WRITE/UNITS/OIGIT *STOPS/BORROW/AT/MULTIPLE/ZEHO
"+ ®N-N/AFTER/BORROW/CAUSES/BORROY)

(*BORROW/ FROM/ONE/IS/NINE *BORROW/FROM/ZERO *OON' T/OECREMENT/ZERO/OVER/BLANK)

*BORROW/ FROM/ZEROBLEFT/TEN/OK *0-N=N/AFTER/BORROW)

BORROW/ACROSS/ZERQ/OVER /BLANK o :

BORROW/ACROSS/ZERO/OVER/ZERO - : . (O

¥

[

(TONLY/WRITEJUNITS/OIGIT *N- N/AFTE0/Bonnow/cnusfs/sonnqy)
*N-N/CAUSES/BORROW
(*BORROW/DON ' T/OECREMENT /UNLESS/BOTTOM/SMALLER *X-N*0/AFTER/BORROW)

*N- N/AFTER/BORROW/CAUSES/BORROW)

'(‘BORROW/NO/OECREMENT *SUB/ONE/OVER/BLANK)

(‘OON T/OECREMENT/ZERO/UNTIL/BOTTOM/BLANK ‘BORROW/ACROSS/ZERO/OVER/ZERO)
: ki . -
4 . L - ~ - %

%

N : T .. . s

RN

4



.
L

: : . (-oou rxnecnenenr?zen -oecneneur/oue/ro/Eszeu)
- o ~ (*FORGET/BORROW/OVER/BLANKS °BORROW/DON’ T/DECREMENT/TOP/SMALLER -nonaow/sxxrlaqunt)
(*DIFF/0-NeN/WHEN/BORROW/FROM/ZERO *DON' T/DECREMENT/ZERO)
(*SMALLER/FROM/LARGER "*0-NeN/EXCEPT/AFTER/BORROW *N-N/CAUSES/BORROW)
' *BORROW/ONLY/FROM/TOP/SMALLER N - :
. (*BORROW/ONLY/FROM/TOP/SMALLER ®0- NeN/AFTER/BORROW) v L
a (*BORROW/ACROSS/ZERO *BORROW/ONLY/FROM/TOP/SMALLER):
(*0-NeN/AFTER/BORROW *BORROW/ACROSS/ZERO/OVER/ZERO- -nonnouxncnossxzeno/oven/nLAux)
(*FORGET/BORROW/OVER/BLANKS *STOPS/BORROW/AT/ZERO -soanow/oucE/rueu/suALLen/rnon/LAnsea)
(*BORROM/ INTO/ONE TEN “DECREMENT/MULTIPLE/ZEROS/BY/NUNBER/TO/RIGHT
*BORROW/ACROSS/ ZERO/OVER/ZERO) '
*2ZERO/ INSTEADOF /BORROW
. .®BORROW/FROM/ZERO/IS/TEN :
A - ®BORRGW/DECREMENT ING/T0/BY/EXTRAS K :
3 \ *ADD/NOCARRY/INSTEADOF/SUB . . -
©0-NeN/AFTER/BORROW et
. (*BORROM/ACROSS/ZERO/OVER/2ZERO -snALLen/raou/LAasen/quu/aounouen/rnon ’ S
‘ , *BORROW/ACROSS /ZERO/OVER/BLANK) : : :
' . (®SMALLER/FROM/LARGER *DIFF/0~Ne0) : _ : :
(*BORROW/ACROSS/ZERO ®DIFF/N-NeN) .
(*FORGET/BORROW/OVER/BLANKS *STOPS/BORROW/AT/ZERO
o : " e0-NeN/EXCEPT/AFTER/BORROW =1-1=1/AFTER/BORROW) \
D0 (*BORROW/FROM/ONE/IS/NINE =BORROM/ FROM/ZERO *DIFF/0-NeN) . :
‘ : SCAN' T/SUBTRACT .
(‘SIMPLE/PROBLEH/STUTTER/SUBTRAC71‘BORROH/ACROSS/ZERO/OVER/ZERO)
*DON' T/WRITE/ZERO
. (1ONLY/WRITE/UNITS/DIGIT ‘BORROH/ONLY/FROM/TOP/SNALLER -oecneneuT/ALL/ouquLrlpLE/zeko
- *N-N/AF TER/BORROW/CAUSES/BORROW)

o (*0-NeN/EXCEPT/AFTER/BORROW ®N-N=9/PLUS/DECREMENT) :
_ (*BORROW/ACROSS/ZERO. ®IGNORE/LEF TMOST/ONE/OVER/BLANK ‘BORROﬂ/SKIP{EQUAL)
(*FORGET/BORROW/OVER/BLANKS *STOPS/BORROW/AT/ZERO) - 3

(*BLANK/ INSTEADQF /BORROW *DIFF/0-N=N) ,
(IMRITE/LEFT/TEN *SMALLER/FROM/LARGER) .
(*DOUBLE/DE CREMENT/ONE -suALLsa/rnou/Laasen/wueu/sonnouen/rnou) oo o .
" 1-121/AFTER/BORROW ,
( *BORROW/NO/DECREMENT/EXCEPT/LAST *0~NeN/EXCEPT ER/BORROU)
(*BORROW/ACROSS/ZERO *SUB/ONE/OVER/BLANK #0-NeN/ATTER/BORROW *
€0-NeN/EXCEPT/AFTER/BORROW) .
(-oou r/necneueurzzeno .- 1-0AAFTER/BORROU) \

