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MEASURING SCALE INVARIANCE BETWEEN AND WITHIN SUBJECTS

Jeri Benson
] Dennis Hocevar
Untversity of Southern California
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Abstract

The present paper represented a demonstration of how LISREL
V can be used to Investigate scale Invaraince a) across time
and I1ts relationship to test-retest reliability and b)
across groups. Flve criteria were established to test scale
invariance across time and four criteria were establlished to
test scale Invariance across droups. Using a well=known
self-concept instrument, six models were developed to test
the above criterla using covariance matrices obtained from
the responses of 722 Black, White and Hispanic elementary
students. Results Indicated that correlated uniquenesses
exlsted across time and this produced an overestimate of the
test~retest relflability. In addition, the construct of
self-concept was shown to be fnvariant across the three eth-
nic groups. Thus, LISREL procedures appear to provide a
useful technique for studyling scale fnvariance both within

and between subjects.
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Measuring Scale Invarlance Between and WIthin Subjects

The purpose of the present paper was to describe several
criterla for evaluating scale invarfance and to provide a
pedagogical exposition of how scalé fnvarfance can be quan-
tified In terms of Joreskog and Sorbom's (1981) LISREL sche-
ma. Scales can be invariant in two distinct ways. First, a
scale can be Invariant across time -- this +type of Invarl-
ance Is analogous to test-retest reliabilty. Second, sca-
les can be [Invarfant across groups =-- this +type of Invari=-
ance is similar to the concept of factorlal Invariance in
the facfor\analy%lc Iiterature. |

'The' ma jor foc&s of the present study was Invariance
across time and Its relationship to test-retest reliability.-
According to Magnusson (1966) rellfability can be defined as
the fcorrelation between two parailel tests' (p 62). Paral-
lel tests can be defined as the same test given on two ocas-
slons or two <content-similar tests given on . the same ocas~-
slon.

Reliabil ity theory Is based upon the model presented by
Spearman where the observed score fo} Individual J Is equal
to their true score plus thelr error score as shown in for-
mula 1.

Xj = Tj + Ej . (1)

When different scores result for +the same Individual

based upon the two testings, the clifference Is attributed to
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Scale lInvarience

chance or random error. The assumptions regarding these er-
rors Indicates that over an Infinite number of testings an
Indjvidual's mean error score will be zero, the errors are
thought not to correlate with +the Individual's +true score
and the errors themselves are considered to be uncorrelated
(Magnusson, 1966, p.64). Using the above three assumptions,
an Individual's observed score (Xj > 1Is thought to be a re-
presentation of thelr true score (Tj ). Thus, relilability
estimates are calculated using the observed test score data
and are Interpreted as the ratio of true score variance to
t+he total observed test score variance. This interpretation
Is based upor the above assumptions regarding errors of me-
aurement. 0f particular Interest here Is the assumption
t+hat the errors themselves are not correlated for each indi~-
vidual. HoweQer, in many testing situations the errors may
Indeed be correlated. Maxwell (1968) Illustrated how corre-
lated errors would effect Internal consistency estimates by
using an ANOVA model that tested whether the covariance bet-
"ween Items was greater than zero. [f the item covarliances
were greater than zero, +the Internal consistency estimate
was considered biased and +that the blas could piroduce an
over or an underestimate.

A second focus of present paper was to [Illustrate how
orne could Investigate scale Invarlance across Iindependent
groups. The Invariance of psychometric properiles across
Independent groups has recelved exfenslve attention In the

factor analytic llterature. Typlical concerns are ihe Invar=-




Scale Invarliance

lance of factor structures, factor varlances and covarlanc-
es, and factor uniquenesses. Prlor discussion of invariance
across groups usling the LISREL procedure have been provlded
by Benson (1982), Benson, Hocevar and Cohen (1982), Joreskog
(1971), McGaw and Joreskog (1971) and Sorbom (1974). In ad=-
di+lon, Werts, Rock, LInn and Joreskog (1976) have shown
that It is possible to test the equallty of varlance-covarl-
ance matrices between and within subjects with tests of
different lengths.

