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Pre-Calculus

)

General Introductory Comments

This is a guide for use in Elementary Functions and Analytic @eometry, semester
courses which, combined, give a year, of preparation for Calculus. |
. . L4

The intent of these courses is to clarify and extend the student's elepentary
understanding of functions and to emphasize functions as the major unifying
idea of all mathematics.

Several of the important ideas that frequehtly appear in the courses are:#®

(&

classification of the types of fqnctions

identification of their properties,

-»

construction of their graphs

determination of their equations o

. ~

applications

' N
Inasmuch as this year is a prerequisite for calculus, the student should be

_informed that it will take diligent effort on 'his or her part to meet the

.challenge and rigor of this material. In addition, proficiency in algebra

skills and some background in trigonometry are considered tosbe indispensable
for success in this subject. -

A list of entry level skills from Algebra 2 and Trigonometry is prOV1ded
list represents minimal skills needed throughout the course.

that. the *student be given a copy of this list,

This
It is recommended

The order of units in this instructichal guide for the. first semester may not

necessarily conform to the order of topics found in your textbook.

The sequence

of units may be varied somewhat, with one arrangement belng Units I, II, III, 1v,
vIii, v, Vi, VIII, and IX. |

v

Organization of Individual Units

Each .unit will consist of the foIIbwinq:

5.

s

Overview,, sugge§tions to the ‘teacher, and suggested time

“

List of objectives . ¢

1]

Cross-references guide to approved textbooks .
‘
Sample problems for each objective

Answer key for sample problems

Throughout the units, several objectives will be marked **
more comprehensive because they combine previous objectives w1thout introducing

any new material.

‘ “

. ! ix

: . \ y
. These objectives are

4
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E

It .is suggested that at a minimum the following textbooks' be avallable for
reference or classroon use: -

Shanks, Pre*Caléulué Mathematics - Sy T T -
Crosdwhite, Pre-Calculus Mathematics oo .. i -
Coxford, Advanced Mathematics C . ¥

The individual time allocations include testing as well as instructional &dys.
Five days are allowed Huring the first semester for class periods lost due. to

various circumstances. .




- Entry Ldvel skiils 'for Pre-Calculus

10.
11.
» 12,

13.

‘14.

16.
17.
18.
I 19.
|
|
\

‘I' 20.

Cits anti-loé.

L3

Graph linear and quadratic funégions and gelatibnsﬂ

Determine the distance between two points.

Perform the four fundamental operations with complex numbers.
./t , ’

Factor algebraic expressions. .
" ‘<. . e
Perform the four fundamental operations with rational expressions.

SOI&e quadratic equaéions over the set of complex numbers.’

»

Solve systems of equations. *

Sketch the graph e;\}olynomial functions of the form y =

-

where

n is a positive integer. .. ‘ .
Apply the Laws of Exponents Ep simple expressions.

[ .
Use the logarithmic tables to determine the logarithm.of a number and

.

Solve simple logarithmic and expohentia} equations. . .

Sketch functions of the form y = ax ‘where a is a rational number.

Determine equations of lines and conic sections, given-pertinent
b

information. - . : ; o .

Determine the domain of a given function or relation.

4

State the definltlons of the. sin® and cose functions in terms of

k4 .
the uni€>c1rcle. g R

-

-
’

Determlne the trlgonpmetrlc functzonal values: of the 1ntegra1 multiples

o~

of 30 and 45 &, Z multlplés)

Determine the angle (multlples of 30° and 45 Y whose functlonal value

has been given.

Solve simple trigohometric equations. . . v ] -

" . .e

Apply the fundamental trigonometric relations-to verigy identities.

- -t .
’

ooxo 13

* Evaluate functional values of angles, using a table. S




IJ‘ . 1
. ; ) , . , |
. ‘,’ ' e ’ . . '\ ‘;
' Entry Ievel Skills for Pre-Calculus (continued) : . ‘
" . . St . . N
21. State the sum~and’difference formulas for the sin6 and cosé. . =
22. S;a%e the double and ha{f-angle\formulas.for sin® and cose. ) R
o, B .. . ¢ \
23._,Graph the six trigonometrié>functions.' ) . :
24. 2Apply the trigonometric functions to the solution of right triangles.
. .

25. State the Law of Sines and Law of Cosines. ‘ R P

¥
.
Al

- .
NOTE: Some of the entry level skills related to trigonometry may be repeated
in Pre-Calculus

-3
A3

. R , .
. . .
. .
’ xil » . ,
' N - s . 4 - 7
- . ’ Lo
.
. . ..
.
. _ N Iy
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Outline of Course Content and Time Allocation

) . .
-4

» First Semester - Elementary Functions

-
. N " \ . . . - .
N Unit T « Number of Days
L] ’ '
s> I. Introductionato Functions : 12
¢, / .
® II. Algebrait Functions : 10
4 - ~ :‘
B i I{I. Exponential and Logarithmgs Functions 8
Iv. ' Circular Functions . 12
. b . )
V. Trigorbmetric Identities ' 10
VI. Inversé Circular Functions and |, .
- Trigonometric Equations 10
VII. Applications of Trigonometric Functions \ 10 :3
. . L :
. . VIII. K Complex Numbers « 3
IX. Functions on the Natural Numbers | 10
\ i
N .
TOTAL 85 days
- Second Semester - Analytié’GeometrgA - ;
- - ) \ .
. ‘' Unit ) - Number. 'of Days
X. 1Introduction to Analytic éeometry . 6
. o ' <
. IX. Points, Lines and Planes in Space’ 10
XII. Vectors in a Plane 7
- XIII. Vectors in Space . T 9
XIV. Conic Sections - 16
XV. Matrices ' 10
XVI. Polar Coordinates ) 7
XVII. Parametric Representation of Curves - _ 10
XVIII. Surfaces 10
- 16 4 r—

TOTAL 85 days

ERIC" ' ®v

.




-

.

Pre-Calculus - E}ementary Functions ' ~

* H .
Unit I Introduction to Functions

PR . - < -
L) f . A . : . o

Overview . .

)

LN » 4
This unit provides the studept with the basic principles of functions. It
deals with what a function is, how functions may be combihed, and their .
charabterigtics and properties. It is as vital to the future calculus student -
as any othér unit in this guide. Virtually all of the conceépts, relatiopshigs,
and vocabulary in this unit will be applied in subsequent units, not to ‘mentign®

Vs . .
the calculus course itself, boe .
P A - .

v

Y i -

Because of the scatteringlbf&the topics thronghout the various approved tests,

the teacher may chooBe to alter .the sequence of obﬁecgives: The student should, -
nevertheless, be able to perf&rm all of the, objectives at some point in the -
course. ' v L ) -

< -
. - . R

- Suggestions "to .the. Teacher - .
. . - \. , . .

No single approved.texi sgem% best f£or this unit. = Several sources may be

req?ired. Some comments regarding some of tlie approved texts ﬂs;iow: .

Pre-Calculus Mathematics (Shanks) - Mostly adequate, sequence fair

\ 1

pre-Calculus Mathematics (Crosswhite) - Mostly adequate, sgquedce jumbled

~ Analysis of Elementary Functions (Sorgenfrey) - A few gaps, strong in R
. 1 objectives 1-8

. t

\ .- .

Suggested time: 12 §ays

\4»*{
. .
~

-,
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‘ . . - .-:o -
Pre~Calculus . Co
Y

Unit I * Introduction to Functions'

PERFORMANCE OBJECTIVES - . f ~ o
D .

£ .
1. State the definition of a function.

N : .
2. ' Determine whether a given relation is a function.
> )
3. Identify the domain and range‘of a given function. o

- —

4. state the meaning of the symbols used in functioegl notationt
5. Determine whether a given function is one-to-one.
, : : .

- -

§. Given the two functlons f and g, determiner the formulas for functions
N f+ gand f - g and sketch them.

7. Given'two functions £ and g, determine the formula for the functlons
fegand £ , g#40. . y
g

8. Given two functzons.f and g, deter&éne the formulas ‘for the composite
: functions f ogand g o f. N )

9. sketch'the graph of special functions (step, greatest integer, signum,
and absolute value) ’ . ' :

10. Classify a fuhctlon as being increasing, decrea31ng, or neither over a_
given interval. ' ;o i' -
11l. Classify a function over a given lntecval as belng bounded, bounded
above, bounded below; or unbounded , .
R . .
12. Classify a function as belng continuous or not continuous at a giveén

point or over a given interval™ -

lgl Determine whether a given relation is symmetric to the y—ax1s, x~-axis,
or orlgln. .
< ! - N
14. Determine whether a given function is odd, evén, or neither.
/ L

. 15. Determine the inverse of a given function.

Lo. Graph a given function and its inverse on the same set of axes.

17. Modify the domaln of a given functlon so that its inverse is a ‘function.

18

‘C‘;Eaph £(x) and £71(x) on the same set »axes. (Make~£ (x) one-to-one

necessary.)
Ve 4
' U
19. Demonstrate that the properties of the real number field apply to the

set of functlons undex the operatlons of addition and multiplicatlon.

-

‘»,v”a‘f

-
-l . I-2 . S 551
P R 5

".




g Pre-Calculus T . . ; .

- r * » . - A
‘ Unit I Introductien to Functions 4 - o T
. N / ) . . ’ N

3 . .
. . .

/ Optional )

. LY * ,
‘ 20. Determine which properties of .a field apply to the composition ‘of
? functions operation. .

-~

~ * ,“

v }:)

' £ - &
s * . " )
‘ . L s
’ ,
[ 4 )\.
i\ 1 :
. "’G’ -
) ':).L:‘. i - [}
YLy .
. B |
-
’ , |
. 3 ‘
/” \ ’ '
.
-
3
%
’
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) Unt; I - Introdeptfon of Functions

CROSS:RgFERENCESf

€

Objectives

Coxford

Crosswhite 7

Fuller

Shanks

Sofbenfrey

36

66

17 2-3 -
r'k\ ' ]
\ 2 38-39, 59| 66-68, 71 o 17-19 4-5, 21-23
. . *
/5 '
‘ 38-39 69-71 18-20, 23

6-10

37

-

64

20

b

7-8

-

46, 389 .

-

22

38-39, 43-44

77-78 s
—dp

25-28

“

26-32

77-78 p

26-28 -

26:@2

40-44, 59

,

79-82

29-30

33-38

35, 39-40

74-76, 79

22-24

~ 20‘23’ 25 .

10

336

88-92

35-38,

134

N

86
237-238

b

35-38
41-42

12

>

83-88

'277-278° | 118-121 38-39 115,/ 119
P - , 41-42
13 65 97-102 A 64. /
14 73. 100-102, 301 64, 66 273 !
s 44-48, 59 ‘ ‘
. 389-392 31-35 40-46 -

16

44-48

83-88

31-85

40-46
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“Unit I - Introduction to Functions (continued)

!
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Pre-Calculus ‘
Unit I L _ _ . ‘-

N . -

I-1 State the definition of a function:

-

Pl

/ . . -t
1.. Define a function in terms of ordered pairs (x, y).
st - -\ S

2. Define a function in terms of mapping. . Lo




v

Pre-Calculus

v Unit I

I-2 Determine_whether a given relation is a function,

3

v

1. Indicate which of the following relations are functions:
—a) 3y2 -x=4 - )
b). x% - f =1 . -
ce) y=-|x+3}

a x2+y>=38

-

2. which of the following sets are functions?

- A {x y) : y=x) v

In

b) {(x,y) : y=-5}
o) {tx, v = y=7x¥
d)J/{(x, y) : ¥y =xy} ‘
/ - - By * <
3. State which of the graphs of relations given below are functions.
) 'F‘ : &)
d q - .
9 ) b) ] “)
T T




Pre—Qalculus

Unit I

AR

Y

P
N

1-3

Identify thq domain and range of a given function.

'

Identify the domain and range of f(x)

T

i
Identify the domain and range of g(x)
Identify the dgmain.an§ range of h(x)

Determine the domain and range of each function whose graph is given below.

a

i

i
®
.
+
[3V]

hd .

'g-x. “ ’

>

I3




Pre-Calculus . A .

<

Unit I . A BN

I-4 State the meaning of the symbols used in functional notation,

1. State the exact and complete meaning of "f£(x) = y."

’ . -
' A N
.

2. State the exact and complete meaning of "f: x —>y."

3. Translate completely into words: "g(3) =7."
¢

»

4. Translate completely into words: "F: x — x2 - 4."
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Pre-Ca(lculus , . ’ ’ '

‘Unit I X ) : ,

-~ . ”

I-5 Determine whether a given function is one-to-one.

1. Determine whether or not each of the following func'gions is one-to one.
a) y= x < .
‘ b) y=x? ¥
c) 'Y = x3 - ax ) )
d) y= % .

2. Determine whether or not each of the following functions is one-to-one.

L NN b) -
+ | ll\gf :

N~
‘_.

<

)




.
Pre-Calculus ; - . . .

Unit I : -
I-6 Given two functions £ and c_;, determine the ' y
formulas for the functions f + g and f - g ;
and sketch them.
1. If £f(m = x2 +x + 1 and g(x) = x, determine a fprmufa for (£'+ g)(x) and -
(f = g)(x). Sketch the new functions. " . '
2. If f(x) =~ x% + 5 and g(x) = %2 - A4, dete:'i:mine a formula for
(f + g) (x). and (£ - g)(x). Sketch the new functions. ‘
3.° Given f£(x) = -}]j and g(x) = 1, determine formulas for two new functions
f% gand £ - g. Sketch the new functions.
4. Given £(x) = |x - ll and g(x. ) = (x) for all x 2°1, determine formulas

for two new functions £ +'g and £-g. Sketch the new functions.

a‘" ' . P




Pre-CALcuius . . - S

-~

- Unit.I

I-7 Given two functions f and g, determine the formulass
for the functions f e g and.ﬁ, g # 0.
g

4

-

1. If f(x} = X% and g(x) = é&-(x # 0), determine a formula for (f -« g) QE)

and E&x).
g

s 2. ‘Given f(x) = x and g(x) = 2 -~ x for all x 2 0, determine the formula

for two new functions (f * g)(x) and E*X)'*

3. If f(¥) =x - 1 and g(x) = x + 2, determine a formula for (£ - g)(x) and

£(x).
g

*Domains, ranges, and/or graphs may be substltuted or added to the
problem's requirements.

3
»

N - .
') . - :




Pre-Calculus

Unit I

¢

I-8 Given two functions f and g, determine the formulas*
for the composite functions fo gand g o £.

L, If £(x) = x2 and g(x) = v/x - 4,_determine a formula for £ ¢ g and g °. £f.

W+

2, If f(x) - 3x+ 2 and g(x) = Tx = -§- , determine the formulas for

fogandg o f.

' .1
3. Given £(%X) '= x and g(x)-= xT——'l , determine the formulas for £ o g.and

g o £.
4. .Given f(x) = x> -8 and g(x) = x + 2, determine the. formulas for £ o-g and

- 'l

go f. X )
T

*Domains, ranges, and/or graphs may be substituted or added to the problems
. requirements. % .

-
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Pre-Calculus ' ’ '
Unit I
I-9 sketch the graph of special functions (step, greatest :f”/ .
integér, signum, and absolhte\value).
1. sketch the graph of the step function:
f(x) = 3ifx>0
A} » M
Oifx=0 .~ i 3}
~lifx<o

2. sketch the graph of the greatest integer function:
£x) = [x +3)
, 4 N
3. Sketch the graph of the absolute value function:

é

. f(x)=2lx+/3]-1 - . . . ’ ‘

4. sketch the graph of the signuin function:

\ £(x) = 1 x -4 . (Hint: first factor out E,J:- from the denominator.)
—_— X - 2 . . » i ..
2 a , .
o i - . v

. . ) T ,
5. sketch the graph of the periodic function £(x) = sin (x + 7 ),




Pre-Calculus ’ .

Unit I

1.

-

2.

106

3.

I-10 Classify a function as being increasiﬁ&, decreasij?,

or neither over a given interval,

.t=>['},i"

Classify the following intervals of the function f(x) =

[ .
s

Classify the following intervals of the function f(x)
increasing, decreasing, or neither:’

g) (-1, 1] ‘ )
&
c) &3, 5]

Classify the following intervals of the function £(x)
thcreasing, decreasing, or neither.

L e

. ‘/
) | ‘

>
]

T

b) T,

PI:

N

) . ‘ -
" increasing, decreasing, or neither. .

[ 4 - 2
b C2od
[o. =>

Ax - 3)

a§'being

<

cos x as being

4, For'xe<:p, %] classify the following functions as being increasing,

-

decreasing, or heither:
+

¢) klx) = (x]

sa) f(x) ==-3-;-

-

b) g(x)\Y 5% ar k(x) =[x - 3|

I-15
SR A




v

?re-Qalculus-

Unit I . . .

I-11 Classify a function over a given‘interval as being

.

bounded, bounded above, bounded below, or unbouhded,

bounded above, bounded below, or unbounded.

Classify the following intervals of the function f(x) = 2* as being
bounded, bounded above, bounded below, or unbounded.

a) xe{negative reals}
b) xe{positive reals}

c) (-1, 1)

Pl v

Classify the.following intervals of the function f(x) = - [x + 3|

as being bounded, bounded aboveg bounded below, or unbounded.
a) xe{negative reals} .
b) xe{positive reals}

c) [-3, 3]

Classify the following intervals of thé?function f(x) = x3 - X as bein§
boundgd, bounded above, bounded below, or unbounded.. )
_o\

< ’

ai <:-l, ():} C .

)

For xe{negative reals} classify the following functions as being bounded,

’

a) £(x) = [x] ‘ ' \
B) glx) =3
:
¢) h{x) = tan x
d) k(x) = (x + 100)3 . ' oL
" | ~ , | p P
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Pre-Calculus

Unit T ' .

4

I-12 Classify a functioh as being continugus or not continuous )
at a given point or over a given intexval.

1

R ¢
H

1. Classify the following points of the function £(x) = " f 3 as being

continuous or discontinuous. )

a) x=0 ' ' Co-

b) ,x =2 | . . . ’

c) x= -2 ) o4 . ) ‘ \ . "
.’ , *

2. At the point x =1, @ssify the a.‘:'ollow.’;.ng fgnctions as being cor.xtinuous

Pl

or discontinuous. . .
‘~~ ' ' .\r
a) £({x) = X
[*| _
b) g(x) = [x] - . ' - ' B,
2 .
.¢) hix) -1

x -1

]
T~

-
-

d) k(x) = |x - 1]

3. Ciaésify the folvlowing intervals of the function f(x) = cot x as being’

continuous or not continuous.

a) [00 121'_] |
n [F > o — LT
c)‘ 6 , 2-n>_ S S ’ T




Pée-Ca“lculus :

Unit I

~

I-12" (contihued) ) ) . | T .

. 4~ For xe é. 5] c/lassify the following functions as being contigﬁbus or
" not continuous. : ‘oL -

a) £(x) = x? :ixs- 10

b) g(x) =§

-¢)  h(x)

]
»

B\

'
>

5, 2_
a) k(x) =X =25




Pre-Caiculus

Unit 1

1-13 Determine wt;ether a given i.'elation is symmetric
to the y-axis, x-axis, or origin.‘

.1. . Determine whether the following relations arxe symmetri¢ to the y-axis,
x-axis, origin, or some combination of the above.

T a) {x, y) fx2-y?=d}

b) ®kx, y) : x>+ y2 =9; y $ 0}
o) {(x, y) : 4x? +\y’- = 4; x20}
A ey s xa oyl

.

2. Determine whether the following relations are symmetric to the y-axis,

x-axis, origin, some combination of the above, or none qf the‘ above. i

{(x, ) :xy;—s}

g
B {x, v =-:_t=ly|} ‘
- ~ c). {(x, y)': x = y3} K
;d): {(x, y) : y=x3 +x+ 1}

-

1-19




Pre-Calculus Coe . . .

Unit I

-

I-14 Determir}g whether a given function is odd, even, or neJ':ther.

/

.

- |
1. Determine whether the followiﬁg functiongi are('odd, even, or 'neitherw.

rd

a) f£(x) =x*+ 3

b) -g(x) = ~x3 , .
c) h(x) = sin x
= CO0S X ) .

d) k(x)

2. Determine whether the following functions are odd, even, or neither.

a) f£(x) = |x - 3] .
) . »
b) gix) =%
c)‘ h(x) = tan x
a) kix) = X
o x|




‘ 'i)re-Calc‘ulus . ,
: . Unit I
' S
I-15 Determine the inverse of a given function. ,

1. Determine the inverse ofa_acii' of the foll{:wing functions. (For each
formula,write y in terms of x.)-

b) y = x3

c) y=%xv2

1l
a y=3
. ° [
2. Determine the inverse of each of the following funct:@ons. (For each
© formula,write y in terms of x.) _ ]
a) y= Y16 - %2 ¢
- X
o b oy =¥y
c) 2y'f/4~x2 : .
I-16 Graph a given funcfion and its inverse
on the same set of axes, . , .

1. Graph £(x) = x2 - 3 and its inverse on the same set of axes.
2. Graph £f(x) = -;— x + 3 and its inverse on the same set of axes.

3. Graph £(x) =~ /x2 - 4 and its inverse on the same set of axes.

~

4. Graph £(x) = Vo9 - x2 ; x% 0 and its inverse on the same set of axes.

4

“ : 121 ' 3.




Pre-Calculus ~ . . ‘

Unit 1 .

I-17 Modify the domain of a given function . , .
so that its inverse is a function.*

- .

1. Restrict the domains of each of the functions given below so that their
inyerses will also be functions. State the modified domains.

L4

a) f(x) = x2 + 3; x¢ Reals

V%2 + 1; x¢ Reals ) . oo

B) f(x) = ,

) £(x) =716 - ; |x| g 4 ‘ | ’ Co ‘
d f£x) ==-/xT-16; [x| >4 ' '\ |
e) f(x) = |x| - 2; x¢ Reals ‘ , Ca ' . /

£) fx) =/x+4; x30

-
.
-

* The modification referred to in this objective is to make the original
function a one-to-one type to facilitate the formation or graph of the
inverse function f-1l(x). ’ ; . . ‘ .

I-18 Gfaph £(x) and £-1(x) on the same set of-axes.
(Make f(x) one-to-one, if necessary,)

)
4 ¢
H

L

1. Ssketch the graph of f(x) and f’l(x) for the functions given below.
(Restrict the domain of £(x) as necessary to graph it as a one-to-one

function.) =

a) f(x) =3x -1 g .

:/ . ] . '9 )
: b)) f(x) =~ /9 - xZ . ‘
- c) £(%) = x2 - 4x . y

| | 38 ' . @

4 f(x) = lxl;- x !
~ : i

I-22
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Pre-célculus

' Unit T

1-19 Demonstrate that the properties of the real number
field apply to the set of functions Pnder the
operations .of addition and multiplication.

v

t

) 1. .Give an example for each of the figld properties as applied to the
' * set of functions and the operation of gggigigg (closure, associativity,.

identity, inverse, commutativity). . .

) - # y

2. Give ah exaﬁéle for.each of the field properties as applied to the
.. set of functions and the operation of multiplication (closure,
y . . associativity, identity, inverse, commutativity) .’

13 N .. .

- 3. Give an example of the distributive property, multiplication over
addition, as it may apply to the set ‘of functions. .

S

. .
v >
: .
.
. )
.
'

. I-20 = Determine which properties of a field apply
N to the composition of functions operation.

- <

° -

1. ‘Determiné‘which properties of a field can be applied to the
set of functions under the operation_composition of functions. (£ ¢ g)

LI L

1Y

2. Give an example of ®ach of the .properties of a field that do apply to
the set -of functions under the operation composition of functions, (£'° g)

v v
-

. N

~

. 3.. Under what circumstances would the commutative property hold for the - .
composition of functions operation? Give an example. : ’

Y

1




. §r/e-Calculus . : . '

Unit I : " s T

ANSWERS o B )

L . . *

1. A function is a set of ordered palrs, (x, ¥), such that for each xeX
there is exactlx one er

(alternatlve) A function 1s a relation in which for each1%1rst _ .
element there corresponds a unique second element.

A functlon f is a rule which assigns to.each member xex a unlque
" member Y€Y The function f is said to map X into Y.

2.

- ’

¢ [ 4

1. D: xeReals; R: y 2 -2 . ) ' " \ew . e

2. D: x€Reals; R: y 23 ' . - ‘

o

3. D: -3 <x 3; R:0<y <3 . 3

4. a)- D: xecReals; R: 2 s ys4 o L )

b) b: xéReaIs; R: y =2o0ry=-3 . -
‘ e) D:‘qugals; R:.y. ff -~ 2 '1-g4‘ S -

-

-




ére-cglculug, o, - )

Uni:t S )

ANSWERS . ' S R

1. "The va%ue of the £ funqt{on at x is y." - :
;. ¥ 4 iS'tha‘fungtion that maps x info y." . . B

3. ”Thg,valué of the g function at x = 3 is'7.”. ) . o

4. "f is éhé function which associates with each number x the number x2 =~ 4."

e

-

1-5 , ‘ o : . ‘

1. a) one-to-one 2. g) one-tqQ-one
. b) not one-to-one - . b)_ not one-to-one
¢) not one-to-one ) ¢) mnot one-to-one

, « d) one-to-one, o d) one-to-one )

> . ¢ « / ] ~
I-6 . ‘ ) .
——an— . ! . .
1

{
1. x2 +2x+1or (x+ 1)2 ; x2 # 1 * (sketches hot given)

' . . )

2, 1; -2x2 + 9 .. . : . .-

3. l +x ; "1. - X + ' ~' ] s ,A. . -’ .
X X - : . .

4.‘ 2x -~ i; -1 To : , ) ey T
I-7 : ) : - *

l . . » . N v
1. 5% 2x3 (x #0) ; . - | I
2. 2-x pEo A2 - o L
3. x2 +x < 27 x -1 - ¥ - - . oo "

ek -2 o kA -2) B .

8




'I-9 (continued)

.,
bJ

3. .
\

)

;1 1
3.6#_1182_‘1

4., x3 + 6x2 + 12%;

I3

I-9

————

1,




B " Pre-calculus R ) | S
{ Uit T ' . ' @ '
| . ) . :
B ) -
N . )
. .o L. ’
L 1. a) decrease " b) neither , ¢c) increase
2. a)' ‘neither' : * b) dincrease ~¢) decx;-ease
. k% Aa) 'de‘crease . ; .b) decre;se - L) decrease
. 4. a)' decrgise ’ b) decre'ase‘ e ~¢) neither -
d) n o ) ..
I. a)- bounded N l:;) bounded below \w c) bounded
< 2. a) gound‘ed above - b) bounded above : c) \bounded
3. a) boupggé "+ b) bounded c) bounded below )
4. a)" bounded above ‘ b) bom’gd:ad above .'¢) not-bounded
d) bounded above
. 1. a) continuous 'b) discontinuous c) . continuous
2. a) continuous ) b) discontinuous c’) &isc;mtinuous d) continuous
% a) not continuous . b) confinuo;xs " ¢) continuous
. 4. a) continuous b) continuous ¢) continuous d) not
1-13 continuous
. 1. a) symmetric to x and y axes and origin - B ,
b) symmetric to x and y axes and origir;
‘c) symmetric to x ;nd y axes and oziigin , .
a) symmetrj_c' to x axis B
2. é) _symmetric tq origin )
’ i b) éynmet;ic to-x axis ) x ¥ .
, o c) ' sytmne't‘,z;:ié 'to origin . . )
‘ d) not symmetric to axes or origin “
¢ ' . : , . T . i
Q -/ : .1727 . 43 v ' .




Pre~Calculus
Unit I
ANSWERS

I-14 -

1. a) even

2. @) neither

I-15

1. a) y=+ /& °

I-16
1.
N
\
i
i\
\
|
1\
. 1
\}
r’ -~




Unit I ,
- ’ i /\l
ANSWERS -
I-16 2
3' . . '4' >
‘ ] )X A i
‘ N\ . r T
1 ,‘ ' N
\d ., ‘ R
o o 11
- NN )
4 LA
” \
{ 4 § /, \ ] K -
'«_;4,.:' ST N R
/L \ I
Y v N Y2
A ;
AN
- - )
1-17 ' . .
‘ 1. a) Dy : x20 or D, : x50,
b) Dj : x20 or Dy :x%xs50. |
, -
'e¢) Dy i 0$x€£4 or D : -4 $x£0
’ N £y . ‘
‘@) D+ x24 . or D, : x5 -4
e) uﬁl : x20 or Dp : x50.° ’ ‘ : o

£f) °no modification required







-Pre~Calculus

£ ' L SR
Unit 1 . .
’ N\ R . .. )
119 o ‘ ' X | /
T ‘ N
1. Answers vul} vary, but’ suggested format follows-
closure: f(x) + g(x) = (£ + @) (x) ‘
. ‘associativity: © [f(x) + g(x)] + h(x) * £(x) +[g(x) + h(x)] .
identity: : £(x) + Td(x) = £(x) '
y . ! . . LN
inverse: £(x) + “£(x) =-I.d{x)
conmutativity: £(x) + glx) = glx) + £(x)

-

2. See #1 above.

3. - Answers will vary. Suggested format: R

£(x) -+ [g(xy -_i-'nh(x)] = £(x) * g(x) + f.(x) * h(x)

29

1-20
. . )}
. 1. closure,’associativity, identity, and inverse

2. '{Answers will vary.

3. £F(x) o £ () = £ (x) o £(x)° =x=TIdx
. 'Or
Id(x) o £(x) = f(x_)ﬁ o I d;(x) = fE(x)

(Examples wj,,ll vai:y)

I-31 | . .




Pre-Calculus - Elementary Functions ‘ ,

8.

Unit II Algebraic Functions

>

Qverview

Students should be familiar with polynomial functions and syntheti¢ division

from Algebra 2. In this unit these topics are extended, and rational and
algebraic functions are added. An emphasis is placed on graphing techniques,
including symmetry, intercepts, and the location of asymptotes. The ideas of

the previous uynit -- domain, range, increasing, decreasing, continuity,
boundedness -- will be strengthened by additional study and application. .
Determination of roots and zeros will depend upon the application of the

,Intermediate Value Theorem. The field properties are fully satisfied when the
study of polynomial functions is extended to 1nc1ude ratlonal and algebraic

‘ -

functions.
1

-

. Suggestidns to the Teacher

In order to complete the first seven objectives, the student is required to

- use several algebraic skllls, including factoring and dividing polynomials,

performing ‘operations on “complex numbers, and solving quadratic equations (the
method of solving a quadratic is later extended in Objective 11 to factoring a
fourth degree polynomial). The application of the Fundamental Thégrem of Algebra

" will.aid the student with _Objectives 8 tRrough 11. With Objectives 14 through 16,

several methods for locating asymptotes may be studied. The discussion on
asymptotes may . introduce.the idea of comparing the degree of the numerator to the
degree of the denominator to. determine the type of asymptotes (vertical,’
horlzontal, or oblique).- Solving.the equition for % or .tonsidering the behavior
of x 4s.x + *» are two wyays to locite horizontal asymptotes. The concept of a
limit may be mentioned At this tlme. _Symmetry “to any, point or line, ‘and not Just
the orlgln *(0,0) and the line x- 0, may be 111ustrated when graphlng. . .

=Because Objectives 11 and 16 are comprehenSIVe, they may bé used in place of one

or more of-the precedindy objectlves. .

LI
»

Some of the tedious work in the unit can be eliminated by using calculators and

computers. A program for .BASIC computer use, SOLPOL - Solving Polynomials, is

avallable from Computer Related Instruction, in the Office of Instruction and

Program Development C , - .

- ~ L]
’ * 4 .p.' N

Suggested time: 10 days . s . .




Pre-Calculus

Unit II Algebraic Functions .
PERFORMANCE OBJECTIVES, ‘
1. Identify polynomial furictions when given a-list of functions.

> 2. Determine the value of a polynomial function for given values of
the variable using synthetic substitution and the Remainder Theorem.
K 1 3. " Given two polynomlals P and D where D # O, determine the quotient ' »
and the remainder R,and express the result according to the Division .
Algorithm. [ P(x) = Q(x) e« D(x) + R(x) ]. ‘

4. Apply the Factor Theorem to determine whether x - ¢ is a factor /”“

of a given polynomlal'functlon. -

. i .
5. ZApply the Factor Theorem to determine whether ¢ is a zero of a given
. *" . polynomial function. )

6. Apply the Rational Root Theorem to determine the rational zeros of a

polynomial function.
7. Apply the Intermediate Valﬁe Theorem and/or Locator Theorem to show

_the existence of zero(s) of a continuous function in a specified )

interval. . -

. A i ’

8. Graph a polynomia'l function. ‘ ) . ‘
9. Approximate the irrational zeros of a bolynomial function. -
10. Determine a polynomial function, given such information as the

zeros and the degree. - . -

**11. Given a polynomial function, determine all the zeros over the set .

-

of complex numbers-and sketch the graph
12. State the definition of a rational function.
13. sState the domain of a'rationa} fungtion.

14. Determine the vertical and horlzontal asymptotes of a given -
rational function. .

15. Determine the oblique asymptotes of a glven rational function.
{(optional) )

**16.1 Sketch the graph of a rational function. Determine the domain,
intercépts, ahd asymptotes. State whether the function is even,
odd, or neither. Discuss symmetry.

.17. sketch the graph and determine the domain of a given algebraic )
function (non-polynomial and non-rational). . ‘

e '
**Comprehensive objectives . )

I1-2 ¢

- ERIC . 49

wll Toxt Provided by ERIC




Unit 11 - Algebraic Functions. =

CROSS-REFERENCES

11

Objectives | Coxford Crosswhite Fu]léﬁ Shanks Sorgenfrey «4{ Wooton
" 300-301 | 297-299 ) 45-46 80 '
2 - 306-308 | 303-306 54-58 85-88
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II-1 Identify polynomial functions when given a list of functions.

1. Write the word <¥ES or NO to identify which of the following are '
polynomial functions. .

—____a) y=x2—x_+5 . t
b) g(x) = ¥ x2 - X
) ‘1
)| h(x)—-sz—

d) {x,y): y = 3%}

2. Write the word YES or NO to :Ldent:.fy which of the following are
pPolynomial functions. .

a) {(x,y): y =5}

‘b) £(x) =V (x+ 5)° (x - 1) ‘ 1 ‘

‘¢) g{x) = 4 sin 2x- ¢
o x -1

d) h(x) =x + " .

‘3. Write the word YES or NO to identify which of the follox'ving are
polynomial functions. '

a) y=[xl;1 + 5

———

lfi\-.
by {x-y) : y ==2 Tog 3x} .
: 2 4 ooy -
c) 'g(x) - X__M

_‘...._._ ‘5

d) h(x) ='y - 10572

——

4. S or NO to :Ldentz.fy wh:.ch of the follow:.ng are
Qns.., ( \ K
= (2x - 1) -1 ) ‘ B
o — b {xy):y = 4%} _ - :
—__¢) glx) = A(x'—" 1)%(2x - 5) , . . ‘
&) h(x) = %’?TS" -

PR

IT-4 ' - T

o , . .
ic 5] | . ]
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11-2 Determine the value of a polynomial function for given values ’
of the variable using synthetic substitétion and the Remainder

Theorem. .

{
1. Use synthetic substitution and the Remainder Theorem to determines

P(5) if P(x) = 2x* - 5x3 - x2 - 10x - 15.

2. Use synthetic substitution and the Remainder Theorem to determine:

P (-;) if P(x) = x* + 3x2 - 9,

3. Use synthetic substitution and the Remainder Theorem to detexrmine: ¢

P(/2) if P(x) = 2x3 - x> + x - 5.

4. Use synthetic substitution and the Remainder Theorem to determine:

p(3 - i) if P(x) = -x"* + 2%3 - 7x + 1.

II-3 Given two polynomials P and D Where D # O, determine the quotient
and the remainder R,and express the result according to the Division
Algorithm. [P(x) = Q(x) - D(x) + R(x) 1 :

1. Given P(x) = %3 -~ 2x2 - x + 1 and D(x) = x - 3, determine the Q(xxland R(x) .
and express the result in the form P(x) = Q(x) * D(x) + R(x), ' ¢

S—

2. Given P(x) = 15x3 +16x2 = 12x + 2 and D(x) = 3x + 5, determine éhe
* Q(x) and R(x) and express the result in the form P(x) = Q(x) * D(x) + R(x),
. | )
R . 0

-

3. Given P(x) =-% x3 - %-xz ‘+ x - 3 and D(x) = x2 + 1, determine the

Q(x) and R(x) and express the result in the form P(x) = Q(x) < D(x) + R(x).

