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BSTRAC!' chh conducted in seseml countnes has shown consxstent patterns ot
performance on' change' ‘cpmbme and ' cornpare word probl-ms involving addition and

P

e

o 1. SEMANTIC CATEGORIES OF ADDITION AND

bl_ncuon. “This papef interprets these findings wi
hzsrzes o ‘developmé’i’t of ﬁrpmenh lopul and mthemmul Imowndse.

28 o

_\ Srnce Rusself's (1971) famous axxomatrc analysrs xt has been accepted tha

the concept‘ of numbers has two fundamental com’ponentr class and ordiniz " '

relations. P'aget (1965) analyzed the development ‘of these concepts
children’s performances of a vanety of tasks requmng analysrs o{ set: relat
,‘shrps and: ordered sequences. ’ - Y v %
In this -paper; we. propose a se-nantlc analys:s m wluch ‘fngamn@ of word.

- problems. dre structures “that include class and order relattons. and we .suggest
a hypothesis of developmental levels that, can account for childrens perform-

- ances of these problems at. various ages. The dlfferent kinds of problems vary

_in the complexrty of semantic structures and the operatrons required to denve
‘the meaning structures from the problem texts. We postulate representatronal B
‘processes in children's understanding of problems correspondrng to the deri- B

* vatious in our sgmantic analysis, and thereby explain the relative. difficulty of*
dxfferent kmds of word problems: The meaning structures can alsq be vxewed

. ase semantlc interpretations. of formal arithmetic sentences. '
analysrs of chxldrens achievements of more sophrsucated understandmg of
arithmetic concepts and relationships.” :

In the first sectron we review and present empmcal data for dlfferent i

categories of addrtron and subtraction word.. problems The second section

proposes developmental levels of word problern-solvmg abﬂ,\ty that .relate to

growth in empm mathematical and logxml knowledge structures. The thud'

sectioh deémonstrate} how these developmental levels account for the accumu- -

lated data on children’s performances of the anthmetlc word problems :
. presented earlier. ' ‘ . : . -

SUBTRACTION WORD PROBLEMS

Prewous analysrs of addmon and subtracnon work problerhs have rdentxﬁed

three main categrores of semantlc structures Change (join and separate)
. I b

Educational Studies 'intMathematics 13 (1982) 373-394 0013-1954/8.10134—0373302 20

Copyn:hz © 1982 by D. RadelPublishbr: Co Dordr‘eicht Houua mldBoston. US.A
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L Perﬁmnznce‘h additp 13 zn/d'_subtrgchon word prob ms aecordmg
‘ 1 ;gor‘les (rlumbers are. percemage ot‘ suweﬁs)

- R Li"‘" ‘Change ’
I ,f, .' ‘Cornbme
‘Compare

Fu*ther exammatron’ of the data,{ho\gever, sheds sb e do‘
e general ﬁndrngs_ Wrt m each of the above‘\categones, drfferent/
e’ formed by varym whrch itemiis Jt.he unknbwn In Chan_a,e :
' example the’ thre; i rns of mformatron are. the mrtral chan , é,nd f nal sets
Any of these tan be /found if the other two are glven, yreldmgthre?’drffer
_ cases “The unknown may ‘be’ the mmal change or/ ﬁnal s’e /Furth rmore,
drrecnon of change k:an erther be a decrease oran mcrea e,/SO
. of six ‘kinds of Change problems A similar setggf variati
-problems: :In Combme problems thefe are few?:r’v/a‘ tio;
erther the umon/ set or one of the slrbsets Thus Af the,posmon
s taken ‘ihte: actount, we have 14 drfferem c’ategones of/
mstead of rhree, as shown in Table nL- o ' oy A
~The mam source of empmcil evrdenr:e that the ldenv‘ty of 1he unknown set
: also inﬂuences chaldren s perfonnances come’s 4nstudres sho(v\ng that probr 4
0 ems. me semantic: category also vary in drfﬁculty Table \'f s\\ows
i Mipiricaliefa- from studres by several researchers we do not’ attrrbuﬁgm
. “cance to the exact -and absolute proportion of ‘Success on drfferent tasks,: S}n \ ; .
"/ eath'one “of the rese;trchers used 4 differgnt sample of word; ‘problems, and u
C¥ axAmmed«' them/m 3 different’ setting.. We do however, attribute to them a °
scale of relatrve difficulty:- ‘ | .
- Refermingto Table IV, one can note that chxldren har;lmio drfﬁculty solvum
L Change 1 arl‘d Change 2 problems when the imtral and chahige sets were given,:

A
B AR ‘ i . S 6 o o , P o Sl
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4 tg’es of addmon anq ml;tmeuon tord problerns (teum)nc ategoﬁ!e
73"+ -and position ofthe unlmot"n) :

Lof GeneulDesmpﬁon

e Dm::qe.%qqecﬁw

T ore quesuon about the dxfference set L
ess', question about the difference set.” '?;‘.’f' SoF
fert bon'mg more’, question about the’ comparedo‘

enitioning ‘less" questron abbnt the *‘compared”. ..
entionmg more uestion aboit the referent. - o s
jori about: the rel'erent. T

p they were asked to deterrmne the fmal set However;Changerproblems S
ind 6; in- whrch the final arid change sets were gnen and the mmal s;t was
‘unknown were difﬁcult atall grade levels. L P

As wmr Change problems the diffi culty of Combme and Compare problems

';also varied erendmg on wl'uch value in the, problem was unknown Combine 2 : 5
‘;problens for example,’ were sxgmﬁcamly more dxfﬁcult than. Combme l .

problems. Compare problems in which the referent. was unknown were more/
"drff cult than-any of the other Compare problems L
. * These’ fmdmgs called for another hypothesxs that Would explam chnldren s -
S performances on a broader basis’ than semantic’ analysxs of the verbal v
_ "‘" \In the followmg sectrons we Awill Telate the differences in proble*ng_.' -
o performance t9.3" 'pecrﬁc hypothesrs concernmg (lz'd‘fferencés in the Schemes'
Jrequued to solve - he various problems, and (2) dil'ferencesin the avaxlablhty
" of diKtain’ schemes 803 b.hlldreh of dlfferent -ages. The- hypOtheses that we
présent . here extend an analysrs developﬂ“‘ by Riley ez '
postulates specrﬁc semantrc processes comspondinj «6- defferd 5~
perfor'mance on each o{ the problem types. The lehemes that pdst‘ulate
.~ here include operatrons fof deriving class and. ‘gfder relanons that vross the..
v boundanes of the semantrc categones e descnbed.m Table I.: S
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,
2. VARIOUS courowursu;r;crsnu
'GROWTH OF KNOWLEDGE .

‘.

a Our- h)pothcsxs suggests four developmental levels: chara terized by several

) components representing diffarent aspects of knowledge. Each component has

its .own gowth and ‘is moo-porated :n the schemes underly;rg the child's

strazegies for solving simple addition and subtraction problems. The four levels

will be mentioned heregand later on, funher articulated a.nd connected to
" children’s fomance in word problems The four Jevels are (sce Table V):

~

" Level I: which includes ihe _ability: to identify’ sets by a v_zriety of verbnl

[

descriptions (generic names, locations, points of time, possessions, .etc);
\perform simple operations such as adding or removing objects from sets; and
undemandmg.verbj denonng change in possession such as ‘give’ or “take’. The
arithmetic compezence consists' of the abihty to count and find the cardipal®
aumber of a given set. The underlymg schemnes of this level are given schgmatlc-
ally in’ anure 1. i

2

v © MAKB SET

Level 2: mcludes the abﬂny to hnk events by cause and effect and to antici-
pate results of actions descrifjed.in ordinary lmgt?ge It includes reference to
the amount of clﬁnge needgd;, mnsform asetintoa larger or :fnaller set and

¥
3
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* ‘“, . . - . - : : . . S . iy

. 'and non-feversible manner. In arithetic the + and — operations are distinct,

© .7 not related, and-the = sign- (equality sign) is"und'er‘stood as a.sign to performa: -
. procedure.. e;Change‘.sEheQne underlying this level is described in Figure 2.
s (Figure 2 degcribed a ‘change’ which is ‘decrease’, byt a corresponding struc-
ture_exists Tor an ‘increase’ associatéd with addition.) Note that the separate
LA schemes of level 1 are now inqo’r{:oratedintd a temporarily-integrated scheme. ’

e mecﬁmcescusk Ty
‘ te ' - ’ . N .‘ '.

