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Three studies were conducted in ordeér to detérmine the source
snd frequency of children's difficulties in subtraction and to

esamine different approaches to remediation. In the first

[l

stucy, ki -grade children were asked to solve subtraction

problewr: ~ri were observed and guestioned about their solution
srocesses. Jrildren who had difficulty either attempted to
borrow incorrectly nr made inversion errors. The second study
examined the efficacy ¢’ two minimally intrusive methods of

remediation: Third-grace ~hildren were given either instructions

to torrow, promised rewards for accurate performance or no
problems requiring borrowing. Neither experimental condition

veésulted in a significant increase in the number of problems

solved correctly; and error patterns again indicated tha* children

nad difficulty with the borrowing process: In the trird study,
tnird- and fourth-grade children were assigned to one of thiee
conditions: training in the component skills recuired for
borrowing, feedback in tre form of correctly worked solutions,
or a régﬁiar classroom control condition. Both treatment
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chilurer oo byrore in Subdonetion: an Invoctigoticn ints
Cituces nd Leredintion

Studtes exmminiyg childiren's aritlmetic @ erflorrance bive
tiovn thet cubtractior or ntu nore difficulty for elencriury
clool clildren thar door aduition, at Lleast in the prdirary
riedoe (Jow, 1072y Givebhurs, 1077; iﬁin&, iSéBj; It «tro
cuorears thot tlis nrobler hecumes more rronovneced Vl.or

7~

torrowing: is required (Sox, 14743 2Bllis, 107Z: Graeber ond
. 3 \ ? b b 2

Treguency fnd Tynes of Irrors

Invertigationy into +the nature of Subtraction difficuitice

Gruiilly Lovolve pretenting elildren vith difTerent trnes of

L

svbtraetion nroblems ond analyzing thé written solutionc -in

arver to delermine 1lie tynes of errory comrmitted. Cox (L574),

pALY (2066) and Bllie (1u72) &ll rerorted irveriion =rrore to
be tle moet Irequent tyre of error for vriméry irede ¢l*ldrens
Tiiv error oceurs when the child &Ubtr cte the esnulicr nuiber
Tror the lurger vier the cmallér number is located in the
rinte o oof tle nroLlem, &5 in zjé example:

257

:]_{ig;,

17271

ther investigators have implicated failure fo recall

the corrocet number fact in subtraction errors (Lnpgelliirdt,
10775 Torton; 19253 Williams iwnd ”i%a er, 1937). Cox (1u74)
alvo nrevents evidence showing that sons chidldren in Ve cirple
ciu not Lenefit from clasureon instruetion over the cource of
BV Ui, She found tliet thece cliildren repeated thre sunc ¢rior

vhen reterted after a ore yesur interval.

z 4
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Avoes nreliminary cten An oan Dovestipstion dinto clildyent's

- o
- . - : R R I S a3 PR <A N s .
crrore Geocubtrantion; Cebulel 1 (1082)° condneter w cludy o
detersine viidel tyne of subfriction error ccours moct Trequéntly

ors nroblems Lint retuire Lorrowing wné to determine voogtlce

Srorot o there crrors vertict over time.  Dhdc study OCUrre

Do mont cerlier ones dr 1ot clildron's verbol decscrintiong

01 the proce ures tley eroaloyed o oviell 28 tleir victtern

rolutlons vere uved to coteyorize errors into tyvpes. Firty-

six third-grade clildren fror normal cldatércors . ere nresented

C o~

vith 20 subtraction problems of tlhe tyne,

Theve nroblems were precented one &t a time on sepurate ©ling

5f white puver, and crildrén verc required to talve tie nroblems

v1ile their vritten solutions were observed. They vere tlen
asted lov tL.ey obtdineéd esch Qigit in the ancwer. Children
Lore tested irdividually, und were retested one mortl. litoer
in the sbove manner. Results siowed thet, Tor thoce eleven

ren-wio macCe errors on every problem, inversion errors

cl:ilc

occurred more freguently than zll other iypes of errors

combined, t{10)=16.05, r<:001. After a one month in'erval,
@il eleven of these subjects again erred on every nroble,
vith dinversion spain the main source of érrors. Inversion
crrors occur when tlie smaller number is subtracted from ile

larger when the smaller number is located in thée subtraliend;
ms in the examnle, 321
=14
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Clildren's Subtraction