4. Given P(x) =x% + 3x3- - x2 + 5x - 1 and D(x) = x + (2 -1), determine the
Q(x) and R(x) and express the result in the form P(x) - Q(x) + D(x) + R(x) .

R o 11-5 "
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TI-4 Apply the Factor Theorem to determine whether x - ¢'is a
factor of a given polynomial function.

1. Use the Factor Theorem to determlne whlch of the blnomlals (3x +2), (x - 2)
(x = 4) are factors of P(x) = 2x3 + 5x2 -.14x - 87‘

2. Use the Factor Theorem to determihe which gf thezbinomials (x. - 6),
(x - /ET, (x - 3i) are factors of P(x) = x* + 7x% ~ 18. . v

‘ . - - 1
3. Use the Factor Theorem to determine which of the binomials (2x + 3), (x + 2)(

» < L Y
(x + 2) are factors of P(x) = 3x* - 3x3 - 23x2 + }Zx.

4. ‘Use the Factor Theorem to determine which of the binomials (x +Y3), (x - 5),
(x + 5i) are factors of P(x) = x3 + Y3x2 + 25x + 25Y3.

II-5 Apply the Factor Theorem to determine whether :
¢ is a zero of a given polynomial function, __J

“\ .

l. Using the Factor Theorem,determlne whether or not 3 is a zero of the .
polynomial functlon P(x) = 2x3 - 542 - 2y - 3. )

- 2. Using the Factor Theorem determine whether or not"g-is‘a zero of the
polynomial functlon P(x) = 6x%- o+ x3 - 5x2 . 5 - 1.

-

3. Using_ the Factor Theorem, determine whether or not 2 +4/3 is a
zero of the polynomial function P(x) = x3 - 9x? + 21x - 5.

051ng the Factor Theorem,determlne whether or not

-2 + 3i is a zero of the
polynomlal functlon P(x) = x3 + 5x2 + 17x + 12. . ,
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“-11-6 Apply the Rational Root Theorem to determine
the rational zeros of a polynomial function.

. .
3 . - e
i

Determine all the rational zeros of the following polynomials:

- .

1. P(x) = x* - 5x -6 . )
2. Plx) =3x3 - 14x?2 + Tx + 4 ..
3. P(x) = 2x% ~ 11x2 + 26x - 21 -
4. P(x) = x3 - % x3 +3x -2 5 . | )
‘ e b
iI-? apply the Intermediate Vaiue Theorem and/o;

Locator Theorem to show the existence of zero(s)
of a continuous function in a specified interval.

?
¢

N ¢

o

1. Givpn the continuous function f(x) = x2 - x - 3,, apply the
Intermediate Value Theorem to shgw that there is a real zero

in the interval [ =2, 0 1. e

b -

2. Given the continuous function .£(x) = x3 + 2x2 - 1, apply the
- $

Intermediate Value Theorem to show‘that‘thqre is a real zerd‘

]

*in. the interval [ 0, 1 1.

N .

’

¢

d

.

»
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I1-8 Gragp a‘bolynomial function,

M i

.
\J

{

Graph the functions:

# st i 1

1

II-9 Approximate the irrational zeros of a polynomial function,

The polynomial function P(x) = x3 - 4x + 6 has a zero between -3 and -2,
Approximate.this zero tgkthe nearest tenth. : .

L )
-

Approximate to the nearest tenth the smallest p051t1ve zexo of
P(x) = x3 + 6x -'10x - 1. R
) . a .._/-\ - ‘
Approximate- to the nearest tenth all real zeros of P(x) = x3,+ B~ 2,

Given the polynomial ‘function P(x) x3 - x+ 7,:approxihate all real
zeros ‘of P(x) o . ) .- ‘/. '




Pre-Calculus. - . o .

® Unit II T : L L

» ®
LY

. N .

II-10 Determine a polynomlal functlon, given such’
info:mation as-the zeros and the degree, .

1. Detenmlne thé polynomlal‘functlon of degree 3 hay}ng integral

coefflcients and zeros of %, 2, and ~3.

2

2. The ggaph of a polynom1a1 function P(x)
of degree 3 is shown at’ the right.
- Determine the polynomial function
if its leading coefficient is 2.

. . .’ ' )

3. Determine the third degree polynomial with leading coefficient of 1 and
whose zeros are 2 + i, 3 - 2i, and i, . \

- 4. To the right, the graph of the .
polynomial function p(x) is of
degree 6 and has leading
coefficient of 4 and has
only one distinct zero.
Determine the polynom1al .
function. . ’
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II-11 Given'a polynomial function, determine all the zeros
over the set of complex numbers and sketch the graph,

L 3

Determine all zeros of the funqtion and sketech its graph:

G .
1. p(x) gx + x3 - 25x2 - 12x + 12

2. Plx) =x* - 9x? + 18

N

3. G(x) = 4x* + 14x% - 8
rd

4. £({x) = x3 + 3x2 +8x +24

- '

4 s
II-12 State the definition of a rational function,

[. | '

1. Define a rational function in terms of two polynomial functions f and g.

.

-

2. State ‘the definition of a rational function.

. -

3. A rational function is
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II-13 State the domain of a rationgl function.

' K

a . - X o . <. .
1. ‘ State the domain of the function «r(x) = ;E—:Ti— ov?r.rgql gdmbérs. . .
% hd . - 4x ) j . -
. Y i i = - over real numbers. - .o
2. state the domain of the function £(x) 5{:—;5 e = . :
" 3. . State the‘domain of theﬂfuncéi n g )“ 3(x + 1) ver & 1 hmbe S. ) g
.- 8 ion gix) o7 5.+ 3 0ver real n rs. . .
-~ < ’
R _ E - . :‘.‘ -
* 4., State the domain of the function G(x) = 1?§ a IZx. 2 © -
2% + 9x% - 5x -42
over real numbers. , . )
‘ ; B - 1 2
— f . -
» - w . ; -

II-14 Determlne the vertlcal and horizontal’
asymptotes of a’ glven rat;onal functlon, ,

N

Determine the vertLCal and/or horlzontal asymptotes of the followxng .

ratlonal functions: . . , .- ;
L 1 ' - ‘
A Sl : U
‘ 2 (x) —QEL—;- . :
. p tx + 9 . .
s . .- R . . ’s . . , - N ! ¢

’ x¢ -9 Lol L7 : ' E

30 . p (x) - x:z - 3x - ‘10 3 /' . . N N . ..: . ] .

»

4 éx) ; 3x3 - x2 + x+ 5 . )
. 1 p y 2x3 - 5%~ 2x + 5 - .

.

” <
. ”,
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) II-15 Determine oblique asymptofes jof a given rational function,

~ . . . v
>

1. Determine the oblz.que asymptote for the rational function

' X+ x+1 .
.. plx) = T o1

« L > ’ ) - X )
‘ . 2. oblique asymptote of the rational fun‘c;tion_ pix) = EZT?S.;LZ is:

a) x=-2

.b) Y=x "‘," b - ‘,‘
‘ e AT -~

“.C) ¥y

n
®

1
(N

. 4) vy

-

n
[
Al
)

C e) There-is no oblique asymptote. . - : - ’ .
Ch : T _ ,
3. Whlch one of the follow:.ng functlons has an oblique asympﬁote of y = 2x?

2x2 - 12x + 1 0
x+ 2 .

a) p(x) =

o 2% - 6x + 5 : .
by "plx). = % < 3 ' e -

+ 3 - T
c) pix) ;:2:-5 ‘ ) ) )

2x3 + 8x2 4+ x - 5 :
Xt + 4 '

) plx) =

P(X) (%2 + 1) (x +5)

e) xl} - 16 N . ' . +

]

L X ~2) (x+4) (x-3)
4. Determine the oblique asymptotes of pix) = (x —
N | ' . \ -(x - 1) (x + 3)
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II-16 Sketch the graph of a rational function. Determine the
- domain, intercepts, and asymptotes. State whether the
function is.even, odd, or neither. Discuss symmetry.

’ ?
and asymptotes of the function, G(x) =

x-
items. regarding this function.

Sketch the graph of p(x) = 3 7 Determiné or discuss the indicated

a) domain ' ) . g 3

- b) coordinates of x and/or y intercepts ™

c) symmetry'with respect to y axis, origin

d) asymptotes-fvertical, horizontal, oblique

Given the f;nction p(x) = ;z—§-§-, sketc? its graph. Detérmihe or
discuss the following:

a) domain .

b{ coordinates of x and/or y intercepts

c) symmetry with respect to.y axis, origin | o

+

c) asymptotes -

-
-

Determine the domain, coordinates of the x and y intercepts, symmetry,

2 _
X 2x1+ 2 . gketch its graph.
x - .

sketch the graph of f(x) = ;223_2" discussing domain, intercept;,

symmetry, and'asymptbtes.
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II-17 Sketch the graph and determine the domain of a given )
algebraic function (non-polynomifil and non-rational). '

. =, B g
- e
»

Determine the domain of the following functions and sketch a graph for each.

/

]'-o y = ixz - 9 - \
2. y = __L_
S 3-—-—-
/' x

3. f(x) =3+ Vx+ 4

4. g(x) , x

L4
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ANSWERS )
}EZ:L |
1. a) yes
'b) mo
/‘*c) no -
"d) no
23 a) yes
b) no
c) no
d) no

3. a) no

b) no
c) yes 4
di no
4. a) no a ‘
b) no | ‘
c) yes
d) no
-2

1. P(5) = 535
45

2. P(-3) = 16

3. P(/2) =5/2-1

4. P(3 -4) =-12+511i

.

»

1I-3 S

1, w322kl exl= kB Ax ) x-3)+T S
B Ir-15

L 62

[
.

o " ry P -

#
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II-3 (continued) ™ v
' . s ¢

2. 15x3 + 16x% - 12x + 2 = (5x2 - 3x + 1).(3x + 5) - 3’

3. L3¢ Lo 3= (e oLy (2 i 1l
3. x =xX¢ +x-3= (33 4)(x +‘;) *+ Ex 2

2 4

4. x* + 3x3 = x2 #.5x -1 = [ x3 + (L + i) x2 + (=4 - i). x + (14 - 2i]

’

[x+(2-4) 1+ (=27 + 18 i)

I1-4

1. .(x - 2).

2. (x +/2 ; (x' - 3i) N
3. none

4. (x + /3); (x + 5i)

IX-5
1. P(3) = 0; therefore 3 is a zero of P(x).
" 2. P("'%-) = 1; therefore (—%) is not a zero of P(x).

3. "P(2 + /3) = 0; therefor;a (2 + /37 is a zero of P(x).

-

4. Pp(-2 + 3i) = <1} therefore (-2 + 3i) is not a zero of P(x),

»

II-6

1. {-1, 2}
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ANSWERS

I1-7
. L\
1. f(a) = £(-2) =+ 3; £(b) = £(~1) = -1
A
Let d be between f£(a) and f£(b) and be equal to 0. The theorem states that
there exists a ¢ such.that a < ¢ <b and f(c) =d = 0. Thus ¢ would be &
zero of 6? function. ' )

L |

2. f(a) = £(0) = -1; £(b) = £(1y = 2.
let d be between f(a) and f(b) and be equal to 0. The theorem states that .
there exists a ¢ such that a < ¢ < b and f(c) = d = 0. Thus ¢ would be a
zero of the function. \

11-8 ¥

See page 25

11-9

1. -2, 5

2. 1.4

3. .6 o

4. -2.1 '

11-10 : i
1. p(x) = 2x3 + x‘2 - 133: +6 ) i
2. p(x) = 2x3 - 2x2 - 18x + 18 P ' ‘

3. plx) = x3 - 5x2 + (9 + 4i) x + (-1 - 8i)

4. plx) = 4(x ~ 2)®

II-11 .

See page 26.
*

II-12 . . A\t

Refer to textbook.
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11-8 ﬂ . :
e -
é(x)7= x(x+2) (x=1) . : 9(X)°? (x-3)2(x+1? . L
$ e . - %A T}
- T T - - )
147 R
f .
$a-I- 0 f |

\\
> =
l

Jeu

(3) . ’ (4) ' . . ‘
- = 2 -6 2‘1 . . |
A(x) (x< +x . (x°-1) P(x) = -él- z (x3- E:))

[

jg,l i | 1 | |
, ) Tu Al
- T
1 /i
* 113 A \ / ;
E NN AR \ I
\ y [ ——
[: | ;/—'_J:‘ "
> O WInCHE: M| Yl N 7
\ —--l-?_ - + S
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) II'?ll, »
(1)

-
.

' (2)
P(x)= 2x* + x3 -25x% - 12x + 12

et

P(x) = x* - 9x% + 18

-

) + /3, + /&Y -
- (&, =1, 17} {2 /3, & /6) -
2 ‘ i
> -
— 'S s - AREY g
W & .
- - } Il
\ N\ 4
't-' / ALY
] - . AN ll
& oo G P LN N Y
| ), K
F- AT Y
\ ¥
4 | »-%..
11 N
5
S | , (4)
(3)G)_4u+142 8 £(x) = x3 + 3x2 + 8x + 24
A, " {-3, + 2/2i}

{x V2, £2i})
-2
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II-13 - ‘ . . Lo

1. all real numbers, R

2. {x: x#*3} _ -
- T 3 ) \-:‘ ’ . ‘
_ - ':‘. - -2 » e ‘ ,
3. {x.' x # -1, 2}, ‘ | '
. 7 : : . o

4. {x: x#-3, - 57'2}1 ) .
- II-14 b ) :

: . . y )

1. Xéz;'y=o .

2. y=o * - )
i -

-2.; y = 1

w

.

»
[}

»
[}

»
"
L]

»
(1

5
! 5
E L3

-

17x=—1'y=§- . . _
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1.
a)
.b)
c)
d)

pix) =

M -

x -4

.domain {x:x # 4}

coordinates of

x intercept(s): —
y intercept: (0, .3)
4

symmetric with respect to
y axis: no
origin: no
asymptotes

vertical: x = 4

" horizontal y = 0

oblique: xone

X &

p(x) = 2 _g

2)
b)

c)

d)

. -1
domain {x:x # % 3}
coordinates of

X intercept, | 0
y intercept’ '

symmetric with respect to

y axis: no

“origin: yes

asymptotes’

vertical: x =
horizontal: y
oblique: none

‘3,3(‘;\'"'3
=0

L.

[ J.

N

-_*‘/4

e
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ANSWERS ¢ ) ,
: 3 ! _ : s
. - v,
‘ . %2.- 2% + 2 \ T
vowwefimy | DO
La) domain{x;: x#1} p T ‘ 1 -

b) coordinates of

. - - - ) s b . ’ R, |
' x‘intercepg_s;/- . . . P/ i
y intercept: {0, -2) . - F O T T ) -
{ N 0

- c) ¢ symmetric with respect to - ”& = LA 214 11 L1 %

axis: :ho - € :

< ‘ s . .
d) asymptotes 5 r 4 L

o b N
Y . L i « : 4 1 J ‘ .

. ~vertical: 'x =1 L 41 A1 ' r .
' horizontal: . none Ca Jd b il . . 3.

oblique: y = x--.1 " ‘ 1 17k |, : ’ B 1 AL v

> . ér ‘j S AN : A '
< v < - . <1 . e 0 i T Y
' vt . - bea " i O I [t

’ - 8 - E K N
4. £(x) = v S . . x . . ;
\ w L . . - - . lﬂ' 1 " K 9
_a) domain: {x:xeR} - o BEEEEE! - ]
<L . A :

. . - :’ s hd _(1‘ Fl i
B) coordinates of - . , -} & |} - { L ?i . : °,

. - ) e PR ': '.‘ -0 . . . L N
x intercepts: _. ¢ . 4°* ‘ 5 - ,
, y intercept: (0, 2) - .° J b d 4 . 2
. ¢ Wt hoy . 'J 1. e ' -

c) -symmetric with respect ko .. | J0 .. .
Ty % % . Yy » o> . .

' .y axis: ryes SR

]
)\

I,
/

‘ origin: “'fio sty 1 TEY LD T-K T _
- \- 2" T ST e = i |
d) > asymptotesg . w o avps __4_ 1 L4 . IR EE -
. N R . ’ 'n L " - ~_v'. - fé 4 " A L
verticaly none, . - -~ [ 1] B s
horizontal: ¥y =0 .+ _ R NAREEC : AT F T, ) ) .
obligue: none - , HERE IBRNE2 NP
. ‘ > r o B e o - N
{ . o -'— . kR L.- " . .
ke N * o . . =~ I - '
. Tt . .. M - N ‘rx
rd 7 . P (%3 - ‘ h - . N
4 - - - A b L e o
« . ' R | . f - . L 3 ¢
69 , AR ZNER]

Q .
["..“_ % . | o . ‘r'I;"-zé"" R \ T L

- . ~ .
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II1<)7
(1) . (2) 1
y=NAE-8 Y= 5
) X
{x: x 2 3.0r x < - 3) {x, x# ¢ . :Y'
o ) Al
Y - A
g 132
R -
. k " A
N \ i L/ o
. " [
NEENANE s e
~ \rb_I
] i\
vV
e
3 ’ : - -

f(x)!= 3 -"Vx+ 4

{x:x 2-4}

X

{x:x < 0 or x> 2}

.

g’-,




Pre-Calculus - Elementary Functions

Unit III Exponential and Logarithmic Functions

-

L

Overview - ’ L o
In this unit a systematic presentation of transcendental functions provides
a comprehensive review and extension of real number exponents and lqgarithms.
The study of the behavior of the functions, together with their graphs. is
essential.

S —— . . . . [}

. Suggbstlons to the Teacher

.

A rigorous approach to the unit may be somewhat alleviated if the use of
calculators is perm;tted. Emphasis should be placed on setting up an equation
in order to solve a problem using logarithms. Proving the Laws of Logarithms
is also appropriate at this level in the student's mdthematical development.
The constant e and the function 1ln x should be included in the teachlng of
these objectlves wherever p0551Ble. In addition, the amount of lineat’
interpolation used in problems may be determined by class needs and. background
_experiences. >

Suggested time: 10 days




- Pre-Calculus ' ¢ Lk

Unit III Exponentialuand Logarithm¥*c Functions

PERFORMANCE OBJECTIVES L :

Note: The constant e and the funct;on 1n X should be 1ncluded
in the teachlng of these obJectlves wherever possible.-’

1. 2Apply the Laws of Exponents tq simplify,exprgsoions.' ' St

’ 2:  Sketch the graph of an exponential_funcﬁion.

N
. :
v cos " .

’ 3. Solve exponential equations using thé Laws of Exponents.
4. Solve a growth or decay problem, using”exponential functions. .

) 5. Given an exponential functlon, discuss its propertles (domaln, range,
- oontlnulty, 1ncreasu1g-decreasmg, bounds, and one-to-one)
6. Sketch the graph of a logarithmic Sfunction. ,
L) ) ’ . R . -
7

. Given a logqrithmic function; discuss its properties (domain, range,

contlnulty, 1ncrea51ng~decrea51ng, bounds, and one-to*-one}.

). -

8. Solve logarlthmlc equatlons using the _Laws of Logarlthms.. o

v

9. Using the Laws of Logarithms, compute products, quotlents, powers,
or roots (or a comblnatlon of these operatlons)

A
’ N . N ’

- -~

Solve exponential or logarithmic equations, using a table of logarithms.

N

>

<

11. - Use logarithms-ﬁo solve werbal problemé.

\\‘_ . . . . .
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Unit 1II - Exponents and Logarithms

® " CROSS-REFERENCES
Objectives | Coxford - Crosswhite Fuller Shanks Sorgénfrey L Wooton
1 362-365 | 334, 337 73-76, 79 | 198-201
' 2 36312 | a7 ‘78-80 | 235-239
: 3 - '350-351 - 79
4 383-387 | 342-345 81-82 © | 252~257
366-372 | 335-338
5 376-379 | 341-342 80 235-239
6 392-393 .
398 346-351 | .85, 87-88 | 235-239
; 392-393
® 397-399. | 346-351 - 88 235-239
8 402-403 ggggg? 84, 89-90
9 N .208-213
. 351
10 402-403 | 354-357, 362 ' 89-90
1 408-409 | 342-345 ! 90 | 252-257
73
II1I-3
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III-1- Apply the Laws of Exponents to simplify expressions.ﬁﬁ

> S ' )

-

Simplify. Write ahswers with positive exponents:

1. = T 4.
5 .3

. T - -2 =4
a) X ¥ a) '4’.‘ Y.

é4xf1 y>

b) 7-8x%%% . Vaxy Y
- b) Vaxy 916**1y2

2
éx“y' 3 . .
LA R U 51
7 3 .y 64 a b
16 x.y ¢) -
' 32* a ﬁéi
2. . \n
' 6x2 yk )
d2) —— 7
18x 4y 3

2,3y7T
<) (gx y?)
37 1xly
3. _gy-z = «v L e 4
2 S
b) Y12x %y "39x§y3 . _ X 7
3.y A A
27 ab?
c) .

3a'%l>%‘z
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Pré-Calculus - s

Unit III , .

III-2. Sketch the graph of an exponential function,

Sketch| the graph,o?:

x -1

1. Elx) =2

2. f(x) =27 +3

il
(24N

3. gix)

"
w
+
w

4. H(x)

»

III-3 Solve exponential. equations using the

|

Laws of Exponents,

Solve for the variable: -
2

”,
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" unit IIT | - . ) . E ‘

- - . - -

III-4 Solve a growth or decay problem, using exponential functions, -

} . g .
- - d 14 - 3
- ; ‘ ..
* - .. : ’

) - — =1+ ‘The number N of frult f11es at time t days is. g1ven by the equation
. . S

= 100 - 2 / . How many flies are present at ‘the begznn1ng of the

. experlment? How long -does it take to double the populatlon of fruit'

- -

flies? S S

- -

'

© 2. If a new $6000 car depreciates\20% each year, what will its value

be in t years? ) - . ' -

-

3. a bacter1a populat1on tr1p1es every 6 days. 1f the'popuiation'is now

90, when will the populatlon be 8107 o

4. What amount of money is reached by investing $400 for 5 years at 6% '

v

interest‘qompoundeq continuously?

’ ~
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s - Pre-Calculus T » ~ . -
| ‘ Unit IIT . - - ' . Lo
. — ' - ' ~
) " | III-5 Given an exponential functiom, discuss its properties
(domain, range, continuity, inc;easing-decreasing;‘ . .
. bounds, and one-to-ore) . -
B ) - . . % . . o . .
. Discuss the propertiés of the function (domain, range, continuity,—
increasing, decreasing, bounds, and one-to-one) for: .
1. E(x) = 2:
L ) B
2. f£(x)'= 3%~

-

III-6 Sketch the graph of a logarithmic function,

Sketch the graph of the following functions: \5
1. £(x) = log,(x - 1) ' .
2. gl(x) = logy vX -0 " .
3. £(x) = log, (-x)
3

ln[xl ¥ )

+

]

4. :h(x)

-

N




'"3T7'h(2)4§4110g32527 .

“Pre-Calculus

-Unit IIL

X
II1I-7 Given a logarithmic function, discuss its properties

(domain, range, cortinuity, 1ncrea31ng-decreasing,
bounds, and one-to-one). S

Discuss the properties of the function (domain, range, continuity,
increasing - decreasing, bounds, and dne-to-one):

1. £(x) = log1 x
b3 o . ,
2. g(x) = logs(-2x)

y ’ ~

4. G(x).= [1n x|

€

-

. ITI-8 Solve logarithmic equations using the Laws of Logarithmf.

‘Solve for x: ,

1. logsx + lqgé(x +2) =1

2. logz(2x + 3) = log, (x - 3) = log,5
3. log 4 - log (x? - 9) + log (x + 3) = log x

4. log x = %{2 log 8 - 6 log 3] - 2 log 2 + log 3

dev

i

III-8 . . .
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‘

' Unit III ' . "

IIT-9 Using the Laws of lLogarithms, compute products,
quotients, powers, or rootay (or a combination-
of these operations). . ] -

~
O

»

Compute the product, using logarithms:
1. (6.52) -(31.4)

.01484 :

2. 3.615 . ' ' o 5
e 1 . A - o ‘
— 3 01573 T (11099) 2. e —_—

4. -(738600) (.2743)>

/18.1) (48.12)

£

ITI- 10 Solve exponent1al or logarithm.c equations, us:.ng
a table of logarithmse ’

3

Using a table -of logarithms, solve for each variable:.

. 1. 3% = 1208 A

2. N= iog,28.14 *. - .

) . + - ) . ! 9 Ay e
5 g2RHL_ yx-4 R | , R
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-

Umit 1T « -

EA : M : -
III-ll_ Use logarithms to solve verbal problems.

t

J

. vl
- J - ' -
\ B

1. If $425 %s‘invgsted at 6% compounded quarterly, how'éugh money will

N .

“ .gccumulaté in 12 years? ) - .
L '. ' i i . V ) ’ R N ' 2 ]
2. A house bought 2’years ag6 for $35,560 was recently spld for $45,900.

Assuming the valug/of the house increases exponentially, what will

— e — - . m——— -

o -
-

A

‘ 3.' &he equation for the amouné of energy E exerted by,an object moving
- N . , . , . 2’ ) i
f feet per second and weighing w pounds is E = gg— where E is measured
v J .
in foot pounds dnd g is the force of gravity. What is the weight of

LY
.

Ehe automobile (to.the nearest hundred) if it strikes an object while

traveling 55 miles per hour and exerts 354,087 foot pounds of energy?

(Use g‘= 32.16.) { . N

hd * . - .
. +

N~ . ! ' ' L N .
4. The period P of a simple pendulum is given by P = 2n’§- where P is‘in..

per-second-per-second. If the period of a pendulum is 3.264" sevends,
. . - ﬂ
what is the length of the pendulum arm? (Use. T = 3.14.)-

ooy

the value of the house be in two more years? (to the nearest dollar)

seconds, L is the léngthvof the pendulym arm, and g is about 10 meters
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' 2 Qa2 12, —— -
. b) 212312 or .V 2a7b7? . TN
. [ ~ : - . :
b 12 b .

c) 3-5 x 3 or 3x* Yox?
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Lk N -

.

+ III-2 ~ - : o . &

.a) ‘ b) ) N <
¥ B P, ]
1 AT
4 , /
/ \| [
’ ) < . £
K T
3 - /
AR / v
ol
= ; NG T
_.._& -4 |1 4 = RN
[ .|
] A
4.4 K“"f ’cL . ¢,
. 4
By
L ~
"3 R -
2NN o
c), a) '
’ ‘ ; "1 1AL | '
Ay ;Y Z ]
- o< ]
13 PF
VR
21 AL
¢ A:z‘/
A
3 \ ,0 r - ”,
1 \ ) .
TN 4
"\‘N x »
] ] 2“ 2 .
) = L X -8 |2 [~ RN
+/ 4
-t A Y
“\__ - N .
« 7 / ' T
° R o
> * e
N,
¢ .
, A
@ I35 5 T L*
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‘ Unit III . . CoT . Cos
. 'p ' - ) . c . AL ) *
B ANSWERS ~ ° - \ SR Lot . |
! . . . . * o ‘. |
L - - |
‘. . . e L R \ ve B y v. . ‘
III-3 " ) '1' 3'\' . .' ! ] ' . 6 ' ‘. . i
. . - Y > . N
) . ) ‘ ' . . ) . |
. l,'. p{-4} ' ‘o ‘ . . LI * . ! . "~ ° > ‘
o ) s . , .o ’ ‘ ; |
, 2. (-2} . C S : \ N |
, . . ’ ’ > .. o . |
. . € . . - ‘
o 3 M . s ’ \ :
- * 3‘- {79} N . " , a ¢ i , oL y Lt A ‘:
, " ) . ) . S L ‘
2 . * . I LR e ’ ! . .
: 4. {-%, 6} : : AN -
. 3 . ) . . , . |
: , N e ;o
III=4 . . . ©
— o« ¢ - . . . b . 1 .
. . ’ . - v . - -
. . 1. 100, 4 days o R v , - - ~
Ld . . t ’ -
l" . . .
.. £ K . « s
Te : 2. C = 6000 (.8) . L SN N
. . N . = * : ' .'- .
¥ . . - . . ’
L R 3. .12 days : . , s 4 : »
. - .. . ! , . " . . oo - -
. . , 4. §$539.96 .. 3 T ' e . e
i .. 2, e .
\ PR ) . 4 R . ' ‘ ’
. , ! - | . . ’ o
a". .s . ! ! ¢ . ’ . N L vt
: III-5 , . { : .
. - ] . ' K ‘ . . ’/ ‘ ) 'e ) \ ' i )
1. domain: all real numbers - - - UV : ) .
' N . . M . . ? v, . &~
. range: " all real numbérs >0 .o °, - “ .
. . v ° < - " . . - ~’ . ' . ',
¢ . . N ’ . . i " _.V‘; * « M
continuous function - - . oo N ‘ .
* <, decreasing, one-to-one" . '
-2 - . . . N . \
i . T o . . ’
.- ’ Greatest lower ‘bound i§ 6. - . ' o ' .
" - ) . N " ’ ; ‘ 4 ¥ I
’ v " . . v ee—
. 2. domain: all real numbers except 0 . ' .
" N ) S .
) ' range: all real numbers >0 . . - A . . Lo
N &\ .{ y . ‘h' ? . . » ! T ° ’ » ~ ’ ‘ : *
« continuous %yerywﬁége except ‘at x = 0 L ) R . N
L] . - - A
< - { ' - " ! . ‘ ' *
. < " ) . ) . ) .
. ' decreasing, one-to-o Con . . .
.- . s n% v » ) , R ] ) ] ~
. * - ’ W * . " [ ' .7 ‘ ’ . . ¢ A
- " Gredtest lower bound is O, : . . ) R '
) . LA » ) \ ‘s . . el p » ¢ .
. ’ - -y ’ ‘e - < , . l\. 0
A \/\ J N . Al J v ! ‘ A o &
: .. & * . " " ) s - . N 3 ) M
‘ } /b PR N ; . . f
} . J\/ \ AL . ' . ) e - "
o~ o . . . N . . 5
.y ~ . « o~ ; N - ‘ . -t
. o= ) fa -t ID \/ t e / “ e’ 12 - “ ' : A * " -
. . ] . ‘ [
e N .- ’ ; A

- . 3

‘L 9 - ' e Crrpe1dt . - 837 - : S
| : .

EKC‘-:' ' , '. \’:"' ‘ ‘- . i s

~ 4 '
L] ~ v .
- . . . , o . ) e E ¢ « .
\ . ’ . . 3 :
_ ey ' .

’
y ¢ 7, .t ;o [ . '-('51—
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ANSWERS :
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N

~

III-5 (coqtinﬁed) .

b

3. domain: all real numbers

rangé} all real numbers > = 1

*
continuous function .

‘incregsing, one-to=-one °
Greatest lowerjboésd is -1.
4. dbma;n: ali real numbergl :
;ange; a;l real numbers > O
'contihuous function

» Py .

increasing, one-to-one :
e

L o

. Greatest loﬁér,gound is 0.
I111-6  -» - ’ '

TS “

z 1. : ?('




"B L L3 v R -
. , tor ‘ : .
. ) . , |
f i
~ . ¢ e - |
. : ) |
‘Pre-Calculus ‘ . \
i
. . M . . # N ~
‘ » Unit IIT - . » .
< - ' d e‘ 5 . -~ .
. ANSWERS ‘o N . ) -
* ‘\\
. " ’ ’ . - ~
. -1IX-6 {continued) : .
- * ® ) ' + h .’
. R . >
o - 2 ’30 “/, - w 4.
.. - . fod @A b Lt
e R [ -
N \,r”— . ~I= Q —
' . / - '
A . 4 ¢ i
2]
. i s
4 .v ol 6 » .’* ‘
o . p L v
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' : : [ b z/"
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CIrz-7 0 .. ,
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N . . . ie ¢
. . “. .- ATV v D . -
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) “ 0: '4 e - .
. "&. i . * ~ * . . .
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i ' . ; = . 4 . ‘ - ‘ * . -~
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III-7 (continued)

3. domain:

- ’ - £
coitinuous function D
increasing, one-to-one

4. domain: all real numbers

>
° range: all real numbers - O

continuous function, one-to~one
t

all real pumbers > O

raﬂbe:~ allgpési‘;;mbers 2o

>

0

.

o>
-decreasing for 0< x< 1 _and increasing for x -1

-

Greatest lower bound is O.

1II-8

"l x = . Y

¥

<

"
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1. 6.46
2. 2074

3. -2.574

N >

4, 2.487.. .

<

IIX-1ll"

1. $868.50

2. $59,247 -

. " 3. 3500-pounds,

.,~ 4, .2,701 meters -
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C ’ Unit IV Circular Functions

.o~

' pre-Calculus - Elementary Functiens o

Overview . ; ’ i,

A

Each student should have received an intfroduction t6 circular functions prior
to this unit. The purpose of this phase of instruction is to increase the
student's knowlédge of circular functions. . .

It 1s posslble that perlodlc functions were discussed in Unit I; however,
circular functions are the first specific examples of perlodlc functions wh1ch
. the student has encountered. .

.

-

Suggestions to the Teacher |

3 TN

Appllcatlons of the.property of periodicity should be stressed as well as
relating and reinforcing the properties of functions (1ncreas1ng, decreaslng,
continuity, boundedness, one-to-one, etc.) which were studied in Units I, II,

and III.

Evaluating a function, sketching the graphs of circular functions of the form
y - cos * (bp + ¢) + 4, and determining the equation of the function are skills

which should be handled with ease by the-student.

Objectives 1-14, except 7 and 13, should be covered xapldly, as these obJectlves
have been taught in previous courses. .Radian measurement of an angle is implied
unless the ° symbol is used. Determining the value of equations such as

cos 1.4567 = x or cos & = .4560 should be emphasized. ¢

When sketching the graphs of the six circular functiogs (Objectlve 6), 1nc1ude
-variations of the basic functions, such as y = co$ & + 4, y = cos 6; N
y @ = cos 6, étc. .

(sén'" + co )2. The student should maintain good algebraid skills and the
functional va3ue of these multiples of %,and I should be known by the student
without the use of a notecard.

Objective 7 is comprehensive in nature. - The student should be ahle to relate
the varjous properties of finctions in general to a specific set of functions, ,
e.g., the circular functions. , .

PN
-

Many objectives in this.unit mey be taught together‘Te g., Objectives 9-10; 11-12;
and 18-22). If Objective 22 is taught; it will b€ recessary for the student to

‘acquIre skills in solving equations of the form cos [%(t -~ 2)] = 4567. Additional

- problems of this typesgre 2Indicated in sample problem #4 for ObJectlve 12, In
’ evaluatlng radlan measurement, the folloW1ng approximations were used:

T = 1.5708; = 2'3.1416; _g_‘n’g 4.7124, and 2 7 = 6.2832. Because of these ’

approxxmatloﬁs, answkrs may vary for. some of the sample problems. P ‘

-
’
¥

‘*any circular fanction

.
. . .
o o )
. 4
. . . ‘e
' : e d
' ‘ ‘ ‘ ’ 88 . ’ '
- . .
. * '
- . .
. . ‘ - . ‘ . -

k)




Pre-Calculus

Unit IV

-Suggestions to the Teacher (continued)

Stress Objectives 14-16 The concept of periodicity is again involved. The
period can be expressed in units of 7 or simply in numbers such as a period
of 10. In the sample problems for Objective 16, answers may again vary
depeqding on Fhe phase shift selected by the student.

More can be done with the formula for £ + g (ObJectlve 17) after discussing the
sum and d1fference~formulas in Unit V. S

£
& -

ObJectlves 18-22 allow the student to see practical and useful appllcatlons of,
circular functions. The best textbook for these objectives is Trigonometry:
Functions and Applications, by Foerster. .

.

It is recommended that each school have copies of these textbooks:

) - N

. Trigonometry: Functions and Applicatiomns, .by Foerster

@

. Pre-Calculus Mathematics, by Crosswhite, Hawkinson, and Sachs
/

Pre-Calculus Mathematics, by Shank

The use of calculators is;important in the solution of some of the application
problems. .

Suggested Time: 12 days
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Ve

Unit IV Circular Functions ‘ \

PERFORMANCE OBJECTIVES

- ¢ *

1. Convert angle measurement from degrees to radians or radians to degtees.'

2. Solve verbal problems using the formula for arc length, s = r 6.
3. Use the definition of the wrapping function to determine functiohal
values for a specific value of the domain.
. . o~
4. State the definitions of the six circular functions.

5. "State the domain and range for each of the circular functions.

*

6. 'Sketch the graphs of the six circular functions.

