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Pre-Calculus

General IntrOductory Comments

This is a guide for use in Elementary FunctionS and Analytic G'eornetry, semester
courses which, combined, give a year, ofsreparation for Calculus.

The intent of these courses is tc clarify and extend the student's elementary
understanding of functions and to emphasize functions aS,the major unifying
idea of all mathematics.

Several of the important ideas that frequently appear in the courses are:40

c;.1. classification of the types of functions

2. identification of their properties,

3. construction of their graphs

4. determination,of their equations

5. applications

Inasmuch as this year is a prerequisite for calcUlus, the student shadd be

.informed that it will take diligent effort ori 'his or her part to meet the
challenge and rigor of this material. In addition, proficiency in,algebra
skills and some background in trigonometry are considered torbe indispensable
for success in this subject.

A list of entry level skills from Algebra 2 and Trigonometry is provided. This

list represents minimal skills needed throughout the course. It is recommehded

that,the'StUdent be given a copy of this list.

The order ot units in this instructidnal guide for the.first semester may not

necessarily conform to the order of topics found in your textbook. The sequence

of units may be varied somewhat, with one arrangement being Units I, II, III, IV,

VII, V, VI, VIII, and IX.

Organization of Individual Units

Eachunit will'consist.of the follOwing:

1. Overview, suggestions to the:teacher, and sUggested time

2. List of objectives

?

a

Cross-references guide to approved textbooks

4. Sample problems for 5ach objective

5. Answer key for sample problems

Throughout the units,,severai objectives will be marked ** These objectives are

more comprehensive because they, combine previous objectives without introducing

any new material.

ix



It.is suggested that at a minimum the folloWing textbookS be available for
reference or classroom 'use:

Shanks, Pre-iCalcului Mathematics

CrosgWhite, Pre-Calculus Mathematics

Coxforcl, Advanced Mathematics

The individual time allocations include'testing as welras instructional aays.
Five days are allowed turing the first semester for class _periods lost due. to c.

variou-s circumstances:

-

12
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Entry LdVel skills 'for Pre -Clculus

1. Graph linear and quadratic functions and relations,

2. Determine tile.distance between two points.

3. Perform the four fundamental operations with complex numbers.

4. Factor algebraiC expressibns.

4,

. 5. Perform the four fundamental operations with rational expressions.

6. Solve quadratic equations over the set of complex numbers:

7. Solve systems of equationS.

8. Sketch the graph of o1ynomial functions df the' form. y = xn where

n is a poSitive integer.

.9., Apply the Laws of Exponents to simple expressions.

10. Use the logarithmic tables to determine the logarithm,of a number and

its anti-log.

11. Solve simple logarithmic and exponential equations.

Al2. Sketch functions of the form y = a
X

where a is a rational number.

. .

13. Determine equations of lines and conic sections, given:pertinent

information.

14. Determine the domain of a given function or relation.

15. State the definitions of the,sine and cos() functions in terms of
/

the unifecircle.

16. Determine the trigonpMetric functional Values,of the integral multiples

of'30° and 45° (i , 7-21-multiples).
A

17. Determine the angle (multiples of 300 and 45°):whose functibnal value

has been given.

18. Evaluate_functional values of angles, using a table.

19. Solve simple trigonometric equations.

20. Apply the fundamental trigonometric relations-to verify identities.

.40
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Entry Level, Skills for Pre-.Calculus (continued) '

\

21. State the sum and"ditferexice formulas for the sine'and cose.

22. State the double and half-angle formulas-for sine and cose.
. )

23. (Graph the six trigonometric' functions.'

24. Apply the trigonometric funet,ions to the solution of right triangles.

25. State the Law of Sines and Law. of Cogines.

NOTE: Some of the entry level skills related to trigonometry may be repeated
in Pre-Calculus

1 4
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Approved Textbooks 0

Coxford, Arthur F.,-et al. Advanced Mathematics - A Preparation for Calculus.

second edition. New York: Harcourt Brace,Jovanovich, 1978.

CXosswhite, F. Joe, et al. Pre-Calculus Mathematics. Columbus, Ohidii

'Charles E. Merrill, 1976.

Fuller, Gordon. Analytic Geometry. Fifth ed. Menlo Park, Calif.:

Addison Wesley, 1979

Shanks, Merrill E., et al. ,Pre-Caiculus MatheMatics. Menlo Park, Calif.:,

Addisbn-Wesley,:1981

Sorgenfrey, Robert H., et al. Analysis of Elementary Functions.' Boston:
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Outline of Course Content and Tithe Allocation'

,First Semester - Elementary Functions

Unit , Number of Days

I. Introductionto Functions 12

.
II: Algebrait Functions 10

3

AI. Exponential and Logarithm c Functions 8

IV. 'Circular Functions 12
. v

V. Trigodbmetric Identities 10

VI. Inverse Circuiar Functions and ,

Trigonometric Equations 10

VII. Applications of Trigonothetric FunCtions 10

VIII.. Complex Numbers 3

-

IX. Functions on the Natural Numbers

Second_Semester Analytic Geometry

-

X. Introduction to Analytic Geometry

. Ix. Points, tines and Planes in Space'

,

10

TOTAL 85 days

Number.bf Days

6

1P

XII. Vectors in Plane 7

XIII. Vectors in Space 9

XIV. Conic Sections

XV. Matrices

XVI. Polar Coordinates:

XVII. Parametric Representation of Curvei

XVIII. Surfaces

1,6

Xlv

16

10

7

10

10

TOTAL 85 days



Pre-Calculus - Elementary Functions

Unit I Introluction to Functions

.

Overview

at.

.. '

This unit provides.the stligeit with the basic principles of functions. It

deals with jwhat a function is, how functions.may be combined, and their

charabteri tics and properties. It is as vital'io the iutUre calculus student

as any other unit in this guide. Virtually all of the concepts, relationships,

/
and vocalpuiary in this uni will be applied in subsequent units, not to Itientionc'

the calculus course itself.
, - A .*

- ,t

Because of the scattering orthe topips thrcUghout'the various approved tests,

the, teacher' may chod6e to alterthe sequence of okijectives: The student should,.

nevertheless, be able to pericirm all of the,objectivei at some point in the
,

course.
)

Suggestions 'to ,'the. Treacher
.

.

No single approved.text s2e4 bep't for this unit. Several sOurdes may be

reqyired. Some commenta regatding some of the approved texts gicettow.:

Pre-Calculus Mathematics (ghanks) - Mostly adequate, sequence fair

Pre-Calculus Methematics (Crdsswhite) - Mostly adequate, sequence jumbled

Analysis of Elementary Functions (Sorgenfrey) - A few gaps, strong in
oblectives,1-8

Suggested time: 12 days

s-

411.



Pre-Calculus

Unit I Introduction to Functions

PERFORMANCE OBJECTIVES
n

1. State the definftion of'a function.

2. Determine whether a given relation is a funcition.
-ow

3. Identify the domain and range of a given function.
ewe

4. State the meaning of the symbols used in functioial notation..

5. Determine whether 'a given function is one-to-one.

-/ 6. Given the
f +.g and

'7. Giventtwo
f g and

8. Giien twck
functions

two functions f and g, determinerthe fotmulas for functions
f g and sketch them.

functions k and gi determine the formula for the functionS

i'unctions,f and g, detene the formulas tor the dbilpOsite
f.. g and g f.

9. Sketch-the graph of special functions (step, greate6t integer, signum,
- and absolute value).

.

.

10. Classify a fuhaion as being increasing, decreasing, or neither over t,
given interval.

/
'

, .

11. Classify a function over a given interval as being bouned, bounded
above, lounded below, or unbounded.

12. Classify a function as being continuous or nol continuous at a given
point or over a given interval

11: Determine whether a given relation is symmetric'to the y-axis, x-axis,
,

or origin.

r

14. Determine whether a given function is odd, even, or neither.

15. Determine the inverse of a given function.

16. Graph a given function and its inverse on the same set of axes.

17. Modify the domain of a given function so that its inverse ie a function.

18. f(x) and f-1(x) on the same set axes. (Make-f(x) one-to-one
necessary.)

19. Demonstrate that the properties of the real number field apply to the

4

set of functions under the operations of addition and multiplicition.
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410.

Pre-Calculus

Unit I Introduction to FAnctions

Optional

20. Determine which properties of.a field apply to the coMposition'of

functions operation.

't
'34

)

4

44,
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UM.; I - IntrodUptibn of Functions

CROSS7gFERENCES:

Objectives

;

Cokford Crosswhite

1-

Fuller Shanks Sorgenfrey Wooton

2-3.

38-39, 59 :6-68, 71
. ''

17-19 4-5, 21-23

3

.

38139 69-71
.

18-20, 23 6-10

37 64 20 7-8
i

46, '389
_

22 38-39, 43-44

6 ,
.

.., 77-78

AO

,

25-28 26-32

.

77-78 ore A 26-28-
,

26-4p2

.

..-

'.8 40-44, 59 79-62
. 29-30 33-38

,

9'
35, 39-40 74-76, 79

,
22-24 .20-23, 25.

10 336 88-92 35-38,

41-42.

,

134
.

11
.

86

237-238
35-38
41-42

.

.

12
_

.

277-278. :08-121 38-39
41-42

.

115,.119 ,

65 97-102 "
r

64- /
14

F-

73. 100-102, 301 64; 66 273

15
44-48, 59

889-392 ''' 83-88 31-35 40-46

16
44-48 . 83-88 31-85 40-46 .

' 1-4
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'Unit I - Introduction to Functions (continued)

, Ns

1

4.,

I t., .

Objectives Coxford

r.
'TCrdsswhite Fuller

i

Shanks Sorgenfrey Wooton
.

17

,

83-88

_

31-35' 40-46

18 ,48 83-88
s

31-35.
..

40-46'

-

109 , 6-7 12-13, 78 1-2 32-33

e

.

20 6, 43 12.-13,

r

86 1-2 35, 38
.

,

i

,

\

k

_

t

1-5
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Pre-Calculus

Unit I

I-1 State the definition of a function:

1.. Define a functi6n in teruis of ordered pairS
.t 1

2. Define a function in terms of mapping..

9



Pre-Calculus

NJ Unit I

i1-2 Determine,whether a given ielation is a function.

1. Indicate which of

a) 3y2 - x = 4

b) x2

c) 17.= -Ix + 81'

d) x2 + y2 = 8

the following

2. ,Wbich oethe followieg sets

a) {(x, y) : y = x}

b) ((x, y) y _5}

c). {(x, 1) : y = /ir

y) : y = xy}.

are

relations are functions:

4

functions?

3. State which of the graphs of relations

MIMOMMMI -MEUMW MEnum Rum
limp2mbhmin
mrdaimmimm
mummigmal
NAMEMMINIS
mommumor
NIIMMIRMER
MMINIMMOMMMUM=

b)
MOSOMMINI
MMONSJIMM
milmumma
mimmaram
EllAmmi

movilism
mummum, pmmum' mm
mmummkgs
EMMONIIMPI
AMMICANIUM

1-7

given below are functions.

immusgme
mmummism
Immummil
LOOM MO
MORMONMEM= MOM
MINIMM$ MEM
MMIIMEM IMO
Immommoul
immiummanmilempou
MMEMMEIRM

23

r

oft

m. mom

AAIUN
mormilmm
muivammumaim um
'III
m m

mill
no



Pre-Calculus

Mit I

,
1-3 Identify thq domain and range of a given function.

1.. Identify the domain and range of f(x) = x2.- 2.

2. Identify the domain and range of g(x) = lxi 4' 3:

3. Identify the domain and range of h(x) = 19 - x2.

4. Determine the domain and range of each function whose graph is given below.

MIMMEMMMIMMO
MOMMara MN
ImINMf Immomom mummum
ammulmmal
MIMI= MIMI
MOMMEM AMMMMUM S NMMUM

24 1-8



Pre-Calculus

Unit/

-...11-4 State the meaning of the'symiocis used in functional notation,

1. State the exact and complete meaning of "f(x) = Y-"

2. State the exapt and complete meaning of "f: x

3. Translate completely into words: "g(3) = 7."

4. Translate completely into words: "F: x ---> x2 - 4."

1-9
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Pre-Calculus
<-.

Unit I

1-5 Determine whether a given function it one-to-one.

1. Determine whAer or
C.

a) y = x

b) y = x2

Y =',c3 - 4x

1y =

c)

d)

not each of the following functions is one-to one.

2. Deterthine whether or not each of the following functions is'one-to-one:

minumummum
MOMMAWAMM
NMEMMORMM
IIMMEMorAMM
MINIMMUOMM

MOM II
MIMM

MMIgi=M MIMI
MINIUMWIMME
MEM' MEMOOM EMI=

IIIIIFNI=

MMOMMalin=
Emma MOMMEW 1MM
MFMMEMain
PIHMMIMMOiiuuisi
KIM WWI
WM MsOEM=MEI=

mmumnsmilmmis
MOMMORMEMEMOMMMUMMEIMEMERMMEER ME=mom MIORMIR
IMMENMEMSPAIMAI
EmEMEMEMMIRMII
MMOMMIUMBEMME
RMINIMMEAMMEMES

on

26
1-n

ammormaMUM=
MENINIMMElUMW=MIME
momILAs
IMMMO40
Monied=
EMMEMME

MINIMMERM
MIIMMEMMMOM=UMW

.



Pre-Calculus

Mitt

t-6 Given two functions f and g, determine the
formulas for the functions f + g and f g

and sketch them.

,

1. If,f(Mi = x2 + x + 1 and g(x) = x, determine a formula for (r+ g)(x) and'-

(f g)(x). Sketch the new fundtions. 4

2. If,f(x) = - xa + 5 and g(x).= x2 -(4, deteimine a formula for

(f g)(x) and (f - g)(x). Sketch the new functions.

11/
3.* G ver'l f(x) = 1 and g(x) = 1, determine formulas for two new functions

.x .

f _`+ g and f - g. Sketch the new ftnctions.

: .

4. Gayen f(x) = lx - 11 and g(x,) = (x) for all x l, determine formulas

for two new functions f and f'- g. Sketcfi the new functions.

X-11

0
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Pre-Calculus

Unit I

1-7 Given two functions f and g, determinq the formulas*
for the functions f g and lc g ye 0.

I. If fC9 = X2'and g(x) = (x 0), determine a formula for (feg)

fl
and--(x).

Given f(x) = x and g(x) = 2 - x for all x 0, determine the formula

for two new functions (f g)(x) and --(x).

3. If f(4) = x 1 and g(x) = x + 2, determine a formula foT (f g)(x) and

*Damains, ranges, and/or graphs may be substituted or added to the
problem's requirements.

WI

28,



Pre-Calculus

Unit 1

1-8 Given two functions f and g, determine the formulas*

foi the composite functkons fo g and g 0 f.

1. If f (x) = x2 and g(x) = 677:7f,, determine a
formula for f 0 g and g 0, f.

2
2. If f(x) - 3x + 2 and g(x) = , determine the formulas for

3 3

f 0 9 and g 0 f

. 1
3. Given f x and' g(x), ,

determine the formulas for f 0 g ,and

x2 - 1

9 0 f.

Given f (x) = x3- - 8 and g (x) = x + 2,
deferrable the, formulas for f 0- g and

g 0 f

*Domains, ranges, and/or graphs may be substituted or added to the problems

. requirements.

1-13
29)



Pre-Calculus

Unit I

1-9 Sketch the graph of special functions (step, greatest
-integér, signum, and absolute value).

1. Sketch the graph of the step function:

f (x) 3 if x > 0

0 if x = 0

-1 if x < 0

2. Sketch the graph of the greatest integer function:

f(x) = +

11.

3. Sketch the graph of the absolute value function:

4 f(x) = 2 lx + 31 - 1

4. Sketch the graph of the signum function:

4
f(x)

2c - 1
(Hint: first factor out -- from the denominator.)

2

5. Skttch the graPh of the periOdic function f(x) = sin (x +.121



Pre-Calculus

Unit I

I-10 Classify a function as being increasifig, decreasing,
or neither over a given interval.

1. Classify the 4following intervals of the function f(x) = (x - 3) asbeing
increasing, dedreasing, or neitheri-' T

a) [ - 1, 11

b) <1, 4>

c).<3.1.f. 51

2. Classify the following intervals of the function f(x) = cos x as being
/hcreasing, decreasing, or neither.

,

2 ' 2

b)

I)

3. Classify the,following intervals of the function f(x)

increasing, decreasing,or neither.

a) [_ 4, - 2>

b) <- 2, 0

c) [0, 03>

1

+ 2,
as.being

4. For xe<O, ;..] classify the following functions as being increasing,

decreasing, or 'neither:

1
=a) f (x) = fxl

x

g (x) bi 5 - X4' d) k (x) =. 1.x - 31

1-15



Pre-Calculus.

Unit I%

1-11 Classi.fy a function over a given interval as being
boundO, bounded above, bounded below, or unbouhded,

1. Classify the following intervals of the function f(x) = 2
x

at being
bounded, bounded above, bounded below, or unbounded.

a) xe{negative reels}

b) xe{positive reals}'

c) (-1, 1]

2. Classify the.following intervals of the function f(x) = - Ix 4- 31
as being bounded, bounded above/ bounded below, or unbounded.

a) xeCnegative reels}

b) xefpositive reels}

c) [-3, 3]

3. Classify the following intervals of theepfunction f(x) = x 3 - x as being
bounloilOpounded above, bounded below, or unbounded.

a) 4(-1,

bY

c) co)

4. For xefnegative reels} classify the following'functions as being bounded,
bounded above, bounded below, or unbounded.

a) f(x) = (x]

1
b) g(x) =

x

c) h(x) = tan x

d) k(x) = 'Cx 4. 100)3

_Of

3 2

1-16

4



Pre -Calculu4

Unit I

4.

1-12 Classify a function as being continuous or not continuous

at a given point or over a given interval.

1
1. Classify the following points of the function,f(x) = as being

x - 2 .

continuous or discontinuous.

a) x = 0

b) x = 2

c) x = -2

2. At the point x = 1, ssify the folloWing functions as being continuout

or discontinuous.

a) f(x) = 2E

!xi

b) g(x) = (x)
.e

c) h(x) =
x

d) k(x) = lx - 11

3. Clasify the following intervals of the functidn f(x) m cot x as being'

continuous or not continuous.

. X-17

;

33
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Pre-Calculus

Unit I

1-12`(contihued)

A

For xe <0, 5] classify the following functions as being continUOus or

not continuous.

f(X)
,C1 + 3x - 10

x + 5

4-(x)
1= -

-c) h(x) = 1x2 -

x2 - 25d) k(x)
x 5

34

1-18
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Pre-Caiculus

Unit

,

1-13 Determine whether a given relation is symmetric
to the y-axis, x-axis, or origin.

.1. ,Determine whether the following relations axe svmmetriC to the y-axis,

X-axis, origin, or some combination of the-above:

{(x, y) x2 - y2

411x, y) : x2 + y2 is g;

{(x, Y) 4x2 + y2 als 4;

{(x, y) : x

.1.

y 0}

x.

2. determine whether the following relations are symmetric to-the y-axis,

x-axis, origin, some combination of the above, or none of the above. s

a) {(x, y) : xy - 6}

111, {(x, y) t x = ly1}

c). {(x, Y).: x m Y3}

{(x, y) : y = x3 + x + 1}



Pre-Calculus

Unit

I Determine whether a given function is odd, even, or neither.
1'

1: Determine whether the following functiong are(odd, gven, or 'neither.

a) f(x) = x4 + 3'

1:0 -g(x) =

c) h(x) = sin x
. .

d) k(x) = cos x

2. Determine whether the following functions are odd, even, or !wither.

a) f(x) = Ix 31

b) g(x) =

c) h(x) = tan x

d) k(x) =
lxi



Pre-Calculus

Unit I
-

1-15 Determine the inverse of a given function.

/

1. Determine the inverse ofoloach of the following functions. (For each

formula,write y in terms of x.)

y x2

y = x3

1
c) y = r 2

1
d)

x

1-

k

Determine the inverse of each of the following functions. (For each

formulaewrite y in terms of xj

a) y = Vi6 - Icz

b4 y x
x - 1

c) 2y 7.1i7-7i2.

1.

2.

3.

:4.

1-16 Graph a given function and its inverse

on the same set of axes.

set of axes.

set of axes.

same set of axes.

on the same set of axes.

Graph

Graph

Graph

Graph

f(x) =

f(x) =

f(x) =

f(x) =

x2 - 3 and its inverse on the same

1
x + 3 and its inverse on the same

2

4777.1 aid its inverse on the

157:-;1 xf. 0 and its inverse

1-21 37
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lore -Calculus

Unit I

I

I-17 Modify the domain of a given function
so that its inverse is a function.*

1. Restrict the domains of each of the functions given below so that their
inyerses will also be functions. State the modified domains.

a) f(x) = x2 + 3; xe, Reals

b) f(x) = 1X2 + 1; xe Reals

c) f(x) = 116 - x2 ; Ixi 4 4

d) f(x) = 17771767; lxi >i 4'

e) f(x) = !xi - 2; xe Reals

f) f(x) = + 4; x k 0

+AL

* The modification referred to in this objective is to make tiie original
function a one-to-one type to facilitate the formation'or graph of the
inverse function f-1(x).

1-18 Graph f(x) 'and f-1(x) on the same set of-axes.
(Make f(x) one-to-one, if necessary.)

1. Sketch the graph .of,f(x) and f-1(x) for the functions given below.
(Restrict the domain of f(x) as necessary to graph it as a one-to-one
function.)

a) f(x) = 3x - 1

f(x) = - 19 - x4

f(X) = x2 - 4x

016 f(x) =
wit

3 8

1-22



Pre-Calculus

unit I

1-19 Demonstrate that the properties of the real.number

,field appZy to the set of ftnctions lunder the

operationsof addition and multiplication.

1-.; Give an examples for eech of the fipld properties as applied to the

set of functions and the operation of addition (closure, associativity,,

identity, inverse, computativity).

2. Give ah example for.each of.the field properties as applied to the

set orfunctions and the operation of multiplication (closure,

associativity, identity, inverse, commutitiVity).'

3. Give an example of the distributive property, multiplication over

addition, as it may apply to the setof functions.

1-20- Detetmine which properties of a field.apply

to the composition of functions operation.

1. 'Determine-which properties of a field can be applied to the

set of functions under the operation composition of functions. (f * 4)

2. GiVe an example of each of the.properties of a field that do apply to '

the set-of functions under the operation composition of functions. (f'e g)

3- Under what cirdumstances would the commutative property hold for the -

composition of functions operation? 'Give ah example.



ye-Calculus

Unit

ANSWERS

1-1

1. A function is a set of ordered pairs, (K, y), such that for each xeX
there rs elcactly one yeY.

-

(alternative) A function i4 a relation in which for eachltirst
element there corresponds a unique second element.

-
2. A funCtion f is a rule which assigns to,each member xeX a unique

Member yey. The function f is said to mg, X into Y.

1-2

1. a) not f

b) f

c) f

.not.f

2. 'a) f

b) f

.c) f

d) not f

3. a) f

b) not f

c) not f

di

1 -.3

1. D: xeRealsi R: y 2 - 2

2. D: xeReals; R: y 3
0 ,

3. D: -3 S x 3; R: 0 g g 3

4. a) D: xeieals; s y 4

b) D: xeReals; R: y = 2 or y = -3
c) D:)ceReala; 4( - 2 'I-34.



Pre-Calculu*,

Unit I

ANSWER

1-4

1. "The value of the f function at x is y."

2. "f is -ths"function that maps x into y."

3. "The.value of the g function at ,x * 3 is 7."

4. "f is the function which associates with each number x the number x2 4."

1-5

1

1. a) one-to-one

b) not one-tonone

c) not one-to-one

( d) one-to-one,

1-6

1. x2 + 2x + 1 or N 4* 1)2 ; x2 -F 1 (sketches not given)

,2. a) one-to-one
b). not one-to-one
c) not.one-to-oue
d) One-to-one

2. 1; -2x2 + 9

1 + x lx
3.

, x x

4.. 2x - 1; -1

1-7

1.

2.

3.

1
-x; 2X3 (x
2

2x _

0)

ix--# 2)
7,

x21
2

x2 + X*- 2;1'

- *

11-1-"I (X vi -2)
x + 2

)*
-
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Pre-Calculus

--Unit I

ANSWERS

I-10

1. a) decrease

2. a) neither

3.! a) debrease

d)

I. a). bound0

2. a) bounded above

3. a) boundea
.

4. a) bounded above

d) bounded above

1-12

1. a) continuous b)

2, a) continuous b)

S. a) not continuous, b)

4. a) continuous b)

1-13

1. a) symmetric to x and y

b) syrimietric to x and y

-c) symmetrid to x and Y

d) symmetric to x axis

b) neither

b) increase

b) decrease

b) decrease'

, b)

b)

b)

b)

bounded below

bounded above

bopnded

bounded above

discontinuous c)

discontinuous c)

continuous c)

continuous

axes and origin

axes and origin

axes and origin

2. a) ,symmetric to origin )

b) symmetric to.:x axis

c) symmetric to origin

4), not symmetric to,axes or origin

17.27

continuous

increase

decrease

decrease

neither

bounded

bounded

bounded below

not-bounded

discontinuous d) continuous

continuous

continuous d) not
continuous

43

4.



Pre;Calculus

Vat I

ANSSiERS

1-14

1. a) even b) odd c) odd d) even

2. a) neither b) odd c) odd , d) odd
4

1-15

1. y = tri y = c) = + 6 d) y

e

2. a) y = + /16 - b) C) 1 = + 2 $11.y = x - 1

1-16

, 1.

EI IRInn. MIME EMMmmillumig '10 I

a=WM
IIRIflIBIPL AW-
MMOMILIPZat INmmerams.
onsmoups.
EMMEM*4441MEML
IMEIMM11. -WNW

UMmumMamum .... .MUM a NM

44 1-28

2.

NM 1

lAA
IIMMOMMM 1001111111

.......m..v...
mum.. Ammo
..ms...

MMIUMME MIMI
_40RMEMMEMMEMMI
nERIMMUMPIAMMMEN
11114101111111
MIMI AUK_ Nara

11

IIMMOMMIMM MINIMEUMMNIM MU
MEMEMEMEM Mamommumm

1
mom

II Mmag211111 Ern



Pre-CalCILlus

Unit I

ANSWERS

I-16

3. '4.

ar a amilamansinslEin
IIIII 111 NES II EMI
1111 -iii"ErilifildrII

WA 111117111111110
11111 NM NORMA II
Ns' IIIMENIIIIIIIMO.

11J1IUINd
on RAI ii.II

II US= mai

1-17

1. a) DI : xa0 or D2 :x< O.

b) DI : x-2 0 or D2 : x 0.

C) 01 :

,

'd) D1 :

e) I :

0 X 4 4 or D2 : -4 4 x 4 6

x a 4 . or D2 : x -4

x a b or D2 : x 4 O.

f) °no modification required

1-29

11111P111EffillIM
IIIIIIMENNEINIES
11111111111111111101 II
111111111111111111$11 IN
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1111M11111.1011111MY21.111111111W4
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1111111111111111113 II

45
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Pre-Calculus

Unit I

ANSWERS

1-18

1. a)
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,
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c )

'MN ' 6 4___21111klikaa

4 6 ,

b)

d?



-Pre-Calculus

Unit X

ANSI1ERS

7

1. Answers Wil} very, but'suggested forMat follOwS:

closure: f(x) + g(x) (f + g) (x)

associativity: (f(x) + g(x)] + h(x) 4 f(x)

identity: f(x) + Id(x) = f(x)

inverse: f(x) + -f(x) =."-d(x)

commutativity: f(x) + g(x) = g(x) + f(x)

2. See #1 above.

3.. Answers will vary. SUggested format:

1-20

+ 15(x)

f (x) [g (x) + 4.1 (x) I = f (x) g (x) + f (x) h (x)

1. closure,Passociativity, identity, and inverse

2. Answers will vary.

1. f(x) 0 f-1 (x) = f '1 (x) 0 f(x) =.x = I d(x)

Or

I d(x) 0 f(x) = f(x) 0 I d(x) = f(x)

(Examples w4ll vary..)

1-31 .

47

+ h(x)]
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Pre-Calculus - Elementary Functions

Unit /I Algebraic FUnations

Overview

Students should be familiar with polynomial functions and synthetic division

from Algebra 2. In this unit these topics are extended, and rational and

algebraic functions are added. An emphasis is placed on graphing techniques,

including symmetry, intercepts, and the location of asympt6tes. The ideas of

the previous unit 7 domain, range, increasing, decreasing, continuity,

boundedness -- will be strengthened by additional study and application.
Determination of roots and zeros will depend upon the application of the
Intermediate Value Theorem. The field properties are fully satisfied when the

study of polynomial functions is extended to include rational and algebraic

functions.

Suggestions to the Teacher

,In order to complete the lirst seven objectives, the student is required to

use several algebraic skills, including factoring and dividing polynomials,

performing operations on complex numbers, and solving quadratic equations (the

method of solving a quadratic is later extended in'Objective 11 tolfactoring a

fourth degree polynomial). The application of the Fundamental Th4brem of Algebra' 0

will.aid the -student with Objectives 8 tiTrough 11. With Objectives 14 throuah 16,,

several methods for i6d4ting asyMptotes may be studiad. The discusSion on

asymptotes may,iritroduce.the idea of comparing the degree of the numerator to the

degree of the denominator tosletermine the typeof asymptotes (vertical,'

horizOntal, or oblique)... Solving.the bulttion'fori or -tonsidering the behaVior

of x as,x 4- -±m are two nays to locate horizohtal asmitotes.. The concept of a

limit may be mentioned At this time. Symmetry:to any point or line,'and not just

the prilin*(0,0) and the line x-A ilay be illustrated when graPhing.

"Because Objectives 11 and.18 are.amPrehen-slve; timay_bd used in'place of One

or more of:the precedink objectives.

Same of the tedious work in the unit can be eliminated by using calculators and

computers. A program for.BASIC computer use, SOLPOL - Solving Polynomials, is

available from Computer Related Instruction, in the Office of Instruction and

Program DevelopMent. ,

.

Suggested time: 10 days
ft

st



Pre-Calculus

Unit II Algebraic Functions

PERFORMANCE OBJECTIVES,

1. Identify polynomial functions when given alist of functions..

' 2. Determine the value of a polynomial function for given values of
the variable using synthetic substitution and the Remainder TheoreM.

t

3. 'Given two polynbmials P and D where D 0, determine the quotient
and the remainder R,and express the result according to tfie Division
Algorithm. [ P(x) = Q(x) D(x) R(x) 1. .

4. Apply the Factor Theorem to daermine whether x- c is a factor
of a given polynomial'function..

5. Apply the Factor Theorem to determine whether c is a zero of a given
- . polynomial functibn.

6. Apply. the Rational Root Theorem to determine the rational zeros of a
polynomial function.

7. Apply the Intermediate Value Theorem and/or Locator Theorem to show
.the existence of zero(s) of a continuous function in a specified
interval.

8. Graph a polynomill function.

9. Approximate the irrational zeros of a polynomial function.

10. Determine a polynomial fun'Ction, given such information aS the
zeros and the'degree.

-

**11. Given a polynomial functionidetermine all the zeros over the set
of complex numbers.and sketch the graph.

12: State the definition of a rational function..

13. State the domairi of a'rationa,1 fungtion.

14. _Determine the yertical and horizontal asymptotes of a given"
rational function.

15. Determine the oblique asymptotes of a given rational function.
(optional)

"16.. Sketch the graph of a rational function. Determine the domain,
intercepts, and asymptotes. State whether the.function is even,
odd, or neither. Discuss symmetry.

.17. Sketch the'graph and determine the domain of a given algebraic
function (non-polynomial and non-rational).

**Comprehensive objectives

11-2

49 ,



Unit II - Algebraic Functions.

