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> ~ Abstract 4 A

. Nfumber is a;‘idca, and numerals are notational marks used io repre-
sent number. In this study ?1ﬂ;etiin the9ry is extended to axplore the
ways in which children construct their‘undefutanding-of our notational
system and, in particular, of the place value property of the decimal
numeration systenm. Bighty middle-class children ranging ffoﬁ four to nine
years of age vefe 1ntetv1eved: They ‘were asked among other thingsAto
group objects, drav pictures of grouped quantities (Q%gboiic fegfgsenta-
tion), write numerals to indicate amounts (conventionnl representation),
and theorize about the relationship between their written nymerali andi
drawn quantities. Developmental leveln were inferred for these and other
tasks, and fivél x age analyses were performed. A selection of the chil-
dren's graphic productionu are included 1n an appondix.

The central results of this deuctiptive .tudy qonuist of éighteen 6
hypotheueu that children brOu;ht to bear on the neanin; of the notational
marks in relation to the uymboliaed quantfties. The hypotheses vere
grouped into five developmental levelu, the hi;heut of Uhich reflects s
knovledge of place value. Amon; the patternu that emerged vas & develop—
mental uequeg;c in the kiﬁdu of ideas used by children, uingly and in com-

bination, that may be-t be deucribed by some form of. ordinal data analysis.

Children's underutanding of the place value ptoperty rather thln

A

bein;‘cohitructed all at one time and in relative 1solation from other
learning, seems to be built in phases, over & long period of time. 16

conjunction with other kiudu of knowled;e. Some developmental relations

were evident among childten’u ability to group and. draw objects. yrite .

y
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CHAPTER I

. 4 INTRODUCTION

¥umber is an ides, and auserals are the notational marks we use to
:q;uicnt pumber. ¥or adults vho are gamilisr with both nusber and
pumerals, the gelitionship betveen then is ntiiightforvurd: ‘the latter .-
. usually stands for o implies tl;e former. Rarely do we have occasi&ﬁ to
. ‘pondcr the different meanings vhich numerals themselves can have when
they are used in one everydsy context rtther than tnothc'r. The numeral
11, for example, can 4ndicate the cardinal value of a collection of ob~-
jects containing thnt many elements (e.g.» the punber of children in &
cldt conposed of ﬁ.ve boys and six girls, oT the quantity of eggs 1eft
4n an egg carton tfter one of then has been gamoved) . The numeral 11
can signify tlhe,mount of a continuous quantity -euured 4n stsndard
uits (e.g.. 88¢ in years, cost in dollars, time in sjnutes). ‘or the
| mn%enl 11 can mark position or location when 4t functions as “an ordinal

1sbel (e.8.» the house standing betveen-No. 9 und No 13 on & block,

the street £alling between Tenth Avenue and 'melfth). In the context of .
telephone punbers, the nunmeral 911, with 9 prcceding 11, signals emer-
" ;ency;" 411, vith a & replacing the 9, ccnjuru ngnformation.” Adults
readily understand that ’tbe gnphic mark 11 catrus different ﬁenningsr P
vhen it is used in one way ‘rather than snother. ‘gut for children who
bave not yet structured the qunti.tin .:lgniﬂ.ed by’ a numeral (espec:lany .
sulti-digit nmnuh), or for whom the seanings of pumersls sTe not yet

differe ntuted by function or eon ntextual occutrence, the uhtionship

between nubgr und nunenll unnot be obvious.
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* ggom the perspective of the

young child,

- garks thst &re 1inked to particulsr objects (a numeral

1inked with that pitticular article of clothing

Channel "2“ logo with viewing Sesame St

that are loouly ulocilted vith

aecmanhd by the

ey be ntb:ltury uqunec

elements akin to alphabct:lc letters,

"lpe;led" (tvelvc

in between) . " They =8y

help toO locntc

than a quantitative vay (1776 and 1492

)

but none of them

are nulericll 4n the

children con-truu the:lr \mdeutandin;

Place value is

hundred, depending upon
po:lnt Children's understanding of the place value
notat:lonal‘“ system,
convey n\mcrol_:lty,

My cuﬂoliﬁ 4n this

our mneution

t.he idea that, c.;.,

system.

‘!he numeration

representing aumerical quantities, that is,

used to organize the ten digits

many ch:lldrdn have’ difﬂcnl:y underltund:lng the

rept) .

(as in tclephone nunbers OF uccnle phtel). They 87

>

pumerals might simply be

on 8 tee shirt -

8) or events ‘(B'olton's‘
'l'aey usy be ‘iqu.t;gles
counting words (graphic marks that are
truted 1ike objects tO vh:lch the action of pointing ‘MAY be applied,
nmmc:l.lt:l.on of the ltrin; of eount:lng vords). They

s of marks blv:l.ns no intrinsic thyme or reuon ,

be notat:lonal

by means of vh:lch n\mberl can be

is made vith 8 1 folloved by s 2, vith o6 space left

events in the qul:ltat:lve uther

were before 1 vu dorn but after

gtrict sense.

the prehutor:lcnl animals). ‘A1l of these are reasonable 'pou:l\g:ll'.lt':les,_ »

The ruurch ducdbed in these plgu is an esplon;ion 4{nto hovw

of our conventional systen—of

systen :ll 1ntro

the deciul or base ten

gysten of nout:lon Wh:lch uses the digits O through 9 and place value.

the d:l;:lt 1l um one, ten, Or one

its vritten pos:lt:lon relative to the dec:lml

-

property of the
in a lpec:lf:lc way to

is the central concerd of this study.

topic ‘s an outgtovth of hav:ln; oburved thut

place vuluc propert)' of

duced :ln the first \
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: ;nde and is taught thronghout thc second and :hird r.‘adu’] (c.g. , e
tﬂtt;:qnon. in praparation; Basley st al., 1979; Batano, 1979;. Ginsburg,
1977; unick, 1976; Smith, 1973; hthuu\ 1972; Scrivenl. 1968). Many
'nccnd snd third graders caunot surmount barriers to phee value com-
-prchmion. but more lnrpriuugly. the difficulty persists £or some chil~ -' |
dren into the tifth and subsequent, grades. The problem is veﬁ. known to

math oduutorn and elenentary school teachers. They have recognized and

o

struggled with it for yurn (e.g., Labinowicz, 1980; ,I.erch et al., 1979;
!lndd@en.‘1979- Good, 1979; Payne and hthun. 1975; wirez, 19745
" Wheeler, 1971; Churchill, 1961; Van Eagen, 1947)- ' .
«  Curriculum deqj.p_aern nnd teachers utuunyw-nt chndrgn to hive a
. full Gndef.tandingﬁ of vhat they are doing when they vork i{n "symbolic
rithiatic." Furthermore "geaningful" ar:l.thutic deund' an -ypreciltion
- on the part of the hu-ner of vhat those. synbols stand for (Van Engen,
1947). Thus it is felt that the concept of pliace wvalue has éo be .tuught
“before, OT at least alongside,. the algorithns for the arithmetic opers-

.
‘
R . *
tions. ) >
. .

Q

The educators’ déci;ion to introduce the pumeration system to c_hn-
dfcn "m the early ;tide. is predicated on n;cveul notions. The ﬂut is .
« that notafionnl lrithutic is better than oﬁher kinds, thu.t is, paper-’
-nd-pencil vgysbolic arithmetic" 14 mwore abntuct and more useful than
working w:lth unipuhtivu (concrete objects) ot verbal forms (Bautt-—
Lorton, cited 1n Labinmicz. 1980' wirtz, 197&). The ucond is thlt the
different uui“and meanings vhich ‘aumerals have in everyday 1ife sre
either mot & source of conful:lon (1.:. ’ children cnn rud:uy d:l.fferen::l—

ate mng -eaningT md grasp the comn pnections apong different ule-) or

‘ \; -7 o St . co :
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not an i.uﬁa of concern (1.8es ehildrcn simply j\ﬂtl—POle them). Third

" - 4s the notion chat there 18 8 direct eortupondcnne betwesn vcgul de; .
scription (“two tens and threi ones™) ;nd graphic notation 23", and
that these upi:euixtuional orms can easily be yinked with the quanti-
ties themselves (23 objccu of vhatevérépe@ﬁic kind). !ourth is the °

. 4des that teaching algorithus, OF pr\occ%nr» gor carrying out the arith— )
setic \opcut:l'ou, 1s the but. way for chndrcn to tecote familiar with
(learn) large mﬂbcr- (ﬂhuler, 1971). rifth 4is the prumt:lon that

the log {co-arithmetic ulu:lonl \nderlyinz the optutians and the numera-

- , ‘tion syltpn will become gvident t o the ch:lld, onnce he or she dg.ﬁomtrifes .

L

the proper use of the earned nl;or:lths.

' "*ncent gesearch in psychology, sathematics tducat:lon -nd -rt:l.i'.lcul
(:,,utqnigence has made it uereuétngly clear that graphic notuiono (nlrks
&de on t\'o-w:lcnll surfaces, such u l'ttlithﬁ or cnrved nnu, dots,'

_ geometric f:lguru, letters, nuneuh) do not . c-xry seaning in themselves.
Inltuﬁ% child constructs lnni.ng from btcviously dcquircd knowledge md.
contextual cues, 4mposing on these upmmt t:lonll devicu h:lslhet plrv-;,/
ticular theotiu and proeedutu for fi;u::lng out what the marks um on

the one hand, and wvhat the marks can. bc ‘made to convey on’ the -othef.

ﬁe;gher‘dxc content of“this eonstnu!dan,- nor the. proceuu by which . '

eonventié;ll neani.np are hltned, are as yet vell lpec:lf:lcd.

w0

'Ihe Educational ?erspect:lire

_ o Y
Over the years teachers have sought thb advice of nr.hmticn educs~

tors, uthmt:lcim, and ‘psychql,ogiltl in ehc:lr qunt gor ways to facil-
itate childun'n grasping of "the place value"conccpt. . The specialists

» Ld

PR .
- ) o
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_ to make uchnlngél between objecti r‘.pi:ncnting small 'qnitp and objects °

- 2. Children leamn by ao;ng. by acting, by uns:lﬁg";.

.
. . . - . - . :
. o . . . v hd
" . e .
T - .o * A - . . N
— , R . . . s
. LIV - . . 3 B
. .
» B

. ‘. . ' o : .‘* /
have crutcd an ltlorf%f materials which are uguhi‘ly ﬁ‘led by many
tuchcu. A sampling of these tneludu nteruh ‘)u:lgncd t\e '>cox\

ct.to cﬁodmnu of the ‘place value 1des (e.g.. Dienes blocks, Un:l.f:lx

cube?. bean .tickl. and base ten ‘abacuses); ganes th-t uquire th%hyers

_ standing '"for units of higher value, such that ch:l.ldren gain practtce in o
"ueimg the .quivahnce" between Bany (lmll valuu) and ‘one (h:lgher "" o
uluu) (e.8» ch:lp trading and bankeu mes). "and pluy money vh&ch 1s
4ntended to :I.:Lnk place ! v;lue :I.euonl with a content that is fptelma\sly
of 1ntr:|.nl1c {interest and pr-ct:lcal ut:l:l.:lty to ch:lldun. N
_wh:lle there is considerable vu:ipt:lon in the choice o? uterials ‘

and activities used in particular c.:lulroomj. the ut:lonale for employ-

‘4ng then typ:lcany Tests upon several &otionl regarding ch:lldrqn's learn- :-

©

ing that p:luy back on, or ‘sutually support, ome another. Four such
widely held assumptions’ are the following: '

1. Children's learning groceeds from the concyete to the abgtract;

' 3. Children :I.urn new nterui ‘4n s step-by-step fu,ﬁ:loﬁ 3.

ladd

4. Children nud to be -ot:lvatnd in order to learn.

The pedagogical prucript:lon that p lipked vith these pruuppcsi.'it':lons'v
is thlt ;ood tnch:l.ng ought to be ﬁ:onsistent vigh ehildr;n'l natural |

lurni.ns tendencies. As 8 whole this conceptual:lzut:lon of the leam:lng

proccu enjoys the conf:ldencé of most educators and,child devglopqeﬂn: ;

051'

pcchlhtl. ' , o
m:hnetfc tcxtbookl mirror :hu fomht:lon of childun'l 1e-@m-

am:leany ﬁut ;ude t.xts use the fo owin! quence to teach the

. pumbers ftonane throu;h tnn. , o L L

L e . . ~ L%




1. ucmns of objccu (o.;.. bnmm. spples, {nsects) are pre-

4

| nn_tcd in mermingly lacger set sizes.

-

b

& ) .- - P
. 4

° o0 o o o o i

3. The'child is told that cach i3 & pusber .na is called."s set of -

» (the blank is the ilo_rd -fo: the pietutu qmti.ty‘ of ob-
. Jects). ' o
'3, The child is uuht to write the nulbcr five (nuﬁul 5) in the
| ~b:hnk lpacc lccmmymg the pictun and to utify hﬁ [her. answer

by cquntin; the Objcct..

& The child prumbly 1inks thc ﬂnal cb\mt ‘word with the pictured;

qunn:it;y of objnct- on-the one hand. and the vritten aumeral on
the oﬂut. : <o ', | S
As this mlc .ho\u. thc up-by-,nup pro;tusion c’oﬁunn of
sovesent, by oubn:ltn::lon or u-ociation. through tvo levels of abunc- '
tion: & lower pictcthl level (objcct. are rcphccd by pictuus af. them) :
snd 8 higher uylbonc level (pictutn are nphccd by ﬂ\ﬂtlll)ax The . A
gubstitution of n\-enl for picturc is .td:hted by the proccdure of
counting. yunber is thus 8 propery of the set of objects (ot pieturel)
and can be abstracted fxou it vﬁzomting. | ‘
~ In the classroom the umlptiom zegarding ehnaun'- lutnitig sre
geflected in :he "following kinds of ways. nndernruners ‘and first |
graders au cneounged to work vith 'éonétctc objects bcuuu thcy can -

bring the whole nnge of their percnptull machinery t0 bear upcD them.

rs' tasks are u&erqh to help the cbﬂdreu}"‘.ie" the



e

- corraspondence between objects, pictures, and aumerals, as well as ph'yncal
act:lop-. gpcntimi signs, snd other conunt:lonn nout:lml devices;
sotivate children to 1..n by arcusing their {nterest throu;h games
and other njoyabh activities; and to wmove the children as c:pedi:iously
as pou:lble from 8 uumu on unipuhtlvu to mastery vith paper—md-—
pencil "sy-bouc a:itulet:l.c." !uunthcticdly it dght be added that
after the first or sscond grade, minipulativas are ulunny reserved £or
thou occasions vhen children show that they are havin; ttouble working
lyﬁouc arithut:lc. that is, vhun they produce computational en;on .
vbich 4ndicate that they are pot performing an algorithm in the way in
which it ought to be done. Unfortmate_ly sanipulatives become “habyish"
twd;ui aids ’fra'l the perspective of oidei- children.

‘From the u.;'e'mn point of view, children do hot Jearn number con~
ccpt.':l.n the way suggested in the_ foregoing discussion. First, sets of
objecf.l do not contd.n awmber. Mumber (e.g., the concept of ﬂ? e-ncu.' )
or the meaning of ﬂ.ve) is cmttuctod fron within the chnd. and helﬂ'\el

9111)0..- that meaning upop objects, pictures, vand not‘tiontl dev:lcu.v o
Pre-structured sets of ten cbjects (e8> tens-zrods) or pictpthl vrepre-
séntations (e.8.» five ’19/ ugs or five bnnoonl) can serve as vehicles
for engaging ch:lldren in counting gnd writing and e:ehnngin;. Bﬁt neither
the objects nor the picturu of uldy-nde sets "contain the mmbet to. be .

L4

ahltnct;d.

)

Second. the signs uud for :eprcunt:lng mmbet (humber words in the

ntbal system and numerals in the w:itun -y-_tu) sre cultuuny given,

, conuntioul devices. !hey are p:eunt in tlig mﬁ:onunt. tra mitted

»

-~
L3
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N “tween what is taught, how 1: is tau

j ‘ .

to the child fro® the ouu:lde, and learned by mesns oi 4mitation, in--
formal’ and/or ‘direct {nstruction and pra;:ucc. But the meanings of

chese sigus (the idess they stand for)

learned as verbal strings, OF as. utterances made

. o Counting words, first
have to be 1inked vwith the 4dea of the aumeri-

‘while pointing to objects,

cal 'qulnd.tiu | thcy signifys they have to be assinilate into the notion

ﬁdlnrly, 'the graphic drk 5, taught

grom the outside, has to be an:lnnaud ;gto the ides of five, a8 well .

d as being 1inked with the counti.n; word five.

In sum, conmdcnnl ssthods of repuuntin; mner:lcnl 1dcu have

taught iton the out-:ldc, but the 1deas thmclvu have toO be con-

structed -fxom within., The numerd h. ldke the counting words, arg lumcd

o by guitation snd are eonlol:ldn;cd with exsrcise or prnctice. But the

gdeas for vhich thcy stand are conltructcﬁ in a different vay«. The

sechanisms of couttuct:lon of these and other mnc:icnl concepts, such

ds those underlying the mnnud.on system, are 4in need of bcttcr ducﬂp- \

tion. My prasusption 4s that ﬂ\cu nhould be s clou uhtionship be-

ght, and eh:lldun'n nntuul construc-

tion of knovlcd;c. 'lhi.l 4s the stance £rou which the very ;eneul ques=
- ¢don of how children construct their mderltanding of ‘the conven::lonnl .

.y

potational ﬁutm 4s raised. ~

The ?nychological perspective

'!hcl pltl',ctb value probles is challcn;in; from t.hc unndpo:lnt of ‘

tuch:ln; and cn:r:lcui\m design, but. it is mt:iguin; fro- a p.ychologi.cll |

point of vies us uu znbcddcd 4n the probhm are mm_laroul quest:l_ons

2
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| concerning the ‘galationship between ehildnn's development of a general
,/ ninrnl cognitive structure (a\-ber). and their aéﬁuhitibn of the
cnlturll object for representing gusber (numeration oyuu). 1f the
. locus of children's di.fﬁculti.u is in the construction of cnruiﬁ mmberA
concepts, then it would be useful to ‘4dentify vwhich ones. 1f cb:lldten'c
;toblc's arise 1u ncmttuc:inz the conventional nota:iontl systen,
then it would be helpful to specify uhich upectl of the reconstruction
are problematic and how each might be overcome. |
Anothet set of quutigns tevolvu around the coordination of verbal
| and graphic tcpuuntutionnl devices for attiving at.ansvers to quut:l.ons
' ~of “how much" or "how many.” The lack of dlucécoruspnndence betwegn N
L. " the linguistic terms ve use in talking sbout nuzber and the notational
sarks ve use in ucﬁtd:ln; punber has been noted (e.g.» Sinclair, 1980);
Bow do children construct the unkl;u betveen :hcu lcpltlte tools?
And hou do they cootdi.nnte their knwlcd;e of thue cz,terully» ;'.Wen |
upiuen’titiml devices with’ theit knovled;e of pumber which, nthe,i
than being learned or taught from the ot}uidc. is constructed from with-
m? ' . R . o
One gpptoneh to these quuti.onl == an upptoach .suggested by the wdtk
- of Ph;ﬁt - 4s to find out vhat 1dcu the chi.l.dun thmclvu have about'
- - pusber and pumerals which s und :ln.,’oppolition to, or clash with, instruc-
tic;l‘ ;jﬁvcn by adults in the aumeration system. It 1- pouible that: ehn-' '
: . dren have .od-e‘ powerful notions that they find diff:l.cult to cootdinnte _
| with thc phcc ulue concepte. Ifl'vé knew moze about these ideas, ve |
P - might be ablc to shed n;ht on the tuchh':/lumiﬁg.'§1££1cu;t1gs that |

peniotentl\y Qhﬂ‘up in the chuntary ‘grades.

- a e |
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The study related in this thesis sddresses this possibility. vedliz-
ing piaget's dutinction betveen icprcnntu‘ion using pyﬂ_)oh (perigmliy
constructed graphic sarks that gesesble the things being :opruenud. as
4in drawings) and gepresentation using signs (conventional potational
-_lrkl ¢hat, like digits, are gemoved from the thing tﬁlt. s signified
and vnke' nuunh, are part of a system of urkl) 1 set out to ,,try to
uncover vhlt nhtionlhips there were between cbﬂdun's mnber concepts,
their pCtlonll ﬂpuunutions of qmtiuu of ob;\ccts (in ugic urker
and cuyon dravings), and their undcntundiu of the di;its and nuneuls
that are used to signify the snounts that they had drm

The study is conceived’ 1n terms of the davelopment of nunings vhich
ebildnﬁ impute td the notatioulv systen. The ccn:rnl gocus of t.he e~ "
piriul work is the devclopnnt of eh:l.ldrcn'l !.dou rc;ardin; the nuni- .-
ficance of one=, TO~s and thrce-di;it m-cnh. | 1 nntod firn to find .
out vhat theories ehndren had sbout the tcllt‘.lon of digits and mmerm
to n\heriéal qulntiticl. and ucond to' see vhethcr those theoriu vere

1&16-y-ncratig: (4.8. ODE. child, onc gheoYy, in nndon chrcno:logical order ‘

and ‘without geference to con ccptull development) or conltitutcd a devclop—

sentsl sequence non; children acrou a;u and/or years oi schooling.

) 1 felt that uudyin; phee value mdenundin; in uohtion from the

development of other aumerical abnitiu -and other tcpruenutionnl .forms
would yield an moveruhcd description of the development. Therefore 1
dui;nzd a series of tasks, each vith & slightly different focus, tO PTO~

vide 2 richer datn bue for the mtcnrctuion.o: the central ru'ulu%
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The Pisgetian !eupective

The £ramevork for this study 48 detived frow ru;e:'- genetic epis- :

eelologiul uqnietee u:o the developunt of scientific eoncepte 4n the

child as well as in h:l.etory. ue;et'l etudiu are ;uided by h:le 1nteuc-
tionist and cmtmtiv:ht viewpoint on the de velopunt of tnawledge.

his structural enelyl:ll of ect:lonlthou;ht. and his eoaeem \d.th man 8§

s biological creature who nuds to adapt to h:l.e“’environuent.' The Genevan .

1ﬁveet:lpt1ve approach uses two methods of study: - the hietot:léal—c:iticel :

sethod which begins ‘with the ytelent and looks beekwatde in time at the
construction of a ec:lent:lf:lc concept; and the yeyeho;enet:lc sethod vh:l.ch
focueee on the origins and ‘successive’ undeteunu.n;e of that eoneept }ln
the cognitive development of the child. In both cases the main object,;d
of etudy 4s the vay knwled;e changes, ©OT hem tuee:l_t:lont teke place from
leu developed to more developed states (Inheldet. '1962; Berthoud-

Pependtoponlou and Ackemnn-Veuedeo. 1980) .

The general hypothel:le of Pie;et'e approach u that conceptuel change :

m.:ec:lence 4s a function of man's search fot ptogren:lvely more general,
sore inclusive m- which will (a) explain eete of occurrences (laws);
(b) explain the relations among those lavs (i.e., ‘highet' order, more
general explenet:lonl); (c) resolve, conflicts generated by ¢ ompeting view=
points; (d) account for enonouee “or ‘exceptions, and so fotth (Piaget, |
31968). To the extent that eh:lld:en'e conceptuel developnent may be
ehetecter:lsed by the conlttnct:lon of ever woTe ;enerel, soTe 1nc1usive,

and more poverful :eletioneh:lpe which serve to make their undereund:lng

more coherent end objective. Piaget's epptoech :lnfor-e the study of knowl=

ed;e buﬂding by ytovidi.n; the oppottunity. to lubjeet. hypotheses concerning

1




the d-gc'l.ovnnt of knowlsdge to up:l.riul 4nquiry. ‘I.'h:l.s 4s especially .

walusble in lookili: at the origins. of 8 eonccpt (even the most prinitive

of concepts known to us were products of adult thmkin;). nnd when the

historical records of discovery are {ficomplete OT nonc:utent (lerthoud—

4 hpandtopoulou and Ackemnn-Valhdlo 1980). ‘Likevise understanding

the tunli.t:l-m from less ndcq uate to more ndcqulte notionl in & par- -

ticular doru:ln can be & ::h:h gource of hypotheses concerning the de-

welopmental epuru of ‘the construction of hnawlcd;e 4n the child.

Piaget's ‘biological concerns are well knwn (l'h;et 1971; 1963).
d his viev nn.' nu.n othet otnnim. ndaptl to his cnv:ltonment.

The ;encul ptoccun by vhich ulnputicn occurs are described by the’

. potions of assisilation and necomoduicn. The dcvclopunulr course of"

change 4s conceptualized in terms of lucccuiu levels of cognitive

organization. put unlike ‘lover otnnilu. ;nn has 8 opcchl tool by

seans of which he extends his adnptiva upac:lt.:lu to :he ‘sbove the

14mits of his {mnediate nnv:ltonunt. That -pccul tool is cancd human

4intelligence: v:lth 11: |an tccmtructl the pnt. uornnizu the ptuent.
anticipates the future, and tl\oteby extends his. upaeitiu beyond “the
present to the poniblc’. and beyond the ntltcd plane of action to- the :
wider plane of thought. ‘1t 1s thil tool whose origins and functioning-
Piaget has sought to duct:l.bc and cxpla:ln in hh nunetous studiel over
the past sixty years. '

'!he Genevan blychogenctic approach takes into lceount poth the

-ttuctunl and the functional upccts of the dcvelopunt of a concept OF o

theory. The otructnul nnnlysil ains at uncovcr:l.ng thc very gcneul

underlying structures of knowing that direct 8 lu‘bject's behav:l.ot. The

S
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‘!unc:ionll viewpoint 1s conccmd ':I.th the cpgnit:lvc.prouuu or pro-
~ cedures by 'hidt nev mdenmd:l.nn are sade pouibh. The approach' '
| is uurdileipunlry 4n that it relies upon thcorcti.cal analyses in par- -
ticuhr content auu (c. g.» concepts 4in phynic- or llt.hmdcl) and |
‘pnycholo;ical cxperhcnt-tion vi.th eh:l:l.dun. ,
The Genevan frmork is used: hcu. Chapter 11 begins with a theo-
retical mlynh of nuuu::lon systems as curuntly undeutood by uthe-
) utiéim. umi is followed by a historical .urvty of ujor I:Autones in
the developunt of then. The chapter closes with a rcvicw of prqvions
Jiterature in the fields of pnychology and u:hmtici cduéaticn vhich |
' pear on the develop nentalllurning issues addressed in this thesis. _‘
Chapter III is made up of two patts. The first part sets forth the ‘theo-
retical fumork for the psychogenetic or cxperiunul portion of the _
study. The second itemizes the hypothuu vhich vere postuhted to u:udy o
the development of chndnn'. understanding. of mmericnl notation. In
Chapter IV the methods used in currying out thh study are described.
Included thcn are ducriptioul of the’ tuk- vhich vere given nnd the
(ocedurn vhich were followed in udn:lgiucring them; the uhction o£'
subjects; the interview format; snd dltl lnalysh ptoccdutu. The
empirical findings are nportcd in Chnpter v. L
A -tudy of this nature hu h:oader il?liclti.oni. uy hope in con-
ductin; the :l.ntcrvim vas to nther vidence that (a) children hold
' 1d¢n which are d:l.ffcrent from thone of udnltn. (b) those notions fom
s developunul uquencc. and (c) the uncovcring of :hou idns vould

Qoint the way tautd 1d¢nti.fy:l.u; .o-e of thc e:l.uhu that mt uccur be-

tveen chudun'. hdependently constructed 1d¢u and the :l.nstruct.ion




thcy are geceiving in .chool. This study is 14nked to :h.c moitant
educational issue of facilitating children's mdeutandh; of the place
wvalue property o! the conventional potationsl system. ﬁe clashes might
help to explain, chndun's resistance to Our 1ut:uctio‘iii1 endeavors and
offct some suggestions u to vhat can be modified: . our c:pectutions of
children's capacities for geconstructing the nu-eution .yucm for them= -
selves; oOur generally held ptuupponitionl _of how childrcn iearn in this
area; our teaching methods 1nc1udin; the uuthh and activ:lties ve
want ch;ld:cn to use; or our curncuht timetable for 1usttuct1ng _chil-
dtef ifn the numeration uyntn. ChlptCt vil contains s c_lhcuuion of vhaé" '
this study adds to our kncwhd;e tcptding these issues, snd pethaps more
motmtly. vhat ve havc yet to uncover. Hy opccnhtion_l tcgltding_the
serit of extending this inquiry into ot,hcr -uu of uthentici cdu;uiibn_

are included chere.

£
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BACKGROUND AND LITERATURE REVIEW

Introduction

The intent of this chapter is to summarize the research done in
yupaut:lon_ for the study of ehudun'n develop:ln; m&funﬁdhg of the
conventional notational system. The format of the puuntut:lon will bé
familiar to those vho are accustomed’ to tudin; genetic ep:lsten;ol_égical o
gesearch but will sean unorthodox to those who are ﬁot. The ch.abter has
three parts: a d:lscuu:lon of the problcn from the nthmt:lcal point of ,~
v:lm‘v;v s historical survey of the development o ,houtionnl lyntcm, und :

- a more standard geviev of the literature bearing on the topic. -
The )h:hent:lcal ‘Perspective

From the sathematical point of view :he "first . uvcul years of
sathenatics .au‘.uon are devoted to the otudy of the nntuul nunbers
(positive mteurs or uhole nulbers). ncuntury uhool ch:lldren ltudy A
three conuptullly d:llt:l.nct aspects of these numbers: (1) ul:lng them
4n counting to answer the qunt:lon "how uny‘!" (2) performing the arith-
iét:l.c operations in order to nhort;:ut one-by~-one count.i'ng (-ddi:ion,
subtraction, mlt;lpiiut:lon. and divin:lon), lnd (3) learning the nota-
tional system and exploiting it to fng:lut-u conputat:l.on (luunfeld,
. L ' '

m nouti.oul aspéct of nunber is dc'l.criblcd in ja_n:limtic.l ﬁith '

two em_truc::‘.f_ base -nd place v-lue. The decimal number systed from




ki
& | 4 °

:hh' geupccuve is a system of nout:lun for real mnbc;lf that uses ithe
base 10. The bue of a aumsber -yutn 48 t‘hc pusber of ;Iitl :ln a given )

1 .1:'- phcc. which, has to be nken to dunor.c 1 in the next higher place. '
In the base 10 therefore, ten un:l.t(- u ‘the ‘units phct are denoted by 1.
in the mext pigher (tans) place. ,. o

‘ !hce ulue u 4mplied in, this dnﬂn:luon of bue. It h the pro-

perty of the notational -yltn' wvhich anm u- €0 use a l:ln:ltcd nunber of

aigies (cen digits in thc sequence 0, 1 2 3 & 5, 6, 75 8:9) O record -

any pusber, Bo uttct how large OT how mll. by vrit.tcn pon:lt:lon. _'!he' '
- value of the di;it is deteni.ncd y- written position relative to the |
decimal point: The digit 1 vritten in the units posteion. (o the mai‘-. o

ate left of the decimal point) denotes on¢ unit; $he same digit vr:lttcn - .
‘4n the place to the left of the units denotes tén; the same digit written |
ﬁ the position to the left of the tens phce l:l;nif:lu one h}xndted, the
_next poni.t:l’éd one thousand, and 80 forth. o . ” o
This 1du is n:hcnduny oxptuud in terms of poweu “of 10. 'a
Figure 1 gshows the cortupondencc betvun phcc ('pol:lt:lon) and powers of
. 10 (m-ertcni wvalue) for the arbitrary uqunce of digits’ 3.125 46. .
lotc‘ thlt any pumber to the geTo0 pwct is, bY definition, equal’ to. 1.
di;itl to the right of the decimal po:l.nt ind:lcate ne;lt:lve povers of -
10. " Also mote that the 2er0 has & funct:lon as 8 phce holdet-. thit 1‘.

. 4t serves to distinguish 304 grom 34 by "hold:lng open” the ‘tens place,

lhw:ln; an abuncc of any tens. The d:lgi.t 3 4s "held" 1n t.he n_ctn-tionll ,

place vhere 1t will signify 3 hundreds tather than 3 tens.
As 'u_-giel as this system is, its dcvclopunt required forty centuv-

\d

_¢les of human thought and use. It 4s gnstructive to Teviev the path
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100 | 102 | 20® | 20° | . w0t | 1072
° 3. 1| 2| s |- 4 |6

) 3 stands for 3 x 102 | or | 3x20321sx10) or 3,000.

1 stands for 1% 102 | or ] ax10x20 " | Tor | - 100,

B 2 stands for'2 X w |or | @x10 | e | 2.
| . S stands for 5 X 100 | or (5x1) -} or -
4 stends for 4 x 107Y | or | (4 x1/10) or b

. 6 stands for 6 x 1002 | or | (6 x 1/100) 1 ox | .06 | v

Figure 1. The relationship between digits, vritten position, and
pumerical value '

which nnk:lnd took in ctnt:lng the modern system of notlt:lon not only fbi _
| its hnto:iul interest, but allo for clues it uight yie:ld regarding the
- difficulties vhich children have as they.ucouttuct the system for |
| "thm,elvei’. - '

The Historical Perspective

L]

The ; of Numeur.ion -
mstorim of ntheutics geneully agree (1) that oone' fém of
' eounting probably lerved as the fi{rst mathematical element 1n all cul-
':urn. (2) that nuumber vords were adjectivn used to ductibe -onething
concutc befou they becanme nouns oignifyiuz an nbuuct conccpt' and

3 that written notation developed in the urviec of kceping ttlck of

EMC , o 'y ¥
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eomtod ullectionl These .plculltionl are & di;gci_?ibnl‘cquﬁee of. :hé |
fact that -the origin- of nuuution predate the oldest known artifac.

that ve lut!iu ‘were nnd to keep tuck of counted eouectim o

» ot . ‘ .. //
c«:mntin : . . - N

Anthropologiltl have found .one form of counting nﬁong the most
p:iﬂ:in of culturu :hey have uudied (H:lldet. 1968), though sudefsbuth
Auriun tribes reportedly have 'no unique nulber vordu. or no mnnbe: words

beyond one, two, and sometimes three (conant n.d.. 4n llm#n. 1956)‘

and

Consnt (1896, in Wilder, 1968; in Mewnan, 1956) .:;ued that oneness
tvoness had & special status in earlier t'.lus d used two ungu:l.st c o'b-
gservations in .upport of that Vviw. '!he first is that :I.n~ song hns*ugn.v
the words used for the mller ordinalc has /( diffeunt fom from those .
cnployed for the larger ordinals. '!he zngl,uh "ﬁrn" and " ccond" |
rather than "oneth" and "m:h" (coquubh‘ to foutth. g1fth, etc.) h

an example. The second 1s that ":he Indo-zhtopcm vord- for 3 — three,

trois, dtei. :u‘s. sri, ctc. ’ hlve the .lllll root as the utin trans. be

yond" (1896, P- 76, in wilder, P- 39). T BV ryth:lng above one and two
appears, ;hcrcfore to have ‘been duunate by & lingle vord nnning,
Ngany" or "beyond." - . ' | - i

A different cqphuil is offez'ed by 'tzig (1967). He prop'osed s
ﬁn;et-comtm theory of url* umber evelopunt snd Iltlhlll tvo |

\

unguilt:lc arguments in its favor. ‘!he first cousi,us of 1nstances \lin
|-
which the word for five is :l.denticul to, or bears & strong resemblance

to, the word for hand.
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are the Sanskrit pantchs, five, with the related -
Persian pentchs, hand; the Russian wpiat," five, with «
"piast,” the outstretched hand.... (In many primitive
tongues) the pusber "five" 1s expressed by "hand," v
the nusber "ten" by wewo hands," -oT sometimes by o
__ Rurthermore, in many primitive languages 1 B
- words up to four are identicsl with the names given 3

¥ o '« to the four fingers (p. 10)-
aumber systems is t@ﬁ.,md- ) / e

The second argument is that the base of many
st model for ¢chat amount. N

our ten fingers are the cleare

.. In all Indo-European un;nlgu."
‘Mongolian, and most primitive languages, the base’ of ' : R

puneration is ten, i1.0.y

o * words up to temn, ‘beyond vhich some. compounding princi- :

_ ple is used until 100 is reached. All these languages ' B
have i.ndtpendent_ words for 100 and 1,000, and some . - B~

languages for even higher decimal units (p. 12). ' '

l!unber Words ‘ as Adjectivu

Several languages have different sets

types of objects. Thus

.fdt different .

4

'of.n@gr ioz_‘dn
adjectives OF
became pouns embodying an

the Tsiumshian

pumber words were very
o

concrete vefo e.th

.. "gescriptors of something
t Franz Boas found in

abstract .concepte. The anthropologis
£ a British Colusbian tribe

language © seven distinct gets of number ybtdsi

o " fgor flat objects; .
° foi: ,counting vhen /no defi

g The more ;encn].,cmung”\yotdq: vere 8 later .deveic;pmeﬁt

long objects; ms;.'u.;ar;.;_ and . ‘

gound objects; men;
to (Comant, 1896, 48

object was n'ferud to

(Ds’ntzig. 1967).
s of’th:ln practice can

sets of counting words fof

be seen in the

* The vestige
people, other animate

". which exploys different
¢ flat, long, snd

|

|

|

Japanese 1anguage |
and different endings fo i
|

objects, snd {nanimate :i:inp.
o . . ‘ » . s
¢ objects. Thus the utild and common counting

compac ty of usiog the' base 10

>
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. yabels for all cbiects, as in our sodern museration systes, has not been

" obvious oi gniversal 4n history.

lncoral of Countcd Collections

M

to record "how meh“ or the pluunty of a cﬁieétion. one does not

" pacassarily have to be ablc to count, Tallylog, an early type of enmara—

¥

uon, nliu on A’an intuiticn of onc—to-onc eortupoudenen but doess not
nlcluit-tc ordeud aucetuton in the ltt:l.ct unu. Hotchu made on &
stick, koots tied in & etxing, pcbblu hup-d into 8 p:l:le. marks scruehed
on eavc wall, all of these ‘methods of keeping track of muuzasity pre=

- gume the utchinx of :hc objccu of one ccl}cc:ion to the objecu of the
other. ':Fo‘f ny-boh used for keeping track of matched collections amount
to un of ltroku (or their equivalent in the case of knots or psbbles)

:a_t.het ‘than numerals, ©F upautc noudonll marks dni;nid to be read

| or udc 4n ordered luceuuon. ’nu nost advanud form of tnnyin; is

found in the sbacus which is -:111 in use 1n many 'plrtl of the world

tﬂdl!-’ . : : .

‘ !unra:ion 4n this form is probahly as old as private property. It
is likely :hat its use vas 1imited toO nuc'h activities as l:lnpu ‘t\uding,

kupinz tack of flocks, ucorﬂin; du. making gross unurmntt of

f:lcldl, etc. (Kline, 1972). ~
iy

- §ince ptmtlve ptoplu settled down in one & TER,
puilt homes, and relied upon agriculture and animal
. pusbandry as far back as 10,000 B 3.C., we see how
slovly the most elenentary n:hmti.cn sade its
irst steps (P J3).

' The ‘ori;i.n of nmbn' nanes used £or counting hu been lost, and

auneration in the ﬁu of tallying gheds no light on vhen the ptinciple )
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of ordared lueculion vas int\ﬂ.tinly pnhcndcd. But for 'our purposes,
saveral points can be made. ‘ﬂ.tlt, counting. concrate objcctp. and keep-
4ng track of the plurality of counted coucet:lonl. ptobably -otivatea the
dsvelopment of 4ndividualized number nnn (urbal upuunution) nnd
simple methods of .‘Kunying (grgphi_c npuunutian). Ve can see in young
K children's behavior a cons:ldeubh joy in lilmin: the counting t_rotdn and
delight in pointing to cbjects as they 8sy them. We also have'evidence |
. .  from gtud:lu of children's informal nrithut:lc of thc use of tally marks
" ) 4n keeping track of the plurality . of comted colhct:lchl (Lmlct. 1979).
Second, quantifying two OF thrae elements may form & conceptual level in
nuiut which is distinct from quantifying collections containing n nany ;
. as five clmnu. Sl:ip-eomt:lnz. or count:ln; by tvos (and later by f:lvu
~ and tens) may be a tcﬂcct:lon of the solidity of these ntly conecptual
,  levels, although it must be ndﬂed that ve cncouu;e childun to practice
counting by these pumericsl ;toup:lnu both in- and out of school. T
Third, if esrly nusber words were ldjectins dncub:lng lonethina :
ancutc grather than nounl cﬂwdying an qbltuet concept, ‘then the use of -
then in counting did not ucuutny cnt-u the cmttuc;:lon of the un:l.t
(the n + 1 structure based on thc Peano n::lo-l). .The dht:lnct:lpn here
s bcnicen vy unit" vith a opeclﬁe tcfennt and "the unit" vhich i1s moTe
. ;enci;:l..' It may be that chndun ule "two" as an adjective s:l;n:lfying
‘ ‘duslity oF pairs or nuncu (as in f.he sinihruy of r.uo objects such’ |
as shoes or mittens, or symmetrical anatomical features ‘such as eyel or
| hp) before they undentand the quantity two ‘or aven ODR. routth, and
‘gelated to the last point, is. the du::iptivc use of mneuh as ordiml |

1abels which mark pos:ltion ot location tlthlt thln nuag_::l.nl quantities
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"(@.8es "1 nvc at 5 MU lt:ut"). Nare l\-ltll. or count,tng words pame
n:hcr ‘than qmttfy. Finally, unyin; my be as old as counting. Bt

. many thousands -of years passed !to- the time vhcn ve can hl;inc people
tuping records of- co\ntcd eoncetim to the ﬂut appurance of n\metlj.l.s,u
or specialized grap hic narks vrittnn in ordcnd succuuon to 1ndicnte

utdin;l value or the numerosity of whole collections. L .

1 ) 1
-

" The Develogunt of Written Rumeration

S ——

"It has been mtli.ud thlt .the mttoduc:ion of uuyi.ng by vfiti’ng
ult:l.ntcly 1ed to tlw dwclopunt of 1d¢o;nphn or uptcialiud utkinn

for uprc‘unt:lng mnbet. The aldu: oxunt: tlcOtdl of :he .yntmtic use .

© of vﬂtm nu:cuh are found :l.n thc nthmti.cn of the Inbylun:lm and

the Egyptians (ca. 3.000 n.c.). Iﬁ thh uction I will describe thes&
.ystm. as vcu as thou of thc !hocnicianl and Gtukl. mndnl. and
' .post-Arabic !utopcm. fton thc -tndpoint of chan;n which thne' sub- o "

sequant civilizations inttoduccd 1nto nnk:lnd '8 history of nmution

 systems.. )

labzlon:l an Wumeration . . |

‘l.'he ubylon:lnn adu.cv-nnt. 1n mathematics vere uny. byt their
notation is of npactnl intCtl.t lwu. The labylon:lm had a ux:ges:lml
(bu'c 60) aumber ny.tu. the notatiog for uhich uflecud s mixed bne
(10 in addition to 60). It co'-hincl a feature of nnying (4n the duign |

of the nuuuh) with the more :l.-pottnnt feature of poutional notltion

(the npntition of m-nuh used for 1 throu;h 9 in the uotltion for 11 o

tbrou;h 19, 21 th:ough 29, and so on up to 59). - The Akkndun p!oplu

uho brou;ht ‘Babylon to ;tutucu apput to luve ncquitcd clengntl of

- .28




' o . . . s
. . N i

- b

their nﬂnuticnl systen from the urncr gSune thnl. vhon the Akkadhns
. eonquua around 2,500 3.C. (lli.nc. 1972; Wilder, 1968) .

The Akktdim' writing nphunt was a reed stylus which they im~
p:uud' onto soft clay tablets. The ltylul had - :thn;ullt cross uo—‘
t:l.on vhieh could be oricntcd at different angles to ‘the clayd ‘ro make

, PUNeTals thty used rudn in t.wo -nu. and with thue 1nstruunts c:nr.ed
euncuom. or“ii‘%n-nhapcd signs for upuuntin; number.: Pou_ibly due
. . to the uliu 1nh¢rcnt 1n this sethod of writing (:l.upnuing an nobjer..t: '
into 'chy). the labylonhn nmrnh vere not co:pond of diltinctly dif-
ferent il!kl. The numerals 1 through 9 were nde by hpnuing the
. larger or smaller reed 1nto the clay the ¢ otuct mﬂer of tioes, al’beit’
in particulgr patt\em. 'rhe cuneiforn for ten vas 8 sin;le Mreuion |

made at a different ¢ orientation. . Twenty vas conveyed by two 1npt¢uions .

of the mark for ten, an and thirt.y vas 1ndiutul by the addition of a third‘ :

upreuion -of the uu nrk. " Porty nnd £ifty were dcnoud by mreuions
-:I.-:lhr to those used for 4 (40) an 5 (50) but at an angle -1::11-: to

' the sign for 10. Sixty. Iﬂd -ultiplu of 60 nrc teyrgnnnted by the same

»

, cuneiforn as 1. and it vas. left to the reader to glean from the context

~whether 1, €0, or 3,600 vas the intended meaning. .

. Positional potation vas used 18 the fouowing unne:. E_le'vén vas
written vith the cuno:lfon for 10 'Zm the left and 1 on the ri;hi:- 12. vas
eo-pond of the -u-k for 10 on the lcft and 2 on the right, and so on up

- to 19. ‘l'nncy-one vas ucorded by the cuneiforu for 20 on the 1¢£t and

1 on the ti;ht. and 80 on Up to 29. The pattern vas uputcd ‘for 31 - 39,

£1 - 69. lnd 51 59. All of the h:l;her aunbers wers cubinnticnc of this

poutiml \uttetn (c.g.. 10 vritten 60 10 but vi:h no sp-ce left in

L
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© T4t was’ ot until-sbout ° 300 B.C.-

-

.~.f

5"

batwasn; 80 was ligniﬂ.nd by 20- 120 was dcnoted 60 60. and 130 by

60 60 10).

Although this po-:ltiml noutian was
that :ho ubylornim inwented d utk to

But the ‘sign vas

in ule from uot

indicatd the shsence of a di.git 1;\ any one position.

used on1y udhlly. they 4l
a digit at thc :uht-hand cnd. as in our 20.

md thc mct value of the cn::lu n\-cul could only be du—- '

d not have a sign to indicate: the abunce. of .

fl’hul their mmbcu vere -

ambiguous,
cctncd £m cont.oxt.
" The ubylonim also used positiml not-tion

cxptuud a8 uti.onll. fractions (th¢ quotient

But theu fnctim were
.2).

of :vo mll integers) uid pot & xyruud as decml fnctim (/5=

the u.;n for 10 vhen 1ntendcd as a fraction -nnt 10/60.

(1/2 1/3 and 2/3). but theu spechl

in the r.antcxt of seasur-

Yor uuph
few fucu.ou hld -pechl u.;n-

fuct:lou were ttuted u vholn and \nu uud

ing alm ‘ . . |
T '!he un;um:l. gsysten vas one of at han'.no lyitnl employed by
"~ the labylo'n:lm. There are clear 'hdicit‘idnl that a qlcciul

'a:l.lo :l.n use.

‘It is only 4n strictly nthluticll or uttonon.tnl

contexts that: the sexagesinal systes is consistently
In ald other matters (dates, measures of

' : use was made of nixed systsns
‘which have their sxact parallel in the chaos of
division, 24-division, 10-division, 2-division which
characterize the units. of our own civilization [c.g.,/
24 hours of 60 sinutes each chl... (M)any modifications
of number sysbols vsre 4n use for different classes
of objects, such as capacity messures,’ weights, aress,
etc. Among these 8 clear decimal system hias been TECOS~ .
pized with signs for 1. 10, and 100 (Nenubnuet, 1957,

‘n "11“:. P. ‘s). . )

é} B

t 2,000 B.C.,

to nptuent fnct:lonl .

systemr wvas




midu ﬂu dig\ﬂua mantioned sbove, the vukmu of the Baby-
_loniln numerals was that they were cubeuo-e to use. The mneuh vere
nect:lou of ndnn-hlpnd !om and were DOt upuunud by unique
¥

luigu for uch nm;c:. lnnu hr;e m-beu were m:}:lcltcd by conpli-

 cated gtoupn of these mdn--hlped forms.

-

i!ﬂdcr (1968) suggests ‘that & need for eo-pactneu :ot:l.vaud' the

“ dcvelopunt of ponir.:lonnl uouuon.

The hportnnce of plaec ';luc notation uu in its
capability for expressing aunbers as large as one
wishes, or as susll as one vishes, dn terms of the
same basic digits. This vas 4mportant in Babylonian
astTOnomy for the construction of tables, but in :
other areas, such as the marketplace, theu vas no
comparable need (p. 50). ,

1

In sum, 'thué chat‘gcuﬂotiel of the llbylon:lan ntheut:lcnl syntem ’ v
emphasize two poini:l about numeration systems: thcir pro;uuive evolu-
tion in tcnpunle to pecessity, and their’ a:biturincu.

!mtian Notation ; | |

The Egyptians had tvo systems. of wit:ln; aumbers, one_-th;t vas used
on -nnuuntl. and one thlt. was puc.ticcd in d::lly nfe. Ihe £6rher is a
hiero;lyph:lc -yltn and thc utter 1- hicutic writing. -In ncither -ys-
" tenm vas ponitiml noutiun uployad. .In the hiczoglyph:lc oynem. uch o
urun; vas & picturc of some objeét.‘ Dhtinctly diffcunt hieroglyphicl
’ ucu uud for 1, 10. 100. 1.000 10.000 nnd hrger unitl, vh:ue 1nter-
_ -tdhte nuberl ‘were fo:nld by combining. t.heu sigus. ‘The hieratic whole
nubcrc from 1 thtou;h 10 were m::n with separate .uu. : ,

!rnctim vcu unit fnctim (:l..c.. 1]2. 1/3, 1[&, 1]5 nnd so forth)

npd nre tepuuntcd by an oval (hierol yphic uy-ta) ot K dot puced

a




‘daon r.lu whole m-bcr to tndicate that it vas to‘ be rud as 8 fraction -
(hicruie '::I.t.inl) Aa vas the cue in the .ubylonilﬂ systen, 8 fev |

| vtncdm (uz. 2I 3, 1/4) were auotnd by .pccul signs v('xunc., 1972).

s 7 e e ~Phoenician anc and Gruk luurat:lon | - |

!hocni.chn co-urcul " activities nu c:tcnlive. ﬂ\us“ there vas 8

_lnr udmn;e to their developing 8 co-pact numeration system. The
x.  esrliest @ evidance of ordinal mnnution 1- found in t.uc:l.r system as well "

‘(D:ntgig, 1967). Accotdin; to mntzu,

The Phoenician origin of both the Hebrevw and the

k Creek numeration on is \mqunt:loubh: the Phoenicisn -

gysten vas adopted bodily, together with the alpha= ' .
bet, and even the nound- of the ‘utter- vere uta:lned oy

(p. 264)-

! sorrowing from the Phosnicisns, ¢he Crasks -omd the ptoblcn of cumber— |
) l?-i"notltion by givi.ng each integer a upu‘ate ‘nd dintinct lign. 'Ihne
signs nic co-poud of . the htuu of their ;lplubet. The older Gruk
. pumersls were not u \nu e:lphcﬂud as tbe htcr Ionhn synum was
(Sn:l.th and Gmbur;. n.d., in Wevman, 1956) lu: ftcll about 600 n.c.. e
‘the Greeks uua the £:lrnt ninc h:tcrs to reprcunt f.hc mtenu £tom 1 to
9. The second group of nine ‘Letters dcnotcd the -ul::lplu of 10 (10, -
20 ... 90). The tcuin:lnz six letters of thc:lr alphabet. to which thi:ée
uchd.c httcu wvere added, ntood for the f:l:nt. nine mlt:lplu of 100,
To record mslt:lplu of 1,000 the f:lrnt nine letters of the nlphabet vere
used again, but thcy \un preceded by &8 strok;. A ncw u:lm, the myriad,
was i.ntrcduccd for 10,000 ro: hr;er ninbetn, the -ytud was combined
. ' o \dth the alphsbetic jetters. - . 9 o . |
| The -ljot vuknelul of t.hu systﬁ \hft tvo. ’ ﬁut. n_dw_notatibnn‘l-‘

' uz’ks,hnd to be hvcntcd for :lu'ger and hr;er mnben. .gecond, ;he gysten

33
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'The alphabetical systems of mmerical T

. with place value.