Unti! recent!y statistlcal procedures were not avallable
t+o test for correlated errors in t+he test-retest coefficlient
hor to test simultaneously for scale Invariance across
groups. With the developmeh+ of model testing using llInear
structura'! relatlonships (LISREL) developed by Joreskog and
Sorbom (1981) +he tenabillty of +the assumption of uncorré-
lated errors of measurement across time can be tested as
well as the stabllity of the scale across groups. Speclfl-
cally, LISREL V allows the testing of differences in factor
structure, true score variance and correlated errors of mea-
surement within and between groups across tlme. Thus, the
major objective of the paper, while using data representing
a substantive content area regarding the measurement of
sel f-concept, was malinly a demonstration of how LISREL V can
be uiitlzed a) to answer questions regarding the invariance
of measurements across time and b) to test scale Invariance

across groups.
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Scale Invariance

Methodclogy

Sample

The data represent the scores of elementary students iIn
grades three +to six from over 70 schools in a large urban
school district. Matched scores were obtained for the stu-
dents pre to post resufflng in a sample of 722. The sample
was composed of 395 White students, 213 Black students and

114 Hispanic students; 505 were boys and 217 were girls.

Instrumentatlon

| The lnsTruﬁenT used In +the study was the Coopersmith
Self=Esteen lnventory for Children, Form B.  The Instrument
contalns 25 Items, elght are positively phrased and 17 are
negafively phrased. The response format Is In a dichotomous
fashion - 'llke me' or 'unlike me'. Form B of the scale
was developed by Coopersmith (1975) by selecting Items which
had the highest [+em/total correlatlions on Form A, +he lon-
ger version of the Coopersmith Inventory. Due +or+he nature
of the scale's development, the factor structure was assumed
4o be unidimensional both across groups and within groups.
The 25 item scale was administered by an elementary school

counselor to the student In both the pre and posttest ses-

Il
slons. O




Scale lInvariance

Procedures

The covarlance matrix was used as input in testing all
models under each of the three scale invarlant conditions.
In addition, one item was arbitrarily selected as a refer-
ence loading and Its value was set at 1.0 for all analyses
in estimating the Lambda, Phl and Theta values. The Lambda
matrix represented +the factor Io;dlngs (1tem/total regres-
slons) for each item on the one factor scale. The Phi matrix
represented the true score variance for the scale. The The-
+a matrix represented the Item error varfance (uniqueness)
for each Item. Dependling upon The.model tested, parameters
were elther set to be Invariant (fixed) and given a value of

zero or free to .be estimated and given a value of one.

Scale lnvarlance Across Ilme. Scale Invarjance across
+ime can be conceptualized in terms of at least five crite-

ria:

1. Are the factor loadings (item~-total regressions) Invar-
fant across time? This Involves simultaneously testing
t+he LISREL Item=-total regression coefflclents (Lambda

estimates) from time 1 to time 2.

2. Are the ftrue score varlances lnvérlanf across tTime?
Statistically, this would Involve comparing the esti-

mated true score varlance (Phi) for time 1 with the es-

+imated true score variance of time 2.




Scale Invarlance

Is +the Item error varlance (unliqueness) invariant

across time? This would Involve a simultaneous test of
the equality of +the Item error variances (Theta vari-

ance estimates) from time 1 to time 2.

Are the Item uniquenesses for each litem at time 1 cor-
related with their respective [tem uniquesnesses at
time 27 This lpvolves simultaneously testing the cor-
relation of each Item's uniqueness at time 1 with it's

unfqueness at time 2 (Theta covariance estimates).

Are the estimated trus scores for time 1 and time 2
correlated? This can be observed by freeing the Item
uniquesnesses and noting changes in the test-retest re-

lfabil ity estimate.

