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e .. _.This volume of essays, associated with five additional volumes of

Preface

\detailéd records, represents a partial culmination of two years of research
on science teaching. In these essays we have undertaken to abstract,
analyze, and give theoretical formulation to material contained in the
record (and, of course, in personal notes and memories).

The recordlis one of teaching sessions in two types of courses,
one for undergraduates and one for elementary school teachers, inservice;

.

it is also a record of teachers' commentaries and of our staff discussions
along the way, plus other material which seemed appropriate to include

(Table -of Contents, below).

In our original proposal (Appendix B) we asked for financial support

over a thfee year period. As finally granted our support from the National
Science Found;tion was for half of that period, with the injunction that
we were to demonstrate the feasibility of the procedures we had proposed R
to-use. In the matter of time we have found sufficient non-NSF funding so
that we could continue our work for an extra semester, and augmenting our
staff for the last year by one half-time researcher.

Our major activities, as mentioned above, ‘ have been tvo intensive

teaching-observing commitments. One of these was to co-teach and observe

an undergraduate course, Man and Energy, in the Fall of 1980 and again in

the Spring of 1981. The description of this course is contained in Ron Colton's
paper on the Energy course (pp. 1) and Maja Apelman's paper (pp. 1) and

a commentary on it in the essay, Notes and Reflections on Course by Maja

Apelman. Dr. Apelman, a long-time member of the staff of the Mountain View

Center, experienced as a teacher of young children: and as 2 proféssional,

advisor to elementary school teachers, describes herself as scientifically

3
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naive, encountering conceptual difficulties in science which are often on

-

a par with, and tuned to, those of the students she is observing. This

circumstance is at orce—a—ltability -and- an—-asset. As_a reading of her

3

essay (first reference) will show, the asset will often be that she anticipates
and understands, in her o%n.person, the very difficulties whicﬂ students are
experiencing.

Ronald Colton took part in this course both semesters, I (David Hawkins)
in one. We each gave occasional lectures, and shared a labopatory/discussion
section.

The outstanding opportunity provided by participation in this course
was the opportunity to observe students' struggles with our joint efforts
to expand what can bg called their horizons of scale: to deal simply,

but meaningfully and with some sense for reliable approximation, with

planetqu affairs but also, at the same time, with atoms and nuclei.
Much of our experience in this .course is reflected ir Professor Ronald
Colton's two essays, ''Problems of Mathematics" and '"Man and Nature - Energy
Courses".

This major commitment of time was valuable to us in several ways,

explicated in the essays mentioned above. We would not again make such a

commitment, however, without a substantial alte;ation in either the plan
of the course or in our own research aims.

As matters actually developed the course became too demanding of time
for preparation, teaching and tutoring, affording almost no time for
leisurely class discussion or research interviews.

The major source of evidence concerning critical barriers and related
matters is derived, in consequence, from our two semester-long courses for

teachers. A detailed record of these courses occupies the greater part of

five volumes (see Contents below). This record includes almost all of

our little lectures and discussions. It excludes periods when we were

[
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in small groups for lab work, and a faw other occasions. On these occasions
o .

.

we kept individual notes not reproduced here.

The teachers in these two courses (about 10 in each group) were

O

selected on the basis of their responses to descriptions which we circulated.
Several of them wére already well known to us from their previous associ;tion
with the Mountain View Centcr, and known as able and serious professional
teachers. They could also be described, mainly, as scientifically naive,
for the most part lacking even the rudiments of modern understanding in
the physical and natural sciences. Finally, and most importantly, these
teachers came forward with some understanding of our purpose. This purpose
was the dual one of helping them learn more elementary science, relevant
to their own teaching, and of enlisting their help in describing and
accounting for the conceptual difficu}ties they had already exparienced

P

in learning science, or would experience under our tutelage.

The topics for the first semester were Size and Scale, and Heat and

v

Temperature. For the second semester the sole topic was Light and Color.

~

The essays included in this volume are diverse in style and viewpoint.
This diversity reflects the stage to which our research has advanced, a
stage at which there is an embarassment of riches, a record containing far
more than we have been willing, or able, to use. For such data as ca; be
extracted from our five volumes of record there is no easy summary possible,
and  for most readers our samplings from them, in these essays, must be
taken on faith. The original volumes are of course available for scrutiny
by anyone sufficiently interested. Parts of them would prove fascinating
reading, while other parts (poorly transcribed, for example) would prove
almost unintelligible to one not cued in by personal memory.

In another year, as originally requested, we could have sampled more

widely across the range of ages, backgrounds, and subject matter. The

. Y S




relation of childrens' conceptual difficulties to those of adults goes

unexamined, for example, moreover we have not been able to conduct the

right kind of search for barrier phenomena in the biologic;i_and social
sciences, a challenge we had hoped to meet.

In another year we could also have arrived at a more unified account
of the several topics reported here. Having duly recorded this apoloéia,
however, we would like to express ouraconviction that we have indeed helped
define a major area of educational search and research, and by positive
findings in this area have demonstrated the feasibility of a style of
investigation very close to the normal work of the classroom, though one

slowed down from a conventional tempo and enriched by the luxury of adequate

staff and'adequate time for reading the record and planning its extension.
S

This“style of investigation can fail in obvious ways to meet the canons

of a strict methodology. If however it directs attention to important

y

W .
phenomena, and does so with sufficient redundancy and persuasiveness, the

.

failings can be rather.easily remedied.

he
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Section A

:
-

SUMMARY
RESEARCH ACTIVITIES

FALL 1980

1. College Course - Man & Nature: Energy

““An undergraduate college course for non-science majors which
fulfilled the natural science requirements of students in the University's

Coliege of Arts and Sciences had been selected for our research in the

fall of 1980. Man and Nature: Energy was team taught by three instructors,

one of whom, Ron Colton, was a member of our research staff. The other
two instructors, David Armstrcuf and Benno Klank were interested in our
Fesearch questions and volunteered to participate as much as time
allowed. Maja Apelman attended all the lectures of the course and acted

as participant observer in many of the lab/discussion sessions led by

Ron Colton and Benno Klank. Her essay Notes and Reflections on Course:

Man and Nature: Energy describes her experiences as participant observer

in this class. Additional material on this class can be found in

Volume I, pp. 125-248.

2. Faculty Seminar

During the fall semester, the faculty seminar group met twice.
" Jack Easley from the University of Illinois led one of the meetings
and also consulted with the research staff. (Transcripts of these

meetings can be found in Volume I.)

SPRING 1981 | .

1. The course Man and Nature: Energy was repeated in the spring

°

semester. Ron Colton and David Hawkins-co-taught one: of the lab/

discussion sections and also spent some extra time with individual

students who ‘had a particularly hard time with the mathematics of the

— class. N

Qo _1‘4 “ , ;




» Section A

2. Teachers' Seminar I

Teachers who had had previous contact with the Mountain View
Center as well as teachers who had never taken any courses at the Center
were invited to become research participants. The seminar met once a
week for two hours after school for a period of fifteen weeks. Two
topics were studied: Size and Scale and Heat. For brief summaries of
the class content, see Volume III, pp. 2-3. Volumes II and III contain
the data collected in this seminar.

/ 3. Faculty Seminar

There were two more meetings of the faculty seminar, one of them
led by Ken Hammond of the University's Psychology Department. (See

Volume I for transcripts.)

JUNE 1981

Evaluation and Planning

Abe Flexer joined our research team and we had a series of evaluation
aﬁd planning sessions in which we tried to decide on both the format and
the content for the second teachers' seminar. Partly because of teachers'
" stated interests (see Interviews with Teachers, Volume II, pp. 168-178)
o and partly because the staff thought that it would be a fruitful topic,
we decided to study Light and Color. Lfter much discussion about other
possible formats, we agreed to stay with the weekly 2-hour after-school
sessions, adding a full day Saturday class as well as two individual or
small group sessions for each student at which they could get more attention
with problems and which might give the staff further insight into the

nature of critical barriers.

FALL 1981

1. Teachers' Seminar No. 2 on Light and Color

Summaries of individual classes can be found in Volumes IV and V, pp.2-2a.

— . B _155




-3- Section A

The data from this seminar can be found in Volumes IV and V.

2. Class for Undergraduates in Teacher Education

David Hawkins and Ron Colton taught a special class for a small b
group of undergraduates in teacher education who were interested both
in learning science and in doing science projects with groups of school
children. Ann DrucKer, who reported a discussion on white light by a
group of children (see David’Hawkins' essay, Pp- ) was a student in -

this class.

SPRING 1982

Evaluating, Organizing, Writing

For many weeks, the research staff met weekly, going over the data

that had been collected, reading related research literature, searching

for organizing themes and finally arriving at a way in which our findings

could best be presented. The remainder of the spring semester was spent

in writing and putting together the research report.




Section B

OUTLINE RESEARCH METHODOLOGY

Introduction: The Nature of the Task

David Hawkins, in his Introductory Statement, has pointed out the

naturalistic, natural history character of our research, and likened it to

the Challenger expedition of the last century which was the first voyage
of oceanographic exploration to add significantly to our nowledge of the

biology of the oceans, and in particular of the sorts of creatures which

inhabit it. It is perhaps worth pursuing this analogy a little further i
the hope it will clarify the nature of our mission to search for difficulties

rather than to research into them.

For long ages before the development of marine biology as a science,
]
mankind had been aware of the richness of life in the ocean, mainly through

fisherman. They kept what they knew to be useful and threw the rest overboard.

Some organisms had been studied in great detail, but vast areas were unexplored.

Organisms that were known were classified, but anything approaéhihg a complete
picture was impossible with so limited a search. What was needed was a
systematic search over a chosen but fairly extensive area to find out what
sorts of creatures were there. More detailed studies of these organisms

and their relationships could then be carried out, while at the same time
other areas could be explored.

We felt ourselves in a position analogous to that of the Challenger
staff. Practising teachers at all levels had noticed difficulties, some of
which occurred frequently. *A few had begun to classify those they had
found (for example, McDermott*). Others had investigated individual problems

in considerable depth. But a careful search Lo uncover difficulties was

* Lillian C. McDermott, Leonie K. Piternick, and Mark L. Rosenquist, "Helping
Minority Students Succeed in Science: I. Development of a Curriculum in
Physics and Biology", Journal of College Science 'Teaching, January 1980,
pp. 136-138.

17
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missing. This was our commission. We simply went fishing.

The various stages of exploration and investigation are not necessarily
sequential; dissection, study, and classification of what cne has already
fouhd proceed while further explorations are underway. Finally, whether
it be in the real oceans or in the ocean of human learning, at least some
of what we‘have found can be put to u;e. To understand the obstructions
we encountered, we tried to find our way around them; that is, where the
pathway to learning we had planned ran into difficulties, we had to explore
alternative pathways; we had to imporve our teaching. So we hope, that our
studies may be of use to curriculum developers in sensitizing them to some
of the barriers that exist, and perhaps in suggesting some ways in which
those barriers have been built up, and steps which individuals have had to

climb to overcome them.

The Research Situation

Piaget, whoée work we value, has been concerned with the development
of human understanding from infancy through adolescence. He has always
seen this development as in essence unaffected by formal education.
We, on the contrary, have been interested in the conflict between
the thought habits involved in scientific understanding and exploration
on the one hand, and the habits of thought available to persons who have
little or no scientific understanding (our term is "scientifically naive").
On the other hand it should be'aned, also, that Piaget never studied adults.
Since we were concerned with a search for difficulties that arise in
the course of learning science, our vehicle had to be a teaching situation
in which we could observe the students' responses to the material we presented
to them and to our style of teaching. We had to create an interactive

situation, a to and fro between teacher and taught, in which the teaching

would be immediately responsive to the reactions of the learners, eliciting

18




feedback, probing for alternative explanations to find ways round difficulties,

and so probing ever deeper into the nature of the difficulties themselves.

Other methods, we felt, either restricted the range of material or
inhibited the freedom of response.

Interviews must focus in a narrow front in which the interviewer already
knows what he wants to discuss. They seem suited to deeper probing 1into
barriers that have already appeared, rather than Eo the initial search. The
formal questionnaire or test is even more inflexible, and appeared quite
unsuitable to either the broad sweep of our search or to the deeper probing
of difficulties, often unsuspected, as they appeared.

The style of our teaching would involve:

a) A minimun of didactic teaching.

b) Small numbers so that each student would be treated as an individual.

c) Plenty of opportunity for practical work to enable the students to confront
the various phenomena.

d) A pace determined by the interests, progress, and needs of the students and
not by some predetermined schadule. .

e) Ample opportunity for discussion, to allow students to voice their
difficulties. (This turned out to be even more important than we had.
expected because the interchange in these discussions enabled students to
clarify and express their difficulties more clearly. One person's
statement would remind others of points they had forgotten or perhaps
were a little reluctant to express. Furthermore, Epe flow of discussion,
exposing different facets of the topic and varying problems, enabled the
researchers to interject fresh insights, alternative ways of clarifying

the matter, new probings into difficulties which greatly enriched our

data.

19




£)

g)

h)

1)

A team-teaching situation to allow for individual attention, divergeﬁt
approaches, and detailed observation.

Above all, an atmosphere of confidence and trust in which the students

would feel themselves to be collaborators and not guinea pigs, and in

which they would air their difficulties without feeling threatened; in which
the simplest problem would be respected, not as a dumb question but as an
attempt to prcbe ever more deeply into the process of learning.* (This
cannot be emphasized too much. Those involved had to have complete

trust in the research team and each other if difficulties were to be

freely expressed and discussed.

Furthermore, we had Eo allow and indeed encourage difficulties and
frustrations to appear, and yet make the overall course a worthwhile and
satisfying ekperience for the participants.

The teaching style had to be one which opens up’ possibilities for exploration
of the phenomena being dealt with and that allows students to take their
time, to'follow promising clues, and to backtrack when this seems profitable
for learning. The teacher needs to be sensitive to feedback from the
students and must be prepared to invent alternative pathways to understanding
when difficulties arise. Above all, the teacher must be prepared to follow
the often-quoted, seldom-followed precept that the root of the word

"educate" means "'to draw out', so that the process is not that of leader

and follower but a joint probing into different ways of understanding

the world and a gradual reconcilation of individual intuitive views with

accepted scientific explnations.

WHOM Should We Teach

N

The research team had experience in teaching all levels from pre-school

to graduates and adult education classes, including initial and in~service

training of teachers. We also had experience with Oglalla Sioux and Hopi
R
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teachers and children. Had the project been funded for the full period
of the proposal, we would have become involved with all of these groups.
With the limited time and resources available, we confined ourselves to

(1) university non-science majors, because we had access to a class
of 80 students who would be team-taught by faculty sharing our interests,
whose style of teaching, reflecting the needs of individuals, would allow
us to identify individual difficulties.

(ii) Elementary schocl teachers, who would in the main be scientifically
naive, who would be interested in the processes of learning and the difficulties
encountered, and who; because of previous work with us, would be at ease at
the Center and would not feel in any way threatened in revealing their own
learning problems. They would also be interested in carrying forward the
investigation with their own classes. “

In chosing adults for our subjects we were freeing ourselves also from any

rigid connection with age-linked Piagetian stages.

The Class as a Medium for Our Research

While it became apparent during the first semester that this class was
not ideal for our purposes, it seemed sufficiently fruitful for us to persist
for another semester. More difficulties were uncovered, but the principal

return was a very substantial confirmation of the difficulties that had

already arise3: However, in light of our experience of the teachers' courses
disci ssed in the papers listed "on pages 10-12 of these notes.

it is now clear to us éhat these gave a much better return for the efforﬁ
involved. The clear advantages to be gained from a small group of selected
subjects, who quickly became céhpletely at ease, who had no examination to

face and so nothing to lose, and who had a professional interest in the process

of learning, are described in that ‘paper. Above all, the fact that we were
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exploring a topic rather than offering a course meant that we were free to

modify the style, content, and pace of the class to suit the needs of individuals
-~

in a way that would have been quite inappropriate in a University course

offered for credit which had to meet certain requirements of the College of
Arts and Sciences.

1. Size of Class

Even the lab sections, groups of 25, were too large for students to

be fully willing to air their difficulties.

2. Pace of Class

In a normal class the instructors have a respousibility to teach
all students and however sympathetic and interested they are in those
with difficulties, the body of students has certain expectations which
one must try to meet. So one is forced to help the stragglers to overcome
their difficulties as quickly and effectively as possible - one has to’
help them to jump hurdles, whereas in the teachers' courses we were
able to spend perhaps several sessiops digging deeper and deeper to
find out the fundamental nature of those hurdles and how they had been
built up.

Even in the lab/discussion sections, time for clearing up difficulties
was too limited, because too much time was spent on one set of difficulties
meant that these sessions would get behind the lectures. So the next
set of problems were not being dealt with as they arose.

The Value of Participation in these Courses

In spite of these limitations, our involvement in these courscs
was useful because it gave usAL broad survey of a range of problemé,
some expected others still surprising. Only by continued observation
of this kind at all levels can a catalogue be built up of the barriers

that exist, on the one hand to provide the raw material for more

: 20




intensive study and on the other to guide curriculum developers.
Had time permitted, we would have involved Hopi and perhaps Sioux
and Navajo teachers and children in our exXperimental teaching because the

different structure of their language may lead to a different view of the
physical world and a different intuitive understa;ding of its workings. The
Navajo language, for example, where different verbs are used according tb
the nature of the object acting or acted upon, must influence its users in

a different way from that in which English users find their thoughts shaped

by the English language.

Subject Matter for the Courses

The topic of energy was fixed for the undergraduate classes.
For the teachers classes the topics chosen were:
Size and Scale,
Heat,
Light and Color.
Any scientific matter was open to investigation. However, with the
limited time and facilities available, it was necessary to lean on prévious
experience and choose topics where we knew that difficulties were likely to

arise. It was our experience, and that of others, that in biology and the

earth sciences many difficulties were those connected with mathematical and

physical concepts.

Arrangements for the Courses

Allowing for the heavy pressures on teachers at the beginning and end
of the semester, it appeared that one or two courses spread over not more

than a twelve-week period would be satisfactory. The Size and Scale course

occupied 8 weeks, Heat 6 weeks, and Light and Color 11 weeks. One meeting

per week was the most that could be expected of teachers, and two hours was

J
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a suitable length of class, allowing sufficiently time for the teaching
to proceed at a satisfactorily leisurely pace while not over-tiring teachers
at the end of a day of teaching. I
Within each class we allowed time for:
a) initial presentation and discussion of new subject matter and/or
discussion of the previous week's work;
b) practical work either as a group or as individuals or in ones or twos, with
‘the research team circulating, observihg, questioning, helping;
c) final discussion of the work of the session and writing of brief notes
on reactions to that work.

1f individuals were to b& observed and helped, ten to twelve was the
maximum class size for a research team of three or four.

Staff meetings had to be timed to allow for discussions of the previous
session's work and to allow time for the preparation of materials and equipment
for the following session in the light of the needs and difficulties exposed
earlier. .

, Reflective written notes were required of each participant following
cach session. To encourage the writers, and make it clear that their efforts
were valued, it was decided that they should be collected and copied between

>
sessions and handed back with written comments from each member of the research

¢
team at the subsequent session.

~

Collection of Data

Since we were interested not in whether our subjects got answers right
or wrong but in the nature of their difficulties and the style of thirking
that produced them, our data would be anecdotal rather than statistical. We

would record their expressed difficulties as completely as possible. This was

5

achieved by:

a) Working with individuals and groups, noting and discussing problems as

;. 24
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they 4rose in dealing with the investigation under way.
b) Tape recqrding class discussions. '

c) Getting students to write their dmmeliate reactions briefly, after each

rd
-
class. ¢

d) Collecting more lengthy, reflective reactions to each class in the period
p .

between classes.

e) Individual interviews with participants. l ) -
f) Reflective noteé from participants about the whole cours;.
Complet; transériptions of class discussions and stafé\;@étings,
together with copies ok*participants written commentafies appear _in
Volumes
During the practical work periods, when participants and research team
members were often scattered and working in small, often changing groups,
tape recording was difficult and would, it was felt, have intruded inpo the
informal relations between those involved. It seemed better to rely on

personal observations and recollections of these occasions, rather than

risk disturbing the atmosphere by attempting to obtain verbatum reports.

Analysis of.Data

Had the project been funded for the three years requested instead of
eighteen months, we would have attempted to work through this analyiSS:
a) Extraction of specific examples of difficulties from records.
b) Analyzing records for frequency of occurrence og difficulties.
c) Sorting difficulties into groups showing common characteristjcs, for
example: Those brought about by teaching, confusing language, and

confused spatial ideas.

d) Looking for connections between groups.

e) Hierarchical arrangement.
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f) Comparison with Mcbermott and others. In each case there would be

individual analysis by each team member followed by evaluation by the

whole team to seek consensus. -
f) Suggestions for curriculum improvement based on findings.

In the limited time available it was nct possible to make the fullest

A}

' possible use of the data which we had collected, nor were we able to follow

the process of analysis which we had intended to use. ¢Instead-each member

of the project team has produced one or more essays, reviewing the work

from a different viewpoint.

14
M »~

"Introduction & Summary of Some Findings" by David Hawkins

.This essay contains a discussicn of critical barriers in the context

‘of a general account - derived mainly from the thought and language of

William Jemes - of educationally significant science learning, learning

which involves some essential conceptual reconstruction. In this context

1 have chosen, for illustration, three topics from our teaching: Size and

Scale; Heat and Temperature; Light and Color.

"A Preliminary Taxonomy of Critical Barriers" by Abraham S. Flexer

In this essay Mr. Flexer describes the three principle categories among

which we propose to partition the critical barriers encountered during the

project's research. The, first is a set of pervasive critical barriers that
~ <

were encountered in so many different contexts that we suspect them to be

independent of subject matter. Two other categories include less pervasive. .

-

eritical barriers: one category is discussed in this essay;

" by Ron Colton on barriers related to

the other in

the essay "Problems With Mathematics

mathematics.
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"Problems With Mathematics" by Ronald Colton

.. "Problems Wi:h Mathematics' outlines the main mathematical difficulties

1cs. outiines the maln mathenarical difticulmies - “‘4

encountered during the research, with special emphasis on problems with

geometrical concepts. While difficulties with compytation may impede the
stgdents' ability to solve problems or to follow the instructors numerical
ability to solve problems or to follow the instructors numerical example, {

lack of a secure grasp of certain geometrical principles may prevent even

the non-quantitative understanding of basic sicentific ideas.

"Ecological Contexts of Critical Barriers" by Abraham S. Flexer

N

This essay discusses the background against which critical barriers

develop and must bg dealt with, and propose the term ecological context to

include the components of that background. Three large categories of

ecological contexts, each with several subcategories, are described. Each
category and subcategory is documented with examples from the project's

research.

"Clues from the History of Science" by Abraham S. Flexer

In "Clues from the History of Science' Mr. Flexer argues that there are

. important historical and biographical reasons to expect parallels between

early scientific theories and ‘personal conceptions about the world that
. o
children bring with them to the classroom. Further, discrepencies between

the ﬁersonal conception :and contemporary scientific views are may lead to

critical barriers. Implications for education research, especially research

1

on critical barriers, and for improving pedagogical practice are discussed.

"The Students' Views' by Maja Apelman

E)

¢ £ In this essay I have given a detailed description of eight class meetings

dealing with the’ topic of Size and Scale. Since most of the literature

/
. describing students' difficul ies in Iearning science is presented from

. - Y
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teachers' or researchers' points of view, this essay attempts to show how

a group of teacher/students perceived the content of one science tlass and

how they thought and Telt about the teaching approach. -Many quotations from
the class participant's notes as well as from the transcripts of classes
and staff discussions attempt to convey the atmosphere of this seminar and

thus to complete the more theoretical discussions of the research report.

"Notes and Reflections on Course: Man and Nature: Energy" by Maja Apelman

In this essay I briefly discuss the aim of a college course which was
used for part of the research. Then I describe my personal experience as
participant observer emphasizing problems which I encountered and which, I

believe, will throw light on difficulties typical of many adults who come

to a science class with little or no background in science.

"Man and’Nature - Energy Courses" by Ronald Colton

This essay briefly lists a number of repeated difficulties which students

encountered during the two "Energy" courses and comments on the problems
encountered by members of the research group in using these courses as a

medium for the type of research with which they were involved.
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The Faculty Seminar

This was to play an important part in the project, in discussing our
findings at various stages and suggesting further stages of inquiry. As
it was, th%'shortened time-scale of the study prevented this from happening.
We now recognize that we have just reached the point when the seminar group\
could have been useful. Our =2arly meetings, before we moved very far with
our investigations were necessarily based on generalizations, on our previous
experience as individuals, and\on the personal interests of the group's
members, drawn from outside the project. | )

It is now clear that, if we were able to présent the group with our
assembled raw data, and discuss with them our reflection on it, we would
have very rich material for discussion, each wember would be able to
contribute from his or her professional standpoint. They would then play
the role that we had originally envisaged, helping to analyze and digest

the data and formulating new procedures for delving deeper into the difficulties

we had uncovered. Perhaps only now are we ready to make full use of their

¥
knowledge.
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PART I i

Introductory Statement

In the normal course of science teaching at elementary levels -- whether
- with children, adolescents, or adults -~ many kinds of learning difficulties
may be enc?untered. In our proposal, we singled out a special category of
difficulties we wished to investigate, which we calleddcritical barriers.

Our working definition has twoﬁ;;rQS. First, critical barriers are cénceptual
obstacles which confine and inhibit sc}entific understanding. Second, they
are critical, and so differ from other conceptual difficulties, because:

a. they involve pngcoﬁceptions, which the learner retrieves from past

v

experiences, thatﬁpré incompatible with scientific understanding; b. they
are widespread among adults as well as children, among the academically able }
but scientifically naive as well as those less well educated; c. they involve
not simply difficulty in acquiring scientific facts but in assimilating
conceptual frames for ordering and retrieving important facts; d. they are
not narrow in their application but, when once surmounted, provide keys to
the comprehension of a range oﬁ‘phenomena. To surmount a critical barrier

is not merely to overcome one obstacle but to open up new pathways to

scientific understanding; e. Another hallmark of the class is that when

a distinct breakthrough does occur, there is often strong affect, a true
joy in discovery. -
The difficulties thus singled out are difficulties resulting from an

apparent mismatch between two conceptual modes: that which is communicated
-

.

or presupposed in the normal instructional process, and that which is, in
biographical fact, accesible for recall and use by a learner. Such research
is important for the general light it may shed on questions of intellectual

development and of learning. It is practically important if it can lead to

significant improvement in the art of science teaching.
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Our general category of critical barriers includes, as we see it, some

of the most refractory problems of science education, problems which are

least likely to be understood and solved without some major research

investment. 7 ‘ ) - N
This category of conceptual barriers appears very nicely to include

~

a number of studies alreaay in the literature (see Appendix A). 1In our
proposal (see Appendi; B) we have listed numerous other examplés which

have appeared repeatedly in our own work with elementary school-age children
and, especially, with their teachers. We have studied these phenomena
informally énd formulated various conjectures about their nature and origin;
above all we have tried to develop a style of teaching which is responsive
to our students' need to deal with these barriers when recognized as such.

In contrast to most related studies we have seen our work has three

distinguishing characteristics: it is informal, naturalistic, and extensive.

It aims to explore a fairly wide territory, collecting specimens and describing

themlés carefully as possible, formulating hypotheses about them for lager
study where possible. -We believe much more such work should be done across
the whole range of science teaching. There is a classical paradigm for such
research, though of course on a far grander and more impressive scale than
anything we alone have tackled. It is the nineteenth century voyage of
HMS Challenger, a worldwide search which yielded 4,000 new marine species

' and laid the basis, in the end, for forty monographic volumes, penned by
such investigators as Thompson, Huxley, and Haeckel. . .

-

One further contrast is worth comment. The natural world we have.

wished to explore is the world of elementary science teaching, mainly informal
in style, oriented toward observation, construction, and experimentation.

This teaching commitment imposes obvious constraints on our style of investigation
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but also creates a new opportunity. As teachaf, &ven as Socratic—teacher,  __ _

one is predominantly a participaft; what can be learned from observed and
observant teaching is in some contrast with studies which have the important
but more restricted aim of "paying attention Eo‘w@at students don't know.'"%
Our purpose is always, at least in principle, to find out conjec;u£aily,
and more firmly where possible, what students do know, and then how this
knowledge can be raised by them to the level of consciousness -~ retrieved
for their own use in further learning. Thus, for example, many scientifically
naive students will have some understanding of balance, but will be unlikely
to make use of this knowledge in coming to an understanding of the siphon
or the barometer. Directed first-hand experience, such as play with air
and with hydrostatic balance phenomena, can provide the missing link; or
that link may be provided in other way;.
It should be said quickly that the evidence from our record, of our
own teaching skill, when judged by the above criterion, shows it to be very
uneven. We ourselves have seldom before been afforded th; slow pace and
deliberate aim to unearth and analyze student difficulties, and to do so
in a kind of seminar atmosphere. In spite of the slow pace and self-conscious
discussion.with our students, we often went too fast and overlooked clues
which the record reveals or at least suggests.
Indeed, the concrete situation of an investigative ;eacher may suggest
another paradigm of research which has only been honored in special situations.

It is not simply that of the collection-minded naturalist, but that of a

reader of signs, a Sherlock Holmes or a Sigmund Freud, or perhaps a primitive

* Milkent, Marlene M., "It's Time We Started Paying Attention to What Students
Don't Know", Science Education, 61(3): 409-413 (1977).

P
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tracker and hunter versed in the art of reading footprints.*

~ In the present—paper-I_have undertaken a kind of overview of some of

— e,
———

the kinds of critical barrier phenomena we have observed, repeate&iy and
more or less predictably, among scientifically naive learnmers. But our

i work“hggurpiseq numerous other questions than those we initially promised

to focus on; the other essays in this réﬁoft deal"wiﬁH the same year-and- _ .

a-half experiences, but from viewpoints which their titles’ make clear.

* TFor a fascinating discussion of this paradigm see Carlo Ginzberg, ''Morelli,
Freud and Sherlock Holmes: Clues and Scientific Method", translated by .
Anna Davin in History Workshop, No. 9, Spring 1980.
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- PART II .

|
1. Sagacity, Learning, and Taxonomy ‘

77 T Retent researeh.OQ~learniggJ»E£g§;em solving, and cognitive development

R
— e

B

has brought us back, with renewed vigor and -- perhaps -- fresh insights,”“‘
to some of the oldest problems of the theory of knowledge. For the purposes

- <~~_sz_ggprresent research it will suffice to go back to the end of the nineteenth

century, to William James' cla;;ic ésiﬁhoibgi.** James" discussions of-thinking

and of reasoning are all perﬁinent to th; present-day concerns of science and .
mathematics teaching, and more generally to the investigation of Lhe cognitive
procedures of children and adults.

James makes an initial distinction, reflected in‘hany languages by

contrasting verbs or nouns (kennen and wissen, connaitre and savoir, etc.),
) o
and uses a Jamesian terminology to mark this contrast: acquaintance with

versus knowledge about. Acquaintance-with implies familiarity, fecognition.
As a mode of knowledge, it is not attributive, not propositional in character.
We always in principle know something about the things we are acquainted with,
ﬂut this implies a focusing of attention and effort of analysis which mere
acquaintance does not require. We are acquainted with some persons and not
others, as with some situations and places. James' emphasis on and uses of
this distinction prepare thé way, in his subsequent chapters, for a certain
dichotomous tension which appears in different guises in different contexts:
between perception and conception, between particulars and universals, between
the peripheral and the central, betweerr the concrete and the abstract, &he

intuitive and the analytical, the figural and the formal. When James turns,

in vol. II, to the treatment of reasoning (our current jargon would usually,

* James, William, Psychology, 2 vols., Henry Holt & Co., New York, 1899. The
most relevant chapters are VIII, IX, and XXII.
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more narrowly, sé;“pEBBIéhSEUTVingéqwhewplggg§ian essential emphasis on the

e ——

contrast -- related to that of acquaintance-with versus knowledge-about -- -
between sagacity and learning.
James' discussions of reasoning is cast partly in everyday psychélogical
. language éﬁa“ﬁaftiy—in—terms«gg_graditional Aristotelian logic. Reasoning is

about something, it has a subjec;:‘;‘;:;;;;;“;;;;;;EZE—EBFAEEBUEhtT——$h

process of thought is one of predication or attribution. The resources for

b—
—thinking-are always thus dual in character. The first resources are
T ——

———

presentational (typically perceptual), the second are—those.somehow retrieved

from the thinker's fund or store of knowledge. In making this obvious first

E
move, James is aware of a question which is often overlooked. What is presented

as subject for thought is typically a concrete thing or Situation, a logical
particular. But it ié} and is perceived as, a particular of some kind, as
exhibiting a logical universal. In order to retrieve or recall anything about
the subject for thought, we must recognize in it, and single out, some universal

character or trait, or implicitly grasp some similarity to things previously

encountered which we can recall. This ability James, following John Locke,

.

calls sagacity. If we think in terms of the mind's filing system, the perceived
character of the subject is what directs us to some relevant file or files.

N

In computer jargon it contains the addreg§~of such a store. .
The outcome of thinking is learning: what is retrieved from the store
and reliably fitted to the new situation is itsélf presumably what had once ’
been legrned and stored there. What is thus freshly learned is then also
added to the store. Thinking is an interplay between sagacity and learning.

James' use of the term sagacity suggests, as it is intended to, that any

concrete particular subject of thinking, attended to sagaciously, is attended

to as an instance of some essential universal category: it is not only seen,




— -7- c

T —— ——

;
e r——— -

— ¢
but seen as an instance. This~latter notion, of seeing-as, was recently

‘emﬁhasized by W;ttgensteinﬁé who wished to avoid the paradoxes which can

result when the perceptualﬂand’¢OBCeptua1 aspects of thought dte too

sharply separated. However veracious and undistorted our perception may
be, it is always a partial and selective affair, thus made ready to fit

some interpretation which context and habit make likely. And however

abstract and formally defified our conceptual apparatus may be, it is always
e

linked to some aiversity of perceptual or figural material,\to the imagery

of recalled or imaginary perceptual experience, to intuition.#/”
»

When the linkage between the perceptual and the conceptugl (or the
particular and the univepsal) is very strong and immediate, we approximate
the kind of experience in which reasoning plays no part at all. MNost of
our daily performances, if observed and catalogued minute by minute, would
appear to be of this kind, routine, habitual, unthinking. The stimulus

and response are one seamless fabric. What presents itself for perception

is immediately recognized and responded to in some more or less appropriate
way, as a whole of meaning, familiar and unproblematic. "ﬁ rose is a rose
is a rose..." There is no reasoning involved.

[t seems reasonable to recognize, within experience, a sort of continuum,
ranging from such virtual automatism at one extreme (in which things are
taken al what we call face value and responded to unthinkingly) to a
predominance, at the other extreme,‘of uncertainty, of awareness of novelty,
of recognition of the problematic, and thus on occasion of the supervention
of a new level of activity, of more or less systematic and analytical thought,

James' recdgnition of the sagacity-learning linkage invites us to a -3

* kind of taxonomic, and thoroughly Aristotelian, view of what Plato called

* Ludwig Wittgenstein, Philosophical Investigations, New York, 1953.
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coming-to-know, of the development of our ability to learn, to store what

is learned, to retrieve what has previously been stored, to return what

has been freshlyhadded to the store'énd, as a not infrequent consequence,

to work at reorganizing the storehouse itself.* In our present view, all

of the important kinds of learming difficulties we (as reflective teachers

and researchers) have encountered can be described within this scheme.
James' emphasis on the'notion of sagacity, therefore, raises a question

which ic absolutely central to all of our concerms about teaching gnd learning.

How is it, and under what circumstances is it optimally possible that we

are able to gain access to previously stored information which will, in

new and problematic situations, help us on our way to problem solutions

or, more generally, to fresh understanding? And how is it that, in the

wake of failures, we are able, with help, to reorganize some parts of the

store, to add to them fresh experience, ;nd so to find successes?

In the Aristotelian scheme, a mind's fund of knowledge is organized

per genus et differentiam, as a taxonomy, as a filing system in which

each genus is subdivided by differentiating characteristics into two (or
sometimes more) sub-genera. The defining characteristics of each taxon,
each genus, are chosen, but only more or less adequately, to‘be those which
are essential; that is, to be just those characteristics which are mosé
reliably associated with many others. Thus iﬂ Aristotle, the category

man is a subdivisicn under animal distinguished by ratiomal. The genus
biped and the differentiaﬂfeatherlesé would equally well distinguish us

from the other animals, but would not provide or sustain a rich or logically

coherent taxonomy. Very little important information about humans would

be related merely to our bipedal status, and even less to our lack of

* cf. Hawkins, D., "Taxonoﬁ; and. Information", Boston Studies_in the
Philosophy of Science, IIL, 190G,
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feathers. Animélity, on the other hand (we moderns would qualify and say
mammal, or even primate, animality), supplemented by some label which
recognizes our special capacities for communicatio; and learning, would
provide a far mére useful (because more coherert) organization of what

-

+ _ we know about man's place in nature. Such centr;i attributions are "of
tue essence'” in Aristotle's scheme.

James' distinction of sagacity and learning is related to a classic R
discussion of Aristotle (e.g., Metaphysics, Book I, Ch. 2). 1In discussing
the nature of wisdom, he defines a sort of cpntinuum of things knowable,
1ying;between two extremes. At one extreme are those things which are
"mos% knowable by us'" and at the other are those which are "most knowable
in tfemselves." The latter are exemplified by first principles, laws,

unilersal truths. They are first in the order of importance, but last

in the order of learning. Because of their abstractness and universality,

they relate to and are involved in defining the most generic features of
“thdt which we experience. What is most knowable by us, on the other hand,
coming first in our experience, is the world of the concrete particular
phenomena and the wide diversity of quite specific categories into which

o

these fall.

2. Common Sense to Science - Category Shifts

One of James' central arguments concerning the categorization of
experience is a kind of modern relativism which Aristotle would not share
or find relevant to his concerns. James recognizes the possibility of
many different taxonomies, insisting that what we regard as the essential
characteristics of things is wholly relative to the dominanF purposes

for which we use or take account of them. By way of comment on Jamesian

relativism versus Aristotelian metaphysics, it is useful (and sufficient

for our present study) to take note of Z} characteristic contrast, in

ERIC -
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" implied purposes, between the commons ense organization of knowledge, its
category structure, and that of the sciences.
- Commonsense categories;tend to be defined (implicitly).by relatively -
‘accessible characteristics and, where these are not reliable indicators
of other consequentiai traits, we tend to define by clusters of such
charécéeristics, figurally rather than formally*; By some kinds of perceived
pattern-similarity, "family resemblance". To quote Eve, in Mark Twain's
story of the newly created Garden, "It just looks like a camel." We are
¢ told that Massai herdsmen can recognize and sort each others' cattle,
in large herds, without resort to branding. Apparently per§onal ownership
becomes reliably associated wiﬁé gattern;differences across a large diversity
of subtle variations. The reliable, rapid reading of a printed tex+ for
understanding is perhaps an achievement of the same order.