CROSS-REFERENCES

Objectives Coxford Crosswhfte Fuller. Shanks Sorgenfrey Wooton

. 1 300-301 297-299 45-46 80

2 306-308 303-306 54-58 85-88
. -

3 309-312 303, 306 56-58 81, 84
.

4 311-312 307-309. 56-59 89, 91, 92

5 309-312 307-309

.

56-59 89-91

6 318-320 314-317 57-59 92-97

7 313-317 312-314 40-42 95-97

8

N

'

313-317
332-335'

299-302
309-312

48-51 .

.58-59

87-88 .

95-101

9 313-317

312-314
320-323 92-97

10 321, 324 312, 58, 61 91-92'

11

323-324
332-335,

299-302
309-.312w

318-320

,

. 58 . 98-102 :

12
,

279, 341 323 62.. 120 ,

13

280-283
341-344 62-64, 66

14 341-144 105-108
324,-326

65-66

15 325-326 '''-,.

-

16 341-344 323-326
,

62-66
.

17 345-349
67-69 q. .

1-3 iuS
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Pre-Calculus

unit If

II-1 Identify polynomial functions when given a list of functions.

1. Write the word..YES or.NO to identify which of the following are
polynomial functions..

a) y = x2 x + 5

1)) g(x) = Jx2 - x

'1
c) h(x) =

x-5 ,

d) { (x,y): Y = 33c}

2. Write the word YES or NO to identify which of the following are
polynomial functions.

a) {(x,y): y = 5}

.b) f(x) =./ (x + 5)5 ( x 1)'

c) g(x) = 4 sin 2x

-
d) h(x) = x +

x 1

3. Write the word YES or NO to identify which of the folloWing are
polynomial functions.

a) y = 1x1- 1 + 5

{x*y) : y =-2 og

x2 + 2x - 4c) ,g(x)
5

d) h(x) ='y - 10
x-2

S or NO to identify which of the following are
ons

{(x y):.y r..439

g(x) = (x 1)4(2x -

da_ h(x) = x.+ 5



Pre-Calculus

.Unit II

11-2 Determine the value of a polynomial function for given values

of the variable using synthetic substitition and the Remainder

Theorem. .

1. Use synthetic substitution and the Remainder Theorem to determine:

P(5) if.P(x) = 2x4 - 5x3 - x2 - 10x - 15.

2. Use synthetic substitution and the Remainder Theorem to determine:

P (4) if P(x) = x4 + 3x2 - 9.

3. Use synthetic substitution and the Remainder Theorem to determine:

P(i) if P(x) = 2x3 - x2 + x - 5.

4. Use synthetic substitution and the Remainder Theorem to determine:

P(3 - i) if P(x) = -x4 + 2x3 - 7x + 1.

11-3 Given two polynomials P and D ?there D 0, determine the quotient

and the remainder R,and express the result according to the Division

Algorithm. IP(x) = Q(x) D(x) + R(x)

1. Given P(x) = x3 - 2x2 - x + 1 and D(x) = x 3, determine the Q(x) and R(x)

and express the result in the form P(x) = Q(x) D(x) + R(x),

2. Given P(x) = 15x3 +-16x2 12x + 2 and D(x) = 3x + 5, determine the .

Q(x) and R(x) and express the result in :the form P(x) = Q(x) D(x) +
a

1 1
3. Given P(x) = x

3
x
2

.+ x - 3 and D(x) = x2 + 1,,determine,the.
2 4

.
Q(x) and R(x) and express the result in the form P(x) = Q(x) D(x) + R(x).

4: Giyen P(x) =',c4 + 3x3-- x2 + 5x - 1 and D(x) = x + (2 -1), determine the

Q(x) and R(x) and express the result in the form P(x) Q(x) D(x) + R(x).



' Pre-Calculus

Unit 11

112.4 Apply the Factor Theorem to determine whether x - c'is'a
factor of a given polynomial function.

1. Use the Factor TheOrem to determine which of the binomials (3x + 2), Cx 2)

(x - 4) are factors of P(x) = 2x3 + 5x2 -,14x - 8.

2. Use the Factor Theorem to determine which of the binomials (x.- 6),
(X - /57, (x - 3i) are factors of P(x) x4 + 7x2 - 18.

13. Use the Factor Theorem to determine which of the binomials (2x +'3), (x +
2

(x + 2) are factors of P(x) = 3x3 7 23X2 12x,

4. Use the Factor Theorem to determine which of the binomials (x (x - 5),
(x + 51) are factors of P(x) = x3 + /5x2 + 25x + 2567

11-5 Apply the Factor Theorem to determine whether
!

c is a zero of a given polynomial function.

1. Using the Factor Theorem,determine whether or not 3 is a.zero of the
polynomial function P(x) = 2x3 - 5x2 - 2x - 3.

2. Using the Factor Theorem,determine whether or not-4 is a zero of the
polynomial function P(x) = 6x4 + x3 - 5x2 - 5x - 1.

3. Using_the Factor Theorem, determine whether or not 2 +h-is a
zero of the polynomial function P(x) = x3 - 9x2 + 21x - 5.

4. Using the Factor Theorem/determine whether or not -2 31 is a zero of the
polynomial function P(x) = x3 + 5x2 + 17x + 12.

11-6

53
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Pre-Calcilius

Unit U -

IT

II-6 Apply the Rational Root Theorem to determine
the rational zeros of"a polynomial funcion.

Determine all the rational zeros of the following polynomials:

1. P(x) = X4 5X -

2. .P(x) = 3x3 - 14x2 + 7x + 4

3. P(x) = 2x3 - 11x2 + 26x - 21

4. P(x) = x3 - x3 + 3x - 2

,

11-7 Apply the Intermediate Value Theorem and/or

Locator Theorem to show the existence of zero(s)

of a continuous function in a specified interval.

1. Given the continuous function f(x) = x2 x 3,0 apply the

Intermediate Value Theorem to show that there is a real zero

in the interVal ( -2, 0 ].

2. Given the continuous function.f(x) = x3 + 2x2 - 1, apply the

Intermediate Value Theorem to show that there is a real zero

'imthe interval ( 0, A 11!

P

iI -7



Pre -Calculue:

Unit II

11-8 Graph a polynomial function.

. Graph theifunctions:

(x + 2) (x - ],) .

g(x)- (x - (x + 1)

A(x (x2 6) -0c2 1)

1
4. P(x) = -x LK

3
- 8)

2

f/.

1179 Approkimate the irrational zeros of a polynOmial functicit,

.o

ION

1. The polynomial function P(x) = x3 - 4x + 6 has a zero between73 an -2.
Approximate.this zero t*the nearest tenth.

2. Approximate to the _nearest tenth the smallest positive zero of ,
P(x) = x3 + 6x2 - 10x - 1.

3. Approximate,io thq nearest tenth all real zeios of P.(x),=. + .3x*.- 2.

4. GiOen the polynomial function P(x) =,,c3 x + 7,1approxiMate all real
zeros.of

1



.1"

Pre -0alculus,,'

Unit II

II-10 Determine a polynodiial function, given sucb'
infowation as.the zeros and the degree,

1. Determine the polynomiarfunction of degree 3 halq.ng integral

coefficients and.zeros of 1 2, and -3.
-2? .

2. The,graph of a polynomial function P(x)
of degiee 3 ii shown at'the right.
Determine the polynomial function
if its leading coefficient is 2.

3. Determine the third degree polynomial with leading coefficient of 1 and

whose zeros are 2 + i, 3 - 2i, and i.

4. To the right,the graph of the
polynomial function p,(x),is of
degree 6 and has leading
coefficient of 4 apd has
only one distinct zero.
Determine the polynomial
function.

n.

56
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Pre -Calcujus

Unit II

I

II-11 Given'a polynomial function, determine all the zeros
over the set of complex numbers and sketch the graph.

Determine all zeros of the function and sketth its graph:

1. P(x) = L4-+ x3 - 25x2 7 12x + 12

2. P(x) = x4 - 9x2 + 18

1

3. G(x) = 4)(4 + 14x2 - 8

4. f(x) = x3 + 3x2 + 8x + 24 *

11-12 State the definition of a rational function,

.

1. Define a rational function in terms of two polynomial functions f and g.

2. State-the definition of a rational function.

A
3. A rational function is

-



Pre-Calculus

Unit II

11-13 Stite the domain of a rational function.

1. 1 State the domain .of the function r(x) = ;47- over real ndmbers.

2. State the domain of _the function f(x) 4= 0%2 over real numbers.

3(x +.1)_
3. -State the domain of the' 2x2 + 5x +lunction g(xY OVer real nUmbers.

3

12x2 + 17x - 5
4. State the domairn of the.function G(x) 7

+ 9.xz -15x -42
over real numbers.

Determine'the vertical.and horizontal'
asymptotes of a-given rational function.

Determine the vertical and/or horizontal asymptotes of the.following

rational functions:

1

Y 2x -

2.
2

Plx) = T2-7.7-;

x2 - 9
3.. p (x) = x2 - 3x - ,10

3x3 - x2 + x t 5
4. ptx) 2x3 - 2X 5

58
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Pre-Calculus

Unit 11 -.-

11-15 Determine oblique asymptotesiof a given rational function,

1. Determine the oblique asymptote for the rational function
x2 + x + 1

p(xl =
x 1

2.. Oblique asymptote of the rational furibtiop p(x)

a) x = -2
. -

*b) y = x

,c) y = x - 4

d) = 1
e) There,is po oblique asymptote.

x2 2x 2
is:

x + 2

Whj.ch one of the f011owing functiOns has an oblique asymptote of y = 2x?

2x4, - 1J-c + 1
a) p(x) =

x + 2 .

2x2 - 6x + 5
p(x). =

x - 3

x2 + 3
c) p(x) =

2x - 5

d) p(x)
2x3 +

.x
z + 4

e) p(x)
(x2 + 1) (x + '5)

x4 " 16

"4. Determine the oblique asymptotes of p(x) CK 2) (x + 4) (x - 3)
(K " 1) (g +
-

,



Pre-calcules

Sketch the graph of a rational function. Determine the

domain, intercepts, and asymptotes. State whether the

function is.even, odd, or neither. Discuss symmetry.

3
1. Sketch the graph of p(x)

x - 4

itens.regarding this function.

Determine or discuss the indicated

a), domain

-b) coordinates of x and/or y intercepts

c) symmetry with respect to y axis, origin

d) asymptotesvertical, horizontal, oblique

2. Given the function p(x) =

discuss the following:

a), domain

sketch its graph. Determine or

b) coordinates of x and/or y intercepts

c) symmetry with respect to y axis, origin

c) asymptotes

3. Determine the domain, coordinates of the x and y intercepts symmetry,

x2 - 2x + 2
and asymptotes of the function, G(x) - Sketch its graph.

x - 1

4. Sketch the graph of f(x) = , discussing domain, intercepts,
x + 4

symmetry, and asymptbtes.

. .

., 11-13 4
, 60 .
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Pre-Calculus

Unit II

11-17 Sketch the graph aria determine the domain cif a given
algebraic function (non-polynomial and non-rational).

Determine the domain of the following functions and sketch a graph for each.

1. y = 14777i--

1.6

2. .

f(x) = 3 bc7177i

g (x) =
4 -

;

(

11-14 -





Pre-Calculus

Uhrt II

ANSWERS

II-3 (continued)-
4!,

2. 15x3 + 16x2 - 12x + 2 = (5x2 - 3x + 1). (3x + 5) - 3'

1 3 k 2 1 1 2 1 11
3. x + x - 3 = - 71) (x + ,1)

4

4. x4 + 3x3 - x2 +.5x - 1 = x3 + (1 + i) x2 + (-4 - i) x + (14 - 2i]

I x + (2 - i) ] + (-27 + 18

1. P(3) = 0; 'therefore 3 is a zero of P(x).

2 2
2. P(j) = 1; therefore (---) is not a zero Of P(x).

3 3

3. P(2 + = 0; therefore (2 + /33 is a .zero of P(x).

4. P(-2 + 3i) = =1; therefore (-2 + 3i) is not a zero cif

11-6

1. {-1, 2}

1
2. {1, - -? 4}

3
3. {

5
4

4. 2-
{-31

63

4

11-16
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Pre-Calculus

Unit , II

ANSWERS

11-7

I. f(a) = f(-2) = 3; f(

Lei d be between f(a)
there exists a c such,
zero of f function.

2. f(a) = f(d) = -1; f(b)

Let d be between f(a)
there exists a 9 such
zero of the funftion.

See

11-9

page

-2,

1.4

.6

-2.1

25.

51.

2.

3.

4.

b) = f(-1) = -1

and f(b) and be equal to 0. The

that a < c < b and f(c) = d = 0.

= f(1)' = 2.

theorem
c

states that
would be a

and f(b) and be equal to 0. The theorem states that
that a < c < b and f(c) = d = 0. Thus c would be a

II-10

1. p(x) = 2x3 + x2 - 13x + 6

2. p(x) = 2x3 - 2x2 - 18x + 18

3. P(X) = x3 - 5x2 + (9 + 4i) x + (-1 81)

4. p(x) = 4(x - 2) 6

See page 26.

11-12

Refer to textbook,

64

4.
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Pre-Calculus

Unit II

ANSWERS

11-13

1.

2.

3.

4.

all real nurdbers, R

{x: x ±

{x: x -1,
3

f 2

7
{x: x -3. 2)

2'.

11-14

1. x = 2; y = 0

2. y = 0

3. x = 5; x = -2; y = 1

34. x =
s-

x = 1; x = -1, y =
2

11-15

4. c

3. b

4s. ;c 3

/. 67 11-20
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Pre-Calculus

Unit II

ANSWERS

11-16

1. p(x) =
x - 4

a) domain (x:x 4).

coordinates of

x intercept(s):
y intercept: (0, ...1)

4

c) symmetric with respect to

y axis: no
origin: no

d) asymptotes

vertical: x = 4
horizontal y = 0

oblique: none

2. p(x) = 2
x - 9

a) domain {x:x ± 31

b) coordinates of

x intercept)
Y intercept

c) symmetric with respect to

Taxis: no

origin: yes

d) asymptotes'

IP

vertical: x = 3, x r -3

horizontal: y = 0

oblique: mime

f
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Pre-Calculus

Unit II

.ANSWEFtS

.

(1)

Y =

{x: x >, 3 ,or < 3)

Imam numm emm
O SOMME WINN Ainr MN
' MERMEN ME INN
Immo -mu A.monMI 11 MEW
' NNE MN ININMEEME
E MEEMME MEMMEMEN
IMEENERMEMENEMEN
MEMEMEMMOMMENNN

MMINEMENMMENN

(3)

f (x). = 3 AT-T-71

fx:,x

41,

4

4.

_

7

L

.

......n 111111.

4.

Pr-

(2)

Y 17

{x,

1.

.........lummum

.........

........ ........

.......... EMENUMMW
MMEMENNEMMINNMNIMMEN
a Ella MIME
laillMirosAIE EMMEN
ERREERMINO MAIN
MMMEMENE =MAN
N MEEMMENNM RhIMIM M
MENNEN= NE N
MENNEMINE MUM=
MERMEN" 'EMEMEENE

(4) g(x) = /.21.273:

{x:x < 0 or x '.>

E MUNMEMES MUER
E MEEMMEEMf MUM=
=NNE MEMNIMMMENMUM
=NNE NME MMNMN ME
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Pre-Calculus Elementary Functions

Unit III Exponential and Logarithmic FUnctions-

Overview

In this unit a systematiC presentation, of transcendental functions provides
a comprehensive review and extension of real number exponents and logarithms.
The study of the behavior of the functions, together with their graohs. is
essential.

'

Sugg'estions to the Teacher

A rigorous approach to the unit may be somewhat alleviated if the use of
calculators is permitted. Emphasis should be placed on setting up an equation
in order to solve a problem using logarithms. Proving.the Laws of Logarithms

is also appropriate at this level in the Student's mathematical development
The constant e and the function ln x should be included in the teaching pf
these objectives wherever possible. In addition, the.amount of linear
interpalation used in problems may be determined by class needs and.backgrourid4

;.

.

experiences.

Suggested time: 10 days

F.

;

"1k



Pre -Calculus

Unit III Exponential and Logarithlic Functions

PERFORMANCE

Note:

LI_

OBJECTIVES

The constant e and Ehe'fahCtion ln ;c should be included
in the t4ching of.these ob.jectives wherever possible/

1. Apply the Laws of Exponents tq simplify.expressions.
,k

2: Sketch the graph of an exponential,funotion.

3. Solve expOnential equations.using the Laws of Exponents.

4. Solve a growth or decay problem, using-exponential functions. .

5. Given an exponential function, 41.scuss its propeities '(domain, range,
continuity, increasing-decreasing, bOUnds, and one-to-one).

, -

6. Sketch the graph of a logaithmic Xunction.

7.

10:

Given a logarithmic functionl,discuss its properties (domain,
continuitlr, increasing-decreasing, bound's, and one-to=one).

Solve logarithmic equations using the Laws bf Logarithms:.

range,

Using the Laws of Logarithms, compute products, quotients, powers,
or root (or a combination, of these operationg).

v

,

Solve exponential or logakithmic equations, using,a table of logarithms.

_

11. Use logarithMs to solve verbal problems.

1.

///. III-2



Unft III - Exponents and Logarithms

CROSS-REFERENCES

Objectives Coxford .

.,

Crpsswhite Fu'ller Shanks Sorgenfrey - Wooton

1 .362-365 334, 337 . 73-76, 79 198,201

2
366-372
376-379

3357338,
341

,

'78-80 235-239

,

3 -
.

.

'3507351 79 .

, 4 383-387 342-345.

.

81-82 . 252-257

..

5

366-372
376-379

.

335-338
341-342 80 235-239 .

.

6
i92-393
398 346-351 ' .8-5, 87-88 235-239

7
392-393
397-399. 346-351 88 235-23q

8
,

402-403
. .

,

347-350
355-357

.

84,J39790
.

.
.208-213 . .

.

10 402-403

.

354-357, 362

_

' 89-90

11 4087409 342-345

.

90
4

252-25/

73



Pre-Calculus

Unit III

III-1. Apply the Laws of EXponents to simplify expressions.

3

Simplify. Write ahswers,with positive exponefits:

1.

2.

3,

5 -3

a)
x y

4x6 y..

b) i..8x5yW

c)

2

6x4y

i
16 x y

I

6x
2

y
4

18x-4y 2

b)

c)

31

Y2a7b-2

1

(9x2y3)-T

3-1x-4y

-2 ,

-9y
a) - -

27x 1y
5

4

8a1-1)

b) 1/12x-2y

c)

3 . 4 :4.-

27 a b-`

a 1 ,
3a-3 b 2

74

4.

-4x
-2

y.
-4

64x71 y5

.

b) v2xy v16x' y
2

2
3 2

64 a 'b

32i a-iLi

1



Prd-Calculus

Unit III

111-2 Sketch the graph of an exponential function.

Sketch the graph.of:

1.

2.

.

4.

E(i) = 2
x - 1

;

f(x) = 2-x 3

g(x) =
-x2

E(x) = 3
x 2

111-3 Solve exponential.equations using,the Laws of Exponents.

Solve for the variable:

1.

2.

x:

y:

-
2
x
= 64

3

1
32

5

2y-1

1 2

3, (a 2)6= 1 3.a.:"

' .

4. y: 9 8Y 3 = 2.72

-/

T

75



Pre -Calculut

Unit I/I

.

111-4 Solve a growth or decay problem, usIng exponential functions:.

-el, 'The number N of fruit flies at time t dal-Fs is.given by the equation

N = 100 2
t/4

How many flies are present at'the-teginning of the
.

experiment? How long .41oes it take to double the population .of

flies?

2. /f a new $6000 car depreciates,20% each year,_what will its value

be in t.years7

3. A bacteria'population trlples every 6 days. If the *population is now

90, when will the pOpulatiOn be 8107,

4. What amount of money is reached by investing $400 for 5 years 'at 6%

interest compounded continuously?

76.
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-pre-CalAu1us

Unit III

111-5 Given an exponential function, discuss its properties
(domain, range, continuity, increasing-decreasing;
bounds, and one-to-one)

-

,

Discuss the properties of the function (domain, range, continuity,
t

increasing, decreasing; bounds, and ono-to-one) for:

-x
1. E(x) = 2:

2. f(x)'= 3x

3. G(x) = 2
x * 3

- 1

.2.

2x
4. p(x) = e

1116 Sketch the graph of a logarihmic function.

Sketch the graph of the following functions:

1. f(x) = log2(x - 1)

2. g(x) = log3

3. f(x) = logl (-x)

3

4. h(x) = lnlxl

111-7 7 7

A
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Pre-Calculus

Unit III.

111-7 Given a logarithmic function; discuss its properties
(domain, range, cdritinuity, increasing-decreasing,
bounds, and one-to-one).

DiscuSs the properties of the function (domain, range, continuity,
increasing-decreasing, bounds, and one-to-one):

1. f(x) = logl x

2

2. g(x) = log
3
(-2x)

. h(x) = (log3x)2

4. G(x) = 1ln xl

. 111-8 Solve rogarithmic equations using the Laws Of Logarithms.

'Solve for x:

1. log x + log (x + 2) = 1
3 3

2. log2(2x + 3) - log2(x - 3) = log25

3. log 4 - log (x - 9) + log (x + 3) = log x

4. log x
1=--(2 log 8 - 6 log 3] - 2 log 2 + log 3
3

111-8



. Pre-Calculus

Unit III
.4

111-9 Using the Laws of Logarithms, compute products,
quotients, powers, or rootar(or a combination
of these operations).

Compute the product, using logarithms:

1. (6.52) (31.4)

2.
.01484

3.015

1

3- (.0157)T,-(11.99)

-(738600) (.2743)24

/(8.1) (48.12)

III-10 Solve'exponential or logarithmic equations, using
a table of logarithms.

Using a table.of logarithms, solve for each variable:.

1. 3
x

= 1208

2. N = 1og528.14

. 1.

3
"2x+1

= 2
x-4

3

19.4
x-1

= 82.18

79
111-9
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Unit III

,

III-11 Use logarithms to solve verbal p ro blems

I 1
-

1. /f $425 is'invested at 6% compounded quarterly, how-much money will

accumulate in,12 yearsT,

2. A house bought 2 years ago for $35,560 was recently sold for $45,900.

Assuming the value/of the house.increases exponentially, what will

the value of the house be in two more years? (to the nearest dollar)

.

3. the equation for the amount of energy E exerted by,an object moving

wf2, .
. ,

f feet per second and weighing W pounds is E = where E is measured
. 2g,

in foot poUnds and g is the force of gravity. What is the weight of

the automobile (to.the nearest hundred) if it strikes an object while

traveling 55 miles per hour and exerts 354,087 foot pounds of energy?

(Use g-= 32.16.)

4. nip' period P of a simple pendulum is given by P = 2n T2- where P is'in-
.

seconds, L is the length of the pendulum,arm, and g is about,10 meters

per-second-per-secOnd. If the Period of a pendulum is 3.264s4amdS

What is the length of the pendulum arm? (Use, n ='3.14.):

,-

89

r-s
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Pre-Calaulus A

Mit III

ANSWERS

1. a.5

2.

b)

1

13 7
"6--

-4x Y

11
3x-3-

7 .

x6yT

3

13 31
212 al2

15.2

or -4x2y3

or aa2

5 14

c ) 33 x 3 or 3x4 3,74-2

. 1. a ?cY3

3

7 1 19 .

b), 2 3-6- xT y-6- or 6y3 61;3;2;-

14

3a 3c)

4. a )

b )

1--
16xy9-

11- 1 7
212 3c12

5 '7

c y 8a4" or

or i211i

20
8 laTI-38

,81
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Pre-Calculus,

.

Urtit III

I

1 .

4

I a'

a
.ANSWERS

Oa.

111-3'

.,

,

6

:

1.

2.

31

4.

-41

f-2),

{791

{1, 6}

."1,

2.

3.

, 4.

100, 4 daii
'

C = 6000 (..8)t

:12 days
-

$539:96 .

1. domain: all real numbers

range: 'all real'numbere >0
-

continuous function

decreasing, one-to-one'

Grehtest lower 'bOund Th 0. ,

. :
,

2. domain: all reel numbers except 0
4

3.

range: all real nutbers.>0 .

c ontinuous everywhere except'at x = p

decreasing, one-to-onit

, .

Greatest lower bound is'O.
,

" I.

-

;

_83

*

4

,

a,

I



Pre=Calculus

Unit III'

M5405

111-5 (contined)

3. domain: all'real numbers

range:: all real numbers > = 1

continuous function,

increasing, one-to:tone'

Greatest lower-bound is

4. dOmain: all real numbers,

range: all real numbers > 0

continuous function

increasing, bne-td-one

Greatest lOwer bound is 0.

r
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1. domain: all real.nunthers > 0

all..re4 numbers

_cd'ntinucui !ftinction

decreasing, ot{e--to-9ne
_

..
range:

,cTh

2: domain: ;all real. numbers .<
-

range': all. k6a1 numbers
.

-c.on'eipbous everywhere except-
4

; 6Vieasinilf ori-to-one.

,

0

at x

Jai

4.

4.

aima
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ANSWERS

111-7 (continued)

3. domain: all real numbers > 0

range:. allqv l numbers a

continuous function

ft

I .N

.1

increasing, one-to-one

4. domain: all real,numbers > 0 4
44*.

range: all real numbers - 0

continUous function, one-to-one

decreasing for 0< x< 1 and increasing for x -,1,

Greatest lower bound is 0.

3. x = 4

1
4- x

1. 204.7 .

2. :004921'

3: 36

4. -2815

A

ft

a.
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1. 6.46

2. /.074

3. -2.574

4. 2.487

1. $868.50

2. $9,247
. ,

3. 3500. pOunds,

.1, .2.701 meterq
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Pre -Calculus - Elementary Functioods

IIIUnit IV Circular Functions

Overview

Each student should have received an in*oduction to circular functions prior

to this unit. The purpose of this phase of instruction is to increase the
student's knowledge of circular functions.

It is possible that'periodic functions were discussed in Unit I; however,
circular functions are the first specific examples of periodic functions which
the student has encountered.

Suggestions to the Teacher

Applications of the.property of periodicity should be stressed as well as
relating,and reinforcing the properties of functions (increasing, dedreasing,
continuity, boundedness, one-to-one, etc.) which were studied in Units I, II,

and III,

Evaluating a function, Aetching the graphs of cirdular functions of the form
y - cos * (bp + c) + d, and determining the equation of the function are skills

which shduld be handled with ease by the.student.

Objectives 1-14, exdept 7 and 13, should be covered rapidly, as these objectives

have been taught in previous courses. .Radian measurement of an angle is implied

unless the ° symbol is used. Determining the value of equations such as

cos 1.4567 = x or cos 0 = .4560 should be emphasized. '

When sketching the graphs of the six circular functiow (Objective 6), include
.variations of the basic functions, such as y = cot 9 + 4, y = cos 0;
y = cos 9, etc.

The nstru tion of Objective 9 should include evaluating expressions such as
(sin + co )

2
. The student should maintain good algebraic skills and the

.

functional v e of these multiples o.f 7 and 7 should be known by the student
without the use of a notecard.

Objective 7 is comprehensive in nature: The student should be able to relate
the various,properties of fdnctions in general to a specific set of functions,
e.g., the circular funCtions.

Many objectives in this.unit may be taught together-(e.g., Objectives 9-10; 11-12;
and 18-22). If Objective 22 is taughtft it will bd hewessary for the student to-

-acquire skills in solving equations of the form.cos [ly(t - 2)].= .4567. Additional
'problems of this typekare Indicated in sample problem #4.for ObjectiVe'12. In

evaluating radian measurement, the following approximations were used:
If.t. 1.5708; r 13.141613 7:4,4.7124, and 2 r -1 6.1832. ,Because of these

approximatioft, answer's may vary for.some of the sample problems.

'*any circular function

,

88



Pre-Calculus

Unit IV

-Suggestidns to the Teacher (continued)

Stress Objectives 14-46. The concept of periodicity is again. involved. The

period can be expressed in units of Tr or siMply in numbers such as a period

of 10. In the sample problems for Objective 16, answer's may again vary,
depending on the phaseshift selected by the student.

More can be done with the formula for f + 4 (Objective 17) after discussing the

sum and difference 'formulas in Unit V.

Objectives 18-22 allow the student to see practical and useful applications of,

circular functions. The best textimook for these objectives is Trigonometry:

Functions and Applications, by Foerster.

It is recommended that each school have copies of these textbodks:
S.

a.. Trigonometry: Functions and Applications,.by Foerster

b. -Pre-Calculus Mathematics, by Crosswhite, Hawkinson, and Sachs
/

C. Pre-Calculus MatheMatics, by Shank

The use of calculators iS important in the solution of some oE the application

problehs.

Suggested Tite: 12 days

*

. 4
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Pre-Calculus

Unit IV Circular Functions

PERFORMANCE OBJECTIVES

1. Convert angle measurement from degrees to radians Or radians to degrees.

2. Solve verbal problems using the formula for arc length, s r G.

3. Use the definition of the wrapping function to-determine functiorial
values for a specific value of the domain.

4. State the definitions of the six circular functions.

5. -State the domain and range for each of the circular functions.

6. 'Sketch the graphs of the six circular functions;

2. Given a circular function, indicate -its properties with respect to
continuity, asymptotes, increasing-decreasing, even-odd, boundedne. ,

and periodicity.

8. Givenan angle, determine its reference angle.

9. 'Determine the functional values of.the special. angles (multiples of
77 IT

10, Determine the measure(s). of a special angle, given the functional
value of the angle.

11, Use,a table to determine the functional value of a given angle,
interpolating as necessary.

12. Use a table to determine the measure(s) of an angle, given the
functional value of an angle, interpolating as necessary.

*le 13. Given the equation or graph of a circular function, determine the
period, amplitude, phase shift, and irertical gtifft:

.14. Sketch the graph of a circular function that has a.phase shift and/or
vertical shift.

.!

15, Given the athplitude, period, phase shift, and vertical shift,
w4te_the equation of a sine or cosine functioh-

16. .Given .t.he graph of a,circulat'funétion, determine its equation,

,
17. Given two circular functions, f And g, sketch the graph of f + 9 by .

adclition of ordinates (graphicd1

**comprehensive objectives IV-3, 90
ft'



Pre-Calculus

Unit IV Circular FUnciions

PERFORMANCE OBJECTIVES (continued)

18. Solve verbal problems involving uniform circular motion.

19. Solve verbal problems involving a simple harmonic motion.

qptional

20. Solve verbal problems involving other applications of the circular
'functions (alternating current, radio, Fourier coefficients).

.

21. Construct the equation of a sinusoidal function given data from a set 1
of physical science observatiOns.

22. Use the equations constructed in Objective 21 to make predictions.

IV-4



Unii IV - Circular Functions

CROSS-REFERENCES

Objectives Coxford Crosswhite Fuller Shanks SOrgenfrey Wooton.

115-118 165-169 . :- 97-100- 276z280
,

2 119

,

98-100 281

3 65-68 125-127 100-105 265-270

4 70, 97 129-132 105, 108 270, 313

5
70, 97
124-126

132-134
139=140

v- ,

114-115 270, 313'.

'

.

.6
82-83

98-102 132-141 114-115

281-267
313-316

7

,

102
I . /

115-116 272-273

8 120 129-133
,

g. 74-81

127 130-132 111-113 271-272

10 , 74-81 130-132 111-113 , 271-276

11 17 -172 134-135

',12 170-172 , 1a4-135

13
86-91
92-96

126, 132-141
161 114-121

281-287
293-298

14
'

95-96

1

132-141
161

114-121
281-287
293-298

15 92-95 , 286
.

16 _90-91 138

_

118
.