.
»

7. Given a circular function, indicate -its properties with iespect to,
continuity, asymptotes, increasing-decreasing, even-odd, boundednessz
and periodicity. . ) ‘

8. Given™an angle, determine its reference angle.

Ly

9. Determine the functional values of.the special angles (multiples of
E.’ 0.

6 4 . ,

10. Determine the measure(s)} of a special angle, given the functlonal

value of the angle.

y

11, Use,a table to determine the functional value of a given angle,
interpolating as necessary.

12. Use a table to determine the measure(8) of an angle; given the
functional value of an angle, interpolating as necessary.

.

13. Given the egquation or graph of a circular functlon, determine the
perlod, amplitude, phase shlft, and vertical shift~

.14. ~Sketch the graph of a circular function that has a phase Shlft and/or

vertical shift. . - -

pl;tude, period, phase Shlft, and vertical Shlft, .

15, Given the
: write the equation of a sine or cosine function.

-

16. -Given the graph of a cifculaf‘funétien,_determine its equation.
17. leen two c1rcular functions, £ and g, sketch the graph of f + g by

addltlon of ordlnates (graphlcal addltlon) . -
t >

-3 ’

_ [

»*comprehensive objectives
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Pre-Calculus

.-, Unit IV Cifcular Functions

PERFORMANCE OBJECTIVES (continued)

18.

19.

.

Solve verbal problems involving uniform circular motion.

Solve verbal problems involving a simple harmonic motion. T

¢ 2

%gtional . ‘ ' . - ’

Solve verbal problems involving otﬁgr applications of the circular

20.
" functions (alternating current, radio, Fourier coefficients). .
21. Construct the equation of a sinusoidal function glven data from a set *
. of physzcal science observatzons.
22. Use the equations constructed in Objective 21 to make predictions.




Unif IV - Circular Functions

® " CROSS-REFERENCES

v«

Sorgenfrey

Objectives | Coxford Crosswhite Fuller Shanks Wooton
! 115-118 165-169 - -1 97-100- 276-280
2 119 98-100 281
3 6568 125-127 100-105 265-270
4 70, 97 129-132 105, 108 | 270, 313
5 70, 97 132-134 « | ~
124-126 139140 114-115 270, 313"
6 82-83 ' 281-287
' 98-102 132-141 - {na-ns 313-316
7 102 : 115-116 272-273
8 120 129-133
9 - 74-81 ' :
127 130-132 \ 111-113 271-272
10 |78-81 130-132 111-113 271276
n 13?-172 134-135 -
' 12 170-172 ' 134-135
13 86-91 126, 132-14 | 281-287
, 92-96 161 - : 114-121 293-298
14 95-96 132-141 - _ ‘| 281-287
4 | L5 114-121 | 5937508
15 92-95 ; 286 .
16 138 . I 118

90-91




Unit IV-- Circular Functions (

A s

CROSS~REFERENCES

continued)

*

O

—9

Objectives | Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton
17 4 137-138 122-126 | 296-298
331-334
19 143-146 330-334
20 147-152
- ¢
21 For Objectives 21 and 22 |refer to‘TI1égggggﬁ;xi_zgggziggg_ggg

Applications, Foerster,

pp. 54-93.

22




Pre-Calcuius

Unit IV
—
* %
IV-1 Convert angle measurement from degrees to radians
or radians to degrees. . .

Convert each of the following aﬁgles\ihto its equivalent degree

radian measurement.
. L

Degree Radian
a) 35°

b). . =742°

. . ‘7 ‘_
SR — ET)
a) , -/ 2.7

N ‘ \\
Chahge each angle to its equivalent degree or radian measurewé;£.

a) 205°
b) ‘ 12° 15!
c)

d)

Determine the equivalent degree or radian measurement' of each of
the following angles. : :

a) S. S 3¢
b) '

c)
Q) - 45° 6' 15"

-




Pre-Galculus.

Unit IV

3

~ 1

Iv-é Solve verbal problems using the formula for arc length, s = r Q. .

f i A

o .
3 ‘ \ 2

1.. If the radius of a blcycle wheel is 28 inches, find the dlstance the ~ .
'wheel moves as the wheel travels through an angle of 10 radians. - -

-

2, True or

A 30°.

(

.

FalSé! « ¢

]
’ »

arc in a c1rcle of radius 40 is 4 tlmes as,long as a

30° arc in a circle of radius 10.

{

€ s .

t

<

3. ‘Friction gears use frlctlon to transmit motion from one gear to another.
If a friction gear with redius of 12 inches moves throlgh an angle of 7
radians, determlne ‘through how many radians the contact gear with radian

- of 9 inches moves.

- PN
.

A bucket is drawn from a well by puiling the rope over a pulley.

“«

Find

the radius of the.pulley if the bucket is moved 82.9 inches while

the pulley is turned through 4.4 revolutions.

.

IV-3 Use the definition ,of t}g wrapping function to -determine
Functional -values for a specific value of the domain. -

L4 . -
4

1. Use the,

2. If W ()

\J

. . ‘7 . . ' ,
3. Determine W(~ Z'ﬂ) where W represents the wrapping function.

. " '
definition of the wrapping function to, determine W.(%%‘ﬂ) .

-

represents the wrappiﬂg function, determine ‘W (%(w). -

(S

4. Using the definition of the wrapping function, determine
2mK), K € integers .’ . . . .

+ W (-1|’+




‘Pre-Calculus

® niw .
IV-4 state the definitions of the six circular functiods. ’ o
. g . : .
1. State the definition of sin X. ) )
N - ’
2. The cos x is defined as’ N '
3. If W(8) = (x, y) corresponds to the point on the unit c%rcle‘ - . :
associated with the real number 6 by,the{wrapping function W, then -
sin 6 = . . SR : ‘ ‘
cos 8 = . ‘ .
‘ tan 8 = _'-—-——'-— ' ! . ‘ - ' i N
4. .State the definitién of csc x in terms of the wrapp}ng fgnct%on- . . .
® : S O
- ': ‘f'}' - . B . ’
N f , » .
) 4 N -
. . Iv-5 State:thé domain and range for each of the circular fdnctions.:
1. state theiiomain%and range of the tangent function. . /~ o
R . . - : ’ . . : D -, ) . ,' N » - .
.7 2, The domain and range of the sine function is’ .o
. N . < . " >l - A
’ » N\ . ) ) . Y '\ Y ) ~ '! s -
- . ‘e s . v & 3 -~
3. The domain’ of the cos:-x is . while the range is . . ’
R . ——— S - . ~
: - ' ' ) ‘ o . . , 8 ( ot
4. State the domain and range of the cosecant function. - ¥
s - L . - - . «
v '\.
o
[
" ERIC
,




“Pre-Calculus . ‘ T, .
/7

© a. Unit IV : ' . ‘l'

71y

.
-

Iv-6 Sketch the graphs.of the six circular,gunckions.

N
3 ) r -
. 3 v N
1. sketch the graph of y = sin x for all 0 < x s 27,
: 3 ;
2. Graph y = tan x for ~ %“n $x = > T :
i ~
‘ 1}
«
3. For all x, sketch the graph of y = cos X. v -
. e \
4. sketch the graph of y = sec x for -2m Sx 2.
etch > y
J" ‘ ' "
g . - o
. / '
- | °
> :
£ - <'
i LY
. ¢
- - |
> (. .
L] " w7
.’ ) .
! ~ ’ ‘ !
~
v .
. o
/ 97 - @
. 1V-10 Do




Unit 1V

Pre-Calculus

A

-~

Iv-7

Given a circular functidn, indicate its properties with respect
to continuity, asymptotes, increasing-decreasing, even-odd,
boundedness, and periodicity.

A}

2

1.

Given the graph of y =

>

)

w:Lth respect to this.graph:

a).

b)

c)

i

contlnulty

s:.n x as shown, discuss the followz.ng propert:.es .

[~

symmetry with respect to?

boundedness {
; \ A 7
period i - . -7
Y p 7
Indicate an 1nterval for [=d7l - i iLTr'

which f(x) is an )\

increasing function .

over -1 S ¢ £ 0.

v

Given the graph of the tangent function‘as shown, 1nd1catg the properties
of this function with respect to:

a)
b)
c)

a)

e)

Sy

even or odd function ] A
. - . Yl /
increasing or decreasing I } ' i
N A ‘ .
period /
2 1 ._l
boundednes/s | ; 7 / J]
asymptot&s & L/ = -'!h' : . f;‘)
V& - R Ty LT
. 1 1y
\ A -
1 / Af
. : / =)
.. |
g '
*
‘ IvV-11 "




VI

Pre-Calculus- ' -

Unit Iv-7 (continued)-

3. PFrom the graph shown, indicate

. the properties of continuity,

even Srsodd functions,

boundédness, and periodicity.

ot

4. Given the graph of a secant!gf

function as shown, indicate

the properties of this

function:
a) even or odd function
b) continuous
. ¢) bounded
a) per;od
;) indicate an interval

for which £(x) is a
decredsing function

over ! T.
§ S *x3g

/

AN

39

d
i |
]
P _a
& . [RARERN
HATETN
L A I |
1 \ |. 23/ {-i334 a
N ,/ 1 .
' Nale] -
4
-} F L ‘ f ‘[-‘
L Syl A l vl
1 TLE/Y NEEEEE
IR I
L
- N
4 v L
- j HA Y ]
. } | NN
T . i ! 1' | ;JT
: ol eml LIt T L
. ARNNIN} AR
4 ‘ /—\"{\", -~
% / \% AN
[ =
A
4/ NIEE | I
Wl
' L 4 li.' A
IV-12 ‘ ‘




Pre-balculus

Unit 1v

—t

Y ‘.

. . ] . .
IV-8 éﬁven an angle, determine its reference angle. '

» v
Determine the reference angle for each of the following angles:‘ Y ) .
Angle Reference Angle s
L. ’ ’ ' ! a
, ¢ i
a) 207° . a) - : P
b) 2.1456 b .
€) 1813° c) :
. ’ f .
d) 5.9143 a) - SN
{
2. .
a) 134° a) . \ ; Vo '
b) 6.8255 b) ‘ '
¢) 5.0000 ) c) _
. b - ‘
d) 1400° a ‘ |
. , ) — I ’ |
3.
a) =-2.5000 " ar) . )
b) 2893° " b) o
c) -253° c) e
d) 12.5000 a) :
‘ B N -
. . ~
i
\.




Pre-Calculus . o
Unit IV. ' ! '
.'IV-9 - Determine the functional values of the special angles.
, (multiples of i e ., o i y
, ' ‘ & 4 .
I d - <
L4 L€ ’ ‘, ) v
1. Evaluate each of\the following: ¥ '
: y ) R
a) SJ:n%ﬂ-' | (& . . . ./1 N .‘. )
) “ ‘
b) cos ( 3 ), o ( . } .
c) cot (% ) \ . . . ' N b . v
d) sec (-J% ) o .
2. Determine each of the following:functional values: _
a) (tan l) + (sec 2 ) - ! ' ©
4 3 . . ¢
=
\ . ‘e ’
b) sin ("-7— T) + cos 2 g : ‘ ’ '-.
~ 3 2' , - K . s
1 : - / 1 '
. -17 1 ) - e .
c) s:m.(611) 2cos3 B _ ., . B
ci) (cot g s 4sinl m) 2 o ( . )
3 2 ) .
” ( ) .
3. Determine the value of each of the féllowing:'
.11 5 s '
a) 2{sin F 7 -3 (tan- > m) . , ‘
] ~“ . ., v
- 7 ¢ b . -
: .} ™ .
b) cot ( 4). #.-sin 6",",.
‘ 11 -
- e 1 ﬂ
9) 4[sm\2 - co‘s 3 Ty - » ) . N ‘ ‘
., < 4 ' s .
d) tan 0 + csc 3T . . ]
rd N [




Pre~Calculus

‘ ‘ Unit IV : . .

1.

IvV-10 Determlne the measure(s) of a special angle, given the
functional value of the angle,

0
.
s

Determine all angles whose functional values are given: .
A
a) sine =1 . o .
b) sec 8 = =V3' « ’
AN

c) tan @ is undefined * )

. /'3' < . -
§ eso= S L NS
Given the functional value of an angle, determine all the angles:

a) tan @ =

b) cos 8

"6 '. L .
=5 77

0

c) csc 0= 2 o

.

d) sin © is undefined )
N ) . N

-

Evaluate all the angles whose functional values.are given:

a) sino="/3 -t ' "
2 ‘ .

b) tan 6 =1

c) cos 6 = -1

d) csc © = -2 M




. :
o ‘. “
.
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Pre-Calculus'

" .Unit IV

3.

L)

X

[

IV-11 Use a table to deteZmlne the functlonal value of a é\ven angle,
{ﬁterpolatlng as necessary. . ' o .

—

e ]

Use the tables to determine the functional value of the glveﬁ
angle (interpolate where necessary):

a) sin 154° 20' =

* -
b) cos (2.5802) = , )
' L]
c) tan (-100° 15%) =
P ¥ \ .
d) sin (-1.1170) = ’ ‘ . !
} - .
Using the tables, determine the functional valuié?f the given angle
(interpolate where necessary): . .
a) cos (-213° 10') = / ; :
. -
b) tan (5.2738) = - , N
’ h]
c) sin 36° 13' = N - -
d) cos 4.3295 =
- ’
Determine the functional value of the given angle by u51ng the tables\

(interpolate where necessary):
i

d) tan 97° 40' =

. b) sin 197° 40' = , , .

{ 7

c) cos (11.2516) =
a) Ysin (.4310) = B

4




Unit IV . . ’ “ . '

Pré-célculus

. ' . . . 9

*
L)

[}

° \
IV-12 Use a table to determine the geasure(s). of an angle,
_given the functional value of an angle, interpolating

{ as‘nece;sary.

Y . 3

N Pl

.
K ) : g - \ < « .
. . -
.

d) cos 8 = .0410

'‘d) sin 8 ==5500 .

- -

-~
’

Determine all angles 8, 0 e § 2 1 by use of the tables. Expréss 4ll
angle measdrements in degrees (interpolate as necessary}. .

. A S
a) sin © =\.270Q .7 , . .
b) cos 8 = -+.3773 ) . - '
c) -tan @ = .§693 , ' :
d) sin®8 = -.7786
. . ' , »
' . . 4.

i g 3 2
Use tables to determine all angles @, 0 < @ £ 2% whgse functional- value is
given. Express all angle measurements in radians {(interpolate as
’

necessary) : &
A : (S : .. ~ 3
a) cos @ = - .7234 -
- a b . ~ *
b) tan 6 = 1.8040 , ™
c) sin & =- .9417
e

- .

t N

e . .
@

Determine all angles satisfying the given functional values. Express all

angle measureinents in %ggrees (interpolate’a® neceysary). ) ‘

a) sin Q= .3746
b) tan 9 = - 1,6643

c) cos'e ='.6450




Pre-Calculus

. tnit 1V ™\ -

Iv-12 (éontinued)

»

ro, !

4. This type of problem must be done if Objective 22 is covered.

Determine all values for x satistying the given equations: .

a) cos [13'- (t - 2)] = .2560

4 . T _
. b} sin [4 (t +1)] = - .4384 s )
. .
c) cos [E (t - 1] = - .3907

- L

.d) sin % (t - 5)] = .8571




Pfe-Calculus

Unit IV

+

A

IV-13 Given the equation or graph of a circular function, determine '
* the period, amplitude, phase shift, and vertical shift.

\
1. From the graph of a sine function WJ

shown, determine:

a) period

b) amplitude
-

c) phase shift

<

20

d) vertical shift L &

~ 4

2. From the graph of the tan
function as shown, determineé

c ) vertical shift




Pfe—Calculus

Unit IV . T ‘

IV-13 (continued)

3. Given the equ;tion y = 4 cos (2X - 1) + 7, deterthine: ?
a) period _ .fﬁ .
b) amplitude ) ) ] * ’
c) phase shift
d) vertical shift
. v \ ‘
4. Determine each of the following ) a

from the cosine function shown:

a) period

b) amplitude
c¢) phase shift

d) vertical shift

Iv-20

A (A | S

1"




. Pre-Calculus ; ' )

Unit IV

-

IV-14 sketch the graph of a circular function that has a phase
shift anil/or vertical shift. . / (

L4 B 1

1. Sketch the graph of the function, f(:&) = 4 cos (2x - -g-) - 3 for

i
(ST |

<g <

N.le

2. Given y = 3 sin (-% @ -7 +6 for ~21 5 8 £ 6 T, sketch its graph.
. €

) 3. Sketch the graph of G(x) = sec (3x - -g-) - 3 for - i"lzﬁ ) f.-}:l T.

4. Given the function y = .8 cos [Té- (6 + 2)] + 1.2, sketch its- graph for

@ -530 513, p

N4

ERIC . o -21
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* _Pre-Calculus .

vait IV’ ’ ‘ . . ' J
+ - . . . ,

IV-15 Given the amplitude, peffod, phase shift, and
* vertical shift, write the equation of a sine . ’
or cosine function. ‘.

1. Write an equation of a sine curve with the given characteristics:
2

Amplitude: 2; Period: w; Phase Shift: 3—:—; ,Vertical Shift: -1

*

2. Write an equation of a sine curve with the given characteristics:

-

Phase Shift: -%; Vertical Shift: %

E!

Amplitude: %’ Period: —;

3. Write an equation of a cosine curve with the given characteristics: . /

; Vertical Shift: +2

E]

Amplitude: %-; Period: é}; ,éhase Shift:

4. Write an equation of a cosine curve with the given characteristics: ‘

o -

N

Amplitude: 3; Period: 37; Phase §hift: %1_:_7 Vertical Shift: ~

« . b
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Pre-Calculus .

s . - ’ ~N v
Unit IV .
I1vV-16 Given the graph ﬁﬁ;‘a"cir‘cular function,‘déteg%iﬁg its équatiom ‘
. ) j‘i'- ; . . o ff;g?t?vx; :
Vs L N . ¥ e
"‘E‘i ..;' ' t. .}:‘:I’ ) - . "A‘ "’\.' , k
1. Determine the equation of ‘the 5 20 oo
sine function shown at the .
right. L
.
Ko

2. The graph of a secant function
What is its equaticp?

T%f

is shown.

¢

»
. F N
P . & L
< —
ar
3
b

‘.' !
[ -.--—-—.-qra- - oy e —owr

K]
e

A

O G b . G e D ePmn, et
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Unit IV - ' ’ / - | - :

v 7 ' . . ‘

\ ' ” - )
., IV-16 (continued)
3. [y . - *
a. What is the equation of o ?H‘
. this cosine function? ’ .
= b. What is the equatien,of
. . 4 this sine function?

4

’

a. Determine the equation of
the sipne function.

b. Determine the equation of A
the cosine function, . 3‘
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?re-Calculus

'fg&im

»

\ B .o ) : .
"IV-17 Given two circular functions, £ and g, ‘sketch the graph of
' ¥ + g by addition of ordinates (graphical addition). _ X
L 2 a .
Given f(x) = sin x and g(x) = —~ 2 cos X, sketch the graph of £ and g

on the same set of axes and then sketch f + g. Label each graph and
make the final graph clearly distinguishable from f and g.

Sketch the graph of h(x) = sin x + sin 2% by the method of addition of
ordinates. »Let f£(x) = sin x-and g(x) = sin 2x. Label £, g,and h.
) J

’ v

Given £(x) = 4 cos %x and\g(x) =3 sin 2x, sketch the graph of £ + g
by addition of ordinates (graphical addition). Label £, g, and £ + g.

Darken the graph of £ + g.
LR

IV-18 Solve verbal problems involving uniform circular motion.

write an expression to represeht the coordinates of P at any time t.

4

A point is moving along'a wheel of radius 3 units at a constant velocity
of — revolutions per second. Find the length of the arc traveled in

-2 _seconds. LN

¥
.
<

The'garth makes one revolution every 24 hours. Determine the angular
velocity of the earth’in radians per hour. .

v

.

. 14

A phonograph record of radius 3 inches revolves on a turntable at a

rate of 45 revolutions per minute. What speed are points on the
record passing beneath the needle when the needle is one inch from the
center?

A point Pl is located at (%y Zﬁgé when t = 0. 1If Pl is moving with a

constant rotational velocity w arocund a circle with center at the origin,

‘

Iv-25

< 112

.




Pre-Calculus

Unit IV-

<>
~

a

/ :
IV-19 Solve verbal problems involving simple harmonic motion.

“

1. A simple harmonic motion is given by the equation 4 = sin -g- T t.
Determine the period and fregquency of this hémonic motion, where

t is in seconds.

\

2. A whee']: revolves at a constant speed of 40 revolutions per second.

>

What is the beriod of this motion?

- & N . . h

3.‘ Point M is the midpoint of a segment 2 inches long., :
] 2 Jrgﬁ M (#)

I

A point moves along this segment with a simple
I

AN . -
harmonic motion that has a 12 second period. When

»

R
¢ &

"t = 0, the displacement from M is zero, and when t = 1, the displacement
from M is positive. Determine the displacement (negative to left of M -

and positive to the right) from M at the end of:
1 ' ¢
2 period

b) ]% peri - - , % \

c) 1 125 periods ]

d) 21 seconds

a)

113 1V-26 - o |




Pre-Calculus
- \,
Unit IV :
4 , l.
N i

IV-20 Solve verbal problems involving other applications of the
circular functions (alternating current, radio, Fourier

coefficients). ’
T

~

The 8lectricity in your home is called "alternating current " The
usual house current is "60-cycle" current)whlch means' a frequency
of 60 cycles per second. If the quantity of electric current can
be represented by
%
I = a sin wt,
' ’
how can I be expr%fsed in terms of t if the amplitude is IOLand the

current is 60-cycke? . .

¢

Scientists have recently developed a theory that a person's biological
functioning is controlled by three factors that vary 51nu501dally with
time. These blorhxthms)are physjical with a period of 23 days,
emotional with a period of 28 days,and 1nte11ectua1 with a period of

33 days. On a particular day, suppose all three of the rhythms are at

a high point having an amplitude of 1. Sketch all three cycles for the

next 33 days.

Y

o

¥

IV-21 Constract the equation of a 51nu501da1 function given data
from a set of physical science observations.

Your distance d from the ground varies sinufsoidally with time as
you ride in a ferris wheel. Suppose the lowest point of the ferris
wheel is 5 feet above the ground and the wheel has a diameter.of 50
feet. It is also known that the wheel makes one revolution in 12
seconds. At t = 0 you are at a helght d above the ground. Two
seconds later you have reached the top of the wheel. Sketch a graph
of this sinusoid and write an equation for this sinusoid.

[

FOR OTHER SIMILAR PROBLEMS REFER TO: Trigonomefry: Functions and Applications,
‘by Foerster. Addison-Wesley

v-27 1 l 4
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wew = - . g

o] 14

-

f - - " IR

IV-22 Use_the equationé constwucted in Objective 21 to malicg predictions.
. . ,

- .

- ~
' / * . N )

3

¥

% . -

1..‘ Refer to Sample Problem 1 for Obj;ctive 21, _ - 7 r
a) Fno.m the information given, detefrgine your d:%.stancg fr.%m the grqu{xd 7
’ when't = 0, | ‘ Y . ' (
’ ~ . ’ .
b} when is the secpnd time you are 35 feet above the ground?’ -

/ . - PR . ) ‘>




Unit IV
] . -~
> o
— _ ANSWERS
tv-1

-

b)

S

a)'

371

90

105°

154° 92' (to nearest degree)
-~

41 )

36 m . '3 3
49 N -~
720

‘

}
25° 19'/(to nearest degree)’

A

91° 40' (to nearest degree)

.0548

180°-

28° 39' (to nearest degree)

.2872

Al

Iv-29

/

\

*

IV-2 . 0

atnat——n— »
1. 280 inches

2, true ,

3. Zg'radians
3
3

Iv-4

Refer to textbook .

.a
[

V-5

1. D:

-15f(@x SV

R . . '
~15f(x) £1

{x: x # WK, K is the integer}

R: £(x) 2 Lbr £(x) £ -1

\

1v-6

—————

Refer to textbook .

116
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Unit IV ? - . ’
- b /
ANSWERS ~ ¢
» - . '
-7 . Iv-8 ) .
1. ’ 1.
% 14 . >
a) continuous over R . ' / - a) 27° ° '
b) s'ymmetric with respect to origin q b) .9956 >,
c) bounded above and'below \ ) c')’ l3o" ~ -
L . ] ’
d) period of 21 ° f a) .3689 .
v e LT e, < ,
— S x 0 . v
e) increasing 7= - . 2. ‘ m
v ¢
2. \ — | a). 46° | . -
a) odd furction L b) .5423 L
. hd . N Al P
b)- increasing — c) " 2876 ».
‘ - @
p) - period of 2w Q) Paoe
- d) unbounded . » ’
N 3. ' »
e) asymptotes ®x=-1+21x , <
a .6416
3. . A
b) 13°
a) continuous ) 13
. c)s 73°
b) odd function ) 3
’ . . d .0664
_¢) bounded above and below ) v
. L, T co . ) ) .
,4). °Pel~'15? of o+ TR ¢ L IV-9 .
- . » ":‘.‘ - -
4. ‘1.
N N N ) ~N /2—
.a) Function is neither odd nor even. " a) Y
- _ , -
b) Function is discontinuous at -16!- + -121 K
: b) " /3 ,
c) Function is unbounded. : 2 .‘”
d) period of ‘ <) 0 ‘
- @) decreasing over — S x S -Z- a) 2
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‘l’ | tnit kv
&

IV-10 (continued) ~

& ' ANSWERS : , .
. -' ' 'é=-5-1r+21rK«
. e Iv-9 . : R a) 6
T '
> v, N =];1
2. J . ’19 61r+21rK v
e 2) -2 ) \\lw
. . o < \ b =—+4 71 K '
. b) /3 ¢ ‘ 2
’ 2 . - .
’ T
= = 4
\;L\ c) -3 » , ) °=% ‘3"K ‘
~ 2 ) 5
. 6=—1+2 71K R
6 . - -
4"261 ! 4
\ d) 3 a 6: hd
¥ £ d\d)
. .
. 3. : !
3. 4
' a) -1+ 3/3 - @==m+27K
: . a)- 3
o L :
2 . .- 3.
. : le' . "'
c) 2 © o b) 6= Z+HTK
d) -2/3- . N h
. 3 ) c) e=1+2 71K '
- S |
Iv-10 - 7 ‘
. . =7 + -
1. ' d) ) 6" 2 1K % :
. 11
T =—171 + 27K
a) 8=5+27K 6 -6 -
T ‘ £ v
» = == . —11
b) e 4'rr+'2'rrK —
5 1 ‘ .
== 4+ . .
2] 2 2t K
. a) .4331
1
c 0=— + 71K ’
) 2 "b) =~ .8465 .
T : \ '1 A
) q) #=g*t2rnkK c) 5.5301
‘ ‘g:.g. + 21K d) - .8988 . B




Pre-Calculus . - ,i C . '
Unit IV . : : ' 'l'
-IV-11 IV-12 (continued)
. L4
2o i ¢ 3'o « ’ ’ ) ¢ &
a) - .8371 o a) 8 = 22° + 360 K° ‘ e
c) .5908 -
b) 6 = 121°\+ 180 K° %
a) - .3773 %
0 = 49° 40' + 360'K°
c)
8 = 310! +.360 K° ]
3. .
a) -,7.4287 d; 9 = 213° 22'(+ 360 K°
&) - .3035 6 = 326° 38' + 360 K°
c) .2532
4.
a) .4178 ..
a) (using radians)
IV-If/ ) © ¢ = 3.2528 + 6n; n € Inteders °
H
1. t=.7472 + 6.n" -
4 '
a) © = 15° 40' or 164° 20' ,
b) t = 3.5778 + 8n: n ¢ Integers
b) © = 112° 10' or 247° 50'
"t = -=1.5778 + 8n
c) © = 41° or 221°
d) e = 231° 8' or 308° 52 c) t = 4.7666 + 12n: n ¢ Integers
‘ t = 9.2334 + 12n
2. .
a) © =2.3795 or 3.9037 d) t=28.9332+ 24n: n ¢ Integers
, b) 8 =1.0646 or 4.2062 : t = 13.0669 + 24n
c) © = 4.3692 or 5.0558
d) o = 1.5298 or 4.7534 . : ‘
. , <
/ Iv-32

119
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Pre-Calculus

Unit IV .

Iv-13
‘1. \

4 T
)a)'i' : Py

b.) 15

c) s

d) o

a)

b)

®ia wa

- Q
S
o

a) w
b)' 4
1

2 L}

d) moved up 7 units

A a) 60
b) 225 w,
223 3
“ ¢) 10 units to right

d) moved down 15 units

-

Iv-33

12y
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Unit IV Circular Functions

ANSWERS -
’ -

Iv-14
3 IV-15 >

' ! 1. y = 2‘ (2 sir&‘- 1 )

X 2 - .
U | . . .
| 2. y 2(4smx 2)+2

N - ’ , |

! o ‘ 3. y=£(§éosx-
2 '3

L VN A

1
b P rl >
-ﬁ\f./l | %ﬂ"[ui:{r* 4 y=3(§-cosx‘-
_’ ! l |
Y *
V! Lo
I l }
| ¥
: 1 l | o
! \
s
¥

; ' IV-34




Pre-Calculus

Unit IV

ANSWERS

Iv-16

]

l. y

2. ¥y

a)

b}

a)

10 sin(2x + -121)

<

3 sec (-;— x)

y

y

Y

.

]

]

T
2ks cos [3- (x
2.5 sin E% {x

™

f

i . T
40 sin [24 (x

3

'n’ .
40 cos [-zz (x

+ 3)] + 7.5
Answers may vary.

+4.5)1 + 7.5 5

.

- 8)] - 80.
Answers may vary.

- 20)] - 80




Pre-Calculus

Unit IV » ) -

ANSWERS
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-~ _Pre-Calculus

© Unit IV

Y

ANSWERS

Iv-18

l. =«

2. = ' radians/hour

k!

3. 901 inches/minute

4.. x = 7 cos (wt + go:

-IV-20

1. I=10sin 1207w t

DI
A .
lw‘e"ed'uq,‘ ' '

N

IV-19

1. 2.4 seconds

5 .
12 cycles per second

Vo,

1 ’
2. 20 éecond

. K
y~7s:.n(wt+§—) 3.

th ys \.Qci \

emotiona| -

A
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Unit IV : ' .
ANSWERS

IvV-21

1. d = 25 cos %4:.-2)1 + 30

-

- ST % o o 16 6 Hom)

IV=-22

tyt—

d »
. 1. ) _
y
a

- a) d =42.5 feet, -
- ) b) 'The second -time vou are 35 feet above the ground té when

t ='11.3844 seconds. - (This problem may be que in terms

i

of degrees instead of radians,) ’




\/

Pre-ci}culus - Elementary Functions

Unit V  Trigonometric Identities °

Overview: - .

>

This unit will introduce to the student the many trigonometric identities

and formulas that are needed to understand the intricate relationships that

exist between the six circular functions. The completion of the numerous
proofs should greatly enhance the student's mathematical sophistication.
The treatment here includes the product-to-sum and the sum-to-product
identities because of their use in Calculus.

Sugéestions to the Teacher

For motivational purposes, many of the objectives include numerical problems so
that the student can observe how the functional values of certain nonstandard
angles can be determined. Because of this, some Pre-Calculus textbooks may
need to be supplemented. Excellent reference textbooks would be:

v

Trigonometry: Functions and Applications, Foerster (1977)

Modern Algebra and Trigpnometry - Structure and Method - Book 2,
Dolciani, et al: (1982) ‘

Often the question of the amount of memporization of formulas is brought up with
regard to the teaching of this unit. It is recommended that all basic identities
(Pythagorean, e.g., sin 29 + cos 26 = 1, etc.; quotient; reciprocal; negative;
and cofunction) be memorized. The sum (and difference) and double angle formulas
for sine, cosine, and tangent need to be memorized as well as the half angle
formulas for sine and cosine. In addition, it is expected that students should
be able to derive these formulas and show the logical sequence of the derivation
of the formulas. The half angle formula for tangent and the product-to-sum and
sum-to-product formulas need not be memorized but the student should be able to

derive such formulas.

Suggested Time

v

10 days

-

: 126




Pre-Calculus . - i .

Unit V Triconometric Identities - '

PERFORMANCE OBJECTIVES

1.

8.

9.

10.

11.

12.

13.

Given the funct;ional value, determine other functional values by
applyina the Pythagorean identities.

Prove identities using the reciprocal, quotient, and Pythagorean
identities. .

)

Show the derivation for i:he formula for cos (& - B) or cos (a + R).
(operational)

Apply the sum and difference formulas to prove id}ntities.

Apply the sum and difference formulas to determine. the functional
value of/a given angle.

Given functional values of two angles, evaluate sum and dlfference
formulas. : )

Prove the double angle formulas for sin 2x, cos 2x, and tan 2x.

A’rove the half angle formulas for sin %’-x, cos %‘-x, and tan %x.

Prove identities using double and/or half angle formulas. ’ .

Apply the double and half angle formulas to determ:.ne the funct:.onal
value of a given angle. .

.

Given cthe functional .value of an angle, evaluate double and half angle .
formulas.

Verify identities using the sum-to-product and/or product-to-sum formulas.

Apply the sum-to-product and product-to-sum formulas to convert from one

form to another, evaluating where applicable.




Unit v - Trigonometric Identities

CROSS-REFERENCES

Objectives Coxforé Crosswhite Fuller Shanks Sorgenfrig Wooton
, .

1 109 272

2 105-109 142-144 157-162

3 135-138 145 163-164 288-289

4 13545 145-150 163-167 289, 291

5 ¢« 1139, 143 | 149 168-170 292

6 139 149 168-170

7 144-145 150 171-173 290

8~ | 146 151 171-173 290-291

9 » f"f“14s 152-153 173-174
;;7 147 152 3 292
n 147-148 152 173 292
12 150 155 167 *
13 149-150 154-155




k]

V-1 Given the functional value, determine other functional
values by applying the Pythagorean identities.

Given cos x ='_§in the second quadrant, find sin x by usirig :
2 R
sin 2x + cos 2x = 1. -

Given tan x ='-/—§- in the third quadrant, find sec x by using -

tan2x+1=sec2x.

Given csc x = -2 in the fourth quadrant, find cot x by using

1 + cot 2x = csc 2x.

Given sec x = % in the first quadrant, find tan x by using

tan 2x + 1 = sec 2x.

V-2 Prove identities using the reciprocal,
q;x?tient, and Pythagorean identities.

/

Prove each of the following identities:

)  * sin xsec x|
l. (1 +secx) (secx=1) =—2_>°-2
COS X » CSC X _

tan x + sin x

= tan x
1 + cos x .

- sin x
¢sc X + cot x = m—m™—————
. 1 - cos x

tan x - sin x _ tan x +sin x
tan xesin x tan x + sin x

’




Pre-Calculus ' . ,

e - ' Cx

-

©

V-3 Show the derivation for the formula cos’ ot ~@) ox cos (X +D).

Show the derivation for:l . -

o .

.

1. cos (A=)

it

cos'.x cosB + sin A sin 2

- 2. cos (o +4) cos A& cas 2 - sinx sin @

\

V-4 Apply the sum and difference formulas to prove identities.

o R
"  _prove each of the following identities:

L ]
) cot A cot?B - 1
. cot. (cs+ = '
1. cot. (cs+3) cotox + cot B ' g ‘

sec & sec &

2. sec (o+5) =

1 - tado tan & S
. .
© 2 3. tan (§—21l-'x)=cotx
4, Sos (*+8) _ 1 - tanA tan/3
* cos (x4 -&) 1 + tanst tanA




Pre-Calculus

tnit v : : P
B . (N

]

v-s. .Apply the sum and .'.u.fference Forfnulas to determine the
- “functional value of a given angle. .

-

Evaluate cos .285° using the aos (of +3) formula, Leaye your result
in: simplest radical form, ) .

. Evaluate sin 255° using the sin (o4~ &) formula, Leave your result
in simplest radical form.

Evaluate tan (-195°) using the tan (»+48) formula, Leave your result
in simplest radical form.

[N

Evaluate tan (15°) using the tan (x -&) formula., Leave your result
in simplest radical form. :

-

3

Y

[ x
.

-~




Pre-Calculfxs
. Unit V . o ' .

V-6 Given functional values of two angles, evaluate sum and
& difference formulas. .
e 4

3
5

Pind cos (A + B). ‘ !

, Cos B = 25

1. /A and / B are in the first quadrant and cos A = 13

-

‘

2. Cos A = '% and /A is in second quadrant; sin B = %and / B is in

first quadrant, ¥ind sin (A - B).