The use of words with piuc value bcgin at least as :
- early as the 6th century of the Christian era. In
many manuals of astronowy and mathematics, snd often

'4n other works in mentioning dates, nusbers are Tepre= - '
objects or ideas. For. < :

sented by the names of certsin
example, sero is ‘zepresented by “¢he void" ... OF
'..'huun-nplec" ees ONG DY vgrick” ... "moon” <..
Ygarth" c.. Myeginning" ... in genaral, by anything
markedly unique; two by "ehe twins" ... Yhands" «.o
ngyes" etc.; four by “oceans," five by "genses" ...
six by "seasons” or “£lavors"; seven by ngountain® «..-
and so on.  These names, accommodating themselves to

thé verse in which scientific works were written, had

the additionsl advantage ‘of not adsitting, as did ‘the
-~ figures, @asy alteration, since any change would tend
to disturb the meter (Smith and Karpinski, 1911, p. 38).

gprg-iii‘tatidn were similar in.

that they identified nu_nben by letter nsmes, n;d vere vrit;;n u:d read
But the systems did .not c{pl@.ﬁuih \miqui ‘Jetters
for each pusber, as did the Gresk .yltii. 'ut'h'cf\;;nvcri:l lgttiri coﬁld |
stand for . particular nulbcr". and thc specific Jetter _-doptqld was. chosen
.‘beclun 4t helped to make & word (smemonic device to ,a:l.gl.in’ calcullting)
. ’ tha of a varse. : |

or because the ssquence £4t into :he :hy ’
so that despite the -

What these systems lacked were graphic signs,

:cpuuntid with words or letters, th:l.s did not in .

fact that zerd yas
Nonetheless, the ides

_turn have an impact upon the writing of numersls.
of zero vas known and dii;ubud by the seventh century.

P K . ' .
‘grahamagupta, who lived in U}4ain, the center of Indisn '
astronomy, in the sarly part of the seventh century,
gives in his srithmetic a distinct treatment of the
properties of zero. He does not discuss a syzbol, but
he shows by his treatment that in some way Z&ro had .

ignificance not found in the Greek ~ . -

acquired a special 8
or other ancient arithmetics ... [Another mandétript,

- ca. 830 A.D.] while it does not use the numerals with
: place value, has 2 similar discussion of the calcula-
- tions with sero (Saith and Karpinski, 1911, pp- 52-3).

i




did not hnd Itulf to fucuml uprcuntatim éo-parat;le to our

decimal fuctions. To record fractiou. the thki relied on the

: munn system of unit fractions (iuldcr, 1968).

lindu Yumeration

O ESE———

The first cvidnnce ot' Rindu nuuution

appears 1n cave inscriptions-

of around the third un;ury n.c. 'rhe mndu nmrall vere of many d:l.ffer,-

cnt‘ forms, pcnibly ttfhcting the divhion

' boundariu dravn bcmcn eutu. Among thes

of noe:lety by the rigid.

e forms, three 41;:1:«:: types .

have been identified (Smith and nrpiuld.. 1911). One tjpc vas composed

of simple urks. and bcyond notin; the lmlnncoul prcunee 6£ thh- type

with the other more elaborated foras, it is

of little 1nt~"nt here. :

A ucond typ: the Brlhn:l. mneuh, are: probably the fom frmn

which our puunt systen (that 1-, od:; "Aubic nmuh) dcvcloped

(s-ith and n:pmu. 1911). rrapcnury‘ oxmphs of early luhni

aunerals have bun found in cnv: Mcﬁptim in vat:lou. patt. ot’ So{:tl;- .

ern India dating from the third century l.c.

The luhni nuurah vere

nod:lﬂcd sany ::I.-n durin; nuccudin; centurin. Iu cavén dnt:l.ng to r.he ,

fiut or ucond ccntury AJD., examples of the :lndivi.dull signs used for.

the nu-bcu p | through 10, as vell as nnlt:l.pln of 10, 100, 1.000. and

higher nunbers have been loutcd. mu provide cvidcncn for the systema=

tic treatment of number in a dec:ln1~.yst¢n.

l.atcr forus of these numer=

als (u. 200 to 600 A.D.) have been found on neul coins and propetty

dudn which vere puumd because they vere ur:lttcn on copper phtec.

It nhoald be noted thlt the luhni uuution nysgcn uud no zero and no

 place vllu.

A :hi.rd type of nindu nuuution had phce value but vu'comél/ed‘_ of

‘words and ;p:t-_n ut.hcr :hnn a upaute set of nmr:lcal ui:kl‘o'v ‘
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Bow, when, O by 'ho- t.lu u:o uyd:ol was ntroducid_ into the numer- :

-4

al system is unknown. The elite of uthmtidm may have known the
gero even in 500 A.D., nd thuy -ly have had some way of uprunnting 1: -
4n order to distinguish its lrtthl!tic properties. 1f thnt were the -
case, it vould still be possible that the merchants and eo-lon pcople “
vho pcrfotud urv:lcn and kept rccotdn d:ld not grasp }r.he ugnif'.lcance
of the novelty until such later. At any rate, the n:l:l"ut-ﬂlmm gero
.ylhol ‘used widcly by the Hindus vas & dot hdicuing s blank (phcé
holder); later :I.t. was uphccd by a’small circlc or ovnl. The nindt;'
-~ circle :udnbhd the Anb:lc nont:lon for 5 and vas thcrefore not im
madiately udopted by the Arabs. The Hindu upuuntltion did .prud
. cluvhere. however. In Ch:l.nn the first dcfin:lu ‘trace of zero is found
in s scholarly work of 1247 A.D. v, ..the forms is the circnht anc of
the n:lndun. and undoubtedly vas brou;ht to China by -uu traveler"
(Smith- and Earpinski, 1911, p. 56). - |

l'onmﬂng the utroduct:lon of zero ‘.lnto the written system, not
merely as &8 symbol to 4{ndicate the lbunce of & nulber (pllcc holder) ’
b.nt as a symbol that vas truted as a number (when this occurrcd is a
matter of -pecuht:l.on). it became poniblc to desunate any qnnntity't;y o
the pon:lt:lonal notation of uNuiu. the nout:lonal marks for the
qunntiti.u nne thruu;h nine and uso. Ihc not:lon that "noth:lng" could be
a nu-ber. or -ubjecud to trsatment as if it vere a mmber, thul took

some £orty ccnturin to cvolve. As Duntz:l; (1967) rmrks.

_...the :lnﬂmce of th:l.. guat d:l.lcovuy wvas by no .
seans confined to arithmetic. By paving the way to - SR

a generalized pusber concept, it played just as -
£undu¢nnl s role in practically every branch of = A
mathematics. In che hiuory of cnltnu the discovery

N
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ways ound out as one of the g‘t’uuui
ts of the human tace (p. 35).

onts
The diffusion of the l:lndu noutionnl -ynun. throu;h the' Arabic

cultu:u took place along -cholnrly and trade

“  world and into Europe!
dnml-. but the pro R ;uduul and met cmiﬂenble cultuul

rasistance ulm; ‘the sy. A statute of 1299, !Mh. fotb-de the
‘bankers of Tlorence to use the Aubi.e uuuuh und mht-d they retain -
| (Wilder, 1968). mntzig (}’967) notu the strusgle

the r.p-ln onu :I.nlte
‘bacun (an 1nltment j o

betveen those who pet ormed cﬂ.cnluim on the

which does use place yalue but uh:lch 1s not ltpked \d.th ‘place value nota-

t:l.op) snd those vho ed the uotation.

. Today, vhen y -Luml nwu::lan hu pecun s plrt
of our daily life, it seems that the nuperiority of
' ¢his method, the compactness of its mtation. the
ease and elegance it introduced in. cl}cuht:lm,
. should have &as ured the xrapid and sweeping accep-
tance of it. reality, the t transition, far from
’ being ismediate, extended over long centuries. The
struggle betves: the Abacists, who defended the old
traditions, an ‘the Algorists s Who advocated the re~
form, lasted from the eleven :h to the fifteenth
century and went. through ‘a1l the usual stages of ob~
scurantism and yeaction. In some places Arabic
pumerals were banned from official documents; in ,
others, the ar vas ptohibiud altogether (p- 33) ‘ s

As far as ve know the ded.ul -m.-ce ulue sysun fot 1nuger- vas |

» - oot extendsd to actions until the fifteent.h untuty. The form of £uc-‘

tions used by the Greeks and the Babylon:lm in their uuntiﬁ.c ork S

os of two vholc nu-beu) petsintcd

‘l‘he ﬁrnt

‘(tlut is, fractions upusud as tlti

- as ﬂu do-d.unt -uhod of ucotdin; frl?timl qulntitiu.

% : systematic dincunion of deeinl fnctim (e.;.. three-fourths cxpunad |




as 0.75 zather thnn 3/6) :l.s found i.n :he work of the m:w@:t\un
. Steven (g,mm. or noeiul Armmuc. 1585). He advocated the use B
‘of dcd.nh. . oppoud to the nnguml uy-tcn. !or writing and - _
B openting vi:h !uc.::l.ou. and he’ uucd for & dccinl system of \leights
and measures as 3 time saving nnd lnbor uvins seasure for bookkeepets
(Kline, i972")'. ned.nl f.tac_:tio,u were not univennlly adopted in Eutope
 until the eightesnth century (Wilder, 1968).

Conclusion
From this hutorical ldtvey of the doﬁldpnent‘ of ;ur n@:gtion
systen, several points energe vhich are worth bearing in mind uﬁen
otudy:ln; children's lurn:ln; of the systen. |
" (1) Our dccinl lyltcn of mnbct notation is one among WMANY uhi;ch
hm been developcd to record mnbet. Othet systens hlve und the base
10 ;d.thout place ulue (the Chinese notatiuul oyltcn -u a patticuhtly . |
" clear example and will b.e ducribed in Chapter III); lt:lll othetl have
used positional notation and bases other than 10 (the Babylon:lan lyltem | ‘
_had both 8 uu;uml and decimal charact ). o : B %
| (2) Ten is the base of many nuuntiJ lyltm. -ou l:ntely l;ec-use » ‘
of the' b:lolog:lul "accidcnt" that peoplc nc ‘endowed v:lth ten fingetltv.
rin;ern luve been an uportant tool ‘ln t.h hiltory o{ repruenting number.~
(3) Our system tcok sany centur:lu o evolve. «‘.rhe uyuem pncedins
~ ours tendcd /Qihave either s more atdinal (e.g., Emum huroglyphicl) I
| ot more atdiul (e.8.» Gtuk -lphubct:lc letuu) ch-ucut. o '
- " (l.) Chln;n within any nmutiqh nylm. vhcn thcy occurs seen to

luve come about frel contlet bctvud culturu uther tlun from mdiunous




or internal davelopments; they seen to have resulted from one cuii:ure

 gncorporating elements of mﬂut culmtc's not-tion system 1nto its

own, rather than from .pantmous -odifiutim of tht oyltn from u:l.th-}

4n.

(5) 0£t¢n tvo systems ' were used side by side, in dtffctcnt-’ bipebchli:é'd

mtcxtn. A conu-pouty cnlple of this jn:upoution of oyntm may be

found in unununv thc setric lyitcn, adlpud from cont:lncnnl Europe, |

18 v:ldc_ly used in uicnt:lﬁc contcxu and even uu;ht to uhool children ’

for use in that context. But cook:lng still uses tcupom and cnps, rul

~ estate ciélqy. lqﬁlrc footage snd gctca;c' and f-ning tcnn on busheh

~and balu. o

(6) tho vas or:l.gi.nlny s mark to udieltc a -.‘.uing mnbet (zhe

udi.any und .ylbol of thc labylan:lm. u. 300 B.C.)3 it f\mct:loned

as 8 phu holdet. mn the ides that uto could be treated as :tf 1:

vcu s nuﬂut. as if it n:l.mificd s qunnﬂty, wu knoun to thc nindul

of the .:thh or uvcnth century A.D. » noution corrnpondin; to/the

1dqi has 'bnn found. Who was tupm:lbh for the mttoduction of the

‘4dea into the ﬁi‘.ndu-Anbi.c notutional .yntu, or’ vhcn this occurt d. :ln )

. g matter of specuhtion (noutiu after the oi:th century but bef te\

the'mlfth). It is noteworthy that geTO 88 vcvknov and use it is 8

" comparatively recent :lnunt:l.on. | :’ -

(1) The conventioul notutional systen hu lgcen universally adopted.

because of the ease with which both everyday and highly compley culcuh-

tions cnn be pctfoncd in 1t. lut ve need to keep in -:Lnd that it ns

not

f'
|

_tﬂ about ‘the -txtunth century th-t ‘the rules fo: opev -ti.ug on

:l.n&jeu (Ilgbti;hll for the atithutic opcntions) vere conpleted, md

R

*
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~ that ‘1: ‘took mthlr huadud yuu or so bcfou the nl;orithli vere ae;. :

' vised for Tatio and decimal fractions. We tend to take the algorithus
for gnntod. Yet 1t is worth rccal—l:lnz that, as. thue !:vo"lnd, quhg. @ E
maticians dev:l.ud (nnd l.ltct d:l-catded) othcr proccdutu thn,t, vet_e- per- R
" baps "ebvicus” to them, but would be baffling to us. .got' instance, ﬂ

. Dantzig (1967) givu the !ollou:lng cxlnph of 'mitipui:ht‘:l'qnv}by

_"doublings” uud in the !u.ddh Ages. B o
w5 : uodetn notation ‘Thirteenth centug ndtntion
46 . x2=92 '
13 _u:a-sz:z-m '
138 , ‘6:8 184:2-368
46 - -
598 a , 368 + 184 + 46 - 598

r '_Dnntzig says this iunplg shows vhy humni:y 80" obnt:lnltely clun; to " -
such devices as the ablcus or even the ully. Pcthnp. -the sane exl_mple‘ ’
.hm vhy children so obstmtcly cun; to thd.t finuu and conctete
objcctn vhen petforlin; ulcuhtions.\ 0peu:1n; 1n a pltt:l.culat notu— . a
tionnl uyuu :lc flt uuoud fton the concute tulity ot tbe Mu which '

that -ystu vas dcvelopcd to. upuunt. S “ . .
uv:lcv of thc Litctltuu .

~ This’ uv:lcw is broadly divided 4‘:0 three areas: .tudiu concerned
‘ :h:h ch:udren s urly behlviot fton uhich mfcuncu concerniu the: nature
and ot!.g:l.n of 1 uuric‘l ideas -:I.;ht bc ude, -tudiu focuud on childun's -
cmmting and graphic upuuntationt ftol vh:l.ch 1n£¢r¢ncn .bont thcir -
undctltnndin; of puxber, and the cultunl tooh for uptannting nunber.

l:tght be dtm. cnd ntcutute pottuyinz th¢ ‘uy. :ln vhich we hlve tried

o
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"t ,to iuﬂuncd the course of ehii_dun'- knévlcdnsbundiﬁ; about the

sumeration systea in our schools, I have tried to select studies :h.:

reflect a range of points of viw eone.:uin; eritieal nple:l of these

goptu.

C .
e *

Zarly “Nusber'; Smarm:;r and Counting Activitiu o

, ‘The unsor:l.notor pueuriora ef ulntianlhipn nuch as one-to-one 'cora'-
:upopdcncc. and serial ordcﬂng vere d:llcoured in the course of babiés'
aéb‘ntfncous play with a cnufuuy cboun set of uterinll (Honno. %
smchir. Stnbak ‘and Verba. 1976). ‘l\lcnty-\fivc babies between the ages o
of ten nnd mnty—four -ont.hs wvers observed in ‘unstructured play ‘situa-
tions i.n vhich the fpnouing materisls vere ndc availsble to them; six
nesting’ cubes (toplcn ‘containers varying in liu from 2 to B cubie '
ccnt:luu_u). it:!.x, voodcn sticks (varying 4n length from 5 to 10 cen::luters),
and six clay bulil (uty:l.ng 1n dhuut from 1 to S ccntiuuu). The play
uui.on: vere vd.dcoupcd and lasted about 15 minutes each. Three ‘of the

tvcnty-ﬂ.u sub;]ccu \m:e oburud hngttudinauy (six, eight, and elsgven_

/ thu nspect:l.vcly). lnd &7 uuions vere held in all.

Moreno st al. dilchmd three levels of logico-uthcnticnl 'action
from among the babin‘ activ:ltiu. At the ﬁut hvcl (10 to 12. -onthl).
three action pattem vere 1d|nt1f:hd. Q) The babies rended to \use dif-
ferant nction. vith diffetent objecu (tapping ,nqd hitting with sticks,

xn:lni.ng :lnl:lde and outside v:lth cubu. and prcui.ng and biting with
.clay. bllh). (2) They npuud uqmncu of actions u:l:h sin:lhi: objects

(e.g-» picking up a boz. banging it, throving it, and t.hen upnting the




same thai actions with another pox). (3) They engaged in a "putting in- |
to" let;on_(ﬁnttinz sn object taté‘ n‘enbc, followad by putting it into
their mouth). The suthors mnut thlt this type of action cm be in-
terpreted ss thc tnfunts' attempt to verify, in tcl.ticn to their mm body
‘and pnvtou: hnovlcdge, thc nht:lambip- of veontainer and the object con=
nincd," wingide," and "smaller than." | .

At Level 2, two kinds of npntcd aetions appeared: putt:lng o-ne ob=
ject nfm an’ot.hcr into & eonuinct (that is, placing different objects
1n;o one of the two largest cubes); and m:lvidual:lz:lng cbjects ‘that vere '
sisilar. In the second pntum. the baby Ii;ht touch, one ball after an=
othcw with a stick, or put the stick 1n one cube after another vi:hout
-lctt:lng go of it. ' o - S L |

. At Level 3 (16 or 18 to 24 sonths), :hru types of act.ion- were ob-

gerved. (1) Children asde collections of similar cbjects, without the "
support of a conniner (e.;., eouect:lng the sticks and putr.ing them :l.n" )
a specific locltlon on the floor). (2) ‘huy nntcd the cubes (thrce or -
gour cubes at 16 months and all of the cubes by 24 ncnth-).  (3) They
clublinhe& corrupandencn. Thru out of five Zlo-onth-old babies made
complete one=-to~one cor:upandcncu bct\uen all .1: of the clay balls and
'lllgixof the cubes. -~ . | . I

These :cputcd let:lonl are fg-cinlt:lug from :he onndpo:l nt of con-
structing units (unitizing objccts) and nmlhcr. They are highly sugges~
tive of vhat will muc in oldct children as one-to-one eorusyondence
and serial order, tWo lczico-uthnuticnl gelationships ﬂ\lt undergird the

_construction of nusber (ses Chapter 111)-

)
[
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. when children ptodnu ausber words .nd use them to count.. aduli.
pn'nully 4nterpret these actiﬂuu as u!hcttn; dﬂ.ldun'- “qm“ion~ '
of awber. The pext noup of studies are conutued \lith eh:l.ldnn'. coum:-_ B
Sng and . the :cht’ionnhip of counting to undcntnnding m-bcx. hchf ap-
proaches the issue differently, and to;e;her these studies '.I.‘.uustute the '
zange of pcupcctivu on what number is. The fiut 4s Gelman .and her

u'-oeiuu work on younz chndnn'- counting; the ucond {s Stake' s study
iaf oldu' childun'n counti.n;, the third is Guco'l trutunt of counting
as a0 lut:uent for qulntﬁicltiun. and the fourth 4s Steffe and his col= |
leagues’ study of counting as one Toute in children's cgn-t:nctiup of
mneronity. | | ' |

Gchln -nd Gallistel 1978) dhtin;uhh bemen abuuct cntir.in |
called n'u_nbeu (a1 ‘members of the real uﬂur oynun) and puzber a8 &
btopérgy of concrqtc countable mnutosit:ln. ‘n\ey ar;uc that the prin-
ciples bj which one abstracts nusber are “distinct from thc ptinciplu by
vhicﬁ one reasons about n@.er. !'ot thu. concute nunber 1- abstuctea
from reality in such the “nu way u any phynical prpperty :lo abntuctcd'
ﬁoi objects. chndun nblt‘tact nuim: by means of counting. and the
ﬁrin'c:lplu used in co\mting form- the foundation fof eh;ldgcn‘s number.

A ﬁuicty of studies done by Gglman and her ntude’ntiﬁdcﬁonstutcd
that '(.:hndun from the age of tvo-and-a-hnlf or three“éan"- rel,hbiy count
from two to five objects, and by t.he age of five can accurately count Up
to about ten objects. Gelman snd Gallistel pouud a set of ﬁ.ve prin- -
ciples cﬂedﬂcd in counting, and they uud thone p:inciplu to dcseribe
the progressive. de.ve‘.lopnnt of chndren'l skills. These pr:lnc:l.plu. ﬁhe'

first ihrum! which can be found 1n chﬂdun'. comting of .u11 mmemoﬂ-titi

| 43-'




(from two to five cbjects), are as foliows:

1. Om-to-m pr:l.ncipu.v A. miquc pumber name or tag :h
u-:lgncd to each objcct 1n s concctioa. ,
. 2. .stable order principle. The tags. that make up the pusber word
o ssquance &re nppihd‘:ln‘ the same ord;: in”pn instances of ‘
_ cn\-lution. - ,v o |
3. Cardinal ptineiph. The last tag used u :1n;1¢d out to repre-
. sent the nu-eto-uy of the uhoh. 1 | R
&. Abstraction ptinciph. The three coun:ing p:inc:lpln cnn be
b applied to any colhcdon of cnti.tiu, / '
5. Order 1:tclcvancc pt:l.nciph. Any objcct can be un.d to bcgin
‘th_c ‘count, for the order m uhich thc objcct. ‘are counted is |
ktc“icvut. o
lukc (1980) studied older children's counting 1n :clation to many
pccu of their nthmticnl undcrunndin;, including n\merosi.ty.‘ par- .

t:ltioning and -ubidzing. phcc value, and mltipncation. Using the

’ cunical interviev tcchni.quc. she found that ehﬂdun from £:I.ve -to nine

~ years of age ‘did t’ty to apply Gelman and Gl_luitcl'. ~pt\1vn}iﬂu, but: that.

e -

serious .ptoblm' arose as they learned tuo Or mOTe sequences of'm_mber , R
uin. o - .

 One can think of coﬁntinz baclé;itdn nnd nkip-cotmting (count:lng col-

~ jections by 2's, 5'8, OF 10' s) in ur- of learning additional sequences |

or 1ists of iap. Stake found that some chndun use thc one-to-on;,prim
eiple (one object, one nu-ber name) in an abnolnte vay uhen oki.p'-counting:-

they count & coucct:lon of tun:y—ﬁvc ‘objects by ou'. and :vo'l. and

~ -lt;in at final tags of tvcnmﬂve and ﬁfty.‘ respectively. "When ccun:inl

- e
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the sane conoct:l.on by five's, they 'lﬁht use tho ooqmnéc" of "five's _
“mumber onu for the first twenty cbjects before changing o their 1ist -
of one's for ‘the last five objecto (1..., 5, 10, 15 ... 100, 101, 102, 103,

| 104, 105). 'rhuo the same couocttoo could be coned mn:y-ﬂ.ve. fifty,
and one hundred and five (1o occordnnco v:l.th the cardinal ptinciple). v:!.th- v
. out any concérn fot the ﬁc: thnt the nuurooi:in upuunted by thue »
different vorda vere not :he same. o

Stake -uuuto that Gclun and Goll:lotel'o pr:luciplu need to be ex-

panded in ordcr to ox'ploin the uhtionohip between okip-counting and

.-

number. She opoc:l.ﬂ.oo the following odd:ltiono (1980. p}\ 12-13):

(1) The collection of oll objocto to be counted noedo to.
G remain fixed in size during the counting..Jand the .
e, o ,, _person countin; ‘needs ‘to have devices to partition the
L collection to be counted from othcr colloctionl :lu order o
to prevent loss oF gain. :

(2) The step. size of the list of number nm- to be used

. (the step size is 5 when counting by fives) must equal

“the quantity of £ each oubut of objects to which a oingle "
tag 1- uoiﬂed... _

(3) The fiuol tag used to announce :he cord:l.na:l:lty ‘of the set
must be conpn;:l.ble with other ovidcncc of its cordinluty

Greco (1962) uud_ut o:l.zu ‘larger than uvcn to study f.he deveiop-

" ment of counting as & tool for utobuoh:lng oqui.volenco between two oets
which were not in spatial one-to-one corroopondcncc. Yor him, as for

Piaget, counting cannot be an. :I.n!t.rmnt of qum:iﬂation unt:l.l the

) chnd knous how to use it as 8 tool for utabliohing eqnivolcnce betvoen |

| couec:ions. With this 4in mind, he designed uvcul t.nk. that cnc:ltcd

_some :I.nterutin; conﬂicto betveen counting ond mneroou:y. ror cxlmple.

‘he phced :vo rous of ‘seven chipo front of the chnd, v;l.:h the second
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,:ov "onthnn;ing" tlic first TOw by one chip (thnt h. the lplt:l:l"l' frontier“
v' »' was the sase at ‘one end of the ton but d!.ffcrcnt at the ot.hcr end) . The

'_ chnd sight afﬂn that thcy were the same aumber but insist thlt the. . '
~ lomger Tow contained -ou. !lhcn puunted with two TOVS, one of uhich
eontained cight dcnuly p-ckcd chipn nd thc other, sevan -prud-out chips . o
the child might say t.hat oi;ht is more than uvcn. but thll:» the .pteld- "
aplrt ‘zow conta:lud more. Finally, the r.h:u.d d;ht aff:l.ru :Lucquauty in

(- the last umtion but deny the youibiuty of nubnahing cquivahnce by

adding one: thut oW voula bc moze: "becluu yon addcd one."

Guco fmxnd three levels 1n chndun'- use of countin;. At the ﬂut
) level (about five ynou_ of age) counting was sn uctciu gane. At the o S
-.second level (rou;hly age ‘six) the chnd pufcrud ;o use his pcrception. )
although it did occur to six-year-olds to use counting for urificution.
It vas not untn the th:l.rd hvcl (about the age of uvcn) that coupting
had beco-a a relisble tool for establishing nquinhncc. '

The lut -pproacb to' children's counting is centeud on the construc—
tion of unit itens, OT ‘successive kinds- of eouutabh 1t¢u (Steffe. von
Ghuufcld and Richards, 1931) In the cqptcxt of ; 1ang—tem lurning
uperiunt with young clcunt-ry school chudren. suf.fe et 31. ctudied
thc role of comt:ln; 1n the dcvelopnnnt - of nunrica:l. 1dcu. ‘Their cp:ls-
tuolo;iul stance 1s oxpl:lcitly cm":ructivh:. and while they ghare. many
co-oulittu with ru;e:un vim. their focus of mlys:l.. s diffeunt.
From their ‘perspective countin; uqutru not only the ucinti.on of the
standard nu-ber vord nquncc (SNWS) alonpide the matching of one word

to one item; it 4nvolves some uus of vhat uniu or counnbn itens -re
 OF )

- i
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In contrast to ccl.nn and c.1um1. the authuu at;ue that it 1is
wrong to prasume that units are givéns in sxternal reality. - Out of an

v.spu'untul b-ekgtound tlut is m.:uuy undiff;unthtcd \dth tupeet 8

" to pluuuty and diseuuucu. or the um thnt make up plunutun. the

euu cunuructs a notion of vhat dioeute (nnd thun enuntable) {items ate.‘-

r:ol the point of view of the -ubjce:. that metunt:lll bnekgtound 11:—

' cludu all uo:tn of unsorhoto: ugc:unen and signals by um of which

he eoul to dintinguhh among objects and oV cnts.' What he can dilt:lngui.h ,
at an early age (uull thz sensorimotor aet:l.v:ltiu of 2&-0,;1:!;_—016 and

younger toddleu vith :npcct to indiv:lduuun; objects, making ¢or—s |

_ rupondeneu snd orating objcets). he givu focused attention to at an o

3

older a;c. In otder to account for t.hc -bnity to pnruive d:l.seuu ness
wng objects, von Glnuufcld (1931) poltulatcd a "pattern of utentional '

@

pulus." This aodcl 4s different fton. but not nceuu::lly 1neonpnt1b1e
with, the :nultl of the ntudy by Moreno St nl‘ | “ i

Steffe et al. poi at out that mnber- are units thlt ate 'éomppud»‘-of o
other units. thci: conu:uct:lon. thcn. uwlvu a second type of ‘a’b— -

straction, and thut is thc creation of eonoliu \m:ltl (e.g.. the urdi-

" nal nunber "fout or "ten") gndc up of other units (onc. one, c_ne...)

The units or {tens OF “ones" huvc to be ulerete. rcputnble entities that
ca,n'be combined or joined together e‘ make other canposi.tc units, OF urdi—
ulnnulbe'u.' ‘Ihﬁ counting to discover (Gelman and G-niuel), mpole

(Greco), or eonpou (Snke) nucronity. gnvolves. two levels of ubunction

or muptuuuuon. rutthewzc. 1n counting, thn sms has to be co=

'ordiutcd v:l.th tuo una- of ﬁguul plttlm The ﬂut. type eonluts of ’

o ot at.wvan.w"n..'.
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' .p.u.l-vhnnl pattum (lubiq,tm. ot‘aypnﬁ-ﬁdint s inttern of ',item;l, |
‘srranged in l?lcc)- The neond favolves thorn-:hythdc patterns S
(c.g.. thc unuthotic and ptopriouptiu tudbnck that comes from -
putting out fingers to count. or touch:lnl 1t¢u. or the and:ltoty .nd .
o ‘-otot tbyth-l utnbliohcd. for oxnple. 1n ‘the ntoceu of eounting by
fives or tans). .
lhe movement from sensorimotor to eouelptull units in the context
of counting is described by the nuthott in. a series of five tounting tyi:es.
These typn. fron vbich a mtalhl "ontogennit of eountable items" cmet;u ,: .
are based on ufcuncu concerning the 1oeu| Of/éﬁildfﬁn'l attention in the
' aet of conntin;.
| 1. !eteoptunl un:lt item. Children nud gy_._n_gg in their percep—
‘tual field in order to count then. |
2. TFigural unit item. Ch:udun can visualize or te-ptuent an
object that is not {smediately perceptible; the figural
' representation lnbttitutu fot tht perceptual itenm.
3. Motor unit item. rtoprioteptinlkiulthctie signals,
ori;iuting from phyucal -ovcnentt. can subttitute for
pctcep.tunl items and thul be uud as countnb:l.e items.
4. Verbal unit item. | The utterance of & nmrbtt word that ac-
companied the iato:: act un‘ie taken to stand for a eountable
A peteeptuul 1tu. llmbcr words uptcunt {tems to be caunted. b
5. Abntuct (eoneoptual) uni.t :ltel. Chndun become wholly iued
from tbtit dcpendcneg on unloti-otor c:ptrhnu. In a count-
ing task, an uttcted word :I.t undeutood to i-ply the utterance

of the m-bnt vords yuecdint 11: (e.g.» & + 3 1s solved by

. } " counting on from fqur: wfour, five, li:. unn.")

. -
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m nhuouh:lp ot -moruotor ae::lv:lttu (po:ccptuu on;thé p;ie.
md. and logico-uthmtiell on thc of.hcr) and eomt:l.ng t.o the develop-
sent of n\dnt th-t emarges from thue utudin u a cuplex one mdeed.
' Vmp:ndi.n; upon one'- cpi.otaolo;icnl stance, one's dtﬁ.nition of n\mber,r J
- .nd cnc s focus of conccm. m-box is undcnt.ood a8 nﬂ.y as tvo-md—a-
lul.f or as hu as uven or more yuu of age. - At a -:lnilnm it appeat: e
~ ‘that dif.fcunt kindl of :pcricnul are called upon. ahd that t.hey ‘aTe
| uctructurcd many tun ovct. in tht ch:lld'- ;rov:lng avntencn nnd unde:—

- standing of n;ﬂ;ct. '
latly "R\nbet"' Guph:lc l:puuntati.an

Two studies bearing di.tcctly on the dcvclownt of i\uniti:gal' tcgfef
'untation vere upotf.cd :I.n the 1iterature priot to 1980. "In the first
- / , study, conductcd by Sastre and Moreno (1976). thtu c:‘pCt:llentll -uui- :
tions were deviud to cli.ei: eh:lldun'- sponuncous as uell as conven-
tiann sethods of rcpuunt:lng qunt:lt:leu less than tdn. Sutre and
Moreno wers mtctuud in vhnthct childun would uke use of their‘knoﬁl-' .
f -eadge of nunerical notation, acquired in .chool. in 'puet:lcal cun.tes;s that
- muuud that they exercise the learned cap-citi.u. - Fifty :hndren be=
| tueen the ages of six l!ld ten (ten ch:lldun in uch of five age ;roups |
from .:lx‘.t;htough tcn-yur-old.) pptt:lc:lpatcd 4n the study as p:iu, ui:h
pairs being composed of children from the same class. o -
In the first cxpetiunul situation, one menber of the’.pui.t vas sent
out of the room while the Experimenter ghowed the other mn a ‘quantity
,of objcctn (clndy). the 4nformed child vu then asked to. ;;aphicnlly ex=

press how many candies E lml put out in !tont of him, 80 that the naive

. . - . ..
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eh:ud cnu:l.d use tbc message to un how many were there (make a drawing,
vt!.u something dalm). ‘nu ehudun nu told that if ﬂu uiv'c clii:l.d.

umld uu the 1nforud chnd'l -lrko and put out thc n-: uount. then o

esch af the ehudun wonld ncd.n a piece of cundy.
‘ In the ucond sttunt:lon, the collection o£ undiu were v:lsible to
both ehildrqn. who sat Acrou from one ano:hct ata nble. However a |
scrasn puvunted the children from bei.ng able to see neh other's papeu.
| In thu'iituntion the warisble of speed vas !nttoduccd :ln order to suggest
fﬁcicncy. or an ceonony of urkl. and thereby the notion of using uuner-
nll as 8 quick and uuful method ,of ueordiu; nuu:osity. The chnd who

produccd his message faster received & piece of cnndy. ‘whether or not hil

€

-ﬁll‘le was .i:orrect in terms of the nunero-it.y uprucntcd. This ucond -

task vas uputed five times. | »

In the thitd lnd final litunt:l.on. the c:perilental let-ﬁp‘ vas the
same as in ﬁhe mk jult delctibcd. but the children were etpllc#tly
urged to use numerals to comunicate aount. ’ | )

m childron s graphic uprountatian of quntitiu \u:e uulyzed
" into four types, vith'a' pro;uuive evolution :ln the ntiations er\‘Ped
4nto Type 1I1. Sastre snd l(ouno'l uulylu u nunnltiud belov. °

m_ I.. ‘l.'he ch:lldrcn luply ucle dtavings, vithout uierence to the

nuber of cle-ents ‘put.out. For eumph. tbree six-yeur-olds d:ew a

country scene (a house, trees, clouds, and mountains), WO aitphnes “(one

on the ;romd and :he o:her uk:ln; off), and 8 f:lre-rellted pictute (fire-

t:uck, hose, thue ﬂ.rnzn and a building), to :eprcunt five, five, lnd

seven elements, ;npecttuly.




~ 7 Zype II. The children made schematic, cy-bouc representations of

Type 11d. 11d. Tally marks of utioun k:lndl (lqulru,

trees, one cloud, -nd one sun. occuionnuy nfive

“v:lth a draving of a hlnd (five ﬁ.ngcrl) or

octopus (c:l;h: legs).

Zype 1Ib. H.vc elements vere npuuntcd as five persons,

five of am other kind of objcct.

: nnutim-to tallies of warious k:lnds. ’

_ that were drawn corresponded to the m;ﬂcr of clnenu put

the child.

m_ﬂ.,}_!s? Seven elcunts were eon\micntcd wi

mtu were prcumd.

dnphu) were used to represent n\-cros:lty.

this. type vere frud from any ufcrcnce to. f.hc

‘that were being represented.’

Type 111. The children w:me as many nuuuh as the

' quantities in one of four ways that tmcd f:on ;lobnl. f£1gural repre-
Type 1la. r:lvn elements were represented by & duw:lng of a houu. two
" would be rcpruented

"cight“ wvith a drawing of an -

five treei, o’r,'

The nuﬁur of (identical) objcct:s .

in front of

v

N

th a d:lrc‘ct’ pietothl' repre~

nntit:lo‘n of the .“hvcn candies. The quaunti.vc yropertiu of the ele-

lines, crou'u; c:lrciu. _,
Guph:lc rcpuuntnt:lonc of -

propctt:ln of the objccts

re were elements.

‘Thus the punerals 1.2 3,4,5" wvere \:rttun to reprncnt £ive p:leces of

 candy. There uc-ed to be sone nccc"h:lty to identify each

a uparatc_ mark, for some of thcu childr

" a single numeral could better represent the vhole.

object v:l.th

en r_cjcetcd the suggestion that .

Type IV. The ch:lldi:ln used a single aumeral to upnuﬁt the total

quint:lty of objects, ®.

g., 5" for five elements.

S———
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lutto ond Moreno !ound thot in gourol. enuam'- ropuunto.doﬁo

wsing ‘rypo I and 'l'no T idess (drad.n;o 10 wvhich mnorooity vas eomuni-

cated by o.g.. five of onythm, five of the same object, an iconic upre-
sentation of the ﬂu objccts, ond ulun) dccl:lncd v!.th age. 'Ihe:l.r '
wtilization of Types III ond Iv (nuouln) ;enouny ucrnud vith lge.
The outhoro ‘xpruud ourpriu ot finding as nny ehudun as they did
who did not oponmooully use nunnh to oo-mnicote quont:lty in the ;
firlt two osperi.untol o:l.tunt:l.ono A11 of the ch:lldron hod of couroe
oooo taught about them in ohool. Sastre ond !(orono went on to wonder

vhothor ve (odnlt outhori.t:l.oo) oro ovorlookin; ch:l.ldrcn'o 1ntolloctun1

| funct:l.onin; by not dovoloping the:l.r capacity to use the mrat:l.ono on :

. which their loomd (taught) concopto are based. They suggested thot we

might be puttin; childron on the road to :I.ntellootull ol:l.onot:l.on 'véry ’

early, by asking them to sacrifice their own reasoning for that of ‘the

- sdult.

The second otudy. conducted by Allord:l.co' (1977s, 1977b) » focused on
younger ‘children's informal (unlohoohd) :ulou concorning the tepre-

-gentation of four mathematical :I.dou. ‘Ihe concopto :I.noluded oord:lnol:lty

(or -oro spocifiuny, representing set nmorooi.ty). uhti.ve quontity
(upreunting one of two quantities u "more" :hon the othe:) » oddition
and subtraction opout:l.ono (:I.ncreunt'!n; or decuuntin; a collection
of three or four objects by one or tvo). and tonpoul ordet (portuy:l.ng

the sequence in which three objects were diophyod, and rocord:l.ng the

' order in which a o:i.n;lo_ object vas moved from one place to ‘another 4n

‘ .”c.) .

‘l.'hu otudy 1- of intorut here because it onrichos the duct:g_,ption-

of the dovolop-ont of nu-erionl roprooenﬁotion as given by Sastre and -




o .\ S R &6.

Moreno.

ltdi.cc § technique - fot cl:lcttm chudun'n representation
seemed to allow thu to use & nomhlt different set of ideas than

. Sastre and uorcno'l .1tultim aid. ‘Her findings with Tespect to young
ehudun s tcprtuntltiofl of .un amounts (m-lto.ity) and hue dif-
ferences (relative quan ty) should thercfore be emidercd alongs:l.de

:lnn of Sastre and Moreno. “ ‘

| nmdm s 81 .ubjcctn zanged from thtu-lnd-a-hlli to seven. yea:s
of a;e and vere d:lutibutcd uon; fout age gtonpl. tbtu- fpur- f:lve-, )

and -n'yu:-old;. She psed 8 stuffed dog that resesbled the comic strip :

| character, Snoopys and po.itioncd him lt the flt end of ‘the table with
urncd to ryhe child and cxpeuunul g‘uctial Her tcehnique.- o
ed 1n ;tntc/k detail below, untcrcd on uki.n; eh:l.ldun to send

sessages to Snoopy, so that he could be informed of ulut vas tak:lng phce |

‘nu ptoccdurje vas in thue putr s ut;nnin; n'cuipni in wh:lch in=
formation regar o8 the subjects'- mdeutand:lng of the ideas under in-
_ vutiptijon vn,conccud- an experimental ‘session in which nch:of the
four conrfcpt. Ju .tnd:lcd. and a probe uu:lon hg}d abm_st ,o_ne' week h;er ' |
- to chr:lfy mb;l.;ui.tiu. to see vhcther‘ giving children feedback on Snoopy's
uubnity to gmdetlnnd their uptugntatim would lead them to wodify
thcit producuonc, and to tind out ﬁcthcr .unentin; (tuching) an ulter-‘
pative 1n£o:u1 sethod vould lead them to adopt. that method. 'rhc uperi-
sental tnkq are denctibcd bclow (tnken fron Alhrdicc, 1977a, PP+ 36=45) .
':h o: the four couccpt. vere otudicd in two ways: produetion, | .

which vas described as children's encoding or representing of ideas; and |
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' ueoptt:lon. which vas a‘.ho called hcoding or ":nding" of various

ntc:uh Yor the unt'conupr., urdiulig—groduction (set nmro-uy) »

objcct- uryinl :ln tyre (tcy uice, buttons of d:l!feunt -m-. etc.), 1.y-
_ mml m-lrouty. and size were plu:cd on the nbh. and § was asked to

"put’ wu:hing yout pnper to ht Snoopy know how uny theu are."

~ In three of the trials the set sizes were kcpt mll (three or four ob~

 4ects), and :ln the gemaining tvo ttuh. htger wunt- vere used . (19

ch:lp- nnd 1 pap:r clips for the tvo. prnchool ;toup-. nnd 29 ch:lpn and .

a

19 psper clips for the two older groups):. The ucum:l.tian tukl con- .

sisted of lhow:lng s c-rdl. with two Xl. thrce trisngles, oI four tan:lel,

or_ e aumerals 1, 2, 3 or & vt:lttcn on then. s uu tcld. "Snoopy vould
u,h you to put this many ch:lpl on his phte. ’ |
The relative guant:lg:groduction ‘tasks uked s to nke s judgnent
sbout vh:lnh of tvo. unequal quantities had more, and then to "put some-
thing on your paper to let Snoopy know that one hu -ore ‘Two of the |
t::lall uud_hue quantities of paper ch:lpl puud on papcr phtu (in
' ¢the ratio of 12:24 and '15:25); two 1nvolv¢d small amounts of marbles

(3:6 and 4:7)3 one used uhiqul uountl of vater 1n identical ;lusu .

‘(continuous rather ‘than dhcrete qulnttty). lnd one used diffcring nnounts ‘

of /gravel in glul tusblers (can be cons:ldercd e:lther continuous or dil-"

crete). '!'hc ucogg:ltton portion consq)ted of lhoving s pn:lrs of pictures

two glasses containing unequal anountl of juice. two putcl on which 16
ind 6 paper dots were pasted, stc.). s wu uked to conutuct ninihr
dhphyl. | ) '

Thc g_geutionl-groducuon portion :hwolved three addu:lou und three

subtraction trials. !or, addition, E shwed S a container v:lth. .5, tWO

o

Y




. toy ouls, and said, "Ses, herve wo hm two owls. low I's ;oin; to put
‘ m sore in hare. You put mahi.ng on rour pqur to show. Snoopy t.hlt
o first ve Iud two, and then thcn 1 put two iora." $ubtraction was lpptoaehed _
| ‘i.n a similar way: “gee, we have thrae frogs '(4n a cup). Now 1's going
to take two avay. You put nautbins on you: pmr to show Snoopy that
fizst ve had thrae, und then ‘I took two avay." 'nu teeoﬂition 'po:tion
uvolvcd around showing S pi.cturu from fizst ;ude math u;ts that were
dasigned % show addition and subtraction opcuticns by depicting people
. coming togetheT, animals lesving & §roups objectl being taken uny. and
S0 £o:tb S was uknd to tell a story about the pictures.
‘Ihn cgoul ordor-grodueti.on tasks, vhich uhtdice also caucd
: "ordinal!.ty t.nkn nre of two kinds? One ‘4nvolved gshowing S three d:l.fa
ferent objccu. one at a u-. "and ukin; s for -outhing Yo show Snoopy
which ope I showed you girst, and vhich one I showed you next, and which
'one 1 lhmd'you lut." The ncond kind mvollvcd representing directién l
in space &8 well as order in t.iu The chﬂd vas ukpd to show Snoopy the '
order in dhich a toy frog lupcd across’ '.l:tcguhrla pheed (paper) ruck;
ons t.vo-diuuiml display lhowin; a (paper) pom!’ ‘with three or " four
toclu. '!he rccoggition tasks uud thru objcet- dravn either hot:lzonully |
rtically. The child vas told that it vu another ch:l.ld'n message. )
s wu asked, *whicl thing do you th:l.nk T showed hm (her) fizst, and wh:l:cil
B one.vas ne:t. and vhich onh vas last?" oy _
The rtu:lndcr of ehu dhcuuion of Allu'd:lcg'- uudy will focus on

her f£indings tultding the rcpreunution of set numerosity and relative

quantity. The othcr coneepts that she Au_:u.di'ed (representing addir.:lon_and
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nwttut:lon operations, and upnunuus t-poul order and direction) in-

tmdm the 1ssus of vecording actions or events thlt. taks vlqc; over time.

. While this is of great htuug, it goes beyond the specific concerns of

this study.
Allardice found that children nployld six distinct methods in repre-

senting u: a_roli.ty,‘:nd te;ativc quantity. Soqé of these methods vere

9 . '
used by children singly, while others often sppesred in combination. My

dnterpretation of her 'utcloriu follows.

Category 1. Many of the younger (prnchool) ch:udun made “writing-

1ike" responses that emhted of octibblu or letters or the alphadet.

Some of her subjects said that they \ure Ngriting"; some Vattr:lbuted mean-

. 1n; to their marks (e.g., "it says thrn or ":l.t says four owls"); othéu

‘gaid that Snoopy vonl.d know wvhat their marks seant, even 4f they themselves

could not mtorprot th:n. because Snoopy could Tead.
Category I1I. gome of the younger children drev 8 ungle cirele, uid

when they did, it usually took up the ont:lu pi.ece of paper. Children who

responded in this fashion tended to make the uentieal mark for all of the
’ urdimli:y (mnzrclity) trhh.. tixu- uph{ns that they were not repre-

senting variations in numerosity. .
Allardice eonni.dnred c::.;o::l.u.‘l and II‘tto bc "noxi-upreuntuionul,"
{n the senss that they did not urvg to cu-nmiclte nmrcuty to Snoopy.

From the communicative otandpoint. ho'uvcr, it is noteworthy thn; ‘some

 gudimentary know;ledu of nttin;-uke marks as’ being something to be read

is p:ulnt.. partieulatly in Cltegory I. From :he a;e of ﬁve ‘upwards, no

child nde "non-uputnntiml" ruponlu. -




s
catogozics I aad 11 aceoqu:f for the majority ofliispnnncs among
_ thxcn—yult*oldl.' Racall that lnnt:t and Morano's lower lcvol .ﬁbjectp
(who were chronologically closer to Allardice's oldest oubjccts) made
g:aﬁin‘- Ihich no appntcnt attention vas given to rnprcsenting numero= -
sity (Typc 1), or in uhidh the observer had to be privy to the notion ﬁhat
the number of clmntl nud in the drawving vu% -unt to coummicate numer-
osity. In Type II:. thclclencntl thclnelvtn fot-ad s picture,‘uhnreas in
Type 1Ib, they diad fdot (e.g., five people to tnp:csenc five cldnents,‘
- guggesting aspect. of drawing and tﬁﬁly 4deas). These lawcr-lcvel 1dens
: quitc different in character, and they come from children of diffetent
. .;ei. Althouih kmovledge of the differcnce betveen writing (using_‘
alphabetic marks and aumerals) and drlwing is present at an esily.agez»:
(three years pnd younger), it appears thlt ﬁhe differentiation necdl to .
" be made st diffcrcnéilevulc. The 1dca that marks :csenbling other :hings
“_(Sgltre and Moreno's Type I1a and IIb)'cln;bc_1nt¢rptet¢d,by others.in»a
pumber of different ways, and that nunnrull (or even tallies) are peculiurry
ﬁali aditqd iot representing nuncrosity'ggggggg,of tﬁZif shared -eaning is
s lutcr 4dea. Ildeas concerning vhen (in vhat :ontcxt) and why (for.vh-t
purponc) it is more -ppropriutc to use one O the othet seenm to develop -
over time. The instructionn or experipental tcchniques Ay fllo have
played a role in eliciting these diffircnt rcnpounen.
Allardice caﬁ:idercd the remaining ‘four cstegories as reflqcting\
'.ttcnptn at tcprclenttn; nuncronity. ‘ | "
gggggggz,lll. Younger as well as older children made pictures or 

iconic representations of the dbjocts (Allnrdice fncluded in this category

5 ..
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children uho tuecd the objcct.l thcnclvu). The 1om¢r :hiiﬁun tended -
. to make fconic :cpusnutim for both m-crcuty and velative quantitys
-w.. :lu oldcr l\i:jocn tendad to nkc p:lctorul tqpuuntltions for |
oh:i'u qun::lty. and to use numerals for reprasenting toul llount.. R
for childran who cannot :pcu words or emttuct graphs tc represent 4:h§
potion of "more OF less,” the ides of making dravings seeus mOSt Teason-
able. cate‘;ory"ln is similar to Sastre and Moreno's ﬁpe 'IIc-, suggest- .
4ng that this nodc of rcprounution pcuuu ss an option for comuunica=
ting quntiutivc ideas (nuurosi.ty and nhtive quantity) for a ;ood long
vhile. . | -
Category g. A"Jvl;rdice considered circles, t.ni;i, Xs, or other
| marks that wvere not \1::onic to the objects as uﬂ_cciing similar "1deu,»
just as Sastre and Moreno had done (Type Ild). Albng the four-yur-olas,
the !mlber of Category .tv responses {ncreased for cardinality tllkl while.
the nunber of Category I, 11, and III responses declined. )

, An interesting predicament occurs vhtn the stuight—nne quality of
tally sarks clashes with the appearance bf the nmnnl 1. In the probe
session many of the older subjects, to uhol the tnlly sethod vas luggested,
icfuud to accept the tally, because “Snoopy vould think it vas 'one, one,
one'" or would think. thnt it vu juu three linn. one six.-yur-old pro-
tuud, "You don't have nny nudnr or any ovls. To my mind there is 2
strong suggestion t.hlt each of these children had nt to pnt together some
important ideas v:lth their other notionl npout nmlzticnl uprucnutian.
The first child had yet to. coptd:luue the uclul:lm uht:l.mhi.p (one,

one, one is three, when inclusion is coo:&!.nnnd vith ordering), at least

4n the context of written number. The ugond ghild had yet toO undeutnnd
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that 1ines OT any otlm: discrate items can bs qusnt:tii.cd by thou who
ndcnum! nusber. The third chi.ld'n':ldu (upuuing thres-nass ;T
clusively by -uns of pictures or nulcnh) may have. been tied to text-
Sook conventions in uhi.ch Type' 1Ib upuunut:lons abound. Numerals (or
written nunber nanes) co-m:luu thca ides of thru less ub:lguousl-y, but
as ve*luve seen, they by no means czluult the vays :ln vhich the :I.dca can
be communicated. - . C /
_9_[_}1 v. Oldcr‘ children (five- and ni:-yur-oldl) of.tcn used
unuh to rcpreunt wunt-. but they uud them in tvo.very different
vlyn. The five-year-olds tended to npreunt each item in the display
\dtb a separate pumersl (Sastre :nd uouno'. Type III), and .:lx-yetﬁ-élds
- more often used & .:ln;le nuurll to. repuunt the totll (Sastre nnd |
Moreno's Type IV). Twenty percenz of the £cur-yur-oldl uud nunenl-
in some vay. Among the f:lve-yur—olds. 762 (16 out of 21 childun) used
nuunh. and of those eh:lldren. about 702 (11 out of 16) used & nuural
to represent nch object (1,2,3,4 :I.nntnd of the ningle nuuul lo).
uhrd:lcc counnu. “"The numerals were uud n:l.dl‘rly to the vay other
Ss used tallies; 4in a one=-to-one reht‘.lonlh:lp \r.l.th thn objects” (1977a,
'p. 67). Some of theu ch:lldun may also have had the 1dea that nuuuh
1lb¢1hd or tagged 1t¢m in s dhphy. ’ ,

b Amongst the f:lve-ynr-oldl 1n~pnrt1cu1-r. Allardice noticed some |
additional comments such as “1'11 write 9 because I don’ t know how to
write 19." . She also found children, vho knew how to write only & few
nuleuh. making those part:lcuur urkl to show 'nr:lous nnnrosities.
wvhen thcy knw full well that they vere not the correct marks. From

these cxaupln it appears thlt the notion that different nuueuh
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co-unlutc ‘d1fferent uounu has to be ntmtutcd in its converse (a
unglc mronity can only bc cmiutcd v:lth s singlc pumeral) in ord?r
tor the nhtimhip betveen number and nullul to be well understood. -
tqog Vi. Some of the older ehudrcn used vordl. spalled out dn
the pupct. to ‘communicate quantity udlor to name the objects. The six-
ynr-old- were the only children for vhol thc written vord was an op‘tiqh.
This oldest group used the greatest varisty of tcchn:lduu. and more than
° any of the othet chudun, used two ot sore techniquas in. conbin-tion '

(e.8» n\neuh nnd picturu, or nuuuh and vords). Ninctun out. of

20 six-year-olds used nmenh. and they tcnded to use then 1n the single—-

B 4

aumersal vay (Sutrg and uouno's Type IV). Interestingly cnough, fconic "
representations persisted, not only for relative qunntity but fot cardi-
nniiy as well (Category 111). nonvcr the use of tallies or _othet non-

pictotial marks lud v:lttunny diuppund. nhfdice vtitu.