v o © o T QCHANGE . "

PR "‘\f, ~ o ) K .
’ ‘ . B )
’ [d - . 8 . -
v . . : . ™
13 . « . - R . -
“ - . . P ‘
O ®EE@E
1Y - t .. . . .
) ] e ) D) [ Ll
! b ' « ' ‘ = o
) * '/' . . - '
oy M . .
X L - ‘N, = N3y = N, J ,
] . . . . Fig. 2{_ . -
L - . ) S .
. ¥ Leével 3: includes an: integrated Part-Part-Whole scheme that can be used to

¥ represent set relations with a slot for an unknown quantity if intentionally .
‘ , 'éettl‘ned. A set can also be induced by means qf relative comparison. The
’ schemes at this level are related to the understanding of, class inclusipn and to. -
the ability fp quantify the same extension of objects even if there is a shift in"-
. th‘e pr‘e’sdi;atiorr. In arithmetic at this level, the additive structure is rever;ible
IR AN , o - ) .
h R = L. v «
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: andv includes the = sign as defioting an e¢quivalent- relation. The un:derlying

“scheme. for thislevel is- schematscally described in Figure 3. Note that ‘tHe-
Part.Part. Wlﬁle schame of level 3 is Leverslble (bi-directional arrows), and also
incorporates the arithmetic addxtnve relationship which now . includes the

operations. + and — as ‘related to mverse operatlons operatmg on the same
structure ! :

Pl o

THEPART-PART-WHOLE SCHEMA(P-P-\W) Is \__\ vl

N /s .
- grexter/smaller than -

\‘ , ‘. "f el
\ 7S~ \ alvid
\ 3 \\ \,I ,/ °
7 ~ a
\ / < L,
\ / LS oL
4 - )< .
) 7 -7 ~ .
. - v / - ) ~ .
. -y £ < A . T . )
'LA +8 = _c] [c S8 . q
2 . - N N ’ ) - ;n
o s ) Fig. 3.

~ Level 4: includes the reversible scheme for. noR-symmetrical relations (that

> has already initiated at level 2). Directional (ordened) descrxptxons (i.e., ‘more’,
 ‘less’) can be handled in a fTexible fashion. The arithmetic at this level mcludes

* the ability to handle inequality, and the abihty to equalize mequahty by
addition or subtractian. See F1gure 4-for the Directional scherne that can now
‘handle ordered relations in a reversible manner and still maintain then’ direc-
txonahty We will refer to it in more detail in the next section. o

. -

- @
~

13
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o COMPARISON SCHEMA ‘
. ' ,
) Ris. b : .is_n‘buv!hmb
. ’ R (bya):bistemthana -

—

Ria, b} = R“(b,‘l)

Fig. 4.,

in t,he: descﬁption of the above deveIOpfnerlital le_vels’v&é assume that there
are at least two distinct structures of knowledge whicli are involved (Nesher, .
1972) : ‘ : '

(a) A child’s knowledge of the world, and
(b) A child’s knowledge of logico-mathmatical structures.

©

~ In both knowledge structures, a further distinction should be made between

a child’s. knowledge .of objects, events, relations etc., and his knowledge of
how “to express them in language. The objects of the first domain are real
world objects and they are described by ordinary. (natural) language (Lo);
the objects in the second domain are numbers, operations on numbers, and
relations among numbers and they are described by means of a special sym-
bolic arithmetic language (La). If we ‘regard semantics as the interpretation of
an expression in the tinguage that identifies the relevant reference; in.the

 .7 14 |
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realm of ob;ects and relations we. are lhen faced with two drfferent semant;c R
s;ruc.ures , o o

“The sources of these two knowledge structures as was noted by Pnaget
are not the same. The logico-mathematical growth of the child cannot, of

) course -be understood as divorced from his experience with physical ob)ects

Yet the mechanism for that growth is different, as indicated by Piaget’s

_ reference to ‘simple abstraction’and ‘reflective abstraction’(Inhelder and Piaget,
- 1964; Piaget, 1967; 1970). ld