2t lomed

jod

For tlose children viho mude errors bLut solve
one nro lem correctly; computational errore caused tle oot

difficulty. “hut +s; thece children eitlier counted incurrectly
or failed to reecall tle correct number fect. Of the 27 subiects

in thic group, 16 apain made errors but colved a4t leact ore

rrovlen correctly wfter one month. Fivé othérs improved thedr

mance $o 19/20 or 20/20, and $ix children solved 1o nroblems

o

‘i e rfo
correstly: Inversion was the main soiirce of errors for tliese
Ietter six clhildren.

In summ=zry, children wro solved no problems correctly
tended to make inversion errors on every nroblem and to repeut

this nattern after one month. Computings the correct answer—

number fuet ant counting errors—gave those children wio solved

at 1-not one problem correctly more trouble than any of tle
other skills. These childrén were more likely than tle Tformer
¢roup to change the number of correct solutions after one .iontli:

Wy Crildren Commit Errors

“hen children mike errors 6n every pnroblem they attempt,

‘

Lieve errore tend to be procedural in nature: Cpreificully,
tlie children do not ettempt to irplement borrowing procedures.
Inetead; they subtract the smaller number from the larger
vlen tre larger number is located in the subtrahend, #& in
thiec examnite: 3;5 versus 3 Zi4
- 3 =
77T T
The consistent pattern of inversion errors obseérved in
chiXdren wro fuil to solve nroblems correctly Suijests tlree
pousible euuses: The children may live paps in their knowledye

LOuT korroving srocedures and, therefore; use the only nvailsable

O v
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Children's Subtraction 4
alternative when confronted with probiems which require
borrowing. Alternatively, these children may not have recognized
the conditions where borrowing was appropriate. They may be
able to bYorrow correctly when expvlicitly told to do so, but
invert when not provided with specific instructions or contextual
cues.

A third possible explanation for inversion errors suggests
that trhese children are not motivated to apply their borrowing
skills. This situation could occur when the contingency structure
existing in the classroom reinforees problei complétion rather
than accuracy. Children may apply an easier (inversion)
strategy because it helps them finish faster and therefore
facilitetes escape from am unpleasant or boring task. Low

motivation may also explain the erratic performance of children

whoSe errors are primarily computational in nature. Some
enthanced when reinforcement is made contingent upon accuracy
(Marholin, and Steinman, 1977; Férritor et al., 1972; Copeland
et al.; 1974; Harris and Sherman; 1973; Lovitt and Esveldt,
1970; Chadwick and Day, 1971). In addition, visual displays

often imprcved prior to the first receipt of reinforcement,
suggesting that an increase in motivation was responsible for
Whether errors in subtraction were the result of failure
to recognize when to borrow, or the result of low levels of
motivation was examined in & study of third graders (Cebulski,

’

. Y



Children's Subtraction 5
12483)°. In this study, children were randomly assigned to one

of two treatment conditions or to a no—treatment control
condition. 1In the Instructions condition, children were
directed to apply borrowing procedures to every problem, but
‘were not provided with information concerning how to apply
these procedures. In the Motivation condition, children were
promised the opportunity to select a tangible reward o+ their
choice from an array of small toys in exchange for a specified
number of correct solutions.

Results showed that neither instructions to borrow on

every problem nor the promise of a prize for correct solutions
resulted in an in:rease in the number of subtraction problems
solved correctly relative to no-treatment controls. However,
Tor children who originally made procedural e€rrors on every
problem attempted (inversion errors or errors in the application
of vorrowing procedures), instructions to borrow resulted in a

significant decrease in the number of inversion errors committed

Bonferroni t(27)=2:45; p<:025; one tailed. Accompanying a
reduction in the number of inversion errors committed was &
significant increase in the number of borrowing errors committed

by children in the Instructions condition relative to controls,
Bonferroni t(27)=2:5; p<:025; one tailed: No significant

difference in the number of borrowing errors was found between
the Instructions and Motivation conditions.