S amg.
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Aruitoxt provided by Eic:

. .\'v ‘ - . ° N
¥ . Appendix3 -~ o
.Bug Occurrence Frequencies =~ Ce TS

) [ L4

The number of times each bug in the databasc occurred”is shown. The first two columiis show

the number of times the given bug occurred in DEBUGGY's diagnoses. The first column, labelled

“alone™ is the number of times the bug occurrcd alone, as the only element of” the dnagnosus. The

‘second calumn, labesfed "¢md.” is the number of times the bug occurred as part of a multi-bug

) dmgnosns or "compound" bug as it was called in (ﬁrown & Burton, 1978). Thus, for example, the

_bug *1-1= 1/Arnn/aonnow occurred once alone, and five times as part of a larger dxagnoms. The

‘third célumn mdxcates which bugs were added to ‘the data base since the Southbay study’ began. It
is interesting that some of these ney bugs are not at all rare. These data include all tests of all

subjects jn.both the Southbay and Short-term study. As always, the data come ﬁ'om the reanalysis *

that. was performed after all new bugs had been entered in the database. . Rows tht would be all
zero have béen left blank to highlight those bugs in the data base. which never ‘occurred in these
studies. ~Of the 104 .bugs in the data base, 77 bugs occurred at least once.

-

alone cmd. new?’ Bug
22 - "®0<N=0/AFTER/BORROW _ - e .
0 - 6. new ,®0°N=0/EXCEPT/AFTER/BORROW , o . K
“e1 6 new  *0-N=R/AFTER/BORROW T . o ' .
3 14 new  *0-N=N/EXCEPT/AFTER/BORROW: ) . P
1 6 " »1-1=0/AFTER/BORROW - . ' -
1 4 *1-1=1/AFTER/BORROW . . : . -¥§~‘> v )
, *ADD/BORROW/CARRY/SUB. " ' o ’
*ADD/BORROW/DECREMENT ) ’ e .
. ‘ADQ/BORROH/DECREMENT/HITHOUT/CARRY o ) .
1 .0 *ADD/ INSTEADOF/5UB o 9
1 0 new  *ADD/LR/DECREMENT/ANSWER/CARRY/TO/RIGHT S
1 0 *ADD/NOCARRY/ msnmor/sua b
- *ALWAYS/BORROW - _
6 0 *ALWAYS/BORROW/LEFT , 1.
0 1 new  *BLANK/INSTEADOF/BORROW C o
2 1 new ‘BORROH/ACROSS/TOP/SMALLER/DECREMENTING/TO ot
1B 33, _ *BORROW/ACROSS/ZERO  ° . : ' v
. .1 12 "' *BORROM/ACROSS/ZERO/OVER/BLANK -"§:w :

1 18 new  *BORROW/ACROSS7ZERO/OVER/ZERO
‘- . *BORROW/ADD/DECREMENT/INSTEADOF/ZERO
: ©* - . *BORROW/ADD/IS/TEN . .
1 0 . new 'aonnow/nscnsusntIns/107av/Exvnq; o R
6 0  *BORROW/DIFF/0-N=N&SMALL-LARGE=0, : : : _
2 6 . . *BORROW/DON' T/0ECREMENT/TOP/SMALLER U e
7 2 -aonnow/uon'T/nscnsnsur/UNLESSIBotTon/snALLER ‘ L.
1 0 . *BORROW/FROM7ALL/ZERO ‘*ﬂf , ‘
_ . ., *BORROW/FROM/BOTTOM . - ' O N
o 1 ‘BORROH/FROM/BOTTOM/INSTEADOE/IERO . o S
: . - . eBORROW/FROM/LARGER. = o : ) *
0o 2 | ®BORROW/FROM/ONE/IS/NINE . : .
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- 2

o C
+ "BORROW/FROM/ONE/IS/TEN

*BORROW/FROM/ZERD »
*BORROW/FROM/ZEROSLEFT/TEN/OK -
*BORRGW/FROM/ZERO/IS/TEN
‘BORROH)IGHORE/ZERO/pVER/BLAHK
*BORROW/INTO/ONE=TEN
*BORROW/NO/OECREMENT
*BORROW/NO/OECREMENT /EXCEPT/LAST

‘BORROH/OHCE/THEH/SMALLER/FRON/LARGER -

*BORROW/ONCE /WITHOUT/RECURSE
‘EORROH/OﬂLVVFROM/TOP/SHALLER
*BORROW/ONLY/ONCE

' ‘BORROH/SKIP/EOUAL
‘BORROU/TEN/PLUS/HEXT/OIGIT/IHTO/ZERO >

‘BORROH/TREAT/ONE/AS/ZERO
‘BORROH)UHIT/DIFF s -~

. BORROW/WONT/RECURSE,

*BORROWED/FROM/DON' T/BORROW

_*CAN'T/SUBTRACT
' -copv/rop/xu/LAsr/COLuuu/xr/sonnouso/rnon

*DECREMENT/ALL/ON/MULTIPLE/ZERO
‘OECREMENT/BY/OHEIPLUS/ZEROS
‘OECREMENT/BY/TUO/OVER/TVO
‘OECREMENT/LEFIMOST/ZERO/OHLY'

2 .

2 1 ' new  *OECREMENT/MULTIPLE/ZEROS/BY/NUMBER/TO/LEFT - . .