€

Another characteristic of commonsense categories is the general.y

loose logical organization in which they are related to each other. Thus, larger

classes are usually recognized and identified only by pr;ctically accessible
characteristics or clusters. So we can often recognize and identify some
individual species of plants, but their géhera and families are totally
unrecognized unless they happen to be grouped and distinguished by some
simple or obvious traits. But thcsé in turn are often at variance with

the scientific groupings, analogous rather than homologous. Thus a.whale

is a fish with a horizontal tail, as it says in Moby Dick. Such groupings
are obviously relative to characteristic human interests and purposes.

So also, of course, is the alternative classification of whales as cetacean
mammals rather than as any kind of fish. It is difficult, however, to

regard “he existence of such alternative ways of classifying as a demonstration

* See Jean Bamberger and Donald Schdn, ''The Figural <— Formal Transaction", s
DSRE Working Paper WP-1, MIT Room 20C-124, June 1978.
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of relativism when so little of closely observed whale bghavior is fish-like,
and so much else fits the description of a mammal evelved to be ocean-going.
In Aristotle's language, this second description "divides nature at the
joints", which the first to a degree'does not. Thus we can admit that
classification is relative to the purposes for which it is organized,
but we can obéerve, all the same, that some classifications can serve
a far wider variety of purﬁoses than others including, most importantly,
the further pursuit of knowledge. ,
The history of science may thus be regarded as a history in which
the filing systems of commonseuse knowledge are (a) deliberately expanded ’
in content, (b) reorganized (sometimes radically) to accomodate this
expanding content with minimal redundancy, an -thich (c¢) each of these
commitments is deliberately chosen as a guide t. .2 pursuit of the other.
Ihe whale ii one example of this kind of categorf shift. Another
example of this process, characteristic but very simple, ar;ses in the
elementary understanding and terminblogy of plant anatomy. Having previously
recogniz?d‘the di}f&nction between simple and compound leaves in such
obvious cases as the locust, and having observed the universality of the
bud at the axil 6? the true leaf, one is then obliged to say that -vhat
common sense would immediately recognize in shape §nd size as leaves
(ég., in the Kentucky Cqffee Plant) are really only leaflets, small parts
of the true leaves, which common sense would in turn call branches. In
this réébhstruction one sees an absolutely characteristic scientific
motive, which common sense does not often share or need Lo share -- a
motive of loyalty to universals (in this case of plant anatomy and
development), many of which are verifiable only by far closer examination

than our normal prescientific interests would sustain.

A more complex case is onme which surrounds the concept of metal*, as

* cf, John Dewey, Logic, The Theory of Inquiry, New York, 1939, Ch.IV, passim.
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-> that has been reconstructed throughout the history of chemistry and physics.
The common sense, ancient conception of metal can be more or less identified
with some cluster of relatively obvious characterisi .s (shiny color, heat
conductivity, etc.), a definition by family resemblance. The twentieth
century scientific conception, on the other hand, is rooted in that of

an atomic crystal lattice structure in which the outer electrons are very

easily detachable within the lattice, forming a kind of "electron gas."

This conception is defined in terms of characteristics which are radically

inaccessible to common macroscopic experience, buf which, when defined,

al;ow an extensive and precise elucidating of properties, linking these

into the generalities of quantum physics.

1f we now return to the Jamesian style of discussion we may construct

a very skeletal account of levels or phases of thought (reasoning, inquiry)

involved in the use, retrieval, and reorganizstion which is implied by

this sort of transition frsm common sense to scientific categorization.

’ To carry out this disciission, we eXtend a scheme which Jaﬁes only mentions
in passing, that of the traditional patterns of the syllogism. Thc.extension
lies in the use we make of these patterns, as follows:

1. In the case of éutomatic of unmediated recognition we write:
§ ——> P (Sagacity)
I meaning simply that some presented situation S is seen as an instance of

P and responded to directly, with no further thought. '

2. 1In the next ievel this operation of sagacity occurs, S is seen as
of some kind, M.. But M is now not of itself sufficient to close inquiry;
it serves instead as an address to a whole file of things labeled M;
and from that file is drawn a generalization: Things called M may be

relied upon to have the property P. With this discovery the inquiry is

closed:
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!

S ——> M (sagacity)

M ~————> P (learning)

§ ———> P (Closure)

This is, of course, the traditional first figure of the Aristotelian
syllogism. 1In the logic text, this figure (called subsumption) looks
rather trivial: "Socrates is a man, all men are mortal, therefore Socrates
is mortal." 1If however, we are simply using this pattern to describe a
common pattern of reasoning, it fits well enough; The new situation §
is seen as a case of M, but the M in question may not be quite the same,
in numerous respects, as those past cases of M which have supported the
generalization that all M's are P. In this case we might write

S — M'

M—P

§ — P?
and thus indicate that an element of judgment and hazard (as to the
importance of the difference between M' and M) may be involved. Whether
this judgment is finally confirmed or shown wrong, the conte;t of the
file M will have been altered by the inclusion of a new instance, and also
therefore by the strengthening, rejection or redefinition of some
generalization based upon the collection of instances of M.

In fact it is clear that the pattern § —> M'

M ——>P

§ —>» P ?
leads very simply to a consideration of analogy. M' being no longer

taken immediately as identical with M, we examine to see if the identifiable

differences between the present M' and past instances of M are or are not

relevant - whether the grounds of analogy are weak or strong.
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In the case of biological taxonomies, these alternatives are often

represented by a contrast between analogy and homology, between accidental

similarity and similarity due to common origin. So the whale and fish
have some analogous characteristics, but the pentadactyl limb is a
homologous 1ink between whale and land-mammal. Biological influences
based on mere analogy may be limited and superficial; those based ;n
homology are deep-going. The Tasmanian wolf is not a wolf but a marsupial,
analogous to the wolf in appearance and habit, but only far more remotely
homologous. When common sense habitually and dogmatically classifies by
superficial appearance, we may call this habit the Tasmanian Wolf syndrome.

3. At a third level, having seen that S is M'; and having discovered
that the file M is not a\useful guide to thought, or to further inquiry,
a next possible step is more careful examination of S itself, in which §
is seen finally, to be of a kind genuinely different from M -- say, N.
N is now the index to quite another file in the store of knowledge,
and the process starts over again.

A simple example is the transition, discussed below (p.38 ) in

the investigation of the hot-cold contrariety, from this
kind of pnlarity to a conception of heat as a physical substance of
some kind; under this newly-tried category, one can now conjecture
that there will be a quantity of heat in any material thing which
could approach zero and thus, also, imply an absolute zero of temperature.

L. The most characteristic use of analogy in thinking arises when
there appears to be no general file category related to our most sagacious
perceptions of the situation S. § now presents itself as uniquely novel.
Lacking any general catagory to fit it in, we can look for other particulars

we can recall from memory; these may in turn create new direction for
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file-searching. Thus a mathematical problem, not soluble by any known
algorithm, mey remind one (on casting about) of another problem, superficially
dissimilar, which has yielded to some particular method of solution. The
first problem is now tentatively seen as an instance of some quite different
trait, no longer as an S that is M or M' but as a T which is thereafter
fou | to be an instance of R; so the file-search process is begun all over
again.
As a result of this kind of recoﬂstruciton, the acquisition of .
scientific knowledge creates a special difficulty -- that scientific
concepts often form an interconnected network. Any one such concept is
to be understood as a node in a network involving other scientific concepts,
tightly interconnected. Commonsense concepts, by contrast, are often
loosely connected, since they are defined by some readily observable
traits, or by family resemblances among clusters of such traits. Such

concepts are thus relatively less dependent on their logical interrelations

to each other, more readily established one by one, "most knowable by us."
In examples such as the solid-state physics theory of metals, one

can observe the very great organizing power of theory (electromagnetism,

the quantum atom, crystallography, for example), providing as it does a

relatively smdll collection of conceptual tools which provide a description

of nature over very wide ranges. At the same time, however, one can

find at least a partial explanation for many of those apparently rudimentary

learning difficulties with which our research is concerned. Scientific

concepts, in contrast with those of common sense, however illuminating

when well-understood (''most knowable in themselves"), often form a network

which is strongly interconnected. To understand any one concept, a

node in the network logically connected to other nodes, it is necessary

to understand many others as well.

. 45




This logical tightness in the network of scientific ideas, their
mutual interdependence, suggests immediately a paradox: they cannot
be learned: not in isolation from each other, ﬂot all at once, hence
not at all. Such a paradoxical conclusion only states, in extreme form,

the origin of many of the student difficulties.

3. Model Building and Model Testing for Critical Barriers

As the forgoing discussion implies, we propose to describe, and
in a sense explain, some characteristic difficulties in the learning and
teaching of science, and to do so in a language which discusses phases and
transitions of experience, building models whi?h represent what we have
called critical barrier phenomena. Such modelg purport to describe
interior processes which will be reflected in learner's observable behavior.

One question about such thought-models is whether they can, as
hypotheses, be adequately tested by empirical data, or whether they will
remain only ad hoc, speculative accounts.* We shall give no dogmatic
answers to this question. Our efforts at confirmation of some models
has been inforﬁal, exploratory. But we think we have turned up Some
interesting clusters of phenomena, some of which we have been able td
predict from others on the basis of fairly simple explanatory models
(see below, Part III).

A second question about such thought-models concerns their usefulness
as guides toward the improvement of teaching. 1In the twentieth century
history of psychology, such accounts of thinking and learning as we here
of fer have often been disparaged as "introspective" rather than behavioral.

As this applies to our work, we reject the label. It would be better to

% cf. Robert Davis,"The Postulation of ... Frames."  The Journal of

Children's Mathematical Behavior, Vol.3, no.1l, Autumn 1981, pp.167-
201, esp. pp.167-170.
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say that the models we develop are models which impute to our students
the same capacities which are implied in our own investigative performance.
When, for example, we try to learn about learning we -~ as researchers --
exhibit thé strengths and limitations of ég; own sagacity and our own
learning; the conceptual apparatus and language we make use of is of
the same genre as that of the persons we study. Their thinking may be
more scientifically naive than ours in some ways, but it does not differ
-in kind. We impute ways of thinking to them which we ourselves can try
to practice and report on, and which can give guidance to our teaching.

If we find significant results in this mode then also, we believe,
these results are directly useful for other teachers who have understood
them. If many students have difficulties in the same ways and around the
same subject matter, thoughtful teachers will attempt just the same kind
of model-building which such research as ours can pursue further, in a
more careful way. This will be to the further bené%it gf teachers'
diagnostic and planning abilities.

The general outline given in Parts 1 and 2 above -- in the name of
Jamesian pevchology -- is not logically tight enough or detai}cd enougn
to be called a testable theory. It is a necessary sort of plausibile

.

framework of conditioning assumptions. It directs us to look for the

typical source of critical barriers in the reconstruction of mental

filing systems, those which scientific understanding requires; and in

the kinds of category-shifts which this leads to, which can then be

consolidated as a basis For greater scientific understanding. 1n the

following sections I shall set forth examples, both from previous tcaching
experience and from current (and more carefully documented) research.

In some cases we merely describe certain characteristic learning-difficulties.
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In a few others we go further in developing and giving evidence to support
some of the kinds of unifying hypotheses which can help explain a range

or cluster of such difficulties.

4. Teaching

The above account of cognitive procedures, of thinking suggests a
final methodological comment. Our conditioning assumptions imply that
the most persistent and basic difficulties in the acquisition of scientific
knowledge are difficulties whi;h involve not so much a sheer lack of

information as a trouble in making category shifts, shifts which involve

a reconstruction of ways in which experience is codified and filed away,

and then later retrieved. If this is a correct assumption, then an

essential phase of th; teacher's art must be conceived of supporting
and seeking to guide the learner's own reconstructive commitments and
efforts. Where such shift; are needed, a teaching style which simply

transmits more scientific information, more knowledge, into the learner's

\ .
ﬂL)">‘already established but inappropriate taxonomic scheme, may prove radically

vafiance with that which the teacher's instructional efforts presuppose,
only verbal and conceptual conflation and confusion can result; oily
t roubles of a pedagogenic order will accrue.

It is not yét our major purpose in this research to define ways of
teaching which will prove appropriate to motivate and support such
reconstructive achievements. As will be clear'from the transcripts of
our courses for elementary-school teachers, however, we nave in fact
taught in a style which allows a great deal of time for exploratory play
and observation, and which, for our part, emphasizes the questions and

‘puzzles which touch some of the conceptual difficulties involved. Ve

48




-19-

have tried so far as possible to create an atmosphere in which confessions
?'1 of uncertainty dand confusion or assertions of belief seemingly contrary

2 i

Wy -
- to the scientific were as much of interest as were bursts of new scientific
insight.

One of the consequences of this commitment has been a radical deceleration
of the rate of coverage of subject matter. In our teacher seminars the
three topics of size and scale, heat and temperature, light and color,
occupied us for some fifty contact hours, and perhaps covered -- we hope
uncovered -- the equivalent of thrég elementary textbook chapters. Our
teacher-students, socially mature but scientifically innocent and in some
measure "turned off" by science, understood the reason for this pace, which
was to create situations which would elecit reflection and discussion about
our individual efforts to comprehend our chosen subject matter. On the
whole, we believe, this slow pace helped to create and maintain the needed
atmosphere (see esp. teacher commentary, vol.TV,pp.239-79). On the othér
hand the teachers were sometimes upset by our.inability, or unwillingness,
to go on to more advanced explanations than our lab work and discussions
could mgke meaningful.

In the two undergraduate courses, both titled "Man and Energy', this

radical deceleration was not possible, and for a variety of reasons we

were unable to carry out the interviews with students which we had originally
planned. Two of us participated in teaching a lab-discussion section

and occasionally lectured, one for one semester and the other for two.

This course was taught in a far-from-standard style, with much effort

devoted to the cultivation of simple physical intuition and to the arts

of order-of-magnitude thinking. Our major harvest from its program is

a substantial and detailed record of undergraduate difficulties with
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extremely elementary geometrical relationships and with the uses of
number in the discussion of physical quantities (for example, translation
of units, areas, and volumes, multiplicative processes). Some of this
material overlaps with things learned from the teachers' courses. 1In

our original plan for a three-year research project, we aimed to examine

the same range of conceptual topics across the age-span of children,

undergraduates and teachers. In the year-and—a-half allowed us to demons trate

the feasibility of our approach, this ambition had to be radically restricted.
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PART ITI. THE FINDINGS )

1. Introduction

The record of this work, written or transcribed, some 700 pages in
length, is far richer than our current and time-limited use of it can
exploit; we all hcpe to return to it in our later work. 1In the present
essay 1 seek to illustrate and, I hope, justify a gind of naturalistic
detective work, by which potential barrier phenomena fifst come to

eachers' (as to our own) attention, and then, to stimulate conjecture
on\pgé nature and origin of the apparent conceptugl difficulties. The
sourcé§ of this conjecture mgy bé varied and numerous: personél
\ .
recolleS&%ons of one's own or previous students' troubles, intellectual
struggles >ecorded in the history of science, analogies from everyday
experience, éhg possibly others.

At the beginning of this paper I gave an operational definition of
Critical Barriers, in terms of studgnt's resistance to ordinary expository
and explanatory modes of teaching, in terms of their own often suggestive
acknowledgements of confusion, and in terms of the evidence of strong

affect when such difficulties are finally overcome. To recognize a

student's difficulty as potentially of this kind has involved us in

learning about various other sorts of learning difficulties than those

we have promised\to investigate. Before we undertook the present investigation,
we had rather overlooked the obvious need tu filter out those difficulties
which are not intrinsically conceptual. They may arise simply from

distracting preoccupations in the life of a student, from poorly planned
teaching not matched to the student's prior learning, from overly ambitious
teaching, including especially the always-present didactic tendency to

push aliwad too rapidly before previous steps taken by students, correctly

9
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but without adequate coqsolidation, have been properly enjoyed and tested.
Some of these difficulties are indeed pedagogenic -~ the precise analogue
of iatrogenic illness. In treating one illness of a patient, the doctor's
ministrations unwittingly contribute to another, sometimes more serious.
So a teacher, concerned to contribute to a student's understanding, may .
use his benovolent authority to create new confusions, importing explanatory
ideas for which the student is even less prepared than he ;Jas for those
which first occasioned trouble.

We have concluded, however, that certain kinds of conceptual
difficulties which students experience are indeed intrinsic to the.growth
of scientific understanding and must be understood as such, rather than
as some accidental result of informational overload, or of ipadequate
teaching. 1In the sections which follow Qe have set forth a sketch of
several case histories, derived mainly from our two most recent teaching

s episodes. The first of these case histories’ is abstracted from our most

recent course for elementary school teachers, entitled Light and Color,

which extended over some two-hour, 25 hours, a once—-a~week, late afternoon
course.
2. Lux et Lumen*

We selected the Light and Color topic because we knew fro% previous
small samples of its content that it proves rich in conccptua] problems
even when taught at a very elementary level. The sequence of topics
was organized in accordance with a maxim which rather reverses the usual
pedagogic order: Begin with the investigation of phenomena which are
complex and rich in possibilities even if, as is typigally the case,

these phenowena would come late in the normal textbook order. For example:

when introducing the phenomena of balance, with the final aim of understanding

* See below, Section 3,P: 33-34.
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the additivity (the "law") of moments, do not begin with the case of
equal weights in the eéual-arm balance. Begin, rather, with situations
which invite the flacing of many weights which can be distributed on
some three-dimensional support, yet will balance at some one point

which can finally be located (for example, a broken-off tree branch).

as

The obviously simple and symmetric case of equal weights at equal distances
is ipitially uninteresting; it becomes significant only when carly exploratory
curiosity -- which feeds on diversity and gomplexity -- has been replaced
by a more analytical interest.
Following this maxim, we introduced our teacher-students to, and
invited them to play with,a wide range of additive color-mixtuﬁF phenomena.
The apparatus, typically consisting of three small projectors with a
variety of colored theatrical gels available, was easy to use and inviting

to play with. It happened that none of these adult students had ever

been acquainted with the results of superimposing colored lights from

dif ferent sources on one screen. They werc amazed, quite uniformly,

at the fact that this sort of (additive) color mixing gave results in
radicai contrast to those obtained with the much more familiar mixing

of pigments. Already we were putting into their hands the basis of a
contrast which even we, in planning the course, hAd not fully appreciated.
This is the contrast between pigmented surfaces, seen by the way they
selectively absorb and scatter ambient daylight or roomlight, and white
surfaces, which scattér light emitted from one or more sources through
colored filters, through slides, etc. In the first case, by far the

most common, we all conceive of the color as a property of the physical

surface. 1In the second case we think of colored light, and the way it

makes things look or appear. From a third point of view perceived
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color depends also upon the nature of human perception, which maps all
spectral distributions into the color triangle or, alternatively, into
a threefold migture of complementary pairs.

The record of our discussions around color is rife with questicns
unanswered, as it should be in view of the intrinsic complexity -of the
subject matter. (See Raw Data Volume IV, pp. 4-42 and Volume v, pp. 1-35)
One fact is suggested very clearly by these early discussions. For most
of us most of the timez color is understood primarily as a dispositional
property of opaque physical things. Gold is yellow, leayes are green, \
violets are blue. These colo: properties are thought of as inherent
dispositions and not as relative to conditions of illumination or
peréeption. fhe conditions of illumination may affect how the colors
of things appear, but not how they really are. Our aduit students are
aware that this is shaky ground, philosophically. It is practically
firm, however, and they seem to have no reliable alternative scheme to
put in place of it3 even with projected colors.

One conspicuous puzzle co&cerned colored shadews. With two projector
beams (say red and blug) a stick's shadow provided a variety of shadow
play and proved endkessly intriguing and puzzling. With three projectors
and the stick's shadow cast from each and from ecach pair (overlapping
shadows), the seven colors visible can at first perplex us all. But with
only two projectors, the red shadow cast by the blue light and the blue
shadow cast by the red light, seemed a genuine puzzle, one which resolved
itself only after much experimentation and discussion, and then with
great excitement.

Only much later did we see this episode as providing evidence

to support a general barrier-hypothesis developed from other sources.

54




ERIC

Aruitoxt provided by Eic:

3 4. -

-25- o C

1hi§ hypothesis had been formulated some years ago, and was given as

an example in our proposal for the present research. When our former
students (post-graduate students, elementuary teachere, other ﬁiscellaneous
adults, and elementary children) were asked to represent the geometry

of their own oblique mirror vision with simple sketches, a majority
represented the mirror image as located on or only slightly in the

mirror. S;lf—viewing was similarly represented, both‘:hy incorrectly

o

predicted camera focal distance and necessary mirror-size (''My ears
are not‘gggg close together!").

In our unreported previous wcrk, we had also frequently found
ourselves at a pedagogical impasse. This had te do with different
phenomena, the real images produced by pinholes or convex lenses.

We have often provided students with a camera obscura: a pinhole- or
lens-mediated camera big enough to get inside of, made from a refrigerator
carton or closet with'a hole in the door or wall, facing some brightly
illuminaéed scene. When dark-adaptation makes the image visible, there

a

is often great excitement, fpllowed by a puzzle: but why is it unside

down (and some ‘notice, left-for-right)? (See Volume IV, pp.55-59 and

\
Volume V, pp.61380) Our own surprise, optically sophisticated, perhaps,
but pedagogicallv naive, was that the standard ray-diagram, drawn on
the blackboard, proved for the most part totally unenlightening, even
confusing, in what we had thoeught was its obvious énd transparent explanatory
power. Our explanatory incompetence coutd be understood, we fipally
conjectured, if our students' perception of the image --trees and buildings,
or friends jumping (upside-down!) and waving arms—- was being taken to

be that of a picture, not significantly differentiated from the category

of paintings or photographs or movies. TIf a gallery hung a Picasso
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madona-and-child upside down, the why-question would not be answered
by a ray-diagram!

At first sight this suggestion seems remarkably implausible.
Present-day adults and children see a plethora of images which are
not cast in pigment, or which, if so, originated as emanated images
cast in phosphors or in silver crystals. Yet from such evidence as we
have accrued, it would appear that chtures are a slingle commonsense
file category, not adequately subclassified.

What is crucial, apparently, is our students' failure to éifferentiate,
in any‘essential way, between the color-pattern-cast-in-pigments, Seén
by scattered white light, and the emanated optical pattern, cast in rayvs
of colored light aéd scattered from a uniform, neutral white sureen.

The latter kind of picture, of which our camera obscura images were
composed, required for its intelligibility a new conceptual component
which even in the modern world our common experience has not somehow
provided: the physical—geometrical component called the light-ray, .
the essential contributibn of geometrical optics.

OQur next major step in the course, suggested in part by the
complexities of color (in many ways a topic for separate discussion)
was a retreat to the much simpler subject of light and shadow. Here,
finally, we seemed to encounter a .~mmonsense conceptual pattern which
generalizes and unifies all the results suggested above, and embeds them
in a kind of implicit theory of visual perception. TIn this conceptual
pattern there are two quite distinct conceptions of light, not ¢learly
related to each other. In one of these conceptions light is "the

essential condition of vision, the opposite of darkness" (Webster, 1927). It

is simply the (static) condition of vision. TIn some ways of thinking, darkness
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is a sort of space-filling medium which makes it impossible for the

eye to reach out to an object of vision, a medium dispelled in daylight

or lamplight. Light in this sense is, so to say, the condition in which

space becomes literally trans-parent. Thus, when the phrase white light
d$j33 is heard, one reaction is that "it sounds as though space was full of
Vﬂﬂq milk" (in an unrecorded episode, this was a strong tonsensus).

One of our associates, Ann Drucker, reports the following conversation

between three fifth graders:

"If all the colors are in white light, then the sun must be white.!

"If the sun's light is white, then why isn't this room-white?"

"well, then, the sun must be clear."

"But how do we get colors then, because colors are in white light?"

"We know that because we saw red, yellow, and blue projected on the
wall and they were white!"

i "Well, then white light must be clear."
"Could white light and clear light be the same thing?"

"Then white light isn't really white light."

"The sun is yellow when you look at it though."

"The light bulb is white when you look at it though, and clear when it
hits the air."

"Does white light change colors? It changes when it hits the air.
Does the air act like a prism and change the light so that it doesn't

look white? That's it, you guys!"

A conversation between Ted, Crissy, and
Ann November 24, 198t.

We could quote almost the same discussion among members of our teachers'
seminar, but by chance have no tape.
The other contrasting and apparently subordinate conception of

light is that of the light of or from the sun or any lamp, il-lumination.
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It exists in rays or beams and can take on or project the color of a
colored glass or theatrical gel. In the first category, the eye, the
vision, "reaches out" to -- attains -- its object which it sees to be
in front of it and more or less distant. In the second category, the,
ray or beam of light can enter the eye but when it does (and is very
bright) it is seen as a ray or beam, as light, not as a distant object
of visual perception.

It was, of course, this second conception of light which we pursued
in connection with the topic of light and shadow. One of our initial
steps was a simple technique of predicting, by a spretched string, where
the shadow of an object would fall when the light was turned on. We
had assumed, naively, that a string stretched from the light source
to the screer, and moved around just tangent to the object whose shadow
was to be cast, would represent the light-rays outlining the shadow-to-be.
After some discussion, our teachers managed to instruct us: we were
casually presupposing the central notion of geometrical optics, the
rather high order physical-geometrical abstraction of the light ray,
representing something which traveled, or the straight-line path of
something that traveled, out in all directions from the lamp or sun.
They simply were not ready for that; not for the idea that light travels,
and not for its representation by rays or conical bundles of rays.
Shadows are conceptualized instead, it would seem, as transient surface
patterns of darkness (but not as three-dimensional, not as projections).
Objects have or cast shadows, but the geometry is ofteunrvague.

Having been thus enlightened by our students, we then devoted
substantial time to this geometry, which in turn took us hack to the

pin-hole image. The culminating experiment involved a thin plywood
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sheet with small holes drilled in it, in the pattern of a capital-F,
which was mounted three or four feet from amblackboard and parallel

to it. Between this sheet and the blackboard was mounted a small plate
with a sihgle hole.in it. A dowel could be pushed, or a penlight

could be shone, through each hole in the plywood sheet in turn and, at
the same time, through the hole in the intermediate plate, so that the
stick touched, or a corresponding spot of light fell on, the blackboard
at a point which could be marked. The result was not only satisfying,

1" This reaction was shared by

but exciting: '"So that's how it works
a majority -- all, I think -~ though we kept no count. Not ~nly did
the secret of the pinhole image resolve itself, but also and incidentally,
that of the shadows and even, for one or two who pursued it, of umbra
and penumbra. The ray geometry was beginning to earn its keep. TFor
example, the inverted chalk "image" of the letter F could now be either
larger or smaller than the original, depending on the position of the
intermediate plate - a possible path of entry into the study of magnifiers
(Volume V, no.6, pp.81-93). 4200 IV’ 145

Two sequels to this rather major development are appropriate Lo
mention here. One was an extensive discussion, student~initiated,
exploring the idea that the light in our room (light in the first of
the senses defined above, the space—filling‘means of vision) could be
conceived as an enormous congeries of light-rays (entities dashing
about called photons, perhaps); these were constantly emitted from
lamps or, as sunlight, entered the windows, were absorbed, or scattered
about in all directions, sometimes selectively as to color; some entered
our eyes to make retinal images which, thouéh themselves unseeable,
gave us means for seeing what we did see, those objects out in front

of our eyes. This last was a mystery we acknowledged but did not explore,
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the epistemology of visual perception. -

The second sequel is mentioned here only as a reminder that newly-
developed conceptual tools can be fragile. When we finally took up the
matter of mirror-vision, the lizht-ray geometry seemed to find no easy-
appli‘ation to it, there was no transfer. We had indeed to live tﬁrough
all the difficulties méntioned above from work with others in previous
years. 1In retrospect, a better pedagogy would have been to study windows
first. "How can that big mountain.get through this little window?"

Only then perhaps would the reality of mirror-land have become accep;able.

I may perhaps mention that persons far more sophisticated scientifically
than our teacher-students can still display the evidence of this deep-
seated bargier. An old question (perhaps invented first for some PhD
candidate in geometry or physics) asks: Why is it that when 1 look in

the mirror I see my left exchanged for my right, but not my head for

my feet? The story is told, by one his students, that this question
was once put to Niels Bohr. Bohr cove eyes for quite a time,
and then responded: "It is because I do not often stand on my head."

The mathematics of the mirror-transformation, the reflecting window,
-
is simple, yet - by the above kinds of q&idenco which we can casily
accrue - deeply counter—intuitive.
3. Summary
The above informal case history is presented as an example of the
kind of investigation, or detective work, which can lead to the construction
and at least partial testing of models of conceptual difficulties common
among present-day students of elementarf science. Such models may then

suggest new strategies of improved instruction. 1 give here an outline

of our own detective-style model building, in the order in which, over
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.~ several years, it has actually developed.,

1. Phenomenon: Systematic misrepresentation of mirror-vision,
suggesting that objects seen in mirrors are conceived as located at or
near the mirror surface. First evidence: from students' graphic
representation of oblique mirror vision, confirmed by data on size-
distance judgments, predicted camera focal distance, etc. Hypothesis:
Mirror images conceived as something like pictures. An alternative
hypothesis is that in the dimension normal to the mirror surface,
mirrorland is conceived as radically foreshortened, possibly "because
it isn't real" (See Vol. IV., pp. 86-109 or Vol. V., PP. 108-115).

2. Phenowenon: Frequent great surprise at the fact that real images
in our desigggx(created by pinhole or smalljlong-focus lens) are upside

] down; and if this surprise is expressed, ig is typically not relieved
by an explanation which makes use of the standard ray-diagram. Hypothesis: ¢
the real image here, as with the mirror- image, is conceived as a Ei(ture
on the wall or screen, one not essentially different from one cast in
pigments; not as an emananistic pattern of light rays intercepted by a
screen (See Vol.IV., pp. 61-66 or Vol.V., pP. 61-93).

3. Phenomenon: Colors of dual shadowé from dual beams of contraéting
colored light are not initially understood> or acceptibly exptained by
teacher. Hypothesis: Even after playing with two (or three) projectors

and many colors of gels, students see the color-patterns on the wall

<
as patterns of its surface, pigment-like or picture-like, rather than

as emanations made visible by a white wall (See Vol.1IV, 9p.15-23 or Vol.V,
pp. 3-14).

4. Phenomenon: Everyday shadows are also not seen as occasioned

by interrupted rectilinear propagation of light rays. Comment: Commonsense
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may have such geometrical notions available, but somehow not readily.
Socratic teaching needed! (See Vol.IV, pp.44-53 or Vol.V., pp. 36-60)
5. Phenomenon: Stronngositive interest shown in physical,
enactive ray-tracing which iiterally models the pinhole image (use of
dowels, narrow light beams). Comment: Success! (See Vol.1V, pp. 44-66
and Vol.V., pp. 61-93)
. 6. Phenomenon: Reflective discussion of a quite new idea: that

the "light" which pervades visual space and renders it penetrable to vision -
originally conceived as a kind of passive medium opposed to darkness --
is to be replaced, "scientifically", by the apposite and previously
subordinate notion\?f evanescent discrete light rays constantly emitted .
from luminous sources and transmitted through space or transparent matter,
reflected or scattered from- surfaces (selectively as to color), and sooner

! or later absorbed. The rays, which are conceived, to start with, only
as geometrical abstractions, thus acquire a quasi:material character.
One must think of these rays, in daylight, as filling space densely;
so that from any bit of source or scattering.surface to any bit (for
example from the sun to the surface to the pupil of an eye) there is
always a bundle of rays. Somehow these rays are also endowed with color,
a notion which again seems to violate common scnse, which treats color
as a disposition of material surfaces. Comment: this discussion seemed
to me to indicate the emergence, and even the partial domestication,

of a quite major category shift. Our students had learned almost nothing

of physical optics, not even much of what one can do with purely geometrical

ideas. Yet even to the learned, the photon is not much more than a

ray -- a sort of detached Fourier coefficient associated with a frequency

. -

e

and a proportionate bit of energy. What our students had begun to learn
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was a wholly new way of conceiving a range of almost-everyday phenomena.
This new way of thinking has its roots in common sense but is given new‘
power when associated with the g;ometrical abstraction of the ray, a
directed line segment, and the implicit geometry which that abstraction
brings with it (See Vol.V., pp.62—§0).

The title we chose for the presentation of our optical case history -

Lux et lumen - is taken from Gerald Holton's Thematic Origins of Scientific

Thought (Harvard Univer;ity Press, 1973). In Chapter IV, which can also
be found in Dggdalus (Fall ;970), Holton uses the Latin contrast of lux
and lumen. Lux is what Webster calls "the condition - or medium - of
vision", the opposite of darkness. - The diffuse daylight before sunrise,
which casts no shadows, is, so to say thought of as space itself, made
penetrable to vision. The direct object of vision is not some mental
image, but (typically) some opaque colored object in front of the eye,
often at a great distance. One way of thinking about :his is to analogize
vision to touch; the eye reaches out to the object, somehow, scanning a
distant surface in much the way the fingers of the blind can explore a
texture. The epistemological "cut" between the objective aﬁd the subjective,
between the object perceived and the means of perception, lies Jjust at
that interfape, whose cgaracteristics are thus apprehended. ‘This ancient
and entirely correct commonsense notion of vision can itself be geometrized.
as the "ray from the eye", and in principle can do all the work of geometrical
oétics as well as its physical complement, the’]ight rav coming to the
eye. It was the characteristic view of Plato, but also of Ptolemy's
Almagest and the medieval Arabs. (See Vol.V., pp.37-41,55-59)

This latter, complementary view of light, represenked by. lumen,

recognizes that light is emitted by physical sources, is reflected, scattered,
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eye, which is now conceived as a passive receptor rather than an active

|
{
|
|
|
4

absorbed, and thus the information obtained in vision is brought to the

probe. Holton's interest, in this essay, is to relate the duality in

question to the development of Niels Bohr and his philosophy of quantum

’ .f

physics.

Rather incidentally, Holton traces the historical development of
optics, in which this duality is so conspicuously and profoundly revealed

(a standard reference is Vasco Ronchi, Optics, The Science of Vision,

N

trans. E. Rosen, New York, 1957). Our interest has been to examine the
apparently comparable development of thinking among our present-day adult
students. It seems to us quite clear that the pedagogical-historical
parallels in this case are both wide and deep, and merit far more extensive
investigation. 1In the historical development of optics, one can see both
the initial dominance of lux and the slow emergence of its complement, the
J
physical conception of lumen. .

A second and very suggestive discussion i< fuund in Stephen Toulmin's

The Philosophy of Science (New York, 1960). ‘ioulmin choses geometrical

optics as a relatively simple scientific thoery. His cental argument is

that what is usually called scientific discovery is typically, on closer
examination, what we have been discussing as category reconstruction -

not so much new facts as new ways of conceptualizing. ,

4., The Hot and the Cold

A case history simpler in some ways than that of geometrical optics
is that of a twelve-hour sequence devoted to an. introductory study of heat.
This also was a follow-up study of subject matter which we had tentatively
explofed on at least one previous occasion (sce below, p. 38). Here again

our interest was attracted by evidence that cveryday experience and commonsense
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thinking involve a categ rization of experience which is rather radically
in conflicg with that presupposed by a modern scientific account, even
when the latter is reduded to its simplest terms. Here also, then, we
might find an opportunity to study the teaching of elementary science
in a way requiring of /students a radical kind of category reconstruction.

Our first clue

r

bout the nature of this conflict and the conceptual
difficulties which/it may generate came from work with young children

(ages 6-9), in wh‘ch the study of heat and temperature occurred in the
context of animals' and humans' protection against the cold. Any first-
hand investigation which involves one's own temperature sense creates
initial dissonance at the point where the perception of hot or cold depends
not only on physical temperature but also on thermaiAconductivity. A

stone floor is colder than a wooden floor of the same temperature if

bare feet are the measuring instrument. A London bedroom feels colder

than one in Phoenix when both are at the same temperature of 7°C. This
difference has to do with the thermal conductivity of skin, clothing, ectc.
as affected by different degrees of moisture. For a different reason
(which has to do with the heat of vaporization and rate of evaporation)
the London 30°C. is hotter than that of Phoenix.

Indeed, a first-approximation account of the human temperature sense
is that it genuinely is bipolar. It measures the rate of exchange of heat
between the environment and the body, hot by degrees in one direction, cold
in the other. It is thus not simply but only grossly related to physical
temperature.

This is what our first and secondqgraders told us. TFor exampl~;
orange juice cans of very hot and very cold water both got "warmer" over

?

time, more slowly when wrapped in fur, faster otherwise. From both extremes
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the water approached the state of being near neutral, "warm." 1If we
impute a mathematical model to the children, it is arithmetical rather
than algebraic. When thermometers were iqtroduced their interpretation
of temperature was one of confusion; the thermometer went up or dewn, which
seemed to have nothing to do with hot —> warm €— cold.

The further experience we have had with adults appears to confirm
the dominance of the hot:cold duality.e Hotness and coldness appear, in
all of the naive conceptualizations, as two polar opposites whose "balance"
yields a neutral state near which we live and flourish; to be too far
away from this state of balance is perilous. Lest this way of thinking
be supposed to be merely some sort of naive error, we might remind ourselves
that th% same habit of thought has been basic to, and is still embedded
in, our quite respectable notions of electric chﬁrge_and magnetic polarity,
not to mention many analogous notions of polarity and valence which we
employ in the discussion of human affairs.

In the present research, designed against the background sketc¢hed

)

above, we sought initially to reinforce, rather than oppose, this perceptual
polarization. This was a tactic, a.pedagogical device, to bring freshly
to mind ways of thought which we expected our teacher-students Lo exhibit
and, because of the freshness of related experience, to be able to reflect
upon.

A first exercise was tc examine and feel a variety of objects having
different thermal conductivity, but all in thermal cquilibrium with the

A

room we were in. The aim was simply to reinforcé the validity, in its ,5:9

own terms, of our temperature sensc. We did not actually measure the

temperatures of these objects, which in a more painstaking investigation

would have been appropriate (see Vol.V., pp. 253-260). In the course of
¢ .

our discussion we had ample confirmation of our teacher's lack of awarcness
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Tg of "any distinction between thermometric temperature and our own biologic
y .

M’ ; hot~cold indicators. )
‘?' _ The second exercise was simply to mix very hot and very cold water
in varying prOportions and to construct a sequence Or scale-with as many
. steps as possible, in well-insulated cup;, ranging from hottest to
colauest. Thermometers.were éorbidden, so that only pairwise comparisons
by fingers dipped in the water were possible. Our teachers thought the
exercise rather trivial, as it turned out; thé only surprises came when
one's two hands (one previously warmed, the other cooled) gave contrary
indications when diﬁped in the same water, and when different individuals

made different judgments as to which mixture was Pperceived as neither
\ . .

warm nor cool.

v . -

. On a previous occasion this same» exercise had provoked high excitement

and a strong commitment to quantitative comparison: Three of six teacher-

students had expected that equal volumes of ice water and boiling water

when mixed would be neutral or, at least, tepid and werc surprised that

this was not so. 1In both cases, however, the exercise.was sufficient

to consolidate the bipolar conception. As in Aristotle's account of the

four clements, the hot and the cold are contrary attributes of things,

. substantive qualities which in suitable proportions will neutralize oach.nther.

