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Canadian Mathematiespucation Study Group/ _

Greupe canadlen d'etude en didaetiqne des mathematitines

IMINpeling

The-seventh annual meeting of the Study Crimp was imld pu iln. 08C
* .

campus from June 8th to_12th;_ About 45 mathematicians_and mathematics
educators metin winking gronOs and plenary nessions, following a
pattern established In earlier meetings. The Study Group cnntluneri
milli. a unique foie; In at leant'two resaets: it NrIngs mathematielann
and mathematictoedueators together where they can meet on equal terms,
and_it allows time for topics_to_be,followed through, both during pack
meeting and from one meeting to the next:,

The prinelpalguesis this year were Peter..1111ton (Sung at 81110am/run)
and Stephen_Brown_(SUNY_at Duffal6.)._!The formen spoke on "Tne-_nature
of mathematics-today and impliviionit for mathematics teaching ", and
-the latter on "The;_nature of probleM generation and the mathematics '

curriculum". Thelr_le.ctureswere stimulating and provocative, but
perhaps even more signIfiranf were their intilvidual.contributlons to
other -parts of the programme and their publib dialogues with each other.
Scheduled; lettures were,given by Dasslefitalasemius (101C) on 'Intuitions
hnti_fallariesi in °reasoning el t probability" and Thomaa_Kierve (Alberta)
on "MatheMaties cirrieulum.development In' Canada; n projection for
the_future".,:Und at' hoe prebentations were offered-by Peter Taylor (Quucn's)
on '!MathematteaTdi pa-etTy"8Ud-3ohn -Bair, (Manitoba) on "Croas-coltnrat --------
aspeets of teaching mathematics";

N .

This_ycat's_worklug groups tookba* their mnhjects "Developing statistical
thinking "Training in. diagnosis and remedlatt,m for teachern",-"Mhtite-
matics and language" and "The influence of romputer,science unthe;
undergraduate mathematics corribulum".iAtAeast'three of the font 8. ups
plan to produce papers or shot[ - monographs on'thebanis of,their tits aelons.
An afternoon was set aside for demonstrations of computer software. .

There were _slightly fewer participants this year than_at_the last IltreC,
meetings, lierhap4 lierause.travelling expense support Is less easy to mime

by. Although meetings wound lose their character if the Study Grelp be- .

came_coo large; it seems a_pity that manymathematics departments and
faculties of education in Canada were not-represented at alt. Anyone want-
ing Information about the Study Group may get In touch with the writer
or-with B.R. Hodgson, Departement de mathematiques, University Laval .

Quebec, Que., GIK 7P4;

David Wheeler _

Delon-tweet of Mathematics
Concordia University

. BEST COPY AVAILIBL



EDITOR'S FORWARD

The 1963 misaincram meeting followed the same_format

.used for several years; .The agenda included Iwo levInres

presented by prominent persons; four working groups, each

focusing on anew or continuing'theme from previous confer-
,

ences; two topic groups.and continuing groups. In additioni.

the program included a computer workshop and opportunities

for ad hoc sessions;

The lectures were presented by Peter Hilton of the
ip

State University of New York at Binghamton and Stephen

Brown of the State University of flew York at'Buffalo. The
4r.

Papers from both:lectures are included in these proceedings

im their entirety;

Reports from each of the working groups are included.
. _

The text of the Topic Group presented by Daniel

Kohneman entitled "Intentions and fallacies in reasoning

abdut probability.' is not incluaed. However, some refer-

ences which include related tectural material are Included;

Charles Verbille
EDITOR

wi
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LECTURE 1

CURRENT TRENDS IN MATHEMATICS

AND FUTURE TRENDS IN MATHEMATICS

EDUCATION

BY

PETER HILTON

DEPARTMENT OF MATHEMATICS

STATE UNIVERSITY OF NEW YORK AT BINGHAMTON
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CURRENT TRENDS IN MATHEMATICS

. AND FUTURE TRE NDS IN MATIIPMATICR.

EDilCATION

by

Peter Hilton

1. IntroductIon

My intention in this talk is to study, gross° motto, the

dominant trends in.present-day mathematics,-and to draw from this.

Study principles that should govefit the choice of content and__
_ . .

style in the teaching of matnematics at the secondary and elemen-

. tary levels. Some of these principles will be time-Ndependenti'.

the sense that they should always have been app to the

.taciling or mathematics; others will'be of special application to':.

the needs of today's; and iomorrow's; students and_will he, in that

spnse, new. The principles will be illustrated by,examples in
_

order to avoid the sort of frustrating vagueness which often

accompanies even the"most respectable,recommendations (thus,-,

'problem solving Ishouldlhe the Focus of school mathematics in the

1980''s'(1)).

However, before embarking on a talk inteudod as a

contribution to the discussion of how to nchiev.e a successful----71

mathematical edu cationi it would he as well to make plain what

Iare our criteria of success. Indeed, It 'would he as well to be

clea' what we understand by saccessful education. since we would-A

then be able to derive the indicated criteria by specialization:
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Let us begin by agreeing that a successful education is

oae whichit.ondaees to a 'successful life. now;.ter. Aber& is a

popular, persistent and paltry view of the successful life which:

we must immediately repudiate. This is the vies* that success in

lire is measured by anuence and is manifested by power and

influence over others. It is very relevant In my theme to recall

that when Queen Elizabeth was recently the guest of President

and Mrs. Reagan in California the 'successes' who were gathered

together to greet her here not Phasel prize-winners, of which

California may boast remarkably many, but stars ol screen and

televislon. As the London Times described the occasion, "Queen

dines with celluloid royalty'''. It was apparently assumed that

the company of Frank Sinatra. embodying the concept of success

against which I am inveighing, would be obviously preierable.to

that of, say, Linus Pauling.

The Reaganist.Sinatrist ties of su rncess obribites a

real threat to the integri y of education; for education should

certainly never be expect to condwe to that kind .1. success.

At worst, this view leads to a complete distortion of the educa-

tional process; at the very least, it allies edneatinn far tau

closely to specific career objectiveF, an alliance which unionis-
t

nately has the support of many parents naturally ansioas for their

children's success.

be would replace the view we are rejecting by one which

emphaSizes the kind of activity in which an individual indnIgesi

mo-Aivation for so indulging, rather than his, or. her;

accumplishment: in that activity. The reali..atinn of the

EFT Cn 71E
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individuates potential is surely a mark of success io life.

Colihastingunr view with that which hV att. attackiog, .we should

seek pawn MVO 1,11%tiViheS 1101 over other people; we should seek

the tut, ledge and 4.1st:toiling to g % its power and 01'11111 iirii
things, loot people. We should wain to he rich but in suoritnal

rathei Hiatt material resources. We sl Id want to influence

people, hilt b'the persuasive force o), 0111 argument and example,

and not In the loc.:sure we call exclirby our control of their lives

and, 4'%(n mote siniSterly, ot their tl tilts.

' It is absolutely obvious that educntion.can, and should,

lead to a soctessful life, so defined. Horeover, mathcmatical

education is a particulaly significant component or such an Ow

cat ion. this is true for, .two reasons. On the cote hand, I would

State dopmatcaLly that mathematics is nne of the human activities.

like alt, Fiterature, music, or the making of good slimes, whi.11 iA

intrinsically worthwhile. On the otherphand, matbemitics is a key

element in sLience and technology and thus vital to the underst,and-

log, control and development of the resources of the world atoned

us. these two aspects of mathematics, often referred to as pure

Mathematics and applied mathematics, should both he present it a

well-liatanced, sn:cesslul mathematics education.

Let me end these introductory remarks by referrinp to a

part it Oar :itircii of the understanding andocontrol LI which snAthe

:nal i l'!, Can 1. null r i hot e su much. Throllo our education we -Olive to

gain knowtedg. We can only he said to really knowsomething if

we know tIvit we know it. A sound education should enable its to

distinguish between what we know and what we do not know; and it



is a deplorable fact that so many people today, including large

numbers or ps,eudosuccesses Gut also, let its admit, many members
'_ e--

of our Ohll academic community, seem not to be able to makeLt

distinction. It is Ar the essence of genuine mathematical educ:!-

tion that it leads to understanding al!d skill; short cuts to the

acquisition of skill, without undertanding, are often favored by

self-confident pundits of mathematical education, and the results
N

of taking such short cuts are sinvularl unlortunate for the y g

traveller. The vitims, eem if 'successful', arc left precisely

in the position of not knowing mathematics-and not knowing they

knoti nomathematics. For most, however, tile skill evaporates or,

....._..11 it. does not, it becomes out-dated.' Nu real abilitY to apply

qltantitative reasoning to a changing world loss bten learned,

e
t d

the most frequent and natural result is the behaviour palls

known as 'mathematics avoidance'. Thus does it transpire that

so many prominent citizens exhibit both mathematics avoidance and

unaKareness of Ignorance..

This then is my case for theivital vole of n sound

,mathematical eduLation, and from these speculations I derive my

criteria of success.

2. Trends in Mathematics Today

fhc three principal broad trends in mathematics today U

could characterize as (i) taiety of application.; (ii) a 9cw

unity in the mathematical scienctor: and Mil the ubiquitous

presence of the computer. Of course, these are not independent

phenomena,'indeed they'are strongly inteirelatd, but it is ea!:ieqi%

to discuss them indilidually.

10
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liu. increased variety al application shas itself in

two ways. on the one band, areas of scfience. hithrto'remote

from ur t con immune to mat liema tics, fiav 4.. become is fey t . 111.1%

is conspicuoosly true of the social sciences. but is also A

reatfir of present day theorefical biology. It is aatewaithy

that 0- IS not only statistics and prohability which ace aaw

applied to the social SetCOCS and biology: we ore seeing the

application or flair!, sophisticated areas or real analysis. linear

Algebra andrcombiaatorics; to Haw- but three parts or mathematics

invalfd An this profess.

out ano:her contributing factor to the increased

varlet, of Applications is the conspicuous fact that arvas or

mathematics, hitherto regarded as impregnably pare, are heing

applied. Algebraic geometry Is being applied to control theory

:ifnitVe Stud! (iilar-scalc systems; comhinatiii=1-5-64-ifiif.h7f4eTi-i

are applied tEl conamics; the theory of fibre 1 Iles is applied

to physics; Algebraic iinaiaat tboory is applied to the stank of

erroi coilefiing codes. 'floes th distinction between pure and

applied mathematics is seen now ant to he based au coatent but on

the attitude and motivation of ih mathematician. 0 lou,r,er can

- fi

it be :frtted that crtaia mathematical topics Can safely be

neglected by the student contemplating a career appliag maths!

matics. I
would go further and argue that there should net he a

sharp distinct ion between the, methads of pare and applied mathe-

matics. eeitainly such at distinction sl Id not consist 01 a

grealyi attention lo rigour in the pure community; for the applied

mathematiciAa needs to understaad eery well the dumain of ialidity



' of the methods being employed, and to he able to analyse bow

stable the results are and the extent to which the methods may be

modified to suit new situations.

These last points gain further significance if one lebka

more carefully at what one means by 'applying mathematics'. Nu-

body would seriously suggest that a piece of mathematics be

stigmatized as inapplicable just because it happens not yet to

have been applied. Thus a fairer distinction than that between

'pure' and 'applied' mathematics would seem to be one between*

'inapplicable' and 'applicable' mathematics;_ and our earlier

remarks suggest we should take the experimental view that the inter-
,

section of inapplicable mathematics and.good mathematics is probably
i

empty However; this view comes close to being a subjective cer-

tainty if one understands. that applying mathematics is very often

not a single-stage process We wish to tody a 'real world'

problem; we form a scientific model of tic problem and'then con-

struct a mathematical model to reason about the scientific or

conceptual model (see (2)). However, to reason within the mathe-

matical model, we may well reel compelled to construct a new

mathematical madelwhich embeds our original model in a more

abstract conceptual context; for example, we may study a particular

partial differentia/ equation by bringing to bear a general theory

of elliptic differential operators. Now the process of modeling

a mathematical situation is a 'purely' matheimttical process, but it

is apparently not confined to pure mathematics! Indeed, it may

well be empirically true that it' is more often found'in the study

of applied problems than in research in pure mathematics. ,Thus we
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see, first, that the concept of applicable mathvinatics needs to

be broad enough to include parts of mathematics applicable to sone

area of mathematics which has already been applied; and second;

that% the methods of pure and applied mathematics have much more in

common than would be supposed by anyone listening to some of their

.more vociferous advocates. For our purposes now, the lessons for

mathematics education to be drawn from looking at thisctrend in

mathematics are twofold; first; the distinction betweenpure and

applied-mathematics should not be emphaciized in the teachin& of

mathematics, and, second, opportunitie io present applications

should be taken ivhereve appropTiat Aiithiw the mathematics

curriculum.
1

The second trend we haveildentified is

unification or mathematics. This discussed At some length in

that of a new

[31, so we-will not go into great detail here. We would only wish

to add to the discussion in 131 the remark that this new"unifica-
.

t ion is clearly. discernible within mathematical research itself.

Up to teliyeals ngo the most-characteistic feature of this research

was the 'vertical' development of:autonomons disciplines, some of

0-rich were of very recent origin. Thus the community of mathe-
qk

matiinns was'partitioned into suhcommunities united by a common and

rather exclusive interest in a fairly narrow area of mathematics

Olgebraic geometry, algebraic topology, homological algebra,

category theory, coiautative ring theory, real dhalysisi complex

analysis., summability theoryi'set theory, etc., etc.). Indeed,

some would argue that no real community of mathematicians existed,

since mpetialists in distinct fields were barely able to communicate

13
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with each other. I do not impute any fault to the system which

iprevailed An this period of remarkably vigorous mathematical

growth--indeed, I believe it was historically inevitable and thus

'correct'--but it does appear that these autonomous disciplines

are now being linked together in such a way that mathematics is

being reunified! We may think of this development as 'horizodtal'o
.

as opposed to 'vertical' growth. Examples
.

are the, use of-com-

mutative.ring theory in combinatoilcs, the use of cnhomology theory.

in abstract algebra, algebraic geometry, functional analysis and

partial differential equations, and the use of Lie group theory

in many mathematical disciplines, la relativity theory and in

invariant gauge theory.

_ I believe that the appropriate education of a contemporary

mathematician must be broad as well S deep, and that the lesson to

be drawn from the trend toward a newirunification of mathematics

must involve'a similar principle. We may so formulate it: we

must break down artificial barriers between mathematical -totace

throughout the student's mathematical education.

The'third trend to which I have drawn attention is that-
..- --

of the general availability of the computer and i ts role in actual
w

changing the face of mathematics. The computer may eventually tak

Zover our lives; this would be a disaster. Let us assume this dls- =5!.

. _

aster can be avoided; in fact, le us assume further, for the

purposes of this discussion at any ate, that tr.. computer plays
44

an entirely constructive role in our lives'and in the evolution of

4 our mathematics; What will then be the effects?
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'he coopoter is changing mathematics by bringing, certain

topitS into greater prominenceit is even causing mathematicians to

.create new areas Of mathematics (the theory of computational

complexity, the theory Of aitteMetii; mathematical cryptology); At

the sametinyit is relieving us of certain tedious aspects,of

traditional mathematical activity which it executes faster and
4_

more accurately thhii we It makes it liessilile rapidly and

painlessly to carry out numerttal work; so that we;iruiy accompany

our analysis of a given problem With the actual caltillatIon of

numerical examples. Ikh4640, when we use the computer; we must

he aware of certain risks to the validity Of the SOlUtiett Obtained

, due to such features as structural instability ofid.reund-tiff error:

The computer is especially adept at solving prohlems ifiVolVing

.'iterated procedures,. scklithat the method of'successive npproxima-

tions.(iteration theory) takes on a new prominence. the.other

hand, the computer renders obsolete certalabmathematical techniques

which have hitherto been prominent in the curriculum--a'sufficient

exa4le is furnished by the study of techniquesef integration.

There is,a great debate raging as to the impact which

the computer should have on thecurriculum (see, for example,

(61). 'Without taking sides in this debate, it is plain thnt there

should be a noticeable impact, and that every'topic must lie examined

to determine its likely usefulness in a computer age. It is also

plain that no curriculum today can he regarded as complete un)ess

it prepares the student to use the computer andtotroders-trradIUS

mode of operation. We Should include in this understanding

realization or fits scope and Its limitations; and we should ahandon

15
C



the fatuous idea; today soprevaient in educational theory and

practice; That the principal purpose of mathematical education is

to eamble the child to become an effeccive computer even If Aiprived

of all m4hanical aids:

Let me elaborate this point with the folIowint table of

comparisons. On the left 1 list.human attributes and on the right

1 list the contrasting attributes of a computer when used as a

c-a-teu-ia-t-in-gell-g-ine. 1 stress this point because I must empaksize

that I am lilt here thinking,a the computer ns a research tool in

the study of artificial intelligence I should also` add that 1

am talking of contemporary human beings and contemporary computers.

Computers evolve very much faster than human beingi so that their

characteristics may well undergo dramatic change in the span of a

human 14ietime; With these cavea,ts; let' me dip play the table.

Humans

Compute slowly and inaccurately.

Get distracted.

Computers

Compute Jost and accurately;

Am-remorseless; relentleis
and dealcated..

Are interested in many things at .Always concentrate and cannot
the same time. be diverted.

Sometimes give up.

Arc often intelligenvjand under-
standing.

Have ideas and imagination, make
inspired guesses; think. .

Are -incurably stubborn.

A4b-usually-pedontic and
rather stupid.

Cnn execute Ilf...ELSEI
instructions.

human smdComputerAll-rlhwers

It is an irony that we seem to teach aintheintics as if

our objective were to replace each human attribute in the child. by .ii

16
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tho corresponding computer attributc--and this is a society '

nominally dedicated to the development of each human being's indi-

vidual capncities. Let Os agree to leave to the computes what the.

computer does best and to deslgn the teaching of mathematics as

generally human activity. This apparently obviotiss principle has

remarkably significant consequences for the design of the .curricu-
,

lum, the topic to which we now turn.

wa.

3. The Secondary Curriculum
z

Let us organizb this discussion around the "In and Out'

pc4nciplec, That'is; we will list the topics which should'bc 'In'

or strongly emphasized; and the topics which should be 'Out' or

very much underplayed. We will also be concerned to recommend oi

castigate, as the case may be.'cortain teaching strategies and

styles. We do not claim that all our recommendations are strictly

contemporary. in the sense that they are responses to the current

prevailing changes in. mathemaidics and its uses; some. in particular

these devoted to questions of'teaching practice, are of a lasting

nature and should, in my judgment, have been adopted long since.

We will present a list of 'in' and 'Out' items, followed

by commentary. We begin with the 'Out' category, since this is

more likely to claim general attention; and within the 'Out' cate-

gory wc first consider. pedagogical techniques.

17
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. Out (Secondary Level.)

1. TeachintStrategies

Authoritarianism.

Orthodoxy.

Pointlessness.

Pie -in -the -sky motivation.

2. Topics

Tedious handcacluations.

Complicated trigonometry.

Lea ring geometrical proofs.

Artiftcia esimplificatien;;;

Logarithms as calculating devices.

.

Commentary

There Should 'be no need to say anything further. about

the evils of authoritarianism and pointlessness in presenting

mathematics. They disfigure so many teaching situations and are

responsible for the common negative attitudes towerds.mathematics

which regard it as unpleasant and useless. By orthodoxy le' intend
t

the magisterial attitude which regards One 'answer' as ?brrect and
.

all. others as (equally) wrong. Spch_an attitude has been particu=.

larly.harmful in the teaching of geometry. Instead of being a

wonderful source of ideas and of questions, geometry. must

to the student reqiiired to set down,a proof according to rigid s.4

and immutable ruies as a strange sort of theology, with prescribed
_ . ,

responses to virtually meaningless propositions.



Pointlessness means u4ntivated mathematical process.

By 'pie-in-the-sky' motivation we refer to a form of pseudomotiva-

tion in which the studenvis assured that, at some unspecified

future date, it will become clear why the current:plece of 'Niche"-

matics warreuts learning. Thus we find much algebra done because

it W111 be useful in the future in studying the differential and

integral
_ _

calculus- -just as much. trange arithmetic done/it the

only be justified by the student"/4 subsequent

include/here the habit

elementary level can

exposure to algebra.

of presenting to the

One. might perhaps alio

studedt applications of

learnt which conk] only

maturity; obviously; if

study of a mathematical

With regard

interest the student

the mathematics being

atsater level of

an to motivate a student's

topic, the application must be interesting.

to the'expendable topiCs, tedious hand

application is

calculations have obviously been rendered obsolete by the availa-

bility of hand-calculators and minicomputers. To retain these

- appalling travesties of mathemitics in the curriculum can be

explained only by inertia or Sadism on Olt part of the teacher

and curriculum planner. It is important to retain the trigono-

metric functions (especially as functions of real variables) an

their basic identities, but complicated identities should be elim-

mated and tedious calculations reduced to a minimum. Ofiderstnnding.

geometric proofs is very important; inventing one's own is a

splendid experience for the student; but memorizing proofs is a

suitable ocvelpation only for,one contemplating n monastic life or

extreme asceticism. Much time is currently taken up with the

student processing a mathemnticalexpressioli which came from

19,
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nowhere; involving A combination of parentheses; negatives, and

fractions, and reducing the expression to one more socially

.acceptable. This is abSurd; but, of course, the stedent must

learn how to substitute numerical values foi the variables appear-
.

ing in a natural mathematical expression;

Let us now turn to the positive side; Since; as our

first_recommendation 'below indicates; we are proposing an inte-

grated approach to the curriculum, the-topics im list are rather

Of the form of modules than full-blown courses.

In (Secondary Level)

Teaching Strategies

An integrated approach to the curriculum, stressing
the interdependenceof the various parti of mathematics.

Simple applications.
.

11i.storical references.

Flexibility.

Exploitation of computing availability.

2. Tonics

Geometry and Algebra (e.g., linear and muadratic functions::
equations and IneqUalities).

Probability and statistics.

Allmnrhawri-on and estimation, stientiii urscat
e-

Iterative piocedures, successive approximation.

Rational numbers, ratios and rates.