3 1 new °DECREMENT/MULTIPLE/ZEROS/BY/NUMBER/TO/RIGHT : ' e
~*QECREMENT/OM/ F IRSF/BORROW : '

1  new  SOECREMENT/ONE/TO/ELEVEN . S L ,

1 new. °OECREMENT/TOP/LEQ/IS/EIGHT . . o . T

2 -bxfrfo-u-o ' oy , : - T e

8 *0]FF/0-Nel L , _ ' ' : :

4 ZFS/o-u-u/wnsu/sonaou/rnon/zsno L ' C.

o

&
Pa

iy *0
D . *OIFF/1-Ns1 . _ . . - ,
t,~ 0 4 ~ *OIFF/N-0eQ ‘ ’ e o - '

., F 2. *OIFF/N-NeN =+ , . e : .

' ‘ o * *DOESNT/BORROW o o g i o o .
D *DON' T/OECREMENT /SECONO/ ZERO : R
. ia T3] ' © *DON'T/OECREMENT/ZERO - B

/ “*'2- new % *DON'T/OECREMENT/ZERO/OVER/BLANK o oo ‘ -

/ S *DON ' T/OECREMENT/ZERO/OVER/ZERO - . T

f o *DON’ T/OECREMENTIZERO/UITIL/BOTTON/BLAIK X , . ‘ S

new  *DON'T/WRITE/ZERO ) . < _ A . <

o

F ’ '5, 2 6

ERIC - %

Aruitoxt provided by Eic:

‘DOUBLE/OQCREMEHT?ONE : o SR A

*FORGET/BORROW/OVER/BLANKS

* IGNORE/LEFTMOST/ONE/OVER/BLANK
*IGNORE/ZERO/OVER/BLANK
*INCREMENT/OVER/LARGER

* INCREMENT/ZERO/QVER/BLANK
oN-gsN-1/AFTER/BORROW ' .

»-u-ﬁ/ArTsnxsonnouxcnusES/uonnou
--u-’n?cnusssmonnov

. *N-N=1/AFTER/BORROW e
*N-N*9/PLUS/DECREMENT

3

*ONCE /BORROW/ALWAYS/BORROW

« SQUIT/WHEN/BOTTOM/BLANK .

*SIMPLE/PROBLEM/STUTTER/SUBTRACT

"SIALLER/FRONILARGER .

o
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. . o T : v ol S ) o S z 49 CE L
o . ‘ .« RN L o . . . T L . BT B . . o . :

P . : : S . A . R R \/J L. N . . .

o . ) ,‘ CE e ] e . . . A . PR i Lo . o .
e Loy .- R . . o . e e ) S I T . :

o~
Ve

L v 4 . ] . Ho . oo™ . ‘ "\ . L

T e 0 B new . 'SMALLERIFROM/LARGERIINSTE /or/aoaaou/rnon/ztao S . o

S . .0 5 new -snALLan/rnon/LAncin/uucN/aonnouso/rnoﬁ‘ s o ' C 3

ce e T e . *SMALLER/FROM/LARGER/WITH/BORROW - ~. - .7 S

R A I SO -STOPS/noaaou/AT/ﬂULTIPLE/ztao L .o e

.. . 'new  *STOPS/BORROMW/AT/SECOND/ZERO, ~ ° . " ,

3 '+ . esTOPS/BORROW/AT/ZERO. < . )
2 7 STUTTER/SUBTRACT - - - - - el e p

0 - new . °SUB/BOTTOM/FRCM/TOP .. ' . ‘ qﬁé;
0
2

AY

.

new ,‘SUB/COPY/LEAST/BOTTOM/MOST/TOP LT PR e
2 new ' *SUB/ONE/OVER/BLANK "« - - : R Lo
. new  *TREAT/TOP/ZERO/AS/NINE : o
.. *TREAT/TOP/ZERO/AS/TEN =~ & o : .
. 0 . 2 .new  *X-NxOZAFTER/BORROW: . . = - - . . = . . ¢
e 0 "1 new _ *X-N=N/AFTER/BORROW. ™~ . . - . - _ ' . !
L *ZERO/AFTER/BORROW o
*ZERO/INSTEAD/OF /BORROW/FRON/ZERO .~ - - -

G RS v‘ZERO/INSTleOF/BORROh o _—

R

oo
N e
>

-

O - ) A . R
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Aruitoxt provided by Eic:



Appemhx 4

‘ i)EBUGGY versus the Experts

&Sevem} dnffcrent ways of companng DEBUGGY‘s dnagnosxs mtb thc cxpens dmgnoses are
prsentcd here, - First, the results ‘from the Southbay smdy are prescnted. “They show exccllent

agreement- regardmg which bugs a Buggy student has, but differ a little bit on- whethcr a student o
should be placed in the Buggy category or. the Undnagnowd mtegory : :

DEBUGGY‘s Dtagnoas -

ShPS
. Buggy-

Um.ﬁms.edf |

Table 4 1 E

A companson of DEBUGGYS

“ ..
Experts Dlasnosns
', Buzsy _ Undiasnmd t° .
Y a(am) 73 (2%)- 166 (100%)
Y 233-(19%) 59 (20%) 295 (100%)
) 30 (13:)_. 188 (80%) -~ 2386 (100%)
267 © 260 - 888 ‘q‘_: |
osis wnh the experp dmgnosxs by dmgnosﬂe

. category. The second row, for ethple. shows that of the 295 subjecm that were analyzed as
""Buggy by DEBUGGY, 1% were analyudashavmgshpsby theexpert.79%asBuggy and '20% as
Undxagnosed. Only the ﬁrst tests of those subjects who were* tsted twice are eounted in this table.:'- ’

\
Y

Equal
Expert removed abug

" Bxpert added a bug

Overlap

. Otherwise -

total

s -

193 (83%) -

P o o
o
»”
—r

- Table 42: A comparison of DBUGGY’S dmgnons thh the experts dlagnosm by bug. Of the 233 o

' subjecs

both DEBUGGY and the expert agret were Buggy, 193 were given exactly the same’.