IV-5 92



Uhit IV.- Circular Functions (continued)
is

CROSS-REFERENCES ,

Objectives Coxford trosswhite Fuller hankc Sorgenfrey

1
Wooton

17 4 137-138 122-124 296-298 .

18. --..\ 184-186 327-329
'331-334

19 143-146 330-334

20 .

147-152
1

21 For Objectives 21 and 22,refer
Applications, Foerster,

%
to Trigonometry- Functions and

pp. 511,-93.

2 .

t

6

-.)

%

-

93
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IR, Pre-Calculus

Unit iv

%

rv-1 Convert angle measurement from degrees to radians

or radians to degrees.

. Convert each of the following angles into its equivalent degree or

radian measurement.

a)

b)

c)

d)

Degree Radian

L

35°

-742°

'7 --

12 ,

2.7

2.. Chhge each angle to its equivalent degree or radian measure ent.

a) 205°

b) 12° 15'

c) 9

64 Tr

d) 1.6

3. Determine.the equivalent degree or radian measurement'of each of

the foliowing angles.

Tr°

45° 6' 15"

111.,,,

Tr

.5



Pre-Calculus_

Unit TV

IV-2 Solve verbal problems using the 'formula for arc length,.s = r 8.
4

'c

If the radius of a bicycle wheel ia 28 inches, find the distance the
'Wheel moves as the wheel travels through'an angle of 10 radiafis.

2, True or False: ,

A 30°_arc in a circle of radius 40 is 4 times asolong as a
30° arc in,a cirCle of radius 16.

3. Triction gears use friction to transmit motion' from one gear to another.

If a friction gear with_redius of 12_inches moves through an angle of 7

radians, determine through how manir radians the contact gear with radian

of 9 inches moNies.

4. A bucket is drawn from a well by pulling the rope over a pulley. Find

the radius of the pulley if the bucket-is moved 82.9 inches while

thespulley ie turned through 4.4 revolutions.

IV-3 .Use the definition,of till; wrapping function to determine

functional-values for a specific value of the domain.'

4.
11 ,

1. Use the,definition of the wrapping function to.determine W. (-5-To .

7
2. If W (9) represents the wrapping function, etermineW

6

7
3. Determine W(- Tr) where W represent6 the wrapping function.'

4

A. Using the definition of the wrapping function, determine
W (-Tr + 21TK), K e integers..

9 5 IV-8



Ire-Calculus

unit rv

117-4 State the definitions of the six circular iuncticidb.

1. State the definition of sin X.

The cos x is defined as

3. If W(9) = (x, y) corresponds to the point on the unit circle
associated with the real number 9 by_the wrapping function w; then

sin 9 =

cos, 9 =

tan 9 =

4. .State the definition of csc x in terms of the wrapping function.

4

IV-5 State the domain and range fok each of the circular functions.

1. State the:domain and range of the '4,angeht functiOn:

,

2. The domain and range of the sine function is'

3. The domain of the coa- x is While the range is
k

4. State the domain and range of the cosecant function.
.

tr

I

.
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-Pre-Calculus

Unit IV

IV-6 Sketch the graphs,of the six circular.functions.

1. Sketch tbe graph of y = sin x for all 0 x

3 < < 3
2. Gra'ph y = tan x for

_
-'n - x - -2 7r.
2

4

3. For all x, sketch the graph of y = cos x.

4. Sketch the graph of y = sec x for -21T 5- x 5 2 n.
7

9 Pi

I.



Pre-Calculus

Unit IV

1

rv-7 Given a circlar function, indicate its properties with respect
to continuity, asymptotes, increasing-decreasing, even-odd,
boundedness, and periodicity.

1. Given the graph of y = sin x as shown, discuss the following properties
with regpec to this.graph:

a) continuity

b) symmetry with respect to?

c) boundedness

() period

e) Indicate an interval for
which f(x) is an
increasing function ,

over x O.

A .
,

.

Allik
II=

AlmaAIM
- 411Ili<W._4
il - A

,

,_Ii_I RR .il E'
1

2. Given the graph of the tangent functionas
of this function,with respect to:

a) even or odd function

b) increasing or decreasing

c) period

d) boundedness

e) asymptotes

41.

shown, indicatq the properties

liMMIIIIIIMMIIIII 3111111111G11111111111M
MIIIIIIIRIVII FAMIIIIIIMMEN
11111-01. MIWAITIMIF
1111111111WANIMI 1111711111111=1111/

1111211§101111111"
WANE II

IIVAMImil
WAIUMIIIII Ali IIIIIWA111111Iripirlial 11111,11r1111111

IIIIIMIIIIII ping IT M11111111
FA III lir

IIIIITRIEN IAM

IV-11
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Pre-Calculus-

Unit i11-7 (continued)'

3. From the graph shown, indicate
thy properties of continuity,
even ol'aodd functions,

boundddness,and periodicity.

4. Given the graph of a secant
function as shown, indicate
the properties of this
function:

a) even or odd function

continuous

c) bounded

dl period

e) indicate an interval
for which f(x) is a
decreasing function
Over n v.< x <

99

lp

PI- 1 II !AI
1 11/1 1. MI H-1laIIMINEW11111

lialli
' I 1--\

! E"11L11111126 1 MI 111117
t

1-/-Awn'i 1. AR h-
1.,,

11-
1

1

. , L
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,

.
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Pre-Calculus

unit iv

rV-8 4ven an angle;# determine its reference angle.

Zetermine the reference angle for each of the following angles:

1.

Angle
1

Reference Angle

a) 207° a )

b) 2.1456 b

1813° c

d) 5,9143 d

2.

aI 134° a)

b) 6.8255 b)

c) 5.0000 c)

d) 1400° )

3.

a) -2.5000

b) 2893°

c) -253°

.b)

c)

d) 12.5000 d)

4

IOU

0
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Pre7Calculus

Unit nr,

4

IV-9 Detepoine the functiorial values of the special angles,

(multiples of Jr , Tr). ,

JI

1. Evaluate' each ofthe following:
1

3
a) sin

ir

b) cos (-4 Tr4

3
c) cot (.-i IT)

d) sec
17

3

2. Determine each of the following 'functional values:

a) (tan i) (sec Tr)
3

b) sin Tr) + cos
3 2'

17 Tr

c) sin. (-- Tr) - 2 cos
6 3

5
d ) (cot 8 Tr + sin Tr) 2

3 2

3. Determine the value of each of the f011owingr

11 5
), 2.(sin - 3 (tanT Tr)

7
) cot &- i4 + sin .Tr

6 :

11
c) 4(sin - cos

3

4
d) tan 0 + csc.

IV-14,

11.



Pre-Calculus

Unit

1/4

rv-lo Determine the measure(s) of a special angle, given the
functional value of the angle:

1. Determine all angles whose functional,values are given:

a) sin =

b) sec =

c) tan 8 is undefined '

4

d) cos =.
2

2. Given the functiOnal value Of an angle, determine all the angles:
4

a)
3

b) cos = 0

c) csc E0= 2

d) sin 13-11 undefined

1

3. Evaluate all the angles whose funOtional values.are given:

4) sin =

2

b) tan =

c) cos,E) = -1

d)- cSc 8 = -2

A

iv-15
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Pre-Calculus

Unit IV

. .

rv-ll Use a table to deteimine the functional value of a given angle,
. .

1 1-
ix,iterpolating as necessary. .

,

l'

1. Use the tables to determine the functional value of the giv,eli
angle (interpolate where necessary):

a) ,sin 154° 20'-=.

b) cos (2.5802) =

c) tan (-100°, 15") =

d) sin (-1.1170) =

if(

4

2. Using the tables, determine the functional value of the given angle
(interpolate where necessary):

a) cos (-213° 10') =

b) tan (5.2738) =

c) sin 36° 13' =

(3) cos 4.3255 =

. 4
the functional value of the given angle by 'using the tables

(interpolate where necessarl;):

i) tan 97° 40' =

. b) 197° 40' =

c) cos (11.2516) =

d)* .sin (.4310) =

41/



Pre-Calculus

Unit IV

IV-12 Use a table to determine the aleasure(s), of an angle,

.given the functional value' of an angle, interpolating

1 aslnecessary.

Determine all angles 0, 0 5 0 5 2 it by use of the tables. Express 411

angle measidkements in degrees (interpoilte as necessary).

a) sin 0 = .270Q

b) cos 0 =

c) :tan 9 = .1693

d) sin.0 = -.7786

4.

2. Use tables to determine all angles 0, d e 5 2r %dive functional. value is

given. Express all angle measurements in radians (interpolate as
necessary):

a) Cos 0 = - q234

a
b) tan 0 = 1.8040

c) sin .9417

.(1)* co 0 = .0410

(

w

3. Determirie all angles satisfying the given functional values. Express all

angle measureinents in degrees (interpolate nece;sary).

,

a) sin = .3746

b) tan 0 = - 1.6648

c) cos'0 =..6450

'd) sin 0
. -

104
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.Pre-Ca1cu1us
a

unit rv

IV-12 (continued)

4. This type of problem must be done if Objective 22 is covered.

Determine all values for x satisfying the given equations:

a) cos CI (t - 2)] = .2560
3

b) sin (t + 1)] = - .4384

c) cos Cr,r- (t - 1)) = .3907
6

. d) sin
112

(t - 5)] = .8571

IV-18

a

oral



Pre-Calculus

Unit IV

IV-13 Given the equation or gn.ph of a circular function, determine

-,the period, amplitude, phase shift, and vertical shift.

A .

1. From the graph of a sine function

shown, determine:

a) period

b) amplitude

c) phase shift

d) vertical shift

.

2. Fr= the graph of the tan
function as shown, determine

eriod

) phAs ift

vdrtical shift



Pre-Calculus

ijnit IV

T1-13 (continued)

0'6

3. Given the equation y = 4 cos (2)(- 1) + 7, deterErie:

a) periOd

b) amplitude

c) phase shift

d) vertical shift

4. Determine each of.the, following
from the cosine function shown:

a) period

b) amplitude'

c) phase shift

d) vertical shift

f
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Pre-Calculus

Unit IV

IV-14 skeCh the graph of a circular function that-has a phase

shift anFor vertical shift.

1. Sketch the graph of the function, f(X) = 4 cos (2x - - 3 for

< 9 < 3

2 - - 2

2. Given y = 3 sin (-
1

9 - w) + 6 for - 2w 5 9 5 6 sketch its graph.
2 *

ir

3. Sketch the graph of G(x) = sec (3x -
< < 11

- 3 for - - 9 --
4 12 12

4. Given the function y = .8 cos CI:L (9 + 2)] + 1.2, sketch its-graph for

< <
- 5 - 0 - 13.

/V-21
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,Pre -Calculus

rv-ls Given the amplitude, peitod, phase shift, and
' vertical shift write the equation of a sihe

or cosine function.

1. Write an equation of a sine curve with the given
A

Amplitude:- 2;
3n

Period: n; Phase Shift: ---
4 '

2. Write an equation of a sine curve with the given

3
Amplitude: y

4

characteristics:

Vertical Shift: -1

characteristics:

1.

Period: -- Phase Shift: ...T; Vertical Shift: 7,
2' z'

3. Write an equation of a cosine curve with the given characteristics:

1 3nAmplitude:--Period: .Phase Shift: -- Vertical Shift: +2
2' 2'

4. Write an equation of a cosine curve with the given characteristicsl,

Amplitude:. 3;

-40

Period: 31T; Phase phift: 75-7 Vertical Shift: -1
3n

.2'

1 9
/V1-22
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Pre-Calculus ,

410 Unit IV

57"

"
/-

IV-16 Given the graph Ilifircular function,-dete e its eguatiom

)

I.
1. Determine the' equation of the

sine function shown at the
right.

.2. The graph of a secant function
is shown. What is its eguatidp?

IV-23
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Pre -Calemlus

Unit rif

I11-16 (continued)'

3.

4.

a. What is the equation of
this cosine function?

b. -What is the eqution,of
this sine function?

%.

a. Determine.the equation of

the sine function,

b. Determine the equation of

the cosine function.

1 1

-14

=11 4111100.

11/

4:4

a

(
ova.' 0110D

429

`i
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Pre-Calculus

'IV-17 Given two circular functions, f and g,'sketch the graph of

+ g by addition of ordinates (graphical addition).

$.

04. Given f(x) = sin x and g(x) = - 2 cos x, sketch the graph of f and g
on the same set of axes and then sketch f + g. Label each graph and'

make theefinal graph clearly distinguishable from f and g.

2. Sketch the graph o4 h(x) = sin x + sin 2x by the method of addj.tion of

ordinates. Let = sin x-and g(x) = sin 2x. Label f, gland h.

t.

1
3. Given f(x) = 4 cos 7% and g(x) =0 sin 2x, sketch the graph of f + g

by addition of ordifiates (graphical addition). Label f, g, and f + g.

Darken the graph of f + g.

IV-18 Solve verbal problems involving uniform circular motion.

1,0

1. A porint is moving along a wheel of radius 3 units at a constant velocity

of revolutions per second. Find the length of the ard traveled in
6

2,seconds.
t

2. The earth makes one revolution every 24 hours. Determine the angular
velocity of the earth'in radians per hour.

t

3. A phonograph record of radius 3 inches revolves on a turntable at a
rate of 45 revolutions per minute. What speed are points on the
record passing beneath the needle when the needle is one inch from the
center?

/5
4. A point P1 is located.at

7 7
--i) when t = 0. If P1 is moving with a

constant rotational velocity w around a circle with center at the origin,

write an expression to represent the coordinates of P at any time t.

IV-25
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Pre-Calculus

Unit IV-

TV-19 Solve verbal problems involving simple harmonic totion.

5
1. A simple harmonic motion is given by the equation d = sin Tr t.

6

Determine the period and frequency of this harmonic potion, where

t is in seconds.

2. A wheel revolves at a constant speed of 40 revolutions per second.

What is thq period of this motion?

- a

3. Point M is the midpoint of a segment 2 inches long,
NI

A point moves along this segment with a simple

rZtr."'

1

(+)
0

harmonic motion that has a 12 second period. When

t = 0, the displacement from M is zeroland when t = 1, the displacement

'from M is positive. Determine the displacement (negative to left of M.

and positive to the right) from M at the end of:

1
a) -27

r od

5
b) peri

7
c ) 1 -3-periods

d) 21 seconds

113 IV-26
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Pre-Calculus
y

Unit iv

IV-20 Solve verbal problems involving other applications of the
circular functions (alternating current, radio; Fourier

coefficients):

1. The lectricity in your home is called ,"alternatIng current." The

Usual house current is "60-cycle" current,which means'a frequency

of 60 cycles per second. If the quantity of electric current can

be represented by'

I = a sin wt,

how can I be expre sed in terns of t if the amp/itude is 10.and the
current is 60-cyc e?

2. Scientists have recently developed a theory that a person's biological
fUnctioning is controlled by three factors that vary sinusoidally with

time. These biorhythms)are physj.dal with a period of 23 days,
emotional with a period of 28 days,and intellectual with a period of

33 days. On a paticular dayisuppose all three of the,rhythms are at

a high point having an amplitude of 1. Sketch all three cycles for the

next 33 days.

IV-21 tonstrtct the equation of a sinusoidal function giyen data
from a set of physical science observations.

1. Your distance d from the ground varies sinudsoidally with time as
you ride in a ferris wheel. Suppose the ldwest point of the ferris
wheel is 5 feet above the ground and the wheel has a diameter,of 50
feet. It is also known that the wheel makes one revolution in 12
seconds. At t = 0 you are at a height d above the ground. Two
seconds later you have reached the top of the wheel. Sketch a graph
of this sinusoid and write an equation for this sinusoid.

FOR OTHER SIMILAR PROBLEMS REFER TO: Trigonometry: Functions and Applications,

411
-by Foerster. Addison-Wesley

.av
IV-27 114
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Pre-Calculus

Unit IV

IV-22 Use the equations constoncted in Objective 21 to make predictions.
.s

%
1. Refer to Sample Problem 1 for Objective 21.

a) From the information given, determine your distance frtom the grqund

when t = O.
4

r-
b) When is the second time you are 35 feet above the ground?'

_
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ANSWERS

.36 Tr

371

(1.
a)

b)

c)

cd)

I

90 Ir

1.0.50

154° 42'

41
36 ir

49
720 ir

^

117-2.

1. 280 inches

2. true
28

3. radians
3

4. 3 .

.117-3

1. (o, -1)

(to nearest degree) 1 2. (-fit
2 2

od.yr

c) 25° 191 t,(to nearest degree).

d) 91° 40' (to nearest degree)

3.

a) .0548

b) 180°.

c) 28° 391

d) .7872

(to nearest degree)

,

/I /I
2 ' 2

4 0)

117-4

Refer to textbook.

4

IV-5

1. D: fx: x r 7rK)
2

R

2. b: R
R: - 1 5 f (x) 1

3. DR
R: - 1 f (x) 5, 1

yip

4. Ds {x: x OK, K is the integer}

R: f (x) f (x) - 1.

1V-6

Refer to textbook .
/17-29'

.116
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Unit rv

ANSWERS

rv-7

1.

2.

3.

a) continuous over 11

b) symmetric with respect to origin

c) bounded above and,below

d) period of 2v f

e) increasing x

a) odd furiction

b)- increasing

c) ,peridd of 2v

d) unbounded

e) asymptotes Mix = v + 2 Tr K

a) continuous

b) odd function

.c) bounded above and below

, ci) .peza f -4-

,a) Function is neither odd nor even.

v v
b) Function is discontinuous ,at -6- + K

c) Function is unbounded.

- IV-8

2.

3.

IV-9

1.

a) 27°

b) .9956

c5 13° t

d) .3689

0. 46°

b) .i423-,

c)* 1.2876'

d)

a) .6416

b) 13°

'4:)/ 73°

d) .0664

2

b)

' 2

d) period of v

.e) decreasing over -._ x _
< <

.d) 2
12 6

Vi

IV-30

lor

is
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Unit .6

NSWERS

2.

- 3.

-2

b)
2

c)

d)

_ 3

4 -
3.

c )

.d)

IV-10

1.

a)

b)

c)

d)

2

- 2 /3-
3

9=i+ 2 nK

p'

IV-10 (continued)

2.

a)
= n+2 n K.

6

= nt2 n K
6

3.

a).

K

9=-6+2 nK

5
= + 2 yr K

49=Tr+2nK
3

5
= 2 n K

rr
= + r K

4

c) e=n+ 2 nK

7
= -6- rr + 2 rr K

11=,-T n + 2 n K

39=n+ 2 nK
4

= + 2 it K
4

n0 = n K
2

= + 2 n K
6

9 + 2 n K
6

lv-11

1.

a)

b)

c)

a)

IV-31

.4331,

- .8465

5.5301

- .8988

118 4
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a) - .8371

b) 5901

c) .5908

d) - .3773

,

a) -,7.4287

AO - .3035

c) .2532

a) .4178

IV-T(
k.,

1.

a) A = 15° 40' or 164° 20'

b) A = 112° 10' or 247° 50'

c) A = 41° or 221°

d) 8 = 231° 8' or 308° 52'

2.

a) A = 2.3795 or 3.9037

b) 8 = 1.0646 or 4.2062

c) A = 4.3692 or 5.0556

d) A = 1.5298 or 4.7534

r

, 119

0

_

, 1

,

IV-12 (continued)

V.

A = 22° + 360 K°

S.' 1.

a)

A 158° + 360 K°

)
b) A :.-... 1210 + 180.1(°. ---v

e .=-- 49° 0' + 360%1C°

e 7 3101 0' +.360 K°

4

d)
A = 213° 22' + 360 K°

8 = 326° 38' + 360 K°

4.

IV-32

-
a) (using radians)

t = 3.2528 + 6n; n c Integers 0 .

t = .7472 + 6.n .

14 t = 3.5778 + 8n: n c Integers

t = -1.5778 + 8n

c) t = 4.7666 + 12n: n c Integers

t = 9.2334 + 12n

d) t = 8.9332.+ 24n: n c Integers

t 3., 13.0669 + 24n

,
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Pre-CAlculus

2.

3.

4.

b.) 15

c ).
-71

16

a ) 0

a ) Tr

b ) 4

1

d) moved up 7 units

c ) 10 units to right

d ) moved down 15 units
i

*

)

IV-14

. 2.

,

..

)

?

IV-33 120

I



Pre-Calculud

Unit rv Circular Functions .

ANSWERS

rv -14

3.

4.

-41 4 4 ir 10 04%.

0-14,

-14
IV-34

V

1

IV-15

3Tr
1. y = 2 (2 sinz;gor'- 1

3 Tr 3.

2. = (4 sin x + ) +
2 2 2

1 3Tr
3. y

8
= cos x -

16

2
4. y = 3 (-

3
cos x '-

.



Pre-Calculus

Unit IV

ANSWERS

111-16

1.

2.

3.

y = 10 sin(2x + 111)

2

1
y = 3 sec

2
x)

a) y = 205 cos CI (x + 3)1 + 7.5
Answers may vary.

b) y = 2.5 sin + 4.5)1 + 7.5 3

4.

a) y = 40 sin qi (x- 8)1 - 80,

b) y = 40 cos qi (x- 20)1 - 80

Answers may vary.

rv-35 122
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Pre-Calculus

Un# IV

ANSWERS

IV-18 /V-19

3.. IT

7r

2. radians7hotir
12

3. 901r inches/minute

x = 7 cos (wt + -): y = 7 sin (wt + -)
3 3 3.

1. .2.4 ieconds

5ri cycles per second

1.
2. second

40

a) 0

d)

-IV-20

1. / = 10 sin 120 -Tr t

-2.

TV-37 124



Pre-Calculus
;

'Unit IV

ANSWERS

rv-21

1. 'd 25 cos tit - 2)] + 30

e

TV-22

1.

a) d 42.5 feet.

Tta second-time you are 35 feet above the ground iS when

t gm:11.3844 seconds.- (This problem may ie done in terms

of degrees instead of radians.)

125



Pre-Calculus- Elementary Functions

Unit V Trigonometric Identities
-

Overview:

This unit will introduce to the student the many trigonometric identities

and formulas that are needed to understand the intricate relationships that

exist between the six circular functions. The completion of the numerous

proofs should greatly enhance the student's mathematical sophistication.

The treatment here includes,the product-to-sum and the sum-to-product

identities because of their use in Calculus.

Suggestions to the Teacher

For motivational Purposes, many of the objgctives include numerical problems so

that the student can observe how the functional values of certairi nonstandard

angles can be determined. Because of this, some Pre-Calculus textbooks may

need to be supplemented. Excellent reference textbooks would be:

Trigonothetry: Function-s and Applications, Foerster (1977)

Modern Algebra and Trii9nometry - Structure and Method - Book 2,

Dolciani, et al: (1982)

Often the question of the amount pf mem9rization of formulas is brought up with

regard to the teaching of this unit. It is recommended,that all basic identities

(Pythagorean, e.g., sin 28 + cos 28 = 1, etc.; quotient; reciprocal; negative;

and cofunction) be memorized. The sum (and difference) and double angle formulas

for sine, cosine, and tangent need to be memorized as well as the half angle

formulas for sine and cosine. In addition, it is expected that students should

be able to derive these formulas and Show the logical sequence of the derivation

of the formulas. The half angle formula for tangent and the product-to-sum and

sum-to-product formulas need not be memorized but the student should bg able to

derive such formulas.

Suggested. Time

10 days

126
V-1



Pre-Calculus

Unit V Trigonometric Identities

PERFORMANCE OBJECTrVES

1. Given the functional value, determine other functional values by
applying the Pythagorean identities.

2. Prove identities using the reciprocal, quotient, and Pythagorean
identities.

3. Show the derivation for the formula for cos (a - 0) or cos (a + 8).
(operational)

4. Apply the sum and difference formulas to prove i4 ntities.

5. Apply the sum and difference formulas to determine the functional
value of a given angle.

6. Given functional values of two angles, evaluate sum and difference
formulas.

7. Prove the double angle formulas for, sin 2x, cos 2x, and tan 2x.

1 1/ 18. Prove the half angle formulas for sin --x, cos x, and tan x.
2 2 2

9. Prove identities using double and/or half angle formulas.

10. Apply the double and half angle formulas to determine the functional
vglue of a given angle.

11. Given che functional.value of an angle, evaluate double and half angle
formulas.

12. verify identities using the sum-to-product and/or product-to-sum formulas.

13. Apply the sbm-to-product and product-to-sum formulas to convert from one
form to another, evaluating where applicable.



Unit V - Trigonometric Identitiei

0 CROSS-REFERENCES

Objectives Coxford
.

Crosswhite Fuller Shanks Sorgenfrey Wooton

1 109 '1
272

2 105-109 142-144
.

157-162
.

3 135-138 145 163-164 288-289

4
38-139
143-144 145-150 163-167 289, 291

5
,e 139, 143 149 168-170 292

6 139 149 .
168-170 4.

7 144-145 150 171-173 290

8

..

146 151 171-173 290-291
.

9 ° 48 152-153 173-174
.

V

10 147 152 173 292

11
147-148 152 173 292

12
150 155 167'

.

13
149-150 154-155

V-3

128



Pre-Calculus

6nit V

i

V-1 Given the functiOnal value, determine other functional
values by applying the Pythagorean identities.

1. Given cos x =in the second quadrant, find sin x by usifig
2

sin 2x + cos 2x = 1.

2. Given tan x
3

in the third quadrant, find sec x by using

tan 2x + 1 = sec 2x.

3: Given csc x = - 'Yin the fourth quadrdnt, find cot x by using

1 + cot 2x = csc 2x.

41
4. Given sec x = in the first quadrant, find tan x by using

9

tan 2x + 1 = sec 2x.

V-2 Prove identities using the reciprocal,
qu tient, and Pythagorean identities.

Prove each of,the following identities:

1. .(I + sec x) (sec x
sin x sec x

1) =
cos x csc x ,

2.
tan x + sin x

1 + cos x
= tan x

sin x
3. Csc x + cot x =

1 - cos x

4. tan x - sin x tan x sin x
tan xsin x

-
tan x + sin x

129
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Prer.Calculus

Unit V

V-3 Show the derivation for the formula cos' or cos (oil:6).

Show the derivation for:

1. cos (0-4) = cos ct COSS + sin cr( sin

. -

2. cos (c/ +A) = cos oc.. ccs,6 - sin sing

V-4 Anply the sum and difference formulas to prove identities.

.1(

_Prove each of the following,identities:

cot A. cot6 - 1
1. not, (os +49,) -

cot 0C + cot45

2.

' 3.

4 .

sec

tan

cos

Sec a. sec
(.44'4-6) = 1 - taly tanX3

3n -*x) = cot x
2

(c( +6) 1 - tan oN tan4

co,s (oft 1 + tan ex tan.g

V-5 130



Pre-Calculus

vat v

V-5 Apply the sum and %A.Lfference forMulas to determine the
- functional value of a given angle. .

1. Evaluate cos 485° using the aos (of+a) formula, Leave your result
in.simplest fidical form..

2., EValuate sin 2550 using the sin (010.6) formula, Leave your result
in simplest radical form.

itizo, -

3. Evaluate tan (-195°) using the tan (ck+,40) formula. Leave your result
in simplest radical form.

Evaluate tan (150) using the tan (oe-42) formula, Leave your result
in simplest radical form.

-

131 V-6



Pre-Calculus

Unit V

V-6 Given functional values of two angles, evaluate sum and

--: difference formulas. ,
3 5

1. L A and 4.B are in the first quadrant, and cos A = 3-, cos B =

Pincl cos (A + B).

_4
2. Cos A = and L A is in second quadrant; sin B = a and Z. B is in

first quadrant, rind sin (A - B).

3. L A and Z B are in the first quadrant, and cos A = 15-, sin B = .}.

Find tan (A + B),

5 -4
4 / k and L B are in the third quadrant and cos -A = and cos El = -

. 13 5

Find tan (A B).

V-7"

i 3 2

4



Pre-Calcu1us

Unit V

(

V-7 .Prove the double angle formulas for sin 2x, cos 2x, and tan 2x.

Prove each of the following identities:

1. sin 2x = 2 sin x pos x

2. cos 2x = cos2X - sin2x

2 tan x
3. tan 2x -

1 - tanix

1
V-8 Prove the half angle formulas for sin I x,-cos x

2 2

Prove the following:

1 1
1. sin x = 7' (1 - cos x)

1
2. cos x = A (1 -I- cos x)

1 sin x
3. tan x =

2 I -I- cos x
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Pre-Calculus

Unit V

Vr-9 Prove identities using double and/or half angle formulas.

Prove the following:

1. cos 3x = 4 cos3x - 3 cos x

1 + cos 2*
2. - cot x

sin 2x

sec2x
3. sec 2x =

2 - seczx

1 + 2 cos x
4. csc -x = ±

2 siflx

V-10 Apply the oub e and half angle formulas to determine
the functional value of'a given angle.

1. Use the half angle formula to evaluate sin 750 Leave result

in,simplest radical form.

-1
2. Use the half angle formula to evaluate tan 1120 - . Leave result

2
in simplest radical form.

3. Use thecdouble angle formula to evaluate tan
3

4. ,Use the double angle formula to evalUate cos ---.
3-



Pre-CalculUs

Unit V Trigonometric Identities

V-11 .Given the functional value of an angle,
evaluate double and half angle formulas.

_3
1. If cos x = find sin 2x if r. < x <

5' 2

4 x . ii

2.. If sin x = find tan if Acx < 11;
5 2 2

x . ,

3. If sin x = Tg., find sin if X 4= 2n .
2

3
4. If tan x = find cos if :r x < .

4 2 2

/

V-12 Verify identieies using the sum-to-product and/or

product-to-sum formulas.

'sin x - sin y ( x -17
1. Prove

cos X + cos y , 2

cos 6 x + cos 4y
2. Prove cot x

sin 6 x - sin 4y

3. Prove
sin x + sin 2x + sin 3x

tan 2 .
cos X + cos 2y + cos 3x

sin (2 x - Y ) + sin y
4. Prove: tan x.

cos (2 x - Y ) + cos y



Pre-Calculus

Unit V

4

V-13 Apply the sum-to-product and product-to-sum formulas
to convert from one form to another, evaluatin4 where
applicable:

1. Find the exact value of sin 750 -I- sin 15° by using the sum-to-oroauct

formula. .

Jr"

2. Find the exact value of cos 165° - cos 75° by using the 9m-to-product
formula.

.

3. Find the exact value of cos 450 sin. 15° by using the product-to-sum

formula.

4. Find the exact value of sin 225° sin:15° by using the product-to-sum

formula.

1

1-



Pre-Calculus,

/ unit V

ANSWERS

V-1.

1.

2. -2
3

40
4. ---

9

V-2

1. (1 + sec x) (sec x = sec x - + sec2 x sec x

= sec2x - 1

s

. tan x + sii x
1 + ,cos x

qt,

1 3.7

= tan x2

sin x sin x
cos x cos x

sin x sec x
cos x csc x
sin x +.sin x
COS X
1 + cos x

sin x + sin x cos x
cos x

1 + cos'x

sin x U. + cos x)
cox x (1, 1* cos x)

= tan x

Vr4.2

a



Pre-Calculus

Unit V .

ANSWERS

V-2

3., csc x +*cot x
1 cos, x

sin x sin x

1 + coa x I 1 - Cos x

sin x 1 - cos x
tJ

sin2x

sin k - cos x)

sin x
1 - cos x

4.
tan x ;- sin x tan x - sin x

tan x sin x tan x sin x

(tan + sin x_

tan x + sin xl

tan2X - sin2x
, tan x sin x (tan x + sin x)

sin2x 2---z-- sin X
cos x
sin x o sin lc (tan x + sin x)

COS X

sin2x -,sin2x c052x cos
Z
x

cos'2x ,
tan.x * sin .x

1 - cos2x
r-- cos x

tan x + sin x

sin2x

= cos x
tan x sin x

tan x *
tan; x + sin x

V-3 Refer to approved texts .