The changes that occur across a;e reflect, in put.
increase in understanding about the nature of written
representation. . . And changes across age ;roup also .
reflect learning about nev, formal ways to represent °
quantity with a concomitant decrease in the frequency - -
of use of the: informal (unschooled or symbolic) methods. °
_ - However, even in the oldest group studied here. there

' con:;:)mu to be some use of mfotul nthodo (1977;, '

P

(¥4

S
- The relative qu:ntity tasks vete ;encnlly -ote d:lfficult for all o£

_the children than were the g:ardinanty (n\mero-:lty) tuks. The thue-yeur--

olds uud Category I and 1I -ethod- ‘more iuquently °thnn~ in. the numeros:tty
tasks. ‘nu £our-yn:-olds most !uquntly upuunud uht:lve qmtity :

by means of pietutu. ¥rom this age on, the choice of p:l.cr.orul num for

relative .qu-ntity gcncruuy incruud vhih t{te use o; t.;l.lies gt;;l nuuu‘._ll_

-
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ac:aud; Io nmuu s.view, :hi_c shous thit.ehudi:'cn'{ can and do adaft
tﬁd.t uthoilito vhat they qndeuui}d u the demands of the task.

'Alhtdiéi was tutctutcd 1n om !u:thct quut:lcnl Ooe vas vhcther ,
young cbﬂdnn could Te puunt the 1dn that 8 dhplay eontlincd 1nd1v:ldualn'
(dtacrate) cbjects. , Roushly haif (9 out of 20) of the tbne-ynt-blds
gesponses ptcumd the information about the puunce of several discrete
gtems. Seventy-five percent of the £our-yn:-oldn , and 1002 of the five-
ind si:‘-yu:—gldl' upnuntati.onl puumd the udividulity of t.he
1tems. |

I‘n the ocﬁiﬁin; session, Allardice uuucd childun'l ability to
ntabulh one-to—one cottupondencc vith 8 TV of ch:lpl that lhe had ude
(=3 up to a=9), snd to enumerate OT count chips by uying the counting

aumbers in thiit correct order, vithout skipping wotda, wvhile' touching a

,‘ » d:lifcunt chip with neh word. A fev of thc youngest lubjccts could not:

.count at 8ll, but some thtu-ynt-oldl were able to count 18 objccts, and
some ni the four-yur-oldl were able to count at 1¢llt 27 objects, coruct-
11'.‘ On the basis of grovP data, she found that ne:lf.hct the abi:l.:lty to
cltabmix one-to-one correspondence buween»snl\..l ‘sets, nor the zbni:y
| to .nmuu, vas uhtcd to the nbi.nt.y to represent ‘discrete items. |
icf. another question concerned, the accuracy with vhich children repre- |
untcd nu-etol:lty. Accurate uptncntat:lon of ,"t pumerosity mcreued
o ‘with age, even for nal:l. qunt:ltus. thup data ghowed that thtee- and
four-yur-old- did not differ from one another in ;ccuracy, put five-
and six-ysar-olds vere s:l;niﬁcantly more accuutc thsn three- t0 four-
ycui-oldi. nhrdiu found no uhti.onsh:lp between ci.thct one-to-one , |
eortupondencp or enume nt:lon and the sbility to ucurately uprelen: s

gim qmttty.

-
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Finally, she !omd no cvidcnce to -upport the un tlut ynun;er chil-’

 dren consider it acunty to puum such aon-uunt:ld: physical eharac-
teristics as lasyout, OT the size of the objccts. in representing set
aumezosity. |

There is considerable agresment in the qualitative results of these

two studies ‘concerning the progression of ideas used by ,children in repre=

unt:ln; qmt:lt:lu.  Vhere there are d:l.ffeuncu, they can be accounted
for by uht:lu knowhdgc of nusber nnd nu-nruh (related to sge) and by
diffeuncu in experimental techniques: one utudy seemed to elicit more
1deas cﬁneetncd with draving, while the other seemad to call forth 1deu
related to writing and vwritten words. It will be recalled that Sastre uud
Moreno vere interested in children's use of {deas that they had learned ’
4n school, in practical situations vheré thou '.l/dm would have been u;e-'
ful. Allardice wvas interested in children's unlchoohd ‘4deas in situa- -
tions that were sinilar to, as vell as different from, thou that would be

encountered in school.

Both grouyl of subjects made .nph:lc repruentat:lonl of qﬁnntity by
{conic or pictorial means; both groupy came up with non-iconic talues-
and boﬁh groups used n@erds 4in a é-to-cne ntch with the objects be-
fore using a single nuneul to upreu'nt tatal qulntity. One can't help
but po:lnt out two obletvat:lonl Thewfirst u the similarity between tl‘:is,

progression in rcapuuntat:lon. and the proguu:lon from one-to-one cor—"

gespondence to conumt:lon in eluennry nunber. Ihe ucond :ls the cor~

zespondence bctvun the four types of ideas found in both .:udiu, -nd the?

appearance of these methods 4n the history of nuutut:lon systems, de-

scribed earlier in this chapter.
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Zarly "Susber"; Instruction in School

A brief reviev cn-lﬂzin; resaarch trends in the study of children's

school-based understanding of the m-efutiun systen follows.
N ’ : ‘ e . .
Van Engen (1967),pubu-hcd an early review of 1iterature on place
valub snd the decimsl nusber system. Be concluded that until the late

1930's, the treatment of this iubjcct from the point of view of “"meaning"

was ne;li;ible. ‘Most writers agresd that "seaning"” was 'i-pott-nt in arith~

metic but left unspecified vhat they meant by "geaning." The first half =

of the 1940's sav thé publication of works that :mdh’d this -hottcoming

by srticulating two aspects of “nantn;ful arithmetic" from the ntlﬁdpoint

of tuchihz children. i’iut,. pupils should be taught the basic principles

of the decimal system, and second, they should be ;_ivcn concrete experi-

ences from vhich to extract and mtcinlliu "nnnj.u;,“ )
 Van Engen elaborated the notien of meaning in arithmetic by 14nking

the symbols of gtith-etic to action: the u_uh:lnn bf the .ynbols in arith~ |

metic basically represent action. He denrﬂ‘icd the chunts of an expari-

ence vhich he believed provided the essence of meaning:

(They are) the overt acts that a child has performed, or
has observed somsone else perform, vhile working with &
pusber of objects directly presented to the senses.
Basically, they are operations that the child can ac-
tually perform vith his handg or by means of some other
bodily movements. These opsrational meanings become
established by first watching someone else...perform
the opsration with the sccompanying words which mean
the operation. . . As the child's grasp of this meaning
. pecones firmer, he can set aside the objects and visual-
ize the action. Finally, the visualization is not at all
necessary; he has reached the stage of ‘a mature responsé
whereby all the bodily movenents have been set aside.
The child is novw ready to establish meanings of a higher
_order based on the symbolization of these primary sean
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The appnutiun'of this viev to place value and the _‘dec:l’ul ‘systenm

m -udzp:foﬂn&s It c‘neougagcd the use of concicté saterials in :hé .
‘ Jearning of smaller pumbers, and verbalizstion of the connection beiveefx |
 those materials, tho.‘lntionl vhich vcie being pgtforl_nd. and the .ﬁr:l-tun .
formulation (signs, in the u-;e:m sense) . fhe ‘i'lplicit‘ léarhing :heoﬁ
;oncemd the senses and‘ action: bodily -ctibni 'and.'phyaicnl manipula- ‘
tion of materials, sufficiently 9ract1i:cd, would be ucéoupagied and eve.n-"
tually replaced ‘by viiuliuugn. of the actiqnp; gnrl vhiniizink v_ould' |
ultimately give vey to conceptualization using cy:boii .Aalpne. Alterna-

" tively, visualizing actions, and objects, would be réplaﬁcd by vic'ual-;- o
4zing the sfuboh. which had become exbued with action-based seaning. | o

g

. Conceptualization could then take the fora of opcrai;n; on the symbols
(.1'!\.) alone. ' g
A contemporary formulation of this lutﬁing theory will underscore

the essential continuity of this viev of learning and "-uni'nz.i' ,

All iﬁicu,a child fully {nternalizes must be met first in -
the world of three dinmensional things == ‘the manipulative
world. Later, the _same ideas can be encountered and under-
stood in sketches and pictures and diagrams -- the repre~
sentational vorld. Zventually, the ¢hild can work with
these sane Jdeas expressed in symbols - ‘the abstract
world. - o ' .
All learning begins as the sgnses ‘bring a myriad of data
to the mind. Some data are retained, and the child's
memory bank grows == he 1is remenbering experiences. Soon,
. & child can use these experiences. tO determine relation-
ships that are not obvious at the outsel == he is solving
problems. gventually, the child himself is able to pose
problems and work towards solving then =~ he is saking in--
dependent {nvestigations (Wirtz, 1974, p. 37). -

- .

Wirte advocates using ,concrctrobjoctl which the student can zove

-

around, such as bean lt:l.cks (si:ickl on which tan‘ beans have been jlued) B _




. then phce value potation

and loose beans. After children have worked with such nﬁ:lpulqtives,

‘ int:oduced in the f:lnt instance as “re-
cording what you've aonc. and subsaquently as & handy dcvi.ce for keep:lng
different munto straight. Be gives as an example, "42 4s better than
312 because Do one will be able to tell that you mean three tens and

tvelve onu S The appu‘.l. for :h:l.nkm about u;rouping. , hen, lien 1n t.he

| cn-mniut:lon of precise asounts (the nud to be undcutood by others), ~

rather than the ides that twelve is co-poud of ten and tvo, that the 1

in 12 stands for ten, and ten plus thirty equals forty.
¥heeler (1971) otudicd second graders’ pctfomnce on mlt:l-d:lg:lt

subtraction and uddit:lon tests after having used different qunntitie. of

- concrete nté:hh to solve tvo-dig:lt problm. The uteriah 1nc1uded

the abacus, sticks ‘tﬁat could be bundled into sets of ten, the place

valu: chart, and the Dienes' -alt:l-bue l:i:hllt:lc blocks. The ch:lldun
hnd studied two-digit -dd:lt:lon and subtraction & xmph- i.nvolvinz e~

grouping, put they had not puvioully oncountcud -ulti‘-d:l;:lt e:_mples. .

The children were grouped into three I.Q.- levels’ and three “hvels of ab- |

straction’ based on the nuzber of materials they could successfully mani-

pulate in solving the two-digit addition and onbtnction cxmplen.
Wheeler found thut children who could use three or four of the mate-

tin.h' in regrouping t.lu two-d:lgit exhmples lcotcd significantly higher

on the multi-digit written tests than children who vere less proficient '

'4n their use of the IltCt‘:llll. He found tlut this reht:lonnhip vas 'con-.‘

sistent across sll I.Q. levels. The number of nterul. the children

r.ould handle in the tvo-duit cxanplu. nnd their pctfo:uncu on the




sulti-digit written tests, wers significantly correlated when age, 1.Q.s
and competence with the basic m-be: facts were held constant. »'
It is not clear whether the ability to duonltute ‘the 1dn of units
- and tm using & umty of objecu :lndi.utn how veu the student undet- |
stands the notion of uhtive u;nitudu (hundredu vs. tllll) nndlor groups
of ten (150 = ﬂ.ftun tens) and/or the regroup:ln; ll;orithn (in the sense
of “do the same proceduu for r.he hundrcdn co:l.m u you've done ‘for the
tens und units columns.” One ﬂllplctl the htur among ucond guders.
‘me {atroduction of 1d¢u bued on the ihcory of sets dominated -uch -
of the discussion of children's arithleti.c during the 1960'. and early |
1970's. A colprohmivc yet succinct ntatuent of the connect:lon bemecn
set theory, lum:lng theory, and phce value ideas c-n be found 1n Payne
and Rathmell's discussion of nunbcr and nuuration (Payne and Rathmell,

1975). The authors discuss number from a set theoty peupect,ive.

The main component of the concept of vhole number is the
classification of sets that are in one-to-one correspond-
ence. If the elements of two sets match one-to-one. then -
the two sets have the same nunber. One set has just as

" many as the other...The .gecific ‘amber of members, how-
ever, is of use most often, and it needs & nue, both- '
oral and written (1975. p. 127).

*

They luuuted various satching uct:lv:ltiu designed to underscore
the similarity between sets of a ;h‘cn punber and encourlged the compar-
“4ng and otder:l.ng of sets of differing agounts. Ou:l.,nmu and written
marks ueu expnei.tly ‘recognized as being two different forms of convey-
ing hfcmtion about nu-ber.

- partitioning of sets was advocated u an early ;roup:lng ac:ivity .

that would be necessary for teaching the base 10 decm:l. uunentian .ystem-




L3

. | S o

_ '!hcy dcfmd n\-sutidn as “those conccpu, skills, and understandings

k\ uusnty for naming nnd proccnin; pusbers ten OT gtutet (p. 157), and
14sted five sbilities that vere wotunt for their lutninl Q) group- ‘
4dng objccu into equ:lvai?nt sets nd aaning the n\nbet of groups; (2) a. |

‘lehnz !ot grouping moTe than once. that is, grouping ten units into &8

single ;téup of ten, ten groups of ten mto one §roup of a hundred, and

so forth; (3) & nchm for recording Sroups, or a pos:lt:lonnl (notat:lonal). '
scheme; (4) upuhcnti.ng nusbers by oral mnbcr nuu, ut:ltten aumerals,
snd & bue rcpnuﬁhtiou that directly mdicutn the nud:et of groups
(e.g-» 8 ten-zod -nd two unit blocks for tcn). and (5) tunnht:lng ftom v
one representstion (onllwt:lttonlcbject) to snother (pp. 137-8). W.:h

the cxcept:lon of the uphu:u on gtoupin; objcct- into cquivalenf. uts _. |

snd paming the mniut of gtoups (point 1 sbove), it 1. d:lif:lcnlf. ta

discern any BT¢ t diffetence b‘tvun this and non-set theory ptuc‘::lp- o '

tions for ‘uufu.n;. The ml:lcit learning theory is subsun,t:l,-uy the
gane as thone/ described abovc. * ' '

At sbout the sane time, cu:ri.cuh and d:lagnon:lc',tnti Su_ed on :uk
analyses, detivcd from Gagne's learning huntchiu, vére'being formu-
lated (c.;., s-hh. 1973; Resnick, Wang and nplm, 1973). Utilizing
Gagne's uethod of be;:lnning with u.conplc: problem and working baqkwards.
various problems 4in elementary uthenlt:lcn vere mlyzed {ato simpler cv:tv \
puuqu:lsite capsbilities. 'Ink nnllyun focus on the ptoblem to be
solved, rather than on the process of learning £ron the poi nt of v;l'e'w‘ qf

the individual chnd. lhin; this method, Smith (1973) constructed &

written place value diagnostic test that resulted in his f'.lnding a u‘"ries n

of inadequacies with ulpect to place value ptetequis:ltel mong second
. e .
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;uan sho were low uhuvcrs 1n cﬂ.:huuc. These cb:udun could |
() nconin sets; (2) :roup sets; (3) 1d¢nt1£y the ardtn-l nunber oi
s ut, (3] poup uu of tcn, ) ;roup uu of ten wif.h a rcu:lnder of °
ones; and (6) \n'itc nuunl- for sets of ten ‘and a remainder of ones.

B4 v o

mt thcy had difficulty with vas (1) hterpnting the value of sach

S -
B

phce in s tvo-phce nuneul (c.;., circling the mmenl 1n which the 6

-mdl fot 6 tens, 63 or 363 dcciding that 90 means —t OBEEs tens), ‘A -

;f (2) counting by 10s vhen the ﬁ.tlt gusber vas not given (e.g., ., 13,

———

23; . 65, 75); and (3) ntcnut:l.ng 10 ones as 1 ten. and 1 ten as 10
- ones (e.§., 9 tens = ___ ones). High achuvcu could do all of the abov;,
but both high .nd low achievers had difficulty (1) cxr.han;ing ones for
tens and tens for ones (e.g-» 1 ten, 7 ones = ___ tens, 17 ones); and o
; (2) interpreting, OF paming the same number in several different vays |
. (@.§+s 2 tens, 13 ones = __ ones; 5 tens, 18 ones = 6xpt¢nl. .___omes). | /
These last two items convey vhat othetl have called “genaming” and ex- |
N changing ones for cens and tens for ones 1n tegroupi.ng" (e.;. ’ Flourhoy. ,
1067 Scrivens, 1968; Wheeler, 1971; Ra pathmell, 1972). DA
e results of diagnostic tests based on task anllylen cm help to

specify particular areas of difficulty for children. But they do Jittle

4in the way of shedding 1ight on: lesrning (construction) procusu not

uﬁttly nnhd to subject-matter | dnctiptionl. The presumption that '
tj:ct—ntut duct!.pt:lm ttmhte into ylyehological ducript:lons of

b vior, an usmption that 11:: at the heart of learning hierarchies, is

uite simply wrong, from the Piagetian point of v:lev. In addition, lurn e
/l one hvel ‘to the next in ‘

ing huru‘tchiu ptuun a positive tt-nsfet !t :
f the learning hierarchy, for lower 1evel learn

d
higher level tasks (luni.ek. 1976).




?

inniek critiques this and othet wodels of arif.him::lc inltruetion
and cmnu that the teal eontribuuon of task analysss !or mtrucuon
- uu 4in p:ovid:ln: a psychological dnetipuen of ﬂu competence 39;;_3_1;,
or what we thiok the chil1d ought to know. Shn td.us an Im:c:nting ques-

:lon for mtrueuonz 4s it possible ‘to tneh “lurning to lesrn'

gles?

' gtrate~-

L]

..cnn approptiate concern for {nstruction is the possi~
bility: .of teaching general strategies for {inventicn and
-discovery == strategies that will help learners tO be
less dependent on the instructor's elegance in present-:
ing particular tukl (1976, p. 76). :

- gesnick suggests that conac:lous use of ulf-quuioning and uif-ubﬁito:—

:lng might be one such ltuugy,

uﬁl‘t hstmtion 4in this strategy

light be possible to fofnulltc (p-

78). Bwever, there sesms tO be s

. 4 uthcr large diltance between "uuughp for uvmtion and dilcove'ry
and "ulfaqultioning and ulf-nonitoring. Techniques for the latter
aight be a bit wmore mnnbu to direct teaching th-n the’ lltter. and per-
hlpl :lut 4s vhat she -uns to 1ncorpoute 1nto her upproaeh.. | |

£ It should bc noted that u;rouping does not have to be conﬂned te

In the com:ext of

instances where © unberc hr;nr than ten ‘are 1nvo1vcd.

lu;;;:tin; "'uhul u;roupin: as an llumtiv: to "counting stute-a 4

giu for add:ltion. n;uno (1980) touchcd upon a Japanese curriculun in

»

ubich childun vere dcl:lberauly lchoolcd in qunntitin less than five

b,c,fou loving on to mmbeu greater than H.ve.

v unt:l_i children were nu urud in the ut plrtiti,oning of 'five‘
ths

ulnti.t:lu, and uhen they did, the htger

they moved on to larger q

In thh curriculr;m. it

numbers were nught as. cmolttes of :he intemdury unig H.ve, and

mlhr, veu knovn nmben. " The Jap-nue children fouow:lng this

o,

. 4 L
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curriculum were uu;ht to think about -1: as five and one, ‘seven as five
and two, snd 80 forth. As & consequence of this type of instruction,
these childran were apparently less acpuhdnﬁt on counting as & means of
solving -hpl.c‘addit:lon ptoblems. In contrast to m:i;in chii.dnn, |
these J-pm;u students regrouped in TeTms of five's and thus circum= | A
vented the md for "counting on” and Yeounting buck.“ with its con- ’ |
comitant need to use inngen or some other uchanun tb keep track of
“when o ‘%tdp the count.” When approneh:ln; s ptoblen such as 8+ 7=1,
fhey used one of the following stzategies, aeither of which involve
eoununr |

(a) g7 = B4 (245) = (B42) + 5= 10 + 55

(b) 8+7 = two fives + (3+2) = 10 + 5. d

In this curriculum the children worked with “tiles" or paper Tepre-
sentations of quantities that _coﬂb:lne fntutu of base 10 uter:hh (but
with an intermediary representation for five — a strip of cardbolrd equal |
4n length to five mt-nqulru) snd the -bacul (but with the five-strip
replacing the Seud as 8 representation of fivc). 'l:he -odem abacus com~
:"b:lnu a base 3 and a base 10 phce value .yntm by using & .1ngle bead
within each base 10 position tO repriunt ;n i{ntermediary mmber.
s x1200; 5 x10%; 5= 10%; and so forth. Thus a nuzber such as 278
vould be shown on the sbacus as 2 Wmdred-beads: 1 f1fty-bead plus 2
ten beads; and 1 £ive-bead plus 3 one-beads. | - |

1t u pouibh that nm‘g:lcnl qmtir.iu greater :h.n five are more
.v easily unﬂcnt;@od by puuling at five, and then del:lbentcly gonstrncting

Jarger nunbers out of that intermediary unit (five as s uni.t of unit-, in

Steffe and his colleagues’ tqﬂinolou)- It is also pouible thlt-s.trgniﬂz

[l d d




.with their ovn gumerical reasoning.

-

real understanding with small quantities before moving im to larger
(greater than five) numbers gives éhildren & chance to bu:l.ld confidence

Perhaps an intetndhry representa~’
¢fon (tiles) helps children to better andultand larger numbers. What-

ever the case, 1t -should be sentioned th

the degrae to which American children have been encouraged to rely
1580) and have gone 80
. 13 T

counting to solve addi.tion problems (e .Be» wWirtz,

far as to suggest that counting strategies OT schenas get :l_ﬁ- the way of

place v_alue {nderstanding (c.;.. Sukc 1980).
Ginsburg (19778, 1977) otutlied ehildnn'l jearning of "eodified
arithmetic,” uunding the notati.onal system, by means of interviewing

then about their ideas conccrnin; huw to vute sp
gesd written punbers. From thei.r nr:orl nnd cq:hnltionl, he 1nferred

s three-stage process 4n writing nmbcrs, and 8 three-ltue procen 4n

mderntand:ln; written number. With e

| ) - gard to writing n\nbeu, he iden-

tified the following (1977b, P 21).
Stage 0' The child fails to uritc nuﬂuu in any coherent waY .
stage 1. The child makes errors in writing small . nmbeu, but these
errOTSs are 8 gesult of his/her following gome kind of 8
sizple rule 1uppropt:}at¢~1y. {for cunple, the child
writes 305 for thirty-ﬁ\?e. | ‘ |
Stage. 2 The child vtitel mll (bettexr~ r~-known) nuzbers accurately

but -aku c::ou 10 vriting lur;e mmbers. He coumbines

"ht;e gusber chunk” with 8 fmﬂhr numeral. For #x-

mle

e

.Stage 3. The child accurately vrites nupbers ‘of reasonable size- ’

’
m r

at several authors have criti.c:lzeq\ ‘

oken pusbers and how td

t.he cbﬂd writes 600,023 £o_r six thousand tventy-three- '



03

Cinsburg lumit- that nldiﬁi "ﬁs-_t'ul. may roughly parallel this
sequence in writing pumerals. What is noteworthy 4n this saquence is the
:cpctitkn of an erroT, ﬁ.ui sade vith smaller nusbers and then re-
ippc::ii{; with 1::;91_{ numbexss. ﬁg errors may be.buid in part on the
’ io.du of “writing numbers 1ike they sound,” and in 'part‘ on the fli’ffegence
betvesn familisr and unfamilisr samounts.

With respect to \:dttntm&ing vhat has been written, Gin_ibprg found
the following sequence of stages. Be vas mtetutgd ;pgcifieaily in the :
c.hndun'. ability to 14nk vritten number with a theory of place vilue
(1977s, pp. 85-89; 1977, pp: 22D 7 R
Stage 1. The child vtitcn.nubgtn. both large and ﬁnll eo;:tectly,'"

but cannot explain "the rationsle for doing so. ‘lle lct.‘ -
without being able to theorize, somevhat ],}ke a cmute::.
Stags 2. The child writes a8 ;1y¢n nuzber in the correct way and volunteers
- that bﬂothcticd alternstives (empirical aiumtivn) would
be wrong. For example, for 13’ the child may say that if you‘ :‘ P
write 31. it would be & different number, OT 41f you wrote a%:j
2 beside the 1 snstead of a 3, it would bé a aiffeient number.
Stage 3. : ﬁne child connects the writing of .nmbeti vith a theory of place

value. @

Y E .
Child 1: The child is asked why 13 is uritten the way it is.
"pecause it's one ten and three more." Where 4s the
ten? “Right there" (points to the 1). And where is :
the three more? Points to the 3 (1977b, p. 25)- .

Child 2: Allison had written 123; she was asked vhat the 3
_ mesns. "I don't know. gt's the last number.” S
What does the 2 mesn? "It's on the 10's stick.” S
Ten's stick? I don't see 8 stick there. Where ' -
do these sticks come from? "There's & stick in - ' s
my head." Where do these sticks come from? ‘

- ) .S




Allison explained tiut the sticks were & kind of
“abacus davice which her teacher used in tesching
arithwetic (1976b, P. 26). :

Child 3: "Cause there's one 10, xight? So you just put 1.
¥ don't know vhy 4t's made 1like that. They could
- put 10 ones and a 3. So you see 13 4s 14ke 10 and
3, but the vay ve write it, it would be 103 so they
just put 1 for one ten and 3 for the extra 3 that
. ‘1t adds on to the 10 (1977b, P- 27).

These mterv:lﬁs on plice value, conducted with gecond and third
;uq“:. reflect children's avarensss of difﬁunt upects of the nota-
tional systen and its relation to npumber. Zach cbﬂd‘ _u:ni tb have puf:-
4dess together in 8 .lightly.'diffennt vay. Child 2 explains the 2 in
123 in tcnﬁ of a well kmwn object that she has used in hardni- abéut
potation. In contrast to Child 1 and Child AS. she makes 1O explicit Te-
ference to quAntity. Child 3 clearly -ttié_nil,tu the confusion ;euztaﬁed'
by knoving 8 lot, but not quite ﬁnough. about the notation: he under- |
stands that 10 + 3 = 13 chat "ten ones is the same ‘as one ten,” or that
141 ceatl" 10; that gecording both ten and three 1n tcm. of ones .

‘ voﬁl;i yield 8 diffet;nt pumber (103); ‘and that 1 4s vritten for “one ;en."
It ucu' thlt‘be needs an additional ides :l.n order to know why “you just
put 1 f01; one tcn,;' and that is thqt gero is & phce'holdet. 4in this case
" gor units. The 1 4n 10 is ten and the 0 in 10 is ones, Or WoTe precisely,
an absence of ones. One suspects ofiat Child 1 does mot yet have this idea,

either.

~

The relationship between punber and nunerical :cpmsenutioﬁ is far
from lttdﬁ\tf@sﬁud from either ,t.he standpoint of historical evolution or’
- from.the perspective of’ children's development. | In the next chapter 1

will €laborate the thcouiicnl p;rtpcctive from vhich this study is

‘undertaken.
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CHAPTER II1
THEORETICAL FRAMEWORK
AND HYPOTHESES
Adults accustomed to using any notationsl systen have alteady eon=
structed their own understanding of the principles lnd pecul:l:i;:it.ies
.of that lyotn. But chnd-lnmu poised outlide &uotati.onal system
hn yet to construct those iinhgu- they only gradually come to upder-
stand how the "gquiggles" vork, and the’ uun:lnu they hold for ptoficient
A uuu. We are concerned v:l.th the process by vhich ebﬂd—lnmrl build
their knwlcd;e of numerical nontion by putting 1nto tcht:lon theit in-
dividually constructed concopu nptding nunber v:lth their knowledge of
the cultural objects for representing those ccncepu. .
The graphic marks are organized into & system. How do chiidten
construct theit 'knwledge of the principles underlying that lyltcm{
These ptind.phl are, on thc one hnn@, numerical (knowledge of nuzber)
and on the of.hct hend not-t:lonll (knwhd;e of the gultuul object). .}
~ While the priuty foens of th:ln ltudy is thc digit‘l and nunenh of the
written system, ve cannot unorc the hpact of :he varbll or nmber-uord
systen in thil knowledge-building ptoceu. o R :
” Piaget never di.uctly addruud th.. queltion of how chndten con-
, lttuct their theot:lu about notltionll sy-tm But he did diuinguish .
smong thru upectl involved £n~ the ch:ud‘l uptuentat:lon of quantit:le:. |
Thty are (a) the idea of nmi:et und other kinds of, qunntiuu. (b) the

tcpuunta:ion of ideas uith uyﬁoh. "and (c) nptcuntltien of 1dels

i
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with eanvcntionll signs (Paget, 1941; Plaget and Iohelder, 1966). The
£ixst glrt' of this chapter dnh vwith thcu and uhtcd thcorct;:lcai dis-
t:l.ncum The sscond part explicates the hypotheses youtuhud co
mdy thc ptoblul that children encounter in the proun of ucmtruct-

dng, or coming to know, the m-eution .ysun.
The Construction of Number

il,ulb.er uiidn nﬁhcre in reality, vbut. only in the minds of people

who have created 4t. Although objccu are cbservable, their number is
an idu about them (Judd, 1927; Inhelder, Sinch:lr and Bovet,. 1974;

m:li. and Dth:ln 1976, Steffe, l:lchl:ds and von Clasersfeld, 1979).
Nuzber, in the Piagetian view, is an idea conlttuctcd by nch 1ndividu11
by synthesizing two kinds of uhtionship.: order snd hierarchical in-
clusion (Figure 2). To quantify a collection of objects numerically,
the nﬁjtct must put then into a relationship of order to ensure that |

each’ iﬂ.ll be counted once and only once’ (the dotted lines in Figure 2).

é must also put then into & uhtionlhip of hicurchical idnclusion

. (the .ol:ld lines in Figure 2), such that one 4s included in two, iwo?in .

thréee, and so fo:f.h. As the child puts the objects into these relstion~

.ﬁipn, he transforms then into "one ' .0y objcctn whose qualitative

: chanctcricdu (e.8-» lhape, liu, gnd color)’*are ignored and whose

only ulupt fguufc is one or "an element.” ‘l'hi.s tunlfomtion of :

discrete cbiects 1ato “'ones" undetgirdl the construction of the unit.

. .
Q
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igure 2. Relationships of order (dotted Jines) and hierarchical
inclusion (solid lines) {nvolved in number.

For children who have not yet cootdiuud ordering and inclusion
relationships, nunber camnot be said to exist. The absence of order .

can be seen in the lo'-y'e'at-old'vho “counts"” the five objects as shown

in Figure 3: the child counts seven objects by .kip'ping one and count=

ing some of them more than once. Only vhen the child comes to feel the

logical necessity of not skipping any, and of not counting any of them |

more than once, will he feel the nped to order the objects mentally so

he can keep track of the ones he has already counted, and those he has

yet to count.

four c-... ~
seven SUiRNRa.,
S ety three
‘. s 8ix
S wao

N five

o one

1

‘ !hure 3. The absence of order in ;;omt:lng




The absence of 4nclusion can-be seen, idn the A—yur-'-old who counts

"fivc." but poinu only t“o the _ .

five ohjcctl. mwnu- that there are
“This ehild poi.nt- only

ukcd to, "lhow five" (rigure lb).
ame for the first

"cne" is only an
and so forth. Count~

1ast one when

to the fi.f:h object because £or her
" for ‘the second objcct.,

object in the series, "two
4is such like paming 1nd:lv:ldm1|

4ng in the manner ghown in Figure &
" As the child names uch

s ;rbup: ©Jesse, Jason, Sarsh, Amy, Andrev.
person, she (for good :cuon) does not mentally
4nclude one in tWO, two in

N ¢

include Jesse in Jason,

stc. In the same way, ghe does not qnully

thres, in "counting" the objects 4n a collection.

@m | : @.ﬁuc ) @

|
i
l
\
|
|
. rigﬁre 4. The absence of inclusion in "comting'."_ asming and m:it-.lhg L ‘
The same pfoblu can be observed in the chnd who vrites the numerals
but points only to the last object when

corresponding to the number words
Here the child .

("'5" in rigure &).

ukid to show vhat a nuuul stands for

1s as squiggles that nrk :lndividu?l 1uns. they are m—

ing "ordiul-la‘bezl.l“ that sh
but they do not at the

treats nupeu
plicitly limited to be ow- the pgution or ‘loca-
¢1on or identity of ind

sane time show the whole (car

ividual objects in space,
dinal value).
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Empird -nd Reflactive Abntuct:lon
To explain how velationships lueh as ordcr. hicutch:lul' 4nclusion, '
and number axe constructed, !i.uct dintinguuhcd botvun two forms of
nbltuétiop: empirical abstraction and reflective ‘Suuction. m—
pt:iul sbstraction refers to the subject's deliberate nor.icing of specific
phyucal properties of objects €o the cxcluuun of other oburvable proper-“'
ties. In the well-known class mcluuon task, for cxnph. the child |
. attends to color while 1;norin; the wooden-ness of the beads (Inhclder and
" piaget, 1959). The obngrvnbh property that the child abstracts is in
the object. | ' “ |
In 'rcflcctiire abuuction; by contrast, the chﬂd' Frutu‘ relation-
ships among objects, relationships such as "gimilar or'dffcren;.“ and
menree or third." Belstionships are mental constructions that cannot
bi known simply by the oburvntion of objects or events in czternli
geality. For cméh. the similarity or difference betveen any two ob-
jects or any sets of objects exists neither 4n one mor in the other.
These relationships are created in the -:lnd of the perpon wio considers
the objc'ctn or uu to be niaihr or diffcrent. The nuuber three 1: not
an empirical property of objcct. or sets and ss -uch cmné'i be abntracted- -
from ﬂien by npirical nbntucti.on. ;I:he duipation of ﬂut. ucond. |
and third nonz nbjectn ot events :lg likeﬂu 1n the spatio—tempoul
franevork which the {ndividual 1ntroducn 1nto an ntnn;mnt of objectl
in npacc. or lucccuion of events in time. llmericll uht:lon-hip', _‘

. omce constructed, are 1ntroduced into collections o! objcctt.

The .d;ild does not construct number as an 1lohud :ldu. Ilthef.

ghe builds the idea in conj\mction u:l.th other upccu of knowledse.




2.

physical and locul. The hd:luochbn:lty of the construction of these

sany aspects of tnwhd;e in the plyeholo;ical raality of the child will,

emerge in the dheun:lan vhieh follows.

Physical, l.ogco-'na;hmt:lcal. and Socisl (conventi.onul) owledge
. Piaget made & fundamental distinction betveen phyl:lcll knwledge .

lo;:lco-uthmtiul knowledge. !hyntcll knwhd;e is knawhdge of
objects in cxtenul tulity. luch as the fact that a blue uooden block
4s made of wood, punted blue, and has & cettu:ln wci;ht. These are ex~
mlen of ptopcrt:lu of objecu that are observable and that ;an be
'knovn in part by cnp:l:ical abuuct:lon. N

l.og:lco-nthmt:lcnl knowledge, by conttnt. cdni:liti of ,teht}io‘n-’

. ships that are created and coordinated by aach :lnd:lviduil. ciau in- ]

clusion (the logic of quantifying by seans of all."v "oou " ind

"aone") rests on the ability to "determine and consistently apply "

criterion of senbership to & collection of objects, and i.. an example of

logico-ai:hmticd knowledge. A blue block and an otherw:lu 1dent1cul

ged one are in the relationship of "d:lffeunt" when the 4ndividusl focuses '

\ N\
on their coler and thus judges then to be different.  The blocks are

f'thc sama” when the ind:lv.ldull cm:ldeu thﬁ:lt othet,vptoperties (shape,

" gubstance,’ veight, size). If the nh:lld cannot coordinate the part-whole |

relaticaship of six blue blockl :nd two E’Gd ones that are different in. s
g

‘\uy but the same in another way, hc vill ssy that there are more blue
block- than bloch. -un:ln; :hat there ate ‘more blue blcclu th-n ted |
es. WVhen hi.n thought has becone nob:llc nough to be :eveuible. he |

Wil nmltnncously put the uhole (blocks) into relationship with the ‘

¢ "

€]




parts (bluu ones nd red ones) nd judge ':h.-; there are ‘more blocks i
than blus onu The child hu then bccou abie to d;ffcun:hu and
eoordinatc th’e parts and tlu whole. ‘ | |
'me class 4nclusion task nlultutn the md:luochb:lnty of en- _ |
pirical and tcfhct:lvc sbstraction, and of physical and lo;:lco-uthema— '
tical knovledge, in the psychological tuuty wof the.child. To note
that a block is & block, the child prumbly thinks of "blocks" in
uht:lan to othet objects that he knows (physical movledge and teflec-
tive .b_.tnction). Similarly to gote that a block is red, he {mplicitly
thinks of red in opposition to vhatever other colors he knm (empirical
and 'ufhctive sbstraction). The child would mot be able to cuiu the
uht:lmh:lp of “d:lffercnt" (logico-ilthtnt:leul knowledge) in the abé
sence of objects ‘¢that have dissimilar ptopett:lu (phyn:lcal knwledge)
He would likevise be unable to put the blocks into the nuner:l.cll rela-
tionship of. vgight" (lo;:lco-uthemtial knowledge in the’ qunt:lf:lu—
tion gf discrete qm::l.t:lu) 4f blocks behavcd 1ike drops of \utet that
easily join to make & single larger puddle (physical knowledge of con-
tinucus quantities). 7 | _ .- ' | -
In sddition to physical and logico-mathematical knmiied;e, Piaget
delineated & th:ltd type of knwhd;e..,lnd that is .oc:lll (conventionll)
‘ knwled;e. Vhile the ultimate .ouree of phys:lcal knowledge can be said
to be in objectl. and the ult:lute -outce of logico-uthmtical knowl-
” edge :o be 1\1 uch child, the .ource of .oc:lul knowledge is in the lhlted
conuntionl :hlt have bun cruted by people. Spokeﬁrln‘d‘uritun lan-

guage, knwhd;e of h:l-tot:lm events, and familiarity ui:h 'co-l,gté:la '

veights and measures, 8¢ .11 examples of .ocial knowledge. So is an
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swarensss ,“ how people purut:ldn s year: '.h;to calendar -onth!b; "The
Your Seasons” (Vivaldi); planting snd harvesting tines’ (l;ticq‘ltnre);

) football and baseball season (-poru) thc Sabbat.h- ‘and holy days
(uugion). etc. Part-whole uhtionlhip- sre again nvolvcd in the
child's conltruction of -ochl inowledge. The yesr can be thought about
4n terms of aifferent kinds of seasons, and the geasons in turn can be
broken down in all sorts of ways.

The hicutch:lcll uhticnlhip uvolved in :he construc:ion of
pumber can be seen £0 develop in the r.hild'l da:l.ly adsptation to ' the '
phyl;,.cal and social world. The child, :lum about the pwpe:tin of ob-

" jects as he finds out whieh objects can be eaten (and vhich ones cmnot). .
which edible objects taste ;ood (and which ones ‘do not). which objects -
| are ali.ki (a chair is like 8 gofa even though their :hnpel diffet) and
vhich objects lfc d4fferent (an orange is not uke s bau in spite of
their shape). The child conlt:ncu the structure of hier-tchical in-
clusion as he thinkl about the quautiu.of physical and social objectsv
" that are relevant to hin. In the hienteh:lul lttucture :lnvol.ved in
punber, he 1;nofu all of thue,qunntus ‘and puts only one object in
‘clch class. | ' _ o |
The diffctcnthtion of knowhdge {into l-°¢21l1. pﬁyl J cal, and losico- '
-ltheutical kinds helps €0 c].-rify ‘the different aspects i.nvolved in
ch:l..ldun'- knovhdge-buildin; of the not-tipnal systen. 'l'he npoken b
words “one, tVO, three” and ‘the puzber-squiggle "'1.3(.3" are examples Of
socisl knoiled;e. _ The underlying idea of mmber, h/wcvet, is logico-:
sathematical knowledge which :l.l universsl. This pniverulity is due to

the fact that louco-u:hmtiul knowledge has 4ts source in each

[ ) R . /
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gndividual who has ernted aumerical uht:l.oulh:l.pl among cbjects. The e

. quantity give is the nu. tnurdlcu cf what it is ulhd and how it is

ntu?n and this qmticy can be cmtmtcd mh pebblu and uu’heus‘ :
dily as vith Unifix cubn and othcr “math ui.ds." The dhtinction

!uget ude bctvun uﬂcctive nnd ‘empirical abstract:l.on aho hclps to.

explain why ch:l.ldrfn cannot learn t.he ides of five, -erely by be:l.ng pre-

gsented with five cookies or five pennies or a p'.lcture of five _;adybugs.

in an arithmetic workbook.
' 3

Lo.ico-Aﬂthnet:l.c and I vnfnloggca 1 Operations |
Vhen Piaget focused more lpec:lf:l.cally on lbgico—l‘l‘lthemticil" kh&al- |

‘adge, he made 8 further distinction between log:l.co-ar.l.th t:l.al (uputial
. and atemporal) and 4nfralogical (ppl;io-tcnporal) operations. Let us
lesve aside for the moment the term, operations. !’:l.lget conccytn;lized
the totality of our knwledge as being organized :hrou;h two ftaworks.
a logical framsvork and a -pat:l.o-tcmpoul (:l.nfulo;:lcnl) frwotkv
(Piaget, 19463 1971). When we hear the uord wpiaget," for example, we’

understand it through & framevork thnt cnablu us to th:l.nk of such cate-
~ gories as scholat, scientist, snd psychologist. In contrast to that vord,
the words "Quun victoria" bzing to -qxd such classes as "guler" and
"-onari:h.“‘ These noc:l.al 'cute;or:l.u (.tlt\ll grgfen:l.on) , are examples of
tchtion!hipl nlong d:l.uute objects that are independent of space and
time. - To 1ocate !hg&t or Quun V:tr,to::la :l.n the totak\r.y of our knowledg .
we nesd & fuwo:k of opacc and time 1n addition to 8 :{o'iigu (classi-
(!:l.cator_y) framework, to know ‘that he was not 8 sehohr '{h 1dved in

Zenaissance Italy, ind that she wvas not a -ed:l.eval Ch:l.n se monarch.

Y N B |
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Both the log:lcnl and inffaiogiul ftuﬁvoth are eonitfuete& by

taﬂoeti.n nb-tuetiem The ehnd's eoutmcticn of logical rchtiona

-ghips ,by uﬂcctivc (and apiﬁul) ab-tuc:icn hu airndy been d:!.ssa

- cussed, I will aﬂd hu‘c lcu cnlplu of how children build 'spatial
and :uporal tchuonlhipu by rcﬁce:ivu (and oipiﬁul) ;b-tr-etgpﬁ‘.

Ohgcetl .ﬁn: in tpaec and tine We thctefou know space and time

utud.t:lnly as if :h-y ‘nu obufvnble phyoie‘al knwlcdtc. During the

unioﬁ.no:or pcriod. s bnby lnml to pull a pillow to uke an obje@t

pcrehnd on top. of the nldu conz clour to. hu". Obumticn md ex- - '

gcthncc are nccuuty for t‘hio lurnin; to ocgur. But cvcp this Imwl—

- Qdu is & uluionnhip r.hnt tb: baby sust canlt:uct bntuun the pinow

;nd the objcct that is:on top of it (H.ue:. 1936). !rior to const:uct-
tng thil lpatul nlat:lmhip. 1.: dou not cccnr to the mfant to bring

the object closer by pﬁlun pillw.‘ 'ti.u. "C00, u :lnvolved in this

' gansuver. Anticipatory and gntionnl bchnv:lou. 1n fact, ‘attest toO

“the m:ant'n creation of tnpoul ulu:lonnhipr to ant:lcipdte the

breast vhen s particular pérscn sppu:- (npiﬁ.enl ;encnnution) , the .
‘baby -llt put o’burublc bits of knowledge :I.nf.o unpnr-l ulhtiunships. |
The lpuio-tclporal framework qh-t !tlut pontuhud :l. an cxtens:lon\
of :hi,mll lpatio-tapoul uhtioﬂshipn that are conit:ueted dur:lug
the uinnorinotor putiod. Adults nlso creste -pnthl fumotks 1u '
their d'lilgvsﬂuptution to the world. Upon entefing an unfamiliar build-
ing, for t:nylc, we begin ctuting s oyltcn of -patial uhtionlhipl '
conccrnin; the buuding as e loelte the elevator, the otdnuy. the

~xést TOURm, etc.s in cuhtion to the cntuncc. In addition, Wi try “to put

the entire building mto uh:{‘mhip w:lth the ureeu-outsue \that | serve

»
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| a8 &0 moml spatm framevork. The aorth-south aad east-vest goofhig- :
‘the larger !nuwa:k are, in tum, T

we (CTeAte 8 Opathl

nates :luwl:nﬂ in chtnd td the ap-

'mnt s&nnmt of the mm. According to Piaget,

ttutvotk by rafloedm db.tnctien pd later loeltc objccn snd eventé

o

. within this framework. o :
o : S ' )
An exsmple of the tuponl framevork cip be found in The Child's
Con ugftion of Time (?iuet. 1946). A lv-yu:boid vas asked abéut the ‘ e .
! nhtivc ages of some faniliar pe oirho > ' . T
ﬂ
| Ic ‘grics, [your youn;er oistcr] a baby? No, -he ; ‘ ’ . -
) walk. Who is the older of you tuo? Me. “Why? \
L.° ~Bucsuse 1B I'm the bigger one. %ho will be older W )
) 0011 m‘t KnoWw s n"-‘, r

she starts 'ts § roing to u:h
Is fur Granny older

sother oldef than youl Yes.
Are they ‘the sane age? I ! T -

. than your aother? No.
think 80 Zsn't she older than your mother? . Oh Bo.
Doss your Gunny
the sane. And your ®0
well. . And you? No, 1 get glder.
Sister? Yes! (cate;oricnuy) ees WHO was‘ born
fizst, Erica or you'l Don't know. 1s there 8 vay -
of !inding out? ‘No. Who is younger. !r:lca or you?
Erics. So which one vas born first? ‘Don't know..e
© (pe 1o, 221). .

nm';iion that: va% known through ob-

ther? . She ntgs _t_!_\_e_ sane 88

time vas an intuitiv;

]

Yor this ch:lld.
servable fuctn such as people’s -Lu.

the child will be able

ouur'. birth uithin this fumorh und to dcduce that fbreve: there-

ould :eu&n the une
r.he ternm operation. “Opera-
oG

" In Piaget's .

Lateér, after creating 8 systenm OT

" gramevork of time, to locate her birth nnd her

after, the d:l.ffercnce in their u;uw

-

now return to n.;e:'. use of
“teuoning logically.

Lat us

tidnl“ can be understood roughly as
sctions that sre ;rouped into cohcrent. ‘

"i.ntcmnud
For P:llget thought -

: vordl. opentionl are
Inhelder, 1966. p. 93).

un"uibl_c systems” " (Piaget and

-
£=%




the -mnﬁ-otor p;riod. the action h

is uuﬂoﬂud action. Du:in;
physical aspect becous

udhlocinbly phyt:lesl and mul.
oTt, thl ar.tian ecan bc

it becomes ponible to do
.agnd -thus netions

htcr. ss ﬂu
hn of a necessary SUPP :ricd out more purely .

- on the mental plm On the mental plnne.
“ mﬂ undo aet:lons \m;hout én’ptndcnce on phy-:leal action.
1d ‘ressons that there sre mOre

nygversible.” ‘Ihtn the chi

m is ununy cuttm;

can ie.mtgny
the Jvho,l'e (set of blacks)

blocks than blue blocks,
> - e d4nto ‘Plttl (blue snd red group.) ‘and then reversing- ¢he ‘thought w e ]
unite the pu-u mto 8 Iholl. When the child bccous able to Perfom : : .

