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Abstract

Decimal numbers have become an increasingly important topic

‘of the elementary and Junior high school mathemetics curriculum,

" However, nat1ona1 and state education assessments 1nd1cate that
students have incomplete and distorted conceptions of dec1ma1 numbers
This paper reports.initial data from a two-year proaect designed to
elicit and describe students® understanding of decimals. Students in
gnades 3, 5, 7, and 9 were given written tests and interviewed individ-
ually on a variety of decimal tasks. Of primary.interestxhere are
tasks that considered‘decima1s as (1) quantities that-have value;

ét' (2) extensions of whole numbers; and (3) equivalents of common
fractions Results indicate that students perceive‘decima1s primarily
i -as symbols upon which to perform syntact1c maneuvers. Although many

students haVe s1gn1f1cant hidden understandlngs, they rarely connect

these with the procedural rules they have memorized.
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Students; Conteptions of Decimal Nuagefs&

Two fundamenta] topicsg in the elementary school mathematics
fﬂcurricu]um are whole numbers and fractions. A great percentage
of time is deyoted to developing students’ ;ki]J/in working with
these two types of numbers. For most of elementary school,
whole anbers and fractions are treated separately, relegated
to different problem situations and taught as different symbol
systems requiring the application of different sets of rules.
However, as students move into upper elementary school and
junior high school they are asked to integrate the concepts of
whole numbers %nd fractions to form the system of decimal
numbers. . | | |

Although adults may view the constructidn of decimal numbers
as a simple ext nsioﬁ of Who1e number and fraction cohcepts,'the
genuine integration of these two major ideas to form a mature
notion of deCimal represénts a,major intellectual advance. In’
fact, a number of cognitive development theories (Case, 1978;
Piaget, 960; Werner, 1948) regard the integration of two funda-
mental /and previously independent ideas as a hallmark of intel-
lectual development. Thus, it is 1ikely that the introduction of
decjmal numbers places heavy demands on student learning. 'If |

_ stidents enter instruction on decimals without a full under-

standing of the whole number system and/or common fractions, if
. M ‘ ' - .
their cognitive capacities are exceeded by the new integration




demé%ds, or if instruction fails to present decim?1s in éppro-
priate contexts, students may acquire 3n1y a partial understanding
of decimals. Consequently, it is reasonable to assume that the
topic of decimals would present specidal difficulties for hany
elementary and»junigr high sch?o1 students.

Previous research suggests that many students do, in fact,

experience great difficulty learning about decimals. Since the

“research base is quite limited, and is most]ywcomﬁrised of general

surveys of writtén performance, the origins and the full nature of
students' difficulties are not entirely clear. But the surveys
Teave 1ittle doubt that theKdifficu1ties exist. Results from
the mathematics assessment 6f NAEP (Carpepter, Corbitt, Kepner,

Lindquist, and Reys, 1981) indicate that nine-year olds have little

familiarity with decimals and about 50% of 13-year o1d§’1ack even

basic understandings of decimals. Several items a§kéd students

to order decimals by recognizing the value of the decima1‘bositions.
While most 13-year olds realized that a number greéter than one :

is larger than a number less than one, they had substantial diffi-
culty drdering two decimals less than one. Almost 50% ignored

the decimal points and tf;ated the numbers as whole numbers; they
did not recognize that, for example, .3 is equivalent to..30.

The re]ationshiﬁ between decimals and common fractions appeared

to be equally cloudy for students. JAbout 50% of the 13-year olds

could change common ffactions expressed in tenths and hundredths

to decimal fractions, but less than 40% changed 1/5 to its decimal . .
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equivalent. Almost no 9-year-olds could change decimal fractions
to common fractions, or vice versa. Apparently, a large number
of e1ementary schooi students do not relate wheie number place
value and common fraction concepts to decima1'representations.

i Further evidence of the lack of relationship between previous
knowledge and decimals is provided by Erlwanger (1975) and Eken-
stam (1977). These reports suggest that often students see

work with decimals as unrelated to previous work, either inside

+ or outside of school. It seems that they construct separate sys-

tems'bf rules to deal with decimals, and see little connection
between the meaning of a decimal and a whole number or a fraction.
The problems students encounter as they are learning about
decimals are of sneciai concern because of the inportance of
decima1s, both from a mathematical and a practica] paint of. view.

Mathematically, the dec1ma1 system represents a more powerful

representation system than those the student has worked Wwith preV1ous1y

In addition to cu]minating previous work nith who]e numbers and
fractions, ¢he decimal system provides new ways of representing
quantitative situations and encourages new insights into the

properties of number systems themselves. Practica]]yvspeaking,

. a . .
decimals are becoming an increasingly important part of the mathe-

matics curriculum due the recent influx of calculators and computers

into the schools and the growing emphasis‘en the metric measure-




ment system. Decimal numb?rs are a central part of the mathe-
matics language in this technological age, and it is imperative ’
that students ac%que a firm grasp of this language. n

The purpose 8? this paper is to report bn one aspect of a
two-year project that is studying the acquisition of decimal
concepts and skills. The project is designed to elicit th;”con-
ceptions and miscgnceptionsuthat students have of decimé1 numbers,
and to map out thé ru]e systems that students use to manipﬁ]ate
decimal symbols. The goal of the project is to constﬁuct a complete
description of how students view decimals: what concepts and
skills they have acquired, how these are linked to preVioug‘know1edge,
and how this knowledge is expressed in the rules they use to solve
decimal brob]ems. The focus of this bgbér is on the concebtions
and miscondéeptions that students acquire about decimals, especially
those that emerge when viewing decima]s_as representations of

rational numbers that integrate whole number and fraction concepts.

What is a Decimal Number?

* The notion of a decimal number is quite complex. Many subcon-
cepts and ski11s contribute to the development of a complete deci-
mal number construct. One way of analyzing tﬁe copst%uctyinto its
component parts is to consider what a competent student knows about
the concept of a decimal and about solving convéﬁtiona1 sch601

problems that involve decimal numbers. Figure 1 depicts one

possible outcome of this kind of analysis.




Insert Figure 1 about here

Severa] features Qf the diagram shown in Figure 1.shou1d be
highlighted. First, the hiagram is visual evidence that the full
notion of decimal number is an extremely complex one. Many pieces
of information, from a variety of instructional and experientié]
sources, fit together to form the competent student's knowledge
of deciﬁa]. Space does notipermit a full description of each cell

in the diagram, but two examples may help to provide a sense of:

" the meanings represented by the cell labels. The term "ordered

séquence" in the box under the base ten (whole) number‘understand-
ing refers to the fact that adjécen£‘p1aces in a base ten numeral
have a clearly defined rejationghib--they differ in value by a
factor of ten. As a secand example, the box in the bottom row on
the right containing the label "a-bths" represents the elemental
intuitive understanding qf commoﬁlfractions read-as "a?bthsﬁ and
most often conceived as part of a region. It nrovides a common
foundation for many later interpretationsqu fraption such as '
measure and operator. These two specific examples take oh ;dded
significance in the context of several distinctions that are empha-
sized by the diagram in Figure 1. .