' diagnosis. In all but 13 cases, (ie. 94% of the time) there was substantial agreement between the -
- expérts and DEBUGGY. . Only the first tests of those subjects who were tested twice are counted in -

".thzstable.

e .
o




In the followmg four: tablesy as thrcc~way comparrson -of. cxpcrt and DEBUGGY dragnoscs rs_'
prcscmc;d ‘Two cxpcrts. namcly the authors, analy/cd the Short-term data, as did DEBUGGY. The

- furst thrcc tablcs comparc thcrr judgmcnts by dragnr)stnc catcgory N
" to cach other, and the ncxt two comparc DFBUGGY to cach expert individually: It can bc scen that L
the cxpcns agrccd morc wrth , DE HUGGY than w:th each other s SR : -

: Tabl'c 43

K

57

‘The first compares the experts

' Vanbchr)' _

,'Fncnd : Slrps 'Bugs' .‘ Undicgnoscd . 'totals, _
Slips. 54 (gox) L 2\;) -5 ( 8%) 60 (100%)
Bugs 1 ( 3%)' 23 '(eax) 10 (3a§) 34 (100%)
Undragnosed ‘ 6 (23%). 10 -(38%) 10 (38%) 26 (100%) .,

Ctows 0 sl Y 24 26 1200 e o4

. . \\ " 'R ,'

' Table4.4 |  VanLehn - -

 DEBUGGY - " Slips - Bugs vUndxagnosved totals |
Slips . 40 (98%) 0 (0% 1 zg a1 (1oox)

- Bugs .. 1 ( 3%) 28 (80%) 6 (17 36. (100%)
‘Undiagnosed 20 (45%) 6 (14%) - 18 (41%) 44 (100%)

 totals 61 34 25 120

 Table 4.5 Friend - 4 | |
DEBUGGY .Slips Bugs ‘Undiagnosed- totals ;
Slips a1 (98%)" 0 ( 0%) 1 ( 2%) 42 (100%)
Bugs 1 (3%) - 28(76%) & (22%) - 37 (100%) _ *
“Undiagnosed 21 (42%) 9 (18%) 20 (40%) . 60 (100%) -
totals 83 : . 37 29 129

' The followmg table compares the experts dragnoses and DEBUGGY's by companng the sets of bugs
« they’ produced for the cases where both put the student in the Buggy category. R

- Table 46 " Vvs F Vvs.D FvsD
Equal 2 -9 (39%) 15 (54%) 20 (71%)
Onebug-setrsasubsetofmeothcr B 5 (22%) 6 (21%) 2 (7%) .
Overlap "3 (13%) - .6 (18%) - 2.( 7%) § -
Otherwise C 6 (28%) . 2( ¥%) . _4-(18%) |
total ' 23 (100%) - 28 (100%) - 28 (100%

2



&>
Y

wxllbeprcsemedﬁrst. ' v s ,
o Second Test
"\ "/ . ‘ ' b. . N
Fi-st Test * Correct = . Slips Buggy Undiagnosed - . totals w
Comect . 3 (43%) 3 (43%) 70 ( 0%) 1 (14%) 7 -(100%) '
Sligs © 4°(20%) 11°(56%) " O ( 0%) 5 (26%) - . 20 (100%) -
- Buggy 0 ( 0%), 2 (12%) 12 (71%) - 3 (18%) . 17 (100%) .
Unmagnosed 0 ( 0%) 6 (22%) 6 (26%) 12 (62%) = 23 (100%)
 toulls T7- Cc21 - 18 21 87>/
. .’_ _ ’ .’ | . ' . . . .. ‘. ) /J/// ",, v::v-’»
Table S.1: Short-term stability by diagnostic category. The above table show how the students |
ged amo: dnagnosnc classes across the two tests.’ The figures in parentheses show the =

»

2 / . :
| L ampenns 3
o |  Short-terfn Stability .

'I‘he short-tenn stabihty results are pretented. The teas were gwen two days apart usmg'the same

rverysumlartests. 'l‘hemtswereanalyzedbyDEnUGGYandbyanexpen. DEBUGGYsanalyses

propomon o e ﬁrst test’s category that the given cell of.the table ‘represents. ‘For. example. of ..

. the 17 students who were in the Buggy category on the ﬁtst test, 0% -were in the Corret category
on the second test, 12% were in the Slips eategory, 1% remained in - the Buggy - eategory, and 18%
could not. be . dmgnosed on the second test. : o

The switching between theCorrectandShpscategory wasexpectedsmceshpsareassumedtobea .
labile, "performanee phenomena. The switching among the, Undiagnosed and Slips categories is
probably due to students who should have been: place in Slips instead of Undiagnosed, but they,

made so many slips that they exceeded DEBUGGY’S 90%-correct threshold forthe Slips category.
'What's unexplamed is. the movement into and out of the Buggy eategory T!ns movement is

: exammed more closely in the next table.