Arithmetic mean and geometric mean (and harmonic mean).

Elementary number theory.

Paradoxes.

20
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Gemmenta-ry

With respect to-teaching stsategies, our most significant

recommentiatiun is the first. (I do nut say it is 0, most import-

and, but it is the most characteristic of the whole tenor of this

article.) Mathematics-is a unity, albeit .a remarkably subtle one;.

and tee must teach mathematics to stregs this. It is not true, as

some claim, that.all good mathematics--oreven all applicable mathe-

matics- -has arisen in response to the stimulus of problems coming

from outside mathematics; but it is truethat all good mathematics

has arisen from the then existing mathematics, frequently4 of course;

under the impulse of a 'real world.' problem: Thus mathematics is

an interrelated and highly articulated discipline, and we do vio-

lence to its true nature by separating it--for teaching ovresearch

purposesinto artificial watertight compartments; In particular;

geometry plays a special role in the history of human thought; It

represents man's (and woman's!) primary attempt to reduce the com-

plexity of ourthree-deminsional Ambience to one-dimensional

. language. It thus. reflects our natural interest in the world around

us, and its vey,existence testifies to our curiosity and our search

for patterns and eeder In apparent chaos. ltie conclude that geometiry

. is a natural conceptual framework for the formulation:of questions

_.__.and the presentationtor results, it is not, however, in itself a
. _

method of answering questions and achieving esults. This. role is

preeminently played by algebra. If geometry is a source of ques-

tions and algebra a means of answering them, it is plainly

iw ridiculous to separate them. Mow many students have'suffered
F

throughalgehra courses, )Darning methods of solution of problems

s
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coming from nowhere? The result of such compartmentaliied

instruction is, frequently and reasonably,.a sense of futility

and of the pointlessness of mathematics itself.

The good sense of including applications and where

::;appropriate, references to the Liistory of mathematics is surely

self-evident. Both these recommendations could be included in a

broader interpretation of the thrust toward an integrated curricu-

lum." The cptilification that the applications should be simple is

intended to convey both that the applications should not invive

sophisticated scientific ideas not availal;le to the students--

this_ is a frequent defect of traditional 'applied mathematics'--

and that the applications should be °factual ikftrest to the

student, and not merely important. The notion of flexibility with

regard to the curriculum is inherent in an integratedapproach;.1

it is obviously inherent in the.concept'of good teachitg. Let

us admit, however, that it can only be achieved if the teacher is,

onfident in his or her, mastery of the mathematical content.

Finally; we stress as a teaching strategy the. the hand-, .'

calculator; the minkomputer'alid, where appropriate, theiomputer,
4

not only to avoid tedious calculations but also in verrivOsitive

ways. Certainly we include the opportunity thus provided.'-for

doing actual numerical examples with real-life data, and ahe need

to re-examine the emphasis 'we give to various topics in the Might ,L1(1

of computing availability. We mention here theOkuitter o4,compUter74

aided instruction; but we believe that the advantages of this use

al the computer_depermtL'Kerv:tmuchownocal_clrcumstances4andare :4

more likely to arise at the elementary level;

22
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With regard to topics, we have already spoken about the

link between geometry and algebra, a topic quite large enough to

merit a separate article. The next two items must he in the cur-
.

riculum simply because no member of omodern industrialized

society can afford to be ignorant of thesesubjects; which con-
.

stitute our prit)Cipal day-to-day means ofiringing quantitative

reasoning to' bear on the world around us. We point out, in
- 1.

addition, that approximation and estimation techniques are essential

for checking and interpreting machine calculations.

It 'is my belief that much less attention should be paid 4

to general results on the convergence'of sequences and series, lisd
J

much more on questions 'related to the rapidity of convergence and_ A

the stability of the lim t. This applies even more the tertiary

level. However_;_at the lecondary level, we should be emphaaiziag

iterative pr tl I

programming. Perha

ing applications - -is

-since these arc so well adapted to ;computer

the most important result--full of Interest-

nit a sequence (xn/ satisfying xn m

ax- 4 b; converges t _<I and diverges if 'Of > I;

(Oor one application see 141); It s probable that the' whole

notion of proof and definition by in ceion Rh uld he recast in

'machine' language for today's student.

The next recommendation is integcativn in nature; yet

At refers to a change which is long overdue; Fractions start life

as parts of wholes and; at a certain stage; come to represent

. amounts or measurements and therefore numbers. However; the) are

not themselves numbers; the numbers they represent are rational

0
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numbers. Of course, one comes to speak of them as.numbers,.but

this should only happen when one.-.has earned the right to he sloppy

by understanding the precise nature. of fractions (sec (q). If

rational numbers arc explicitly introduced, then it becomes un-

necessary to treat ratios as new and distinct quantities. Rates

also may then be understood in the context of ratios and dimensions

aaelysis. However, there is a further aspect of the notion of

rate which it is important to Include at the secondary level. I

refer to average rate of change and, in particular; average speed.

The.principles of grammatical construction suggest that; in order

. to understand the composite term 'average speed' one must under-
,

Thisstand the constituent terms 'average' and 'speed' . This is quite

falSe; the term 'average speed' is much more elementary- an either

of the terms 'average', 'speed', and is not; in fact, th Ir compo-

site. A discussion of the abstractions 'average' and,'speed' at
. ,

the secondary level would be NaIntible in itself and an excellent

preparation for the differential and integral calculus;

Related to the notion of average is, of course; that of

arithmetic mean. I strongly urge that there be, at the secondary_
.

level, a very full discussion of the arithmetic, geometric and

harmonic means and of the relations between them. The fact that

the arithmetic mean of the non-negative quantities al, a2, ...,

.,.

'is never Iessthan their geometric mean and that equalitya"
. ..c...;

occurs precisely when al a2 ... man, may be used to obtain

many maximum or minimum rostats which are traditionally treated as
_ tk:

applications of the differential- calculus of several variables--

a point made very effectively in a recent book by liven Nivon.
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Traditionally, Euclidean genWetry has been held to

justify its plaCC in the secondary curi.iehlna on the grounds that
it teachs the student logical reasening. this may have been trite
in same Platenic academy. Whit we can observe empirically today
is that it survives in

our curritultIM in virtually: otal Isolation
from the rest ni mat.hematics;' that it is not pursued at the uni-
versity; and that it instils, invall but the very Ceti-, not a
Mar for. logical reasoning but distaste for geometry; a feeling
of pointlessness; and a familiarity with failure. Again; it would
take a separate article (at the very least) to do Justice to the
Intricate question of the rote ef'synthetic geometry its the
corral:0nm . Here; I wish to propose that its hypothetical role
can be assumed by a: study of elementary number theory, where the
sxiomatic system is so MUCh less complex than that of plane

Euclidjbgeometry. Hertover, the integers are very ;real' to
,the student and, potentially, fascinating. Results can be obtained
)y disciplined thought, in a few lines, that tio high-Speed computer
!maid obtain; _without the benefit ol human analysis, in the

to6 17
tudent's lifetiVie W j'' it I mod 13); or course, log.cal

easoning should alSe enter into other parts af the curriculum;
f. course; tin'. Synthetic proofs of gtometriCal propositions shouts,
ontinue to play a part in the teaching or geatietry, but not at
he expense of the principal role of geometry as a source of

ntultion and inspiration and as a means Of loteroki.tiog and

nderstanditig algebraic expressions.

My.final recommendation is also direttad to the need
A

1r providing StiMalui for thought. Ilene 1 underatand, by a

.g4
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paradox; a 'result which conflicts with conventional thinking, not

a result which is self-contradictory. A consequence of an effect-

ive mathematical education sitouId be the inculcation of a. healthy

scepticism which protects the individual against the blandishments

of self-serving propagandists, be they purveyors of perfumes,

toothpastes, or politics. In this sense a consideration of

paradoxes fully deserves to be classified as applicable mathematics!

An example of a paradox would be the. following: Students A and 110.7.

must submit to twenty tests during the school term. Up to half
9

term, student A had submitted to twelve tests and passed three,

while student tithad suhmitted to Six tests and passed one. Thus,

for the first half of the term, A's average was superior to B's.

In the second half of the term, A paaid.all the remaining eight

tests, while B passed twelve of )he remaining fourteen. Thus, for...
$

the second halfof the term, A's average was also superior to B's:
.

Over the. hole term, A passed eleven tests out of twenty; while B

passed thirteen tests out of twenty, giving B a substantially bet-

/ter a erage than A.

The Elementary Curriculum

This article (like the talk itself!) is already.

inordinately long. Thus I will permit myself to be mucINriefer

with my commentary than in the discussion of the' secondary curricu

lum; believing that"the rationale for my recommendations will be

.' clear in the light of the prqceding discussion and the reader's own

experience. I wifl_again organize the dlicussion on the basis of__
a,

the 'In' and 'Out" format beginning with the 'Out' list; 4r'

26
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U Out (Elementary Level)

1. Teaching Strategies

Just as for the secondary level.

Lmphasis on accuracy.

2. Topics

Emphasis on hand algorithms.

Emphasis on addition.subtraction. division and the
order relation with fractions.

Improper work with decimals.

Commentarr

The remarks about teaching strategies are if anything;

even more important at the elementary level than the secondary level;

For the damage done by the adoption of objectionable teaching

strategies atithe elementary level isrUsually ineradicable. and

creates the miss phonomenon of 'math avoidance' .so conspicuous in

:present-day society. On the other hand. oily Sight optimistically

hope that the student who has received an enlightened elementary

mathematical education and has an understanding and an experience

of what mathematics can and should be like may be betteable to

survive the rigors of a traditional secondary instruction if

unfortunate enough to be called upon to Jo so. and realize that

it is not the bizarre nature of mathematics itself which is respon-

sible for his; or her; alienation from (Se subject as taught;

With regard to the topic's. I draw Attention to the

primacy of multiplication 4ts_the fundamental arithmetical operation
it

with fractions. For the notion of fractions is embedded in our

27
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language and thus leads naturally to that of a fraction .of a fraction;

The arithmetical operation which we perform to calculate; say; ; of

1 defineto be thPproduct of the fractions concerned; Some

work should be done with the addition ofelementary:fractions; but

only with the beginning of a fairly systematic study of elementary

probability theory should addition be given much prominence.

Incidentally; it is worth remarking that in the hitter context, we

generally have; to add fractions which have the same denominator- -

unless we have been conditioned by prior training Mindlessly to

reduce any 'fraction which comes into bur hands.

Improper work with decim s is of two kinds. First,

deplorf problems of the kind 13.7 4 6.83, which invite error by

misalignment. Decimals represent measur merits; if two measurements

are to he added, they must be in the same units, and the two

measurements would have been made to the same degree of accuracy.

Thus the proper problem would have been 13.70 4 6.83, and no dif-

ficulty would have been encountered. Second, I deplore problems

of the kind 16.1 x 3.7, where the intended answer is 59.57. In

no reasonable circumstances can an answer to two places of decimals

be justified; indeed all one can say is thnt the answer should be

'between 58.58 and 60.56. Such spurioui accoracy'is misleading and

counterproductive. It is probahly encouraged by -the usual

algorithm given for multiplying decimals (in particular; for

locating the decimal point by counting digits to the right of the

decimal point); At would be far better 'to place the decimal point

by estimation.

28
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Again, we turn to the positive side.

In (Elementary Lever)

1. TeativingSur-ategies

As for the secondary level.

Employment of confident, capable and enthusiastic
teachers.

2. Topics

Numbers for counting and measurement--the two
arithmetics.

Division as a mathematical model in various contexts.

Approximation and estimation:

Averages'atid statistics.

Practical; informal geometry.

Grometry_and mensuration; geometry and probability
(Monte Carlo method);

Geometry and simple equations and inequalities.
_ . . .

Negative numbers in mea4orement, vector addition;
. _

Fractions and elementary probabilityJheory.

Notion ol.finite algorithm and 'recursive definition
liafosmatl

CommentaiL

Some may object to our inclusion of the teacher require-

ment among the 'teaching strategies' -- others may perhaps object to

its omission at the secondary level! Ne find it appropriate,

indeed,necessary, to include this desideratum, not only to stress
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how absolutely essential the good teacher is to success at the

elementary level, but also to indicate our disagreement with the

proposition;. often propounded today, that it is possible, e.g. with

computer-aided instruction, to design a 'teacher - proof' curriculum.

The good., capable teacher can never be replaced; unfortunately,

certain certification procedures in the United States do not

refiect the prime importance of mathematical competence in the

armoury of the good elementary teacher;

We close with a few brief remaiks on the topics listed;

It is an extraordinary triumph of human thought that the same

system can be used for counting and measurement--hut the two arith-

matics diverge in essential respects--of course, in manyproblems.

both arithmetics are involved; Measurements arenherently

imprecise; so that the arithmetic of measurement is the arithmetic

.o approximation. Yes; 2 2 4 in counting arithmetic; but 2 2

34 with a probability of T if we are dealing with measurement.*

The separation of division from its context It an

appalling feature of traditional drill arithmetic. This topic has

been discussed elsewhere [7]; here let it suffice that the solution

' to the division problem 1000 12 should depend on the context of .

the problem and.not the grade of the student.

Geometry should be a thread running through the

student's entire mathematical education-7we have stressed this at

the'secondary level. Here we show how gCometry and graphing can

"If All 2 ins., and RC 2 ins,, each to the nearest inch, then
AC 4 -ins, to the nearest inch with a probability of 3/4.

ti
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and should he linked with key parts of elementary mathematics;

We recommend plenty of experience with actual materials (e.g.,

folding strips of paper to make regular polygons and polyhedra),

but very little in the way of geometric proof. Hence we recommend

practical, informal' geometry, within an integrated curriculum.

We claim it is easy and natural le introduce negative

numbers, and to teach the addition and subtraction of integers- -

motivation abounds. The multiplication of negative numbers '(like

the addition of fractions) can and should be postponed.

As we have said, multiplication it the primary

arithmetical operation on fractions. The other operations should

be dealt with in context--and probability theory provides an

excellent context for the additioh of fractions: hOWever,

not legitimate to drag a context in to give apparent justification

for the inclusion, already decided on, of a given topic.

The idea of afinite algorithm, and that of a recursive

definition:- are central to computer programming. Such ideas will

need to be clarified in the mathematics classroom, since nowhere

else in the svhool will the responsibility be taken. 'However, it

Is reasonable to hope that today's students will have become familiar

with the conceptual aspects of the computer in their dally\ives--

'unless commercial interests succeed in presenting the microcomputer

as primarily the source of arcade games..

lust this is just one aspect of the genii malaise or

our contemporary society; and deserves a much more Chorongh treat-

ment than we can give it here. It is time to rest my case.
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The Nature of Problem generation in the

Mathematics Curriculum*

'Stephen I. _Brow.
State University of New York at Buffalo

I - Some Personal Soothed-Oh.

Aa.Peter Hilton indicated in his address two days !go; this group ii
6

testimony to the fact that though endangered. "din" IC lot extinct. It

also however is testimony to something more prkii0t.--to the fact thst smell

is not indipatible with diversity of point of :leis. mhd more importantly with

utmost respect for that diversity. What lies,bisan moat refreshing to discover

Is that that. is greater Within group ail/irony (among mathematicians. mathe-

matic: educator.. end school teethed) than between such groups.

I suspect that this address will reveal yet another kind of diversity sad

even Incompatibility for which there may be slightly less tolerances namely

inconsistencies within the individual. The problem (to use isword that will

invite you to view what I say recursively) is that -I have thought about the

subject matter of this talk for U tong time. Al a matter ofact. the first

article In which_ my colleague. Marion Welter. and I d into the territory.

Vag published by David Wheeler when he was editing Motheisedee-Teachine. (Walter-J
and Brown; 1969) Furthermore. not only him. I recently published sn article

with the same theme in Fill (Brow.; 1981), but ourthinking is about ta culmineWH,

in a book that draws together a deeedeend a half'* worth of playing a ound with
,

the ides of problem generation (Brown and Walter. 1983).

*This paper is e_modification of an address delivered on June 10i 1983 for the_.
Canadian Mathematics Edoestioh StUdy Group at the University of British Womble
in Vont eeeee Canada.
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of providing soMeee'veliit.U;b-iiiat
'Will

not be bored by yet one
MOte foray into a field ihat_l_have

had a hand in
.

eitablishing over a
coneiderable reriod of time. I could of course add a swell

hitch to that already emtablished
tradition. After Considerable reflect100

however. I have decided to try something more pa -ally Challenging. I will
reconstruct for you a Wie portion of the entiro t in.'but I will attempt
to do so through a new get Of lenses. Though I will occasitinelly

reproduce
:ategory distinctions and examples I have previotiely

devised.' will be APProoeb-
ing much of what look.

Ilke repetition from a new enough perspective
so that you

till have the opportunity to help unearth.fhr me not only new potential
hut the

ecistence of inconsletendlis
I have alluded to earlier. For those of you Who are

amilisr with what I
htleetprevtously written and Who wish to get on with the

ystery. I recommend that jou
focus upon my coltieets

dealing with morality and
1th the relationship Of a problem to a sithation.

II - The Rhetoric of
ProblemAkilvlft

Thoagh it was not my origthal
intentien.to Integrate this p --tattoo with

tter Hilton's; It terns out that a couple Of
gratultoue remarks on Oteblem *ravine

: the end of hie presentation provide
m niters' entree for much of What I have

t say.

To begin. he Paints
out correctly that One doesn't

merely solve prablems
the abstract; rather one solves specifit-preblems.

His point then is that one
to know things (And preferably

a lot of batiks) before s/he
can'solee Orablems,

d that It la a mistake to engage people in pi-alien
solving behavior Were they

ve acquired come healthy repertoire of knowledge.
The implication Ii that we

;ht be bettor advised
to familiarise stedettti with substantial mount of

:he?atics hnfnie Weeugage them in soleitig Problems.'

It appears to iso that he has arrived At a non sequitor based Capon premise
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that la logically correct. That is, it certainly is true that one doesn't solve

problems "in general." If I ask you what problem you are trying to solve, Aid

you resiardri1111.-"I'm nut trying to solve any specific prohle0 at all I'm

Just solving problems In general," I might have good reason to doubt not that

you may be good problem solver, but rather that you etideritand:thi Cleaning

of problem solving in the first place;

But to may that one solves problems by working on 'pirate "things," does

not imply that those "things" themselves era acquired" totally independently of

problem solving. That lei the picture Peter Hifteh has convoyed is that the

following are logically or temporally related fremleft.to right.

L
Being filled up
with knowledge problem solving

While it may be true that a "thing" (till it knowledgelf you wish) I;

needed as prerequisite for staving problems, It is I believe a fundamental

pedagogical error to art Ai If those "things" can ever be acquired much as en

empty I can be rifled up. "Mining to know" anything is radically different

from being filled up and the former shares some important elements with the

activity of problem solving. While I will not be able to "prove" In what

follows (het the diagrae above Is essentially wrong. I hops to suggest enough

through a eeehination of logical analysis and encouragement to join me in Intro-

spection on past learning experiences so atilt one of um can eventually find s

careful Mee Of accurately depicting the relationship. A pointing in that direc-

tion will Varnish the background mualc for much of what I will be asylng.

I find Peter Hilton's other comment with regard to problem solving and the

curriculum Mare compatible with much OE what I believe to be the coo; though

it elle Win need of repair. He coements that major difficulty with the

present ddeeational int In problem solving Le that It focuses attention

4
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at the wrong spot with regard to ittleiry. That is. It lauds us to focus on
. _

answers or mulutIonS tether than epee questions. Though he may be correct in

terms of existing practice; And he does cnpture nn important truth, the situ-

tioe in totes of the logic And the potential practice of problem solving in

the curriiilem:t.Ciptiret tehaiderably wore "unpacking" than that brief remark

4" would ace* tO Warrant. Medi of taloa follows will be an effort to explore the

nature of the interra;etionship and the independence of problem solving and

problem generating.

In prep4ration4or providing such linkages, I would liko to dwell a little

,longer on preblem solving per-se. By the end of this section, the compelling

need to relate the two will begin to enforce.

A quarter of a century ago. C. P. Snow accurately pointed out how tittle_

the two cultures -- roughly the sciences and the humanities --have learned to

understand eneh other and tb gain from the wisdom they each he" Offer.

(Snow, 1959)

Between the two_a culf_of_motual_incomptchettilon--sometimes-.
anddislikci_but_most_of all lack of_ntideratandlft leiergeal. They have
a curious distorted image -of esch_other._. .tied,.4dientista tend to
thinkuf_adienfiets es_braelvand boatitf01._. Amoy) have A rooted
impression_ihat the scientists are_Ahnlleitly apthilatle, unaware of
an's_condition. On the other hand, the deientists believe that the

' literary intellectuals Are_totelly lacking in foresight. peculiarly
unconcerned_with_their_brother men, hie deep Settee anti-intellectual.
anxious to restrict both art and thought Co the Aistentiel moment. (1). 12)

Not only era theii problem solving sews 4Iffeteut. but moat importantly

there are divergent views on what it *bane (et- Attaothing to be n problem in the

,
first place. as well as what it *lane for Abeethiag to be solved. We shall spell

ftt explicitly some of these differences Ietet on. but for the momeni, Is worth

serving that as is profetieitel, Aetheeatidi education is almost by definition bound

to the schixophreoia state Of searching foe And creating the 'Snow-capped' bridges;

for mathematics Iiiiihti closely /Alined with the culture and world'view of science
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awl education with that of the humanities.

As we search for a better understanding of what problem solving might be

about. however we have not only neglected to build bridges. but we !vitro tended

to Ignore most non-mathematical educational in that might be worth eireheet-

Ins in the first place.'