Our néxt exercise was again the mixing of hot and cold water, but

this time using thermometers. Equal quantities of 80° and 10° gave a

predicted 45° mixture. In a second exercise the hot and the cold were

poured into a container divided by a thin metal barrier, and in a third

case the thin metal barrier was a pleated one, having ten or twenty times

the surface area of the straight barrier. In the second exercise the s

two batches of water, though physically separate, did in the course of a

Q fiéi
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few minutes approach quite satisfactorily toward a common temperature
(slightly below 450). In thé third case the approach to equilibrium
was almost as rapid as when the batches of water were mixed directly
with no barrier between them.

This whole exercise ;as intended,“of course, to suggest or at least
support another way of thinking about heat and cold; namely that one is
dealing with something which can be said to flow from one Place to another
(in the second two cases from one part of a container to another, but
which, unlike the hot or’?old water, flows rather easily through a metal
sheet. It had been our expectation that we would thus move on from the
kind of Aristotelian, two~quality ccnception to something like the eighteenth
century caloric theory: Heat could be thought of as a subtle, imponderable
fluid. TIf this conception gained allegiance, then it would be possible
to think of hot water as a kind of mixture of water and heat, the proportion

“

of the latter to the former being temperature, a ratio such as calories

Q

per gram. Cold water would be simply a lower-temperature mix.
" In one previous experiince we have been amply rewarded: Below is

an excerpt of the report we wrote:

"In'the first session we had talked about hot and cold as
opposite qualities, about the hot and the cold as kinds of
things ~- what the old philosc»ohers calted "principles" or
substantive qualities. The teachers' contribution, helped by
some questioning of their gxperience, was pure Aristotle --
not a bad beginning and, we all now agreed, not far from the
ingrained and reasonable patterns of comwmon sense, including
the common sense of most young ones. '

The history we presented was some Aristotle, with jumps
to the thermometer, to Galileo, and to the origin of "tempera-
ture," which was a sixteenth century medical term signifying
something also called the "temperament" of people, departures
from a healthy state toward too much of "the hot" or "the
cold."

Along the way we had occasion to notice in ourselves an-
other commonsense habit of thinking about the phenomena of
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heating and cooling -~ that heat is not just a quality but is i
something which flows from hotter to colder, some kind of fluid. /
This was inconclusive because one could also think of cold the /
same way -- cold penetrates. To underline this way of thinking, /
we went back to our earlier mixing of hot and cold, but now /
changing the equipment. We poured the hot and cold water into

separate compartments in two plastic shoe boxes, one of which,

a, was divided by a thin flat strip of aluminum and the other,

b, by a much longer strip of pleated aluminum.

JUDSRREE Y PRRVEIR Y

hot \ cold

In both cases we got roughly the same result as when mixing hot
and cold water directly —-- after a while the temperatures in |
both compartments were nearly the same intermediate value we|
had found before, though the two batches of water could not Aow
mix. In box a the process took a lot longer than when the hot
and cold were mixed together, while in box b the intermediate
value was reached almost as fast as with direct mixing. ‘ . -
In this context we found ourselves thinking about heaé as
a fluid -- it was no longer just the water that was hot - but
a second fluid, invisible and imponderable, which could perme-
ate the tangible fluid water but which could also flow through
metal; which water itself cannot do. /
ar to

a clear sorting out of the relation between heat and teuwpera-
fure as the physicists define it. A lot of heat in a little
water would give a high temperature; a little heat in a lot
of water would give a low temperature, even cold! Of dourse,
there 'is still the possibility of two such fluids, a fluid of
heat and a fluid of cold, just as there can be two sorts of
electricity, positive and negative. We laughed about jthat;
we weren't trying to prove anything but were just leayning to
think in new ways and to think about our thinking. |

With the idea of heat as a fluid in mind we were n?

As we were all trying to think about this mysterious
fluid -- it used to be called "eajoric'" in the heydug of its
popularity -~ three questions emerged, two of which Barry and
I were prepared for but one of which astonished and/delighted
us. This question was 'Does the idea of heat as a fluid mean
that the amount of heat is finite?" If heat is a fluid which
can be present in things in different concewtratio?s, and if
|
{

U .’

[
1




-40- C

cold Is only a relative absence of it -- not a positive some-
thing in its own right -~ then you could imagine bleeding all
the heat out of something os it couldn't get“any colder. Sud- .
denly our new way of thinking had shown logical power; it had
suggestgd something genuinely beyond the range of commonsense
experience, an absolute of coldness, an "absolute zero" of
temperature. [Is there also an absolute of hotness? Not in
this waﬁ of thinking, at any rate. Everyone had heard that
, . mysterigus phrase "absolute zero." Suddenly it came alive and
we could meet over it as equals.

Other teachers immediately thought of another beautiful,
related topic, the fact that the earth is a reservoir of solar
energy flowing in from the sun and out again into the darkness
of space. We had only touched on radiation as a flow of heat,
but again the key was conservation. We weren't ready yet for
the grand formulation, the conservation of energy, but the idea
was there."*

In the course reported here the result was quite different, a
. .
humbling reminder of an inherent variability in situations of teaching-
learning. Now, however, we caught an important nuance which occupied
us for some time. There was serious objection, indeed rejection, of
the notion -- metaphor -- that heat flows, or that, in consequence, it

can be at all called a fluid. (See Vol.III, pp.239-245) When this

objection was probed in terms of other examples of heat (or cold)

getting from one placeé to another, the acceptable language turned out

to be that heat is conducted from one place to another. 1In the instructor's
mind, the two notions were equivalent (heat {lows through a condgctor,

as does electric charge; the water pipe or gas pipe or wire is a conduit).
But in our teachers' reactions we sensed a genuine divergence of ideas.

That which conducts heat (stove top, a pot, etc.) does so not simply

as a passive medium through which heat flows, but as an agent which
transports the heat from A to B.* This contrast’ aiso applied to materials

which conduct electricity. We were not able to probe more deeply for

v

. * From "Getting into Subject Matter, a Missing Ingrediant in Education",
Outlook, #24, Summer 1977, pp.30-3L. Mountain View Publishing Co.,
University of Colorado, Boulder, CO. £90309.

* Reference: III, 238-246.

1 71

ERIC

P e




L

[

-41- C

i

the‘éource of this divergence. But it was clear that a physicist's
met#phoric formulation such as "heat never flows from cold t© cold" would
cause just as much trouble as "light travels in straight lines."

In both cases it is not the intended content of the statement which

causes confusion, but the patent unsuitability of the commonsense content

of flow and travel. A conductor conducts, transfers, and the verb is an

agtive verb, needed perhaps because one is aware of no holes through
which heat -- or electricity -- might be said to flow.

I wish here to insert a rather speculative interpretation, which we
Have not been able to follow up adequately. I1f this interpretation is
right we will find ourselves dealing with a superficially unscientific -
gcheme of thought which has more commonsense merit than meets the eye.

To talk about the flow of heat (or electricity) imparts, from all
the commonsense analogies of flow and fluid, the notion of empty spaces,
holes, channels, through which a fluid could flow. However, there is

a rough and general relationship which contradicts this notion: the

ee——._best _cond ‘tors of heat are the most obviously dense, or pore-free
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materials, such as metals. Glass conducts, fiberglass insulates. Moreover,
what is transmitted is not any ordinary sort of material thing, but something
which we will in the end call energy, something passed ¢ by the material
components of the conductor, but not these components themselves.

In other words, the commogsense notion of the conductor as agent
implies an interaction (between heat and matter) which is closer to reality
than ‘the very thin abstraction of heat "f1uid", which we had aimed at
and which has rhe sole and primary virtue that it implies a quantitative
conservation law.

In the present class, unlike the one referred to in the quotation
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above, the conception of heat as conserved, hence as sometimes "latent"

(and thus finally as a form of energy) brougat to our attention no very

dramatic evidence of conceptual recqpstruction. Instead we got into a

whole range of questions about the forms of energy, and experienced

the overload discussed above (p. 16): this is particularly clear in

our‘own staff discussions with Maja, who is voicing problems she shares

with teachers in the class (see Vol.IIIL, p.250, for a question about

heat energy and cold energy). , /
I have spoken before of the fact that conceptual re. nstruction

involves repeated practice; it is of the nature of habit. After our

extensive dis;ussions of heat, heat flow, or heat conduction, we gave a

fairly conventional liquid nitrogen demonstration (see p. (290) et. seq

and staff discussion, p. (320) et. seq), which released far more discussion

than we can analyze here. What is central, we believe, is the excited

recognition of a temperature world colder than daily experience suggests,

or than our senses can probe. The peak moment, in our discussion, came

after the intense boiling of the nitrogen, occasioned by a bit of ice

thrown in. The ice was hot!

In the previous class (see page 39) the theoretical point had
emerged that if one thought of heat as some kind of f{luid, then this
carried with it the implication that there was an absolute zero of

temperature. In our more recent class, this notion of a heat fluid

3
had been rather firmly rejected, and the realization Lhat something very
cold (ice) could be much hotter than something else (liquid nitiogen) was

still startling, though this fact was already implied in the general I

acceptance that "cold" is equivalent to a ''relative absence of heat."

Abseolute zero came along, as an idea, in a differnet context (see Vol.II1T7,
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p.277-281). The two-attribute conception dies hard.

\ 5. Size _and Scale

1. Area
+

At first sight it is puzzling that the concept of area appears,
among a large maiority of adults we havé worked with, to be very poorly
grasped. The confusions around this concept, as we have observed them,
have partly to do with the arithemetic, bu: lie perhaps more essentially
in the relation between the intuitive notion of the expanse of a surface

and the metrical notion in which this expanse gets represented by some

number of units.

»

We can illustrate this difficulty from past experience and from our
recent college course (see béIOW). From past experience: ''How
can we find the area of our footprints?" "You can't, it's not a rectangle".
or, "Wouldn't it do just to measure around it?" This latter confusion
of area and perimeter has been often observed, by ourselves and others,
for example in math workshops fo} eleméntary school teachers. It suggests
that there is no clear notion of dimensionality. Going a step further,
we find extensive confusion regarding metric relations of areas and linear
dimensions. 1In its most rudementary form, this appears as the supposition,
for example, that two miles square is the same as two square miles, or
thdt the area of a football field is (perhaps) 150 square yards or
(perhaps) 200 square yards. In our energy course, this behavior was
exhibited by many, and always by at least one student in every mention
of the topic, throughout the course. It was a persistent trouble, in
other words, which did not yield easily to normal instruction even when,
as in this case, we anticipated the trouble and gave it considerable

attention in class. A second example, involving discussions of the
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cross-section area of the earth exposed to sunlight (or of a coffee can
held in various positions), made it amply clear that there is persistent
difficulty in understanding the range of contexts and applications across
which this concept of area has meaning and utility.

However easy and familiar the concept of area maycseem to those
who understand it, our records imply that in a wider population it is
a very weakly developed concept. As scientifically naive people grasp
the notion, moreover, it appears to suffer from pedagogenic troubles.

Areas have always been represented on paper or blackboard as bounded,

1ﬁ:);gQ/ flat surfaces, rectangular or triangular. Such notions as the surface

M
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area of a sphere (or cven of a cube!), of lung or stomach tissue, or

the cross-sectional area of a tree trunk or leg bone, scem often to be
inaccessible. The persistence of confusion with area units (square inches,
inches square, for example) suggests for teachers first, Lhag arbitrary
units of area (not labeled by an L2 label) should be used traunsitionally,

and second that ways should be found to &ork or play with surfaces having
different shapes but the same area.
;

Finally, and most inaccessibly, we find the deepest trouble to lie
just whe;e the concept of area has its greatest sciencifi} utility, in
the grasp and appreciation of similitude, the fact that the areas of
similar shapes (whatever the shape!) are in the proportion of L2, the
squares of any corresponding linear measures L.

2. Volume

The existence of difficulties with the concept ovaoldmo (analogous

to those with area) may be con:ealed by the familiarity of common

volumetric measures. On the other hand, the use of Lhese measures also

links volume closely to mass, often so closely that the distinction
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between them is unavailable; whereupon density becomes a mystery.

,\1) Some of our observed difficulties center about the use of L3
measures -- cubic yards or cubic inch2s -- and this appears to confirm
our interpretation of the similar difficulties with L2 measures of area.
In the minds of most of our teachers, the exercise of determining the
number of unit (wooden) cubes in a large cube of 2, 3, 4, ... linear
units was totally novel and its results immensely sufprising (as was
also that of finding the successive surface areas). The notion that

f\\ - this counting of unit cubes, gives a measure of volume, and exposed
A . faces, gives surface area, appeared to be very surprising and not
immediately assimilable. We developed the conjecture that there are
& . two relativély common disjoined notions of what ‘e would call volume:

U‘I;il\qbﬂf capacity (the empty quart jar, measuring cup, fifty gallon drum)
N

ve and of bulk, the latter related to, and not sharply dissociated from,

!

"amount of stuff."

_ 3. Scaling

Our aim, in this short course, was to introduce teachers to the
ways in which the qualitative features of natural phenomena vary with
size. To this end, we introduced some simple investigations of surface
forces -- drops, bubbles, foams. We talked about Galileo's scaling of
the beam, and had the students read the famous Jul ian Huxley article
"On the Size of Living Things", and tried to confront them with diverse
other phenomena cf scale change, such as codking times and melting times,

Pl .
the changes in the properties of cream or. soap solution when bubble size
1Y

oY

is reduced by continued beating, transforming a liquid into something
with quasi-solid properties.

. Once again, we aimed to begin with relatively complex phenomena,

76

ERIC

Aruitoxt provided by Eic:




e

O

ERIC

Aruitoxt provided by Eic:

~46- C

retreating to simpler ones in the effort to understand. Tt is that

retreat which led us back to the topics of area and volume, and to the
recognition, once again, that the reccnstruction of the categories of
stored experience, when aimed at scientific generality, involved a
figural-formal transformation (see ref., p.10) which is far more radical
than is usually realized or acknowledged. For that reason, the discussion
of Maja Apelman, written from the point of view of her own close empathetic
perceptions, should be examined carefully in connection with the present
topic. Since much of this needed reconstruggion belongs to a general
examinat ion of the role bf elementary geometry in this figural-formal
reconstruction, one should also examine the discussion of Ronald Colton
(Problems with Mathematics).

A A simple (and still quite conjectural) model of our students'’

initial perception§ of scale phenomena would suggest, first of all,

that there is a cluster of commonsense concepts relating to the topic,
dominated by a central scale not unlike that of hot-cold, a scheme

of contraries with something human-size as neutral. Size, like temperature,
is then not a purely relative matter. Some things arc intrinsically small,
others intrinsically large. So to make the mpdel we chose a unit, something
like a meter for length or kilogram for mass. 1t could as well be a,

millimeter and gram -- no matter. We then go in both directions, using

some measure for small and large. It might be a characteristic length

or distance, an area, a volume, a mass. More probably it might be some
weighted average of length, area, volume, mass... In an ecologically

2

random sample of the things we encounter and take account of in the course

of daily life, these variables arc all rather strongly corrclated with cach

other, so it matters little what weights we assign to these incommensurable

77




ERIC

Aruitoxt provided by Eic:

~47- C

dimensions --except in extreme and unusual cases, which common sense-

typically ignores-- in modeling the notic -~ of large and small. Tt

follows that if this model is at all correct we must be prepared for
students who have great difficulty in distinguishing between area and
perimeter (for example) simply because these usually go together and you
don't have to notice how essentially different they are.

It also follows, pedagogically, that we should subject our students
to the unusual cases, the cases which are ecologically abnormal: thus
a sequence of shapes, having.constant area, which step by step have
perimeters which approach infinity. Can you equally well have shapes
of constant perimeter whose areas increase beyond bounds? This is abnormal
pedagogy, but perhaps important. What applies to area énd linear dimension
can also apply to the real-word, 3-D case as well. The Gibbs ink-drop
is a constant volume of ink with endlessly increasing interfacial area
between ink and water. It corresponds to the abstraction, still important
in hydrodynamics, of the incompressible fluid. There are natural systems
like the root or leaf system of plants, the circulatory system of animals,
of vast surface area pe; unit vofume. But these escape notice.

To reconstruct our intuitive, figural category scheme in such a
way as to explicate the three metrical concepts of length, area, volume,
and the relations among these, we are again committed to replace a figural,
common sense structure by a formal construction involving a network of
precise geometrical concepts. 1In the correiponding case of optics the
central stumbling block appeared in the development of and reltance on
a formal geometrical abstraétion, reconstructing all prior ideas of
light and vision in terms of it; the light ray. In the present case

the figural «> formal transformation* involves the re-presentation

* See Jean Bamberger and Donald Schon, "The Figural ¢—> Formal Transaction,
DSRE Working Paper WP-1, MIT Room 20C-124, June 1978.
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and transformation of our intuitive grasp of "size', including some
intuitive awareness of span, surface, bulk. The elemeéts which formalize
these aspects now involve the recongition of three distinct additive
measures and of their geometrical relations to each other, measures
whick, moreover, are conceived in abstraction from all other properties
of physical objects including color, mass, and even shape.

To come then, finally, to grasp the central importance of such a
ratio as surface/volume or volume/surface, and to conce;ve this doubly-
abstract notion as richly indexed to a great variety of natural objects
and phenomena in the physical and biological world, is to develop a
return péthway from the formal geometry of measure to an enriched
perception of the figural, the concrete objects of experiences. The
volume/surface ratio for roasts or loaves of bread of different sizes
will directly relate to cooking times. The ratio is equivalent to the
average depth to which heat must penetrate, a theorem seldom understood.

The topic leads on, into the wide world of physics and the complexities

of biofogical adaptation. As a tour de force George Gamov compared the
metabolic rates of a mouse and a star, and showed that these were in

direct proportion to the respective surface/volume ratios. In much of
biclogy the problem appears in a different form, as a problem of adaptation,
thus as to how the elephant can manage to have about the same ratio of put
area or lung area to weight (or volume) as the mouse.

In the case of the present history, perhaps move than in the case of
our other experiences in these seminars, we see the sheer fact of very major
difficulties, very slowly overcome, as our contributioen, with only the
conjectufal model outlined above to explain it. It is therefore appropriate

that the entire essay of Maja Apelman ( w<x m@vuL )
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draws upon the detailed record of, and upon her reflections of personal
experience in, this very subject matter. It is also appropriate that

in his essay, on mathematical difficulties, "problems With Mathematics",
Ronald Colton has also examined the topic of size and scale in relation
to other geometrical and arithmetical abstractions which we know to be
essential to the scientific reconstruction of the categories of nature-
knowleage.

Here I should like to add a specific emphasis, however, which 1
believe may lead to some further understanding of the diff culties with
size and scale. Robert Davis has postulated a major source of difficulty
in early arithmetic. Much of Davis' discussion of frames* is appropriate
to this commentary. Very briefly, Davis proposes a theoretigal scheme
of "frames". These are, for all presént purposes, equivalent to the
categorial tgxa, "file fol@ers" which we have referred to in the explication

of William ques' basic account of human understanding and reasoning.

In Davis‘ account of early learning of school mathematics he proposes
“KYS;\
YY\‘V a hierarchical sequence of frames, from earlier-learned to later, in which
) //\\1 an inadequate Xearning or differentiation of later frames explains errors

which, typically, are not random. They predictably involve some regression

to the use of fqames learned earlier (and better), from which they have

been inadequately differentiated. Thus in the first learning of subtraction
children tend to identify the demanded operation with the already consolidated
addition frame. In Jamesian language their "sagacity" is to recognize

the demand for a binary operation, but not to different iate the cue of

madd" from that of "subtract". Having first learned only one binary

* Building a Metaphoric Theory of Mathematical Thought: The Postulation
. of Certain Specifié, Explicit, Commonly Shared Frames; by Robert B.
Davis, Journal of Mathematical Behavior, Autumn 1980, Vol.3, Number i,
pp.187-201.
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operation, addition, children have also learned -- inappropriately -~ 1
to ignore the "+" sign; it is always implied in the carly months of
schooling, and therefore, in that conte=xt, is redundant information.

In a similar way multlplgcation, inadequately understood, can also .
regress to this "primary grade undifferentiated Binary Operation Frame".
Hence, the area of a football field is 150 square(?) yards.

But cv%n higher up the standard curricular ladder, and of special .
interest in the context of L, Lz, and L3 is what Davis calls the Label
or Unit Frame. 1In the descriptive use of numbers there is always implied

a label (class name) or unit. This is overlooked inthe learned habit

of manipulating numbers in the abstract (as in most schodl arithmetic

and algebra). It is therefore plausible to suppose that there can be . .
a regression from adequate understanding of geometrical (or other) //

measures, to the use of a frame which involves :nly pure numbers and
thus loses the geometrical essentials.

We noticed such an effect in-our work with wooden‘cubes. Our
teacher-students built successively larger cubes from unit ones, and

became deeply involved in the number patterns, thus:

! edge-lengthe outside surface uumber of unit cubes
1 b 1
M 4
[
? 24 8
. 3 54 27

It then appeared, however, that in the excitement of discovering that

) 2 3
each row is of the form n, 6n~, n~, they lost the sense of surface area
AN

and volume this represented. For example, the subdivision of a unit
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cube appeared as a totally new problem.

A very special cue appeared recently in a discussion with one of

our staff, Maja Apelman, who often is close enough to our students'
difficulties in her own thinking to suggest the nature of theirs. She

had been thinking about a cube 3" x 3" x 3" as having a volume of 27

cubic inches which*could %herefore be rearranged (as a box shape) in
e
many ways. One suggé&ted was 3 x 9 x 1; but then, she said, multiplying

by 1 "doesn't change an;thing", so it would give only square feet, not
cubic feet! Very clearly there is regression here, from the frame for
géometrical measure to that for pure arithmetic. o

The suggestion emerges, very strongly, that although difficulties
of this kind do involve some inherent critical barriers, in making thg
transition from commonsense qualitative conceptions of size to a more
orginized geometrical understanding, yet additional difficulties are
created by the artificial separation and linear order}ng, in our curricular
practice, of interconnected concepts and operations. .It would be a modest
beginning if we taught addition and subtraction alwayé together, or:
multiplication and division; Qossibl;“even all four. More widely still,
devised a style for the spiral curriculum in which these artificial

separations were only briefly reqhireg and always subordinated to the

evolution and strengthening of the conceptual network which constitutes
I3 . .

«
-
.

intelligible mathematics.
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|
Introduction }

In this essay I shall try to describe how one of %he topics of the
first teachers' seminar (Spring 1981) was taught‘and’ﬁbw it was experienced
by the teachers who were our students. I am making usk of the following
sources‘of data: weekly notes written by teachers; m; notes, written during
this seminar and during two previous Mountain View cl#sses on the same

. . . L . .
topic; transcripts of classes and. of staff discussions; interviews with

teachers during and after the serinar; and informal éalks with staff
before and after each class. 1 hope to éonvey a feeling for the atmosphere
of the seminar and to discuss how the teachers and‘occasionally the
insFructors reacted to what happened in class.

in the Mountain View setting and with instructors I knew well, I
wasvable to fulfill my role as student advocate and liaison person between
project staif andlparticipaqing teachers. As far as learning new and ¢
difficult material was concqrned, the teacher-students regarded me as
one of them and, in addition to sharing frustratibns and discoveries,
we had some good laughs together about concepts which we knew we were
supposed to be "getting" but which kept eluding Ls. By having continuous
access to the instructors -- David Hawkins and Ron Colton -- I was able
to communicaLe both my own and the teachers' thoughts and feelings about
the content, structure, and pace of the classes. Sally, one of the
teachers, was hired as a part-time assistant. She attended the weekly
staff discussions, purchased materials, and helped with preparations.
I found her presence at the staff meetings extremely helpful since hers
was a second voice that spoke up for participants' troubles.

For the second teachers' seminar; there were many planning discussions

which preceeded the selection of the topic Light and Color. I knew what

84




the goal was even though my understanding was limited. But before this
first class, I only knew that size a2nd scale was one of David's favorite

topics, and when some teachers asked me what the course was going to

be about, T told them that the topic Size and Scale in Nature was central

to the understanding of many important things in the real world but
that I was taking this mostly on faith: 7T knew it was important pecause
I trusted Daviq. Notes I had taken in a class on size and scale many
years before touched on some of these connections to the natural world
but apparently I hadn't been ready to make the connections myself and
therefore did not remember them. I was surprised to find these old
references when 1 reread the notes in preparation for writing this essay.
"Size and Scale is a pseudo-structure for the semipar," David said
to me. "If you have length, area, and volume in place, you have a useful
ladder to understanding thingg from atoms to galaxies.' I was looking

forward to gaining some cof this deeper understanding.

First Meeting: Soap Bubbles

The first meeting with the teachers was not planned as a regular

class. Some people had yet to make their final decision to attend -- they

'

wanted to hear more about the research itself, as well as to é]arify
such matters as the duration of the course, district in-service creéit,
etc. David started right in %ith the main topic of the course. He
asked, why do people have trouble with what surface area means?

This is a very common source of intellectual difficulty, and not
just because of the mathematics. There seems to be a situation
where you don't have to do much computation and still you get into
trouble. Why would that be? What is there about ordinary, everyday
human experience that would make it difficult to disentangle? Area,
surface, it's around us all the time. It is the sort cf thing

that intrigues me, because it doesn't seem plausible that it sbculd
be that difficult...If people don't understand something, it's not
because they are stupid, it's because they have preconceptions which
they have -learned, and often learned under conditions which make
these preconceptions useable and useful. Then we require that people
give them up. 1It's like giving up a friend.

85 .
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He explained further that his interest was in students' difficulties,

in finding out how a person was thinking, in the so-called naive questions
people might ask. "Imagine being valued for that!"™ Hedy, one of the
teachers, comm%pted. In a few short minutes, the tone of the cla;s was
established. /Hedy probably voiced the feelings of most of the teachers
present, and David was convincing in communicating to the teachrs that

he was deeply interested in their individual ways of thinking, of

learning, and ultimately of understanding. "This is the complete reverse

of what is ordinarily valued and it's one of the main reasons why these

|

fascinating naive questions have never been seriously looked at,’ he said.
After some more discussion about teaching, learning, and research,
Mary wanted to know how we would go about getting past critical barriers

once they had been identified. "That implies that we look at specific

-

. topics and get into the substance of a scientific explanation," David

{ answered. ''Let me give you an example.' He got an egg beater and a
bowl of soapy water, prepared earlier for use during the class.

We started beating the soapy water, watching bubbles form, multiply,
diminish in size. The whole miXture grew in volume while air was being
beaten into it, but when we continued beating, it got stiffer. David
drew our attention to the change in the mix:

"There is an awful lot more internal surface of little bubbles,

there are more and more little bubbles and if you could measure

the total amount of surface where there is liquid and air in

contact with each other, it increases and increases and increases.

There is a big change in the ratio of volume of water to the X
surface area that the water has in common with air...and the .
bigger you make the surface per unit volume, the stiffer the stuff

gets."

I now wonder whether any of us knew then what David was talking

about. Hedy wanted to know if there was more "surface air" and I said

that I was so mixed up that I didn't know anymore "what's water, what's
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air and what's soap.' David explained that the beaten-up solution

was a mix of a liquid and a gas that acted as a solid, adding that we

had to start thinking about what it was that made this difference. "It

is a problem related to just the amount of liquid film that is in there."
Still puzzled, I asked for a’parallel example that might help me

to ur.derstand what happened to the soapy water. Ron mentioned water drops,

comparing tig drops with the tiny drops found in clouds. 'The big drop

' What is a stable water drop? I

of water doesn't have any stability.'
wondered. ''Does stability mean not breaking'apart or not being real
strong?" Instead of an answer, I got a promise that we wouid play with
water drops on wax paper in the following class so we could study and
observe how different-sized drops looked and behaved. ICQOn't know

why the concept of stability gave me so much trouble, but it came up

again and again during the early classes and staff discussions.

Soap bubbles were one real-world example with which David and Ron
wanted to introduce the topic of the surface area-volume relatiomship.
Ron had also brought in a dead plant with a root, pulled up from his >
garden. He pointed to all the litﬁle roots and fibers at the end qf
the root stressing the enormous amount of surface in contact with the

soil and the water. We talked about what happens when you transplant

a plant and cut off the tip of the root which has most of the fine root

~

hair. Sally found this example helpful, "but those bubbles," she said,
"I just have to take your word fqr it, I don't picture it at all." 1
I didn't understand the bubbles either, but the surface area of the root

hairs presented me with another problem. "I don't ever think of roots

as having a surface." I said. "I think of their length but not about

their surfaée area. I don't look at these roots and think: if I put
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them all together they will make so much surface area.’

~

' "But every

.

tiny bit of water has to go from some place 1n the soil across the *
surface of the root to get inside the plant," David said. This is €0
obvious when you know and understand it. 1 Lhinkvit was hard for David
to believe that one can enjoy gardening and care for house plants and
never wonder how the water gets from—the soil into the plant. I knew
that the roots transported the water but I had not thought about the
significance of their surface area.

In fact the term surface area itself gave me problems. When I

asked if other teachers had trouble thinking of an area as being made

uplof "long strings of thinés" (intestines had been mentioned, the elephant's
h;ge gut), Mary said she tasn't sure she had trouble with that but she
wondered why she should care about it. "Why is it important?"

I asked finally if we could just talk about surface and leave out
the word area which seemed to cause my confusion. David suggested we
talk about ''the amount of surface."” I liked his acceptance of my problem
and his willingneés to change the terminology. This is another way of
validating a student's thinking.

Since this wds our first meeting, most of the teachers weren't ready
to raise questions as freely as I was. But asking questions and voicing
my copfusisns were what I was expected to do My questions were always
genuine. The teachers sensed that and gradually they became freer in
exposing their own troubles.

We did not ask for "homework” that first week, but two teachers,
Hedy and Sally, brought back some notes. Sally wrote:

...How do they know that the mixture becomes more solid géggggg

the surface area of the bubbles becomes greater, thus creating

more strength? And how do they know that increased surface area

in relatioaship to the volume creates strength?... I'm taking
someone's word for it as I always have in science. Could you

8§ ’
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actually see the surface of these bubbles through a microscope
and analyze the relationship between surface area and volume?
Where is the starting point for this understanding?

1

"How do they know..." expresses a feeling common to nonscientists.

Scientists'knowledge is far beyond our understanding. We have never
known how to gain entry into their world because that entry has been
offer?d only on the scientists' terms, which have been incomprehensible.
So we remain outside, wondering, "ilow do they know?"

Hedy had made a list - "off the top of my head" - of all the things
that seemed problematic to her. It was a kind of confessional, alerting
the staff to.some of her troubles:

- estimating volume: I'm aware of this when I try to decide which
size container to put left-overs in. I invariably choose containers
that are too large...

- diagrams - yeach -- especially verbal descriptions of spatial
relations. I have a physical desire to crawl beneath a table.

- Percentages are almost incomprehensible to me. That dates from
8th grade.

- geometric formulas - utterly meaningless. Square roots, light
years, same.

- Light spectrum and photography 1 have never grasped. Many concepts
of physics and astronomy are interesting to me. T enjoy hearing
the explanations but I never retain any of it. 1It's like a fairy
tale only I can't remember how it goes.

'

Water Drops

On the agenda for this class were: playing with drops of water ~-
wax paper, eye droppers, and food coloring were set out for that purpose;
experimenting some more with beating soaé froth as well as egg whites
and whipping crean; observing how oil beﬁaves when dropped into water;
and floating needles and razor blades. I didn't know what all of that
had to do with size and‘scale but I didn't realiy care.

David's favorite way of preparing for a class is to experiment with
the materials he wants to use, and so I got a chance to play arcund with

the razor blades and needles, learning that the needle will float if it
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doesn't, get wet, which sounded strange to me, and thai if you rubbed

it against your skin, it will get oily and float more easily. "The
insects which walk on water kéep their feet dry,! David said. Do

insects have oil on their feet? I wondered. 1 now know that there is

a delicate balance between the pressure of the water spider's foot and

the surface tension of the water on which the little insect puts its
weight. But at the time of the course, the idea of the water's elastic
skin was not yet part of my mental framework. I am amused by the numetrous
question marks all over my last year's notes. It's nice to look back

at your own confusions when they have become resolved.

We had decided to start the class with the planned activities.
Everyone began by playing with the water drops on wax paper. 'My first
reaction was surprise that such simple materials could be so interesting,"
Sandy wrote in her notes; "The investigation was so open-ended and non-
directed." There are many careful observations of water drops in the
teachers' notes. Ann wrote, "It's fun to watch the small bubbles be
‘gulped up' by larger bubbles. .The drops seem to pull together. The
small bubbles seem more round, and almost ‘have a peak compared to the
larger bubbles." Hedy, whose initial reaction to our set-up was negative --
"I won't like it" -- nevertheless: allowed herself Lo get involved. "I
am amazed by how self-contained each bit of water is. T am delighted
by the movement of the drops. As 1 pull them around they change

shape - amoeba-like. They have charm. .. T, too, found the water

drops fascinating as they slithered over the paper without leaving any
sort of impression. ''How come the water isn't wetting the surfacc it is
on?" T wondered. 'Well, that must be the non-mixing of wax (oil) and

water. So they really do not mix." Personal observation is more convincing

than a teacher's explanation.
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At one point David filled an eyedroppgr with soapy water and
announced that he had a "mystery 1i§uid": just the slightest trace of
that liquid on the surface of a water drop made it disintegrate. That
raised a ﬁuestioﬂ in Hedy's mind: "If soap makes water stromg cnough
to hold a bubble shape, why does it make water drops on the paper lose
their shape?"v That apparent paradox bothered me, too. How could soap
destroy a waterdrop iLat strengthen a water bubble? ‘

After a while, some teachers moved to another part of the room to
beat the various liquids we had prepared and to experiment with the oil
and the floating of needles and razor blades. Others remained with

their water drops, continuing their observations. Beating soap froth

\,

prompted Mary to write: "I wonder about mixing air with liquids., Since
air is invisible, I have difficulty imagining what must be actually
happening." Mary found it hard to think of "invisible" air. I thought
of air as a kind of nothingness that fills the spaces between real objects.
During one conversation, David had described air as having molecules
with space in between. I found that amazing. How can there be space
in between when I think of air as nothing to begin with? My nothing
view of air was a real stumbling block to my understanding of soap froth.
The millions of 1little interfaces which increase the internal surface
area and thus strengthen the mix troubled me for quite a while. No
wonder! I thought of "real air" which interacted with the soap film as
surrounding the entire soap froth, but the inside air had apparently
remained in my nothing category.

The teachers who had remained with the water drops became fascinated

by two discoveries: the magnification of the print on newspapers with

which we had covered the tables and an inverted reflection of a large




skylight in the tiny waterdrops. Both Sally and Sandy wrote about
the skylight, and both added an interesting comment about their feeclings
as students of science. Sally wrote:

1 was most fascinated with the way the drops magnified anything
under them and the way a bubble in a drop demagnified anything
under it. We discussed magnification with a convex lens and
demagnification with a concave lens. That seemed clear enough.
Is it really that simple?

. " The rest of the,time we looked at different objects through
various lenses. Print became inverted as we pulled the magnifyer
away from it. But I was puzzled about the skylight: it was always
inverted. Why? I went home wanting an answer (we had had s¢ many
questions and so few answers) and so I looked in the encyclopedia.
I think I found a partial answer: "An object being examined
through a magnifying glass is always kept at a distance from the
lens that is less than the focal point. If the object is at a
distance greater than the focal point of the lens, an inverted
image is found." I assume that our lens was always at a greater
distance from the ceiling than its focal point, thus the image

was always inverted. .So what is the focal point?

It's exciting to think I might have observed something and
learned from the observations. But after all that looking and

. questioning, why is it that I wonder if I've drawn any corvect
conclusions? When I see a math pattern emerging, I'n excited
and confident about continuing it. I .know I'm on the right
track, but in science I don't have the background to know if
what I think makes sense.

Sandy also wrote about her discovery of the inverted skylight in

o

the water drop. But it wasn't the inversion that intrigued her. She

wondered "how such a large area as the ceiling could be contained on
such a small surface as a water drop. I was shocked and
- : perplexed at this phenomenon and dismayed by the fact that
no one else was equally astonished...How quickly I abandoned

that track of thought when it did not meet with shared o
interest; or, when I sensed that it -might be the leasL bit
'obvious:'"

It's too bad Sandy did not pursue her interest. But in a class
where people are encouraged to go in their own directions, one sLudent's
neeé for feedback may come at a time when others are too involved with
their own cbservations to respond. If Sandy could have brought her

question to David's -or Ron's attention she would have received a

different reaction.

Q 59;2
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Hedy wrote of hev feelings when she asked David a question about
the change in the water drop's surface tension when soap was added.

[ don't know what David said to her but this is what Hedy felt: "That

was not what he wanted me to be thinking about... | just had some of
that older feeling of I'm not doing it right, whatever it is...I've
got to go where he's going and I don't know where that is."

These were intelligent women and successful experienced teachers,
yet in the unfamiliar domain of science, old insecurities, fears, and
frustrations quickly arose. One couldn't imagine a more relaxed, more
supportive setting than the one we tried to create for these meetings,
but old feelings are strong and it didn't take much to bring them out.

I would like to quote from one more studént's paper. Shelley
gives a wonderful description of her gradually growing interest and
involvement in the water drops and her ultimate fatigue after a period

* of hard thinking.

1 started out with very random intentions -- joining bubbles,

&, _pulling, blowing, etc. -- feeling like I didn't really know what

I was supposed to be doing. T quickly became fascinated by the

effortless gliding of the bubbles over the paper - it was a wonderfully

quiet and relaxing activity. I .thought -- this would be great after

an intense, thought-provoking- activity. BUT before long T began

noticing patterns - the large bubbles pulled in the small ones; the

smaller the bubble the more spherical; I could blow air into the

bubble making a bubble within a bubble (what is a bubhle?); the

bubbles seemed to- magnify slightly, but a small bubble inside acted

just the opposite. These patterns began to give direction to my

randomness and it didndt matter what 1 was supposed to be doing. 1

began sharing my discoveries with those around me and I became

fascinated with the magnifying and "demagnifying" power: of the

bubbles - like looking thru both ends of binoculars. The little

air bubbles within the larger bubble had pushed the water aside

making a concave surface - opposite of the water's corvex surface. .

My quiet, relaxed mood was gone and T wanted to find out more

about lenses. But I didn't know where to go from here. Viewing
! print thru the double lens made things backwards and upside dowu.*
I don't need the answers to all this because.I know I'd never
remember them at this point but I seem to need some directions so
that I can go further or be sure my observations are correct.




-11- ' - D

All of these things kept me so absorbed that I didn't want .
, to join the others doing something else. I couldn't handle any more
ideas!... I left feeling stimulated but a bit drained and frustrated

too. 1 feel like I'm at a standstill and there is so much to learn.
Shelly expresses the frustration experienced by many adults who
start to study science after avoiding it most of their lives. The feeling

of "there is so much to learn' can be overwhelming, especially when

you work with David who believes in starting with broadecoﬁplexftiqs

13

rather than with premeasured little units which can be memorized but

¢ - N

. . L
which rarely-take you to the larger more exciting understanding of )

science.