For studying scale Invariance across +ime, one group of

students was arbitrarily selected, the White students. Six

models were constructed to test the above questions using

LISREL V.

a)

b)

Model 1 - The factor structure, true score var fance and
error variance from time 1 to +Ime 2 -were Invarlant.

(Invarlant Model)

Model 2 - The factor structure was free to vary across
+ime, but the true score var lance and error varlance

from time 1 to time 2 were invarlant. (Lambda free)




c) Model 3 The +rue score variance was free to vary
across time, but the factor structure and error vari-

ance from time 1t to time 2 were Invariant. (Phi free)

‘Scale lnvariance
e) Model 4 - The +total amount of item uniquenesses for

each item was free to vary across time, bu+ +he factor
structure and true score varliance from time 1 to time 2

were f[nvarlant. (Theta varlance free)

d) Model 5 - The Individual I+tem error covariances were
free to vary across time, but the factor structure and
frue score varlance from time t +to time 2 were Invari-

i

ant. (Theta covariance free)

f) Model 6 = ‘The factor structure, true score variance and
I+em errors were free to differ from time 1t to time 2.

(Unrestricted model)

Scale lnvarlance Across Groups. Like Invariance across
+ime, Invarlance across groups cannot be assessed by a sin-
gle criteria. Rather, four related questions can be asked
about Invariance across gfﬁups. For the three grbups in the

present study the questions were:

1. Are the factor loadings (item-total regressions) Invar=
fant across groups? This Involves simultaneously test-
ing the LISREL item—-total regression coefficlents

(Lambda estimates) across the three groups.

9




. Scale lInvarlance

2. Are the estlImated true scores Invarlant across groups?
Statistically, this would Involve testling the true

score varlances (Phl) for equallty across the three

groups.
3, |Is the Item unlqueness 4rlant across groups? This
ls a +test of the Invarlance of the Item uniquenesses

(Theta varlance estlimates) across groups.

4, Is +the Internal conslstency of +the scale Invarlant
across groups? Thls would Involve notlng the change In
+he Internal consistency (alpha) estimates for each

group.

To study scale Invarlance across groups flve models were
constructed uslng the data from all +three ethnlc groups
(Black, Whlte and Hispanic). Models 1, 2, 3, 4 and 6 from

above were tested across the three groups.

Results and Discusslon

Scale lnvarlance Across Ilme

The chl-square tests of model-data flt are reported In
Table 1 for the six models tested. The.lower the chl-square
statlstlc, +the better the model flt the orlglnal covariance
matrix used as Input. All of the chi-square values shown In
column 1 were statistlically signiflcant 'af)g<.05. This
finding was In part due to the large sample size. Bentler

iy
- 8 -




Scale lnvarlance

and Bonett (1980) have suggested using a chi-square dlffer-

.ence test (equation 5) between alternate models to determlne

the relatlve effectlveness of mode|~data flt.

x? = y2 . X2 and df = df, - df, , (2)

172 1 2

where Xf represented the most restrictive model and
Xz represented an alternate model with thelr corres-
ponding degrees of freedom. If the chi-square difference Is
statlstlcally slgniflicant, *thzn +he alternate model repre-
sents a better fit to the data.

Chi-square dlfference tests were conducted to answer the
flrst four questlons posed In the previous sectlon on test-
Ing scale Invariance across tIime. For questlions 1-4, the
chl-square difference fest was conducted by contrasting Mo-
de! 1 with Models 2-6. The results are shown In Table 1 co-

lumn 3. For questions 1,2 and 3 +he factor structure, true

score varlance and total [*em error unlquenesses were found’

+o be invarlant across time slnce the chi- square difference
tests were not statistlically clgnificant from the Invarlant

> = 2.4, df = 13 XxI_ =

2 - . )
mOdel (X1_2 - 17042’ df - 24’ Xl-'! 1=y

16.81, df = 25 respectively). However the [tem error covar-
lances (questlion 4) were found to be correlated across time
( X', = 507.14, df = 25, p<.05). Thus, ‘the [tem errore
were not independent from time 1 +o tIme 2 and as such, this
procedure represented a rejectlon of the classlcal test
theory assumption regarding uncorrelated errors. in addl~-