. . , @
. P .ﬁ‘
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Tablc 52 Shon-lcrm swbllny by bug set. -*I‘lns tablc shows Dl‘BUGGYs ~diagnoses: of the 12

subjects who were Buggy onvboth. tests. lwo of these had the same dlagnoscs both_ times. The J
other ten subjects’ diagnoscs llad bugs appca{mg and dlsappcanng, mdlcaung mstablhty Cases of
’ bug migration arc markqd with ® . X A -
‘ ' Diagnoscsare cqual' B o ' S -
s - (),_(-nonnow/ACROSS/zsno -oxrr/g N:0) becomss . Y
.V (°BORROW/ACROSS/ZERO ®OIFF/0-N=0) =~ b -
o O (*OIFF/N-0=0 *SMALLER/FROM/LARGER *DIFF/0-N=0) becomss' . :
: (°DIFF/N-0=0 ®SMALLER/FROM/LARGER *DIFF/0-Ne0) . . .= A .
' Diagnoses overlap: . S T g
O  (*0-NsN/EXCEPT/AFTER/BORROW) becomes : -
(*0-N=N/EXCEPT/AFTER/BORROW ®1-1=0/AFTER/BORROW)" v,
A ‘O (+BORROW/ACROSS/ZERO 'SIMPLE/PROBLEM/STUTTER/SUBTRACT) bacomes
> " ("BORROW/ACROSS/ZERO) ' .
O (*STGPS/BORROW/ATAZERQ *0IFF/0-N=N) becomes
_ (*STOPS/BORROW/AT/ZERO ®OIFF/0-N= 'SMALLER/FROM/LARGER/NHEN/BORROWEO/FRON) o :
. . ® (*STOPS/BORROW/AT/ZERO ®0-N=0/EXCEPT/AFTER/ZERO .°1-1s17AFTER/BORROW) becomes .
(*STOPS/BORROW/AT/ZERO ®0-N=0/EXCERT/AFTER/ZERO ®1-1=0/AFTER/BORROW) :
O  (*STOPS/BORROW/AT/ZERO *0-N=0/EXCEPT/AFTER/ZERO 3-1= omnsn/uonaow) becomes
(‘) (*STOPS/BORROWAAT /ZERO ®OIFF/0-N=0)

( *BORROW/ACROSS/ZERO/OVER/ZERO *0- NIN/EXCEPT/AFTER ZER g e1- IlO/AFTER/BORROH) bocomos '
(®0- N=N/EXCEPT/AFTER/BORRON 'BORROW/SKIP/EOUAQ . .

‘Dxagnoscsdcwot overlap ‘ < , ' <

O  (*0IFF/N-050 'SMALLER/FROM/LARGER *0IFF/0-N30) becomos

' ( ®BORROW/ACROSS/ZERO) , ‘ o
QO  (°SMALLER/FROM/LARGER) becunos o : . , . .

(*STOPS/BORROW/AT/ZERO ®OIFF/0-N=N) ~ o T ' S

O  (*BORROW/ONCE/WITHOUT/RECURSE 'DONT/OECREMENT/ZERO/UNTIL/BOTTOM/BLANK) becomes
(*BORROW/NO/OECREMENT)

® (°BORROW/ACROSSYZERO ®0IFF/0-N=0) becomes _
(°STOPS/BORROW/AT/ZERO) = . s B . ' N

Y

kD

',“,{-,.l . | v . . 4 ‘

Aruitoxt provided by Eic:




& Tabl 3 Short-term stabilu’a' by expcrts dlagnosu: categones‘ The cxpert was ablc to uncover © .
' f tinkering by companng t.he answers. of the’ test items across tegts. Sinice, cach item was
matchcd to"a corresponding item on- the other test, it: ‘was easier to come (o a decision about which
errors were due to. slips- and whu:h were: due o nnkenng or bugs. . The: followmg tablc pments
thls chznr Theovenc analysns in the same format as table S L - '

S  Second Test .
szrstTesti Comrect  Slips Buggyj Tinkering I'Jnd_iagnoscd totals ) H
S Correct 3 (43%) 4 (67%)" 0 (° 0%) 6 (o0%) O(o0%x) - 7(100%). .
‘¢ . Slips < ' 4 (13%) 26 (83%) 1 3%). 0 ( 0X) 0°( 0X) -30(100%) "~ . .. |
“Buggy ~ 0 ( 0%) . 1 ( 6%) 14 (78%) 2 (11%) 1 ( 6%X) 18 (100%). .
" Tiuketing: 0 ( 0%) 0 ( 0%) 1 (14%) & (71%) 1 (14%) 7 (100%)
. Undiagnosed 0 ( 0%) 1 (20%) 0 ( 0%X) O ( 0%) 4 (80%) = 5(100%)
totals 7 a1 e 7 6 - 87 i

N .

Most of the switching is between the Correct and Slips categories, as expected by the assumed in
mstabxhty of slips, and between the Buggy and Tinkenng categ es, as predxcted by bug/tmkenng

mxgranon. . . . .

-, Table 5.4: Short-term stability of bugs and impasses. There were 36 cases where the student was
diagnosed as having the performing the correct procedure on both tests,’ with perhaps some slips-
each time. There were 4 cases where the student was undiagnosable on both tests. The other 37 -

) cases are presgnted on the table which begins on the next page. They-are separated into four
categories: stable bugs, stable impasses,- unstable bugs and unstable impasses. Tinkenng is notated:
with parenthemzed lists of the form S

(<1mpas§e> (repanr) (repmr) < repau'>)
* where <xmpases> is the name of the impasses and <repair> is the' name ‘of one of the repairs being
used to get past the mpase. 'I‘he rcpairs are documented in (Brown & VanLehn, 1980). The

“ . impasses used here are: . 1

T . T=0/BF - - Can’t borrow "from zero.