We go one step beyond Piaget in our attempt to be more specific about
the growth in arithmetic knowledge. Arithmetic knowledge takes the form of
learning operations and relations on numbers and, in turn, reflects on the
comprehension of a physical situation as a closed_'system' which, therefore,
is susceptible to reversibility. We think that arithmetic knowledge is one of
the mechanisms that facilitates the child’s -understanding of the necessary

* relationships which are involved in a given situation, and it plays a role in

constructing class relations, including class-inclusion. -
We shall use example of addition and subtraction to illustrate the drstmctron
between the semantics of Loand La.InLa (arithmetic language) the semantics

+ of the ‘+ and ‘— signs as learned in the domain of cardinal numbers, is a

simple one. If a sentence ‘4 ¥ B=C is given, one knows many things such -

‘as: that C is a number greater than A and greater than B; that ‘C—B8=4’

descnbes essentially the same relationship among 4, B and Cas‘A+B=C,;
that addition increases the first number and subtraction decreases it; etc. This

“knowledge and similar kinds of knowledge aré connected to. the semantic
" ‘knowledge of ‘+' and ‘—' which was attained-by putting these operations in a

broader mathematical structure within which the + and the — signs get their
meanings in La.

In contrast, the semantxc knowledge of Lo (ordinary language) is linked to
the child’s experience in his every day life- For example, when a child hears
a sentence like the following: ‘Dan had some marbles and he gave a few to

.. Ruth'. .. he knows that Dan was left with fewer marbles. His comprehension

of the situation is derived from his semantic understanding of the Lo
expressions: ‘had’, ‘gave to Ruth’ and ‘left with’. In fact, it is the understanding
of Lo as formulated in a text of a word-problem; which enables the child to
choose the correct La operation. :

Therefore we, in our description, have dxfferentmted between the loglcal
and the arithmietic growth, whereas Piaget considered them to be one com-
ponent (i.e, the logico-mathematical component). This distinction will also
enable us to account more specifically for the levels of performance in arith-
metic word problems

PN
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in terms of Lo, La and the logical relations available at each level.

¢ 3. UNDERSTANDING LEVELS OF PERFORMANCE’
IN ARITHMETI{C WORD PROBLEMS .+

", In thetast section we outlined the gé,ne’rél kinds pf knowiedge that we assume
underlie arithmetic, problem-solving. We turn now to the empirical findings -
~and s}(qw how they can be understood in the light of the above developmental .

levéls. - K ~ . . -
{ P . .

a . . ’

A Level ]

~

. at the time the question is asked. . i
" For example, consider how a level I child could solve a Combine 1 problem

Referring to Table V and.Eigure 1, Level 1 is defined by the ability tg';e‘presént
.and operate on single sets. The knowledge: available to represent information
about sets includes (1) Lo scheme for identifying sets and (2) the La schema
for representing the cardinality of a set (see Riley et al. (1981)for more details).

Thése schemes are .sufficient to solve Change prcblems 1 and 2 and

Combine 1. These problems share two main characteristics: (1)The strategy .

reqdire‘d for solving the problem can be scleéted~on'_ the basis of partial and
local information, and (2) the solution set is directly available fot counting

like . ,
Joé has 3 marbles. ., '
Tom has 5 marbles.

How many marbles do Joe and Tom have altogether?

[}nder'sianding the first sent_ehcé requires that the child- use his/her knowl- |

edge of the po;gession verb *has’ to represent a set of marbles belonging to Joe.

On the basis Pf ‘this representation, the child then selects an appropriate -

display and counts out a set of three objects. This procedure is repeated for
the second~senténce. To determine the answer, the child needs only to count
the set. Thus solving Combine 1 involves three isolated actions of counting
well-defined sets. : o

Chmge_gibb]ems 1 and 2 can also be solved on the basis of local problem
features that specify completely separate actions of counting. For example;
consider the following Change 1 proble'm g

Table V presents the four dévelopmenﬁl levels in a more articulated manner

BERE-oN s
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r N Joe had 3 marbles - |
' Then Tom gave his S mgre marbles. .. o P T
How many marbles does.Joe have » S :

.