; ) 3
3. LA and /B are in ‘the first quadrant,and cos A = -57-5-, sin B = 3 ,

Find tan (A + B), _

‘ 4. / A and / B are in the third quadrant, and cos & = % and cos B = 5°

- Find tan (A - B),




Pre-Calculus

Unit V

7

V-7 _.Prove the double angle formulas‘for sin 2x,.cos 2x, and tan 2x.

)‘ \‘

-
Prove each of the following identities:

l. sin 2x = 2 sin x cos x

2

2. cos 2x cos?x - sin?x

2'tan X .

3. ftan 2x = 1 - tanZx

. 1 1
V-8 Prove the half angle formulas for sin % X,- COS E-x,wggdrtﬁn E'x.

Prove the following:

1. si =i’"/§(l-cosx)

(1 + cos x)

_ sin x
1l + cos x




Pre-Calculus

Unit v

b~

V-9 Prove identities using double and/or half angle formulas.

Prove the following:

3

1. cos 3x = 4 cos’2 - 3 cos x

2, ——— = cot x .

/2 + 2 cos x

sin x .
: /

o ' L
v-10 Apply thEZEGEQZE_End half angle formulas to determine <

the functional value of a given angle.

1. Use the half angle formula to evaluate sin 75°., Leave result
in simplest radical form.

2. Use the half angle formula to evaluate tan 112%9. Ieave result

in simplest radical form.

3. Use the,double angle formula to evaluate tan %;—.

4. -Use the double angle formula to evaluate cos %; .

£
» -




Pre-Calculus L

Unit V Trigonometric Identities

Vv-11 - Given the functional value of an angle,
evaluate double and half angle formulas.

If cos X = ‘%, find sin 2X if T <« x<§21'

. T
z 3

%, find tan X

4

-7 X 3w
3 = — 1 3 - 1 —y <
If sin x 557 find sin > if > 27.

If sin x = <X < 7

3 .. x . . 3w
If tan x= g find cos -é-.z.f TS X <5 -

{

V-12 Verify identities using the sum-to-product and/or
product-to-sum formulas. .

'sinX - siny _
cos X + cosy

V4

cos 6 x+ coé 4y

7 T = cot x -
sin 6 X~ sin 4y

sin X + sin 2X + sin 3X ta1;1
cos ¥ + cosly + cos 3X

sin (2x~-Y) 4 siny

cos (2x-Y') + cosy = tan x.

Prove:
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/

@  mitv

A3
AN

»

L

N

V-13 Apply the sum;to—product and product-to-sum formulas
to convert from one form to another, evaluating where|.
applicable: .Y ST
Find the exact value of sin 75° + sin 15° by using the sum-to-product
formula. R
e . .
Find the exact value of cos 165° - cos 75° by using the sym-to-product
formula.
Find the exact value of cos 45° « sin 15° by using the product-to-sum
formula. . .

¢

Find the exact value of sin 225° sin}15° by using the product-to-sum

formula.

»




A . )
1 . .
3 ¥ . ' , i

c L] . v

Pre-Calculus .
Suwitv - 0
. ANSWERS ‘ .
V-1, . : ’
—— k) -
1. '_]_.. . . .
. 2 - ] . .
2. =2 /3 ' ) ’
3 - ’ .
. : i h
3- "'l .
]
“40
4. .
9 .
\
v-2 .
1. (1 + secx) (secx ~.1) =sec x -1+ sec? x - gsec x
) . = sec?x - 1 -
- : = tan x2 C -
v . M
. _ Sin x e sin x
COS X o COS X .
sin x ¢ sec x
S = -
P - ., COS X ¢ CSC X - —
2.mx ", _ sin x +.sin x
: 1 + cos x} cos x
. . 1l + cos x
. - "‘v < ‘
- sin x + sin x cos x . .
cos X :
= .
N 1l + cos'x
. - ~.8in x (1 + cos x) -~
’ ' cox x (1 * cos x) . .
. w" i - . ’
= tan x .
° < -
- ‘ , .
‘ N * \
0 \ & ‘
¢ * - s
137 7 - o
. . ' V-l2 \ i
. o coL . oL . . ,
ERICT & . R |

-

1
.
'
>
»
’
i
4
- . K




1 cos, X )

. 3. csc x +°cot x = - : .
sin x sin x .
72 . R ’ ) .
- \ . . N .
. o 1+ cos x l - cos x . .
é ' sin x . 1l - cos x ‘ S, \
. ] . t ‘
ot . N v
s - . 2 - B . > .
= sin‘x . oo
' sin x (1 - cos x) 3
LIS
sin x . ‘
1~ cos x ) ' .
[} . . .
4 tan x =~ sin x _tanx—sj_nX. [tanx+sinx,
* tan x sin x tan x sin x ltanx+smx
s v . . ) -
. _ tanZx - sin?x L . )
. : - '7 tan x sin x (tan x + sin x) . : . .
. B ., » - L X
- . 2 .
. sincx .2
: ——w— = sinx . v
: _  cos‘x .
= T N < 1
sin x o sin-'x (tan x + sin x) ) - ..
cos X
‘ ’ - sin2x -.sinx cos®x , cos x
. = cos®x - sin®x -
. . ’ . . . . > - N
Y - -
’ - . tan.x ¢ sin'x
A a - . . .
- - 1 - cos?x . .
' =" ‘cos x - __°© .
. tan x + sin x
= COs X ) . y, .
. # tan x sin X
. - - »
| . - tan x = - ¢
tan: x + sin x . .
. . V-3 Refer to approved texts,
. e ‘ . :
N -
5
) i > ]:38 * 4 v
E o . v-13 - - .

7 ' o PR i . B . )

WY
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Pre~Calculus - :
‘Unit v . ’ - :
ANSWERS )
" v-4 *' : " ’ ,
‘  + B) . :
l. cot (a + s (a .
( B) % + B)
s _ Cos-a cos B - sin a-sin B ‘ )
L sin o cos B +  cos o sin B \_, ’
" 1] . N
. . cos & cos B _ sin & sin B
sin a cos B sin‘'a sin B
r
. - .
) sin @ cos B cos o sin B ' S .
( . sin o sin B~ sin a sin B

= cot a cot' B -1
cot B + cot a .

¥

=_cotczcotB-l ..
cot o + cot B ) .
2. sed\ (a + B) = Gos (@ * BF oo '
1 - ’ ' ) ! .7

\

cos a cos B~ sinasin B .

. 1l
cos a cos-B

- L, - . . ,
cos-a'cos B _ sin a sin B : : e
- cos a cos B cos @ cos B~ A '
e v , sec o sec B .o , : . g
- . . . ,

tan' o tan B )

-ERIC .

5 Aruitoxt provided by Eic:
. a

L

LT
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Unit Vv

sin 6%; - X)

w
L]
'\w
oY
!
%
S
u

cos (3. X) . .

(%Y hed

: 3n 3n . .
‘ sin 2, COs x —icos 5~ sin x . :

N 3n . 3m .
cos 7 cos X'+ sin -:2— sin X s

4. SoS (0 + B) _ cos a cos B - sin a sin B
* cos (a - B) cos o cos B + sin a sin B




-117
44

33
56

,

Refer to approved texts .

y-8 . Refer to approved texts ,

(S

COS X'CoS -2X - Sin X sin 2x

1. cos 3 x =cos (X + 2X)

cos x (cos2x z,sinzx) - sin'x (2 gin X cos X)
cos3x - cos x sin®x - 2 cos x sin%x

cos3x - 3 cés x sin?x . i
= cosdx - 3 cos x (1 - cos?x)

= cos3x - 3 cos x + 3 cos3x

4 cos3x - 3 cos x




ERIC

Aruitoxt provided by Eic:

Pre~Calculus

, T
® ... :

ANSWERS ~— ) :
|
ves; ’
1 ; cos 2% 1 + cos?x - sihzx ’ : . .
) 2; sin 2x = ' 2 sin x cos x :
s _ 1+ cos’x - (1 - cos?x) _ - o .

!
‘*
{

2 sin x cos x

1 + cos2x - (1 - cos?x) ' )
2 sinx cos X

. 2 cos?x
2 sin x cos x

-_COS X COS X
s8in X cos x ,

‘.I’ ’ . ‘= cot x

1l
cos2x -

3. sec 2x =

1
x - sin2x

T cos?
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Onit v .
\AN - -
V-9
: 1 1

4., cscTx = 1

R sin %

1

8tf3_-,(1'-cosx) ' A
2 ]

2. 2 (1 + cos x) -
“t JT-osx " ¢ —
’ . (L - cos x) {1 ¢ cos x)

= :_l:/z (1 + cos x)

1 - cos?x .

=:\/2+2cosx - ‘ ’

sin x
b}

. N
v-10 $ )
1. * /3 ~

2

2. ~/2-1
30 7[3-'-' "

1 )
i 3
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Unit Vv
- v .o

4. '_1""' ’
v-12 .
. o =X E YN . (X = YN .o
,, sinx-siny '2cos € 5 Yy sin (—:Z—X) « !
i - = .. EA
- cos x + cos . .
Y NP> L AN X =¥y - ' - '
» . 2 cbs—-( ) cos ( ) C. .
. . . POV 2 -
- . . R . - .' . ". . - . :
.- . L. . X - 29 . . i e . .
. N =,tan‘(-:.—l) . . s . e .
S ) , 2 - . , -
- ' / ' e ’ o
5, Cgos 6x + cos 4x _ /2 cos 5x gog X- - : ) . S
x * sin 6x - sin 4x 2+cos 5x sin x . o . . )
- . s *
o = got x’ - A . . .
;. sinx+ sin 2x + sin 3x _ 'sin 3x + sin x + sin 2x . , .
s ." -cos x + cos 2x + cos 3% cos 3x + cos x + cos 2x ' : ’
poe . . ' o
C , 2sin 2x cos x + sin 2x . » .
. « , ' s 2 cos 2x cos'x + gos 2x !
1 ) - sin 2x (2 cos x + 1)
cos 2x (2 cos x + 1) .
- ‘= tan 2x A . o :

) sin (2x - y) + siny _ 2 sin x cos (x - y)
“ cos (2x - y) +.cos ¥y 2 cos x cos (x - Y¥)

E" tan x . ¢ o . . .
1[ . ﬂ . . - “' , ’ ] ”\ . .

!
N
[
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Unit v .
ANSWERS

V-13

’ [
1. sin 75'+ sin 15 = 2 sin 20 cos _5;9,
- ] 2 2

¢

= 2.gin 45 cos 30°

6 ° E v o
® D e—— o
2 2
- .. fs.
P e
o (-]
2. cos 165 - cos 75°= -2 sin 2—;9- sin %0_

"= -2 gin 120°sin 45°
»
¥ ,'.' -

3. /2
2= 7

-
=

3. cos 45°sin 15°= —;’— sin 0 - -;'- sin 30°

LBz
2 2 2
3 -1°
. =
4. sin 225 sin 15 = “-;'— cpé-2409_+ %— cos 210°=
e 1-v3

4

-

L
2




Pre-Calculus - Elementary Functions

Unit VI ’Inverse Circular Functions and TrigonometrIE‘Equations

-

Overview

The calculus demands as much understanding of the inverse circular functions as
"of circular functions themselves. The ability to manipulate, evaluate, show,
and prove identities involving inverse ci¥cular functions is thus deemed as
important as any of the other course objectives.  Of course, solving trigono-
metric equations using inverse concepts and notation continues to be a
fundamental objective. - :

Suggestions to the Teacher ;

In this unit,.in particular} the various approved texts show marked differences
in approach and emphasis. For this reason it is strongly recommended that the
cross-reference key be used in. advance to preview and select those text

materials considered best for one's ¢lass.
The following texts are suggested for use with this unit:

. Advanced Mathematics. Coxford (provides a good coverage of all
objectives including trigonometric inequalities)

As a reference these textbooks’are suggested:
Geometry. Rees (strong in Objectives 9

Algebra, Trigonometry, and Analytic
' . and 10)

Trigonometry: Functions and Applicationms. . Foerster (strong in
Objectives 1-4, 10, and
practical problems)

- Time

8-10 days (2 weeks)
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Unit VI - Inverse Circular Functions and Trigonometric Equations .

-

PERFORMANCE OBJECTIVES . ‘ ’

1. Determine the domaln and range fcr each of the inverses of the circular
functions.

2. Graph the inverses of the circular functions.

W

3. State the domain and the range for each of the inverse circular functions.
4. Sketch the graphé of the inverse circular functions.

5. Determine the set of angles that satisfies a given trigonometric expression
containing inverse relation notation.

6. Determine the angle (principal wvalue) that satzsfles a given trlgonometrlc
expression containing inverse function notation.

7. Evaluate trigonometric expressions containing inverse function notation.

8. Solve equations involving inverse circular fanctions.

9. Verify identities or statements containing inverse circular functions. .

10. Solve trigonometric qugtions containing one or more circular function.

-
Ogtioﬁal

11. sSolve trigonometric inequalities.




A -

Unit VI - Inverse Circular Functions and Trigonometric Equations

CROSS~REFERENCES

’
Objectives | Coxford Crds;white Fuller ©€Shanks Sorgenfrey Wooton

1 174-175 156 186-189
2 175 156 186-189 -
.3 174-176 157 186-189 320-324 .
3 175-177 | 156 186-189 | 321-324
5 172-174 157-158 191-192 -~
6 179 157-158 191-192 321-322, 326
7 173-174 -

178-180 157-158 192 321-324 » 326
8 161 192
9 178, 180 159 192 327
10 181 :

183-184 159-160 193-195 276
1 ~185-187 160

hd 3
148 R ”

VI-3
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Pre-Calculus

Unit VI ‘ oo

1.

v1-1' Determine the domain and range for each of the inverses
of the circular functions. .

-
»

Determine the domain and range of the inverse relation x = sin y.

[

Determine the domain and range of the inverse reiﬁtiqp.x = cot Y.

Given the function f(x).- cos x, determine:
a) the domain of the inverse of f(xj

b) the range of the inverse of £(x)
I

Given the function £(x) = csc x, determine:
a) the domain of the inverse of f(x)

b) the range of the inverse of f(x)

VI-2 Graph the inverses of the circular functions;

’

Sketch the graph of the inverse relation of x = cos y.

.

Sketch the graph.of the inverse relation x = tan y.

\
Gigen f(x) = sin x, sketch the.graph of the“inverse'of £(x).

Giyen f(x) = gec x, sketch the graph of the inverse of £(x).
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VI-3 state the domain and the rar}g'e\fbieach of the inverse | -
circular functions. - . 3
1. state the domain and range of y = sin-lx.
2. State the domain and range of y = Tan-lx. : ‘
3. State the domain and range for the function f(x) = Arccos x.‘ )
4. state the domain ard range for the function f(x) = Arccot x.
‘ ) -
CoL e : N
. VI-4 gketch the graphs of the inverse circular functions. .
© ]:Q -sketch the graph of the function y = sin~lx; .-'1$x<{, .
2. sketch the graph of the function y = Cos™lx = - 1 £ x 5.,
. o A
. ! L
3. Graph the function f(x) = Arctah x..
4. Graph the function f(x) = Arcsec X. : ,
7 -
Ve ’ ) .9‘\
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s

3

htisfies a given

inverse relation notation.
] .

VI-5 Determine ‘the set of angles tha
trigonometric Sxpression contai

v . y

‘4

1. Determihé'the set of angles given by:. {y: vy = arcsin ("%9}: (\_///

*»

2. Determine the set of angles given by: {y: y = arctan /3'}.
N ’
: . d

]

3. Determine, in degrees, the angle(s) represented by: arccas (-1).

4. Determine, in degrees, the angle(s) represented by: arcseé 1.743,
. ' . .
) ) , . V)

O

O

«d
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Unit VI .

VI-6 Determing the angle (principal value) that satisfies a given
trigonometric expression containing inverse function notation.

State the angle represented by: Arccos /-25- .

State the, angle represented by: Tan™! (:—1- .

. L

Determine the principal values of the inverse circular functions given beloWw:

a) y = Arccos 0 ) k/\_/

b) y = Arctan (-1)
¢) y = Arcsin (-1)
d) y = Argsec O

-

’
Determifie, to the nearest 10 minutes, the principal values of the inverse

circular functions given below:
a) y = Cos~1l (.1076)

b) y = Tan"l (-.1405)

c) y = secl (-4.945)
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Unit VI

vi-7 Evaluate trigonometric expressions containing inverse function

notation.

3.

/3

Evaluate: cos (Arcsin —??).

Evaluate: . sin (Arctan jl).

12

Evaluate: cot (Arcsin Y).

Evaluate: sec {(Sin~1l _4384). \ ‘

)

Evaluate: tan (Arccos %-- Arcsec 2

/3

-

VI-8 Solve equations involving inverse’/circular functions.

Solve for x in terms of y: 2y = 3 Sin-1 x - 5.

Solve for x in terms of y:

Solve for x: Arccos (Zx%

>

) 37

Solye for x: ji-=

L4

Solve for x: Sin

-1 X - Cos™1l x

153

>

‘27,

tan- K(3x2 - 4x).

I
2‘

-

y=6+2tan % (x - 3). .
.n . 5‘ N

-

T =
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Unit VI
L4 .

‘ ‘ '

VI-9 vyerify identities or statements cokaining inverse cirqu:ar functions.

« .

-

~

1. Show that sir f{Arcsin x + Arcsin y) = x¥ 1-x2 +y7Yl-x% . T
2. show that cos .(S:i.n"":L X + Cos"'l‘x) = 0. i . ) . . -
. o =ty =t1 _n. T k o
3. Verify the following: Tan' 7 + Tan 3 S . ’ .t
) . ey 2 12 .
4. Verify the following: 2 Arctan 3 = Arctan 5 . -.
' . KN ‘ PR ‘ ° ’ ’ ‘
- : VI-10 Solve trigonometric equations containing one or more circular ’
‘ functifons. = .- ’ T : ‘
1. Determine all values that satisfy the equation: 3 sec x - 11. = -5, e
- - R . L , B . < . M , . . v
*.2. Solve for x: cos 2x =1 ~ sin x; 0 5 x < 27, o ‘ ..
. o
p 3. $olve for x over the interval 0 < x <- 21+ 2 cos?x - cos x = 1, ' T

-

| . . - .
) 4. Determine the value(s) of x.to the nearest.lp',‘_ove'r the intgr)yai o -,
' ' . . - ' . 2 B »

N . .0°5-x<'360°: "2 tan x + sec x = 1. -

.




ERI

Aruitoxt provided by Eic:

T

r

0 5 x'< 2nw},

.

2. petermine the solution set of the following:

-

{x : 2 sin?x - cos x - 1 2 0; 0 £ x < 2n}.

1. Determine the solution set of the following: {x

Pre-~Calculus , e ”

tnit VI —. T -
) ..-1 "af} ’ ' .
¥ - .

- 1 VI-ll solve the trigonometric inegqualities. , :

2sinx~-120;
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ANSWERS

Vi-1

1. Domain:
Range:

2. Domain:

{x: -1 <x

{y : y € reals}

{x": x € reals}

<

{y : v # k o 7} (x £ integers)

: x £ -1}

"Range:
3. Domain: {x : -1 g % g
Range: {v : y ¢ reals}
4. Range: {y :y # x ® 1} (x € integers)
Domain: {x : x > 1}
vI-2
x.
21,
g |
ANPZENN
Ao
e &
1 !
1
! -
x{r,/‘?
i Y
]

R

i . QT
|
| }
2 0 Y !
==l P
>~ ot
L
> [}
-t H
Ev I "i.,
Pl :
- 4 0 %
- |~ ] i
/r
- :
| i
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’ i . .
ANSWERS ‘ .
> ‘
B T o - ; 4. 111 :}A‘J T .
]
/.
ol
Ly ] -—cr
\\ ‘ \
4
>N LSl i puy
| ot
- [ £ /! TSN
-l - { 1%
-1l AN d
T Ny
' - p. .
£ - s =
\ :
\\ - \\ - '
r L - .
~NC /
2 7 § 4//'
A } 7 M’ - ‘
4 &
{ —-
_\’ﬁ
VI‘3_
1. Domain: {x : -1 $x <1} . , 3. Domain: {x: -1 $x <1}
Range: {y:%sy_';—} o Range: {y : 0 £y < #}
2. Domain: {x : x ¢ redls} 4. Domain: {x : x €.reals} '
) -7 T )
Range: ({y : ‘2‘<Y<“2'} Range: {y :0 <y < 71}

VI-12
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* Unit VI

ANSWERS

vi-4
1. Refer to ény approved text
2. Refer to any approved text
3.' Refer to aﬂy approved text
4. Refef to any approved text

Vi-5

et

In ' 11n
a— N — +
1. { = + 2¢m 2 k m}

T . ) :
- — + '
2 {3 K } .

3. {(2 k + 1) 180°}

4. {55° +2x m; 305° + 2«7} s
vI-6
1
1. ¢
-7
2. g
W
3. z
2 2
-7 A -
g
gt
c 2 y

d undefined
4. a 83° s0°
b -8° 00" o

c -101° 4o
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Unit VI~ o : -
ANSWERS

vI-7 .

.
2, ™ .
~~ x -

4. '1Q113

[
»®
"
4]
H-
=]
L)
\[/

(%4]
.
»®
it
[

'1_. sin (Arcsin x + Arcsin vy)

' = sin (Arcsin X) cos (Arcsin y) + cos (Arcsin x) sin (Arcsin y)

=xo V1l -yZ + /1-x% oy
xv'J.-yz + ¥y /1 - %Z

189
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' ) Unit vI-

ANSWERS . .

vi-9
2. cos(sin”lx + ‘Cos-l x)
- - ", -1
= cos (Sin J'x) cos(Cos J'x) - sin(Sin-lx) sin(Cos = x)

=¢1-x2?“x - x o /1-x% o

= 0
) -1 =1 N
3. tan L, tan L @ »
.3 2 4 \
...1 l _1 1 T

tan (Tan §~+ Tan -2'-) tan (Z) ,
1l 1l
372 ,

= 1
1 1l ,
- — 0
‘. 1 3 2 ,
3 )
6. .
- = 1 -
3
6
L $
1 = 1
. '2 -
4., 2 Arctan 2— = Arctan l'—
3 . 5 .

T12
tan (2 Arxctan -§-) = tan (Arctan —5—)

f3)

T o

3 . : : . ,
4 . ;

. 3

2 |
|
. 5 )
t— » v
® - — ,
. .\ . ” -
| |




2 ﬁ}

30 {o',._3-—’ 3

4. . {0°, 233° 10'}
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Pre-Calculus - Elementary Functions ' X

A Y

Unit VII _Applications of Trigonometric Functions

>
:

Overview . . R
Determining the solutions to triangles is the emphasis of this unit.
Trigonometric functions are first applied to solving right triangles and
are then employed in the development of the Laws of Sines/Cosines to
include oblique triangles. Formulas for the areas of triangles, sectors,
and segments are also presented.

Sugéestions to the Teacher ) Ct . ) ' .

A great deal of computational time may be saved if the use of calculators

is permltted, therefore, Objectives 2 and 3 are optional, dependlng on the
availability of calculators.

The students should be required to derive the taw of Sines and the Law of
Cosines. When solving oblique triangles, it is advisable for the students
to draw a sketch with the given conditions. Even though the Law of Tangents
is only briefly mentioned in some of the textbooks, it does provide an
additional method for solving triangles, with or without logarithms. Later
the laws may be 1ncorporated in formulating the equations for determining *
the area of a triangle. ' (Only one version of the area formulas is given

in Objective 13). The presentation of Hero's formula at this.time may be
the student's first exposure but the concept is not difficult to understand.

A review from Geometry on determlnlnq ardas of segments and sectors may precede
the discussion of these areas in this unit. o

Suggested time: 10 ddys

( VIIi-1l
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Unit VII Applications of Trigonometric Functions

PERFORMANCE OBJECTIVES

1. Apply a trigonometric function to determlne a side and/or an angle of a
right triangle.

2. . Use a log~trig'table to determine the logarithm of the functional,value
of a given angle.(optional)

-

3. Use a log-trig table to determine the measure of an angle, given the
logarithm of the functional value of an angle. (optional)

4. Solve verbal prob%ems involving right triangles. (optional: computation
with logarithms) ‘

5. Show a-derivation of the Law of Sines.

6. Given two angles and a side of an oblique triangle, (A.A.S. or A.S.A),
apply the Law of Sines to determine the missing side opp051te one of

the given angles. . .

13

7. Determine the number of solutions in an oblique triangle, given two sides
and an angle opposite one of them (the ambiguous case), .

8. Given two sides and an angle opposite one of them (S.S. A, ) in an oblique
triangle, apply the Law of Sines .to determine the acute (or obtuse) angle

opposite the other side (the ambiguous case),

9. Show a derivation of the Law of Cosines.

10. ‘Given two sides aﬁd the included angle (S.A.S.) of an obligue triangle,
apply the Law of Cosines to determine the third side. . .

11. Given three sides of an oblique trlangle ($.8.S8.), apply the Law of
Cosines to determine a specified angle.

'12. Given two sides and the included angle (S.A.S.) of an oblique triangle,

apply the Law of .Tangents to determine the other two angles. (optional)

13. Apply the formula K %ab SinC to determine the aréa of an oblique triangle.

14. 2pply the formula A = ¥s(s - a) (s - b) (s - c) to determine the area of
an oblique triangle. (s = seml—perlmeter)

: /
15. Apply.the formula A = %rze. te expressed in radians) to determine the area
of ‘a sector. o

l16. Apply the formula A = 1 (9 - sin 9) (6 expressed in radians) to determine
the area of a segment.%optlonal) Lo ' -




Unit VII - Applications of Trigonometric Functions ' .

. CROSS-REFERENCES

\
Objectives | Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton
¢ X Y . \ :
1 172-174 } 136-138
2
3 -
- ~ty
4 ’ 173-178 137-138 |
5 156-157 .| 176 ~ ‘ 139 !
158-159 1< A
6 .162-166 176-180 , 140, 142 © |
@ 7 162-164 | 177-180 ] 140, 142
8 162-165 177-180 - 142
) »
9 160-161 ' | 140-141 .
f 10- 161 178-180 ‘ 141-142
164-166 '
11| 164-166 178-180 .| - 141-142
12 © - 180,
© : " 180 -
14 - 168-170 183 SR
. 15 182-184

16 . Js2-184 - ' ~ !

: . . o
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VII-1 Apply a trigohometric functior to determine a side
and/or an angle of a right triangle. .

. P .
‘1. Given right triangle ABC with right angle at C; if m/A=20° and !
'_‘de.O, then a = .
- 5 ’\\
a)L 13.8 b) 1.8 «¢) 1.7 4) 4.7 e) none of these
-, ‘ - - ‘- [

2. Given 'rig}}t triangle ABC with right angle e;.t C, if ¢ = 15.6 and’
‘b = g.8,- determine\'n\zé. ‘ ' | N
a) 66‘: 24" b)64° 5! c) 25‘; 51" d) 23° 36' e) none of these
iy < .
3. The angle of elevation of the top of a building when viewed from the street
is g5°. * The' distance of the obsefver ‘to thg‘bﬁilding is 80’m. What)is the ‘
height of’th;a building? .

. .
a) 171 m b) 72.5m <c) 3'@m d) 33.8m e) noné of these

P /

4

wi

VIiI-4 : ] -
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Unit VII

VII-2 Use a log-trig table to determine the logarithm of the
functional value of a given angle.

o

1. Ifm /A =18° 20°', detérmin;\log sin A.

2.

v, 3.

Determine log cos 37° 13'. .

-

Determine ldg tan 64° 46'.

’

A

" ViI-3 Use a log-trig table to determine the measure of an angle,

. given the logarithm of”the functional value of an anglé.

L3
»

»

1.
2.

3.

* If log cos A = 9;9260—10,“d§termine'm LA,

0.5259, determine m / A.

.

If log sec A

If log cot A = 9.4200-10, determine m / A to the nearest minute.

s

4

-

X
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1
l

VII-4 Solve verbal problems involving- right triangles.
(optional:; computation with.logarithms)

-

1. A 25-foot ladder leans against a house with the foot of the ladder 6.4 feet
from the~side of thg house. What angle does the ladder make with the ground?
" Determine your answer to the nearest degree. . ) t )
2. An airplane flies on a compass heading of 140° 32' at 625 mph. How far south
* and how far east of the starting point is the plane after 2 hours? Detérmine
‘'your answers to the nearest tenth of a mile. : T b
3. An observer in a lighthodég'40 m above the surface of the ocean measures an
angle of depression at 0° 54' to a distant ships How many kilometers is
’ . *® 4
the ship from the base of the lighthouse? Determine your answer to the
nearest hundredth of a kilometer. , _?” ” . .
/633-5 Show a derivation of the Law of Sines.
i ’ b
1. Derive the Law Bf Sines. . . .
& " — -
‘2. show a derivation of the Law of Sines. Ca . .
' » - .- » ‘\' .
- £ |‘"'P ‘
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. Unit vII L : . :

.

[ VvII-6 Given two angles and a side of an oblique triangle . (A.A.S. or
A.S.A.), apply the Law of Sines to determine the missling side-

opposite one of the given angles.

1

> i i
. ) &

’
 t . -

1. - In AABC, m £/ B = 62° 0°, mLé: 42° O’Iandb= 16.0. Determine ¢ and a

to tHe nearest tenth-of a unit. . L .

-
»
[

2. In AABC, a = 12.0, m / B = 58° 0 andm /C = 26° 0'. Determine c to the .

- nearest tenth of a unit: . T . .

P .

A

.
~ -

; 3. sSuppose that you are a pilot of a qomer::iaf airliner. You find it o
) ' . necessary to detouz.: around a group of thunderstorms. You turn at.an
angle of 18° to your origihal path, fly.for a {vhilg P t_urr;,- 'and in’tc.arcept
- " your original path at an.angle of 32°l 75 kilometers from where yo;.x lefty

K

it. How much further did ydu have, to go because of the detour? Give _the

" answer correct to. two s;'.gnifi.cant? digits.
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VII-7 Determine the number of solutions' in an oblique triangle,._ ]
-gj.ven two sides.and an angle.opposite one of them (the
ambiguous case).

L

. r - .-
1. In 8ABC, m /B = 68°, b = 13.1,and’a = 6.6. , ’

1

26° 40', b

2, In AABC, m / B "60.42,and a = 82.44. -

3. In ARBC, m/ B =32°10', b 8.64 and a = 17.4.

VII-8 -Given two sides arnd an angle opposite one of them (S.S.A.)

’

in an oblique triangle, apply the Law of ‘Sines to determine
_the acute (or obtuse) angle opposite the other side (the .

ambiguous case). o N : . .

1. InAABCm /B = 52° 40', b = 1.42 and a = 0.554. Determiné m L Ato

D . -
. d

the nearest 10 minutes.

- . .
“s

~
S S ;

2. In 8ABC m / B = 37° 50', b = 13,8, and a = 22.3. Determine m /A to
the nearest 10 minutes, o, ‘ A

3. InAABCm /B =28 34", b
nearesf minute. ' . " » ‘

1464, and a 3142. Deterfine m L A to-the - ‘ .
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Unit VII

'VII-9 Show a derivation of the Law of Cosines.,

(%
J

v N

Derive the Law of Cosines.

=

Show a derivation of the Law of Cosines.

-

.

VII-10 Given two sides and the included angle (S.A.S.) of an

.oblique triangle, apply the Law of Cosines to determine

the third side.

X

~

In AABG, if b = 5.6, c = 7.4,and m / A = 48°, determine the third side

of the triéngle to the nearest tenth.

AY

-

In ASAT, if s = 12.5, t = 24.3;and m £ A = 72° 40', determine the third
side of the triangle to .the newest tenth. ° ‘

[ 3

0}

In AkoA, m £ O = 132%24', k = 18.74, and a = 4.213. Determine the third side -
of the triangle to 4:significant digits. ' ’ "

.
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~ ’ }{\
VII4ll Given three sides of an oblique triangle (S.S.S.), apply the
/;g Law of Cosines to determine a specified angle.
v .

‘ ) & .o, .
1. In AZAP, z = 5.2, a= 7.6, and o = 8.4, Determinem / P. .

2. In APET, p = 34.7, e = 25.4, and t = 21.3. Determine m / P to the nearest

10 minutes. _ S ..

-,

4 -

~ o ST
3. In AMAG, m = 81.23, a = 61.23, and g = 46.64. Determine m /A to tlie nearest

minute. C ) i ) ‘ .

L g

’

VII-12 Given two sides aﬁq the -included angle’ (S.A.S.) of an oblique

triangle, apply the Law of Tangents to determine-thé-other

two angles. : s . - Ce
7 4 i i "' i

\ . .

¢

1. In AGMC, ‘g = 12, . m'/ M = 42°, and ¢ = 22. Determine the other two angles fo

the nea;ést half dégréé usiﬁg the Law of Tangents.

.
. ‘ ' :
[y - -
. Ve . .
.

2. .In AMAC m-= 52.8, m / A = 120° 40', and ¢ = 15.2. Determine the other two

angles to Ehe nearest 10 minutes using the Law of Tange?ff;_//‘,—,/ffsz,—

Nl
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. v

o
N

VII—15 " Apply the.forﬁula K=-% ab sin C to determine the area of .

.

an oblique triahgle. - - .

-

. . ™

Determine the area AABC if-b = 38, ¢ = 46, and m / A = 68° to

2 significant digits.

Determine the area of AGAF if a & 46.8, £ = 30.4, and m £ G = 100° 10'

to 3 significant digits. .
- ’ "/

. . e
-

Determine the area of an eqinatéral triangle whose side is 31.7 to
3 significant digits. ¢

.
PN .

VII-14 Appiy the formula A = Vs(s-a) (s-b) (s~c) to determine the

aréa of an oblique triangle. (s = semi-perimeter)

o

'
= ’

'

Determine the area of AABC given a = 11, b = 14, and ¢ = 17. N

v

.

15.3, r = 22,5, and w = 26.4 to,

Determine the area of ATRW given t

3 significant digits;

\

A surveyor ﬁeésures'tpe three sides of a triangular field and gets 134,
168,. and 242 meters. What is the area of the field to 3 significant

-~ 4

digits?-* ) . , .
' S 172

) - < VII-lL S ‘
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Unit VII

Patunl
N

VII-lS Apply the formula a -'%-rze (e expressed in- radians) to

determlne the area of a sector.

.

.

Determine the area of a sector of a circle with radius lzé-and central

P : .
angle of-g. Leave answer in terms of w.

the area of a sector of a circle with radius 7.20 and central

angle of 75°. Use 7w = 3.14.

L}

A radar antenna turns through a horizontal angle of 80°. 1If its range

is 36.0 km, what area can it sweep? Use 7 = 3.14.

VII-16 Apply the formula A = %-rz (6 - sin 8) (® expressed in

radians) to determine .the area of a segment,

-

- - > .-

C e . 1
Determine area of a segment of a circle with radius 73 and central

L c .
angle of 5 Leave the answex in terms of 7.

<

Determine the area.!hciosed by a circle of radius 6 and a regular
A

A .
inscribed hexagon. Leave the answer in terms of 7 and radicals.
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Unit VII
. ANSWERS

vII-1

Vii-2

1. 9.4977-10
2. 9I9011-10
3. .3267
ViI-3

1. 32° 30

2. 72° 40!

3. 75° 16' S i

VIiIi-4

1. 7s5° 10'
T2, 794.5 mi. east

965 mi. south

»

3. 2.55 km

VII-5

See an approved text for an appropriate answer,

e

VII-6
l. ¢=12.1, a =17.6
12. c=5.3

3. 7.1 kn




Pre-Calculus B . : . - .
Unit VII - . . _ ' .

ANSWERS : k -

VII-7

1. 1 solution ' ' ' ..
* 2. 2 solutions . B
3. No solution

ViI-8 .
c

1, m/ A= 18° 00!

82° 20' orm /-A = 97° 40!

2, m/A

3. No solution: sin / A = 1.02626 . : e B

-

VII<9

See an approved text for an appropriate answer,
" y11-10 ' : _ N ‘

hl.' a= 5-5

2. a=23.8 : : . _
. , 1%

3. o™ 21.80

VII-11 ‘ L ‘

n

l.-m /P = 80°

2. m/P =952 30

3. m /A= 48° 28'

-~ P

VII-12 — ] -

1. m/G=31.5°, m/C=106.5° ‘ ;

2. mZM=47°10', m/C=12°10" .  °

VIi-13

1. 810 ’ - . ' ' .