+1on, the chl-square difference test between the Invariant

15




Scale Invarlance

model and the unrestricted model was also statlstlically slg-
nificant ( x*_ = 627.22, df =75, p<.05). This finding
meant that the model wit+h correlated error was a better fl+
+o the data than +the Invarlant model which represented a
strlct deflnltlon of classical test theory, where uncorre-
lated errors were assumed. For thls set of data then, +the
assumptlon of uncorrelated errors across testlings did not
appear tenable and It was baslcally this difference that re-
sulted In the unrestricted model belng a better fit to the
data than the Invarlfant model.

Filnally, to emphasize the Improvement In model~data vl
of Models 5 and 6 over'ModeI 1, +the delta Index (Bentler &
Bonett, 1980) was calculated and Is shown In Table 1 column

4. Delta represents an Incremental Index of flt that Is In=

dependent of sample slze and Is calculated as
= - 2 (3)
Bya X X2 / Xl ’

where Xf Is thought to represent +the most restrictive model

and Xz Is an afternatlive model. The values of delta
range between zero and one. The results parallel that cf
the chl-square difference test, where Models 5 and 6 repre-
sent a better flt of the orlginal covariance matrix than Mo~
del 1 (.209 and .258, respectively).

Question 5, regardling the posslible Blas In test-retest
rellablllty due to correlated errors, was tested by notling

the dlfference In the phl matrix from Model 1 to Models 5

and 6. The off-dlagonal of the phl matrix glves the amount

12
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Scale lInvarlance

of covarlance between the +rue varlance of time 1 and T1ime
2. This value, adjusted by the standard devlatlions of the

t+rue varlances for tIlme 1 and tIme 2, represents the corre-

latlon or test-retest rellabllty. Under the condltlon of
complete Invarlance (Model 1), the test-retest coefflclent
was .630. When the errors were allowed to be correlated

(Models 5 and 6) +the test-retest-coefflclent was .00 and
.570 respectlivelye. Therefore, when measurement errors are
correlated between testlings, the test-retest rellabllty may
be over or underestimated. For thls set of data, the over-
estImate was very sllght however, I+ may not be so with oth~-
er data. Thus, psychometriclans can test for correlated er-
rors and adjust for ‘them, If need be, by using LISREL

procedures.

Scale lInvarlance Across Groups

The chl-square statistlc for model-data fit Is reported
in Table 1 column 1 for the flve models tested. All chl-
square values were statlstically signiflcant at p<.05. To
answer the flrst four questlons posed for scale lInvarlance
across groups, the chl-square dlfference test was run com=
paring Model 1 to Models 2~5. The results are shown In Ta-
ble 1 column 3.

For Questlons 1 and 3, the factor structure and Item
unfquenesses were found to be iInvarlant across the three
ethnlc groups ( y2 = 64.57, df = 48; x:_, = 42.35, df= 50,

1=-2
p>.05, respectively). The del+a Index of Incremental fit

15




Scéale Invariance

for Models 2 and 4 was also very small (.041 and .027, re-
spectively). Regarding Question 2, the true score variance
was found to differ significantly across +he +three ethnic
groups { Xi_a = 9.1, df = 2, p<.05). However, the delta
index of fit indicated +hat +this difference was not practi-
cally slgnlflcan+ (.006) and illustrated how large sample
sizes can highlight trivial dlffe}ences by using only the
chi-square test or +he chi-square difference test. Also;
+he unresiricted model was not superior to the invariant mo-
del using the chi-square difference test due to the farge
difference degrees of freedom (xj‘_s = 111.04, df = 100,
p>.05). Althcugh siight, the delta Index was greatest for
+he unrestricted model (.071) agaln, indicating no practical
significance from the strict invariant model . Thus, the
factor structure, +he amount of true score var lance and the
tem uniquesness Wwere invar fant across the groups. This
procedure allows one to test the difference, lf any, In the
construct being measured for each group. #or this set of
data, the construct being measured was shown to be invartant
across groups and represented a test of factorial stablility.