.. 2  gs1s8f . . 'Can't borrow from- one.. _ o
T=00/8F ~ Can't borrow from mulnple : o
T=0AB/BF Can’t borrow from one’s that have ‘been decremented 0 zero. ., Ty
T=B/BF Can't borrow from a column where the top and bottom dlglts are e(]ual.
T=0/5C _Can’t process a column with a zero on top.
T=0AB/SC .. "Can't process a column with a top zero created by decrementing-a.one,
T=B/SC" - . Can’t process a column where the top and bottom digits are equal. -

i" 'T=0ABAT=BBB/SC - ~ Can't process a column with a top zero created by decrementing a one,
‘ whose top and bottom . digits were equal before the one was decremented.

" ANS/OVERFLOW Can't write two digits for a colymn answer. .
DECR/TWICE - . Can't borrow from a digit that' been borrowed from already. - ot




. om

ERIC

Aruitoxt provided by Eic:

. C) (‘STOPS/QQRROH/AT/MULTIPLE/ZERO) becomes . R

000000 O

-ooo'ono

: N ) T L :’ . -

. ) 5 -
. N . . .. " , N

. . ‘< o ‘

- K f oL o ’ >
v -
- . . <
Stable bugs: _ .

(*STOPS/BORROW/AT/NULTIPLE/ZERO) : B SR
O  (*DIFF/N-0%0 *SMALLER/FROM/LARGER *DIFF/0-N=0) becomes : !
(*DIFF/N=0=0 *SMALLER/FROM/LARGER *DIFF/0-N=0) -
O (*DECREMENT/MULTIPLE/ZEROS/BY/NUMBER/TO/RIGHT) becomes
('DECREMENT/MULTIPLE/ZEROS/BY/NUMBER/TO/RIGHT)

.
-

Stable impasses wnh stablc bugs (n. b. 1mpa$es wnh just one repair. are bugs):

B

-

becomes
.('STOPS/BORROH/AT/ZERO '0‘NtO/ExCEPT/AFTERIBORROH *0- N-O/AFTER/BORROV)

((T=00/BF IGNORE [FSELF WEIRD)) becomes
((T=00/BF- IGNORE FSELF WEIRD)) :
((T+1=8/81 WEIRD IGNORE)) ‘becomes
. ((T+1=B/BI WEIRD IGNORE)) "
(*BORROW/ACROSS/ZERO (T=0/SC DEMEMOIZE REFOCUS/VERTICALLY)) Decomes
(*BORROW/ACROSS/ZERO (T=0/SC DEMEMOIZE REFOGUS/VERTICALLY)) - :
(*BORROW/ACROSS/ZERO (T=0/SC :IGNORE DEMEMOIZE REFOCUS/VERTICALLY)) becomes
(*BORROW/ACROSS/ZERO 4&10/sc IGNORE DEMEMOIZE REFOCUS/VERTICALL ) -
((T=0AB/SC IGNORE NOOP)) becomes ’
((T=0AB/SC IGNORE NOOP)) - :
( *BORROW/FROMABOTTOM/ INSTEADOF/ZERO" *0-N*N/EXCEPT/AFTER/BORRO RN
(T=0AB&T=BBB/SC IGNORE DEMEMOIZE)) becomes
(BORROW/ FROM/BOTTOM/ INSTEADOF /ZERO *0-N=N/EXCEPT/AFTER/BORR
(T=0AB&T=BBB/SC IGNORE MOOP DEMEMO1ZE)) . -
(*0-N=N/EXCEPT/AFTER/BORROW (T=0AB&T=BBB/SC QUIT/THE/TEST))/ becomes
(*0-N=N/EXCEPT/AFTER/BORROW *1-1=0/AFTER/BORROW) -
(*DON’T/DECREMENT/ZERO (ANS/OVERFLOW IGNORE NOOP)) becomes
“(*DON"T/DECREMENT/ZERO !ONLY/WRITE/UNITS/DIGIT)
((T=0/BF REFOCUS/LEFT BACKUP- REFOCUS/VERTICALLY)) becomes
( *BORROW/ACROSS/ZERO)
(*SIMPLE/PROBLEM/STUTTER/SUBTRACT) becomes .
((SIMPLE/MULTIPLICATION/PROBLEM IGNORE WEIRD))
(*DIFF/0-N=N ‘S?OPS/BORROHIAT/ZERO) -

e
e

L

(*DIFF/0-N=N (T=0/BE,NOOP BACKUP-REFOCUS/VERTICALLY)) bocomo: '

g‘

,(‘STOPS/BORROH/AT/ZERO ‘O-HIOIEXCEPT/AFTER/BORROH ((T-OAB/SC IGNORE DEMEMOIZE))



. Appearing and disappcaﬁngbugs' -
e o] (‘DECRENENTIALLIDlIIllUL'I’IPLEIZEROIEXCEPTIAFTERIBORROI
. SIMPLE/PROBLEM/STUTTER/SUBTRACT) bscomes . : g R

. . . (“DECREMENTZALL/ON/MULTIPLE/ZERO/EXCEPT/AFTER/BORRON) Ce s

- (*BORROW/ACROSS/ZERO *SIMPLELPROBLEM/STUTTER/SUBTRACT (T=0AB/BF NOOP uexao)) tecomes
( *BORROW/ACROSS/ZERO (T-OABIBF NooP ouxr))
() slips becomes . : ] L . . -
( *SMALLER/FROM/LARGER) I e v
: (‘BORROHIIGHOREIZEROIOVERIBLAI() becomes S s