In particular. ye have overlooked those educational efforts in Other fields

%which have been concerned with problem solving but have Inaleated that concern.

through a different language. Dewey's analysis of "reflettlee theiight" and of

the concept of"intelligence" would seem to offer a rich compliment to Much of

the problem aolving.rhetorle. The role of doubt, entailed and habit iniproblem

solving explored by Dewey would area to compliment much Of the influential'uorit

of Polya, and would offer options we have not yet incorporated in much of our

fhloking about problem solving in the eiirrIeIUe, (Dewey, 1920, 1933)

We have much to learn about the role of dialogue in Otoblee solving. something

we in mathematics education, have tended to view in pale "diecovery exercise" terms

at beet. Yet the use and analyst* of dleleges in educatianal settings has been

the hallmark hot only;of EngIfeh ed6tAtIon, but of several curriculum, programs in

otherfields as wen. "Public eoett-----e in the social studies in the late 60'r,

and early 70's was a centre' thole around which students were taught not only to

carry on Intelligent diallogeu, but more importantly to t h and to discuss.

controversial and sometimes Incompatible points of view. (Oliver and Newman,

l970). It would enrich conilderablY Uhat it is we call problem solving in

mathenatics. If we were to entertain the possibility that for logical as well as

pedagogical reasons. we might encourage not merely complementary. but incompatible

perspectives on a problem or a series of problomi. Furthermore such curriculum
.

in the social atadies tie well 40- in the newly emereieg field of philosophy for
.

children might enable as to help etudente apprec-iato irreconcilable differences
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rather than to resolve or dissolve them as we aiu prone to do in mathematic,.

(Lipman, et al., 19/7)

"Critical thinking is another "near relative" of problie delving that began

influencing the curriculum In schools as far back as the progresilei education

era, and there is a considerable history of effort* to integrate different

disciplines through the use of critievl thought.(Taba, 1950) It is history

that 1. worth 0000 derstanding not only because of Its connection with problelit

solving, but because the theme is presently undergning rejuvenation in the non-

'scientific disciyltnes much as problem solving has re- emerged in mathematics

and science.

In closing this section; we turn towards one area within which the tunes

of critical thinking have been re-sung recently--thaf of moral education. The

'Issues that emerge here and those that we develop in the neat section are part

Of the new (and not wellwell integrated) backdrop mentioned in the first section._

First of Ottl; we might Ask why critical thinking and morel education have

been joined at all; To many penple. they would imam to occupy different poles.

'The connection hthght on our concern for the teschinitof values In a pluralistic;

democratic society: WV do we go about epoch education in a public school slatting

without indactrinntiOg with regard to particular religious or ethnic point of

view', Though 00 Might argue over whethdt or not it is a met of valours itself

and if Kid; Why tt is thit loch a collection la more neutral than any religions

or ethnic point of 4164; the liberal tradition of thinking critically about

whatever VAlhes mire adopts fines provide an entree for those concerned with

morality in a pinraliatIc society.

Through thOre Are a number of diffetent kinds of programs within which

moral edikatinn Is taught (Lickona. 1976),iimost,of thou rely heavily open contrived

or natural dilemmas as a starting point. Our focus hero will be no Kohlberg-1'
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program of moral development and education. A typical dilemion he had used for
-

\

much.of hie research and for hia delib program car *Jadeite* ill Well le rite-
S

Heins dilemma:

le2orP00;_q_weenn wna_near death from a Ilite_ferM Of cancer.
Thoro_oos_etle_drog_that the_docterittheeght might Owe her a
form_of_redlomthat u druggiet to the Naiiit_teen had recently

diacovered.__The druggist_woa_ehargieg-$2000.1teo times whdt the
drug_rnot_him to make. _The nick Wieeddie heihaed, Heinz, want
to- everyone he knew to betretuthe Meney, but hb\could Only get
1peether;lebnut half of what the drug edit; Hi told Ole-druggist
that_bia_vile was dying and looked ble.to eell it cheaper or. let
hlim_Plif_loter._ But the dregglit_fteld, "Do." So Hein# got
desperate and broke Into -the etai!lijitnreiio 'steal the drug for
his wife. (Kohlberg, Ohl, 0; 42)

Should Heins have 'stolen the drug? Based upon an analysis of longitudinal

case studies to nits w era Of dilemmas of this' cost, Kohlberg has created a scheme

of moral growth that he 6IMIA. Ii developmental. Furthermore, he has created

.tint only a raiitorch,tool but an edncatlonal program around such dilemmas. It

is *through discus/slog and juatifilng responses to such dilemmas that students

oliOte in their ability to find good reasons for their-choicee.

It li hot the specific value that one dummies (e.g., mteaR the drug ve.

Allen the Wile to die), but the reasons offered for the decision that places

people Olen' scale of moral development.

At the lowest level of morel maturity. 1pre-conventionnil Kuhlburg find.

that people argue primarily (rum an awareness of puniohment and reword. Thee

someone at a lowest stage of development might_ciaim that Heins *Mold het *teal

the dreg because he would be punished by beifng sent to Jail; or he light dial*

that he should steal. it because his wife might pay him well fur delint AO; It is

almost as it the punishment inheres in the action 'tacit. At a later stone

(conventional) people snots from the more abstract peti000tieis of What is gropecied

of you and also from the point of view'bf the oead to ealittein lie and order.

At 'the highest or stage 02 principled morality, one argues on the basil nut of
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rules that could conceivably change but with regard for abstract principles of

justice and respect for the dignity of human beings. Such principles single

out fairness and leyartiality as part of the very definition of morality.

None of these structural arguments (e.g.. punishment/reward; Ianw and order;

Justice) in themselves dictate what Is a.coriect resolution of any dilemma.

Rather they form part of the web that is used to justify the decisions made;

end it is in listening to these-reasons that Kohlberg and hiiollowers are

capable of deciding upon one's level of laical dovelopeent.

Despite the fact that Kohlberg's scheme for negotiating moral deVelepeent

.neglects to feet's upon action, it is a refreshing counterpoint to a program of

moral education which conceives of its role as one of inculcating specific

values in the absence of reason. Nevertheless; there hie both Ilene pene aaa fins

criticism of his scheme recently --a criticism which condemns each of Kehlberg's

work on grounds of sexism. That is; Kohlberg's research and dItiMately his

-scheme for what represents &correct hierarchyof deettIOOMent is Wiled upon his

longitudinal 'research only with :ales. Once the Pantie wax treated and the

stages developmentally construed; Kohlberg It:CCM-deed females and concluded.

that their. d:mlatiOn from he estallehed hierattlildel ichene implied an arrested

form of.moral development.'

Gilligan (1982) ptrinte out that the existence of a totally different cote-

gory scheme for men And women not only may he e consequence of different

psychologleal dynaisicsibut rather than ealtibiting n logically inferior mind

set; it suggests moral categories that are desperately in need of incorporation

tith those already derived. Compare the following.two responses to the Heins

lilemma; one by Jake, an eleven-year Old boy and the second by Amy; en eleven-
_

tear old girl. Jake is clear that Mina should stein the drug at the,outset.

tad justifies hiX ehoice as follows:
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. Tor one thing a human life is worth more than money, end if the
drpggist makes only $1000, he is still going to live, but if Heins
doesn't steal the drug, his wife Is going to die. (Why is life
worth more than money?) Because the druggist can get a th
dollars later from rich people with cancer. §ut Heins can't get

41 his vile again. (why not ?) Be people are all dif`yrent and
so you couldn't get Heinz's wife again.. (Gilligan. 1982. P. 26)

Amy on the other hand equivocates in responding to whether or not Heins

should steal the drug: s.

Well. 1 don't think so. I think there might be other way. besides
stealing It, like if he could borrow the money or make a loaf' or
something. but he really' shouldn't steal the drug--but his wife
shouldn't die either. If he stole'the drug. he light save his

-

wife then. but if he did', he might have to goto jail, and_then
his wife might get sicker again; and he couldn't get more .of the_
drug, and It tight not be good. So, they 4hould reallyAust talk
it out and find some other way to make the wormy: (13 28)

Notice that Jake accept*, the diiemma and begins to argue over the reIstiOnl-

ship of property to life. Amy. on the other hand. is leas interested in property

and focuses more on the interpersonal'dynamics among the characters. More

Importantly. Amy refuses to accept the dilemma as It is stated, but Is searching

for some less polarized and less of a sero sum game;

.Kohlberg' interpretation of such a response would imply that Aiy does not

have a mature understanding of the nature of the moral Issue involved4-that she

neglects to appreciete'that this hypothetical case is /attempting to test 41 sense

In which the subject apprGlatee that in:a moral scheme life tykes precedence

over property. Gilligan on the other hand in analysing large nuibeo of such

responses has concluded not that the foliates are a aa ted'in their ability to

Rove through his developmental scheme, but that they tend to abide by a system

which Is orthogonal to that developed by Kohlberg a system within which the

concepts of caring and responsibility rather than lustIce and riehts ripen over

Ube;

.CilItgan (1982) comments with regard to Aey'e. response:
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Met World is a world of relationsbips_and
psychological truth*

Where an awareness of the connection between people gives rise
to * recognition of responsibility for one another, a perception
Of the need for response._-Seen

in thia_iight,-ber understanding
Of Merallty as arising_from the_reeognitiOn Of relationship.,
het belief in comm0nication as_the Mode Of brinfltztresolutionA
and her conviction that the Polution'nf the dilemia will follow
from Its compelling representation

seen far from runic, or cognitive-ly- immature. (p. 30)

The difference between a "Kohlbergise and a "Cillignniah" conception of

morality is well captured by two different *daft' responses to the question;

"whet &Pei inrality mean td you?". (Lyons, 1983) A man interviewed cOmenter

Morality ittbasically Navin a for doing what's right, what
one ought to_dol.andi_whemiNea are

put in dsitoation where_you have
to choose from_amongst alternetiVes,

being able to recognize when
there is nn issue -of "oughe_ht

itake and when. there is notvand__i_then. . .having some reason for Choosing among alternatives.(p. US/

A woman interviewed ow-the also question commentat,.

Morality is_a_type of Mittel/menses, I guess -a sensitivity to__
-humsnity,_that_you can affect someone else's life. Yoo_can iffeet
your own life_and you have the responsibility not to_endanger 41-
other PeoPle!s_lives or ta_hatt other people. So morality is __
complcx,__Morality.le realising that there is a ptay_betwete_itif
and othera_nod that_you are going to have to take responsibilityfor of them; 106 sort of a consciousness of your influenceover what's going on.(p. 125)

While Ci/lfgan_and.her associates do not claim that development is sex

bound in such a way that the two systems are tightly partitioned according to

gender, they do claim to have located scheme that tends to be edidelated more

Cbadily with a female than a male voice. Behind the female voice of reppenali-,

bility and caring; some of the following
characteristics appear to we to surface,

1. A contextienendedness,
2. A disinclination to set general principles to be used in future cases,3. A concern with connectedness among people.

Though not nil of these characteristics
are exhibited in Myra response,

they do appear in interviews with mature women. Context bouededeess rep

a plea for sort information that takes
the form not only of reEpaceting more
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detailit(e.g.. what is the relationship between husband and vile) but of

searching for a way of loc.:ulna the episode within a broader context. Thus

unlike men. matute'woott sight tend.to respond not by trying to resolve the

dilemma; but by exhibiting f IndignatIon that such a situation as the

Heins dilemma eight trite in the first place. Such a response might lake the

following forms The question you should be asking me is 'What are the barren-

dour cireuatitantet that causid our society to evolve in such a way that dill/Amami

of this sort could edit arises -that people hsve learned to miscommtniette CO

poorly'?"

The second characteristic I have isolated above. ly an effort to attempt

'to ofideratatid each situation In a fresh light. rather indit In A legalistic

way --1;4; It terms of already established precedent;
Cfnittetted With context

bOnddidiiiii it is the desire to see the fullness of "thit" luta-Elm in order

to tit how it might be-different-from (and thus require new Iasight) rather than

cCeiCitikle with one that has already been settled;

With regard to the third characteristic; conflict Ii'less a logical puzzle

to be resolved but rather an indication of an unfOrtunate fracture in human

relstionships--something to be "mended" titbit thad an invitation for some

Andgailint.

In the next section no turn towards a consideration. in a rather global

Way. of how it is that a Cilliganith perspective of
morality might impinge on

the study of mathematics. While we have not yet drawn any explicit links

it is not difficult to intuit not Only thAt It threatani the status quo but

that it sets a possible foundation for the kilationship of problem g 'ion

to problem relying. Though we And' ficue upon the findings from the field

of moral education. we do not wish to tote sight of some of the otheuhumanistle:

of f curriculum from which mathemttics education might derive enlighttfteoht;
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rood Of what we hove alluded to earlier in this section will form the background.

'music for what follows:
4,

Ill - Kohlberg vs. Gilligan: The Transition from Salting _-..reaeAmg

It surely appears that problem soloing In mathemitics educati n has been

dominated by a Koblbergian rather than a Cilliganlia one. Gilligaelherself

has an intuition for such a proposition, when she-commentivalth_teg to

Jake's response to the Helms dilemma:

Fascinated by the_power of logic,- this eleven-year old boy locates
truth in -math; which he says Is the only thing that Is totally
logIcal."_ Considering the moral (Memo, to be "sort:Of like a
math problem with "e sate it up as an equation and
proceeds_to_work out the

humans.'
Since his solution is

rationally derived, he assumes that anyone following would
arrive at the some conclusion end thus that a Jude' would consider
atealing to be the right- Wok az to do. fp. 26.7)

The set erprobless to be solved es we 1 ss the axioms and definitleile

to be woven into proofs are start or "the ive."--the taken-for-granted reality

upon which andents are to op It Ii not only that the curriculum is "do-peopled'

in that contexts and concept. are for the most part presented aldetorically and,

unproblematically, but as it is p ly constituted the Curriculum offers'no
r

encouragement for students to in a respectable way mova.beyend merely accepting"

the non-purposeful tasks.

Furthermore- than.broing encour ged to try to capture what may be

entqwe and ne-Ilatal.to previous establieli4d precedent in sgiven mathematical

activity(che logalistic mode of thought we referred to as the second charaiter-
.

Layne behind Gilligan's analysis of fatality as respoiiiibility and caring).

much of the curriculum is presented as an "unfolding" so that one is "supposed"

to see similarity rather than difference with past experience. It Is commonplace'

surely in word problems to cell people to Lenore rather than to,embellish

matters of detail onithe ground that one lejlfter the underlying attacking and

not the "noise" that inhered in the problem.
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In le fedOing on isl isomorphilifeetures of structures, the

curriculum tend' not only to threaten a CIlliganish perspective; but as
4

Importantly. it supporti%only one half of what I perceive much of MatheMitite
o .

to be about; That is mathematics not only4sia search for what is till/

common among ostensibly different structuies, but Is as much an effort to
I lal differences among.structures thst,appesr to be eiettet.

(See Brown, 1982a)

With regard to context boundedness, there is essentially OS dUrritulum

that would encourage students to explicitly ask question. Met

' What purpose!. served by my solving this prObIel or thie
let of problems?

- Why am I being asked.to engage in this activity as Ole time?

-'What ima_l_finding,out_idoolit_a7mall and
participating In this task?

hers as a result of

-How is the relationship_oCmatheMetlee tea society end culture
Illuminated by my studying how I_6t ether people In the history
of the discipline have viewed Oil phenomenon?

Elsewhere (grown 1913, 1982) I Mee discussed howl first began to inter :

perste such reflection, as part Of ay own mathematics teaching, and I shall have

other illustrations of so doing in thli paper. There are a number of serious

questions that must be thought thrthigh, lieWaver,before'one feels comfortable

in .:i-ouiaging the generation And reflection of the kinds'of questions.indleated.:

above: We need to be asking66kielves whether or not that kind of reflection

represents respectable mathenatical thinking. In addition we ought 'to be

concerned about the ability Of students to handle that thinking in their early

stages of matbemstics1 development.

It is interesting to Ob----- that though the wedge is being provided to

integiate mathematics with Other fields, the "real world" applications seem to
be narrowly defined in terms of the scientific rather than the humanietle
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disciplines. In particular questiona of value 5r ethics are essentially_ non-

existent. That Is particularly surprising In light of the feet that major

rationale fur relating matheastfea to other fields seems to be that such

activity may enable students tti battier solve "reel world" problems that they
_

counter on their own. I kifew-Of tally no "real world" problems that

one decides to engage in for uhiCh there is not ...bedded some value Implication..

McGinty and Meyerson (1980) suggest some steps. one might want to take to

develop curriculum for Which wales judgements are an explIcitcomponent. They

begin with a prublea like the folIoMingt

Suppose a bag Of grass seed 400 square feet. !Now many_baga
would be needed to uniformly cover 1850 square feet? (p. 501)

So far so dull; It is not only'that for many students the above would

not constitute a pre:ibid. (in the f answering the question), but more

importantly It leek. shy ble conception of context boundedneas. The

authors, beWever, go on to auggele inquiry thatis_more "real worldlah" than

rust of the Orftd problems students encounter. They asks
_.

Should the person buy 5 bags and save the leftoverfiguring pride.
will fill next Oar? 84 5 bags fop spread it thicker? Buy 4 bag.
and spread it thinner? (p. 502)

lt Ohde we becnme Of ethical/value questions as a central component of

decision making,lt is clear that there 1. much more we might do in the May Of

g------ing pieblees for students as well as encouraging them to do pa on their

own; One of the au courant cutriculum is probability and statistics;

Ai a profession, we correctly Appreciate that we need to do more to preptite.

itOdints.to operate in an uncertain World, wherein .one's fate is not 060h With

the Vnd of exactitude that much of the earlier curriculum hal implied; Ifl

creating such a currtculum, however, we continue to give the Wee 11101ion that

f.athematical competence is all that Is required to decide vilely; Celt/are fat
.probabilfty problem (selected at random of ) frokany curriculum in
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mathematics with the following prohehilit5 Prmislemi

A clove relative or velure has_been_hit by an automobile. We hie
been unconscious for one_month. _The_doctora have told you that.
unless hells operated_uponi_he will live but roidin a Vegetable
:for thi_rest_or_hle_lirei _They can pirrere an iv-Oration Which.
Jr suCcessruti would rectore_his_conseleeineli. -Therhave deter.-
mined howeveri_that_the prohability'oftling successful is .05.
and if they rail in_their effort to rister. consciousness. be
will certainly die.-

.-

What counsel would you give the doctopt Obi could clearly sebaUthe aboe

problem in.a more challenging matinee-1E1cm/ setting, far example, setting up the

st conditions that would have enshled one to arrive st the,.05 probability (or

Perhaps modifying it so that'outer Hefts are set on the probability of Our-.

vival) but nevertheless, it is suchlOthidal questions in manydirf forma

that plague most:thinking peepte as they go through life making decislonm.

Is such ptublem generation on the part of the teacher or student an leered-
_ _ _

lent of matheatical thoeghtt I do not think the answer is clear. There is nothing:'!
_ _

ft

god-given and written in stone that establishes what is and is not part of the

&main of Methilatiti, end clearly what has constituted legitimate thinking in

thlidipiplini has changed considerably over time. I an not familiar enough With

the dedielegy of knowledge to know whatkinds.or forces other than loilcal ones

have been responsible for driMing people to reconceptuniime the discipline Of

Netheentice.,but even if questions of the kinchwe have been raletni in this sectionm
Would Nova us in directions that are at odd.; with the dqmlnant and,tetapeetete

Mode of :athematic/Ai thought, it is worth appreciating that aeederatera We have

a reeponeibillty to fur itimens that ds our passing along egly_liathe-

*lineal thought. The latter appears to me to he e very narrow view of whit it

beans to ed . In reallaing.that only very small porcentogX of Out studetits

VIII be eattimaticians, we have not adequately explored our ohtigetieu to those

who viii net expand the field perm.. We have mistakenly identified our task

0
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for the majunty as one of "cottoning" an Other:4114e rigorous curriculum. What

may be called for is an ever more Intellect:filly demanding curriculum, -but one

in which mathematics IC embedded In a Web Of concerns that are more "real world"

oriented than any of us have begun to imastua.
A,

Is is worth ObeerVing that such complications of mathematical thinking may

,.in fact pose major threat to a'concept that we have begun in recent years to

----that or mathematization. In attempting to find reason to believe that

ChIldrith can indeed function as mathematicians (as opposed to exhibiting routine

isiitetive skills), -David Wheeler (1982) looks towards exceptional case oematite-

Mantel precocity. Ile comments:

I don't see children however exceptional function es historians; or
ei lawyere, or as _i_since these are
extreamly'complex functioning:: that involve subtle_ relational:Oa_
between (sic) sevcral frames of reference. But I-wauld hypothesize
that mathematics belongs With art, music, writing and posSibly
science, as one of a class of activities tbat_reguire only fs_;.
parties:tor kind of response to be made by an individual to hii
immediate, direct experience. (p. A5)

While
_

l' would certainly not wish to pit mathematizotion, asWivieter deettibee-

--it, against the mindless symbol pushing that represent* its pOtheMOOdeitii, I

believe that as cduecturs we are obligated to push the Meade Of dectiplitotiOg

that discipline In an effort to engage'the minds of etUdehte in dirt:CHUM that

define their humanity.

IV - Down from A Crescendo

How do we descend from htt, _heighte and perkirethi overinflated leaf:Cage
fr-ws,,,,,s2,-4,-- .,,,.,

which'concluded the previous ectiont Perhaps One Way In to take stock of

J7where we have been led.and t try CO sharpen the iiplicatione that kight tonow.
__ _

The confrontation between Kohlberg Sad Cilligan ham served two purposes that,

____ .

appear on the 'surface to be very different. First of all, we have used the
.

challenge of Clingan's research to point out that there,lica world clew that
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has achieved empirical expression with regard to Issue-0 of MetalltP but which

is worth taking seriously.in other domain, airwaII. !loving Wheath the concept.

of caring and responsibility_established by Gilligan; 1441.fInd dimensions that,
_

are not strictly moral in Character but which deal with purpose, situation

.apecificity (a non - legalistic mode) and people connectedness-. We have suggested

that very little of the gaieties mathematics curriculum caters to those cheracterl

!sties, and in fact, the dominant mode caters to their opposite. °

. Secondlyi we have not only used CIIIigan;in contrast toitohlberg to establisk:.)

.broad "categories within which the present curriculum is deficient. but we have

pointed out that w- hat the two perspectives have in common--namely a concern with

morality--represents a field of .inquiry that may behes.leportant to integrate:

with mathematical thinking 50 are the more standard disciplines_that form the
G

.backbone of more conventional applications.