3. 435 )
> ' 175 VIiI-14 T
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Unit VI
ANSWERS .
. ( N
: ‘vIr-14 . - , S _ ) i
1. 76.7 sq. units’

<

2. 171.8 sq. units
. 3. 10800

, - { . ' A . il

VII-15 '
625 - ' :
1. 64 . - » -
2, 33.9 sq. units X
. . s ] "
3. 904 km? .o , ~ : .
‘ 'VII-16 . ' . -t
.75 ’ ) L
1. 16 (Tr-3)' - / -
. 2. 6 - 9/3 ‘ ' ¥
) R . - . ) PR « A ) , . ’
R I = ' - s
y * . . \ ’ Lo
x - ’ ’ ‘
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[

Unit VIII Complex Numbers . ' -

Overview

This unit is a continuation of the student's knowledge of complex numbers, as
well as an introduction to the trigonometric (or polar) form of a complex
number. Material covered in this unit will®also reinforce skills previously
learned, such as using tables to determine the trigonometric functional value
of an angle and the relationship between the trlgonometrlc functional value of
an- angle (6) and its opposite angle (-6). |

Suggestions to the Teacher

_or sin 3 6 (Unit V).

_Suggested Time -

It is expected that a student is able to add, subtract, multlply, ‘and divide
complex numbers in rectangular form. Howéver, it may be necessary to review
these skills. The objectives used the term "trigonometric" form of a complex
number. The word "polar" form can be used-interchangeably with the w
"trigonometric." The r cis € notation may be used for r{cos © + sin 0},

After the completion of this unit, a student should realize that the

trigonometric form of a complex number effers not only.another approach

to computing with complex numbers but perhaps a simpler approach to the

solution of a problem. Thig can be illustrated by relating skills and - - ~
concepts prev1ously taught such as the solution of a polynomial ‘equation

of the form x" = k (Unit II) and the development of identities for cos 3 ©

3 days

. . VIII-1




Pre-Calculus

Unit VIII Complex Numbers : . .

1.

2.

.the form x

PERFORMANCE OBJECTIVES

Explain how the complex number x + yi can be written in trigonometric form.

Plot complex numbers on the complex plane, given the numbers in recdtangular
oxr trigonometrlc form.

Convert complex numbers from the rectangular form to the trigonometric form
and vice versa.

Use the trigonometric form of complex numbers to determine a product.
Use the trigonometric form of complex numbers to determine a quotient.
Aéply DeMoivre's Theorem to determine a power of a ‘complex number. '

Appiy DeMoivrézs Theorem to determine the roots of a complex number.

Apply DeMoivre's Theorem to determine all the roots of an equation in
=k, k is a constant
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Unit VIII - Complex Numbers .
@  cross-rererences ,
. ] _
’_ " {0bjectives | Coxford Crosswhite Fuller " Shanks Sorgenfrey Wooton
1 187-188 | 186 175-176 .
\& "2 52-54 58-60 ‘
"<v 3 189-191 [ 186 176-177 o~
| | ” L
: 4 1W 187-189 - 77178, (
: ﬂ - 180 -
- | _5 190-191 | 187-189 177
? 6 - |192-196 | 189-193 178180
\ ,192-1! |
o . 1o 7 hieges . 189-193)_ ]78-1?6 y
1 8 192-196 T

189-193 -

180

L -
. .
5
P
~N, )
F‘;‘ ‘
. o '
. ’W)
| .

- ) )
~ERIC . . . -
‘

. . .

; A i 7ox provided by Evic . *

] - .




Prq-Calculus

Unit VIII BN _ : ]
- \:4 * - *

~

~

VIII-1 Explain how the complex number x + yi can be written
o _ in trigonometric form. & @ <

-

A - - i \

1. D L P(')é,.«a,)"'(\".a)l
. e -
x

A

.

>
¥ - ,

»
z
-

. . v .
The complex number X + yl is represented by the po:.nt P. Explain how

- you show that th:.s number can be written in the form r(cos 6 + 1(51n 8).
R - "
. )
2. The trigonometric form of a complex ‘rfumk?er is r(cos 8 + i sin 8). Explain

~ how the complex number x + yi can be written in this trigonometric form.

4 ~

3. Explain how the complex number x + yi caf be written in its trigonometric
.7 ' .

. form. . . ! ‘
.'- ‘ ¢

4. The ti'igonémetric form of the cqgplex number x + yi is

T

Verify that a complex number can be written in these two forms.

.
' P
.

s




’pte\-Cglculgs '

Unit VIII

v

N , VIII-2 Plot complex numbers on the complex plane,.given .>
_the numbers in rectangular or trigonometric form.

[

Ny . . 4
. 'V\ . i 7 B «
* Plot and label each of the indicated sets of complex numbers on the complex plane.
. . e
1. a) 3 -4i
b) 5(cos 30° + i sin 30°) . o
e
c) 4{cos 2 T + 1 sin 3 w) ,
- 2 2 .
. . ‘ s Y
\ d) 8(cos 2.2 + i sin 2.2) b : .
) =2 +41i ; 41 o :
. . " 1’ : . '
3(cos 4.1 + i sin 4.1) S A e o e
- . , N . ',l'
. -6 + %-i . : - Lo
2 B . »
6(cos 330° + i sin\330°) o ) : S .
5{cod (-310°) - i sin(~310°)1 . .
ey 7+ 414 .
" 2 v
M-\'ﬁ ‘ ‘ . -
N Y3, a) 5-8i"°
‘ b) 6.5 (cos 4.3 + i sin 4.3) - - ‘ ' . S
| 4 N - ) .. .
‘c) 5{cos (-30°) 2 i sin(-30°)] .
. d) 4 cos 530° + 4i sin 530° ° .
\ ‘ _ L
e) 4 + 141 o .
3 3 .
* » ! .
A , - 181 :
Q .ot . . N
VIIR-5 . ) , )




Pré-galculus_

Unit VIII

VIII-3 ,Convert complex numbers from the rectangular
"~ form to the trigonometric form and vice versa.

ﬁxpress each of the £ Fowing sets of complex numbers in its equivalent form .
(use tables, whergefecessary). L §

: Rectangular ) Trigonometric
1. a) 1 -1 ' :

b) 2{cos 2 70° + i sin 270°)

c”.) 15(cos leg- )

d4)

a) ' : _ 5(cos%w+isir}a7-w)

b) i {
6[Ccps(-214°) + i sin(-214°)]

9 . oe. 91
cos = 1r+1sm-a—1r

"2[cos(5.8294) + i sin(5.8294)]
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-Pre-Calculus

2‘

Unit VIII _
VIII-4 Use the trigonometric form of complex . .
numbers to determine a product, . '
, , y
1. let zl'f 3(cos. 80° + i sin 80°) and z, = 4(cos 40° + i sin 40°).

Determine z,. z, and express the product in trigonometric form.

1

*

“ . N
Determine the product of

-

3 s 3 e 1 | ’
{8(cos T tising )] o [2(cos zTtising ™) ]

and leave the answer in trigonometric form.

.
/
S

Evaluate: [2(cos %- + 1i sin g%] e [3{cos %-ﬂ + i sin %-n)] _ ..

g
«

Leave the answer in trigonometric form. R

‘Let z_ = 2(cos 45° + i sin 45°); z, = cos(-35°) + i sin(~35°); and

| o

] {(cos 152° + i sin 152°).

N | w

3"

- Determine 2. .2, ¢ 2

1°2%2°2%; and express the answer in trigonometric form.
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Pre-Calculus ’ . -

Unit VIII _ : - - . :

. & > . .

VIII-5 Use the trigonometric form of complex
numbers to determine a quotient. .

d

4(cos 145° + i sin 145°)
8(cos 32° .+ i sin 32°9)°

1. Determine the quotient of

- '
Leave the answer in trigonometric form.

W -
3

2. Let zl = 12{cos (-10°)_ + 1 sin(-10°)] and z2 = 4[éos(S6°) + i sin(56°)].‘

«

2 .
"Evaluate _1_ and leave the answer in trigonometric form. . . .
z
2

Y

-

3. If z, = 6(cos 42° + i.sin 42°) and z.

L ¢ 2, = 24(cos 193° + i sin 193°),

1

then %2, ="+ Leave the answer in trigonometric form.

4.8(cos 38° + i sin 38°9)
,.4(cos 42% -~ i sin 429

4. _Evaluate Leave the answer .in trigonometric form. ‘

- ~

.




prée-Calculus

Unit vIII ' : .

7 =~

VIII-6 Apply DeMoivre's Theorem to determine
a'power of a complex number.

-~

1. Let z = 2(cos 15° + i sin 15°). Determine 27.

it .

2. petermine z!0 if z = cos(.4567) + 1 sin(.4567).

L4
1 -¥3 i. Leave the answer in x + yi form.

3. Determine 220 if z

4. BApply DeMoivre's Theorem to determine (

1 5.
/2 + i./f)

Leave answer in trigonometric form.

e




~

Pre-Calculus i ) :
Unit' VIII ‘ ' : , ' : ‘

. VIII-7- Apply DeMoivre's Theorem to determine
the roots of a complex number. N

12

A

] s

1. ysjng DeMoivre's Theorem, find the three cube roots-of 8. -

LA

2. Apply DeMoivre's Theorem to determine thé five f£ifth roots of 1 -'/5 i.

~

Express the answers in the trigonometric form.

.

3. Find all the cube Yoots of -64 i. Express the answers in both the

- .

‘trigonometric and rectangular form.

4. If z = 2(cos 10° + gin 10°) is one of the sixth roots of a complex

number, determine the other five roots of this complex-number.

.




Unit VIII

. Pre-Calculus

4

VIII-8 Apply DeMoivre's Theorem to determine all the
. . n .

roots of an equation in the form x = k; k is .

a constant, .

Apply DeMoivre's Theorem to determine all the roots of x3 = -27.

Leave the answers in rectangular form.

Apply DeMoivre's Theorem to determine 511 the roots if x° - i = 0.

‘Leave the answers in trigonometric form.

' Use DeMoivre's Theorem to determine the two roots of x2 + /3 -1i=0.

Solve for all roots of z3 = (1 + i)2. (HINT: Apply DeMoivre's Theorem.)




éz;e-Calculus ‘

Unit VIIT ' ' \ : | i

o ‘ °
" VIII-1 - ‘ -
’ " - ' ’ n”'
Refer to textbooks for acceptable answers:.,’
VIII-2 .
\]
v
1' ' Ao - 3 >
o x
el
' 7] ’ < i '
4 o . !
4 N 1 alt B. 7 R 3
N b ! SEE Aar
NN IR 4 -
(7 » '
% , = ANl INE Y | j ¢ -y YR §R
. Ll -y T ; S
' yv =2 i

'&cr-?’..' - : . |

L )
{

?b

A5
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. . Pre-Calculus

Unit %7111 )
ANSHERS 2 , ‘
VIIIgB i
1. a) v2[cos(-45°) + i sin (-45°)]
b) =21
-15 - E .
c) > Y3 > i. . _

d) 5[cos(Arc tan f;-) + i sin (Arctan %)l or 5(cos 53°°10' + i sin 53° 10')
URE

2 4y 22 _ 871 { -
.a2 2 ‘ .

b} 6(cos 210° + i sin 210°)

* . c) /]T?;.[cos (Arc tan _%) + i sin{Arc tan _"2?1” or

/13[cos (=56° 20') + i sin (~56° 20')]
'd) -4.9740 + 3.3552" i
'3, a) 12[cos(-60°) + i sin (-60°)]

b) 2/5(cos 206° 34' + i sin 206° 34')

¢) 7 *3t N . : o

d) 1.7976 - .8767 i S 2

VIII-4 ) _ S .
. ' o o v . e
1. 12(cos 120° + i sin 120°) ) ) o

2. 16(cos 57“‘+ i sin 52—") a et » e

. 13 c . 13
3. . 6(cos 12 T+ i sin 12 )
‘4. 3(cos 162° + i sin 162°) )

~/ * v : i !
VIII-5 : ) ’

1. %(cos 113° + i sin 113°)
, ? o »
.._ 2. 3[cos(-66°) + i sin (~66°)] ' | ,

3. "4(cos 151° + i sin 15'1'*) S ' 189

© . 4. 12(cos 80° + i sin §0°)  VIIZZ13

—
—




Pre-Calculus . a

Unit VIII !
‘ v
ANSWERS | S
VIII-6 ' T\ o
1., 128(cos 105° + i sin 105°) @

2. cos(4.567) + i sin(4+<567)

i, =219 + Y3 i)

4. 243(cos 225° + i-sin 225°)

.

VIII-7 o | S
1. 2(cos 0° + i sin 0°) or 2

* 2(cos 1720°;+: i sin 120°) -or '-1' :+ 1~/§

2(cos 240° + { sin 240°) or -1 -i ¥3°

:2. 5/2_ (?co's 60° + 1 sin 60°)
; - 5/2 (cos i32°'¥ i sin 132°) ;
5/2 (2os 204° + i sin 204°).
\ . 5/2 (cos 276° + i sin‘é76°)

5/2 (cos 348° + i sin 348°)

A

3. 4 (cos 90° + i sin 90°). .~ or 41

AT

. °

4 (cos 330° + i.sin 330°) or 2/3 - 2i°

(cos 70° + i sin 70°)

[V

4,

“{cos 130° + i sin 130°)

LN

2 cos 190° + i sin 190°)

+ 1

(cos 250° + i sip 250°) - -

[V

2:(cos 310° + i sin 310°)

(.- ‘
4 (cos 210° + i sin 210°) or -2/3 - 2i °

1




Pre-Calculus . - ) ,

N . ¢ { N ~ . ’ ’ ',,;
Unit VIII .
S ’
AN\SWERS - . ° - 1 o
VIII-8 .
L 3,33i-
* 2 J 2 ! < .
‘3 ‘ .
3_33 . ‘ .
2 2 .
. . o
2. x; =cos 18° ¥ i sin 18° or cos 378° + i sin 18°
X, = cos 90° + i sin 90°
xg '= cos 162° + i sin 162° .
X, = cos 234° + i sin 234°
! '
% = cos 306° + i sin 306°

.

/f(cos 75°.+ i sin 75°)

bt
®
n

%,  Y2(cos 255° + i Sin 255°)

-
. .

4. x = 35 (cos 30° + i sin.302) <
<. = Jl(cos 150° + i sin 150°)

2 . T . (
exgt o= ?/'2'(cos 270° + i sin 270°) .
K 7 .

£y ™ 191
A VIII-15

cas

.4




Pre-Calculus - Elementary Functions L

Unit IX Functions on the Natnral Numbers '

v . :
. . .

Overview ' . ‘ :
An introduction to summations and the imit concept may be successfully
accompllshed through the gtudy of sequences and series. Since the limit ‘
concept is important for many ideas of alcglus, it is included in the -
material taught in a Pre-Calculus course. Mathematical induction isMalso C,
presented as another method of proof. The expansion of a binomial is )
developed and applied to determine the value of a numerical expression.

s

~.

Suggestions to the' Teacher B . ) : . ’

Since some of the topics in this @nit may have been covered previousiy . ,
(refer to Unit XIII, Algebra II Course of Study), the background of the ’
student should be carefully analyzed. If the student's background is weak,

the presentation of Sequences and gperies in an Algebra 2 textbook could be
beneficial .to the student! Otherw1se, some of the objectives may be combined

or even eliminated. The derivations of the formulas for the sum of finite
arithmetic or geometric series as well as the summation notation should be,

stressed. .

i ¢

A consideration of infinite sequences motivates the introduction of the llmlt
concept. The presentation of the limit concept is rather informal. The use of
calculators may assist in the.development of an intu%tive understanding of

limits. o ! h : . .
The discussion of sequences and series leads naturally into the Principle of
Mathematical Induction, which is used to establish statements involving ) )
sunmation. Mathematical induction is not to be confused with inductive

arguments in science; rather it is a deductive process. The degree of .
precision in these proofs.is left to the individual teacher. i o

/

The binomial theorem maigbe presented in several ways. Combinations and
permutations provide one way, if time allows for the teachlng of these .
concepts. Another approach may 1nvolve Pascal's trlangle. In addltlon,

an algorithm for writing the entlre expansion may be developed step by step.
applications for the binomial. expansion may be seen in the evaluatlon of
numer1ca1 expressions, objective 27. . :

Suggested Time: 10 days
— :




X : N . : .
- 4. Determine the first n terms of an zilthmetlc sequence, given the

‘?re-Calcglus

Unit IX Functions on the Natural thbers . .
!

PERFORMANCE OBJECTIVES

1. State the definitioh of a sequence.

r's
2. Determine the first k terms of a sequence, given the formula for the ,
nth term. ' '

€ ’l

. 3. Determine the formula for the nth term of a given seq?énce.

' «

_ first term and the common differere. . .

5. sConstruct the first k terms of a harmonic sequence given either the first
n terms of an arithmetic sequence or the nth term of the arithmetic

sequence.

;

[ Ed
6. Apply the formula a, = aI”+ (n - 1)d to determine a specific term of a

given arithmetic sequence.
. .
7. Determine one or more arithmetic means between two given terms of an
v

arithmetic sequence. f
4
. . > ,

8. .Given a series in')summation notation, white it in expanded form.

’ < - ¥

‘9. show the deriv&tion of the fo}mula for the sum of a finite arithmetic

series. Y ;
- . g ¢
10. Determine the sum of a finite arithmetic series; using one or more formulas./
. . 1 :

R

. r
. 11. Given the values for some of the variables from the arithmetic sequence

l

and series formulas, determine the value of a selected variable.

12. ‘Determine the first k terms of a geometric sequence, given the first
term and the common ratio.

13. Apply the formula an =‘arn‘l to determine thejspecific terms of a given

geometric sequence.

e

14. Determine one or more geometYic‘means between two given «erms'of a
geometric sequence. . ’ 1 :
)
15. %how'a derivation of the/formula for the sum of a finite geometric series.

16. Determine the sum of a finfte geometric series using one or more formulas.

17. Given values for some of the variables from the geometric sequence and
series formulas, determine the value of a selected variable or variables.

- 193 ooIX-2

4




Pre-Calculus ) N i

. Unit IX- Functions on the Natural Numbers
] 7

.18.

19.

20.

21.

22.

23..

24.

25,

‘l" 27.

©

’ ]

~

Given a set of sequences or series, classify them as being either arithmetic,
geometric, or neither.

-

Given a series in expanded form, write it in summation notation.

Determine the sum of an infinite geometric series where |r| < 1. '

. _ . ., .
State a definition for the limit of a sequence (of partial sums). i

Determine the limit of a sequence and specify which terms of the sequence
are contained in a given neighborhood of the limit!

v
State the Principle of Mathematical Induction.

Apply the Principle of Mathematical Induction to prove a given statement
is true for all natural numbers. '

' n
Apply the binomial theorem to expand expressions of the form (a +b) .

Determine the *#th term in the expansion of (a + b)n. ,

Apply the binomial theorem to agproximate the value of numerical
expressions in the form (1 + x)°, where p ¢ rational numbers.

T W




Unit IX - Functions on the Na

CROSS-REFERENCES

¥

§

tural Numbers

v X

4

Objectives | Coxford Crosswhite Fuller | Shanks Sorgenfrey Wooton *

1 21 391 - 199

7 211-214 392-393 200, 203

3 (212-214 393-394 203

t
4 214 400 201, 203
. [

5 242 200

6 214 . 401 203 °

7 400-401 .
8 244, 247 395-396 201, 203

. / »
9 246 399 201
10 400-401 202-203 °
n 401 203 5
12 214 403 200, 203
13 214 403 203
14 403 -
) v a
15 245 402 , | 202 |
16 402-405 202-203 . ;
_

',25955




)

s

-' A IR
Unit IX - Functions on the Natural Numbers : i
CROSS-REFERENCES ; t
Objectives | Coxford Crosgwhite Fuller Shanks | Sorgenfrey  ooton
i
17 403 203 i
18 246 203
19 246-247 ‘.
20. - |247 421-422 T 1205-206 .
21 228, 243 " | 414 205 |- ‘
23 222-236 411-419 {
23 21-22 407 207 § o S
. ‘ i ,
24 22-25 407-410 208-210 !
25 [756-757 | 340-382 217-221
26 760 220-221 ’
- 27 » Lzz

t
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Pre-Calculus

Unit IX -

IX-1 State the definition of a sequehce. .,
o ~

T T
-y

I. The definition of a sequence is

2. State the definition of a sequence.

3. Define a, sequence., =

I%-Z Determine the first k terms of a sequence,
given the formu}a for the nth term.

=

. ’ ! ' ‘ .
l.. Write the first four ‘terms of the sequence defined by a,
N - (1"} ‘
2, Write the first five terms of the sequence defined by a = > "¢ (2n - 1),

' A , *

.

. i
3. Write the first four terms of the sequence defined by a = sin (n ¢ 7).

. >




Pre-Calculus

Unit IX , )

7
AY

¢ -
*IX-3  Determine the formila for the nth term of a given sequence.

¢

s

/ ; .
Determine the simple; formula for the nth term of a s}equer)xce ¢+ given:
a1:3, a2=5, a3=7, a4=9
A Ch i T ' B
a1=2,.an+1—an-3 ' -

! :

IX-4 Detexminé the first n terms of an arithmétic sequence,

given the first term and the common difference. \

’ -
—— !

1.

-a=2x2-3x+2andd=22;—\1 .

| /

. . )
Write the next three terms of the arithmetic sequence, given:

1 . .
a; = andd---?? _ : _— CoL s
. ' ’ Pl

W

a =\b,-aandd=-b

= ¢ hd .
* -




Y oo . .

- Pre-Calcﬁlus '
Unit IX ’ \

. - “ @

IX-5 Corstruct the first k terms of a harmonic sequence, givén

either,;he'first n terms of an arithmetic sequence or the
nth term of the arithmetic sequénce.

T

<

1. Given, the sequence 1, 4, 7, 10, ..., write the first four terms of the

. corresponding harmonic sequence. . ' .
¥ R nd . . r'es ‘ *
. s ) . ‘
2. Given the arithmetic sequence {nx}, write the fiyst four terms of the

.
S
[

corresponding sequence. v ¥ - v . -
: 2 .1 _4 . . )
3. Given the sequence 1, 5 g1 T vy write ghe first four terms
’ of the corresponding harmonic sequencé. .
+ : ) ° o I
- . AY
s IX-6 BApply the formula of a = a; + (n - 1)d to determine .
. 0 7 -
) .a specific term of a given arithmetic sequence. .
’ - . .
\ ’ N \ \
- < . . N ‘,

1. Deterpine the 30th term of the arithmetic sequence 2.5, 5.5, 8.5, 11.5, ....

LY
'

4 - { -
2. Detefmine the 50th term of ‘the arithmetic sequence x2 - 35x, x2 - 32x,

x2 -}jx, cee ' - - :

3. Determine the 66th term of the ari&hmetic sequence defined by al = -8,5 and

v

a =a + 1.5,
n .
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- Pre-Calculus
’ 4
. Onit 1IX . ) . -

-
g -

e

” LY
IX-7 Determine one or more arithmetic means between two given
terms of an arithmetic sequence. -

{

1. 1Insert two arithmetic means between =3.6 and 2.4.

2. Insert three arithmetic means between x2 - 4x and -x2 - 4x.

-

3. Inseré three arithmetic means between m ~ 2n and 3m - 6n.

o

IS

IX-8 Given a series in summation notation, write it in expanded form.
"

@ - )

\

- Write each of the following in expanded form:

0
[

: 1. (31 = 2)
=1 ~ .
1
.-
2. k ~2
‘.‘x_\ k=1 ; VS - . ‘
4 ' ~
3. S a x4‘:].
® 3 *
4. H
’ i=0 . /

o . oy IX~9




Pre-Calculus ) — . l

Unit IX® : ‘
I o ,

I

IX-9 Show the derivation of the formula for the sum
of a finite arithmetic series. ,

-

4 : . .

1. Show the derivation of the formula for the sum of a finite arithmetic series.

’
L3

-

b

- 7 > ‘ .

IX-10 Determine the sum of a fin?téJEr;thmetic series using one or .
more formulas. :

’

-

1. Determine the sum of the arithmetic series:
. ¥

~

y 20 + 17.5 + 15 + 12.5 + 10 + 7.5 + 5.

4,<‘

2. Determine the sum of: .

30 - : . ' )

3. A marble rolls down an inclined plane, traveling 0.15 m the first second.

~

In each succeeding second it travels 0.24 m more than in the preceding one.
h »

’ .
A
.

How far does it roll in 9 seconds? -

‘ . ’ \xyg . (
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Pre-Calculus . .

Unit IX : .

4

IX-11 Given the values for some of the variables .from the
arithmetic sequence and series formulas, determine
the value of a selected variable.

Determine the common difference and the eighth term of the arithmetic

.

4 .
series whose first term is 10 and whose sum for eight terms is 108.

Given an arithmetic series with 4 = 0.25, an = 12.5, and a1 = 3.5,

determine n and Sp.

Given an arithmetic series with 520 = =240 and 30 © 7, ‘determine

»

a1 and d.

’

IX 2>\;:¥erminefthe first k terms of a’geometric sequence,

given the first term and the/gémmon ratio.

- -

e

Write the first four terms of the geométric sequence, given that

arol
a1 3and r = 5

'

Write the first five terms of thé geometrfc sequence, giben that

' a; = 12 and r = -.01.

&

- . -

3. Write the first five terms of the geometric sequence, given that

4 -

al=1andr=x. , 202

“




%,
B

Pre-Calculus
!

I

Unit IX

IX-13 apply the formula -1 to determine the,

specific terms of a given geometric sequence.

, »

-

1. Determine the common ratio of a geometric series whose firssfterm is

12

36 and whose fifth term is g-.

. j

‘Determine ay, for the geometric series with r

Determine a_ for theigeometric series with a

N

IX-14 Détermine one or more geometric means between two
given terms of a geometric sequence.

i 2
. Insert a geometric mean between §-and‘% .

Insert two geometric means between -.0l and 10.

Insert two geometric means betweeh/x and x3.
¢ A




Pre-Calculus ‘ .

-Unit 1X = : »

S~ L

. . .
IX-15 show a derivation of the formula for - ‘<\
the sum of a finite geometric series. ,

s

Show a derivation of the formula for the sum of a finite geometric series.
L )

4 .o

IX-16 Determine the sum of a finite geometric ‘'series,

using one or more formulas.. p %

: . ) 4  1l6°, 64
Deterfiine the sum of the geometric series %-+ 1+ 3-+ Y + ==

“
. N

4

Determine'the sum of :E: (%ﬁk using an appropriate formula.

k=1 ’ .
. ' -!'- )
Determine the sum of the geometric series x2

IX-13

X F .., *X

N



. Prg-Calculus , )

© Unit IX ‘ ,

selected variab

IX€17 Given values for some of the variables from the geometrlc ;
sequence and séries- fQ;mulas, determlne the value of a
or vari

.

1. Given a geometric series with a,
determine n and Sn’

»

I'4
2. “Given a geometric series with a,

of r and a3&

3. Given a geometric series with a,

es. N .' .
: pE
2, r=.2and a, = .016,
2
2 and 5, = 26, determine all values
= 300, determine r and a

100 and S

3

-~

»

3

Ix-lg'.Given a set of sequences or series, classify them as
being either arithmetic, geometric, or neither.

1. Classify each of the following sequences as Al(arithmetic),

G (geometric), or N (neither).

1
a) 2, ""l, =y} -l' oo .
2 4 i J
b) x, 2x, 3x, 4%, ..

1
c) _2.1 -l' 2' "'4, eee

Q)= =—) =) =) ...

.

T

]
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E ]

IX-19 Given a series infexpanded form, ‘write it in summation notation:®

~ ’ ‘ \ ,. . \ '

1 $

. 4
1. Write the following series in summatiop notation: .
e .
2 +5+7+10+ 13
2. Write the following series in summation notation:
100 + 20 + 4 + .8 X !
3. Write the following series in summation notation:
LoX L x L x8 Ld ,
. 2t 41 6! 8l ¢
; ; -
IX~-20 Determine the sum of an infinite geometric <

series where lrl < 1.,

%
\ 9
1. Determine the sum of the fbllowing infinite geometric series:

. 6 18 7 ' : . .
—_—tF —— coss
2455

*

g
2. Determine the sum of the following infinite geometric series: ¢

- - -

(-~}
12.1072% ,
| k=1 i
f
‘ 3. A side of a'square is 8 inches. The midpoints of its é,ides are joiﬁe‘f ‘ )

to form an inscribed square, and this process is continued forever.

Dete;ﬁine the sum of all perimeters. ’///’/,/ ) ‘ »
. ' . T IX-15 206 . :

!

4 ¢
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R .

. P .

. L] -
IX-21 Sstat§ a definition.for- the limit of a sequence (of partial sums).

-

What is a definition for the limit of a sequence? - &

A

Write a definition-for the limit of a sequence.

»

-

Define the limit of a sequence. : - T
- . ‘ . \ ,'

-

IX-22 Determine the limit of a sequence and specify which terms

of the sequence are contained in a given neighborhood of
the limit. - o o

Given the sequence {Zn - l} » 'determine. the limit (L) of the sequence
n+ 2 . i -

and state which, terms of the sequence ar'g.contained in’ -
\

& - .01, L+ .oy, o

Given the sequence { 63;-—-11}, determine t];e limit (L) 01‘:: the éequence

and state which terms of the sequence are contained in

-, n+ ).

Given the sequence {%} ; determine the. limit (L) of the sequence

.

) - . . \ RN
and state which terms.of the sequence are contained in (.3, .6) .

Given the sequence {%}, determine the limit (L) of the sequence

and state, in terms of €, which terms of the sequence are corrtaine\d in ‘

(L‘-C,L-*-,E) T ) .,
20y : Ix-16 ' ,
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- . . Pre-Calculus . ) - /\ -
: ’ &;it IX . to. ) g .
L & \ ' . . . -

] .
IX-23 State the Principle of+Mathematical Induction.

b

PS . \

-

=
1. what is the Principle of Mathematical Induction?

o
-

2. Write the Principle' of Mathematical Induction.

3. State the Principle of Mathematical Induction.
: L K ,

v

: IX-24 ‘Apply the Principle of Mathematj:cal Induction to prove
' ) a given statement is true for all natural numbers.

\) . 3

LR

1. Use mathematital induction to show that the statement is true for all

natural numbers: P : 1+ 4+ 7+ ...+ (3n-2) = pGa -1

- M .
N

-

2. Use mathematical induction to show that the statement is true for all

-
’.

natural numbers: P : 3" 21+ 2n. i ) -

3. Use ma,thematical induction to show that the Statement is true for all
] Py ‘ N
natural numbers: P : n* + 2n3 + n? is divisible by 4.

-
-~

4. Use mathematical induction to show that the statement is true for all ’

. 2 ’ .
natural numbers: P : X " .1 is divisible by (x + 1).

i .

208

O . . IX-17
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Unit IX

T T

- 4

' - n
IX-25 Apply the binomial theorem to expand expressions of the form (a + b) .

v ’ -

4 .
1. Write the first four terms in the expansion of (x + 2y)7.

3 2\ 4
2, Write't;he complete expansion of 3 v | . C . \'/

\ . -

3. Write and simplify the first four terms of the expanéion of

1 Ny ..
(x3- y'3) e . .

’ %

» A

{

4. Apply the binomial theorem and DeMoivre's 'I‘heo::em to show th.at:
cos 3 6 = cos3é : 3 cos 6 e sin@ and
sin'3 8 = 3 sin 6 * cos?8 - si'n38 .
(HNINT: Expand (cos 8 + i siam 8) 3 by binomial theorem 'and DeMoivie's

Theorem,). ‘1

:




Pre-Calculus¥

‘ Unit IX : |

7

IX-26 Determine the rth term in the expansion of (a + b)n.

Determine the middle term in the expansion of.(2x2 + 3y)8,

Determine the sixth term in the expansion of (a = b)13,

NI
What is the fifth term in the expansion of (x\—%gyx7?

L 4 - /

v‘ * !
What is the eighth term in the expansion of (3x + y2)12?

-




AN

Pre-Calculus

Unit IX

IX-27

rational numbers.

~

Apply the binomial“éheorem to approximate the vdlue of
numerical expressions_ in the form (1 + x)p, where p €

’

approximate Y15 to four significant figures.

1.
2.
approximate the value of v1.04.
. 3. Apply the binomial théorem to
HINT: /15 =
[ -
' + n -
i
4.

-

L]

L]

1

. N N
/6 -1 - (16 - 1) = [16(1 - %6—)1?

A
'

'

=401 -

\

Find the yalue of '(1.01)-" correct to four significant figures.

Assuming the binomial theorem applies to the rational numbers,

L

L

1

6

L
}2

K

)

Y

. . 3 - .
Compute an approximate value of ¥120 by application of the binomial tHeorem.
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. ANSWERS " S | /

M IX-1

———

N

See any approved text. \

| ‘ . .~ - o
IX-2 . - ' )

1.2 3 4 , JALIN
L 3393 ' . \
. = . 2 k ’hl

2.1'."3..5.."1 |

-2 27 2 ~ l
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N\ ) ‘ ‘
v Unit IX - . -

[y

/)

1. -1.6,0.4- St
1. - o ¢ 4 .
2. a2 - dxA-dx, P - 4x | . . ®

3. -gm-3n,2;n—4n,—g-m-5n . ' . . ,

IX-8

"1. 144 +7+10+413 + 16 - '

1 1 3

ol 3. 2 - ;

. + + + +

3 aox a.x azng a3x + a._{4 o .
. L - . ¢ \ :

IX-9

b4

See any approved text. . ‘ ¥

N

IX-10

(1. s, =875 ' s | o




Pre-Calé\lus

| Unit IX

ANSWERS ,

IX-11

2. n=37,8
P g ) |
- %3. al = "‘31,
' -
v
IX-12
1. a1 =3, a
2. .al = 12’

1
1. r = :t.3—

2, 3, =20
3. a5 = 4
IX-14
L )
2- -1’ -1
3 2
3

3. x3, x

® o

]

37

d=2

a2 = =-,12, a3 =

£ 1
=3

See any approved text

s

.0012, a,

, a, =x3, a

= ~,000012

-
=
5 X

IX~23,
<

=i, too, if complex ratios permitted)
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tnit IX

ANSWERS -
/ \'
IX-16
781
108

156
625

1.

»

1. n=4, s3 = 2.496

"'4' a

[ V]
L]

2]
]

3

ioo (.2)%

/

=32o0rr=3, a

85

= 18
3

ip‘a = 400 -

=;)z,.a=1000rr=‘

2 -

IX-24
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Unit IX ) i

ANSWERS

/
IX-19 (continued)

4 -
3. . Z (-1) P E ‘
k=0 - .
. IX-20
l1. S
/
2. 12/99

3. 64 + 32 /2

IX-21 ,

' See any appro{red text .

IX-22

1. L=2and for n> 49, a_¢ <§.99, 2.01)

1 - 13 7
. = - = > - "
2. L 3 and for n > 20, an € A 30’ 30

3. L =-§-and for n £ 4, an € <.3, .6>
© 4. L=3andforn>aé'—ig-e— a, € <3-e,3+e>-

IX-23

Seé any approved text.

IX-24

- fThe format (and tricks) for answers may vary among teachers, so
‘ only some hints are given.

2. Multiply each side of 3k 21+ 2k by 3.

e . ' - ’
[MC . IX-25 . .18




Pre-Calculus

Unit IX

IX-24 {continued)

. <
3. (k+ D% +2k + 13 + (k+ 12 = (k" + 2k3 + K2) + HM5 + 3k2 + 3K + 1)

.
v

x2k t2 1 can be written as

2k

4.
x2 (x -1)'+ x (x+1) - (x+1) or

2k

2 Ko s x-1) (x+1)

IX-25

1. x7‘+ 14x6y + 84x5y2 + 280 x“y3 + eeans

. 12
2. §€~ - 2x%2 + 24 xby% - 128 x3y® + 256 y8

30 1 8 2 2

3. .x 3 . 10x3y 3 + 45 x3y"3 - 120x3 y'l + oo

a) by Binomial Theorem (cos & + i sin 8)3 = cos3e + 3 cos?e (i sin 8) -

3 cos Qisinze - i sinde

I

b) (cos 6 + i sin 8)3 = (cosde - 3 eos 8 sinZe) +
i (3 sin Gycosze - sin3g)
¢) by DeMoivre's Tﬁeorem:
(cos 8 + i ;in 8)3 = (cos 36 + i sin 3 0)
d) *(cos 3 6+isin 3 8) = (cos3 @ - 3 cos © ¢ sin? @) +

.~ i (3 sin © cos? 6 - sin3 @)

e) ifa+bi=x+ y i, thena=xand b =y

%2 cos 36 =cos36 -3 cos 8 * sin? o

sin 30 =3 sin 6 e cos? 8 - sind @
IX~26

217
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tnit IX
ANSWERS

IX-26

1. -1287a%p’
2. 560 x3y*
3. 90720 x8y4

' 5
4. 192456 x°y
1X-27

1." 09610
2. 140198
3. 3.8730

4. 4.9324

7
Y4

TIX-27

218




Pre;Calculus - Analytic Geometry ' ) g

: ° *

Unit X Introduction to Analytic Geometry . . I
L - » I

Overview: -~ g , ’ , -

This unit pro s iﬁe student with a reviey of several topics.discussed in

‘Algebra 2 such d4s the distance formula, slope; and various forms for the R

equations of a line. 1In addition, the student will be introduced to the .

concept of dirggeted distance, direction angles, and parametric equatipns.