Since there had been no time for a general discussion at the end
i of the first class, we had decided to start the next class with a group
meeting so teachers could ask gquestions or share egperiences: - David
opened the discussion by expressing his hope that the teachegg hadn't
been thinking "I wonder why we are doing this,”‘but had been able to
get involved with the materials. The teachers were involved, some
more s; than others, of course, but I'm sure they were also wondering
about the purpose of the activities. Harriet, for example, ended a
< . g
detailed account of her work with drops and bubbles with this question;
* "What, to do now with this information?"
David knew why he wanted us to play with drops: it was another
illustration of the surface;area—to-volume.relationship. A small drop N

Fl

has a much larger surface area in relation to its volume, so the surface

tension of the drop —- the tendency of the skin around the drop to pull
together, to shrink into the shape of a sphere —- was stronger than the
. 4
gravitational force which pulls the water down. A" large water drop, ©
¥ N

with less surface area in relation to its volume, was more affected by

gravity and therefore tended to flatten out. ‘
|
|
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_This very important relationship of surface area to volume, on
[ = : Ve

£
which the whole topic of size and scale rests, was totally lost to o
the class. David int¢nded to use it as a starting point for numerous
excursions into the world of nature where this relationship plays such
a central role, but as the transcripts of the following classes will
: ’
show, we hardly got off the ground. Interesting, open-ended activities
had been planned for the first class to introduce the concept of the
areaf/volume relationship. The teachers enjoyed the activities but they
also got interested in many non-planned topics. Marsha, for example,
. . sald that she had tried to whip the vegetable oil - with no success. .
Why would cream whip, and not o0il?
Here Is David's answer:
| L
! There are lots of phenomena that you can observe and get
‘ interested in...what do you do with kids when they ask why
questions, like the child asking where living things really came
from? You say to yourself: '"Oh Lord, the words that I would use ;
would not. be undergtood," and you try to direct their attention
v back to more things they can learn at their level. You probably
evade their questions. T can tell you right now I haven't the
vaguest idea what sort of answer to give to that. I think I could
. . . *
begin to evade it fomewhat. Could you whip butter into foamy stuff? .
‘Butter is the fat,’ cream is a mixture of other things. T can see .
- a difference between cream and oil.
David's "ewasions"!sometimes annoy me but I understand why he is
doing it. He wants to direct the attention of learners (of all ages) -
. ’ *
back to the phenomena under investigation, back to the "things they can

learn at their own 1evei" He encourages further observation and experimen-
i . .

tation and gives just ebough guidance to make progress possib]e. He
< | .

doesn't like to supply answers which he thinks won't be understood. e

3

prefers the more circuitous, more time-consuming routé that learners

have to take in order to make their own discoveries. . - - .

H

We had a long discussion about cream, mayonnaise, salad dressing,

¢

homogenizing, and suspensions. Then David tried to get back-to his

o P 5)55
~ ERIC

\
: Aruitoxt provided by Eic: v
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topic: ''Between the water and oil there is a ki%tle surface layer: a
drop of oil floating on the water is like a bubble of air." He talked

about the skin of the water which won't allow it to mix with oil, and .

about the reflecting layer. where oil is floating on water. When he was

“~

finished, Ann asked: "I don't understand why the images are upside

" down." Referring to the choices teachers have to make in school when

children become interested in things tgat aren't part of the "planned
lesson", David asked that all questions on magnification and demggnification
be temporarily suspended. |

ﬂedy said she had a question about bybbles, the same question she

had asked in her notes: if soap makes better bubbles, if It strengthens .

\ .

the bubble shape, then why would it make water drops collapse? This Ly

'S

was another why quéstion which David did not.answer directly. He répeated
Hedy's observation, adding-more descriptive details, and then pbinted

out an apparent paradox: "The soap makes the surface weaker, the drop

doesn't hold together as well. On the other hand, you can't make bubbles .
P .

with ordinary water that will last whereas if you put a l§tt1e soap in
1 .

the water, they wil] last. 1f you keep the humidity highiso the bubble

can't evaporate, the bubble can last for hours. Soap bubliles are stable
- i
although their surface is practically weaker than it is on water,." o

Instead of explaining how that can be, David mentioned similar examples

°

of apparent contradictions -- heavy cream which.is thick, yet light

w

(that came®up earlier ‘in the discussion), and children's. use of the
L4 " )

words big and little or fast and slow to describe a variety of different
i

attributes. This led to an interésting discussion about iénguaée énd
how labeling different propertiés'with the‘same wqrd can get you Lnto'
difficult&es in unﬁerstanding those properties. T dog't gnow whes no
.Hedy felt that her question was answered but she scemed pérfeCtly satisfied.

96
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Mary now had a question. She Qanted to know if the surface tension
around the water was a separate substance from the inside of the drop?

David acknowledged that the ;uter s;nface looks like a different
substance butlegélained that it isn't: "It just acts differently.
When it's down ig the interior it acts one way and when it's out whé;e
half'of its neighbors are not there, it'acts in another way...It"s the
same substance bug at a boundary it behaves differently from the way it
behaves inside.”

Mary surprised quite a few of us with her next question: '"Isn't
it rhat way because of the hydrogen bonding?"

‘ David agreed that it has to do with the way water molecules interact ’

with each other but he added: "Let's stay out of the molecular world
for just awhile because we want to stay on a more elementary, child's,
level." Rather than enlarging on the .role of the molecules, he talked
about the problem of teaching young children about atoms and molecules.

Mary, however, wouldn't let go. As a teacher, she says, she wants
to ﬁave the understanding of the bonds. "I couldn't imagine that the
air would make the surface that way, but cha; instead oé those bonds
reaching up to other water particles, they are reaching around."

""That's a good hunch," said David. "Water molecules have bonds,
they reach out and hold on to each other. At the surface they reach
out above and since there is nothing for them to grab, they may have
to reach out in a different way and that may be what makes tﬂis surface
layer stronger or create different surface Qropérties."

David, however, emphasized that this kind of explanation would not be
meaningful to elementary school childéen. Even with us, he would

rather stay away from molecules and concentrate more on observation.

That suited Hedy fine. "I really don't care why drops stay that way or

“
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any of the why's about it. The main thing is that it's pretty or it's
pleasing and it's really an effort to care why.". I remember Jean and

Sandy nodding in agreement.

! . 1 cared very much about the why's and I was still puzzling about
the pa}adox of soap weakening water drops but strengthening bubbles.
David had called soap bubbles more stable and had said that using the
word stroﬁg got us intohtrouble. I didn't understand that. Since the

word stible did not mean much to me, I wanted to know why David objected

to my calling the soap film strong:

David: You noticed that this bubble lasted longer?

Maja: Yes. That's because it is stronger. Now I can't say that
anymore. '

David: Yes, but you have a because in there which I wouldn't have.
I was just saying it lasts longer. I'm just describing
o o a thing that means it's more stable.

Maja: I see, lasting longer means greater stability to you.
It means that?

David: 1It's just the same thing. It's not an explanation of it.
Sally: He's defining stability.
David: It's not an explanation of anything, it's just a description...
Maja: It always means lasting longer?
David: Yes, it's always protection again§t\shocks or disturbances.
You say, "all that I observed about the film is that it
lasts longer. I don't see that it's physically stronger in
any other sense." Then you can go back and say, "Well, it
could be possible that it was physically weaker, that is,
- easier to stretch, and yet last longer." There is no sense
' of contradiction there, whereas when you use the word
stronger you seem to be inviting a contradiction.
I finally accepted the word stable as describing the soap film,

but I was still not satisfied. It was a description and I wanted an

explanation. I had this funhy feeling that stability carried an additional

¢
meaning to scientists. I wrote in my notes: "Stable: what does David
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know about it that I don't know?" Was there another meaning that I
was missing or did David simply not want to go any further with the
soap bubbles? This past week, when I was going over the transcripts '
and still found myself confused and dissatisfied, I again asked David ;
for an explanation. <.

This time he brought in molecules. Soap molecules, he said, ‘are *
much more complicated than water molecules. Thgir two ends react
differentiy to water. One end is hydrophilic, the other is hydrophobic.

"

In a soap bubble, these molecules line themselves up in such a way
that they‘act as stabili;ers qf the thin soap film. They help to keep ‘
the film at an even thickness while it is being stretched and this
keeps it from breaking. ' e
1 realize that I could have continued to ask: what exactly do the
soap molecules do and why are they doing that? But just as ﬁedy was
satisfied with the description of the water drop and the soap bubble,
I am satisfied right now with the description of soap molecules and 1
can accepg the fact that their behavior accounts for the stability
of the soap film without wanting to know any more.
Molecules have now become part of my thinking although they are
still very much on the periphery of my mental fr;meworg. Because it
is easy to talk about molecules and atoms, to use ;he labels withowvt o
understanding the concepts, David wants students of all ages to have ,
a broad knowledge built on observation and experimentation before
talking about the physical world in terms of atoms and molccules. When
we were studying heat and asking a lot of big questions abo;t electro~-
magnetic radiation, David told us that he would like to have kept us

in the 18th and 19th centuries for a while so we could arrive at an

understanding of heat which paralleled the historical scientific developments

39




-17- ‘ D

3

“of that subject. .he‘were too impatient; we wanted 20th ceniury answers
even though we find 6%em very hard to understand.

How do you Rnow when students are ready to think in terms of atoms
and molecules? Timiné is always one of the most difficult ques;ioéé which
teachers have to face. David, I think, prefers to err ;n)che direction
of ‘being too late. Most science teaching errs grossly in the opposite

te

direction.

Cubes, Bananas and Plasticene - -

- . v

Since neither the soap froth nor the water drops raised the questioﬁ
of area/voiume relationship in teachers' minds, David and Ron decided
that the topic might be made more accessible if‘we spent some time
working with wooden cubes, where the changing relationshib could more
easily be analyzed. This is how David introduced the cubes:

David: How many faces does one of these little Ehings have?”
(They were 3/4" cubes.)

»

Teachers: Six. .

David: OK. Now, if you make the next bigger cube out of these
little cubes, how do you do it? (Teachers made a cube .
that is two little cubes long, wide, and high.) OK,
there is" the next bigger ¢:be. How many cubes in that?

Teachers: Eight... four... oh, right, eight!

David: The first one was one cube with six faces. let's glve
these faces a name, (Group discusses possible names and
settles on "minch.") There are eight little cubes in this
next bigger cube. It's 2 x 2 x 2. Now how many minches
are there on the outer surfaces?

Teacher: Twenty-four.

Teacher: How do you get that?

David: You multiply, because you obsérve thatr there are six sides.
It's still a cube and each side has four minches. OK? Then,

what's the next bigger cube? How many little cubes in
the next bigger cube?
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" Although somebody correctly answered "27", I asked David to-slow
down so teachers vould take their time building this 'next bigger cube."
I sensed that several teachers were already quite confused.

lHaving been rather open-ended in the previous class, David was
quite explicit in his instructions about lvow to make the cube grow,
hoping that the change in area/volume relationship would now become
apparent. Little did he know what kind of trouble we would get into
later because he told us to make "the next bigger cube."

Teachers reacted ih many ways to this class. Hedy didn't like it. 4
She hated the math. She reports having one fleeting insight 'oh, that's.
what it means to cube something, literally make a cube of it" but when . 1
she told someone about it she realized that

"as soon as 1 said it I already couldn't remember or understand

what I had ‘just said... I went on jotting down the numbers of

cubes that would be in each succeeding size of cube but I was
: just-multiplying. It didn't get any tealer. I also tried figuring

some ratios because I overheard Ron suggesting this to another

person, but the ratios didr't mean much. So what? my usual feeling.

‘ Mostly it was an enormous Strain to try to think about it so hard, °
'so profitlessly. I went home with a headache and I never have

headaches!"

o

Sandy, on the other hand, reacted in the opposite way.’
"I was completely delighted with that session...The mathematics

of surface and volumes was wonderful. I felt the full power
of discovery as the relationships began to unfold before my

eyes.
I love number patterns too, and I was going to make a chart which
would show cvery possible measurement of cubes. 1 had columns -for
2 2 3 -
length, n; area, n"; surface area, 6n°; volume, n”; and number of
inside faces, 6n2(n—1). David suggested that I add the inside to the
. ‘ 3
outside faces and showed me how that becomes 6n”. I spent the whole

class time writing down growth patterns in these different columns and
¢

realized once again that there is no such thing in math as a chart

O ‘ - -l U i
‘\ ']:7‘ MC
T
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that would show everything. As you begin to see patterns and relationships,
new ones keep appearing that can be added to your chart. I got so engrossed
with all my number patterns that I completely forgot about the‘purpoée of

the class -- Lo explore area/volume relationships!

Sally had a similar experience:

"Working with cubes was ‘fun, but I became so absorbed with trying
) to find formulas that I totally digressed from what 1 was first
interested in finding -- the ratio of surface area to volume. 1In

fact I wasn't thinking of the science work at all, I was just
, enjoying myself."

L . It was Ron who tried to bring us backsbn course and suggested -
tfat we try to find the ratio between the volume and the surface area
growth of the cubes. What happens when the linear dimension of an

Qbiect is doubled ("the next bigger cube™)? We learned that the surface
a;éa of that object quadruples and the volume becomes eight times as

bigf (Area increases by the square of the lengtﬁ; volume by its cube.)

For some teachers this was an exciting discovery, for others a source

of great confusion.
>

Myhra reported that after she got home ,

“thinking I really knew yhat I was doing, 1 found out the next
day that I had the formulas for figuring out area and volume
reversed. It all seemed to make sense to me at the time. Now
I'm not sure I really do understand what appeared so simple
earlier."

-

When Ann wrote her weekly notes, she found herself

"trying to make Sense out of the, relationships of volume to area.
I feel I need to get out the cubes again. As the volume gets
— larger, the area gets smaller because there is more space for
the faces of the cubes to be hidden in the interior of the cube.

Is that right?"
Sandy, on the other hand, found these relationships "crystal clear"
but added: '"What is not so clear is what this has to do with nature."

Shelley also’ caught on to the relationship between area and volume,

l but like Sandy, she went home "still looking for what all of this

o meant in 'real life.'" (
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When David decided to use the wbodeq cubes, he was not pltanning
to make an analogy between their inside faces and the interior soap
film whic? increases so rapidly as you beat the soapy ;a;er. ﬁut
somehow the mention of inside faces during the class made some people
think tﬁat there was meant to be a connection. Mary Jane asked: "Tf
there is any correlation between surfaces of soap bubbles fortifying
themselves when they come together, are those molecular fusions of a 1
different quality than wooden cubes which don't adhere to one another?"
I had made the same observation: the more little cubes you used to ' : :1
build bigger and bigger cubes, the more wobbly the whole thing became.
"It does not' get stronger like the soap film," T said to David, "it
falls apart." Somehow, I thought that the insidé cube facgs were
supposed to illustrate why the soap froth got stronger as you keep'
subdiQiding the interior film by beating it. The inside cube face§
did come up for discussion in class but not for that reason. It was-

<

found that you could set up another ratio with their growth in relation

to either volume or surface area growth. (I didn't realize that until

today.)

7
2

. *
The next day, at our weekly staff discussion, Ron expressed surprise
that teachers who understood how a cube grew had a hard time figuring
out how volume and area changed if the process was reversed and the

cube was made to shring. That didn't surprise me in the least. 1 c¢ould '

see why Ron might think that if you could do the calculation in one

direction, the reverse would be obvious, but to me -- and to most of the
teachers -- it seemed like an entirely new problem. In fact, I got
&uite confused when David tried to help me understand this: "Pretend

you have a nice big cube," he said, "and you saw it right there in the

middle, this way. Now you don't have a cube anymore. Now put the pieces
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back together again in a vice and saw them in the other direction...:

Maja: Then you have four cubes.

pDavid: No, no, no, you have four pieces that are twice as long
in--one-direction.

Maja: You mean with two cuts you don't get four cubes?
8 !

David: No. (David describes how you have to cut the cube to get
back to a smaller cube.)

Maja: So you have to have three cuts?

pavid: Yes, three cuts. How many cubes will you get out of this?
Maja: I suppose eight.

David:. You suppose? What do you mean you suppose?

Maja: I'm saying that because I know the number from working
with my growth patterns but if I didn't know that and
had to think of the actual cubes, I'm not sure T could
figure ‘it out. .

Shrinking a cube seemed much more difficult than_making it grow, probably

-

because the three-dimensionality of the cube wasn't quite real to me. I
made that discovery at the same meeting, the day after the"cube class.
Ron related how a teacher's "eyes lit up when she discovered that

the little 2 above a number actually meant a square and the little 3

\ referred to a real cube." I remember my own pleasure some years back

\when I realized what squaring a number meant, but I don't think T ever

visualized a cube when people talked about cubing a number. The "little
2" had become related to a geometric square; the "little 3" had remained
an abstraction. I now became intrigued by these geometric representations
of powers and wondered whether perﬁaps there were other shapes, such as

a tetrahedra)which represented powers past three. David said that my
analogy was right but that in the physical world you can't go past three
.without artificial inventions. You can go to higher powers but you

don't have any géometrical representations for it b;causc space is three

dimensional. In the real world there are only three directions: east/west,

north/south, and up/down.
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When David said this, somethiag clicked in my mind. The cube suddenly
became a real—wo;ld three-dimensional object which therefore had to grow
in‘threehgjgections. If yo; increased the length of the cube from 1 to 2,
you also had to increase its width and height from 1 €0 2. That's how
you got 2 x 2 x 2 or 23. I had known the formula for many years but I

had not graspéd theelogic of it. Now I can say, obviously the volume

of a cube (or of any object, as I was to learn later in the course) , A

o -

growing in three-dimensional space increases faster thau the two-demensional
area or the one-dimensional length. Why had I never realized this before?
Even tgough I had‘played withasquares and cubes of different sizes to

get the visual picture of these growth rates, the real meaning of these
relationslips had escaped me. Now I have crossed this barrier and have
arrived at a n;w pléteau in my understanding. What T still miss however '

is fluency with this idea, a fluency which comes only from experience

in everyday life and from much thinking about size and scale in the

- e

physical ~world.

I had another strange insight that day which 1 reC9rded in my
notes: '"If there is this relationship betweenq]inear area, and volume
growth, then everything that has size must be affected by it. Since
everything in the world has size, does that mean then that everything
in the world is governed by this 1aw?" No wonder David keeps coming

back to this topic as providing us with a powerful organizing idea .

David commented on the many confusions that had arisen in"the cube

I
LS

N

class:

"I have this hypothesis that the notions of "large and small
all have these conventions in our mind long before we learn
anything about numbers. It's a mixture of all these things we
are talking about: length, area, and volume, a mixture of things
that are not distinguished from each other by common sense. They
are just taken intuitively as big and small, so if something is twice
as” big in one sense, it can't be four times as big in another sense

>
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. N b
because there is only one Sense of big that you recognize consclously...
-the common sense idea is an undiscriminated mixture of two or three -
ideas which the scientist:or the wmatlematician wants us to sort out
and yse independently of each other. And we can't do that until
we become reflective about it and see the need in terms of some

interest of our own, some curiosity of our own.” Does that make sense?"
It made,a lot of sense to me. I puzzled about this problem in a
§light1y different way many years earlier when I was first introduced to
the topic of size and scale. I was playing around with squaring and
cubing different numbers to get a feeling for area -and volume. T,

suddenly became concerned that the same number symbols were used .to

describe very different kinds of meéasurements. 1 had written in my
' < ,‘.)

notes: )
22 equals 4. 23 equals 8. Four refers to an area enclosed by
four lines of .two units each, but what does the four really stand
for? How can a length and an area, which are so different, be
described by the same symbol? The cubic measurements are even -
more difficult to comprehend. The fact that the "4" is followed
by "square foot" and ‘the "8" by "cubic foot" doesn't seem to make .
enough of a difference. These are just words without associations
or meaning. . v

The cube class brought me back to my confusion about the meaning

of «the words area and surface area. In the past, when David had talked

. ?

about the surface area of leaves on a tree, it had never Occurquto

me éhat in his mind, the surface, which to me implied only the top .
n

boundary -- like the surface of a pond -- would include the entire outer

1ayeé of an object. For leaves, it would include the top and bottom,

on a table, the top surface, the underneath of that top, the edges, as

well as the table legs. 1In my mind, area had always been flat, facing

in just one direction. When I heard the term surface area, and couldn't

visualize it as flat (as with the root hairs mentioned in our first

meeting), I became confused. The surface area of the cube included all

six of its faces (as well as imaginary interfaces if you chose to include

.hem) and that was difficult for me to incorporate into my notion of area.

106




. ~24- ‘ \
v D .

This notion was a mixture of high”school geometry —-- rectangles, triangles,

e

‘ [ 0
. ! circles, always drawn on a flat piece of paper -- and area as it has
o8

~

come up in my everyday life -- a floor to be carpeted, a wall to be '

o

painted, ‘a lawn €o bq_fertilized. Even in real life, area was always

-

flat. (When I usé my-.common sense, however, and don't think about,what
15) . t :
area_is supposed to mean, I know that if I want to cover the area of .

y . - : ¢
R a table with paint, I have to buy enough paint to cover the entire outer *

3 ‘ - b
- - . 3
s

.surface and not just the table top!) .

'Because my‘confusibns are often indicators of similar coufusions’
among the teacﬁers, we pianned.to devote the next class to further
gﬁplorations of area. "In the phygiéal world." David Ssaid, ";rea is
always the' area of Q.real surface." We were going Yo get ﬁeal—world

: objects with easily removable surfaces -~ fruits and vegetavles which -

could be peeled. Thhn, David said, we could transform the curvey
» ‘ e
outside surface of irregularly shaped fruits and vegetables. into }

something that is represented on a flat piece of paper, as the area
of geometry texts..

In class, before working with our edible materials, David asked

¢ v

the group: '"low do you think about the arca of that table over there?"

-

Ann: "I think of just the top of it. When you talk about surface

N . area, it would be all the exterior you see." h
. ] :

Maja: Before this class, what was your image of areca? .

Mylira: Maybe a rug, an area rug.

David: And how do you specify the size of such a rug?
A
Teachers: 1In squdre feet...by the exterior bencath it...8 x 10...

Myhra: You're buying a rug to fill a space and you give, the dimensions,
like 8 x 10, so when they.come <o secll the merchandise you
know whether it will fit or not. As opposed to, if you
knew how many square feet you had in your living room and
you go to look for that number of square .feet in your rug.

David: 1t m{ght not fit.

‘ [ERJ!:
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Sally: It might be thelﬁight number of square feet but a different
shape. :
Myhra: Yes, you want to know how much contact the rug is going to
o make with all the surface.

Shelley: Does the rug have two surface areas? Do you count the
top and the bottom?

o .

David: You see how really complicated this turns out to be?

Sally: And when you're talkiﬁg about acreage outside in the field,

that's different too. It's not just flat, it's up and down.

’

David: That's right, but you sort of treat it as flat, don't you?

e
v

By raising questions ubout area, by accepting our way of thinking, *
and by admitting that he hadn't really thought much about the difference
between area and surface area -- "I've never been conscious of either

. ) . ' &
using the word surface or not using it, so it's very useful to me to

AS
realize that that caused trouble' -- D id got us to think muchi more
deeply about the meaning of area. We wondered whether both sides of a

surface should be counted and how a hilly piece of land was measured,

and then Ron challenged us even further by asking what the area of a

square foot of velvet would be -- "}s it a square foot or the agea of

all these little hairs?" As I am writing this, I began to wonder what
is included in the measurements of large areas of land, like national
forests?. Do they measure only the surface of the land-itself, or .do
they include everything that grows on it or protruQes, Like trees, tocks
and mountains? 1 do know that surveyors wouldn'té@nciude the surface
area of all the needles in a forest of evergreens but I'm having ¥un
thinking in this new way.

At our staff meeting, we had wondered whether to put out éraph
paper for the work with surface areas. David would have preferred
teachers to approach these explorations by comparing different surface

areas without immediately going into numerical measurements. "I'm

a littie bit nervous about prematurely dividing something up into

106
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squares,"‘ﬁe said. "I think there is some intuition of quantity that

3
<

A}
doesn't have to be translated right away into numbers.

The fruits and vegetables were invitingly arranged on a table when

the teachers arrived for class. "These are friendly forms," wrote Hedy
about her initial reaction when walking into the room. '"No matter what
we do with them, I will like this." Everyone seemed to feel the same.

> -

As sqon as the teachers had peeled ﬁhe fruit, they asked for gtaplt paper.
Initiall& we\tried,to withhold it bUEZSandy wa; insistent; "how can

you find out the surface area of a banana skin without graph paper?

You have to have a unit to give an area measurement.'" So I handed it

outj We ‘probably didn't sufficiently stresi the point about comparing
surfaces. When Mary Jane wondered whether she could f;nd the surface

area of a zucchini by wrapping a string around it, we should have encouraged
hgr’to try iF and then try to wrap othgr fruits, or»difﬁerént size
zucchinis, to get comparativé amouﬁts of string. At the end oﬁ the‘clgss,
bavid mentioned that’the_area occupied by a peeled orange could be

covered with rice grains and when this was done with areas of other

r
fruits, the quantities of grains could then be compared. Perhaps we

° <

should have mentioned such possibiliéies to the teachers to keep them
away from graph paper. ’

Most teachers peeled different fruits and then laid the peels out
on graph paper to determine area. They enjoyed the work, but again
several people wondered why they were doing this. Mary wrote that she was
im?ressed to learn "that seemingly compact shapes could have a significant
surface area," but she wondered why one would ever want to know how much

+

surface area an -apple had; "isn't there an easler way to puzzle it out

than.peeling and laying it out, or peeling and weighing it? What value

L

is this knowledge to me?"
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We had also set out balances so teachers could get at surface
measurements by weighing sections of skin and setting up ratios. The
®eighing was a big success but the idea of setting up ratios caused ‘
considerable trouble. Myhra wrote! "Why did I have to weigh a square
inch? Couldn't } have weighed a quarter of that? Is the square inch
part of the formula? Does it make any difference to use inches and
grams in the weighing method?" I know from my own\experignce that
ratios present a big barrier. I didn't re;lly understand fully until
now, going over ;ll the transcripts and notes in preparation for wrdting
this essay, that a ratio is a relationship of numbers and that the
numbers cau be quite different but still have the .same ratio. [ must
have uudecstood. this on some level but whenever the word ratio is mentioned,
I seem to have to stop and think what it means. It is not easily
accessible knowledge.

I suggested to Shz:lley that we try weighing the area of her palm.

She drew around her hand and cut out the imprint on a piece of cardboard.

She then made some uhits out of the same cardboard -- squares which

" had areas of 1, 4, 9, and 16 square inches respectively. She weighed

the cut-out of her hand on an equal arT balance and found that it balances

with the 2" and 3" squares. Now what was the area of her hand? First

we thought it was 5 square inches, but we quickly realized that was.

wrong. Then we figured that we had a square of 9 sqtare inches, and one

of 4 square inches. Could we add those together? We thought the answer

might be 13 but we really weren't sure if square inches could be added.
When I told David about our problem he said: "You could have ‘cut

k)

the hand up into two pieces‘and you would have known that you could add

’

them to make the hand again; you could have cut up your squares into

1iu




-28-

{
|
|
|
L
nine and four smaller squares and then mixed all these squares up 3 l1
together and you would have known thét you had thirteen." How obvious, '
I thought. Why were we so confused? Here was a good example of using
numbers without ﬁaving a real understanding of what they mean. . |

Then David explained: . . \
. ' \.

Add doesn't just mean arithmetic add, it means phySLCally i

put together You can arithmetic add because you can do .the other.

When a child adds two handfuls of pebbles together, that is adding. '

We get the arithmetical meaning of the word from that, but it

wouldn't mean anything if somewhere in the background we didn't .

physically put things together... amounts of surface can be added

, and divided. You think of division not the way you think of

arithmetic but the way you think of scissors and you ‘think of

adding as moving two piece together or rearranging them. .You

can add areas arithmetically but you can also just put them . !

together and see that they make an area twice as big. The meaning

of add and subtract and divide that a child knows with the physical

Operatlons and ‘not with numbers is the meaning you need to recover

here.

f
We ‘have moved so far away from these original meanings that we
! N '

couldn't solve the simple problem of adding 9 and 4 square inches!
If we had a feeling for area, the little puzzle of whether four
square miles is the same as four miles square would also be easy to
"answer. Instead, many of‘us probably felt like Hedy who, after having
. tﬁe difference explained, exclaimed: "That's iacredible! I had no ~
; - conception that that would be different. The words ddn't give you a

" : o

clue. Having square and mile and a number in the same seutence -- they 1

could be in any order and they would all sound the same."

Most people worked only with the concept of area in this class,
but some teachers got into volume ——' another big stumbling block.
Sandy reported: "I understood when I worked with the cubes how to
get from length to the totai surface area and the total volume. Then

I thought that there must be a way to just simply measure the banana

and from that length measurement get a total surface area and total

Q ) 'l'l'i
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volume, using that formula. I w;s wishing it would be so easy but with
the banana, there is a strange number there and it's notvclear and 1
don't know what it is or how to find it."

Sandy's problem brought us_closer to the question of whether thé
relationship between &olume and surface was -peculiar- to the cubes or
whether it held for all shapes. "That really is th; big step," said
David, "'and that is the stép that almost never is taken anywhere in
school."' David then talked about exploring surface/volume relationships
in a d;fferent way: Could we' change the shapes of things and have
the area stay the same? What would happen to the volume? Would it
stay the same or would it change although the area remains constant?
Could we compare a whole lot of things of different shape that have the
same amount of surface? What will be the difference in their volume?
Which shapes have the most and which fhapes have the least volume?

These were new questiohs which most of us hadn't even thought of.-

'At our next stéff meeting we decided to get @ lot of Plasticine
so.teachers- could make differently-shaped objects a;d then change their
shapes to study area/volumeé relationships one more time. We also thought
Plasticine would be useful for those teachers who still had difficulties,
understanding what happens when you make a cube smaller. 1t would be
easier to cut up a Plasticine cube than one made out of wood.

Like every other class so far, the Plasticine class revealed
additional éonfusibns.:’A number of people worked with Ron, changing
the shape of a piéce of Plasticine from cube to sphere to pancake to
snake, observing how the surface area changed while the volume remained
the same. Others got interested in a question that Marsha asked:
nsuppose I have an apple, and I want twice as much apple?" 4Any child

would probably know how to get "twice as much apple" but we suddenly

'
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became confused! In the examples given us in class, the linear dimensions
were doubied, so the volume was always eight times larger. We now wondered
what you had to do to get just double the volume? Marsha decid;d to work
on this question and skarted to make a Plasticine apple. Several teachers.
decided to.make Plasticine cubes and then try to double their volumes.
First they made two cubeg of the same size, then they squashea these

two cubes togéther to make one iarger cube. Although we all knew this

new cubée to be twice the volume of the original cubé, we didn't think it

Pl
.

looked twice as big. Myhra suggested we make three cupes of the same
size so that after the double volume cube was made, we could” compare it
witb the original cube. Everyone was surprised and somewhat disbelieving
that the double volume cube looked so small. I believe all thinking
about how cubes grow ;en; back to the class in which David introduced the
topic by telling us to make "the next bigger cube" out of the 3/4"

wooden cubes, where the next size meant doubling the length and therefore

getting eight times the volume. We completely forgot that in real life

- ~

there could be an infinite number of in-between cubes. The volume
of cubes grows dramatically when you double the linear dimension,
but obviously cubes can grow at‘any rate you choose. ‘
The relatively small ''double volume" cube led to a whale discussion
of size; what does 'doubling" something really mean? Do you alwayé have
to specif& what dimensions y5u are doubling? Do people who are familiar
with this concept just automatiéally think of the area as being four times as

large as the'length and the volume as being eight times as large when the

linear dimension is doubled? We realized that we had never made these
‘ )

distinctions when talking about size, and we also realized that our

‘

intuition of volume was rather undeveloped.

113
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A felw teachers wanted to see what would happen when you cut 2 cube

4 -

in half. They made a large Plasticine cube, the same size as a 3-unit

wooden cube (27 little cubes), and then cut it in half - one cut in

7

each of the three directions. They expected ‘the resulting eight smaller

st

cubes to bé the size of the wooden 2-unit (8-piece) cube. Why, they
asked, were their Plasticine cubes smaller? Common Semnse would tell .
you that half of three is one and a half and not two, but since we had
always made the wooden cubes grow by units of one, a 1% unit cube
didn't fit the model.

Pavid later said that it was probably a mistake to have used the
"wooderi cubes to introduce the idea of three-dimensional growth. ''We
have been going in multiples of that unit, and that is inessential to
the idea." It may have been inessential to the idea, but it is where
most of us got stuck in our thinking because we didﬂ't yet fully
understand the idea, nor did we know where it was supposed to be
leading us. )ﬁedi wrote: ‘''Part of m? lack of'interest‘in these size
topics is that they are so abstract. Cubes are really meaningless to
me. ‘They explain something to somebody but I haven't yet asked the
question that they are supposed to answer.'

‘Another rather extraordinary confusion arose in this class. Sally
wan;ed to show that cébes of any size would grow in the same proportion
as the 3/4" cube we had been using. She took a set of Cuisenaire‘;ubes,
where the smaller unit was 1 cubic centimeter, and stacked them up to
show how their volume changed each ti;e‘the length was increased by
one unit. Several teachers (including myseif) were surprised that the
size of(the.Cuisenaire cubes didn't increase as rapidly as the 3 /4" cubes.

it took us a while to figure out that the cubes grew in proportion to the

1
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. original unit, and that this proportion remained the same for all cubes,

~ ~

although their actdal sizes can be different. This insight led to
another interesting discussion about the meaning of one. 1If the
number one cube can be of any size, then what does one.-really mean?

f Mary wanted to know. How can one describe a cubic centimeter and a
cubic inch cube? .

. I often wonder why we fail to use‘our common Sense when we are
iearning something completely new. Our confusions over size reminded .
me of the problems of traditional teachers who sometimes have a difficult
period of transition when théy want to change their geaching approach.

They tend to give up all their useful traditonal teaching skills as

‘soon as they start trying new approaches as if the old ways and the new

ways couldn't be combined. Similarly, when we are confronted with new
! . science concepts which we don't yet fully understand, we\don't seem to

‘ use any of our common sense, perhaps because we have -to restructure much

of our eariier ;h;;king, even though much of it could still help us with
ques;ions and’ confusions.
It makes good/sense that after our exposure to length, area, and

volume .growth, we would start to wonder what big really meant. Our

older, generalized notion of size had to be refined so that we would

differentiate between longér or heavier or having mofe area Oor more
bulk. ‘On the other hand, it doesn't make any sense that we should .
think about growth in terms of 'the next_bigger cube" or that we would

expect half of three to be two or that we should think a cube made of

27 one ccm pieces would be the same size as one made up of 27 3/4" ,

cubic inch pieces. We certainly wouldn't expect a mouse or a dog or .

a horse to be the same size if we Qere told that they all doubled their

volume or weight in the first three months after birth! ,

% \; ) -1-155
ERIC -

Aruitoxt provided by Eic:




’

-33- D

It seems that'when a subject is new and unfamiliar and we feel
insecure and have little knowlédge or experience to draw on, the
example with which we learn something often becomes identified with the
idea itself. Most of us got confhsed ail over again when David and Ron
switched from saying ''when yéu double the length, the area is four times
as big and the volume eight Eimes as big," and talkeq instead about
area being the length squared and volume being the length cubed. Because
we learned this rule with the specific gxample of doubling, we took
the example to be the rule. Myhra wréte in her notes, "I'm trying to
remember now that the 3rd power is cubing and volume is.always c;bed.

Can I say: when you cube something, it is eight times as much? T think
so." |

I don't remember the Plasticine class as being frustrating. We
laughed a lot about our' troubles and we thought a lot about what we
were learning. Shelley, though, must have hit a real\stumblihg block -
when she started to explore volume with the Plasticine.  She wrote:
"People went Yn different directions. Some seemed to know with
confidence what they were doing and othérs (like me) watched, looking
for a place to start. I felt the same despairing frustration I always
'

feel when people start to apply formulas from their'memory and say: ' just

~do this...it's simple, really.' We're all at such different levels of

experience."
The Elephant
Several times at our staff discussions, David had talked abouﬁ
some of the applications of size and scale in the biological world. Sally
and I were fascinated when he described how the digestive system and the

breathing apparatus change from simple one cell creatures to animals the

size of an elephant. He talked to us about "the fundamental biological

11¢
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fact that living things have to maintain roughly the same area of exposure
to their air and food supply as the small things do that get it through
their outer surface:.. The ratio of surface to voiume'or surface to mass
remains constant." He then explained to us how food diffuses through
the Surface skin'of an organism ''so that the amount that can get through
is limited by the amount of surface area, whereas the tissue to be fed
is ;hree—dimensioﬂal. It's a‘very basic fgct that the arch;tecture of

- living things is accomodated to this and that's why little ﬁhings are
different in shape from big things."

Sally mentioned that several teachers had been asking questions

about Julian Huxley's essay The Size of Living Things’which we had

been given at a previous class and that it might be a good idea to

- Jeave our mathematical struggles for a.while and devote a class to

‘

talking about the,biological implications of size and scale. It was

>

decided that Ron would speak on this subject at our next class meeting.
Ron chose the example of an elephant to start his talk. He assumed

that by now we Lnderstood what happened mathematically when you scaled

an object up or down, keeping its exact shape, and he wanted to show

: what would happen to an elephant if his linear dimensions were doubled:

As he started, however, teachers interrupted him with questions which

-

showed ngi there were still plenty of confgsions. 1 would like to quote
the beginnihg of this class:

Ron: Let's take an elephant. He weighs 5 tons, 10,000 pounds. His
main boayxpart is about 10 feet long. So let's make the elephant
twice as long and that means twice as long, twice as thick and

, twice as high. \I'm going to double his linear dimensiouns.

Maja: From where are you measuring him?

Ron: I'm going to take his square body. (Ron had drawn a sort of
cubist elephant on the blackboard.) What happens now if T make
my elephant 20 feet long, 20 feet wide and 20 feet high? 1I've
doubled all the linear dimensjons. 1've made a gigantic model

and everything is twice as long. How much bigger will the volume

be? ~

Q ‘ :1.1 ?’ \\\\

- \ .
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Mary: I don't know how to figure out the volume. 1 know we've
figured that out but at this moment I don't know.

*Sally: Those things really leave you fast, don't they?

Ron: (Uses the wooden cubes to demonstrate the volume growth.)
Twice as long, twice as wide, and twice as high. Eight
times the volume. "

.

Mary: (Building her own rodel) 2 x 2 X 2.

Ron: Here is my first elephant. if I make him twice as long *
and keep him the same shape, I have to make him twice as
wide and twice as high. So he's eight times as. big in terms
of volume and therefore weight. There are eight of these
elephants (pointing to the cubes) in that.

Mary: Are these arbitrary fiumbers, che 10,000 pounds?

Ron: That's about right for an elephant.

Mary: But what does that have to do with the 10—foot dimension?
Ron: An elephant is about 10 feet long and weighs about 5 tons.

Mary: OK, but you could have used any number, and then would the
* second number relate to it?