- such g,cnul actions ;eneuny and cmintcntly in 8 ur:lety of cues,
more dollv

such as deducing that thete sre more trucks than f:lutruck_;.

than baby dolh."gtc.. he is

ug coherent, geversible systen.”

plies such coherent and rcvou:le‘gum.
er rass

uid to have grouped thcuh sctions into

In specific cases ‘when the child: irz; T s

he. u said to be perforuing
ono/nlogiully ‘a8 he had: aE :

’ an "opcrat:lon."

done wvhen hc said ther
rs L4 ?j .
o In Piaget's :hcoty. Jogical opcutionl are distinct and differem:: : -

o

the fornr concern uht:lonsh:lps '

alo;:lcnl opput:lcnl because
" there are

] Sron infr
are 1:r¢1¢vant°

jcen ‘where space ‘and time
. objecél are

among d.t-cutc ob
untdhu of how thes:

. moTe truckl than £1r¢ttuckl.
grovs o:gt of log:l.ell opeut:lonl.‘ and arith-

arnn;ed 1n .pacc. ‘lm:bct
2=8"1is 2 ufineunt of the
1] me -

‘metical reasoning -pch as "6 +
uﬂnz such judgments as “theq: are sore B than A. -
lmngn:j ausber tn‘sk sets up an op’pp:tmi:y for the ‘

|

|

atial .(length oF dsnsity of a |
. |

at the same ‘time. . !
- |

| |

|

|

|

<

|

|

|

. l

thinking . ‘

mw}nd 1n
<. eonurnt:lon of ¢

thilﬂ to think about sp

zow of. objects)

K o nd nunerical :ldtu (nu-ber of objccgc 4n the Tow)
& . PR , - e '
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' m:uuy two Tous of cbjects are placed in front of the chiild in spatial’
and m-or:lul one-to-one comgyondcncn. nun the spaces betwesn the ob-
Jects 4n coe of the two Tows are ehmud -o thlt the row is ttmfomd
4nto a lannt (then & lhﬂttlt) row. The child is uked wl;ethct either  '
the wntouched or transformed row has "more or len or the sane munt to
'ut.“ loncanumti fun to conserve number (chnt :l., fail to maintain |
the idea of nunriul equality when one of the two zows is l:atially

. B ttmfoncd) in Pltt because t.hey bue their Judgnent . on- lpathl fron-

E tiers, They also fa:u to conserve bccauu their thought: is not revernible.

o i Spreading the objects upatt and pnttin; thenm back into one-to-one cor-

3 rupondcnce are t\(o cppouu uteful actions which c:nnot; take ﬁhce' :i.n- | B

' Q-muncoully time. thw the child's thoi.lxht hu becone teveuible. |
s . he becomes able to cootdinate theu ddeas 1n hh hud and deduce that the '

nunbet rmiul the ule R
| Infulogiul opeu:iono tcfet to spatial and tcupofa:l. .opet;tions
such as thou mvolvcd in -euutmt (thc qullitificition of continuous
N -~ dimensions). A continuous dimension oueb as length, for emple. becomes
'nulccptiblc to nunérical qmt:l.fiution vhcn some unit of comparisor is
, chosen, and vhen that unit is uputcdly nppucd to t.he spatial diuns;on.;
The wvhole is partitioncd into units, :nd ueh wnit h added to the ones
already counted. fo measure a phce of paper, the child might use s
ruler to cut the hn.th or dtb into !.m:hn' but she aho puts the
dnches blck to;ethct dnto a vhole that includes one inch in tvo, two

:I.'nchn in three, and -o forth. The -auurmnt of time is nkmlse an_

- gnfralogical operation,. except thn: time has to be tlptucnted An the - |

udmam‘- uind. In -iundn; m :luteml of time, the Jaﬂd has to |

4 . ’ oo c g ﬂ., =) R
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santally inelud- ons minute in tvwo, one day in two, one 7ur in tvo, ete;
»,lnmrclnnt 4s thus an operation that dnvolves uvcnibiuty and the con-
struction of coherent cnu- _ N ‘ ,

As the terms "logico-arithutiul" and A"logieo-al';ebntc" iupiy ’
(Piaget, 1971). mﬁcr grovs out og logical operations which are diitmei:. ,
- and di.!forcnt from ufnlozieﬂ opcntionl. The TOOtS of :I.o;:lcal and

ufnlogical opcrutionl. hanur. are ssiu md:lffcunti-ud in young

dludnn.' ma_!g &9 vhy ehndun .at the stage of guphic colhctionl use N )

spa::ln:l configni’a@ﬁm and make houses (e 0 ' ') vhen uked to "put

‘ to;ethcr thc th:l.n;l (;eoutr:lcal .hapu of different sizes and colors)
ﬂut are alike" (Inhcldcr and Huet. 1959). 'rnu dnitial lack of aif-

' fcunthtion batvaen yre-log:lut and npnthl ennl:l.deutions vas cxplored
in the conu:t of .tudy:l.ng vby ehndun conserve ‘elemantary number before
eonurvin; conduuou: qu-nuuu (Iuhelder. lhnchet. A. ss.nclur and

. piaget, 1975). uodiﬂcat:lcnl of the cmemtion of cleunnry mmber
task ensbled Inhelder and her colleagues to 1n£er that young children

_surround objects with a "gpatial ‘nvelope' which interferes with thg;r -
judguntn sbout numerosity. The gradual differcnth&ion between dis-

crete (number) and cont:l.nuous (space) diunlionl shovs that the roots |

of logiul and 1n£nlo;1cnl opentionc are distinct but undifferentiated
at the puopentory level, and that the mechanisms cnluring the two con-
servations become uonotphic at :he operatory level.

One could urguc that -puio-umponl considerations :h:terferc with
the dcvelopunt of 1og1cmr1thutic opentionn. But they msy @ilo help-
chndun to or;lniu thcir lmovhd;e by pr v:ldiné occuim for then to

think Iogicauy and- n\ner:lcnl_ly. When we tell children to take turns, i

<




8l

for mh. ve impose 8 social rule thnt utilizes :hg 4dea of temporal

uquncc.‘ ml serves as an ocwion for children to nake luch logical

‘ nht:louh:lpl as "those who have had 8 turn (and those vbo bm”not);"

' gnd oumerical uhtionshipn as ":hru sore pcoplc and 1t'11 lu my turn

ugin." In the pnyehological ruutyi of the eh:lld,, pumber develops in-

. diuoehbﬁ and in 1ntcuction vith -plt:[.o-"tcipoui, relationships as vell

as with a knowledge of objects and people.. oy

The uptueniition of Number

in -lny different ways in '

-I

As :he tern is used here, rcpruenution refers

The idea of rcprcunution bu been used
paychological ruurch.

: \
primarily to two-dimensional graphic foru._ They ‘have been differenti~-
Before .

" ated by Pisget and othcu into two types: syobols and signs. .
" )

discussing the uprucnution of numerical quantit.iul. let us consider

the dh::l.nction betveen syzbols and iilnl in more general terms.

Sysbols gencuuy represent reality vhi.le conurvin; some Tesem-

blancc to the ru:l.ity. Atbitury si;ns. in com:rut.

bear little .m:la

hrity to the :nliq biing reptucntcd.

bolic upgcuntit

with t:l.phn’bet:l.’ lit.toh. % o:h ugm

*-thcir .‘lupc&‘ flphic. aud:l.tory. ctc.

t,iff- duution (hw :lonz

u %Otdﬂ by.

)

’mr the -pokcn vord "houu,

u., In Vutcrn mic, pitehn

other tutntu uc nl.‘.l. ur.ordcd cith dut:lnct notntionnl u:k-.

_
diucinctiq‘n bttwun -yi:ok nnd nm thul

‘A duvin; of a house 1. s syn-

and its teprucnution

 Signs are gollective ugniﬁ.er--
) tnd :heir convcnttonll seanings

2 mnimd. e Huliul notntion prov:ldu another .xmple of

arc wnmn:luud by
=

' pigch :I.- to bo cun‘ined),

_noaiﬁcntim of the nrk;. dyuinic-. uuu, .cccnts. and

‘I'hef

:uu upon (1) the degtee to

83




which the graphic representation uu-blu the reality or 1dn’be'1ng

, lnd (3) the c::unt to which the no

. cipﬂud, () thc source of creation or undation tcntdinz um:l.ng,

uu.oul olmntn form a qyltcn.

In !utct'n thcoty, sysbolic ’bchnv:lor u!hctn the subject's ten-

dancy to u-hﬂnte tul:lty to Mnulf ,. to modify reality to make it

-pzm from within: - . their nou:c

.accessible to h:ln’ (Piaget and Inhelder, 1966). Syﬁbonc npteuntations

e is the individual's mental activity,

cuppotud by chunu of :he ouenide votld. Once the ehnd knows 3

bouse, “for exanple, she uu manage to drav houns \d.t.hout. being uug.ht

. and the system, 4nto which these

- how té make then. In conttnt, both she elcunu of conventional nota-

- tion (mﬂjct-“-quinln, alphabetic ht:pr-nquiulu, mical-nqutggles) .

shapes are ornniuﬂ -ult 1n llr;e -

measure be lumd. In ?:luet's vicv, lutning of thh k:lnd t;kn phce

through imitation. Imitation is

uccomod.tion to cxuml nodeh'

-4t is thc undcncy of the: nubjut to -ndify het blhlv:lot 1n ordet to

geproduce lmthin; given outside hetulf (l'u;et and Inhcldet, 1966).

In practice, .o-z uyﬂaoh are couectivc .unifiern or uhsrqd

uptnintatim. they function in thc uu vny as signs. Bighway

markers warning dtivetn against dnn;e:oul curvu convey their nessage

and the msaning of the markings

77 4a sysbolic form. The markings resemble the idea being conmunicated,

-
is knovn to all drivers. Some elements

‘. of sign .yunl also resemble the 'mih being signified. "me Roman

m-cnll 1, 11, III, and the Chinese ideographs = o = are elenents

of -un systems that nunut the ideas of onc.'tvo,' thres. In both the

lonn and th¢ Chinese nyueu, it .hould be added, that ‘zesenblange is

14mited to the first three ;uphi.c @nrkt of the tenpectiée .y.tens-

*,

"

[

o
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uguuntation of lmnﬂcal gu_gtiuu u:l.t.h 2
tany marks and duwin;a thnt eo-micato wurolity are M1es

of the tcprucnution of numerical qusntities with .ﬁoh. When chil- ’
lun ﬂul:lu nu-ar:lcal qu.itiu. t:hcy make their uptcunu:ions
tueﬂ:h the 1dea (e.8., Of "c:lght“) sither by saking direct copiu of
t.hc objects (the collection in external tnl:lty). or by nvmting -ome
eolhct:lon of nrkl that can be "read” as eight’ things. The mportant |
ébint to note is that t‘he child does not nud to be uu;ht how to repre-~
sent nuuriul quantities in this vay because he has hw’ﬁgud a means

for making his message apphunt- he has created the marks that u:l.ll

.tmd for uch object. There are neither conventional urh nor -yatéﬁic o

n

propert:lu to lurn. _
7' Sastie and Moremo (1;76) studied the devcloﬁunt of childien'r ’
;uph:lc repuunution of nuur:lcnl qulntit:lu by asking chudren to
I},in pa:l.u. One.child vas uked to vork with the, Exper:l,unter (E),
vhnc thc other stoed outside of the :oon. E asked the £irst child to
“leave a -ulge" for the child outside of the Toom "go th@t he ’(the
'nn:lve ch%ld) vould be able to tell how many pieces of candy sre 'hgre on,

the cible = -so that he will be sble to use your note to put out just s

nny w gastre and Moreno found that .young .ubjccts symbolize ¢1

p:lecu of candy vith & draving of -one other object (e.g., a0 octopus
with o:l;ht legs) before upuunt:lng that qmti.:y either with a direct&
dr:ving “of :he p:lecu. or with tally uarks to indicate the correct
uu-bcr. The idea of uptiunting nus ‘rosity with mncuh (the disitl

1 through 8, .0r simply 8) d:ldn't 'pontnneully occnr to their svbjects

until a .urpt:l.li:ngly. late age. ’ . e :




lngzannuuon of !ﬂerieal gu_a_nt:l.tin With stm
pigits and n\-crm. u well as dphubct:l.c letters and votds. can

be thought of as socially ms:ituted objccu of :he cxtcml vorld

(hrui.ro. 1979). 'nmy are cbjects which can be thought about, zind

y ehndun do havé ideas about them vcll beforc they enter .chool

~ (Ferreiro and '!cbatob.ky. 1979).‘ . IR s

~ In the lehool environment uunuls are dheuued almost exclusively

‘ as tools for mumerical qulntiﬂcltion.' But children's wn 1d¢u about

the auninn of thnz ;uph:lc marks are often far raoved from the Vcon-‘-

ventionsl uininp. 'Ihue pcnonlny constructcd ideas sre not abe:rant.

‘4n and of thmelvu. th.y bucou ltunge or en'oneons only
An anecdote \d.ll urva to nke the point. L

in cnnttut

with convcntional seanings.

Mark (3:6) knous the htuu of the alphabet and countn with ptoficiency

up to tvelvc or thirtesn. He was sitting at the k“itchen tnble. and in

~ fromt of hil was a jar of ;ppleuugc vhole hbcl conunuﬂ of - pic.tute

of two apples \r.l:l; the word A P P

\
o

knew the contents of the jar. . : _ v |

L ! s AU C E vwritten bclow.. !htk

"Is 'applessuce’ written somewhere?" o

o

: Interviever:
Mark: "Yes."
I: "Where does it ssy "apple?'"
M: Pointed to the two pictured lppln.
I: "Where does it say ‘sauce?’” _
M: Pointed to the whole yord, APPLESAUCE. Then he : SR
.pontnneously began cgunting the letters, "One,
ﬂb..otlﬂ. ’
I: "Ten wvhat?"
: (Surprised) "Tén mninu.
I:~ "How so? Show me again.” .
M: Counted the letters again and said, “"You see, ten." - .
: "Yes, yOou counted that vary vell. Ten vhat?" S <
M: (Exasperated) "N UMBERS! ™

o e : o,
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For Mark the clash bc:vuu his action of eﬁm‘t:lng, ihe 1dint:lﬁcntion

_of the t.hin;o he hu eountcd, nnd nusber 1. not ‘spparant. -The ubiﬁi-

. ties will emerge 89 he bocc-u sware of the :utri.cted meanings of -
letters, iuutnh, counti.n; words, md mnbcr, and thus of the diffe_r-"
qnce betwun then and his own notions. ‘ .o . | , | . |

| L su;riit and A. ss.nchir (tuearch in progrus) are studying tl'ne‘ ’
v-‘_nnin;n'vhi.ch preschool chndrcn attt:lbutc to pumber-squiggles. They |
:I.nur?quq ’onec_j_chnd (4¢1) who, vwhen phm pi.cttkru of objects with®

. pumerals on them, Epough:,,,_thut abona birthday uke uan£ "cake ‘and K
the numersl 15 on & door meant "door ," as 1f the .qui;gles vere. f.he nnmsh -
of the rupective objccu. Another child of about tlwune age, (lo 2)

thou;ht thut the & on the cake meant wie's good to eat" and 15 on the

door uid "q:o recognize ®y houn. " pyor the latter child, the squiggles |
carried sone kind of s functional message. Siegrist and A. ‘sinclair fimd
thlt children think the numerals are 14nked with’ the objects on vhich they
are found, but that the types of 1:l.nkl;u, ‘oT uanings, take very dif erent' ».
forums: ;_und__t_t_g 1abels vhich are tcd\mdant in the sense thnt thcy ;1ve§no o

oew informationg and funct:lonnl messages vhich serve such purpous as tell-

4ng vhat the object is good for, oT ‘giving 1nuructi.on| or ordeu, iﬁ mch
the same Vay &8s hi;hvay -peed-un:lt signs convey to ldnlt. hw fast they |
‘are allowed to drive. In the case ofzfunctioul messages, the meaning of
the iunb’ez--quinle's depends in-part on the ‘pature of the object ‘on which

it appears, or the fune of’nfehnce to which the object is assinilated. ﬂ‘v

The latter phenounon Ippeltl in adult functioning an the €ime: ‘who mnid

aistake "1 2 . 9 §" == the price of a book, vtt.h " 9 81" = its publicltiow .
A




86.

ate. ‘or ﬁ.th that long .tring of n@cﬂ - 11:. ubnry of COngtess
) duim:ioh. even thon;h all.of them are vr.lttcn uith the nu set of

aum h adulti ve have Jearned to recognize that certain lochny de- -

ut-lned Fmtelhtionl of di;it. have- diffctent kinds of meaning.

_ In pﬂ.nc:lple. thtce groups of gonﬂict emerge in the .c\wol-aged

. lch:lld'. thiuld.ng about written mn‘bct. The first grovp eoncerns clashes
bctvun lpoken and wiitten ly.t.ll of uprucntntiow the .econd centets

on ccnfu.ct: between the principles undetlying mnbet -nd ‘the pr:lnciples ’

govern:ln; written n\mbet, and the th:ltd iocuu. on diffctencu betweén .. .

the ideas underlying arithmetic opentions und -er.hlnhu for written com— '

putations.
mnflict. Betveen Sgo en and tteg Systems R

1 lmve htgucd that both the ulphabetic and the numeration systems
are objects of knowledge. In this peupective. it is the tuk of the ~
child to figurc out not only the pt:lnciple. vh:lch underlie uch Bf the
systens, that is, their 1nt¢rnl1 conlhtencin and 1nconsilt¢nc1es, but

also the similarities and differences betwun the .y.tem. and the cor-
respondences (and except:lonl) betveen npoken ;nd vr:ltten number on the
one hnnd; and .poken and written Englhb on the other. These relations .
are -umn:ized in ‘!'uute 5 (p.87 ). To" record spoken language, most
Indo-European ian;uue. use an alphabetic writing system. Among these
languages f.he translation of spoken {nto written language rests on the
phoma-gnpbene or sound-squiggle cprrupondencc., This principle, that

the graphic marks uproduce sone (but not al1l) of the sounds of :he spoken

word, is alien to vritten nunber.

: L ) . ,
. : ¢ 93
3 . . . : ¢
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Mutfon s!ite- '

‘a. Squiggles O through 9;

i

b. Principles dnderlying written

._(1) ausber (for problem solving

.,00d computation).
1 2 . ) .

(1) ‘Mumeration system
(5) Correspondences

© pigure 5.

(uritten number)$
(2) Alphabetic system (written English);
(3) Similarities and differences betwee

(4). Correspondences. (and exceptions
(and exceptions

a. Squiggles A through Z3
 po Principles underlying written.
Eoglish (for reiding and -
writing). .
n vﬂtteél systens (nuetation. n!ghnﬁetic);

) betwe

) between spoken an

— Al.ul'i’”lbetlc. blvl.riktil’fl‘ S!: .te- :

en ‘spoken and written nusber;

L

Relltion;n within and awong notational

o
i

d written English.

~—

and spﬁken (Engiish) systems. °

v

L

g3

o

@
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uost children urc dtudfully confuud sbout how ‘to mu a number '

 guch as 16 or 16. With the miserable "teen u\-bcn. the lmdllquigg].e

conupcndme is cmhu).y innrua. gixteen u vritten 1-6 !rom .

| h!t-to-t!.;ht. and not 6-1, even thou;‘n the six 1is hurd ﬂru. ror the ‘
child uho is also luz-nin; the alphabetic -ound/-quinle eo:tupondence

4n ordcr to tud, the noud.on for :lu “egen" counting words has to be

-ntetioul. Another instance of the cluh betvun t.he npokcn and vr:ltten |

;yotul can be seen when chndun uute a8 nunbcr lur.h as one hundud and

‘mnty " 00 2 0" . first one hundud, and thcn t:venty. as 1f. one vere

i

Ygpelling” mﬂuu. , ,
. English uses-8 decinsl systen fof writing aumbers but a noxi-?deciml’-

‘systen for count:lng words under tventy. Thirteen il:lffercnt vords are

employed for the uquence geto-through-twelve. -The next seven "tc
words use either the ordinal or cardinal nuber names for 3 through 9
with the root tegen" affixed to them. A new word is introduced for 205

and only then does the verbal .y.ten become more systematic. The same

'ordinal or cardinsl form used for 13 throu-jh 19, Sut with the root “"ty"

attached to thenm, 1- uttered for the decldal nuzbers. Twenty-one through ,
29, 31 through 39, ctc., combine ‘these€ vord. w:l.th the clrdinaf names for
1 through 9. Then. new words are utroduced for 100, ,000, and hrger
aunbers. o o : A S

from the standpoint of thé correspondence between. the way it which
pumerals are vt:l.’ttui. and the nuzber names by vhich they are read, t\he

Japmu oyuen forms an interuting contrut to the Angio-Anticin sys~

ten. The Japlneu ule the Chinese ayuen of mmber noution ‘wherein 11,

12 ... 19 irc'vtittqn 1'0-1,  10-2, etc. In English there are different a

-




wtde for these m-ereh (eleven. tvelve. end eo fotth)

“ar

theee m-euh axe reed "ju-iebi. Ju-ni ... I u" vhe e/ /ju" -8 ehe ,

/ .
,”:‘ for 10 “d "‘-ﬂhi. Ili ceo t\‘ are th‘ ptdi ) 4 li . sece 9. 80 1n-

n eteed of the nevw' vo:d ngieven,” "een-one" l.e u‘id}.
/;velve " Wegn-two" 1s uttered. and so forth. ‘!h ]
p“l.ee of 10) are "ng-gu" (tventy). "un-ju (th:lmé; end .\t for:h up 'to
"kyu-ju (ninety). l:lterelly "uro-tm. three te s," etc. The cotteepond— o .
;enee betveaf{e written and the verbal is thetefore meh eloeer i.n the
Jspanese system than it 1s. 40 mgueh. }L g
| Children are introduced to both the‘“nmeretian eyetemwend the eiphe- ‘
o betic vriting eyeten at ebout the sane point (roughly ages four. five endi y
‘-eu).' and they often ee@ 1f the verbel. alphabetic. and mmer:lal eye-
tens were mOTE sutually consistent then they ere. ‘the tendency of the
.child vho 1s trying to learn the tulee of cultural eyeteu s to p:eemne R
that l:he principlee underlying each of these d:lfferent eyetene - verbal/
nmeretion.pv’erb,ellelphebetie. end*nmeregion/elphebetic - are enire '

coherent than ‘they are.

-

Conflicts Between Number and Hritten BRunber
The second group of conflicts vhieh :he child has to deel vith eon-
cern the pr:l.nd.ples undetlyin; nunbe't, and the prineiplee underlying ‘the I
notetionel systen for tecordin; mni:er. A knouledge of the mmeretion )
_systen is quite sepsrate from 8 hnowhd;e of number. A chnd of f.:lve or

_six vho has just Tecently eoneemd nmber has finally come to the fo-

pormt reel:leet:ton ehet. ebe nuerieeL quentity of- e conection of cb-
| jcctl (11:. mneroeity. its eerdiul walue, ukmnber) is eonpletely un=- ‘
affected by ei.:her the epetiel er:engeunt of ehe objeeu, or ehe temyorel .

s ? ' - ) v 2 °
Kl . __,'3;_1\' . . - . bd EaNY
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order in which :’hé objects are counted. 80 mg as the child imposes f

L kind of order on ‘the objects and counts @8
thc pusber Temains the ssme. )
But the notational systen employs
fundamental properties of auwbder.
jeft-right order in which mul
ee in the quantities. they T

esch object once and only

X

once,
p‘rineiﬁlei that sharply @hs‘h

with these The spatial arrangement of

the digits, and the
does make a differen

ti-digit puperals are

epresent (see

written, |
rigure 6).
Spatisl Arrangement Ordex o
1 2 5 215 and 251 .
['1) meﬂ q3 mﬂ " give“
12 S. 521 and 512
"egelve" wEive”
25 152 and 125 °
“gne" wegenty=-five” o

125 '
“one hundred tventy-five"”

1 Pigure 6. The spatial arrangenent of the digit-. ‘as well
s as the order in which the digits are written,
‘ cffcctl the nunerical quantities they convey.

‘ o

cnly recently conurved unber, and thus realized *

g of the objects does not matter, peing -

d that :he order and spacing of ‘the written mmbeu representing ‘
-

|

\

Por the child vho has

.t.hlt the order and the .pacin

thcn tol

thou objcctn dou ‘satter, must be s bit bmildet:l.ng. - ,

ot.uiontl principles)

4dea of base (mnner:lcal ‘principle). Our -
Rt

'lhe potation of units (squiggles and strictly o

should be distinguished, from the

¥

A
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commodious system fuses the two to;cthet, but they are distinct in lpite

- of their correspondence. Hhuo our positional system seens pthectly

nnonnblc to adults vho 'ere accustomed to it, it is not obvious to chil-
dren nor evan ltandntd samong cnlturu. The Chinele. for example, use &
base ten systea vhich does not dcpcnd on positional notation. This sys-

ten is ulustuud 4n Pigure 7.

-— - = O 1 f\ TN ib +
1 2 3 4 2 8 .9 10
+ t = F T = %

- — + ‘ g - :- * + C e |

u 12 . 2202 22 0 40 /100,

Figure 7. The n\ner:lcal :ldu of base 18 d:l.lt:lnct fron the
notat:lml idea of posit:lon

’

" Note first thtt 11" is cu:let to mtcrptet in the Ch:lnele system.
than it is.in ours because the lqu:lnle fat 1 s d:lffeunt. from that for
10. In-our notational system, the 1 upputing the tens place signifies
.ten. Second. in the ‘Chinese system the nunerals for 11 through 19 sre
written 80 " ¢hat the 10 remains visible: 11 is writtcn 10-1 (ten and one);
12 is vritten 10-2 (tcn and two); and" so fotth. Th:ltd. 4n the Chinese
systen the decadal numbers (multiples of 10) ere . wyritten so that the 108
rexmain visible. The systen vhich is wadditive" ‘fot ‘11 through 19 becomes
"-ultipliut:lve" for decadal mmbetl up to 90 (iterate ten. tuo times, ;M |
iterete ten three times, ctc.). For 21-29, 31-39 ces 91-99, the two | o
systens combine: 21 is written 2-10-1 and 22 is tecotded 2-10-2,

{terate ten two times and ldd one, 1teut¢ ten two times and add two.

98
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The Chinese system introduces & new sign for one hundred, vhereas the

. positionsl system utroducu s thﬁil column (lumdred‘g;;p;acc) .

Conflicts Betveen Arithnet:lc g_geutionl and Written Computations
Yot only do the pri.neipln underly:ln; n@er and written number
clash, but the pt:lne:lplel underiying the a::lthnetic operations and written
eouputa;im can clash u vell. Hultipnuticn providcg us with an ex-
smple of this clash ‘i(ue Figure 8). In the first example of' 3x4 (eg.
t.hree pucen of candy on each of four phtu). mltipnution is ‘the ac~
. tion of repeated additien, tbat is, ldding groups of three discrete units
four times. The notation uses a multiplier, &, w;u:l.eh repreunts the
punber of times that the action of addition (+3) hu to be repeated. The
. result is telve discrete wnits. The difference ‘between addition
(34 3+ 3 +3) = 12 and multiplication (33 4) =12 48 that mmm-“
tion is ;n operltian on an opeution. or a second order operation: the
nev term, the multiplier, represents an operation (number of times) on
an operition _(_lddi_tion of +3)°. The result (12 piﬁ.ccu of candy) is the
A same in both cau: ‘ ‘
But Easley (1981) pointV; out that .ult.:lpncation is more ;mndrous
' thnn this analysis suggests, for the operatioti of aulgipliu‘tiaﬁ seeningly
cnablps one to create new entities, -sch as ares OT volume, out of other -
entities, such as line upents.. Multiplication, 1n other vords, can ‘
nppcir to be something more than repeated addir.:lon. In the ucond ex-
ample (!'i.gure 8), a horizontal line seguent of 3 4nches (a p:l.cce of chalk
' » n » long) 4s moved vertically dovn (a bhckboa:d) s distance of 4 1nche=.

thus creating s new entity which h no longer a line segment, but ruther

39




5 . o
Notation for the actions (ol;erationa) in both of the following empiesd; .

4

" 3 x4w12 or 3

a ) 1’2,, / . : - |
xa!gle 1 ' — 'f | ° o
. -._.,n seseea,, -'. t'elve candie' 1“ a.ll
2—' s ’ 2 . I .E .
"o . PN | .
Example 2 "'--...---"'; ‘ )

':.
m———
—y—

!757..
. ,/%""L_.
.OI;/,l :

_twelve square inches in all

Figure 8. Multiplication as simply repeated addition (Bxa-ple 1), vs.
multiplication as creating new entities (Example 2). ,

€6
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a “smear. % Qut of an operation on tvo line segments of _3. inchés and &4
dnches, & nev entity is generated, end that is an area which is 12 square
dnches. The cmputationel form and the written representation in this case
are the same as in the example of the candy, nonethelese; A child who has
been tnught to think of multiplication as repeated operations of addition
night be justly perplexed bout how to .conceiv'e of the chalk smear as‘
"repeated additions.” ' R
The foregoing analyses suggest that the construction of number con-
cepts (necessary eouelity of two or tiore collections containing the same
quentity of objecte) cnd numerical part-vhole relations (grouping of ob-
jects into sub-sets does not change the numerosity of the whole) rest in
relationships that each person constructs. Numericel quentities can be .
represented symbolically (drewings or peroonelly motivated means that
enanate primarily from individual cognition), or they can be represented
in:)conventionnl notetion (digits and other notational devices thet have
a lhared meaning). Conventional representetional systems, acquired from
| the culture, enable us to record. otore. and retrieve ideas in a common
end eccessible form. But the oystans themselves have properties. nnd
their objects (mrks) are oocielly uoed to serve. a wide renge of functioms.
Notational systems. thus allow for poosibilities. and impose constraints,
- that are different from those encountered in oymboiizltion.
'l'he acquisition of the conventional system includes learning the
digits (how to write than. end how they correspond to mxmber-nmnes) But
more importantly it inVolveo a reconotruction of the nmnerical and nota-

t,'ionllb principles that organize the digits into our nmneration cystan-

/
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rhce value is a most important property of the vr:ltten lystem. As 1:5 name

'mgelts. it is composed of two ideas. 4}"ﬂuz first is the notational principle o .

‘that written position designates oumerical value. The second idea is the

pover of ten is associsted with each written

mumerical principle that a

-
a

If a child's knowledge of number develops along v:l.th other aspects éf

,\ his knowledge. so does hil undeutanding of the objects for representing

°

. pnumber. The general reht:lqnships that have been discussed thus far are :

disgrammed in Fi_gure 9.

-

Number
(%nd jvidually constructed

relationships)
[ /

Symbolic Regresentation

(Externalization of indi-
vidually arrived at ideas)

" (Learned)

Figure 9.

1 sus

by children over time,

COuvent:lonal Regeseﬁ‘eativn'

/ .of . 1dus)
' Verbal System Graphic System
Vord Segu ences Mesgning Notational Marks Meaning
(Learned) (Constructed)

General relations between

pected that the relations uuggested in F:lgure 9 would
and that successive understandings in the yrocess of

construction would form developmental levelc.

oA

\ . N ,1 ,‘

(Cultural objects for repre-
sentation and communication

(Constructed)

sumber and,numerical representation

-

be constructed

In order to explore gome of
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ﬁ&,
these telet:l.onl. a set of hypotheses were devieed that lerved a8 a frame of
reference for the empiticel vork. In the following eeetion the hypotheses

are specified and explained.
/ . /‘."‘ . - .
\ Hypotheses .

 The hypotheses eet forth belaw .lhould be undetstood; as heuristic
ptemiles thet set the direction for, the anpiticel work. 'l'hey should be
seen as giving direction to several heur:lst:lc lines of etudy, rathet than
as hypotheses that can be confimed (the null hypothesis tejected) They‘ - |
htve a methodological as vell as lubstentive aspect, and they vaty 1n>the ,
extent to whicb they teflect new, as oppoeed to pteviously investigated
ptebvlan areas. 'rhe hypotheses are thus of dit‘fetent kinds.

The hypotheses are ordered in several interrelated ways: from premises
that are more general to those dealing more lpecifieelly with the research
ptobluns ltudied here; from premises that are besed on widely replicated |

- findings to those that rest on tehtively l:ltt‘le anpirical work; from pte-
| mises that lend themselves ptmtily to }ualitative results to those that
" do not; I‘nd from statements that are the jeast to the most eusce‘ptibld' of
formal treatment. The first group of‘.thtee hypotheses that posit devglop- '
ment in three conceptually d‘i:lt;nct‘ dm:eins have a different status than
the group of ensuing thtee hypotheses (numbers 4, 5 and 6) that suggest more
‘.pee:l.fic relationships between developmental lines among the domains, or ‘the
last hypotheeie that deals specif 1e311y with the ettength ?f a statistical

relationship -nong two betVeen-dmin pa:l.re. 'l'he telder will note that all

of the hypotheses are subjected to the same kinds of formal analysis pro-
i .
cedures in Chapter 6. The ttede-off between methodological consistency and

\)4“ . | . ) I I 103
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theoretical consistency, the latter of vhich vould caution sgainst uniform
- ‘ treatnent, vill'becme epperent. 1‘l'he results of the foml analysis, de-
| " tailed in Chapter 6, bears most convincingly on thef_eeventh hypothesis..

' Comversely, the results of the qualitative mly'u:s. presented in Chapter 5,
dull ‘more directly with the ﬂrlt three hypotheles. less d.irectvly with the
ucond group of three hypotheles. end not at all with the seventh. The re-
sults of the quelitative analysis thet fom the subject ‘matter of Chapter V

«form the hqrt of the exploratory and descriptive resul;s of this study, and
not the q;untitative results as a whole. | . |
- " Some of the hypo,tl;eses; md the tasks associated with them '(eee_,Ch.ap?
ter A'I”V)', were taken directly from Piaget's well known and widely feplicated J‘ ]
work. The first hypothesis regarding conceptuel de\felopment. and the coon-.‘
lervetion of elunentery number thet is usochted wvith it, are the primary .
| teferents here (P:l.aget. 1941). Other hypotheses were derived from the work
of Piaget's Genevan couaboretors vho extended verious npects o} his many
ltudies, or who opened new ground in genet:lc epictanological_e_tudies. - In—-
L" | corporated into thele hypotheles are the results’ of studies bearing on de- -
. velopn{ent in the area of uymbolizing numerical quntities (Sastre and N
Moreno, '1976). in the ei:teneion of number concepts (Greco and Morf, 1962). . |
" and in the meaning of eonventionel notatiotul systems and grephic merks
(?erreiro -and Teberovskyy 1979. Siegrist, A: smchir and H. Sinclair. re-
leereh in progress). suu others vere suggested by pilot work,done by ‘
myself and carried out in the lpirit of Genevan releerch. Yet others were - B ot
ngge-t& by sources outl:l.de the Genevan school. |
""The hypotheus are listed and atphined beluw. To make than more

amenable to fomel qunntitative mlysis. they are reformuhted as direct

questione. with reference to lpecific tasks, in ChlPtef IV-
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!zgothesio 1. There are levels Lf’ cognitive structuring of nunber and

osumerical pnrt-unole reletions. i

\ .

E

llumber is understood to be-a general universal cognitive structure
that is eleboreted over time by means of coordinating ordering and inclusion
zelationships. While number in ito fun blown sense is atemporal and aspa-.
tial, its eleboretion by individuel children requires experience vith. and .
thought ebout. objecto and relationships ih space and in time. The process

of conotruction io gradual.

. ’
°

Young children must conetruct linkages between the many specific oc-.
casions on which they mke correspondences. and impooe order, on objects
and events. Some of these linkl> s will result in number. Children as
young es 18-24 montho hove ‘been. oboerved to engege in oyotanntic behavior.
“vith:objectn which suggests one-to-one correspondence and serial ordering
at the sensorimotor level (Moreno et al., 1976). This early behavior in-
dicetes thet at the level of sensorimotor intelligence, children are en-

aging in actions that ‘prefigure vhet will :I.eter be reconstructed at the
level of thought. In the Piagetian view, one—to-one correspondence had to
be synthesized with oeriel ordering. without regerd to the: qualitative
properties of objects, in order for nux:ber in its renl,_ meaning to be under~
~

stood. -

»

Slightly older children have .to construct the notion of "a unit" from
many specific instances of "the unit" in order to understand the idea that

forms the basis for enumeration (Steffe et al.,- 1981). Children npon—

teneously apply the counting word "two" to identicel thingn (colmon objects

that occur in pairs, such as ohoes). to symmetrical body pertn (e.g.s feet

®
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i

or .y;.), and Eo°tepeated'oetionl (e.g.. elinbing stairs) before they apply
these words to diostnilar objeeto ond oetions. or to’ oimilnr events that - . |
are nepnroted in time (e.g.. two tripo to the ployground) Benne it is ‘
plauoible that enrly on, children understand the eounting vords as lexieal
items that apply to similar objeets or actions rather than as vords that -
pame quantities. From this’ point of view, a nnjor eonceptunl hnrdle is
overccue when the ehild can differentiate betveen "one two" as wordn which
?nnme oﬁniiotity or 1dent1fy. and as words that name lmounts.lA e

Studies of ehildren s counting hnve shown thot very young ehiidren‘eanﬁ'

accurately count collections containing two or ;hree items, and slightly

" older children can count sets made up'of lorger amounts (Gelmon'ond Gnllistel,

!;ﬂ

1978). But the child'o preeioe and ordered application of a set of tags
(words) may or may not dmply that he hns nunerienlly quantified the collec-'
tion. In addition toO differentioting among many qunntitottve dimensions to - 7?}
obstroet numerical quantity as referring to the eordinnl volue of a eollee- |
tion (e.g., length of a row ‘of objects veroos the number of elements it con-
tains), the child has to nnderstund the idea of a unit (Steffe et al., 1981)
At vhat point in the sequence of counting or of otrueturing numerical quanti— %
ties -{s the ehild able to "1ift" the un%t from its myriad partieular in-
stances and understand it as "a unit". (tﬁe basis for enumerotion) rather.
thnn “the upit"” (ltnited to specific eolleetions of objeets)? )

It is likely that children grasp numerieol quantities of two or three
before understanding qunntities of five or oix. and that largerelmounts

(ten or twelve) take even longer to otrueture. Our numerntion systen- uses: OJ

the base ten, and from the perspective of the young ehild. this quentity is'

a huge amount. It is not tensonnble to expeet ehildren to grasp the numerical
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pr:l.ueiple of “one ten equell ten ones" 1=z 10 = 10 x 1) that 4s linked
Kith plece value understanding before they ere eble to grasp the idea of ,
tenuevholendeup of tenunite (1 + 1+1+1+1+ 1FLI+14+1+ 1-
+10).- - . S _
. 6
It is hypothes;l.zed that uumericel pertawhole relations are structured
eIong with the iﬁnderotanﬂ:l.ng of vhole amounts. Numerieel bunching or chunk-"
1ng (the divilion of a whole into lubgroups of d:l.ffering smounts, such as
grouping six objects into lub-eollections of Lvo end four elements each) is
. an 1nstence of numerical pert-vhole relations (Payne end Rathmell. 1975).

P

The quentity six, for exemple. can be broken down :l.nto two and four, and
five end one, as well as three end three. The ltrueturing of these parts
. into the numericel vhole is hypothesized to teke plece along ui_th 'the structur-
ing of the cardinal number l:l.x. The, cunbinetions of numerieel parts which to--
;ethe neke up ten are many (one and nine, ‘two and eight. etc., as-well es
two groups of five, five groups of two end so forth). Thus it should not

be ourprinilg thet they take a 1onger t:ln;e to learn

‘ nzgothesi's _2_.- . There are levels in children'eu eb:uity to represent .

[

mmerical quantities lymbolicelly.

| Chndren :lnpole or work out mees Qn objects before they can represent
‘ those :l.d_e,es in a draging. 'rherefore children's ebility to structure objects
into mmerieel groupe At the level of eetion (grouping objects 1n reelity)
"o 43 expected to be in edvence of the:l.r ability to represent tbooe groupings
~  4n symbolic form (Sutre and Moreno, 1976; Allardice, 1977). It is hypothe-
sized that there are dieeernible developmentel levela in ehildreu's syml;olic

productions (Sastre and Hor-euo". 1976), snd that these levele loosely parallel.

a

A
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and lag behind, levele of cognitive etruetur:l.ng. No expeetet:lon %f :I.de -,

tity betveen one child's drawing and enother child's drewing of-a g:’[ven
erical quantity is ﬁplied here" In eetégorizing eh:lldren s drewgis a8
of objects, both the relative _ﬂifficulty of rendering verioqs objects- ‘on
paper, and the e.ubjeet"e'experienee with the drawing neteri;ils, v'has to be
i Cg taken into eecount° It is neverthelees hoped that children's general dev/el

of eymbol:l.c perfomnee can be assessed. @ - - _ . o

Hypothesis 3. There are levey; in children's knowledge of the conven- . 3

, | tional noutionnl system. Children s ability io wr:l.te
\ | - ber—equiagles (dig:l.te) is distinct from their :I.deas R
regarding the meaning df those lquiggles.A Children s i

theories concerning meaning form a de\xe],opmentel

sequence from varieties . of ndn.-quentite;ive to quent:l.e

tative iﬁeas .

LY - .
. v

) Number—eeuiggleg are pbject,,of knowledge, and young eh:lléren in eur

culture think about these squiggles from quite an early age (Ferreiro end L V o
Teberovsky, 1979). Very young ehililre\n (from two-end—e—hglf ;ears of age) o
are able to differentiate letter-squiggles jrun n\mber-equiggles ( n.s:l.nclair,
1980b).. But the equiggles seem to have rather l:l.ttle meaning beyond being . |

N recognizable uerke. By the time children have reached their fourth birth-

day, they have had numerous experiences with the equ:l.ggles and seem to ‘have:

more systematic notions about them. - g -

1

Numerele appear-in the general enviromment Oon all sorts of object$=j :
clothing; veia:l.eles; houses; clocks; books; birthday cakes, etc. Not only
are the host objects varied, bu the functions which numerals serve are .

o ‘. . .' Lo | . ‘ ) 108 ) - . . N A - ‘ ’ é«f‘«-
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.7 - waried as vel:l. (pricee. bus routes, eporte scores, detee. to 1iet but a few)
| It is prenuned that ehildren eonntruet their m ddeas ebout mber—uords
- gnd nﬁnber-emlizslu. as well as idm eoneern;lns the 1inkegee betveen t‘ne '
tvo (Siegriet et al., in nreperetion)‘ They build theee notions es they g
henr. see end use th-n in conjunction vith ell norts of Aetivities. i ‘I‘he
diffe:entietion of thele 1inkages il erneiel to ehildren'e understending
~thet mber-equigglee end ewnting vordl een refer to the ideas of eerdinal' =
) ve].ue rather than to epeei%ie objeete. pn:ticuler eetivities. epeeigl. D
. events. - ' . '
It is ex/peeted thet digits repreeféing mell quantities win be giveni .
a numerical neening prior to mnnerele representing le:ger nnounts. Multi- )
digit numerals vherein numerical velue ie epeeified by the positionnl nota-
tion of digits (pleee value) should be a hte eonstruetion., This eequisi- =
tion should depend in pert;«upon the capacity of the child to otrueture the

reletionships between the numerical pll'tl and. the nunerieel vhole designeted

Sy the numerel (e.g., three and twventy and one. hundred in the numerel, 123). S ‘

[

Bypothesis 4. There is a positive reletion betVeen ehildren't eognitive

developnentel level end level in eymbolic representetion.

It ie hypothesized that there is a poeitive rehtion betueen level of
cognitive etrueturing and level of perlonel graphic fepresentetion' eh:fldren '
who perform at bigher :I.evele in tuke de:igned to teg the forner will elsof .
be at higher levels 1n. tukl devised to show the htter. RN |

‘l‘hie' hypotheeie rests on the umption thet very genere:l. eognitive .

: etrneturep underlie encl direot a ehild'e behevion Nmnber is a general

et:uetute,wond a ehild' eymbolie repreeentetion is s nenifestetion of that

~

LY

& -
.9
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) ‘etruc'ture. whct s ch:l.ld dreue :lo e reflection of vhot he or lhe th;l.nks

'Ihe relotiogship betveen theee domine ought to be cloeer then the relotion-=
"oh;lp between cogn:ltion end convent:l.onel

:drm qumtities in vhntever vay he or ehe v;nts. In eddition thc child 19

- not constreined ‘by hlving to lmow how to neke perticuler kiuds of ehopes

(oo mpugslen)s . T v
) ) , ‘ —— i ) ) * C A'.' . - ‘
- Hyp otheeis 5. There is

mo cons:l.stent reloti.on betveen chndren Iy cog-

. nitive dévelopmeut end their knowledge of the nortotional

,;oystem.

It 4s hypothesized thet there 1s B0 consietent reletion between chil-

dren'e cognitive :I.evel and their levels in couventional uotot:l.on. On the

one tnnd mmeroh are culturony given objecte
lpec:Lf 1c prcpert:l.es thet gre- -

e

»the ‘other hand the mnnerot:l.ou lyetem has
eumcbly must ‘be reconstructed by
vrite equiggles does not necesurily

- of ‘ithem. A child who does not inow how to write

¢

urily lock knowledge of nimber (Piaget, 1961)

It is hypotheei.zed that children who ere further olong in conceptual

o developnent will not neceuerily be lmowledgeaﬁle 4n conventional nota-

) tion. Conversely, children who demonstrote proficiency in conventional

potation will not pnecessarily have highly developed uuhﬂ:er coucepts.

no ‘consistent relotion between & chnd'l

‘Bypothesis 6. There isn .
antities eymbolicully and hfs/

ebnity to represent qu

her obnity to represent them in conve ntional nototion.

representetion beceuce the child can ‘

vhich sust be learned. on .

1nd1viduols. A ch:l.ld who knows how to .
underetend the mmericel lignificnuce

lquiggles ‘doks -not neces=




oy SR | o 104,

P

If thete ie no coneietent reletion between cognitive etrueturing and
conventiqnel tepreoentetion (Bypotheeio 5), and if pereonel tepresentetion
follows upon eognitive etmcturing (Bypotheeis 6). then one vould expeet
no coneietent reletion betveen levelo of pereonal end conventionel Tepre-
sentation. If;, on the other lnnd. eane rehtion is fonnd. then the results’

of hypotheeee four (nd five ebove vould heve to be reexemined

szothesis _7_ 'l'he reletion between conceptuel development and per--
eonel repreeentet:lon will be etronger then the rela-

.ot - tion between psrsonal end conventional repreeentetion.

This hypothesie concerns reletione betveen reletiono. thet is. the
strength of the reletion found in Hypothesie t. egeinst “the strength of the
:eletion found in Bypotheeie 6 It is hypotheeized thet the relationship
between cognitive level and eymbolic (pereonel) repreeentetion will be |
closer than the reletionehip between symbolic end couventionel repreeente-‘
tion. Children who heve etructured quentities u hrge as twenty—three, for
exlnple. may have diff iculty intetpreting the re:l.etion between the 2 in 23
cnd twenty objects. Simihrly they mey have difficulty 1n deeling with the .
meaning of zero.

A

'rhese ;enerel hypotheees hed to be» trensleted into concrete situations

. '(experimentel proeeduree) in vhich chﬂdren could work with materials, “play"
with relationships,. and talk ebout their @ees. ‘I'hese procedures or tasks
are described in the next chegter vhich’ diecuues the methods used in this
e:ploutoty and deecriptive etudy.q 'rhe refornulation of ehe hypotheees i'nto

eimpler questions can also .be, found there.

-

e

Y . (.
» . ’ - e
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CHAPTER IV

METHOD OF STUDY

1

'in the poychogenetic"iethod of study, theoty-bued hypotheses are - '
e:ylored in expeziuentol situations devised to elicit children'’s ideas
.' about the aspect of imwledge \mder mvestigationo chﬂdren are asked to
‘use experimentel nterhls to oolve problem. draw inferences, | mke judg= '
sents, and exphin their solutions or conclusions. This chaptexr opens
vith a description of ‘the tuks uled to explore the hypotheses described
‘ 4n Chapter 11I. The empirical vork focused on children's reeonstruetion

of the place value property. of the notational oyotem. To thi.s end the -

tasks were deoigned" to expose children's knowledge coneetml.ng place value,

 and the eogn:ltive and symbolic repreoentot:lonol abilities thought to be ~

lzl.nked vith place value understanding. .

Next, the oubjeeto to whom the tukl were nven, and the situations

in which they ~morked, are described, ‘I'he design of the itudy was cross-
oectionoi. Fineny. the proeedureo used to analyze theé data obtained
from the :lnterviews are discussed.” These 1ne1ude both quolitotive and
quontitat:lve proeedureo. The reoeoreh vas deoigned to uncover levels end
test for relotionshipo among levels :l.n. the domains of eognition. oynoolie
repreoentotioo. and conventional repreoentotion. It was not designed to
explain movement from one level to the next.

e

»

" Task Descriptions

Three tasks were used to assess ,ohndren'_o conceptual developnienﬁ' in

number, and thesé tasks are deocribed first. | '

o




i
L Q) Conurv-tion of Elementary Number o , | o
| " Materisls: A standard boxed collection of poket ch:lps contain-
ﬁx‘s'ted.rblue and white chips.
The Interviever (D) ssked the child (5) to choose which color ch:l.p‘
he wvanted to work with. I took chips of a different color and made a
iow of 'chi‘pl in front of S. (Younger. chndten vere uked to ptetehd -
o that thg chips vete cookiu.) 1 asked S to use h:u chips md "put out |
) j““, u many, 80 that ‘your row and my TOW v:ln have just the nme amount
(to eat)." After S ude his row, he vas nked to vatch becaune I was
going to "do nonething to your tw. 1 sptead S's row :u\to a spatially
longer TOW and asked, "Does_your row and -y oW .t:!.ll have the nme
aqmunt (to ut)? How do you know that?" 1 then pushed S's Tow togethet
into a heap md asked. "What sbout now? Do we (still) have the saue
amount (to eat)? Or does one of us have more? Why?" '
In cases vhere S's responses vete not clear,’ 1 nde two additional
- | ttmfomtionr .put S's large hesp. into two mller heapl,vind
stacked S's chips into a tower. In both‘.éuen, 1 asked, "And what about

now?" - ’ ‘ o , -

S

(2) Eltnbluhing g g semen 9 ual Collections '
mtg'_riplr Two stuffed’ an:lmh (a puppy .and a lion cub that

t'esembled a k;lgten) and poket c‘hips of the same,

color that the ‘child had chosen for the con-
' urva'tién task. | |

S wu ukcd to choou one of the nn:hnlh to vork vith. and I topk'

A ——

the other. I phced six chips in front. of S's aniu:l. and four chips in

front of her animal. “Let's pretend ‘that thene are pieces of food. Do

o
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ycu think that 4t's fair for your (en:l.ul) to have that -uch to eat, and
my (animal) to heve this much to eat? Can you make it £air?" (For °
younger children, I elaborated this story by wailing, "oh, my kitty is
so sad, he's crying 'ceuee he doesn't think it's fair.... he wants just
as much for his dinner{as the doggie gc't. Can you help him out?") i
This ¢t uk was used to obeerve how S went eb;ut eetabliehing equalit; :

by removing two chips frqn her en:lul'e collectiun, by adding two chips

from the box to the other animal's collection; by collectiné all of the

_chipe and redietributing them among the animals, cne-byi-one;'x- or by simply

removing one from {xer animal's collection and giving it to the other.
(3) Anticipating gunlig betveen Unequal COllections wichout Counting
u ueteciele. The tvo en:lnele used above, end ‘a large collection
| | of equere uooden blockl Q@ 1/4" x 1 1/4" x 1/4™).

s'. animal teceived e lu'se quantity of blocks (n = about 25) end

I's animal received a smaller enount (n = about 12). I uked S if ome of

the enimle had -ore. 'l'hen S vas uked to vetch as 1 began removing

blocks, one-by-one. from S's collection. After S'e collection had dwindled v

_ 4nto a clearly sialler heap than 1's, S vas asked, "Row who has mref.’“.

Then § was told that he was going to be asked a f(\mny ecrt of question,
so he had to l'leien carefully. Do you :nm; that there was one moment,
just one time, when your animal had jul‘t"v the same amount as wine?" ,

’ This tuk vas designed to see whether 3 S c6uld infer the momentary
equelity between the collections. when he vas prevented from counting the
:lnitiel collectione. and given no reason to count as the blocks vere being

removed from ‘one of then.