10
Both of these perspectiOs have potentially revolutionary implications. The

not only suggest the need for both teacher and student to incorp more
w

serious problem generating perspective (including the broad types of questions

raised'et the begi- nning Of the previous section) as an essential ingredient of

problem solving; but they +owe the potential to infect every aspect of mathematics

education froe drill and prattle., to an understanding of underlying mathematical

0 .41111"u"

structuroa;
4

Our goal for thiwteiainder of this paper will be the more modest one of makini

beast for the inclusion of problem generating' strategies within the catirtg*Agg.

I will for the most pail be drawing upon and integrating ideaethni I have prefioua

ly deVelepCd. While I Will make minimal explicit reference to the 'Gilligan per-

ipettiVe; I bolie4e It is possible to view much of what follows as being derived
.

fro. Whet I heite referred to Iii the Underlying components of caring and stink

responsible: The joining of links explicitly in other mathematics edweation.Atoei:

le A teak to be left for another time (and perhapa another person).
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V our rA44...lark-Nolvinit-Nentatity-

Any field of inquiry satehlisheas common language among its investigitors.

-lb* same kind of phenomenon is exhibited Ang (Fiends, loviks and members of a

family. It Is frequently possible to detirminil theextent to whibh you are in

fact an "outsider" by the deette to which you are incapable of and ding

the short - circuiting of language among participants. ilutre,is certainly good

reason for members.of an "in-group" to engage in such. short-circuiting behavior.

In addition to merely increasing efficiency of-communicationi there are importent

psychological and sociological bonds eetablished through such behavior;

Nevertheless, we sometimes pay a price for the common ianguage uo;establlih.

That is, In focusing on common understanding, wo.not only leave out other per-

speitives. bUt mi may be unaware of what we are leaving out The apeelallxstioe

thitresults from such behavior not only may leave us unawart of uhat014 ha44

left out. hut wore° than that, we may evenIose our ability to incorporate those

aaaaaaa sses within our world Idea pvea when they are pointed out ftt-:OS.

As educators. It is worth taking stock'iwery eo often to faaelha'arplititly

what we -are leaving out in the'common language wa/arevesteblish14 With our

students. Such an Instance occurred a number of years ago at which point Marion
. _

Walter and t were teas teaching e.course on problem solving.' We were doing itork
.

An number cheery, and were hoping to, derive a,forluls to generate primitive

Pythagorean triplets. We began the lemeon by askingt

2000 movera7

Responses began to flow, and students responded;Witht

3i 4i 3_
5i 12i 13
Si 15i 17

After a while. a-smile broke out on the fete ofa'student lho gave us:

l 1.4-E
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A few more "courageous" and humorous responses than were suggested like:
o

1.

. Merlon and I then jokingly reprimanded the'rdevieuti." and OtetS4ded to

explore what we wore about in the first place --a Nedra for 4 g-----ting formula.

After class. however. we began to taIk to each other *beet the incident. It

':hit us very hard that the "deviants" were beginning'to ippreciate*mething that

has occupied A considerable part of our collective envie' far the peat fifteen

years.

What truck us was that:

A2 + y2 E2. What ere some answers?

hal I kind or foolishness about'it that derives from the closed position of a

comnonlsnguage with its unspokenhut built In assumptions. Notice that

A2 + y2 112 is not even a question.. Now can one come up with answers?

Yet the students dutifully did come up with ; because they carried

alerts host of pitons that we-In fact hamatraiued (implicitly) them to ace0r.

TI assumed (at least at thebegiurilng) that the symbolism had connoted t the

domain was natural numbers. Furthermore they assumed that the symbolism iras

calling for something algebraic) end within that context they assumed that we were

searching for instances that would make an open sentence true; '

As soon as we began to appreciate that "the deviants" had begun to appreciate

something we had not seen, we realised that there was a whole nooball plow at

stake. We had not. realized at the time. that in emeeiding this toneept4Toe Obit

elm's. we were opening Pandora's bux.

In realizing that we had implicitly assumed that the demale was natural

numbers, vs encouraged students to ask such new questions as:

For what rations numbers A, y.,8 is it true that x2 + y2 82?



Realizinvthat we had implicitly amodikid that We Wire Searching for true

instances'of the Open sentence; we encouraged atUdefits to auk such new questiOne

sat .

For what natural nuebere is Ittriie that x2 t y2 SI is "almost"
truer (eg., 4; 7, 8 misses the equality by l).

Realizing that We hod isplicitly assumed that the question was algebraic;

the students began to oak a host of geometric questions that derived from connote..
.

rions of the algebraic fbei.

What foIltseed ibeedlitely was one of the moat:intellectually stimulating units

that either Of us had previously experienced with our students; and what'downed

.eventually on all of us wee something that:has had a lasting effect;

::Firit Of all, we began to appreciate that such deviations from stand2rd cur.'

rituIum are not mere frills. That is, in exploring-such questions as the "aleeet"
_ .

Orleitlire Pythagorean triplet questions all of us gained a much el under
a .

sFandIng of what the actual primitive.Pythagerean triplet question was in feet

about--not only lion the point of view of statement but of proof as Well.

SecondlY, and more Importantly; we began to realize that an leplielt part

of the common language;we share with students is one which focuses upon and points

sozstrongty towards the search for solutions and , that we continua to

search for unaware even-when no question is naked it 411! We were tluis launched

on our journey to try to and nd the role, of Oreblee generation IS the doing
.

;!

4
VI Posing and Depesinet A First Step _

I nm beginning to biirroclatik in %portant aspect of,what is behind an under.,

standing of the role Of peeing prebleii that I have not Seen before; despite

of mathematics,

the fact that I have referred IO ouch Of Sy writing to examples within which this

isitse is embedded., Fora iitUliber of Years; educators have appreciated that there
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might be considerable value in giving students not problems to aoIVa but

situation* to Investigate. ilgginson (1973)i for example; locate' a tialibek Of

characteriatIcs of whet he refers to as "potentially rich situations:"

Situation' are much "looser" than problems; and situations theedele." do not

ask built-in questions. It Is the job of the student to triad a *ligation or

pose a-problem. Geoboardsi Cuisenaits polytrainoIs eve all examples of

ituations. butatuations need :et be concrete materi0Iii they can 54 abstrac-

tions am well.

What I have recently (lepreparing"for thii telb) began to appreciate is

that the pedagogical issue Is much deeper and Were inc- ing than thatof

merely creating rich situation' to inveltigate. The issue is even &Ore complicate*

than providing both mechanisms and an atmosphere withlawhich problems might

isolated from situations; Rather the pedagogical task is one of enablintall of

- as to appreciate the differenies between a problem And a situation, and'of findle*

ways to move from one to the other.

The task of so moving is neither mechanical nor easy. That it sometimes.
sl

take* very long tit* to appreciate that a situation implies' a problem Is*

--

somethiug Chit Meet parents'experience through much of their child rearing. Thetj
__

problems Can be neutralized (or de-posed as the title of this section playfully
:-1

suggeiti) id something that may be equally difficult to appreciate. Those of'pa

uhe-tteIlid that we have been asking the wrong questions realize implicitly

the hoed to 100e from a problem to a situation before re-posing iehe'problem.

Wielder the example of "female response" to the Veins dilemma which

with indignation that-the problem 1a,not One of stealing or not stealing

the dieg, but rather one of figuring out how we even evolved us a society such

that such cholcos would have to be made'(and one of figuring out how to reCon-

itiett society). Here is a clear cline of first neutralizing s problem before
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're-posing it. It was necessary to delete the question Annuld Heinz etesUghe

drug ?)` before moving towards a re-poeing of the problem.
0 _

It is not only that there is value in having students actually move in

both directions- -from situations to posing and from posing to de-posing--but it

is also worth designing curriculum which eihIbits the difficulties people had

In making such moves on their own in the history of the discipline. We have the

potential to learn a great deal about tbe relationship of a discipline to the

culture frum which it emerges es'we study those problems that could not ba

perceived as situations.

An obvious example in the history of mathematic* is that of efforts over

severnl centuries to try to prove the parallel postulate. Consider the following

formulation of the qu'estion:

guy_tan_you prove the parallel postulate-trek the other postulates
of EUclIdeen geometry?

We know now that a great deal of the history of mathematics we written en

nineteenth century mathematifiansbegan to appreciate that the difficulty in

ASOIVIng the problem was that a wrong question was beingposed. In some ImptleAt

*emits; Lobachevsky and 111 colleagues at the time had in fact to "neutralise"

the problem enough first to t clearly at the -situation from which itderfired

(the postnlates of Euclidean ge y) And then to- reformulate the question Co

as te delete the deceptively innoce4 woternHown in the pOsing of the prOblei.

The need to re -pose aLp_mblem by first Ilging It le vet only revealed

threnigh frustrated efforts at solving problems, but is en Pathetic issue AN

7.,well. and an Issue that In worth incorrczatingexplieltly In curriculum within

whICh the I:Mfg:mink concept of context boundedness is taken periuusbc.

ider the case of efforts to prove the four color conjecturetoughly that for

any vonveatioaal map, !oar is a sufficient number of colors to establish and

5



5

to appropriately demarcate boundaries. Until recently the pruhlem was "merely"

to.pruve or disprove that conjecture. Only after a cumputer proof was produced

which featured a very largo number of special cases did mathematicians begin

to realize that they had not adequately pursed the problem. Feeling that a

computer proof was blind to underlying structure and in tact illuminated very

little of "the mathematical essence" of the problem, many mathematicians realized

the need to state the problem in such a way that "ugly" proofs would not count

as solutions.

Such re-posing of the four' color problem reveals something not only about

the present attitude of many mathematicians with regard to the computer, but

just as Importantly, It unearths some fundamental epistemological Issues--issues

that more clearly locate knowledge within an aesthetic realm.

From a pedagogical point of view, It Ii particularly enlightening to engage

students in a discussion of the relationship of a situation to a problem. I

have a eodest example: S 1 years ago my son, Jordan, came to me to tell me

that he did not and d the "ambiguous case" in trigonometry, i.e., those

circumstances under which a triangle la determined by an angle, another angle and

side not included between the angles.

I began my discussiun with him by asking him to recall how in geometry, he

had investigated those conditions under which a triangle was determined.

looked very puzzled and told me that I was mistaken; they had never investigated

the determination of a triangle. Instead they.had proven things about two

triangles beim' congruent if A.S.A. e .A. and so forth.

What was taking place here is very interesting from the point of view of

relating a problem to situation. Jordan had In fact viewed an entire unit of

work more as a situation, while I had viewed it as*a problem. That is though

he had an arsenal of congruence theorema;at his disposal to respond to nny
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reetsuab to prove two triangles congruent, he did not see this ammuttfitfen as

providing nnswers to what 1 maw to be the fundamental problem of discOvering

those conditions under which triangle is determined. As I reviewed his

text, I understood why he saw a situation In what I saw to be a problem. The

book had In (net never distingulahed between an underlying prohlem (determining

a triangle) and a collection ofexercisea to give one experience In handling

a problem that had been solved by the famous congroence theorem. In fact, the

practice exorcises had become the fundamental concept7a phenomenon I am

beginning to believe Is more widespread than I had thought, and aiconseguence '

Meat likely of the essentially plagiaristic spirit that governs text book writing.

The Interesting irony in this case is that the difference between my per-

ception and Jordan's regarding what those congruence theorems were all about,

was not revealed in dordan's performance In geoietry at all. One can frequently

accurately answer questions and even solve difficult problems without seeing

the context within which those problems are embedded.

Thus, It would seem to be a very wise pedagogical ploy to move not only

from situation to problem and beck for topics that are relatively small (e.g.,

de-pose a theorem such as "The base angles of an isosceles triangle are ton-

g 5, hot to do so for entire units as well. Teachers as well as atudentp

.would find it enlightening to discover the areas of agreement rind divergence

of opinion regarding the problem/situation status of a unit or perhaps even of

course.

In cioNing this section. I would like to colment on an interesting potential

difficulty relating situation to problem that Peter ilittoti Alluded to In his

talk. lie mentioned that proper selection of problems is critical in designing

curriculum for uue does not Want to give problems to students that they are not

.

prepared to handle. ,Ills comment appears on the surface to be a threat to the
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activity of posing and de- posing problems. That 1s what happens if In the

creation of a problem from a situation, student defines a problem that we

know is beyond his/her ability to handle?

There are some interesting assumptions embedded in the. above question.

Flrat of all, it is not necessarily the case that students need to try to solve

problems they pose. The activity of posing itself In the absence of efforts

to solve may be illuminating both to students and teachers. In we find

out as much of value about ourselves by attending to the kinds of questions we

ask as we do by the solutions we attempt.

Secondly, If we think of an entire Class as a unit, for the kinds of

activities suggested in this section; it is not necessarily the case that the

same p ho poses problem need be obligated to try to solve it. In fact

we may discover the potential for unexpected collahoration among those Who pose

and those who attempt solutions. We do not know very meth at all abOOt the

-;
relationship of the talent of posing and solving; but it perhaps is worth taking

a clue from the work of Cettels and JaCkson (1961) in which thiy find

to conclude that beyond a certain point; intelligence and creativity may not be

as closely related as one might laminae.

But there is another consideration that cuts deeper than those we have

mentioned so far; That la, What does Hilton Imlay students are expected to do

who are prematurely challenged? It appears that they may be incapable Of saIWIng.

problems that either we (es teachers) or they pose. Such an expectation may be

a short-sighted one from am educational point of view however. Along with our

newly discovered appreciation for the role of approximation and estimation,

ought to come an appreciation fir partial solutions s a respectable activity.

We need not necessarily expett complete solution for every problem inveatignted.

ID addition, I am not Clear on what it is that la lost if students attempt to

solve a problem and cannot even coma up with partinl solutions. Suppose they
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cannot even identify or isolate lemmas that might help then along the* way. I

can imagine a great deal of valuable personal and intraleeknel insight that

might emerge through a discussion of what say account for inability of students

at a particular point in time to make headway. in solving Ormiticulai problems.

A teacher who keeps an ear to the ground Might peddibly even learn 'something

of the students conception of the subject *Atter. Pieta. mathematics and the

relationship of mathematics to culture by Ilitehing tarefully to what counts

as a reason for failure to make headway:

VII - The Act Of Posing: Logic an41-pedagogy

In relating problem posing to the creation of situations, we hire, beneath

the surface bumped up agairiet the relationship of problem posing to problem

solving. After ell. it Wei dile to an inability to solve the parallel postulate

problem that a situation was revealed which was in need of reformulation. Problem

generation and problem soIeing are intimately connected. however, even when

;things do not go awry. Below we discuss their intimate logical connection. In

the two Subsections that follow the one below we shall look more closely at

pedagogical strategies for engaging in problem posingone mild and the other

radical. Much of what I will be analysing in this section has appeared in

disparate sources. and I view the task here as, one primarily of consolidating

that Mhterial. For thnt reason this section will be briefer than the others

(thank God!) and the render's-attention will be drawn to relevant references

for expansion of the points alluded to.

LiilleinCraciousandicce-tiiAg
'Consider the following two pteblema:

(1) A fly and train are 15 km. apnrki The train_travels_toWarde
the fly ntai rate of 3 km/hr. The fly travels toWerda_the train
at a rate of 7 km/hr. After- hitting the train.-it Wahl hack
-to its starting point. After hitting Lhe_atarting
once more heads buck toward the train until they_meat. The
process continues. What is the tetra diettinte this fly travels?
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(2) Given two equilaterial triAgiesj find the side of s third ono
whose area is equal to that of the sum of the other two.

The first problem reveals in a dramatic- way something that is true but

leas obvious In the solution of any prohlem; If you hkee not leen thin problem

,rei 1.e It sit for awhile; nr perhaps Abate it with Vflith.grader. If the

-; 4d is blowlyr properlyi you will COMA upon in ihilght that will moat: likely

jar and inspire you Without giving the bill game away conplately, lot mm suggest
_ _ _ _.

that an insightfOl and ...-teehnit.1 solution depends upon your asking a question

that has not been asked In the prebIii it all. Though there are many different

ways of asking the question Ad Well Ai Piny questions to Ask, something like

the following will edit likely be lings

What do -1 hale. if i' focus not on the fly as requestedi but bn
the train instead?.

..
c _ jL

What le needed Intl» iolution;of this problem is some effort at posing a

new problem Within the context of acceptin6 and trying to solve a given problem.
-I

Whether or not inch problem posing is always needed in the solution of a problem

is an interesting and debatable qu ,aion.i 'believe that such problem generation

hp 4144. heeded. but I also believe that the analysis of the ion very much

hinter; on hew it la that one defines probes in the first place. (See Erown;,

I981ii Bia4 and Walter. 1983 for additional discussion of this point)

The second problem reveals another itexesting intimate connection between

rabbles' solving and problem generating. TLe sol:tion depend. (an illustration

Of what we have said above) upon bow it 191 that the problem itself is re-defined.

If. however.'you *Minim that sides and their Igngths can be distinguished from

each dther (something that is not necessary inthe solution of the problem).

then if the lengths of the sides of the first two erlAngl.. are a And b kiip..elve-

ly, we can prove without too much fanfare that the length Of the third Midi e

is equal to lOra2-1.7.
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Nov In One sense we have solved the original problem; In &Whitt sense,

ho , we have only begun to solve It. Most people who toms noon the solution,

c m1047:3are taken aback. The point is that It.emeIli MS If this is an interest-

ing and unexpected connection (as a matter of fact one Shia nom enables one to-,

solve the problem.without associating the aides with theft length:).- The4act .

that the relationship is a Pythagorean one; indleateoljhal We can find the third
7

side as suggested below:
I

Neitmothematicians who have not seen this problem before find the selves

headed in an ahmist compulsive search for what is happening; Tfiey are lelven by

some variation of the question:

know areas are additive for the squares on_the eides_ef a right
triangle. but vim are they additive for equilatetal triangles as
well.

that this example illustrates very nicely it that A pine at a solution

itself does not always reveal ittw things operate as they do. SoMething more

is needed, and in this case that something More begios with a qnestion.

Though it is surely the case that the ellOged adlutIon of any'prohlem always

has further implications that one may ----tt as a problem or a question, nos is

not necessarily driven. to do 10 itt elf prObleia with the same kind of fervor as

In this.case. (See Walter and gratin, 1977 and litown and Walter, 19R3 for an
_ __ _

elaboration of this discussion) ° -

There are praagogical iiiplfeitfeni that flOW from these relationships between

posing and snising problems; StOdents are.not always aware of the questions they

me l have Implicitly Asked thee-Selves in coming up with the solution to a problem;

and there might 10 value In _encouraging them tcrexplicitly see what they have

done. At the other end of the Spectrum, students mny not at all he aware of

additional questions they "iiied.te" or might ask after they have supposedly
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On Strategies For Postings An Aceepting-ilode

It Is one thing tin Invest that problem posing is wortInAlle,:or even nee=

y; it fa another to be able to do so. We shall in this subsection suggest

several tiles for posing problems, moan of which are well discussed in the

literature, and sotaf which repwesent new directions. In this subsection and

the next; we shall look at the activity of proble5sgeneration in a mode that

Is someWhatpolaiet14414! that of solving a problem that has nlready been.itated._;.:
.

In so doing, we jeturn to situations a4 a starting point. Much of what we.do

here mightbe appropriate to.epplitohe activity of solving An already stated

problem as well. (Si e Brown anttWalter, for an elaboraedoof these two

subsections)

What sic the "things" that situations are made of? Among possible candidates

are the following( 0

11, roncretvobleces like Cuisenaire Rods and the Tower of Hanoi

abstract- "things" like
(a) Isosceles Triangles

f or

(b) Nine Supreme Court Justices each shaking handsgith each °thee=

3. data like
(a) Primitive Pythagorean Triplets gin:tined by the relatioinhiWAd

eel + y2 lit (likes 3.4,5: 5;12;13; 7;24;25)

(b) 50209,26i33. .

* .

4, theorems- or- like the.Fundsrmentnl_Theorem of Arithmetic
(every number can be expressed uniquely as a product of primes)';

a

There are surely more kinds of "things" that Oaf Might use th a stortiiiiitu;

atton, but the above should see** the'purpos4 of enabling Ace how tho.airectioni

we might look towards in generating questions.

(i) Estimation/Approximation



Here is a category with which we are.all familiar, though we tend not to

Make Ii Such use of it in practice as we might. biven phenomenon 2(b) for
.

example, most people with a little knowledge will asks How many handshakes

are there? Of course it is just as illuminating (for some purposes) a question

tb ask: Shoat how many handshakes are there?

( ii) Internal-and-Itittogt

Given situation 2(a), most people will ask the rather familiar question:

What can you say about the base angles? Sqme,people might extend the baste

and ask about the external Bugles. Compare those kinds of Amestions with one

i like:

How many isimceles triangles can'you join to foem the hub for
-a bicycle wheel?

How does the above question differ from the other isosceles triangle questions?

It is worth pointing out that while the first set focuses on the Internal working*

of the phenomenon, the one dealing with the hub takes the isosceles triangle in

Its entirety and relates it to something else; Pkich of our standard currie010*.

la focused on an internal view of objects and relatively little takes as its

starting POint the object as a whole.

(iii) The Particular and the Specific

Here is a theme mat is particularly salient in terms of a ClltigaflpirspiC-

tive: Take a look at 3 above and pose some problems.

Our enchantment with abstraction and generalizabillty frequently blinds IS

from seeing the uniqueness of what is before as. Host people shown 3(a) and (b).

will pose a problem that attempts' to reveal some,coVerilig 140 that will g to

ill the tete*. A 'Careful look at data; however; frequently suggests that there

is more to Oda that might be equally as appealing. Conattler the following for

example with regard to 3(a):
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Each triplet has et_leaat one"Whei divisible by 3, hey 4, and

1

:by i; Will that hold is genera 7

The above is clearly not a Wiestion hat would arise if our focus were upon
. .

the more abstract Pythagorean reletionship.

Take another leek at 3(b). What questions arise from s carefullflook at the

data beyond a search for sume general algebsain generating formula?

(iv) Oh.PseudoHistOLE -
.

.