(Mary is asking an important question but at this moment, Roﬁ could
not take the time' to deal with it.)

Ron: That much elephant is 10 feet long and it weighs 5 tons.
I don't think that we ought to get too tied up with number
relationships. OK, if 1 make him twice as long, to keep
him still looking like an elephant, I'm going to have to make
him twice as wide and twice as high. I'm going to have eight
times as much elephant so I'm going to have 40 tonms of elephant.

Jean: If you make him twice as big, do you double him too?

Ron: Look, I did this, I doubled all the dimensions so 1've got
eight times as much elephant. Does everyone see this?

Mary: Yes, I do understand that. I guess what I don't understand
i{s the connection, well, so you say he's ten feet across,
ten feet high and ten feet wide. -So you multiply the ten
%imes eight to get some number which is eighty.

Ron: All I'm saying is: my original cube weighs 5 tons and I'm
going to have eight times as much. There are eight of those

' cubes in my new elephant so he's going to weigh eight times
as much. . :

Jean: If you wanted twice as much elephant, you wouldn't just go
get another 5 ton elephant?

Ron: I wouldn't know what to do.

Sally: Well, now if you said you wanted twice as much elephant,
maybe you need an elephant that weighs twice as much.

Ron: VYes, I think you might.

. 118
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That's what I'm trying to find out, that's what I said about
doubling and twice as much being the same thing. ,

But this is a new kind of creature we are inventing now.

Even if you doubled the linear dimension, you could double
the weight and have twice as much elephant.

Or even the area if you chose tovdqpble the area.

Yes, but I'm being very precise and I didn't say 1 was going
to have twice as much élephant, I said I was going to double
each linear dimension. There are three: twice as long,
twice as wide, twice as high. 2 x 2 x 2 = 8.

I'm having trouble with what you call that 8, is that the
volume? And what is the 5 ton?

That's the weight of the original elephant.
What's the difference between weight and volume?

It just happens that this much elephant weighs 5 tons.
That much wood .would weigh 3 toms, or that much lead would
weigh 100 tons. But a piece of elephant 10 x 10 x 10 just
happens to weigh 5 tons. '

I'm getting confused between twice and doubling.
Doubling and twice as much? They are not the same, right?

In linear dimensions, if I make something twice as long, I'm
doubling the length, aren't I? And I was very careful to say:
we will double the linear dimension. )

OK, so are you saying they are the same? i
Twice as long, double the linear dimension.

I want to go back to what Jean was talking about, because 1)
don't think the 5 tons was a relevant thing. The elephant
could have weighed 4 tons, he could have weighed 5 tons, or
he could have been a baby elephant and weighed 1 ton. But
whatever he weighed, if you double his length, he is going
to weigh eight times as much. So if.he was a baby elephant
and weighed 2 tons and you doubled his length, width and
height, he is going to weigh 8 x 2 which is 16. lle is
going to weigh 8 times as much because he's got eight:of
those (cubes). T

It's even more basic than that, I don't understand what the
definition of volume is, I guess.

I think that is what I was getting mixed up with too,
wondering if that 10,000 pounds is somehow a result of his
dimensions.

Reading over this transcript, I really sympathize with Ron who tried

his best to answer all our questions though I don't think he always knew

what we were asking. After Jean's admission that she didn't understand

11y°




k8

‘ ~37- D
the definition of volume, there were many more questions asked about
volume, weight and mass before Ron could return to his elephant:
<
Ron: I now have a 40-ton elephant. Now let's look at his legs...
Myhra: May I say something before we get to the legs? 1In the .
teacher's textbook for kids, they have this story problem '
. of. the elephant before the kids have the basic concepts
‘ to be able to look at the story problem; and therefore > v
they blow it and they don't like story problems and they o
4 feel very frustrated. That has happened right here. The
cube thing kind of made it all clear to us but you start
on the elephants and we were just all over the place with e
questions and then we got back to the cubes and finally
B zeroed in on what you wanted to tell us.
Ron: Is this OK now?
Mary: Yeah, on to the legs.
Finally Ron was able to make his point: if thehlength of the
elephant was doubled, the cross section area of each of the elephant's ~
feet would quadruple but his weight would be eight times as much. Each
- .
square foot of leg would therefore have to support twice the weight and
that wouldn't work. "The weight has gone up 2 x 2 x 2 and the area /////

supporting this weight has only gone up 2 x 2." I think the idea of

-

the cross-section area of the elephant's foot was more than Ann could

handle. "How do real elephants grow?" she asked. ¢

*  Time and space don't allow me to report all the details of the

continuing confusions of this class. (For complete transcript, see
. Vol. III, pp. 119-140.) In the eg; Ron did get to talk about some
interesting biological facts, for example, that the surface area of the-
.human lungs 1is suppésed to be about the size of a tennis court. The
class ended with Sally wondering how that could be possible: "I can't
imégine folding a tennis coﬁrt oveé and over and over until it would

fit inside me."

At our staff meeting the following day, we discussed the teachers'

questions about volume. As usual, I shared many of their confusions.
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First, I found out that I rarely ever thought about the volume of an object.
If E wantéd to” describe how a cube grows, I would just say that it got

bigger "all around." R wouldn't)sa; that its volume had increased. I .
realized that I didn't-even think of volume as a unit of measdfement!

I was also troubled by the fact that volume could refer to a solid

2

object and at the sameitime*to an empty space. For some reason T
resisted thinking of volume ih this double way. In class I had asKed
\
Ron: "How are yoh supposed to think about volume? Is there one way 1 .

should think ab8ut it that is more correct than another? How do most

N
N

people think about volume -- as something empty or hollow or as a hunk
* ‘

of something,.il David tried to explain the two concepts fo me: volume
s
N ‘x
as capacity -- "a container that defines or surrounds a certain piece of

v ' space, a set of walls within which you can trap something" =- and the
other idea which he called bulk —- something that takes up a certain
. Y ]
amount of room. "there are two ideas of volume that"have to be connected;

~

one is a container that has a certain capacity and the other is what
Y

he '
fills rhe container." David wondered why we had trouble connécting thq?e
. . 3 * o
/two ideas in our minds, since they were so closely related. Right now

I am wondering the same thing: having made the connection and assimilated
the double way of looking at volume, I cannot’ remember what troubled o

'o’
4
.

I also had a hatd time thinking of something spreaq*gut or thin,

me last year.
Al

! like paint on a wall, as having volume. T know Fhat paint has volume
when it is in a gallon can. But once the paint is on the wall, it lost
; its three-dimensionality for me and seemed to become part of the area of

the wall.

To help clarify some of these confusions we planned to assemble a

' large variety of containers of different sizes and shapes for the next

N kY 121
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class, as well as salt, rice and beans, and paper to make cones and
cylinders. o , s

Sally then reminded David that at a previous staff .discussion we
had talked about the fact that all shapes, not just the cubes we had
worked with, foll?w the same growth laws. This came up when David tried
to help me understand why there couldn't be a mountain iOO miles high --
"the base would have to support more and more weight for every unit of
surface and if the mountain gets too high the rock will bend and the \
earth will begin %o act like a liquid... the crust of the earth will be

soft from these enormous presgsures.”
-

LY
N

‘  Sally and I had been very excited by this new information which we

were sure the teachers did not know. Sandy had been asking ﬁer in her

notes: 'What happens to the growth wﬁen an object is irregularly shaped?
Natural objects are not cubic but asymmetric and uneven and I don't see .
how one can even take a linear measurement on most real world things."

Sandy's questions, as well as the confusions of the elephant class,

made it clear that this idea had not been adequately dealt with. We hoped

that when the teachers worked with the materials we were prepating they

¢would be able to extend their understanding from cubes to other shapes.
David believes there is a time in people's learning when theory can
help pull things together. Before our work with volume, he wanted to
talk one more time about the relationships of length, area, and volume.
He hoped that we would be able to go beyond numbers and become comfortable
- wigh the'kn%wledge that if yo; change any one of these measures, the others
will change in a constant ratio.

In class, he started out by saying that he wanted to get away from

the clbes, which only allowed us to increase things by fixed amounts.

[
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LWL we really need to get away?fiom fixed units “tiiat you count. Think

instezd in terms of length and areas and volumes as quantities that can

. . &
change by arbitrary amcunts."

¢
’ A} - N . ?

* David then defined length (or the linear dimension) as the distance

”

. between any two fixed points on' a shape -- "if it's the elephant, it
could be the distance between the tip of his tusk and his tail or the

" fdistance between the bottom of his feet and the top of his back... you

- Fan pick anything as long as you pick the same lengtﬁ on the small ,

>

.o

elephant and on the big elephant.'" Area, David continued, could be the

bottom of the elephant's foot or the surface area of his trunk or "dll
PR of his skin area all the way around." Sally thought it was neat that
you didun't have to think about his entire surface area but just’one

. part of it. "If you preserve the absolute similarity as you scale the .

o

elephant up or down, it doesn't matter which, you can gét away from any

‘worry about do you count the area on the bottom of his feet. You can

! but you don't have to, it is your choice,” said David. He did hot say

much about Fhe third quantity -- volume -- except that we would spend
some time looking at it in class. And then he gave us "three simple
sentences'':
1. The area is proportiénal to tﬁé square of the linear dimension.
2. The volume is proportional to the cubé of the linear dimension.
. 3. The ratio.of the volume measure to the surface measure is

proportional to the linear measure. (David said that this

< ‘

statement was '"the big one, the clincher" but we shouldn't feel

that we had to understand it right away.)

»

et - The main thing to remember Qas that if you scale an object up or down, if
*» Q .
you keep it the same shape but ‘make it larger or smaller, "the length

h

. ' ’

Q i ' . | 1.22:3 ¢
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or distance and the area and the volume all increase or decrease
together, ‘but not in the same proportion... there is a fixed relationship

i

" between these three: quantities so long as iou keep the shape absolutely
me;mmﬂ .l ,

There were many questions during David's talk and we didn't have
a great deal of time to work with the volume materials which we had
prepared. When we started, however, it quickly became cleér that our
intuition about volume was quite poor. I found it hard to believe
that a cube ten centimeters on each side would hold as much liquid as
a one liter bottle. Marsha related hoy she had ordered an end loader of
dirt: "I thought I wanted two until I transferred the one load with
a wheel barrow down to my gérden. T couldn't believe how much it was."
And Sally told how she ordered ten tons of gravel -- "I figured out
mathematically how many square feet I was going to ¢over by what the§
told me, and when they dumped it out I said: 'that little pile?' I
thought that I had gotten gypped until-I started to spread it out.™

We have little experience with volﬁme in everyday life, except
with familiér capacity measures like cups, pints, or quarts. I wonder
thereforelwhether we might be judging the "amount of stuff" by some
linear dimension. Maybe we are just looking at the length or the height
of a pile of sutff, ;r even at the length and height, but somehow, as
Sally said, "we are not visualizing those three dimensions." We

obviously needed to devote more time to volume.

Toward Ehe end of the élass, 1 asked David if he could spend a

few minutes talking about where our new understanding of scaling would ’

‘

take us if we gained more fluency with it. He said:
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For Ron, it would be the fact that you cannot scale living things
while keeping their form exactly the same. The only way you can
succeed in getting bigger living things d4s to change their form.
It's the nonscaling involved in living things that's a fascinating
and very rich topic. For me, in a much wider sphere of application,
it has to do with the way the propertiés of things change with size
in general, not jus: for living things. Why little drops of water
would sit on a wax paper and make all those perfect spheres while
big globs of water will flatten out and make almost flat surfaces.
Why things that are bigger than the planet Jupiter are fiery hot
and why things smaller than the planet Jupiter are apt to be fairly
< cold.” Why things bigger than the moon are always round. If these:
. " things were well learned and acceptable in the imagination, they
! would give you a kind of classification system for all the furniture
that has been discovered to exist in the natural world from atoms
to galixies. '

Sally wanted to know why things that are bigger than Jupiter were fiery

hot,
1
Things that are bigger than Jupiter get squeezed so much by their
gravitational pull that the atoms that can maintain themselves in . 1
the cool state get crushed and that leads to nuclear reactionms.
Hot, hot, hot stuff. What's the biggest thing that can be shaped
like this tomato can? (one of the containers we used in our volume
work) 1If it gets bigger and bigger and bigger, that gravitational
pull is going to dominate finally and it's going to squeeze it
- together and make it more like a sphere. And that goes back to
Ron's example of how smooth the earth is. Mt. Everest's height is
only a tiny, tiny little fraction of the four thousand miles which
is the earth's radius... )
. Why is this important? It's a very unifying thing. Tt's not
detailed, it doesn't tell you a lot, but it gives you a kind of
framework. You can say, Gee, for anything that's as small as a
drop of water sitting on wax paper, it's the contraction of its
surface skin that is going to be the dowinant force, so it's
going to want to shrink into a sphere. When you get a much bigger
' drop of water and put it on wax paper, the dominant force is weight,
gravity and so it's flattened out. There are lots and lots of
changes you can observe in the kinds of things that exist, which are
of necessity subservient to this principle. Like the little tiny
animal which has to burn food mostly just to keep warm because the
surface area through which he can lose heat is so big in comparison
to his weight whereas a great big animal uses a much smaller fraction
) of his weight and energy to keep warm. There arc just endless examples.
Ycu can't list them all but once you get in the habit of thinking
in these terms you begin to notice. .

o
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That was a big.challenge. Sally and I had supper together after

class and we talked about some of the things David had said. "'Perhaps
it's OK not to understand ‘everything," said Sally. "It keeps you wantirg

to know more."

In the last two classes teachers used all the matertals we had
collected for work with volume, trying to clarify questions about the
relationships which David.had explained. Shelley spent one class

working with Sally and Harriet on the volumes of cylinders and cones.

’

She wrote: "I was finally doing what I really wanted to do back in

high school'geometry. I had so much. trouble with solid geometry aﬁd

LIPS

the.sad part is that I don't think I ever even handled, much less
investigated, a cone, sphere, etc. They were always drawings. So it
was very exciting to discover the volume of a cone on our own." After
the last Size and Scale class, Shelley f;ported:

We decided to start making increasingly larger cones. I wondered
how we could be certain that one cone. would actually be double the
size of the previous one. As we started I saw that if one linear
measurement was increased a certain amount, then all the linear
measurements would increase by that much, as long as the Same
shape was retained. I dori't know why I never saw that before —-
it's so obvious now... We saw that if the linear measure was 2X
the original, then the volume was 23 and if the linear was 3X
the original, the volume was 3~ etc. So we predicted our next .
numbers and were coriect. Amazing, what a good feeling!

Conclusion

‘ It was good that for at least some teachers things came together

in the end. The topic of the second teachers' seminar, light and color,

seemed on the surface more difficult -- the physics of light are certainly

not easy to grasp. But theré were little understandings in almost every

session of the course which were‘tremendously satisfying to the teachers.
i

- A% R
T think there were fewer frustrations in these classes than in the Size

and Scale course, where teachers struggled for weeks with mathematical
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. relationships wi£hdut knowing where they would lead to. Teachers found
themselves hopelessly confused about things like area and ;olumq,which
they thought they understood, and they never really got o firm enough grasp
of the‘geometry to Bégin to apply this knowledge to the real world where
size and scale becomes meaningful and interesting. I think this class
could make a great year-long course on geometry, biology, and physics, with

size and scale as a unifying topic. In the eight wgeks we spent on it,
we barely got started. Yet inspite of the fru;trations, when we asked
the teachers if they wanted to continue the following fall for another e
semester's work, tpe majorif& were enthusiastic about returning.

- Hedy was one of the participants whoecame back for the second teachers’
seminar on Light and Color in the fall of 1981. The reader may remember
Hedy's-very first notes in January 1981 (see page 6) where she stated that

she enjoyed hearing explanations to her questions on physics and astronomy

but could never retain amy of it. ,"It's like a fairy tale only I can't

remember how it goes." In June 1981, at the end of the first teachers'
course Hedy still did not have much confidence in her ability to understand

scientific concepts. "I don't have a real belief that I could understand

things," she said. "I don't reach out because I'm afraid I won't understand

and then I'll be hurt." She told me that she took the class. because "I P

-

decided to put myself in a position to be pushed... The content was incidental,
though essential to the process which was me nudging up against the topics."

In the fall course on Light and Color, the content was no longer incidental

for Hedy. After an individual session with David in December 1981, she wrote:

1 felt clearer coming into' this class than I often have. There
were several things I thought I really would like to know about., It
was new for me to have a specific question in this area and to have
some feeling of confidence that it .will relate to other things I've
learned. Like I just might be able to understand the answer to this

question if I ask.
12y
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I just realized how often I've asked questions about things I
was curious about and maybe, at best, gotten an .ahswer I enjoyed
hedaring, but I still didn't have enough of a framework to put the
answer in or "keep" it. So it was pretty and perhaps I felt awe but
I didn't feel the satisfaction I did after this class...

I had some questions left (on electro magnetic radiation) but
I felt so pleased to have put so much together that I didn't mind.
I do feel more confident that given enough time and experience, Jots
more of these things will become accessible to me. That's new. I
don't yet fully understand them but I think that I could. 1It's ~
closer. ' ’

.

Y ¥

For a person who never understood scientific explanations, this
represents a big leap forward. Hedy had moved from regarding explanations

as fairy tales which she could never remember to feeling that topics of a

scientific nature had become more accessible to her. In my essay on the

. Energy course, I wrote that the more I know about a subject the better I
can accept open—endedness because the existing knowledge gives me the
- security to be left hanging. It's easier to tolerate not knowing when

you feel sure that you could understand -- it gives you a sense of control.

Hedy concluded her remarks on her class with David with the following

5

statement:

I love having been let into this. My understanding is tiny but
it seems like more than I've had my whole life. I have always been
curious about astronomical things but my natural curiosity has been
frustrated so many times by not being able, to understand the answers
I was given that I gave up wanting to know... I always seemed to need
someone outside myseif to help me focus on particular things to learn
or ways to learn. Without that, I did not pursue many initial
interests -- and there they all sit =-- like so many unfired canons.

I feel sad writing this in a'way but also glad to be taking a look --
and very glad to have had the opportunity in this class to develop

some new, real understanding. I think very often it is not clear

what was missing until the gap is filled. 1In this case 1 feel as
though I have never in my whole life had a satisfactory learning
experience in science until now. And it is specifically and only
because we have been able to go into so much depth and overlap the

bits and pieces that I have ended up with not just little individual
understandings -- like why red and green make vellow or how pinholes
work, but all of it together that gives a larger picture of which those

things are a part.

I would love to go on indefinitely, meeting weekly, exploring new
ground -- and no faster -- building up understanding slowly. That is
certainly my pace. I would not have wanted_to meet any more often.
There's too much that's new to absorb any faster.
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-which she knew very little. Some teachers also were excited by their
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At the end of the second teachers' seminar we asked the participants
for a written evaluation (see Vol. IV, pp. 238-279). Among other, things,.
teachers. were asked to comment on any continuing diffiﬁulties. Hedy worte:

"Continuing difficulties" sounds negative. These dangling questions

don't seem like difficulties - just more to know about. That's very

positive for me I guess because I don't have to understand them right
away. I'm under no pressure to unravel them..
Teachers were also asked to react to topics "left hanging"’or inadequately
explained, such as light waves. Hedy said:

I don't fegl frustrated by this. Motivated, curious instead. Saying

that suddenly makes me cry because for me to even have and express

such a thought is so brand new... I have simply never felt friendly
towards those subjects.

The pleasure and excitement which Hedy expresses so well in her notes

were shared by most of the teachers. Jean mentioned that she valued the

respect that she was shown for her way of learning and thinking and how

she enjoyed having the opportunity to explore, without fear, subjects about

growing understanding of interconnections so that previously isolated topics
yhich they had taught as science units were now seen as part of ‘a large
network of scientific ideas. To me, the most important single thing from
the teachers' point of view was the access thgy.were given to an exciting
new world.

I doubt whether at the end of the second seminar any teacher would
have asked the question which Sall; posed after our first meeting: 'How
do they know...?" We may not have much more knowledge but we have learned
that we, too, can understand. As soon as you have that conviction, you are
no longer completely dependent on your teacher and the feelings of frustration
and anxiety that often go along with such dependency become replaced by

feelings of confidence, power and joy. That was the teachers' reward for the

many hours of struggle during the coursi %fgthe research seminars.
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The original proposal to the Foundation offered to generate
a taxonomy of critical barriers. That would have been an '
ambitious undertaking even for a three-year project of the scope
requested. A project of the duration and scale actually funded
could not QOpe to get that far. We did, nevertheless, accomplish
a lot and méde substantial progress toward developing such a
taxonomy. A preliminéry scheme is offered below, following some
comments about the nature of the ;ask.'

A taxonomy of a set of elements refiects the theory thgt
defines that set. Moreover, the relationships among a taxénomy,
its underlying theory, and the elements they opganize, are
dynamic. Each glemént added to the set tests the taxonomy and
the theory that shapes it. Each modification of the theory is
tested by how well it accommodates the known elements of the set
and by how fruitfully it predicts unexpected new elements that
are subsequently found.

Taxonomies, like other theories, evolve. In its early form,
a taxonomy is likely to be primiﬁive, and the corresponding
theory may account for observations more or less  empirically,
even ‘speculatively. Lﬁbndeleews chepical taxonomy and its
underlying theory were‘of this sort. So were the biological
taxonomy of Linneus and the underlying theory he used.. During
such formative stages, research is likely to be in the style of

natural histories, in which observations and specimens are

gathered and explored to see whether, and how well, they divide

13;
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nature at evident "joints" (see D. Hawkins, 1966. Taxonomy and
Infoimation. Boston Studies in the Philosophy of Science, 3:41-
55). At later stages, one deliberately seeks to test the
generality of a maturing theory and to expand the useful range of
iés taxonomy. Research on maturing theories and taxonomies is
more likely to take the form of testing stfong inferences by
tightly designed experiments performed under Elosely controlled
conditions.

Aé this research pFogram begén, we had available a large
body 6f observations relevant to critical barriers which had been
collected over many years and in many settings, but neither a
taxonomy nor a theory to organize them by. Those earlier
6bservatigns had been guided in large part by the conviction that
critical barriers are real and that careful observation would; in
the end, yield useful insights. This natural history approach,
analogous to that employed by the Challenger naturalists, has
continued.to be fruitful in ways described in David Hawkins'
essay elsewhere in éhis report.  Thus, during this research, we '
found what seem to be several useful\jgints at which our
observations divide nature-- at least our sampling of it—- in#%
fruitful ways. These reveal a number of gétggories of c¢ritical
barriers which we list and discuss in this section.. In a
subsequent section, we list and discuss a variety of factors that
make up the ecological settings in which critical barriers
emerge, and which form a context for boéh teach;ng and research.’
We find in our research three principle categories of

critical barriers, each with several subcategories, and, these
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conétitute the divisions of the primiﬁive taxonomy we propose
below. We cannot yeé assign each of our observations Uniquel§ to
one or another of thes; categories, for no sﬁrong theoretical
basis for such asgignmenté has yet emerged. Nor can we
determine, @ priori, whether thesebcategories and subcategories
are genera and species, respectively, or perhaps families and
specieé whose genera remain unrecognized. Nor can we claim that
the larger categories are mutually exclusive of one another as
are the usual biological taxa, for example. These uncer;aintie;
should occasion no surprise, given the magnitude of the domain
and our short foray into it. Nevertheless, the categories have
already proved themselves useful and will become more so with
further experience and reflection.

The categories, and the subcategories within them, are
described below in some detail, and are amplified by examples
drawn from this project's research and from other sources. The
labels applied to each category and subcategory are necessarily
~cryptic and may mislead, as such labels sometimes do when
interpreted too quickly at face value. Accordingly, we caution
the reader to defer constructing a model of a category until the
accompanying text and examples are read and analyzed. Given this

caveat, we turn now to the first broad category of critical

barriers.

a




PERVASIVE BARRIERS -

Our ana%ysis of the data reveq}éd a category of critical
barriers that were encountered in a wide range of contexts.
These barriers emerged in.so many different contexts that we
suspect them to bg (relatively) independent of subject matter.
That is, although they are recognized in connection with
particular topics in elementary science, they may operate at so
fundamental a level as t:.)o..affect a student's view of many other

topics, perhaps the entire s@an of elementary science. It is in

this sense that we apply the label pervasive.

Late in the course.on Light and Color, participants were
asked to predict where, in awide mirror mounted on one wall of
the cléssroom, various objects in the room would be reflected.

As described in David Hawkins' essay, most participants employed
a model in which reflections form on or near the surface 6f a
plane mirror, and so their predictions generally were at variance
with their subsequent observations. As soon as the discrepancy
was noted, participants were invited to account fof it. One
participant asserted that the mirror "distorts the reflection
depending on where you are" with respect to the reflected object.
With some questioning, she expressed her model: the less the
lateral separation between the observer and the object, the less
the “distoréion.“ When asked to explain how the mirror "knew"

how much the lateral separation was, how it "knew" how much to
~ Y

distort on different occasions, the participant appeared not to




undérstand the question. She saw no reason to be surprised a}
the need for mirrors in her world to "work™ differently at |
different times: if her experiences with mirrors are different
under dlfferent 01rcumstance$ (less "dlStOrtlQ\\ of reflections
of nearby objects), then mirrors must work dlfferently at
‘different times. . .

Most teachers of elementary science have encountered such '
behavior and many diagnose it as an inabili'ty to "reason
501ent1flcally or to "isolate variables," or to "control" thenm
(See L.C. McDermott, et al., 1980. Helping minority st&éents
succeed ijn science. J. lel; sgigngg~meaghinq, 9:135-40). We
interpret such behavior as reflecting a more fundamental
conditioh, namely, a student's acceptance of a world in which
unfamiliar phenomena need not be lawful. The superficial
lawlessness of the weather provides a commonplace precedent, as
do more|regular, but non-linear, phenomena such as exponential
growth Fnd gravitational acceleration. Accepting anarchy in the.
unfami{iar may condition a student's observations and experiences
in ways that raise the threshold for befceiving even the ;utlines
of regularity. Consider, for example, children using\a.stopwatch
and tape measure to investigate the behavior of model cars
rolling down an inclined plane supported by one or more étandard
blocks. Mos; students will recognize the need to time the’
descent of‘a car and to measure the distance it travels. _Many
will also recoénize the need to replicate measurements, and some
can apply the approprlate algorithm correctly. But whgn initial

efforts «fail to\reveal some regular connectlon among time,

N
distance and elevatlon (the number of blocks), interest in the

5 13 S,
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incentive te cofitinue past the point of confirming the

unpredickability of t@g'objects. Nor is there any conceptual:
frameWork within which to mount a concerted &earch for

addi 'onél parameters, variablZS their teacher mi%ht say had been
uncontrolled such as the iniﬁiél position of the car on the ramp

at each trial, or allowances fdr departures from straight paths,

“

or the way initial and endingft}mes were determined. '

‘ The lack of a commiémené to a lawful universe may be among
‘the most profound critical barriers students of eiementary
science encounter. \Witp no notion of regulaf lawfulness, of
theme and variation, th;re can be no recogniéion of unifying
principles that éimplify and rationalize experience and decrease
redundancy, in experience and knowledge. Each experience, each
phenomenon is encountered as a new instance to be grappled with
on its own terms, with littlé hope of bein illuminated by past
experience. Attempts to infer.the regularity that underlies the
rates at which spheres of different sizes and densities fall
thrbugh liqguids of 5f§ferent viscosities are likely to be stymied
at'the very outset-- by the\failure to expect that there should
be any regularity. Nor is this barrier restricted to children.
Consider, for example, the bewilderment of participants in the
Light and Color course as they grappled with the multiple and

multiply colored shadows generated by a few projectors and

theatrical gels (see Vol. IV, pp. 3-60 of the Raw Data)

AY
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Even when the possibility of an underlying lawfulness is

acknowledged, other critical barriers may impede the growth of

, understanding. Consider the debate among youngsters comééring
two simple pendula identical in all respects egcept their
émp{itudes. The debate éénters on the question of which pendulum
is faster. One side insists that the pendulum that moves through
the larger arc is faster; the other maintains that because(both
pendula take the same time to complete a swing they are equally *
ﬁagt. Both sides, of course, are correct and the debate reflects
a failure to ;écognize the multiple meanings of the term fagt.

This simple example suggegts a class of critical barriers

that occur when the leagner confuses two concepts which apply to
the same situation. In the case cited above, the distinctly
different concepts of period and average speed are overwhelmed
during the debate about which pendulum is faster. An example
about which many adults admit confusion involves kilowatts and
kilowatt-hours. Both are measures of energy, but one is a
measure of a quantity, tﬁe other, of power. Attempting to
understand a phenomenon that involves either or both (for
example, a utility bill) is likely to be frustrating unless the
distinction is mastered. Moreover, the source of the frustration
is often not recognized a$§ deep and conceptual, as it almost
‘always is in the ;attér example,vinﬁwhich the missing element is

oan understanding of the difference between a quantity and a rate.

A botanical example indicates how powerful such confusions

can be. Many éecondary students, newly introduced to the




‘

essentials of photosynthesis, can repeat the basics ("plants
change carbon dioxide into sugap"), but are unable to explain the

death of a plant kept in darkness for several weeks. Questioning

_generally reveals that, instruction aside, they regard the .

plant's real source of noufishment as its roots, not its leaves.
Roots do, indeed, take up water and indispensible inorganic
nutrients, but this fact overwhelms an understanding of |
photosynthesis. The confusion is over the respective nutritional
contributions of carbon dfoxide and inorganic solutes, not over
the role of photosynthesis. . '

A richer example, drawn from the ﬁigh; and ;ngx course,
involved a profound confusion between images formed by pigments
applied to a surface on the one hand and images formed by
patterns projected on a surface (e.g., from 2 slide projector) on
the other [see The Hawkins essay in this report). Here, the
missing element is an understanding of the variety of ways in
which images can be formed and the consequent attempt to
understand the less familiar projected images on the same basis
as more familiar painted images. So long as that confusion
remained in place, the parkicipants were unable to cémprehend the
significance of images they observed in the ggmé;a obscura or of
the optical principles it demonstrates.

A final example sudgests the variety of contexts in which
this kind of pervasive critical barrier can be encountered. The
context here is the explanations offéred by elementary school

children for the fact of the weiahtlessness of astronauts.

Explanations offered are often based on the absence of an

atmosphere at the distances from earth at which objects become




weightless. Once this inappropriate connection is made, an
explanation becomes simplé: with no atﬁosphere to press down on
an object, it has no weight. Clearly, the confusion is not so
much about the inverse square law, but about the very nature of
weight and mass'and the atmosphere's contribution to them.
Again, attempts to intervene with instruction about gravitational
fields will fail, because the student knows that weight is -
determined by the atmosphere. A similar set of critical barriers
was documented as part of an investigation of young children's -
views concerning the nature of this planet (see J. Nussbaum,
1979. Children's conceptions of the earth as a cosmic body: a
cross age study. Sgigngg Ed. 63:83-93).

As with otﬁer critical barriers, those in this subcategory
will be difficult to detect and will be refractogy to didactic
instruction about the phenomenon under discussion. As usual, the

barrier is not ‘merely with the phenomenon, but in the conceptual

tools available to the learner for dealing-with the phenomenon.

The content of elementary science is such that
representations are practically unavoiéable. Inaccess;ble
concepts, objects, and phenomena are routinely represented by
verbal, diagrammatic, or mechanical representations. Genes on

-

chromosomes are represented (analogically) by beads on a

~nhecklace, or modelled physically in clay or pipe cleaners.
Photons are depicted as bullets, light waves are treated as if

they were waves in air or water. Even advanced students of

¢
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chemistry tend to think in terms of billiard-ball atoms connected

by dowel-likg chemical bonds. Cylinders are drawn as rectangdles,

cones as triangles, spheres as circles. Given that |

' represent;tions of these sorts are a ubiquitous feature of good
pedagogy, it is no surprise that, for some séudents, some of the
time, the representations become more real than what they
repfefent. To the extent that students reconstruct their
knowledge to fit more clqseiy with the represehtation than with
what is being represented, such representations may be
unintentionally misleading. F;r a provocative debate on whether
graphic ‘illustrations are counterproductive in elementary

- science, see the transcript of K. Hammond's faculty seminar (Vol.
I, pp. 100-123).°

Generations of students of introductory genetics, for

example, are convinced'that chromosomes actually do break and
rejoin in the manner of coils‘of clay, when in fact the mechanism
remains a central mystery of\;he discipline. Similar distortions
in favor of representation are common in chemistry (models of

atoms, mo.ecules, chemical bonds), in physics (the nature of
. light), and probably in every context in which representations

are important pedagogical tools. But these tools can also
inhibit learning, can, we feel, constitute critical barriers to
learning. Consider, for example, the following statements by

teacher-students in the Light and Color course:

Ithink in general for me one of the problems-

I have in dealing with some of theése topics [wave-

particie dualityl] is that my mind becomes fixed on

some representational image, which is not necessarily ,
accurate. :
Polly, notes of 11/18
Vol. IV, p. 103

l~01 4 U
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"White light" seems to be a misnomer-- really means clear
light, natural light. ‘
Hedy, notes of 10/7
Vol. IV, p. 40

For another example, from this courée, of interference between )
.representation and reality, see David Ha&kins' description of the
demonstration of how shadows form. See also Ron Colton's
discussion of legrning problems assoc%ated with diagrams and
sections. . L

Note, however, that Ehe warping of reality to fit a novel
representation may be highly productive whén skillfully done with
.the étudgnt's understanding. For éxample, most adults are unable
to use only a syringe to f£ill an "empty" jar inverted in a pan of
water. A typical attempt invol;es filling the syringe with water
andltrying to add its contents to the jar. Few persons know what
to try, once this approach fails. But when a skillful teacher
intervenes with the model of an qu?l arm balance (one arm being
the atmosphere, the other the air in the jar), many will
delightedly £ill the jar by using the syringe to withdraw air
from the jar. Our point here is twofold: that representations
are not to be avoided merely because they may be
counterproductive; and that many studénts do confuse reality with
representation, and do so often enough for us to be convinced
that such confusions generate an important class of critical
barriers. ‘

Two subcategories of pervasive critical barriers remain to
be described and documented. Like barriers in other categories,
both occur when learners attempt to draw upon existing stores of

.
.

information and knowledge.
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Making Inappropriate Associations

Another part of this report, ngid Hawkins develops the
metaphor of mind-as—filing-system to examine the ways a person
might store and retrieve her or his fund of information and
knowledge. It was suggested there that, when confronted with a
novel situation, one sea?ches one's memory for a "file" with a
title (or content) that seems relevant in some meaningful way.
When all goes well, the match between the file retrieved and the
situation at hand is'fruitful. To reuse an earlieruexample, a
person who regards light és something that ;travels in straight
lines" is able to regard files about élane geometry as relevant
to a variety of optical phenomena.

But things do not always go well. Someone who has no files
abgut plane geometry may be unable to cope with the location of
images in plane mirrors, with a camera obscura, or even with
coloréd shadows cast by‘light filtered through colored gels. For
him or her, observations of such phenomena may remain transiently
meaningless, unconnected and unconnectable with prior knowledge
because no relevant file exists to receive or inform the
observations. .

Even when a relevant file exists, one may‘be unable to
retrieve it in a particular context. Most adults, for example,
are aware of a pervasi&e.atmosphere of gasses that generate a
\force familiar to them as aix pressure. Most adults are also

aware of the laws of simple balances. Yet few adults can

retrieve those files as relevant to the challenge, mentioned

above, of using a syringe to £i11 a jar inverted over a pan of




water. A carefully constructed metaphor (a "balance" consisting
of the atmosphere on one sidé and the air in the jar on the
other) may illuminate the situation py making both (and possibly
other) files easily accessible. -

As experienced teachers know, provocative andlogies of this
kind can be powerful pedagogical devices. By bringing into focus
some facet of a situation or phenomenon not earlier obvious, they
enable the learner to select from amoné the mental files the few
that may be relevant in Qays not preyiously recognized. In this
sense, analogies help to transform pne's perceptions in fruitful
ways. Piaget's's schames serve similarly to transform -
perceptions. Once the transformation is made, entirely new
information and knowledge may be retrieved and brought to bear on
the situation at hand, as in £illing the inverted jar or
comprehending a camera obscura.

But when no provocative analogy, no germinal schame, is -
available, knowledge already possessed by the learner may remain
occglt, inaccessible, useless. The most powerful of filing
systems is useless without an effective index which can be
scanned rapidly and conveniently, and the inability to scan one's
own mental index may comprise aféorrespondingly powerful critical

barrier.

Retrieving Malinformation
This final category of pervasive critical barriers
complements the previous one. Instead of failing to locate a

file relevant to the immediate context, however, the learner

retrieves as relevant a file that contains information that is




L

factually incorrect and misleading. We have in mind here more
than mere misinfermation, more than incorrect details such as a
mistaken melting point or an inaccurate conversion factor.
Although inconvenient and temporarily ﬁisleading, the impact of
such misinformation is rarely great and these lapses hardly
constitute critical barriers.

Rather, we have in mind forms of misinformation that

~function as theories, models, Piagetian sch&mes. Just as

factually correct schames facilitate powerful transformations of

_perceptions, so, too, do factually false sch&mes. And just as

correctly transformed perceptions can be enlightening,
incorrectly transformed perceptions can be damaging, as described

below. To these factually incorrect schames, and to theories and

°

models that distort in similar ways, we apply the label
malinformation. Transformations based on malinformation can be
so misleading that we regard the retrieval of malinformation as a
form of critical barrier.

Consider, for example, the following sEatements about the
nature of light written by participants early in the course on
Light .and Color.

... think I knew shadow is the result of absence of

light, but have always thought of a shadow as some-

thing more positive-- more like an imprint, or as in

a photograph.

Polly, notes of 9/23
Vol. IV, p. 18

———

Does it [light] travel? I don't think of it as some-

thing that moves. I think of it as just being there

where ever it is and there is more or less of it.
Hedy, notes of 9/23
Vol. IV, p. 7




These participants, and others like them, used the contents of
files they regarded as relevant to the topic of light to
transform their experiences and observations-- with predictable
consequences. Because they mistransformed their experiences,
"using malinformation, they encountered considerable trouble
understanding colored shadows and the effect of colored gels on
light projected through them. These troubles persisted for
weeks, even after concerted attempts to convey conventional :
scientific explanations. Their common sense, personal theories
were tenaciously preserved, even in the face of dissonant
experiences-- just as one would expect such theories to be
treated. As expressed in a related context by one of the
participants quoted immediately above,

I also felt really interested in why light behaves

so differently from pigment and pigment is all I

have to relate to and that's where my common sense

isand I felt like [a staff memberl] was saying,

"Just don't think the way you think." I feel

like I can't let that go, that's all I know about.

Hedy, notes of 9/30
VOl. IVI po 179

Items of malinformation familiar to most teachers of
elementary séience include the notions that there are two thermal
fluids }hot and cold); that light has little to do with color;
that plants get most of thgir nourishment from the soil; that

matter is solid (i.e., free of the voids required by atomic

theory); and so on. These personal theories inevitably conflict
with the conventional view proffered by elementary science.
Continuing to quote the same person:

«+» when as a student, I step off into a whole realm

of questioning then I don't know if such lines of

questioning are in the right direction or not. Our
naive or commonsense questions sometimes are in the
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oppocite direction from understanding scientific

truth. So when manv explanations are far—fetghed, or

I am trying to understand far-fetched things, am

depending on a teacher to help point me down the

fruitful path.