: 114 | b, e ‘ ;
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Socks and Pairs &Tuk 4), Wheels and Cars (Task 6), and i’acks of Gum
(Task 7) were used to probe children's ability to deal with nmeri.eal |
: quantities, both /u ungrouped collections and as subsets of grouped objects.
. (4) Socks and Pairs ... | | .
Materials: Three pairs of toddlers' socks. one brwn. one red,
and one blue pair. v L.
Six socks were laid out in front of Sinas pattern suggestive of

a

rpairs: o - a .

BQ BRRE

"Look what 1've got he:e. a whole bunch of locks. Can you figure out how
many pairs of socks -there ‘are? Can you put them into pa:lrs?" 1 then
picked up each pair and folded the socks into a "ball" (in the fashion
that many 6f‘ us do before putting socks away in a draver) so that oneoso.ck»‘
"d:l.npi»eared_" into the other. When all of the pairs were fold_ed, S vas
asked, ;'qu many soc;ka 'do_ you think there are altogether? And how many
plirl:l" 1 _‘ ' q . ﬂ
The interest of this task was to find out, in a familiar and con-

crete context, whether 'S was bothered by "six" becoming “three" and

reverting back to ngix."

The next task required children tojumake three upuri;e duw:l:ngs of
six objects, spatially arrqnged 4n three different part-whole relation--
~ ghips. |
’ (5) Drawing Sticks

| !hteri_.ah- ss.x popsicle sticks, three lheets of paper
| (o" x 12") and a choice of drawing materisis " f

>

(crayonl, craypu,..and magic markers).

a
B
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usged the six popsicle sticks to nake the f51lowing A¥ gmen
in front of _§= ch ' - :, * :
, | 1 —:? -
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After .the first atungem £ vas made (fout and two). S vas given a sheet

‘ 6f fupet and asked to pake 8 duwing "to help you ten:mber the lticks
were put out, because in a moment, 1'm going to take that my ﬁd@ut

the ltickt out 1n another vay. - After S cmleted het dtawing. 1 picked

up the stic ks and used t.hem to make the ucond atungement. s was given

a second sheet of paper and asked to "lnke something to help you remember

that."\ Then I piclied up the sticks, made the th:l:d arrangement;, ~n_mi‘_ gave

S_ a third sheet of paper. when § finished the drawing, :_I_ took away the
sticks and lined up S8 S's thtee duv:lngs vertically. S was asked to :I.bok‘
at her dravings and was asked, "Is :heve one dnwing that has more than
any othet?" | ‘

This task was: uud to see how S would duv the lubgtoupi. and whethei
S would compare the spatially upatated pa'ltts. or the nune:ical vholes. as
she evaluated each duwing of six sticks. \ O #F "7*'5‘\-;_%?_

The next tuo tasks foculed on the relation betveen chiidun s group-

‘4ng of objeetl, their nyﬂsouc reptesentltion of the action (dtawings of

4
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units ude into groups), their motation bf qunntitiee vith nunerals, and

finelly their ideas eoncetning the quentitetive relation(s) betveen the

) _m-ereh and objects rendered. of ;tenteet interest vas whet the child

would make of the reletion between 1nd1v1duel d:lg;.tl md the quant:l.ties-‘
they represent (place velue). The two tasks were peuilel in structure
“put differed in the mmber of elenente uud. and.in the let (group)
sizes ude with the elements. The objectn (wheels and sticks of gum)
vere lelected for a epeciﬁc reuon. 'rhey ere fem:llier objects in the
child's environment in both 1ndiv1dua1 and grouped weys (e car needs four
wheels, and packs of"um'conte:ln five sticks). |
(6) Wheels and Cars
Materials: A car made out of Tinkertoys (wood and phstic |
-odifler_pieces that can be put together to create
= &1££erent k_inds of objects) with four rem}uble
vheell; a wooden ciger boi:\ containing twelve
additional Tinkertoy vheels. paper (12" x 18")

«

and draving nteriele (the sane nsortment used .
for "Drawing Stickl" ebove) . )

-1 showed Sa Tinkertoy car and uked. "How many wheels does a car.
nee‘rl_?"' Then a box containing tvelve -pre "identical wheels was opened and
the wvheels dumped out in front of hiu:.p The wheele from ghe car veré a:il.so;' .

. renoved, thus nking sixteen vheele 1n all. "'Cen you f’igure‘ out a'way to
tell how many cars we could outf:l.t vith all those wheels?" Note was taken

of vhat S did with the wheels (e.g., line them npf, or -nke perticular

. kinds of pnttem as he cmoled the letl of four, etc.). Then § was

given a large eheet of paper end the dnw:lng uteriale, and was esked to-

o
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’‘make a dr-d.ng of the wheels "so that if someone else cemac along and
l.ooked at yonr draring. they could teu that wve hed all those wheels. and
we could make (four) ccrc v:lth then After S drev the vheels, he was
ukcd to "write the number for hdw many vheels you'drcw in all" and then .
"for how many cars we could make. o 0 |
Ucing a different color marker for each digit, 1 I dxew circles. first
around the 6 and then around the 1 in 16; and asked after each eircle,
"Do you think this part of your e:l:teen has cnything to do with the emouﬁt .
of wheels that you've drm here? Can you teke this urker end show me
4n yoﬁr drawing?" Then _I_ drew eirclee around the whole 16 and finally thc
“2'. asking each time, "Do. yod think thet hu anything to do w:lth what you've
drawn?" Care was taken uot to cell the 1 in 16 "oue" or t.he 6 in 16 "gix."
. The wording, "that part of your ei:teen" vas etrictly observed.
(7) Packs of Gum | )
’ Materials: Ome pack. of gunm with the top torn off (so rlret |
the five cticke vere v:ls:lble), _twenty-three
‘loose ctickl of gum; paper and draving mteriels
(as used for "Wheels" cbovc)
S was ukcd to verify that a full pack of ;\m contcined five sticks.
Then $ vas g:lven the twenty-three :I.ooeg sticks and uked 1f che could .
£igure out "how many ‘packs of gum I had to open up to get all of that gum
there." Note was taken of S's grouping action, counting etretegy. and
what she did with the "reminder of f.hree. S vas ege:ln ;1ven paper cnd
drcv:lng materials and nked to make s drawving of what she had done. The

rect of the procedure vu.identicel to that used in "Wheels" ebove. After

S hed completed the drawing cnd had vrittcn‘th,e mmcrele, ehe was uked to

v ! L o,
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‘interpret the Ieaning of the digits and nu-etals v:l.th relpect to the
)uylbolized quuntitiel. Aguin. the vordmg “that pu‘t of your twenty—three
' gather than "thut tvo" or “thut thru" was strictly observed.
~The next task vas used as s check on the children's notions sbout the
meaning of t.he digits as they had ohmm them on the 'Wheels" and "Gun"
tasks ab?ve. For this task, 1 took over the job' of doi ng the drawing and
writing.. - ) ' T, . . ’

(8) Other Digits and’ Numeuls

Materials: Paper and draving materials (u used in "Wheels"
| and “Gymn““above)

“_:I_’._ told S, "You've done all oX\ghe work: %0 far, und I'm sure you're
'get'ting tire;i. This time i’n make duw:lngl. | Where appropriate, 1
added, "They won ‘s be nearly as complicatsd as yours, just reany simple
ones. 1'm mot much of an artist.” Then I rew the follaw:lng qunntities
of marks (beginning with n = 6 for the youn er chndren and n = 14 for the
older g:hndren). followed« by the rupective nunerals. S vas asked each
tine fo indicate what the indivigual d:lg:l.tl ("that part of the fourteen,®

"shat part of the Ewehty." etc.) and the whole numeul had to do with the

§
\

quantity of marks made. \
(a) lix lines, and the mmeral 65y
(b) £onrteen X*s or, lines, nhd the numeral 14; , . ) - -
(e) tvepty circles, and the numeral 20- |
(D £ive more circles, and the numeral 25; s

(e) one hmdred and five ‘1ines, and the mmeral 105;

(£f) five of the above linu were covered up, and the pumeral 100.
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\ (l) six is a lin;h-digit md:et,

. five—yeu: olds phyed
' ehildten played and enjoyed the nme.

. u'.l:hout uning nuubeu).

| ' N _'°,.11'3.'

“  The above quantities were chosen with specific ideas in mind: -

(b’) fourteen is & two-digit number in-
(c) twenty is & two- =

wolving & tcih" which is conducive to "reversal"; '

d:l.git number neculitating the end—point use of zero. (;'1) iwenty-five is

a tvo-dig:lt number, not -involving a "teen " ;nd not :I.nvolving zeto'

(e) one hundred and five is a three-digit n\mbet us
) one hundred is a thfee-d:lgit mmbet using ze
™ . - i
l
\

1ng zeto :I.n a medial

position, and (f ro in _botl;; o

-edinl and end positions.

The last mk that some of the chi
none of the four- and only some of the

ldten did was a utble game. For

yeasons of t:l.-e as vell u safety,
the geme. Among the othet age groups, most of the :

Originally the gnme vas designed

end.t ch:udun'l symbolic teptesentation of quantities (keeping score 'i
\

with a lpecial eye tawatdt hov they lymbolized zero.

(9) uubles B

!htetiah' An 18" lquate marb

|

\

, , , _ i
le board, covered with green - T
T

felt, on wh‘.l.ch a citcle nde of yellow and |

vhite tick-uck was glued; & latge qunntity

of marbles, including one htge "ghooter

marble"; papet and pencil.

To begin the gane, c:l.ghteen marbles vere phced in the middle of the
circle. ‘n:e‘child vas. told that the object of the gme wou:l.d be to knock '
out as many marbles as pouible. using the large chooter marble. S and

1 took tum. and S vu.uked to keep ‘score: "Could yon think of a way

of keeping score without using numbers? Any way at all, only not using

mmbéu M

. . AR -
. L
R : . .

. . n .
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) I Sub_:lecr--. ) : . |

,: n;h:y children betveen the ages of 4:2 and 9:9 from urban and -
suburban li.ddle eleee beckgrounde ‘were :lnterv:lewed :lndiv:l.dullly. eiehee .
4n their houee or et their echoole. by a eingle Intetviewer. All of ehe
ehildren vere "normal," cooperative. delightful :l.ndividuele. None of

| ~ them had eny physical or -eneel bendieepe. and none of them faced eny
unusual environnentel defioite either at home or at school. - Most of the
«children 1liked erithnetie, only a few ‘remarked thet ""they weren't too good ’

o 24
Most of the youngest eubjeete (four- to five-end-e-helf-year-olds)

vith pumbers" or "didn't do very well in uth" :l.n eehool.
attended a university day care eenter in Cambridge (Radcliffe Child Care
‘Center). The vast ujori.ty of children ebove ehe age of five-end-e-
helf vere recruited from a eingle neighborhood elementery school 1n
Belmont (Winn Brook Sohool). The rminder of the ehndren vere per— .
. t:l.e:lpento in a summer dey cemp progrem et a private echool in Cembr:ldge
(Buckinghanm, Browne and Niehoh Sehool). or vere friends and gequeintances
.af the Ioterv:l.ewer. . R R W ‘
'!he only erieerin that uere exereieed :l.n -the eeleetion of eubjeeto,

beyoggl their being noml, niddle elge children, were (1) the ehud'
willingness to be mterv:l.ewed. and (2) parental pem:les:l.on to 1nterv:lew

the ehild. Admittedly there is a kind of eelf-eeleetion emong the pool

of subjects who po:tie:l.peted :ln this et.udy. The numbero of ehndren .

in each age group are given in '.l'eble 1. 'J.'he first eo:l.m givee the (R

nunber of four-yeer-olde, f:l.ve—yeer-olde, ete.f. and the eeeond eolunm o

reflects the number of ehildren when two ege zroupe are eolhpeed.
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- Age . n ] =
4:2 - 4:11 12 | | e
) 27 '
5:0 - 5:11 - 15
" 620 = 6:11 12
. - - = . 29
o 7:0 - 7:11 X
.  8:0-8:11 | 12 ' .
N ‘ : 2%
< 9:0 - 9:9 | - 12 )
D _ A N .
. ‘ v ,mm 80 80 _ ’ e
‘tabl,e 1. Kumber of subjects 4n each age group
The distribution of subjects by age and sex h,"giv_e'h,:l.n Table 2. " The
.n\mber of males and females are once igii‘n given by qep,arité and s
collapsed age EToups. R
= A - . Males ~ Females
4:2 - 4:11 8 h 4& 5
o ' .. - : 16° —_— 11
S |5:0 -5 8 R
6:0 - 6:11 8 4 .
‘ — 13 | 16
7:0 - 7311 5 12 |
. "8:0 - 8:11 s L | 9 |
. N T |/ 5
’ 9:0 - 9:9 6 N -6 -
cora | 38 | 38 w2 | 62 -
~ ' '

Table 2. Nuober of 'nlgs and females in each age group - ’
. . ¥ - .
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The distribution of subjects by grade level is given in Table 3. Again
~ the number of children in each grade level, as wall as the number of
children in collapsed grade levals, is given. . | -
<] ~a ¢ - " ) © » .
o ‘Preschool, Ficst | Second | Third | Fourth
Age ‘Kindergarten | Grade -Grade Grade Grade
‘412 - 4311 S V1 o
5:0 - 5:11 15
6:0 - 6:11 5 7
7:0 - 7:11 . 9 8 .
8:0 - 8:11 _ ' e 12
'9:0 - 929 . , : s |07
TOTAL | 32 -6 | 8 | | 7
. . w
TOTAL : 32 24 2
' Table 3. Distribution of subjects by ‘grade level
. i ~ ! .

| Of the 80 children who were interviewad, 27 were four or five years
' olﬁ. 29 vefc six or sevan ysars old, and 24 were eight or nine years old.
- Of the 80 children, 32 were in preschool or ‘kindergarten, 26 v&tg in first
" or second grade, snd 24 were in third ‘or fourth grade. | Overall 38 males =

and 42 ‘fmlu took part in the ot'udy.' awev;: the balance between males
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- and females among nelgude groupn shifted: aiong the 39 four- to .1:-'

yaar-olds, 24 were boys vhile 15 ware g:l.rh. among the Gl uvcn- to nine-
year-olds, 27 were girls vhile 14 weare boyt. Gcndcr was not thought to

be an hporunt variable 1n this study; thercforc no effort was made to

- ,obtain a more balgneed distr:lbution of boys and ;irh.

Dni;n of the t.udy 3 S - :

: 'I’hil ducript:lvc :tudy, while cxploutory in’ contcnt, has featuzes
in eomon wvith more standlrd experiuntal work.. !‘:om a purely ‘experi~-
-ental point of vicu, t.hh utudy is elour to the pilot testing phase of
research than to oxpet:ulentltion. From a Pisgetian pernpzctive, hwever,a
" such exploration is cuntnl to dncovering 1£ there are levels in chil-
dren's natural construction of knowledge 1n a pnrticular dm:ln, that 13,
to deterﬂning vhcthet the sequence of conltruction is devclopuntal,
and, to ducribing the hvgl. that are found. -

In oxperiuntal studiu, hypothnu are articulated in terms of s

finite aumber of discrete variables that .are thought to caune or contri-

. .
‘bute to a particular ‘outcomey :ins'uhrly or in 1nt¢rlction. Beclule

this stud} calls for the discovery and dgicription of developmental
levels 1\:} two relatively uncharted lireas (lynbol:tc repruentation of
quant:luu, and knowhdge ‘of the notational system), the hypothues are
very ;eneral md were given in propautionnl form. Proponitions lend
themselves to catuotzlcal evaluat:lcn' either thcre are, or there are
fdot, Icvclo of developunt 1n the areas being .tudicd.

In designing an' ;.::periunt to .test for the effect of uohted vari-

- ables on an outcome, as iany varisbles as pouible are cunt:oned in
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order to hohte the effeet of the hnotheeired urieblu (or 1n an ex=-
. perhentel utmention. the effeet of the epecific treetlent) on the ob-
served outea-eu zlhermce to a strict set of exper:luntel proeeduree is*

inortent frot the standpoint of being able to replicete the etperinent.

An exploret;ory study such as ehe one underteken ‘here doel not ignore thé

need to control variables; nor does 1: diereurd the need for epee:!.fying
.and eerryfng through vfth a set of proeeduree. But neit:her are regulated
to the degree that they are 1n a etrietly exper:l.nentel deeig::. : |

First, the clinical :I.nterv:lew teehnique of free eonverution w.l.th
ehndren vas elplcyed. Where unexpeeted ‘4deas eroee .from children, the

Interviewer followed then throush with probes (e.s.. u:mh. let me lee
. 1€ I \mderltood fhet - do you -enn...;!" .Yoh, thet'e an :lnteresting 1dea;

ncen you te].l me & bit more sbout that? Did 7ou leern thet from eamewhere?

. Did someone te11 you ebout that"). 1f s ehnd gave conflicting eeeounts

in two tuks -(e.;. » different mterpretetione of ehe qulnt:ltetive ueening

of each digit :ln a two-digit nunerel). the Interviewer vent beek over the
tuke with him to see vhefher ;he epperent difference uttered enough to
-otivete him to ehenge his -:I.nd. In other words, when the eh:l:l.d was ude
mre of the difference between his two’ eeemmte. d:l.d that ewerenen l.eed
to hie repudiet;lon of one of the 1deu. or was his 1eve1 of underetinding

. N
such thet the fneoneilteney nde no difference to him? In addition, vhen

the Interviewer sensed s reeietenee ont the part of the child to finishing ;

tuk. ehe abandoned it and went on to the nex: task so as to prevent the

. "lou“ of: ehe child to frultretfon. boredon or fat:l;ue. ,

Sicond, the order in which the tgekl vere given vas not eounter-

beleneed- it was the same for ell lubjeete. The cogn;ltf.ve tasks (Ta:ks -
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_ 1 through &) were foumd with the tasks that callcd foti symbolic nnd

conventional representation (:l‘nks 5 throngh 7). Task 8 vhcrc the Inter- -

wviever sade the 'rc_ptcuntctionc. and vhere no objcctc were: :lnvolved. was

_ dofie next, and the marble game (Task 9) concluded the unio_n.

'Ihird. as the ctndy vn not an cxperiuntcl mtcwention. no pre-
test ot post-test -nlurcc of any kind were cdminictcrcd. cnd no control
group vas cctcbuchcd. Care vas taken to hcvc c sufficient number of
children within each two-yccr age gtouping (fcur- nnd fivc-yccr-olds, '
six~ and uvcn—yur-oldc. and cuht- and nine—yccr-oldc) to ensure a

rcprclcntctivc umpung of middle class ch:l.ldrcn'l {deas in this age

span, and to pernit some stctiltical analyses of the data.

In c:pcr:l.ncntcl ctudics. foml dcscriptionc of phcnomcnc are

o

generally ctctcd in probcbinctic tcm. fot this cllwc one to make |
11 i

prcdictionc bucd pn the rcguhr:lty thct vas oburvcd in the cxperimcntcl
situstion. In this ctudy. cuch foml dcccriptionc are few. '

Finally, the citutionl in uhich thc children were 1ntcrv1ewc¢ were

' not the unc for all cubjcct:. mng the youngcr subjcctc, nost vcre

:lntcrvicwcd in a school ccttiug. vhilc the rcct were visited in the:!.r
honcl. Among thc older childrcn. the situation vas tcvcrud. . most were:
1ntcrv1cvcd in their homes, \vhile Qly & few were 1nterv1cwcd at cchcol. B
The only dctcrniulntl of home veuus school cetting were time of year
(some subjects were cccn during vacction pcriodc) and pcrcntc' judgments
rcgcrdinz vhere their child vould bc -ost comfortcblc being interviewed. -
It should be added that in ccch of thc school cctt:lngc, the tccchcrs |

cnd cd-:lni.ctutorc vcrc ‘wery cupportivc of th:lc uu‘nrchvand,, gave the -

- Inte rvicvcr a upcrctc. qui.ct room :I.n which to conduct the sessions.
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had K4 4

-

uch child vu uked to do uny tasks, and thus the 1nt¢rv1¢w was |

long. The younget lubjcctn vere seen twice for uenionn that lasted froxn

f:l!uen to tventy linutu nc.h. 'rhe older snbjectl completed the tuks o -

8

N | in a lingle session that took anyvhete from forty to ninety dnutes.

3

All of the intervievs were tape recorded nnd tunlcri.bed by a lingle

udiv:l.&ual. the Intervuwer. Hust of the or:lginnl drawings are 1n the !

poucuion of the Intcrv!.cvcr. The ch:l.ldun who wanted to keep their

.drawings were nked to lend them-overnight so that they could be duplicated.

In all mei the drm:l.ngs of these children vere returned to then within

- dny or two. A nmpling of the ch:l:l.dren's dravings can be found in

rs

Append@x_ A. . S

Data 'Annlylh Procedures w

) :4&""}-

The hypothesu vhich we want the mlylh to addun are ;1ven bclow,

refornulated as direct questions. 'Ihe hypo:heleslqueltionl and the tasks

(delctibcd above) were paired as shown in I-‘:lgure 10. llypothelel 1 throug'h a "

cern reht:lonl among levels.

R ' 3 concern levels, and hypothelel 4 through 7 con
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” o
%j m”huhlgueuiou X Tasks -
‘1. Are there levels in conceptual Number concept‘: Tuki 1, 2 and -
development? in the ability 3; Grouping objects into subsets:
_ go 'struttuie a collection of -~ pask 4 and actions in Tasks 6.and
> objects into subsets? ' 7. : Co S
2. “Are there levels in tepruent—f ; ‘Tukt 5 and 9, and di'awings in
‘4ng numerical quantities sym- "~ Tasks 6-and 7.
bolically? ‘ e S ’
. ‘ 3. Are there levels in rec’onsttuct‘-‘-. - VWriting and interpreting nuzber-
. ~« 4ng the potational systen? in squiggles in Tasks 6, 7 and 8. °
° grasping place value? ‘. T o S .
4. What is the relationship be- ° Cognif.ive Ievels' (results from
R tween levels in cognitive de- . tasks associated with Hypothesis
velopment and levels in sym < 1) agsinst symbolic representation’
bolic representation? ' . Jevels (results from tasks 1inked
. ‘ 0 with Hypothesis 2). = ° .
oL 5. What is the relationship be-’ ‘Cognitive levels (resuitl from
.. tween levels- in cognitive de- Hypothesis 1) against notation
velopment ‘and levels in conven- levels (results from Hypothesis
tional representation? ' 3. _ S
6. What is the .;elitioﬁshif bve-' . ‘ ) Synbol:lc 'vtcpr'eu;;ution‘ levels .
_ tuee levels in symbolic EI (zesults from Hypothesis 2) '
., representation and levels in against notation levels (re-
conventional rﬁepuuntation?-’ St ‘sults from Hypothesis . .
7.° Is vf,)he;u a stronger. relation- Strength of Eypothesis. & tei@-‘ _, '
ot ship between levels in cog- . ‘tionship agains strength of:

nitive development and sym~ ' Hypothesis 6 relationship: -
bolic representation than be- : L
tween levels in symbolic -
representation and conven-
(A tionsl represer tation? 2 e

Figure 10. Relations Hetween hypo"t‘l}es'eslq\;utions -xid. tasks

£l
- - y L. .o
. .

El

" fwo foriq~ of data snalysis are t'equired-:o a'dd.res‘a; these seven . '

hypothesnulqﬁestionu qmlit-tive. and formal or 'qu‘nnt_i‘tdtive methods. * o

Qualitative snalyses sre used ‘to establish levels of knowledge or behavior
within quch‘gf the nikl; To, discern within-task de\'reioygnentgl leirels ,

oA
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- the ectionl, exphnet:l.ou. end gre;hfc productionl of eech child on .eech |
tuk ete m:uny noted. pendin; upon the focue of the tuk, the o
:elevant dete cons:l.st of nct:lonl vh:l.:l.e unipuhting objecu. exphnetions' :

- of judguente rendered, procedures. for' rel;fe;enting idess in drawings, and
-odes of vriting ‘and euign:lng -eaning to nunerals. The ehndren‘l re-
eponeel are then. coupered. both w:lth:ln end eerou ege ;roupings, “sz: pat- -
terns. uhich suggest developnentel differences. . ‘ ' S

Ideelly, younger eh:lldren will act in° tem of one eomteiletioﬁ of
tdeas, wirile slightly vlder chndren will use enother.J and st1ll older

: Echndren yet enother.' Eech of thele conltelhtions ehould reﬂect pro—-

| ;reuively -ore edeqtnte conceptue}"ntions of the tuk. To the extent

) thet mch coutelhtionl amerge in an orderly (roughly ege-relnted) &uy,

Ar'they can be treeted as within tuk developnentel ].eveh. Once :I.evels have

been established," contingency tnblu are constructed fot forml anelysis. I

A 1eve1 x ege table 1- nde up for each tuk, end children'l nnmes are.
pfleced ~-1n their epp:opr:ute celle. The Chi equere etet:lltic is uned to _ D

test for 1ndependence, end Cuner'l ltet:letic 1. used u a uuure of . the R

usociat:lon found. l'he tel\ﬂ.tl of thele ptoced res are reported in Chapter V.

; In the next. phue of the enelylh, the ques:ione reiud as Hypotheses
' 1, ‘2, and 3. are formally eddreued'* sre there developnentel levele 1n eech
of the three lepeut:e domins? 'Ihe mvers to thue queltione are derived -
: fron uking 'y eeriee of conpnrhonl emng chndten s perfomnee on the
tuks the: vete euigned to up their ebinties :I.n the reepective ﬂomlins.
~the eopit:lve tuke linked v:lr.h ﬂyPOthCI:ll 1; ,the lynbonc tepresentetionni
tasks ulocieted v:lth Bypothelh 2; ‘and the cpnventioml repreeentetional B

= tukl epeciﬂed v:t.th Eypothuil 3 (lee H;ure 10). 1f einile:i:ies in

’ . . .‘ . a
e . . . . . ) LI .
o R ‘ . . vd .
. : . ) : : . :
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petfomnce among the tasks in eech of the don:l.ne‘ :I.e fom;d, then those -
zesults ccn be uterpteted as reflecting v:lthin-dmin developmental
hvele. They can be treated as heving tcpped e:l.niler. ot highly. teleted. o
developmental phenomena. .

A series of contingency teblee are constructed 4n-which petforn_nnce

" levels among ell conbinctione of tuke within each of ‘the donl:lne can be

B

" nvell. S

i)

co:pered. For exenple, the. dete for cognitive \evelopnent 1nc1ude chil-

dten s petfotunce on number concept teeke ('I'uke 1, 2 and 3) end on group- .

ing tuke ('Iuk 4 and actions :Ln Tasks 6 end ?).  Thus the tables are com-
poeed of levels in 'l’uk l1x levele in Task 2, levele in 'reek 1x l,evels 1n :
Task .3,' levels in ‘l'cek 3 x levels 1n 'I'eek 3, and 80 fotth. ) Chi. square '

and Cramer's etetietice are performed on: eech of theee tebiee.

* Once th,e wvithin-task and within-domin teeulte have been eeteblished,

. one 1- poeit:loned to. eddteu the queetione l:uted u Bypotheeee 4y, 5, and

. 6:- ‘gre there telctionsh:lpe enong developnentll levels in the cognitive, o

eynbonc tepteeentetionel, cnd conventionel notntionel domine? The
eet:lee of co-perieone thet these hypotheeee neceee:ltete are between-domain
1eve1e of petfomnce° nunber concept tasks x eyubolic reprelentet:tonel
tukc' coneeptuel tuks x conventionel tepteeentetionel teeke, end eyn- \
bouc x conventioml tepteeentetionel‘-teeks. Chi square end Cramer's

\ ~ K
etet:l.etice are eppned to each of the tables compbeing thie set of data

.«—~? N
Hneuy, the teletive ettength of the relet:l.on between cognitive end ‘

to

ey-bolic repteeentetionel cbilit:lee, end between eynbouc and conventionel

s tepteeentet:lonel ebﬂit:lee. can be dedueed (llypotheeie 7. The results of

the etetieticel euelyeel beeting on the eeven hypotheses can be found in

Cheptei‘ VI.

o v....v-_fc..._—-u«._w.«,".v...w— P L L S
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CHAPTER V .
RESULTS: DEVELOPMEMAL LEVELS
'l'he goals of this otudy were (1) to 1dent1£y deve.lopnentel 1evels for |
each of the tasks in the theotet.:l.eelly distinct dou:l.ne of koowledge. .and
(2) to see whether a set of hypotheeized teletionehipl could be found \
among these levels, as refleeted in 1nd1v.tduel ehildten'e petfomnee on
the tasks. The dete enelyeie ptoeedureo used to address theee goels were

o

different. !‘ot the sake of elerity, the results are pteeented oepetetely.

N

The first category of results concern within-task- developmental

- N

" 1evels that were found by means of qualitative enelyee_l of the data. ' A

summary of the le'velo can be found in Appendix B. 'n\e results are fomllyk

" described in 8 series of 1evel x age contingency tables that constitute

o

Appendix C. .
The second eetegory -consists of the results ‘b.eeting upon each of ehe

hypothesized teletionlhipe outlined in Cheptet_’ 1I1. Bypotheses 1, 2 and

3 foeue.ed‘on within—domin developmental levelr hypotheeee 4, 5 and 6

eoneerned Jtetiot:leel telat:l.onehipe between dom:lns, and hypothes:ls 7 = I N

eugzeeted thet the otetiotieel telet:lonlh:lp between eognit:l.ve development '

and symbolic repreeentet:lon would be ettonger then the reletionsh:lp found

between symbolic and conventionel teptelentet:lon. ‘!heoe results are de-

ocribed in the teblee thet forn Appendix y E.
di

scern deVelopnentel leVels ;

¢

. The teenlto of the ptoeedu:ee used

- . are dieeuued in thie eheptet. ’I.‘he d:l.ieuu:lon of the etetieeieel teeults

bearing on eeeb of ehe seven hypotheeel is reeerved for Chepeet vVi.




A few words reprding the proeeu by vhieh
levels were dieedrned wvill help to gnide the ze
| e\neio‘n. S ruceurel enelyeie preeuppoeee thet.
gird and direct. specific eeeionr. eonvereely, s

futeeions £ broeder developnentel processes.
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within-mk develo;meneel
ader in the following dis-
;enerelized eetione nnder-
pecific ectione are mani-- ,

Thus qunliteeive enelyees

‘that aim to eeeribe leveh, that is, to show’ | erel eequenees of de~

| velopment, & entail a eeieeeive £oeue upon eertein eeeione from among the

-y

streanm of in viduele' eetione, nenely, a focus . upon ideu and behnvior

r

that differen fate quelieiee of ehinking end knowing" of one group of

ehildren from thoee el'\et eherecterize developneneeny different (ueuelly

younger OT older) groupe of ehildren. It ie in thie nenee that the

eeleeted actio ehere features or propertiee in eounon thet eerve to de-'

fine "eusee" £ development. - Different kindl

of et.eges heve been ehown

. to mark the co ee of eonetruetion in other aress of knowledge building.

Such qunlitiee of thinking Aare neeeeurily general. In focusing -

. upon t_:hen. ide and behevior rhee efrenti-ee voeeur in unique eonbinetions

4n individual children are releneed to a eeeondery pleee, Put differently,

A

the analyst treats 'generel quelitiee of thinking as "thene " and individual '

differeneen n‘{’e “gariation," ind eoneigne the htrer eo e ‘position of lesser
/

, inportence. ron the standpoint of dieeribing

the proeeee by which in-

dividuel children develop their- mderltnnding of %Mer and numerieel

repreeenueion, thie, can be problentie.

. Por ezenple, sany ehildren beeween the ege'e' of five and eighr_ inter- |

'vieved in ehie study used two or nore queliretively different ideds in a

) ju:tepoeed or lide-by-eide fuhion, especially

enqeerning the -eenin; of digite and nunernle.

in reeponee to queseions

The comlaineeions of ideas

P4




vthet vere "used (uotebly in ‘l'uke Gd. 7d end 8) nde it difficult to eeté
gorize thue children into leveh thet epproeched a uneful de;ree of |
epeeifieity. ! .

" The leévels deeetibed in thil etudy, end emrized in Appendix B,
represent ,eonething pf a ceuproniee betwe_%n the two dee_eriptive goals of
compiling a record of ehildren'e epeeifie ideas end behavior on the one
'hend, and deecribing the developnenul eouree of their knowledge building
~of nmber end numerical representation on the other. The levels are given u

" in general terums: they eignify the order in which hew abilities emerge 'in
‘children; and they form a logieel sequence. The epecifie notions that
children used are rendered as "typee" within levele and reﬂect the verbel ’

responses that children gave. Even at that, eone ehildren used idees from -

two or three levels as they worked through Tasks 6d, 7d and 8 in particular.

i
o Ve

Cognitive Development: Number and Grouping"

Task 1. Coneervetion of Elementety Nuzber (l’ieget, 1941).

Level 1. The child does not: establish equivelence between two
: Tovs of objects. - Lt .

Level 2. The ehild eetebliehee equivalence be:ween two 'raws,' ’

G either by one-to-one correspondence or by eounting.
- Howeve: the child does nbt conserve. L ’
: -
Level ‘3. 11d establishes eq,uivelence between the two TOWS

cillates between conserving and not conee:ving
unbey. . The child is inconsistent. _

Level 4. The child conlervu nunbet uneqnivoeeny.
The levell for thie tuk are well eltlbliehed and require no furt:her ,

| eleboution. !ifty-ei;ht peteent of the £onr-yeer-old- were at Level 1 and

602 of the five-yeer-olde echieved Level 2. ﬂhen these :wo age ;roups and

126.
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lcveh are combined, they account fo:* 4% of the tuponue, that is, 74% :
of the four- and ﬂ.vc-yur-olds coul# not cmerve nulber. In conttast.
all but a l:l.n;le subject among the l:l.x- thtough n:l.ne-yut-old- (98%) con-
'nmd sunber mquivocally. Among the lubjcct- 1nterv:l.¢ved fot this
h study, tbetefore, conurvation vas achievcd by the age of six. :
Task 2. Establishing Equality among Uncqual concctions.

Level 1. The child uses some non-nuner:l.cal :l.dea n the buis for -
: nking unequnl concctions "fn:l.r :

!xuple. the chﬂd pushes the two coltectionl toge:het '
~ and says,. "They (the nniuh) have to share.'

Level 2. The ch:l.ld has an intuition that the collectionl nhould be

g : the same. But the child's notion is global; he has-not
d:lffercnthted betueen same numbers (numerical cquulity) ’
same appearance (spatial a:un;mnt), etc.

zxmph: -the ch:l.ld uya the colleetions have to be the
oY same, but he does not make them equal in number;
or he makes the collections equal but: cqnnot ex-
plain why the result is "fait " '

Level 3. The ch:lld thinks that cquan;y can be nublished 1n one or

two ways: by adding two elements to the smaller collection )

- _ B (thus A= 6 and B = 6), ‘and/or by removing two elements
from the larger collectiom A= 4 nnd B =4). °

Level 4. The child utabl:l-he: cquality bctwun the concctions by
: moving one element from Collection A to. Collection B, -
thus making two collections of five elements each. The
"1 child may do this directly or he may have first ude .
collcctim of four and/or -:lx objecu each. ~

™~

The levels in thil task teﬂecﬁ":he follow:l.ng nequencg -of 1deas., Ai

Level 1, non-nmrical or qualitative notion (e.z., nhari.ng) foms the o

basis of ju&ﬁnt. At Level 2 some intuition of nmetical equllity 18
pruent, but it is not d:lffetenthted fton other. non-mmetiul ¢=¢>us:‘.dea:b i
ations (e.;., opatial atun;eunt of the ob;!cct) At Levgl 3 the ehild |
‘believe- that cquality can be achievea by adding ewo objecn to thg :mallerk

. 4




'uuer collection to. the unnet one. . h

" mained untouched duting the task. Aftet the chud had ‘agreed that one

colhction andlot by ruov:l.nz two objccts frou thc htger conect:lon. At \ \\\,.’

© the highest level, the ‘child understands that cqutlity cln be made 1n one  \\¥ -

\
\
of several \uyl. at hnt one of vb:lch :l.uvolvu -ov:l.ng one d.-nent from the ! \'\
f
_'Ih:l.l mk -vu easier for the five-ynt-olds than the first task had
- .
bcen. u;hty-uvcn p‘ctcnnt of the f:l.ve-yn:-olds vere utegotized as Level

3 or 4y in contrast to couervu:lon vhere only 60% att'.lined Level 3 or 4.

_.'Ihe largest conttibuung factor to the uhtivc ease vwith vh:tch they

handled this mk uued to be the dcveloyunt of counting as a useful tool

for qunntify:l.n; -mn concctionl. !t will be uu:lhd that the consetva-

t:l.on :uk uses & htget nmnbet of elmntl (s nn!,m ot‘ cight objects in.

.nch tow). As vas true for conurvation, ‘a1l but ong of t.he six- through

" pine-year-olds ué‘h:l.eved the high‘ut :I.cvel. S : R L

Task ‘3. Anticipating Equality bctvun Unequal Collect:lons vithout COunting.
"A third task had been planned (and was in fact ldminhteted) to tup

con'ceptual development in. number. nbvevct beclute of some ptobhms in.

. the adnihiltution of that task, thc results vere not 1nc1uded :I.n this ‘

study. As originauy conccivcd, the tuk had been’ des:l.gned to see whether ' )

}

@

' children could :I.nfet s nccuury equlity bctwun two collections which. RS

at the outut were unequal in one \uy. at thi"ind were unequn:l. in the op-

polite direction, but vhich were, of n‘éc&u:l.ty, equal at one mment in

tiu. v 0 , S
A htge collection of blockn (n“- app:oximtel’y 25) ‘hld been placed
in gront of one animl, and a smaller collection (n= npprox:lntely 12)

lud bun phccd 1n ftont of a second an:lu‘.l. The httct conect:lon re— o

3
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!:on the larger colloetion. m—hy-one,

‘ 1t:ully been the larger, vas cleorly the onller of the tvo.' Ihe child

vu then asked whether there had been ”juu one -onent, junt one time" .

Ihon the oltered collection had had "jusa as my" u the nntouehed collec-

tion. The thrust of. the tnk vas to oee qhother ‘the child could 1nfer that

one could not go frol -ore" to "lcu" vithout passing through “the umﬁ

or nune:iul oqual:lty. - , A. L - ;

Two problcu arose in the administration of thio tuk. ~The, firot had
to do with the physical oet-up of the tuk. 'l'he Intetviover phced the |
removed blécko with:ln ouy relch of the child and, thul onnblcd h:l.m to act

-

on hio tamptat:lon to oount the blookl Once the ebild hld be:un to count, o

it vas d:l.ff:lcult to keep- h:lm fron continn:lng u:l.th it. l'he ucond problem
:l.nvolvod a -ore oerionl ohortconing. For children who ueud curious. but
uncertain, the Intetviower dld not hr}e o oecond. rclatcd mk prepared

vhich (a) might have onabled the ohild to oxplore the problem in onother

vay, and (b) Ii;ht have providcd the Intc:vime: vith a better -eans of A

probing for’ nuuncu in children's th:l.nk:lng. When the ch:lld seemed per- '

plexed, there was little way for him or her to go beyond. "l'a not

£l

oure...: or "I thi.nk s0, but..." By ther time these difficulties becam

' apparent, it vas too late to change the procedute and jult:l.fy the 1nc1usion

of t.he reoul:o 1n thio study. ‘

The next ::l.ne thio task :I.o given, the follow:l.ng ¢xper1unt is sug~
guud as a pou:lble acconpaniunt (taken fron Horf s dn Greco and uorf,
1962). A collection of objecto, either odd or ev;n in mnber, is pllced

]
‘rhe objects are then dropped from the -

on a otrai;h;-odgo on a ytgble ‘

Ty
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.stuightandn to the floor, oncabyaonn, until the ebllccﬁion on the floor o
1- clearly htnr than the eonnetion tminin; on the table. The ehild o
is thtn uknd ‘4¢ there had been ‘one munt. in time vhen ‘the collections
had had mg.t:ly the same munu. 'fhio task would allow, the child to “
- think :htou:h the numerical relations in & sl:l.ghtly du@erent VaY .

In the -nn:iu. thn implications of the loss of the data from
‘Task 3 sre serious, for the portion of this study which dull with c@ua
“ ceptusl "devcl;pnnt ramains 1ncow13/te without them. There are no dnt;a

which specifically address children’'s conceptual development beyond the
ages of six or seven, an and ve therefore have few clues about the telat:lon
between conccptual developuent and differances found in older childten's

responses ugu'ding the unni.ng of mneu:ll (understanding the notational

0

£ ({3\1 . @-"‘v,
| .y.my. . | .

f.ruk 4. Socks and Pairs

Level 1. The child counts the .whole conect:lon of individual
“socks, “one, two, three, four, five, six," or jone,
tuo; one, two; one, two." But questions concerning
“how many socks vs. how many pairs" are answered with
a blank lock, or. talk sbout scme other topic. &

Level 2, The’ child treats the term gocks” and "pairs” as 1£ -
they were synonyms. She uses the sane number name
to 1denti.fy each.

<

lenphz- the child sayg there are “ewo, two, two"' '
Yehree paizs and thtee socks," or'six
pairs and six nock:.
Level 3. The child counts the socks (six), counts the pairs (thtee),
lnd maintains the .ides that there are six socks at the
' f.iu as there are thue pa:lr-. .

‘. Socks-and Pairs ;vu the simplest of three tnks 4n vwhich children

_ were asked to treat :l.ﬁdivlduniiobjectl as units and as members of subsets -




.
*
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that 1 made up the ‘same nmfieal whole (Grouping Wheels and Grouping Gum -
_ are the other two tasks). A collection of six socks can dbe considered -
as an instance of the qunntity six; when the nnek: are pairad (subsets
v of taiq) ‘the collection can be :houzht of as three intermediary units. -
The levels in this tuk reflect (1) knawledge that a "how many" qusti@n
‘can be ansvared by counting; (2) eetnin:y that :he quutiom, “hw many

lockl“ and "how many paiza” refer to the same thing; and (3) e@mvietmn |

2

. that “three pairs" and "six socks" refer to the same nmeticnl whale.
Anon: the four-year-olds, 27% gave Level 1 :npanul and 6&% were .
eate:oﬂzed at Level 2. Aumong the ﬁve-yut-oldc, the percentage of re-
sponses shifted to 8% and 772, rupectivgly. In conttut to these younger
. | ehﬂdten, all but a single eh:lld in the other aze ;roupl (six th:ough nine)
¢ ’ ;lva Level 3 answers. By the age of -:lx. t.hue?ére, t.he ehildten inter~ ‘

v:lqwed for this ltudy ‘had no ptobfen ;touping iix objccts into lubuts of
two, and uud two different qunn:ii:lers to nme the Same coileetion. '
-~ Task 6;. Grouping Hheell. . ' R .

o -t
.o

" Level 1. The child counts the vhull on the toy car, "one, two,
three, fout.“ The colhct:ton of tvelve ghull, ‘however,.
remain as separate objectl md are not ;rouped at nll.

Example: the child “counts" the ‘total nhumber of wheels

" (4.e., counts them imprecisely), and initiates

) g new game" w:lth the wheels, He makes no .
. effort to gtoup the Hheeh {into sets.

Level 2.. The child groups the wheeh for one set gcat) out of the ~
‘ungrouped wheels, but Jeaves the remaining objects un- - ’
grouped.- . : - ,

b

Level 3. The child groups all of the eleunts inte sets, but 'theg” -
. set size is wrong. ; . ‘ .

o o ' Note: these children made sets of two, n:her :hun
- ‘ four, vheels. The source of this error “seemed
.to be the child's mnggqgf a car fron its "side

.e * . - .
g i . L . - - B
K3 N ) - - : . ‘4 . .
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' v:lew" uhere only two wheels ere visible.
Curiously enough, these children did mot _ o
give up their idea of Yewos” despite the ' @“\»
fact that a toy car with four vheels had ‘
baen ueed Just » fev moments before.

* Level 4. The child groups all of the objeete 1nto mner:leeny eottect
sets (four wheele pet car). _

This portian of the Hheele end Cars tuk :I.nva:l.ved ehildten'e ebnity
to etrueture a totel of eixteen vhee‘.le :lnte aen of four., It v:l.ll be Te~
eelled thet the children were fitet ehm s eunpleted Tinketeoy eet. Its ) B

£ou: wheele vare eubeequently renoved enﬂ added to the eolleetion of twelve

v

edd:lti.onel uheele. Level 1 {ncluded those eubjee:l who conneed the four » .
vhee].e on the tudy-nde car, but who did nothing v:l.th :he edd:!.tionel tweive
wheele. Level 2 ehildten ;rouped four of the tvelve wheele (:le.e.; 'tepli- '
eeted" the model) but stopped lftet they hed nde e ein;le set. Level 3
ehndten grouped all of ehe wheele but 1nlieted on hek:lng eoneetiens of .
two rather than four vheel: ’ »even though they knew thet a car needed four : B
vheels. Level 4 eubjeete grouped all of the objecte 1nto ute of four. -
Childten'e petfomnee :ln th:le group:lng tuk produeed eeme surpt:l.e:lng
tesulte. Hh:ue helf of the ;Eour—yeet-olde vete at I.eve:l. 1, cne-thitd of
| ehe group ette:lned Level 6' Anong the five-yeer-olde. the Level f”:esponses
doubled, reletive to the youngelt ehildten, to two-th:l.tde of the totel Te-
sponses. Ninety percent of. the e:lx- en‘d eeven-yeer-olde reached Level 4,
and as would be expeeeed. 1002 of the eight- and n:lne-yeet-olds were at
'_ Lavel 4. o
‘l‘he reletive eue vith uhieh the younget ehildten ;rouped \@j) many.

as e:l:teen objects into sets of four was mexpeeted. EZven the younger

children could, st the level of action, distribute objects "y fours."
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But lest we impute too such l:l.gn:l.ﬁcnnce to gti: ability to deal with
n = 16 or, un-e that they can "div:l.de by 4," let us go on to consider

the tuultl of the uxt grouping task, foz- the ululu of that tuk serve
as a comctivc to any such notions. - |

| '!uk 7a. Grouping Gun.

T - uy::l. 1. The child counts the ;un in. the opened pack, ‘one, ‘tWO, .
- three, four, five." The collection of thirteen sticks

‘ - of gum, however, remain as uparate objecn and are
. . not grouped at all. .
: ' Level 2. .The ch:l.ld groups the gum for one set (pack) out of the
B thirteen sticks, but.leaves the uu:l.ning sticks un- .

- o grouped. : .

Level 3. The child groups the gum for nore than one, but not 111.
of the packs that can be. made with the twenty-three
. sticks of gum. ) : _

o

Level 4. The child groups the sticks of g\m into fonr packs and
* ypdicates that there are “not enough" for a fifth pack.
, Some of these ehndren call the rmindeu "half a pack."

The gum task wvas similar to the vheels tuk 1n that the children were

asked to make units (uickn of gum) into packs (;ronps of five). But the

'tuks were different in several vays: (1) the nuﬂver of -t}:kl uere de- o

o ‘1iberately cholen to yield “left-overl" or "reminder:" (n = 13 for ‘the

four-year-olds and some of the ch:l.ldnn aged five, md n = 23 for the rest

of the subjects); (2) the groups vere ude up of five nther th‘an four

objects; (3) the physical, cnpirical -eln:l.ng of four vheels was undoub
for the older children,

tedly

easier to grasp; and (l.) the "ﬁrouping" question.

vas phrased to luggnt an nction completed in the pnt ra:her than one that

was henccforth to be done. In the vheg:ll mk. :he child vas uked. "How

many cars can we ukz with al:l. of thou wheels"" In the gum tnk. lhe was

asked, "How many paclu did I have to open to get all of that gum It o C

-]
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Task 5. Drawing Sticks..,

136,
R

ahonld be notcd that for the fou:- nnd ﬁvc-yur ‘olds, the quu:l.on was
1n fact chungcd to “"Can you figure out how. many packs we could uke w:lth
thlt -ueh gn?“

These diffenncu are highlighted beceuse among the four- and five- -
yut-olds. the Tesults of the gum task were quite diffetent ftom those ':I.n '
the vheels tuk. Pirst, the number of four- and five—yur-oldl who even |
atterpted the gum task declined by 33% and 27%, uspec::l.vcly, 8 rather

than 12 four-year-olds, and 11 t;thet than 15 five-yut-oldl. tried the

- gum task. Of the four—yur-oldl vho did the task, none ruched Levela 3

or & (even with the ptuent-tenle form of the ;rouping quution) Among
the five-year-olds, 182 were scored at L:vel 3 and 27% achieved I.eve]. 4, .
. These Tesults ptcunt a sharp contrast with the abilities demonnutéd
in Task 6a where 332 of the children aged four, and 67% of the chndten
aged five, rnchcd the hi;hut level. The 'fbur factors oistuned ibpve ‘
(dealing with teuindeu. lgtoup sizes of £1ve tahtet thnn four objects. .

greater acceuibnity of the notion of "wheeh for cau" versus sticks ana

‘ packs. and questions about unseen actionl), e:lther lingly ot in comb:lnltion.

most likely accounts for f.he d:lffnunce in group perfomnce. But from

the data availsble, thete is ‘no vay to tell vhich one.

: X
"Developnentll.l‘.eveh in Symbolic Repiesent-tion |

‘3

Level 1. The child makes some kind of a draving.
“ '&q Type A. ’rhe chng draws something irrelevant to the

. task, such as a drawing of a house, u person,
or an animal. , ‘
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‘rype“_l.- The child nkil,a._lingli“ érm;ﬁg of a collection
' * of six sticks. This drawing may or may not show

" » . ) °£ .u&.o' " [
Level 2. The child makes thru separate. dfiﬁiﬁn“fot the. three o
‘ arrangements of sticks. .~ e oo
Type A. The child ghzf‘:§¢f- the sode of reprcgéntltion wit,h-' .
. o in or among. the ‘dravwings, thus creating a mixture
o e - of symbols and signs. For eu_uph,vconzctidn A

. two sticks with a space separateing the sub-

“ S collections; collection B is represented with a
. - single numeral, 63 and collection C is represented
L _ : vith'tvpnmnh,jlndl‘. S '
Type B. The child produc'gi .drmhg- in vhich the sub-

collections are ambiguous, ‘and thus it is dif-

ficult for him to use the drawings to ,acc;’u;qtely' .

. ;eprqdnce' the sub-collections.

. . . Note: the child uses onie or some combination of -
the following seans to show sub-collections ==
- spatial separationy change of color, and making
. -poundary figures different in size from the reit.

Level 3. The child draws. the correct nunber of sticks (vholes),
and the sib-collections (parts) are clearly indicated.
However the child compares the sub-collections (parts) °
" within and smong the drawings,.  rather than the wholes.  ~ ©
Thus he ssys that five sticke and four sticks are-more
than one, two, or three sticks. S

Level 4. The child ‘draws each Bf the collections (vholes) and sub~
. collections (parts) accurately. He compares the drawings
and says that none shows more than any other. u_"'rahey'r'e'

v

a1l the asze.” . “They.all have six." .

Al

. Asking children to draw six sticks arranged in different ways‘,(foi:r.
. a’ - ' a

s

ahd two, three and three, and ‘ﬂve‘vand one) was originilly co,née;.ved as'a

means of getting' them to Q) ]'uynb'ol:l.clnj upuunt“ the lput‘iqily_sep:ruted .

parts in the respective arrsys, and (2) compare the quantities they had

Q

dravn. This was the first of three. tasks in which children vere n‘\l;efd to.

mske drawings, and some unanticipated concerns emerged.