.V-13
, 138

..



Pre -CArculus

Unit V .

ANSWERS

V-4

1. cot (a + 0)

4

cos-a cos B - sin a-sin B
sin a cos 0 +' cos a sin 0

cos a cos 0 si4 a sin 0
sin a cos 0 sin'a sin 0

sin a cos 0
+

cos a sin 0
sin a sin 0 sin a sin 0

,

cot a cot'0 - 1
cot 0 + cot a

cot a cot 0 - 1
cot a + cot B

1
2. sea0a + 6) =

cos (a + ay

1
cos a cos 0' - sin a sin

1

cos a cos.0

cosa.cos 0 I sin a sin 0
cos a cos 6 cos a cos B,

sec a sec 0.

1 - tan.a tan 0 )



Pke-Calculus

0 Unit V

.ANSWERS

V-4

3n sin 021 - x)
3. t

2
an (--- x) = 2

cos (a + 13)
4.

cos (a - 0)

- -
2.

4

3. 15' - 2

4. -

cos (37r 5i)'

2

3n 37r

sin 2, cos x --..cos --
2

sin x

. 3i .

cos -- cos x. + sin -- sin x
2 2

- sin x

= cot x

cos a càs 8 - sin a sin B
cos a cos .8 + sill a sin B

cos a cos 8 sin a sin B

'cos a cos $ cos a cos B

cos a cos 0 sin a_gin B

cos a cos 0 cos a cos

1 - tan a tan B
1 + tan a tan

V-15



_

v

Pre-Calculus

Unit V ,.

ANSWERS

3. -117
44

33
4. 3-6-

V-7 Refer to approved texts.

y -8 . Refer to approved texts,

V-9.

1.. cos 3 x = cos (x 4- 24 ,

= cos x,cos 2x - sin x sin 2x
_

,.

.

..

= cos x (cos2x 7. sin2x) - sin x (2 sin x cos x)

= cos3x - cos x sin2x - 2 cos x sin2x

= cos3x - 3 cos x sin2x

; bos3x - 3 cos x (1 - cos2x)

= cos 3x - 3 cos x -I. 3 cos 3x
,

r: 4 cos3x - 3 cos x
0 .,

(



Pre-Calculus

Unit V

ANSWERS

1 + cos 2x 1 + cos2x - sin2-x
2. sin 2x 2 sin x cos x

1

3. sec 2x =

at

l'+ cos2x - (1 - .cos2x)
2 sin x cos x

1 + cos2x - (1 - cos2x)
2 sin x cos x

2 cos2x
2 sin x cos x

cos x cos x
sin x cos x

.= cot x

1
cos2x

1

cos2x - sin2x

1

. cos2x - (1 - cos2x)

- 1"
2 coszx - 1

1
cos x

2 cos2x 1
cosx co,s x

sec2x

2 -Te7.3.-c

V-17 142.



Pre-Cafculus

Unit V

*ANSWERS

V-9

1
4. csc -x = 1

2 sin -x
2

1

411 (1 COS x)
_2

=
1 7 COS X

= (1 + cos x)

1 - cos2x

+ r= v2 + 2 cos x
sin x

3. 767-

14 3

2 (1 + cos x)

(1 - cos x) (1 4- cos x)

.t



Pre-Calculfas

Unit V

ANSWERS

2. 2

1.-54/
V-12

10

sin x - sin
cos x + cos

y 2 -cos
2

) sin (2L-1-1)"

2* c.Os---:.ec cos (x y
- 2 2

=,tan.(2---1--
2

2

)
cos 6x + cos 4x /2 cos Sx

. sin 6ic - sin 4x 2 cos 5x. sin x

= Gtot x

0

sin x + sin .2x + sin 3x = sin + sin x sin .2x
3. - cos x + cos '22i + cos 3x cos 3x + cos x + cos 2x

2 sin 2x cos x + sin 2x
A 2 cos 2x cos'x + gos 2x ,

sin 2x (2 cos x + 1)
cos 2x (2 cos x + 1)

= tan 2x
-

sin .(2x y) + sin y 2. sin x cos (x y)
-4. cos (2x y) +.cos: y 2 cos x cos (x y)

= tan x

144 .

40.

7

it



Pre-Calculus

Unit V

ANSWERS

V-13

1. sin 75 + sin 15
on.

° = 2 sin :-==- cos 60°
2

sr 2 sin 45°cos 300

a )if
I.

= 2
2

2

2. cos 165° .- cos 750= -2 90°sin -1240°- sln

-2 sin 120° sin 45°

2 2

3. cos 45°sin 15°= sin ,0°- 22: sin 30°

1 1

.= 2 2 2

/

1
4

01 et 1 1 1 _
4. .sin 225. sin 15 = cos- 240; +

2 2
cos 210 =)-

2 4. I
1 -

4

,..1



Pre-Calculus - Elementary Functions

111 Unit VI 11Pverse Circular Functions and Trigonometr:C\Equations

,/

-

Overview
. .

The calculus demands as much understanding of the inverse circular'functions as

'of circular functions themselves. Thd ability to manipulate, evaluate, show,

and prove identities involving inverse ciECular functions is thus deemed as

important as any of the other course objectives. Of course, solving trigono-
metric equations using inverse concepts and notation continues to be a

fundamental objective.

Suggestions to the Teacher

In this unit,,in particular, the various approved texts show marked differences

in approach and emphasis. For this reason it is strongly recommended that the
cross-reference key be used in.advance to preview and select those text

materials considered best for one's class.

The following texts are suggested for use with this unit:

Advanced Mathematics. Coxford (provides a good coverage of all
objectives including trigonometric inequalities)

As a reference these textbooks'are suggested:

Algebra, Trigonometry, and.Analytic Geometry. Rees (axong in Objectives 9
and ,10)

Trigonometry: Functions and Applications.. Foekster (strong in
Objectives 1-4, 10, and
practical problems)

Time

8-10 days (2 weeks)



Pre-Calculus

Unit VI ' Inverse Circular Functions and Trigonometric Equations

PERFaRMANCE OBJECTIVES
4k,

1. Determine the domain and range fcr each of the inverses of the circular
functions.

2. Graph the inverses of the circular functions.

3. State the domain and the range fo'r each of the inverse circular functions.

4. Sketch the graphs of the inverse circular functions.

5. Determine the set of angles that satisfies a given trigonometric expression
containing inverse relation notation.

6. Deermine the angle (principal value) that satisfies a given trigonometric
expressign containing inverse function notation.

7. Evaluate trigonometric expreSsions containing inverse function notation.

8. Solve equationeinvolving inversecircular functions.

9. Verify identities or statements containing inverse circular functions.

10. Solve trigonometric equations containing one or more circular function.

Optional

11. Solve trigonometric inequalities.

re



Unit VI - Inverse Circular Functions and Trigonometric Equations

CROSS-REFERENCES

Objectives Coxford Crosswhite .Fuller eShanks Sorgenfrey Wooton

1 174-175 156 . 186-189

2 175 156 186-189

.3
174-176 157 186-189 320-324

4
175-177 156 186-189 321-324

172-174 157-158 191-192

'6 179 157-158 191-192 321-322, 326

7 173-174

178-180
157-158 192 321,-3244.326

8
. 161 . 192 .

9 178, 180 159 192 327

10
181

183-184 159-160 .
193-195 276

11
185-187 160

,

VI-3
148



Pre-Calculus

Unit VI

VI-1 Determine the domain and range for each of the inverses

of the circular functions.

1. Determine the domain'and range of the inverse relation x = sin y.

2. Determine the domain and range of the inverse retptio4 x = cot y.

3. Given the function f(x) = cos x; determine:

a) the domain of the inverse of f(x)

b) the range of the inverse of f(x)

1

4. Given the function f(x) = csc x, determine:

a) the domain of the inverse of f(x)

b) the range of the inverse of f(x)

VI-:.(2 Graph the inverses of the circular functions,

1. Sketch the graph of the inverse relation of x zir cos y.

2. Sketch the graph of the inverse relation x = tany.

3. Giyen f(x) = sin x, sketch the graph of the inverse of f(x).

4. Given f(x) = sec x, sketch the graph of the Inverse of f(x).

149



Pre-Calculus

Unit Vi

VI State the domain and the range ft r each of the inverse

circular functions.

1. State the domain and range of y = Sin-lx.

2. State the domain and range of y.=

3. Statethe domain and range for the func.tion f(x) = Arccos x.

4. State the domain and range for 'the function f(x) = Arccot x.

;

VI-4 sketch the graphs of the inverse circular functions.

.Sketch the graph of the function y =-Sin-lx; .--1 5 x 5

2. Sketch the graph of the funCtion y = Cos-1x = - 1 x 1.

3. Graph the function f(x) = Arctah x.

4. Graph the function f(x) = Arcsec x.

VI-g

.5

150
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Pre-Calculus

Unit VI

VI-5 Determine the set of angles tha
trigonometric axpression contai

tisfies 4 given
inverse relation notation.

11. Determine the set of angles given by: Cy: y = arcsin
2

2. Determine the set of angles given by: {y: y,= arctan }.

3. Determine, in degrees, the angle(s) represented by:. arccos (-1).

Li

4. Determine, in degrees, the angle(s) represented by: arcsec 1.743.

r.;

C

1 5

V
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Pre-Calculus

Unit VI

a

,
VI-6 Determine the angle (principal value) that satisfies a given

.
trigonometric expression containing inverse function notation.

0 VT
1. State the angle represented by: Arccos --

2

2. State the,angle represented by: Tan

(

-1 :1
ii

3. Determine the principal values of the inverse circular functions given beloW:

a) y = Arccos 0

b) y = Arctan (-1)

cl y = Arcsin (-1)

d) y = Ar sec 0

4. Determine, to the nearest 10 minutes, the principal values of the inverse

circular functions given below:

a y = Cos-1 (w1076)

b) y = Tan-1 (-.1405)

c) y = 5ec-1,(-4.945)

VI-7
152



- Pre-Calculus

Unit VI

1

VI -7 Evaluate trigonometric expressions containing inverse function
notation.

1. Evaluate: cos (Arcsin --2-).
VT

2. Evaluate: sin (Arctan
12

3. Evaluate: cot (Arcsin t4).

4. Evaluate: sec (Sin-1 .4384). \

5. Evaluate: tan (A
1

rccos - - Arcsec 2 )
2

VT

V1-8 Solve equations involving inverse)circulat functions.

1. Solve for x in terms of y: 2y = 3 Sin-1 x 5.

2. Solve for x in terms of y: y = 6 + 2 tan - (x - 3).
6.4 5

3. Solve for x: Arccos (2x2 - 2x) = .

3 .

31r
4. Solve for x: = ian-1 (3x2 - 4x).

5. Solve for x: Sin-1 x - Cos-1 x = 2%
2



Pre-Calculus

Unit VI

VI-9 Verify identities or statements cOltlitaining inverse circular functions. 1

1. Show that sir (Arcsin x + Arcsin y) = x / 1 -

2. Show that cos ..(Sin-1 x + Cos-I = 0

Tr .

Verify'the following: Tam_ 1- Tan =

12, ,

4. Verify the folloWing: 2 Arctan 1 = .Arctan
3 5

y /1 - x4.

VI-10 Solve'trigonometric equhtions containingone or more circular

functions.

.

1. Determine all values that ;atisfy the equation: 3.sec x - 11 = -5.

2. Solve for x: cos 2x = 1 - sin x; 0 x < Zrr.

3. tolve for x over the interval 0 x < cos2x - dos x = 1.

4. Determine.the value(s) of x.to the nearest.10'"over the intgryal

0° < '3600: 2 tan x + sec x = 1.

VI-9 .154
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Pre-Calculus ,

Unit VI

VI-11 Solve the trigonometric inequalitie's.

1. Determine the solution set of the following: Ix

0 s x 27r}.

"
2; Determine the solution set of the following:

{x : 2 sin2x - Cos x - 1 0; 0 x < 27}.

VI-10

: 2 sin x - 1 2 0;
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Pre.-Calculus

Unit VZ

ANS:WERS

71-1

{x

{y

-1 x 1.1

: y e reals)

1. Domain:

Range:

2. Domain: {x-: x e reals}

Range: {y : y lc 71.} (lc e integers)

3. Domain: {x -1 S g S 1}

Range: {v : y e reals)

4. Range: (y K Tr (K E integers)

DOmain: {x : x > 1} {x : x -1}

VI-2

1.

simart. Ti 4.1.ammo .ima
PP'Ip e:i it .1

1.1111 _44
i

n
11111111511 AilIllWalligrill111011Nrnalli
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1111111111111111
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2.
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Prealculus

Unit VI

AiSWERS

A4,:441
!wooIhquin

'MOO
EMOMMWMEM
11111211KREM
MIMMINOREM
mmumminwa
IMANMEWOM
111111111

lEMINIESEMEm

VI-3

1. Domain:

Range:

2. Domain:

Range:

y

MONUMINMMEM= MTN=
MERRRIBMI EAXEMMMIN
=SIMON MIMMEMOMMNENNIMEN MUMMER
1111111111110111iiimulmAmmilummusmamma mamas
WIMMOMMEMIFAU 2
mummommummpanisummumummillmo
MUMOMMENUMEL MN
IIMMUMEMEMPMEILOM
MINIMUMEMNOMMMEMEff

IIIIwIIIliIaIIIII
GiOLVOMIONMWORMOROMM
MIENIMEIMMINUMME

IHMEWAMME maimmummnemminummommmmMUNIONINEN BMW
111

3. Domain: { x -: -1 1}

Range: Cy :OlyS IT}

4.. Domain: {x : x c reals}

Range: : 0 < < IT1



Pré-Calculus

Unit VI

ANSWERS

_ VI-4

1. Refer to any approved text

2. Refer to any approved text

3. Refer to any approved text

4. Refer to any approved text

VI-5

1.

2.

3.

4.

VI-6

+ 2
6

rt + K }
3

{(2 K + 1)

(550 + 2

6

-11

6

117r
2 K

2 K

Tr}

Tr)

K Tr;
6

180°)

K Tr; 3050

1.

2.



Pre-Calcultis

Unit VI

ANSWERS

5
2. B.

4. 1.113

5.
3

VI-8

1. x = sin (2y + 5)
3

5
2. x = 3 + - tan-1 (Y

. x = 1

VI-9

2

sin (Arcsin x + Arcsin y)

= sin (Arcsin x) cos (Arcsin y) + cos (Arcsin x) sin (Arcain

= x - yz + xz

159 W-14.



Pre-Calculus

Unit VI

ANSWERS

VI-9

2. cos (Sin- lx + Cos x)
-1 ,

- - -
a. cos (Sin 1

x) cos (Cos lx) - sin (Sin-lit) sin,(Cos
1

x)

= VT --.--i7, x - x Ji --772-c

-1 1 _1
3. tan + tan y

_ 1 _ 1

tan (Tan + Tan

5

6.

5

= 1

1

_
.4

= tan

1 = 1

2 12
4. 2 Arctan = Arctan

2 12
tan (2 Arctan ) = tan (Arctan

3 5

2ID
12

5

-

5

9 *

12 12

5 5

12

5

1d-15

160
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Pre,Calculus

Unit VI

ANSWERS

VI-10

1..

2.

3.

4.

3

0,

{0,

{0°,

+ 2 K

iT
7-4, tr,

4:2:r r

233°

it;

5:r

10'

5:r
+ 2 K tr}

3

}

1. {x : -6- x
5:r

2. 51r,{x x
3 3

161.
VI-16

/



Pre-Calculus - Elementary Functions

411)

.

.
,

Unit VII 4Applications of Trigonometric Functions
.

Overview

Determining the solutions to triangles is the emphasis of this unit.
Trigonometric functions are first applied to solving right triangles and
are then employed in the development of the Laws of Sines/Cosines to
include oblique triangles. Formulas for the areas of triangles, sectors,
and segments'arealso presented.

Suggestions to the Teacher

A great deal of computational time may be saved if the use of calculators
is permitted; therefore, Objectives 2 and 3 are optional; depending on.the
availability of calculators.

The students should bp required to derive the taw of Sines and the Law of
Cosines. When solving.oblique triangles, it is advisable for the students
to draw a sketch with the given conditions. Even though the Law of Tangents
is only briefly mentioned in some of the textbooks, it does provide an

additional method for solving triangles, with or without logarithms. Later

the laws may be incorporated in formulating the equations for determining
the area of a trianglt. (Only one version of the area formulas is given .

in Objective 13). The presentation of Hero's formula at this.time may be
the student's first exPosure but the concept is not difficult to understand.

A review from Geometry on determining ardas of segments,and sectors may Ptecede
the. discussion of these areas in this unit.

Suggested time: 10 days

V/I-1

162
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PrerCalculus

Nihit VII Applications of Trigonometric Func4ons

PERFORMANCE OBJECTIVES

1. Apply a trigonometric function 0 determine a side and/or an angle of a
right triangle.

2. Use a log-trig'table to determine the.logarithm of the functional,value
of a given angle.(optional)

3. Use a log-trig table to determine.the measure of an angle, given the
logarithm of the functional value of an'angle. (optional)

4. Solve verbal probllems involving right triangles. (optional: computation

with logarithms)*

5. Show a.derivation of the Law of Sines.

6. Given two angles and a side of an oblique triangle, (A.A.S. or A.S.A),
apply the Law of Sines to determine the missing side opposite one of
the given angles.

7. Determine the number of solutions in an oblique triangle, given two sides
and an angle opposite one of them (the ambiguous case).

8. Given two sides and an angle opposite one of them (S.S.A.) in an oblique
triangle, apply the_Law of Sines to determine the acute (or obtuse) angle
opposite the other side. (the ambiguous case),

9. Show a derivation of the Law of Cosines.

.10. '.0iven two sides and the included angle (S.A.S.) of an oblique triangle,
apply the Law of Cosines to determine -the third side.

11. Given three sides of an oblique triangle (S.S.S.), apply the Law of
Cosines to determine a specified angle.

, .12. Given two sides and the included angle (S.A.S.) of an oblique triangle,
apply the Law of Tangents tci determine the other two angles: (optional)

13. Apply the formula K = fab SinC to determine the area of an oblique triangle.

14. Apply the formula. A = IS(s - a) (s - b) (s c) to determine the area of

an oblique triangle. (s =.semi-perimeter)

11 2
15. Apply.the formula A = %8 expressed in radians) to determine the area

2.
of A sector.

1
16. Apply the formula A =

2
(8.- sin 8) (8 expressed in radians) to determine

the ara of a segment.toptionalr ,



Unit VII - Applicaiions of Trigonometric FunCtions

III CROSS-REFERENCES

Objectives Coxford Crosswhite Fuller Shanks Sorgenfrey Wopton

1 172-174 136-138 -

2

. .

3

.4 173-174 137-138

5 156-157 176 139

,

6
158-159
.162-166 176-180 140, 142

as

7 162-164 ,
177-180

,

140, 142
.

8 162-165 177-180 142
.

.
.

9 160-161 . 140-141 -

161 161

164-166

178-180
.

141-142

11 164-166 178-180 141-142

.

.
.

_

_

_

.

12
,

180,
_

. .

13 167-170
183-184

.

.

142 /:

14 168-170 181,
,

.

_

15 , 182-184
. .

16 ,182-184, -.

_

,..

.

.

VII-3 164
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Pre-Calculus

Unit VII

"441* iv
7.

VII-1 Apply a trigonometric functioristo determine a side
and/or an angle of a right triangle.

a. Given right tria,hgle ABC with right angle at C; if m / A = 20° and

then a =

13.8 b)' 1.8 c 1.7 4) 4.7 e) none of these

2. Given right triangle. C with.right angle at C, if c = 15.6 and'

'6 = 6.8, determine / B.

a) 66° 24' b)64° 5' c) 250 51' d) 23° 36' e) none of these
'

_3. The angle of elevation of the top of a .building when viewed from the street

.
is 65°. The'distance of the obsei-'ver to the building is 80 m. What is the

height of the building?

,/-
a) 171 m b) 72.5 m (c) 37.3 m d) 33.8 m e) nbne of these

1 65



Pre-Calculus

Unit VII

VII-2 Use a log-trig table to determine the logarithm of the
functional value of a given'angle.

1. If".m L A = 18° 20 , dete'rmine\ log sin A.

2. Determine log cos 37° 13'.

3. Determine log tan 640 46'.

It

VII-3 Use a log-trig table to determine the measure of an angle,

given the logarithm orthe functional value of an angle.

1/ If log cos A = 9:9260-10,..determine'm 2: A.

2. If log sec A = 0.5259, determine m 2.A.

3. If log cot A = 9.4200-10, determine m LA to the nearest minute.

so.

4

,

VII -5
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Pre-Calculus

Unit VII

1---

VII4 Solve verbal problems inNfoliang.right triangles.
(optional: compuiation withAogarithms)

1. A 25-foot ladder leans against a house with the foot of the ladder 6.4 feet

from the-side of the house. What angl.e does the ladder,make with the ground?

Determine your answer to the neaiest degree. .

1

2. An airplane flies on a'compass heading of 1400 32' at 625 mph. How far south

1. and how far east of the starting point is the plane after 2 hours? Determine

*your answers to the nearesf tenth of a mile.

3. An observer in a lighthoxiSe'40 m above the surface of the ocean ueasures an

angle of depression*at 00 54' to a distant shipt How many kilometers is

the ihip from the base of the lighthouse? Determine your answer to the

lynearest hundredth of,a kilometer.

-5 Show a derivation of the Law of Sines.

1. Derive the Law of Sines.

'2. Show a derivation of the Law of Sines.

^

1 67
VII-6
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Pre-Calculus

Unit VII

VII-6 Given two angles and a side of an oblique triang/e, -(A.A.S. or

A.S.A.), apply the Law of Sines to determine the missing side-

Opposite one of the given angles.

1. -In &ABC, m LB = 62° 0', m LC = 42° 0'
/
and b = 16.0.

.

to tne nearest tenth.of a unit.

Determine c and a

2. In AABC, a = 17.0, m L B = 58° 01., and m L C = 260 0'. Determine c to the

nearest tenth of a units

3. Suppose that you-are a pilot ol'a coiumerciaf airliner. You find it

necessary to detour around a gioup of thunderstorms. You turn at.an

angle of le to your original path, fly.for a while, turn,. .and iritercept

'your original path at an.angle Of 32°7 75 kilometers from where you left.

it; How much further did ydu have.to go because of the detour? Give the

answer correct ta two significant digits.

VII -7

168



-Pre-Calculus

. Unit VII

a

V/I-7 Determine the niimber of solutionSin An oblique triangle,.
-given two sides,and an angleopposite one of them (the
aiabiguous case).

1, In AABC, m = 68°, b = 13.1,an a = 6.6. ,

In AABC, m B = 26° 40', b =-60.42/and a = 82.44. -

3. In AABC, m L B = 32° 10', b = 8.641and a = 17.4.

VII-a 'Given two sides and an angle opposite one of them (S.S.A.)

in an oblique triangle,apply the Law of:Sines to determine

the acute (or obtuse) angle opposite the other side (the

ambiguous Case). p.

1. In'AABC m L B = 52° 40', b = 1.42 and a = 0.554. Determine m LA to

the nearest 10 minutes.

2. In AABC m LB = 37° 50', b = 13,8, and a = 22.3. Determine m LA to

the nearest 10 minutes.

3. In AABC m L B = 28° 34', b = 1464, and a = 3142. DeterMine m ZIA to.the.

nearest minute.



Pre-Calculus

Unit VII

VII-9 Show a'derivation of the Law of Cosines:,

)

1. Derive the Law of Cosines.

2. Show a derivation of the Law of Cosines.

VII-10 Given two sides and the included angle (S.A.S.) of an

.oblique triangle, apply the Law of Cosines to determine

the third side.

1. In AABC, if b = 5.6, -c = 7.4,and,m L'A = 46.°1 determine the third side

of the triangle to the nearest tenth.

2.. In ASAT,. if s = 12.5, t = 24.3;and m LA = 72° 40'1 'determine the third

Side of the triangle to.the newest tenth.

3. In AKOA m L 0 = 132-Z4', k = 18.74, and a = 4.213. Determine.the third-side'

of the triangle to 4Isignificant-digits.

A

VII -9

1 iu



Pie-Calculus

Unit VII

V11j11 Given ,three sides Of an oblique triangle (S.S.S.), apply the

Law of Cosines to determine a specified angle.

1. In AZAP, z = 5.2, a = 7.6, and p = 8.4. Determine m L P-

2. In APET, p = 34.7, e =_25.4, and t = 21.3. Determine m / P to the nearest

10 minutes. c.

3. In AMAG, m = 81.23, a = 61,.23, and g = 46.64. Determine m L A to the nearest

minute.

VII-12 Given two sides an4 the-included angle (S.A.S.) of an oblique

triangle, apply the LaW of Tangents to determine the-other

two angles.

.

1. In ACMC,'g = M P 42°, and c = 22. Determine the other two angles to

the nearest half degree" using the Law of Tangents.

2. -In AMAC m-= 52.8,m LA = 1200 40', and c = 15.2. Determine the other two

angles to the nearest 10 minutes,using the Levi of Tangents.
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_-.Pre-C4lculus

Unit VII

1
Apply the.formula K=-- ab sinc to determine the area of

2

an oblique triangle.

1. Determine.the area -AABC if-b = 38, c = 46, an4 m LA = 68° to

significantfligits.

2. Determine the area of,AGAF if a 46.8, f = 30.4, and m L G = 100°,10'

to 3 significant digits.

3. Determine the area,of an equi1ateral triangle whose side is 31.7 to

3 significant digits.
.(

.11

VII-14 ApPly the formula A = Is(s-a)(s-b)(s-c) to determine the

area of an oblique triangle. (s I-- semi-perimeter)

1. Determine the area of AABC given a = 11, b = 14, and c = 17.

2. Determine the area of ATRW given t = 15.3, r = 22.5, and w = 26.4 to,

3 significant digits.

3. A.surveyor measures the three sides of a triangular field and gets 134,

168, and 242 meters. What is the area of the field to'3,significant

7 2
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Pre-Calculus.

Unit: VII

-

-

VII-15 Apply the formula A = r (3,expressed in .radians) to
.

determine the area of a sector.
. ,

1. Determine the area .of a sector of a cirOle with radius 12-
1

and central
2

angle of Leave answer in terms of,Tr.

2. Determi the Area of a sector of a circle with radius 7.20 and central

angle of 750 Use Tr = 3:14. .

3. A radar antenna turns through a horizontal angle of 800. If its range

is 36.0 km, What area can it sweep? Use Tr = 3.14.

VII-16 Apply the formula A = r2 (3 - sin 0) (3 expressed in

. radians) to determine.the area of a segment.

1
1. Determine area of a segment of a circle with radius 7 and central

2
. -

angle of Leave the answer in terms of Tr.
6

2. Determine the area Inclosed by a circle of radius 6 and a regular

insor,ibed hexagon. I4eave the answer in terms of Tr and radicals.
. .

1.73



Prq-Ca1culUs.

Unit VII

ANSWERS

VII-1

1. B

2. C

'A

V/I-2

1. 9.4977-10

2. 9901140

3. .3267

1. 32° 30'

2. 72° 40'

3. 75° 16'

VII-4

1. 75° 10'

'

2. 794.5 mi.east

965 mi. south

3. 2.55 km

VII-5

See an approved text for an appropriate answer,

VII -6

1. c = 12.1, a = 17.6

lv
2. c = 5.3

3. 7.1 km

, VII -13

1:74



Pre-Calculus

Unit VII

ANSWERS

VII-7

1. 1 -solution

2. 2 solutions

3.- No solution

V1I-8

1. m L A = 18°, 00'

2. m L A = 820 20' or m L A = 970 40'

3. No solution: sin L A = 1.02626

VII49

See an approved text for an appropriate answer,

YII-10

1.

2.

a = 5.5

a = 23.8

3. ol= 21.80

1. m L P = 80°

2. m L P = 95° 30'

3- m L A = 48° 28'

V11-1,2

1. m L G = 31.50, m L C = 106.50

2. m Lm = 47° 10', m L C = 12° 10'

V11-13

1. 810

2. 700

3. 435 1 75. VII-14

_
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Pre-Calculus

Unit VII

ANSWERS

c ,

Q

.VII-14 \

1. 76.7 sq. units
_ ..

c

2. 171.8 sq. units

3. 10800

L

VIZ-15

625

1. 64 li

2. 33.9 sq. units

3. 904 km2

t

'VII -16

75
1:

TX Vir-31

2. 6 it - 96-

,

i

,

VII -15

il

176

,

\.

t

,
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Pre-Calculus - Elementary Functions

Unit VIII Complex Numbers

Overview

This unit is a continuation of the student's knowledge of complex numbers, as
well as an introduction to the trigonometric (or polar) form of a complex
number. Material covered in this unit will'al,so reinforce skills previously
learned, such as using tables to determine the trigonometric functional value
of an angle and the relationship between the trigonometric functional value of
ari.angle (A) and itsopposite angle (-A).

Suggestions to the Teacher

It is expected that a student is able to add, subtract, multiply:and divide
complex numbers in rectangular form. However, it may be necessary to review

. these skills. The objectives used the term "trigonometric" form of a complex

number. The word. "polar" form can be used'interchangeably with the w
"trigonometric." The r cis 9notation may be used for r(cos 8 + sin (3),

After the completion of this unit, a student should realize that the
trigonometric form of a complex nuillber offers not only.another approach
to computing with compilex numbers bUt perhaps a simpler approach to the
solution of a.problem. Thig can le illustrated by relating skilla and
concepts previously taught such as the solution of a polynomial 'equation
of the form xn = k (Unit II) and the development of identities for cos 3
or sin 3 8 (Unit V).

.Suggested Time

3 days

VIII -1

177

10,
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Pre-Calculus

Unit VIII Complex Numberk

PERFORMANCE OBJECTIVES 406.

1. Explain how the complex number x + Yi can be written in trigonomptrid form.

2. Plot complex numbers on the complex plane, given.the numbers in redtangular
or trigonometric form.

3. Convert complex numbers from the rectangular form to the trigonometric.form
and vice versa.

4. Use the trigonometric form of complex numbers to determine a product.

5. Use the trigonometric form of complex numbers to determine a quotient.

6. Apply DeMoivre's Theorem to determine a power cd a'complex number.

7. Apply DeMoivre's Theorem to determine the roots of a complex number.

8. Apply DeMokr 's Theorem to determine all the roots of an equation in
the form x = k , k is a constant.

%1 78

1.0

VIII -2

i.
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Unit VIII Complex Numbers

CROSSREFERENCES

Objectives Coxford

,..

Crosswhite

,

Fuller Shanks Sorgenfrey Wooton

1 187-188 : 186 175-176 ,

P

.

2 , 52-54 68-60
.

f

.

.

,s-- 3

,

189-191 186
,

176-177

.

4. 189-, ...rtill

.

187-189 177-178,
180

,

5 19Q-191 187-189
,

177
.

.

6 . 192*-196 189-193

.

178-180
.

,

-

,

192-196 .

,
189-193'). 178-186

4

,

.

,

8 192-196 189-193
,

-

/
180

-

I.

r

VIII -3'

17d
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Pre-Calculus

Unit VIII

1.

4:0totb,

V/II-1 Explain how the complex number x t yi can be taitten-
_

in trigonometric form. .1610;

The complex number x + yi

you shOw that this number

is represented by the point P. Explain how

can be written in the form r(cos 9 + yin 9).

2. The trigonometric form of a complexriumirr is r(cos 9 + i sin A). Explain

how the,complex number x + yi can be written in this trigonometric form.

3. Explain how the complex number x + yi ca* be written in its trigonometric
.7

form.

4. The trigonometric form of the cqfplex number x + yi is 4

Verify that a complex number can be written in these two forms.

,



1

JPte -Calculus

Unit VIII

3

V71I-2 Plot complex numbers on the complex plane,.given
,the numbers in rectangular pr trigonometric form.