“The first‘distiﬁctibn, and the second feature of the-diagram
to .be discussed, is the majof distinction between form and under-~

standing. "Form" includes the modes of representation and the rules

d
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that are used to operate on the representations.. The ruTes can
“be carried out with or without knowing why they work. Tne rule
compdnents identified under "Form" canalso be thouéht of as making” - ]
up the syntax of the system. "Undersfanding", on the other hand,
refers to the conceptual underpinnings of the system, When we say
that students understand deciha]s we usua11y,mean‘that they have
learned the constructs and relationships depicted in the right - w
half of the diagram. These componentswnake up the semantics of v | "w
the system. ﬂ
The distinction between form and understanding, or syntan, and
semantics, seemsoto capturelthe essence of a common phenomenon
“often expressed by “teachers: "some students can get the right «lv P .
answer but they don t understand what they're do1ng Stated in 5, | |
more. general terms, the same sent1ment can be expressed by say1ng
that form and understand1ng can bee}earnedm;ndependent‘from each
other. In fact, some researchers note that this is a rather common
occurrence. Davis and McKnight (1980) conc1ude'that, with respect } |
to borrow1ng in whole number subtract1on, "...the effect of o |
semant1c knowledge on a1gor1thm1c behavior is easily described; v j
it has no effect" (p. 75). Resnick (1982) presents data on begin- - o ’%

ping'arithmetic performance and concludes that "...even when the

basic concepts are well “understood, they may remain unrelated to

computational procedure" (p. 136)




s s ’ . (
' : 7

The relationship between conceptual knowledge and procedural
correctness represents a persistent and critical issue in_the study
of human learning in general, and mathematics learning in‘partica
ular. It is reminiscent of the understanding versus_ski11 debate
of the past. However, it now seems clear that this debate Wi11

not be resolved by arguing for the advantage of one over the other,

A é

but by explicating the important re]ationships beiween these two
domains”(G1aser, 1979). The topic of decimal nuﬁﬂers appears to -
bekan especially rich arena for studying the relationships between:
form and understgnding; or syntax and semantics; A priméry object-
ive of this project is to describe these relationships for decimal
numbers, and ultimately to speculate about the nature of these
. ) =

\R’ N

relationships . for mathematics 1éarning in other domains.

A further distinction that will help to set the stageAfbr tnis
report has been proposed by Van Engﬁﬁ (1953), and later, in somewhat
different form, by Greeno (1980). Van Engen distinguishes
between Jnderstan%1ng and meaning, Greeno between implicit under-
standing and explicit understanding.”'A1though the Tabels are
different, the distinction is essentially the same. UnderStanding, \
or'imp1iti¥ underétanding, refers to an intuitive knowledge nf the
conceptual ideas, knowledge of what the ideas are and how they
are related, knowledge contained within the understanding side of

* Figure 1, Meaniné, or explicit understanding, refqﬁf~to.a know- ,‘*

ledge of the .concepts and the forma1 language used to express them.

b=
<
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(This extends implicit understanding to include knowledge of how

-~ !

to represent concepts or operations using appropriate symbols.
Actually, this form of understanding occurs anytime the student

establishes a 1ink between a component of form and a component of}

understanding. "
‘e
An added note of emphasis is in order regarding the importance

q

of making connections between .form and understanding. The under-

standings Tisted in Figure‘l are best thdugh; of as simple abstrac-

- tions of concrete experiences or as ideas based directly on previous

understanding. Drawing the connections between a set of. under-- «

“standings and an appropriate symbol system is considered by many

to be a central feature of intelligent human activity (e.g., Hof-

‘stadter, 1979; Werner and Kaplan, 1963). Of specific interest here

. yy s
is the fact that the connecting process plays a critical role in

1earning mathematics, and has been jdentified as a primary objectivé
of mathematics instruétion (Van Engen, 1949; Skemp,’1971). The
current project ié investigating children's attempts to makevcon-
nections between symbols and under$tandings and this paper will
report nn.some of these.

Two of'the Tinks that give meaning to theﬁdecima1 representa;
tion form, and help to define-what a decima¥'is, are shown as .
dotted Tines in Figure 1. One of-these Tinks runs between the |
represéntation of a decimal and ordered sequence (described earlier).

The- ather 1ink ties the decimal representation with common fraction

and part/whole concepts représented by the label a-bths. In this

o M




way the decima] representation serves as a focal point for the:
convergence and integration offfhe concepts of place ;a1ue and | .
part/whole. The full meaning, or explicit understanding, of é
decimal representation depends upon constrﬁcting both of these
Tinks.

Procedures - * -

Scope. As implied by Figure 1, there are_many_aépect; of
decimal numbers that provide legitimate domains of investigatﬁoh.
The two-year project referenced in this report is focusing on
several of the constructs and relationships diagrammed in the ,0

figyre; this report will be restricted further to a sub§et of these

components. Figure 2 shows the precise nature of these Timitations.

Insert Figure 2 about here

To summarize the information con?ained %h ngure 2, this report
will .consider sfudents' conceptions of decimal fractions and will
describe some of ithe subconcepts upon which they base their notions
of decimals, especially those subconcepts derived from previous
work with wﬁo]e numbers and fractions. Of particylar interest
will be the interpretations students impose on representations of
decimal numbers. The question df whether students connect notions
of whole numbers and/or fractions to decimal represéntat{ons will
bé of primary importance.

‘The report, however, will not consider a Variety of other impoﬁ-D
tant issues. For example, decimals ére repreSentatioﬁs of rational

numbers, and as'such they may Qe given a varietﬁ'of intarpretations

s
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(Kieren, 1980). This report considers part-whole and measure -
1nterpretat1ons but does not cover “those of . quot1ent, rat1o, or
operator. - In add1t1on the report does not descr1be the rule sys-

tems stu use -to compute with decimals. The'fbcus is qu1te '

B
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str1ct1y on the conceptions and m1sconcept1ons of dec1ma1 fract1ons
that students have acquired. d I :
| Sample. The sample dur1ng the first year of the progect, and |
upon which this report :is based, consisted of students in grades~3,
5, 7, and 9. The initial written test was given to 115 fitth-
graders, 256 seventh-graders, and ZIZoninthagraders Twenty-five;
students in each of grades 3, 5, 7 and 9 were then 1nterv1ewed C
individually. 'The 25 students in grades 5, 7, and 9 were se1ected
to ensure ‘a representative sample based on their wr1tten;test
performance:. The third—gfaders Were chosen by asking the four
third-grade Eeachers in the target school to identify a grpup of