€
Qo



Taken together, these findings suggest that children who
have di:rzicuity with subtraction requiring borrowing tend to
commit inversion errors at every opportunity. Why they do
this is unclear;, but it does anpear that these children do rot
mave the skills required for borrowing. These results also
suggest that, in order tc be effective, remediation may require
an instructional component.

improving Subtraction Performance

to evaluete because they often fail to provide specific details
of the procedures advocated or tested:; Some studies; however,

have shown that various types of remedial procedures intvolviag
instruction can be effective in improvinz performance (Harris
and Sherman, 1573; Smith, Lovitt and Kidder, 1973). DPerformance

ranley, 1973; Sasotsky; Patterson and Lepper; 1978; Kirby ard
Shields; 1972; Fink and Carnine; 1975; Baxter; 1973; Blankenship,;
1976); although some studies combined feedback with additional
féinféfcéﬁéﬁt; demonstrations, etc. None of the above studies
comparcd instruction with feedbacks: In addition; many of the
above studies used small samr’les of children. This mears that
the question of whether or not the technigues used were effective
for all chidren having difficulty with subtraction couid not
be addressed.

Sebalski and Bucher (1983)4 compared the effectiveress
of two types of remedial programs for subtraction. Subjects were
grade trree and four children selected from nine normél cl&ssSrooms.



Childzren's Subtraction 7

correctly were categorized as Unsatisfactory, while those
who solved between 60 percent and 80 percent of the problems
correctly were classified as Satisfactory. The 60 percent criterion
was selected as it is a commonly used standard of acceptable
academic performance. On the basis of these criteria, 67
subjects were selected for further study.

Children from Unsatisfactory and Satisfactory groups
were randomly assigned to either the Component Skills Training,

the Criterion Training, or the Control conditions: In Component

problems requiring borrowing. These skills were introduced in
a step by step fashion. In the program, & sentence containing
some information about subtraction was presented on each

page, railawéa by & gquestion based on that sentence. A space
was provided for the child to enter his/her response. The child
was tren instructed to correc% his/her answer by referring to
the right answer provided on the next page, and to record
whether or not the guestion was answered correctly. If the
child's response was correct, he/she placed a coloured star
beside the answer. The individual components included in thie
training package were selected on the basis of a task analysic

of the sclution of & subtraction problem requiring horrowing:

.

i0
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Children's Subtraction 8
Tn addition, some components were obtairied from those included
in computer nrograms desigried to simulate children's solutions
to Subtraction rroblems (Young and 0'Shea, 1981; Brown and
Burtorn, 1978), A listing of the program components included in

the Component Skills Training program is provided in Figure 1.

Thsert Figﬁféfiiaﬁontghere

The format for Criterion Training was similar to that
described above. Subjects were presented with 4 training
booklets with 1 to 10 problems on each page:s The child was
instructed to solve the problem(s) on each page and then to
correct his/her solution(s). TFeedback consisted of the correctly
worked problem, as in this example:

2 26 3

At the end of both training programs, 10 subtraction problems
were presented. These were used as a criterion index of how
well tre child had acquired the target skill. Subiects in
the Contrgl condition received regular classroom instruction.

Training was provided in three sessiorns which occurréd once
a day for three consecutive days. Children worked on the
training booklets in groups of 4 to 6, and each treining
session lasted about 45 minutes. Two to three days following
training,; the classroom teachers administered a peéttéSt in the
classroom. The posttest again consisted of 24 subtraction
problems. Posttest #2 was administered two to three weeks later.

For Unsatisfactory Subjécts at posttest #l, a main effect

for treatment condition was obtained, Kruskall Wallace H(2)=
6:55; p<:05: Between cell comparisons using the protected

11



Pigure 1: Program Components for Component Skills Training
Rooklet #1
1. Judgements of relative magnititude nf numerals.
~. Sign recognition (+,=)
3. Column identificaticn (ones', tens', ﬁﬁﬁdié&é‘j;
4. Identification of the number of ones, tens and hundreds in
€dch columm.
5. Review.
Booklet #2
. Order of opéerations.
Location of largest and smallest number within a column.

Subtract number in subtrahend from number in minuend.