142

the spatisl separation between the sub-collections . '

is represented with s drawing of four sticks and
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y ror oo-e of the ehildren. the drow:l.nss tﬁenlelveo becm the focus
of ettention,% nk:ln; good" teplieeo of the” oticJu, and hter good“ draw-~ ‘»_
" mo of wheeh. cars, ot!.ck: ond peckl of gum, becane a8 :I.lportlnt as th:lnk-
- ing through the quantitative queltiono 'rh:lo vas nnifutod in the younger -
eh:lldren (four- and f:lvedyeer-oldl) by an 1ne:|.ltence én treeing eround the . |
:popoiele sticks, and other objects; rether than duwing then free-hend. o
’Iucing is one technique for reproducins figuret preeﬁoely; and adults, |
too. rely on :lt for tukl thet are -ore demanding_than whet the hnnd and ' o
eye elone can achieve (e.g.. uking a map of the Un:lted Stntee) In retro-> | -
spect the choice of a cireulerobjeot :other ‘than poptiele oticks would o
heve been better from - ~e otendpoint of ease of drewing for this younge: ‘
ege group. "', - )
Anong the older children (e:l.ght- eud nine-yeer-oldl) thele eoheetns
| beceme apparent in the sheer conplexity of the drewinga they ude. nnd
in the cere vith which they attended to deteilo (e,g., colored ughto atop
a poliee car in Task 6b. or the 1etter:l.ng on the gum m:eppet :ln Task 7b). '
In the six sticks tuk. a surprising nunber of older chndren nde the

uk nueh more conplex than had been intended. 'l.'hey pondered long end hard

over "whet can I make thet as four and two.“ and nde eleborete draw:l.ngs.

.as can be seen in Append:lx A.

r”

: 'i‘he levels in Task 5 reflect both the lﬁmliolic teprelentetion and "
the conperison conponents of the task. Level 1 ehﬂdr‘en made some kind |
of a drawing but did not represent the first etungenent, and ddd not go 3
' | }oil to make & duwin; of the next arrangement of sticks. ’rhe:efore the com-
!, _ . parison question ("Doe_l one of the dravings have more than any ‘of the.

. others?™) 'eonld not be 'ge}ced. Level 2 children did ‘make three oepaute

5 ! -




_ age of six, the task vas too einple to be of 1ntereet.

T ) “ - P T L)

A

‘ drar.lun but uled s vetiet.y of Beans ‘to repx:eeent the e’nb-'collect:lons, :

ue:l.mung a mixture of eyﬁoh end eim, end a d:leunguiehing feeture
(e.8.» len;r.h of a line) to sake a boundery fi.gure differen: &on the resi.

. O contrast to Level 1 children, it vas pouible to uk theee children the

eulpnhon queltion.. Level 3 ehildren made accurate replicn of the eub-

7

collect:lone but :compared separate eub-couections rether than wholes; and

I.evel 4 subjects conpered the :espect:lve vholel. repreeentetive nmple

of the ehndren'e d’nv:l.nu will be found :I.n Appendix A.

Hfty-eight percent of the fout-yeer-olde drew 1u s I..evel 1l fuhion,

end 25% of them drew, oin a Level 2 vey. ‘Among the five-yeer—olds. the dis- = -

:lbut.:lon vas 312 :ln esach of the ffret two levele. but enother 31% were

: ecored at the hixheet level The ein-yeer-olde vere d:letr:lbuted across

‘ Leveh 2, 3 and l., with 222 at Level 2, 33% at. l.evel 3, end 44% at Level é. A
4

0f t.he 25 seven- end ei;ht—yeer—oldq,, four (162) produced other then ‘Level
dreviﬂzslcoupeu-ons. and it vas d:l.fﬁcnlt. to make sense of :he:l‘.r work
‘(they seeningly had some ides in mind that had notv;hing' to do &tb the
task). One hundred percent of the n:l.ne-yeer.-olde verele_eored at Level 4.
Taken toﬁethet; 89% of the eevehf through nine-yee:-olde were scored at
Level 4. |

The six .ticks tuk vas useful 1n dilcern:lng the l:lmi,tl‘_'of fou;-‘

and £1ve-yeer—olde syzbolic repreeente\:ionel abilities, but above the
The older children

considered the task to be silly, or thought thet the Interviewer was esking

for eoneth:lng far more complicated than ehe vu.
P
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* gask ‘6b. - Sysbolizing Wheels. .

Level 1. The child represents an object as such, and not a quantity
- ~ of objects. . s .

o Example: .the child draws & car or & ttuci and ’unores ‘the
. ‘requast to drav amounts of wheels. : o

Level 2. The child draws a quantity of gbjgctn. :

. Type A. The child d;m many wheels, or an approximation
of the urigrouped numerosity of the whole.

Type B. The eh:l.id* dravs onﬁ 6::’!36--::. qf vheels. ’

Level 3. The child represents the numerosity of the vhole. In
L the ptocul'of drawing, however, she transforms the ob-
jects into something else (e.g+» "hanburgers,” or "a
rabbit and 'a dog"). Thus she’ abandons the idea of
“groups of four.": e . oo

ks

: » ¥ .
Note: the shifting of ideas midstrean indicates how .~
. fragile the quantitative 1déa 1s.(a whole of -
“ sixteen, and within that whole, sub~collections .
or sets of four). ‘ > _ BRI

Level 4. The child represents the numerosity of the whole (sixteen
. objects) as well as sub=-collections or groups.of four.
.- The sets are indicated in one or & combination of the .
following ways — color (s different color for each ‘of
.the groups of four), apstial grouping (sets of four
dravn on different areas of the paper), boundary lines
, (1ines indicating the separation of the whole into
o ' groups of four), and 1sbeling (numerals and/or written
words to identify the groups). o s

. After children had worked with the Tinl;ettéy vh@eh, they were asked
tonké s dimdng of the vheels 0 thu:.';“ﬁpn_eoﬁe_ whb came along and loqked
st it“ could tell that there vere as ‘mny vheels as there .!lgtef and that '

. four ‘cars could be outfitted with them. Level 1 children drev an object.
as luch. "uluauy a car or a trucﬁ. nnd ignored ’the_lint':et-v:lmer'u npec:lgi:

tl.qmt:‘a\_fct s ‘dtavin'; of t.he“ wheels." .‘rheya:r;ptueﬂt‘e_d an obje'ct.“ one

final pi"&?duct.‘ rather ﬂ:m a 'qiuntity of 'objeci_:-. ‘(‘sde Appendix A for an

s i
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euwle of this end other levele.)' At I.evei 2, ehildren d:lci represent &
quentity of’ objeeu. but they uounted to an ungrouped -ultiplieity of
ﬂheele (a u;ue eppro:iution of the vho:l.e vmeh vas en'i.ved at as soon
as the paper vu £11led with aheeh. thue leeving “no more space") o one
| ~or‘ two lete of vheell (the eeeond set being prodnced after a good deal of |
prodd:lng from the Interviever).

I.evel 3 repreeente a mixture of reeponlee ehet emanate £rom ehiidre(n‘s )
loss of their orig:lnel goel. or put differencly. from theii:- inability to %
carry an ides through fton beginning to end. All of :heee eﬁildeen drew .

.one set of four objecte at the outeet' but in ehe proeeu of ‘making their
second or third set, they ellowed extreneous 1dees to enter 1nto the:lr
heads whieh diverted them fron thé original task (@.8-» “Hey, - thet looks
1ike a rabbit,” or "‘l'hbee are hamburgers, I make then like thet") By
the end they could not ‘recall wiat it vas that they had lterted out 'to -
make. It was as if their leek of e £1rm notion of "four vheels end four .
groups" allowed them to "sttey fron the task.” In contrast, I.evel 4 chil-
dren tepreeented both l:he nuneroeity ‘of the whole (e:lxteen objects) end
the eub-coneetim (sets of fouﬁr) Ihey uled one or & combination of
the following graphic eupporte' epetiel eepeution between eub-eonee- 4 |

.~

tions; boundary l:lnee enound groupe of Jour; different colors for each of

the sets of vheele. and labeling with words and nunerell. | , | ’
Hore than half of the four—yeer-olde vere at Level 1 {n this task,

271 were at Level 2, and only one ehnd reeched Leve:l. 4. 'rhe ptoport:lons

vete the reveree for the £:I.Ve-yeet~oldt‘ only one child vu et Level l,

392 were at Level 2. and almost helf (467() reached I.evel 4. Anong the -

' lix-yeer-oldl. one-l:lxth vere at I.evel 2, an equal ptoportion were at

Q : . ' 146 .
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m-th:g.:& of the 24 four- 'and} fivé-yu:-'oldl 'vete_ categorized

‘ ‘J.qvel.

. sidered alongside the results of the gum task, and it is

140.

Level 3. and two-thirds of the children performed at Level 4. Eighty-
c;;d 92% of the ciﬁ\t- and nine-year-

eight percent of the seven-year-olds,

Oidl. were scored at Level &.

an equal mgiber were at Level 2, a single child vas ati.evel 3, and "2'9%,

vere at'tc\zei 4. Amn; the 29 six~ and- ievﬁi—iﬁr—.olds. lsz'uere: at
Level 2, 7% (two children) were at Level 3, and“ 79% were at tlig h:l_gljes’t‘ .

of the 24 eight- and n:l.ne-yur-’o‘ldl; dl‘%bimt, two chiidte:i were

categorized at the highest level (92%). These xesults hn\ve. £o _bé ‘con-

that ve now turn our attention. =’ '

Task 7b. Symbolizing Gum.

‘Level 1. The child represents _fn object as such; and not ‘a
. quantity of objects. For example,. the child dravs

one or two sticks of gum and vacillates between

identifying the objects as ngeicks” and "packs.’

Lavel 2. The child dravs & quantity ofmbj'ectl. A SRS

Type A. The child draws sany sticks bf'g\m, or an ,
_ approximation of the gggro‘uped numerosity -
. of the-whole. - o o

Type B. The child draws the. sticks fof one Or two

' packs of gum. '
Level 3. The child represents the aumerosity of either the un- '
' grouped whole (a1l o
of the sets (all of the packs but none O

£ the ltidt_S)o
but not both. .

Level 4. The child reépresents the numerosity of the vhole as well

as the groups. The child dravs either twenty-three sticks

clustered into groups of five, with three sticks "left
~ over," or four packs and three sticks. =~

g drawings in the Packs of Gum
'Ihg'
2y

. qhe levels for evalusting children

. tuk are the same as those for Wheels and Cars dilcuuec_l nbbve.

(4

14y

s

' cbnniddied t’o;dthe"r as collip'n_cd age groups,
at Level 1, | |

to those drawings

£ the sticks, but none of- the packs) .v ‘
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reader should be toninded that £¢ver eh:lldren (particnlarly four- to six- |
yut-old:) colpletcd ‘this task than vu ‘the cue ‘for Tuk 6b. \ihen the

‘ results of the two. :ukl are cn-pared. it beco-es cv:l.dent that the four- |

| , through l:lx_yur-olds ruponded d:lfferently thnn the nvcn- through nine-“

a nnr-oldl. ) ;o
v Among the four-yu:-oldl who tricd the gum task (two-thirds of the -~ |
nnple). 252 vere lcorcd at chel 1l nnd 63% at Lavel 2. - lingle ehnd _

. ruched Level 3. Among the five-ynt-olds (agsin two-thirds of. the .

. nnple). ‘the distribution vu 102 at chcl 1. 4oz at Level 2, 30% at |
Level 3, and 20% at Level l.. Of the i:lx—yur-olds (83% of the umple),’ .

" the proportion- changed to 302 at Level 2. 30% at uvel 3. lnd 40% at’
uvel 4. The percenta;u for collapud» l;e ;roupl ve‘ke as fnllowa. Of o
the four- and five-year-olds, one-s:lxt:h or 17! \nre at Level, 1, 502 weze
nt Lavel 2. 22% at Levcl 3, and 112 (tvo subjectl) at Level lc. For the
26 six- and uven-yn:-olds. 152 vere lt l.cvel 2, 192 nt LWel 3, nnd 657.'

' . " at Level 4. Among the 24 c:lght— and nine—ynr-oldl. 111 but a singl.e |
lubject vere cate;ord.ud at the h:l;hest level (962). ‘

Four points need to ‘be ude about theu ruulu. Fifst. 'I.'uk 7 was
harder than Tuk 6 for reasons dueuued url:lcr' ehere vere reminders,
f.he group size vas five rather than four" ‘and the ch:l.ld vas uked at the

'» outset to m;ine actions completed in the pnt. Becaule 1: was avkward
to uk the younger children ‘to draw’ smthing they had not uen. they
were in fnct uked for a dr:wing of the mounts they had worked with. -

Second, for the four- and five-yut-oldl. n= 13 wu nnnnount to |
"beaueonp." even though many of f.hen had counted t\ut many sticks of gum )

with nppaupt ease. N = 23 was too large for the youngest childrén and
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. was nm;ubh for some but not au .1x-yur o:l.ds. Twenty-three was -:111‘ v

’
a large. a-ount for ‘some of the' youn;cr uven'. ‘to draw, but by and hrge ‘

. they vere able to make & dnwiug of that nny sticks and to npruent the

.objects as 'rouped qulntit:lu.

S .

H
wvheels tuk and .hewed :I.-provenent 4in their level of perforllnce o; the
gum tuk. nowever there is nrked decline (26%) , 1n the prpport:lon of
f£ive- and six-year-olds who reached Level 4. Task 7b vas clearly much too
difficult for the four-yur—old- to manage, ind it 'was quite hard for most

of the ﬁve-ynr-oldl as well. The distribution of .1x-yeu-olds .coreé-

(307 at Level 2, 30% at Level 3. and 402 at Level 6) .:ggestl that the

task might be uleful and worthy oi replication among chndun aged six

-

years and older.

Fourth, among the seven- through ninae-year-oldl. children's draving

lov'eil on the gum and vheels ‘tasks rcuinedlubunntiully the same. Two _ .

of the uven—yur-oldl. and one nine—yur-old had more dtfﬁculty'with _4

Task 7b than Task 6b, but for the most part the rnu:l.u wvere stable.

This forms quite a different pigture than the one formed by the younger

age group.
Task 9. Marbles. ' 3.
The marble game vui the last task that chndren wvere asked to do,

- and by that p’ré'int many chi-idren "just vanted to phy" and asked the _

Interviewer to do the -cote-keeping. Among these childrén, some vere

nluetlnt to try to ment a means of kcep:lng score 'w:l.thout using mmbers.

But most of them were. gett.’mg tired snd simply ynnted to phy. 'me_follqw-‘

. ing is & lilt of methods u’np‘loyed by the children who did keep score, but

143 . -

Third, some 'of the older chndren were able to :I.urn from the earuer T
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they do not cmtit_ut "hvc].l." It vu 1ntercu1ng to note that no child I

. :ulgo used an m-ntcd pﬁoccdure had any difficulty cond.ng up vith some neans |

of zvecording "zero.” | - o v .

47 ) \

Type 1. Tally -lrkp (no nccuuty for vriting lnything dwn for
.:ero). . o

Type 2." Alphabetic lctter- (1.e., A for 1, B for 2, C for 3, and '
L so forth). | _ .

' Type 3. Arbitury " Qeoguphs" (e.g., 8 "happy face" for 1, am .
o e for 2, 8 lnh-nrk :Eor 3, and so forth). . . - Lo '

 were colored for the mmber of urble. knocked’ out on

Type 4. A dr‘av:lng of pie, vhere an. appropriate n\mber of pieces
each shot.

Developmental ‘névéix in Conventional Representation

Tasks 6c, 7c and 8. Writing N merals.
3

dividual objecu vith uone k:lnd of
she makes a sequence of short .‘l.ines.
uch object drawn. v

‘Level 1. The child 1ables |
mark. For example,

Level 2. The child makes a matk app:oxiuting the shape of :he .
number-squiggle. He often makes such remarks as, “A o
five, that's a backvards two," or "That's how I make
a six,” as he ut:ltu the squisgle-. , . .

m1¢-- for 3; |for 5; - for 6i for 7.
. 3
Level 3. 'l.‘he ehud makes the conventional ‘sark (appropriate shape)
’ - for most single-digit nuqeuh- two—digit mneuls are
often :I.nverted. ,
!:mplu' ng1" for 16; "21" for 12.

convention:l marks fo: ali numerals.

~ Level 4. The ch:l.ld vrites the
a ,
. Among the ehildren imtervieved for this .tudy, the ability to write

| mmber-lqui;gle. begins at age four- by the time f.hey are uven yurs old, B

wod
R
The - ?

chndren are able to wri.te two—dig:lt numerals w:l.th some facni:y.

150
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Jevels raflect thu fouwing ssquence of acquisition: Q) knowledge that
Clﬁh object npfcun:cd on plper 4s identified with & specific number name
and some kind of a discrete mark; (2) sn avaraness of the shapes used to -
raprasent mnbntanma, and a :rovin; faenity with making theu shapes ’
| _ on paper; (3} an ability to uke the eonventienul marks for single digit
nunrlls, but confusion over the order in which to write the twe nquiggles X
for auzbers grnter than nine; and (4) an sbility to make the e@nvenni@nal
- marks for two- and three-digit nuunln in their correct m:der.
‘ One-third of the- four-yut-oldn vere at Imnl 1; they were the only
-children in the entitc unplc wvho eould not write any numraln. Fifty~
. ' eight percent of the fourayuraolds and 462 of the f.:l.ve-yur—olds wvere in -
/ . . the process of 1uming hwi sake the specific nquigglu. . The remaining
54% of the five-yur-olds vere quite proficient in making 111 nine d:lgitl
with only an oceuiml lapsa and were scored at Level 3. None of the )
four- or five—yur—olds knew how to make tvo*digit mmerlh wvithout help.
Fifty-eight percent. of thc uz«-ynreoldl vere also at Mvel 3, and the
. remaining 42% vere able to vrite two-digit nunerals. Eight:y-e:lght percent
of the uvene-yur-olds, ln& 100% of the c:l.ghte und nine-yur-olds were
ntegor:lzed at Level 4. tmen age ;roup- vare colhpud, the’ follawing per-
centages were found. Among the 25 gout~ and five-year-olds, 16% were
categorized as Level 1, 522 u Level 2,~und 322 as Level 3. None of these
chud;:cn approached uvel 4. Of the 29 six- and uven—yur-olds, no one

vas at. Level 1 and only a sin;le child vas at Level 2. Twanty-eight per- .

ccnf. of the subjects were at Level 3 and 69% at I.evel 4. One hundred per- . "

cent of the cight- IBd ninc-yur-olds weu utcgori.zed as Level 4.

<
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It 4s noteworthy thit children who are .;mlungaémly scquiring ther - .

alphabitie vritina syatem spontaneously ramark on the ai:ii;t:lty between
asnSanda$, aBand an§, a‘P and & 4, or ang;jnnd; and 3. These :
iindl of comparisons illustrate ghi:l_.dum'n search for ways to ul;e ;hg
elemants 'of bgth the alphabetic and numerical riprcnéﬂtimioml systens
sensible for them. | ‘ | ’ ,
| ~Amcng the fuivea and six-year-olds, ;fcversals" in writing two-digit

‘gumerals were the rule rather than tift exception. For the “teen” numbers

_there is axple rasson for this state of affairs: one hears the sound “six"

before the ‘root “teen,” and our left-right order of recording ipolien_nords ”

(reading) supports this error. Inteteuttngly‘ enough among the i)i‘esre.de_rs,
the question “yhich, side doss ﬂ;e 1 go on" for 10 and 12, vas raised as
often as it vas for the f'tuni' words. 4 ’

Task 6d. Interpreting, Or Assigning Meaning to Digits anq Numerals.

Level 1. Number-squiggles are graphic marks that are linked to
the objects on which they ate found (F. Siegrist and
A. Sinclair, research in progress) .

Type A. " Nunber-squiggles are “naming Inb"cln;" :

. Example: & “says car” or 2 is "Channel 2."

S

Type B. Number-squiggles carry _f'ftmctionll messages."

Example: “theydre for things you buy" or 0
(zexo) is “for blast-off."

Type C. Number-squiggles have no direct relation to any-
A thing written or represented on the paper. The

’ child might circle things becsuse the Interviewer
‘ ‘ circled things (slbeit their number-squiggles).

Level 2. Single-digit number-squiggles are generally recognized and
called by their appropriate name (e.g., ""that's the nusber’
six"). But rather than making ‘quantitative correspondences
betueen numerals and represented objects, the child seems

¢
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Level 3.

Y

to use some kind of & tigatching schema’ to make & 1link
batwesn squiggles and ‘other things. These correspondences
are for the most part hon-qu_ant:icntive, though quanti- '
tativa notions are occasionally mixed in. .

Type A.

Type B.

Type C.

Type D.

The child makes a corraspondence betvaen the

colors used in writing squiggles and draving

objects.

The e‘hil& makes & u;:bal (n‘mber-nme) cor=

gespondence betwasn A squiggle and some un=
related instance m'ubzeh that nane is known.

Example: & (written to show "how many vheels")
elicits, "I-know that becayse I'm four
years old," or "I was four before I .
- was five." The connection between the
& and four vheels, drawn by the child
just moments before, is not made.

The child makes a correspondence betwaen one
auzber-squiggle and any other number-squiggle '
written on the paper, as 1f to say "they're both
nuzbers, and therefore they *match. '

The child makes a correspondence between jdentical

gumber-squiggles. The correspondence is q itative
(identical mark) rather than quantitative’ -Ei_.denticnl

mark to signify same amounts) .

. Z H .
Kumber-squiggles, and particularly single-digit numerals,

can stand for quantities of reprasented objects. But other

Jdeas operate at the sane time, resulting in confusion and
jnconsistency of responses. The notion that single- and
tuo-digit numerals refer to specific amounts (cardinality)
is one among several ideas that are not fully differen- °
tiated, one from the other. ‘ o

Typfﬂ A.

m‘ B.

~ Type C.

Two-digit numerals cannot be “digsected" into
their constituint digits. The number “dis-
appears” when it is broken down into its written
parts. ‘ ’

A whole two-digit aumeral, as well as either
written part, all refer to the same amount.

The cbjects drawn can be used to answer one ques-
tion, but they cannot serve as & referent toO-

‘- answer the second question.

-
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" o me no

Type E.

-

Type F.

Type G.

Type H.

LI

dD)

11d draws s line around six ob-
r 16, but can consider only

—

ing ten objects \_ﬂlen asked

Example: The
: jects

% the rema
about 16.

Nusber-squiggles as “ordinal labels"” (that is,
a ssquence of marks ide tifying sepirate objects
in a sequence of objects) is not differentiated
from number-squiggles as signifying Yecardinal
values." ‘

Exsmple: the 6 'in 16 means the sixth vhevelfoi-
the vhole numeral 16 means the sixteenth
wvheel.

In the process of ngltching for meanings for the
separate digits of a two-digit numeral, the “units
'of seaning” or “referents” change.

Example: the 6 in 16 refers to six \aheeli; but the
. : 1 in 16 means one car (i.e., six of some-
thing and one of something elqg)._

Ime operation of addition is applied to the digits

making up & tuo-digit numeral.

Example: the 1 in 16 means one wheel, the 6 in 16
means six vwheels, and the whole numeral
means “one and six is seven." ‘

The shape of the graphic mark is selected as the
focus of meaning. ° : - o o

z:;a'npvle: the child makes a .figuu:/i've cotu_spohdi-" |

ence between the shapes of the. numerals
(1 is "1ike a line" and 6 1s ."like a
circle) and other things drawn on the
paper. Alternatively; circles dravn
around the number-squiggles result in
. prodycts that "1ook 1ike a wheel or &~
, nghine;" I ’

A numerical cottenpondénce 1s made between one, ’
but not both, of the written parts of a two~-digit
" pumeral and objects. '

znnp:l.e:“, "the 1 in 16 means tenm, but the 6 in 16

means nothing at all; or the 6 signifies
six objects, but the 1 means pothing.

it

it
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£

ievel 4. Whole two-digit (and later in Task 8, three-digit) numerals
atand for the totality of the objects represented. The
4ndividual digits are consistently transformed into numerals
4n their own right, and they are treated in one of two ways.
In neither case does the child sense & necessary relation ~
petwaen the numerical parts (six objects and ten objects)
and the numerical whole (sixteen objects) being represented.

. Type A. 1l 1in 16 nign:ffiu one object and 6 in 16 six ob~
_ jects; that nine objects remain unaccounted for is
of mo concern.

Type B. 1 in 16 stands foi: sets of one, and 6 in 16 for
- sets of six objects.

Level 5. The individual digits making up & two-digit (and later in
Task 8, three-digit) pumersl stand for amounts that are
determined by the place or position in vhich the digits

occur. The mechanisms leading to this understanding of
place value consist of a wynthesis of 'three .graduslly con-
structed ideas: . .

0
P

(a) Wotationsl fule = 1 in 16 stands for ten because it s
written in the tens place. .

v (b) Numerical part-whole gelations - 1 in 16 ‘stands for
ten because six and ten add up to sixteen.

(c) uultifuclt-ibn -1 -1n‘16 stands for ten because 1x10
equals ten. : . :

‘Ihe ﬂ.ul set of _levcll“lmtiza the ;equincg of’ chndten"sd igléas
regarding the nelni;s of digits and aumerals. At the first level, chil-
dren tbinkbi:'h-'t puber-ngdiulu are linked to lpeciﬂé objects (e.8., ’

| cirl).;to ‘cvcn’ts associated vith the squigéh or the ‘aumber-name ("ien,
pine, eight ... blast off!"), or carry :ou kind of & fnﬁétiénal message
f'thgy':c for things ;6 buy™). One-third of ;he fout-yur-olds interv:l‘tved:
for this study -t‘v'cte' c;téioiizcd at Level 1. Level 2 kl‘ub‘ject.l try. to fir_ud |
some kind o£ 'ééfrcuféndencl bctvéen the ’flquiulel‘.they'hlve v:it_te? “and

| ioaethin?z else on tl/uit p‘npct;‘ "Ihesev cc-»trel'pondejncu‘ u‘:.,’/ for the mst

‘p'u:t;. quilitgtive or figurative in nature, and they are arrived at by:ﬁems .

RN~

.‘“ | ) ‘ g n \
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of & “matching schema” or "matching -trctcgy. The ccrrccpondcnccs in-
clude (c) sane color (blue cqul;;lcc nnd bBlue uhcclc), (b) same number
(foux vheels cnd four year old), same cquigglc (the same numeral
utittcn somevhere cltc on the paper), and (d) some othcr nuﬁbcr-nquiggle. |
Forty-two percent of the fout-yccr-oldc and 31% of the fivc-ycar-olds re-
sponded with one of the above "matches.” -

‘The next level (onc hesitates to even call it a lcvcl), or collection

of ideas conlicts of .a ccricc of bclicfc that compete with ctriccly quanti—

* tative notions. These bcllcfc ccrvc to ccnfusc thc child cnd lccd him to

rcnpond, now uith lpproprictc (nuncriccl), and now vith 1ncppropriatc

(non-numerical) answers. For th-cc children the. notion that "tvo-digit

. pumerals refer to the cardinal vcluc of a drawm collcctlon" is one among

several ideas that are not fully differentisted, one from the othcr. Thc

on-nu-criccl ideas crc'uc follows: (A) if twoédigit'numcraln are dis- -
ccctcd into their cunctltucnt dlgitc, thc ‘number diccppcctl. (B) both :
thc 1nd1v1ducl digitc cnd the uholc cwo-digit nuncrcl tcfcr to the same
qunn;lcy, ©) one of thc two dlgitc can refer to thc nunber of db;ccts
rcprcccntcd but the uholc numeral cannot; (4] nunbcr-cquigglcs libel

separate objects in a collection, but they do not cinultancously cignify

, clrdinnl value (i.e., thcy are ordincl:lcbcls for 1nd£vidual objects 1n

;

a sequence of objcctc). (E) the two digits can hcvc totally diffcrcnt

referents; (G) one of the arithmetic operstions is 1mpcscd upcn the digits, -

' or an 1dcc such as “odd and 04:;\:cmbcrs" is put forth; and ) ) numcrical .

°©
K2

cottcnpondcncc is pocciblc between one, but nct both of the digitc cnd the
objects. TVcntyofivc percent of the four—yccr-oldc, 62% of the fivc-year--
olds, 36% of the lizryclt—ol\!, 31% of .the ccvcnryccr-olds, and s single

nine-year-old vere cctcgorizéﬁ c:,:ccpondlng 1n‘p chcl 3 uay.

-

g
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(XA

At Lavel & mdiv:ldull digits, whether they stand alone or in conbina-
‘tion as multi-digit qululs. u.:e,, con-htcntix treated in one of two tuyé:
‘as 1f they vere numerals in their own right; or as if they were meant to

o

eignify sets of up to nine objects each. ﬂhit is faulty with this other-

wise reasonable theory is that thequar titi.n thus signified never equal
the numerical vhole (Type A) » Or only qual the whole vhen that number
luppct& to ber;.e_‘qually ‘ddvisible by the e
B). It is °&vi&¢nt that in either case,
sary relation between the numerical parts and the ;\ﬁéricil whole being
_represented. Fifty-five percent of the 1x-yett-oldl. 562 of the seven-

e

year-olds, 82% of the eight-yur-olds. and 50% of the nine-ynr-olds

vere categorized in Level 4. None of the four- or f:tve-yu:—olds vere

at Level 4. .\
As implied above, the criﬁical(dif

.ubjectl is that the htter underuand e m;n\erical pirtuwhole reh‘t’:loﬁs

dmplied 1n phce value: the digits stan for qulntit:lu that together

make up the nmhericll whole .uuified by the nultie,-digit numeu]_.. They

.

have gone beyond learning the noutionnl le that a digft vritten ;.n the
tens place (the second position to the :I.ef of .the deciml point) stands
for a decadal number. Hh:l:l.e none of tiie children interviewed “for this
‘ltudihad any famil:l'aru'y with powers of ten, some of them g_g_g_e_ able to

| ‘apply their knowledge of. anltiplication to e lain t:hat "two times ten ”
‘18 tventy, two tcns are tventy." Two out of .:I.xteen‘“\uven-ynr-olds. two
our ot eleven ci;ht—yu":;'-old's (182). and five out of tvenve nine-yur-olds

(42%) achieved the highest level. '’

nmber .uggested by the digit (TYPe h

the /}chnd does not sense a neces-

eunée betvéen Level l.' and i.evel 5 |
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‘m: percentages for colhpud a;e groups are as fouws. Five out
, of 25 four- and £ive-year-olds (202) were at Levcl 1, 362 at Level 2, and
uzv at Level 3.. None of these chndun reached uven lo or 5. Of the 27
six- u;d.uv.en-yur-olds, a single child vas at Level 2, 33% were at
Lavel 3, 55% vere at Level 4, and 72 (two children) sttained the highest
level. For the oldest group, no childun were nt either of the two lowest
levels, & sfngle child vas at Level 3, 652 were at uvel 4, und 30% ﬂere

at ‘l.cvcvl 5.
) : ‘Level x Age Analyses

Tables 1-10 (see Ap;endix c) co:.\ta.in the tuulu" of the level x age
analysis for each of the tasks. The number of children vhose responsesﬂ
could be ~::a.t:egc:n::l.::ed according to the levels duc:i.bed nbove are given.

| fi¥gt by one-year age groups (4 year olds, 5 yur olds. vos. 9 year olds).
th;n by two-year collapsed age groupings (lo and 5 year olds, 6 and 7

year olds, and 8 and 9 yesr olds) . ‘Ihe Chi squaze ) stuhttc and

,' Crmer s gtatistic (v -\v: x* \. ealcuhted for collupsed "
(min (t-l) , (c-1)
_age groups, is ;i.ven for uch table (Cramer, 191&6) |
All of the nsults of the Chi 8 squate test' for :h:l.l ;toup ‘of data were

sign:lfiunt at the .001 level. The peasure of usociat:lon, vhne difficult )
to interpret, vVas high for many of thele dltl. Four of the five cognitive -
tasks yielded v's t.ha; vere .500 or stronger, only one (Tuk 6a, zrouping
sixteen vheels into sets of four, sunurized in -r.ue 5) hsd ' veaker

-euure of uloc:l.ltion (v - ,391).

The anslysis of the three tukn uud to appraise children's symbaiic :

tepruenntiml abilities netted sl:lghtly venker results. The age X




lavéi analysis of
nrunnunts) y:l.eldcd avof
i.nz grouped whull)

The results

- ¢
the outset.

a'v of .1074 (see 'I.ble 6).
of the conventinnal nota::lonal tasks

Children's writing of nuneuh in Tasks 6c,

ddea

Task’5S (uptnentinz l:l: sticks in d:l.ffcunt lplt:l.l
499’ (ue Table 4), lnd Task 6b (uynboliz-

were colhpsed ftom

¢, and 8 were

evaluated and scored as a whole (Table 9 ), as was their ass 1gging meaning

to the numerals in Tasks 6d,

. _locitfioﬁ for both of these sets

74, and 8 (Table 10).

marizes the within task lével x age analyses.

PR
sk

Chi square (x") R

Level (p) |

The _-euutes of as--

of dats were above .500. frible 4 sum-

Task Cramer's (v) -
Contervation of Elementary | 54.34, df = 6 .001 .583
: Number (Table 1)

Establishing Equality 48.47, af = 6 .001 .550
among Unequal Col- a0
lections (Table 2)

Socks and Pairs 56.02, df = 4 .001 .619
(Table 3)

Six Sticks (Table &) 35.30, df =-6 | 001 499

Grouping Wheels in Action 2%.51, df = 6 | 001 .391
('l.'able ) i

Syzbolizing VWheels 34,55, df = 6 001 A4
(Table 6)

Grouping Gum in Action 52.74,%9f = 6 001 .614
(Table 7) . v

Symbolizing Gum 36.99, df = 6 .001 .522
(lele 8) o ,

Writing Nunerals 6667, dE =6 | ° 001 .671

- (Table 9) . :

Assigning Meaning to 129.26, df = 8 .001 .587

Nomerals ('hble 10) -

‘fubié “he

Summary gf le'iiei x

age analyses for all tasks

159
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~ This concludu the ducripti.on of developmental levels for the tasks
used :ln this study. These rnultl will form the basis for the next obaoe
e “of doto onolyo:u dn-which the evidence s cono:ldeud in 1!.;ht of the hypo-
tbepiud rohtiono, -mor:l.zod in Figure 10. Bafore prooe,edzlng w:lth tha_t‘
onnlyoio. houver, some oddit:lonal £indings with reopect to chﬂd:en 5
interprotot:l.ono of digits and mmerolo ohould be deoc:ibed. All of the "
children uere cotcgorizod into nnique hvclo for Tasks ‘6&,.'7& and 8, and
that cotegor:lzotioo was based upon what opputed to be their dan:!nant |
4dea ocron ocvorol tukl. In oatt the collnps:l.ng of children 8 notions
into a o:l.ngle sunnary 1ove1 vas done in order to facilitate the fomal
malyo:lo. However thio "forc:lng" of the data into e::cluoive categories
masks other ﬂnd:l.ngo which nay, :ln fact, more accurately portuy chil-
dren's dwelopnent vith roopect to knowlodge rogard:l.ng vhat d:lgito ond ’
u:ocrolo can mean. - - E T
when the results for each ch:ud are cono:ulered in their ent:lrety,.»‘
anothef picture merges. Individual children differed in the number of
' ddeas they. oxpreoud in the couroe of engaging :m several tasks. ';'wo
<LJ ‘ pattems nerged asa zesult of conoide_ring these differences. The. first
was that children in the two oxtrune age groups, that is, four-year-olds
" and nine-year-olds, tended to exprm s single idea with respect to the |
rehtionohip between the nototional urh and obj ects drawn. Eighty— '
three of the four-year-oldo. and 67% of the nine-yur-olds, gave a single
, :I.nterpretotion. In cootrut. on‘.ly 45% of the £ ive- thtongh e:l.ght-year-_ , b-
. holdo stayod w:lth a single :ldea. 'rhey were more :l.nc:l.:l.ned to hold tvo, |
three, and oometine: four differmt not:l.ono sbout that relationship.

Furthemore these ch:udreﬁ were less willing to make categorical statements

o about 9hich -nong the:l.r ideas vas s bettor one.

<

~t

L}

B - . . .
. : ‘
1 Toxt Provided by ERIC .
ramrerral ORISR A e 3
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'me neond pattc:n is conecrnod with the uquence of ideas used by
ehﬂdﬂn, vhether singly or in coub:lnation, in the various tasks. “The
~fpur- and fivc—yu:—oldn' uu- were conﬁ.ned to uveh 1, 2 -nd 3: the
bulk of the faut-yur-oldl cpruud Level 1 and Level 2 ideas, vh:l.lef .

_ the vast ujot:l.ty of fivc-yur-oldl used Level 2 md Lwel 3 :ldeas. :

7000

The six- and uvcn-yur-oldt vere focused on Level 3 and Level 4 notions:
among t_he l:lx-_yur-oldl Level 3 idess pudaninated. but among the seven-
ym;bldl. Level 3 and Level 4 notions appurad in equal measure. Six of

the nixteen uven-yenr-olds at least -ention.d some upect of place value

(tens and ones). tut only two of those six thought that “one ten" or "Eens"

or "tﬁo ttns" bore a quantitative rehtionlhip to the oumber of objects
drawn. s . . | .
Hith the exteption of a .:lngle chﬂd. the .ci.ght,-' and nine-year-olds

- used uclulively Level 3, Level 4, and Level 5 ideas. The‘inllta;lc'e's in’
vhich a chel 3 notion.vas cxpreued dmppod cons:l.deubly w:lth uge' five
out of eleven eight-year-olds (45%) uled a Level 3 idea at lcut once.
while only two out of twelve nine-yw-oldl (17%) did the .same thing.
Nine of the sleven e:lght-year-olds (822), and seven of the twelve nine-
year-olds (582). 'cpnued I.cvel 4 :I.dcu. Only tvo of the c:l.ght-yur-olds
(182) thought that the Level 5 idea vas :uperior, while five of the nine-

_year-olds (42%) cxpruud ccrtainty about the luperior:lty of the Level 5

e .

interpretation. ‘ o
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CHAPTER Y1

RESULTS :
nz’wnousn:#s AMONG LEVELS

v -
v

The qnontitotive rnulto beering upon the oeven exploretory hypo-‘ '

. theses are reported in this ohopter. lefore eoneiderin; these teeulte,

it would be well to teiterote some of the oeeumptiono nderlying the
empirical search. Firet. it vas ooouued ‘that ohildren'e learning ond
reoonottnotion of the oonventionnl notetionel eyotem,vould utilize dis-
| tinct cognitive obilitie-, some of vhich were exemined here. Second it
vas preeumed that individual oognition is the ooutce of eymbolio repre-'
sentation, while oulture~i- the tepo-itory of vritten eyetem-'lcoymbolo-
ization springs ler;ely ftom vithin, end notetion 1is in ;ood neonure

-tronomitted from'vithout. Fin:lly, it was expected thnt the diotonoe ,

between conceptual development and ynbolio tepreeentetion uould be

closer - than theldiotonoe betveen eithet of them and oonwentionol repre-_

-

sentation. - S ‘ .@f' .
The oxplototory hypotheoeo tefleoting theoe ideas fell into three
ootegoriee; reletionehipe vithin the domnins of cognition, pymbolio
tepreoentotion, and conventional nototion' relotionohipo between levels
in the three domains; and queotiono ;egording the strength of between:

o=

domain relationships. Tasks or ennlyoio procedures vete opeoified for

" each hypotheoiolqneotion (Figure 10' Chopter IV). This chapter feports

the onpportin; and diooounting statistical evidence for eooh hypotheais/

question. The main tools for the analysis were oontingeney tebleo in

‘uhich the levele reported in Chopter v oonltituted eolunn and row vari-

ables. All of those tables can be found in Appendix D and Appendix E.

s
I
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,the data do nbt ellow us to extend the analysis to a more. ‘detailed xpli-

156.

lehtiomhipl among Levels .wmim Dmine"

! e .

Bypothesis 1. Ihete are levele (e) 1n the etructutin; of nunbet, and -
(b) in the ltruetuttn; of objecte (whole collectiona) '
| into groups (subsets or nunetieel pette)._
Number concepts and numerical ;rouping abilities were twpbcognitive

*

echievenente thou;ht to underlie place velue undetetending. Levels hedv

A been identified for each of the teeke 1nvolv1ng conceptuel development

in number (Thek 1, Conservation and Task 2, Eeteblishing Equelity) and

numerical grouping (Task &, Socks and Pairs; Task 6a, Gtoupins Wheele,

and Task 7a, Grouping Gum). Childten'e Ievele in each one of these £1ve -

tasks were teefed, one against the other (see Tables 1D-10D, Appendix D).

" With the exception of one pair (levele in Thek 6a -x levele in Task 7a, -

TebleélOD) the results of the Chi square tests for 1ndepepdence vete

significant at the .001 level. The measure of eeeocietion was high (. 500

or better) for all pairs except those involving Task 6;. Theee teeulte
& -

are summsrized in Table 'S on the folloving page.

The results eu;geet thet the number concept tasks end gtouping

tasks involve sbilities that develop eimulteneouely. 1nlofet as these

tasks, and the qualitative and quuntitetive enalyeee of them can deter-

mine, there are developmentel levels 1n the cognitive domain. However

<

cation of reletionehipe betveen epeciiic ebilitieu eeeocieted with' the

gradual construction of nunbet on the one hend, end the grouping "of

- objects into subsets on the other. The extent to which they tequire theﬂﬁ;

same-or different cepecttiee cennot be directly 1n£erred. ;In pert thi:

limitetion 1e a consequence of the fect ‘that one of the conceptuel tasks

-
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(:l'uk 3 Anticipatin; Equlity between Unequl Célle‘ctidm without Count=- |

“ing) had to be dropped from the aulyuu.‘ The 1ou\of those data not

B

only ‘leaves us with an 1ncomp1¢te picture of concept.\ul development, . ;_‘_Y '

p’uttic\;htly azong children of uvch yutu of age and oldet' 1t aha L
precludes us frbm_ scrutinizing the data for finet-;tained telatiomhipo.
4, o ~ . - . . s ;o . - bRt
’ : .

4

i

Tasks ° . Chi square (%)|Level (p) Cramer's (v

ot

Task 1 x Task 2 (Table 1D) ;s.oz; ag =9 | 001 | ‘.6 25 .
. -~ | Task 1 {Tuk 4 (Table 2D) 63.36, dfl‘- 6 001 |- 669
: . Task 1 x Tasl 6a (T‘al'ai_e 3p). ‘4?.16, df -9 .061 -_.4.871' | 1 .
Task 1 x Task 78 (Teble 4D) .| 61.83, ag=9 | oo 543 N
Task 2 x Task & (Table 5D) ”7'{ sb df = 6" “i.p'or' 729 . / -
Task 2 x Task 6a (Table 6) | 46.96, 4f =9 R
Task 2 x Task 7a (Table 7D) s2.69; df -9- | 001 | .?.;yls'oi"., o
Task 4 x Task 5; (Table 8D) -"32.6.,7,_, af = 6 T,QOI :  673

Task &4 x Task 7a ('l'a_ble'9D) ' 51.'16,, di- 6 ’.'001," 1 ;613(' R

Task 6a x Task 7a (Table 10D) 25;%0; daf -9 ,_ .005 ‘ n.3_49‘ | -

Table 5. Sumnry of relationohip- among levei- in tasks . | .
designed to tap cognitive deveslopment ' : '
- - ‘ v [
B_ypoihuiu 2. There are levels in representing numerical quantities .

) . : symbolically. : i » o

Tables 11D, 12D and 13D (Apirendiz“ D) analyze the relationships be-
tveena children'- levels on each pait of tasks u{ling for symbolic reptueé-,
uhution. Task 5 aoked for drawings of Six St.ick- arranged in three

different wvays; Task 6a was concgtned.vith‘ﬂhe_elq (number of objectp =16)

S

L 1ed
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.nd Task’7a nqnuud deawings of Gum (n = 13

The rasults of the Chi squnre 2

afid Cars (mup size = &);

or 23) ntﬂ Packs of Cun (group size = 5).

test for thcu dau were significant at the .001 levels ﬁwtvef the ~

measure of the ot,un;th of- auacuti.on for péirs in vhich one manber was

Task 5 (Tabges 11p and 12D) was less than v = .500.
/ } g

Thue results are
' |

> [ |
. : |

|

imfiud in.Table 6. i

/

o *

s

4 7 Taske ) - Chi._ sguare (V%) (Level (p) Crmr% {v)

29.57, af =9 | 001 | 409 “
0001 . -“6

Task S‘xl‘l'o'uk 6b (Table liD)

. ,;’Tuk 5x '.l’uk To (Table 12D) [36.47, df = 9
~ . .
62.92, df = 9 001 - | 551

Tuk 6b x 'I'uk /) (‘rable 13p)

~v

‘.l‘ablc 6. ummary of telation-hi.p- nmon; levels in tnks
.' requiring uymbouc representation = - 4 .

The level x level amlyuiu for uch pair of uymbone teprelentatien’ B

tuku uu;;ut- that there uy be common developmenul thruds in chil-

dren’u duvinu of mmerieal quantitiu. But the results eaution agaimt

cify vhnt thou threads .feo,, In additi.on 1: should be -nor.ed

. that the ruult- of the between-task. amly-u a:e not as strong as they

;rouping) aspect ‘discussed above, - :

® e
)

trying to .-pe

were for the cognitive (conceptual and

or the eonvcntionll rcpresenution domi.n reported 'below.‘

" It should be emphuized that this analyu- foculed on children"l

and deli.beutely 1gnored other futures

orf

erawinn of 1 rical quantities,

'- lynboliztn; abilities that coul

1 tuﬂiu of children'u drawin;-. Childtcn vere nked tu uke |

d out (&) 1f they could upreunt tmmerical o

d be of intcrnt for devel-_,

opnentn

duvi.n;u in order to fi.n

g ';roupo and subgroups, even 1£ t.hey did not knaw how to write digit-,
: . eteed ® o :

o - o . - ‘ .
S 65 |
- N .. B : « ‘. ‘.
- ! ‘
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(b) what kinds of ideas they might bring to bnnf'@n their dravn (syﬁb@lﬁ@)
and written (conwtntion;l)»tipfencntnttﬁnl- und (e) 1€ there vere any
systematic differences 1n children's 1dea- thnt eould be attributed to
development rather than to specific 1ﬁlfﬁiﬁ3a The drawings, as they were
laokud\faé in this ntgdy, were i particularly usgful vehicle for elﬂe{ta
ing the Addnl that children do have that undoubtedly contribute to their
9r@b1(ﬂn in understanding place value.
ﬁypothnis 3. There arelevels in acquiring the noutional cyltem (con-
o ventional repreuent;tﬂbn). There are levels in writing
' nuxber-squiggles; and there are 199:13 in inte:pfeging .
or assigning meaning to them. Embedded in this ieﬁﬁen@ef
are levels in ;fauping the place value property ofr the
eonvcntional notational system. |
,ﬁhiidren'- knowledge of conventional notation vas divided into two
parts: their ability to write numerqic; and their 1nte:pr¢:ation of the
relationship bttvaon written numerals and lymbolized objects. For the
sake of havins as ebmplete a record as pouuible of each child'c abil-
~ {ties, the results of the three tasks :equiring eonvcntianal notation
vere eollapscd from ‘the outset. Therefore only one relationship remained
to be tested, and that was their level in vriting numeralu against their’
level in assigning meaning to numega;;. The ‘results of that strong rela-
t'iom;hi.p are ;1;en m Table 14D in Appendix D (¥*= 115.1, df = 12
. p&.00L; v = ). |
»é 9o the extent that the three notnt;onnl tasks allowed chilﬂ:en.to
expose their knowledge, and within the limii- of the ﬁq;lit;tivg‘and

qutntitntivn analyses performed here, the results suggest that there are

developmnn;;l levels in this domsin. But the cnv;atu regarding levels
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"~ and m

in Tasks 64, 74 and 8 (assigning Meaning to Digits and Mumerals), spelled

oﬁt in Guptfnr v, chaaldi be kept in mind as these _mmlt- are evaluated.

Relstionships among Levals Between Domains

a

Bypothesis &. There 4s a positive r_elatﬂ.@mh.ip between levels in the
cognitive tasks and levels in the tasks requiring symbolie
) . ¢ v %
' peprasentation.

The dlationships between ehﬂdﬂn s levels in the cagni;ive tasks
the symbolization uuku are given in Tables 1E through 15E (Appen~

dix E). e Chisguare tuultn for these data were -1snifieam:. at the

.001 leyel. The lt,ungth of the auoeiation between variables ranged

160.

]

from v = 391 (Table IOEE to v = .735 (Table 9E). Although these results

are difficult to inmterpret, it can be noted that a11 of the tables that

yielded v's belovw 500 involved either Tuk 6a (the weakeut of the mithin

-task results as vell as within-domain co;nitivc tuultu) or Tuk 5 (the

weakest of the within-task and within-domain oymbolizationb;uk-). ‘The

results of the between-domain nnilyuip of levels in tasks designed to

tap cognitive abilities, and levelu in tukn requiring vuymbolic represen-

‘tation, are summarized m Table 7 which. can be found on the fonowing,

page. - o T _ .
~ N - v .
Beeauu thh itudy wu oxploratory, tasks vere designed to uncover

a range 9f abilities that vere thought to 1n£1uence understanding: the

tasks vere 1o codpnrablc," one to the other. The problem of pooling the

umlt- of different tasks into a singie -enute 1. ' difficulty that

hnunt.- us as this otqe of ‘the analysis, for in order to talk sbout the
tren;th of relationships between domaina, some mcwm-m for evaluating

that otronsth must be found. Ona way of bc;i.nnins to assess between-
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Tasks | o .Chi,oquprnl(1?7 Level (p)PCramzf'o (v)
sask 1 x Task 5 (Table 1E)' | 49.67, af =9 | 001 | ss
Task 1 x Task 6b (Table 2E) | 69.48, df = o | o | 5m
| zask 1 = Task 7> (Table 38) | 7.6, g =9 | 001 | 604"
Task 2 x Task 5 (Table 4E) | 39.24,df =5 | 001 | .28
Task 2 x Task 6b (Table SE) | 64.90, df =9 | 001 ° 527
) % = Tuk‘7b (‘I‘al’;le” 6E) 54:96; af -9 3".(?01 519 S
Task &4 x Task 5 (Table 7E) 36.16, df = 6 .001 508
Task & x Task 6b (Table 8E) 47,99, d£ =6 | 001 | 566 ‘
Task & x Task 7b (Table 9E) 172.39, de = 6 - 001 .735 :
Task 6a x Task 5 (Table 10E) a 30.76, af =9 | .00 ; 391
Task 6a x Task 6b (Table 11E) 85.53, df = 9 001 | .605
. | Task 6a x Task 7b (Table 12E) | 36.69, df = 9 1 o0 | .e2s |
Task 7a x Task 5 (Table 13E) |49.38, df =9 .061; | s
Task 7a x Task 6b (Table 148) | 47.36, df =9 oo o |
Task 7a x Task 7b (Table 15E) | 55.54, df =9 001 | .552

[
z

Table 7. Summary of relationohipo between levels 1n cognitive
and symbolic representation tasks

- .
- ; domain ltrcngth u to calculate an.av:uge for the 1nd1vidua1‘ measures
,of tuociation. For Table 7, the average of the fifteen measures is
vs .525 (range from v = 391 to .735, as pointed out above). Admit- e
e udly this is an tqoveriohcd approzima@ﬁi.on of rehtive utfcmth;beﬁween '
broad sets of relationships. But given the theoretical and empittcal .
limitations of this study, it is at least one way of describing the o

results in quantitative tcrml. We will return to the diucuuion of
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relativs strangth botwonn do-ninl in the t:ﬁnt-.nt of Hypothesis 7 below.