The ﬁrst sentence of this problem is rdentrcal to the ﬁrst sentence of .
ComBme l The second sentence requires that the chrld first understand that -
3 §ave ‘refers to an increase in this case, and then rncrease the initial set by the

ap ropnate number of marbles. The answer again involves counting all mem-
rb ' of the set described by a simple possesswe phrase in the question, and this’
&tis readﬂy available to the child for countrng it all asa separate assignment.
" In contrast, consider what happens when the solution sef canhot be deter-_ '

mmed By reference tosthe ﬁnal ownersh;p alone asin Cltange 3 ' - o

JEARRRE Joe had 3 marbles:. el T
Then ‘Tom gave him some more marbles ' L
Now Joe has 8 marbles. - - PR
How many -marbles did Tom give Joé” ' !

- Solvmg tl'"' .: 'oblem mvolves countmg out an initial set of 3 blocks, then
~+ increasing{ thtt’ by 5 blocks in response.to ‘Now Joe has 8 marbles’. At this
pdint, the, lg-vel T child’s representatron of the problem is simply the fi nal set
Tof blocks belonﬁng to Joe. Therefore when .asked, ‘How many marbles L
SE Tom give.to. JQ&? gbe child answers, ‘Eight’.

Thus, Jour an%lfsrs not only explains how Level 1 children solve certain

blems success.ully, but also* why children at that level fail  {o solve other’
ghlems which require the ability to link events (as in the case of Change 3
} .“problems‘) This is the knowledge ‘that we attribute to children at Level 2.
5 """ Before drscussrng Level 2, we should mention that many Level 1 children
E solve Change 4.correctly, even though this problem also involves an unknown
. c'l:rapge set. Tlps is because the effect of decreasing an initial set- by some,
. mor ;o get a sspecrﬁed final amount is that the change set and final set are
. h srcally separate and both appear in the chrld’s actual drsplay :

as presented in Table V and Figure 2, the child i is able to relate the
Y 'occurred in the initial set to an action in a causal chain. He is also
,'jnat" the direction of the change (increase or decrease) In arithmetic
p . B BRIVl there is an understandmg of addition and subtraction operations as
,,:;';‘ pro gt dures to follow Thus, for problems like Change 3, the Level 2 child knows
that the change is ‘the result of an action that he can evaluate quahtatwely (the
d.trectron) and quantrtatrvely (the amount).
| 17
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: ln the sarhe %ay, the child also solves problems of the type Compare 1and
- Cornpare (see Table 111 for a description of these problems) He regards them

‘as “make this smaller.one large’. (for .Compare 1) or ‘make the larger one _ -

" smaller’ (for Compare 2), which enables him to regard Combare 1 and2as .
‘Charge 1 4nd 2'problems. (Interesting evidence for this hypothesis is provided . -
by cluldren ] performances on equahzrng problems whrch appear in Carpenter ‘
.and Moser (1981).) Note that, in solving Compare 1 ard Compare 2 problems
at this level (Level 2) the child does not need to deal with an abstract set.

" (the difference set) described by a relational term (ie., ‘x is greater than y").

He can ignore thrs expression and consider the two compared amounts as'an
initial state and final state, as was the case in the problems ‘Change 3 and
"Change 4. : . ,

PR As to the mathematrcal action taken at this level, ohxldren who are m rely R
able to count, can solve Change 3 and Change 4 problems In pamcular ere .
will be no- difficulty for those who have already expenenced adding and
subtractmg of numbers (by counting on, or by memorizing facts). For children
at ‘this level the + sign means ‘have more’ and the — sign means ‘take av.vay 3
This partial understanding of La, fully corresponds to their understandirg of
Lo expressions describing ‘increasing’, ‘decreasmg more or ‘less’. Thejfact
that children acquire limited semantic interpretation of La and Lo at this level
cannot be diffesentiated by observing the child's per! ormatice on Change 3
and 4 problems. Therefore, problems in which such drfferentratron is crucial
for the correct solution (i.e., Change 5, Change 6, Compare 5, Compare 6),

" canrot be solved at Level 2. The same observatron was made'by Kamii (1980)
who found that-¢hildren first employ the operations signs + and — in a-very
limited manner before employing the = sign. -