Many teachers wish they knew more about the history of mathematics, so that

they light be better ibis to ancients the subject. Whet is not well appreciated;

howeverais that 4 great deal of intellectually stimoleting thought can flow;

from an effort on the part of students as. well as leachers to engage in what X

call pseudorhIstory.(Broas. 1978 as well es Brown and.Walter, 1983). As an

example. consider the following kind of question conceivably generated by 4.

What might have been responsible for getting people to look at
products ofprlmest

We can, for example, imagine a mathematics community that focused originally

on expressing any given number as the sum of other numbers. What might have

moved them to look at products instead?

These are mutely not the only categories for generating problems while at

the same time maintaining an accepting view towards the beginning situation.

-I

They 'do, however, represent a start, and with the exception of (i) tend not

to be given much curriculum consideration. It would be a'valuable contributilin

to expand both thelist of "things" upon Which one might generate questions as

well as the categories one might look towards ia.the generation of questions.

Posing As An Adolescent

In this subsection we further expand the'concept of problem generetion by

selecting a situation in a mode that is more reminiscent of adolescent rebellion

than le the previous subsection. Though perhaps the most intriguing, this is the
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aspect of problein posing

that Marion Walter and 1 have written sere about than
any other; and 1 therefore

will reettaia my natural tendency towards verbosity--
with the suggestion

that you refer to relevant
pieces cited if you wish fuither

elaboration;

Theconrept of challenge; threat or adolescent
rebellion is well captured

by liofstadEet (1982) when he commetitit

Ceetge Bernard Shaw onto -wrote (in Back
to_Metlinatlah): "You seethings; and you say NW! But I dream things that hover were; andI say 'Why not?! When I first heard this

aUpltuidm. it made a_vw,rlasting impression on 114.- to "dream thinglithat
new were"--this le'not jupt a poetic phrase

but s truth about hilatin nature. Even_thedelleit of us is endowed-with this strange ability to constructcounterfnctual World* and to dream. Why do we have it? What Seams.does it make?_,_How
edit one dream or

even_weee_Ablit is visibly not :there?. . .Naking_variations on a theme_is_realy the crux ofcreativity. On the_fece of it the thesim_le_Crazy. how can it
.possibly be true? Aren't variations simply derivative notions;-_never truly original creations? (p. 20):. .Careful analysts -lead.one to sue that what

we choose to calla neW
these is itself alwayssome land of variation;

on s deep level of Cartier
themes (p. 29)._

One can start with a definition; theorem; a eencrete material; dataiOr
any other phenomenon

and instead of leeeptini
it as the given to be explored;

ins can challenge it and in the act create a new "It."

Consider -for example the
definition of a ptilie number;A natural number is prime if it has *Wetly

two different divieera.'
Nov the natural"

Ventilation of the standard
curriculum is to use thit

it of information
to prove or mho( all kinds

of things. M adolescent rebellion
A the other haul might generate

boat of questtOiii like:

What's oo apielal
about nushere_that have

exactly_two_differeatdivisors? What kinds of numbers litiVe exactly three divisors?
'Why do_ve focus on divienv1_ Can we find numbers. that have exactlytwo different elements to fora a *OA?

_'Why -are we fecnning on different dleliors?
Can numbers have thesame diviner twice?

4
t'A4y do we recu
on natural numbers?. Seppose

we look Instead atfractions or the set of odd int-

- 1
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I lhall not continue with the list of such questions that can be generated

.te.'dballenge rather than accept the concept of prime number. (See grown. 1978.

1981 fot a thorough development especially of the last question) Let me merely
,

indicate that such activity haped0041t-in kind of irony:: for it is In the act

Of "tebellitie that one come° to better and d the "thing" against which one

rebels. In that sense challenging "the given" as a stratdgy for problem generating

hai the potential to be viewed ale a less radical depArtuTe from standard curriculum

than one might otherwise believe.

Harlon Walter and I have taken the insightiof challenging the given and crested-r:

A scheme which we call "what -if -not." A number of people both within the CMG group

and outside of it. have derived sale fascinating and imaginative concepts by employ-.

ing the scheme. Though it Is possible to approach that scheme in an overly mechanist/4]

manner. it is also Something that can be done with taste.

Suppose one wishes to do-a "whet -if- not" on the Fibonacci sequence:

1, 1. 2, 3, 5, 8, 13, 21. 34. 55..

For the first- stage ofs*the scheme. one lists the attributes of "the thing," witheilt

worrying about such matters as completeness, repetition. elegance of statement;
.

independence Of statements and 60 forth. Thus we might Het among the attribute.:

1. The sequence begins with the same first number.
2. Thu first two numbers are 1.
3. If we do something_tO_any two successive tetms. we get the next

number in the sequence.
4. The something we do is add.

At the secondpsymei we do a "whet -if -not" (hence the name of the scheme) on

one of the atttfibu-Les. For example. suppose we do a "whet-If-net" Oh number 2 ilieuel

if it is not the case that the first two number. are I. We ask Whit they eight bet

_

Obviously %/would select many alternatives to I acid I as the starting numbers.

Suppose we Chose 3 and 7.

At the next stage, we ask Some new set of questions about the modified phenols-

enon. Suppose we begin by asking what the new teepiehOe Would loiik like. To continue A
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the process, we finally engage in the kind of activity which it people incorrectly

assume Is the essence of mathematics--namely we analyze Or try to antiwar the question.

Thus, if we maintain the ill definition of the original sequence (something

we need not necessarily feel obligated to do). we would gets

3, 7, 10, 17. 27, 44. 71i . .

Moving' back to the stage of asNilij some new eon Of gniAtiene. we Might ask'
_ _ _ _ _

is there an explicit formula to generate the nth tete of the'f3queace?

'How do propertieq of this sequence compere with thole Of the cirienal
one?

An analysis-SOF these questions reveals lead vary fakeirlating PHOCIN. People

who are familiar with properties of the original Fibenseci sequence'. In analysing

the second question above, most likely would look (among other things) at ratios.

of succeeding terms. Choosing smaller to larger AdjaCimt termsr we. would gets

.42; ;70; .588; ;708; .614; .62.

Something Amalfi (hi in the equilateral triangle example in the pre vious

subsection) peculiar. We are arriving at ratios that appear to be very close to

the "golden,ratio" (approximately .618)--aomething we expect from the,nriginer

Fibonacettliequence. Why Is that happentg?

In analyzing the question aboil, one is throxn beck towards an analysis of

the original phenumenonas we iii above.

We have barely begnn to see.the wealth of surprising results In making use

sf the "Whet-if-not" strategy on the Fibonacci sequence. (See Brown. 1916 spd

irewn and Waiter. 1983 for n more detailed discussion) In this brief sketch,

ioweedr, we implied the value both of;carefully employing the varimmettiges of

the "What-if-nut" sttategy and of intetreintinrthem as veil.
14

In ElosIng, it is worth pointing out that despite.efforts_to mechanize the

wage!, the preeess tends to dinden computerized mentality. for iis frequently

the ease that lu the absence of an essentially human activity one may ne4er even

'See...some of the attributed to vary in the first p) e. Eliewhie Mown; 1971;
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1974i 1975. 198L) I have shown how it is that use of pootic devices such as
.

metaphor and imagery, and such human qmalities as finding surprise and fIippIon

figure and ground frequently account for our ability to see what it ii that Ii

supposedly 'taring um in the face all along.

C

p



Brown. Stephen I.

Icsci9P.A;

Brown.' Steph441-1.

-Educat to ail

-6P-
References

"Rationality, Irrationality and Surprise;" HAthemgly2
. SS; Summer 1971, pp. 13-19.

__"Mathematice and Humanistic Themost_ SOO Considerations."
Theory, Vol. 23, No. 3, 1973. pp. 191-214.

Brown. Stephen 1.__ 'minting on Multiplication." Matheentlei Teaching, No. 61,December 1974. pp. 26-30.

Srowni_SMho l;- -A New Multiplication Algorithet __On the Complexity_of
51101111c1ty." The Arlthmet-le-Tescher, Vol; 22, No. 2, November 1975,pp. 546,SS4..

grovni_Stephen_1._ "From the Golden
Rectangle and_FIbonacc1 to Pedagogy andProblem POSIng," MathenotAkmrinacher,

Vol; 69; NO. 3, March 1976, pp. 180-186;

Ilv:aa._Stephen 1. Some "Prime"-CoMparisons. ReatOii. Virginiat National Councilof Teacheri of Mathematics, 1978, pp. x. 106.

lkomliStephOO 1. "Some Limitations_of_the
Strtietore Movement in Mathematics __Meaning of 'Why';

Mathematics Gazette- of Ontario; Vol. 17;No; 3; Mareb 1979, pp. 35 -40. .

litowM._StephOO 1. "Ye ShalliSe Known by Your_Cineritions," /ST-The Learning OfMathet4.it1ca, No. 3, March 1981, pp; 27-36;

. lrown._Stephen-1. "On Humanistic Alternstluca_in the Practice of_Teacher EdneatiOm."JOOknal of Acgea4v-iranJ Development
in Education, Vol. 1S; No. 4; Suesier;1982; pp. 1-12.

!mutt; Stepheu'I.
pulatrIbutlug_lsonorphIC Tingery," New- York -State Math rtai.horsJianinal. Vol. 32, No. 1, Winter 1982a, pp. 21-30.

Wow, Stephen 1. "Problem_ Posing: The-Problem Cenetation Gap." Math LabMatrix, N0.:16; call 1981a; pp; 1-5.

irdion. Stephen 1., and Halter, Marlon I; The Art of Problem Posing; The Franklininstitute Press;_ 1983.

eve;; John. Reenwtruetion in PhlIostitibi. Henry Holt and Co.. N.Y., 1920._
evey. John. itentlAr'Think. Meath.. N.Y 1933.

lassie. Jacob W.. and_Jackson, Philip W. Creativity and Intelligences Explorationswith Gtftc.1 Stodenta. Jnhti Wiley i Sone. N.Y.. 1961.
.

illiaan. Carol. Itt A Different Voice,
Harvard University Preen; Chebria-0, 1982.

1881nson. 141111:m C, Toward_Mathetsis:
a-Paradigm-for_ the_Davolonnent of ilumaniatteliatitemattes Curricula; Unpublished
doctoral dissertation; The Wilitereity ofAlberta. 1973.

69



- 65 =.

i:,

Hefstadter, Do. I . --"Hetamagical Theeast Variations, on a Theme na the Essence
of Imagiuut ," Scientific American, October, 1982, pp. 20-29.

Kohlberg; Lawrence. "Moral Stns.* and Motivation: The Cognitive Developmental
Approach;" in Lickona, Thomas (editor), Moral Development and Behavior:
Theory, Research and Social Issues, Molt, Rinehnrt and Winston; 1976;
00. 31753.

Lickoni; Thomas (editor). Moral-11.--lopm.;;..ent-and-Behavi-ors--lheory; Research and
Social Issues, Holt; Rinehart and Winston, 1976.

Lipman, Matthew; Sharp, Ann S., Oscanyan, Frederick. Philosophy _in the Classroom,
Institute for the Advancement of Philosophy for Children; New jersey; 1977.

'Lions, Nona P. "Two Perspectives: On SeIf. Relationships and Horality;" Harvard
Educational Review; Vol. 53, No. 2, May 1983, pp. 125-145.

McGinty, Robert L., and Meyerson. Lawrencei N. "Problem Solving; _Look_lleyond
the Right Answer," Hal-hemarics-Tencher, Vol. 73; No..7; October 1980;
PP. 501-503.

Oliver, Donald, and Newman Fred. ClartUrinR Pnblic:Controversy: An Approach
toTeaching-Suclnl-SLOtes, Little, Brown; 1970.

Snow, C. P. The-Two-Cult-urree: and a Second Look; The New American Library,
New York, 1959.

Tabs, Hilda. "The Problems in Developing Critical Thinking, Progresalve Education,
1950, pp. 45-48.

Walter; Marion I., and Brown; Stephen I. _"Problem Posing_and_Problem Solving:
An Illustration of thelr_Interdependence:" Mathematics Teacher, Vol. 70,
No. 1, Fall 1977, pp. 4-13;

Walteri_Mirion_1;; ond_grown, Stephen I. "What If Not?" Mathemntica TenchinK,
No. 46; Spring 1969; pp. 38-45;

Wheeleri_David._ "HathemAtitatiu,1 Hatters," For the Learning of Mathematics,
Vol. 3; No. 1;_July 1982; pp. 45-47.



0

-G

WORKING GROUP, A

DEVELOPING STATISTICAL THINKING'



67 ;;

CANADIAN miagivalc; EDUCATION STUDY GROUP

JUNE 1983 MEETING (VANCOUVER)

Report of Ihrking Group A

Weve loping Statistical Thinking raw All

by Clauik Gaulin d ,(117eSwift. Co-chairmen

(7,

The Working GrOPO set as its aim the development of's set of guidelines for the'

introductionr_OF work on statistical thinking into the core curriculum. The con-

centration oniTATISTICAL thinking was deliberate; the group recognized the 10.7.-

portance of also including PROBABILISTIC thinking in the core curriculum; but in

the limited time available for discussion; it was judged preferable to concentrate,

on the area of developing statistical thinking for all.

A preicorequisite of the development of statistical thinking is a SENSE OF NUNOlit

which Must be an Important objective of the mathematics core curriculum. Number

sense is understood to include such concepts as estimation. accuracy and size; and

such skills as rounding and making approximations.

GALS FOR THE DEVELOPMENTOF STATISTICAL THINKING FOR ALL

1. To'develop critical attitudes towards conclusioni.based on Commonly
used statistical arguments.

2. To develop_those skills of data expleration iecessary.for achieving
the first gnat.

3. To develop an awareness of the uses of statistical arguments.

APPROPRIATE STATISTICAL TOPICS FOR THE CORE CURRICULUM

The topics fall into two broad areas:

(A) The tools of data analysis

la

(a) Numtraemt Aemmaale4

Collecting- data and presenting them in the forme tables; averages;
percentages; proportions; etc.

Interpreting Wformation presented In the forms mentioned above:

Using averages and measures of variability to illuminate data;

Detecting patterns in data; .--.

e-
Recognizing approprfatiand inappropriate use of numerical summaries.
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(b) Glnlihicat euerallee

Collecting Alata and presenting them in graphital form. Appropriate
forms_include:_ circle charts;_sCatter_plots-in one and two variables.
box and whisker plots, stem and leaf plots; hat graphs. etc.

Interpreting information presented in the graphical terms mentioned above.

Using a variety of plots to illuminate a ttillection of data.

Detecting hidden patterns in data.

Investigating values that appear "different" (outliers).

Making comparisons betWeen tollettions of data presented in graphical
form (e.g. comparing tittx and whisker plots of two sets of heights).

Emphatit and methodology

The 0MPhatis should be towards providing ways of overcoming the mistakes of
judgement that so often arise when data are examined. The work of Kahneman_
and Tversky jll has clearly shown some of the kinds of mistakes that can oc-
cur in this context.

-Students should be encouraged to develop their own_interests_by_cdllecting -

end examining data from any subject -that attracts_them. Project- work;- invol-
ving the planning and execution_of an experiment that includes the collection
and interpretation of data,_;Walso_a_most_worthwhile activity. Mich attention
could also be given to the compilatittn_of of interesting_activi-,
ties, data examples_from_newspapers, case_studies from practicing ItatiSti-

-clans, etc. that will illuminate the teaching of statistics: 121

The comPuter_and_the_calculator_offer considerable opportunities fitt enhancing
the_development of_statistical thinking._ Students can concentrate on the use
of_the_tools_of_data analysis; not as -ends in themselves, but as a-way-of-ex-
tracting_informatIon_freeran_interesting data- set. -The computer also facili-
tates_the_exchange of data sits in a format that allows studentsra convenient
form of access.

Statistical thinking is not confined to_tbe Mathetnatits curriculum. .Teachers
are_strongly_encouraged to loOk fee applications of statistics in other subject
areas; In_addition, the_dtVelopment of statistical thinking involves the use
of many mathematical skills and techniques. e.g. work-on ratios. proportions,
graphs -and number sense; _Sikh reinforcement is a positive feature of a stronger
emphasis:on statistical thinking.

(6) Rftle surveys and .heir interpretation

(a) Weil-aping an understanding of. and a critical attitude towards, sta-
tements made about surveys.

(b) Recognizing misleading interpretations of survey da4a.__(For_example,
such statements 'as "the liberals have increased their share of the po-
pular vote by 2 t" are misleading when the poll is only accurate to 4
percentage points.)
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(4) Deyeloping an Intuitive Unterstandingof how a sample can give in-'

formation abeut a popylation.

(d) Using elementary metheds'of obtaining a sample from a population.

Emphasis and methedeloov

The emphasis she:aid be towards those activities that develop an INTUITIVE*
derstanding of the uses and limitations of surveys. Methods that use te,Ch-,
nical jargon and emphasize_probability models are_not consideredLappropriite,
for the core curriculum. One successful:apPrOach has beenl.o_obserittAhe
variability that occurs when samples are'taken'from a'YES/101 Popiiletion4110*
to summarise data from 100 such samplesin 0Lboi aid_whisker410.L.,01,This
approach does not involve the_ Use ef_probabiliti:statimenti±coneectet_withs
veys. In its deliberations about_methedology,_the_group was_ieryconitiOuSAi
the importance of dealing with_miscqoceptions concerning_turveys_likethotO

. shown in the work of Kahneman and Tversky Ell. cialuable_goal teaching,
topic is to if% at overcoming such mistOnceptions as occur at a iferylia

level.

Students should continually_challenged to -ASK questions and -be- critical shoe:
a survey. Approprlate_questions_might_includel -how -were- the -data collected
Did every member of the population have_the possibility of being includtd;*
the sample?_ Was_00 sample_representativet Etc. Such questions-are
ble_sourceof_learning,_particularly_When applied to the surveys that-Are of,
conducted -in other courses in -the school curritilum. There is no better. Way !
of- revealing the limitations of- survey techniques than by being
volved in one The discussion folloWing such involvement can be 111uminating

The -area of- sample surveys is one -of the -most frequently-reported areas Of4tO
tistical_thinking. There should be no difficulty-in-incliiding a strong emphr
sis on the use of newspaper sources when this topic is being taught.

ill D. Kahneman, P. Slovic A A. TversKy Judg nt under uncertainty:eheuristics
and biases. Cambridge University Press, 982.

E2l Cf. Statistics Teacher Network, edited by Pro.. An Watkins, Dept of Maths
Los Angeles Pierce College, 6201 Winnetka Ave., Woodland Hills. CA 91371.

. Schaeffer & J. Swift Information from Samples. (To be published by the
ASA/NCTM Joint Committee on the Curriculum in Statistics and Probability)__
Note: a YES /NO population is one to which the words TES or NO can be attache&

to each member of the population (example: a population of black and '.

white balls in a sampling box).

APPENDICES
.

Appendix 1 Statistics in the School Curriculum, by R.J. MacKay
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roviistreswriEscriont mum:um
R.J. MacKay

University of,ttaterino

The purpose of this note is toLoutline the major problems of

including "respectable statistics" n the school curriculum; Ry

specifying these problems. I think we can direct our energies usefully

and nut waste a large amount of time discussing irgelevancies.

My first point is that there is no aced to decide what the important

topics are. The list given below can lie generated using many different

criteria; but I believe In the end that the list produced will look much

like the one I'm giving. The criteria I've used to select these concepts

are first that the topic should lend to tho in of a freqmvntly

encountered concept. The topic should he "vivid and exciting" and

further teachers should be able to link the topic to other parts of

a mathematics/computer science enrriculum.

The first-criterionis one of relevancy. The second Is useful

in considering how:a.topic is to be presented. The, third criterion is

pragmatic, and recognizes that:statistical ideas will he presented by

non-specialists in a mathematics or computer science setting. Fnr the

tenchers'sake. the statistical ideas must'be tied to their own dliCciplIne.

The topics given below can be presented at many levels; I hope my

brief examples will give you the flavour that I feel is required.

The ideas on this note_erose from discussions with -Jim Swift. Roger
Ponces; Brian Graham; Alf Waterman. Ted neuttery. Jim NaLnmoto and others.
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Potential Topics -.

A; Number sense

(a) softening big_and small numbers "If a super computer
can perfOrm SO million calculations per second, and
ISO mathematicians CON perform the 54141e calculations
iu a week, howl many calculations dada each mathematician
make per second?"

(Victoria Tines - Colonist, April 24, 1983).

. (b) biography of a nuiber
"22000 Amer claims needed".
(Victori Times-Colonist, February 7, 1u13).

I. Sample surreys

(a) rftrepresentative samples"

(b) from sample to population

(c) sampliug variability'

(d) non-sampling errors.

C. Statistical relationships and causation

(a) it looks like a pattern but it's only chnace variation.

(b) It looks like chance variation but there is a pattern.

(c) making comparisions in a non-deterministic setting.

D. Oats analysis tools

(a) numerical summaries (eg. averages, percentages, tables).

(b) graphical summaries (eg. scatter plots, box and whisker plot glee

Notes

(a) To make thege topics vivid, there are several possibilities:

(I) the topics can be used to motivate mathematical ideas,
for example using scatter plots of real data to introduce
cartesian coordinates.

(II) the topics can he introduced by way of a "story" or classraelIMI
experiment in which the questions of interest are asked
first.
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liii) topics can he introducedas part olio computer science
exercise.

(iv) statistical'ideas can be embedJed in a math6iketic.; problem;
eg. Given five observations pins an unknown_stxth
value x ; plot-the mean and the median of the'data as
x varies.

(b) Probability has_been excluded fret. the_list except for_the_notion
Imf_chanee variation;_i_think_prrftdsility can lido included -in -the
school curriculum but it should be separated from statistical Ideas.

(e) Formal statistical procedures should not he included in the school .

curriculum. lhese methods aro irrelevant (Or most students.

Problems

Here is a list of problems which I think can be addressed by -this
workshop using the given topics as a reference set.

E. identification of source materials(.ruiapjes, potential projects,
classroom experiments, tett/homework problems, computer
software etc.)