Hedy, notes of 11/14
Vol. IV, p. 96

Because correcting such malinformation requires
reconstructing many individual files, and also possibly risks
having to reconstruct large parts of the filing system itself,
didactic instruction in the facts is unlikely to be effective in
dispelling critical barriers that result from retaining the
malinformation. High levels of cognitive dissonance, preferably
induced by personal experiences, will be more effective.
Experienced teachers are aware of this resistance and of
effective ways to help students to overcome it.

These, then, are the five subcategories we propose in the
larger category we have called pervasive critical barriers to the
learning of elementary science.

Problems with scientific reasoning

Confusing two concepts that apply to the same situation

Confusing reality with its representations

Making inappropriate associations

Retrieving malinformation

We turn next to the second large category of critical barriers.




BARRIERS RECOGNIZED IN NARROWER CONTEXTS

This second major category includes five subcategories of
critical barriers that seem from our sampling to be less‘
profound, and to have less generalized effects, than those
included in the first major category. It is one of two
catggories of less pervasive critical barriers that we propose in
reliminary taxonomy, the other being barriers related to
mathematics (see below). Although less pervasive, these are
still critical barriers; that is, they'result in broad
misunderstandings, are resistant to didactic instruction, and are
overcome whei\learners reconstruct their knowledge and thefeby
acquire powerful\new understandings with wide application.

The taxonomy\of this category is more provisional than that
of the previous one because we are less certain about the status
of each element and the subcategories to which they are assigned.
Additional experience and analysis may'reveal, for exémple, that
a particular element is less resistant to instruction and to
require less reconstruction of the learner's knowledge, in which
case we might no longer regard that element as a critical
barrier. Or, an element proposed balow might be reinterpreted as
a species of a more pervagive critical bérrier, either one
already proposed above or, berhaps, a new genus or family. In
either case, that element would have to be }emoved f.om this
list. On the other hang, two or more subcategories proposed here
may later be seen as instances of amore genera]fsubcategory, or

a single subcategory may later be seen as an inappropriate

combination of two or more previously unrecognized subcategories.
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Although the taxonomy proposed below is provisional, it does
represent our current best construction of the data and our
analysis of them.

With these caveats, we can proceed to develop these

subcategories and their elements, drawing on our experiences of
seeing many learners of many ages encounter similar-- homologous,
we think-- difficulties in superficially different contexts.
These difficulties cluster in a way that suggests to us the
following five subcategories as principal contexts for this kind
of critical barrier: .

invisibles and impalpables;

conservation laws;

wholes and their parts;

constructs and their measures;

scale and relativity.

As will become clear below, overcoming the critical barriers in

these subcategories requires the learner to formulate novel,

germipal insights. Learners who have formulated such insights
find them to be illuminating, liberating. Learners who have not
yet formulated such insights remain constrained, especially in
their interactions with teachers and fexts that assume the
insights to be in place and usable. Yet the kinds of insights
required in the contexts described below seem less global, less
profoundly fundamental than those we defined earlier as pervasive
barriers. True, formulating these insights does require the the
learner to reconstruct her or his knowledge, but in these cases,
the reach of both the constraint and the liberation seems less.
We nevertheless feel that these are critical barriers, and so

merit special attention from teachers and researchers.
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Instances of the first subcategory of these less pervasive

‘
|
|
|

. |

cr}tical barriers .stem from a learner’'s }nability to deal with a

construct that is; to the learner, either invisible, or
impalpable, or both. Most students of elementary science have
trouble, often prolonged, conceptualizing such invisibles and .
impalpables as: the atmosphere; atoms, moiécul;s, and chemical
bonds; subatomic particles, including electroné and their
orbitals; electrical currents and magnetic fields; cells angd '
their organelles; and enerdy. These and many other entities have
become sufficiently real to the advanced studeht to have become
visualizable, but to the beginner they are“so novel, so
mysterious, as to b; conceptually inaccessible. We refer here
Aot just to difficulties dealing with one or anothér construct
that is invisible or impalpable, but to an inability to deal with
an entire g¢lass of such constructs in eleméntary science.
Consider, for example, the conventional view of the
atmosphere as a ﬁixture of gasses, each of which has specific
properties, including mass. A person who has fu11§ appropriated
that view and its ramifications will probably regard objects such

- as barometers, manometers, aspirators, pneumatic troughs, even .

siphons and drinking straws as easily understood.. More

importént, these objects and many others will be understandable

as manifestations of the same physical entity (air), the same

conceptual framework (material gasses). A person who does not

yet perceive a material atmosphere, by®contrast, can't comprehend

these objects and can see no connections among them. These
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.hundred or so different kinds. Teachers of elementary chemistry .

objects are not only not understandable as a class, but each is
individually mysterious, unrelated to the others and to any
organizing framework. This is why we perceive a critical barrier -

here. To appropriate the conventional view, a learner must

¢

reconstruct not only his or her experiences and knowledge about

air, but also about gasses.in general, and about underlying

similarities among préviously unrelated objeéts and processes. .
Once the reconstruction is cgnsofidated, an even greater range of ' B
objects and processes becomes easily understandable in the light
of the new insight.a As David Hawkins argques in his essay,
neithgr the ;eqonstruction nor the consolidation is likely to
come about throuéh didactic instructién about the physics of
gasses. As most teachers of elementary science know, direct
instruction on jsuch topics must be supplemented by a variety of
demonstrations and direct experiences (labo;aﬁbry "experiments")
and must await the student's intervention to effect the
reconstruction.

Much of the domain of chemistry-- atoms, electrons, chemical
bonds-- is invisible and impalpable in an even deeper semnse. Air
and the atmosphefe can be perceived, for example, as the contents
of an inflated tire or as wind, respectively, in ways that atoms,
electrons, and chemical bonds cannot be. One can, with some
justipe: claim that much of the content of an introductory
chemistry caurse is (or ought to be) devoted to encouraging the
beginner to reconstruct his or her experiences with material

objects to become consistent with the conventional view that all

matter is aggregations of unimaginably small units of only one

-, ' 20
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have, over the years, accumulated a set of demonstrations,

laboratory experiences, and other pedagogical devices that appear’

.to teach these aspects of the chemical view. We arque,” however,

that tﬁeir students learn, wﬁen they do, not just by being
taught, but by actively recoqstructing their knowledge. Further,
we argue that elementary chemistry is difficult to learn
precisely because the reconstruction being required involves
entities tha% gre invisible and necessarily remain difficu;t to
conceptualizeiuntil after the reconstruction has been achieved.
Energy, at least in the conventional thermodynémié sense,

provides another instance of a critical barrier that emerges in

many contexts and so belongs in this subcategory. Energy is

‘variously spoken of as: kinetic or potential; mechanical,

the}maL, solar, or nuclear; biological, chemical, or physical.

v N

These modifiers testify to the importance of energetics and
thermodynamics as an organizing principle across disciplines and
across topics within disciplines. Yet the constructs designated

W

by these modifiers are difficult to render visible for the

* . \
beginner, except \indirectly. Beginners must therefore work at

reconstructing théir knowledge on the basis of experiences with
warm and cold objects and witan a handful of examples, metaphors
and analogies (winding spriqgs, moving boulders uphill) not all
of which are are hseful.

Exampigs of the difficulties of gbpropriating a conventional
view of heat and temperature were described and analyzed by David
Ha;kins. Notions that heat flows and that it is passively
conducted help some learners, but not others who require active

transport of heat by conductors. Similarly, the metaphof of
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electrical currents being water-like helps some but not others
who cannot accegt the notion of flow through a "so0lid" conductor.
Difficulties with energy and ene;getics may ‘stem, at least
in part, from other critical barriers which exacerbate those that
stem from the invisibility of the constructs. Quantities of
energy are frequentl§ measured and expressed as ratios, in odd
units, and as the consequence of one or another transformation‘
(burning, melting, etc.). All of the latter entail critical
barriers quite independent of those directly connected with the

invisibles of energy.

The course-on Light and Color revealed that, in an important
sense, many learners regard light as invisible until it is
perceived at the retina.

How can you describe something [i.e., light] that
you can't see (well, not really), touch, smell, etc?
Well, you do see light, or rather you need light to
see. So light becomes related to VISION: LIGHT
PLUS EYES MAKES VISION POSSIBLE.

Maja, notes of 9/23

Vol. 1V, p. 10

On this invisibility hinged the crucial reconstruction of light
as something that "travels™ in straight lines. Until the class
could deal with (to them, invisible) light rays and beams, they
were unable to come to grips with the geometrical interpretation
of optical phenomena and were foreclosed from a powerful
reconstruction. To reuse a passage quoted above in another
context:

Does it [light] travel? I don't think of it as some-

thing that moves. I think of it as just being there

whgr ever it is and there is more or less of it.

Heddy, notes of 9/23
VO].. IV, po 7

- 3
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Elementary science pushes the student ipto many eﬁcounters
with iqvisibles and impalpables. In addition to those cited, we
suggest cells and their organelles, the biological counterparts
of molecules and atoms; electricity, magnetism, and gravity; even

geometry, where students are asked to come to grips with form

>

disembodied from matter. There are enough of these, and they are
different enough, to convince us that problems dealing with
invisibles and impalpables constitute a set of critical barriers

@

that belong in this subcategory of semi-pervasive barriers.

Another cluster of learning problems emerges when students
of elemenéary science are 'inappropriately expected to become
committed to the conservations laws. Conservation:laws in this
connection are not those of Piaget, although those may be
importantly involved. Rather, we refer to the principles that
energy and matter are (inedpendently) conserved through all

transformations carried out under qnon-relativistic conditions:*

These principies are crucial to modern science. Indeed,
Lavoisier's exploitations of early intimations of the
conservation of matter mark the beginnings of modern chemistry.
With no commitment to these principles, much of elementary
science becomes senseless, yet many learners of all ages have no
such commitment. An example will suggest a set of failed
understandings-- critical barriers—-- that can result when these

principles are not strongly held.
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"Bottle gardens" were, for a long time, popular displays at
the Mountain View Center. Some of these contained the usual
combinations of earth, air, water, and plants; others contained
pieces of fresh-fruit, baked goods, or other foods. 1In its most
provocative form, a bottles garden was tightly sealed and \
suspended frém one arm of a balance which was then carefully
eguilibratgd. A nearby sign described the apparatus, drew
attention to the tight seal, and invited the observer to predict
the future tilt of the balance's arm.

Without a belief in the conservation of matter, many
outcomes are plausible: a garder may "gain" weight as plants
grow, or may "lose" weight as water, soil, and air are used up; a
garden may gain weight as molds flourish on the foods, or lose
weight as the food is reduced to a ¢grey sludge. With a belief in
the conservation of matter, only one Gutcome is possible if the
garden is truly sealed. In one case, interest centers on
deciding what might be the dominant process process(es) in each
garden; in the other, interest centers on hc¢w well each garden ‘is
sealed, on the source of materials that "become"” the larger
plant,, on the fate of the materials that "were™ the orange.

As with other kinds of critical barriers, the ramific;tions
of this kind df malconstruction are diverse. With no commitment
to conservation laws, chemical reactions are likely to pe
misunderstood. An acid neutralized by a base no longer exists,
even though it seems }eplaced by something salty. There .is neo
compulsion to connect the products of the neutralization with the
salt. Burning coal or wood becomes smoke, ash, and, perhaps,

some water vapor. There is no need to search for a colorless gas

)




among the products. There is no reason to seek connections among
the che;ical transformations of the kinds involved in the carbon
cycle (photosynthesis by plants as the complement of respiration
by animals), or among the physical transformations of the water
cycle (evaporation as the complement of precipitation). These
sorts of transformations need not be linked in any significant
way. Indeed, talk of cycles is likely to be thorcughly puzzling.

Similar misunderstandings arise when the conservation of
energy is not established as an integrating principle. Wet and
dry cell batteries nake electricity for a time, then wear out;
only some kinds can be recharged. Nuclear reactors, windmills,
and photovoltaic units can generate electricity, but solar panels
cahnot. Photosynthesis traps, and respiration releases the
sun's unlimited energy, and somehow plants and animals both

benefit. In the absence of a conservation law to help organize

such data, they remain unrelated, even disconnected.

Wholes and Their Parts .
A suspension of cells, say unicellular green algae, appears

to the unaided eye 2as 2 re

ively uniform, pale green liquid.
When diluted serially, the color becomes progressivley paler.
After many serial dilutions, a water—clear suspension is
obtained; the algae can no longer be perceived with the unaided
eye. A few drops of the suspension spread on a solid culture
medium will, in a few days, produce a number of discrete, green

colonies. - Any colony can be removed and suspended in water to

reestablish a suspension much like the starting suspension.

t

T
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These techniques are the foundation of modern microbiology,
and the approach has important places in population biology,
chemistry, and glesewhere. Yet the underlying logic baffles most
beginners. For many students, the confusion arises when they
mistakenly visualize the algae (or at least the source of the
green tint) as continuously distributed throughout the
suspension, ignoring (or unaware of) the fact that algae are
particulate. Half of a drop that contains one hundred cells will
contain about fifty cells; but half of a drop that contains a

single cell has a reasonable chance of being empty.

s
A

Learners overlook the h%%?oscopic discreteness of the
components of macroscopic aggregates in many other contexts.
Indeed, this kind of misperception is so common that we believe
it to underly a set of critical barriers nicely subsumed under
the rub;ic of confusing the parts and the whole. (These problems
may be connected with, perhaps compounded by, critical barriers
that derive from the inability to deal with invisibles and
impalpables, as described just above. A solution of salt water
is not homogeneous, but a is collection of discrete, albeit very
small, entities. So, too, is a bit of tissue an aggregate of
individual cells. Students of chemistry and biology who confuse
these wholes and their pe~ts are likely to find many aspects of
these sciences inaccessible. A student who perceives salt water
as homogeneous cannot comprehend the details of osmosis, nor can
a student who regards muscle tissue as hémogeneous comprehend the
mechanism of contraction. Nor will instruction on the
thermodynamics of equilibrium or on the molecuigr architecture of

actinomyosin overcome the misunderstanding.
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Those latter ideas make no sense when applied to entities
(mis)perceived to be homogeneous. The attendant difficulties lie
deep, in conceptions of Qholes and their parts. Students are_ not
likely to resolve their problems until reconstructions are ’
achieved that recognize the fine-structural discreteness of
superficially uniform aggregates. Until that kind of o
reconstruction is managed, critical barriers will be encountered
in many settings. This confusion of parts and wholes may underly
much of the common difficulty encountered in approppriating the
details of atomic theory. The relationships among atoms,
molecules, and macroscopic objects are likely to be obscured by
these. So are the connections among cells, nuclei, chromosomes,

[

genes, and nucleic acids. It is because students of elementary
science encounter so many entities of this sort, entities that
are superficially homogeneous but microscopically discrete, that
we regard‘this difference to be t. source of an important

subcategory of critical barriers.

Constructs and their Measures

Another cluster of generalized critical barriers flows from
confusing constructs with their measures. The confusion between
heat and temperature, already discussed in David Hawkins' essay
in thié report, is typical of this set of difficulties.
Recognizing the distinction between the construct (heat) and its
measure (temperature) grants access to the under standing ofa;
phenomena and processes that might otherwise remain

unapproachable. For example, the notion of extracting heat from

the winter ground or ocean must seem bizarre to a person who
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knows those bodies as ¢old, .i.e., of low temperature. ‘Such
familiar machines as refrigerators, ice—make}s, and air ’
conditioners are likely to remain mysterious to those who have
yet to accomplish this essential distinction.

The distinction is not likely to come from instruction, for,
once again, a reconstruction of knowledge is the key. It is more
likely that experiencing the effect of dry ice on liquid nitrogen
will engender the reconstruction, As was the case in theycourse
on Heat f(refer to David Hawkins' account of that course.) Once
established, other thermal phenomena become understandable as a
¢lass, including the several heat pumps cited above.

This sort of confusion is sufficiently widespread to have
resulted in at least one concerted nationwide effort to eradicate
an important subset of them. Recall the attention given by
mathematics curricula such as The School Mathematics Study Groqp
and the University of Illinois Committee on School Mathematics to
the diétinction between geometrical constructs (angle, line) ana
their measures (degrees, inches). Indeed, an entire generation
of teachers and their students acquired the habit of saying, "The
measure of the angle is forty-five degrees” without, apparently,.
comprehending either the important distinction being offered or
why the distinctién might be worthwhile.

Other examples of this sort of confusion occur in connection
with acidity and pH, and with electricity and its measures. FEven
more common is the misunderstanding of the differences between
massiveness (materiality, amount of matter) on the one hand, and

mass, on the other. When in place, the distinction provides the

basis for rationalizing derived constructs such as density and




specific gravity. Without the distinction, these derived
constructs génerally remain opaque, as anyone who has attempted
to teach thenlis aware. A similar cluster of confusions is
connected with notions of action and rate. These confusions make
difficult such disparate topics as ballistics, hydraulics, and
titrations.

In éach case, the confusion has the potential to generate
critical barriers in many ?ther specific contexts which may seé&
otherwise unrelated. None of these confusions is likely to be
dispelled merely by instruckion, the examples of mass and density
being only archtypical. But, once acquired by the learner who
appropriately reconstructs her or his knowledge, the distinction
confers wide ranging new insights. It is for these _reasons that
we perceive here a cluster of critical barriers.

Scale and Relativity

A final subcategory of these less pervasive critical
barriers involves failures to appreciate, or to recognize , the
consequences of radically changing the scale of an object or
phenomenon. These barriers includé, or are tangential to, others
that pertain to the capacity to reason relativistically (see Ron
Colton's essay oh critical barriers related to mathematics). A
few examples will establish the central issues.

Most people recognize that important features of common
objects and phenomena depend on their scale. Most people will
recognize that a pencil ten times larger than ordinary, or tgn
times smalldr, is not likely to be routinely useful. However,

few persons realize, and many would be startled to find, how much
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of the utility is lost across such enlargements and reductions.
A tenth-sized pencil approaches the dimensions of an hypodermic
' syringe, and a ten—times larger ona would be unwieldy as a
bseball bat! Relief maps are élmost invariébly misconstrued,
even though they carry notices that the vertical scale has been
exaggerated "for clarity." Few people realize by what factor,
for most are astonished when told that the tallest U.S. mountains .
(nearly three miles high) would be represented by bumps about one
millimeter tall on a map that represents the 50 contiguous states
as_one meter from coast to coast.

Our point is that few learners are able to make even

reasonable extrapolations of the consequences of expanding or

shrinking objects and phenomena over many orders of magnitude.
Yet elementary science includes many topics khat are likely to
remain incomprehensible to learners who have not acquired that
ability. For example, general science classes, beginning in the
upper elementary gradeé, introduce atoms, cells, planets, and
galaxies as more or less equivalent kinds of objects, with no
suggestion of the important differences connected with their
respective scales. Indeed, the solar system is commonly (and
misleadingly) used as an ahalogy for the Bohr atom.

The consequences of this inability to comprehend the
significance of large differences in scale are many. Few people
realize, for example, that our planet is proportionally smoother

than an orange, or that electrons behave in ways impossible for

macroscopic objects. Of the thousands of students introduced

each year to the compound microscope, few ever come to comprehend

the relationship between the actual size of a cell and the cell's
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optical imaée. . sipilar misperception seems to apply to

celestial objects viewed through telescopes. Finally, even the

few pecple who recognize the uniform, thousand-fold

multiplicative steps progessing from one to one thousand to one

million to one billion, are generally unaware that the

arithmetical increments are 999, then 999,000, then 999,000,000.
The kinds of critical barriers that result from these

misunderstandings were more thoroughly documented during the

course on Size and Scale, offered as\part of this research. This

is not the proper place to report the data gathered during that

course, or to analyze them. At this point, we can only end with \l

the assertion that the inability to comprehend the consequences

of large changes of scale leads to other critical barriers in

many other contexts. And we again assert that mere instruction

is not likely to generate the kind of intellectual reconstruction

required to acquire the skill and the espowering insights it

conférs. The reader interested in tl~2 data and interpretations |

beneath these assertions is referred to the other essays included

in this report.

BARRIERS RELATED TO MATHEMATICS
Y

It is reasonable to egpect that many critical barriers

encountered by learners of elementary science are connected with
deficiencies inEmathematical skills and insights. That is indeed

the case. Indeed, our findings in this regard were so rich and so

diverse that we devote an entire section of this report to




describing and interpreting our experiencés {see Ron Colton's
essay, Problemswith Mathematics). At this point, we merely list
some of the topics discussed there.

Geometry

Permutations, combinations, factorials

Ratio and proportion (density)

Units, conversions, interconversions
Nonlinearity (includes reciprocals, exponentials)
Relative motion

Simple calculations o

Selecting among algorithms

DISCUSSION AND IMPLICATIONS

These, then, are the kinds of critical barriers that emerged

-

from our analyses of observations made during this project and
from other sources. We have assembled them into a tentative
taxonomy (Table 1). The listing is not exhaustive, nor are the
categories and subcategories likely to persist unchanged. But
this is a start, and it may provide a f(ramework for subsequent

research on teaching and learning.

TABLE 1, PROPOSED TAXQNOMY OF CRITICAL BARRIERS.

Pervasive Barriers
Problems with scientific reasoning
Confusing two concepts that apply to the same situation
Confusing reality with its representations
Making inappropriate associations
Retrieving malinformation

Barriers Recognized in Narrower Contexts
Invisibles and impalpables
Conservation laws: transformations and cycles
Wholes and their parts
Constructs and their measures
Scale and relativity ’

Barriers related to mathematics

32
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The next task is to test this taxonomy against.additional ‘
experience with other students in other contexts. It will also

be important to compare the inferences from such studies with

|
<
|

parallel investigations of the ways in which people reconstruct 4

their knowledge (see, for example, the transcript of K..Hammond's

\ seminar, Vol. I, pp. 100-123). We suspect, as is often the case

in the human and social sciences, thdt the interaction terms will

be moré important, or at least more informative, than the

individual factors. In this case, the relevant interactions are

likely to be among the critical barriers and the situations in

which they emerge. For a preliminary analysis of those -

situations, see the essay, on the Ecological Contexts of Critical

éarriers, elsewhere in this report.

It is our hope that we have managed to reconstruct current

views of parts of pedagogy, of the psychology of learning, and of

techniques for studying both. We further hope that the recon-

struction, if validated, may overcome a critical barrieF that

underlay decades of curriculum development. That barrier seems

to ha‘ve been that changing the content of curricula was the

principal requirement for improving learning. If the reconstruc-

tion implied by the present work is valid, it will emphasize the

need to recognize the differences between teaching (conveying

information) and learning (reconstructing knowledge). It is our.
3

conclusion that changes in curriculum may improve the packaging

of information but will not alone facilitate learning.

-
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PROBLEMS WITH MATHEMATICS

Some General Difficulties

(a) Whatever the nature of individual difficulties, most of the stugdents
in the Energy courses were not able to think of everyday situations
in quantitative terms. Mathophobia was prevalent. This term does
not mean particular difficulties in understanding subject matter,
or inability to calculate --though both problems were abundantly
evident-- but, as the term implies, being afraid of numbers. Some

[

students "turn off" almost automatically when numbers appear because
numbers create adsort of pental paralysis. There is an ;ttitude

of despair: "I cannot understand figures and I never will", even
though these students may use figures tolerably well in their

daily lives. Mathophobia is far too widespread a problem to be
.commented on in depth‘here, save to say that mathematics is looked

on as a classrooﬁ subject that is not valued or understoog as a

tool in the real world. Unfortunately, many of the so-called “realistic"
problems that students have had to confront are anything but realistic.
527 + 54 does not‘make any more Sense nor Seem any more relevant

for most peoplé when it becomes 527 oranges shared among 54 children.
Despite the fact that\thrdughout the Energy courses instructors

wyere careful to make sure that the figures in their examples were
realistic, some students felt that somehow their answers might be
Correct even if they did not make sense in everyday terms. 50
students, given a problem about the cost of cooking a turkey,

where the correct answer was 82.5¢, put down in one case $825.00

and in another $825:000.00, because the figures came out that way!




—

(b) Students in general were afraid to estimate or to round off numbers. !
They were disturbed by ball park figures which instructors frequencly/
/

used. Likewise they were dissatisfied with the results of their owq/

experiments wien the results, while of the right order of magnitude/,

/

differed from the "correct" answer. / .

{

It seems that we like to attach definite labels to ideas, to
!
fit them into specific "files". Anything that upsets this system,
that does not fit into a file, is disturbing. Thus, biologicai

/
classification is relatively easy when there is a series of distinct
/

species; it is the subspecies and hybrid swarms and other variants

that make things difficult for the biologist. Our elementa#y

|
mathematical education is generally concerned with the absglutely

/
right, so that 107986 as an answer may be right and 107987/wr0ng,

{

though in most practical situations the difference doesn'é matter
and the precision with which the data were collected pro‘ébly
doesn't justify the distinction.
The following problems, using supposedly realistic situations, are
taken from a university study*, financed with Federal funds./ They
{llustrate how impractical such examples can be:

/
Metric Units of Area

“1. The top surface of a particular wood stove is 55/88 centimeters
wide and 88.9 centimeters long. What is the arep in centimeters
of this surface?

2. A second stove is 5588 millimeters wide and 8890 millimeters long.
Find the area of the top surface of this stove. Give your answer
in square centimeters.

Metric Units of Volume /

{

1. A cord of wood is a stack 1.216 meters high, 1&216 meters wide,
and 2.432 meters long. What is the volume of/a cord of wood?
Give your answer in millimeters.

f
* A Sourcebook for the Design of a Regiond.1 Environmental Learning System.
Volume 6. Content - oriented resources. University jof Virginia, School
of Engineering and Applied Science. /
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2. A face cord of wood is a stack 1.216 meters high, .608 meters
wide, and 2.432 meters long. What is the volume of a face coxrd
of wood? Express your answer in millimeters.

3. A certain woodstove is 9 decimeters long, 3.75 decimeters wide,
and 6.75 decimeters high. What is the volume of this stove?
Give your answer in millimeters."

(Pages 110-113 of the Sourcebook)

The dimensions-are given to an implied degree of accuracy that is
obviously meaningless - the length, breadth, and height of something as
irregular as a cord of wood to the nearest millimeter, with an answer

»
required that requires the volume of some 64 cu. ft. of logs to an accuracy
smaller than an average graiq of sawdust!

Furthermore, in the first question, area is asked for in centimeters,
in the second in‘square centimeters, while volumes in the remagning three
questions are asked for in millimeters.

Another éxample:

9. Wammth. These cuttings root best at temperatures between

15.5° C and 26.7°C. Results are usually best if
the soil is warmer than the air. To obtain this 'bottom heat'

we suggest using heating elements under the soil in the
propagating case (see page 216)."'*

In this quotation the common error of implied precision occurs yet
again. The intention was to suggest a broad and noncritical temperature
range (60°-80°F). The editorq, in converting to the metric scale,
accurately transformed the figures but drastically changed the meaning.

(c) Ratios of all sorts present difficulties. Sometimes the ways

in which the term ratio is used is confusing; for example, high

gear might be 1 and Yow gear 1 but large scale maps
2000 5C
might be 1 and small scale __ 1 . Ratio and proportion
4 500 20,000

problems almost invariably confuse students. The concept is

* Nuffield Junior Science. Teachers' Guide "Plants and Animals"
SRA Collins, 1967.
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more difficult than the straightforward relationship of A = B or

A =SB or %B. "A varies with B" or "A is proportional to B" has an
uncomfortable air of indefinitemess about it. Likewise, "triangle

ABC is similar to DEF" implies that there is a vagueness inherent

in the statement and some computation to be done before the critical
answer "how big" is to be found. If the indefiniteness of the situation
is the problem, or pa}E‘of it, then it probably falls into the category
of difficulties which includes estimation, approximation, using ball
park figures, and perhaps nonlinear relationships. T1f A = 5B, one

can visualise the problem as addition - five objects equated with

one, or if A = 1/5B the same sort of visual image holds. With more
complex relationships, one cannot see the problem in terms of simple
adding-to or taking-away-from. !

There is a lack of concreteness in many ratio and proportion probiéms
which makes them hard to tackle. '"Mix 6 cups of flour, 3 sugar and
one.of butter" is an instruction that is easily followed but "mix
flour, sugar and butter in the proportions of 6, 3 ;ﬁd 1" is often
not understood, partly because there are no concrete units and it
is not obvious to many learners that the units don't matter.

A very common kind of calculation in elemertary science (as in
everyday life) is of this type: 150 ccs water dissolved 10.7 grams
of a salt. Yow much is this in terms of gms/liter? Even when illus-
trated in such everyday terms as, "a six pack of beer costs $1.20,

how much would 10 cans cost?" this poses problems. Students cannot

perform this task in terms of unitary method which, if a little

cumbersome, at least proceeds in logical, understandable steps.
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6 cans cost $1.20

So 1 can cost  $1.20

6
So 10 cans cost 126 x 10
6

Ratios and proportions turn up in man;}other situations and are a

so frequent a cau;e of confusion that we have included them as an
item in our "Matrix of Critical Barriers". One particular case,
mentioned here because of what follows later in connection with spatial
concepts, is the concept of similarity gnd in particualar of the
relations between the sides of similiar triang}es. 1f this concept
is not grasped, then the fundamentals of trigonometry and those
skills based on it, such as surveying and navigation, cannot be
thoroughly understood. .

(d) There was often a lack of a "factorial sense' so that students
failed to see the relations between, s;y, 8, 32, 64 and so carried
out needlessly lengthy calculations.

(e) A number of students had difficulty with the formal logic of, "if
1.\=BandB=Cthen A=c."

(f) The use of averages created some difficulty. How can an average family
own 1.7 cars?

(g) Perhaps related to the above, how can one define a quantity in terms
of hours if only a few minutes have been involved, for example, if
a 60W lamp burns for 25 mfﬁztes, how can you have an answer in Watt

hours?

(h) Specific difficulties apart, a number of students were slow and

uncertain in carrying out elementary arithmetical calculations,

< 3 k) .
, while fluency in mental arithmetic was very rare indeed. This is

particularly unfortunate because mental arithmetic deals with

numerals, written arithmetic with figures.

ERIC - 16y -
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(i) Conversion of degrees Celsius to degrees Fahrenhéit and vice versa.
The general difficulty is widespread and well known. However, a
number of students, struggling with these conversions, correctly
answered 100 and 180 respectively when asked, "How many steps
between freezing and boiling on the Celsius and Fahrenheit scales?"
AThen they said that each of the 180 steps would be larger than the
hundredd steps, though the total "distance covered" in each case was
the same.

While this is a purely numerical problem, it became ; spatial
problem because, in order to try to help the students, it was
represented in spatial terms; "Imagine two ladders each standing on
the same base and reaching the same height. One has 100 steps,
the other 180... Which are the larger steps?" Had this been an
isolated case it could have been overlooked as a student's momentary
lapse, but the fact that several students made the same mistakes
was surprising and interesting.

(k) Permutations, combinations, factorials. Few students realise how
rapidly the number of combinations of factors grows when only two
or three variables are combined at a few levels. So, for example,
they expect to investigate simultaneously the effect on plant growth
of half a éozen soils with as many fertilizer treatments and a like
number of lighting regimes. Serial dilution is a mystery as is its

%

mathematical basis - _1_ . 1 = 1
10 10 100.

(1) Scaling in all of its aspects is difficult whether it be trying to
get some idea of the size of an object under the microscope, the
number of yeast cells in a given amount of wine culture, or the

number of trees on a hillside. These problems seem so remote and

17y




intractable that students see no way of sampling, comparing or

estimating. Nor are they able to say that something "seems about

right" - is of the right order of magnitude.

The above examples were drawn from the "Energy" classes though most
of them we have also met elsewhere. ‘

In the teachers' courses "Size and Scale" and "Light and Color",

practically all the mathematical problems encountered were geometrical. )

Problems with Spatial Relations

Our work with "Size and Scale" and later with "Light and Color"
as topics for teachers' courses focussed attention even more sharply
on problems that we had noticed before - difficulties with spatial
relationships. Some of these difficulties are so elementary and so
basic to undecstanding shapes and dimensions in the real weorld that where
thev exist they could prové serious barriers to real understanding of
even elementary aséects of science. As so-often happens, these difficulties
are hidden; they occur in people who '"passed the course" - who were
adept enough at manipulating artificial situations to get by with
pencil and paper exercises, but who are completely lost when they have
to apply these principles in real-world situations.

Our brief was to look for examples of difficulties encountered in
learning elementary science. Many of these turned out to be due to
difficulties with mathematics, esperially with spatial concepts. An

outline of the problems of this nature that we encountered is given below;

these are factual. Our observations of the causes of these problems is
largely speculative and we are not able to support them by experimental
data, since we did not have the resources for such detailed investigations,

nor were we commissioned to carry them out. We are, however, encouraged

c 7]
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to find that our observations are supported by those of our colleagues
and by evidence from a number of sources; for example, see Soviet Studies
in the Psychology of Learning and Teaching Mathematics, Vel. V.*
While long and painstaking studies are often needed to elucidate
these problems, there is plenty of evidence from successful teaching
N of ways to curcumvent them, and we have included in this paper some
suggestions for curriculum developers about some of the failings that
we and others perceive in traditional teaching as well as some suggestions
for ways in which a more secure grasp of these fundamental concepts,
critical to the understanding of most areas of science, may be established.
When difficulties such as these are encountered so frequently and
among so many intelligent peop}e, it is uard to avoid the conclusion that

the teaching of mathematics in general and geometry in particular is far

too abstract and too far removed from the practical situations in elementary
science, geography, art, etc. which depénd on a sound grasp of spatial
relations for their understanding. The shapes and sizes of the real

world in their infinite variety become too soon abstrazted to small
pencilled triangles, rectangles and circles on a small flat picce of

paper. Does it help at all to say that the small circle on the Pdgc
represents a race track or the triangle a roof truss? Our discussions

with teachers and college students make it plain that their experiences

of geometry were too brief, too stereotyped, and too divorced from real,
practical situations.

Geometry as a science has become so formalized that for many pupils

it has become the manipulation of small flat shapes on pieces of paper. .

* Soviet Studies in the Psychology of Learning and Teaching Mathematics,
Vol. V. Editors Jeremy Kilpatrick and Tzaak Wirsup. National Council
of Teachers of Mathematics.
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It has lost much of its connection with reality and is tayght as a purely ,
deductive subject, in which the teaching of abstract principles is followed .
perhaps by a few practical examples. What is needed is a return to
eo-metry, that is to developing and understanding spatiaf relationships
in a real.three—dimensional world, and abstracting principles from that.
This is a matter not only of reality and relevance, but of scale, of
aspect and atti;ude. The real geometrical objects are seen usually much
larger or smaller than_the paper abstractions; they are seen from a

variety of aspects -- perspective is involved =- and in a variety of attitudes.

They are not always horizontal on a flat piece of paper.

GEOMETRY
We chose for our first teachers' course the topic of "Size and Scale"
in part because of our own interest in it and in part because of its
intrinsic interest and the multitude of fascinating but generally unfamiliar
consequences of size in the living and non-living worids.
Document;tion is available of class discussions and teachers'

notes, but frequently teachers' difficulties were exposed during practical

work in which one or two teachers were working informally with an investigator;
N\

in these cases we had to iely on our "mental notebooks' because for one
reason or another it was not possible Lo get a verbatim report. Usually
this was because we did not want to do anything to interfere with the
atmospher: of friendliness and trust, nor to destroy the spontaneity

of the occasion. There is, perhaps, an Uncertainty Principle which applges
here, which would suggest that any intrusive sort of recording would

disturb the situation being observed -- that is, the teachers' free

and spontaneous reactions and comments.
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We knew at the outset that many people are confused about the .
mathematics of the area of a rectai. le. There is here a failure to
link "squaring", X2 and the area of a square. The fact of X2 as a
square built up on the line X is quite surprising to many students.
Many students had never even associated the word square in its
arithmetical or algebraic context, with its geometrical meaning.
Frequently, students add length and breadth instead of multiplying.
Confusing terminology creates difficulties, too, as for example between

1

the expressions "ten miles square" and "ten square miles.'" "...when

people get confused that four miles square is four square miles.

o 3 k) ‘
Teachers commenting, David explaining

Hedi: That's incredible. It doesn't give you a clue. For miles square
or four square miles, I had no conception that that would be different...
it sounds like the same."*

Another common confusion is that between area and peéimetor. What
came as a surprise, however, was the difficulty that the teachers (who
have ‘after all, succeeded in the academic obstacle race) had with the
basic ideas of area as surface and volume as space occupied. Consequently,
our original topic was scarcely touched upon and the greater part of
a semester was taken up with establishing a secure grasp of surface and
volume and their relationship.

We found a failure to grasp the arithmetical calculation of area
as a product of two dimensions; of the two - dimensionality of area.

This was also true, incidentally, of the tLree—dimensionality of volume.
So, "i found I had the fromula for area and volume reversed." In the
case of circles and spheres, people frequently confuse 2r and r2 or 4nr

»

and &/3nr3, but the terms r, r2 and r3, if properly understood as r, r X v

* This and other shert quotations are taken from the Transcripts and the
Teachers' Notes.
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and r x r x r should give the clues to one, two and three dimensions
and so length, area and volume, respectively. Likewise the need for
two coordinates to establish a position on a surface and three for a
position in 3D space should give a clue. But these links are lacking.
A square with twice the length of side has four times, not twice,
the area. A sipifar difficulty arises with the cube law of volumes.

We are used to things that increase in linear fashion - two pounds of

butter cost twice as much as one; it takes, within reason, twice as long

. to drive 100 miles as 50, and so on. So we arec quite unprepared for

those instances of square or cube laws, in area or volume in this instance,
which do-not conform to the familiar linear progressions. Even when our
students had some experience of square law growth, after building up
larger and larger squares with wooden cubes, and so had some experience

of the effects on area (and volume) of changing linear dimensions. They
were puzzled about decreasing the side of a square or cube. So when 27 =
2 x 2 = 4 is comfortable, %2 =% x % =% is not. This held even when

"half-the-size" was marked on a cube.

This . did not mean much

Figure 1

nor did this make the situation clearer,

- Figure 2

but this ><

l 7%}d.

3
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This problem goes deepter than difficulty with area, of course, and

lies in the familiar difficulties with fractions and with the notion

N
, .

that multiplying means making something bigger; it goes against our®

intuitive feeling to multiply and end up with a smaller quantity.
Presumably what was happening here was that our students did not
visualize the divisions implied, but not concretely sho;n, in Figure 1,
and thle they saw them in Figure 2 still were puzzled by % x % = X,
while Figure 3 suggests, however, "There are 4 pieces here so each must
by % of the original." .