C Level 3 _.' . N ) N e
p As seen in Table V and Figure 3. at level 3 the scheme of Part-Part Whole is
available to the child, as well as the additive structure among number-triplevf~—
This scheme enables reversibie inferences about sets’ relationships including
the amount of a difference betwéen two specified sets. Therefore, partial
informa®®n can be represented with a slot for the unknown quantity, In
arithmetic, at this level, the additive structure is reversible and includes the
equality relation and understanding the necessary inference that if a + b =c,
thenc—b=aorc—a=>. A
This knowledge enables Level 3 childrento solve problems like Combme 2

in which two quantified sets are given in the formulation of the problem, and
the child must distinguish exphcrtly which are the subsets, and which is the

,._ 15
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. . union set in Order to know WN to do. Ims og&y due to the melusnon relation
“which is expressed in Combine 2 probfems that ‘t,h 'cl’nld can u’nder'stand that
" he should subtract. Otherwise, i " only the prewous,’ j qhanisms.‘of levels1 and -
- 2 are available-to ‘him, then in ;he case of levelrl per ormance he will add’the

‘two given sets, and in the case of level 2, he' wﬂ};not kg\ow what to do and will.
therefore fall back to a level 1 P rformanee (i.e., count any mennoned set).

) The ability to solve probleris such as Change S«and Change 6 at level 3
: brmgs in one of "the most powerful predictions of our theoretical model. In
these problems, the semantic schemes that ongmated in the child’s experience.
with ordinary language contradict the newly learned semantics of addition
and subtraction (+ and —). For example, let us consider a problem of the
Change.S type:

Dan had some marbles.
He found 5 more ma}rbles -
‘Now he has 8 Marbles. .
» - How many marbles did he have to start vnth?

The chxld s experience thh Lo language will direct him to add (‘found’

" means addmg) Choosing to subtract (for the correct solution) can be .
achieved only if the semantics of La and Lo are differentiated as two auton- *
omous systems, ‘so that each one of them can be further elaborated to reach

y imhe necessary’ coordination between h;ﬁe two systems For Lo this involves’
mterpretmg the ‘initial state’, the ‘c ge’ and the ‘final state’ of the above

_ problem in a non-temporal manner as in a part-part-whole relatlonshlp Sinc.
one part and the whole are given, finding the second part is ac! ‘sveu s o - : by
_subtraction. as one of the semantic interpretations of the ‘- sign. Thus, at
this [«--  the child is able) to make the mapping between Lo and La; not-on
the basxs of isolated verbdl cues, but rather on the basis of the understanding -
of the underlying semantics of Lo and La. Now he is able to impose the

) logical-mathematical structure, which is reversible and a-temporal on .a -
sequenual-tempora] situation described in Lo (ordinary language).

Compare 3 and Compare 4 bring in another consideration. Compare_'
problems include an inherent difficulty due to the fact that the task calls
for comprehension of a relarion bétween two quantities. In each Compare
text, there is embedded an expression of the type ‘4 is n t more than B’ which

 conveys the following information: _ » y

-(1) Thereisa quantity 4: n(4), - : ' PRLA

(2) There is a quantity B: n(B), o RS

"(3) There is an order relationship between 4 and B: R(A4. B),

(4) There is a difference between 4 and B, that can be quantified: n{4 — B),

.19
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(5) Tl‘e comectron If n(A)>n(B) than: n(B)+n(A B) =n(A).
We' have stressed the nature of an expression such as: “‘Dan has 5 -more
: _marbl's than' Joe since itis. crucial for the solution of Compare problems,
r and it is a ver,' eond-nsed expressron that conveys two kinds of information:

(a) that Dan had more than Joe, (a quahtatrve-order consrderatron),jand
(b) that the, fference set consrsts of 5 marbles (a quantitative con‘sxder-
ation) ' < U

\

Usually it is the misunderstanding of (b) as  relative quannx and a dxffer- A
ence set (n(4 — B)) which cauges the child most trouble. He wrongly inter-

. prets ‘5’ asan absolute quant'tys\hrch denotes what Joe has. /" _
. As we now examine the category of Compare problems, it becomes clear
’ > that Compare {and?2 problems, which do not cohtain such relative expressrons
_in the given numerical information are easier and can be solved even ag Level 2.