2. development °s delivery system to make these material*
available to practising teachers

3. .development of source materials with Canadian content (or
better, of interest to Camadinu students)

4. creation of ideas for linking statistical concepts to mathematics
and computer science curricula.

S. teacher trainingire-training.
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REPORT TO CANADIAN writatimes EDUCATION STUNT CROUP

Re: Notking Group 83 Training In diagnosis -mod remediation for teachers.
June 8 to 12, 1983

In recent years there has been considerable emphasis on diagnostic-

prescriptive teaching. In mathematics education this ham taken the form of

analyzing compntational strategies used by children god then recommending

appropriate reteaching of incorrect procedures. Associated with this Concern,

few edam/Kora have prepared.mathematics diagnostic Inventories useful In the

sssss anent process.' Furiber, 1 institutions have established mathematics

clinics. Some clinics offer a diagnostic service onlyg others offer an

associated remedial canponent. These clinics are Usually' justified to the

parent institution in that they provide a service to the community! offer a

h setting for their faculty, and can be u ed to train teachers. Ilecasion-

ally a course is offered in "diagnosis and remaeiation in mathematics* uttlis

log the clinic facilities. Typically them: courses are available to graduates.

or senior undergraduates. A student who elects to take only the regular intro -!

ductory mathematics methods course would likely have very littAp-expageure to the

"diagnostic and remedial" concepts: .

The purpose of this Working Group is to examine more closely a reciemmoid.

onion that all teachers be trained to handle diagnosis and remediation in the

regular classroom and whet form this might take. To facilitate di ion,

selActed members woularbe asked to prepare papers which summarise dispel:retie

and clinic modeln,,hoth for p ice and inservlee situations,-and raise

questions which focus on this training.

a
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REPORT OF WORKING CROUP 11: Training in diagnosis and rem:Mist/en .1secbers.

LEADERS: Douglas R.N. Edge. Univeioity of lit itIsh Colombia

David F. R-bltaille, University of british Co14.4oP:

In the past several years working growse of the Canudien Mathematics

Educators Study Group have cones ed on earlobe -aspects of diagnusis and

remediatimn. This' year the working group focussed on what training, if any.

teachers should be given to develop their mathematics -relited diagnostic end

remedial abilities. Discussion was divided into three aaaaa 1

regular education undergraduate students

special education

grada;te students and

The outline of this report parallels that division. ley points are

noted along with restating suggestions.anrrecommendations.

1. Regular undergraduate teacher preparation:

a) It was acknowledged chat many student teachers have great difficulty

with elementary mathematics concepts. Although approaches

to, this problem were coneIdered. one was -tea in memo detail.
:

AII students enrolled in;MOOdementary matt:emetics methods course

were tested for functIonnI numeracy on content typically found in

grade seven'and eight Oethemetica textbenks. Student who did not

ach.leve a pat.cular sic+ were then asked to report.to diagnostic

centre for further testing. These stadents were then directed toward

appropriate ref material. NO specific remediation was provided.

0
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Several issues weruitaised which result In the need fur further

study. What conatiates ftnictienal numeracy? How can It he

measured? What role should the university play in providing the

needed temudiationr

:

b) When student teachers are Introduced to the concept of diagnosis

and remediation it appears that the mathematics content in heavily

biased in favour of arithmetic. piegnosis carety involVen geometry.

problem sulving or estimation. Remediation tends to emphasise

basic facts. place value and algorithei. Several educators main-

tained that the schaols had obligations to teacher all child;en

certain "basics" including the beak facts sad relevant algorithms.'

Others noted that with the evallahility of hand held calculators

the extent of tide obligation had to be reevaluated.

c) It was noted that until recently In spedial education, diagnosis

typically concentrated on identifying perceptual deficits, such

as auditory or visual perception dysfunctions, of non-achieving

students. In mathematics educationethe.diagnoals was such sore

task-analytic oriented: That le, there was more of an Attempt to

Identify specific content objectives where remedial work was needed.

it was recognised that the current trend d the integration

of both approaches is dinstrable. Further study it needed on'the

extent of the integration and on the emphasis the perceptual

deficit comper^st should have In a mathematics methods course.



d) In terms of What to expect in a regular mathematics methods course.

the point was made that as good teaching would routinely If:involve
/

diagnosing-students. et!pigths and weaknesses; it is difficult to

differentiate between "diagnostic remedial methodology" and .

4
"traditional classroom, methodology": It was suggested that a -

t 4

methodology couree.would include the teaching of certain principles

such as

introduce new concepts using materials then. move toward

a symbolic level

use a four-step procedure to illustrate how to appro-

priately for ft-OS the use of concrete devices to a'

symbolic level; and

utilize a teaching model that incorporates explOratoryi
.

understanding, consolidating and problem solving levels;

It'was recommended that this IntroductOry methods course At

concentrate on formal diagnosis; such os the use of standardised

teatil; but rather on the preparation and uses of informal tests.

Although there was moms concern expressed about the value-of

pattern analysis due to an inability to classify and describe ell

errors. there was a lotion` feeling that student anchers should be
. _

exposed to the concept. It would serve to sensitize the student

teachers to the kinds of errors chlIdron can make and as a result

would help them bring preventative focus to their teaching.

82
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Special education undergradnate-training:

A) Of the I programs discussed, it appears that special education

. students are required to take courses that fall broadly into three

categories. Firstly, they take some courses that are in common with

regular education students such as reading and mathematics methods.

Secondly, they take special education - specific courses such as

introduction to'the mentally retarded or the lenrning dinabled.

Thevecourses may or may not include components related to tenting

tendardfzed or informal), to developing diagnoatic skills and to

teachingireteachinK techniques. Thirdly, special education atudents

generally select courses from an optional list which, although vary-

ing greatly from institution to institution, often does inclode a .

course in'dingnosis and remedfation of mathematics learning problems.

In this latter regard; that is the aspect of an optional diagnosis

and remediation course in mothematIcs learning, some concern was

expressed in that many graduates of these progrnms will work as

resource personnel in 'earning egoist/mice or resource room centres.

elven that, In addition to reading and language arta, much of the

,work of a learning assistance centre is focussed on mathematice, a

course in corrective mathematics techniques should be viewed as

compulsory to the training of the specialist. It was noted that

Wiese these teachers are given training in dingoes.s and remedia-

Linn they pre likely to utilize inch standardized teats as the

Wide Runge Achievement Test (WRAT) or the KayMnth and mnke

specific instructional- recommendations in spite of the survey .

nature of the teats.
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Severn' members' of the group also expressed the opinion that the

training of special, education teachers at the undergraduate leVal

should be reviewed. Those members indiented that the Millie

required of competent remedial teacher could be obtained only by

first working with children in'_regular classroom settings tor

several year. and then by taking apecialised training in diagnostic-

prescriptive technique., 'likely at graduate level:.

b) Clinical programa were reported to have varying degrees of success.

Some clinics are associated with the teaching of a particular

course. Although this provides some hands -nn experience. diffi-

culties with long rnge.plannIng, following-up remediation biased

referring populaiion,:and Iling time,limit practical expetience

for the student teacher. Other clinics are operated independent of

course teaching. In this came the remedistion does not have to be

tied to the semester system and it does'permit working with a child.

for s'longer period but it involves other problems such as the paying

and supervising of qualified tutors.

Clinics operating doting the summer

features as clinics held during the

two major advantage.. Children con

ing mathematics. And..children are

sessidn share some of the some

fall or winter but they have

spend more hours per day study-

more likely to fortiCipatit

Instructional session. on problem solving, meseurement and geometry.

No specific recommendation.; or moggestIona were forthcoming.

84
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c) The Issue of training special ed n'Son tencI,rss for the seems:slaty

level wan briefly discussed. Moro do not seem to te nny currently

Cannda. The situation is critical and requires immediate

dt.tentiee. Needs were identified for the development of an appro-

prInte'content taxonnmy as well as for useful difigneatie Hints-extents.

Further Information is also needed on remedial feliniOdia. Are

teChninucs that are routinely recommended for use with elementary

Carboni children applicable to students in secondary schoo!.: Should

instruction for meaning always precede drill? Which tnplcs must he

tnnght initially using concrete materials?

J. Cradoncs progEsms,...A.j.r.eeelsccht.

a) A proposal for u Kanter of Education degree program to mathematics

education with a focus on diagnosis and remcdistinn was presented.

This proposal, presented in Appendix A. suggested that courses in

mattup,i,Ltr.h education (foundations, advanced Methods). educational

foundations (learning theory, humors deveinpment), research and

measurement, and field experience all be required components. It

wns also suggestc,./ Oat students beigiven opportunities to select

from n series of optional courses which would include mathemnAcs
.

special education; and reading education.

. 85
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Although there appeared to be g I support for the proposal,

two additional recommendations were made. Firstly, a course in

standsAized testing should hArequired. And secondly, some

ettantion should be given to tNe preparation of sn integrated

Plasters of Education program in diagnosis and mediation. For

exampy, joint programs in mathematics and reading, mathematics

and earl), childhood or mathematics and special education should

be proposed and implemented.,-

b) Conducting research in diagnostic-remedial settings has p

special proh.lems. It has been difficult to carry out experimental

studies using large sample sizes given that clinical programs

of:en contain too few subjects. Renee, researchers tend to rely

on methods which ure case study approaches. One concern related to
. ,

the use of case stu'. research was expreved. This research tends

to be hypothesis - genetat.ag In nature rathet than leading to

specific or "tractioner-orlented" Lunctusions. But it was noted

that currently more research is utilleIng case 'quo methodology;

This is likrly dueto the respect ay.,...tded high quality;

insightful repotting based on the,.. L.

Rather than make specific suggestions or recommendations relating

to diagnostic-remedial veseatch, die group focussed on pattt.and

'current studies. Error pattern saitI3i! II was discussed. Results

are often -!tfficult to clammily and this led to AOM0 conOleration

of the value of pursuing this line of study.
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Clinics were seen as good setting, to SkAAIiii SetiOnS pedagogical

models and remedial techniques: "weld 160.1A teaching cycles

or transferring from concrete to symbol; and remedial technique,:

such as the use of contrasting algorithms or Of spifiO manipu-

lntive materials; The extent of computer use in remediation was

mentioned and appears to require much further inVestigation.

An additional area that received consideration war the develnpaent

of dingnostic instruments. Examples given included th. U.D.C.

MEDIC Checklist and eat Maryland Diagnostic . Teat.

cottyt Woe (D.BaC.) discusrem het zurtent re, lavciven

Fiji development of a diagnostic checklist for ae27:idt linear algeheatc

0 tin:alone.

StRfilAWt

Throughout the several daps of discussion aaaaaa 1 major themes appeared

to teem'. FfretlY. diagnosis Is an essential component of all gond teaching,nad

hinei must not only be couridered for that group of children Identified es in

need of special help. Consequently ell pre-service teachers need trahOnit.n

this aren. This training should include experience in the preparation amp 114r4Pr.

pretation of informatreating proceures and with the development srd implementation

of appropriate remedial techniques.
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Second'', much more extensive use must be made of the hand held cal-

culator. This is Imperative when working with older childrelpho may have been

- struggling unsuccessfully for several years with particular facts and algorithms.

It was not as cleat that the computer should receive the same emphasis. More

study °Ole role of the computer In diagnosis and prescription is needed.

Thirdly; special education students require much more expertise related

to diagnosis and remedietion of mathematits learning. When these students
S

become teachers they are typically expected to have a high level of ability in

working with children who have mathematics learning difficulties yet it appear'

that; at hest. courses which wouId.prepare them for this task are optional.

Other themes were also apparent. There is no intention to suggest that

these are leas Important. It is eteply that they received less attention, than

the first three themes noted abo4e.

Flistly. Master's level graduate degree programa need be prepared.

Courses 4,old main sin a focus on mathematics learning, but need tooddress

diagnostic and remedial concerns in related fields, gulch as reading and special

eudeation. It is.also possible that this kind of graduate program should come

to be seen ae the way to tr.in "special educators", rather thcc undergraduate

degree programs.

Secondly, vastly more interest needs to be shown toward the learning

,problems of adolescents at the secondary school ksvel. The diretzten for this

interest telly must be directed toward diagacetle and remedial 1 but
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-

must also include the development of relevant, application-oriented courses.

Watered -down versions of existing courses must be.avolded.

The wurklog group addressed numerous issues. In some comes the making

of specific fingge-stione imemedapproprinte. In other cases, It was recognised .

that turther study of a tepid ate required before recommendations should be '

mode. It is hoped that future working groups would be organized to examine

.10 some detail one.or more of these issues.

7
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APPENDIX A

-e

PROPOSAL FIG:. A MATHEMATICS EDUCATION PROGRAM FOCUSSING ON lilAGNOSIS-AND
REMEDIATION IN MATHEMATICS.

UNITS

PRERENMSITE: lbalhemitics methods and content (369 or 404)*
IenreOuctIon to Diagnosis and Repediatien (471)

SUGGESTED COURSES:

I. Math Ed: Diagnosis and Repudiation (501;
Foundations (945) 1.5
Meth Teaching: Elementary (542)

or
Meth'Teaching: Secamdary (540

2.. Foundations: Learning Theory (S011__ 1.5
Hunan Development (505) 1.5

3. Research and Measuremel: Reieeith 14 Education
Methodology (508) 1.5

4. Practicum: Field Experience (599) 3.0

OPTIONAL COUPSES:- Selected from following - 4.5

History of Mathematic:: (485) 18.0
Mathematics Education: Elementary (488)
Mathematics Education: Secondary (549)
Remedial Rending (476)
Introduction to Research 24811
Introduction to Statistics (482)
behaviour Disorders (51S1
Learning Disabilities (926)
Hearing impaired (530)
Multiple Handicapped (5i1)
Enty_Childhood
Tenting_ __

Adult Education
Education for tine Gifted

Nombees refer to course :Webers.

9G



F

WORKING- GROUP C

MATHEMATICS AND LANGUAGE

91



'11111043111* And Lanimaile

. 36,- WORKING GROUP C REPORTi

APPENDIX-1

am Impressed by the loader:It:Icy of Innguage to express
o ur conscious t1 ght. And by the inndeqoacy of.our

ronscious lhonght to eltpres0 nor shbeennelous. The
enrne_of philosophy lum been the supposition that loos-
uony la nn extect_msllomi Philosophers verhallon_and
then suppose that.thy_Idenla etele_for all time. _

Even if it were minted, IL would need ta_ho restated_
for every century. perhapil every generatInn._ Plate Is
the only one who koew better and did not fall into
thin trop. token ordinary methndit fulled h1n. he gnvo
n o n myth, which don nut challenge eitnctItote but
coulees reverie. HothematIcs is more nearly precine,
and rooms mower to the tenth. In n thousnod years
It may be ne commooly used as In sitter,' today.

41.Itt-14k1-1-eitonti

Wiwi In a hallorneloTy apttoltloo/ For the philosopher
Pr the scholar. a definition In sntIsfactoty If It npr1-
6.4 to those and only those things tbnt Are being &flood;
thls Is whet. Ingle demands. Our In teaching. this vitt
not do: a definition in antlaInclory only if the students
mohrstmol It.

- H.-Poincort

There is no Mare renson why a person who uses n word
correctly should be able to tell wbatit means_than there
Is vhi_a planet uhich is moving correctly should know
Kepler'. Iowa; - -

- B. Rouseil

in 'Wile of pr of c qmuntIonm. this Iii nut lotended to he
h. per, hot T.iily n ramble throurih poop mall

1ls of ihe erritory. MP hope to thnt the temnrka nay trigger
suooghts thn Aire worth pursuing. The area is vent and maloly unexplored.

1 Nhall keep well away from the rigion signposted Mathematics In 4
linLnaat: 1 believe it to be onInhnbited.

Too papers which attempt some coverage of rke ground for the mathematics
eauentor ere Aiken (1972) And Austin and Howson (1V9) neither acme
In mm to be very satisfactory. though the second Ia oorlts more usolul
than the first. Both suggest that comprescnsive surveys are really
oot of the question - there Is too much to cover. Hors practical. antA
,ore useful i would be s map (graphi flow-charti diagram) of the whole
Aron supplemented by ys of particular localities.

Fur this paper I consider three chunks.

92
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Kit ileum t Irs-ats- ott-ut-ceate- -trf --lastgurtge

lawn we teach 3 language (native or foreign) we'ssaunllo 411ROO that
the student* aterady havr_exprriences that they ram talk And write
About lu the. language. _tame we tench mathemallea we sum:oily QOPH00
that we have_to tench the Inonnge of mathematirm And. simultnnennfly.
What the students may nny neJ write in it. (Sieeleiri 1980)

Out the students' learning maihrmaticn1 lapwing.* siircatitly-postemst

functional. pal espeutlaily grammatical, speech{ that ini they can,
without Meowing whnt they nre_entled, operate entrectly Mith_tho
merinos "Rarts of speech". Cnch_part of weds lie associated with
Certain 4V2VCOCORNI that appear to be mathematical. For eltamplet

*rune.
classes' (of ebjectm. artless's)

. -

rut iorr Neu Intrrarrtion/Inch ntIon of
odorthn C111/1/1011
pro. 11111111 'mhos Slut Ion
receepene Is loos relation
114~0 transformation

Again, aoonme who con use the following statements equivalently has
grasp of an "algebra" of languages

Jr d won mill A elle
Jr lui d 11 mon-cant(
Je le lei donnu*

11 donne mon ennlf l_mot
11 me donne sou cant(
II me to donna

.

(";aod im aware that the algebra way eccasionilly be disturbed by
other demands - for euphany. tor Instance).

So 10 a certain seune_cem mathematical 1114411.11CONCN precede (or
neceurpany ) he_ :i. siIcIIIon of apevr4, Duo. e hen. dors our nunempl Ion
ati* that mashmattea c311 14.111 c!+11pU 30 ludurtiou 11110 11A Al131
lalln0311,01

We eight_obtnin_some_f_nrther Illumination by looktua at "pathological"
cases. Con deaf chIldrco. without normal 'speech. learn mathematIcsi
(A short_ctas*le paper by Wertheimer and *tulle* by linos Furth look
at this.)- Can children brought up in s totally dIfferent culture
learn mathematics nn we' know it? A paper b'y gay 41974) issageate.that
all known language* have the basic structural elements of coo/unction,
negation and qoantifiratton and that these are sufficient for the
development of mathematics.

The evidence In overwbelsai'that there is marl - to matiso-,ties_than
itm special language. however stifled and stunted mati -teal develop-
ment would he without the tahgunge;_it Is the "more" th6 go-s meaning
to tha words and the 'signs and the linguistic couvent&a*.

t omIr here the omplex_nad ipseinating matter or the reletbYlah%as
between mathematient and "naPEral' larignago.
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Characterif.tics of mathematical langeats

Following Whitehead, we may see mathematical language as_more precise
than ordinary Language. But there are_at leant wo_qualifications we
may make. One is that even when_used_by mathematicians-the langeage
is nut precise in the sense of- "free (tom ambiguity" Parun _ahus do
ineepo is a common bridging phrase in_the writings of some French
mathematicians, who care about these things.The other is that. mathe-
matical laeguage Is not preciae In the sense of "being clear". We
have wily to consider legal language to see that the claims of clarity,
and c.,,cinc.s are not always compatible. (Teachers seem more prone
thAq Lone's' to confuse the two qualities.)

slow do wt . learn, say, the word "rectangle"? To give it an initial
mennine weAlatinguish the object described from objects described
by "square", "parallelogram", etc. But In order to give a definition,
one of the properties is dropped ("two long sides and two.short olden"):
This enables us to say, for example,

"a square is a rectangle"
"a rectangle is a parallelogram"

These statements have the same formal strueture-as "a rose is a flower"
(the class of roses is included In,the clans at flowers). But we do
not first encounter the word "flower" by distingulshing_the thing it
describes from the thing described; by "rose", or vice-versa. I

We write, i'ay, 245 and speak "two is less than five". Is 2 less the
5 because the former.i the cardinal number of a propersubsgt of the
not of which the latter is the cardinal number? Or because 2 occurs
before 5 hi the counting order? If we substitute the crikeriou of a
positive difference (at b tf b - *APO) we find Ourseivet. ertting.
-54,2, for Instance. Is -5 lesi than 27 In e,ither of the abOve_menees?
See Pimm's paper (19W) 0 see how words and.symbols deilned in certain.
sitnation ere applied as metap4ors_tn different_siteations.'"Horphisma
preserve structure but do not p meaning." Structure-equivalents
are not necessarily meaning-equivalents.

In .in- interesting- paper. kaput_ (1979) takes two "axioms " -- mathemaLles
is a formal structure, -sod mathematlett-Whased on experience. He
suggests--that mathematical nototton_lieW on the border of theAwo
tones._ Notation which etOtiOt be related_in some way to experience
is (literally) nonsense. But formal mathematics is atemperal:where,s
experience is always in time. to tie itotet ton to experience 11 te.
see it arising from a process (ln_tiatt) whereas_as a leattire of
formal structure It le_also a !oroduct (timeless). In hie-terma."--in
make sense of mathetiatIcal nOts:ion we must "anthropomorphise it".

-ithematicaI language has a history - it is a sort of historical Sedi-
ment. 'Knowing. the_history may st times Illuminate, at others exasperate.
(Why, oh_why, should we have to bear -with the clumsiness-of the-raZ;e0I
sign, and why cannot we write -our nu:Orals so that "the place value
in from left to right?)

F .

The power of mathematical language is undeniahle, but perfect it is not.

4
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Lan .Inge. use inthe matinsuatIce classroom

A number of assorted aspects occur to at..

Wit proportions of classroom_ time are_spent (by the leaeherIn iho
four modes of listening, speaking, reading and writ lug? ilow_do these
compat with other subjects, or with_the_work of a (now.tenchIng)-

. mathematleino1 Why is -these so little class or group .discussion-in
mathematiceclassrooms7 .ithatever_one's views on_ the discussability
of mathematics -ter se, there is_always the possibility of discusniug
alternative solutions to a problem, varintinos in algorithms, eon-

s
trasting proofs.