Even where these difficulties do not exist, the concept of area as 2
surface is limited and unsure, beyond the idea of L x B - a flgt
rectangular surface. ", ..area and surface was interesting. 1 come up with
this - area is the flat space.'  But little tho&ght is given to the

concept of;area as surface, as a property of solid bodies in the real

world. Another teacher said "I have always thought of area as a flat
t

surface. Never thought of top, bottom and sides." And, "When discussing
the area of a plece of paper does one consider both sides?" 'To find

the area of your foot trace around the bottom of it." BUT, "§p£t§£g

area includes every bit of skin - top, bottom and sides."

The repoqt* on the Second National Assessment {n Mathematics: Area
and Volume points out that, The difficulties shown by students on these
exercises seem to result from misconceptions about area rather Lhan
computational weakness," which -our observations confirm. However, Lhe

comment “"that an area question refers to the plane-filling aspect of

the region'" and the sole example of an irregular figure-as one made
&

% The Second National Assessment in Mathematics: Area and Volume, by
James J. Hirstein. The Mathematics Teacher, Vol.74,n0.9, Dec.]1981.
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up of two juined rectangles seems to suggest that those involved
continue to plough the narrow rut of formalism and that they are

little concerned with area as the surface of real objects.

Likewise the National Council of Teachers of Mathematics, in their oy
. booklet "Measurement,'* say, under the heading "What is Area?" ..."Measuring
the area %f a plane region is a matter of saying how ‘many of some standard
unit of area'measupg the region containsg.'" Rather disappointingly,
Iﬁformar Geometry (our italics) deals with area only under "The Plane and
its Properties.'* .
Confusion exists, too, in thinking about the faces of a solid body.
Many people speak of a cube as having five sides, and a four-sided pyramid ‘
as having four ~-gignoring the base in each case, since it is concealed.
This way of thinking is revealed when students are asked to draw a network '

from which the solid figure can be built. Frequently, in the case of a

cube, five faces are drawn.

What is the surface of this table?

- How many sides has it?

B

& * Topics in Mathematics for Elementary School Teachers, "Measurement'',
Booklet No.15. .

* Topics in Mathematics for Elementary School Teachers, "Informal Geometry",
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. What is the surface of this cupboard?

How many sides has it?

What is the surface of this crate?

How many sides has it?

-
-

Although there are three cuboids here (assuming the space occupied

, ) ’ .
> by a table to.be a cuboid), the perception of surface area is likely to

= be quite different in each case. "

>

A further confusion is that caused by the imprecision of our everyday

expressions of dimensions. Does, "+wice as big" mean twice the Jdinear
dimensions or twice the area? Thig led to considerable diécussion by
teachers, particularly with voldmés, because they wanted_to’construct
shapes with twice the volume Gb; qfea) as d{stincc from twice the Linear
dimensions and so came face tg face with cube and square roots. %his

confusion may cause us to be unintentionally or deliberately misled by

* graphs which represent linear relations by two-dimeusional diagrams.
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to represent twice as many houses is quite misleading for the unwary.

Compounding these difficuliies is the fact that many people have

very little practical é&perience of the units they use in their calculations;

this is perhaps an even more prevalent problem in dealing with volume and
weight tgan with area. "I grew up on a farm but I never knew what an
acre was till I marched a football field (in a marching band)." This

is not at all the same as people not knowing the definition of au acre

as 4840 squate yatds; you may have learned this, but still may have no
idea what it looks iike, as many people have little idea of a cubic yard.
The units themselves create difficulties; square inches, square miles,
square ceétimeters‘tend to force a focus on squareness which makes it
difficult to visualise areas other than those of rectangles in quantitative
terms. The acre, on the other hand, does kot have this limita%tion; it
mﬁy be any shape. A similar diffir;lty arises with measurement of
volume, for example in cubic inches, though in fluid measure we do have

<

volumetric measures that are free from any connection to a particular

\ -
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shape.* This however contributes to other difficultie$ mentioned below.
Our pevceptions can be very misleading. The founhations of a house,

out in the oper, seem pathetically small and give veryl little impression
{

of the spaciousnass of the completed structure. Distributed areas may

|
seem small compared to compact areas of similar size.j So it is

surprising that in this diagram the carpet occupies only half the

floor.

In these cases and similar ones, one has to train ones intuition at

least to the stage of recognizing that these are cases ‘where things are
, J

not what they seem. Perhaps we also need to take more account of the
way in which we perceive many shapes in everyday, life. Height§ are
often foreshortened, circles such as ponds or flower beds are seen as

ellipses, and rectangleé such as tables or floors are seen as parrallel-

ograms or trapezoids.

"A defect in the development of the spatial corcepts of
secondary-school students is their habit of using stereotypes
(stereotyped collections of geometric forms and figures that are
studied in class —- the figures are almost always situated in a
standard position). There is no variety in the positions selected
for the figures; a more diverse collection of surfaces and solids --
such as solids of rotation (the ring and others) —— {is not examined.

* Because, in our measures of capacity, we have volumetric measures which
are "dimension-free" it might be as well to teach volume before area,
especially as in everyday experience, we deal mostly with solid objects.
For pegple living in a three dimensional world the logical progression
1~ 2—>3 dimensions may not always be the best. :

18v
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The traditional school geometry course does little to promote the
development and enrichment of students' spatial imagination. Our
experimental work clearly shows the limits (thresholds) of the latter.

Students habitually think of plane geometric figures only in
the plane of the drawing, and not in arbitrary positions in space,

As a result, they cannot- apply the theorems of plane geometry to
plane figures in space, especially if the figures do not occupy
a standard position (for example, on the faces of a cube).

The teaching of ..geometry often fails to establish a vivid link
between the visual perception of an object's shape and its natural
shape. This explains why students sometimes conceive of figures as
they see them. For instance, they conceive of right angles as
oblique, of an equilateral triangle as scalene, of a sections of. a ) .
sphere as an ellipse, and so forth. Missing is any work with projective
drawings, in which the students would study the properties of geometric
figures, using representations, and would solve spatial problems."*

With these difficulties in understanding area-as-surface and lack
of familiarity with the cize of the units involved, it is not surprising
that the areas of irregular or complex shapes -- of a compound leaf or
of a radiator, for example -— are looked upon as insoluble mysteries,

of little importance or interest and beyond the capacity of ordinary

people to calculate, measure, or even estimate. "Why would anyone want

to know the area of an apple?" "Are there formulae for volumes/areas

of various shapes?" And, rather surprisingly, "How do you find the area ’
of the base of a cylinder or cone without laying it on graph paper?"

But after one of our sessions, "I became more aware of the vast area of a blue

spruce with all its needles."

PRy

How much real meaning, then, do meésures have such as bushels per acre,
kilowatts per square meter, or compo;nd units such as Langleys and R
factors have? Can there be any real feeling for processes dependent on
surfaces such as diffusion and absorption or for the morphological

developments such as villi, alveoli, or root hairs, which facilitate

¢ these processes in living organisms?, for the minute structure of the

hd ]

% Soviet Studies in the Psychology of Learning and Teaching Mathematics.
. p.35.
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cell or chlqroplast, or even the fins on a heat exchanger? Phenomena
such as absorption, evaporatiun, surface tension, and diffusion, cannot
be appreciated without a feeling for the surfaces involved, nor can the
power of a concept such as the inverse square law of electromagnetic radiation.

If areas as surfaces are not clearly understood, perhaps it is not
surprising to find that with cross-sectional areas the difficulty is
compounded, for the areas here are hidden. So it is not at allaclear
that strength of a column, a girder, or a rope is proportional to the
cross-sectional area and how its area will vary with the square of the
linear dimensions.

Our intuitive ideas of size are usually comparative, soO we speak
of a big dog or a little horse, knowing that in spite of the adjective
the former is smaller than the latter: it is big only ir comparison
with other members of its class. In making such statements of bigness
or smallness we seldom have specific dimensions in mind. When a specific
size is used, it is seldom used in terms of the integrative units of area
or volume. We use length, breadth and height because they give more
information. If we need to cover a 9' x 12' space, then that is the
size and shapé that is nezeded, and though we may pay for 12 sq. yds.,
to specify just that area will not do; it might bk the wrong shape.
Similarly, though we may buy a 20 cubic foot freezer, we have to know
whether it will "go in" - how long it is, how wide and how high. In
judging how much it will hold, we are probably guided more‘by length,
breadfg and height than by any visualising of a number of cubic feet.

We have, perhaps, a better ﬁotion of capacity in terms of piuts or
gallons, though it is difficult to visualize these in terms of cubic

inches; with larger containers, however, dimensions again are our guide.
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One does not think of 55 separate gallons in a 55 gallon drum -- it is
about 3 feet high by 18" agross. And only a ventilating engineer would
want to know that a 12 x 10 X 8 room has a volume of 960 cubic feet!
We live our everyday lives in a world of linear dimensions; when we depart
from these ‘it is mainly to deal wiéh materials which, from their irregularity -
of shape, will not gubmit to this mode of measurement: water, flour, wine,
etc.
Clearly, the teaching of area in our schools is too limited, too
congtructed, and too abstract. It is doé&natéd by the rectangle and by

the number of unit squares it will contain; it is L x B.- Any development

of this tends to be to make the computation more difficult, which is likely

B

T8

emphasis on numbers, on abstractions rather than on physical realities.

It seems that in school the-concept of area is made to fit the units of

measureTenglﬁpstead of the reverse; What 1is needeg is an extended and

varied concept of area which includes spread, extension, coverage, and
B

surface. A box of dried peas or beans can be spread out. What space .

-

does it occupy? What does the space look like when it is manipulated to
make a circle, a triangle, a square, a rhombus, a horse? Work with

geometrical tiles,* triangles, hexagons;'and even circles, will help

to give feeling for coverage independent of squares. Peeling an orange,

an apple, a banana, a potato extends the idea of surface to solid, non-

rectilinear figures. Wé live, within the ordinary limits of human experiencce,’

on a flat earth and even a round-the-world trip does little to dispel this
perception. Early plans.and maps —-- of classroom, the school,”the town --

conform to the idea of flatness and serve well to guide us in direction, .

distance, and area, but how many people really understand the distortions

* See A Pentagon Paper by Barry Kluger and Jane Richtmyer. "Qutlook"
Magazine, No.l4, pp.3-9.
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of area in the familiar Mercator Projection maps? Or the reason why
those lines marking shibping and airline routes move in great arcs instead
of taking the direct (on flat papex) route? "How is a globe made into
a map? 1 don't know if they calculate areas or wﬂat?g ‘

An important aspect of téaching about area and surface in this way
is the link with ordinary experiemcer If area is something that has to
do only,with flat pieces of paper in the classroom, then the rich experience
outside of school will not be used to complement and extend the.concept.
The &any hours, extending over weeks that our teachers spent struggling
to master area and volume confirm the woeful gap between formal education
ané reality in the realm of number and measurement. What does it matter
if, initially at least, Jne cannot attach precise figures? Dressmaking
is very much a matéer of surface area; so in a different way is wrapping
a parcg}n covering a pie with pastry, applying fertilizer to a 1awiL;¢/,///,
papering a wall or painting a door.

As with the problem of understanding the two-dimensionality of surface,
there are problems for some people in grasping the three-dimensionality
of volume, and hence in grasping the X3 in formulae for v;lume. Linked
to this is a failure tc see volumes of solids, liquids, and powders as
of the same nature - that is, as the "quantity of stuff," or "space
occugied.J So measures of capacity such as pints, bushels, even cubic
centimeters, are regarded as qualitatively distinct from volume measures
such as cubic inches. The measurement of rainfall in inches adds another
dimension of difficulty, and even those who grasp the nature of this
measuremenc often fail to link this with a volume of water in gallons
or a weight in, say, tons. ‘

Most people have a reasonable jdea of capacity measures such as
. .

v
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pints, quarts and gallons from their experience of buying milk, etc. but

_volumes measured in cubic units are a mystery. "I have a poor conception

of what a cubic yard of sand or soil is." This is another example of
the unfamiliarity with measures that are known in the abstract, but not
in concrete situationsn This difficulty extends to the nature of the
shapes of solid objectg. "I had so much trouble with solid geometry

in high school and I don't think I ever handled a cone, sphere, etc.

They were always drawings."

The idea of an object displacing an equal volume of water when it is
totally sugmerged should not present difficulties and the fact that changing
the shape of the object, for example, a plasticene figure, does not alter
the volume is easily demonstrated. However, conservation of volume is
nét as secure as one might expect, even with such experienced teachers
as those with whom we worked. 'Does the volume of any object change
when the object, a ball or a submarine, sinks below the surface% Maybe
it doesn't displace more water." There are problems, too, with pore N
space. We may speak of a cubic foot of soil, easily measured, and still
add a quantity of water without changing the overall volume. Similarly
with the question, "What is the volume of a sponge?"

Some measure ;f the uncertainty that can exist is illustrated by
the questions, "You do measure volume in square feet, don't you?" (in
connection with the volume of rock eroded from a canyon), and "Can you

have a cubic gram" (in connection with the volume of water used in taking

a bath). Several students, given a practical problem of finding out how

much hot water they used could not find the volume of a bathtub "because

e

it isn't a rectangle" even though the average bathtub is a very good

approximation of a cuboid. Just as students are afraid to approximace

185
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or use bqll park figures, so they do not approximate figures, either two
dimensional ot solid. The process is rather more complicated here because,
though it may involve squaring off or paring down, it may also involve

P
analysis into component manageable shapes and the addition of these:

or its 3D analogue . . .

e
——
—
——
-
P

The fact that a cubic centimeter of water weighs a gram, so convcaient
when one has become familiar with ir, is a frequent cause of confusion

to the uninitiated.

As with area, there is great difficulty in understanding the effects

of increasing the size of a figure. It comes as a very great surprise

that doubling the linear dimensions increases the volume eight times (2 x 2 X 2).
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"We were surprised that a 2" pyramid took one container (of salt) and a
' fThis was after work using wooden blocks to
build up cubes of various sizes to establish the cube law of growth.
Even when the cﬁbe law has been established with cubes, there is no
recognition that all solids will grow similarly by a cube law. Perhaps
a basic problem here is that in most everyday relationships we deal with
linear growth rates, and thus non-linear relationships are unfamiliar
and difficult. "I wonder why I have so little visual intuitive understanding
of the growth of area and volume?" ‘

Imprecise language is sometimes a difficulty, and "tgice the linear
dimensions" or "twice the length of side" were often equated with "twice
as big." "One of the problems with area, volume, and mass is to come
up with a precise definition." Our students repeatedly asked about
constructing a figure "twice the area" or "twice the volume" of a given
figure: they were in fact ready to get involved with square and cube
roots but were not expecting anytﬁing so complex.

N 1. Lobachevskii, in his textbook of geometry, wrote about the two

relationships in which we find ourselves in relation to space - that in which

we are surrounded by space and must find our position in it and that in

which we are external to the object occupying space and look upon it —-

' Qur observations of teachers’

"myself within'" and "myself looking uypon.'
difficulties with area and volume and other problems such as projections

mentioned later suggest that formal math and science teaching frequently’
fails to give students a sufficient fluency in dealing with two and three
dimensions, either of "space occupied" or “position in space.”

in this latter connection, the construction of graphs does not,

as is sometimes assumed, always establish tihe notion of Cartesian Coordinates

‘ 187y




as determining position. .Students seem to think only of number or

quantity in this cognection; the link with latitude and longitude, or

map grid rveferences, or even games such as Battleships, is not made.

VOLUME /WEIGHT Perhaps rather surprisingly, the constancy of the volume /weight
¢ RELATIONS o
‘ relationship in uniform materialq was not always realized. It was not

absolutely clear that if one puts twice the volume of, say, clay on a

A

balance it will weigh tﬁice as much. "I'm not clear at all on the

relationship of weight, volume and surface." "What is volume? It is

the amount of space occupied. What is mass? It is the absolute determining
K
quantity of matter. I'm not sure that definition makes sense to me."

Weight and volume sometimes seem to be the same, but not necessarily.

N
' David: You mean the same stuff? You mean that if you are only

dealing with water or only with potatoes? Then twice the
one, is twice the other? But I agree, it is very easy
to ...

Sally: Twice as much water wouldn't weigh the same as twice as
much potatoes?

Voice: If you increase the volume of water by twice, then the weight
would increase twice as much, too?

With these uncertainties it is not surprising that the concept of
density is difficult for so many people and that dependent notions of
floating and sinking, or convection are even more so. /nd if density
is such a vague notion, relative density adds a further degree of confusion.
"Relative density means that you must always be comparing something. I
never knew that." Some of our everyday descriptive terms do not help.

Cream floats on milk and so must be lighter, yet we speak of "heavy
‘ . cream" and of "heavy o0il" and other substances where "heavy" and "light"

2

- have to do with zonsistency and not weight.

The difficulty with the volume/weight relationébip reappears when
it is suggested that with a material of more or less uniform thickness

area is proporﬁioned to weight, so that one can find areas by weighing.

eic o 188
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"It was fun to find out that you could find the area (of an orange) by

weighing the peeling." Even then some did not at first understand why

)

it was necessary to compare the weight of the whole peel with that of

.
-
-

a unit area of-.peel.

- SURFACE/ The unfamiliarity, in everyday situations, of thinking of arca as
VOLUME ° . . .
- RELATIONS  surface and therefore as' the property of an object (be-it as large as the

earth or as small as a pin) means that the very idea of a surface-to-volume

ratio comes as something quite new. That this ratio should change with

altered dimensions even though theighape remains constant is a great
F

L -
puzzle. "As the volume increases the surface-to-volume decreases. 1

don't know why this should be clearer (after practical measurements)
but it is."

The effect of shape‘on surface-éb—volume relations is easy enough
for people to undergtand once it is pointed out, but the ideg doesn't
seem to have occurred to,mést people until their attention is directed

: to it. Then examples come quickly enough. '"Oh, when you take a ball of
dough and roll it out into a tortilla": "Stretching a clay cube into a
different shape doesn't affect the.water displaced. ' T éuess the volume

remains the same but the surface area changes,'" and, reaching towards a

more sophisticated concept, "Is the reason that a large drop of water is
* ?
. less round because its suﬁface/volume is less?" The connection between

critical barriers and the history of science, dealt with elsewhere (see

Abe Flexor ) Seems to apply here; the consequences of “varying surface-

. < .

to-volume ratios received little atteantion from scientists> until relatively

v

recently when biologists such as D' Arcy Thompson and Julian Huxley wrote

about it.* 1In elementary science and mathematics “it is rarely touched upon.

* D'Arcy Wentworth Thompson, "On Growth and Form", Cambridge University Press.

* Julian Huxley,"The Size of Living Things", Outdook, No.l3, Autumn ]974.Q

s :
. . t
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There seems to be a duality in the problem associated with understanding

how surface-to-volume ratios vary with increasing size. First there is

0

the unfamillarity with the amount by which area and volume increase with

*
»

linéar diméﬁsiohs - that is, the surprisingly rapid growth, particularly
v _ . .

of volume as a physical quality: twice the length, eight times the "size"

and, allied to this, the non-linear growth of the numbers that appear
&

~ [

as measurements are made and calculations carried out. Second, there
are different rates of change - linear, square law and cube law -- in
growth of edges, surfaces and volumes with the changing ratio between °

them. The properties of similar geometrical figures are looked on as

invariant, all cubes have so many faces, edges, right angles, so how can

any relations between'-these change? . - ) V_T/Af‘\
"Today we worked -with volume and area.
How many faces are on a cube? .
We looked at 1 cube. .

Volume 1 - ©6 area. .
What is the next larger cube? %

1 2 3 <4 5 6 -
vor. 1% 2% 2 3P 4P shks 676
Vol. 1 8 27 64 125+ 216
Area 6 24 54 96 150 216
s ) (16x6) (25x6) (36x6)
.5 16 27 ° 32 - 25 0
Difference . s
between 2 2 9 !
‘area and vol. 7°x7 8°x8 97°x9
Vol. 343 512 729
Area 294 384 486 N
-49 -128 =243

"Marsha and I looked for a set number relationship throughout.
I found that the same number relationship does not exist with next
larger cube. ’

Marsha and I tried to find some set ratio between the difference
of vol. and area for each cube.

The area starts out being much greater than volumé."

In investigatipg these relationships, numbers can cloud the visualization |

of the physical properties, so "Areagstarts out being much greater than

volume," "As volume gets bigger area gets smaller." However, it is not
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difficult to devise simple experiments to show the importance of the ratio

3 £} £} ) s
of surface to volume in practical situations; for example, 'Cooling
LN water in various shaped coatainers and relating it to surface/volume

was stimulating."

~ o . ———

Since this ratio is of such enormous consequence in explaining so
many asﬁects of the form and function of living organisms, and so many‘
phyéical phenomena -~ the shape of water drops, the rise of liquid in
capil}ary tubes, cooking times, ice melting times -~ failure to grasp
it ‘may indeed be a critical barriec tc one of the great integrating
themes of science. ;

Problems with surface and volume occur in everyday situations. A
sheet of paper is thought of as "all surface and no volume" ~- it has
length and breadth but 'no obvious thickness; one cannot see an edge to

A}

be measured. Students‘are frequently baffled when asked to measure the
thicﬁness‘gf“a sheet of ?aper, even though the thigkness and volume of
' a ream of paper or a book are oObvious. A gallon of paint has obvious
bulk, but when it is apylied it seems to be "all surface." '"How many
- cubic yards of gravel a}e nceded to cover the driveway with a layer threé
f;éﬂes thick?" is a similar problem that many people find difficult to
tackle, short of buying the gravel and seeing how far it spreads. This

problem is similar to those with the ball of dough and tortilla as well

as to the situations mebtioned above. If you take a bulk of material
. i

and spread it out, whatlwill it look like? How far will it spread? If
]

it is to be of a particular thickness, what area will it cover? At least

L]

v one of our teachers mentioned having encountered this situation: What

)

would a "yard" of gravél look like? How big a job would it be to spread

it? What area would it cover to the required depth? How thin, then, e

e Ty
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can a layer of matter be made; 'Nhat is the practical limit? The

familiar exp;riment of putting a drop of oil of known volume on water,
ailowing it to spread and measuring the area gives a sorface of large
area, but one that is only about one molecule thick. At a more.elementary

level, to fill volumetric measures with rice or beans and then spread

0

them out in an even layer gives a feeling for amount of material in its
~

v

bulk form and as a surface cover.

Problems with learning about volume are somewhat similar to tho&e
°with area in that the basic concept, in this case space occupied, 1is*
not clearly understood. When it is dealt with, it tends to be ooly
within a realm of shapes d1ctated by the units used scuh, as “cubic 1ncheq,
so that volume in these terms is limited to rigid bodies which are roughly

cuboids. But in the case of volume there is the complicating fattor of

' -

a totally differont set of measures for substances whose shaoe is that
of the container, be they pints oﬁ milk, cups of sugar, or gallons of

paint. To make things more confusing our measures -- the cups and gallons --

LY

are almost invariably roughly cylindrical. More illogical yet, when we

deal with even more tenuous substances such as natural gas we reveyt to
cubic measure! . . . .
by L]

A great deal more practical experience, at all levels of schoo'ling_2

is needed by most people:

(a) in observing and manipulating objects and materials to get a
. clearer idea of ''space: occupied."
(b) in interconverting measurements im terms of capacity and cubic

\ . S '
measure, for example, constructing cardboard cubes of various sizes

and filling them with sand or rice and comparing them with cups, pints,

.- N

etc.

/
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(c) in establishing the proportionality between space occupied and
weight 6r mass .with any given material. ‘

(d)'in becoming familiar with the varying weights of constant volumes
of dissimila} materials and conversely the varying volumes of

constant weights, so that the idea of density as "amount of stuff"

A )
*

is clearly established.

. ‘ Capacity \\&\\\\\\
) : //,/’////// Displacement -

Surface — - Volume Weight

(cu.in.,ccs.,etc.) _

Area of faces Density

\ 2

Linear Dimensions.

Ideally, an intuitive network of ideas such as that indicated in

the above diagram would be developed concurrently and not sequentially

as isolated topics. More formal understanding of each topic could develop
late;. As it is, the dictum of "teash one thing at a time" ié'so dominuant
that in attempting to remove‘the difficulties of complexity we create
new sets of problems. '

Would our teachers have reached a better understanding if early .,
their schooling they had been given experiences such at these:

-- Take a brick (ideally one without holes or keys such as a "paver");

& *

-~ Measure length, breadth, height;

.

-~ Wrap it in paper to make a parcel. Use the smallest piece of paper to

-

do the job properly;

-

-- There will be some overlap of paper. Try to cut out overlapping

pieces so that there is a single layer;

ERIC . | 193 ,
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.How maay times heavier?
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Cover all sides with 1" (cm) tiles. How many are needed?

Cut out pieces of paper or card for each side. Assemble them
to cover the brick. Compare witﬁ the original cover.

Find out how many ways these can be joined into a single piece

y 1
%

and still cover the brick. .

Make a box with a lid from these pieces. How much saﬂh does,if

hold in cu.in. (cubic centimeters), pints, etc.?

How many 1" (1 cm) cubes to cover one of -the paper faces?

How many layers to build a full-scale model brick?

Repeat~£he above startiﬁg with dif ferent faces.

What is the total number of cubes used in each case?

How much does the brick weigh?

How much water is displaced whgy it is ﬁut in water? (A displacement
can be made from a bucket with ; piece of pipe iﬁserted in the side)

\
How many pints, etc. of water .are displaced?

How many cubic inches?

»

How much heavier is the brick than the water displaced?
How many cubic inches, pints, of water weighs as much as the brick?
How dogs this compare with the, volume of the brick?
How much does the block of wood (identical in dimensions to the
\
brick) weigh?
How deep do;s it float?
How much water does it displacé?
How much of its volume is below the surface?
How does the volume apd w;ight of the displaced water compare

with that of the wood?
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-
-- How heavy "a cargo" can the wood carry and still remain afloat?
What happens as it is loaded? How much water is displaced? What
does it weigh?
$
-- How does this compare with tﬁé combined weight of ship and cargo?
All this should be carried out with plenty of time to watch, to
ppzzle, to reflect, to experiment, to compare.
Siqce area and volume were the topics of principle concern in the
Size and Scale course, there is adequate documentatiori of them in Vols. IT
and—III., In Ehe Light and Color course the mathematical difficulties
that arose were incidental to the main purpose of the course, the

¢

understandingiéf light. So the documentation does not adequately record

_the nature of‘these difficplties, which usually arose when the class had

split up into small groups working independently, with the investigatofs

circulating among them. The record which follows is based largely on

personai recollections of the inye;tigators. )
Shadows, %ike many other things around us, are often seen but seldom

observed. They are rerely deep enough to obsche totally the suiface

they cover, so one tends to see through them to the surface itself.

Shadows as lack-of-light, and the geometry of Eh;ir appearance as obstructions

of a beam of light, came as a surprise, even to people conscious 1in a

vague way that they lay in a direction opposite the source of light.

This matter arose first when three projectors with célored filters were

being used to observe additive color mixing. A number of colored shadows

were produced:. But shadows are black; how can they be colored? Even

when the situation was simplified with only ?ed and white light used,

so that rved and black shadows were cast, there was the greatest difficulty

in analysing the situation to see which beam of light was: responsible

for which shadow. :

K}
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Even a“black and white slide projected in the familiar way was
not recognized as~a mosaic of transparent areas allowing light to pass
‘and darker areas obstructing the pass;ge of light to a greater or lesser
extent, and so casting shadows. ‘

The fundamental scientific problem in all this is the féiluré to
think of light as traveling, being projected outwards from its source
like a high powered jet of water or a stream of machine gun bulléts.

If one were in the path of water or bullets it Yould be possible to seek
shelter behind some solid object; one would ﬁé in its sﬁadow. Only -
when-light and shadow‘were explained in such.concrete terms were all thg
teachers happy with the idea of shadow as the absence oftlight - of

light rays being prpjected outward in straight lines and having tggir
patﬂ obstructed. Once that realization was achieved, there still reﬁained
the geometrical difficulties, first of all, the parallel nature pf the
sun's rays and second, the divergent rays of a projector. Students found
it difficult to visualise the ‘light from a slide projectbr forming ;
cone or a long narrow pyramid. That the image is inherent throughout

the length of this was also not realised, the common conception being
that it somehow materialized on a screen put in the path of lighbt.

Teachers also found it difficult to predict the effect on’ the shape
of shadows when the screen was oblique ‘to the projector, though this
gccurs often enough in the real world -- shadows in sunlight are almost
always oblique. Hence, the difficulty people have in‘producing a round
shadow from say a handball, when asked to do so in sunlight. Only after
a period of trial do most people realizelthat they need a surface normal
to the path of sunlighF.

Difficulty is encountered in visualizing the shadow that will be

cast by a solid object, even a simple shape. So, when asked to make a
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rectangular shadow in sunlight with a coffee can, one teacher said "You
can't make a square shadow with a round object." This belief is quite

common.

String models do not seem to help very much. When a demonstration
. was set up to predict the shape of a shadow using string to suggest the
path of light rays from the projector, past the edge of the shadow-casting

obstruction, onto the screen, the teachers were not at all convinced

‘o

of the connection between this and the shadow that would be cast when

the light was switched on, since they still had not thought of light

travelling. i -

The most important consequence of these difficulties may be that
some people do not understand cross .sections whlch are used So freelyc

in our teachlng.. If you "cdn't make a square shadow w1th a round coffee

N

can', what meaning does a vertical section of the can, shown as a rectangle,

<

have? More is said about. this later.

Projection, in the sense of extension of an existing line or plane,

albeit an imaginery ome, caused difficulty, too; though the concept of

the equator is familiar enough and well understood, for example, the

jdea of its projection outwards to form the celestial equator troubled

N

students. \

Everyone is familiar enough with the jidea of an angle, yet working with

mirrors, we found that concept to be somewhat limited in some students.

N

An angle is something you look into; it is a corner. So students were

quick to grasp the '"kaleidoscope principal" when we were working with

hinged mirrors, and to use these mirrors to find the connection between
Y .

the number of images and the angle between the mirrors. When, however,

they had to use angles as projections outwards they were in difficulty -
<]

in predicting where a ray of light would have to strike a mirror to be

LRIC 1
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- <
reflected in a certain direction, in thinking about perspective, and above

all in estimating where images would appear in a mirror. But in the
latter case, while they could not estimate equal angles of incidence and
reflection, there was mo difficulty when the problem was transposed to

a drawing of a pool table, with the problem of "putting the ball off the

PN
»

cushion." Yet it is just the concept of angles in connection with

projections,that is so important in spryeying, astronomical measurement,

photography, geometrical opgics,.etc. . -
The concept of angles with.the observer at the apex, with the angle

projecting outwérds, of arigles as a divergence from a point, was not‘well

grasped, nor was that of an angle as_a turning about an axis. If this

is the case, then the discomfort over angles greater than 180° becomes

S, more understandable. The difficulty of visuélizing angles in space,
1n this case the direction of light beams from two projectors, seemed
to be the underlying difficulty in analyzing “%the situation of the colored
shadows. The explanation of the umbra and penumbra raises similar difficulties.
The apparatus, shown on the following page, was uéed to help students
Qisualize thg'paih of light rays through a pinhole, but even then they
were not convinced when a rod was used to simulate the path of light rayéq_
0n1§ when hoie; were punched in the "object" card outlining the "F" so that
a light coulé be shone through them and marked on the "image" card did
_the geometry become clear. i
Two questions which arose were: "Why w;s the F enlarged?" and "Why
was the F upside down", which suggests that not only are abstract angles
not understood, but that even in concrete systems Su.. as levers, balances,

auxanometers and instrument pointers the angles are not understood. This

means that the idea of similar triangles soO much used in)measurement,
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and the three basic trigonometrical ratios, is uncertain in such dynamic
situations.

1
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’ OBJECT PINHOLE IMAGE

In the standard geometry course a great deal of attentjon is given

to congruent triangles and relatively little to similarity, yet it is

fhe latter concept that is the more useful in its application. The

c&ncept of similarity is difficult to grasp. Ideas of identity,‘and of*
equality seem to be quite straightforward to most people; ideas of
proportionality, in contrast, are very dif ficult.

The idea of similar triangles crops up in such situations as height-
finding by the sh;dow method, optical.levers su;h as the reflecting

galvanometer, and levers of the second and third orders, in which there

. N . . x N oy
is a common angle hetween superimposed triangles, range finding,

1949
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trigonometry, etc. The idea of similar triangles crops up more frequently
[
when‘the similarity depends on vertically opposite angles, as for example,

in levers of the first order, in estimating the diameter of the sun from

the penumbra, and similar situations, particularly those in geometrical
Sbtics involving s;ch phenomena as the pinhole. Here, point-to-point
similarity based on E;iangles leads on to the wider case of similarity
of other shapes in object and image, to the reversal of‘images, to
magnification or dim;nution of images, to projection, etc. These

hd 3 3 : Ad 3 K] 3 ) 3 s 3
are static situations. Dynamic situations involving similar triangles
arise, as mentionéd above, with equal and unequal arm balances, and ,
r3 . *

with magnifying pointers such as instrument pointers and auxanometers. .

Here we have triangles in which the third side is imaginery.
- g

.

While similarity has a wide range of application in the case of similar

- triangles, the mbre;general case of similarity as sameness of shape across
the whole gamut of shapes, both plane and solid, needs to béd developed,

~ pechaps'in connection with the idea of maghification. The enlarging

>

(or diminishing) lens changes apparent size but leaves. the shape unchanged;

A n -

the image and object are similar figures. Perhaps ideas of similarity in

~,

plane figures ﬁight bg‘deveioped by¢projecting slides of them, and tracing .,

( 4 round the images formed at various distances. 1If this were done on péper s
Fhelfigures could be superimposed so tﬁat identity of.angles and propor-
tionality of sides could be established pFacgically. l

SYMMETRY The problem that some students encountered with the magnification

and inversion of the letter "F" when traced by rods &f}ough a."pinhole"
indicated a lack of feeling for symmetry or balance. This is an idea
inherent in most work with geometrical optics -- that a straight rod
balanced on a fulcrum, in this case the pinhole, will trace out, as it

® is moved, precisely the same shape on the other side as on the side

.

that is moved. This image may be larger or smaller in the ratio of the .

-

| Uy
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two arms; it will be magnified or reduced,
PERSPECTIVE Everybody knows that distant things appear smaller. But students

did not use this knowledge when trying to understand the mirror image

-

- R of the room in which they were working. They could not perceive the

-

depth of the image, since they appeared to see distant objéttg‘as they

¢

knew them to be and not as they really appeared. (nly when it was

pointed out that the actual image was “a great deal smaller could they

relate the diminished image to, perspective, that is, to distance, and

v
. -

so accept the.depth of the mirror image. Teachexts have told us of instances

where young children watching a playmate walk away saw her, get smaller
and agair get bigger on the return and asked if she "felt different.”
While adults would not make th;t mistake, they are often uncertain about
some aspects of~perspective. They do, however, make the opposite error
when their experience of the real size of objects overrides their
perc;ptidﬁ of thefapparent size. Angular distances and the artist's

’ method of measuring the éppareqﬁ sizes of distant objects are unfamiliar.

. Parallax is dittle understood.

Here again we meet the problem that in the real world we seldom <.
. see shapes as they are; tall objects &re foreshortened, circles are seen

as ellipses, rectangles as parallograms or trapezoids, and so cn. We

7’

4 do not see the faces of a cube as six squares but, more probably, as

.

[

three rhombuses.
SECTIONS The difficulties encountered.with shadows and projections suggest
another category of problems which we have not specifically investigated'
but which do canse a great many problems, that of diagrams, anﬂ.particularly
sections. Almost every one of a large class of students in the Energy

course objected to the suggestion that the amount of sunlight striking
‘ Uy
o ,

ERIC. . , ' | 7

Aruitoxt provided by Eic:
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the earth would be proportional to the cross-section of the earth and not

.« .

of the hemisphere facing the sun. This was not another case of the

-

.

“can't do's" being in difficuity again for even"the more mathematically
competent students were vocificerous in their disagreement. This appearé

to be a difficulty’in the shadowjprojection/section area. Most science

-~

< <.
and math teachers rely heavily on diagrams to explain their work, but

these are often not understood and are frequeﬁtly misleading; they
probably fall into the category pf barriers which we have labelled as
pedagogenic - those which are the cesult of teaching, not necessarily .

e

of poor teaching, but teaching that is unaware, lacking in a conscious

effort to undgrstand and forestall the difficulties of%the learner.
Sometimes a\concept that is grasped v;rbally.is confused by a
diagrah. This may occur because tpe diagram adds extraneous detail
that clouds the issue. But sections, which are used so freely, create
difficulties of their own. Geographers have difficulty in getting

< ° .
students to read contours; they may be able to define what a contour
-

is, and even follow the procedure for drawing a map section, without

" having any,clear vision of the real-world, three-dimensional shapes

-

involved. Biologists complain that their students cannot build up a
three-dimensional picture from serial sections. llow many people can say

what shape is obtained by cutting a corner off a cube or a slice off a

.
(‘

sphere? How much confusion, then, is generated when we draw a squate

section of a round coffee can for people who believe that you can't
make a square shadow with a round can? And how meaningful are caleulations

about relative strengths of beams,dependent on Cross sectioral areas,

when ideas of sections are so vague.

QU2
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DIAGRAMS Difficulties that are caused by the use of sections are one class
“UPEDAGOGENLC" of a larger group of difficulties caused by diagrams, a group which itself
PROBLEMS
is part of the category of difficulties which we have labelled "pedagogenic."
Of these a common one is the representation of AC current or electro-
N (\\
magnetic waves as sine waves when it is not made absolutelyaclear to

A

\ . . & .
students that these are graphical representations of variations in something

|
4
which we may call amplitude, plotted against time, and not physical shaées.
< .,
The word "oscillation" does not convey this wrong impression, but a diagram

does.,

Diagrams similar to this:

1
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can create misundetrstandings which verbal descriptions do not. "Short
wave solar -radiation is absorbed by- the surface of the earth and re-

radiated as long wave radiation" is pretty unambiguous. The diagram,

.

*presumably, is responsible for statemeunts such as "short wave radiation
¢ ¢ ) -
is reflected back as long waves." .

Herbert Lin* discusses.difficulties caused by drawings, for example:

. N : .
"5 2] - Literal Interpretation: of Schematic Drawing .

A picture provides a schematic representation of a physical
situation = it offers qualitative information ,about the ®patial
relatidnships in the problem. Therefore, Quantitative irregug
larities in the picture itself are assumed to be insignificant
in the same way that a stick figure merely represents a person,
and is not meant to dépict a person who really looks like the
stick figure. N

This type of abstraction causes difficulties for some students,
who will misinterpret certain perceptual aspects of the picture
(often hand drawn). To the picture's artist, these perceptual
aspects are often irrelevant (e.g., he does not -care about the
length of the side of the cube he has drawn, or that the block
is not perfectly square.). However, the perceptual image is so-
compelling that the student may mistakenly ascribe physical
significance € these aspects. ‘

Example 5.2.1.a

A student came in for help on the following problem:

~

~

Mass mg = 10 hg shdes on 3 smodth lahle. The

coaflicients of static and kinehe frichion between niy and
the mass m) = Shgare B = 0.6 and y, = 0.4, Whai is
the reanimum acccleration of ml'.'. v

2
l . ("\,'. ((‘“3 g e

()}

L,

LN
Ll

T drew by hand the picture below, .and asked him to describe
what would happen if he had the siﬁﬁgtion posed by the probiem:

. -~ T

S$: 1I'm confused... you can't do it.
H: Why not? “
S: Because the blocks will fall over."