25 spudents that would represent equa11y the achievement 1eve1s of
the third-grade popu]ption. Seven students in edch grade were then
selected to receive a-second interview. In each case, the sﬁbsam- e
ple of seven students“was chosen to represent equa11y the perform-
ance levels exhibited on the “First interview. A11 subjects were
drawn from schooléﬁfbbated in a moderate size midwestern c?ty[and
containing a racial and sSCio-economic mixture of sfudents‘_ A11'
students;in participatinq’élasSrooms who'retnrned)barent'permission

forms received the initial written_test.
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Assessment techniques« Three different forms of assessment

were used in order to obtain a more complete picture of students

conceptions of dec1ma1 numbers. The first assessment was a 30-
45 minute paper-and-penc11 group test that included 1tems on
dec1ma1 computation, trans1ation between decimal numbers and
common fractions, p051tiona1 value of decima] digits, order-

ing decimal numbers, USing number Tines and “partitioned regions to

" represent decimal values, and solving dec1ma1 word probiems. A

pool of items was constructed 1n1t1a11y and item sampling was used
to build several test forms. This permitted the administration -of
a greater number of items and helped to ensure that each grade
Tevel received items that were of appropriate djfiicu]ty.

“the second assessment was an. individual interview uSing a
standardized format. The interviewers were the two prinCipai
1nvestigators and a graduate a551stant who had been trained to ad-
minister the interview. Interview tasks primarily consisted of
matching concrete representations of dec1ma1 numbers using base
ten, Dienes biocks w1th written representations. The goa1;of the
interviews was to assess, in a faciiitative context, students

understanding of.deC1ma1 subconcepts such as partitioning and

' regrouping (see Figure‘z), and to detenninevwhat meanings they had
assigned to the written decimal Symbo1s. Most items»asked‘students )

to represent a -decimal number with tne blocks, perform a specified .

operation with the‘biocks,‘or write a number corresponding to a
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given b166k display. Consequently the re§p6nses were unahbiguous
apd were,recordéﬁ on a prepareavéoding sheet. Interview sessions
lasted about 25 minutes.
fhé third assessment was a flexible, in-depth interview. The
primary objective of thi§‘interview was to explore more deeply the
rules éfudents use to solve decimal problems and to test'hypotheses'
abdut these rules that had been generated from ana1;zihg responses
on.the written‘tést. The interviewers were the two prﬁncipa1
investigators. Interview tasks involved presenting students wfth
written prob1ems'(computation, translating decimals to fraétiohs, E
etc.) and asking'students to explain their work hy using a vériety
of probe'duestions. The initial items were predetermined, but the
fo11ow-0p questions were based on the student's preceeding responses‘
and ﬁheréforéavaried somewhat from student to student. .The ihteré
view sessions, 20-3D minutés ih Tength, were audio—taped, thé§
were taken‘duringlthe sessions and responses indicat%ng»coﬁf?rma-
‘ tion or rejection of a specific hypothesis being tested wé}e coded
- immediately. ’ ]
| Since the third-graders had not yet received decimal instruction
. they received different interview tasks diring the in-=depth inter-
view. A sequence of tasks was consEructed that exactly paralleled
" than'decimals. These tasks were given to the third-graders in
order to collect some information on the foundation knowledge of

fractions withwhich students enter instruction on decimals,

-
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Written test items, interview prOtoco1s, and interview

scoring sheets are available from the authors. | -

Assessment schedule. A summary of the times during the ¢

year when each assessment was administered, and the number of

subjects involved at each stage, is given in Table 1.

. Insert Table 1 about here .

< ° 6

Tasks. The tasks that are of primary interest“in this

report are those that focused on the meaning of a decima1 num-

ber in various contexts. As indicated in Figure 2, the possib1é A

meanings of a decimal were not exhausted; for example, the notion’

of a repeating decihé1 (deriVed from the quotient interpretation),

was not considered in any of the tasks. However; the tasks did

deal with the following meanings: (1) decimal numbers are exten-

sions of whole numbers that have positional value; (2) decimal . ’, 

numbers are rational numbers that have common fraction equivalents,

and that caTyBe treated as measures; and, (3) decimal numbers are

quantities that have value, i.e., that can be ordered.

Y g

Results -

Tasks that assess the meaning, or explicit understanding,

that students attribute to decimal numbers can be of two tybes.'

The task Can present the standard decimal represéntétion and ask

‘the student to relate the symbol to other knowledge they may
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already have or may be able to construct in the course of so%vfng
the task. It is assumed that the response‘indicates the presence

.of one of more understandings (see Figure 1). Alternatively, the

e

task can present a stimulus which is assumed to represent for the ' ‘ .
student one or more of the undérstandings, and ask thé studént‘to |

write the associated decfma] representation. Each of thé taSks.

to be presented shortly can be classified as one of these two =~ . S
types, or as variations of them (e;g., translating between symbol" . L
systems.) | | )

. < -
- Decimal numbers as extensions of whole numbers. Instruction

'on decimals in elementary school often is designed to bude upbh
previous workfwith whole numbers. Decimal répresentations are
treated as syhbo1s that are simitar to who1e'numbers, with the
value of the positions decreas1ng by a factor of ten as you move
to the right (]ust as they did before) and the: decnma1 point stand-
ing between the position values of more than one and less than

one. Sometimes picturés of base ten Diene's blocks are'shown"u

(with the large block as the unit) to reinforce the values of

_the positions, just as bundles of sticks are used to show the

values of the whole number positions.

The first set of tasks to be reportéd considered students’
ability to relate decimal symbolic representations to pictorial
aﬁd-cgncrete represehtations, which presumably have a value inter-
preta%ion that is easy to discern. Items of this kind appeared

both on the group tests and in the standardized individual inter-

o, -

17
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views. As a general word of explanation, resulfé of group test
items are usua1]y presented in tables showing the percéntage of
students, by grade level, who responded correctly. The tables
also Tist frequént incorrect responses that were given on each
item, with "frequent" being défﬁned as a response that accounted
for at least 15% of the errors on that item and having ét least
four occurrences. |

i _
The results shown in Table 2 indicate that by the'time stu-

Insert Tab]e 2 ébout‘here

dents reach grade five they are ab]e to write symbolic represen-
CF s e

tations of whole numbers that are shown pictorially. However this

link between representations for whp1g_numbers does not extend

to decimals. The results in Table 3 suggest that students

Insert Table 3 about here
e

experience new problems }n dea1ing with decimal syﬁbo]s; Apparent-
T&Athey are not able to simply "do the same thing" with’decimals
as with whole numbers. A | | | |

A closer Tlook at the ability of students td re]ate‘§ymboTic
represeﬁtations td othef répresentafipns‘that more naturally show f:'
the value of the mumber is provided by tasks from the standardized

“interview.