SNV VR =

Tdentify when largest number is on the bottom (subtrahend)
in ones' columns

Review.

i
.l

Booklet #3
1. Identify when the largest number is on the bottom in ones'
column.
2. Same as above for tens' coumn.
3. Identify when & problem requires borrowing (presence of 1 and/or
2).
4. Review.
Booklet #4
1. Review identification of borrowing problems.
2. Reduce numeral in minuénd of tens' column.
7, A4d? ten to numeral in minuend of ones' column.
4. Identify problems requiring borrowing from tens' celumn

and apply 2 and 3.

12
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Figure 1 (continued) -

e

I

A

Heuristics for identification of borrowing problems and
execution of borrowing procedures in tens' column.

A mnemonic aid for abcve heuristics.

Tooklet #5

Feview above heuristics.

Tientification of problemé requiring borrowing from hundreds’
column.

Arplication of heuristics to hundreds' column.

Seviews

Téentification of problems requiring borrowing from tens'

ard hundreds' columns.

iprplication of heuristics to 5.

=eview and practice.

Criterion.

I



Children's Subtraction 11
rank sum test indicated that subjects in both Component Skille
“Taining and Criterion Training conditions solved more borrowing
problems correctly than controls, 2=2:32, p¢i02 and 2=1.97,

p<:05 respectively. Treatment means are presented in Table 1.

Trnsert Table 1 about here

Examination of the means at posttest #2 indicatec that
maintendance cf treatment gains was obtained over the two week
interval. TFailure to obtain a significant treatment effect
correctly by three control subjects. These three children
nad been selected from the same classroom and apparently had
received additional instruction from the classroom teacher

in the bféééd&féé required for borrowing during the 2 week

interval between posttests #1 and #2. None of the other subjects

in the control group demonstrated an improvement in performance
during this interval.

No significant changes in the number of inversion errors,
computational errors or errors in the application of borrowing
ﬁféééaﬁféé were obtained as a result of either training
condition: Trends in the. expected direction were observed,
ﬁéWé%éf; for Béfﬁ inversion and borrowing errors in both

experimental conditions.: 4Also, no effects of training on the

in iﬁﬁfé?éﬁéﬁfé in the performance of Unsatisfactory subjects
as & group, some children did not do very well during\§raining.

14
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Table 1: Mearn Number of Borrowing Problems Solved Correctly

Unisatisfactory

pretest posttest #1 posttest #2

CST mean 1.27 8:27 11.27

sd 2:97 5:92 7.20

n 11
CRT mean .01 7.64 6.64

sd 2.67 6:53 7.42

1 | 11
Control mean .80 2,20 7:10

sd 2.53 4.54 7.72

n 10

Satisfactory

CST mean 11.80 14:.80 15,80
sd 1:14 1:75 2.35

- n 10

CRT mean 10:55 11.81 13.18
sd © 3059 6.40 5.10
n 11

Control mean 9.55 10.55 . 11.55
sd 2 3.91 £.52 ° 5.97
n 11




children in some detail. Tn order to identify those who had
difficulty with remedial training, & median split was dorne on
tre basis of the number of criterion problems solved correctly.
Recall that the criterion measure consisted of the last 10
problems within each training vprogram.

This median split yielded two subsamples of children
within each of the Satisfactory and Unsatisfactery conditions.
Those above the median; considered.to have successfully completed
the programs, were labelled Tutorial-High, while those below
the median, considered to have been unsuccessful, were labelled
Tutorial=Low.

Criterion Training

In an attempt to understand why some children did not
complete the tutorial programs successfully, performarce
throughout the programs was examined. Problems in the Criterion
with 30 problems (3 blocks) presented each days:

Figufe 2 shows the performance of Unsatisfactory subjects

in the Criterion Training condition: The number of problems

solved correctly by Tutorial-High subjects jumped at day 2

of training and was maintained on day 3, as described by a
significant iinear; F(1, 4)=10.56, p=.0314 and quadratic,

P(1, 4)=12,39, p=:0224 trend. The number of probiemg solved
correctly for Tutoriat-ILow subjects tended t~ decrease during
each day; showing some recovery between days: These data are
described by a significant cubic trend,; F(I,; 5)=13%.87, p=:0136;
As shown in Figure 3, Satisfactory subjects in the Tutorial=