() siips ¢ T
'(-1 ~120/AFTER/BORROW) becomes : . - ‘ :
, () undiagnosed . . el e o oA

o_ 00O

s : A T . . L

Lt Appeannganddxsappunnglmpas&s(andbugs) ' e e SN

((T<WaF. NOOP REFOCUS/LEFT) (T-oanar-asa/sc TENORE nensnosz)) Becomes " .
((T=0/BF BORROW NOOP) (ANS/OVERFLOW NOOP- ERASE&PARTIALIREDO)) ' :
,(‘SIMPLEIPROBLENISTUTTERISUBTRACT) becomes
((SIMPLE/MULTIPLICATION/PROBLEM IGNORE WEIRD))
(*DIFF/0-N=N °STOPS/BQRROW/AT/ZERO (T+B/BF IGNORE/BACKUP- nerocus/vznrchLLv)
(T=BBB/SC REFOCUS/VERTICALLY DEMEMOIZE)) becomes '
(*DIFF/0-NsN *STOPS/BORROW/AT/ZERD *SMAL LER/ FROM/L ARGER/WHEN/BORROWEDV FRON)
(®OIFF70-Ne0/WHEN/BORROW/FROM/ZERO_*BORROW/ACROSS/2ERO
" (T=0AB/SC DEMEMOIZE IGNORE WEIRD)) becomes . . -
((T=0/BF BORROW MOVL) (ANS/OVERFLOW FADD) (T=0AB/SC IGNORE QIT)) B e
(°DIFF/N-0s0 *SMALLER/FRON/LARBER *DIFf/0-Ns0) becomes : E
(°BORROW/ACROSS/ZERO (T=0AB/BF NOOP)) :
(*BORROW/ACROSS/ZERO (DECR/TWICE NOOP IGNORE) (r-onaar-aaa/sc IGNORE NOOP)) becomes \
(*STOPS/BORROW/AT /ZERO) . v L
((T=1/BF NOOP ADD10. IGNORE uexnn)(r-orar FSELF MOOP IGNORE)) ‘becomes o
0 Undiagnosod

. . . . . . . .
. . R v . R & . . . - .
: . i : * . . - . . . .
t . . ) : ' . : : s R - .
: . . \ . A . ) : e . . . - L et
. - . . ! =

0co0o0 'o," 000

<

(S
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. - / - Long-term Stability
Teole 6.1: Long-term szabxhty by dnagnostnc category Thls shows the dnagnosnc classes- of both
‘tests of the 154 subj sts' who wére tested twice during the Southbay.study 84 of the 154 studcnts
(or 55%) stayed in the same diagnostic category. z
. - . N
} ¥ § } Second Test S L '\. :
, " First Test Coméct’ Slips  Bugs - Undiagnosed towals . . . | &
T : ] - P : - o .b S .-
g2 . Correct. 0 ’r/: 0, "-o I t '
: . Slips /. 0 (0%) 4 (67%) 2 (332) 0 (0%x) . .6 (100%)"
Bugs /- ‘1 (2%) ; 5 ( 8%) 34 (63%) ‘24 (38%1) 64 (100%)
s Undidgnosed 3 (4%) 7« 13 (15%) 22 (33%) 46 (65%) '~ 84 (100%) -
.'/ . - 7 ‘ . R : -'
v was 4, S22 8 70 ... 164
,'/r" . » ) : . - ) »;‘
/ Roxfghly the same proportion of students swuched from Buggy 0 Undlagnosed as from~ ,
. // Undlagnoscd to Buggy Neither category conmbuted significantly to the Correct category‘ These
L two facts "tend to confound the hypothesns that Buggy students are more often remedxated by the -
/'j"' current cumculum than Undlagnosed stndents. - o
VA . L . . : . o
:/'- ' N '73 ) . . : o " ' ° B - 3 . . -' N
; _ =
o
A~
f
4.




Table 6.2: Long-term stability by bug. The diagnoses for both tests are shown for thp 34 smdems‘ .

_ _whowemSystunauconbo'ﬁam 17smdentshadroughlythcsamedxagnossonbothtsts.:
'.mdncaungthatthmbugs‘mbepetsistentproblam. Thedmgnosesoftheomerl‘lsﬁdenlsdid..f

not ovcrlap ‘Of these, 13 subjects ‘showed evidence of
. their first bug(s) could not acoomphsh has been mastered. bm a more advamd subskill is missing

'.Zleadmg to a second bug(s)

® oooooo.00 o_-o.___o'.o (o} o) oéo":o;_':_.:-

Secondust's diagnosis is the same as or overlaps with t(hxe first test’s diagriosis:

' ('S)MI.I.EB(FWLARGER)

e -
\ .