Plot and label each of the indicated sets of complex numbers gn the complex plane.

1. a) 3 - 4i

b) 5(cos 300 + i sin 300)

3 3
cl 4(cos n + i sin -i n)

d) 8(cos 2.2 + i sin 2.2)

2.

-5 + 4 i
e)

,

3(cos 4.1 + i sin 4.1)

5
-6 +

.

6(cos 330° + i sin 330°)

5(coi(7310°) i sin(-310°)]

ey
1 + ai
2 2

3. ac 5 - 8i-

b) 6.5 (Oos 4.3 + i sin 4.3)

'c) 5(cosi-30°2 * i sin(-30°)]

d) 4 cos 530° + 4i sin 530°

e)
4 + 14i

3

4

AS .

18*".

.

1

4



Pre-calculus.

Unit VIII

VIII -3 ConVert complex numbers,from the rectangular

form to the trigonometric,form and vice versa.

Express each of the f wing sets.of complex numbers in its eqUivalent form
(use tables, wher ecessary).

1.

.2.

a )

b)

Rectangular
1-i

9
d) .3 + 4i

a)

b) -3 3i

c ) 2 3i

d ),

3. a)

b)

e

cap

, 6 -

2i

Trigonometric

2(cos 2 700 + i sin 270°)

19
15(cos w)

6

5(cos w + i sin w)
4

6[(cos(-214°) + i sin(-214°)]

91 91cos 7 i sin ---w
4 4

" d .21cos(5.8294) + i sin(5.8294)]

6 4

Its

.*

416



.Pre -Calculus

Unit VIII

e

VIII-4 Use the trigOnometric form of complex
numbeks to determine a product4

1. Let z
1 7

3(cos 80° + i sin 800) and z
2

= 4(cos 40° i sin 40°);

Determine z1 z2 and express 'the product in trigonometric form.

2. Determine the product of

3 3 7 . 7
[8(cos n + i sin in)] [2(cos n + i sin n)]

4

and leave the answer in trigonometric form.

3. Evaluate:
3 3

[2(cos a + i sin
I!)] [3(cos n i sin 7)]

3 3 4

Leave the answer in trigonometric form.

4. 'Let z = 2(cos 450 + i sin 45P): z = cos(-35°) 4. i sin(-35°): and
1 .2

3
z =--(cos 152° + i sin 152°).
3' 2

Determine z14 z2.z3 and express the answer in trigonometric form.

1'

183
-
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Pre-Calculus

Unit VIII

11,

VIII-5 Use the trigonoffetrib form of complex
numbers to determine a quotient.

4(cos 1450 i sin 145°)
1. Meterbirie the quotient of

8(cos 32° .4. i sin 32°).

Leave the answer in trigonometric form.

2. Let z
1
= 12[cos(-10°) 1 sin(-10°)] and z

2
= 4[cos(56°) i sin(56°)).

Evaluate
z1

and leave the answer in trigonometric form.
z
2

3. If'z
1
= 6(cos 42° + 42°) and z

1
z
2
= 24(cos 193° + i sin 193°),

.

then z
'2

4. EvaIuate

- Leave the answer in.trigonometric form.

4.8(coS- 38° -I. i sin 38°)
Leave the answerdn trigonometric form.

,.4(cos 42° - i sin 42°Y

rob

1 8

VIII -8

4"
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S. Pré-Calculus

unit

VIII-6 'Apply DeMbivre's Theorem to determine

a'graer of a cobplex number.

1. Let z =-(cos 15°.+ i sin 15°). Determine 27.

2. Determine z10 if z = cos(.4567)'+ i sin(.4567).

0

3. Determine z20 if z = 1 i Leave the answer in x + yi.form.

4.
/ 6i

\ 5Apply DeMoivre's Theorem to determine
)/5- + L ii)

Leave-answer in trigonometric form.

1

VIII -9

:#4

185



Pre-Calculus

unit' VIII'

.VIII-7. Apply DeMoivre's Theorem to determine
the roots of a complex number.

1. il'Aing DeMoivre's Theorem, find the three cube roots-of 8.

.2. Apply DeMoivre's Theorem to determine the five fifth roots of 1 -

Express the answers in the trigonometric form.

3. Find all the cube loots of -64 i. Express the answers in both the

trigonometric and rectangular form.

4. If z = 2(cos 100 +,sin 100) is one of the sixth roots of a complex

number, determine the other five roots of this complex-number.

.



Pre -Calculus

Unit VIII

ViII-8 Apply DeMoivre's Theorem to determpe all the
roots of an equation in the form x = k; k is
a constant.

1. Apply DeMoivre's Theorem to determine all the roots of x3 = -27.

Leave the answers in rectangular form-

2. Apply DeMoivre's Theorem to determine aL1 the roots if x5 - i = 0.

leave the answers in trigonometric form.

3. 'Use DeMoivre's Theoret to determine the two roots of x2 + VT - i = 0.

4. Solve for all roots of z3 = (1 + i)2. (HINT: Apply DeMoivre's Theorem,)

18'1



Pre-Calculus

Unit VIII

ANS-EWRS'

VIII -1

Refer to textbooks for acceptable answers.:

VIII -2
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II
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2.

0111111111ARMIMili111
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188
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Pre-Calculus

Unit VIII
ANSWERS

-

1. a ) Ii[cos (-45°) + i sin (-45° )3

b ) -2 i
-15 .7 15c )

2 2
4

d ) 5 [cos (Arc tan
4) + I sin (Arctan )1 or 5 (cos 53°' 10' + i sin 530 10' ).
3 3

2. a )

3,

5/-2- i
2 2

b 6 (cos .210° i sin 210°)

c ) 4.7[cos (Arc tan --1) + I sin (Arc tan 3 or

)

a )

b)

d)

/1.7[cos (-56° 20' ) + i sin (-560. 20' ))

-4.9740 + 3.3552 i

12 [cos (-60°) + i sin (-60°)]

2/8-(cos 206° 34' + i sin 206° 34' )

-2- + -2- i

1.7976 - .8767 i

VIII-4

1. 12 (cos 120° + i sin 126°)

5Tr 5Tr2. 16 (cos i sin --T)

133. 6.(cos s in -1-2- Tr)
12

4. 3 (cos 162° + i sin 162°)

I.
VIII-5

11. (cos 113° + i sin 3,13°)
P

2

2. 3 [cos (-66°) + i sin ,(.-§,6°)

3. 4 (cCs 151° + i sin 151°)

4. 12 (cos 800 +. i sin E10°) VIIt=.13

189

.4)



Pre-Calculus

Unit VIII
10,

ANSWERS

VII/-6

1., 128(cos 1050 + i sin 1050.)

2. Cos(4.567) + i sin(4567)

3. ::-219(1 + IT i)

4. 243(cos 225° + i'sin 225°

VIII -7

1. 2.(cos 09 + i sin 0°) or 2

' 2 (cos 120° x+ i sin. 120°) .or -1 i

-2(cos 240° + i sin 240°) ,or -1 - i IT-

2. 55 elcos 60° + i sin 600)

5 (co's 132°-+ j sin 132°)

55 (Cod 204° + i sin 204°).

55 (cos 276° + i sin.276°)

55,(cos 348° + i sin 348°)

3. 4 (cps 90° t i sin 90°).
('

4.(cos 210° + i sin 210°) or -25 - 2i

4 (cos 330° + i.sin 330°) or ,..25 - 2i

ór 4

4, 2 .(cos 70° + i sin 70°)

2 (cos 130° + i sin 130°)

2 cos 1900 t i sin 190°)

2 (cos 250° + i six) 250°)

2.:(cos ,310° + i din 310°)

9 0
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PreCalculus

Unit VIII

ANSWERS

, 36- i-
2 2

2. xi 7 cos 18° -P i sin 18° or cos 378° + i sin 18°

x2 = cos 90° + i sin 90°.

x3 = cos 162° + i sin 162°

x4, = cos 234° + i sin 234°
4

x = cos 306° + I sin 306°
5

3. x = ii(cos 75°-i- i sin 75°)

V,

x2 li(cos 255° + i iin 255°)
,

4. x = ry
"(

cos 30° + ± sin.30(?)
1

3
x. = 'bri(cos 1500 + i sin 1500)

2

3,-.4
= 12(cos 2700 + i sin 2700)

1 9 i



Pre-Calculus Elementary-Functions

Unit IX Functions On the Natural Numbers

Overvie4

An introduction to summations and the
accomplished through the Otudy of sequ
concept is important for many ideas of
material taught in a Pre-Calculus cour
presented as another method of proof.
developed and applied to determine the

Suggestions to the Teacher

fp

it_concept may be successfully

ces and series. Since the limit
alculus, it is included in the

e. Mathematical induction ialso
The expansion of a binomial is
value of a numerical expression.

Since some of the topics in this tnit may have been covered previously

(refer to Unit XIII, Algebra II Course of Study), the background of the
student should be carefully analyzed. If the student's background is weak,
the presentation of sequences and peries in an Algebra 2 textbook could be

beneficial.to the students Otherwise, some of the objectives may be combined

or even eliminated. The derivations of the formulas for the sum Of finite
arithmetic or geometric series as well as the summation notation should be,
stressed.

A consideration of infinite sequences motivates the introduction of the limit

concept. The presentation of the limit concept is rather informal. The use ot

calculators may assist in thedevelopment of an intuitive understanding of
limits.40(

The discusSion of sequencei and series leads naturally into the Principle,of
Mathematical Induction, which is used to establish statements involving
summation. Mathematical induction is not to be confused with inductive
arguments in science; rather it is a deductive process. The degree of

precision in these proofs,is left to the individual teacher.

The binomial theorem mate presented in several ways. Combinations and

permutations provide one way, if time allows for the teaching of'these

Concepts. Another approach may involve Pascal's triangle. In addition,

an algorithm for writing the entire expansion may be developed step by step.
Applications for the binomial,expansion may be seen in the evaluation of

numerical expressions, objective 27.

Suggested Time: 10 days



Pre-Calculus
A

Unit IX Functions on the Natural Numbers

PERFORMANCE OBJECTIVES

1. State the definitioh of a sequence.

-

2. Determine the first k terms of a sequence, given the formula for the

nth term.

3. Determine the formula for the nth term.of a given secittence.

k
4. Determine the first n terms of an arithmetic sequence, given the

first term and tile common differeASe.

5. sConStrUct the first k terms of a harmonic sequence given either the first

n iergs of an arithmetic sequence or the nth term of the arithmetic

sequence. '

1 $

6. Apply the formula a
n
= a'+ (n - 1)d to determine a specific term of a

1_

given arithMetic sequence,

7. Determine one or more arithmetic means between two given terms of an

arithmetic sequence.
4

8. .Given a series in)pummation notation, 1,4ite'it in expanded form.

'9. Show tlw derivation of the formula for the sum 0 a finite arithmetic
.00 series.

,10. Determine the sum of
4

a finite arithmetic seriegusing

11. Given the values for some of the variables from_ the arithmetic sequence

and series formulas, determine the value of a Selected variable.

one or more formulas.

12. 'Determine the first k terms of a geometric sequence, given the first

term and the common ratio.

13. Apply the

geometric

14. Determine
geometric

formula a
n
='ar

stquence.

to determine the specific terms of a given

one or more geometic means between two given terms'of a

sequence.

,

15. Show a derivation of the/formula for the sum of a finite geometric series.

16. Determine.the sum of a ftnIkte geometric series using one or more formulas.

17. Given values for some of the variables from the geometric sequence and

series formulas, determine the value of a selected variable or variables.

1 93 IX-2



Pre-Calculus *

110 Unit IX. Functions on the Nau(ral Numbers

ja. Given a set of sequences or series, classify them as being either arithmetic,

geometric, or neither.

19. Given a series in expanded form, write it in summation notation.

20. Determine the sum of an infinite geometric series where In'

21: State a definition for the limit of a sequence (of partial sums). '

22. Determine the limit of a sequence and specify which terms of the sequence
are contained in a given neighborhood of the limit:

23.. State the Principle of ,Mathematical Induction.

24. Apply the Principle of Mathematidal Induction to prove a given statement

is true for all natural numbers.

25. Apply the binomial theorem to expand expressions,of the form (a 4- b)
n

.

26. Determine the tth term in the expansion of (a b)n.

411

27., Apply the binomial theorem to auroximate the value of numerical
expressiong in the form (1 4- x)k.', where p e rational numbers.

14.



Unit IX - Functions on the Natural Numbers

CROSS-RiFERENCES

Objectives Coxford Crosswhite Fuller Shanks

.

Sorgenfrey Wooton'

1 -211 391
.

199

.

g 211:214 392-393 200, 203

.

,

.

3 (.212-214 393-394 203
t

4 214 *400 201, 203
(

,

5 242- 200
,

6 214

.

, 401 203
.

4111

.

7

-
400-401

.

.

.

4111

8 244, 247 395-396
,

201, 203
,

9 246 399

,.,

10 400-401 202-203 #

11' 401 203

....

,-

,

12 214 403 200, 203 .

13 214 403 203

14 403
.

'

.

15 245 402 ) 202
,

,

16 402-405 202-203'

_

196
%(

IX-4



Unit IX - Functions on the Natural Numbers

CROSS-REFERENCES

Objectives Coxford Crospvhite . Fuller Shanks
,

Sorgenfrey Wooton

17 403 203

18 246

.

203

"-.

.

.

19 246-247

,

.

4

20 . 247 421-422 205-206

..-
1.

.

21 228, 243 414 205 , -.,

22 222-236 411-419

;

i'

23 21-22
-1

407 . 27 i
,' ''

24 22-25 407-410 208-210
4

- i

.

25 756-757 340-342

.

217-221

26 760
r ,

220-221
,

.

27 . 222

/

IX-5

4

196
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Pre-Calculus

Unit IX

IX-1 State the definition of a sequence.

r. The definition of a sequence is

2. StateSae definition of a sequence.

3. Define a,sequence.

IX-2 Determine the first k terms of a sequence,

giVen the formula for the nth term.

1.. Write the first four'terms,of the sequence

2. Write the first give terms of the sequence

,

de'fined by a -
n + 1

n-1
(-1)

defined by an =
2

* (2n

3. Write the first four terMs of the sequence defined by a
n

= sin (n 4 7.)*

4

J

19 ?
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Pre-Calculus

Unit IX

.IX-3 Determine the form a f6r the nth term of a given sequence.

Determine the simple formula for the nth term of a sequence, given:

1.

2.

3.

a
1

= 3,

a
1

= 1,

a = 2,
1

a
2

= 5,

= --,a
2 3

2

a = a
n+1

a
3
= 7, a

4
= 9

a
3 '=A A

49

- 3
n

8
27

Deterine the first n terms of an arithrgtic sequence,
given the.first term and the common difference.

Write the next three terms of the arithmetic sequence, given:

3 1
1. a

1
= and a .7

4

2. a
1
=\.- a and d = -b

-3. 'a
1
= 2x2 - 3x + 2 and d = 20,

1

4

1

iv

IX-7

A

A
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Pre-Calculus

unit no

IX-5 Cohstruct the first k terms of a harmonic sequence, given
either4he'first n terms of an arithmetic sequence or the
nth term of the arithmetic sequence.

1. Given,the sequence 1, 4, 7, 10, ..., write the first four terms of the

,coiresponding harmonic sequence.

2. Given the ariihmetic sequence {nx}, write the first four terms of the

corresponding sequence.

1 _4
3. Given the sequence 1,

2
e.e, write %he first four terms

of the corresponding harmonic sequence.

IX-6 Apply the formula of an = al + (n - 1)d to determine

a specific term of a given arithmetic sequence.

1. Deter ine the 30th term Of the arithmetic sequence 2.5, 5.5, 8.5, 11.5, ....

d 1

2. Determine the 50th term of he arithmetic sequence x2 - 35x; x2 - 32x,
,

x2

3. Determine the 66th term of the arithmetic sequence defined by a
1
= -8.5 and

n+1
= a

n
+ 1

:
5,

199
IX-8



Pre-Calculus

Unit IX

%

IX-7 Determine one or more akithmetit means between two giVen
terms of an arithmetic sequence.

1. Insert two arithmetic'imans between -3.6 and 2.4.

2. Insert three arithmetic means between x2 - 4x and -x2 - 4x.

3. Insert three arithmetic means between m r. 2n and 3m - 6n.

IX-8 Given a series in summation notation, write it in expanded form.

J.
Write each of the following ih expanded form:

1.
(3i ...2)

3.
a x

4 i

IX-9

-ar

2thi

4



Pre-Calculus

Unit IX'

IX-9 Show the derivation of the formula for the sum
of a finite arithmetic series.

4

1. Show the _derivation of the formula for the sum of a finite arithmetic series.

ft

IX-10 Determine the sdm pf a firlteiarithmetic series using one or
more formulas.

4

1. Determine the sam of the ariihmetic series:

20 + 17.5 + 15 + 12.5 + 10 + 7.5 + 5.

2. Determine the sum of:

- 3k).

3. 4 marble rolls down an inclined plane, traveling 0.15 m the first second.

In each succeeding second it travels 0.24 m more than in the' preceding one.

pow far does it roll in 9 seconds?

,IX-10
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Pre-Calculus

Unit IX

IX-11 Given the values for some of the variables.from the
arithmetic sequence and seriei formulas, determine
the value of a selected variable.

1. Determine the common difference and the eighth term of the arithmetic

series whose first term is 10 and whose sum .for eight terms is 108.

2. Given an arithmetic series with d = 0.25, a
n

= 12.5, and a = 3.5,

determine n and Sn.

3. Given an arithmetic series with S
20

= -240 and a
20

= 7
'

.deteaine

a
1

and d.

De the first k terms Of a'geometric sequence,
given the first term and the/cemmon ratio.

Write the first four terms of the geometric sequence, given that

1
al = 3 ahd r =

2. Write the first five terms of the geometric sequence, given that

a
1

= 12 and r = -.01.

to.

3. Write the first five terms of the geometric sequence, given that

a
1
= 1 and r = x.

IX-11

202

,/



Pre-CalCulus,

Unit IX

=
-

IX-13 Apply the forM a ar
n 1

ula to determine the,
n .

. specific terms of a given geometric sequence.

1. Determine the common ratio of a geometric series whose first,.term is

4
36 and whose fifth term is

1 4
2. 'Determine a

1,
for the geometric series with r = and a

4
=

5 25' .

1
3. Determine a, for tliergeometric series with a

7
= 16 and a

1
=

.

I.

IX-14 Determine one. or more geometric means between two
given terms of a geometric sequence.

2 3
, 1. , Insert a geometric mean between and

2. Insert two geometric means between -.01 and 10.

3. Insert two geometric means betwe x and x3.

IX-12



pre-CalcultiS

.Unit IX

.
IX-15 Showa derivation ofthe formula for

the sum ot a firiite geometric series.

,1

1: Show a derivation of the formula for the sum of a finite geometric series.

-

k

IX-16 Determine the sum of a finite geometric .series,
using one or more formulas..

3 4 16' 64 .
1. Detetane the sum of the geometric series + 1 + + +

2. Determine the sum of
1 k

.using an appropriate formula.
5

6.

'

1
, .

-
.

3. Determine the sum of the geometric series x2 + x + .., + x4.

IX-13

204'
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Pre-Calculus
.

' Unit,IX

.

.

IX417 &yen values for some of the,variables from the geometric

sequence and skries-formulas, determine the value of a

selected variable or vari es.

1. Given a geometric series with a
1
= 2, r = .2,and a

n
= .016,

determine n and S
n

,

2. ';Given a geometric series with a
1
= 2 and S

3
= 26, determine all values

of r and a
34

I. Given a geometric seriee with a3 = 3100 and S3 = 300, determine r and al:

IX-18 .Given a set of sequences or series, classify them as
being either arithmetic, geometric, or deither.

.1"

1. Classify each of the following sequences as A (arithmetic),

G (geometric), or N (neither).

a)

b)

c)

2,

x, 2x,

1
-5-, -1,

1
727,

3,

2,

1

4x,

-4, ...

7
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Pre-Calculus.

Unit IX

IX-19 Given a series iniexpanded form:write it In summation notation:

/11

I \

1. Write the following series in4summatiop notation:

2 + 5 + 7 + 10 + 13

2. Write the following series in summation notation:

100 + 20 + 4 + .8

3. Write the following sdries in summation notation:

x2 x4 x6 x8
1 - + ---+ --

2! 41 6! 8!

IX-20 Determine the sum of an infinite geometric
series where In < 1.,

1. Determine the sum of the following infinite geometric series:

. 6 18
2 + + -2-5- +

1

2. Determine the sum of the following infinite geometric serie8: *

12.10-2k

k 1

3. A side of a-square is 8 inches. The midpointA of its sides are joili

to form an inscribed square, and this process is continued forever.

Determine the sum of all perimeters.

1X-15

44?
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Pre-Calculus-
,

Unit IX

1X-21 Stat4 a definition.for-lhe limit of a sequence (of partial sums).

1. What is a definition for the limit of a sequence?

.

4

2., Write a definition-for the limit of a sequence.

3. Define the limit of a sequence.

IX-22 Determine the limit of a sequence and spedify which terms
of the sequence are contained in a given neighborhood ofthe

1. Given the

and state

.01,

Given the

and state

1

sequence

n +
which,terms pf

L + .01).

2n - 1
, determinethe limit (L) of the sequence

. -

the sequence are contained

sequence 16
/

determine
3n

which terms of the sequence

<1, ..1, L + .1> .

3. Given the
-

and state

4. Given the

and state,

[2n - 11
sequence

3n

limit (L)

are contained

in,

of,the sequence

in

!determine the limit (L) orthe sequence

which termsof the' sequence are contained in c3, .6> .

3n -

+ 10 '

thsequence determine e limit (L) of the sequencetn

in terms of e, which terms of the sequence are contained in

<1, - e, L .

20 7 IX-16



fre-Calculus

'1LtIx

IX-23 State the Principle of4Mathematical Induction.

1. What is ehe Principle of Mathematical Induction?

2. Write the Principle of Mathematical Induction.

3. State the Principle of Mathematical Induction.

IX-24 Apply the Principle of Mathematical Induction to prove

a given statement is true for ail natural numbers.

1. Use mathemati'Cal induction to show that the statement is true for all

natural numbers: P : 1 + 4 + 7 + ...,+ (3n
n(3n - 1)

n
2) =

. 2

-

2. Use mathematical induction to show that the statement is true for all

natural numbers: P : 3n 1 + 2n.
n

3. Use mathematical induction to slum that die ttatement is true for all

natural numbers: P
n

: n4 + 2n3 + n2 is divisible by 4.

4. Use mathematical induction to show that the statement is true for all

natural numbers: P
n : X

2n
- 1 is divisible bY (x + 1).

,.
IX-17

208



Pre-Calculus

Unit IX

IX-25 Apply the binomial theorem to expand expressions of the form (a + b)n.

1. Write the first four terms in the expansion of CK + 2y)7.

2

2. Write'the complete expansion of - 4y .

(c32

3. Write and simplify the first four terms of the expansion of

1 *
4. Apply the binomial theorem ana DeMoivre's Theorem to show that:

cos 3 8 = cos39 - 3 cos 9 sin29 and

sin' 3 8 = 3 sin 9 cos29 - sin39.

(HINT: Expand (cos 9 + i sia 9)3 by binomial theorem:and DeMoivf.e's

Theorem.),

20d IX-18
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Unit IX

IX-26 Determine the rth term in the expansion of (a + b)
n

1. Determine the sixth ierm in the expansion of (a 1- b)13.

2. What ls the fifth term in the expansion of ((1--ciy).7?

3. Determine the middle term in the expansion of. C2x2 + 3y)8. ."

1

4. What is the eighth term in ihe expansion of (3x + y2)12?

-

IX--19

1

210
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Pre-Calculus

Unit IX

IX-27 Apply the binomiar4heorem to approximate the vdlue of
numerical expressions_in the form (1 + x)P, where p
rational numbers.

1. Find the Nialue of '(1.01)-4 correct to four significant figures.

2. Assuming the lAnomial thboren applies tO the rational-numbers,

approximate the value of /1554.

,3. Apply the binomial thorem to a proximate iTT tp four significant figures.i?
1 1 1

HINT: iTig. . i16 -177 - (16 - 1)2= (16(1:- 1:67)] = 4(1 - --i
16

1 .2-

4

4. dompute an approximate value of V120 by applidation of the binomial tifeorem.

4

211
IX-20
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Pre-:Calculus

Unit IX

:ANSWERS

IX

See any approved text.

IX-2

1.

2.

3.

IX-3

1

1

1,

2 3

_3 5

0,*-1,

4-

-7

s '

0

At .

1. a
n
= 2n +11

2 n - 1
2. a -

A 3

3. an = 5 - 3n

IX-4.

5
1. a = -, a =

2 4 3

7 9

a4

. a
2
= -a, a

3
= -a - b, a

4
= -a -2b

3. a
2

= 21:2' - x + 1, = 2x2 + x' a
4
= 2x2 + 3x - 1

- 3

IX-5

- 1.
1 ' 1 1

=. 1, a
2
=

-47'
a
3 7./ a4

411 1 1 1
2. a = a = a = =

1 x 2 2x' 3 3x' 4 4x

... 5 c 5
3. J., ea.

1
IX-21

4
1.

2 .1 t
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Pre -Ca1cy.us

Unit IX

ANSWERS

IX-6-

1. a = 89.5
30

\

2. a
50

= x2 + 112x

3. a
66

= 89

Sc

IX-7

1. -1,6, .0.4

4
1 2 14x,% -4x, --x

2 - 4x
2 2

3 5
3. -m - 3n, 2m - 4n, - 5n

2 2

IX-8

1.

2.

3.

IX-69

1 1. 4 7 + 10 + 13 + 16

1 1 3

41.

a x4 + a x +ax2 +ax+ a
0 2. 3 A

1

4

See any approved text.

IX-10

1. S7 = 87.5

2. S
30

= -195

S
9

= 9.99 .21

* I

3
1*22
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Pre-Caleklus

Unit IX

ANSWERS,
, ,

.

IX-11

.1. d =4.i/a
8
= 17

2. n = 37, ex.7 = 296

a
1
= -31, d = 2

IX-12

3 p 3
1. al = 3, a2 = a2 = IT, a.

4
=

8

2. a
1

= 12
'

a
2
= -.12, a

3
= .0012, a

4
= -.000012

3. a
1
= 1, a = x, a

3
= x2 a = x32 4

,

1 4. i.
1. r = ± (- -1, too, if complex ratios permitted)

3 3

2. a
1
= 20

3; a = 4
5

A 7

3. x3 x3

IX-15

See any approved text

IX-23
.4

214

'411Sive



Pre-Calculus

Unit IX

r

s
ANSWERS

,-

IX-16

1
781.
108

IN

2 156

625

1

..

x 2 (1 - x4)
3. S8 =

.1 - J
IX-17

p ,
1. n = 4, S3 = 2.496

2. r = -4, a
3
= 32 or

a

-,

Aar-

i

r =3 , a
3

= 18

3. r =j,. a = 100 or r = i," a = 400

IX-18

1. a) G

b) A

c) G

d) N

e) .N

IX-19

1.

r5._

k = 1

.0

I

e

4 . 2 i 5
2. Z. j00 (.2)k 1

k = 1 /

,

IA

.0'

4

re

IX-24

t

a

t

c

t

i



Pre-CalCulus

Unit IX

ANSWERS

4
/X-19 (continued)

4 k x
2k

3... Z (-1)
(2 t)

k = 0

IX-20

1. 5

2. 12/99

3. 64 + 32

IX-21

See any approi/ed text.

IX-22

1. L = 2 and for n > 498, an e <1.99, 2.01>

2. L
1
and for n > 20, a c

13 7 \

3 n 30' 30

3. L =
2
and for n S 4v an c

3 c3'

4
4. L = 3 and for n >

,0.-10c
, a e

-e n

.IX-23

See any approved text.

IX-24

.6>

<

The format (and tricks) for answers may vary among teachersIso

only some hints are given.

2. Multi,ply each side of 3
k

1 + 2k by 3.

IX-25



Pre-Calculus

Unit IX

ANSWERS

IX-24 Icontinued)

,

3.

.,

2k + 2
x4. - 1 can be written as

x2(x 2k
l)+ .x (x + 1) - Cx + 1) or

Ik-25

2k
1) + (x - 1) (x + 1)

+ 14x8y + 84x8y2 + 280 x4y3 +

201,2 + 24 x8y4 - 128 x3y8 + 256 y8
,

_1 8 2 2

- 10x3y 3 + 45 x3y- - 120x3 y-1 + . . . .

by Binomial Theorem (cos 6 + i sin 9)3 = cos39 + 3 cos29

1.

.

2.

3.

4.

x7

x12

16

12
.

x

a)

3 cos 9 sin29 - i sin39

..

b) (cos 9 + i sin 9)3 = (cos39 - 3 cos 9 sin29) +

i (3 sin 9 cos29 - sin39)

c) by DeMoivre's Theorem:

(cos 9 + i sin 9)3 = (cos 3 9 + i sin 3 9)

d) (cos 3 9+i sin 3 9) = (cos3 9 3 cos 9 sin2 9) +

i (3 sin 9 cos2 9 - sin3 0

e) ifa+bi=x+yi, thena=xandb= y

A cos 3 +8 = cos3 +8 - 3 cos 8 sin2 9

sift 3 9 = 3 sin 03 cos2 9 - sin3 0

IX-26

217

(i sin 9) -
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Pre-Calculus

Uriit IX

ANSWERS

IX-26

-

1. -1287a8b5

2. 560 x81,4
,

3, 90720 x8y4

t

7

4. 192456 x51,7

IX-27

1.. .9610

2. 11.0198

3. 3.8730

4. 4.9324

e

)

i

<

,

.0,

'IX.-27

1

r

4,

21.8

Ob.

V,

-

,

..

e

*::'



PreCalculus - Analytic Geometry

Unit X Introduction to Analytic Geometry'

Overview:

This unit pro s the student with a riview 'of several tOpice,discussed ih
'Algebra 2 such $s the 41stance formula, slope; and various forms for the
equations of a line. In addition, the student wig be introduced to the
conceptsof cliwted distance, direction angles, and parametric equations.

Suggestions to the Teacher *

It is recognized that several of the approved textbpoks do not emphasize (ar cover
at all) direction angles, direction cosines.and parametric equations.

Pre -Calc s-Mathematics (Shanks) is the textbook which follows the stated
-''obj.ective st cloSely.

.i .

.
/

The objectives in XVI/ may be incorporated into this unit (or at the appropriate
time auring,any unit); or Unit XVII may be treated as a separate unit.

Suggested Time

8days



Pre-Calculus

Unit X Introduction to Analytic4Geometry

PEITORMANCE OBJECTIVES

1: Determine the coordinates of the midpoint of a line segment or a point which

divides a segment into a given ratio.-

2. Define direction angles, direction cosines, and-direction numler.'.

3. Determlj the ditection angles and direction cosines when giyen:

a) 'two points
b) a set of parametric equations
c) the equation written in standard or geneial form (Ax + By + C = 0)

4. Determine a set of.parametric equations of a line when given:

a) two points which belong to the line

b) a point on the line and the-directiqn cosines

.c) the general or standard equation of the line (Ax + By+ C = 0)

5. Given a set of parametric equationi of a line,

a) determine the slope

b) write the equation of the line

c) graph the line

6. Determine if three or more points

7. Given the equation of two lines,

the same line, or 'intetsect. If

the coordinates of the point of i

are collinear in SEVERAL WAYS.

determine if these lines are parallel, are .

the intersection is nonemptyodetermine

nterseCtion.
.