Suggestions to the Teacher

It is recognized that several of the aéproved textbpoks do not emphasize (or cover
at all) direction angles, direction cosines_and parametric equations.

Pre-Calc s'MaEhemgtics (Shanks) is the textbook which follows the stated
objective st closely. ) - P

The objéctives in XVII may'be incorporated into this unit (or at the apprppriate ~
- time during-any unit), or Unit XVII may be treated as a separate unit. '

.

Suggested Time

8 days . ' ’ ) 5

5
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_ fte-Calculus - L.

Unit X Introduction to Analytic Geoﬁetry

PERFORMANCE OBJECTIVES

1.. Determine the coordinates of the midpoint of a line segment or a point which
divides a segment into a given ratio. - - :

!

2. Define direction angles, direction cosines, adauﬂirection num?er(_

3. Determind the direction angles and direction cosines bhen given:
a) 'two points ‘
b) a set of parametric equations
¢) . the equation written in standard or general form (Ax + By + C = 0)

~Determine a set of parametric equations of a line when given:

a) two points which belong to the line
b) a point on the line and the-direction cosines :
¢) the general or standard equation of the line (Ax + By+ C = 0)

Given a set of parametric equatioqé of a line,

. -
a) determine the slope

b) write the equation of the line
c) graph the line

Detérmine if three or more points are collinear in SEVERAL YAIS.

Given the equation of two lines, determine if these lines are parallel, are -
the same line, or ‘intersect. If the intersection is nonemptx,determine
the coordinates of the point of interseot;on. :

Prove that fo;}any two perpendicular lines’ (except for horizontal and
vertical lines) the product of their slopes is -l. -

Given the equations of two interéécting lines, determine the acute angle’’
of intersection by applying the formulas

or cos 8 =c._.c,' + °2'°£:

tan-@ =m, - m
2 171

1

+
1 m1 m2 )

~

10. Determine the distance from a point to.a line.
. A

k)
(If you are using a book with vector approach, use in Unit XII.)

’ N N

»




‘Unit X - Introduction to Ana]yiHc Geometry

- @) cross-REFERENCES

Objectives | Coxford Crosswhite | Fuller Shanks Sorgenfrey Wooton
’ . . . ‘ - *
1 433-434 | 35-36 - 21-27 | 307-309 . . 307-312
. | ~ 14-15
2 429-438 250-251 281-284 | 270-274 ' 79
3 429-438 250-251 281-284 | 270-274 47-52
. 4 437-440 42-45 278-279 | 270-274 , 47-52
5 442-448 42-45 - 272-275 51-52
6 . ‘ -~ ] 37-39 |10 277-279 58-63
. : ] ' 58-63
. 7 45-48 51-53 283-287 | 63-68 37-109 j
x 1
8 455-459 46-48 ' 284-287 ° | 65-68 5§-63
9 452-455 16-21 284-287 | ©-131-33 |
: - i
10 452-459° 50-53 1 53-59 369-371 68 89-97
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3. pirection angles are defined as L

Pre~Calculus

‘f“i”f . I | | .

- e

A}

X-1 Determine the coordinates of the midpoint of a line segment or a '
-point which divides a segment into a given ratjio.

1. Given A(0,~5) and B(~5,13), determine the coordinates of the midpoint of AB.

2. Determine the coordinat;s of C such that %g.' %. where C is between A énd B

ahd'A(l,-é) and B(7,8).

3. Given A(l,-1) and b(-5,7) and that C is between A and B, determine the ’

ac _ 1 ‘ S
coordinates of C such that — = — . . 2
4 CB 4

Y ¢

4. Given A(-3, 2) and B(4,7), if C is between A and B, determine C such that:T

PN

AC _
AB

~ =

s

! -

X-2 Define direction angles, direction cosines, and directionf%umher.

.

1. Define: direction apgies.

2. "state the definition of direction cosines.

e -

;

4. If the direction cosines of a line are _&_{fand -3 , then what could a set
o . 10 ;

.

of direction numbers for this lihe be?

- ‘
~..;l!
-
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Pre-Calculus

Unit X

1,

2.

X-3 Determine the direction angles and direction cosines when given:
° [ 4
a) two points :
b) a set of parametric equations
‘¢) the equation written in standard or general form
(Ax + By + C. = 0) i 3

Given A(4 5) and B(1,8), determine the direction )osines and the direction .
angles, a.and B, for this line (as you have directed 1it).

Indicate/ the direction angles ’ (2>S>

@ and B on the directed line, %3, and A (;#9

determine a and B to the nearest degree. - TN EE L
1L

. LI S ELER 1] LB} LR}
3. “Given the parametric equation of 2. é>i]\g
~ 4 } ‘ ’

e

X = 2~ };_d .
y=3-3 d, -
Ji0

determine the direction angles; a and B8 , to the '
nearest degree for this directed line.

Given the equation x + 2y , 5 = 0, deternmine a
possible set of direction \cosines and direction
angles, @ and B , for this)line.




Pre-Calculus , ’ 1
Unit X A ‘ ' : ‘l'

X-4 Determine a set of parametric equations of a line
vhgg given:

2) two points which belong to the line

b) a point on the'line and the direction cosines

¢) the general or standard equation of the line
(Ax = By + C-= 0) ‘ ’

1, Given 2} as directed, determine a set
of parametric equations for this directed

1ine.

2. Given A(0,-3) and B(-2,9), determine a set
of parametric equations for this 1line.

3. A line contains the point (7,~2) and has
cos a =3 and cos 8 = =4 . Determine a set

, 5
of parametric equations for this line. ‘

4. Determine a set of parametric equation for the line 2x ~ 3y + 6 = 0.

Y A’\’ . N ; N




L
- . . *
‘ Pre~-Calculus
{ Unit X
X-5 Given a set of parametric equations of a line,
a) determine the slope ‘ : .
b) write the equation of the line ‘
¢) graph the line
For each set of parametric equatioms,
a) determine the slope
b) write the equation of the line
c) graph the line R
4 1 ‘
1. x = 2 + == d
- Y10 )
<
3
= 3 - d
. \Y 7—1—3
( 2 ‘
2, X = =2 4-== d B .
/s
~
ﬂ
1 4
- 3 - ==
7 75
( 3
3. X 2 + 5 d
y = 4 - ?l;' d ¢ 4
4, ’x = 4
y = 2+4d X

| | 225




Pre-Calculus

Unit X

X-6 Determine if three or more points are collinear in SEVERAL WAYS,

1. Using slope, prove or disprove that the points A(O =7), B(2 -1), and
C(~5 -27) are collinear.

2., Using. the definition of betweenness, prove or disprove that the points‘
A(1,4), B{-3,12), and €(5,-4) are collinear.

E 3: Show in TWO DIFFERENT ways that the points'A(1,-2), B(-3,10), and G(6, an
are collinear.

4, Prove or disprove in TWO DIFFERENT ways that the points A(0,-2), B(2,4), and
C(~4,-13) are collineax, . . . -

226
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L4

Unit X o

i

X-7 Given the equation of two lines. determine if these
lines are parallel, are the same line, or intersect. If
the intersection is nonempty, determine the coordinates

» of the point of intersectiom.

>

In each case, determine whether the two lines are parallel, are the same line, or
intersect.

I. 23 k@Sy =7
22: y _"2x+3

5
2. t:(xb2+Ll a )
5
y==-3-2 d
: 5
3
Ly;(x=~24d
2 5
y-3+§.d
3. L4 =2x+7
1y - ,
’.23 x--1+z—- d >
/5
y=5-1_ 4
© 5

>
Ry
< X
(] (]
(N X
s 4+
1 Ww
wni» o
-9




Pre-Calculus

Unit X , . ‘
| | 3

x-8 Prove that for any two perpendicular lines (except
for horizontal and vertical lines) the product of

their slopes is -1. P

)

-

--1

Prove: If %) | 22 (except for horizontal and vertical lines), then m, L

(mlnz--l). N -«

X-9 Given the equations of two intersecting lines, determine,
the acute angle of intersection by applying the formulas

tang =74 ~ % or cos 6 = c, - ¢ +tegr g .
l+m1m2

LY

Given the equations of the following lines, determine the acute angle of inter-
section (to the nearest degree). -

: 2x+y=3
X -4y +7=0

2. 4
2x + 3y + 8 =0

o oo

3-‘1 : X'zl;-y+7 . .

12 H X'2+_.i:__d
/10
y=-3-3_4d .
/10 E .
Aoy t)x=2+4d
y= -3
3
22 fx =4 +— d
/13
y.6+_z._
13 )




Pre~Calculus

N\
Unit X
X~-10 Determine the distance from a point to a line.
1. Determine the distance from (1,4) to the line x + 2¥ - 3 =0,
2. AABC is constmct::x?ere AT »4), B(4,-3), and C(-—3 1). Determine the
length of altitude to'side AB. ~
3. Determine the distagice between the parallel lines 4x - 3y + 12 = 0 and '
‘x - 3y - 2 = 00 :
4. Which line is farther £rom the origin; "

4x -3y +10=0 or 5x -y - 15 = 0?




Pre-Calculus

Unit X

ANSWERS
X

1.

2. (4,2)

’ 3. (¢,

x-2

used.

;’:g Refer }G'Fextbook
3

"4, 1:-3 (or any ng
proportio
-3
1. [/.cos a =-=—
2
cos ] -l
2
or
a = 135°
B = 45°
2, y
L, _ =m0, :
0‘-m37: @Lg)
6"‘/27 A (6.0)
L SR SR I BN N B A WA
~ | LS AL LR S B Y
|
O 23«0

L

cos

cos

r X-12

[y
LY

-

O e

2
!
Z

459
135°




X=3 (contimued)

3. a = 108°
B = 162°

4, /cos a =2
5

=1 . . .
COos f meam or

5

7] -_'27°
g =117°

X4

10 x--3+‘8-d

73,

y--L1+-3-- d
/13

Answers vary depending on the
" point chosen for the origin.

2, (x = :'-]-'-d

/37

y--3+-§-d .
/37

‘ Answers vary.

-

COo8 @ 8 o 4

--.2-%
y 2 5d

Answers may vary. -

60 x--3+""'d

Answers may vary.




Pre-Calculus
ugit > S
ANSWERS -

X-5

1. a) m=-3 . 3.
b).3x+y-10=0

c) U’
d

\
BREN )
(2=
\
3 i
}(0 -42
M 4 A
=1
2. a) . m "‘2 4-
b) x -2y+8=0
¥ .c)

.a\)m=_i,

c) ‘ ' ﬁ“

. 3 :
b) 4x + 3y =20 =0

c)
o0
113 V
AN
N
o \ JE
S Pl
.
. \C -
4
N
"7'
a) m is undefined
b) x = 4




Rre-C§1cqua

@ vuex .

ANSWERS ) : ’ :
* . . - = S ———
x-6
‘ w1 n w26 L -
o b my T hme T e = B ‘
Since W ¥ Rpos the points are not collinear o C
2. AB = /B0 = 4/5 ' . . oo
. BC = /320 = 8/ . ’
. ‘v .
B0 = 475 ' ,
since AB 4+ AC =. Bc the points are collinear,
3. use slope or- betwéenness. Point;z are collinear. \
(It is also possible to use the equation of the I1ine through-
’  two points and substitute the third point into the equation.
,ﬁ..This is the same as #3. Points are not _‘colline-a'r. o .
@ . :
g 1. parallel lines )
" 2. intersecting lines’ (-3,7) :
3. intersecting lines (-1,5) e
: 4. same line

Refer to textbook used;

g

e




Pre-Calcﬁlus - Analytic Geometry ’ .

. Unit XI__ . Points, Lines, and Planes in Space ) .

Overview ‘o
The approach to this unit will depend on teacher preference and the textbook
. used. The representation for a line in space will be new to 'the student.
However, parametric equations and the symmetric form of a line.are quite
useful- for the student. -

. ~ . . . 4

Suggestlons to the Teacher
. The labeling of the %, y, and z axes will depend on the textbook used. Any &
tygg of model will help the student visualize these points. llnes,‘or Planes
g discussed. When determining the angle of intersection between two

5 lines in space, the student should be encouraged to determine if the lines
actually intersect. The geometric interpretation of solving linear systems
of three equations in three unknowns might be useful for the student's
understanding of when and why the intersection is a point, a line, or empty.

Suggested Time

10 days.




P;e—Calculus ) L ‘ ; a

Unit XI Points, Lines, and .Planes in Space .

PERFORMANCE: OBJECTIVES

1.
2.

3.

4.

5.

6.

9.

10.

41.

Plot points (x, );, z) in space.

)

.Determine the distance between two points in space. .

Determine the direction angles and direction cosines when given:

- P

a) two s
b) a se ametric equations P
Determine a representation of a line in space (parametric equation

or .symmetric form) when given: R\wﬂ

~

a)’ jgwcs points
b) a point and direction cosines
¢) two intersecting planes

Determine several additional points which belong to a given line

{ and. the coordinates of the points where the given line pierces the

Xy, xz, and/or yz coordinate planes.

’

Determine if three or more points are collinear.

Sketch a plane and determine the interceots and traces, when given
the equation of a plane written in the Ax + By + Cz + D = 0 form
(not all A, B, C = 0).

'Given the equations of two intersecting planes, sketch the planes,
indicate the line of -intersection and determine several points which
belong to the line of intersection.

) ~

Given,tﬁe equations of three planes, determine whether the interséction of
thede planes is a point, a line, or empty. If the intersection is nonempty,
detefmine the point(s) of intersection. ’

Determine the acute angle between two lines in space by applying:
= . . " + sc'" + ¢ . ¢
cos 8 = ¢y € °2 " 2 33

'DeCermine the equation of a plane when given:
~a) three points ' ' .
b) the equation of the tra?fs ’ i ,

«

235




Unit XI - Points, Lineé, and Planes. in Space

] . CROSS-REFEREHCES

~_ v P
w

Qﬁjgctives~ Coxford:. Crosswhite | Fuller ‘Shanks Sorgenfrey Wooton .

242 227-228 314-317 273-277

-

429 . "} 244-245 229-230 318-319 276-277

429-432 - | 250-251 _  |281-283 | 320-323 282-287

Q . .
1437-440 258-260 278-281 324-327 307-311

261 ' 325-326 , 311-312

. '327-328
468 235-236 | 331-332 323

" 1470-473 : 332 ' 324 -

. 311,
332 318-322

449-454 259-261. 272;273 357-360 . 311-312

k65-469 262-264  |273-277 | 329-332  B13-316

’

v




Pre~Calculus

Unit XX

XI-1 Plot points (x, y, z) in space.

Plot and label these poipts on the x, Yy Z axes as shown.

1. A(-1, 0, 5)
B(5, 1, 4) g
€(1, 2, 4) e o0
D(-2, 3, -6) :

!

2, A(4' o, '3)
B(-4, 2, 3)
c(2, 3, 0)
D(S' -4, -2)

3. A(0, 4, -3)
B(-4, -8, 2)
c(1, -2, 5)
D(3, 3, -2)

XI-4 <




Pre-Calcuius

A

Unit XI

~=
XI-2 Determine the'distance between two points in space.’

Determine. the distanée between these points:

lo A(“l, 0' 4), 8(21 "‘1, 5) 4

20’ A(G!? -2, 3): B(ol 2, 3)

3o A("'?l "'5' 4)' B("’S' 1' "'3)

4, A(Z_I _3_1 1): B(-ll o, 4)
2 4

-




) Pte—Calcuius

Unit XI

XI-3 Determine the dlrection angles and direction cosines<when given:
" a) two points < .
b) a set of parametric equations

Ly

Given the points A(4, 0, 2)and B(3, 2, 4), determine the direction cosines
and the direction angles to the nearest degree S

Determine a set of direction cosines and direction angles (to the nearest
degree) for the line containing (1, -3, 2) and (7, -6, 0). :

Given L] represented by [ x = 2 +-;.d

4
yw3-_"4d
9

z = -4 -%d,
determine the direction angles to the nearest degree for this line.

Given %, represented by /x = 2

y=1 -)é; d

2
1
z =4 4
V2

dete¥mine a, B, ¥ (to the nearest degree).




Pre-Calculus

‘ Unit XI : . ‘ - 3

XI-4 Determine a representation of a line in space (parametfic equation
or symmetric form) when given: %

a) points. ‘ ) .
a point and direction cosines .
c) two intersecting planes

3

1. Determine a set of parametric equations for ‘the line containing the points
' A(-3, 0, 1) and B(1, ~1, 9). : :

2. Determine a set of parametric equation for the line containing the fint

(1, -5, 6) and having . .
Cy ™ c2=:3—-, éndc3_=;9—--
/29 29 Y29

3. A line contains -the points (-1, 3, 4) and (4, -6, 3). Draw and direct this
. line. According to the way you directed this line, determine afset of
parametric equations for the line. ° . .=

. " 4. Given.t; represented by [2x + z = 4
e e - \ex-y-4z.=8, - -

~

&
-

determine a set of parametric-équations for this l_i.r{e.

- - - <

s¥4G v " h

[




Pre~Calculus

Unit XI

the xy, xz, and/ or yz coordinate planes.

XI1-5 Determine several additional points which belona to a aqiven line
-and the coordinates of the points where the given line pierces

v

}. Given 21 represented by fx = 2 + %.d

y=e =24
3

z =4 - Z-d

.3 -

determine three points on this line.

-

4

2. Determine three points on the line represented by [ x

\

+
3. Determine the coordinates of the ‘point where the line

' pierces the xy plane.

4. What are the coordinates of the points where the line

pierces the xz and ky planes.

2+d

*
]
|
]
gjw
o

!
A
+
l
o

XI-8




Pre-Calculus ~ Lo

‘ Unit XI .

Y

XI-6 Determine if three or more points are collinear.

~ Y
Prove or disprove that the following points are collinear:

Ly

1. (11, 3: 0), (ll 1: 2): (‘40 0, 3)
2, (21 '11"3)1 (4, 0, s)l (6, lq 12)

3. (o, 0, 2), (-3, 6, 4), (12,'-23, -6)

3, (41 0, ol )l (31 dl l)p (121 0, -8)

Q

242

(A
>
=
<
RS




.
'-/y"\/, . )
|
..
.
.

Pre-Calculus

Unit XI

1.

2.

3.

XI-7 j:ch a plane, and determine the intercepts and traces, v}hen given ’ ’

the equation of a plane writtea in.the Ax + By + Cz + D = 0 form
(not all A, B, C = 0).

is3x -y + 22 -6 =0,
Indicate the equations of the traces
and the coordinates of the intercepts.

/
On the axes sketch the "Plane ‘whose equation - A ' C/ ’

1 .1 &t 1.1}

Sketch 3x + 4y = 12.

—

Sketch 5x -~ 4y + 5z + 20 =50. :
Indicate the equations of the 4
traces and the coordinates :
of the intercepts.

L _ © XI-10




Pre-Calculus

‘ Unif XI

1.

2,

r &

@
XI-8 Given the equations of two intersecting planes, sketch the planes,
indicate the line of intersection, and determine several points
which belong to the line of intersection.

Sketch the planes whose equations are [2x -y + 2z - 10=0

4x +y+z-8=0,

Show the line of intersection of these two planes.

Sketch the planes (xz + 4y = 8
x+4z=é:

Show the line of intersection of these two planes.

After sketching the planes ( x +y + z = 4

2x-y-z=8,
\

show the line of zntersection and determine two points which belong to this
line L

Sketch the planes { x -y -2z =5 .

2X ~ Y =5,

Show the line of intersection and determine two points which belongjto
this line. . ,




Pre-Calculus

Unit XI '

XI1-9 iven the‘equations of three planes, determine whether the
intersection of these planes is a point, a line, or empty.
If the intersection is nonempty, determine the point(s) of
£ 3

intersection.

In :}bh case determine whether the intersection of these planes is a
point, a lipe, or empty. 1If it is a point, indicate the coordinates
of the point. If it is a line, indicate at least two points on the

Iine. .

l. 3x 42y -2=4 - 2. x+y+4dz=1

X+ 3y +$2z2= -1 -2 -y +zw 2

3x -2y +32=5

2x -y +3z2=95




' Pre-Calculus

@ | ‘
Unit XI. .

1.

XI-10 Determine the acute angle between two lines in space by applying;

cos 8 = cy cl' +cy ¢ c, +cge3x’,

Given %) represented by (x = 2 + §-d
y=-1-24 ' .
"3
z= 24 )
3
and 22 represented by Xx=2
y=1- %-d

4
y=-2+3g4d,

determine to the nearest degree the angle between these lines.
Find the acute angle of intersection of the lines %) containing A(2, 3, 5)
and B(§, -2, 2) and %, containing C(-2, -2, 8) and D(4, 1, 6).

. . o ‘b
Pind the acute angle of intersection between the line AB and the line TD
if a(5, 7, 3), B(-3, 3, 4), C(2, -3, 6), and D(3, -4, 1). . :

Find the acute angle between the lipe from the point (4, 5, -6) to the point
(8, 6, 2) and a line having direction numbers 2: 4: -4. ' s




Pfe-Calculus i ‘ ' ¢ ' = -
Unit xx . . Lo , ‘ ‘

LI
XI-11 Determipe the equation of a plane when given:
4 - * i ) ' !
LS a) three points, ’ ’
b) the equation of the traces ' ' ‘ '

. 1. Determine the equation of the plane containing the points {3, 1. 2), - B
. (4' "'3' 5), and (1' 2' "'6). . y h {

-

2. What is the equation of the plane which contains the points (2, 3, o)

(0, 4, 1), an " 0, 0, -3). ’
T § L -
3. Determine the equation of the plane hav:.ng X - 7y = 35, x - 52 = 35, and )
7y + 5z = =35 as its traces. . g

o

' 1
4. Determine the equation of the plane which. contains the line %) /x = 2 - ; d

P yoo.

N 2
-1+2a
\ - y = 3
- , 2 2
. z=4 -=d '
. s ‘ 7 3 .
and the point ('o,w. T S ’ ) ‘ \
N 4 'g:;
. v
1 ) 6"” * .
‘ -7




Pre-Calculus

Unit XI I ;

' ANSWERS . » ’ .
XI-1. (] only shown) . . XI-3.

» -

O

1) AB‘= /TT

2) AB = 23
—~
3) 2B =789

4) AB = V477

i
4 °
N

'

&

?
Wi

"+
Wi

0
]
+

Sjw

3. a=84°

8 = 116°

y = 153°

a = 109° or 71°

»

‘8 = 48° or 132°

Y = 48° or.132°

a = 31° or 149°
g = 65° or 115°

y = 107° or 73°

248
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Pic-Calcululi

€

" tnit XI

@

~ ~ ANSWERS

XI-4. 1. x=-3+44
?
-‘1

y=0+=4d4
9

E=Llt

oj®
o

-~ - (Answers may vary.)

2. x=1+3..

729

y:-—s-a—d
29

z2=6 - d

4
/29

. :, x= -1 +>—4a
Y107

' _ y-3,-2-—d
. Y107

2 =4 - =

/107

249

‘io X’.Z" }-' d
/201

.-

"v201 .

N

zZ= 2;' d

V201

" {(Answers will va'ry.) .

XI-5. 1. Answers will vary.
2. Answers will vary.
3. (7, -1l0, 0)

4. (f4r 0, 3), (“280 12, 0)

\XI-G. 1. collinear

A 2. noncollinéar
3. noncollinear
4, collinear .
XI-1l6




&
-
.
-
.
: .
v
-
v
.
v
&£
s
-
-
.. .
o~ -
A . . . . T

o Zsx -4y +52 +20:0

n . .
’

/. - ] ‘<. . > . LT
‘. & LT e
: (4'0'?261.'-43-#20:0 Coe T ; - < ..

.Sx,452+20=0 (59 - , S P :. -




Pre-Calcqlus_ : T -

Unit X* St .

g i L)
" X1-8
1: - 2 -
. 2 A
x" « L

. ) . X %:3‘ . ~
._"(- s g u

\i} & tecsection - ‘

x s

l’-

.

- Tine o irftersec{}on. L

/

(5/2)O> —5/2)

onswers  will

@ a,0)
Y and 2 Coordim"'es

ore tive
inverses




Unit

: iiQTCalculus

XI

ANSWERS

XI-9
1.,

2. (1 --é.l‘l—l)

3.

4.

(2{ "1' O)

18" 2 ' 18

Intersection is a line.

(1' 0' 2): (2' "1' O):
Answers will vary.

g

(3, -2, -2)

»
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// .- Pre~Calculus - Analytic Geometry : 2 “ -

. Unit XII Vectors-in ‘a Plane . ' ) .

) " Dverview C

This unit is an introduction to vectors and ane operations of addition, scalar
multiplication, and dot products. The formal structure of the unit is composed
of definitions and a coordinate or component approach. An intuitive presentation >
of vectors is followed by geometric, physical, and coordinate-free definitions.
Simplicity and clarity are stressed in the concepts of this unit. :

)

Suggestions to the Teacher . i

Notation may cause students difficulty at the start of this unit. Each approved
textbook differs in its approach to vectors and the notation used. For example,
the magnitnde or norm of a vector may be represented by ”3” or I'él while

V=274 3j+may be. written a v = (.7:) Because of these differences, it will be

.necessary for some of the assessment tasks to be changed to agree with the gota_t;._ion
used _lgy students. Emphasize the meaning and differences in such things as u - v

and ru. Several of the textbooks treat vectors in a plane and vectors in space

as one unit. If desired, Units XII and XIII may be taught as one unit. Applications,

of vectors are included in the next unit.

~

’

- Suggested Time: \

' 10 days .




Pre-Calculus . . - ]

Uni€ XII Vectors in a-Plane . ) .w' p

PERFORMANCE OBJECTIVES

»

-

1. Define a vector in terms of arrows in the plane or a directed line segment.

‘2. Given the coordinates of the iniﬁial point and terminal %%int of two vector .
representations, determine if the vectors are equivalent or determine the
coordinates of a point such that the vectors are equivalent.

" 3. Given graphic representations of vectors, 3, 5, & ... apply the definitions
of vector addition, vector subtraction, and scalar multiplication to determine
the sum, difference, and/or scalar multiple of vectors.:

4. Given the coordinates of the terminal points of position vectors, determine the
terminal point of the vector which represents the sum difference, and/or scalar
multiple of these given vectors and/or write in the al + bj form.

S. Determine the magnitude (norm) of a vector represented by a given set of
ordered pairs.

- - - -
6. Given three vectors, a, b, and ¢, each written in terms of its horizontal and

] vertical components, express one of the vectors as a linear combination of the
.other two vectors. ' .

7. Determine and apply the dot product of two non-gero. vectors.
8. Determine whether the vectors in a given pair are parallel, perpendicular, dr

neither parallel nor. perpendicular. If they are neither parallel noxr perpendicular,
find the measure of the angle between them.

9. When given specific vectors, demonstrate the properties that relate to the
operations of addition, scalar ‘multiplication, and dot product.

10. Determine the vector equation of a line in a plane when given:
a) two points i . .

b)  the equatibp in the Ax + By + C = 0 form.~

D X11-2




)

o Unit XII - Vectors in a Plane
CROSS-REFERENCES

v

X11-3

Objectives | Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton
1 , L :
412 197-198 253 295 5-6
2 - )
198-201 - - 292-294 5~7
3 8-13,
416-419 201-205 254-257 297-300 20-21
4 : 206-208, _ 8-13,
) 421 220 259-263 299-300 20~21
¢
5 ~
412,428 211-213 259,264 295 q 13-14
) ,
‘ 421-424 221-225 301-303
7 | N
450-453 | 226-232 . 361-364 26-30
8 > 16’
451-455 226-232 363-364 30-3'3
9 I 13,
453 240 342,364 22,28
10 )
437-440 258-261 344-346 47-51
' ~J
l “ 6
} 255
¢ -
;‘ -
|

Y U -
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Pre~Calculus

Unit XII

XII-1 Define a vector in terms of arrows i
segment.

n\fhe plane or a directed line

A

1. Define a vector.
2. State the definition of a vector.

3. * A vector is a? 2. . -

[2




‘Pre~Calculus

Unit XIIX

1.

0

—F

'XII-2 Given the coordinates of the initial point and terminal point
of two vector representations, determine tf the vectors are
equivalent, or determine the coordinates of a point such that
the vectors are equivalent.

' —p -
Indicate by yes or no whether RB is equivalent to CD when given the
specific coordinates for A, B, C, and D.

A . B C ¢ D
a) (2, 4) (4, -5) (6, 3) (8, -14)
b) (0, 4) (-1, 7) . (8, -2) . (7, f5)
c) (-3, 4) (2, -5) (0, 0). (5 -9)

Point A is (3, -2) and B is (1, 3). For the given point C, f£ind the

D — . -
peint D 'such that AB is ecquivalent to CD.
a) C(-1, 5)

b) C(5, -7)

c) C(4, 4) '//

{

. N - . )
Determine the coordinates of the endpoint of the position vector, OP,
-* . ——
which is equivalent to AB, given the coordinates of A and B.
a) A(e6,,2), B(-1, 5)

b) A(l, -3), B(=6, =4)

c) A(=2, 0) , B(-4, 0) \,‘,,, ,




Pre-Calcu1u§

‘Unit XIr T

XII-B Given graphic representations of vectors- a. b, c. «e., apply
the definitions of vector addition, vector subtraction, and:
scalar multiplication to determine the sum, difference, and/or
scalar multiple of vectors. .

Given ;, g, and g. show the representation for each of the folloﬁing.

> -+
1. a+b

-+ > >
-a =(c.+ 2b)




Pré-Calcﬁlus

Unit XII

XII-4 Givenh the coordinates of the terminal points of position vectors,
determine the terminal point of the vector which represents the
sum, difference, and/or scalar multiple of these given vectors
and/or write in the ai + b3 form. . T

z

. -+ -+ - > .
1.. Given r =31 + 4-5 and.s = -1 + 5j. Determine T such that t = 2r + 3s.

ES 4 - ) . . .
2. Given v-( 3), u =( s)anc‘i s =(2) Write each of the following in the
3

> o
ai + bj form.
> .
a) 2v +u
- b) 3(58 - 2V) ) . \

, ¢) v+u-3s

-

N ey

3. A vector PQ is drawn from (1, 4) to (-7, 6). Represent the vector in

in. the al + b3 £orm. ) ¢

»> A ¢ ' .
-4, v ii}and u 2(3). - Determine each of the following:

4. let r'=3, s
. a) r(v + )
. b RS > .
b) ¢x + s) (v + 2u) J

> >
¢) ru + sv

O

|
}
:
|
|

XII-7

3




Pre-Calculus S ' - |

Unit XII , _ o . ‘

L4

X1I-5 Det‘:ermine. the magnitude (norm) of a vector represented by a
given set of ordered pairs. _

Determine the magnitude (norm) if the position vectors are represented by the

following oi'defed pairs;.g =( 3),3 ’(g), ¢ =(.o)- '

2

.. “.a'“ | ) | A _I./ ’ ) .‘ .

.
. 2-3] \

. /\ b
. || 22 + 3B : L >
s -2zl . S _ o -

- & - o ) ’ .
»
' ) + l_
’. hY ]
s i
- : " ” )
. r .




.Pra-Caléulus

Unit XII

19
—

) - " =

T?E-*n' .

%21-6

L

M '

Given .three vectors, 3, S, and ’5, each written in terms of
its horizontal and vertical components, express one of the
vectors as a linear combination of the other two vectors.

l;‘ Given

2.

-

y

sich that

=

Determine r.and s suc tﬁat: .

5

->
i

R
R [ ‘IM(I /

a
’a-rb+sg ' ‘ . : ] ,

A

+

63 = r(21 -'3’3") +s (=61 + 4Ty,

3I - 43: b =21 + 33. and ¢ = '{ + 10'5, determine r and s

k

3. Determine r and s so that a is a linear copbination o! b and c where

-

a=1+

I
.y

7_'3",b=2I-3,andc=I-2'j’

& .. N

" 4,¢ Using the vectors, 3, B, and ¢, express B as a li‘ne_ar_*comination

and ¢, and express c as a linear combination of a and b.

¢ (T

+

XII-9 °, )

->
a




Pre-~Calculus

* “Unit XII

1.

g

“

XII-7 Determine and apply the dot pfoduct of two non-zero vectors.

Find each dot product if v =(4), 3 :ég)' and w = (-:J;) '

1 .
a) '\; .3
p) = .3 ’

d) T+ @F+W)

. * >, . .
Find u : v, if ©; 4is the direction angle of U and 02 is ;he direction
angle of v, .

61 = 300, ”v“ = 4; .8p = 60°

9 fuf =3 .>
b) | =7 5 e = 45°,'}rv“ =5 0 = 1350 )
c) ”u" =9 ; é1 = 60°, ”v” = 3; Og = 150°

A force F of 16 pounds is applied continuously at an angle of 30° to an
object as shown. Compute the amount of work done by the force in moving

the object 20 feet,

16

*
S -
-~

N ] N— :
- : - 20 ft. o

When a block of wood acted upon.by a force of+48 pounds moves 10 feet in

) " the direction of the force, the work done  amounts to foot pounds. *

~

-




Pre-Calculus

. Unit XII

-

XII-8

T
~

Determ;ne whether the vectors in a given pair are parallel,
perpendlcular, or neither parallel nor perpendicular. It
thev are. neither parallel nor perpendicular, find the measure
of the angle between them.

~

~—

5

From eaeh pair of vectors, determine if the vectors are parallel or

-perpendicula
‘the measure

-1, a =(‘1),
. -2

r. If they.are neither parallel nor perpendicular, determine
of tpe angle between them (to the nearest degree).

\ -

2owet )ou(y) o .
4/3 ‘ W
> -> > > +> -+ ‘ :
3. a=23i+43, b =41+ 33
. >
‘ 4. a =21 +33, b =-41 - 63 s - 4

L 2

XII-9

VS

When given specific vectors, demonstrate the propérties that _

relate to the operatlons of addltlon, scalar multiplication,
and dot product

.4

Given ; =(Z) B ig) 3

. Sy . ,
(%) r=2,and s = -3lshow that the following

5

properties are true. ' R

> > > > ’ .
l. a+b=D>b.+a d -
2. {r+ )8 =1rd +s8 ' . . .

~
3. r@ B =D B
* - €.

> > -

4. c* ¢c=

*”c“? | - .




Pre-Calculus

Onit -XIX : ' ’ . . | . . ~

_XII-10 Determi%e the vector equation 'of a lihe in a plane when given:
a) two points - - - .

B

b) thé equation in the Ax + By + C = 0 form. N .
. ’ / ‘ . . ;
1., Write a véctor equatidh of a line containing A{4, 1) and B(-1, 3). ~:
2. Determine the vector equation of a line containing (2, =-3) and (4, -5).
) ) ) )
3. '‘Determine a vector‘gquafion of a’'line whose rectangular equation is .
x + 2y =5, a : )
4. Find a vector equation of a line whdse regtangular equation is 5x_- 3y = 10.
9 = . . ) _

~ 2

2 Y




" . ‘pre-Calculus
. _ Unit XIT

ANSWERS

XII-1

Refer to the textbook.

a) no
b) no
c) yes

a) (-3,
b) ( 3,

c) ( 21-

a) (-7,
b (-7,

10)

-2)
9)

3)

~1)

XII-4

.

3.

¥ =31 +193
a) el +113

C - >
b). -24i + 573
c)‘ 'f -3

. 27
-81 + 23
a) 211 - 123

b) -8t + 73

> -
.€)- =21 - 53

VY




* Pre-Calculus

. Unit XIT

3. (r+8)E= r’c? + s¢

'-i(é)

-

3.

2(18 ~ 4)

2(14)

l. perpendicular

120°

16°
., .parallel
- +
T =(<14+5t7+ (3-20)3
Answers may vary.

=2+l + (-3- t)?
Answers may vary.

T = t'{+ (5;31:)3’
a

Answers may ry.