(*SMALLER/FROM/LARGER) becomes

- SMALLER/FROM/LARGER)

-( SNALL'ER/FROM/LARGER) - becomes
(*SMALLER/ FROM/LARGER)

.,-(‘SMALLERIFRWLARGER) becomes
. (*SMALLER/FROM/LARGER )-

", (#SMALLER/FROM/LARGER) becomes

- (*SMALLER/FROM/LARGER) .
.(®SMALLER/FROM/LARGER) becomes
(°SMALLER/FROM/LARGER) ST S
(*SMALLER/FROM/LARGER) becomes C : )

(®SMALLER/FROM/LARGER) - - . P

. (SSMALLER/FROM/LARGER) becomes . = = .. “i: %

(dsmu.l.enff /LARGER) bocmsj Ey .2
u.ea/ BOM/LARGER) ) Jow
-ou ‘haemsonou/euux -sm.l.en/rndwuassn) becomes

(*SMALLER/FROM/LARGER) *

(-oumuusmaonou/aunx *SMALLER/FROM/LARGER) becomes
(*QUIT/WHEN/BOTTOM/BLANK: *SMALLER/FROM/LARGER) :
(*BORROW/DIFF/0-NeN&SMALL-LARGE=0) becomes

( *BORROW/DIFF/0-MoNSSMALL-LARGE®0)

N (*STOPS/BORROW/AT/ZERO °SMALLER/ FRW LARGEWEIIQORRWEDI FROM) boco-u
" (*STOPS/BORROW/AT/ZERO) ]

(*STOPS/BORROW/AT/ZERO -nlrr/o-u-u) bcco-n
(*STOPS/BORROW/AT/ZERO) - - ' o
( ®BORROW/AGROSS/ZERO *DIFF/0-NeN) becomes
(*BORROW/ACROSS/ZERO) .
( *BORROW/ACROSS7ZERO *QUIT/WHEN/BOTTOM/BLANK' -olrr/o-u-O) boco-n

( *BORROW/ACROSS/ZERO *DIFF/0-NeN} : :
(*STOPS/BORROW/AT/ZERO *BORROW/OMCE/T smusmrnwuggen *DIFF/0-N=N) boconn
(*STOPS/B0RROW/AT/ZERO *1- 1-1/Arr£an03m (
(*STOPS/BORROW/AT/MULTIPLE/ZERO) becomes: ST

@

“(1ONLY/WRITE/UNITS/DIGIT. ‘STOPSIBORRONIATMLTXPLEIZERO

'N-ll/ AFTERI BORRWI CAUS ESIBORRW) o -

-




Aruitoxt provided by Eic:

-

0 0000O0. 0O &*Q 'o'

-

No’ overlap bctwecn thc two tests‘ dxagnoss, some evndcnce of lwmng

(e
<o

No overlap between diagnoses, no evidence of lear;iing’:l .

o

O
(O

) e ) o L,
. ) v . - et

(-Aoo/uocunnx11usreaoor/sus) bcco-ns
(*SMALLER/FRON/LARGER) .

‘SﬂALLERIFROﬂ/LARGER).boconos .
(-Dxrr/o-n-u/wueu/sonnowrrnou/zcno ‘DOI'T/DECRENEHTIZERD)
(®SMALLER/FROM/LARGER) becomes K

(*STOPS/BORROW/AT/ZERD) ' - : s - B

r . .

(*SMALLER/FROM/LARGER) becomes '
(**BORROW/ FROM/BOTTOM/ INSTEADOF /ZERO 'DIFFIO-‘-N)
(*SMALLER/FROM/LARGER) becomes S ]
(*BORROW/NO/DECREMENT *DIFF/0-NeN) * S s
(*SMALLER/EROM/LARGER) becomes . L

( *ALWAYS/BORRQW/LEFT) - ..

(*SMALLER/FROM/LARGER) becomes

( *BORROW/ACROSS/ZERO 'nlrr/o-u-ﬁ/wueu/aonnou/rnou/zsno
*SMALLER/ FROM/LARGER/WHEN/BORROWED/ FRON)
(*SMALLER/FROM/LARGER) becomes

: (‘BORROH/HOIDECRENEHT) : '

(®*SMALLER/FROM/LARGER) bewcomes

(*STOPS/BORROW/AT/ZERO ‘BORRDU/DNCE/THE’IISHALLERIFRON/LARGER)

( "BORROW/NO/DECRE E’IT/EXCEPT/LAST) becomep o . .
(*STOPY/BORROW/AT/ZEROY o - - >
(‘ALVAYS/BORROH/LEFT) becomes

(*BORROW/INTO/ONE=TEN *STOPS/BORROW/AT/ZERD)

(*BORROW/DON"* T/DECREMEHT/UNLESS/BOTTOMISIMLLER) boco-n A
(*BORROW/INTO/ONE=TEN *STOPS/BORROW/AT/ZERO) i . ) ,

- (*BORROW/FROM/ZERO) becomes

.

(‘STOPS/BORROW‘AT/MULTIPLE/ZERO)
“ o o . B

s

W . . i . ¢ - 4
(*BORROW/ACROSS?ZERO -6‘u-nlexccnrlnrrcn/aonnow)'boco-os : S
.(°DON"T/DECREMENT/ZERO) . v
(*FORGET/BORROW/OVER/BLANKS *BORROW/DON* TIDECRENENT/TOP/SNALLER 'BORROUISKIP/EQUAL)
becomes ( *BORROW/NO/DECREMENT) : S
-(*BORROW/ACROSS /ZERO ‘FORGETIBORROHIOVERIBLANKS -oxrr/o-n-n) bcco-os
(°DON’T/WRITE/ZERO *BORROW/IGNORE/ZERO/OVER/BLANK) -

(*BORROW/NO/DECREMENT *SUB/ONE/OVER/BLANK) becomes

( *BORROW/DON"* T/DECREMEﬂT/UﬂLESSgBOTTDﬂ/SﬂALLER) ’

- & . . . “
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