- Insert Tables- 4 and. 5 abcut here

4(
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The results in Table ? show that students did better,

probably for a variety of reasons, on the interview tasks than

they did on the analogous group test item§ that showed pictures

of blocks. However, about one-third of the seventh graders were

sti11 unable to write a decimal number for a block dispTay, éven

when they knew the values of the blocks and had been shown how to

write decimals for other displays. On the other hand, it is clear

that most third-graders had'not yet been exposed to dedimal

notatioﬁ, but after a brief interaction about one-fourth of them =~ -
could regroup Sfbcks when necessary and-&r%te the apprppfiaﬁe
decimal number (see Task 4). | | ' | |

The most interesting asﬁect of the data in.Table 4vis‘£he-

variety of errors. Many oﬁ@;he errors are made by the youngér
students who have not worked exteﬁsive1y with decima]s; and it is
the nature of these errors that is most intriguihg. In Tasks 1
and 3, the younger students are asked to write a number,.the.form
of which may be nearly novel. It is interesting to analyze
Istudents' inventions under these conditions. In general, éfudents
do not write nonsense symbols, but rather try quite hard to

figure out ways of representing the block values so that the_form
itself carries some meaning. The invented notation often builds
in a meaning fhat js quite obvious, usually more'obvious.fhan the
 standard notation. It 1s'tempt%ng to conclude from the kinds of -
_errors studehtsvmake here that students would Tike to cbnnéct form
and understandiﬁg, if given.a'chancé, More will be said Tater

about this.point.

13
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The tasks presented\in Table 5 involved the reverse skill of those
in Table 4: students were shown a written decima].and‘;sked to
put oet the blocks thatAwou1d show that number. They had been
through all of the fasks in Table 4 before receiving those in

Table 5. Even assuming 1mproved perfbrnmnce due to this br1ef

"learning" session, the str1k1ng feature of the results 1n Table

5 is the high level of success. Students had little troub]e laying
out the appropriate blocks and most students cou]d regroup the

blocks to show alternate representat1onsA(see Task 4), It is

~ surprising that third-graders, who héd received no classroom .

instruction on decimals, were as successful as seventh-graders on

this task. It appears that the concept of a decimal number and

its associated symbolic notation is not beyond fhe cognitive capa-
bility of most third grade students. . e B

The results shown in Tables 6 and 7 provide some evidence of

Insert Tables 6 and 7 ebeut_here

students? facility with’more.conventiona1 problems on the value of
whole number and degjma1 positions. The ‘items were presented in'.
multiple-choice formats on the ‘group tests and consequent1y are

shown using s1ight1y.differeht form in the tables. Because of cdn- o
siderab1e differences in the amount of instruction on decimals that -

had been received by fifth-graders as. compared to seventh- and

ninth-graders, these two groups received different items. As seen _
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in Table 6, fifth- graders d1d quite well on the stra1ghtforward
questions about place va1ue, but quite poorly on the 1ess conven-
tional items, even though these dealt on1y with who1e numbers.
Entering decimal 1nstruct1on with the deficiencies in whole number
knowledge displayed here is bound to create further problems.
Students certainly are unable to extend knowledge of whole numbers ,
to create mean1ng for decimals if the knowledge does not exist.
The data in Table 7 suggest that about one-ha]f of the seventh-
graders and three-fourths of the n1nth-qraders-were able to identify

the values of decimal and whole number positions. While some of s

the errors can be arributed to careless reading-(e;g,, Item 2),

.this is still a relatively Tow success rate on conventional kinds.

ol

of questions.

The tasks shown in Tab1e 8 probe more deeply into the underly-

Insért T4b18 8 about Here

ing notions that produce surface similarities between whole numbers
and decimals. Namely, the tasks assess students' knowledge of

the relative size of numbers with the decimal point in different

‘positions. It is the type of errors that students make that

again provides the most interesting data. For example, the most

frequent error on a task asking students to write a number 10 times

”Uas'big as 437.56 resulted from the miscondebtiqn that adding a zero

to thefend‘of decima] number increases its.value 10 times. Appafent1y,
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some students extend fheir whole number rules to decimals in toto,
without recognizing the important~distinctidns.“ Thus, it appears
that in some cases students are unable. to extend‘theif whole nuber
understanding to decimals becaﬁse it doesn't exfst; in other cases
they overextend the rules for manipulating whole number symbols,
possibly because the links between form and understanding are
absent. |

Decimal-numbers as rational numbers. The tasks presented in

this report considered two aspects of decimals viewed as rational
numbers: (1) decimal numbers are measures that can be represenfed
by a point (or segment) on the number 1line and by a part of a
region; (2) decimal numbers have common fraction equivalents. .

Many of the group test items used to assess this knowledge wefé-
specially constructed as a nested series of items. Based on a
Togical analysis of the task and some preliminary information from '
pilot-testing on hoﬁ studenté solve the taské, Fhe'u1timate goal <
task was pared down into a geries of precursor éasks; with each
paring reducing the amount of knowledge needed to solve the task.
This generated a nested series of tasks: eacﬁ task invo1vin§ more
information than the one before it. In an obvious way, this pro-’&
cedure,éﬁéo produced a predicted order of difficulty associated :
with eacﬁ series. Since in some sense each‘item is embeddéd'in
the next, the items theoretically should form-a perféct.scaTe;

_ However, there are other factors that affect item diffﬁcUTty,,sdch‘~

as the saliénce or appea1 of an inappropriate sontion;’ Since\thisf
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factor appears to be quite inf]ﬁentia]lbut is not yet well under-
stood, it is difficult to constfuc; a series,of items that is
scalable. Nevertheless, the:ngsted series of itmes‘were expected
to be monotonically increasing in difficulty for the sample as a
whole. The order of the items was randomfied,within the series for®
presentation in the group tests; the.items are 1isted in their
predicted order of d1ff1cu1ty in the tables. :

A series of jtems that asked students to place dec1ma1s on a

number line is presented in Table 9. Interpret1ng decimals as

.0

Insert Table 9 about here = ~°

y

points on a number line is one aspect of'%he-measure,meanﬁng that

can be attributed to decimal répresentations. The items are listed
from simplest to most complex, based on the Togical task analysis 7 o : - w
described above The predicted order of difficulty is confirmed o - -
by the data. The considerable drop in success rate from Item 1 to
Item 2 probably is due to a misreading of the scale on the number
line in Item 2. Larson (1980) reports a s1m11ar pheéoménon |

with common fractfons. Often it is assumed that students'simp1y
count over the given number of'marks, treating each segment as one
unit. In their hurry to find ;n answer, they overlook the fact
that each segment is more, or less, than one unit. However, the
Terrors on this item do not just result from a careless misread1ng
students could not count over 7 units between 2 and 3 (therevare,

| .' - b
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only ¢ marks)5 and there is no real convergence, to an(gppea1ing
erroneous solution. It appears that even when studenﬁs.are forced
to reconsider the sc§1e (after a simple count does not work), a
large number of them are unable to interpret the sche appropriately.