Bet discussion has other uses. It is perhaps the piinelpal method
we have for negatiating the meanings of words and the validity of
arguments. A good-discussion is, for the participants, a p:acess
of "becuming clef." Lakatos (1925) cnsts his thesis in the form
of a milded discussion to show that mathematics, too, requires negoti-
ation and an evolving clarity;

Definitions are not devices for making thiugs clear. They enable
thought and argument to be exact, but that is not (1 thick) their
principal functioe. A definition flags an iden, a perception, an
awareness, and says of It that it has a future, that the Idea will
be prodectie. The form of a definition may vnry, as we know, ro
satisfy criteria of convenience or elegance, but thes are subordin-
ate to the criterion of significance. We tend to think of an organ-
ised part of mathematics as a collection of theorems; but it is'
the definitionethat power the development. Unfortunately very few
classrooms give students even a glimpse of this process.

Why are "word problems" such a bugbear for mnthrmaties.students
and teacheral In other subjects all.the problems nre word problems:
Part of the difficulty Iles in the tact that stndents (orenz; 19H0)
and teachers Mother and Taubeli 1975)'are all the time colluding
to convert word problms into algorithmic exercises.

Lorenz also points out (quoting ilnuera(eld) that in no other sublect
does the teacher tend to identify. .the_nuswers to questions
form.rother than their content; even 00th .: extent of rejecting__
correct answers not giveu_in_the prescribed form,. .4110ationing.is__
not In Any_conc skill that mathematics teachers are generally
good at. (I have no hard_eVidenee fat) this.) It Is too easy_to_
formulate apparently straightforward - questions, perhaps._ I think .

that_to_ask "What do_we_menn by_fractionr lahadifficult to_answer
es "What JO we mean by justice?" Teachers, nod Sulthematles_teachrs
in particular, tend to forget that Socrates spent most of his life
demonetratIng that what we Incest ibIy know we cannot necessarily
tell;

David_WItceler
'Nay 26; 1983
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langueof Usage fn Mathematics

WORKING GROUP C REPORT:

APPENDIX 2

_ Mathematfcs_educators and others versed in the_use of_sophis-
ticated mathematics are sometimes unaware_of_the difficulties
1parners might encountei--as a-result of-ttie language used in the.
presentation and discussion of mathematics. Inaccurate..inappro-
priate, or ineffective use of language is often a contributing
factor in many learners' conception of mathematics as "something
you do. but not something you understand."

During the past several months, by attempting to listen
carefully to myself and to my students, I have found that diffi-
culties in language usage in mathematics seem to fall into one of
the following categories: 1m

I. Situations where language is constrained by stan-
dard usage:

II. Situations where better alternatives are available.

r--tirciiTirEef
usage.,

An important example from the first of these categories is
the naming of thl "teens". !ri4gularities in the words used,
the word order, and the spellings are ali present. In this situ-
ation there appears to be no immediatearemedy except for the teacher
to_be_aware of the inherent difficulties and to be sensitive to
problems_they_m3y _cause In the Classroom. Some other examples
from this category are:

I. "Reduced" fFrctions: Does_reducing a fraction make it
smaller/

2. "like" terms: 244 and 3x_y are "like.: terms.
-2F-Cy' and -3Na are "like" terms.
4 and Oxy are not "like" terms.

'3. "Variable": How variable is the "variable" in the equation
2xt1.5/

4. In writing an expression for "the sql-e root of seven more
than a number", should one writt4Tex corlf7;/

. .

The second gategory, situations where better alternatives
are availablei app_,ears to be the richest; both from the viewpoint
of the number of examples available..and the decisive role. that the
teacher cani_play_in_alleviating_the_dIfficulty. .4n elementary level
example_of_thi _type_occurs in_the language_used_to__Introduce
multiplicatjo _and_division; "Two threes_are slx!_and !Mow many
threes in six 7 seem_preerable to_"Two times three_is sie_and
"How much is six divided by three.?" for two important reasons.
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first, the t..rster .cit tangmage already available to_the students.

and second. they do ',O. obscure the relationship httween the

Operations; Soeverner examples in this ,category are:

1. Names kt decimals: .17 should be read "seventeen hundredtbs"_
rather then "point seventeen"4. The latter
obscures meaning_and makes ott4r connec-
tions more difficult.

2. Maitt of Atilynr fats: xA should_be read "x to the-second
power". not "x squared", unless a
Aodel_for_tbe latter has already =

been developed. A similar, argument
holds for is .

3. Classificatioo or equations: "First_degree;_second degree.
third degree" is probably_a_more
meaningful Sequence than "linear,
quadratic, cidife".

4. Subtraction: t.: .j 'difference" rather than "take away"
11:toggeste4by certain manipulative models
(e.g. Culsenatre rods) and more eastly leads:

to transformation useful in rapjd computation.

S. Bases of numeration: Using the traditional language when
working in other bases of numeration
is cumbersome and obscures afgebratc
relationshIps. For a further discus-

.
Lion of this topic. see the 1980 (Laval)
froteedings of CMESG. Also refer to
Trivett and Gattiono (see bibliography).

The third Category is characterized by careless or incorrect

language usage. and can be elflinited by the careful teacher.
Some examples from this category are:

1.371ames of fractions: h should be read ",,ne fourth", not "one
over tout ". the litter is devoid of
meanlny and can le d to-serious problems
in computations with fractions.'

2. Reading and writing large numbers: Plc.( value names are.of-
little use in learning to read and write_

large numberS. A more effective approach
is to "read" the commas (Gattegno).

3. Time and hi;liert: "One twenty_five" is a reading of 1:25 -and
refers to_time. "One hundred twenty five"
is A reading of the number 125.

°
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I do not take the preceeding- categortzgtions to be_deffnittve

or the lists of examples to be exhaustive, however I belleve that
this or a similar exercise can be of value to classroom- teachers
and teacher trainers, It has led me to,consiler the following
criteria for making choices about what language to use:

1. Use language that emphasizes, or at least does not obscure,
mathematical structures.

2; Ilse "available" language, i.re,i_language brought to the
Situation by the students or suggested -bq manipulative
Models in use;

3. 'Choose clarity over kect516-4;

4. Use language.. in a consistent mAnner.

4

Martin Hoffman 7/83
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Components of

A "Grammar" of Elementary Algebra Symbol Manipulation

David Kirshner

University of British Columbia

The Study of_Algebra_may_be_pursued_in three very
different schools. the Practical, the
Philological, or the Theoretical._according_as_
Algebra itself is accounted an 16strument. or_a _
Language. or a Contemplationt_according_as ease_of
operation. or symmetry of expression, or clearness

---ol-thought,--(the_eqere. the-laid._or the severe,)
is eminently prized and soup for.

(William Rower' Hamilton, 1837)

That mathematics can be regarded as a language has been

noted by many authors (see Aiken 1972 for reerences). Dore

recently, educators have begun to question either the validity;

or more probably the utility, of'that connection:

It_has frequently_been pointed:out_that_mathematics
itself_is a_formalized_language_and_it_has been
suggested that_it_should_Be_taught_is such ...

Such_statements_possess_a_degree of_validity;_but
would_appear to be somewhat_dangerous_and potentially_
confusing.__MeEhematics isinot_a language_ a means of
communication.,- but an activity and_a_treasure house of
knowledge_acquired_over many centuries. (Austin
Howson; 1979; p;176)

Indeed 'several of the previous speakers of this working group

have expressed a similar point of view;
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Attempts in the past at drawing the connection have

generally focussed on identifying structures of language in

mathematics or vice versa. In my current research, mathematics

is regarded as a language not so that knowledge of language may

be applied to mathematics, but rather so.that the techniques

designed for the study of language may be applied the the study

of mathematics. Indeed, in the narrow sense by which linguists

define the term, maiheMatics is unequivocally a language:

From-now on -I -will consider a language to be a set
(finite or infinite) of sentences, each finite inSlength

and constructed out of a-finite set of elements. All
natural languages in their-spriken or written form are
languages in- this- sense, since each natural language has
a finite number of phonemes.... Similarly, the set of
'sentences' of some formalized system of mathematics can
be considered a language. (Chomsky, 1957, p.2)

It is not possible for me, in the short time available

today, to outline- in any detail-the linguists' methods, or to

elaborate on the way in which I have adapted those methods for

the study of algebra. A few words, however, are needed to define

exactly what is meant by a "sentence" of elementary algebra and

to identify the basic elements of which sentences are comprised.

I interpret the term sentence in linguistics to refer to the

smallest unit of discourse which will normally be uttered by a

speaker who is being attended by listeners. In natural language

study, then, sentences correspond to the statements, questions

and exclamations of normal speech. By analogy, sentences of

algebraic manipulation refers to equation solving (or system of
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equations solving) and to the simplification of algebraic

expressions. These are the minimal acts Which will be

accomplished by one who has embarked upon the manipulation of

algebraic symbols. The basic elements of which these sentences

are comprised are the usual Zgebraic symbols

The linguistic program is the development of e.gremmar which

can Aie loosely described as a set of rules which formally operati
_ -

upon the basic elements to produce the sentences of the language.

In rt y Study, the simplification of algebraic expressions has been

sele ted as the subset of sentences of interest.
I _

A ;rammer, as a mechanism for the production of sentences;

can be regarded as a cognitive theory. The devices employed by_.

the §rammar are postulated to be the same ones employed by the

competent manipulator of algebraic symbels. Alternative grammars

may be formulated representing alternative cognitive theories.

Psycholinguistics offers various paradigms for the selection of a

grammar from amongst'aIternatives on the basis of competing

psychological claims.

In the case of natural language, linguistics involves

analysis at a variety of levels (phonemic, morphemic, phrase

structure, semantic, etc). A grammar of algebraic manipulation'

likewise involves various levels.of analysis. These will be

outlined during`the remainder of my talk.
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4, Classffication:of Bas-ic Elements. The first stage is

the identification of the basic elements and their assignment to

various classes (eg. operators, quantity symbols, and grouping

symbols). As an example, the symbol is interpreted as a

conjunction of two symbols: ,/, and -, belonging to the operator

and grouping symbol categories respectively.

2, Expressions. Having established the basic elements of

the theory and their classification, the next step is to

rigorously define which strings of symbols will be considered as

"algebraic expressions" (eg. 5x(x y'2)2, not 5x(y2-' ).

3. Parsing. 'This component determines the parse of well

formed expressions. For example, it is necessary to define 3x2

as representing 3(x2) rather than (3x)2.

4. Transformations. The fourth stage is concerned with

the properties of real numbers which are used in the generation

of one algebraic expression from another. These include

arithmetic transformations, the standard "field axioms" of

algebra, and any other number properties which a competent

manipulator of algebraic symbols may bring to bear on one

expression in the derivation of another.

os



-.Ion -

2
5, APPITCAti-Oft cervenent. This penultimate level deals

with the actual application of real number properties to

syntactically determined expressions. This component specifies a

decision procedure to determine whether a particular

transformation is applicable to a glven'algebraic expression.

6, Sementte Component. Thus far the levels of analysis

defined allow tor the production of strings such as

4x2 - 12x - 16 4(x2 - 3x - 4) 4(xl" - y y -

well as 4x2 - I2x - 16 4(x. - 3x - 4) - 4)(x 1).

Both of these involve the correct application of correct real

number properties. It is'necedsary, however, to exclude

sentences of the former sort which are in some sense

algebraically "meaningless ". The semantic component consists of

a classification of sentence types according to the purposes

5'+ I) as :;i,

which are normally associated with expression simplification seek.

as factoring, reducing fractional expressions, rationalizing 4,

radical denominators, etc. In each of these cases it is

necessary to delineate the initial configurations required and.

the sequence of transformations to be applied.' (I have not yet

constructed the semantic component).

t

It is postulated that these six components of the algebraicl

grammar represent the areas of skill and knowledge required for

successful manipulation of algebraic expressions'. To the extent;;.
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that this is true (and to the extent that the rules specified

within each component correspond to cognitive structures) many

important implications to algebraic curriculum may be derived.

To the extent that these claims are false; the linguistic

paradigm; in algebra as in natural language; challenges

researchers to devise a more adequate grammar.
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WORKING GROUP D

The influence of_Computer Science_on Undergraduate
Mathematics Education

List of participants:

John Poland

Bernard R. HODGSON (Laval).
John-POLAND (Carleton)
Yvan ROUX (U.(). a Rimouski)

This working group was a continuation of one onthe
same topic the year before, and had.been advertised 4s
having the aim of producing worki documents for
publication on this topic using fertile production of
the working group in 1982. Yvan ux attended only the
first meeting where he raised t general question of what
changes influenced by compute ience'would be appropriate
in undergraduate mathematics e acktion to meet aociety's
needs, -and after the discussio Axii-spcoferred to spend his
time -at -tire- meeting reading th hackground material to be in
a bett r_position to partici te'in concrete changes he
antic eta:An his own_depar nt in the coming year. The
sec, d meettng_was a discussi n of the issues with Peter
Ri_ on; The _final meeting produced a draft for the article

the appendix:
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REVAMPING THE MATHEMATICS CURRICULUM;

THE INFLUENCE OF COMPUTERS

by Bernard R. Hodgson and John Poland++

Aimont every mathematics department in Canada has

'experienced a drop in the number of students graduating with a

mathematics degree at the bachelor's level; in many cases, to an

UntiebIthlo level.. This phenomenon has occurred in many other

countries too, and it is clear that the attractiveness of a career

in our Slater --s.k-ct...:15J.Limgsiclatiaator_.Computing is
the new, challenging and prestigious ftontier. But there are a

number of key factors In tilt* cewputererevoIution'that We feel will

compel specificChanges'in undergraduate mathematics educatiOl.

Let us spell out what we see as these key 1Wctorsi the problems to

which they give rise and scenarios of probable reactions and

solutions.

Most important, in the next few'years we- can expect to see

large numbers of freshmen in our msthMatics classes with A

substantial experience with microcomputers and their prOgramMiag

packages Many provinces are commitieete extensive distribUtiOn

Of these facilities to secondary schools and many students are :

eager to learn. At the undergraduate levee' we will see more
4

--disciplines-using-Increasingly sophisticated Computer tecliniq C

"P'This4rticle is the outcome of working group of the Canadian
Mathematics Education Study Group (CMESG) meeting in J s, 1983,
meeting_made possible through a MEC grant. We expr r
indebtedness to. the lively contributions of themembers the 19
COMSG.mmetingon this topic too..'
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and backup mathematics. Of course, computer programs will ientinue

to grow in their ability to do arduous multiprecision calculations

and carry out our standard numerical algorithms (like qimpson's

rule.orirow reduction of.matrices)i as well as grog in the ability

to do routine algebraic manipulations (like technicides Of

indefinite integration or solving equations for specified

variables). And the increasing ability of computer programs to

carry out routine undergraduate mathematics also comes with a

growth of the neg.area of modern applied mathematics: mathematical

computer science (from computational complexity and probabilistic--

algorithms to formal languages and-crYphenalysis).

Dden matheMatica an we teach it now really address these

changes? We ruel,that most of the undergradtufte introductory
,

mathematics courses in calculus, linear algebra and abstract

Algebra are presented in the classroom as.though Computers do not

exist. How can we expect to be considered as teaching to our

students when for example we present the traditional techniques of

integration (e.g. partial fractions) and our students know that

already there are package's: to do these symbolic aigebilpc

manipulations on the computer, and in ar case computer.programP

exist to evaluate definite integtals without using anti-

derivibtives? This illuStrates that some of the content of these

courses needs to be deemphadised, especially iseit' relates to the

actual passage to and evaluation of solutions that computers can

obtain (c.f. P.J. Hilton in (cMESG 831). But the more we use

computers for these processes, the more we will need to emphasize

checking and galidation. The question is that thorny one-of

relevance. How relevant is our approach to the calculas or

algebra? How relevant is the actual of or courses? Are

there other topics we should be introducing to the students? Ilind

how relevant does mathematics seem to them as a way of solving

questions with which they are or expect to be concerned? What we
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wish moat to share here is our feeling that the attitudes and

eipectations of the majority of our freshmen who have some interest

lAmethematics is and will continue to be for some time that the

most challenging and meaningful problems have to do with computers,
0

And this must be acknowledged In our methods of motivating our

students; and students from other disciplines taking-sour courses.

In what reasonable ways might we modify the content and

style of our undergraduate mathematics teaching? It seems uaeful

to point out that this situation cap be addressed at different
.

levels. Right In the classroom we can make.use of handheld

calculators or a microcomputer" With a number of applay units to

painlessly collect empirical data as grounds for hypotheses and as

a source of problems, or simply as a means °Lewdly and

effectively illustrating results. ,Outside the Classroom,

assignments to the students can involve 4milar computer - related

methods and can incorporate experience wit. existing Ciimputer

packages, such as UNPACK' in linear algebia, Here we see the

computer as a very powerful tool. Next, as we have argued above,

the existence of these computer programa allows us to shift our

viewpoint when we come tolteach _various methodo0Ccalculation.

ApProximation, estimation and optimisation will gain in emphasis

(including at the secondary school level). Algorithms are central

to computing. We can expect an algorithmic way of thinking to grow

-in mathematics. It will stress recursibn, iteration and induction

as its tools, end routinely inclacip such topics as computational :4'

effort when an algorithm is introduced, including the necessity of-;

formalising :algorithms-in.orderte analyse them. To meet this

peripective, we:could use more algorithmic, constructive methodio!

proof where appropriate. At the same time we should not forget

the appropriateness of many areas of mathematics to the study of
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exactly these new aspects, which brings us' to the next level of

Poesible modification. "&

For the content of our courses, thOdemand for an

introduction to the material Of mathematical comphter science is

clear. The more advanced of these, on discrete structures or the

design and analysis of algorithms or finite automata theory, are

appearing in most undergraduate mathematics,calendars and their

adoption is generally not problematic. But the most elementary of

these, under the umbrella title of Diecrete Mathematics, is

currently the subject of a debate,based in the United States, on

whether to offer such a course as an alternative. to the calculus in

the freshmen year (RALSTON 81 and FUTURE 83). in summary of the

debatei thoconcenius seems to be that no satisfactory textbook .

. (and hence no satisfactory. syllabus?) for such a Discrete.

Mathematics course yet waits; and the calculus may be a more

effective vehicle for teaching, mathematical paturityiby virtue of

ItS'own maturityi depth and wide applicability. Let us look at

these too'points;

Frequeotty the proposed curriculum for the freshmen

Discrete Mathematics course is a collection of traditional

mathematical results, similar to present FinfteMathematics,

courses: Boolean algebra, combinatorics, induction and recursion;

graphs. Is this a satisfactory and relevant approach to the

probleM, or is it disjointed, superficial and trivial? What is our

purpose with such a course: to introduce the student to a language

and some elementary results useful in studying computer science?

Or can we go further and show the poSer of mathematical thinking?

Research in modern applied mathematics shows us the relevance to ,

the discussion and solutiosi of major computer science

0

113
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problems. Can we convey this to our students convincingly? One

approachmighE be a course on congiuences over the integers, finite

fields, polynomials'and coding theory. Another, on the

combinatorial analysis of algorithms, wire outlined by H. Wile in t

(FUTURE 83, p. 381 and is_similar to Chapters 2 and 3 of-the

successful upper-level text (DESIGN 741 by Aho, Hoperoft and

ullman.

Whatis thibasic perspective we shoOld retain when

considering these changes, what is our overall goal? The major

recommendation of (CUPM 811 was to capture the students' interest

apd teed them to develop both the Abilityforrilerous mathematical

reasoning and the ability to generalize from the pairticular:Wthe

abstract. In this context It should'berecalled that the science

Council study of Mathematical sciences incattaaa (COLEMAN 761 feUnd

'almost all mathematics professors allege thatitheir highest -

ambition in undergraduate teaching is to convey not specific

contentbet rather *way of thinking°, away of thinking that.even

ourcolleagues rbother. disciplines conelderimportent andwish

their students to undergo when taking our courses. . It ii_so easy

when teaching specific content to-forget that our subject matter;

mathematics, is one of the greatest rntellectual achievements of

mankinc True, many intrqductory calculus-oUrses are presented Si

mere exposition-regurgitation, but how much greater is 'the

possibility that the original proposals0 i'Discrete Mathematics

course degenerate into-meanipgless junk? Can we offer Our student*

courses in which the power of mathematles'can be demonstrated in

computer science and the value of the computer in mathemet1cs can

be appreciated in its proper role?
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Perhaps the most attractive option is to blend the new

approach in mathematics outlined previously, with tpe traditional

values of calcuIus-apalysis-differential equationecourseS. .

Examples of such integtated courses can be found through our

. bibliogstaphy IE. Barbeau in (CHEW 82); ICRICISAM 6.81; P;S: Reherti

in [FUTURE .831, P.J. Taylor in ICMES0 82), (WONMACOTT771), and we

would appreciate hearing of others. Students graduating with such

a modified undCrigrquate mathematics education -ould be better

prepared for future changes and to use the fulfil range of their

mathematical trainihg'initheir work. A mode/ that appeals to us is

'that of someone beginning with alargedataiLse,.taking the limit

to obtain a continuous function incorporaOng this data, perhaps as

the solution or a differedtial. equation, and. then solving a

-discrete approximation to this continuum/formulation, for example

using ten finite element method and linear algebra.

Before you decide.on the-nature and details of the changes

you'would kke to'see in undergraduate mathematics education in

your university, do read the well considered proposals of (CUPM

811, the many sources and ideas in ICMESG 821 and our annotated

bibliography. If ,you begin with small changes in ydur courses,

thesewill probably be mainly in style, and you should collect

resources; including texts that incorporate this style in their

presentation (e.g. [STRANG 801 in linear algebras (WONNACOTT 77) in

calculusl.. For larger, "curriculauichanges you will need to
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convinceyour colleagues, both within your-department and those in

other disciplines, of the value and necessity of your suggested

changes: Odescription of both the new content and style is

necessary so thatthespirit of the change is clearly perceived.