,

8. Prove that for any two perpendicular lines.(excepi for horizontal and

vertical lines) he product of their-slopes is -1.

r
9. Given the equations ot two intersecting lines, determine the acute angle

of intersection by.applying ehe formulas

tan.8 = m
1

m
2

1 + m1 m2

or cos 9 = c
1
.c +c

2 .c 2:

10. Determine the distance from a point to,a line.
A 4

(If you are using.a book with vector approach, use in Unit XII.)



Unit X - Introduction to Analytic Geometry

CROSS-R.F.FERENCES

A

Objectives Coxford Crosswhite . Fuller Shanks Sorgenfrey Wooton

1 433-434 35-36 .- 21-27 307-309 307-312

2 429-438 250-251 281-284 270-274 -

14-15 .

79

3 429-438 250-251 281-284 270-274 47-52

, 4 437-440 42-45 278-279 270-274 47-52

5. 442-448
.

42-45
,

272-275 51-52

6

,

277-279 58-63

,

7 45-48 51-53 283-287 63-68
58-63

97-109

8 455-459 46-48 284-287

.

65-68 58-63

9 452-455 16-21 254-287 31.-33

10 457-459" 50-53 53-59 369-371 sa 89-97

.

.

/

.

i

,

.,
.

. :

I
.

.

.
.

.

.

,
.

.

,

.

.

.

.

X-3 221



Pre-Calculus

Unit X

1-1 Determine the Coordinates of the midpoint of a line segment or a
.polat- which divides a segment into a given'ratio.

1. Given A (0,-5) and 8(-5,13), determine the coordinates of the midpoint of AB.

2. Determine the coordinates of C such that AC 1 where C is between A and B
rE

and A(1,-4) and B(7,8).

3. Given A(1,-1) and B(-5,7) and that C is between A and B, determine the

AC 1
coordinates of C such that = .4 CB 4

4. Given A(-3, 2) and B(4,7), if C is between A and B, determine C such that,',

AC 1

AB 7

X-2 Define direction angles, direction cosines, and directionenumber.

1. Define: direction angles.

2. 'State the definition of direction cosines.

3. ,Airection angles are defined as

4. If the direction cosines of a line are 1, ,and -3

40. .

of directiOn numbers for this libe.be-?

222

X-4

then what could a set



Pre-Calculus

411 Unit X

X-3 Determine the direction angles and direction cosines when given:

a) two points

b) a set of parametric equations
'c) the equation written in standard or general form.-

(Ax + By + 21 0)

1. Given A(4,5) and 3(1,8), determine the direction isines and the direction

angles, a.and B, for this line (as you have directed it).

2. Indicate the direction angles
a and B on the directed line, /1, and

determine a and $ to the nearest degree.

3. '/Given the parametric equation of Iv

x - 2- 1 d

(370-

y = 3- 3 d

determine the direction angles, a and B , to the

nearest degree for this directed line.

4. Given the equation x + 2y 5 = 0, determine a

possible set of direction osines and direction

angles; a and $ , for this line.

.p

It

X-5
223



Pre-Calculus

Unit X

X-4 Determlne a set of pararietric equations of a line
whe, given:

a) two points which belong to the.line
b) a point on the-line and the direction cosines
c) the general or standard equation of the line

(Ax = By + C.= 0)

1. Given LI as directed, determine a set
of parametric equations for this directed

2. Given A(0,-3) and B(-2,9),-determine a sei-
of parametric equations for this line.

3. A line contains the point (7,-2) and has
cos'a = 3 and cos 0 = -4 . Determine a set

1r 5
of parametric equations for this line.

4. Determine a set of parametric equation for the line 23c, - 3y + 6 = 0.

X-6



Pre-Calculus

I Unit X

X-5 Given a set of parametric equations of a line,

a) determine the slope
b) wtite the equation of the line
c) graph the line

For each set of parametric equations,

a) determine the slope ,

b) write the equation of the line
c) graph the line

1

1. x = 2 + 1 d
irs

,a_ d
110

2

3.

4 . x

=

=

-2

3

2

4

4

-

+

2
d

d

+

1

5

3

5

4

5

= 2 + d

X-7

225



Pre-Calculus

Unit X

X-6 Determine if three or more points are collinear in SEVERALAYS.

1. Using slope, prove or disprove that the points A(0,-7), B(2,-1), and
C(-5,-27) are collihear.

2. Using.the definition of betweenness, prove or disprove that the points
A(1,4), B(-3,12% and &(5,-4) are collinear.

3: ihow in TWO DIFFERENT ways that the points-A(1,-2), B(-3,10),,and Q(6,-17)
are'collinear.

4. Prove or disprove in TWO DIFFERENT ways.that the points A(0,-2), B(2,4), and
C(-4,-13) are collineaA.

(

226

X-8

-t

4



Pre-Calculus

Unit X

X-7 Given the equation of two lines. determine if these
lines are parallel, are the same line, or intersect. If

the interiection is nonempty, determine the coordinates
. of the point of intersection.

In each case,determine whether the two lines are parallel, are the same line, or

intersect. If they intersect, determine.the point of intersection.
,

I. 11: ZA 5y .7
12: * .-2 x + 3

5

2. xj 2 +=1
Ic

3 2

=

d

5
3 4 d

3. LI: y 2 x + 7
+4111i

L2: - 1 + 1-

. 5 1 d

4. 2 + 3 d
5

- 4 -
5



Pre-Calculus

Unit X

X-8 Prove that for any two perpendicular lines (except

for horizontal and vertical lines) the product of

their slopes.is -1.

Prove: If Li 1.12 (except for horizontal and vertical lines)Ithen m
1
= - 1

112

(m
1
m
2

= 1).

.
X-9 Given the equations of two intersecting lines, determine,

the acute angle of intersection by applying the formulas

tan e mi m2
l+mm1 2

or cos 0 c c +
1 1 c2 e2

Given the equations of the following lines, determine the acute angle of inter-
section (to the nearest degree).

y 4x - 5

£2 : 2x + y = 3

2. Li : 3x - 4y + 7 = 0

1,2 : 2x + 3y + 8 = 0

1 J.,3. Li X

= 2 + 1 d

/T
£2

Y

y - 3 -.2._ d

4. /1 :tx = 2 + d
y.ow - 3

3 .

12 : x,= 4 + ct
Al

y se 6 + d

228 X-10
4



Pre-Calculus

unit X

1

x-,lo Determine the distanc(cfrom a point to a line.

1. Determine the dis, uce fram (1,4) to the line x + 2y - 3 = 0.

2. AABC is constructed ere g1'b,4), B(4,-3), and C(-3,1). Determine the

length of altitude to side AB.

3. Determine the dist ce between the parallel lines 4x - 3y + 12 = 0 and

4x - 3y 2 = 0.

4. Which line it farther from the, origin;

4x - 3y + 10 = 0 or,5x - y - 15 = 0?

4,

X-11

Rea

229



Pre-Calculus

Unit X

ANSWERS

1. (4,4)
2

2. (4,2)

3. .1)
5' 5

4. (-2, ft)

1-2

2. Refer extbook
3. used.

4. 1:-3 (or any
proport

X-3

1.

2..

-COS

COS

135°
450

or

x-12

1'cos a ---

cos 0
/2

45°
a. 135°



Pre-Calculus

Unit

ANSWERS

1-3 (contisued)

3.. a = 108°
0 = 162°

4. tcosaiuiL
-2cosa=
6-

-1
cos 0 'Or .cos

2-4

N2 =17° a = 1530

0 =*117° 0 = 630

1. - 3 +
8

d
3. x = 7 + ? d

3
4

y 2- a- d
J 1 + d 5

Answers vary depending on the
'point chosen for the origin.

-1
2.

sqi

6
y 3

)57

Answers vary.

X-13

Answers may vary.

4. - 3 +3 d

+2y d

Answers may vary.

231
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Pre-Calculus

AN'SWERS

R-6

1. via 30 Ps (IV m 4)

Since ams # mn, the points are not collinear.

2. AB 43-6

BC VI
AC 45. 46
Since Ai +AZ = BC the points are colliaear,

3. Use slope or betweenness. Poirite are collinear.
(It is also possible to use the equation of the line through,.

' two points and substitute the third point into the equation.

4..This is the same as #3. 'Points are not,collinear.

X-7

1. parallel lines

2., intersecting lines'( -3,7)

3. intersecting lineS (-1,5)

, 4. same,.line

x-8

Refer

X-9.,

to textbook used.

e 31 410

0 = 71°

9.= 32°

= 34o

X-10

,

*

0

1

2.

3.

4.

2.

.3.

4.

X-15

33gt.
65
147
5x - y - 15 =



Pre-Calculus - Analytic Geometry

Unit XI ::Points, Lines, and Planes in Space

OvervieW

The approach to this unit will depend on teacher preference and the textbook
used. The representation for a line in space will be new to'the student.
However, parametric equations and the symmetric form of a line,are quite
useful,for the student.

Suggestions to the Teacher

The labeling of the x, y, and z axes will depend on the textbook used. Any 41,..

typo:9i of model will help the student visualize theSe points, lines,t.orPlanes
beihg discussed. When determining the angle of intersection between two
lines in space,, the student should be encouraged to determine i the lines
actually intersect. The geometric interpretation of solving.linearsystems
of three equations in three-unknowns might be useful for the student's
understanding of When and why the intersection is a .point, a line, or empty.

Suggested Time

10 days.

XI-1

234
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Pre-Calculus

Unit,XI Points, Lines, andlUanes in Space

PERFORMANCE. OBJECTIVES

1. Plot points (x, y, z) in space.

2. .Determine the distance between two points- in space.

3. Determine the direction angles and direction cosines when given:

a) two

b) a se ametric equations

4. Determine a representation of a line in space (parame ric equation

\.,-
or.symmetric form) when given:

a). twd points
b) a point and direction cosines
c) two intersecting planes

5. Determine several additional points which belong to a given line

and. the coordinates of the points where the given line pierces the

xY, xi, and/or yz coordinate planes.

6. Determine if three or more points are collinear.

7. Sketch a plane and determine the interceots and traces, when given
the equation of a plane written in the Ax + By + Cz + D = 0 form
(not all A, B, C = 0).

8. Given the equations of two intersecting planes, sketch the planes,

4'indicate the line of.intersection and determine several points which

belong to the line of intersection.

9. Given,tile equations of three planes, determine whether the intersection of

theae planes is a point, a line, or empty. If the intersection is nonempty,

determine the Point(s) of intersection.

10. Determine Zhe acute angle between two lines in space by applying:

. c
2

c
2

cos 8 =
1.

,cl
t C C

3 3

-Il. Determine the equation of a plane when given:

.a) three points,

b) the equation of the trar "

235 I

XI-2



Unit XI - Points, Lines, and Planes.in Space

CROSS-REFERENCES

Ofijectives- CoxforC

\..,

Crosswhite Fuller Shanks Sorgenfrey Wooton.

1.
242 227-228 314-317 273-277

2
429 , 244-245 229-230 3187319

3

429-412 . 250-251 281-283 320-121 282-287

4

1437-440 258-260

_

A*
278-281

1

I 324-327 307-311

5

261

6

_

.

7

235-236
327-328

1331-332

,
.

323

8
470-473

.

.

,

--

332 324

9
1

332

311,

318-322

10
449-454 259,261, 272-275 357-360 311-312

11
465-469 262-264 273-277 329-332 313-316

236

XI-3,
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Pre-Calculus

Unit XI

IX/-1 Plot points (x, y, z) in space.

Plot and label these points on the x, y, z axes . its shown.

1. A(-1, 0, 5)
B(5, 1, 4)

:(1, 2, 4)
D(-2, 3., -6)

2: A(4, 0, a)
B(74,,2, 3)
C(2, 3, 0)
D(5, -4, -2)

41,



Pre-Calculus

Unit XI '

XI,.2 Determine the'distance between two points in space.'

Determine the distance between these points:

1. A(-1, 0, 4), B(2, -1, 5) ,

2. A(6k -2, 3), 8(0, 2, 3)

3. A(-7, -5, 4), B(-5, 1, -3)

4. A(7, 3, 1), 8(-1, 0; 4)

2 4

XI-5

,p 38
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Pre-Calculus

Unit XI,

XI-3 Determine the direction angles and direction cosines-when given:
a) two points
b) a set of parametric equations

.

I. Given the points A(4, 0, 2)and B(3, 2, 4), determine the direction cosines
and the direction anglesto the nearest degree.

2. Determine a set of direction cosines and direction angles (to the nearest
degree) for the line containing (1, -3, 2) and (7, -6, 0).

I

3. Given 11 represented by x = 2 +ad
9
4y 3 -- d
9

z = -4 -Id
9 /

determine the direction angles to the nearest degree for this line.

4. Given 12 represented by (x

deté1mine a,,6, y (to the nearest degree).

239



Pre-Calculus

Unit XI

XI-4 Determine a representation of a line in 'spice (parametric eauation
or symmetric form) when given: '

4k

points.
a point and direction cosines -

c) two intersecting planes

1. Determine a set of parametric equations for the line containing the points
A(-3, 0, 1) and B(1, -1, 9).

2. Determine a set of parametric equation for ,the line containing the Obint
(1, -5, 6) and haVing

2 -3at c

TIN (279

-4and c =

3. A line contains the points (-1, 3, 4) and (4,
. line. According to the 'way you directed this
parametric equations for the line.

. -
- .

4. given_41 represented by. ,2x + z = 4
,

, 6x - y - B1

-6, 3). Draw and direct this

line, determine eiset of

determine a set of parametricadations for this line.

XX -7

240.



Pre-Calculus

Unit XI

XI-5 Determine several additionAl points which belona to a given line

'and the coordinates of the points where the given line pierces

te xy, xz, and/ or I/z-coordinate planes.

1. given LI represented by

determine three points on this line.

2. Determine three points on the line represented by = 2 + d

= -3

l
4.

3,

1-

3. DeterMine the coordillates of the-point where the line x = 1 - .7 d

6
y = 2 + d

2
pierces the xy plane. z.ps -4*- yd

4. What are the coordinates of the point§ where the line x = -4 +
9

4

3 4. 1 d
9

pierces the xz and xy planes.

e

XI-8



Pre-Calculus

Unit XI

XI-6 Determine if three or more points are collinear.

7.\.-.
Prove or disprove that the folloWing points are collinear:

1. (11, 3, 0), (1, 1, 2), (-4, 0, 3)

2. (2, -1,'-3), (4, 0, 5), (6, 1, 12)

3. (0, 0, 2), (-3, 6, 4), (12,.-23, -6)

4. (4, 0, 0, ), (3, d, 1), (12, 0, -8)

4so

gc.



Pre -Caldulus

Unit XI

XI-7 etch a plane, and determine the intercepti and traces, when given
the equation of a plane written in,the Ax + By + Cz + D = 0 forM
(not all A, B, C = 0).

1. On the axes sketch the.plane whose equation
is 3x - y + 2z - 6 = O.
Indicate the equations of the traces
and the coordinates bf the intercepts.

2. Sketch 3x + 4y = 12.

3. Sketch 5x - 4y + 5z + 20 O.
Indicate the equations of the
traces and the coordinates !

of the intercepts.

243
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Pre-Calculus

Thai xi

14.

4?

X1-8 Given the equations of two intersecting planes, sketch the planes,

indidate the line of.intersection, and determine several points

which belong,to the line of intersection.

1. Sketch the planes whose equations are

t

2x - y + 2z - 10 = 0

4x + y + z - 8 am 0.

Shaw the line of intersection of these two planes.

[

2; Sketch the planes x + 4y = 8

x + 4z = 8.

Sho0 the line of intersection of these two planes.

3. After sketching the planes x + y + z = 4

2x - y - z = 81'

show the lite of intersection and detdrmine twO points which belong to this

line. ,

1

4. Sketch the planes x - y - z = 5

1
x y = 5.

Show the line of intersection and determine two points which belong to

this line.

roo

2 4 4



Pre-Calculus

Unit XI

iven the equations of three, planes, determine whether the
intersection of these planes is a point, a line, or empty.
If the intersection is nonempty, determine the point(s) of
intersection.

In ea h case determine whether the intersection of these planes is a
point, a line, or empty. If it is a point, indicate the coordinates
of the point. If it is a line, indicate at least tWo points on the
line.

1. 3x + 2y - z = 4

+ 3y + 2z -1

2x - y + 3z = 5

2: x + y +,4z = 1

-2x - y + z 2

3x - 2y + 3z = 5

-3. x - y + z = 3 4. It - 3y +- = 3

3x + y + z = 5w' x + 2y z = -2

-2x = -4 -3x-y+z=0

XI-12



Pre-Calculus

'Unit XI

XI-10 Determine the acute angle between two lines in space by applying;

cos 0 = c
1

c
1

' + c2 c2' + c3 c3',

1. Given II represented by = 2 + I. d
3

y = -1 - d
3

Z

and £2 represented by ix = 2

2 d

3

3
y 1 - d

4
y Is -2 + dl

deterthine to the nearest degree the angle between these lines.

2. Find the acute angle of intersection of the lines 2,1 containing A(2, 3, 5)

and B(6, -2, 2) and /2 containing C(-2, -2, 8) and D(4, 1, 6).

3. Find the acute angle of intersection between the line AB and the line CD
if A(S, 7, 3), B(-3, 3, 4), C(2, -3, 6), and D(3, -4, 1). .

4. Find the acute angle,between the line from the'point (4, 5, -6) to the point
(8, 6, 2) and a line having direction numbers 2: 4: -4.

A

Xt-43

,

'246
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Pie-Calculus

Unit XI

XI-11 Determine the equation of a plane :when given:

a) three po#ts,
b) the equition of the traces

1. Determine the equation of'the-plane containing the points 13, 1, 2),
(4, -3, 5)," and (1, 2, -6).

2. What iS the e
(0, 4, 1), an

tron of the plane which contains the 'points
0, 0, -3).

(2, 3, 0

0

3. Determine the equation of the Plane having x - 7y = 35, x 5z = 15, and
7y + 5z = -35 as its traCes.

1
4. Determine the equation of the plane which.contains the line h 1-x = 2 - --d

3

.1.,

140
and the point (07 51404).

XI-14,

4.

2
A y = -1 + d

3

2
z = 4 - d

3



Ire-Calculus

Unit XI

ANSWERS

XI-1. (1 only shown)

A

s/=

AB = 24-3-

AB 2:

AB = 14777-

4

t

;

a

XI-3. 1. c1 a 1090 or 710
3

XI-15

4:2 + a 0 48° or 132°
3

= 460 or 0132°

2. c = a = 31° or 149°
1 - 7

0.= 65° or 115°

c3 = y = 107o or 73°
7

3. a = 84°

= 116°

y of 153°

4. a

-8 = 135°

= 45

248



Pre-Calculus

Unit XI

ANSWERS

21-4. 1. x in -3 + 4 d-

y = 0 -7- '-1 d
9

z = 1 +
- 9 ,

(Answers may vary.)

22. X 22 1 + d

11f

y = -5 - d

z = 6 - d
4-1-9

3. e

AnsWers will vary:.

x -1 +
6.67
9

y ag 3. - d
/1-67

1
z = 4 - d

AM.

249 .

4. x = 2 - d
/MI

14

2 _

z d

(Answers will vary.)

XI-5. 1.

2.

Answers will vary.

Answers will vary.

3. (7, -10, 0)

4. (74, 0, 3), (-28, 12, 0)

*
XI-6. 1. collinear

2. noncollinear

3. nonco/linear

4. collinear

XI-16

A



Pre-Calculus

mut rt

or

ANSWERS

1.
v-

,3-i-2..a-4=-0

fi4za-6a° (0)0,3)

(0)230
NA

3x.-To0 3x+It -(, = o
(2)o)o)

3.
v.

2.

XI-17

So.

250



Pre-Ca1cl1us

Unit X/

-

"ANSWERS

XI-8

x--11+ 2 o

Une 11-11-er4erthion

t 4-

3.

line th itierseetibn

NITOPP (IAD)

c(nd e coorcLnaTes
-are ocidaive

inverses

2 51

, 2.

fa

XI-18



A

Unit XI

ANSI1ERS

XI-9
1. (2, -1, 0)

f 11)
k 18 2 18)

3.. Intersection is a line.

(I, A, 2): (2, -1, 0): (3, -2, -2)
Answers will vary.

4. si

XI-10
1. , 21°

-2. 72°

34. 76°

4. 68

a

XI-11
1. 29x + 2y - 7z -.75 = 0

2. 3x + 2y - 4z - 12 = 0

3. x 7y - 5z - 35 = 0

4. 6x + 5y + 2z - 15 = 0

^



Pre-Calculus.- Analytic Geometry

Unit XII Vectors.in'a Plane

Overview

This unit is an introduction to vectors and gle operations of addition, scalar

multiplication, and dot products. The formal structure of the unit is composed

of definitions and a coordinate or component apProach. An intuitive presentation
of vectors is followed by geometric, physical, and coordinate-free definitions.
Simplicity and clari.ty are stressed in the concepts of this unit.

Suggestions to the Teacher

Notation may cause students difficulty at the start of this unit. Each approved

textbook differs in its approach to vectors .and the notation used. For,example,

the magnitude or norm of a vector may be represented by f1J or III while

V = 21 4' 33 may be. written a = (1). Because of these differences, it will_ be
3

_necessary for Some of the assessment tasks to be changed to agree with the notation

used by students. Emphasize the meaning and differences in such things as u v

and ru. Several of the textbooks treat vectors in a plane and vectors in space

as one unit. If desired, Units XII and XIII may be taught as one unit. Applications,

of vectors are included in the next unit.

.Suggested Time:

10 days

(
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Pre-Calculus

Unit XII Vectors in a-Plane

PERFORMANCE OBJECTIVES

1. Define a vector in terms of arrows In the plane or a directed line segment.

2. Given the coordinates of the initial point and terminal point of two vector
representations, determine if the vectors are equivalent or determine the
coordinates of a point such that the vectors are equivalent.

3. Given graphic representations of 'vectors, 17, ... apply the definitions
ofvector addition, vector subtraction, and scalar multiplication to determine
the sum, difference, and/or scalar multiple of vectors.'

4. Given the coordinates of the terminal points of position vectors, determine the
terminal point of the vector which represents the sum, difierence, and/or scalar
multiple of these given vectors and/or write in the ar+ bj form.

5. Determine the magnitude (norm) of a vector represented by a given set of
ordered pairs.

.111. .fs MD
6, Given three vectors, a, b, and c, each written in terms of its horizontal and

vertical components, express one of the vectors as a linear combination of the
other two vectors.

7. Determine and apply the dot product of two non-fero vectors.

8. Determine whether the vectors in a given pair arc parallel, perpendicular, dr
neither parallel nor.perpendicular. If they are neither parallel nor perpendicular,
find the measure of the angle between them.

9. When given specific vectors, demonstrate the properties that relate to the
operations of addition, sdalar-multiplication, and dot product.

10. Determine the vector equation of a line in a dlane when given:

a) two points

b). the equation in the Ax + By + C = 0 form."

XI172
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Unit XII - Vectors in a Plane

. CROSS-REFERENCES

,k

,

Objectives Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton

1

412 197-198 .253

, .

g95 5-6

2
198-201 292-294 3-7

3

416-419 201-205'. 254-257 297-300

8-13,

20-21
,

4
421

206-208,
220 259-263 299-300

8-13,

20-21

5

412 428 211-213 259 264 295 13-14

6
421-424 221-225 1 301-303

7
450-453 226-232

,

361-364 26-30

8
451-455 226-232

.

.

363-364

16,

30-33

9
453 240 342.064

.

13,

22$28

10
437-440 258-261 344-346 47-51 I

V XII-3.

4
255
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Pre-Calculus

Unit XII

I XII-1 Define a vector in terms of arrows in the plane or a directed
segment.

1. Define a vector.

2. State the definition,of a vector.

3. -A vector is a? ?

V

256

1



,

Pre-Calculus

Unit XII

'XII-2 Given the coordinates of the initial point and terminal point
of two vector representations, determine if the vectors are
equivalent,or determine the coordinates ot a Point such that
the vectors are equivalent.

-+
1. Indicate by yes or no whether AB is equivalent to CD when given the

specific coordinates for A, B, C, and D.

A .B
a) .(2, 4) (4, -5) (6, 3) (8, -14)

b) (0, 4) (-1, 7) (8, -2) (7, -5)

c) (-3, 4) (2, -5) (0, 0). (5 -9)

2. Point A is (3, -2) and B is (1, 3). For the given point C, find the

point D 'such that AB is eauivalent to CD.

a) C(-1, 5)

b) C(5, -7)

c) C(4, 4)
(/

3. Determine the coordinates of the endpoint of the position vector, OP,

-*
which is equivalent to AB,,given the coordinates of A and B.

a) A(62) B(-1, 5)

b) A(1, -3) , B(-6, -4)

c) A(-2, 0) , B(-4, 0)'

XII -5
.257



Pre -CslculuS

'Unit XII

.

11, 4. -I. 4.
XII -3 Given graphic representations of vectors a, b, c, ..., apply

the definitions of vector addition, vector subtraction, and .
scalar multiplication to determine the sum, difference, and/or
scalar multiple of vectors.

Given a, b, and c, show the representation for eaCh of the following.

4.
1. a + b

.

2. a + 2c

1
3.

2

.4; 1 4.
4. -(a + b) + c

-4. 4.

S. -a -(c.+ 2b)



Pre-Calcdlus

Unit XII

X/I-4 Given the coordinates of the terminal points of position vectors,
determine the terminal point of the vector which represents the
sum, difference, and/or scalar multiple of these given vectors
and/or write in the al + b3 form.

l- Given = + 4; andI = + 5;.. Determine t such that t = 21' +

2. Given v= , u =(5 and s . 14rite each of the following in the
04

4. 4.

ai + bj form.

t

a) 2v + u

b) 3(5; - 2;)

*
c) v + u - 3s

2

3. A vector PQ is drawn from (, 4) to (-7, 6). Reoresent the vector in

it + b3 fop.

4. 4
4. Let r'= 3, s = -4, v Ifcv,)and u

3
). Determine each of the following:

1 .

4. 4.
a) r(v + u)

,

b) (r + s) (v + 2u)

c) ru + sv

XII -7
2J



Pre -Calcuius

Unit, XII

XII-5 Determine.the magnitude (norm) of a vector represented by a

given set of ordered pairs.

Determine the magnitude (norm) if the position vectors are represented by the

following ordered pairs:1 =( 3).t
-2 5

00'

2 6

A

0

4'



Ar

Pre-Calculus

1

Unit XII

101.,

f i

X12-6 Given.three vectors, t, t, and C., each written in terms of

L.

its horizontal and vertical components, express one of the
vectors as a linear combination of the other two vectors;

\
;

.

i-

13 Given 1 = St - 41', r; = it + 3j, and -4'.= t + 101'1 determine r and s

stitch that I = rt + s-.
16

7
2. Determine r.and s suc ,

5i + 6j = r(2i - 3j) s (-61. + 41).

th

,

+ . .4.

3. Determine r and s so at a is a linear Cor9bination of b and

-I. 1

c

-I. + 4; -4.

..,_ . ....- . ,

4.4 Using the vectors,..)-+a, b, and c, express b as a lihear+comination

and c,and express c as a linear combination of .a and b.

Where

.t

4
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Pre-Calculus

X/I

XII-7 Determine and apPly the dot pioduct of two non-zero vectors.

A + 4 \1. Find each dot product if v =( -) u =(..") and "14; =t1.)
1 ' 2 ' -3

4. 4.
a) v u

b)

3.., a +

2. 'Find it t, if el is the direction angle otir and e2 is the direction
angle of t.

a). flu = 3 ; el = 300,114 = 4; .e2 = 600

b) ull = 7 ; ei = 45°4 vil = 5; O = 135°-

c) ull = 9 ; ei = eou, !Ivll = 3; 02 ;11 1500

3. A force F of 16 pounds is applied continuously at an angle of 300 to an
object as shown. Compute the amount of work done by the force in 'moving
the object 20 feet.

16
I.

20 f t.
4, When a block of wood acted upon_by a force of.48 pounds.moves 10 feet in

the direction of.the,force, the work donvamounts tO foot pounds."

XII -10

262
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Pre-Calculus

Unit XII

ft

__-

XII-8 Determine whether the vec'tors in a given pair are parallel,
perpendicular, or rieither parallel nor perpendicular. It

they areneither parallel nor perpendicular, find the measure
of the angle between -them.

Froth each pair of vectors, determine if the, vectors are parallel-or

locrpendicular. If they.are neither parallel nor perpendicular, determine
.the measure of the angle between them (to the nearest degree).

1. .(1), 4)
-2

4.

2. )
=(:1)v = ,

0
4/T

3. = 31. + 4j, b = 3j

1. 4. 4. 4.

. a = 21 + 3j, b = -4i - 6j

XII-9 When siven 'specific vedtors, demonstrate the properties that
relate/to the operations of addition, scalar multiplication,
and dot produce;

Given
4 1

properties are true.

4 4 4 4
1. a + b = b .+ a

2.. Jr + sfE = +

3. r(t

.4. -4.

4. c c

SC

18) = (4)

=142

10.

r = 2, and s = -3
I
sh w that the following

XII-11

263



Pre-Calculus

Ohit-XII

1

XII-l0 Determi e the vectdr equation'Of a line in a plane when given:
a) two,points

.

-
-:-

b) the equation ih the Ax + By + C = 0 form.

1: Write a vector equatiOh of a line containing g(4, 1) and t(-1, 3).

2. Deermine the vector equation of a line containing (2, and (4, -5).

3. 'Determine a vector pquatiop of aline whose rectangular eqUation is
x + 2y = 5.

4. Find a vector equation of a line whose reotangular equation is 5x 3Y = 10.
9

.261
XII -12

4,

e

v

r, I
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, Pre-Calculus

Unit XII

ANSWERS

X/P-1

Refer to the textbook.
,

,

XII-4
_.

1. s; = 31 + 19j

XII-2

...

2.

1. a) no
b) no
c) yes 3.

2. a) (-3; 10) 4.
b) ( 3, -2)
c) ( 2,- 9)

3. a.) (-7, 3)
b (-7, -1)
0) (-2, 0)

XII-3

I. ifF2
'11 '

2. 36:6

..4 1 ...").

I. .4a1A14))+7

XII-13

S

/

,

XII-6

:

r = 2, s = -
-28 =r = -3. .' s

i = 3' s = -5.

-27
15

1.

2.

3.

4.
+ .. 3 t - 1 +.c

.265
5

a
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'ire-Calculus

Unit X/I

iNSWERS

XI/-7

1. a) 18

2. a) 6/34.

b) 0

c) 0

3. 3.606-

4. 480

XII-8

1. perpendicular

2. 120°

3. 16°.

4. .parallel

*2. (r + rt + it
[2 + (-30 2(251+ (-3)

.
3. r(a ra) = (r1) ra

2(18 - 4)

2 (14)

28 =

32 - 8

28"V

-Ow -Ow

4. c c 1112 .

(52):
)2

Xr/-9 1.

4. 4. .4. .4.
1. a+b=b+ a

2.
,

(1=0) 3.

4.

.266

+ 25

29 =., 29 le

51

.; + 5t)t + (3 - 2t)-1
Answers may vary. -

I. 23.(2 + t)t + -*t);
Answers may vary.

z tt 4:-(51 3t)1.

Answers may ari.'
-

r (2 +, 3t)t (5t)1

Answers may vary:

^



preCalculus Analytic Geometry-

Udit XIII Vectors in Space

c

Overvi

.The st cture of this unit is similar to that of Unit XII. The derivation of the

equation of a plane is quite siMple no mattgr whether one is using mectors or
determining distances from a point to a line or plane. The unit deals with dot

products and cross pradudts and their.applications.

Suggestions to the Teacher er.

All of the ojectives in %lit XII should be reviewed as they apply to vectors

in space.