The items shown in Table 10 asked students to shade a (decimal)

Insert Table 10 aboutvhere

fraction part of a region. The predicted order of difficulty for

this series of items was confirmed with the exception of one item

for the ninth-grade sample. One of the interesting features of |,

these data is the high rate of perfofﬁéhce of the fifth-graders
relative to their older counterparts. There are several pqssib1e

exp]anations‘for this. A sa]ient,ohe is that thg fifth-graders

in this study had not yet studied hundredths to any substantial
degree, and consequgnt1y'§b£y“ﬂ<§/iot have this added "khow1edge?
to confuse them. Evidence for this interpretation iglcontained in
the error columns. No fifth¥grader shaded hundredths tafher than
tenths in Item 1, and relatively few (compared to_sevénth- and‘,
ninth-graders) did'ég in Ttem 3. ° It is assumed,}qf codrse, that
fifth-graders would not have ddne as.weil as the older students

on the:hundredth items, but it remainé a disconcérting fact that |

» -
instruction introduces some errors that would not otherwise appear.

~ This same'instructionai-{nterference phenomenon'appeais in later

@




22

" The items in Table 11, reverse the process of those in Table 10,h 

N A(.

Insert Tab]é_l] about here

with markedly different resu1ts; at 1eastufcr seventh;graders.v
Seventh-grade students essent1a11y were unab1e to write the decimal
representat1on for a shaded region that 1s not d1v1ded 1nto tenths
or hundredths. Some of them gave a correct common fract1on; and

a. portxon of th1s group. may have m1sread the 1nstruct1ons But—a
1arger group used the numera1s from an appropr1ate common fract1on
to create a decimal (1.5 for 1/5 and 1.4 for 1/4). This is a
rather nonsensical response since the shaded région'is clearly 1ess
than'one. It indicates that, in this m;asure context, the de¢imal
number symbo1s.have little meaning for the students; )

" Items that considered decimal numbers as common fraction equiv-

alents are shown in'Tab1es 12 and 13.A Two nested series of items

Insert‘Tab]es 12-and 13 about'here‘

assessed students' ab111ty to write dec1ma1s as fract10ns (Tab]e

12) and fractions as decimals (Table 13). The pred1cted order of
difficulty for both series is confirﬁed by the data. This vali- i
dates, in part, the analysis ofﬁthe taSk in terms of the knowledge
that students use to soTve the task Taken tdgether with an ana1ystS“

of the errors that students make on these 1tems, it is- possib]e to

~speculate about the‘processes students use;tq so1ve thesprobTems.b

S T - ’ ’r,-&
290 R
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It is clear from the data in Tables 12 and 13 that the p}d-.m}‘
. N V_ N “}‘W
cesses students used to convert between decimals and fractions
change as they move fromVre1ative'novice,to;re]étive expert status
with regard to decimals. ’On each -task, nearly one-fourth of the.

,I(
fifth-graders simply convertedthernmmra1s of the given number to

N the alternate form (e.g., .37 -‘giz)‘ This error all but d1sappears

‘ " by grade nine. The most frequent error in grade nine was to

confuse the values of the decimal positions (evg s 83/100 = 083)

At first glance this error seems to carry more understand1ng of

“the dec1ma1/fract1on re1at1onsh1p than the error most popu1ar in

fifth grade. It probably does. But apparently the error also

cén be explained by an increased awareness of prOpef_form, v
independent of understanding. Evidence for students' incréased '
sensitivity to appropriate form, in this’ context, comes from - |
se»era1 tasks adm1n1stered during the in-depth 1nterv1ews.
Students were asked to, change decimals to fract1pns, and V1Ce versa;’
and wereasked to explain.their procedures. Most of the.seventh-l
and ninth;gradersvindicated that a decimal cah be writteh as'é
fract1on by using a denom1nator of 10 or 100 or 1000, ete., and

that a fraction with a denom1nator of 10 or 100 or 1000 can be
written as a fraction by writing the ‘numerator and placing the
decimal point. But fewer of them could exp1a1n why th1s ru1e

worked. And more than one-half of the seventh—graders and

0ne-th1rd of the ninth-graders were unable to write 1/4 as a

'dec1ma1 One seventh-grader summar1zed a number of. students’

a

x p

, g
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-perceptions of decima1ifrection reTatiohships by saying, ".6 is y!,g;u' .
'srx—tenths > and 6/10 you say the same way, but it's d1fferent." B
Based on these observatigns, it is reasonab1e to hypothesize
"that most students do not come to dec1ma1s,throughnfactions,Athey :
do nof'ihitia]]y attribute meaqiﬁg;to decima]'symedlsfbased.on o
their understendingAqf fractions. If-they,do aéquire‘an ear1y
meaning for decimal number symbols, it.does not appeaéxto be a
‘heaning that 1inks the symbu1s to fraction cencepts.,aAﬁperent1y;e if, i *-!:30
‘“xth1s 11nk1ng comes much later, after students have deve1oped some " T

high level sk11ls 1n manipu1at1ng both fraction and decimaT symbo1s. - ?

Dec1ma1 numbers as quant1t1es. One ‘way to assess whether . _f ‘7' ";¥ .
students attach a not1on of magnitude or size to decima] symbo1s j A |
is to ask them to order decimal numbers,. to dea1 with' re1at1ve

) magn1tudes. Like most items, these are not. 1ndependent of other
understandlngs, such as pos1t1ona1 va1ue, but ‘the focus 15 on
decimals as quant1t1es% as things that have a magn1tude and
therefore as things than can be ordered. '

The items'appearing in Table 14 are multiple choice~items.

s

FTNSTT

 Insert Table 14 about here -

.AeIhe»choices.are listed afbng}hith-ghe‘percenf of students se1ecting 
.eacH choice. . In‘geheraI, it appears'that the majority of fifth—‘ |
graders ignored the dec1ma1 andtreated the numbers as who‘le
numbers, while most of’the n1nth—graders read the decimals correctly. :f
Some of the seventh-yraders responded 11ke f1fth-graders and some .

responded Jike ninth-graders. .