Hypothesis 5. There is O con;iutcnt relationnhip hetwccn levels 1n the

eo;nittve t.-k- cnd levels in the tasks eliciting knovwl-
edge of conventional roprc-tntation. . |
Tht relationships bntvcan children'n levell in the cognitive tasks
arnd theif"level in writing numerals (Ta-kn '6¢c, 7c and 8) are de-eribed in

Tables 16E-20E (Appendix E) and summarized in Table 8 below.:

' Tasks o | chi square (¥*) jLevel (p) [Cramer's (v)
Task 1 x Tasks 6c, 7c and 8 81.84, df =9 | .001 611
(Table 16E) ' . "o
Task 2 x Tasks 6c, 7c and 8 ﬁwnma§l9 001 - | 672
h (Table 17E) : : v
Task & x Tasks 6c, 7c and 8 | 82.65, df = 6 .001 747
(Tsble 18E) : : | :
TAsk 6a x Tasks 6c, 7c and 8 | 55.48, df = 9 +001 J4B7
(Table, 19E) o
Task 7a x Tasks 6:, 7c and 8 | 68.25, df = 9 001 .570
(Table 20E) : .

.
a
’

Table 8. ' Summary of relationships between levels in cognttive
tasks and tasks requiring that numeralu be written

The relationships between children'u‘!evell“in the cognitive tasks and

their level in the second nnpect of sonventtonnl notation, aulisning

meaning to numeralu (Tasks 6&, 7d and 8) are described in Thbleu 21E-
25E in Appendtx E and are -ummarlzed in Table 9 on the next page.

| The Chi nqn-re rcnults for ;11 of these ten relationuhip- vere sig-
nificnnt at the .001 llvel. The measure of the strength of auloeiation

for leven of tha ten bctvecn-damnln tables was above v = .500. For thg

' rcuniﬁing three tnblo;, the nna-ure dropped below that potnt. Again
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Ihiﬁq | | "Chi square (%) [Level (p)|Cramer's (v)

[y .

Tasl. 5 x ‘Taske 64, 7d and 8 | 40.98, af =12 | .001 448

" (Table 29E) : - | 15

Ta-k 6b x Tasks 6d, 7d and 8| 67.20, af = 12 | .00 S54°
(Table 363) " . :

Task 7b x Tasks 6d, 74 .nd 8 |117.28, af =12 | .001 776

(Thble iE)

‘Table 11. Summary of telationnhipu betveen levels in tasks

T calling for symbolic repre-entnticn and tasks : ‘
assessing ‘knowledge of conventional notation . '
(interpreting digits and numerals)

. Strength ‘of Rélation-hipunletﬁeen Domains

%

Hypothesis 7. There is a otron;et telltion-hip betVeen levels in the o
areas of cognition and symbolic rcprelentntion thnn there
is betveiﬁ,1?§¢1qlin oymholié representation .?d conven-
‘tional notatioﬁ. - S :

Hypothesis 7 is-a otraightforuard iue;tion,tesn:ding the relltivé.

i

strength of between-domain relation-hip-. It uu;geuti thit the statisti-

- cal relctionshipvbetvgen levels in the domains of cognition .nd symbolic
representation should be stronger than the telation-hip betveen levels
 in the tvo:ﬂumains of“tépreuentatio;: that involving individually moti- .
>v.ted symbolization, ;nd»qulturnlly given notation: 'The evidence for |
this hypothesis lies 1g‘the teuuit- of the
titative .nnly-e-. It should be noted that each ph.ue of data analysis,

as it is pre-ented here, takes us futther and’ further ‘from individual

ehildren:}dpbletv.ble béhiviot.
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Tables 10 and 11 summarize the :clat‘ionshi.p- betwun 1&:1-, des;
crtbtduiﬁ Tables 263-28!3 and 295-315 in Appendix E. These tlblu are
eoncczndd with making duvins- of quantities a;atnot luch in writing
duiu on the cne lund. and ‘levels in assigning -uning to digits and
muh on gthe othcr. The Chi square results for all of thue daf.a are
once again esignificant at the .001 level. The measure of auoctation
was above v = 500 for plitl in which Task 5 (the veakelt of the symbolic
representation uuk‘s‘;’;‘) was not involved. When the three measures of )
association in 'l'ablei 10 are combined, the average is v = 601, For -
Table 11 the average utrongth'of association between l‘velu is v .- <593,
Overall, -the avera;e strength for all pairs in t.he two domains 1is ,

v = ,597. This is almo-t the same as the avera;e for themé\ognttive and

conventional domains discussed above (Bypothut- 5).. ,
, : ’ T

Tasks | "Chi square (%) fevel (p) [cramer's (v)
Tsuk_s x Tasks 6c, 7c and 8 45,13, df = 9 .001 467
(Table 26E) . ‘

Task 6b x Tasks 6c, 7c and 8 ' 83.54, af = 9: | 001 598
(Table 27E) ° o SR

Task 7b x Tuk- 6c, 7¢ and 8 109.10, df = 9 001 |, 737
(Table 28E) , |

G

-

Table 10. Summary of relationships between levels in uymboli.c o
representation tasks and conventtoml notation tnks
(writing numerals) ‘

Q
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r—i Tasks éht.-qnire (1%)'lLevel (p)|Cramer‘s W |
Task 5 x Tasks 64, 7d and 8 | 40.98, af =12.| .00 | .
‘ (Table 29E) = -
Task 6b x Tasks sd. 7d and 8| 67.20, ag =22 | .00 554
(Tahle 303) o ‘ .
Task 7b x Tasks 64, 7d and & nr., gt w12 | 000 | .76

» (Table 31E) .

-

Table 11. Summary of relationships between levels in tasks
calling. for symbolic representation and -tasks
assessing knowledge of conventional notatton
(interpreting digits and numerhlo)

s

Strength of Relationships Between Domiins

Hypothesis 7. There is & utronaeftielat10nlhip between levels” in the
"areas of cognition and symbolic representation than'there
is between levelt‘in uymbolic representation and conven-

tional notation.

Hypothesis 7 is & utraightiorvcrdﬁqueition regarding the relative

utrength of between-damain relationships. It suggests that the utatitti- ‘.

cal relationship betveen levelu in the domains of cognition and ‘symbolic

representation should be stronger than the relationship between levels

"{n the two domainn of representation, that 1nvolv1ng individually moti-

vated -ymbolization. and culturally given notQFion. The evidence for
tﬁi- hypotheuiu lies 1n the results of the foregoing qualit.tive and quan-
titgtive analyses. It should be noted that each phase ‘of data annlysia,
as it is presented here, tnke- us further and further from individual

children's chservable behlvior.

e IR -

TN



. . . N
. . . . N . -

e ' i o ’ - : ?~".

’ v ! o
-

Gtvcn the kinds of amlyoi.o d;me thu;..fqr tﬁe é‘t direct 'uum :
of assessing the ulattve‘ ltnn;th of bomen—dmin telatiomhipo was
to use the msasures of uoociati.on (Cramer's v) which had been calcuhted
" gor esch pair of tasks in the bem.n-dmin amlyul (Appendix E). !ﬁ\e

proccdnre was simple. -The v's for each pair of cross-domain tables were

[N

. pheed 1n one of three categories (cognittveloymboiic, lymbolicl;,omun—

-

tiongl, ‘and co;nitivelconventioml), and an ari.thmuic average vas found
for the respective categories. The procedure u reproduced in Table 12

- on the‘»foll'.‘wing page. The results are as follo\n. the ltithmetic ave-.
rage of all of ﬁle ncﬁmt,eo of strength of ‘association betveen 1evels 1n

tasks upping co;nition and tasks using symbolic repreoenutionwu

Gu

T

v e 525 (nnse from V.= .391 to v.m .735). the avera;e of the menures
for uoko uoing ymbolic teptnenthtion and tuko callfng for conven- '

tioml notation was'v = .596 (rlnse from v = 448 tov = .776); and to

=~ €

omplete the picture, the aveuge for uoko deoigmted as uncovering cog—

©

nitive abilitieo and tuko reqqiting lmovledse of mtation was vV = .599

u(range ftom v'e .1037 to ve 797). .on ﬂ\e bnio of theoe éalcuhtions,

A

: Hypotheoio 7 wuld h-ve to be rejected, for v ‘- .596 cis clearLy greater

than ve .525. v e ,,. :
t * /~ !q )
N ne . s . : ¢ &

’ Bu\vever, we lhould be caugioul about theoe ruultt for oeveral .
@oom. In the fitit phce, an qithmetic avense io no more or 1e;s
‘ ~than a oimple avenge. b&o ouch. i.t is m 1mgovetiohed deoctiptor of l
4eomplicated ut of. rehti.onshipo. In the° ucon& place, Cramer'o v 1: 11\ :
1tu1£ a difﬂcult lutittic to 1nterpretp. Thio mkes an average bf 311 “

T | of the v'o hven nore difficuit to ﬁnterpret. But there are other renons

as well. The ct.teugth of rehtiomhipo involving conventgonﬂ noution .

, \
thruughout ;he amlyus uy have been inf}ue'nced by g.he faat that the
) . ( . . B . )

R - . . . . . . o . .

N f R : S . Lo

. . c e P : :
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Strength of Association between Strength of Association between’ Strength of Association betwesn =
;, Cognitive and Symbolic Taska . Symbolic and Conventional Taske ° Cognitive gnd Conventional Tasks
. Tasks Cramer's v Tasks . - Cramer's ¥ : Tasks Cramer's v
1x5 . 486 5x 6c, 7c, 8 467 1 x 6¢c,-7c, 8 611
1 x 6b 57 5x6d 74,8 - . .48 | 1x6d, 74, 8 . 566 )
“1x b 606 6b x 6c, 7c, 8 .598 2x6c, Tc, 8 672 TP
‘ 2x5 .429 6b x 64, 7.8 5% | 2xe6d4, 7,8 . 629 - .7
2 x 6b .527 7 x 6c, 7c, 8 . J137 4 x 6c, 7c, 8 7647 ’ '
2x 7 .519 M x6d, 14,8 - 76 4x 64, 4,8 797
4 x5 .508 " o 6a x 6c, 7c, 8 87
4 x 6b +566 ' - ' 6a x 64, 7d, 8 4317 ST
Lx T . +135 ' . ' 7a x 6c, 7c. 8 . - 570 ' ,
6a x 5 .391 - S : 7a x 64, 1d, 8 413 E
~ 6a x 6b .605 . , 4 C i » S
“6ax Tb 426 - | : | e
- 7a x 5 511 v L , ' ’ -
7a x 6b 475 ‘ !
7a x 7b 522 - | : R . 0
‘ . R ——————— —————— . . . ——
Average v = 525 ol Average v = 596 ' Average v = .599
<

Table 12. Strength of the statistical relationships betwveen domains{O ’
cognitive and symbolic, symbolic and conventional, and
cognitive and conventional S :
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results cf three tasks (Tasks 6, 7 and 8) were connp-éd £ ém the outlet. | .

m morunt. conuqucncc of thiu\hﬁtul pooling of da (uhich had beén

donc for ‘the ukc of luving as complete a picture of uc( child's 1densa

as pbuiblc) vu to hi.dc variations 1n 1nd£v1duc1 childrcn'l knmvledge

1n a vay that vas not true for either the cognitive or cynbolic domlinu.,
Ina votd. the proccduru used in categorizing childrcn into ‘Levels were

not precisely the same for all domains. In fact, one of the more inter-

- gating findin’;c concerned c;e-rchted vcrintionl in the number of differ-

ent ideas that children held. all at the same time, in responding to the

- second upect. of convcntionll rcprcuntltion. Seven- and cight-yecr-old_s :

- stood out as having a greater number of juxtcpoud 1deu about the ‘rela-

tionchip betveen digitc. numcnlc. cnd drc\m objectc thcn cithcr the fou:-

through ctx-yccr-oldc or the nine-yect-oldc. ‘l'hiu ftnding gtn be fur-

. e, Ne

o

ther elaborated in the next chcptcr.

In nddition it should be said thct the lcvcii for the individual _

s

tasks’ cre‘neither a p;iori cctegoricc nor productl of crou-uck analyses.

 They describe a sequence of construction &s 1: vas reﬂected in children's

behavior in t.he ontext of cngagin; ﬁn cpecific activitiés. The patterns

of pcrfomncc ducribed 1n the - contingency tables reflect thc ’uctucl
number of children vho ‘ecould. bc cnte;otized by using t.he levels defined
in Chapter V. It would be dtvficult 'to cxtend the cnclycic beyond vhu '

vu done here. ~

i




i ~ 'CHAPTER vir
oxscussmi_ m CONCLUSIONS
‘!h:l.o exploration into chﬂdron'o underotand:lng of the place value o -
property ‘of our numeration oyotn used research lothodo ouoc:l.otéo with .
the Genevan psychogenetic, and more standard hypothesio-testing experi-
aental approsches. The results of this study reflect some of the strengths - | )
'and 'oome of the weainesses of each of‘thue methods of investigation. e -
- In ;cnerol the major otrength of the looser oxplorotory techniques v\
olloiud by the Genevan school lies in t.he oxtcnt to ubich the researcher,
capitalizes on the ideas d:prened by children and follows their train of
’ athought. rather than being norrowly conotra!nod by s set of specif ic ‘pro-
cedures designed to test well arti.cuhted hypotheou. The major weak- o oB
ness is rhnt such techniques often yield complicated data, and as & con- -
sequence, the procedures \ud to describe the ruulto‘o—re difficult to
specify in advance. Data mlyo:lo proceodo with the nme attitude of
cautious prob:lng that chnrocterizet the mithl queotioning of children.
‘The najor strength of more ot.r:lngeot ond conotrt:lned experimental . v"‘/~ ;
,procodures is thot opeciﬂed variables, hypotheoized to dnfluence an out-’ " h
,come in pnrtituhr wayo. ore 1oohtod for ocrut:lny ot the outset. The
procodureo by which the data ‘hive boen collected and the results obtained
are more amenable to precise replication and verificotion. "I‘he major
veakness 1is that new pouibﬂities that f£low from chﬂdren s behavior are
foroclooed from investigation, at least at the moment of their occurtence.“
When poycholog:lcol peropectives and research methodologies ‘that are

as different as the ones represented in this study are qombined, a number
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smong tbe domains, or-the lut hypotheeis (number 7) that. aeelt with the '

otherwue been the case..

&IV

of difficulties erue At each phue of ehe reeeerch. "'"'A"t the ou:set; hﬁo-
theses that were not £omnleted as. tuteble etet-nentl hld to be eltered
so that they eouftd ‘be t:uted as if they were nuert:lone that lent them-
- selves to confirmation or teject:lon. In po:lnt of feet the hypotheses set

\
forth in Chepter I11 were i.ntended to eerve as’ heuri.etie pre:nhes that

“ would give di:eetion to eeveral explotetory end deseriptive l:l.ties of

study. They had a lethodologieel ‘we well as eubst:qntj.ve espect. Furtheﬁ-

more the hypotheeee were ot 111 of \the c-ne kind. ‘ they veried in the

extent to which they refleeted nev as dﬁpoeed to previouely :lnvestigated -4 |

<=

o 4
e

problens; in the degree to uhieh they d_ \,lt vith geneul :ether than spe-

" cific relationships; :l.n the extent to vh:l.ch they made use of" w:ldely repli-
in their

cated results rather than tesulte gleaned from pilot teeeu'eh' and
relative eueeeptibility to one or enother k:lnd of dete enelysis proeedu.re.

In eddition the first group of hypotheees (nmnbere*l 2 and 3) posited

develo;nent 4 three conceptually diet:l.nct danine and had a different o

. etetus tban'the ensuing group of three hypotheees (nmbere 4, 5 end 6)

that euggéeted more epec:l.fic teletionlhips between developmental lineé

!
strength of a statist ical telet;!.@nehip nong two between-dmin pa:tr.).

In spite of all these differences, the eta bear:lng on eeeh of the hypo-

a

theses vere eubj ected to uniform qutﬂtitetive enelysee.

The teeults of thu etudy are. ftom both the Genevan ;nd experimental

ltendpo:lnu, lim:l.t-d but yet of some interest. . At the poe:ltive end of
“the contﬁnu\m, the conplexity of ehﬂdten s hlowledge-lmﬂd:l.ng regarding

an mportant cnltuul tool beene ev:ldent fu' nofe quick].y than would have 3

global or geneul then one n-.lght hlve w:lehed. end yie;ded statistical

178
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At the negetive end ehe enelysis had to be more
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tmlﬁéhﬁt can 63‘1{7 be rqafdod with hesitnﬁéy agd esution as to what
em. :l.n faet, be concluded from :hm. This ts oot to say that no mterest;e

“dng pattems emerged from this Jtudy, for when the results for eaeh @mm
, are eomidcreﬂ in their mtirety, devalopuem:al pnttoms do ngrge in
teras of the order in vhich ideas are cmntruc:ed. '
. At .the wt:ut of thil cmdy@ t‘he 'bui@ ae:“.lon undgrlying pla@e mlue .
vas’ thaught tmlie 13 t'he ability to go back mﬂ forth between units and
'mner:lcal ;roupl, that is, to group unitl into multiples of ten and"t@
ptft:lt:lm h:lghe: order groups of. ten i.m:o -uller groups or \mits. Sym=
bolic upreuntutien ws a nechnnim by uhish ch:udren could show what r
they understood of the gtcuping action :I.n\guphie form, and :erved as ‘»
.vehiele for upo::lng their :lden regarding the reht.:l.onlhips between
lynbolnod objects and quantitiu repre-ented 1!3 couvéntional notat:lonal
f.orn _Children's l:nowledge of placa value .w:s mvestisnted in relation
to their :l.nurpretations of that reht;l.onship. Let us turg to t_he results
~ of the intervievs with children. | ' o -

]

'Ihero is.a fai.r distance between children s performnee in the number

i -

concept and grouping tukl. and the mgn they exp:ened about the relation-

ship of mnber—.qu:l.gglel to sﬁmbolized quantit:l.es, upec:ully at the older

half of the age spectrum. One reasop for the htge gap can be ;tttibuted

"to a -ethoaological dilemma faced 1n the des:lgn:lng of this lr.udsr. Because -

buel:lne developmental rgmlts had not been estnblilhed fot most of :he
tuks it vas deciﬂeﬂ thst u:I.l of the tasks nhculd be g:lven to an of the

childrcn in the umple. Therefore, cautioxa had t.o be dxuc:lud ragatding

“how di.fficult the tagks cunld be. It was feared that uceuively hard

Lo

°°m=°Ptull ;nd ;roup:lng tuks would :thibit. the enthuuinm of the yonngerq
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" mibjects, and by the me tohﬁ, 4t was feared that drawing tasks that '

were excessively easy would aliemate the oldef mbjcs:l. In a s:ard the

same itth@d@logiai dilm_mfluqm;ed the @mplexity of the cognitive

and the symbolic tasks, but in opposite %ﬁ:em;iom-a The adopted course

of action wvas 'ﬁ@ keep the conceptual tasks quite gimple and to limit the

grouping: gnku to mn m@un&n (a.n wholes and small subgroups). ‘me "
c@lutimm wvas only paftully mceu&uL

. oo

Anathrf Teason :Eor the appuent distance betwaen‘tie c@gnitivé Te= L

mlgn and the findings conterning convent iocnal tepruentnti@n lies in the

weﬂy fneile ulatiﬁmhipo t;lug vas puluned to exist between the two

’ dm:ms. Cbﬂdalumerl appéar to have a mmber of tzihearies, not directly >

" .1inked to the cognitive cmcitiei that were exanined, that intrude up@m

any direct’ undersunding of the cluum:s er propcrtiu of the mmentign

systen. Thue theoricl. or rehtionships. or eonnectians between bits of ‘
. |
|

"immrlodge. vere a:ticuhtcd by differem; chﬂdrm in d:l.fferent mys.

[Y

0 Let us :cview the hypotheses that @hﬂ.dnu broueht to bur on number- , T

2
’ o squ:lsglee as they worked through the my tnks. (1) They are marks that o
r ,

can be "ruﬂ" and that n:l.ght convey mfomntipn, either about the objects -

=
o 4 -

on which they appear, or about some action or function that is assaehteﬂ

uit;h the object. (Z) They are. objcc@l to write or duw that are smﬂar

- in ‘some figurative or qualitative vay t othe:: graphic marks tlw; ehildren
hz we‘re in the ‘beginning pluses of .

know how to make. In fact, chﬂdun 5)

ntt-npting to vrit.e digits uued their knowledge and skill, aequ:l.ted in-

to: produca their lhlpll‘ for example,

\ - . 8 %6" is a circle vith a curved une on top (0,8 ), "4" 1. a unés e

o=

" the context of lnrn:lng to dnw,

v
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of line segnents ( | 1 .4 Ays 4t is also a gﬁfaigh@ l:gne on top @f which
aeuﬁmdlmei:dnm("v %o. . ,‘Q
Children who are learning how to w:lu letters and digits spon-

tanscusly renark on the similarity between an “S" and a "5," a 9B and

an “8," a “P" and a “4," and an 9EY or "m" and a “3. " Just ‘as often a
;measyntcn comparison is asde in approaching the task of writing digits:
tig five is like ybnchufd two" 4s one ez-npl;é Finally, among praargaders
the questicn, “Which side does the 1 go ca?" in :ogai:a' 'té writing the
squiggles for "t:cn" and "twelve” was asked as often as it was for the
"u mmbers. I-’or kinﬂerga:tmau and fiﬂtcguﬂen. ":eve:uls" in
v:iting two=digit mmenlu vas the rule rather than the exception, pn:-= _

. ticularly for the “teen" punbers in which the "s:b:" is heard b&ffere the ‘
root, "teen " our left.-right o:de: of teeotd:l.ng spoken langunge (for -
lpelling as well aé for reading) quite clearly supports the errer. !

 The usg of puviausly aequited mowhdge f:un art, the spontanecus
uué of 'untmght cmpa:isons, gnd the tcnglcncy to “overregularize" t}\e )
left-right lound-notation correspondence, all illustrate yoﬁng"c.hnd:en‘s

" search for ‘ways to make the u-bitnry elenents of “both the .1phsbetic and ’

nmnericai sign systu‘ns'...unuble for theai. '.l‘he. error® demonstrate that -

Fhey ace ‘think:lng; : E ~ 4 a ‘

(3), Another coneg:ion of ideas that predominate among fiveiyéafe
olds, hut thnt are found among older children as well, can be cha:acters

q "dzed m ﬁegatfve tems as canfusion :nd :lncnnsistmcy v!/ith :tggrd to the

:x;ntiﬁative tefeuntu for d:lgits and mmer’ah. The chﬂdrm who were

g.tego:ized as belong:lng in this hvcl d:I.d not seen to sense a need for

consﬁtqncy :gnugeit ﬂterp:etations. A positive eharactaizazion of

;:hgte ch:udzcn'u th:lnk:lng 1s a bit more difficult to make.
9 e‘>

.
< .
©
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Tbarn 1s no question in these éhua:.nw. ainﬂ; that number-squiggles
can, and for the most part do have amething td do with the aymb‘élized e .
quantities. Furthemmore the Meaa they put forth ate :ln some way relateﬂ
to mumber: to an aspect of ordinal oumber (but as labela rather than as
Sull blown ordinals); to an aritimetic operat:len that; is beiug atudied ‘
' m school (add:lt:l@n fot first graders, mltiplication for thirﬂ graders,‘ Jo
q and divuim for fourth ;raﬂe:a}, to odd and even mumbers; ‘andl 80 f@rtho |
Theae childreu acted as if they were aaar@hiag thc:l:r tegertoire .of numbera
‘ relatel ideas, acqulre& in the context of nath activities in @%hcal and )
& applying one of the runanberd actions ©o the n@vel out-of -school’ axpe;it
mental tasks in meﬁhmg of a tr:lalsaM-errcr vay. ! | : .
o The appearapee of th:l.s &md of l:zatequam@ng five- and ai'xaygar-@id.
children h not mr-pr-ia:lng.n Their conf ﬁence in tlealing vith quantities
L laré’er ehan ten or tuelve is noc high, and the:Lr axpoaure to written numbef
1: Mmitod. But vhen ¢ appears in the behav:l.or of olde: children, there
'h cauae £or some concern. The atuﬂy of numbera mvolveu logi@o-amathes‘
natical knowledge, and mathematics as a dlae.ipline endeavara to describe .
| ralationshipa 1n precise and .coherent vays.w ﬂhen alder chﬂdten do not
d:ucafd one of their elaah:!.ng i.deaa as ‘'dot applicable" or "a falae lead "
or when they seem reluctant to make a eboice from among compe::tng :ldeas&

we mght to pay attc&tion. Why are. these children not making more, of. the

ela%h? Is it becauu they are ndt thmkmg thrwgh a given telat:lonship"

. 1s it because their mnde:st:an}ung of, and eonfidence in s given telatione
ship is :ag ahaky to nconatruct it for use n a acvel aitu;t:lma? Is it. :
_,‘bacauae no a\iggle telat:lonahip among the pon:lble rela:ionahi.pa aeems to
be a aore pron:laing panibility than any othar? It woulﬂ ae? ,that .

@ oo ' L T e ’
- a ’ a. ) B
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»

asthematicsl knowledge,. to becuseful to an individual, must ebnsist ef

gelationships that are -enabh to personal 't:eeonsttuction. _ In the .

_abgence of furthn :lnfomtion regarding the older chiidren's knouledge

of mch operations as d:lvil:lon, or sach propertiu of numbers as odd and
even, it is difficult to tell vhether the inconsistencies sl.n their :lm:er?

gretations are primarily s function of not understanding place value, ‘not:

_ undezstanding the operation or property raised as 2 poui;ble explamaticn, -

‘fot believing in the necessary cofm:gnce of notational-numerical relation-

ships, or some othet factot.

(4) The theory that the digits uud to vrite two- OF three—digit o

nulxnen:all repuuqt ‘either unitl. or sets of tht size ;I.ndicatcd by the
digits, was held by uo:eatban half of the six- and. :elven-yui:-olds,

even hxge: proportion of the eight-year-olds (80%), and‘ half of ,_the n:Lne4
yu,r-aoldl intmiewed in thh study. The poverful hold that these ideas

have on the thinking of li.t— through nine-yur-oldl carries us some dis-

tance in understanding children's telistnnce to place v.lue :mstruction.

In"[the minds of these children, mumerals such as 23 or 105 represent’ whole
amounts, but the digits in 23 or 165 ::'epteun_t nné,’ t‘wo.o three, or five |
objects, or sets-of one.' two, three, or five objects esch. Children sub=

scribing to the latter view first divided a whole symbolized collection

(€8s twgntyathree obj ectl) mto gsets of three, and then went back over

I

the entire collect:lon and narked the objects as ‘sets of tuo. Children who

believe -in "either the "unitl" or “gets" ideas probably regard the lesson
that the duitl gefer ¢o two and ‘three of something else (two asets of ten

and three units) with skepticisn and ﬂhbelief . . The idea that the d;Lgits

have values that together correspond to the numerical whole does not ‘arise

as an issue. | B

-

[

o




S 3

Several ‘zamarks ny be made in ugard to the tcnaqity of these
ddeas. !ﬁrst. they are ideas that children systematically apply in task

after task. They are 4n this sense ;cneul, powerful, and well-learned

notions. It is 1ikely that they have undergirded much of ‘the child's

mderstmﬂing of mumber thus far, and may be good mdicltorl of the ex-

tent to uhich the child has comt:ructod “units: coppoud of units” (Steffe

ot ale, 1981) for one aspect of number. The ruhtance to :&structuring

these ideas for place value understanding becomes more :lntelligible from
this point of vuw, for other -tructures have to be coord:lnated with this

iddea. Among them the nont important may be the econd order multiplieative

og;erption of "one, two, ... ten, eleven, ... N groupsifof ten" (1.e., 13

2, o;- 1233’,-]-'1'2’ .,.. n)). R \

’

Second, the cutricuhr tfme table for instructing children in place

‘.value is determined by the role it plays jn explaining the regrouping pro-

edure in nult:l-digit addition and mbtuction Bowever it is quite pos-

. lible to perfom addition and subtraction probluns :Involv:lng regrouping

v:lthont tegrauping at all. Children can rely on their more solid- knowledgé
of ma;l.l munbers (less than ten) to lolve these problans, 4n :pite o'f '
hborioul or clever inltmction. h In po:lnt of fact uhen ch:l.ldren are
asked to dncr:lbe heir procedures as they sre working thtough problems
involving regroup:lng, they speak m terms of "cu'ry tﬁe one" in addition
and “"borrow the one" in subtuction, and rarely, if ever, ‘refer to the
carried and borroued digits as ten. “Tens" and "ones" are the names of -
the uccnd und fint colunnl, from right-to-left and what is wr:ltten :I.nf
the columns are numerals rather than digits. »t PR S |
S Third, in othm: areas of knowl-dge-bnﬂding, ghe Uuhat for" queStion

(“Hl}ut is 1t good fo:?“) and "how to" hme ("hou do yon uue 4E7™ genénlly

184 °
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precede any attempt at description or explanation of the ttlationships
dnvolved. This is curiously untrue in the case of place value :I.nétructien:
the prc-mption seens to run in the oppolite‘ direction. Children should
‘understand the rationale for vhnt they are doing in »ordet to grasp the
activity itself. | '.l'he “yhat for” and "how to" that presunably motivate
curiosity about why something works —- about why “cu'rying" and "borrow-
ing" vm:.k.and why nuzerals are ngpelled” in the waythat they are -- are
lacking. '
(5) "fhe criterion for categorizing children at having understood
phceavalue was defined as their ability to show the correspondence be-
tveen digits and numenﬁ. and cymbolicully teprelented objects. ACQord-
ingly s small propor"tion,of the seven- and eisht-yur-olds. and larger .
.perccatage of the n:lne-yur-oldl (just under hllf) interviewed for this
study grasped place value. They showed the digitl 6 and 1 in the numeral
16~ u‘ standing for six objects and ten objects respectively, & and the ’
- nunetll u‘. stand:lng for the entire tollection. They were able to in- B
"dicate the quantitative referents for at lg.ut two “"teen" numbers, tv'vé | I
@ nmbets in the twenties. and ¢tvo mumbers :ln the lutdreds. - |
| ~ These childten had appa:ently cootd:lnateﬂ many different ideas into -
a° system of telltionnhipl that ensbled thém to .understand place value.
The ideas that the children had lynthel:lzed jncluded the f@ll@wing
(a) the naotational principle that w:itten location matters- (b) the cor-
Q respondence between written position (columns) , colump pames (ones vSs. otens
| vs. hundreds) .nd digits (two vs. two-tens vs. two-h.mdteds) (c) bthe idea
*  that digits c.n be ftud from the n%meult in which they $ccur, and’ that ”

[

« they ugnify nmnerical qu:ntities that arée d:l.fferent f:m the guantity

@

. . . < .
.
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. ’.:l;p;lﬂ.d by the m-cu:l. (thc uecption is pumbers that end 4n a zero);
(&) the sum of the quantities npreunt.d by the digits 41s the same as

_ the quantity rcptumud by the mumeral. What d:lffeum:htod these chn-
,;“drcn from those uugotizd at lower levels was the extent to which all
of the ideas and lpec:lﬁ.c 1mnmgs vere l'ynth;sized into a lystem of re=l

ht :I.onoh:l.pp .

A\l ¢

| uong the seven- mﬁ eigh:-yur-oldl, cevetal chﬂdi'en respanded t@
the more school—like Tuk 8 u:lth Levcl S, place value :I.deas. in spite of
the fact that they were quite at ule vith tbe:Lr chel 3 or Level 4 re-

‘ lponlel to the Wheels ('I’uk 6) nnd Gum (Task ’I) problqs. 'rhose who did
not feel the need to correct the:lr urlier mterpretations vere categorizad'

g;r. the lower level; those who did note the :I.ncomutency, nnd feIt the need
, to correct 't erroneous ulponles, ye:e categor:lzpr! at the higher level.
The desire to uk¢ a ehoice betuem cluh:mg mu- was exprelsed by “the
nﬁ/yur-oidl alone. R '_ o [a,;

One :I.s left wdndering vhy the levcn- and eight-ye;r-olds whose - clash- -

:lng notions vere aentioned above, duphyed think:lng tlut leuned to be so |
cunpartnentalized. How thic ceppartmta;l:lzation (or juxtapos:ltion of

ul) cventunlly y:leldl to, lpgne higher-level ynthqs:l.s. as it gid for
same nmexyur-olds. is a natter of ‘ruf. eu‘riolitg. It 1s yossible )
that chﬂdren, as vell as adults, lnve to: oxperiench the ‘;ne ideas or
lessons 1,n a variety of lpecific contexu befote 1t occurs to them that
there might be some re!.ationship (lmﬂuityldﬂferme) that has been |
cverlooked The canstruction of nq_ adequate ideu, or begter theories

oncetdmg mmbcr nota:ion uy be born of pportun:lties to think abour. the

ponible eonneci:ions Betveen hith to comp tnentauzed pec:l.fi.c leatn:mgs. -

o . ¢
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gut it is equally pouible gtlmt better theories are the produet of rela-

tionships 'eonotructed in areas other then the one in vhieh it shows up.

' ror example, it could have been the hard :hought put into figuring out

division that eceounted for the better performance of the‘nine-year-olds

in the tasks requested in this study. Déivilion '4s the reciprocal of

-

mltiplicet:lon, and multiplication underlies the mathematical idea of

-powao of ten. Perhaps the enriched understanding of the place value

property vas & function of coming to grips with ,the more eophistieered.
oecond order opjeretiono. | ©
The reeulto ‘of this exploretory and descriptive study ruggest that
children's understanding’ of the place value property of the mmerat:lon
oyot-n, rether than being constructed all at one time and in rehtive
isolation from other learning, is built in phnes. «over a long period of .
tme. in conjunction with other kinds of knowledge. ‘I‘he fhost ftuitful
approach to*deseribigg ‘the proceu may lie m the notion of’ theory-build-

ing about the notetional systen as a whole, about number concepts, opera-

tions, and their interrelations.

it nep be that some form of ordinel analysis such as the one sug-
gested in Figure 11 might provide a better description of how development
in the area of’ knowledge-building ebou}: numer:leel repreoentetion proceeds.
In Pigore 11, the solid lines indicate that a large aumber of children of
a given ege hold ideas described by the respective levels. The broken '
lines ‘show that some; but not many, ehildren consider :I.deeo deoeribed by
other- levelo. , Such snalyses are urrently being explored by developmental
peyeholog:lete eueh as S:legriot. Sinclair end S:I.nehir (Genev.) and ‘Phelps,

-

Wolf and Gerdner (Cmbrmge) ‘ o : .,

N . ‘ = . P
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Levell  level 2 Level 3 Level 4  Level 5

4 year olds

$ year olds

s
- o = - - -
o

6 year olds

0 am e em W N

7 year olds

8 year olds

9"”13;1: olds

Figure 11. An ordinal description of chudten s :I.dens concerning

{ the meaning of digits and mimerals.

Portions of this study dealing lpec:lficany w:l.th ideas that children

bring to bear on digits and mmenls wvas replicated m another community

(Cmbr:ldge) ‘The children were drawn from a lower income population than

e the subjects ‘who formed the population sampled for this study. The

wet
and came ftom all gtade\ levels

chﬂﬂtcn ranged in age from five to thirteen,
si.xth gude. The unge of :I.deas exptessed : _

se tepottgg in this.

ltudies restgd L

b from kindergarten through the
by the Canbridge children were no di.ffercnt than tho

The major diffe;ence between the nmples in the two

ﬁdle clus suburban childten 5 levels -

. _ «
slightly higher than those £oundf in the lowe; class

study.
4 ‘the level x age analysis: the »

urban l-nplc of chﬂdun. The ﬁ.fth and lixth graders in Cumbr:ldge tespondeﬂ

4n luch the same fashion ll the foutth gndets in Behnbm:. This findiug :ls

.tndie‘o | N "‘- o e

consistcnt with many other devclopmmtal
educat:lon lies pr:lmrily :l:n

‘ﬂ;e utﬂ.:lt.y of this study for mathenatics
s :h'leu concerning the tehtionship het.ween

e'-&

the docmenutio} of children'

s

’ .
t | ‘ - in e’a‘ch age bracket were
|

3

|

?

\
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potational marks and numerical qunntities. in contexts other than the
ones they have encountered in the classroom. Chﬂdren may demonstzate
& very adequate underotnnding of place volue if thet underotonding is
ueeued ‘by means of the same kindo of leobono thet they heve been
‘tsught in school. But for many chﬂdren this understmd{.ng is in fact
14imited to the particular kinds of examples or cises that they have al-
ready learned. |

The phce velue property of the nototionnl oyetun 4 difficult for .
ehﬂdren to ;rup for. a number of reasons. Among them the following seen
to be portieulerly importent. F:lrot, the pooitionel feature is one ospe&t
.of our vritten systen, &nd it has to be underetood in reht:lon to other
properties such as the uee of zero to hold the ploee of an empty position. N

(14

or to -ork the absence of ones, groups of ten, and so forth. Second t.he
mnnericol ideas underlying place volue seen to require a second order
'underste‘nd:lng of uultiplicotive rehtions. mely the representation of

. the nuniber pf thes a group (or groups) of. ten is vritten.. Th:l.rd. the
'_purpose for vhich place volue is t ought. that is regfmping for oddition
and eubtrouion,, {s sn algoritim or procedure thet ean be: eorried out with-
out reference to the numericol,‘ ideas underlying place volue. Column oddi—
tion and lubtroction eon be performed ~by treoting each and every place as
-:I.f it vere the nme. as if the numericol referents were un:bhportont. Many’
: ‘ebﬂdren as well oo adults carry out this proeedure end errive at oecurate .‘

'reeulto u:lthout a uoment'o concern about the numerieol‘O:l.dens represented

‘by pooir.ion, thet the pooition .in which a dig:lt oceuro determines its value.

@
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' Appendix Az °

Samples of Children's Drawings
.\/\ . . " . Q . . » )
‘Symbolic nl_eprelen;at'ion: 'Six Sticks

Levcl 1 .;'---::--.--oo----.o‘-o--.'--;..-.;o----;~q-o-b-ooo-qn 183 . 3

o -

uv‘l 2 oi--‘;-.-.---_---.o_--.-ocr"-'--‘-.-'-:----o-------.-!ii‘»-tiﬂi 187

s  ‘Level 3 e.................................................’189 : .
) Synbolic Repruentation. ‘Vheels and Cars )
" Level 1 ..............,.,:..Q.,...........L..,........... 192
* Level 2 ...:...........J...:...............;..........;..,194
Level 3__5,"""‘:."""""“&.‘""""""“.:.",.",-""‘197 '
) Level 4at....;..e.,........................Z......f...;..'199 (
Symbolic: l;éyr,uenn:ion:’ Packs of Gum
Level 1 ..;,.:.........:.........;:............;.;...a... 207 “
Level 2 ....................;.....7.....,;.....;;.;l.....tzos
Level 3 ............:-...,,..;;..;........F...;..:;i...., 209 .
” Level 4 ......u.....a..,......................:.......a:. 210
Copveﬁtionai Rep:eseﬁtqtion: Writing Nnmer:ulls"k | o
; Level 1 ..;.....,...:...5,......:........:..;......,.@... 217
) Level 2 ......:..;.;........................;...,...,.,Q.:218‘
Level 3 .........J.;.......................b..Q.sy,.;.;..,225 - A
% Conventional ‘sReprelegtltj.on. Meaningg of Digits md Ntmeuls )
© Level 1Maiiiianns ....................:'.....n...’....}..... 227 e
° Level 2 ...;..1.....fi.......ﬂ,,,,.....,.;...;:z.,...l...'229' S

Level 3 .................}...‘.......‘......'.....'..........‘232»
L‘veula .gq....‘q".......Q.......II.I.;.Id......’.........q,.‘v. 26“
% » .
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Su also P4 2 :
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Subject's drawing shows two rectangular forms with two wheels for "a car." s adds
two seats (backward L's) and a stick figure to show "where the people sit.”
Finally, S adds a ateering colum and ateering vheel.
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1 in 16 corresponds to
1 written to show

. car N1 . o © N o
Whole 16 emupondo to Car ll 6' in16
1inked to Ca . corresponds -
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" (1) Sebject deow five otishe o - .-l

o

P

then wrete the mmmetsl 3.
(1) 8§ then drew sis mere stiche Salow ond

‘Svete tha sunseal § for the tetalr
"Eieven, olovem J draved.”

!

e

wuneral had written in

the ficet plece. 1n

" sespence te 1's voquest

tor a 1ine syound anything .
that sight seen, § drev
 elrcia arovid the eix eticks
sbova.’ .

dravw & civele sround the !!*n. stiche
the 1§

] e :
(3) Interviewer drev @ circle axound g's wwitten 1§
ond ashked 3 to put & circle arswnd anything in
the pictura that § theught ft ateed for. § dvow
@ circle arsund the msarel 3. ' R
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- jeet’s sumated 3, weitem
“«-ﬁ- pocie ol gude .

.

o
: o etrcte drome srouwd the
mn: “aete'e one ond one ond

“one, ond (hay 8ll...eeke thee.”
the thees utnu‘.‘:.-t

nu;- smersl 3 (Penstinr Siad of ™
N then draw
" smasats lying oo the pack-

[
for five sticks of gun. Dete cepronet
atfcks. - . .

Subjore’s sumetst 9 tox tive
tichs of gun. Dots otand
Ger sticho.

r
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" twterviover drew these thrae atfcke by fofteting © " sebjent drew these tus stishs by dravieg @ Mae
S's acthed of tracing scovnd the sticke, - : o around the objects which were plased ou the peper.
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Subject's version of sumerals consists of the Tisse wadernceth the otiche,
Beter the 8§ drew one 11ss for eoch stich, and then socounted the sticke. ,
8 covated [Tem ono-to-figguuuu, - cotrectly cuch tine, A ) /
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239 L '  opor things you buy.
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Subject's suneval 10. The digite are
vritten in different colere.
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(1) Interviewee dvew aix 1inds and
wrete the sumeral 6. ’

- (4) B's first version of 21t
wrete the lsft-hand sumeral,
then the cight-hand pertion,
feckad ot what ha had written,
asnd safd, ™That's the twenty,
and that (right part) shevld
.. a ‘..- N

s

N

) !d'jnt drew a large circlie around the ‘sixn tines. Then B satd,
I's going to mske ten. ['s golng to meke that such,” snd
procended to 111 the enclesed space with more Ifnes (u » 2
P) in sddition to 1'v eix). v ' )
. ) : X LSS o - q N
(9) 8 counted hie drewn Lines and concluded that there wers tventy~two. : ~ ' N
. . : (3) 5's sacond attempt tc write 22 : it
o o _ . (§) T decoded the right-hend 2 as “Tveaty-twe brove Sines.” )
: : ’ " (1) The left-hesd 2 , s well a0 the wvhole susersl, vere
. ot Tirat deceded as baing tventy-tvo Sroun iines a8 well.
© (8) § sdded, vith veference te the line around the vhole T -

semeral, "it's s 1fttle bigger than onty Lines.”




=

Subject’s Lirst sintoen

sicelod for the vt car
¥/ ‘- - ,. ina M)

cirelod for the socond eor
ne ,. mhh. m’

circiod for tha fourth coar cone—-
(ne=&) .

, :
all 16
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Les 14

\ . Sebject's mmeral 14 )

(. A X > x X x@@@

Subject circied three x's for l in 1§ (uricten 41) and mhlnl that
1t u:- "One, two, thres, feur,” i.e., incleding the x. elrchl for 1
in 14, .
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1)
]
l‘ ¢t called chio 8 “
» ,.:\-" wiile he ws _
-lulq e them he canmanes &
, . decoded Mo t o9 :
- “saventy-twe s
. “seventy-1ive. : .
' ) (1) Sebject weste 1 ond 2 agatw, and’
; fdontitied the second mmeral an
“Chansiel. 2, the lecal muul
television station.
(1) Subject drow (traced) tws of the Live sticks
of gom tn £ of his
s+ (4) tuterviewer wrete the sumeral 2. (5) Subject wrete YO81," and
ull. “Tus plus ene is . »
lmo '
. .
]
(6) Subject clrcled thin stick | ~3
after Interviever had circled , R L N ; *
his 1 in 2001 sn well an the . : : :
stick to the feft of ft. . BLE . S : 2
| - PY AVAILABLE B ‘ ' oY
S BEST COPY AVRILAELE T ~




circled for mumeral 5 -  cireled for sumeral 3

87T

circled for mumeral 5 @ ‘ - .
‘ \ \ - circled for numeral 3 ‘ v
. \ .
. circled for numeral 5

Subject wrote numeral 3
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¢
i{
o
Sesarvtenes Gvew Sumersd Sucsded ) ' :
this elrale fov ond ove ct” o “ove cheet “ o B
“wisele for sue o™ S 3
Sebgect Sesobed the smerel 00 -
“four yoors otd, o0 I's [ A
. . - -
Sebfeet oree the peseral ' )
. Setere "-I:. the ten mﬁ? ) . . . * sebgect wrete (e 1 (D * S
- ! betere dtouing (he Gun vheels O .
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(1) Subject traced sround three whesls.
(2) S labeled them “one vheel, two wheel, thres,” with
mmersle. .

(3) 8 vrote the mumeral &: "That's how many there vas
J before. Four. Four yesrs old, before 1 ves five.”
(4) S drew circles sround "i" and 2" in response to

Tnterviever’s circling of “3.*

b . . N

8's copy of 1's nuserel 3

Draving of the tape recorder. $ drew six buttoms, them
counted the buttons on the recorder (n = 5), snd crossed
out_the sixth button. S ‘

6 -
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Without the hook (at thn top of the numeral 1),
1t would look liks the lines upauting the sets
of four wheels.

f

 The 6 in 16
looks like a wheel;
correspondence would
be exact "if there
vas a hole in the
niddle." .
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Por 6 4o 06 dpetes WA, £ t00ak § Smew, Sia
ooteg dagemaily, § thiat, . . There ove iy
owe gotng disgensily (ofter Snepectiion). 15t
&0 oss. Wething, pesk, (heea'sa ouly Cowe.

1 oot son’e [1gnre 11 out, whet goee with ofs.*®

Tos 6 In tHh " e’ figure 2 em.®

Por 0 s 16 “Wall, thet, ob, W, thes there's
50 Sopersts, thet there Is each,

hosl (2 eoeh greup.® The Subject afrsied ene
vheel l..od(hmoll-n‘. ‘o

Por 163 “12 euses thet thare ove Gintomn

08 separste

Sstd wtth ae besttation.
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T e 6 ta 16 mm.m.,.,.-,.m....m..m...‘um‘;...l.m“;.
(@) Por 1 fa 161 “Could ba tem,® aod writes the sumerals 1 theough 10 faatée the vheels,
© (3) Por all 161 § weites the mumerals 11 throegh 16 ia the remsisisg sheels, !
2.1 (4) hem ashed shost the § 12 16 eputs, § respented, “Creld bu toa plue oir.”
(5) tor & (caea), § marhe o1t groups af four vhesls vith PON ( '
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) (1) Subgsct drow fowe small vectangles fot four packs of gwm, add ' 3 .
three smaller gectengles for three sticks, . : P
d (2) Por 3 tn 23, soleted 1n the theos sticks, -, .
. (3) Por 2 1a 23, sething. ' v ‘ . S .
()] :::c :.n ':!. el!::: :: ::o- l:lt pocka and placed throe u's sbeve th o taterviewer’s first sttempt to poiat nt faconsistencios
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Por 2 10 311 “Su, thete ave ‘tve Rind of, Ithe,
tllu ore twe hinde of pwm, 1be alhn'o otfehs,

M ond the four packe. Sepssate. Thers ate twe

3 40 131 theoe otfchs o Kinda, you boow, hore,” ond Subfact pointe te drawm
. poche l-l atiche.
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3 1n 23 ae thrse packs
(altersate view of 3 in 23)

b4

L all 23 e -
+ “twenty-three packs of gwa
tha vhole thing”

3in 23
(decoded an three pleces)
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s in 23 (eticke)
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" (1) Ver & 1 14 (41), subject firet circles  (2) "1 know hov to weke snather four.” “
ty ]

these four lines snd says, “Thess &
oll fours.” -

8 cir lpo tus mare grewpe of four.

() Ter 1 1n 14 (A1),
S wakes ofther &
sumeral §, o8
ther 1ine.

S zecogaises that “A1" fo “forty-ene.” But §
ansvere the questien, "Cad yeu write feurtesm
Instead of fasty-enal” by saying, "1 cem write

(3) Ver vhele mamarsl, 14 (41), forty.” . :
8 asys, “That'e feur, one,”

and vrites the musersl 3
becauss (4 ¢+ 1) = 5.

(3) 8 lecks at the remaining twe
Tines, circies tham, snd writss

& wumeral 2 betew thes.




3 tn 231 "1f you cousted by threes.!
2 1n 131 "If you couated by twes.”
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Appendix B:
Sumnary of Levels Within Tasks*
Conservation of Elementary Number veseeccccecssssssssccce 254
Establishing Equality Among Unequal Collections .icecsecee 254
sock. ‘nd P.%r. ................................!.‘....... 255

Drming si‘ sti*" .....-.................;.......;....... 255

~ . -

Wheels and Cars
Grouping Objects in ACTION cesceccccocscccccsscccocccce 256
Symbolic Representltion'....Q..;....,.................. 257
Conventional Rzpr;lehtftion cvsesseccessascssssssescase 258

Meanings of Digits arnd Numerals .........i........,...ﬂﬁgss

Packs of Gum

Grouping Objects in Action ............;............;.. 261

smouc kpre’ent‘tion ..........................‘....0 262
Conventional Representation ........\......,.;;35......'262
other Digit‘hd “mr‘l. ...................V......H...... 263

mrble‘ ............‘................‘................‘.... 263

i

o

-
-

t *Levels were not eltab;ishéd for Task 3.
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Levels Within Tasks
i '

The ideas and behaviorl.that seemed to differentiate levels in

children's developing knowledge are given below.

Task 1. Conservation of Elementary Number (Piaget, 1941).

Level 1.

Level 2.
Level 3.

Level 4.

_Level 1.

Level 2.

Level 3.

Task 2. Establishing Equality Among Unequal Collections.

The child does not establish equivalence between two Tows : 3
of objects. '

- ., \

The child establishes equivalence between two rows, either
by one-to-one correspondence or by counting. However the
child does not conserve.

The child establishes equivalence between the two‘ruﬁs but
vacillates betyeen conserving and not conserving humber.
The child is inconsistent.

The child conserves number unequiiocally.

!

The child uses some non-numerical idea as- the basis for
making unequal collections “fair."

. Example: the child pushes the qwb‘collections togefher

and says, "They (the animals) have to share."

The child has an intuition that the collections should be
the same. But the child's notion is global; he has mot
differentiated between same numbers (numerical equality),
same appearance (spatial arrangement), etc.

Egampleé* the child says the collections have to be the
same, but he does not make them equal in number;
or he.makes the collections equal but cannot ex-
plain why the result is "fair."

The child thinks that equality can be established in one
or two ways: by adding two elements to the smaller collec~
tion B (thus A = 6 and B = 6), and/or by removing twa .
elements from the larger collection A (A= 4 and B = 4).

o

302
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Level 4. The child establishes equality between the collections by
moving one element from Collection A to Collection B,
- thus making two collections of five elements each. The
. child may do this directly or he may have first made
collections of four and/or six objects each. ‘

Task 3. Anticipating Equality Among Unequal Collections Without Counting.

Due to problems in the administration of this task, levels could
not be established for it. These problems are elaborated in the.
discussion of the results, Chapter 5. '

Task 4. Socks and Pairs.

Level 1. The child counts the whole collection of individual socks,
Yope, two, ... 8ix," or "one, two; one, two; one, two." ‘
But questions concerning "how many socks vs. how many
pairs" are answered with a blank look, or talk about some
other topic. : ‘

Level 2. The child treats the term "socks" and “pairs" as if they
were synonyms. She uses the same number name to identify
each. - ’ i ' : :

- Example: the child l‘ﬂayl ﬁhere are "two, two, ’tw‘o";
"three pairs and three socks," or "six pairs
and six socks."