The concepts of s vector, the operations of addition and scalar multiplication,

as well as th: aot product-should be easy for the student to extend inta.three

dimensions Applications of the dot product and cross product should be covered.e
The met..od of introducing distance frod a point'to a line or plane will differ'
slic-ly with the teftbook used. 'After the idea of normals is discussed,
paraiiel or perpendicular planes are easy for the student to understand.

iaggested Time

10 days



Pre-Calculus

Unit XIII Vectors in Space

PERELORMANCE OBJECTIVES

Determine the angle between two vectors when given:

a) the direction cosines -of each vector .

b) the roordinates of A, B, and C of angle ABC.
c) the coordinates of the terbinal point Of two position _vectors

2. Determine the dot product when given pairs of vectors.

3. Determine when two vectors are p'4rpendicu1ar or _parallel.

A. Determine the distance from a 6bint to a plane.

5- Determine the angle between planes.

6. Determine if two planes are parallel or perpendicular. If they

are parallel, determine the_distance between them.

7.. Determine the cross product (vector product) when given two vectors.

OntiOnal

13: Determine the equation of a plane when given:

a) a unit normal.and a point in the plane
b) a unit normal and the distance of the plane from the origin
c) three points

9. Apply cross product (vector product) to prActical applications related
to areas, moment pf force, etc. 9

A

268
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Unit' XI - Vectors- at SpaOe,

CROSS;11EFEREI;ICES-

Objectives Sorgenfrey ,Wooton

1 449-454

.,

223-251 272 - .

31-32

287-292

2
.

4507453 26-29 ,

363-365
282, 2E9

470-473 262-266 275276 375-377 - 330-331 :

5 470,-473

,

262-266 275 373-377
.

6 257 - 377 . 310, 315

, 7. 461-465 253-255 - 378-380 1

.

294
. .

8 465-468 262-263 273-274 384-386 1- 313-318

9 - - 384-386 297
-,

.
. .

.

.

,-...

. .

. .

, .
.

.

XIII-3 269



Pre-Calculus

Unit.XIII

1II1-1 Determine the angle between two vectors

when given:

a) the direction cosines of each vector..

b) the coordinates of A, B, C of angle

c) the coordinates of the terminal point

two position vectors

1 -2, . -2
1. The direction cosines of a are N, N and

3
- and the direction cosines of t

are and1 -4 19, 9. Determine, to the nearest degree, the angle between and t.

2. Tind, to the nearest degree,the angle between a . 31 4. 4 - 5k and

b 2i + j - k. A

* +
3. Find, to the nearest degree, the angle between = 2i - 2j + k arid

la + 4 -

s.

;-

4. ,Determine the meisure.of angle A in AABC if A(0,4,5 ) ,,B(-1,2,-4), and C (4,0,9).

As'4,

21
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Pre-Calculus

Unit XIII

1, If I

X111-2 DeterMine the dot product when given pairs of vectors.

in Eit + + 3it and t ut + + 4it, find a+:13;.

2.- If if 09 and r, , find
1 -1

3, If t i + 2j + 3k, b 3k, and C el 2i - j + kk, find aqb +

4. Determine It if I t and -7- -2t + k.

A

OP

x111-5



Pre-Calculys

pat XIII

XIII-3 Determine vhentwo-vectors are perpendicular
or parallel:

1. Determine if tile following pairs df vectors are perpendicular or parallel.

a) - 31'+ St. .

g 41 - 21 - 21t).

,

1;) 2t - 53: + 6rc:

b i + 3k
'2

4- 4-

c) a in 3i - j + 4k

+ 2+j 5+k

7t-

2. Determine the value of x, y, or z so that the .sedond vector is perpendicular

to the first vector.

4. 4. 4 4 4 4'
a): a = 3i - 6j - 2k, b = 4i - 2j + zk

1;)

4. 4. 4.

a = 41. + + 3-1C, = xi + 3j - 4k

4. 4 4.
C) l 7T + 6k, b- - yj + 5k

4 4.
3. If a 2i - 4j - 2k, b 2i - j + k, and c = i j 4 iitIvhich pairs, if any,

are perpendicular?

4 4 4. 4 4
4. If the vector at + 2j k is perpendicular to the vector Si.- aj -t- 7k, deter-

mine .the value- of a.

272
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'Pre-Calculus

Dnit XIII

X1II-4 .Determine the distance from a point to a plane.

Find the distance between the given plane and the given point'.

1. x7- 2y + 2z - 3 NB 0, (1,1,1)

2. ax - y + kz + 18 = 0, (-2,0,4)

3. 6x 2y - 3z + 2 0 , (-1,4,1)

4. 3x - 5z -'1 = 0, (3,7,2)

XIII-5 Determine the angle between planes.

Determine the acute angle of intersection between the given planes.

1. x - 2y + 2z 9 = 0 and x + 2y - 2z 1 = 0

2. 2x + 2y + z + 5 11 0 and .5x + - 3z -, 2 2i 0

3. 2x - y - z + 8 .1 0, and x.+ 2Y + z - 4 = 0

4. x + 2y + 3z 4- 6 = 0 and 2x + 5y - kz - 10 = 0

7.

;

2 73



. Pre -CalculuS

Unit XIII

XIII -6 Determine if two planes are parallel or
perPendicular. If they are parallel,-
determine the distance between them.

Determine which planes are parallel or perpendicular. If they are paraliel,

determine the distance between.them.

1. 4x - 2y + 8z - 11 = 0 and 6x -,3y + 12z 13 = 0

2. 3x - y + 2z = 6 and 6x + 4y - 7z + 2 = 0

3. x + 2y + 3z - 6 = 0 and.2x + 5y - 4z - 10 = 0

4., 9x - 6y + 2z - 11 = 0 and 18x - 12y + 4z - 55 = 0

I D te ine the cross proddict (vector products
wh n en two vectors.-,

4. 4. 4. + 4. 4.
.1. Let a = 2 + 3j - k and b = i - 2j + k. Determine a X b.

1

4. , .4. 4.

2. If t + + and -1.*? at 3i + 2j + 4k, determine the cross produdt t X V.

.,"*

46 4. 4. 4. 4.
3. Let t = i + 5j + 8k, v = 31 + 2T + 4;, and : = - i + 2j + 6k.

. -

a) Vetify
4. 4. 4.
t X V - Cv X t)

b) Verify t + = (t X 4) + (t .0).

c) Verify t X (274) at) X ; = 2 (:t X :4).

4; Determine a vector perpendicular to each of the vectors 2t +

ancft-31i.

1



Pre-Calculus

Unit XIII

XIII-8 Determine the equation o f a plan%when given:

a) a unit normal and a point in the plane. ,

b) a unit normal and the distance of the plane
fiom the origins

c) three points

Determine the equation of the plane containing the points A(1,3,-2),.13(2,0,i),

and C(0,-3,4).

2. Determine a ion of a p*e through the pant (-4,2,-5) and perPendicular

to = t + ST.+ 2t.-

3. Find an equation for the plane that contains (1,-3,2) and is ierpendicular to
planei with equations x + 2y + 3z = 4.and 3x - 4y.- 4z = 2.

4. Find the,equation of the pl-ane Ylhch.contains (4,6,2) and has a unit nOrm'ald of

+_Lt.
lig 121,

I.

XIII-9 275
9.
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Pre-Calculus

'Unit XIII

XIII-9 Apply cross product (vector product) to
practical applications related to areas,
moment of force, etc.

erg

1. Using crnss products,determine the area of. AAB0 if A(2,-3,71), B(0,1,-2), and
C(1,2,3).

2, The volume of a tetrahedron can be expreqsed in terms of crdss products as

11, +
v = - (a X b).-c

6
. Using this formula determine the volume of the tetrahedron

determined by origin and the points with position vectors I = 2t - 3T

- 2, and + 2j +

3. If it' 2t + it and v+' - 2t, find+u X v+ and verify that it is

perpendicular to both and ;.
.7

i

4, Using the formula:I X
II -11.1.y.

11,.. sin e

( and d are the normal vectors to the plane),determine to 'the nearest degree

the acute angle between x + y. + 2z = 7 and x - 2y z 4.'

1

'276
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?re:Calculus

4110
Unit XIII

ANSMS

1. 59°

Z. 30°

3. 75°

4. .120°

,

,

-c

XIII -6
'59

1. parallel, 6/IT
2. perpendicular
3. perpendicular 1

3
, 4. parallel, --

2

1. 18

2. -9
XIII-7

1 4- 4-
"---1. - 3j - 7k

; +
X/II-3 2. 4i + 20j -. 13k

'

1. a. perpendicular
.

b. parallel

c. perpendicular

a. s_ss 12

b. x

C. "

j

,4.
3

1. 390

L. 5°
3.- 60o

4. 00°

4. verify
-0

4. i4T +.71

XIII-8
-)

1. y + z i
+ 3y + 2z +

3. 4x + 13y - 10z + 55 is 0
4. 3x - + 4z - 14 Ili 0

-4. 4 4
3., 5 i - 4k

4." .60°

, 27v



Pre-Calculus - Analytic Geometry

Unit XIV: *Conic Sections

Overview

,The study of second degree equations is expanded to include the conic sections -

4,1111

with cehters at the 'agin and (h,k). Degenerate conics are also presented at

this time. In ition, translafion and rotatidn of axes are considered in terms

of the conic sections..

Suggestions to the-Teacher

The objectives in this unit allow the teacher some flexibility in planning class

discussions. The development of the standard equation for each conic section

maybe approached either by using ttie definition of the conic dection or by

introducing eccentricity, e. Since eccehtricity is a new concept, the teacher

may choose to develop the equations by using this method. Objectives 8 and 12

may be considered together as one objective; however, the degenerate cases are

allowed in both objectives. Translations dnd rotations of axes are also performed

with the conic sectiOns-.

Suggested Time

17 days

en

a

0 4

2 7
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Pre-Calculu'

Unit XIV Conic Sections

PERFORMANCE OBJECTIVES

1. Determine the equation of a circle when given certain conditions.

2. Show the development of the standard equation of a parabola; either with
center ,(0,0) or center (h,k).

3. Determine the equation of a parabola hon. the information.giyen.

4. Shqw the development of the standard equation of an ellipse, either with
center (0,0) or center (h,k).

5. Determine-.the equation of an ellipse from the information given.

6. Show the development of the standard equation of a hyperbola, either with
center (0,0) or center (4,k).

7. Determine the equation of a hyperbola from the information given.

8. Given the.eqUation of a conic.section in the general form

a) write the equation in standard form
b) identify the conic, inclpding the degenerate case
c) determine the eccentricity
,d) discuss its properties,.which may include its center, foci, radius,

Vertices, axis of symmetry,' directrices,.asymptotes,laajor and minor
axes, transverSe and conjugate axes

e) graph the conic

9. ,Deterniine the point(s) of'intersectIon, if any, of two conic-sections.

10. Determine the new coordinates of a given point if the origin is moved by
translation.

11. Determine the equation of a conic section by translating the origin to the
point (h,k). Sketch its'graph:

12. ,Given the equation of a conic section in the geReral form'

Ax2 + Bxy + Cy2 + Dx + Ey =

identify the conic, including the degenerate'dase.

13. Determine t ngle of ro tion necessary to remove the xy-term in the
general_equatiOn Ax2 +.8xy Cy2 + Dx + Ey +\F =-0. .Assume that the conic
,section is not the degener case.

Remove the xy=term from An Aquatic:a of a conic section by a rotatip of axes,
:Sketch.the grapli'of the conic, Allowing both sets of axes.

Solve verbal problems involving conic sections.
a-%

XIV -2'

27j



Unit XIV - Conic Sections

41, CROSS-REFERENCES

Objectives Coxford Crosswhite ftiller Shanks Sorgenfrey 'Wooton

1 .63-64 273-275 66-73 425-429 . 125-;129

2 607-608 275-277 83-92 442-445 76-80 130-136

3
602-605 275-277.

87-89
91-92
95

442-445 76-80 130-136 .

4
583-592
608-609

277-280 97-105 446-451
137-140
153-155

,

5

_

586-592
280-282

608-611

10 .

103-

0107
446-451 137-141

6

.,.

593-601

609-610
282-283 168-112 452-458 ,

-

144-150.

7 Bi
-596
-600

611
284-285 116-117 452-458 158-160

8 582-611 286-2892°' 82-118 . 462-1,64

A- "v

125-163

9
.

. 458

10 612-616 109-112 77-80 475-476 171

11 612-616 112 19-123 .475-477
, 171-174

177-178

12 612-616 286-289' 119-123 477-481
.

. 177-1,78
.

13 . 1 621
113-114
286-289

123-134 '

"r
. ..r ,

180-191

14
313-114

616-621 286-1E9
12'6-134

s

- 180=191

15
.

2T(,_ 282
106-107

.

114-117
461, 467

1,
.

13044. '1

!

----...--

.

1

.
.

1

. .

!

1
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Pre,.Calculus

Unit XIV

rTh

I

.

XIV-1. DeterTine the equation of a circle when given

certaconditions:

1. Determine the equation of a circle with center (-2, -1) and radius 4.

2. Determine the equation of a circle th center (2, w) and radius IY .

:3. Determine the equation of the-circle th center on the line 2x + 3y.= 3

and its tangent to both axes.

4. A circle has its center at the Aint (-2, -5) and is'tangent to the line

x + 2y = 8. Determine.the equation for that circle.

5. Determine the equation for the circle that passes'through the points

(-5, 3), (-2, 2),and (-10, -2).

I XIV-2

Show the development of the standard equation of a
parabola, either with center (0,0) or center (h,k).

1. Using the figure at the right, show
how the equation x2 = 4py is developedA

2. Show the development of the.equation (y - k)2 =.4p (x - h).-

3, Use the definition
is developed.

of eccentricity to.explain how theequation.y2.=-4 px
$

4. Use the definition of eccentrici7 to-showllow the equation

(x-h)2 = 4p.(y - k) is.4eveloped(.

261
XIV 4

:ot



PriCalculus

'Unit XIV

I. Determine

2. Determine

XIV-3 Determine the equation of a parabola from

the information given.

the 'equation cif the parabola with vertex (72, I) and focus (-2, 4)..

the equation for a parabola with focus (-I, -2) and directrix x 7.

3. Using the points given in the figure to the right,
determine the equation for the parabola.

4. A parabola haslits axis of symmetry parallel to the x-axis; If the parabola

passes through the points (2, -4), (8, 2), and (26, 8), determine the equation.



Pre-Calculus

Unit XIV

XIV-4 Show the development of the standard
equation of an ellipsei either with'
center (0,9) or center (h,k)-.

x2' Y2
2. Show the development of.the equation for an ellipse: 7472 + = 1

41
( h, K4)

2. Using the figure at the right, show how

.

the equation

is developed.

2
(x-h)2---
a

+ .:2

b4

h4

3. Use the definition of eccentricity to explain how the equation

x2 + =
az

is developed

4. Use the definition of eccentricity to show how the equation

(x-h)2 + ( -k)2-= 1
a

is developed.

41)

26 3 4



Fre-Calculut

Unit XIV

22V-5 Determine the equation of an ellipse from the

information.given.

1. Determine the equation for an ellipse with foci (4- 3,0) and e

2. Determine the equation.of the ellipse shown at the right.

111111'

3. Determine the equation of an ellipte with its minor axis parallel to the

y-axis and 10'units long, eccentricity 2/3, and center (2,3).

c),)

4. If the length of the major axis is 10 units and the foci are (-2, 6)

and (-2,-2), determine the equation for the ellipse.



Pce -Calculus

,Unit XIV

I XIV-6 ShoW the development of the standard equation j; a
hyperbola, either with center (0,0) or center (h,k).

1. Use the figure at the right to show
the development of the equation x2 - 2:1= 1.

bz

2. Show the'development of the equation (x h)2 - (y - k)2 1.
b2

j. ,Use the definition of eccentricity to explain how the equation

1,2 x2 1

is developed.

4, Use the definition of eccentricity to show how the equation (y - k)2 (x - h2 = Ill
, is developed.

26.5
XIv -8

a2
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Pre

Unit XIV

XIV-7, Determine the equation-ofa hyperbola froM the
information given.

1Determine the equation of the hyperbola with vertices (4,-3), and (-1, 5) Which
passes through the point (-3,-5). ,

2. *If a hyperbola has foci (-6,-3) and (4,-3) and a Vertex at
is its equation?

3), what

3. A hyperbola has the,transverse axis.parallel tq the y-axis-and 4 units

long. If the center is (l,-2)*and-the eccentricity is 2, determine the'

equation for the hyperbola.

4. Determine the equation of the hyperbola with center (-3,2), a vertex at
(l,)'and an asymptote y = x + 5.. r



01.
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Pre-CalOulus

Unit XIV

Given the equation cf a conic section in the

general foeiC
2 2Ax + Cy + Dx + Ey + F = 0,

a)' write the-equation in standard form
bl identify the conic, inclUding the degenerate case
c) determine the eccentricity ,

d) discuss its properties, which may include its center,

foci, radius, vertices, axis of simmetry, directrices,
asymptotes,-major and minor axes, transverse and

conjugate axes 40,

e)' graph .the conic

s,

For each of the following problems, a) write the equation in standard form

b) identify the c-onic, including the

degenerate case

c) determine the eccentricity

d) discuss its properties, which may include

its.center, foci, radius, vertices, axis

of symmetry., directrices, asymptotes,
major and minor axes, tranSverse and

conjugate axes

e) graph the conic

1. 9 + 36x + 483,',+ 144 = 0

2. x2 - y2 - 6y - Oda

3.

4. x2 - y2

4

+16=0

1.

, Y
XIV -10 ;
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Pre-Calculus

Unit XIV

1

,f

XIV79, Determine thejsoint(s) of intersection, if any,

of two conic sections.

I. Determine'the points of intersection, if any, of:

x2 + 2y2 = 4 and x2 + 3y2 - Zx = 0;

2. 'Determine the points of intersection, if any, of,

,9x2 + 12y2 = 108 and X2 = 12(y +.3):

3. oetermine the pants of intersection, itany, of

x2 y 4x - :2y + 1 ,= 0 and x2 + 4y - 4x + 83, -4 ,

4. Determine the points of interséction,if any-, of

4x2 - y2 - 24x + 4y + 48 = 0 and.x y2.+ 4y - 8 =.0,

288

L

-



Pre-Calculus

unit m

XIV-10 Determine the net/ coordinates of a-given point

if the origin is moved by translation.

1. After translation of the origin to 0', a point has, in the x'y'-cocmdinate
system, the coordinates (3,-6). What are the xy-coordinates of that point

if 0' is (-1,5)?

.2. A point P has coordinates (-2,3). The origin is translated to theipoint

0'(3,-5). What are the x'y'-coordiaates of the point P?

3. i point1P has coordinates (-5,4). The origin is translated to the point 0'.

If the coordinates of P in the x!y'-eoordinate system are.(-1,7), what-are
the xy-coordinates of 0'? . 1

4. After translatioe of the origin,to"0', a point has, in thef.x'y'-coordinate

system, the coordinates (8,-6). What are the xy-coordinates of that point

if 0' is (-1,-2)?

XIV-11 Determine the equation of a ionic section by trans-
,.

lating the origin to the point (h,k). Skdtch its graph.

1. Transform the equation y2.- 6y + 5 = 4x to the x'y' coordinate system by trans-

lating the origin to the point-1-1,3). Sketch its graph.

2. Transform the equation x2 + 2y2 - 4x + 16y ='2 to the x'y'coordinate system

by translatil the origin to the point (2,-4). Sketch its graph.

3. Transform the equation 9x2 -.4y2 - 18x + 8y + 4 = 0 to the x'y: coordinate

system by translating the origin to the point (1,1). Sketch its graph..

4. Transform the equation x2 + y2 - tex + 2y - 20 = ,0 to the x'y coordinate

system by-translating the origin to the point (2,1). Sketch its graph.

XIV-12

26j A

9



Rre -Calculus

Unit XIV

XIV-12 Given-the equationof a conic section in the
general form Ax2 8xy + Cy2 + Dx + Ey + F 0,

identify the conlc, inatding the degenerate case.

=1.- Identify'the graph of the equation 4x2 - 5xy + ;py2 16.

2. Identify the graph of the equation x2 - 2xy + y2'- 8x + 5 = 0.

3. Identify the graph of the equation 3x2 - 5xy - 2y2 + 5x + 4y - 2 = 0.

op

4. Identify the graph of the equation 4x2 + y2 - 8x + 6y + 13 = 0.

. 5. Identify the graph of the equation 3x2 - lfty + 3y2 = 12,

XIV-13 Determine the angle of rotation necessary to

remove the zy-term in the general equation

Ax2 +,Exy + Cy
2 + Dx + Ey + F = 0. Assume that

the conic section is not the degenerate case.

1. Determine the angle of rotation necessary to remove the xy-term from

the equation
5x2 - 2xy + 5Y2 - 24 = 0.

2.. Determine the angle of rotationry to remove the xy-term.from.

the equation
-7x2 l2xy + 2y2 + 10 = O.

3. Determine die angle of rotation necessary to remove the xy-teri from the

equation

4. Determine the angle of the rotation necessary to remove the xy-term from

the.equation
7x2 + 4xy + 4y2 + 6x.+ 12y - 9 = O.

XIV -13 29 0



Pre-Calculus

uni t XI

XIV-14. Remove the xy-term from an equation of a conic
section by a rotation of axes; Sketch the graph
of the conic, showing both sets of axes.

1. Remove the xy-term from the equation xy = 8 by a rotation of axes.
the graph, showing both sets Ofdaxes. r

Sketch

2. Remove the xy-term from the eqUation 2x2 + + y2 = 5 by a rotation of
axes. -Sketch phe graph, showing both sets of axes.

` 23. Remove the ky-term from the equation 5x2 - 2xy + 5y - 24 = 0 by a rotation.,
.of axes. Sketch the graph, showing both sets of axes.-

XIV -15 Solve verbal problems involving conic sections.

1. A parabolic steel arch is 100 meters high and has its axis vertical and its

feet 200 meters apart. Haw much is the focus aboire or below the ground?

2. The floor of a building has an elliptical shape, 309 meters long and 200meters
wide: A whisper near one.focns ca6 be clearly heard near the other focus.
How far apart are the foci? ,

3. The cross-section of aiheadlight reflectoris a parabola. If the reflector
is 12 inches wide and 9 inches deep; how far is it from the vertex to the
focus of this parabola.

4. A rectangular lot is surrounded by a walkway that is uniform In width and is

5 feet wide. If the area oE the walkway is 780 square feet and the area of
the lot is 960 square feet, what are the dimensions of the lot?

XIV -14
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PreCalculus

Unit XIV

ANSWERS

1. (x + 2)2 + (y + 1)2 16

2. (x 2)2 + (y w)2 3

3. (x + 3)2 + (y 3)3 gs 9

4. (x,+ 2)2 + (y,+ 5)2 80

5. (x + 5)2 + (y + 2)2 = 25

XIV 6

)4,

1. x2 + 7_2.0 1.

36 27

2. (x .3)2 + (y 1)2 a 1

4 i 25

3. (x 2)2 + (y 3)2 se 1

XIV-2
4.

45 25

(x 2)2 + (y 2)2.26.1

See one of the approved textbooks. 9 25

XIV:3 XIV-7

1. (x + 2)2 12 (Y I) 1. (y 1)2 5(x + 1)2,s, 1

16 16

2. (y + 2)2 is 16 (x 3)

+ 5)2 se 6 1) 2. (x + 1)2 (y + 3)2 1

16 -9

4. (y + 4)2 .1 6 (x 2)

3. (y + 2)2 (x 1)2 'm 1

XIV-4 4 12

See one of the approved textbooks.

4. (x + 3N2 2)2 se 16

XIV 5

See one of the approved textbooks.

XIV-8

1. a) ,(x .2)2 + (y + 6)2 1

4 9

XIV 15

b) ellipse

c)

d) center (2,-6)
vertices (4,-6),(0,-6)

foci (2,-6+13)
major axis 6 unifs

minor axis 4 units
,

e) See graph.



Pre-Calculus

Unit XIV

ANSVERS

XIV-13 (continued)

a) x2 (y + 3)2

b) twq lines y

6) --
d) --
e) see graph.

0

3. a) (y - 4)2 {x + 1)

b) parabola

c) 1

4:

d) vertex (-1,4)

focus (-3,4)
2

axis of symmetry
diiectrix x.=

4
e) See graph.

a)

Y
1/2

(Z2_11)
( 2

16 . 16

b) hyperbola

4

c) 1/1

d) center (-3:3)
vertices ( -3, -1),( -3,7)

_foci (-3,3+4/i)
*symptptes y = x + 6

y = - x
transverse axis-- 8 units

,

conjugate axis 8 units

See graph.

1.

2.

t
.

16

1

,

IliIh- 1

6

..

11.11
Ilia

a.

I

I 7
.4-

Mb.

. ENE

4.

3.

- .
1

ir-I____.__L_L.p

X-1' - i 7...

_.

i
a___.1

I

/
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Pre-C.elculus

Unit XIV

ANSWERS

XIV-9

1., (2,0)

2. (01-))

.3. (2± 2
k 3 31

4.-\ none

xIv-16

1. (2,-1)

2.. (-5,8)

3. (-4,-))

4, ,(7,-8)

I. (y`) 2 = 4x iithere

x 1, ye 14 - 3

2. ') 2 + 2(v)2 =(38 where

x - 2, y'd= y + 4

3. 9(x0)2 - 4(y')'2 = 1 where

x' x - y 1

4. (x 2 + '(y') 2 = 25 where

x' = x - 2; yo = y + 1

XIV-12

I. ellipse
2. parabola

3. 2 lines, 3x + y = 1
x 2y =

4. point (1,-3)

.5. hypeybola

XIV -11 Graphs

2,

3.

4.

04-0

XIV -17



Prepa1cu1us

Unit XIV

MiSWERS

,XIV -14 Graphs

,X1V-13

1.

2.

3.

450 w

26030'

w 30°
-6-

2.

4. 26°30'
I.

1.. (x')2 (y')2 = 16

2. lb(x') +.2(y92 = 20

3. 4(30)2 + 6( ,)2 = 24

'XIV-15 2.

ts 1. 75 meters aboveAround

2. 223.6 meiers

3. 1 inch

4. feet. x 48 feet

3.

I 1 '
c As.

i I ,

1 1 ,

_

1 ,r-,Y ; . / .
r--1\

\ . !

I Csy 1 f ,"---,---e

1
I r I

I I/ I

_I/
. I-17N

I I NIJj'I I I

I I 1

I'l

i I I

;.1 -1--
v1

4

I

I
_

...

.....J....:___±._

a Lt/
i-
I__.4

1

_

7,42

i-i-
! H °

rN.

...:-/
...=14...L..d

I I

I- 1

:

.L 'I I

. grv-18
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4.

Pre-Calculus - Analytic Geometry

Unit XV Matrices

Overview

The-primary purpose of this unit is to show the student how a system of two or
three lineariequations in two or three variables isrsolved through'the use of
determinants and matrices. Applications to higher order determinants an
accomplished with relatively little difficulty. Mat'rix algebra is,presented

and will hopefully benefit those students who will later study.linear algebra.

Suggested Time

10 days

ar

*a.



PTe -Calculus

Unit XV Matrice,s

PERi'ORMANCE OBJECTIVES

1. ,Given a niatrix A,

a) determine its dimensions
b) identify specific entries of the matrix

. c) determine its transpose AT.
d) determine its additive inverse

2. Determine the'sum or difference of two or more matrices.

3. Determinethe product of a matrix by a scalar.

4. Determine the product of matrices.

5. Evaluate the determinant of a 2 x 2 matrix.

6. Evaluate the determinant of a 3,x 3 (or larger) matrix by one or more

of the following methods:

) diagonals,
b) expansion by a row (column) and cofthors
c) reduction by row (column) operations

7. ;Determine the inverse of a matrix, if it exists.

8. Solve a system of equations using:

a) matrices and inverses
b) Cramer's Rule
c) augmented matrices, Gaussian elimination, or the Gauss-Jordan reduction

methods (Part c is optional.)



Unit - XV Matrices

410 CROSS-REFERENCES

)

Objectives Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton

1

482-485
487
542-543

408-409
/

2 485-487 408-411
'

3
483-485 410-411

i

4
489-492
539-542

411-414 301

5 465
502-505 .

396-398

6
,

-

..
399-401 --,

7
4 449-604 414-418 302 .

8

,

504-505

544-555

402-407

418-421
302-303

,

.
.

. .

.

.

XV-3



Pre -Ca;cuius

XV-1 Given a Matrix A, a) determine its dimensions

b) identify specific entries bf the matrix

.c) determine its transpose A.1".

d) determine its additive inverse

1. I matrix A [=
6

a) What are tfie dimensions of A?

b) What number is in the second row, third column?

c) Determine Air.

d) Determine its additive inverse.
,

2. /f matrix A
5

3

1

4

8

-2

10
-1

-4

6

Tir
)

a)

b)

c)

d)

.

Uhat arr its dimensions?

Describe the location of the number 6.

Determine A.

Determine the additive inverse

3. If matrix A . a) What are the dimensions of A?

1

b)

c)

d)

Describe the location of the number 1.

Determine A.

Determine the additive inverse.

-3]4.. If Matrix A-472 9 , a)

b)

c)

d)

What are the dimensions of A?

What number is in the first row, second

column?

Determine

Determine its additive inverse.

2 9

XV -4



Pre-Calculus

Unit XV

XV-2 Determine the sum or difference of two or more matrices.

.

.:-

0 5 -8

1. /f possible; determine 2 -1
4 ]

+ -3 0 .

9 -7

,

[-Ed'

2. If possible, determine! 3

1-2 3

3. If possible, determine

4.x If possible, determine

4

3 -2 3

4 1 +- -10 , 6

-8 9 1 -7

XV -5

5

1

3

-6
-

3 u u



Pre-Calculus
.

aao

.

Unit XV a

XV-3 Determine'the product'of a mprix by a scalar.

1. Determine the product:

2. Determine the product:

r-

2- 4.

2 l'

1 -6

4

and B =

I

-6 1 0 ,'deterffiine 2A - B.

I
3 11 5J

4. .1.f = 1-6 4] , B = 1

6 -3 -5

, and C 10.
-11 8

,
determine A + 3B - 2C.

301

XV -6

cascollar\s.
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Pre-Calculus

unit xv

XV-4 Determine the product of matrLes.

1. Multigy, if possible:
-1

2. Multiply, if possible: 2[ 5 -1
4 '7 -2 1-

4 6 1 3 -6
3. Multiply, if possible: 2 2 1 ' [

-1 8 7
'7 -3

4. Mutiply., if possible:

5. gutiply, if possible:

.0

-1

0
1

{.

,3

-4
2

5

-2
-3

,6

1
3

-1

2
-3

ix 3Igt
-1 flYCcyl

XV-7 302



Pre -Clculus

'UnU XV

XV-5 Evaluate title determin4nt of a 2 x 2 matrix.

'Evaluate: 1-3 -8 .

4 5

2. Determine the determinant of fax ,,bx
a : b

'3. If A = Ec 4 , what is the determ'ainant Of A?
1 x +

[

4. If A = x
2
_

10

, what is the determinant of A/

303

4

t-,

4.
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PrerCalculus
A

Unit XV 11/4

4 .

4

4

XV-6 Evaluate the determinant of a 3 x 3 (or'larger) matrix by one or more

of the following methods:
a) diagonals

b) expansion by a row (column) and

cofactors

c) reduction by row (column) operations

1. Evaluate the determinant, using the diagonal method:

1

-1

-2 8 4

1 6 -3

2. Use the cofactors of the second column to evaluate the determinant:

2 4 71

-3 1 5

-4 -2 3.

3. Use row (or column) operations to reduce the matrix. Then evaluate the

determinant.

4 -1
.

.

1 2 -3]
5 -4 9,

4. Evaluate the determinant:

4 3 -5

-2 6 ,-7

8 1 -8

5 7 . -6

XV-9

,

3O4

r"



Pre -Calculus

Unit XV

XV-7 Determine the inverse of a matrix, if it exists.