. 25

The items shown in T%b1e 15§asked sthdenfs to write a decimal

Insert Table 15 about here -

. . N . - N
: : N | . ~
number that "comes between" two ‘given decimals. The prob1em was

1at1ve1y easy 1f the dec1ma1 essent1a11y cou]d be ignored
(e.g., 1.56 and 1.72) but, more difficu1t if the resqonse reqU1red
‘a fami11ar1ty with the dec1ma1 system (e.q., 2 and’ \3)
response of é 1/2 for a number between .2 and .3 1s§especia11y
interesting, because this response violates the ru]es for form,
but it is 1oaded.W1th meaning. Responses 11kerthis and those
shown in Table 4, are somewhat unique. They disp1ay an under- .
standing, but represent the understand1ng with nonconVent1ona1, 3

- invented notation. Semant1cs ‘pefore syntax, if you uil] In

contrast, most errors reported here have been responses that adherev -

to proper form, but expose a genu1ne lack in understdnd1ng. These

hay»have some

are responses that are written 1n standard form, and
~ surface or form similarity to.the problem, but at the deeper,.
understanding 1eve1vshow 1itt1e re1ationsh1pxto the question. -
- Syntaxvhefore semantics, iﬁvyoo will. |

- Discussion o , -

The overr1d1ng obJective of this report is to provide some
1nsight into students conceptions of decimal numbersd What do
_students think- decima1s are? In the-interest5~of deaTing with‘this =
quest1on, a distinction was made between form and understanding, '

- and it was argued that usefu1 mathematics know1edge resu]ts from |

R
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A

Tinking these domains. Meaning, in mathematics%'occurs”ﬁﬁgﬁean

understanding or concept or idea is 1inked w1th the symbo1s that

- e
g »

express and communicate the idea. This is a central dssue in*

nathematics learning, and it was this issue that provided the

_ ! S . S
focus for much of the research effort on decimals reported here,
Based on the fesults, it appears that students have created

few 11nks between deC1ma1 form: and dec1ma1 understanding. Many“‘

students appear to operate within one or the other of these doma1ns,
ldependent on the context, but fa11 to see the'cr1tica1 connections -

. between them. ConsequentTy, they are unab1e to draw on one source
of' know1edge to assist with the other. For example, even thouoh
fifth- and seventh—graders have worked with tenths and hundredths - | \

.wr1tten as decima1 fractions most are unab1e to use th1s information 4 ":%
about form to write awnumber between .2 and .3. - Some students |
invent a new form to:express their understanding. ‘They do not
recognize that the standard'form;«with'which”they'are famiiiar,_, e
will. represent their idea equally well or better. "Connecting tonn.
and understanding is alate, rather than ear1y, development‘fn '

‘Tearn1ng about decimals. .

A second observation is that 1nstruction ‘seems to be do1ng a

better Job of teachlng form than understanding. Very few of the

,students errors (1n fifth grade and beyond) V101ated form conven- -

v
i
i

A
|

L
ok

_t1ons. Most responses were wrttten in standard dec1ma1 notat1on.
. The error‘usua11y resuTted from the fact that the specifﬁc response

y’represented a number that ‘was unre1ated to the question. At

-




their knowledge of form than by their understanding. Many

- decimal system (on the standardized 1nterV1ew tasks), it is their

times 1tiappeared.that the forp waé f1oatdng on its owh, not tied
to understandfngs that would provide some consistency ahd»pre-*&
vent many of the unreasonab1e responses.'

A third observat1on, related to the first two, is that stu-

' ~dents’ perceptions of»dec1ma1xfractioﬁs‘are influenced more by

. .. - y ] Q |
stiidents view a decimal number as a special form; as a new way of -

writing.a number. Th1s special representation comes w1th a unique

set of rules that tell how to manipu1ate the symbo1s. A1though

’many students demonstrated some fundamenta1 understandings of the

L

knowledge of f%fﬁ”that’seems'tofdetermine their behavior.

The 1mp11cat10ns are clear. Instruction must be deSigned"to

e

encourage and facilitate the construction of br1dges between form

»

. and understanding. .whereas.now students seem o build these 1inks

after they are reasonably competent in'both domains, it is reasonable
to believe that learning would be 1ncreased by helping students
make the connections from the outset One possible approach wou1d L

be to take advantage of students 1nventive powers,” and have them

- _create ah informal, transitional symbo1.sy§tem that has meanﬁpgv B

- for them:. This approach has heen advocated eTsewhere‘(James &.,

‘Mason, 1982; Resnick, 1980' Skemp, 1982, WOodrow, 1982) and .

-warrents further careﬁﬂ study

a
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Table 1

Assessment Schedule

- Written Test
(Degﬁmber)

Standardized Interview  -In-Depth Interview

March . Apri
(aﬁc) | , (mm)

Grade 3 ——
Grade 5
Grade 7 .

Grade 9

2 7




Table 2

Pictorial Representations of Whole Numbers (Grade 5)

Item' \ : - ~ Percent Correct (N=53) - Freqdent»Erfors»
.' m ' B - . . ) ”
g . 5 - I o 86.8 ~=r
00 10 1 o
" Write the number that
te11s how, manv are pictured.
]
288 1L .1
(320) "
AN . . ) )
2) 3 a | S 9.6 —-en

10“ 10 1

Write the number that .
tells how many ‘are p1ctured

g8 I

(307)

100 0 7

Write the number that
tells how many are p1ctured

B 1l HH ,,
”E IHHH REEE SR

;@i%')c




Cbles - | | __ o N R
Pictorial 'Rep‘re'senta\'tiqg‘xs of Dec—1inal_ Fractions | v |

Item - Percent Correct . Frequent Eprrors Percent of;'hRéépb-ﬁsés‘ﬁ(Pem':en’t of Errors)
| - 5th(s8) 7th(72) . oth(s8)- .. . . Bthe . Tth  9th -

-2

r==1 | 15.1  33.3 70.7 S Y R L 14 1)) o
1 1 .01 | 61O ‘3(4)': s 0.
Write the decimal that
tells how much is pictured.

@ | | | | o
.

(2.13)

“ | 13.2 3.1 .. 53.4 - a8 1(13) 13200 0
B TS TN Y - ‘ , Cnas a@) 6(9)  12(26)

Nri'tebthe decimal that . o SR .45 A 0. -“(17) 0
tells how much is pictured. o o




Table 4

Interview Task: Writing Decimal Numbers for Block DispﬂayS'

Percent Correct -~ Interesting
(N=25 each grade) Responses ..

3rd Sth 7th Sth

oa

Percent Responding

~'3rd 5th 7th 9th

Write the decimal for 16 48 68 88
2 whole and 5 tenth : '
blocks. ' (Students

have been shown value

. of blocks but not how

* to write decimals.)

Write the decimal for
1 whole and 14 tenth
blocks. (Students
-have been shown how.
to write decimals for

. . non=-regrouping situa-
' tioms. )

(J’l

Write the decimal for
2 wh91e, 3 tenth, and
~ 5 hundredth; blocks.
(Students have been
shown value of blocks
"and how to write deci- =
mals with tenths.)

e
m—lmmomm
\\\QO
Ns Q
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- Write the decimal for -

2 whole, 4 tenth and

11 hundredth-blocks.

- (Students have been shown .