* Compare 3 and 4, however, can be solved at Level 3 an;l it is due to the fact . '
- thata child at that level is able to form any needed set: (of subset) outof the =

" given ug ormation, as to complete the Part-Part-Whole scheme. In‘pamcular
he is ‘aBle to imagine and construct the difference set A—B, and therefore
able to ooerate on three distinct sets: A, B, and'4 —B. Comprehendmg three.
distinct séts in the case of Compare problems, is a necessary step for obtau.uag
any missing nun\lencxf ‘value. Let us exaunne the followmgiCompare 3 example:

(1) Joe has3 ‘marbles. -
(2) Tom has 5 more marbles than Joe
(3) How many marbles does Tom have? .

i% At Level 2, this problem will produce the answer ‘5”. (interpreting S as the
; absolute quaritity that Tom has). At Level 3, however, the child is able tb
create a-new set ‘4 — — B’ and interpret the given information as: :

"L nB) =3 , ‘ ' {
o IL n4—B)=5 ;
. UL . nd) = 7(8) ‘

. problem. The next step is to, ‘consider the. qualitative-order relationship
.1 - between A and B, which is ,als conveyed in string I (“Tom has more than
- Joe’), and therefore the La apparatus for calculation is called upon to perform
, addition and not subtraction. The Lo understanding at Leével 3 can be
' schematically described as shown in Figure 5. The reader should note that this
structure of problem 3 as expressed in Lo is a non-symmetrical structure and

the order of the subject- pred;cate at the surface levd{ is mWed One should

It is clear that this informationlbylitself will not suffice to correctly solw'/e thé

»

<0
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\ - NON-REVERSIBLE COMPARISON SCHEMES

i -
: | Given: Tpm 8 marn) i
v, Joe mvbm“\ ’
: e ] Tol rqsmmmnmm.loo .
St T e A Tomsmarbles. nA)=8 .
. v . : 3: Joa'smardles, niB) =3 '

(Tomi Has
more than
{Jos)

-

.note however, that the d&sénpnon of tlus relatlonshxp in ‘Lo (ordmary
language) is not unique. Gwenfhe abave case that n(A)>n(B), it is posxible
to express in Lo the same. relationship in two ways\ ‘4. is n more than B’, but
also ‘B is n.less than A'. Both describe the same underlymg relationship

between 4 and B. Thus, if R represents ‘more’, and R .Tepresents ‘less it is
always true that: :

R(A,B) = R“ (B, A)

.. ' Knowing the revers1b1hty iof the order ~relat§ns is part of Lo knowledge,
as well as part of La knowledge.
Thus, there are three more expressions ‘similar’ to ‘4 ng,more than B’ which
- are posmble in Lo, two of which will describe a d1fferent underlying relation-
ship between 4 and B (Figure 6).
We assume that at Level 3 the ¢hild’s representanon of a relative description

21
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-

r . , .

includes the ability to dil'ferentiate'the0 relative quantity as a separate set . -

(more/less. than) ‘blit it is. not flexible enough to invert the directional order
rélation which is necessary for solving Compare 5 and Compare 6 problems.

. Therefore on the basis of the limited capacity as illustrated in Figures 5
and 6, the child is successful in solvmg Compare 3 and 9, but he fails on
Cempare 5 and 6. This is because the non-flexible representatrons include in’
their Lo description: the. terms ‘more’ and ‘less’ which are mterpreted in’
- Compare 3 and 4 problems -as-+ and — of La (Nesher and Teubal 1975)

No conflict. l&an arisein Compare 3 and 4 between the semantic mterpretanons;
of- Lo and La. The chll 'adds for ‘more’ and subtracts for ‘less’. This B‘not‘ »
the case, however, with. éompare 5and 6 problems Correct solution of these T

problems is delayed un;l] Level 4
‘.'
D. Leve14 e

S . ..
gl L. N
B

-

At Level 4 (see '1‘ able:V and Frgure 4) the scheme for non-symmetrical relanons7
(whrch started at Level 2,inthe descnptxon of a change, or companson) is now
avallable ina reversrble manner. Dlrecnonal and relatxve descriptions (i.e.,