1. Determine the inverse, if it exists

.- I.

]

14 -2

6

-

2. Determine the inverse, if it exists -1I: 2]

3

4

3. Determine the inverse, if it exists 1

-1 -1
-2 3

4... Determine the inverse, ift-it exists

3w.5

XV -10
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e

Pre7Calculus

Unit XV

XV-8 Solve a system of equations by using one of the following methods:

a) matrices and inverses

b) Cramer's Rule
c) augmented matrices, Gaussian elimination, or the Gauss-

Jordan reduction methods (Part c is optional.).

1. Use Cramer's Rule to solve the following system of'equations:

x + 2y = 8

2x + y + z = 11

x + y + 2z = 13
1

2. Use matrices and inverses to solve thk following system of equations:

3x + y = -1

x + 2y = 8

3. Use matrices or determinants to solve the fol1ow4ng system:

3x + Sy - 2z = 9

x - 2y + z = -2

-2x + y - 3z = 7

r'
4. Use matricesor determinants to solve the following syst9:

2x + y + z + w = 7

4x -,2z + 2w =
- y + 2z - 3w = -16

3y - 4z = -5

XV -11

306



pre-Calculus

/
Unit XV

ANSWERS

XV-1

1. a) 2 x 3

t b) -8

2

c) [-1 -2

, 5 -8

r

[d) -2 1. rS
-,6 2 8

40

I - XV-2

2. a) 3 x 4

b) second row, , fourth colurti 6rt
A2,44

)
...

c)' 5 -3/I 4

)

-2 10 -14
-4 6 ._

,
l

[

- .

d) -5 -a t 2 4 . -1
3 -a -10. ...6

T.
'-i -8 3. -77r

. -3

,

4

..

3. cannot pe added

3

o 3

1742-- 4

XV-3

I

0 8

2 17

1.

3. a) 3 x 1 r

b) third row,i'first column or-
A
3,1

..

c) r4 -2' 1]

A

4. a) 2 x 2
,

b) -3

c') -1[43

9

[ Id) -4 3

1

,

3. [-2 r 7 18.1
-7 -9 -7

{-3 -8
13 2

3 0 y

). XV-12

-\

.

I

t

-

t

r

e

i

\

*

..

&

.,.

(

t

oulr

,
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Pre-Calculus,

Unit XV

ANSWERS

E...7.i

1. [-281

2. -8 19 -5
30 -3

[
3

3. -4 120 36

-6 4

[
38

20 -6. -126

_ .

4. -28
6

I

XV-6

1.

2.

-72

-4

II

- 4

-3
- 4

I

72

5

3

+ ,6

+ 112

=

4

-142

-11

3

+ -1[2
3 5

2* -44 + 2 + 14 = -28
)

3. There,are many ways.to solve the

problem. Here is one solution:

I)
Multiply second colTn by 2
and add to third column.

* 2) Multiply .seiond row-by -1

5.1130 + xy + 4y2] .
ancl.add to ehird VA.?.

e

XV-5

1. "17

2. 0

3. x
2
+ 3x - 4'

4. 8x + 8

The new matrix is
r
4 71 0-

10

.

? The determinant is *11 4 -1 20,

4 -6

r
4. -731

XV -7"

1. -1 -2 3

24 4
[

6'
]

.2. no inver446

3. .-5-1 4 10 -5'

--

-1 2w -1

25 -10

{

-15 5 = 5 5 5

-5 -5 5 -2 -3 1

, I )1 -1 1

'5 5 5
=A.

4. 1 -7 -20 12

F , 3

[

5 -3

2 5 -22
.

41
XV-13

308



PreCalculus

'Unit XV

ANSWERS

XV-8

1. 8
.-

2 0
11 1 1

x is 13 1 2 10 = 2
1- 1 2 0 5

2 1 1
1 1 2

1 8 0
2 11 1

y = 1 13 , 2 = 15 = 35 5
z = 4

<

2. [3
1

[x i =
2y

ix] = 1 2
y E

3. x = 1, y = 0, z = 3

111

4. x = 1, y = 1, z = 2, w = 6

309

XV-14

4



Pre-Calqklus - Analytic GeomlOry

Unit XVI Polar Coordinates

Overview

The student is familiar with polar coordinates from the previous work with

DeMoivre's Theorem. However, the rest of the Material is new to the student.

The unit begins with faotting points and then goes on to graphing equations

(by substitution of 8 values and then by considering aides such as symmetry,
intercepetc.) and to solving systems of polar' equations.

Suggestions to the'Teacher

The instruction and development of polar coordinates is similar to the

'Lldevelopment of rectangular coordinates. It might be helpful to ask the

'-ttudents to recall the development of rectangular coordinates as well as

the graphing gnd solving of rectangular equat3ons. When solving the system

of polar-equations, the student should be aware of the difference between

analytical-solutions and geometric solutions. Analytic Geometry, 5th Edition,

by Gordon Fuller has a very comprehenspie treatment of polar coordinates.

Algebra, Trigonometry, and Analytic Geometry, by Rees and Sparks has a good

section on transformitg from rectangular to polar cooidinates and vice versa.

Objective 8 may be optional depending on teacher preference and textbook used.

Suggested Time

7days

310
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Pre-Calculus

Unit XVI Polar Coordinates
I.

PERFORMANCE OBJECTIVES

1. Plot points when given the polar coordinates of the point (io).

2. Represent a given point (r,8) in at least three equivalent forms wherq,

-2T c 0 21.

3. Using several aids in graphing such as symmetry, intercepts, extent of r,
etc., sketch the graph given the equation written in polar form.

4. Detirmine the rectangular equation when given the pO ar equation.

5. Determine the polar equation when given the rectangular equation.

%
6. Sketch the graphs of conic sections when given the equation in polar form.

7. Sketch the graphs of two equations written in polar form,and determine the
coordinates of the point(s) Of intersection.

4

8. Determine the equation of the conic when given specific information.(optional)



Unit XVI - Polar Coordinates

41, CROSS-REFERENCES

Objectives Coxford Crosswhite
,

Fuller Shanks Sorgenfrey Wooton

1 196-199 363-366 158-162 482-484 243-244

,- 2 196-199 .363-366 158-162 482-484 243-244

3 200-204 366-387 166-178 484-489
,

251-256

.. .4 198-199 366-370 163-166 490-492 249-250

. 5 198-199 366-370 163-166 490-492 249-250

6 204 370 182-187 494-496

); ,..

259-26./

7 204 381-383 190-195 493-494 257-258

8 387-390 494-495 262.

. ,

.

,

w

,

,.

.

XVI -3
31 2



Pre-Calculus

Unit 7I

XVI-1 Plot points when given the polar coordinates of ihe point (r,6).

1. Plot the following points:

a) (3,30°)

b) (4,120°)

c) (-6,20°)
d) (-5,-140°)

e) (2,270°)

(SY

2. Plot the following points:

a) (5,150°)

b) (-3,w)

2

c.) (4,-120')

d) (-2,-200°)

e) (3,-300°)

XVI -2 Represent a given point (r, 0) in' at least three equivalent

forms where -2i < 6 2w.

Represent each of the following points in three equivalent forms where

-214 0 4 21.

1. (3,20°)

2. (-4,155°) = m.

3. .(5,200') =

4. (2,-30649=

5. (-6,-75°) =

6: (7,-77) =
6



St A

: Pre-Calculus

Unit XVI

3

XVI-3 Using several aids in graphing subh as symmetry,
intercepts, extent of r, etc., sketch the graph
given the equation written in polar form.

Sketch each of the follow4g curves:

L. r = 2 - 4 sin e

2. r = - 6 cos e

3. .r = 5 sin 30

4. r2 = 25 cos 28

5. r = 3 csc e

6. r = - 4 + 2 cos e

XVI-4 Determine the rectangular equation when given 'the polar equation.

Transform each equation from polar farm into its rectangular form.

1. r = 10 cos e

2. r2 cos 2e = 25

3. r = 4 tan e.sec e

4. r = 2 /I sin (e + 45°)

5. r = 8

5 + 3 cos e

6. r = tan2 et sec e

7. r =- 3 cos e

8. r = 4 sin2 1 e

XVI -5 31 4

4kb



Pre-Calculus

Unit XVI

Ay1-7 Sketch the graphs of two equations written in polar form,
and determine the coordinates,of the point(s) of intersection.

Sketch the graphs Of the following equations and determine the point(s) of .
intersection.*

1. at 2 sec e
irr sig 2 vi csc e

ir = 4 sin e.

csc e

1r = sin e

r = sin 2e

4.

5.

6. r = sin 3e

111. 1 Vi

315

XVI -6

n

go.)



Pre -CalcuiUs

Unit XVI

XVI-5 Determine the polar equation when givn the rectangular

equation.

Transform,the following equations into polar coordinates:

1. 2* - 7y - 5 = 0

2. x2 = 4 py

'3. x2 + y2' = a2 x
_

dir (x2 .1. y2) (x a)2 x2 b2.

5. y2 x3 -

amX

6. (x2 + ... a X) 2 1,2 (x2 4. y2)

7. Y2 'a x2 (3i x)

a + X

9 . (X 5)2 = 1

16 9

r

'XVI-6 Sketch the,graphs of Tonic sections when given the

equation in polar form:

Sketch each of the following conics:

14 rim 4

1 - cos

2, r 4

+ 2 cos e

3, r = 10
. 4 + 2 sin

4. r
, 4 - sin 0

316



Pre-Calculus

Unit XVI

XVIm8 Determine the equation of the conic when given specific
information (optional). ,

Find the equation of the conics satisfying the following conditions. In_all cases
)

a focus is at the pole.

1. Parabola with directrix r = - 2 sec-0
2. Ellipse, eccentricity 3, other focus at (6,0°)

5

3. Hyperbola, eccentricity 5, center at (5,0°)
4

4. arabo..with vertex at (2,2700)
with ends of minor axis at (8,60°) and(8,120°)

31
XVZ-8

d110



Pre-Calculus

Unit XVI

ANSWERS

XVI-2

1. (3,20°) = (3, - 340) = (-3, 200°) = (-3,-160°)

2. (-4, 1550) = (4, - 25°) = (4, 335°) = (-4, - 205')

3. .(5, 200°) = (5, - 160') = (-5, 20°) = (-5, -340°)

4. ( 2, - 300°) = (2, 60') = (-2, - 120°) = ( -2, 240°Y

5. (. -6, - 75°) = (6, 105°) = (6, - 255") = ( -6, 285')

6. (7, -7w ) = (7, 5w) Ig (--7, w) ( -7, 11w)

6 6 , 6 . 6

XVI -9

318



Pre-Calculus

UNIT XVI
ANSWERS

XVI-3

3.

31 9

. 2.

4.

XVI-10

:.

,



Pre-Calculus

UNIT XVI

ANSWERS .

;

XV1-3 (continued)

.5.

1. x2 + y2 - 10x = o

2: x2 y2

3. x2 = 4y

4.
x2 4. y2 = 0

5.

6.

7. ,(x2 + y2 4. 3x)2 = 4 oc2 + y21

a. (x2 + y2 + 2x)2 = 4 (x2 + y2)

16 x2 + 25 y2 + 48 x - 64 = 0

y2 = x3

6.

1. r = 5

2 cos 8,-7 sin e

2. r = 4 p sec tan

3. r = a2 cos

4. r = a sec e+ b

5. r in a sin e tan e

6. r=acosetb
7. r se a (4 cos 6- sqc e)

8. r 9
'5 cos e + 4



Unit XVI

ANSWERS

XVI-6

1.

3.

.1

2

4.

321
XVI-12



Pre-Calculus

Unit XVI

ANSWERS

(2,.5' 60.), (2 if, 120')

( 60.), ( g 120°), pole
2 2

XVI-13

(4, 604P) (4, -609

322



Pre-Calculus

Unit XVI

.,

ANSWSRS

XVI-7 ,

(2, 60°) , (2,- 60°) ,

XVI-8

1. r at 2

1 - cos 0

2. r is 16

5,.. 3 cos 0

3. r sa 9
4 + 5 cos 0

4. r - 4

1 - sin e

5. r i. 4

2 - es sin .0

,I.

, 4:5

,

(115°), (11-2-,45°) , (21/-1,135°)
2 2 2

(112,165°), (1/1,255°) , (11-2-,285°)
.2 2 - 2

I.

3. 3

XVI-14

,



Pre-Calculus - Analytic Geometry

Unit XVII Parametric Representation of Curves

Overview

Parametric equations for lines were studied earlier in the sdester. This

section continues with this study and relates the use of parametric equations

to curves in the plane and in space. Practical applications are also used to

enhance the subject.

Suggestions to the Teacher

The objectives in this unit may be incorporated in Unit X or in any other unit

as appropriate as an alternative to presentation as a separate unit.

Depending on the students in the class., the teacher may wish to eliminate the

parameter from a set of equations (Objective 2) before graphing them. The

idea in Objective 3 should be emphasized. Problems on the path of.a projectile

are included in this unit; other applications of parametric equations, such.as

cycloids and involutes of circles, are left to the teacher's discretion.

Objective 6 is optional, with the answers to these curves found in most textbook6

that cover the topic on parameters. Since most of the textbooks do not present

drawing a curve in space using parametric equations, the last objective is also

considered optional.

Suggested Time

5days

Ofik



Pre-Calculus

Unix XVII Parametric Represintation of Curves

PERFORMANCE OBJECTIVES

1. Sketch the graph represented by a set of parametric equations.

2. Eliminate the parameter from a set of parametric equations to obtain an
equivalent rectangUlar equation.

3. Determine whether eliminating a parameter produces a graph that is equiva-
lent to the graph for the parametric equations. If it is not equivalent,

describe the portion of the graph covered by the parametric equations.

4. Determine the parametric representations for a rectangular equation of a
curve.

5. S7lve verbal problems involving the path of a projectile.

6. cetch the graphs of special curves (cycloids, Witch of Agnesi, folium of

/Descartes, cissoid of Diocles, etc.), (optional)

7. Sketch the graph of a curve in space, given its parametric equations.

(optional)

XVII -2



v..

Unit - XVII - Parametric Representation of Curves

0 CROSS-REFERENCES.

Objectives Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton

200-203 508-511 231-235

2 196-203 512-513 .t 232-235.

4 200-204 512-513 - 232-235

4
204 514-517 233-235

5 204-206 518-520
/

6
rt.'

206-209 518=520 .

7 647-650 324-326
_____/

/

._.

.

.

.

..

,

\

XVII -3



pr)-Ca1cu1us

Unit XVI/

XVII-1 Sketch the graph represented by a set of parametric equations.

1.

2.

3.

4.

5.

Sketch the graph of

Sketch the graph of

Sketch the graph of

Sketch the graph of

Sketch the graph of

x = cos t, y Its 2 sin t.

x= 2 + t, y = 7 6 + 5t.

x = t2 + 1, y = t, t > 0.

x = 1 , y = t + 1, t 4 0.

t + 2

x = 2 cos t + 3 sin t,
y = 2 sin t - 3 cos t.

3? y

XVI I-4



Pfe-Calculus,

Unit XVII%

XVII -2 Eliminate the parameter frau a set of parametric _equations

to obtaih an equivalent rectangular equation..

1. Eliminate the parameter from the equations

x = 3 + 2t'and y = 2 - t.

2. Eliminate the parameter from the equations

x = 2 sin t and y = 5 cos t.

3. Eliminate the parameter from the equatiOhs

x = sin2.6 - 1 and y = oft 6 - 7.

4. Eliminate the parameter from the equationp

x = cos 2e and y = cos 6.

5. Eliminate the parameter from the equations

x = t2 - 2t - 1 and y = t2 - t + 2.

'XVII -5 328



1)re -Calculus

Unit XViI

XVII73 Determine whether eliminating a parameterproduCes a graph .

that is equivalent to the graph for the paraietric equations.
If it is not equivalent, 'describe the'portion Of the graph'

covered by the parametric equations.

1. Determine whether eliminating the parameter from x = cos t and y = sin2 t
produces a graph that is equivalent to the graph of the parametric equations.
If not, describe the portion,of the graph given by the parametric equations;

2. Determine whether eliminating the parameter from x = t2 and y = t producei
a graph that is equivalent to the graph of the parametric equations. If not,

describe^the portion of the graph given by the paramqtric equations.

3. Determine whether eliminating the parameter from x = 3 - 2t2 and y = t2 + 4
produces a graph that is equivalent to the graph of the parametric eqdations.
If not, describe the portion of the,graph given by the parametric equations.

.4. Determine whether eliminating the parameter .from x 29-2 + cos:6 and

y = - 2 - cos e produces a graph that is equivalent to the graph of the
parametric equations. If not, describe the portion of the graph given by.,

the parametric equations.
r'

XVII76



Pre-Calculus

Unit XVII

XVII-4 Determine the parametric representations for a reCtanqu1ar

equation of a curve.

1. Determine the parametric representations for the equation

Cx + 1)2 + 16 (y*- 2)2 = 16. Use the substitution x = +'4 sin'e.

2. Determine the' parametric representations for the equation Sx,- 3y = 13.

Use the substitution y = St - 1.

3. Determine the parametric representations for the equation 4x2 + 9y2 = 36.

14. Determine the parametric representations for the equation x2 y = y x.'

S. Determine the parametric representations for

2 (154 (3,4

with t e (0,21...



Pre-Calculus

Unit XVII

XVII-5 Solve verbal problems involving.the path of a projectile.

According to a law in physics, a projectile fired at an angle e moves along a
path given by the equations x = v, t cos 6 and y = vo t sin 6 - 16 t2, where
v. = initial vel. 'ty in feet per second,,t is time in seconds, and the only
force acting u ..., the prolectile is gravity.

A. If.

Of the pro
et per second and e 30 , what are the coordinates (x,y)

tile for t = 2?

2. If V. = 200 feet per second and cos 0 = 4 , at what e t will the
projectile hit the ground? 5

3, If v, =.2qp feet per second and cos e = 4 , where does the projectile
hit the ground? 5

4. What is the maximum height of the projectile given in part c?

XVII -8 .
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Pre-Calculus

Unit XVII

XVII-6 Sketch the graphs of special curves (cycloids, Witch of Agnesi,

folium of Descartes, cissoid of Diocles, etc.). (Optional)

1. Sketch the fillium of Descartes, given by the paralmetric equations

x = 3t2

t 54-1

ya 3t

1

2. Sketch the Witch of Agnesi, giyen by the parametric'equations

x = 4 cot.8
y = 4 sin2 8.

3. *Sketch the curtate tycloid, given by the parametric equations

x = 98 - 4 sin
y = 9 4 cos 8.

4. Sketch the cissoid of Diocles, given by the parametric equations

x = 2 sin2 8

y'= 2 sin2 8 tan 8.
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Pre-Calculus

Unit XVII

XVII-7 -Sketch the graph of a curve in space, given its parametric

equations. (optional)

1. Sketch the graph of the curve given by

x = 2 sin 4) cos

y = 2 sin 4) sin
z = 2 cos +.

2. Sketch the graph of the ctN26 given by

x 4 - 2s - t

Y s
z t.

3. Sketch the graph of the curve.given by

x = s
y = ie - 2:s2 - 4 t2
z xlt t, t > O.

4. Sketch the graph of the curve given by

= Ai cos 0
y = Ai sin
z = v, v > 0

0 < 0 <

333
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Pre-talculus

See graphs.,

XVII-2,

1. x + Zy = 7

2. x2 4. v2
4' 25

3. (y + 1)2 0.

XVII-5

1. (200 iT, 136)

2. 71/2 seconds
3. 1200 feet away
4. 225 feet

See graphs given in textbooks.

XVII-7
4. 1 (x + 1) = y2-

See graphs.
5. x2 4 2xy + y2 + 7x 8y + 14 in 0

XVII-3

1. the portion of the parabola x2 + y al 1 where y > 0
2., 'the graphs, are equivalent.

3. the portion of the line x + 2y Ili 11, beginning at the point (3,4), extending

upward to the left

4. a line segment of x + y at 0, where, the end points of the segment are (3,-3)

and (1,-1)
16

XVII-4

Other answers.may. be acceptable.

1, x 1 + 4 iine

y at 2 + cos e

2.. x is 2 + 3t
y - 1 + St

5. 0 < t < 2-
3J

2 < t < 4 )3" I3
3. x al 3 bos e 4 4 t < 2

y 2 sin e 3

4. x t

y -t

XVII4-11

x ts 1.

y al 3t

x = 3t - 1
y Mg -3t + 4

x = 3
y sic3t - 4

334
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Unit XVII

ANSWERS (continued)
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Pre-Calculus

Unit XVII

Answers (Continued)

. 'XVII -7

1.
2.

3.

4

4

at.1211.
-

Center:,(6.,a)-
RadiUs: 2

0.

40.
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Pre-Calculus,- Analytic Geometry

Unit XVIII Surfaces

Overview

-The topics studied in the unit are extensions of some ideas already presented

in Pre-Calculus. Equations and graphs of spheres, quadric surfaces, and
surfaces of revolution are outgrowths of the study on circles and conic sections.

Two new coordinated systems, spherical and cylindrical, are presented at this

time.

Suggestions to the Teacher

Objectives 1, 2, and ,3 contain basic problems on spheres and cylinders. These

objectives, as well as those concerned with spherical and cylindrical coordinaZes,

could be discussed with some degree of ease and-speed. Other areas of discussion

and graphing methods may cauie some difficulty for students. More time on quadric

surfaces and surfaces of revolution will probably be needed. Any or all of the

items given in Objectives 4 and 5 may be covered and/or tested. 'The presentation

of the material in this unit is fairly good in the Analytic Geometry by Fuller and

Analytic Geometry by ,Protter, with an excellent discussion given.in Modern Analytic

Geometry,by Wooton.
4-

'Objectives 6-9 are optional.,

Suggested Time

8. days

337



Pre-Calculus

Unit XVIII Surfaces,

PERFORMANCE OBJECTIVES

1. Determine the equation of a sphere, using the information given.

2. Given an equation of a sphere, determfte its center and radius.
Sketch its graph.

3. Sketch the portion of the cylinder described.

4. Given the equation of a quadric surface,

a). identify the surface*
b) discuss any symmetry
c) describe the traces on the coordinate planes
d) determine the intercepts on the coordinate axes

e) sketch the graph

5. Given a surface of revolution,

a) determine the traces on,the coordinate planes
b) identify the axis (axes) of revolution
c) sketch the graph

Optional:

6. Determine the cylindrical coordinates of a point with rectangular coordinates,

and vice versa.

7. Given a rectangular equation, determine the equation in cylindrical coordinates,

and vice versa.

8. Determine the spherical coordinates of a Point with rectangular coordinates,

and vice versa.

9. Given a rectangular equation, determine the equation in spherical Coordinates

and vice versa.

.1



,Unit XVIII itSurfacet-',

CROSS-REFAINCES

Objectives Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton

1

1

628, 631 266-268 - 433-435 345-350

2 628, 631 266-268 251 433-435 345-350

3 629-631 291 - 430-433
.

350-352
355

4 635-642 290-291 239-252 467-470 355-365

5. 632-635' 236-239 352-355

6 642-647 496-498 370-374

7 642-647 496-498 370-374

8 642-647 -, 498-500. 370-374

9 542-647 498=500 370-374

.
.

.
,

.

, .

. .

.

,

.

.
.

.

.

t

,

w
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Pre-Calculus

Unit XVIII

XVIII-1 Determine the equation of a sphere, usjng the information given.

1. The center of a sphere is (3,.1, -2). If the radius is 4, determine the'

equation of the sphere.

2.' Determine the eauation of a sphere if its center is (4, -6, 0) and the
radius ig

3. Determine the equation of a sphere if its center is (-2, 3, -5) and the
sphere contains the point (-5, -4, -1).

A. Determine the equation of a sphere if it passes through the Points (2, 1, -1)
(5, -6, 1), (3, 3. 2), and (-4, -7, 11).



Pre-Calculus

Unit XVIII.

XVIII-2 Given an equation of-a sphere, determine its center and radius.

Sketch its graph.

1. ,Determine the center and radius of the sphere

(x + 1)2 + (y - 1)2 + (z + 2)2= 4.

Sketch its graph.

2. Determine the center and radius of the sphere
Sketch its gr4ph,

3. Determine the center.and radius of the sphere

x 2 + y2 + z2 - 2X - 2z = 34.

Sketch its graph..

4. Determine the center and radius of the sphere

2x2 + 2y2 + 2z2 - 8y + 12z + 3 = O.

Sketch its graph. 2

XVIII -5

x2 4. y2 x2 = 12,



Pre-Calculus

Unit XVIII

XVIII-3 Sketch the portion of the cylinder described.

1. Sketch the cylinder: x2 = 8(y + 1) and z < 2.

A

2. Sketch the cylinder: x2 + y2 - 4x + 2y + 1 = 0 and

0 < z < 3.

Sketch the cylinder: y2 + 4z2 = 16 and

4. gketch the cylinder': x2 - 4x - 4z + 4 = 0 if a generator of the cylinder

the line y x.- 2 and 0 S. y

3 4 2

XVIII -6



Pre-Calculus

0 Unit XV/II

)\.

7

XVIII-4 Giveil,the equation of,a quadric surface, a) identify the surface
14 discuss any symmetry
c) describe the traces on

the coordinate Olanes,
d) determine the inter-

cepts on the coopli-
nate axes

e) Sketch the grkph.

For each of the following equations,

' a) identify the quaaric surface
b) discuss any symmetry
c) describe the traces on the coordinate planes
d) determine the intercepts on ths coordinate axes
e) sketch the graph

.

1. 4z = 2x2 + y2

2. 9x2 9y2 4z2 = 72

-

3. 64x2 + y + 16z2 = 64

4.. x2 y2 + z2 - 2x =

est

A

XVIII -7
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Pre-Calculue

Unit XV/I/

XVI//-5 Gi;eil a surface of revolution, a) determine the traces on the
coordinatd planes

bi: identify the axis (axes) of

revolution

.c) sketch the graph
%0

. ,

For each surface Of revolution,

a) determine the traces on the coordinate planes

b) identify the axis (axes) of revolution

c) sketa the graph

1. 4x 4. 4y2 z2 = 16

2. 2x2 + y2 + 2z2 - iy = 0

3. 4(x2 4. y2) + x2 = 16

4. x2 + 41,2 -
1.

XVI/I-6 Determine tHe cylindrical coordinates of a point with rectangular

coordinates, and vice versa.

'

- 1. Determine the cylindrical coordinates of the point with rectangular

coordinates (-8, 0, 6):

2. Determine the cylindrical coordinates of the point with rectangular

coordinates (-5, , -1).

2 2

3. Determine the rectangular coordinates of the point with cylindrical

coordinates (3, n , 2).

4. petermine the rectangular coordinafes of the point with cylindrical

coordinates (2, lln , -2).

- 6
_



Pre-Calculus

Unit XVIII

XVI/I-7 Given a rectangular. equation, determine the equation in cylindrical

coordinates, and vice Versa.

1. Using cylindrical coordinates, determine the equation for .x
2 + y2 = 64,

2. Using cylindrical coordinates, determine the equation for x2 + y2 - 8y = 0.

3. The equation r2 cos 28 = 6 is,in cylindrical 'coordinates. Determine the

equation in rectangular coordinates.

4. The equation r + z = 2 is in c lindrical coordinates. Determine the equatiorr"

in rectangular coordinates.

XVIII-8 Determine the spherical ccibrdinates of a point with rectangular

coordinates and vice versa.

1. Determine, the spherical coordinates of the point i/hose rectangular
coordinates are (1, 1, 1,).

A
2. Determine the spherical coordinaties of the'point whose iectangular

coordinates are (1, 2).

3. Determine the.rectangular coordinates of the point whose spherical
coordinates are-(2, r , r ). .

'3 4 .

4. .1Determine the rectangular coordinates of the point whose spherical
. coordinates are (10, 2r , / ).

3 6.

3 4 5

;



Pre-Calculus

Unit .XV/II

XV/II-9 Given-a rectangular equation, determine the equation in spherical
coordinates, and vice versa.

1. An equation in rectangular coordinates is x2 + y2 + z2 = 4. What is,:the
equation in spherical coordinates?

2. An equation in rectangular coordinates is z = 9.
What it the-equation in spherical coOrdinates?

3. An equation in spherical coordinates is /0= 1 + cos 4) .

What is the equation in rectangular coordinates?

4. An equation in spherical coordinates is = t-.
< -.3

Whit is the equation in rectangular coordinates?

r.
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Pre-Calculus

Unit XVIII,. .

ANSWERS-
.

XVII/-1

1:

2,

4.

(x-3) 2 4' (y-1)

Cit.- 4)2 + 45,

(x + 2)2

(x + 1) 2 + (y

2

+,6)'2

-; 3)2

+ 3) 2

+ 2)2 = 16

+ T2-= 3

+ (z + 5)2

+ (z -

=

-

3:

74

61

a)

b)

.c)

xvrrr -2

_-
See graphs.

XVIII-3

-
See graphs.

IllXVIII -4

1, a). elliptic Paraboloid
.

it) aymmetric to yz - and xz planes

0r.x2 =z 2 = z

4 2 4

point parabola parabola

c)

d) All three intercePts are 0.

e) See graphs.

2. a). elliptic hyperboloid of one sheet

.14 symmetric to xy.; xz, and yz -plahes

c) x2
9
X
2 = 1 hyperbola

x2 + z2 = 1 ellipse

ir 18

2
z - at/ hyperbola

18 9
intercepts at (+ 2/it 0, 0) ,

40, oe 3675.. No y- intercepts

See giaphs.

' c.

XVIII-11

ellipsoid

symmetric to xy- xz.- and yz

planes

x2 +22 ,10 1

r 64 .

'2 2x + z A 1 Ali aregrApses.

ge+ z
2
=

i7-

d) intercepts at + 1, o, o).

(0, +8,0) (0, 0,.+4).

e) See graphs.

a) sphere, radius 1, center
0, 0)

b) symmetric "to xz- and xy-

planes

c) (x -,112 +-1,2*'= 1 circle,

center (1, 0, 0), radius 1

(x^-, 1)2 + z2 = 1 .

circle, center (1, 0, 0)
"radius.1

2 2
y + z- = 1
circle, center (0, 0, p)

raditis 1

.e0 inteAiPts.at 0, 0, 0))
(2, 0, ()), (1,. +1, 0), and

(1, 0, +1)

( .

See graphs.
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Unit .XVIII

-MligWEPS

XVIII-2
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Pre-Calculus

ilhit XVIII

ANSVERS

XVIII -5 XVIII -6

1. a) x2 + y2 = 1 circle

4 4

4y2 - z2 = 36
hyp rbola

4x
2
- z

2
= 36

b) z - axis

c) See graphs.

2. a) 2x2 + y2 - 4y = 0 ellipse

y2 -4y + 2z
2

= 0 ellipse

2. (5, 21 -1)

3

3. (3/Y- 3 , 2)

2 "I

4. (/5"-, -1, -2)

XVIII-7

1. r = 8

2. r = 8 sine
2x2 + 2z2 = 0 point

3. x2 - y2 = 6
b) y -axis

x2 y2 z2 + 4z 4

c) See graphs.

XVIII-8

3. a) 4x2 + 4y
2 = 16 circle

. .

1. ( 'il-, I , arccos
1

4x
2

z+ i = 16 ellipse

4y2 + z2 = 16

b) z -axis

.c) See graphs.

2-

4. a) x + 4y2 _- 0 point

4E2.- z2 = 0

4y2 - z2 = 0

b) z ,axis.

c) See graphs.

2. (2/2-7, 27r , 7r )

3 ir

3. , re- , 6-)

4. (-5 . +5/5- 5/5-- )

2

XVIII-9

1. 2 = 4

2. cos e = 9

3. x
2 + y

2 * 2z + 1

4. x2
y2 2

XVIII -15
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XVIII-5
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