~ how to write decimals for
dfsp1ays Tike those above. )




Table 5 |

Interv'lew Task}:_. Constructing Block. D1sp1ays “For Nritten Dec1ma1 Numbers

| Item - o Percent Correct (N=25 each g_adel
3rd  Sth ;'7th\" 9th

o -

1) Put out blocks to show "1.32". ' 96 100 9% 96
(Students have been shown how - . - e :
to write decimal numbers to 4
represent block displays.)
-8

N

. o | o
2) Put out blocks to show ".41". . 92 100 92| 9%

;o ‘&.

e
3) Put out blocks to show "2.30". | (9% 100 88 | 9
P . ] . { : ~ ?g‘( -
4) Use different blocks to show "2.30".
(Th'is ‘instruction was repeated 6 times.)
Percent of subjects who constructed at ' Lo
Teast one a'lternative representation . 80, BQ 80 96
N . Percent of subjects who constr cted o ' .
) four or more alternative repr sentatwns‘, _ 52 36 84 :
_ B u .

1
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S Tablés
1fosftionaT'Va1ue of Digits (Grade' 5) |

L .
. @ @

-

" Responses I Perceqtbﬁesionding‘(N?ﬁS)a“

RN 2R
b

“1) Circle the digit that is * . . 90.6
. 1in the hundreds place of \ ' ‘ . R
6734 | 3 5.7 .

6-‘ . .7 e ‘ ' 7‘3.8 x J '-.:‘

?

2) Circle the digit in , . gk | 155

the tenths place of , , - T
537.89 _ : S .3 : o 13.2 °

: o s - o1es

3) Circle all the numbers that™ = a,b,d* , SRS
have the same value as 574 s o , o

a. 5 hundreds + 4 ohes + 7 tens C _

b. 4 + 70 + 500 , S . I ]7"0 :
“c. 50 + 70 + 40 : v 7 PR "
m‘d. 5 hundreds + 6 tens +,14 ones b .‘ ’: o 1;?%%

ab L3,
 byd R 5.7

4) If we changed the 5 in 351 to - | o0k L 32
“a 7, the number would get bigger. S . ‘ - ot
How much bigger? | o ‘ 2 24.5
| 7o e
0 EEEEE N S

.',"‘%

: ‘

" *correct response A S




y T | o
o . . E Jf’; ) _ .o . ' o o
Positional Value of Digits (Grades 7 and-9)
A . s TPossibIe e percént'Responding L
e CTtEM o ‘Responses - 7¢n(72) 9th(58)
1) Gircle the digit that R 59.7  70.7
" is in the tenths place B S
of 67,982~ . .8 - 23.6 8.6
h ' 6 5.6 6.9
2 42 6.9
7

33.3° 22,4
36.1  53.4

2) Circle-the digit that g* .
" " " is ‘in the hundreds i
~ place of 7823.456 S - 5

*IT 42 82 .
| |

4 16.7 10.3 .-
, | W .
2 , \ 5.6 8.6
3) Circle the word that N hundredths* ' 54,2° . 77.6
“tells in which place o ' e
‘the-4 is in-23.64 "~ ones. ’ 13.9 8.6 . . -
N u -i " tenths 8. 5.2
B ~° hundreds | . SR
‘ . - \ .
o . Y ‘ -
4) Circle the word that . temths* 68,3 - 74.1
tells in which place ' , ’ o
the 3 is in 645.37 - n--o. tens . 18,3 8.6
T T oneths R X 17
‘ . hundredths =~ - 8l3 8.6

*correct response




Table 8 |
A - Factor of 10 as Basis for Numeration System
i Item Percent CorreétA - , | Frgquént:Errors - Percent pf‘Responses‘(Percént of ErrorSL
7th(82) 9th(75) . - - L 7th  9th L
1) Write a number ten  74.4  90.7 . 43700 Cus) o a(s3)
times as big as 437 . - © S . L
. (4370).
2) Write a number-ten 54.9  74.7  437.560 C13(30)  7(26)
times as bigas . - . : ‘ - - o
437.56 (4375.6 o . D c e e
- or equivalent). . ' - o e
_3) Write a number ' 39.0 - 58.7 82001 Conaey - 12(20)
E one-tenth as big ' ' (or equivalent) o . A
as 829 (82.9 or S o I
equivalent). 8290 . - 10016) - 5(13) -
| °4) Mrite a number one- 28.0  53.3 o . 62.58 18(25) . 12(26) -
s tenth as big as . : - R - B
- 62.48 (6.248 or ' ’ 624.8 ©13(19) 11(23) : A
equivalent). ' g : L R I o —”
5) Circle the number 52.4  49.3 other [ 894 - 15(31) | 20(40)
in which the value : ossible - S
of 4 is ten times - D eenonsas | 4368 S 20(41) 15(29)
as much as the value resp N | . |
of 4 in .24 (.423). ‘ | o 45.67 . 5(10) B(16) )




" Table 8 - e S R

Placing Decimal Fractions on. Number Lines

- S -

Ttem B  Percent Correct. LAWYyfrequenﬁ’ErrorsljPeréént of_RespOnseéV(Percent'bF Errors)
Csth(62) 7th(102) 9tn(79) - Sth - T7th - 9th -

Lt

1) Mark 3.4 on number Tine. 355  87.3 . -92.4 3.3 . -11{18) ‘3523; BTty
| ne. B R L T o1 B 111 08

LTV AP S T . S . : : :
. ] . . ‘ -' - . . . ‘ :{

A

2) "Mark 2.7 on number line 8.1 42.2 65.8 2.6 o un . s s(1s)

-~

3) Mark .3 on number line  ----  29.4 51.9

- 9(18) .
~e(18) -

...............

27.38; o 8$16} o
-18(25) - 18(29)
11{15)
1(1)

. L2 ‘
— oW

Lo X
-
N
I
-l
Fm—
N, =t
(404 N
—————
O

P 141
-
[>2 2~
e g

A) Mark .42 on number line ——— 16.7 = -44.3




Tah'le 10
Shading Decima1 Fractions of. Regions

Item ' Per¢ent Correct - . Frequent Errors Percent of Responses (Percent of Errors)
) 5th(62)  7th(102) 9th(79) . st mn o oth

1) Shade .7 of the figwe  83.9 8.2 . 7.2 . .7 0  5(6) 833

2) Shade .08 of the figure  ----  53.9  60.7 . - B 33(72) - 11(38)
—— . | | | S e ~2(4) - 5(17)
F | " | ' ' o no resnonse A8y 8(17)

3) Shade .4 of the figure ~ 72.6 50,0 57.0 N '504.;*‘._-'8(29)~‘, 20(78)  29(68)

PO

8) Shade .16 'of the figure  ----  26.5 26,3 .6 | 16(21} (s
i » R 2 . 0y 1s(24)

no response T 17(22) C6(9)

5) Shade .63 of the figue  -—-- 245 384 . . .60 2330) 008
TTT1 : s . no response - ° 21(27).  8(12)
| "o ¥ | g S