Level 3. The child counts the socks (éix), counts the pairs (thrée).-
~ and maintains the idea that there are six socks at the same

p time as there are three pairs.
%

Task 5. Drawing Sticks.

PR
(.

Level 1. The child makes some kingd of a drming.
Type A. The child draws something irrelevant to the task,
such as a drawing of a house, a person, Oor an

Y

Type B. - The child makes a single drawing of a collection
" of six sticks. This drawing may or may not ‘show
the spatial separation between the sub-collections
of sticks. o B ’




Level 2. The child makes three separate drawings for the three - J
arrangements of sticks. ‘ A o

Type A. The child shifts the mode of representation with-
in or among the drawings, ‘thus creating a mixture
of symbols and signs. For example, collection A
48 represented with a drawing of four sticks and
two sticks with a space separating the sub-collec-
tions; collection B is represented ‘with a single
* numersl, 6; and collection C is represented with
two numerals, 5 and 1. .

Type B. The child produces drawings in which the sub-collec-
tions are ambiguous, and thus it is difficult for
him to use the drawings to accurately reproduce
the sub-collections. ' A
Note: the child uses one or some combination of '

the following means to show sub-collec-

tions -~ spatial 'separation, change of

color, and making boundary figures dif-

ferent in size from the rest.

Level 3. The child draws the correct aumber of sticks (wholes),
- and the sub-collections (parts) are clearly irdicated.
However the child compares the sub~-collections (parts)
" » within and among the drawings, rather than the wholes.
°  Thus he says that five sticks and four sticks are more

than one, two,4or three sticks.

. Level 4. The child draws each of the eollections (wholes) and
sub-collections (parts) accurately. : He compares the o
dravings and ssys that none shows more than any other. - .
"They're sll the same." "They sll have six." ,

Task 6. Wheels and Cars. . oot ),
This task has several parts. *Children were asked to (a) group
objects in action, (b) symbolically represent their actions,
or the results of their actions, (c) write numerals corresponding
to the quantities they had drawm, and (d) interpret the meaning
of the digits and pumerals relative to the quantities they had
drawn. Levels for each of the sub-tasks are given separately.

Task 6a. Grouping Objects in Action. e a
Level 1. The child counts thé wheels on the toy. car, “one, two,

three, four." The collection of twelve wheels, however,
remain as separate ‘objects and are not grou ed at all. -
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Example: the child "counts" the total number of wheels
(i.e., counts them imprecisely), and initiates
s new game" with the wheels. He makes no effort
to group the wheels into sets.

Level 2. The child ‘gtoﬁps ‘the wheels for one set (car) out of ‘the
*  ungrouped wheels, but leaves the remaining objects un-
grouped. o o
Level 3. The child groups all of the elements :1nto séts. but the .
set size is wrong. o ’ :

Note: these children made sets of two, rather than
. , : four, vheels. The source of this error seemed
to be the child's image of a cer from its "side
view" where only two wheels are visible. Curiously
- enough; these children did not give up their idea
: ' of "twos" despite the fact that a.toy car with - -
- . four vheels had been used just a few moments
’ before. Cor - ‘
Level 4. The child groups all of the objects i{nto numerically
 correct sets (four vheels per car).

Task 6b. Symbolic Representation- )
Level 1. The child represents an objects as such, and not a quantity -
! - of objects. - . ‘ ,

‘Example: the child draws a car or a truck and 1gno:eé the
request to draw amounts of wheels. o

Level 2. The child draws a quantity of objects. | : .

Type A. The child draws many éheelq. or an approximation
' of the ungrouped numerosity of the whole. :

Type B. The child draws one ‘or two sets of vheels.

_ - _ .
- ‘» Level 3. The child represents the numerosity of the whole. In
the process of drawing, however, she transforms the objects

into something else (e.g., “hamburgers,” or "a rabbit and
B dog“').l, Thus she abandons the idea of "groups of four."

Note: the shifting of ideag midstream indicates how fragile
". the qusntitative idea'is (a whole of sixteen, and
o within that whole, sub-tollections or sets of iour).




Level 2.

©

s:lngle-dig:lt number-squiggles are generallyA recognized and

&/\called by their appropriate name (e.g:, "that's the number '

Level 3.

six"). But rather than making quantitative correspondences
between numerals and represented objects, the child seems

to use some kind of a "matching schema" to make a link be-
tween squiggles and other things. These correspondences are
for the most part non-quantitative, though quantitative no-
tions are occasionally mixed in. ' - )

Type A. The child makes a correspondence between the colors
used in writing squiggles and drawing objects.

Type B. The child makes a ‘v‘crbal (‘nlmber#naE) .correspond-
. ence between a squiggle and some unrelated instance
in which that name is kn&wn :

Example: &4 (written to show "how many wheels")

" elicits, "I know that because I'm four
years old," or "I was four before I was
five." The connection between the 4 and
four wheels, drawn by the child just
moments before, is not made. |

Type C. The child makes a correspondence between one number-
squiggle and any other number-squiggle written on
the paper, as if to say "they're both numbers, and

- therefore they 'match.'" '

Type D. The child makes a correspondence between identical
anumber-squiggles. The correspondence 1 qualitative
(1dentical mark) rather than quantitative (identical
mark to signify sanfe amounts). e

Number-squiggles, and particularly 'lingle-digit numerals,
can stand for quantities of represented objects. But other
ideas operate at the same time, resulting in confusion and

inconsistency of responses. The notion that single- and

two-digit numerals refer to specific amounts (cardinality)
is one among several :I.dgas that are not fully differentiated,
one from the other. } ' -

Type A. Two-digit numerals vcvannot be "dissected" into their

constituent digits. The number “"disappears"” when
it 1is broken down into its written parts. .

Type B. A whole ‘two-digit numeral, as weil as either written
_part, all refer to the same amount. o .

Type C. The represented objects can be used to answer one
. aumber-question. But the objects, once used, can~
not be referred to in order to answer a second
‘aunber-question. ‘

2590 T
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Level 4. The child represents the anumerosity of the wvhole (sixteen
' objects) as well as sub-collections or groups of four.
The sets are indicated in one oTr & combination of the
following ways -- color (a different color for each of 5
the groups of four), spatial grouping (sets of four '
drawn on different areas of the paper), boundary 1ines
(1ines indicating the separation of the whole into groups
of four), and labeling (numerals and/or written words to
identify the groups). :

' & @
Task 6c. Conventional Representation (numerals).

Level 1. The child labels individual objects with some kind of mark.

For example, she makes & sequence of short lines, one mark
underneath each object drawn. : ‘ :

_ Level 2. The child makes a mark spproximating the shape of the

! number-squiggle. He often makes such remarks as,’

- wA five, that's & backwards two," or "That's how I make

a six," as he vrites the squiggles. L o,

Examples: & for 3; 2 for 5; & 'for 6; < for 7.

Level 3. The child makes the c::hvehtional mark (appropriate shape) .
 for most single-digit numerals; two-digit numerals are
often inverted. . -

o

Examples: "61" for 16; "21" £oi: 12.

Level 4. ' The child writes the conventional marks for all numerals.

Task 6d. Meanings of pigits and Numerals.

Level 1. Numbe;:-lquiggles are graphic marks that are linked to the
objects on which they are found (F. Siegrist and A. Sinclair,
research in progress). T : o

4 -

. A
4t

Type A. Nmber—squiggtes are "naming 1;be1§."',
Example: 4 "says 'car" or 2 is “Channel 2."
- ' .~ Type B. Number-squiggles carry "functional messages."”

Exampleﬁ “they're for _things you buy" or 0 (zero)
, is "for blast-off." N

Type C. ,' !I\mberfiquiggles have 'ino,;direct relation to nnyth:t.:i‘g
" gritten or represented on the paper. ‘The child might

eircle things because the Interviever circled things
(alb_eit their aumber-squiggles). ‘

o 8o




Type D. Number-squiggles as "ordinal labels" (that is, a
, sequence of marks identifying separate objects in
a sequence of objects) is not differentiated from o
number-squiggles as signifying “cardinal values." -

Example: i:he 6 in 16 means the sixth vheel; or the
whole numeral 16 means the sixteenth wheel.

Type E. "In the process of searching fbrvmeanings for the |
separate digits of a two~-digit numeral, the "uni.ts\
of meaning" or “referents" change. . '

Example: the 6 in 16 refers to six wheels, but the -
1 in 16 means one car (i.e., six of some-
thing and one of something else).

A\

Type F. The operation of addition is applied to the digitsﬁ
- . making up a two-digit numeral. . _

PN . V Example: the 1 in 16 means one wheel, the 6 in 16
¢ ’ means six wheels, and the whole numeral
* means "one and six is seven."” ’

- Type G. The graphic marks themselves form the focus of

1

Exampie: the child makes a figurative correspond- |
. ence betveen the shapes of the numerals 2
(1 4s "like a line" and 6 is "like a
circle) and other things drawn on the
paper. Alternatively, circles drawn |
around the number-squiggles result 4n
products that "look like a wheel or a
machine." :

Type H. A numerical correspondence is made between one,
. put not both, of the written parts of a two-digit
numeral and pbj:ct_:sr.w,{ v ,
v, -
Example: the 1 in 16 means ten, but the 6 in 16
means nothing at all; or the 6 signifies
six objects, but the 1 means nothing.

Level 4. Whole two- and three-digit numerals stand for the totality.of
the objects represented. The individual digits are consiStentl
transformed into numerals in their own right, and they.are
treated in one of two ways. In neither case does the child sense

& necessary relation between the pumerical parts (six objects
and ten objects) and the numerical whole (sixteen objects)
‘being represented. : .

{
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Type A. 1 in 16 signifies one object and 6 in 16 six

» ' , objects; that nine objects remlin unaccounted'
y/;ﬁls for is of no concern. . .

* "~ Type B.. 1 in 16 stands for sets of one, 4nd 6 in 16.
* " for sets of six objects.

Level 5. The individual- digits nnking up & two- or three-digit
- numeral stand for amounts- that are determined by the
place or position in which the digits occur.: The .
mechanisns leading to this understanding of place
value consist of a lynthesin of three ;radually con-
structed 1deal ’

(a) Notational rule - 1 1n 16 stands for ten because it
is’ vritten in the tens place. _ e

(b) Numerical part-whole relations - 1 in 16 stands for
ten becaule six and ten add up to sixteeq.

(c) Hultiplication - 1 in 16 stands fqr ten because
1 x .10 equals ten.

Task 7. Packs of Gum. ' B o

Task 7 is composed of the same sub-tasks as those used in
Task 6. However in Task 7, the objects cannot. be equally
distributed into sets: an uneven number of objects nakes
it necessary for children to deal with such ideas as “re-

\ mainders” and "half a pack"” (n = 13 for the youngest group
of children. and n = 23 for llightly older children)

i

= . Task 7a. Grouping Oqu;ts in Action.

Level 1, The child counts the gum in the opened pack, "one, two,
three, four, five." The collection of thirteen sticks
of gum, however, remain as separate objects and are not

' grouped at all.

Level 2. The child groups the gum for one set "(pack) out of the
. thirteen sticks, but leaves the remaining sticks un-
grouped.

Level 3. Thé child gioups the gum for more than one, but not all,
of the packs that can be made with the twenty-thtee sticks

of gum. ¢

Level 4. The child groups the sticks of gum 1n:o four packs and |
. indicates that there are "not: -enough” for a fifth pack.
Some of these children call the remainders "half a pack."

. S 309
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Task 7b. Symbolic Rgii'r‘es‘ent.f;lpn.

Level 1. The child Tepresents an object as such, and ‘not 8
" quantity of objects. For example, the child draws

J one or two sticks of gum and vacillates between o SR
: 1dentify:_|.ng the objects as “"sticks" and “packs." A

‘7:5’ Level 2. The child draws a quantity of objects. | o | / .

Type A. The_chﬂd draws niny sticks of .gﬁm. or an R -,
approximation of the ungrouped numerosity - L
of the whole. T . N L]

Type B.' The child ."d'uw,s _thev sticks for ome or two
" packs of gum. ) ' :

Level 3. The child represents the numerosity of ,ei;get. the un-- -
& L grouped whole (all of the sticks, but none of the packs),
: of the sets (all of the packs but none of - the sticks), -
but not both. . ,

* N L] .
Level 4. The child represents the numerosity of the whole as well
: as the groups. The child draws either twenty-three ,
sticks clustered into groups of five, with three ‘sticks
"eft over," or four packs and three sticks. '

4 -

Task 7c. Conventional Relirelentatién (numerals) .
Note: please see Task 6c .for examples. . ‘ L s

Level 1. The child makes some kind of a grphic mark to label in-
, dividual elements. ' ‘ | '
. : . o
Level 2. The child makes a mark approximating the shape of the .
number-squiggle. A ' '

R o

Level 3. The child makes the conventional mark for most single- S
: digit numerals. Two-digdit numerals are often inverted. o

Level 4. The child vrites the conventional marks for all numerals.

Task 7d. Mesnings of Digits ind Numerals. = o T
‘ Note: please see Task 6d for exmbleli | ’
‘Level 1. Number-squiggles are graphic marks that are linked to the \,', -
’ objects on which they are found (F. Siegrist and A. Sinclair,
research in progress). : o o
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' Task 8. OtKer Digits a_nd Numerals. 1

-----
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uve]_, 2. The child uses "matching uhem"‘ to make hon44ugnt1tat1ve ,
. correspondences between various graphic marks. :

Level 3. The child thinks that number-squiggles, and particularly

- single-digit numerals, can stand for quantities of repre-
sented objects. But this idea is one among several ideas -
that are not fully differentiated, one from the other.

Level 4. The child thinks that & two- or Bulti-digit numeral stands '
for the quantity of objects represented (the whole). :
The individual digits are consistently" transformed into
 numerals in their own right; they are thought to repre=
sent that many objects, or that many sets of objects.

Level 5. The chiid thinks that the individual digits making up 2
two-digit numeral stand for amounts that ‘are linked to
the position or place in which the digits occur. The
child's understanding of place value is facilitated by
her grasping of notationsl rules, numerical part-whole

.~ relations, or multiplication. ‘ .

ES

(U co

The levels for this’ task are the same as ‘those, for Tasks 6d and 7d. >

L]

Task 9. Marbles. g

2 a

o Many children "just wvanted to play" and asked the Intervicwef to db the

score-keeping. Among these children, some Were reluctant to try to invent ‘
a means of keeping score "without using numbers." - But most were getting
tired and simply wanted to play. The following is a list of methods em-
ployed by the children who did keep score, bue they do not constitute
"Jevels.”" ' It vas interesting to mote that no child vho used an invented
proceduré had any difficulty coming up with some means of recording "zero."
| Type 1. Tally marks (no gecenit;; for writing anything -
down for zero). ' S o o
'i‘ype 2. Alphabc;:lc letters (1.é'._. A=1,8=2,C=3,
etc. ’ ‘ ) o )

~ Type 3. Arbitrary "ideographs" (e. g » 8-"happy face"
“for 1, an "x" for 2, a slash-mark for 3, etc.).

Type 4. A drawing of a pie, .where an Qpprdprhte number
v - of pie pieces were colored in for the- number of
~°  marbles knocked out on each shot. “

EIEER
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I.gvcl x Age Annlyles fot All 'ruks :

Cl. Task 1, Conservation of elementary number x age vereeeceneeess 265
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c011ect1°u.‘.ge ......'...I................................. 266

€3. Task 4, Socks and purs x age ....................-.......4..... 267

cé. "ruk 5, Six stickl x age ....... 268 | ‘,
CS. Task 6a, Group:lng wheels x age ..............................‘. 269 o
C6. Task 6b. Symbolizing wheels x age .... 270
C7. Task 7a, Groupiné GUID X 8B cceccscceccncannsscsccsncscsssasss 271
C8. Task 7b, Symbplizing gum x age ... 272 -
c9. 'ruh 6¢, _7¢ and 8, .writing ‘nmeuls‘nx aée (. 273 | W

- C10. Tasks 6d, 7d and 8, Assigning meaning to ) _
n‘mr.l' x.ge ...........,’............................‘.’..... 274
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Table Cl. - | ' r | - B
Task 1. Conservation of Elementary Number x Age - _ o
. [ : .
° : - 1
Level 1 Level 2 | - Level 3 . Level &
| Number of 0 : . ‘ ; o,
° Age Subjects ‘ _ 7 o e
_ g N | S P
" G
& year olds 12 7 , 4 0 1
5 year olds 15 |. 0 9 1 : S‘
6 year olds 12 o ° 0 | Q . 12
7 year olds 17 | [ ‘0 - R | 1 16 .
8 year olds 12 o 0 0 .0 12
. ' e
9 year olds 12 0 0 0 12
Collapsed . , ) ' oo e
age groups ' o : . .
465yr. olds| 27 | 7 13. 1 o) 6
66&7yr.olds| 29 o o . ' D
869 yr. olds| 24 .0 | 0 o | 2
» x*= 54.34, df = 6 S . :
.,' v= .58 |
‘ p< .001 - ' A R
S ,




4 Table 2. . . v o, o
" 7ask 2. ‘Establishing Equality Among Unequal Collections x Age | N
Level 1 | Level 2 Level 3 Level 4 |
’ Nuwber of | - BN
| Age Subjects ‘
4 year olds 12 3 5 2 "2
5 year olds 15 0 2 8 5
6 year olds 12 0 0 1 11
7 year olds 17 0 0 : 0 | 17
8 year olds 13, . 0 0 ¥ 12
9 year olds . 12 0 0 0 . 12 .
Collapsed -
_age groups ‘ |
4 & S.year olds | 27 3 7 10 7
66 7year olds | 29 0 0 1 28 -
8 & 9 year olds 2 0 .0 I
 x'e 4B.4T, dE % 6
v = ,550 | '
o «. p< .001 , I
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. Table 030‘

‘Task &. Socks and Paira x Age

3
N

[

Level 2

,  Level 1 Level 3
Q’ o q
” " Number of | \
Age - Subjects
& year olds 11 3 7 1
5 year olds 13 1 10 2
.6 year olds 10 ) 0 10
7 year olds 16 * 0 1. 15
| .8 yeai; olds W 0 ’ 0 11
9 year olds 12 s 0 “ S0 12
Collapsed S )
age groups S
455 yr. olds 24 4" S 3
| 68 7yr. olds 26 0 1 25
8 &9 yr. olds 23 0 0 23
| 2*u 56,02, df = 4 o

v = 619

p< .001

-
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Table ﬁ. i ) ’ . B
Task 5. Six Sticks x -Age Soow T “ “
Level 1 Level 2 -~ Level 3 Level 4
: ' Ruaber.of , _ : :
 Age | Subjects A . 1 -
4 year olds BT ARAREE R 3 1 1
5 year olds 13 4 4 .1 4
6 year olds 9 ) 0 I, 2 . -3 4
7 year olds 14 1 0 1 12
Byearouds | 117 0 1 1 1 9
9 y‘cmrwool_d,u~ 1 12 0., 0 ] 12 | j
Collapsed ' ! | ’ :
age groups |
4 &5 yearolds| 25 11 7 2 5
6 _&~1 yesr olds| 23 "1 : 2 4 16 \
8 & 9 year olds 23 : 0 1 21
e 35,39, dE=6 B /r.‘
v = 499 ' o '
. 4 < 000. o {/
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Table 05, | - '
Task 6a. Vheels and Cars (Grouping objecta in nctiun) x Age . !
Level 1 Level 2 | ~ Level 3 |  Level &
- |Nusber of
Age ) Subjects
4 year olds 12 - 6 2 0 4
5 year olds 15 2 2 1 10
6 year olds 12 o 1 1 10
7 year olds 17 0 LI 0 16
8 year olds 12 0 0. 0 12 |
9 year olds. 12 o 0 0 12
» " ’ \
Collapsed
age groups
465 yr. olds | 27 8 VR 1 1
667yr.olds| 29 . 0 2 B 26
869 yr. olds | 24 o 0 o 2
= 24.51, df = 6 R L
i v=.,391 - |
p < .001
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Task 6h+ Wheels and Cars (Symbolic Representation) x Age T
- - ' ~ _Level 1  Level 2 N ‘l'.evelv 3 | Level 4.
Number of '
Age - -] Subjects
4 year olds 1 B 3 0 1 |
5 year olds - 13 1 1 '5 1 6 v
6 yeir olds. 12 0 2 2 - 8
7 year olds 17 0 2 0. _ 15
N t - . 4 . :f .
8 year olds ~ | . 12 0 0 1 i 11
_ . | =
9 year olds 12 0 ' 0 1 11
cdllapsed e
age groups
"4 & 5 yr. olds 2 ; 8 8 B | 1
'l 687yrioms| 29 . 0 4 L2 23
8 &9 yr. olds 24 . o 0 2 22
' x*= 34,55, df = 6 |
v = .474
B p < .001

a8 .. .
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. fablec?. - -
. Task 7a. Grouping Objects (Gum) in Action x Age
“ Levell | levelz |  Lewl3d |  Leveld
) Nusber of | - o 1 -
Age . | Subjects | B RERCE ' ‘ .
4 year olas | 8 4 &4 0 0
Syearolds | 11 4 2 2 3
6 yearolds | 10 o, 0 o © 10
7 year olds " 17 1. 0 0 '. 1 b 16
8 year olds - 12 0 0 . 0 12
1 9 year olds 12 0o’ 0 o 12
Collapsed : : . ’
S Age Groups ) C.
4 & 5 year olds 19 .8 ‘ 6 2 .3 '
667yearolds| 27 0 S S 1 26 -
850 year olds | 26 0 0 0 %
. _ ' T L 3} |
*'= 52,747, df = 6 . | | - e
v = .614 o - el

319 . . pe.001
- | |
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 Table CB. * - ) - ‘
" Task 7b. Symbolizing Gum x Age N > _

Level 1 - Level 2 © “Level 3| Level 4
| Number of .
Age o Subjects '
&4 year olds 8 2 5 1 0
5 year olds 10 1 4 3 2
6 year olds | 10 0 3 3 4
7 year olds 16 0 1 2 13
s | -
8 year olds 12 0 0 0 12
‘9 ‘year olds 12 ) 0 1 n
Collapsed - C ' - - W ‘ _,
Age Groups ) . ) , . o -
4 & 5 yedr olds | 18 3 B TR U 2 |
~ 6 & 7 year olds 26 : 0 e .5 ) R 17
- W . N - . . a
8 &9 year olds | 24 0 _ 1) ' 1 23
x*= 36.999, df = 6 | L
_ : _ \ o
v = 522 N
p< .00l :

2i. ] s




T.ble G‘. ‘ v = - : - N \\. B . .
'tukn 6c, 7c, lnd 8. Vriting Numerals x Age e - © '
Level1 | Level 2 level 3 | Level &
Nuwber of |
Age | Subjects .

4 year olds 12 4 7 1 0.

5 year olds 13 B 0 6 7 | 0 -
: . ' » 3\ o . .
6 year olds 12 0 0 7 5
71 year olda, 1} 0 1 1 15 |
8 year olds 12 0 0 0 12
9 year olds 1 112 0, R 0 12 |

‘ ' . o ! A

Collapsed n .
age groups N : | |
4 &5 year olds | 25 4 3 | 8 | -0 -

6 & 7 year olds 29 0 1 8 20 |
8 &9 year olds | 24 g 0 0 0 2

- 2= 66.678, df = 6 | \
’ v=.671 "
p< .001




Table €10; - o o . o : g
Tasks 6d, 7d, and 8. Meanings of Digits and Numerals x Age ‘ .
| | | . o .‘ Kils }
. Level 1. | Level2 Level 3%.| - Level 6 | Level 5
5 Nunber of o
Age Subjects '
4 year olds 12 | Wl. 5 3 0 0.
] . v - - S
| 5 year olds 13 1 4 8 0 S0
| 6 year olds 11 1 4 6 0
-7 year olds 16 0 5 9 2
'|.. 8 year olds 11 0 () () 9 2
/9 year olds 12 0 0 1 .6 5
‘ Collapsed ) - ' |
age groups \ ' N
4 & 5 year olds 25 5 9 1 0 0 -
. 6 & 7 year olds | 27 0 1 9 15 2
8 &9 year olds | 23 0 0 15" 17
x*= 129.26, df = 8
v = 587 ,
p< .001 - ., !‘0
324 ,
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'ruk 2 x 'ruk 4

Task 5 % Task 6b
Task 5 x Task 7b

2
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 Table Dl. Cognitive Development: Task 1 x Task 2

a

Establishing Equality Among Unequal Collections

_Conservation of ‘ S . | S
Elementary Nusber Level 1 Level 2 | ‘ l_.evel, 3  Level &4 .

‘Level 1

Level 3

Level 4

x' = 88.02, df = 9
v = .625 '
p < .001




‘Table D2, Cognitive Development: Task 'L x Task &

(o
e

. Socks and Pairs

, COnQervafion‘of7’ . ' .
~ Elementary Number Level 1 ,Leﬁel 2 Level 3
| ‘!.evgl 1 o 3 4 0
Level 2 "" 0 10 1
14 g 1
Level 3 o P A 1 1
Level 4 - 1 3 49 .
" x® = 65.36, df = 6
v = ,669
' p < .001
X : 39'?0 v
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able lB. Cognitive Development: Task 1 x Task 6a

 Grouping Objects (Wheels) in Action
Conservation of co S
Elementary Nusber Level 1 o Levg'l_ 2 i . vl-eVel 3
Level 1 o 6 . o . _ 0
Level 2 ]2 3. J ‘o_v
Y7,
Level 3 | " 0 * o } o ' g
x* = 49.16, df = 9 |
v - .487 ) [ ¥
p < .001
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Tsble DA, Cognitive Development:

Task 1 x Task 7a

{c

¢ Grouping Objects (Gm)_‘in“Actiotflv
) o R A o
Conservation of - v o T o
Elementary Number Level 1 . Level 2 Level 3 Level 4
. : ) ﬂ . "' .
Level 1 3, 1 0 o
Level 2 g 3 2 0
Level 3 o " 0 0 1
. ' e
Level 4 o 2 1 52

x*= 61.839, df = 9
v=,53"
p < .001
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‘l'abl‘e‘b.'q. ‘ cogﬁiiive DeVelop'uent':' ‘Task 2 x Task &,
Socks and Pairs
'Bléablil‘ﬂ.;lg Equality |. . -
Among Unequal Collec- Level 1 Level 2 tevel 3
tions ' 3 o
Level 1 -2 B o

Level 2 1

o

’Level.S.

. Level 4 1

v

51 -

x* = 77,5, df = 6
v = ,729 -
p < .001 °




Table Db6. _(:ogni_ti've Qeveiop-ent: T&ak-\zlx"l'aak‘ 6a

¢t . “-" : ) : ) .
Grouping Objects (Wheels) in Action
Establishing Equality | ‘ - R : o
Among Unequal Level 1 Level 2 Level 3 Level 4
_ Collections - _ : S
. Level 1 ' 3 o 0 0
‘Level 2 g -3 1 0 3
l’ ! ‘((. . . B
‘Level 3 | 2 " 2 0 7
Level & 0 3 2 54
(\ x* = 46.96, df = 9
v = 442 -
. p < .001 ~
: 331




Table P27, Cognitive Dévelop-ent: Task 2 x "'i‘,aakb 7a
4 . ! N

BT

.-, Istablishing !qunlity -

-

. Grouping Objects

(Gum) in Action

Among Unequal Collections | Level 1 Levelkz- Level 3 Level 4
Level 1 1 0 0 0
Level 2 - 3 1 0 .0

;f
Y .
Level 3 3 3 1 1
Level 4 1 2 2 . 52

x*= 52,669, df = 9

'v = ,501
p< .001
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able D8. Cognitive Development: . Task 4 x Task 6a | » o Nﬁ,‘ i
. Grouping Objects ,(miééh) in Action
' Socks and Pairs Level 1 Level2 | level3 | level 4
Level 1, . 3 - -0 0 1
Levelz - | 5 3 o 9
‘ v : ‘)7 . . .
’
|  Level 3 | o' c 2 2 48
. ’ : % * ) ‘ - e
! B} ) i : » ] -
x* = 3267, df % 6 - |
. v = 0473 "
(it}

p < .001




2ty

| Table D9. cpmttive'nevelople’héé' Task ‘4 x Task Ta - .

‘Grouping Objects (Gum) in Action -

Mo

B ‘Socks and Pairs Level 1 ‘Level 2 ' fevel 3 - |  Level 4

Level 1 ' . v v _ o B

level 2 | 7

Level 3 0

x*= 51.163, df = 6
v = 613 '
p< 001 .,

- 334




* Table DI0. Cognitive Development: Task 6a x Task 7a
AR

Gtoﬁping Objectq. (Cum) in Aéeion ‘ '

. Grouping Objects

~ (Wheels) in Action Level 2 Level 3 |  Level 4

Level 1

level 1 . 2 | o ] o

" Level 2

Leve15 ‘o.‘. A 0 N

Level 4

‘x*= 25.610, df = 9
vs= .39
p < .005

g




fl’lbflé nil. Syi_rouc; Representation: 'l"ask. 5 x Task 6b
. 'S'y'nbtl,)'lizing Oﬁjqcts.(ﬂheels):

~
— S

L } Do
i P
e,

Level 1

Level 2

 Level 3

Six Sticks

Level 1 °

Level 2

Level 3

Level 4.

x* = 29,57, df = 9
v = .409
p < .001

336"
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. ‘é:‘) o + . - * ’ ) ﬁ
Table D12, Sysbolic Representation: Task 5 x Task 7b . g
o - - * Symbolizing Gum
Six Sticks  Levell evel 2 | Lever 3 |  level &
Level 1 2 -5 1 1
Level 2° 0 3 3 1
Level 3 = 1, 1 1 3
Level 4 0 2 & 33
h x*= 36.470, df = 9
v = 446

p < .001

337




- Table Di3. ,Syd)oiic F(épre:entation: Task 6b 5:' Task' 7b -

Sy-ﬁoli'zing Gum '

symbolizing Wheels Level'l Level2 |  Level 3 Level 4

L . - (]

Level 1 2 1 e - ®F 0}

Level 2 - 1 I DY R 1

a@

¥ 7 X
Level 3 0 2 i | 2

Level 4 o T B R B

. %% 62,922, df = 9
v = .551 | |
p < .001 ‘ . o .

[

° . - 1338
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Table Dt4. Conventional Representdtion: The Re_lationahip Between Writing ﬁmrals and-Assi
Meaning to Numerals - ' ' -
‘ a . ' ) .
’ Hean{,«gs of Digits and Numerals

Writing Numerals Level 1 “Level 2 Level 3 . Level 4 Level 5

Level 1 3 0. { .6 0 0

‘Level 2 1 8 1 C0 0

'y , '
Level 3 0 3 ‘n 3 o
? ) Q
Level & 0 0 } . 6 - 22 9

x* = 115.1, df = 12

v = ,751

p < .061




‘ Eo ~ Appendix E:

Relationships Among Levels Between Domains

El. Task 1 X Task 5 ceveseeecrcrececnscacaenannsosacsecsncsns 292
E2. Task 1 x Task 6b 293
3. Task 1 X TABK 7D cevteeecncecnscnsescansansansansagencass 294
E4. Task 2 x Task S5 295
ES. Task 2 x Task 6b .......;....e......;....................'296
E6. Task 2 x Task 7b 297
£7. Task & X TaBk 5 venvensessessenseressessesiencesersenees 298
EB. Task & X TASK 6b cveeveeecesacssasssansnsnsessscssssssnse 299
E9. Task & x Task 7b \\ 300
E10. Task 6a x Task 5 e iertiereeeeeseeeeeeeee 301
" B11. Task 68 X TASK 6b «ceeeeesenseanssssesscsssansansessasces 302
E12. Task 6a x Task 7b et eveteseeeeveseasacasasnsaeas 303

313. T‘.k 7.:T..k5 ........'....;........................... 306

Ela. .T..k 7.:Tuk 6b ...................:.................!.. 305 ' j
Els. T“k 7.:T”k7b .?....‘..;..............:.....‘.....,.... 306 .‘)

216. T“kle“h sc. 7c ..nds ....................'.......... 307 ‘

-

£16. Task 2 x Tasks 6¢c, 7c and 8 teveccececssasescsssassscscee 308
B ~ E18. Task & x Tasks 6¢c, 7c and 8 ....::...;..........;........ 309
E19. Task 68 x Tasks 6¢, 7c and 8 .cccececcnavccccocccccccccce 310
E20. Task 7a x Tasks 6c, 7c and 8 .......;..........;......... 311
E21. Tesk 1 x Tasks 6d, 74 404 8 ceveuuinnessnnnrnsaannassss 312 -
£22. Task 2 x Tasks 6d, 74 and 8 eveveresesecesesnrasacnsese 313

2230 T;.k 4 XT.'k. Gd’ 7& ‘nd 8 ooooooo.o.odoo.o.o‘oooo.o..doo 314

‘k " - 6 zza.(’r..k G‘zr‘.k' 6d’ 7d .Mna ..»..'.o..:.....‘........'.... 315

) | . : . a
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£25. Task 78 x Tasks 6d, 7d and B c.ccccceccccencccccscntnses 316
‘, 226. Task 5 x Tasks 6¢, 7¢ and B eeeeecencesennonsereasancess 317
i £27. Task 6b x.Tasks 6c, 7c and 8 TR UPRPCRPPPRPPPI:
£28. Task 7b x Ti‘k: 6¢c, 7c and 8 ...............;........... 319"'
£29. Task 5 x Tasks 6d, 7d and 8 PRI IRIILR
£30. Task Gb x Tasks 6d, 7d and 8 ........................... 321

231. T“kn’r“k‘ 6d. 7d ‘nd 8 ...........‘............... 322
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Table Fl. Relationships Between Levels in Cognitive and Sy-bqllic' Representation: ‘l_‘a_sk 1 x Task 5

-  Six Sticks
Conservation of Level 1 " . Level 2~ Lével 3 ” Lévei 4
Elementary Number o e S |
Level 1. 5 I S B 1 0o
) / | ‘ . _ ,
L/;vel 2 4 6 0 2
27
[
Level 3 V 0 0 1 1
( ' " » J
Level 4 : 2 3 5 39 . . ‘
x*= 49.67, df = 9
v = 486
p < .001

343




i
Table £2. Relationships Betiveen Levels in Cognitive and Symbolic ‘Representation Tasks:
Task 1 x Task 6b '

Symbolizing Objects (Wheels)

Conservation of ' B .
Elementary Number Level 1 level 2 Level 3 & -
Level 1 | 6 1 0
Level 2 0 ’ 7 ‘ 1
Y 2
Level 3 - 0o (1] 0
Level 4 B 4 5

- x*= 69.486, df = 9
v=,571
° p < .001

344
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Table £3. RelationshipsBetween Levels in Cognitive and ‘Sysbolic Representation

Task 1 x Task 7b

Symbolizing Gum

Taal_tl :

Conservation of

Flementary Nusber " Level 1 Level 2 Level 3 Level .4
Level 1 2 - 2 -0 0
Level 2 0 7 2 0

1y
Level 3 . 0 ) 0 1
.

Level 4 ' 1 4 7 42
= 74,467, df = 9
v = .604
p < .001

\‘1

345
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 Tsble Fh. Relationships Between Levels in Cognitive and Symbolic Representation Tasks:
Task 2 x Task 5

[

.....

Six Sticks
Establishing Equality '
Among Unequal Collections | Level 1 Level 2 Level 3 Level & J
Level 1 2 ) 1 o
-
J N
. :
\ . .
Level 2 -2 4 1 0
f
R ! 4
Level 3 5 2 0 3
Level 4 3 4 5 39

x*= 39.141, df = 9
v=,429
p <~ .001

346




e ) ) [} ’
able ES. Relationships Between f.evels in Cognitive and Symbolic Kepresentation Tasks:
' Task 2 x Task 6b

Symbolizing Wheels

Establishing Equality ' _ »
Among Unequal Collections Level 1 Level 2 Level 3 Level 4
Level 1 3 1 0 0 0

8
‘Level 2 3 2 1 0
L
Level 3 : 0 5 1 4
Level 4 1 5 4 49
2*= 64.907,,df = 9 . i«
v = 527
p < 001

347




Table E6. Relationships Between Levels in Cognitive and Symbolic Representation Tasks:
Task 2 x Task 7b -

&

Syubolizihg Gu-‘

Establishing Equality ' R
Awong Unequal Collections | - Level 1 Level 2. "~ Level 3 Level 4 -
Level 1 , 1 1 o 0 | o
Level 2 S T a o | o

. . T
G) .
) : .
Level 3 - o . 6 | '  ) R R |
Level 4 | 1 5 9 ' 51

x*= 54.963, df = 9
v= 519
p< .001




[

abie E7. Relationships Between Levels in Cognitive‘%ha Symbolic Rep}eaentation Tasks:
| Task & x Task 5 '

Six Sticks
Socks and Pairs 1 Levell Level 2 Level 3 | - Level 4
Level 1 ¥ 4 0 0 0
Level 2 : 6 5 2 . 5
1y : .
Level 3 K 2 4 5 37
«x*= 36.161, df = 6
v = .508

p< .901




\‘ .

‘.bble ES. Relationships Between Levels in Cognitive and, Sysbolic Repreqeﬁtlt\gion Tasks:

Task 4 x Task 6b

1}

i
i

Symbolizing Objects. (Hheelb)

Socks and Pairs Level 1 Level 2 - Lével 3
Level 1 3 1 0 0
T
Level 2 4 7 1 ‘ N T
Level 3 . 0 3 5 _ 1/ 46
x*e 47.995, df = 6 ' ;« .,
v = .566 -
p < .001
o ’
350
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i

Taaklcx'l'askn'

Sylboliiing Cum

‘Table E9. Relationships Between Levels in Cognitive and Symbolic Repréaentltioi\ Tasks:

Socks and Pairs Level 1 Level 2 | Level 3 Level &4
- A
Level 1 2 0 ) ] 0

“ Level 2 & 1 9 1 2
Level 3 -0 4 8 40
x*= 72.393, df =. 6
v=_,735
p < 0001

351
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'l’able £10. Relationships Betveen Levels in Cognitive and Sysbolic Representation ’Iﬁ’-akui
Taak 6a x Task 5 ‘ . . _ :
Six Sticks s
‘Grouping Objects 5 AH__ - . - | B
Levell 4 R T B A )
Level 2 3 2 - 0 .| r
¥/ : o | e
Level 3 . 0 | 0 | o | 1
Level 4 3 , 4 v 6 1 3
~x*= 30.766, df = 9
v = 391 ‘
p< .00L .
Q ’

ERIC : | 352




table Zll. Relationships Between Levels in Cognitive and Symbolic Representation ‘l_‘_uka:’
Task 6 a x Task 6b ' o "

Sysbolizing Objects (Wheels)

Grouping Objects - - o |
(Vheels) in Action Level 1 Level 2 Level 3 ~ Level 4
 Level 1 5 9 0 . 1
. Level 2( 1 | 5 0 0
. : ’ .
Level 3 . , 0 0o -2 0
Level 4 E 1 5 1 4 52 .
x*= 85.536, df = 9 o _ N
v = 605 )

p< .001




= ’

‘gt

'l'ablc 2. Relnticnshipa Between Levels
Task 6a x Task 7b’

S0

in Cognitive an;ld 'Syliaolfcih Representation Tasks:

'&
. EEEEEN o
‘ Symbolizing Gum
%
Grouping Objects ““ o ‘
(Wheels) in Action Level 1 Level 2 Level 3 Level (.Y
Level 1 2 : 2 0 0
: A
Level 2 0o - 3 0 ' 1
’ - -
- ’ i : .
Level 3 0 1 0 -1
Q a
Level 4 4 1 7 == 10 40
x*= 36.694, df = 9
- 424
p< .001 )

354




Table 213. Relationships ‘Between Levels in COgniti\ge and Sy-bqlt@ Representation Tasks:
i Task 7a x Task 5 ° > o .

,hv -t

NI SN
alg

Six Sticks

@

Grouping Objects

(Gum) in Action - Level 1 Lavel 2 " © Level 3 Level 4
. 0 o . i ‘ ‘JS” B
Level 1 | 4 . 1 i I 2
Level 2 | 4 2 | 0 0
, . |
. - ' ' o .
" Level 3 .0 2 0 . 0
Level 4 1 3 5 38

) x*= 49,382, df = 9
v .511
P <001




Table E16. Relationships Between Levels

Task 7a x Task 6b

&

Symbolizing Wheels *

a . :
in Cognitive and Symbolic Representation Tasks:

-

KGrouping Objects " :
(Gum) in Action ’ Leyel 2 Level 2 Level 3 Level 4
Level 1 3 4 0 1
+ - ‘ ‘/\
Level 2 0 3 1 2
v ‘.
Level 3 0o 0 0 3
Level 4 “ 0 3 4 46

2= 47,347, df = 9
v.= 475
p < .001

356
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Table E15. Relationships Between Levels in Cognitive and -Sydmliéwiepresentation Tasks:
Task 7a x Task 7b ’

Symbolizing Gum

Grouping Objects . G
(Gum) in Action Level 1 Level 2 level 3 Level 4§ -
Level 1 2 5 : o 0

Level 2 1 !o. 1 : 0
° ' u v e h ' R . *,
LY
Level 3 0 1 . 2 0
* Level & 0 3 7 42 "

| x'= 55,540, df = 9 | i
v = ,522
p< .001

[

a1



‘rable e, Reluttmhipa Between Levels in (:ognitive and Conventional Representation Tasks (Hriting

Numerals): " Task 1 x Tasks 6¢c, 7c and 8

Writing Numerals

Conservation of v g’ , ,.
Elementary Number Level 1 . Level 2v Level 3 Level 4
Level 2 o ( 9 ‘ 3 0
& - |

Level 3 . 0 0 [ 1
\ ) Q

Level 4 0 2 13 38

x*= 81.848, df = 9
.611
p< .001 )




TableE17. Relationships Between fl.evels in Cognitive and Convgntiona'l Representation Tasks (Writing
' Wumerals): Task 2 x Tasks 6c, 7c, and 8 - | - . '

t

Writing Numerals

Establishing Equality | '

Among Unequal Collections Level 1 Level 2 Level 3 Level &4
Level 1 3 0 " 0 0
Level 2 | 1 s o 0

y 4
Level 3 - 0 ) 6 4 - 0
level 4 0 ' 3 | 12 . 4

{2

x*= 105.739, df = 9 -
v = .672 ‘ ‘ - .
= p < .001




Table E18. Relationships Between Levels in Cognitive and cbnventional Representa

Numerals): Task 4 x Tasks 6¢c, 7c, and 8

Writing Numerals

Socks and Pairs Level 1 Level 2 Level 3 Level &
Level 1 3 1 0 0
Level 2 ol 1 11 4 1
Level 3 0 1 11 41
S
. 2*= 82.651, df .= 6
v = 747
p < .001
Q . 36U

tion:Tasks (Writing .



;‘ .
) . . o

|
)
|
\
!

'
\

‘rlble 319. Relationships Between Levels in Cognitive and COnventional Representation Tasks (Writing .

Numerals): Taak 6a x Tasks 6c, 7c, and 8

Writing Numerals

'
{ . . . u .
) ) 1 :
| Grouping Objects ‘ | L
(Vheels) in Action Level 1 ‘ Level 2 Level 3 | Level &
Level 1 4 3 ; 1 0
Level 2 0 3 1 2
1” . \
: Level 3 4 0 0 . 2 . o 0o .
. : §
| Level 4 0 8 12 " 42

X = 55.489, df = 9
.487
" " p £ .001 A




Table B20. Relationships Between Levels in Cognitive and. Conventional Representation Tisks
(Writing Numerals): Task 7a x Tasks 6¢c, 7c and 8 '

Writing Numerals

Grouping Objects 1 ' -
(Gum) in Action lLevel 1 Level 2 Level 3 Level 4
Level 1 2 | 6 0 0
Level 2 0 4 - 2 0

- ’ \ .'
Level 3 o 0 0 2 ‘ 1
Level 4 0 1 9 43

1‘-{68.257, df = 9
ve= ,570

362




‘rable E2l. Rehticnnhipa lletween Levels in Cognitive and COnventional. Repreaentation (Asaigning
Meaning to Nuuerala) Task 1 x Tasks 6d, 7d and 8 v . ’

Meanings of Digits and Numerals

Congervation vof | : _ 1 . ’ ’

Elementary Number Level 1 Level 2 | Level 3 Level 4 Level 5
Level 1 4 2 1 0 0
Level 2 0 7 5 , 0 ) |

19y ) :
Level 3 0 0 1 ' 0 .0
Level 4 , - 1 | 1 - 14 30 9

“x* = 72.037. df = 12
v = .5658

p < .001 A - | | _ ‘n | 364

363
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Table E22. Relation

Establishing Equality

Meaning to Numerals): Task 2 x Tasks 6d, 7d, and 8

Heaniqg_ of Digits and Numerals

ship Between Levels in-Cognitive and Conventional Representation (Assigning

Level 2

I.evei 5

Among Unequal Level 1 Level 3 Level 4
Collections " ‘
Level 1 3 0 0 ‘0 0
Level 2 1 . 1 1 0
. .
. Level 3 °0 . 5 5 .0 0
Level & 1 .0 14 30 9
x*= §7.81, df = 12
v = .6289
p < .001 .

3’6'8

CETE
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Table E23. Relationships Between Levels in Cognitive and Conventional Representation (Assigning
Meaning to Numerals): Task 4 x Tasks 6d, 7d, and 8 - |

4 & . )
] Meanings ‘of Digits and Numerals ‘
Ve - i
Socks and Pairs | Level 1 Level 2  Level 3 Lf;vel 4 Level §
Level 1 4 0 D 0 0
R % N | /
Level 2 8 % 7 1 0
Level 3 ' o 1 11 29 ' - 9
{
= " [oN-]
o ’ Cog
: x*=90.13, df = 8 ‘ -
v. ; ,7997 ~ ~
p < .001
a &
3 (?' B
. ]
36’7 -
&
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. LI 4 . o ~ - (
;' b IS
i‘ | : e |
, Tabl.e 326. Relationships Between l.eveln in Cognitive lnd Conventional Reptesentat:lon‘ (A'Uisnillh S o
‘Meaning to Numerals): "Task 6a x Tasks 6d, 7d and 8 S N B o
. s ? ° y - . -
z o L i Meanings of Digits and Nuserals
' * Grompt Objeit | “ — " ~ -1 -
' rouping: Objects - \ B . , .
(Wheels) in Action | level 1 Leyel 2 Lgvel 3 l.eye; 4 . brvel s | .
« : 2 : - ‘ . . }
Level1 s 3 . R - a8 0
® - § 14 ‘:'g? +
" Level 2 0 y 2 2 1 N 0
o4 SRR .
° K e o~ \ iy
. / v, i ~
-+ level 3 L 0 1 0 0
| 7 \ . :
1 - K
| vevers 1 5 % . o 30 | }’9 .
4 . & <
° . - 9N o .
. | - x* = 42,959, df = 12 o | .
- v = 437 ! .
B4 . .5

, . . . p<°001 ‘.\-. . . ‘ P
‘ | . R 370
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Table R25. '!ehéiogahipa Between lgveia in Cognitive and ‘Conventional Representation Tﬁaku (A-ligning
- Meaning -to Nuaetalla)zl Task 7a x Tasks 64, 7d and 8 '

£ - | L e
. Aaaighiné Meaning to t_{u-et?ale -
Grouping’(}bjecta _ ‘f - . . -
(Gum) 1in Action lLevel 1 / Level 2 " Level 3 Level & Level 5 ‘
-LQVGI. 1 o , “ 2 ‘ "( . 3 _ i 3 . 3 0 : '., 0 .
Level 2 B | 3 2 B R - ..o
. . \ ' L. . .
| P . .
? 4 \ ’ ) _ . . " .. ) -
Level 3 .. 0 o . 2 B 1 o -0 ' N
Level 4 S 0 1 10, T 29 | 9 .
(;} - -
"= 44,280, df = 12 :
p< .001 >

371 S #e
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‘rable 226. Relationahip Between Levela in Sydmlic and conventional Representation Tasks (i!riéing -
k]
!!u-erala) Task 5 x Tasks 6c, 7c and 8 '

. Writing Numerals o7
. Six Sticks | tevell | Level?2  Level 3 Levél &
. ‘1 , " . . E & i-, . . . )
“Level 1 . | 3 - S T B!
Level 2 ! 1 -0 . PR | by - |2
. ' » . ] . » :
¥ \L : =
Level 3 1 0 1 2 -3
N . 5 -ﬁQ .
Level 4 o 0 X | 6 33
e - - -
x'= 45.131, df = 9 . - \
0667 ’ * ¢ - \\\:;‘
p< .001 | P
Q ¢ . 373 N , "
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Table E27. Relationships Between Levelt'l\in Sywbolic and Cpﬁveqtionél Representation, (Nriting
! Numerals): Task 6b x Tasks 6¢c, 7c and 8 : ~
Htitiligq’ﬂu-'gi;alb )
7 N .
" Symbolizing Wheels | pever1 | " CLever 2° | Level 3’ Level 4 .
Level 1 4 2. "I 1 1 o
& Y T
“Level 2 < . o 9 1. | e
2 , | ~ | |
Level- 3 2 0 1 -3, 2
b
Level 4 ' 0 i 11 ,
x"= 83,545,.df = 9
vs= ;598 '
p< .001
o 374
a
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Table £28. Relationships Between Levels in Symbolic and Conventional Representation Tasks o

(Writing Numerals): Task 7 x TAakp 6c, ‘fc, and 8

k4

t N
»

. Writing Numerals : N .

Sysbolizing Gum Level 1© | = Level 2 - level.d | Level & |

Level 1 | 2 1 0 o . 1

v ' S v {

. , ‘

Level 2 0 8 3 .2 |

e ‘ 1

|
Level 3 I 0 8 2
Level 4 0 0 3 38

x*= 109.102, df = 9
vse 737

p~ .001 . 375
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Table F29. Relationships Betveen Levels in Symbolic and conventional Representation (Aeaignins
Taek 5 x Tasks 6d, 7d, and 8

Meaning to Numerals):

F Meanings of Digits and Numerals o
"" L. N Vw. ‘ | . ’
$ix Sticks Level 1 Level 2 Level 3 " Level & Level 5
. . ~F . v )
Level 1 4 4 3 0 0 .
level 2 0 4 3 3 0
n | |
Level 3 1_ 1 0 3 ‘ 1
4 \
//- N J
Level 4 0 1 11 21 '8
x’ = 40.98, df = 12
‘v = 448
p < .001 ‘
377

376

74X




Table E30. Relntionahj.pa Betveen Levels in Symbolic and Conventional Representation (Assigning

Meaning to Numerals): Taak 6b x Tasks 6d, 7d, and 8

Meaning of Digits and Numerals

'gymbolizing Wheels Level 1 Level 2 Level 3. Level & . Level 5
- Level 1 4. 1 2 0 0
Level 2 1 6° 2 1 0
. ‘
Level 3 0 1 "3 1 0
{4
‘Level 4 0 1 13 28 9
x*= 67.20, df = 12
= .554 .
p < .001 379 :
3’70 -

1Z€




Table E31. Relationships Between Levels in Symbolic and Conventional ‘Reprénentation (Anoignil;g
Meaning to Numerals): Task 7b x Tasks 6d, 7d, and 8

Assigning Meaning to Numerals

.

Symholizing Gum Level 1 Level 2 Level 3 Level 4 Level 5
Level 1 3 0 0 0 o
Level 2 0 6 4 2 .0

Y ¥
Level 3 0o - 0. 8 2 0
Level 4 0 0 5 26 9.
\
x*= 117,289, df = 12
vae= 776
p < .001
381

*Tee
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