16




€hildren's Subtraction 14
High condition maintained a high level of accuracy throughout

training: Those in the Tutorial-Tow condition demonstrated a

pattern of performance similar to that of Unsatisfactory,

Tutorial-TLow subjects and was described by significant gquadratic,

F(l; 35519;12; p=:0221 and cubic, F(1l, 3)=37.87, p=.0086 trends.
Insert Figs. 2 and 3 about Here ¢

While Unsatisfactory, Tutorial=High subjects appeared to
"catch on" to what was required by about the middle of day 2,
and while Satisfactory Tutorial-High subjects did well from
the start, the performance of Tutorial=ILow éubjéé%é in both
Unsatisfactory and Satisfactory groups deteriorated each days

Despite this deterioration in training performance; pretest
and posttest scores for these children did not differ significantly:
of Tutorial-Low children suggest that: 1) for some children,
contingencies were not sufficient to maintain initially
moderate to high levels of accuracy or to maintain improvements
in performance, and 2) some subjects did not appear to be

Uutilizing feéedback.

Training program, each booklet was divided into 2 blocks; with
the first block containing the first half of the guestions
and with the second block containing the second half of the

questions: ZFEach block, therefore, was composed of & unigue
set of itemss

17
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Figure 2: Mean Number of Problems Solved Correctly Across
Training Blocks in the Criterion Training Condition,

Unsatisfactory Group.

day 1 day 2 day 3

number
correct

e

1 2 3 4 5 6 7 8 g’

blocks
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Pigure 3: Mean Number of Problems Solved Corréctly ACross
Training Blocks in the Criterion Training Condition,

satisfactory Group.

number -

correct

1 2 3 4 5 6 7 8 g
blocks ‘

19



Children's Subtraction 17
children in the Tutorial-High group maintained & fairly high

level of accuracy throughout all 5§ training booklets. Bonferroni

Tnsext Pipures 4 and 5 about Lere

t ‘comparisons indicated that, for Tutorial-Iow children in both
answered correctly tended to drop sirnificantly from booklets

3 to 5, t(6)=3.92, p<.05 for Unsatisiractory and t(4)=4:67, p<:05
for Satisfactory subjects. It appeared that, for Tutorial-TLow
children, booklets 4 and 5; which presented the actual steps
required for borrowing, were more difficult than the earlier
booklets which instructed children in pre-borrowing skills.

B
A consistent feature of children who have difficulty with

subtraction was difficulty with borrowing procedures: It
éﬁﬁééfé& that these children experienced difficulty because they
did not have the skills necessary to solve borrowing problems
correctly: For this reason, remedial technigues which did not
conditions by instructing children to borrow, nor offering
prizes for correct solutions resulted in performance gains.

When an instructional component was introduced, however,

systematic instruction in component skills were effective remedial
strategies.

However, the failure of some subjects to complete the
training programs successfully highlights the fact that
remediation is not always effective for mll children. Why

20



Figure 4: Mean Percentege of Items Answered Correctly Across
Training Blocks in the Component Skills Training

Condition, Unsatisfactory Group.

boc:let

60

56, ~

correct

18

blocks
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Figiire 5: Mean Percentage of Items Answered Correctly Across
Training Blocks in the Component Skills Training

Condition, Satisfactory Group.

booklet

70

60

percent

correct’

40 | |
30

20

10

blocks

22




Children's Subtractisn 20
Tutorial-Low children deteriorated in performance during the
programs but didnot show pretestzposttest changes is unclear.
Fatigue or boredom are possibilities. Explaining these
observed declines in accuracy during *raining may be important
in the understanding of what makes those who fail to learn

effective in significantly improving the subtraction performance

of children who were already relatively accurate (Satisfactory

'gfdtijj); It may be that, fo: these children, re--instruction

éﬁd/df reinforcement in the form of feedback are not potent

motivators. That is, they may not command the additional

attention and effort required to further elevsate performence.
The results of these studies suggest two goals for future

Tesearch. The first is to better identify and understand

individual differences among children Qﬁb appear to have similar

difficulties. The second is to discover how to elevate

and méinféih performance at high levels: This implies a need

to devel&p better programs which will work equally well for

different types of children. With the current euphasis on

meeting the special needs of children, attaining tle first goal

is paramount. Pursuit of the second, however, may provide

some answers which could make the education of those with learning

difficulties e more successrul venture.
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