Table 11 e |
‘Writing a Decimal for a Partially Shaded Region - '
Item ' - . Percent Correct | .Frequent Errors Pekcent of RespOnSES'(Pefceht of Errors)
7th(72)  9th(58) * S . Tth o 9th |
— 7 _ — — — , , — g
1) Write the decimal that .. 5.6 56.9 1.5 28(29) . - 7(16) -
tells what gartﬁo{“t?e - , o - o SR
figure is shaded (.2).- ‘ .7 common - ' : o
' ' N . o fraction 22(24) 21(48) ;
2) Write the decimal that 2.8 56,9 4 28(29) - 7(18)
tells what part of the _ ~ . - = ' E
figure is “shaded (.25). ' | : comuon 59093y, 19(48)

fraction

\/ : . i e
L} .
o




[
A
1\(

~ |Table 12
WICOnVerting.Kgcimals to Fractions -

1

srwhad

Frequent Errors °:Percent'of~RéSponses‘(Percént'of Errors)

Item

5th

Percent.Correct . :ml&
5th(62)  7th(102) 9th(79)

'*7(é4i

(7th  oth

azs)

L

1) .37 = (37/100)

»

-2) .09=(9/100) -

3) 5.02 = (5 2/100)
(or equivalent)

Y

- 3/7 31(35)

129 ° 7.6 848

no‘résponSG 24(28)

8.1  68.6 - 83.5 |
- Vi 1)

no response

52 .  24(25)

4.8 49.0  64.6
{:3(3)

// - 5/200

20(31)

| |

‘O' ‘ ,%

no response

o9 O 2a(26)
s18)

o 26(28), 1(3)

o) 4(z5)

s6) 0
12(38)  8(46)

e
ot
§s

o318 K

S10019) o

10(19) . ‘i‘3(7) o

708 e1e)

-

-



Table1d -

Converting.FractiOhs.to,qecimaTSi 

Percent Correct

i

_ Ttem * Frequent Errors Percent of RegpbﬁSés (Percént of Errors)
- 5th(62)  7th(102)  9th(79) - o 5th ~  7th - 9th
1) .4/10=(.4) 30.6 8.4, 011 4.10 24(35)" 85 o
| | : ~ ' .04 - 3(29) - -
 common 11(16) = 2(9) 3(29)
o fraction B B -
no response . :13(26)’ ' 0 '1(14),
2) 83/100 = (.83) 22.6  70.6 91.1 83.100° 21(27) 41 0
| 83,00 3(a) . 8le7 1014)
.083 o2(2) 6(20)  4(a3)
no response ‘”27(35) 1(3) -~ 1(1a)
3) 3/100 = (.03) 9.3 69.6 82.3 .3 753;_" ‘ 7&23- 4521}
‘ .003 5(16 6(36)
3,00 3 ' 5(16) - 1(7)
3.100 -21(26 a(13! .0
. - No response 18(24) 0 U7)
4) 43/10= (4.3) 9.7  49.0 64.6 43.10 18{20; 6{12} .1(4;
g - a0 18{20) - 15(29 5(14) .
- .43 16 18; - 19(37) ,22461}*'
no response A 27 30 4(8 k .(4~,
5) 406/100 = (4.06) 9.7 41.2 59.5 406.100," ” i8(é0) 2(3) 1(3)
' 406.00 18(20) 1n(18) 5513 ;
| S .06 13(14) 25(42)  23(56
- no response - . 34(38) - 5(8, _3(6

‘5325




" Table 14

_Ordering>beqjmal Fractions f“»

Possible ‘Percent Responding
. Responses

L

1) Circle. the number

that is greater
than .36 -

{

i ' 4
2) Circle the number:

that is less than
.54

3) Circ1e the number

nearest to 7.82

" 4) Circle the number )

nearest to .16

Y T & )
- .360 B2
o l350 - s,
.29 . 9

. i

~ *correct response

“' "sth(ss)‘--7th(82)_i/9th(75)2’  . I



-

e . o V : i 8
N Table 15 | o
" Ordering Deciial Fractions . . - ST e L
Ttem o Percent Correct ~ Frequent Errors: Percent of Responses (Pércent of Errors)
5th(63) 7th(82) . 9th(75) . o 5th .. 7th . 9th
1) Write a number that 9.4 1.5 68.0 - 212 - A(4) ‘17(:29) C7(21)
comes between .2 o n ' o 7 '
and .3 ' . ' - 2 172 1_3(]'5‘), 5(8) -‘ 0
| S o 3a(38). - 10(17)  5(17)
- ) . résponse o ‘ ' . .
2) Write a number that --- 92.7  88.0 (mnone)
comes between 1.56 o o ’
and 1.72
= B
29 - 30 |
<




| DECTMAL “NUMBER . | S

R ~Understanding

Base Ten Number | - | Rational Number
(Positional Va]ue) s (Part/Whole) Concept

‘_. - \ | kY . .
A : \*exp11cit ‘ . . :

v AN understandinq ' ER > A
. N 4///’ o N /o

Trans]ation_l Application Computation | ' Ordéred | Recursive | - -'fv(Other) Rationa1

r . ////// \\ o Sequence = Partioning R Number Concepts

Whole Decimal w1 Other | Measure Operatdr luotient] |
Numbers Point Re1at1onship Relationshi - - —

AV \ . ‘\\/\a

Computing Aligning ||Placing Numeral Trade ~ a-bth - ' Ra “ Standardized
Answer , Digits gecima1 Position | | ‘ : ‘ Number | | Ratio (%)
, oint ' — L

**exp11c1t understanding

*connect1ng dec1ma1 form with whote number understanding
**connect1ng "decimal form w1th fractﬂon understand1ng

-

587 7 ( o Figure 1 Analysis of decimal fraction




DECIMAL NUMBER

c | Unde)r'sﬂ:and'lng1 o
| | Repiesentation® B
|

n Base Ten Numbe\z'1 2

_ Rationa‘l Number'1 ’2_ ,
< (Positiona] Value) | | (Part/Whole) Concept
\ \*explicit , - , > —
|- \\ ‘understanding \ | . — / ._
{ N o o o .
. V. N\ L o . :

LP . e ] 2 e

Translation’ || Application Computation

(Other) Rati 6na11 2
- Number Concepts

‘\ s ' Orde\r'ed1 Recursive'® g
\ Sequence Partmning
\ J
|
|
; \
Whole Decimal “ 10:1 e | Other
, Numbers |Point ‘
e - : |
e | \ L :
: ,_ \ .
|
|
: |
|
|
|

IMeath%I Operato]r Quotient ,‘Ratio
Re1ationsh1p Relationship | —
COmputinJ Aaning P]acina ra'} 2 Trad ’2 a~bt1hs a-=-b || Ratio Svtandai'dized
: Answer Digits Decimal Pos tion | | Schema I — Number | |"Ratio (%)
° o ‘Point ‘ . : / ‘ .
L e _

**exp1ic1t understanding
4
*connecting decimal form with whole number understanding

**connecting decimal form with fraction undérstanding
1Investigated as part of decimal project
‘ ',EKCMdEd in thi§ report

o 'Figure 2

‘Scope of deéihal project

NI