For question 4, regarding the invariance of the scale's
internal coﬁslsfency across groups, the alpha rellablility
coefficlent for time t for +he White group was .78, for the
Black group .70 and for the Hispanics .60. Overall all
groups, the reliabllity was .74 for +ime 1. For time 2, the
reliabilty coefficient for the White group‘was .81, for the

Black group .74 and for the Hispanics .74, The alpha relia=

1
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Scale Invariance

bilt+ty for all groups was .79 for time 2. A silght Increase
from time 1 to +time 2 was noted for +the White and Black
groups and a rather large increase was observed for the His-
panic group. Since it was shown earlier that the f[tem uni-

quenesses were correlated for the White group from time 1 to

time 2, I+ may be that +the item uniquenesses wlthin each
group may likewise be correlated. A test for correlated er-
rors has been reported by Maxwell (1968) and could be used

to determined if the differences noted in +he internal con-
sistency estimates above were true differences or were due
to correlated errors within each grcup which could produced

an over or underestimate of the Internal consistency at time |

2.
Concluslons
An approach to testing scale Invariance across fime and
groups was demonstrated using LISREL V. The Iimportance of

testing for scale invariance aciross +time Is that +the con-

struct being measured may vary from +time 1 +o time 2 In

terms of I+'s factor structure, +rue score and error vari-
ance as well as the accurracy or the sfablll+y of the mea-
surement. If the the construct beling measured changes from

time 1 +to time 2, +then problems in interpretation of the
construct will occur. If the Item unlquenessés are corre-
lated from +ime 1 to time 2, +hen the test-retest reliabili-
ty coeflcient will be biased. As was shown In the present

study, the factor structure and amount of frue score and er-

O ‘ 1!)




Scale lInvarlance

ror varlance did not change across +ime, but the item uni-
gquenesses were correlated from time ! to time 2 and resul ted
In an overestimate of the test-retest coefficient.

Secondly, It was demonstrated that one can test for sca-
le Invariance across groups. This Is a test of the stabili-
ty of the construct beling measured for the groups Involved.
|¥ the construct wvarles across ln&ependen? groups then the
confidence one would -have in the Interpretation made of fhé
observed score would not be very strong. Testing for scale
Invariance across groups using LISREL provides a way to con-
firm or disconfirm the similarity of the construct belng
measured for each group. For the present study, the unide-
minsional construct of self- concept was invariant across
+he three ethnic groups studied, although the degree of [tem
homogenelty within groups differed.. The difference In Item
homogeneity may be attributed to correlated errors within
each group and could be tested using an analysis of varilance
model proposed by Maxwell (1968). LISREL pracedures are po-
. tentlially very useful as +h9y allow for the testing of cor-
related errors and their effect on scale finvariance across

+ime and the testing of scale Invarliance across groups.

e
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Table 1

Goodness of Fit Indices for Models Tested

Chl-Sgquare df x2diff Delta
Scale lnvartance Across Tlme

1. All Invariant 2427.47 1224  ~ewm-- -

2. Lambda free 2410.05 1200 17.42/24 .007
3. Pht free 2425.67 1223 2.40/1 .000
4. Theta free (Variance) 2410.66 1199 16.81/25 .007
5. Theta free (Covarlance) 1920.33 - 1199 507.14/25% .209
6. All free 1800.25 1149 627f22/75* .258

Scale lnvarlance Across Groups

1. All TInvartant 1558.74 925  ewemw- -
2. Lambda free 1494 .17 877 64.57/48 L0041
3. Phl free 1549.60 923 9.14/2 % ,006
4, Theta free (VYarlance) 1516.39 875 42.35/50 .027
5. All {roe 1447.70 825 111.04/100 .071
¥p<.05
15
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