=230l 503
'Answers may vary.




Pre-Calculus - Analytic Geometry-

Urit XIII . Vectors in Space . ’

Overvi

. The stricture of this unit is similar to that of Unit XII.'“The derivation of the

equation of a plane is quite siinple no matter whether one is using vectors or
determining distances from a point to a line or plane. The unit deals with dot
produets and cross products and their-applications.

Suggestions to the Teacher ' & . AN

All of the objectlves 1n ”Alt XII should be revzewed as they apply to vectors
in space. . - .

The concepts of > vector, the operations of addition and scalar multiplication,
as well as th- Jot product should be easy for the student to extend into_ three
dimensions Applications of the dot product and cross product should be covered.
The me!-.od of introducing dlstance from a point to a line or plane will dszer
slicltly with the teXtbook used. ' After the idea of normals is discussed,
paraI’el or perpendicular planes are easy for the student to understand. -

) -
¢

faggested Time . A . .

10 days a ' ' )




1. Determine the angle between two vectors wﬁen given:

Pre-Calculus .

Unit XITI Vectors in Space

- '/_/' -

A

[}

PERFORMANCE OBJECTIVES 5 : ' f '

a) the direction cosines of each vector . .o
b) the coordinates of A, B, and C qf angle ABC
¢) the coordinates of the terminal point of two position vectors

- f

2. Determine the dot product when given pairs of vectors.

3. Determine when two vectors are pdrpendicular or parallel.

4. Determine the distance from a point to a plane. i L

5.. Determine the angle between planeé. . V)
6. Determine if two planes are parallel or perpendigular. If they
are parallel, determine the distance between them. ‘
7.. Determine the cross product (vector product) when given two vectors.

tibnal

3. Determine the equatlon of a plane when given:

a) a unit normal and a point in the plane
b) a unit normal and the distance of the plane from the origin

.~ ¢) three points -

9. Apply cross product (vector product) to practical applicatlons related
to areas, moment pf force, etc. ¢ )




I

Unit XIIT - Vecfors Ih Space

: ‘ CROSS-REFERENCES

A ]

-~

"| wooton

RN PUUICNPIITS RO IO S

Objectives | Coxford Crosswhite Fuller Shanks Sérg’enfrey
: -0 31-32
449-454 | 223-251 272 - 357-359 287-292
2 450-453 227{232 267-268 | 361-364 26-29
3, 60-61 1007, 257 - 363-365 38,,20-21
426-428,451 28527 204 |
4 470-473 | 262-266 1 275-276 | 375-377 - 330-331 .
. A" )
5 470-473 | 262-266 275 373-377 - !
. o . ;
6 - 257 - 377 310, 315
!
7 461-465 | 253-255 - 378-380 294
8 465-468 | 262-263 273-274 | 384-386 |313-318 |
9 - - - 384-386 Q) {297
v /,
|
' |
. ‘ N
i
!
i
. l ?
XIII-§ 26-9




Pre-Calculus -

Unit XIII

Determine the angle between two vectors
when given: g

a) the direction cosines of each vector.

b) the coordinates of A, B, C of angle ABQ.

c) the coordinates of the terminal point
two position vectors

~

The direction cosines of a are 3,'§; and'% and the direction cosines of 4

are g, g, and %. Determine, to the nearest degree, the angle between 3 and 5.

; ! ) . . ->
Find, to the nearest degree,the angle between I=31+ 43 - 5k and

> <> > >
b=2i+3 -k, ;

' > » >
Find, to the néarest degree, the angle between =21 -2] + k and
> > <> : ‘.
b= 161 + 87 - 2k: . .

!
P

‘Determine the measure of angle A in AABC if A(0,4,5), .B(-1,2,-4), and c(4,0,9).

»

~ 4 Ry
B




rre—c:alculua

~

® Unit XIII ' > . _' : : .

XIII-2 Determine the dot product when given pairs of vectors.

rd

~

’ ) -+ @+ > >
1, 1 2=8T+T+ 3 and B =1+ 2] + 4k, £find a b~

2. If3 -(3) and D = :3*), f£ind a°b-
1 -1

.' > > < +> + >
3. 1fdeT+2]+3E, B=7 -3k andc=-21-7+4k, £ind a-(b + 3).

n . . ~
.

4. Determine -8 i1f 2 = T and 7 < -21 + k.

»




Pre-Calculus

Unte XIII - )

—

{ - - -
XIII-3 Determine when two vectors are perpendicular
or parallel.

RN

1. Determine if the follo§ing pairs of vectors are perpendicular or parallel.
‘a) T35k . . ‘ ‘
Bamal-2]-2k S

N N . . " -/

S .

b) 2=21-5}+6k
->

+> > +>
b-,i-gj+3k

->
c) 1—j+4k , o o

o'y ~+
4

-1+‘2j,+gk1‘ - , B .
9 4- .. ‘@kﬁ

2. Determine the value of x, y, or z so that the sec¢ond vector is perpendicular
to the first vector. .

-+ -+ +> + > + »> +
a)- a=31 -6 -2k, b= 41 - 2] + zk

. -+ I R 4 !
B) amil+2]+3K, bexi+3 -4k ,
) a=t-77+6k, D=1l -y]+sk | EEA NG
- ) > + > : .
3, Ifa=2f- 4j - 2k ‘; = 21 - j + k, and : - ; - 3 - 3E,which pairs, if any,

are perpendicular? . 3 .

N

. 4. If the vector al + 23 + k is perpendicular to the vecton Si - aj + 7k deter- ’

mine the value of a.. *




. ' r;é-cuculu;

Unit XIIT | . -

XIII-4 .Determine the distance from a point io a plane.

,

Find the distance between the given plane and the given péint.
1. x=2y+2z-3=0, (1,1,1) ”

2. 8x-y+4z+18=0, (-2,0,6) ' :

3. 6x-2y-3z+2=0, (-1,4,1) |

4. 3x -5z -'1=0, (3,7,2)

XIII-5 Determine the angle between planes.

Determine the acute angle of intersection between tﬁe giveh planes.
1, x -2y + 2z - 9=0 and x + 2y ~ 2z 1=0
g. 2x+2y+z+5=0 and 5x +4y -3z =2=0 -

l 3. 2x-y-z+8=0 and x+ 29 +2z-4=0 |

4, x+2y+32=6=0 and 2x + 5y - 4z =10 =0

rs

\

L




Pre

Uni

, \ &
Determine which plgneé are parallel or §erpendicular. 1f they are parallel,
determine tpe distance between -them. ‘ . { ’ .
‘1, bx-2y+8z2-11=0 and b6x -3y +12z2+13=0 L o
2. 3x-y+2z2=6and 6x + 4y -7z +2=0 » -
3. x+2y+32-6=0 and 2x+ Sy ~ 4z - 10 = 0 ) o
4, 9x -6y + 2z - 11 =0 and 18x - 12y + 4z = 55 = 0 '
J : -
I ; . . S
XI1II-7 Détepine the cross proddet (vector product) T - N ST
when en two vectors. . RN . . )
: . ’ ) . . T~ | ;
T e > > > > e ? ’
1. Let a=21+3j -kand b =1 - 2§ + k. Determine a X b.- - - o
) > > -+ > > - -+ . + >
2, If t=~1i+5j+8kandv=3i+2j+ 4k, determine the cross product t X v, _
. /\ 1 et N . ‘ M ‘ X . ":; -
> > > > > > > > @ -+ > . / .
3. Let t =1 +5j + 8k, v =31+ 2j+ 4k, and s = - 1 + 2j 4 6k.
. +> > = i ' x
a) Verify ng--(vxt). . - T ~ JIgn
b) Verify T X@E+8) = ExN + (@E x 9. ' '
’ > <> - . .
. ) Verify T X(W) = @DX V=2 (XW. . s
4. \Detemine a vector perpendicular to each of the vectors ZI+I+ 5k o
andI-BI--i. l' ) : L T 'u’
iy 7 ) .
. 274 .
\ K-8 . - &

~Calculus |

t XIIT .. o ﬁ | S

XIII-6 petermine if two planes are parallel or
perpendicular. If they are parallel,-
determine the distance between them. )

L)




/

. Pre-Calculus ) . .
'. Unit XIII ‘ ' ’
. 3 ’ N ~ ~ . . . P~

- ' . ’
XIII-8 Detemine the equation of a plane when giwven:

. a) a unit normal and a point in the plane.
b) a unit normal and the distance of the plane
fron the origin. ,
¢) three points ° -

«

» »

i
. . . s

1, Determine the equation of the plane containing the points A(l 3,-2), .B(2,0 D,

v and C(O "3 '6) L0 . . ’
2.' Determine a ion of a plane through the pq.tnt (-4,2,-5) and pe.tpendicular

toa-I+3I+2k. . .

~ .

- 3, _Find an equation for the plane that contains (1,-3,2) and is fj‘erpendicular to
? the planes vith equations x + 2y + 3z = 4 .and 3x - by - bz = 2, ,

" 4. Find the,equatlon of the plane which. contains (4,6,2) and has a unit normali of

. , . --LI_ .’-f--—k. j . C. . . ‘ )




Pre~Calculus

- Unit XIII

-~

- N T
. B

Apply cross product (vector product) to
. pract1ca1 applications related to areas,

moment of force, etc. -
' S '63

U?ing cross products deternine the area of AABE if A(Z -3,11) B(O 1 -2), and
c(1,2,3). .

’

* hd \

The volume of a tetrahedron can be expressed in terms of cross products as
v (a X b)' c . Using this formula determine the volume of the tetrahedron

determined by origin and the points with position vectors T=21- 3j - k,
- /

B = I-Zk andc-1+2j+3k

)

1f >, I AL T > > -+ + ., <+
) u=2i{+2j+kandv=1i-3+ 2k, find u X v and verify that it is

perpendicular to both U and v. T s

Using the formula:f|t X K H' +. sin 6 T

( and & are the normal vectors to the plane),determine to 'the nearest degree

"the acute angle betveen t+y+2z=7 andx -2y -~z = 4. -

\ds \

R76

XIII-10"

‘

@




Pre1041culus"
Unit XIII

ANSWERS
‘XIIT-1

1. 599~
Z. 30°
3. 75°
k. 120°

JOd

@

perpendicular '

parallel
perpendicular

g =12
x=3
y-i—

3 l.c !

=
3

XI11-6
-39

.’1. parallel, 6721

2. perpendicular
3. perpendiculaf

4. parallel,-g

XI11-7
T

1. 1-33 -7k
‘41+203 -1:3k *
3 verify

14I +7j - 7%,

.

XI1I11-8
-_—

ytz= i :
x4+ 3y+2z+8m= 0

4x + 13y - 10z + 55 = 0

3x-y+ bz -14 =0 . -

s d L4 ' +‘(
3o,i 5.1 "'3j - 4k

A

4. 60° <
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Pre-Calculus - Analytic éeometry

Unit XIV- Conic Sections ’ . N

- Overview ' .

‘

‘The study of second degree equations is expanded to include the conic sections -

with centers at the igin and (h,k). Degenerate conics are also presented at
this time. 1In g@dfgfgi, translation and rotaticn of axes are considered in terms

of the conic sections.

-
L]

Suggestions to the-Teacher -

The objectives in this unit allow the teacher some flexibility in planning class
discussions. The development of the standard equation for each conic section

may be approached either by using the definition of the conic gection or by
introducing eccentricity, e. Since eccentricity is a new concept, the teacher
may choose to develop the equations by using this method. Objectives 8 and 12

may be considered together as one objective; however, the degenerate cases are
allowed in both objectiJés. Translations and rotations of axes are also performed

with the conic sections. - - - '

-
*
e

Suggested Time

17 days ' . , 5

~ . -

«




Pre-Calculug‘ : 1" ‘ . §

Unit XIV Conic Sections

PERFORMANCE OBJECTIVES ) ) : . ‘

2

1. Determine the equation of a circle when given certain conditions.

2. Show the development of the standard equation of a parabola, either with
center .(0,0) or center (h,k). v

-

3. Determine the equation of a parabola from the information given.

4. Shew the development of the standard equation of an ellipse, either with
center (0,0) or center (h,k). . '

5. Determine-the equation of an ellipse from the information given.

6. Show the development of the standard equation of a hyperbola, either with
center (0,0) or center (h,k). ) ’ :

7. Determine the equation of a hyperbola from the information given.
8. Given the 'equation of a conic section in the general form
Ax? + cy2 + Dx + Ey + ¥ = 0,

a) write the equation in standard form
b) identify the conic, including the degenerate case. ,
c) determine the eccentricity - ‘ ,
d) discuss its properties,.which may include its center, foci, radius, ‘
vertices, axis of symmetry,'directriees,'aSymptotes,Eﬂajor and minor
axes, transverse and conjugate axes ’
e) graph the conic

Determine the point(s) of'intersection, if any, of two conic -sections.

-

Determine the new coordinates of a given point if the origin is moved by

translation. .
Determine the equation af a conic section by translating the origin to the
point (h,k). Sketch its'graph: - p 'L‘3

]

Given the equation of a conic section in the general form'

~

. Ax2 + Bxy + Cy2 +‘Dx+Ey+‘\F=-o,_ : .
identify the conic, including the degénerate'dase. « .
N N ) ‘ : - )
. Determine the 3ngle of rotiation necessary to remove the xy-term in the .
general equation Ax2 +.Bxy WCy2 + Dx + Ey +\F =-0. Assume that the conic

<section is not the degener caseé. - . b
v . "y - . ! .

Remove the xy~term from an.equatiod of a conic section by a rotatipn of axes« '
Sketch' the graph'of the conic, .showing both sets 6f axes. . o ‘

Solve. verbal problems involving conic sectionms. _
\ : ” X1y-2- ' Y

X
-
3
i

1




Unit XIV - Conic Sections ’

-

CROSS-REFERENCES

.
>

Objectives | Coxford Crosswhite fdl]er ‘ Shanks Sorgenfrey Zwéoton
4 - p63-64 273-275 66-73 425-429 125-129
2 607-608 | 275-277 83-92 442-445 76-80 130-136
3 : B7-89
602-605  |275-277 43%’92 442-445 76-80 . .. | 130-136
583-592 | 137-140
4 508-609 277-280 97-105 446-451 153-155
" | 586-502 | 100 .
5 508211 280-282 l03.107 | 446-451 137-144
6 593-601 i o i , 150"
coo.g0 | 282-283 108-112 | 452-458 144-150" -
-596 ‘
- .| 150-153
7 é?% 600 |2g4-285 116-117 | 452-458 158-160
8 582-611 286-289 ™ 82-118 . 462-464 125-163
9 - - - v 1458 -
10 1612-616 109-112 77-80 475-476 171
g 171-174
N 612-616 12 119-123  {475-477 177-178
127 |612-616 286-289 119-123  [477-481 177-178
: 113-114 ' : k
. 13, slszézl 286-289 123-134 |- o 180-191 ¢
. ! ] I . _ {r
' 113-114 5 y )
14 .‘ 1 616-621 !286-&9 126-134 .— 180<191
15 ’27{5 282 [0e- 107 461,467 136-144" -
‘ - * m / ’
. \/ ¥




Unit XIV

3.
L

4.

I

Pre~Calculus

Using the figure at the right, show

’V(X‘h)z = 4p. (y -~ k) is developed:.

_m‘

XIV-1. Determine the equation of a circle when given
certaiﬁ conditions, _ ‘ \

Determine the equation of a circle with center (-2, -1) and radius 4.
Determine the equation of a circle¥yith cencef (2; ¥) and radius V3 .

Determine the equation of the circle¥with center on the line 2x + 3y = 3
and its tangent to both axes. ’ . '

A circle has its center at the point (-2, -5) and 1is tangent to the line
x + 2y = 8. Determine the equation for that circle. . .

Determine the gquation for the circle that passes through the points
("’5) 3)) (",2) 2),and ("10, "2)°

-

XIV-2  Show the development of the standard equation of a
parabola, either with center (0,0) or center (h,k).

A\

how the equation x2 = 4py is developed\

Show the development of the equation (y - k)2 '-.4p (x - h).-
Use the definition of eccentricity to, explain how the’ equation ‘y2.= 4 px

is developed. - . ‘ -

v 4 - . ) .
Use the definition of eccentricity to ‘show how the equation

A




~

Pre=Calculus

Unit XIV

XIV-3 Determine the equation of a parabola from
the information given.

1. Determine the -equation of the parabola with vertex (-2, 1) and focus (-2, 4).

2. Determine the equation for a parabola with-focus (-1, ~2) and‘directg%x x=7.

3. Using the ﬁbints given in the figure to tﬁe righf; GSJ)
determine the equation for the parabola. & N —p
. ° - "
SRR ) SRR 11

v

4. A parabola has its axis of symmetry parallel to the x-axis, If the parabola
passes thropgh the points 2, -4, @, 2), and (26, 8) determine the equation.




Pre-Calculus ) st

Unit XIV ‘ oo J

XIV-4  Show the development of the standard :
equation of an ellipse; either with

"t center (0,0) or center (h,k).

.

’ x2. y?

1. Show the development of.the equation for an ellipse: <2 ;— v =]1. -
S ' Gwen .
2. Using the figure at the right, show how L . -
° ) g ‘ 'ha,K) .
. (x-h)* + (y-k)¢ =1
?he equation — 7 — ybz — -
is developed. . * & -— . -

3.  Use the definition of eccentriéity to explain)how the equation

2 2
. xX°+ y* =1
b2 "a
is developed

©
. .
- .

"4, Use the definition of eccentricity to show how the equation

’,

(x-h)2 + (y-k)2 . = 1
bl Y
is developed.




{re-Calculul

Unit XIV

1,

2.

Determine the equation. of the ellipse shown at the right,

XIV-5 Determine the equation of an ellipse from the
information.given.

o

. ' o,

Determine the equation for an ellipse with foci (+ 3,0) and e = 5. :
: ‘ b (3

. | OGP 5D

&

L ey
s

. ‘L -
‘ v

Determine the.equation of an ellipse with its minor axis parallel to the

y-axis and 10 units long, eccentricity 2/3, and ceanter (2,3).

»

.If the length of the major axis is 10 units and the foci are (-2, 6)

and (-2,-2), determine the equation for the ellipse.

.}




Pre-Calculus

4.

Unit XIV

,

~
.

XIV-6 Show the development of the standard equation g a
hyperbola, either with center (0,0) or center (h,k).

g ; ' » ‘ 48

.Use the figure at the right to show 2
the development of the equation x2 - y-=1. (a o)
: ]

., v

-

. * ,
Show the development of the equation (x - n? - (y - k)2 1
az - b2

t

. Use the definition of eccentricity to explain how the equation

z%_ -x2=1
aZ b2 _
is developed. . ‘ . ‘ ) .

- L4

Use the definition of eccentricity to show how the equation (y - K2 - (x - h2 = ’
" 1s developed. ) o ak - bé




Pre-Calculus

R

-~

A

3

X1y-7 . ‘ Determine the equation- of a hyperbola from the
information given. .-

1.._Determine the equation of the hyperbola with vertices (—1 -3), and ( 1, S) which
passes through the point (~3,-5). . . -

L 4

2. " If a hyperbola has foci (-6,~3) and (4,-3) and a vertex at‘(3,-3¥, what
is its equation? . .

b

3. A hyperbola has the transverse axis parallel tz the y-axis and 4 unifa
long. If the center is (1,-2)° and-the eccentr city is 2, determine the’

equation for the hyperbola.
A o -
4. Determine the equation of the hyperbola with center (-3,2), a vertex at
(1,2) and an asymptote y = x + 5, -




Pre-Calculus

Given the equation of a conic section in the
general form'

a)’

b)
c)
d)

e)’

ax? + cy?

write the equation in standard form

identify the conic, including the degenerate case
determine the eccentricity .

discuss its properties, which may 1nc1ude its center,
foci, radius, vertices, axis of symmetry, directrices,
asymptotes, major and minor axes, transverse and

conjugate axes
graph the conic

v °

+Dx-ny+F-0,

- . -

.

For each of the following problems, a)

b)

c)
d)

. .e)

- 36x + 48y '+ 144 = O

«

write the equation in standard form

identify the conic, including the

degenerate case

determine the eccentricity

discuss its propertles, which may 1nc1ude

its center, foci, radius, vertices, axis
v of symmetry, directrices, asymptotes,

major and minor axes, transverse and

conjugate axes

graph the conic

N
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) i J
XIv-0. Determine the point(s) of intetsection, if any,
of two conic sections.

:

U e e .e PR ——

1. Determine the points of intersection, if any, of. / -

x2 + 2y2 = 4 and x2 + 3y2 -2x=0;

2. ‘Determine the points of intersection, if any, of ' _ . ‘ .
f \ N ‘ ’

. 9x2 + 12y2 = 108 and %2 = 12(y +.3)

N
!

3. Oetermine the points of intersection, if: any, of
x2 + y 2. bx - 2y +1=0 and x2 + 4y2 - 4x + 8y = =4, S T R
. & * . , . \ ' -

4. Determine the points of interséction if any, of

42-y2-24x+4y+48-Oandx-y2+4y-8"0

‘¢ N ’ . ‘ 2 4 N
1
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Unit XIV

Determine the new coordinates of a.g&ven point
if the.origin is moved by translation.

o

s

.
' r = A

After translation of the origin to 0', a point has, in the x'y'-coardinate
system, the coordinates (3,-6). What are the xy-coordinates of that point

if 0' is (-1,5)?

\

A point P has'coordinates'(-2,3). The origin is translated to thejpoint
0'(3,-5). What are the x'y'-coordimates of the point P? )

~

A point: P has coordinates (-5,4). The origin is translated to the point o'.
1f the coordinates of P in the x'y'—coordinate system are.(-1,7), what -are
th; xy-coordinates of 0'? . .

After translation of the origin to 0', a point has, in the*x'y'-coordinate
system, the coordinates (8,-6). What are the xy-coordinates of that point

1f 0' 1is (-1,-2)? X

’

< pl
‘ »

XIV-11 Determine the equation of a conic section by trans-
i lating the origin to the point (h,k). Skétch its graph.

t

Transform the equation yz.- 6y + 5 = 4x to the x'y' coordinate sustem by trang-
lating the origin to the point~¢-1,3). Sketch its graph.

1 -
Transform the equation x2 + 2y2 - 4x + 16y =°2 to the x' y 'coordinate system
by translating the origin to the point (2,-4), Sketch its graph.

.
L s

Transform the équation 9x2 - 4y2 - 18x + 8y + &4 = 0 to the x'y! coordinate
system by translating the origin to the point (1,1). Sketch its graph..

-

Transform the equation x2 + y2 -~ 4x + 2y - 20 = 0 to the x'y' coordinate
system by-translating the ofigin to the point (2,1), Sketch its graph.




Bre-Calculus »

Ugit XIV : o

¢

XIV-12 Given the equation-of a conic section in the
.general form Ax2 + Bxy + Cy2 + Dx + Ey + F = 0,
identify the conic, {nclﬁding the degenerate case.

g

- Identify the graph of the equation 4x2 - Sxy + kpyz = 16.

Identify the graph of the equation x2 - 2xy + y2 - 8x + 5 = 0.
° .

1

) 7
Identify the graph of the equation 3x2 - Sxy - 2y2 +5x+4y -2 =0,

. . -
Identify the graph of the equation 4x2 + y2 - 8x+ 6y + 13 = 0.

Identify the graph of the equatioﬁ 3x2 - 10xy + 3y2 = 12,

<
+

XIV-13  Determine the angle of rotation necessary to
rempve the xy-term in the general equation . -

« Ax2 + Bxy + Gy + Dx + Ey + F = 0, Assume that
the conic section is not the degenerate case.

5

-~

Determine the angle of rotation necessary 'to remove the xy-term from

the equation . .
. 5x2 - 2xy + 5y2 - 24 = 0,

- Determine the angle of rotation;ggsgﬁééry to remove the xy-term.from

the equation
" -7x2 - 12xy + 2y2 + 10 = 0.

:

Determine the angle of rotation necessary to remove the xy-term from the
equation . ’ ' ~
222 + fAxy + y2 = &. +

Y

.Determine the angle of the rotation necessary to remove the xy-term from

the. equatiop

7x2 + bxy + 4y? + 6x.+ 12y - 9 = 0, .

- XIv-13 ~ 290
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Unit XIV

-

hed

N\

X1y~

Remove the xy-term from an equation of a conic
section by a rotation of axes;
of the conic, showing both sets of axes.

14,

Sketch the graph

R\l

1.

L]
-
.

Remove the xy-term from the equation xy = 8 by a rotation of axes.

the graph, showing both sets of axes. v ,

2. Remove the xy-term from the equation 2x2 + /E%y + y2 = 5 by a rotation of
‘Sketch the graph, showing both sets of axes.

axes.

w

" 3.

.

N

Sketch

\

EXY

.l.‘
Remove the ky-term from the equation 5x2 - 2xy + Sy - 24 = 0 by a rOCation .
.of axes. Sketch the graph, showing both sets of axes.-
/' L‘ ¥
. ® =
XIV-15 = Solve ve;Bal problems involving conic sggcions.

.1. A parabolic steel arch is 100 meters high and has its axis vertical and its

feet 200 meters apart. How much is the focus above or below the ground?
) S,

2. The floor of a building has an ellﬁptical shape, 300 meters long and 200 meters
wide. A whisper near one focus cad be clearly heard near the other focus. -
How far apart are the foci?

- ’ ) ‘ ¥'

3. The cross-section of a‘headlight refleccor'is.a parabola. If the reflector
{8 12 inches wide and 9 inches deep, how far is it from the vertex to the
focus of this parabola. .

4o A rectangulat lot is surrounded by a walkway that is uniform in width and is

5 feet wide. If the area of the walkway is 780 square feet and the
the lot is 960 square feet, what are the dimensions of the ‘lot?

&

area of




Pre-Calculus’

Unit XIV ° ~ '
', ANSWERS : , : . *
XIV-1 . S - XIV-6
)2 2 T 2 . 2 el -
1. (x+ 2%+ (y+1)4=16 1. x*+y°=1 { . ‘e
) ~ : 36 27
2. x-2°+(y-m2=3
3. x+3)2+(@-33=9 2. (x-32+(z-1%2=1
. 4 4 25 -
4. (x+2)2+ (y+ 52 =80 C
. . - »
5. (x+5)2+ (y+2)2=25 - 3, -2+ (G -Nt=1
: - %5 25
XIv-2 ‘ N .
- : ~ 4, x+ 22+ (g -ni=1
See one of the approved textbooks. 9 25
. - \ . ‘%
XIV-3- R XIV-7 L
) . , ' ——— ,
1. x+2)2=12( -1) 1. (3 -DE-5Gx+1i=1
’ : . ) 16 16 Ve
. 2. (y+2)2=-16 (x - 3) _ A
. , | 2
3. (x+5)2= (x - 1) 2. (x+Di-G+"=1
) - ’ ! 16 -9
. b (+ 02 =6 (x-2) . o
- 3. (w422 - (x-D2=1.

XIv-4 K A 12

See one of the aﬁproved textbooks. ‘ X
: he (x+ P2 - (y-22=16

XIV-5
- XIV-8 .
See one of the approved textbooks. PR - :
i 1. a) (x-22+ (y+6)2=1
4 9

b) ellipse
c) /5

d) center (2,-6)
. vertices (4,-6),(0,-6)
. P ) (2’—3‘)v(2'-9\)
' { \ foet (2,-6+75)
‘ ' major axis 6 units .

minor axis 4 units

. o e e) See graph.
Q XIv-15

ERIC - 29y e
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Unit X1V )

ANSWERS . . -

XIV-8 (continued)

2. a) x2 - (y + 3)? =07
b) twq lines y = x - 3
[ 4 R * y-x'-3‘

é) — ~
d) — '
‘ e) See graph.

3. ‘a) .ﬂy - 4) = 24x + 1)

.b) parabola

2.

c) 1 "

— § ——— =
o .

R
|t

FY

d) vertex (-1,4)

focus (=3,4)

2 r e

_syp\‘w ' axis of symmetry y = &4 -#

directrix x. = = i

- L]
\ e) See graph.

Chs @) (3-32-@x+32_

16 - 16

b) hyperbola
c) "2

' d) center (-3,3)
_ vertices (-3,-1),(-3,7)
foci (-3,3+472) ' .

asymptotes y = x + 6

y=-x

- -

‘transverse axis.- 8 units
e .0 conjugate axis 8 units

a) See éraphc

A}
~




Pre-CAlculus
Unit XIV

qllb ANSWERS

XIv-9

——

1. (2,0)

2. (0,-3) :

3. (2i_2_/§,-_1_) ' T
303 .

.
!
'
H +
e
!
|

E%
Y,
{
\

-
4. none

|
1

XIV-10

1. (2,-1)

2-. ("598)

3. (=4,-3)
' 4? (7’-8)

X1v-11

1. (y')2 = 4x';where

xX*=x+1, yg=y-3

. . L}
(x*)2 + 2(y"2 = 38 where

x*=x-2,y'=y+4

P

-

9(x")2 - 4(y")2 = 1 where

'=x-1,y' =y-1

,t

v

" (x")2 + '(y")2 = 25 where

x'=x -2, =y+1

¢

Xiv-12.

ellipse
parabola
2 lines, 3ax +y =1
- X -2y=«2"

point (1,-3)

hypesbola ,

L4
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Unit X1V

XIV =-14 Graphs

26930

ANSWERS

XIV-13

2.

¥ = 30°

3.

26930 ¢

4.

XIV-14

v

x12 - (y)2 =16

1.,

2. 10(x"2 +'2(y"% =20

[

3. 4(x92 + 6(x"2% = 24

2.

"XIV-15

75 meters above-ground

o 1.

223.6 meters

2.

-

1 inch

1

3.

&, \20 feet. x 48 feet

. XIv-18
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Pre-Calculus - Analytic Geoﬁ}try
J

Unit XV  Matrices

7~ .

Overview

The primary purpose of this unit is to show the student how a system of two or
three linear{equations in two or three variables ig'solved through'the use of
determinants and matrices. Applications to higher order determinants are
accomplished with relatively little difficulty. Matrix algebra is presented
and will hopefully benefit those students who will later study:'linear algebra.

. \ .

Suggested Time

v
10 days
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Pre-Calculus . ' : ‘ \
' Unit XV Matrices . ) '
PERFORMANCE OBJECTIVES \ - ‘ , ‘

1. Given a matrix A, ,
, i : ,
a) determine its dimensions ) !
b) identify specific entries of the matrix
c) determine its transpose A" -
d) determine its additive inverse 4

2. Determine the sum or difference of two of more matrices.
3. Determinethe product of a matrix by a scalar.
4., Determine the product of matrices.

* »

S. Evaluate the determinant of a 2 x 2 matrix.

6. Evaluate the determinant of a 3 x 3 (or larger) matrix by one or more
of the following methods: ! ’

a) diagonals . ,
b) expansion by a row (column) and cofadtors '
¢) reduction by row (column) operations (

7. ;Determine the inverse of a matrix, if it exists.
" 8. Solve a system of equations using: ‘ ‘ ) ‘
a) matrices and inverses ' .

b) Cramer's Rule v -
) ¢) augmented matrices, Gaussian elimination, or the Gaus;-Jordan reduction

methods (fart ¢ is optional.)




Unit . XV Matrices

‘ CROSS~REFERENCES

Objectives | Coxford Crosswhite Fuller Shanks’ Sorgenfrey Wooton .
482-485
] 487 408-409
542-543 -
2 485-487 408-411
3 483-485 410-411
]
489-492
5 465 208 -
202505 396-398
6 399-401 ~
. ~
7 & | 449-504 414-418 302
8 | 504-505 402-407 )
418-421 302-303

544-555




Pre-Calculus

Unit xv . . . s ) ‘
’ XV-1 Given a Matrix A, a) determine its dimensions
' b) identify specific entries bf the matrix
"¢) determine its transpose A !
d) Adetermine its additive iqverse

o . . =1 5 ot . . .
}. If matrix A = Z _; v a) What are the dimensions of A? - \
b) What number is in the sécond row, third column?’
A - ) ' ¢) Determine ;[
¢ d) Determine its additjve inverse. .
5 /2 -2 -4 ‘ . .
2. If matrix A .3 4 10 ¢ ) a) T'hat ar? its dimensions?
. ) 1 8 -1 7n
. b) Describe the location of the number 6.
c) Determine ;{ \
>
) . d) Dgtermine the additive inverse .. .
4 . ‘
3. If matrix A =| -2}, ".a) What are the dimensions of A?
. 1 '
b) Describe the location of the number 1.
1 .
. T
c) Determine A.
d) Determine the additive inverse. ° .
—_— - X .
' . 4 -3 .
4.. If matrix A'=|-2 94, a) What are the dimensions of A? T
b) What number is in the first row, second
. column? . Lo i .
¢) Determine A, .
d) Determine its additive inverse.
'y
- 29y . .
. (4
) -
' XV-4




Pre-Calculus

Unit Xv

XV-2 Determine the sum or difference of two or more matrices.

>

¢

‘ .
1. If possible, determine| 2 -1 4 + |-
0 5 -8
6 8
2, If possible, determine]" 3] - |-81,
-2 3

If possible, determine [1 4 -7]

N
3 5 of.
9 7 2
.[
3 5 6]-
2 1 4,
. 3 -2 3 A 37
4 .« If possible, determine| 4 1 + - {-10 -] -6 41"
< - -8 9 1 -7 2 -2
»

3Uy
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'Pre-Calculus

Unit XV

+

(R 4

XV-3 Determine‘the product of a migrix by a scalar.

) 6
1. Determine the product: =210
. : 1
’
, . 5
2. Determine the prodyct: 1l -1
. 3] 2
-9

a . P
-4 \ _
-6 ..

.
.

3.\—1-5/{ 2~ 4 9 and B =| =6 1 0
2 I -1 3 11 5 o3

]
N O
S o
j SO |
-
w
.
1
- U -
~ N
i ]
)
=3
o
0

T

0. -9 » determine A + 3B - 2C.
-11 8 Lt .




. Pre-Caloulus =~ : Yy ' .

qnit XV * . -, . -
R
f .
- .- < . ‘ - .
. XV-4 Determine the product of matrices. . ! ' )
] ‘ ) ° >
. - ’ : . 411
’ 1. Multiply, if possible: % -6 2Jf 3
. -1
C
)
2. Multiply, if possible: 3 -21, 12 5 -
. 1 4 7 =2 1-
— - Al 1

3. Multiply, if possible: 2

Taw
wH o

*
r___.....]l .
N Al
® w

[
\IO\I

/

.

>
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‘Unit XV

3
-

%V-5 Evaluate the determinant of a 2 x

L]

2 matrix.

s

-3

*Evaluate:
ot 4

-

e

Determiné the determinant of [
) a

aa DX| o v |
: b .

J, what ‘is the detegminant §f’A? -

-

.

»

A

¥

x - 4] , what is the determinant of A?

10

I
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Unit XV & N . )
(-
. N '
XV-6 Evaluate the determinant of a 3 x 3 (or ‘larger) matrix by one or more R
N of the following methods: T
® a) diagonals
a b) expansion by a row (column) and
cofactors . '
¢) reduction by row (column) operations

+

. {

1. Evaluate the determinant, using the diagonal method:

‘ 3 -l 0 | .
-2 8 ' 4 .
1 6 -3 . )

»

2. Use the cofactors of the second column to evaluate the determinant:

- ) 2 4
o a1
-4 -2

-

< 8
Rl o

K}

3. Use row (or column) operations to reduce the matrix. Then evaluate the

determinant. )
. 4 -1 N -2 ~. )
1 2 -3 \ )
. S B -4 9| -~ e _
“ 4. Evaluate the determinant: . ,
-1 4 3 -5
2 -2 6 =7
-4 8 1 -8
7

3 - 5 . -6 ’
o - | . \
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Unit xXv

1,

2.

3.

4.

XV-7 Determine the inverse of a matrix, if it exists,

"

—
J ¥

2

» -~

\ 2

Determine the inverse, if it exists. [ 6

»

MY
Determine the inverse, if it exists
i

{

‘ *
{ - -2
Determine the inverse, if it exists 1
~1

Determine the inverse, if+ it exists

O

J
8

A
-1 -1 : -
-2 31 .

-3 .7 .

4 .0}
-2 3]

e
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‘ Unit xXv f . .

« XV-8  Solve a system of equations by using one of the following methods:
, 4

.

R .
a) matrices and inverses ! .

b) Cromer's Rule
c) augmented matrices, Gaussian elimination, or the Gauss-

Jordan reduction methods (Part c is optional.)