*more’ /‘less ).canbe handled in a flexible manner, and also a set can be induced

by means of lative’ comparison (this already began at Level 3) In an\‘.hmenc o
" this level 'will include the ability to handle mequalrty, and its relatxonslup to -

equahty IfA>B, thenA—C=BorB+C=A.
Unlike:; ;he ‘schemes of Figures 5 and 6, the scheme descnbed in Frgure 4
is a more abstract representation, which incorporates all four special cases

in one ﬂekﬂ)le structureA It -does not ignore the fact that a Lo descnption is

dlrecnonal ordered and non—symmetncal but it is capable ‘in that -general
form of. makmg the necessary coordination between Lo and La even in cases:in
which l.d and La contradict on the surface level. re ., the word ‘more’ is .
mentioned ifi Lo, and the child *has to subtract (Compare 5) and vice versa
(Compare 6), as in the following: : :
~Compare 5 p('oblem

¢

(1)“Joe has 8 marbles
~ . (2) Hehas 5 more than Dan.’

-
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'

*=" (3) How many marbles does Dan have? - ' { '
¢ the

At this ‘level, Level 4, the child is .therefore able to coordinate thy
directional-terms without fignoring them, by employing the reversed relation
~ description which is needed for chog}ing the correct operation. Thus, he is able
- to read the word ‘more” in the text, and yet perform a subtraction operation.

To sum up the detailed discussion in this section, we cliim that. our
hypothesis concerning the”developmental levels explins which kinds of
problems can be solved by a child at a given level. This is summanzed in_
Table VL. - '
v )

' ' TABL!.S Vi

~

Type of Problem- .Level 1 Level 2. Level 3 Level 4

Combine 1 X i ‘
Combine 2 b

. -~ Change 1 X
" / Change 2 X
‘ Change 3 - X
Changed - ° ) L x®
Change 5 : v »
. Change 6 - '

Compare t
Compare 2
‘. Compare 3
:Compare 4
Compare 5 - . X
) Compare 6 . ) . X

XX X x| x x .
- *

*In some empirical samples (Nesher and Katnel 1978; Nesher 1981) these
problems fall in an earlier level, respecuvely .

Kl
u

4. FINAL COMMENTS .

'
st

Research on early proble;{solving repeatedly shows that kindergartén children -
-and first graders, before ledrning arithmetic at school can solve simple addition .’
" and subtraction word problems but fail in some, of them. (Carpenter, et al.
'1981; Lindvall and Ibarra, 1979; Lmdval 1980; Riley er al., 1981; Tamburino,
1980).- We- have tried to suggest a hypothesis that explams which kinds- of
problems can be solved without the aid of arithmetic, and for which ones the:
knowledge of arithmetic is crucial. For that purpose we needed to-treat the
growth of the child’s knowledge-structure in a way that identified d1stmct ma
components (i.e., the empirical, the logical and the mathematical componen

The child’s action schemes are, of col;r?gxtegrated and growth in- each :

N
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i

component does not occur in isolation from the others. Yet, for understanding
more .sophistic'gted p'erfbpnance, it is important to analyze aspects of knowl-
‘edge distinctively and to observe the contribution of each one of them in a
. -giventask. _ o . T : .
: We believe that our hypothesis, since it 'es’d’etailed and narrow enough, has
.- ipredictive power and can be examined empirically. At .the moment it fits
, - empiical data that has been found,to be universal. The pedagogical impli-
i cations of suchan analysis are two fold. First, one can be more sensitive'to.the
', sequence of instruction when one understands the: prerequisite. knowledge -
structures for solving certain problems,’and can adapt different’ strategies in .
" . teaching af different levels. Secﬂhd, this apalysis allows a better understanding
of t_hg;dif_fﬁcuhies that chﬂd‘,ré‘h, encounter at different levels of performance.
Similar analyses should, oﬁ.fcoﬁrs‘e, be extended to other mathematical struc-
‘tures such as multiplication or place-value,in order toaccount for psychological
factors affectingmathematiqil learning. ' - .

a
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