PrObleMo in coordinating your proposed changes with other

departments are discussed by LAC. 8a?ett in !FUTURE 831

weraiked the question of the relevance of mathematics

ccurses.. taught in the traditional form, for students arriving at

the university with a wide computer background, as many of out_

students will. We argued for the retention of presenting the .

mathematical way of thinking and showing the studentiithe power Of

such ways of thought. We argued against limply replacing

traditional courses with a Scattered introduction to the language

and background of mathematical computer science. We offered a

number of suggestions on ways of producing more convincing

IntrOdUCtiOns, and more important we suggested ways of making

adjustments in existing courses to meet with the increasing use of

computers by our Studenta, our emphasis was on the freitfulnets of

the interaction betWeehmathematics and computer science. and the

reasonable ladifiCitions we can attempt in our courses so our .

students have a deeper, wider and more meaningful education in

mathematics.

isernardR. Hodgson

apartement de matheMatiques

University Laval

Quebec chi 7P4

John Poland

Department of Mathematics and

Stetieeics

Carleton University

Ottawa, K18 586
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(APPLICATIONS 793 Applications_of Linear AIsebrn,_20 Oditlen,
L. Raises nnd U. Anton; Wiley, 1979:

Good ftneapinsive)-Mippletent to any Standard sopho-
more-level-textbeek.- Includesptopics from a wide va-
riety Of fields (business, economicsi engineering,
physics, genetics,computer scienceigeometry,
Chapters are independent andare rated according to
their-difficulty.

(APPLICATIONS 803 Applications-for Elementary Linear-Allate, S.I.
Grossman; Wadsworth, ann.

Somewhat Stadler to (APPLICATIONS 793, but with
less coverage. '

(BIRKMOFF 723 'The impact of computers -on Zergraduate_mathematicaleWcs-
tion_in_1984"4 _G. Birkhoff, American Mathematical Monthly
79(1972) 648-657.

Supports use of concuters for study -of the limit concept,
rates of convergence, equation-solving, &mule manipula-
tion;etc._ 'Tree courses to be widely taught by 1984. dis-
crete mathematicsommeritil mmtheMitics".

(CM88G 82)
. _

Proesedinas of the 1982 Annual Hoetioa of the_
Canadian HathematiCe Education Study Croup, ad. D.R.
Drost, 1982: (Aieilibli froi Educational Resources
Information Center (ERIC). Obdo-State OnlyaraitY.
Eolusbus, Ohio.)

Pages S1-93 give the ropeal.ef the working group on-
the Lin f comOntes laciest* oo undergraduate .-
mathematics education, iocluding appendices-hi eight _

of the one Apses participants. A livelyi_sultifaceted
set of articlea,_nore_positiwe is spirit the. (TM ORS
833, with noisy euggeetions.

.

117 .



(cMZSC 133 froceediere_of the 6983 *usual heetiee-of-the
Cauedfae Hattie-betide EdiCaaou-Study-CrhuPi fut. C.
VerbilIe; to appear.'1963.

Of particular interest is the sidre66 by_F:J; Milton
on "The nature of natbemaeics today sod implications
for 'mathematics tea-Atte *hick gives both
principles and- specific instances of what he would
like to see takes out sod put is to oatheamatita
education at all levels.

1001.SMAR 761 Mathematical Sri -in-Casodem--Ssienca Council of
Canada Sackground-Studer 374 Coleman:et 61;;
Skiiiii Couocil of Canada, Ottawa;'1,76;L:

,.

Chapter four to partIcedorIp relevant to;:iniaergraduake
*Athematic tsacbiog and curriculum devitepment.
Their philosophy is very close to ICVPM411:
in d emphasis on teaching the origtn and methods
of solution of problems Le the eathamatical-egioecei
and the ability to communicate with Other

.

ICR1CISAM613 Cateuliiimputsr-orientSd-ailproach,W.
'decipher' and R.J. Walker. Carter for R eh is
College Instructioo of leisure and Mathematic!.
(CRIC1SAM). Florida State Well-tatty; 1968;

'

,

An experimental textbook. that begins with 1approximating solutions of sluatiopk. COITOttritace,
finding areas and volumes by

L.4

approximatiog and moles limit theorems. leadieg_isto
intestacies and diffsrentiatios with Easy eumaricaI.
Ailed algorithmic ides,. Ateml_lbeArsmiless_oifersd ibr
it, lack of success La WM= 131, p.223. ,\
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Recommemdstiousf-or s Gemmel MetheosticaI_Scleaces.
Pvogrami. Report of the Committee_oe the Oedergradute
frogram_im Mathemitidi (CUM). ed. A.C. Tucker.
Mschimaticil Aisociatiou of Aierica, Washington, 1981.

A very well considered set of propoials about the
undergraduate teaching of- mathematics io g I.
Chapter one makes_ many valmehlespoists and is worth
reading in September every4yeati

(FUTURE 83) The future of College Mathematics. ed. A. Ralston
and C.S. Young, Sprioger-Verlag, MVO Tort, 1963.

(GORDON 79a)

A collection of immited papers for a Slosa_Fouodatiou
conference in 19112,mith brief reports too the
discussion of these papers. and three-vbrhshops. Most
of the paperscentre about the question of replacing
introductory calculus by discrete mathematics
c 00000 4 raised by jRALST011 111j. Unfortunately most
curriculum_developmeut_i either too_geoeral
principle_to see bow it mould be implemented or too
specific IA contents to catch glimmer of the
spirit. beeves descriptions by H.S. Wilt (p.38) and
P.S. Roberta (p.126) are the exceptions.

!t- discrete approach to'computer-oriented calculus";
S.P. Gordon, American MathemAticAI ronthiv 86(1979) 386r391.

Describes an approach to calculus eilidch ihdorporatft-the
computer "in a particularly natural war: finite differences
and sums are used "to motivate the infinitesimal calculus and
to provide the appropriate setting_for solving "real" problems
using discrete approximations". lit is claimed in DIELLS7010111
that ,the comptershould influence the mathematics curriculum
more profoundly than_such local uses_a Contains a 2044_0)10-
graphy_of_articles about incorporating computing in the.clacti-

..Ius sequence;



MUM 79b3 "A discrete approach to the calculus", S.P. Gordon,
Int. J- Hath. Educ. Sci. Techml.10 (1979) Z1-31.

Simtlar tei(GOROON 79a3, but with less mathematical contentl
wnd_a more general discussion. Contains an analysis of eat-
periiiustal implantations of this approach.

(LIMENSPAN 8o3 Arithmetic ApplleA-Mathematics, El. Greenspan, Pergamon ftess:

How finite techniques_and_the computerciireplace iugh_of
what_is done in_continuiak applied mathematics. From the.
preface; "In this book we will del/elope computer, rather
than_a_coutinuom, approach to the deterministic theories of
praticle mechanics. At those polkas where Newton,
Leihniz, and Einstein found it necessary to apply -the analy-
tical pumer of .the calcel'ai_wm_shall,:instead, apply the
computational power -of modern digital_computers._ (:..) the
price we_pay_forithe_matheaatical_simplicitrof our ap-.
proach3As_thatwenst_*eur_aritliseticat high speeds,'"f (See also the author's Discrete Mode's, Addison-Wesley, 1973.)

fEENRICI 773 Computational Analysis with the_11P-23 -1rociet-Cilculator , P.
Willy, 1977 :

11111.101 793

Programs by the author impleraenting_algorithis in- number
theory4equation solvinginweriCalintegration,_evaluatIon
Of speclal_funaions_laturestingin the way_he_uses many
areas_ofenthematics to produce 'algorithms that are fait
enough to run on a prograftable pocket calculator.

The-Itoptications--in--the Undergraduate Nethematice
Curriculum; Cammitteivea_Applied Nathematice_Training
(Pa: Hilton: chairman). Assembly of Mathematical end ti

Meisel Sciences, National knearah-Ciamil, Washington,Jbll

Report of a committee fanned by the NRC to consider the probleal
of reshaping thi teaching of nathematidAkto nest the needs ancil
purposes of today's students. Similarqn spirit ta_ECurall]il
with a greater stress on_fthe restoration of the raIi of hit = %'
taranttai equations in cha care eurrItalua". -Advocates cloafap
the OP between abstract had applied mathematics and creetiat'
broad major in the mathematics' militia's:. Identillas,the
principal problem as helms one el attitude:



(HILTON 82] "The emphasis-on a lied mathematics hider and its impli-
cations for the mathematics curriculam"*,P.J._Hilton. in:_
'kW-Directions in A lied Hathanaticsi ed. P.J. Hilton and

. . oungi pringer- er mg; 4747, 1ss-163;

MTh 741

Dy the chair:on-of the "Hilten panel" responsible for the
report (HILTON 79). AS in the talk presented in (CNESG
promotes the unity of the mathanatical sciences.___"Might_the
sterile antegonism_which_one sometimes finds today between
pure and_applied mathematics -and- pure -and applied Mathai=
ticians.'be eliminated by abandoning those Merl and aver.,
ting to the notion of a single indivisible disciplineo
mathaaatics."

.

"Camaiter science and its relation to-mathcmatits". D.E.
Xnuthi A tt_i itmericahanotital-iblithly 81 (1974) 323-343.

A personal view of the interactions between computervicience
and mathematics. Discussion_ of_a "typical conputer science
problem" )hashing) to illustrate the similarities and differ
rences between the two fields. Describes computer science
as "the sturdy of algorithms".

(LAX El AL. 761 Calculus_mith_Appllcations and csguting.-9olume_1; P.
'13Z. S. Burstein and A: ax; Springer4Oria8; 1976.

In (NOTICES 83). the first. author-support, the_view that_.
calculus shnuld- remain the centerpiece of_mathematics educe,
tion in the first_two_years of college._ it it -is essential,
he addsi_thtigedify.the way_it_is_taught_accerding to the
'modern spirit"_* for example by taking into account the- -

hapact_of_computing. His ccuceptions can be &OW in this inspiringi
tat which emphasises the relation of calculus to science. '

Manorial methods are presented as organic parts of calculus*
not mere appendices* while change available& or_intetration
by parts serve to_get new integrals easier toapproximate nu-
merically. A must read
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(MtCARIY 75). Calculator Calculus. G:41tCarty, Page-Ficklin; 1975;

(NIEL 803

(MILES 713

A workbook to accompany a conventional caltulus text.
Uses the pocket_calculator to illustrate the-theory.
Each chapter contains several examples with detailed
discussions and complete solutions.easy exifeicin- oYnd
more difficult roblems. Most important theorems are
usually cited exp c y.

" Calculator calculus and ttiantroff_errors",A._Miel.
American Mathematleil4blithly- 87 (1980) 243-253. .

Mthough the_calculator can reinforce undersuwalire of
calculus notions; indiscriminate use of it or lack_of
awareaftsof the effects of roundoff errors can lead to
mistaken interpretations of results. Nicely_ illustra-
tes the point -with many_exasipIes- for -instance leno's
paradox seen in the ontextof iroundoff errors. eaten-
sive bibliography.

"Calculus and the :computk; the eilCIMM-,calculus pro-
ject - Pas_ti_present and portent", E.P. I4iIes;_3r.,
Merican Mathematical lianthly 78 (1971) 284-291;

Ott the Idstory of the masa, calculus project. (In-
feraatiOno on_CIIICISA)I caw also be found in Miles~ paper
pa the book (TOM] R014 813.)

OCDELS 73l Matheawitical4kidhs anal lications. D.P. Maki an N.
son, reIIWIr"itkF4glr,19T57

Intended for junior and SiTnior,students. Topics covered
intl_ude_Marlcov chaini, linear OptiAtration, graphs_and_
growth_ processes (both by means of diffettfal and_finiW
difference equation* Each chapter has exercises, prawtit
projects and a_good bibliography. Kuthors suggest a verist
of courses that_can be tar& frail the hot*: survey, in-dm
teiwir preparation.

122



- 117

(MODELS 77) Rithteiatital-Kidelt, R. Kaberman, Prentice -Ibll, 1977:
,

InVended ler the junior-senior level. Three long
chapters (over 100 pages each) on-mechanical vibrations'
population Apamics and traffic flow.Pleasant to read-
a .very good text foranundbrgraduate introduction to tech-
niques of applied mathematics. Chapteeon population
dynamics uses both a discrete and a continuous approach.

INOTICCS 83) "Freshman Nathemetici!_Notices of the Aberican'
Natgenatical Society 30, 1983, pp. 166-171.
T ipt of a lanai discusiiiii On this topic at'tbi

Annual Meeting in' Denver in 1983, with speakers
A. Ralston, P.D. Lax: C.S. Toone, and R.O..Wella Jr.
Noteworthy is Ralston's remark that "we need en
altersative to freahnso_calculuavbich is not a
revolution but en_evolotios,! and Iiade.rebutal to the
discrete mathematics suggestions.

.

(RALSTON 81) qxoputerIciencei_mathematics_and_the undergraduate cur-
ricula in path," A. Ralston.; Akerican Mathematical
Witithy 88, 1981, pp; 472-48S.

The article that provaced the Conference (IMRE 83),
arguing for the consideration of a separate mathematics
curriculum for computer science undergraduates, begin-
ning with a discrete matbanaticsisourse rather than cal-
culus. A well-argued introduction to the topic which notes
that4_howeverclesirable and valuable, the use of computers
in_the calculus and_other_courses_is not sufficient.
"Mere has been little_xealizatidn that the_advent of tem-

- puters_end computer science might suggest same &Women-
tale changes in the (mathematics] undergraduate currieulum."
(See-Also the longer_techmica_report,_with_the_same_title,
on whith this paper islasedt_Tecnical_report 161; Dept;;.

of COmputer Science, SW it Maio; 19804
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EROSSEk 721 "Mat tics courses in 1984", J.B. Rosser, Amer__-Math.
Monthly ,9 (1972) 635-648.

(nun; go]

'Unless we - revise the_calculuscourse- and the differential
equations course, _and probably-_ the_ linear_ algebra course,
and I do not logna,what_other courses_, so as to embody much vet

of computers,_mait of the clientele- for these courses will
instead be taking computer courses in 1984."

"I believe (the average student] would be-letter offIearhimvj
the algorithms in a mathematical course, if they-are pro-
petty taught there. If-`= imaimtt!"

Linear iltabra cad its doollcations (Second
C% Strang, Acedeslc Tork, 1980:

An exciting read ill applied limner algebra, oath.
computatlosel dincuesioes including the stability Bed
efficiency of the algeritWee4 and motes as LIMPAM.
Yell - designed from the view point of Numerical linear
algebra, bet weak en the concept mad use of linear
traueformatinee.

ISUTTLEHOIT 781tocket. Calculator Sevolausot for Weelmai_3:11
le agar and C. de Snot, Addieoe Wesley, Sim York; 1979;
InciOseeive soft cover edition, can be used is
conjunction with any calculus tout.
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Mathimultik-s--ramrinnt, ed. L. Steen, Springer-Verlag,
DOI.

A collection of essays, some of which are related to mathe-
matics curriculum, applications and the influence of comps-
ters. For examplei_the essays by J,P; King ("But I ask a
lavor,_let_one courseijust_one; remain pare: _And let it
be beginning- calculus; "), A; Thcker(same_spirit as.Chapter-I
of (CUPM 81])_and ( "(The mathnnatics community]
must act quickly and in-, meanineul-way, There exists
many godd strategies.- The question is whether we will select
one and implement it in time or Whether we will follow_phi7
losoOhy's decline into prestigious isolation and irrele- -
vante.").

"The disk with the college education", H.S. American
Mathematical Monthly 89 (1983) 4 -8;

a

AmMATH is_comang1 saMINTH is dmmingt (The impact ef
the avaiIability_of symbolic manipulation on personal coo-
puters_is also- discussed -in -the author's paper in. [FUTURE
.83], where it is stressed that "it can be very unsettling
to realize.that what we previously thought was a very human
ability (...) can actually be better dyne by "mochines".")

IVONNACOIT 771Calculuss -.ia Applied Approach: T.A. Voeaeott,
Vile;; New Tort, 1977.
Beene with apgyoximatiig and defiaing sad has much
interplay between the diff ins situations Malts
calculus") sad diff iatioe situation
("lafiaite4pal calculus"). 'Rio teaching ability obeys
is this readable teat.'
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L INTUITIONS AND FALLACIES IN REASONING ABOUT

PROBABLITY - BY DANIEL kAHNEMAN

DEPARTMENT OF PSYCHOLOGY

UNIVERSITY OF BRITISH COLUMBIA

M MATHEMATICS CURRICULUM DEVELOPMENT IN CANADA:

A PROJECTION FOR THE FUTURE

- BY TOM KIEREN

DEPARTMENT OF SECONDARY EDUCATION

UNIVERSITY OF ALBERTA
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TOPIC-GRDUR-L

PUBLISHED MATERIAL RELATED TO KAHNEMAN AND ASSOCIATES

RESEARCH, UPON WHICH THIS PRESENTATION WAS BASED, IS

INCLUDED IN:

JUDGEMENTS UNDER UNCERTAINTY: HEURISTICS AND BIASES,

BY KAHNEMAN, SLORIC AND TVERSKY, CAMBRIDGE

UNIVERSITY PRESS, 1982.



- 122 -

LIST OF PART PANT'S

1983



- 123 -
LIS -PARTIICI_IANAL Wet tatty. lillPARTA

DIESC -/- mum Amu

John Berry
Department of tiathemotics
University of Hanitoba
Winnipeg; Hanitoho R3T 2N2

Klchard Bertrand
035 Long Sault.
Ste; Foy; QC CIW 3211

Rick_Blake
Facnity_of Education
University of__New Brunswick
Fredericton; N.B. EMI 6113 t,

Stephen Brown _

Faculty of_EJuention
SUNY at Buffalo_ _

Buffalo. N.Y. U.S.A.

Renee Caron
335'Seigneurioi Oueet, App. 7
St. - Br - de - Montarville
QC J1V

Robert R. Chrictian
Department of Mathematics
University of British Columbia
Vancouver. R.C. V6T MI5

A.J. (Sandy) Dawson
Faculty of Education
Simon Fraser University
Burnaby; B.C. V5A 1S6

Hichael K. Dirks
Faculty of Education
University of Britinh Culumbla
Vancouver, B.C. V6T 125

Douglas Edge
Faculty of Education
University Of British Columbia
Vancouver; B.C. V6T 125

David Ellis
4702 Argyle Street .
Vancouver; B.C. V5N 1X8

BEST COPY AVAILABLE

Croce Frosvr
2210 Doophin Place
Burnaby; B.C. V5R 4C9

Clavide Conlin
apartement_de didactique
Universia Laval
006beci QC CIK 7P4

Haragouri Ni_Crapta
Department ofilathematics and

Statistics
Uhillersity of Regina
Regano; Saskatchewan S4. 0A2

11111.Higginson _

Faculty of- Education
Queen's University
Kingston. OuLario' K71. 111

Peter Hilton-
Department of Mthematies
SUNY at Binghamtnn
Binghamton. N.V. U.S.A.

Bernard R. Hodgson
DEpartement de mathimatignes
Universit; Lhval
Qtabee. qC GIK 74

Hartin Hoffman
Department of Nath'ematies
queen's College
Flushing. N.Y. U.S.A.

Thomas A. Howltz
Faculty of Education
University uf British Columbia
anconver. N.C. V6T 17.5

Airs Jonsson
Faculty of Education.
University nf tianitoba
Winnipeg; thinitobas R3T 2N2

C.L. Keller
Department of Mathematics
Okanagan College
Keloirna; B.C. VIY 183

129



__Tom_Kieren
r-Deportment of Secondary Education
University_of Alberta
Edmonton. Alberta T6C 2E1

David Kirshner
8 - 2975 Oak Street
Vancouver. B.C. V611 2K7

Carryl Koe
8163 Manson Road
Mission. B.C. V2V 682

Mario Lavoie
DSpartement des sciences pures
University du ()abet 1 Rimouski
Rimouski. QC C5L 3AI

R. Jock Mackay
Department of Statistics
University of Waterloo
Waterloo. ofitielo NlL 3CI

Jeanne-Milian

3700 WillingdOri__AVenue
BurnabY, B.C. V5C 302'

Doyal NC:11On_ __
Department of Elementary Education
Univerlity_of Alberta_ ___
Edmonton; Alberta T6C 2E1

Robert Dare'
3134 Marion Way
Nanaino. s:c. V9T IJI

Thoose_0!Shea
Fsculty_of Education
SimoO_F University
Burnaby. B.C. V5A I56.

Douglas T. Dwane
.FacuIty_of Education
Univarsity of British Columbia
Vancouver. B.C. 'V62 125

John Poland
Department of Mathematics and

Statistics
Carleton University
Ottawa; Ontario KIS 5116

12 -
Arthur Powell -

572Washington Avenue
Brooklyn. New York 11238

U.S.A.

Medhat Rabin
Department of Mathematics
University of Alberta
Edmonton; Aborts T6C 221

DavidRobitaille
Faculty of Education
Univeraity of British Columbia
Van eeeeee S.C. V6T 125

L.A. Ro
Faculty of Education
University of British Columbia
Vancouver, B.C. V6T 1Z5

w,,Yven Roux
UniveraliS du Qabec a Rimouski

,300 ave Jos Ursulines
Rimouski. QC CSL 3A1

James M. Sherrill
Faculty of Education
University of British COliibia
Vancouver, B.C. V6T 125

Ralph A. Stool
Department of Pike Mitheiatida
University of WaterlOd
Waterloo, (World NIL 3CI

Jim Swift
R.R.43. Site E
Nanaimo.A.C. 99R 5K3

Walter Szetela _

Foculty_ot Education
University of_Britiah_Colunbis
.VsncOuver..B.C. V6T 125

Alan Taylor
Ministry of_Edtication
835_Humboldt_Strest
Victoria. B.C. V8V 2M4

Peter_D. Taylor
Department of Mathematics and

Statistics
Queen's University-
Kingston. Ontario KIL 306

Ptc't ermY AVAILABLE ' 130



= 125 =
Jnho V. Trivett
Faculty uf Educatinn
Simon Fraser University
Burnaby, B.C. IAA 1S6

Charles Veritille
Faculty nf Education
University of New Brunswick
Frederictnn, N.B. E38 653

Pauline Weinstein
Faculty nf Education
Universityof British Columbia
Vancouver, S.C. V6T

DavidAiheeier
Department of Nathematics
CoaCnrdia University
Montreal, 9C 114S 1E6

BEST COPY MAMIE 131