1. Use Cramer's Rule to solve the following system ot&ec’;uations :

X +2y =8 . ’
Y 7 2x +y+z=11
: .x'+y‘+2z=l3~ ' s '
s 2. Use matrices and inyerses to solve thé folll:bwing system of equations:

hd ’

= «]1 ., . - .

8 -

. ; . Ix +y
’ x + 2y

3. Use matrices or determinants to solve the ‘fol;_o*»gj,ng system:

s

.

!/ : 3x + 5y -2z =9 -

X -2y + 2= -2 ' 4

. <

2x +y-3z=7

7
4. Use matricesor determinants to solve the following system:

]
]

2x + y + z + w
T 4x -2z +2w =74 I ’
X - y + 2z -3w = -16
, 3y = 4z « = =5
. / .
' s » .
: ; L Xv-11 N /




gre-Calculus

/
Unit XV
ANSWERS v
’ .
Xv-1 |
1. a) 2x3 .
t b) -8° -
2 6
ey | -1 -2 5.
.5 -8
a -2 1 s -
-6. 2 8 ,
P ! ~
2.7 a) 3x4
b) second row, fourth colm:zk ér f
4 2,4 :
c)Y| 5 -3 1
2 4 8
-2 10 -
N 6 7 %%
i 4
Y - . - i
-5 2% 2 4 .
3 —4 -10‘ |—6
-1 . -8 1l -7n
3. a) 3x1 K

third row,“first column or-
A
3,1

c) [4 - =2

1]

¥

. Xv-2
1.[-1 4 a4
9 -2 -
\ LY
— .
2.1 -2 | ¢ ‘ . ~
11 ’ L ‘/k
. 51" , )
3. cannot Pe .added (
"4.] 3 -9+ /3
0 3 *
»7=v2 4 1/
A
xv-3 !
. . ,
1. 12 - | S ¢
0 81 ° -
2 Iz
- . {
2q 2 . ;
. 3 ’
-1
6 Y
-3
© 3. [-2 .7 18] . .
-7 -9 =7 '
4. -3 "'8 ! 1 ’
113 2 X

“w N P




Pre-Calculus.

-~

‘. Unit XV

! ANSWERS AN
XV-4
1. V[-za]
2. "8 19 —5.
: \ 30 -3 3
> h L
. 3. [-4 120  36]
-6 4 38
| 20 -6. ..125J

2
3- X +3x—4«

4, 8x + 8

. o

72 -4 =72 4+6=-142 "
-4

-3 5{+ x.1.2 T ~z‘_2 '-1l
-4 3] pa 7 3 3 s
s : *

= -44 + 2 + 14 = =28 ) -

There are many ways -to solve the
problem. Here is one solution: ~

) Multiply second colymn by 2

-

Xv-13

and add to third column.
2) Multiply $egnd row by -1 ¥

. andradd to third réw.
r
The new matrix is|4 -1 0-{.
1. 2 1
} . 4 -6 o , ¢
The determinant is 1| 4 -1 js* 20,
4 -6 .
4. -731
Xv-7". ‘ .o
1. .._1' -2 3 . P" 6
24| 4 6
, 2. no inversy,
N p— 1)
3. .14}=5 10 =5 |-1 2 -1 .
25 | -10 =15 . 5{=|5 5 5 o
-5 -5 5] 12 -3 1 {l
: 5 5 5 .
‘ -1 -1 L A
"5 5 5 |
L - i
4. 1 | -7 -20 12 ‘
5 § 3 5 -3 \
‘ 2 5 =22




Pre-~Calculus ,
"Unit XV ‘ ' ) S _ o
‘ .
ANSWERS R R '
Xv-8 '
1. 8 2 0 » 7
1 1 1] .
x=113 1 21"=-10 =2
-1 2 0 -5 % - )
2 1 1 ) : / ~
1 1 2
\\
1 8 0 o
2 11 1
y=l1 13, 2 = -15 = 3
O "5 -5
‘ ’
z =4 . Y
] - \/(
. A\ *
- ' L
2. ‘ : - . *
3 Afix] = |-1 *
1 2flv|Y s . ‘

- o
30 x=l,,y=0,.z=-3

#- x=-1'y=lpz=2,w=6




N

+

Pre-Calqg}us - Analytic Geomiﬁry

Unit XVI Polar Coordinates

Overview
The student is familiar with polar coordinates from the previous work with
DeMoivre's Theorem. However, the rest of the material is new to the student.
The unit begins with plotting points and then goes on to graphing equations
(by substitution of & values and then by considering aides such as symmetry,
interceptgf?etc.) and to solving systems of polar quations. '

/

Suggestions to the ‘Teacher

The instruction and development of polar coordinates is similar to the
development of rectangular coordinates. It might be helpful to ask the
students to recall the development of rectangular coordinates as well as

the graphing 4nd solving of rectangular equations. When solving the system
of pgﬁar-equations, the student should be awafe of the difference between
analytical ‘solutions and geometric solutions. Analytic Geometry, 5th Edition,
by Gordon Fuller hds a very comprehens%@e treatment of polar coordinates.
Algebra, Trigonometry, and Analytic Geoﬁetgx, by Rees and Sparks has a good

section on transforming from rectangular to polar coordinates and vice versa.
Objective 8 may be optional depending on teacher preference and textbook used.

¢

Suggested Time

7 days

XVI<1l




o

Pre-Calculus

Unit XVI Polar Coordinates

PERFORMANCE OBJECTIVES

1.

2.

Plot polnts when given the polar coordinates of the point (r,0).

- 4
Represent a given point (r,8) in at least three equivalent forms wherg,

=27 € 0 ¢ 2x, ' ¢

Using several aids in graphing such as symmetry, intercepts, extent of r,
etc., sketch the graph given the equation written in polar form.

Detérmine the rectangular equation when given the p%}ar equation.

Determine the polar equation when given the rectangular equation.

3
Sketch the graphs of conic sections when given the equation in polar form.

Sketch the graphs of two equations written in polar form and determine the

coordinates of the point(s) of intersection.

Determine the equation of the conic when given specific information. (optional)

»




-

Unit XVI - Polar Coordindtes

@  CROSS-REFERENCES

Objectives | Coxford Crosswhite . Fuller Shanks Sorgenfrey - Wooton
] 19;-199 363-366 158-162 | 482-484 243-244
2 196-199  } 363-366 158-162 ,482-454 243-244
3 . 200-204 | 366-387 166-178 | 484-489 251-256
.3 198-199 366-376 163-166 | 490-492 249-250
-9 198-199 | 366-370 163-166  |490-492 249-250
JZ.
6 204 370 182-187 | 494-496 259-262
7 204 381-383 190-195 | 493-494 257-258
8 38;:390 494-495 262
i
! b
E
| !
. __;

XVI-3

312




Pre-Calculus

Unit XVI . . A R

XVI-1 Plot points when given the polar coordinates of the point (r,9).

1. Plot the following points:

a) (3,30°) @
b) (4,120°)
c) (~6,20°)

d4) (-5,-140°)
e) .(2,270°)

2. Plot the following points: ‘ .
a) (5,150°¢) .
b) ("301) ! '
2 S

c)  (4,-120°)
d) (-2,-200°)
e) (3,-300°)

XVI-2 Represent a given point (r, ©) in at least three equivalent

forms where -27 < 6 ¢ 27.
r

—

Represent each of the following points in three equivalent forms where
-2%'< 6 £ 21.

1. (3,200 = = =
2. (-4,155%) = = =
3. (5,200°) = . a =
4. (2,-300°)= ' /= My
5. (-6,-75%) = - -
6. (7,-Im) = = -

6
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Unit XvI

1
- -~

* XVI-3 Using several aids'in graphing such as symmetry,
intercepts, extent of r, etc., sketch the graph

gﬁ“ given the equation written in polar form.
s*etch each of the followiﬂé curves: : : \
i1, =2 -4 sin o
2. r=-6cos0
3. r =5 sin 30
4. r? =25 cos 20
5. r= 3 csc O
6. r= -4+ 2cos 6

!

XVI-4 Determine the rectangular equation when given ‘the polar equation.

7

v

Transform each equatibn from poia} form into its rectangular form.

1.

{
r = 10 cos ©
r2 cos 20 = 25 .

'

r = § tan ©e+sec O

r = 2 /2 sin (6°+ 45°)

r= 8
5+ 3cos o

r = tan? O3 sec O

. 5 fﬁf>- 3 cos © ‘ ,

r = 4 sin2 1le
2

XVI-5 3‘1 4 ,
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Unit XVI o ~ X

- -

XVI-7 Sketch the graphs of two equations written in polar form, .
and determine the coordinates of the point(s) of intersection.

*

~

Sketch the graphs of the following equat:.ons and determ.ne the point(s) of .
intex;sectmn.

1. r= 2 sec © | ) -
r-,zli'c‘sce

-3

2. r=4s:me‘
3csce
3. r = sin 6 . v
{rﬂs:mze . <\
4. r= -2 ’ . X
. 1+cose . i
r= ) . ’
l+cose ) ‘
5. (= _ 3 - »
2- cos B
r=4cose
6. r= s:.n3e
. rgl._/z-m’ f ¥
’ 2




Pre—Calcuius

|
;‘ @ cucxr-

-

XVI-S Determine the polar equation when givpn the rectangular
equation.

Transform. the following eéuations into polar coordinates:

1.2x -7y - 5=0 ' ' ]

x

2. x2 = 4 PY

2 2

3. x2 + y* = a®x

4 (x2 + y2) (x - a)2 = x2 b2

5, y2 = x>
a- X : \
6. (x2 +y2 - ax)2 =b? (x2 +y2) . ‘

7. y2 = x2 (3a - x) 1 ' ’ :
‘l’_ . a+x '

8. (x-5)2-y2=1
16 9 :

. / ' ‘
"XVI-6  Sketch the graphs of Qonic sections when given the
equation in polar form.

e ‘ .

[ ‘ ‘ . .-
Sketch each of the following conics: ,
( . - .
11 r= 4 ’ ‘ °
’ 1l -cos ©

2. r= 4
1.+ 2 cos ©

.

3. r= 10
4+ 2sine6

o bore_8 B

4 - gin ©

¢ __._ﬁv_._,_f__,_.__.—
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[

XVI«8 Determine the equation of the conic when given specific
information (optional).:

rind the equation of the conics satisfying the following conditions. In,all'cases)
a focus is at the pole. .

1. Parabola with directrix r = - 2 sec-6
2. Ellipse, eccentricity 3, other focus at (6,0°)
5 .
3. Hyperbola, eccentricity 5, center at (5,0°)
4
.with vertex at (2,270°)
with ends of minor axis at (8,60°) and (8,120°)

3

\




. (3,20°) = (3, - 340°) = (-3, 200°) = (-3,-160°)

—————————

. (-4, 155°) = (4, - 25°) = (4, 335°) = (-4, - 205%) )

. (5, 200°) = (5, - 160°) = (-5, 20%) = (-5, -340°)

. (-6, - 75%) = (6, 105°) = (6, - 255°) = ( -6, 285°)

1

2

3

4. (2, - 300°) = (2, 60°) = (-2, - 1zd°) = ( -2, 240°)
5

6

. (7, <In) = (7,51 = (<7, -1 = (=7, Un
6 6 ~ 6 . . 6

XvIi-9 .

318 .

\
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Pre-Calculus

UNIT XVI

ANSWERS .-
¢

XVi-3 (continued)

/\j""

xvi-4 )

1. x2 +y2 -10x=0

2, x2-y% =25

3. x2 =4y |

4. x> +y?-2x-25=0

5. 16x2+25y2+48x-64=¥o
6. y2 = x3 '
7. (x2+y2+ 302 =4 (x2+y2)

8. (x2+y2+2x)2 = 4 (x2 + y?)

XVI-11

XVi-5

1.

r = ' 5 .
2 cos 6.-7 sin ©

r=4psecetane

k9 '3.2

cos 0

rsasecéf_b

r =a sin 6 tan © al
r=acosf+b a |

r=a (4 cos 8- sg¢ o)

—— 9
'S cos © + 4

320







N (Eaﬁ’ 60%), (2 Eo 120:) ,

4, 60%),(4, -60%)

pole

( /3, 60%), ( /3, 120,




,'ah _ Pre~Calculus

Unit XvVI

(2, 60°),(2,- 60°) | &z 150), 42,45°), (5/7,135°)

(§4b,165°r,(%¥5,2§5°),c%/5,285°)

l,. r= 2
1l -cos ©

T 2. ¢ = © 16
5\-._3cose

3. r= 9
4 + 5 cos 6

4. r = 4 .
T 1 ~-sin 6

5, r= 4
2 -v3 sin 0

333 | .

F
! C ' ' XVI-14




Pre-Calculus - Analytic'Geometry ' ’ ’

Unit XVII  Parametric Representation of Curves

‘

Overview
J

Parametric equations for lines were studied earlier in the seflester. This
section continues with this study and relates the use of parametric equations
to curves in the plane and in space. Practical applications are also used to

enhance the subject.

Suggestions to the Teacher

The objectives in thisg unit may be incorpdrated in Unit X or in any other unit
as appropriate as an alternative to presentation as a separate unit.

Depending on the students in the class, the teacher may wish to eliminate the
parameter from a set of equations (Objéctive 2) before graphing them. The

idea in Gbjective 3 should be emphasized. Problems on the path of.a projectile
are included in this unit; other applications of parametric equations, such.as
cycloids and involutes of circles, are left to the teacher's discretion.
Objective 6 is optional, with the answers to these curves found in most textbook$
that cover the topic on parameters. Since most of the textbooks do not present
drawing a curve in space using parametric equations, the last objective is also
considered optional.

Suggested Time

5 days




Pre-Calculus \

Unix XVII  Parametric Represéntation of Curves

‘ ¢ ’
Sketgh the graph represented by a set of parametric equations.

PERPORMANCE OBJECTIVES

"Eliminate the parameter from a set of parametric equations to obtain an
equivalent rectangular equation. ~
K -
Determine whether eliminating a parameter produces a graph that is equiva-
lent to the graph for the parametric equations. If it is not equivalent,
describe the portion of the graph coveggd by the parametric equations.

N

Determine the parametric representations for a rectangular equation of a
curve,

.

lve verbal problems involving the path of a projectile.

etch the graphs of special curves (cycloids, Witch of Agnesi, folium of
scartes, cissoid of Diocles, etc.), (optional) >

Sketch the graph of a curve in space, given its parametric equations.
{optional) . '




Ff

] . - .

| . -
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Unit - XVII - Parametric Representation of Curves

q" CROSS-REFERENCES

Objectives | Coxford Crosswhite Fuller Shanks Sorgenfrey Wooton
1. 200-203 | 508-511 231-235
2 . 196-203 512-513 |, 232-235-
3 ’ 200-204 | 512-513 ; 232-235
4 204 514-517 233-235

K 204-206 | 518-520 y

6 e 206-209 | 518:520
7 647-650;;iwﬁr/? 324-326




Pre-Calculus

Unit XVII

5.

AVII-1 Sketch

the graph represented by a set of parametric equations.

Sketch the graph

Sketch the graph

Sketéh the graph

Sketch the graph

Sketch the graph

of

x=cost, y% 2sin t.

x= 2 + t, ¥
X = t2 + 1,
X = 1
t+ 2
x =‘2 cos t
y=2sint

y=¢t, t>0,

'Iy’t+1't_‘_o.

I

+ 3 s8in t,
3 cos t.

XVII-4




P?e-'Calculus ) \

Unit XVII"

XVII-2 Eliminate the parameter from a set of pérametrig ,_equati'ons
to obtain an equivalent rectangular equation. |

1. Eliminate the parameter from the equations \/

x=3+2tandy =2 ~ t.
2. Eliminate the par;metet from the equations - o
x-Zsintandy=5cosE. '
3. Eliminate the parameter from the equatic;ﬂ§
x =38in2 6 -1 and y = c6s 0 -1
4. Eliminate the parameter from the equatiox‘i_é; ) .
x=cos 20 and y = cos 0. : ' .
5. Eliqainate the 'parame‘ter from the equations

x=t2-2t —landy=t%-t+2.




vgrp-cilculql

. Unit XxviI

Y

Determine whether eliminating a parameter’ prodhbes a graph
that is equivalent to the graph for the parametric equations.
If it is not equivalent, describe the’portion of the graph
covered by the parametric equations. .

.

§

Determine whether eliminating the parameter from x = cos t and y = sin2 t
produces a graph that is equivalent to the graph of the parametric equatlons.
If not, describe the portlon of the graph given by the parametric eguations.,

Determine whether eliminating the parameter from x = t2 and y = t produceé

a graph that is equivalent to the graph of the parametric equations. If not,
describe ‘the portion of the graph given by the parametric equations.
Determine whether eliminating the parameter from x = 3 - 2t2 and y=t2+4
produces a graph that is equivalent to the graph of the parametric equations.
If not, describe the portion of the-graph given by the parametric equations.

Determine whether eliminating the parameter from x = 2 + cos -8 and
y = - 2 - cos 8 produces a graph that is equlvalent to the graph of the

) parametrlc equatlons. If not, describe the portzon of the graph given by-
the parametric equations. ~

*




Unit XVII : o .
i ' ' ,
/ R .
XVII-4 Determine the parametric representations for 2 rectangular

equation of a curve. )

.
Al

* . ~ «
. Y

1. Determine the parametric representations for the equation

<
Pre-Calculu: ' . .
|
|
|
1
(x + 1)2 + 16 (y - 2)2 = 16, Use the substitution x = - 1l +4 sin 8.

2§§ Determine the parametric representations for the equation 5x ~ 3y =13,

Use the substitutiom y = 5t - 1.
' * N 3}

%

3. Determine the parametric representations for the equation ax? + 9y2 = 36,

»

4. Determine the parametric representations for the equation x2y=y-x.

5. Determine the parametric representations for

oM 0D G o

4

A

- —~

|
|
1 : with t € [0,2].. o
J
\ - - ‘ o
. X

b
£ v M vl P ad

N




Pre~Calculus -

Unit XVII : ' - é

L3 -

XVII-5 Solve verbal problems involving -the path of a préjectile.l

»

According to a law in physics, a projectile fired at an angle © moves along a
path given by the equations x = v, t cos 8 andy = v, t sin 6 - 16 t2, where

¥ve = initial vel jty in feet per second, t is time in seconds, and the only

force acting u the projectile is gravity.

et per second and 0 = 30., what are the coordinates (x,y)
tile for t = 27

.pln ;f( Ve =,
of the proj

2. If v, = 200 feet per second and cas 6 = 4 , at what xefg t will the
projectile hit the ground? - 5

3, If v, = 200 feet per second and cos 6 = 4 , where does the projectile
© hit the grounda 5

4. what is the maximum height of the projectile given in part c?

~




Pre-Calculus - ‘

@ _ wicwn , ' |

XVII-6 Sketch the graphs of spé&ial curves (cycloids, Witch of Agnesi,

. folium of Descartes, cissoid of Diocles, etc.), (optional)
) . > > ;

1. Sketch the f6lium of Descartes, given by the parahgtric equations

3t2 ) ' ;
1+ ;3 .

o t $-1.

Y= 3t -~
1+ t3

2. sketch the Witch of Agnesi, given by the parametric'equations

x = 4 cot B .
y = 4 sin2 8. .

! ©

@ -0
. 3. ‘sketch the curtate ‘cycloid, given by the parametric equatigns

I'd

x =99 ~-4sin @ -
y=9 ~4cos 0.
4. Sketch the cissoid of Diocles, given by the parametric equations

x = 2 sin? 8
y'= 2 8in? 98- tan 8.

Q N . © XVII-9
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Unit XVII

XVII-7 -Sketch the graph of a curve in space, given iﬁs parametric
equations, (optional)

‘2.

3.

Sketch the graph of the curve given by

x = 2 sin ¢ cos ©
y = 2 sin ¢ 8in © s
zZ= 2 Cos §.

Sketch the graph of the c;>§e given by o
x®m 4 -25 ~¢ '

y=s
z= t.

sketch the graph of the curve.given by

LS

X®s s
"y = /8 - 2:52 ~ 4 t2
z=t, t>0, _ .

Sketch the graph of the curve giﬁen by

x = /¥ cos 8
y = /v sin @
z=v,v>0

CRERLE

~&

$im

n
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Unit XVII .
ANSWERS ~— .
XVII-1 . . XVII-S ’ ' : i ' °
see graphs. 1. (200 /3, 136) i
: 2. 7% seconds
, . " 3., 1200 feet away
vii-2. _ - 4. 225 feet y J ’
1. x+2y=7 ) ’ . . . ;
" XVIi-6 L -
2. x2+v2=1
4, 25 ' See graphs given in textbooks.
3. (y+1)2=wx - ‘
xvii-7, -
4. L (x+1) =y2 '
2 See graphs. -
5. 2y +y2 +Tx -8y + 14 =0 ¢
i
XVIiI-3 .
1. the portion of the parabola x2 +y =1 where y>0 X

2. ‘the graphs_are equivalent,

3. the portion of the line x + 2y = 11, beginning at the point (3,4), extending .
. upward to the left

4. a line seqment of x +y = o, where the end points of the segment are (3,-3)

. and (11"1) . ,

B, b : .- : . |

XVII-4

Other answers may be acceptable. & .

-

1. x=-1+4 sing 5. 0<t<2) x=1
y=2+cos g _ - 3 y= 3t >
2. x=2+3t 2<t<4) x=
ya-l-}St 3 3} y=
3. x=3cos @ 4<tc2 X =
y =2 s8in g 3 . y=
4, x =t
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>

. ANSWERS (continued)

N

[<

vt

4 $ G N
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Answers {Continued)

XVII-7
1. | 2. - -&:\ T
AL g
i 4 . \
L b ]
~ £ 1 A\ Nie 4 \\
—d LEKAN v
," o ™ [ 4 \ . \\ N >
GEERE 7
e A o
' Vl/ 1. 7; ?’ A b/%f 3‘(
i ; 37 dE
\ EV4 7 . . il;,
o /1 A )
: : Lt
L - . i
o I = I g 1* i
LA -
“sphere. sl o N {
e . Cé_nt'er: - (dl -‘0’)’ * ) .- . ‘ Pl
Radius: 2 <. R £lane
e ’ 4.
> 7, R EENE .
- S " - RS & s
7 7
— " gt 4 i ,
. 2w S ] g
4 { 1. /
AR ANE =G \ L L
(s 1 hYA \ vf;ﬁ
/ a4 Y :
<), def a N X 4y
N 1 \;} Z ‘—'( o
S\
| L - _4:' M d
T 1 ; ?
. d
» ? ' - Y X
L . : .
o _ Ellipsoid
‘“9?er.half’ ' paraboloid
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'Objectives 6-9 are optional.

' ,
N -

Pre-Calculus - Analytic Geometry

Unit XVIII Surfaces .

Oyerview 4

The topics studied in the unit are extensions of some ideas already presented

in Pre-Calculus. Equations and graphs of spheres, quadric surfaces, and
surfaces of revolution are outgrowths of the study on circles and “conic sections.
Two new coordinated systems, spherical and cylindrical, are presented at this |
time. ’ .
|
_Suggestions to the Teacher . ) Lo
|

Objectives 1, 2, and 3 contain basic problems on spheres and cylinders. These
objectives, as well as those concerned with spherical and cylindrical coordinates,
could be discussed with some degree of ease and speed. Other areas of discussion
and graphing methods may. cause some difficulty for students. More time on quadric
surfaces and surfaces of revolution will probably be needed. Any or all of the

' items given in Objectives 4 and 5 may be covered and/or tested. 'The presentatiorn

of the material in this unit is fairly good in the Analytic Geomet;x by Fuller and
Analytic Geometry by Protter, with an excellent discussion given in Modern Anaiytic

Geometry by Wooton. |, -

»"

Suggested Time

8 days

H




Pre-Calculus

Unit XVIII Surfaces.

PERFORMANCE OBJECTIVES
1. Determine the equation of a sphere, using the information given.

2. Given an equation of a sphere, determifie its center and radius.
Sketch its graph. )

3. Sketch the pértion of the cylinder described.

Given the equation of a quadric surface,

a) . identify the surface-
b) discuss any symmetry
c) describe the traces on the coordinate planes
d) determine the intercepts on the coordinate axes
e) sketch the graph
¥

Given a surface of revolution,

a) determine the traces on the coordinate planes
b) identify the axis (axes) of revolution
c) sketch the graph

Optional: . . s

6. betermine the cylindrical coordinates of a point with rectangular coordinates,

and vice versa. ‘

Given a rectangular equation, determine the equation in cylindrical coordinates,
and vice versa.

Determine the spherical coordinates of a point with rectangular coordinates,
and vice versa.

&
’

Given a rectangular equation, determine the equation in spherical coordinates
and vice versa. :




CROSS -REE,

.  Unit XVII) Surfaces’,

XVIII-3

R

ENCES
Objectives | Coxford Crosswhite Fuller | Shanks Sorgenfrey _ Wooton
! ¢ - | .
1 628, 631 266-268 - 433-435 1 345-350
2 . 1628, 631 266-268 251 433-435 345-350
3 629-631 291 - 430-433 350-352
355
4 635-642 290-291 239-252 467-470 355-365
5 632-635 236-239 352-355
6 642-647 496-498 370-374
7 642-647 496-498 370-374 -
8 642-647 n 498-500- 370-374
9 k42-647 498-500 370-374
%
P
U T
. N
Ls
‘ ’)*h
p ¢
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Unit XVIII

2,

e
.

o

'XVIII-1 Determine the equation of a sphere, usgng the information given. l
/

The center of a sphere is (3,.1, ~2).

If the radius is 4, determine the’
equation of the sphere. !

I3

Determine the eocuation of a sphere if its center is (4, -6, 0) and the
radius is v3 . :

s

Determine the équation of a sphere if its center is (-2, 3, -5) and the
sphere contains the point (-5, -4, -1). ‘ .

Determine the equation of a sphere if it passes through the points (2, 1, -1)
(s, -6, 1), (3, 3, 2), and (-4, -7, 11).

XVIII-4
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3

Unit XVIII.

XVIII-Z‘ Given an equation of-a sphere, determine its center and radius.
Sketch its graph.

1. . Determine the center and radius of the sphere

. (x + 12+ (y-12+ (z+22=4.
Sketch its graph.

2, Determiné the center and radius of the sphere’ x2 + y2 +22 = 12,
Sketch its graph, .

3. Determine the center. and radius of the sphere

x2 + 92 + 22 - 2% - 2z = 34.
Sketch its graph.

4. Determine the center and radius of the sphere

2x2 + 2y2 + 222 - 8y + 12z + 3 = 0,
Sketch its graph. 2




Pre-Calculus

Unit XVIII - AP : . . .
XVIII-3 Sketch the portion of the cylinder described, -
1. Sketch the cylinder: ,x? = 8(y + 1) and N? é_z <2 °
' '

’

2, Sketch the cylinder: x2 + y2 - 4x + 2y + 1 = 0 and
0 s;z < 3. - . : : .
) .
3¢, . Sketch the cylinde;: y2»+ 422 = 16 - and
C° ' -1sxs’,2."

4. Sketch :he'cylinder} x2 +22 -4x -4z + 4 =0 if a generator of the cylinder

. .
Al .
’ . Y
. . *
’
<

is the liney = x - 2 and 0 Sy £ 4,
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' Unit XVIII ' ' S .

XVIiI-4 G?.vqh, the equation of a quadric surface, a) identify the surface
P . . s b) discuss any symmetry
: c) describe the traces on
. : the coordinate planes,
: B © @) determine the inter-
S . . cepts on the cooxdi-
: ‘ . ' nate axes w
N ) ’ . . e) sketch the griph
\ ; » ' :
Y
: For each of the following equations, . .
>~ a) identify the quaaric surface . Ve
G b) discuss any symmetry o
c) descnbe the traces on’ the coordinate planes
d) determine the intercepts on the coordinate axes
e) sketch the graph -
| ooe? 4 2 ' ’ | |
’ = + ! ,
. 1. 4z 2x : Yy X . ‘ _y
2 - 2 2 - -
2, 9 8y< + 4z 72 T — ) .
- L ~ T ,
3. 64x2 + y2 + 1622 = 64
"4., x2(.+y2+z2-2x=0" Ca o . |
1 i , . '
. ‘. _ i v
[ @o Al )
a Q ° ~
- yan
o -
@ ° " ! ’
343
‘&) R .
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Unit XVIII . :

Por each surface of revolution,

-

XVIII-S Given a surface of rewolution, a) determine the traces on the

> , . coordinate planes
s . b)‘ identify the axis (axes) of
' o ' ‘ revolution
T .. - .¢) sketch the graph .

Q' N
.Y »

Kl

a) determine the traces on the coordinate planes
b) identify the axis (axes) of revolution
c) . sketéh the graph

4x2 + 4y? - 22 =16 \\"\*“ '
2x% + y2 + 222 - 4y = 0

4(x2 + y2) + 22 = 16 o -

x2 +4y2 -%a' 0 - - l )
. s . .-

A

XVIII-6 Determine tHe cylindrical coordinates of a poznt with rectangular
coordinates, and vice versa. /V

s . - -

[

Determine the cyllndrlcal coordinates of the point with rectangular
coordinates (-8, 0, 6).

- Y

Determine the cylindrical coordinates of the point with rectangular
coordinates (-5, 5/3_ , -1).
‘ 2 2 -

g L. .

Determine the rectangular coordinates of the point with cy;indrical

coordinates (3, m , 2). - |
€ 3 ' .

Determine the rectangular coordinates of the point with cylindrical

coordinates (2, llm , -2).
e ~6

. : R ] XViIIfﬁqud

» 7 .
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1.

2.

\4..

¢

Pre-Calculus . _  P

’ .
. ~

v

XVIII-7 Given a rectangular. equation, determine the equation in cylindrzcal
coordinates, and vice versa.

-

Using cylindrical coordinates, determine the equation forvx2 + yz = 64.

Using.cylindrical coordinates, determine the equation for x2 + yz - 8y =

The. equation r? cos 20 = 6 is.in cylindrical coordinates. Determine ;he
equation in rectangular coordinates.

v

The equation r + z = 2 is in c}lindricql coordinates. Determine the equation™
in rectangular coordinates.

3

. - ) .
XVIII-8 Determine the spherical cobrdinates of a point with rectangular
coordinates and vice versa.

I

Determine. the spherical cpor&inafes of the point whose rectangular .
coordinates are (1, 1, 1,). , , ’.
« = . R Y

Determine the spherlcal coordinatles of the ‘point whose rectanqular
coordlnates are (1, -3 , 2). )
Dgtermine theirécéangular coordinates of the point whose spherical <
coordinates are*(2, ® , # ). . ~

’3 4 - ' 'ﬁ. v,

:Determine the rectangular coordinates of the point whose spherical - ’P

. coordinates are (10, 27 , 7 ). .
3 & .

/' | XVIII-9 345 . , .

"
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II o _ » .

XVIII-9 Given-a rectangular equation, determzne the equation in spherzcal
coordinates, and vice versa.

1. An equation in rectangular coordinates is x2 + y2 + 22 = 4, What'is_xhe :
equation in spherlcal coordznates? : - )

.
3 .
> d . - B - - -
> ’ N -
- - N L
‘ g - . t .
. v
.

2. An equation in *ectangula* coordinates is z = 9, R

-

. -~

What is the-equation in spherical coordinates? . - f~ ' Ty o .
* ‘1 . “_ ‘ ! . ]
3. An equation in spherical coordlnates is @ =1 + cos ¢ . T o
What is the equation in rectangular coordinates? . o , : ’

. -

4. An equation in spherical coordinates is ¢ = m’.

. . P
What is the equation in rectangular coordinates?

I
Xy
-
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ANSWERS- ] , :
- h - [} > -
XVIII-1 - )
B 1. x=32+ (y-12 4 (2 + 2)2 =16 3, a) ellipsoid
i 2, (x-- 4)2 + .(y + 5) +22=3 b) symmetric to xy- xz~ and yz
. lanes
3 (x+22+(y-N2+(z+52%2=74 P L .
Lot , . : . 2 .2 |
. ) c) x° + s ]
: 4. (x+ 12+ (y+32+ (z - 5)2 =61 " T 3% .
XVIIiIi-2 ' ) .o .- x + z2 e 1 ,All are elXipses ‘
PR R Y -
' See graphs. R A T
e SRR +z=1j
. XVILI-3 P : .
) See graphs. . L d) intercepts at (+ 1, 0, 0).
- ‘I’ s S (0, +8,0) (0, 0,.+4)"

XVIII-4 . - : . . e

Y .' . . . e) . s
1, a) elliptic paraboloid See graphs

b) .symmetric to yz - and xz ~ planes
) . 4. a) sphere, radius 1, center

. c) 5?.+ z? = 05.x% =.2; X?.’ z (1,0, 0) )
- 2 1 2 7 x o ‘
. point parabola  parabola  p) gyrmetric ‘to xz- and xy- |
. : ’ . , planes

d) All three intercepts are 0. o
¢) (x - 1)2 +y2"= 1 circle, -

XVIEI-II

" e) See graphs. . e center (1, 0, 0), radius 1
"= 2. a) elliptic hyperboloid of one sheet ' < , .
. _ _ x-12+22=1 .
. © b) symmetric to xy, xz, and yz -planes circle, center (1, 0, 0)
' ) 2 : o ‘radius 1 :
c) x2-y‘=1 hyperbola . . '
8 9 ‘ P r2el ‘ |
2 2 g circle, center (0, O, 0) “ -
X"+ 20 =1 ellipse . radius 1 -
8 18 i o E R .
. 2 2 IR - | inte'rxﬁpts at {0, 0, 0), =
‘ : 1: -g =] hyperbola P (2, 0, )y (1, #1, 0), and
’ - 1, 0, #1
.d) intercepts at (+ 2»7_' 0, O) . ,' ) ! )
_ (0, O, ¢ 3/2_3-)’. No y- intercepts ‘) See graphs. - - .
Q . . . <. Lot - -
B S e) See graphs. . L. . - .
— - 347 -
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Unit XVIII : - R - . '
. ANSWESS . : .
‘ XVIII-2 PR .

1) 2)

= =1 | I ' -
1 -3
3 4
rd ! P gy
P { q LY \ ﬂ—'-.
N 7 Y. \ \
1 / [ \y
- o 1l ! : i (ad 3¢ 111 Y
.')(vq ".Lﬂ_g,\qu' “_,{ 11T & | 3
oty VRIREN ‘%i 4 ) i A 1 tHy
LA ot~ ! ‘ \ ) - i | i
A L Y+T " ] R 7 7
\ Fd a1\ B
. N\ Y N \ 7
s * . P
i Y- Y ~
. H *{r

1 j . - ‘

" Center (-l,‘l, =2) ; Center (0, Q, 0)

Radius (2) Radius (2V3) '

3) 4) ’

=T 7. EIRESENER "
h— i —
V. Vs h N r IK "'/r’ - I +
AV ARNEAN ! B A 5 L N[ 1Y
V4 o 'I"qg AV af \ N ‘
‘,l ) \;\ 4 [ P bt G 5 \k
T e Al T4 RCRE
O X NN - BT TR
N / L 1/4ly / PRSE iy
" i A0 \ ’ i |
h — ) "2 / . Y P :, 'j
N 4 pd 2 Kx
\\\ 2 d . A A /
V4 %""-' ’ ‘ (1 4
IR )
| | VNN AT
€enter (1;.0, 1) i
Radius (6) .
Centex (0, 2, -3) .
- . l
'Radlus (2) L ' )

| RVIII-12 34é '
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ANSWERS

"XVIII=4

Y

X




|
w
[+ )}

2
4y2 -z =
4x2 - 22

"
w
CA)

b) z - axis

¢c) See graphs.

a) 2x% +y2 -4y =0 ellipse

y2-4§ + 2z2 = 0 ellipse

2x2 + 222 =0 point

b) y =-axis

[

c) See graphs.

a) ax? + 4y2 = 16 circle
4x2 + 22 = 16 )ellipse
f4y2 + 22 = 16 .

b) z -axis

¢) See graphs.

a) %2+ 4y2 = (0 point .

xz-- 22 = 0
4y2 - 22 =0
b) z -<axis:

¢) See graphs.

-

XVIII-15

2. r =8 sind

3. x? - y2 =6

4.~ x2 + y2 - zz + 4z =4

xVIII-8

1. (/3 , n , arccos L)

i . )
2. (2/2, 21, 7))
' 3 3

-

3. 02, &, /2
2 2

4. (-5, +5/3_, 5/3 )
2 2

XVIII-9

1. 2=4

2. cos ¢ =9

3. x2 + y? =2z + 1

4. x% + y2 - 322 =0

351
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XVIII-S

1.