44 .

e

* Herbert Lin,dProblgm Solving in Introductory Physics: Demons and
Difficulties, Research Paper, MIT, 1979.

2

204




n AN =41~ C T F

<

The stereotyped diagrams used in formal geometry lead to very
Q o N
limited conceptions of some figures and relationships. Tor examjlec .
* . T N M O‘\'
& ¢ triangles are almost always shown like this, '
[ A
b}
. ¥
- o
’ 3 v
1 1
. §
. s . . N

hardly ever like this,

-

almost never like this,

»

though this latter is the sort of shape that occurs frequently in real
: ¢

life situations such as surveying and astronomical measurements.

¢

”
P

ERIC | | -/
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There are connections, which the diagrams below attempt to indicate,
between various of these geometrical topics. Many are obvious, but some,

such as the suggested links between ideas of projection and shadows and

between these and sections, have not been sufficiently investigated, if

1

indeed they have been studied at all. But these links are more likely

3 -

.to become apparent in practical situations than in formal studies, where

usually we are trying to abstract principles from the complexity of the

redl world rather than using that complexity to link concepts. So, in

.

* using a slide projector to project an image, if one is interested in

the process and not only the image itself, one is involved in ideas of

projection -- of light travelling in straight lines, of shadows as the

ab%ence of light; of the geometry of the beam of light as a long narrow
i -

cohe or pyramid;»oﬁ the divergent angle of the beam; of the squére law

iJvolved in the increasing area of the image as the projector is moved-

}
b%ck and the inverse square law as the same amount of light covers an
i

ever larger area; and of the idea of sections if the beam is intercepted

|
at various angles by a sheet or card. .
& y ‘ N (see Diagram B)

Serial sections Contours Area

{
Problems with ///ﬁ"”””f””""/”’4””’) Mapping
Diagrams in ___ gections e—— Shadows’ |
General : ‘ .
\ o Similarity

Projections’ e e o e o m e
Magnification
’ -Angles Perspective
Solids of l
Symmety
Rotation ym y
. . Mirror
Vision

DIAGRAM A
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~ Mapping
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rojections N \\\ j Position and coordinates

AN

v N
Similarity

DIAGRAM B

One wonders how many teachers using a slide projector think of this
group of.connecped ideas, either in connection with the light itself or
the spatial rel;tions involved. ﬁut they have all presumably learped
about such thidgs in thedr mathemgtics education. The question is whether
in a practical teaching situation one might not have a better'grasp of

these concepts and their relationships if some of the geometry were learned

from the real world situation, instead of being learned as a set of
abstractions to be applied (perhaps) to the real situation. This suggests
two radical departures from established’praétice: 1) to move from the

complex to the simple, and 2) to teach in an "anastomotic"* rather than

a linear style.

% From the branching network of conducting elements often found in living '
tissues, especially higher plants, which provides a redundancy of connec—
tions so that if one channel is interrupted, alternate pathways are
available. In an educational sense this means that if important concepts. -
are approached through a variety of examples and experience, a "blockage"
in one of these will not inhibit subsequent stages of learning and
furthermore, the knowledge will be more securély established having
been reinforced by the multiple access.

_U7
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As another example of this style of teaching, take the simple
.measurement of shadow length of a vertical stick in sunshine. Over
time this will tell one a great deal about the apparent movement of
the sun, éf the direction of its rising and setting, of due south and
“solar noon, of'la;itqde and longitude, and of the seasonal-changes in
solar attitude. By comparing the relationships between the height of

various objects and the shadow lengths at a given time, one finds that

one has a series of similar triangles; by simple scale drawing it is

possible to find the unknown height—of-an—inaccessible object from the

known height of an.acﬁgssible object. Further, if the exexgise is carried
out with a number of sticks of known height and the ratios of their height
to the shadow length at a\given time is calculated,_the results are
constant, giving the tangent of the angle of elevation of the sun. By
repeatlng the exercise at various times of day it is easy torproduce

a Slmple tangent table, one that means somethlng even to older primary
school students. One group of teachers set a series of one to ten
centimeters Cuisenaire rods vertically along the edge of a\piece of

graph paper and marked the shadow léngths. They then had a series of
similar triangles with perpendiculars l‘——--—4-—; 10 in which the

coﬁstant proportionality betweéﬁ the sides could be shown, and From

which simple trigonome;rical tables could be constructed by by repeating
the observations at vériOus times of the day: Incidentally, the triangleg,

when superimposed, produEEa a convincing diagram of the parallel nature

of the sun's rays.

208
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CONCLUSIONS

The mathematical difficulties met with in the elementary science

with which we dealt were threefold: .-

(a) iack of fluency in performing simple computations. This was not
only a matter of multiplying 235 by 3, say, and maﬁing a mistake,
but of not seeing almost immediately that the answer is about 700.
This lack of fluency not only impedes students in their own
calculations but makes it difficﬁlt'for them to follow mathematical
arguments developed on the blackboard.

Coupled Qith this, and even more serious, was tée frequent
difficulty of-knowing 'whether to divide or multipiy", that is of
seeing the logic behind the figures.

(b) Failure to be able to think numerically and té valué quantitative
statements as a more precise amplification of non-quantitative
language: "A is bigger than B" tells so much; "A is twice as long,
of four times as heavy or has three times the area of B" adds )
much precision to the description. Furthermore, the use of simple
arithmetic in testing statements was generally lacking. Is the

. statement, "A ié bigger than B" really true? If sb;'ﬁow much and
in what‘terms -- weight, area, volume, length, etc. 15 the
difference significant? Is it worth botﬂering about in the
circumstances and on thé scale with which we are concerned?
These two difficulties were encountered mainly in the Energy :6urses,
where a good deal of simplg calculation was required and where ghe sense

H

of many arguments depended on a quantitative assessment of the situation.
-4

(c) The third difficulty, arising in all courses but particularly in

USize and Scale" and "Light and Color," lay closer to the heart of

.

_UY !
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our interest in critical barriers because it was mnot concerned only with
the manipulation of numbers but with our students' intuitive understanding
of the nature of the space around them and the scale,position and movement
of objects in it. One can have a nodding,acquaintadce with much elementary
science in qualitative terms @%thou: becéming involved in calculationms,

but so many concepts in physical sciénge depend on having sound ideas

of volume, angles, su;face, etc. that an unéound grasp of spafial relations
can result in confusion over the fundamental sciéntific ideas ;hemselves.

There seems little doubt that our students had received an education

Y
.

in geometry that was too hurried, too removed from practical situatioms,

\

too abstract, and with too répid generalization from too narrow an
) 3

experient;al base. ‘ - .

» Geometry originated as a practical technique f;r méasuring land.
For many practical people, it rémains,Awith its sister discipli&e of
trigonométry, an essential tool for dealing with daily problems met in
work or leisure. The builder constantly uses his level or plumb line
to establish horizontal and vertical planes and his 3-4-5 Eriangle to
square the foundations of his buildings. The carpenter uses his squares
and meter gauges for right angles and 45? angles and other simple methods
to e§tablish the angles of roof beams; the gardener produces circular or
elliptical beds with string and pegs; the sportsman estimates directions
of flight and of a ball; the homeowner tessillates with floor tiles,
plumbs the line of wallpaper, estimates areas 6f paper ot curtain
material, positions furniture and fittings, perhaps orients a solar colleétor
to face‘due south; to have an elevation and an angle close to that of his

latitude, and establishes the elevation and azimuth of the sun. All

theése people are concerned with $patial relations and are using practical
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geometry in ane way or anotﬁer, often with scant undegstanding of
textbook geoﬁetry._ No doubt their praétical experienéé could easily
be brought to bear to ‘help éhem.to assimilate formal textbook geometry.
The reverse.by no means follows, and as our examples show, those who
have taken courses in school geomet}y, and who may even teach this

subject, may be left floundering when called upon to use simple

( geometrical principles 4n practical situations.

The '"square eye" that the skilled craftsman brings to his work

and the skills of judgment and estimation are part of the trained intuition

that he is able to apply to his work (see Herbert Lin op.cit.); these

skills are not innate but become ingrained. While one would not expéect
our schools to train their students to this level of skill, one would
hope .that théy might provide sufficient practical experience‘hiéh spatial
relations so that intuitive understanding was brought to a higher level

of precision.

Informal, out of school experience is contidqously assimilated

into the developing intuition; the formal traiﬁing,'if not somehow .

linked to this experience, is likely to be not always easily accessible:
It is as though the %Farner had élways to hung th;ough tgé tool box for
a square or a lével; without\having the confidemce or skill to rely

on judgment. At‘best this makes the procéss‘clumsy and uncertain; at °
&orst the Foois are missing.

Other researchers.have pointed out the difficulty that some students

have in connecting reality and representation. This is also a lack of

transfer between what has been taught formally and situations which we

teachers see as comparable but which may be vastly different from the

students' viewpoint. For example, the theorem about similar triangles

-

R1j
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4
is usually built around a diagram such as this:

) A N ,

~ -

of this size and with this orientation. Perhaps it is not

surprising

if, given this situation:
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with an 80-foot tree and a 6-foot pole, students fail to see two similar

triangles where the only fairly obvious angles are the right angles,
there are no visible triangles, the iﬁaginary triangles are differently
disposed, the orientation is v;rtical, and the scale is vastly different.
Certainly memorizing a formal proof does not by itself prepare one to

us it, or recognize a parallel dituation, in a totally differentICPntext.

1f, however, the principle has been met in a variety of contexts and

-

the generalization made from them, it is much more likely to be recogﬁized

'

in another new situation.

-

Wirsup* quotes Van Hiele* on the question of building up the
conceptual framework from which the learner may move out to tackle new

situations:

"After analyzing a typical lesson in a geometry class, P.M.
van Hiele (1959) writes: )

The teacher reasons by means of a network of relations which
he comprehends, but his students do not. On the basis of this
network he presents the mathematical relations which the students
end up manipulating out of habit. Or, rather, the student learns
to apply ~-- out of habit ---these relations of whose source he is .

7
unaware and which he has never seen.

Apparently everything is completely according to expectation:
the students will eventually have at their disposal the same network
as the teacher. The possession of ‘a network of relations which is
identical for all who make use of it and ideal for expressing
reasoning -- a network in which all of the relations are comnected
in a logical and deductive manner; is this not the proper end of
the teaching of mathematics? '

Let us noc be too optimistic. First, a network of relations

\\\\‘ composed in this way is not founded upon the sensory experience of

< the students. Although it is possible that the network of relations
‘LQSelf has inspired some, experiences for the student, the mathematical
experiences that the student has been able to have are based completely
on tﬁé\petwork imposed by the teacher. This network, imposed .and
not undérstood, forms the basis 'of his reasoning. A network of
relations which is not founded on previous experience risks, as we
all know,‘bé}ng\forgotten in a short time.

AN
* TIsaak Wirsup, Breakthroughs in the Psychology of Learning and Teaching
Geometry, in Larry Martin, editor, Space and Geometry, ERIC/SMEAC Center

for Science, Mathematics andREnvironmental Education, Columbus, Ohio, 1976. .

% P.M. van Hiele, La Penseé de T\Enfant et la Géometrie, 1959.

N
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Thus, the network of relations is an autonomous construct:
it has no connections with the other experiences of the child.
This means precisely that the student knows only what he has
been taught and what is linked to it deductively. He has not
learned to establish the connections between the network of
srelations and the real sensory world. He will not know how to
apply what he has learned to new situations.

Finally, the child has learned to épply a network of relations
which one has offered him ready-made: he has learned to apply them
in certain situations specially -designed for him, ‘but he has not
learned to construct such a network himself in a domain as yet
unexplored. On the other hand, 4if as a result of our teaching
the students should-obtain the capacity to construct a deductive
relational network in a new domain, we will have achieved, an
optimal mathematical training. (p. 200) "
Unfortunately, we seldom feel that we can Spare the time to build
up theoretical constructs from a variety of practical experiences. Nor /
do we take sufficient account of the greater part of the individual's ///
learning; that.which takes place outside the formal education system and
- which is absorbed and assimilated from many situations, often repeated -’

over long periods of time. Such knowledge is deeply embedded, by ,
contrast to the patina of information that formal éeaphing often imﬁar S.

It is.ng wonder, then, that when our teaching conflicts with what has

become "intuitive" the latter is sO often resistant to either erosion

or accretion. If school learning and intuitive understanding are not

firmly linked we have a conceptual structure, with a crack down the \
middle, that will need much ‘rebuilding before it is sound and secure. .
Some individuals Héve the apéitude for combining the two parts of the.
structure; all too mqny.do not £ind this easy. So, since new knowledge

can only be acquired by. accretion onto the existing structure, we may

be laying bricks in midai}, a practice that is possible only on papet.

in the real world, they fall down.

The development of concepts of spatial relationships are not the

sole prerogative of geomeéry. Integration of subjects is notoriously
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‘moving from what is to the underlying principles. Finally, it would be

-51~ : : . I

difficult at the staée of spécialization, but“in the critical early

stages, in the elementary school, this difficulty can be ;voided. in .
norking with maps, idsas of size and scale, position and coordinates,

direction, and areas are inhsrent. In art and crafts, students may

deal with relstive size and position, with shape and perspective, with

symmetry, with the projection of light "and the highlights and shadows

3

‘that result, with patterns and models, and with the representation of ’

solidity in two-dimensional surfaces as well as the use of solid
figures.

Above all in the physical sciences one is dealing with phenomena

N

that require a knowledge of spatial concepts for their understanding;
as our data indicate. Perhaps whdt is needed is a reversal of the

usual order; we need a geometry learned from physics, rather than a

_ physics based on an understanding of geometry. This would be a return to R

. . )
geometry as geo-metry, tackling life size measurements rather than small ¢

scale abstractions. It would reverse the old precept of 'simpj} to !

N
¥

complex," for reality is complex but young people live and make their

way in a complex world and they can learn to abstract from this complexity,

* /
a dynamic geometry, in which the swing of a pendulum would lead to the .
concept of angles and angular measurement, balanced or hinged mirrors to
symmetry, magnifiers to similarity, floating and sinking to denaity and

volume. Outside of school these physical events real}y da come firss, 4

There has been an enormous amount of study of the learniug of
e

geometry as geometry, as an important branch of mathematiecs, but Little
attention seems to have been paid to the critical importance of geometry

as a basis for scientific understanding. Our research, which has only touched

the surface of this problem, sSuggests that it is worthy of much more extensive

;

and intensive investigations
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Thls essay describes and documents an 1mportant dlstlnctlon
between critical barriers on the one hand and their ecologlcal
contexts on the other. The distinction emerged most fércefully
as the projeét;s staff constructed the preliminary taxonoﬁ& of
‘critical bgrrie;s, presented elsewhére in this reponﬁ.\ It becaqg
clear during that process that many of the probiems encoungereé
by students of elemenéary science cannot properly be ascribed to
critical barriefé,aat least ‘not if the power of thét construct is
to bg‘preserved as originally intend;d 9see David Hawkins'
_essay). Moreover, we came to appre01ate the 51gn1flcance of the
fact that critical barriers aren't expressed in 1s&1at10n, bud

.
rather in situations that include the students, teachers, and

phy®ical and psychological settings. To;ether, these element}
create a context, an ecological §etting in'which critical
barriers should be studied. ¢

We have in mind an-analogy with the approach a field
biologist miqht adopt in studying and clzséifying the organi/sms
of a.newly discovered island. To a field biologist, oréani ms
are most appropriately studied in siin: their behaviors wi7£ one

another and their interactions with the inanimate surroundings

v

are in principle as important to investigate as their anatomy and

physiology. Seen in this way, field biology includes a

-



legitimazte natural history component.. Ethologists,
-anthropologi%ts, and sociologists_ﬁave repeatedly demonstrated
. the utility of this contextual or,e%olqgicai abproach to their

respective domains of study. In recent years, some educational

” A A

researchers, too, have proposed that such an approach would

-enrich research set in the classroom. We concur and take that
: Y

«

approach here:

¥  As used here, the rubrlc ecological ‘contexts includes:,
- subject matter, pedagoglc techniques; biographies of students,

teachers, and the class as a whole; students' conceptions about

themsélves, their worth, talents, and shortcomipgs; their

>+ attitudes teward science, learning, schooling, and teachers.
Teachers bring corresponding Sete of conceptions and attitudes.
We argue that all of these, together witﬁ the physical setting of

K the sehoel and class, contribute to the ecological contexts in
which critical barriers are menifested. All need to be
acknowledged if such critical barriers are to be fruitfully
studied, dealt with, and overcome. This essay desc;ibes'some of
the factors that contributed to the ecological context of the "
course on Light and Color, and offers a primitive taxonomy of
these ecological factors.

: There is no 1ntent10n here to reinvent psychelogy, nor do ve
suggest that critical barriers are largely psychological, except

. in the most trivial sense. Rather, we want to document the kinds

of ecological factors that formed the context in which we )

.observed ‘the critical barriers elsewhere reported. As in my

accompanying eassy on the taxonomy of critical barriers, we:

(8]
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attempt a preliminary taxonomy, and again, we precede our

proposal with a caveat. Some of the proposed categories overlap
in ways not yet clear, and they are neither mutually exclusive,

nor exhaustive. We have not found all the joint's*, but the ot
following oategories(suggest where some of the imborfant joints

may occur.

~—n

+
2 3

»n

" TABLE l. ECOLOGICAL CONTEXTS OF CRITICAL BARRIERS. '

Psychological Sources of Learnlng Problems

Inability to emp10y advanced straLegles of reasonlng ‘ :
Expectatlons of self , o
" ,; Trusting too much or too little
‘pif%efences in Personal Learning Styles
‘ ‘Need for répetitions, reflactioa
‘Need for direct experiences ‘ .
Need for structure

., Reactions to being overloaded

.
\ \ . v

Pfoblems with Pedagogenic Causes "
Inappropriate expectations ‘ | » .
Poor‘analogiea and representations
Confusing common and technical gerhs

¢ Overloadiﬁg‘students_

Ignoring psychological difference

) Not trusting students

o .
~3 - .
.

* David Hawkins, 1966. Taxonomy and information. Boston
s_tndiaam RhllQ.iQDh.Y Smgnsa,34155.
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SYCHOLOGICAL SOURCES OF LEARNING PROBLEMS s
We 1nc1ude here a number of problems‘whlch are not, of
themselves, sources of critical barrlers, but may nevertheless
hcompound deflcultles caused by one or another critical barrier.
That, 1ndeed, is the essential distinction between the elements
dealt w1th in this essay and the critical barrlers consldered
earlier. Each of. the problems descrlbed below orlglnates within

9

the learner, although each may be compounded from without.

Inability o Employ Advanced S&;ategiss of Bﬁasgnihg
Elementary science 'is full of anqlog{es. Analogies are
almost unavoidable as ways to deal with otherwise inaccessible
Objects such as solar systems, ecosystems, organ systems; cells,
and atoms. Because analogles are S0 common, learners who are
skilled at deallng W1th them, at extracting only what is d1rect1y
- relevant, are llkely to have fewer difficulties than learners who
lack such skills. Consider, for example, the use of a wire
screen and balls of several sizes as an analog for osrfxot!ic
phenomena. ‘A student skilled at dealing with analogies might
find this one helpful, although imperfect in many ways, most
str1k1ngly in the omission of the gsolvent. This particular
,analogy might be counterproductive-for a student 1ess skilled at
dealing with analogies, prec;sely because the model om1ts the
solvent in order to focus on the solutes and because the behavior
of the solvent is an important key to understanding osmosis. The
course on Light and Color demonstrated that learners sf all ages

may be inhibited by unhelpful analogies. Essays earlier in this

4 R -
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report mention the ineffectiveness of using waves and particles

as models, analogies for light; of comparing the eye, the

demonstrate how shadows form by stretching a wire from a light

|

|

pinhole camera, and the photogpéphic camera; and of trying to ]
source to a wall while keeping it tangent to the object 1‘
1

- projecting the shadow. In most of these instances, problemé

arose kecause the participants-- maturé adults and teachers-- 1

were unable to dissect .the analogies into their useful and

irrelevant components.

The ability to deal with analogies is only one of many ‘
strategies of :easoning\that\would be helpful to learners of 1

elementary science. Others include the ability to apply
proportiqpal‘reasoning, to apply combinatorial hnaIy§T§7‘§ﬁa“tbf*”————“

infer-logical necessity. These abilities are among those\that

many psychologists and others regard as being'linked to the <
learﬁer's intellegtual develobment. Some researchers, for

example,\would assert that children younger than a particular

ranye of ages are not }ikely to have yet acquired the capacity to

perform these sorts of formal mental operations;,others are less : ‘v
persuaded of the developmental 1link. Whatever the reason,ﬁa

learner who lacks one or another of these abilities ig likely to
encounter difficulties with many aspects of elementary science,
regardless of whether the difficulty involves a critical barrier.

It is in this sense that we ?egard the inability to emplc;y ‘
adyanced strategies of reasoning as an important ecological —

factor to be considered by those studying critical barriers. By

keeping this background clearly in mind, the role of the critical

- -

v

barrier can more effectively be assessed.

»
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It is a truism that our expectations may shape our

éxperlences, at least in the short tg?ﬁfwhnd students'
expectations unquestionably shape their classroom experiénces ih
important ways. Students of elehentary scienge arrive in the
classfoom with rich and‘multipally connected‘conceptions of the
natural world. Ways in which expectations based on these prior
conceptions may interfere with learning are\documenhed and
analyzed in David Hawkins' part of this report. Here, we focus
on other 1nappropr1ate expectations students impose on their

classrooms. We argue that these expectatlons contrlbute to the

ééUIﬁgitaI—cvntexts-in—whieh—students—and_:eSQALghgxs encounter

-

critical -barriers.
Students bring with them expectations about what should be
included in the curriculum. Students in the course on Light and
Color for example, had strong convihtions about what should have
been included in that course. Nearly all believed that the staff-
would sooner or later (preferrably sooner) have to explaih'éhe
the colors of light in terms of 1ight waves and their wave
lengths, even though the staff had glven them no reason to
believe this would happen. Students expressed strong
dissatisfaction when the expected conngctions_here hot soon
presented.‘,When the students insisted, the staff explicitly
declined to present those connections on the grounds that they
did not know how to do so except through a dldactlc lecture on
atomic structure which would be out of place in the course. That

¢
stance generated more displeasure and disappointment than any
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other single feafuge of the course (see transcript of class of 4

November, 1981 in Vol. V of Raw Data, pp; 94-100)--a strong

example of the ways expectations can establish what we are

calling an ecological context. In reéponse, a nontecﬂnical
lecture on the intéractions of light and matter was presented in
the following séssion (see transcript of class of 11 November,‘
l98i.in Vol. V of Raw Data, pp. 101-107). Although this lecture
was a concession to .the students' expectations, reviews were,
predictably, mixed, and continued to reflect the students'
expectations for the course and for themselves.f

In some-ways I was glad you pl‘unged ahead with

explanations to these types of topics whichwe

didn't fully understand, such as light waves,
yet I have found... that the explanations

didn't stick. ;
Polly, final paper
3 o B VO].. IV' p. 279 -

At certain times during the course, I felt angry
about not being given more information. However,
- now I am grateful that I wasn't deluged by facts.
A Marilyn, final paper
) Vol. IV. p. 247
But clearly, the inappropriate expectation that the course Wouid
eventually "explain" lidght and color in terms of waves foramed &
very important part of the ecological background against which
students and researchers operated, not always knowingly. Another
group with other expectations might well generate a different
ecological context, even with the same staff presenting similar
topics in similar surroundings.
Students also bring to éhellearning situation expectations

about the nature of science and about how science is to be

learned. Consider these statements from members of the Light and ~
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Color class about their expectations of wh§t~science is and what
the truth is about:

There .is no coherence between physiologists' and
psychologists' theories of vision and light. (That
sounds crazy to me.) Neither one must have the whole''
truth-- the whole truth couldn't be in two split patts
by nature-- pérhaps. '
- T Hedy, ‘notes of 10/28
. Vol. IV, p. .64 .

o

And there are expectations about how science is to be done, how

it is to be learned. Tﬁese, too, contribute to the ecological

context in which learning occurs, as is evident in the foligwing

excerpts from the record of the Light and Color class.

It .seems important, too, to try‘to experience

the materials, to try to observe what's happening as
though one is seeing something for the first time,
in other words, to try to see what's happening as it

TR ‘ Vol. IV, p. 252

is_without any preconceived notions...
: Diane, notes of 10/28
Vol. 1V, p. 60

We have so many préjudices, pre-learned reactions,
& preconceived ideas that-it is hard to be objective,
to see things as we really see them..
: X Betty notes.of 11/14
" Vol. 1V, p. 88

I expect to have lots of loose ends. This is what this

[class] is all about and also the state of my understanding

of concepts. I'm prepared for that to be the way of

things, not only with the purpose of this seminar,

but with how I operate in the world at this point in time.
) Jean, final paper

e”




P B
-
. e — ot ¥

Sgudents also bfing to class expectations about themselves,

|
their worth, talents, and shortcomings. These, too, inevitably
contribute to the flavor, the context of the learning
environment. Indeed, the importance of what psychologists refer
to as self-image is so generally ackowledged as to require little
internal documentation. A sampling of extracts from the course on
. Light and Color will make the point that even among mature adult | :
A learners, these kinds_of expectations can affect the dynamics of
a class. ‘ {
An importance difference among the students in the course on
Light and Color, and the only one we document in this context,
had to do with their beliefs about their own capacitiés to
discover, to learn about science as they experienced it. Many
felt confident of being equal to the task: S
_ «eshow I am ready to go on... step by step--
but each-step says you are getting closer.
..eoonce I've gotten somethlng I think, . "Well,
what's next..."”
Polly, notes of 11/4
Vol. IV, p. 68
Things are clearing up very slowly for me... Next |
time-- it will break... f

Ken, notes of 9/30
Vol. IV, Pe 26 Ty -

.

Other students were less sanguine about being equal to the
challenges of the course.

I agreed that it could be a possibility [that whlte
. 1lght contains all spectral colorsl, as I had read it
in a high school physics book. Yet that's not a
discovery I fell I would have made myself as I am so
conventional or "practical" in my ‘outlook.
Cindy, notes of 9/23
Vol. IV, p. 27
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Again, I guess I am different. Being thorough is
not one of my virtues... .
) Betty, notes of 10/28
Vol. 1V, p. 62
What is it that enables some people to say "OK,
that's where it is for now" & work with what is -
known, whereas I just keep wanting to go back
further & have difficulty working from what is known
or I know? Wonder how much this has to do with
my thinking that it's ... too difficult to pursue
& that I'm afraid to go into the subject in depth?
‘ Jean, notes of 11/4
Vol. 1V, P 75

At the other extreme was onge. conscientious student who was
invariably an aétive participant and hard worker. She was,
however, unconvinced of her own competénce as reflected in the '
following two statements: ‘

I don't know if I could understand it [sources
of color] or not’or what I can understand and what
I ¢éan't since- I tend to assume that I can't
understand lots so that# ‘I'm willing to accept
if a teacher says I can't. :

Hedy, notes of 11/4

Vol. IV, p. 74

I'd like to know more about those theories [of color
vision] in one way [but) I have a reservation-==

the feeling that I probably wouldn't understand
them anyvay. , o

Hedy, notes of 10/14

Moreover, she had so long been convinced to the contrary that
science classes vere frequentiy éxtremely Qiscomforting:

Being in such a frustrating situation brings up all my
feelings -of panic, being abandoned-- a lot of fear,
an insurmountable problem, no means to approach
it and no hope of ever having a way to solve
it and no one to help. As extreme as that sounds \ '
and feels, when I feel like that I feel quite
paralyzed and that it is very difficult for me to
ask for help even if it was nearby. I am going
into some detail on this because this is whatI
run into when math or science gets "too hard."”
’ . Hedy, notes of 9/30
Vol. IV, p. 179

10
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The reader may eas1ly imagine the 1nteract10ns among . N
1nd1v1dua1s with such d1vergent attltudes about their ab111t1es ' \\
as students, and the ways in which these and other attitudes

shaped the ‘flavor of the class.

ms_;ngmmmmmm

Finally, students have 1mportant expectatlons of their

teachers. As the mentor, the guide, a teacher faces the
H .

challehge of providing enough guidance to encourage the student

.

to develop at his or her optimal pace, vet not so much as to’
inhibit that development. Teachers need also to encourage a
healthy degree of skepticism, while at the same time preventing
habitual rejection of received knowledge. The extent ‘to which a

teacher successfully achieves these delicate balanees is patently

1)

important, affecting not only attitudes toward information but
toward learning as well. Again, direct quotations from the Light
and Color course provide the best documentation of this obvious

idea.
nnnnnn )
Many students expressed gratitude for the ‘trusting

atmosphere developed at the Mountain View Center. The following
is typical:

The thing is when, as a student, I step off into a
whole realm of questioning then I don't know if such
lines of questlons are- in the right direction
or not. Our naive or commonsense questions
sometimes are .in the opposite direction from
understanding scientific truth. So vhen many explanations
are far-fetched, or I am trying to understand
far—-fetched things, I ‘am depending on a teacher
to help point me down the fruitful paths.

Hedy, notes of 11/14

Vol. IV, p. 96

Doy
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Trust, however, has limits, and is fortunately not by itself able

to overcome strorigly held, conflicting views.

I also felt really interested in why light behaves
so differently from pigment and pigment is all I

have to relate to and that's where my "common

sense" is and I felt like Ron:was saying, -"Just

don't think the way you think." I feel like

I can't let that go, that's all I know about.

Hedy, notes of 9/30

* vol. IV, p. 179

~

. — =
Indeed, too much trust, of teachers, of the power of received
knowledge, can become counterproductive, stifling.

The more*I think about it, the less sense the _

experiment with the ‘string makes to me. I :

realize, too, how gullible/naive I am. When

a professor/teacher says—- "Now, this experiment

will show you that 1ight travel ina straight

line."-- I believe it and my initial reaction
_is not to question the experiment. ) . )

Diane, notes of 10/21 ‘
- ; vol. IV, p. 46

I never questioned. It says in .my 4th grade sci.
book that light travels in a straight line. - I
accepted that as a child accepts the faith.of'someone
they .admire and respect. I am changing. My mind
is opening up more, since we started the-class...
Sue, notes of 10/14
vol. IV, p. 47
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DIFFERENCES IN PERSONAL LEARNING STYLES

" The second category of ecological factors we consider
includes sources -of learning problems which, like those of the
previous category, are basically psychological and which
originate within the learner. These problems reflect the fact

that a glven person may £find dlfferent styles of learning most

-satlsfylng for dlfferent kinds of learning. A person who prefers

to begin to learn a hew sort, of music by playing it may prefer td
begin to learn a new handicraft by watching a skilled
practltloner, and may prefer to consolidate early learning of
both skills by reading how-to manuals. Such individual
preferences are likel§ to change over time as skillsa<goals, and
interés£s wax and wane.

None of that is novel. Anyohe who has learned acrsss a
variety of domains, or who has been taught in one domain to a
class of any size, is aware of these differences in personal
styles and the ways these affect individual learning. Skilled
teachers are also aware of the effect on the social dynamic of a_
class of the sum of these individual differences( We document
below some of the differences in this regard observed among the
pérticipants in the course on Light and Color. ,Wevdo so because
mature adults display these preferences as often as do children,
but are often better at describing and expressing them and.at
evaluating their significance. Receiving comments from adults,

such as those quoted below, clarified for-at least some of the

Q

staff many previous observations and expériences with young
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1edfn§rs. These zxtracts; and others, suggest to us that there

¥

=

are'at;least'three areas in which the learning styles of the
parti

ipante differ in notewérthy ways (Table 1, above).

- . b ‘
Need for Repeated, Direct Experiences

Most of the participants expressed a preference for direct
experiences as opposed to didactic instruction, for opportunities
to handle objects, Eb\mgpipulate apparatus.

B Setting up the equipmént‘ﬁpinhole cameral made
. it sink in, and I don't think I will forget again...

Betty, notes of 11/18
> yol. IV, p. 102

The important thing tomé is to do the experiment
‘myself, have some time toO think it through, rather
than sitting and watching someone else do

a demonstration.

-Diane, notes of 10/28
vol. 1V, p. 61

I need more time to use gels and 1ights and time ; :
to do it slowly and do it step by step and write s >
down observations. . :

, Diane, notes of 9/23
vol. IV, p. 15

. Merely reading or hearing about a phenomenon was not usually

.regarded as an adequate leafning style, as expressed in this

comment:

Today certainly reinforced 'my knowing that I must
have a conscious experience with a phenomenon to
"know." Even though I have read David's article,
I still did the mirror reflection drawing as though
I'd never had any exposure to this whole idea.
Obviously, I'd not sat down to make the mirror
jdea make sense tome while I was reading.
. : Jean, notes of 11/14
VO].. IV' p. 87 \

In addition, many students expressed a need-to--repeat

experiences, to try manipulating the apparatus more than once,

prehaps in different ways. \ \

»
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«.sbeing exposed to a concept in a variety of ways
is extremely helpful". it's helpful to repeat th
same experience 1n the came way as well as to’having a
similar experience in perhaps a somewhat different way.
Diane, notes of 11/1 .
Vol. IV, p. 62 i

We probably did this lobserved white light where light
from colored gels overlapped] 3 or 4 times. I really

" needed to see it redone.. And when I form the ima e
of that sequence in my mind, 1 still am marvelling--
that I can see that we made whlte light" on the wall
while in another way, I still can't believe it. [Like

an abyss on both sides of my little glimmer of .
understanding.
. Hedy, notes of 9/23 .
Vol. IV, p. 23 o : ~

MQSt students also wanted time to rev1ew what they had done, to

éflect on what it might mean, to p1ece things together.
Again, I feel I need more t:ime to use the materials *
and draw conclusions on my own. I think after A .
certain amount of time and overhearing and joi ﬁng
in on various conversations, I'm saturated for?;
the moment and need to come back to thinking aifut
absorbtion and reflection of light another time.
Diane, notes of 11/4
Vol. IBV, p. 68 /

I just needed to hear‘things more than once, or to
hear them in another context, or to have some
exploration time and tothear them agaln, or t:o have
some discussion time and then hear again w1th/
different ears. |

Jean, final paper /
Vol. IV, p. 252

. [
These comments are the more remarkable when one recalls that they
refer to a course in which open exploration was e?couraged and

the pace was far more deliberate than in most undergraduate, or
/

even secondary school, courses. / -
!

TheSe preferences, which- relnforue nuch conventlonal

pedagoglcal wisdom about the benefits of repeated, flrst—hand
experiences with concrete materials, were not, powever,

universally shared as the following suggests. /

/
/
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- ...I do not like going over the same things again - -
and again. I realize, and [staff member] also told /~ \\
me, ‘that the rest of the class does not feel this
way. Again, I guess I am different. Being thorough
is not one of my virtues. I get interested when
things change, when I can go fast in my learnind...

- I . Betty, notes of 10728 ° ’

! vol. IV, p. 62, T ot

.
‘ ]

Participants in the Light and Color class also displayed a ™.

remarkable range of preferences,with-respect to how muech
structure and quidanqe.theyowanted, how ' much aﬁbigurty and
‘Qpenness seemed comfortable. As established in the preceding
section, the style preferred by most participants was to explore
- o slowly, to repeat expériences and observations'as often asaseemed
\ o ‘ . .

productive. For many, this preference went along y;;h a high
'tolerance of ambiguity, of uncertainty. These preferences for .
open exploratioﬁ again reinforced méﬁy eipectations shared by the
project's staff. But again, such preferences were not shared by
all the participants: Some disliked ahbiguity and uncertainty.

Color & light are fairly elusive concepts for me.

I enjoy the interchange of ideas about them, but I

seek one comprehensive explanation. Not knowing )

why or-how light & color are explained is troubling

to me. On a certain level I experience a "need

to know" about: them.

Ken, notes of 9/28
VOl- IV' p- 23 a e

Others, either not skilled at open-exploration or uncomfortable
with that style for other reasons, disliked the prevailing

approach.

I have trouble within myself exploring a concept
more than just a surface explanation. I appreciate
those who "lead.me on" and help me get further into
th%\search. I feel that without these people, I

R32




piece of knowledge, and then not know how to proceed
with further exploration.
i * Anne, notes of 9/23
‘ $23

w ) .
I need some framework. I'm not content with a'total
inquiry approach. I like to try to find answers,
but I also like being led to decisions and conclusions.
.eein addition to the opportunity to discuss together
as a group, I would like to hear a summing up of
what we were supposed to discover.
Sue, notes of 9/23 ;
$19
From time to tlme,several students expressed mild anxlety
when observing other groups doing activities dlfferent fromg the
ongs they were. engaged in. Their concern centered on "missing
something"” that the others were privy to, of wanting everyone to
share the same experiences and information. And at least one
pgrticipént stated a preference for a éuite different style, at

least for part of the time.

A n .
o

Contrary ‘to some other comments that you have
received, I really like and need some time devoted
\ to instruction, input, .discussion, whatever. I find
that more beneficial for me, than to have a total
time that 1s all exploring and doing.
Sue, notes of 11/11
Vvol. IV, p. 8l

Reactions to Being Overloaded ' <

At one time or another, almost every student experiences the
sensation of being overloaded, overwhelmed by the pace of
instruction or some, other aspect: of schooling. Too many
instructions aré imposed, toormany variables are introduced , too
many new ideas are broached-- all in too short a time for the
student to accept. We are not concerned here with the particular
éircumsﬁances that geknerate those feelings, or with the different

thresholds at which students succumb. Although clearly
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important, those issues are tangential to tne issues we address
here.

Our observations of the partigipants in the course on Light
and‘ﬂglgx suggest to us that paturekadults experience this
sensation and that their strategies for coping with it are
varied. We find in adults' strategies useful insights int§ how
youndger learners may react to similar feelings .in similar
situations. We explore this matter beqause we believe that the

- reasons learners come to feel overloaded, and the wafs they reacg
to that feeling, contribute importantly to the ecology of
learning situationé, the settings for critical barriers. We
begin by presenting some typical examples from the Light ;nd
Color -course that express the kinds of concerns we deal with
below.

Confused-- Think I don't want to try to figure
out anything right now [end of classl.

Jean, notes of 9/30

Vol. IV, p. 25

I remember that after a time I felt I wasn't absorbing
any more [of the lecture on light and matterl. Then I
stopped writing. Then later I could focus again.

Je: ., notes of 10/21°

. Vol. IV' P 59

The questions that wera put on the board [because
participants wanted "answers" during the coursel
were so difficult and some of'them I never would #
have even thought about, much less ask. ... Some-
times the mind just doesn't seem strong enough to
handle all this variety..

Myhra, notes of 10/28

Vol. IV, p. 63

...the unanswerables approached... That's part of

why I feel frustrated to have to rush over it...

I didn't have any interest in the new questions.

Too content with my new glimpses. -
Hedy, notes of 10/28
Vol. IV, p. 66

18
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The point is that even adult learhers:reach a point of
saturaEion, a point at which they close themselves to additional
information or experiences. These excerpts also hint at the
variety of reactions to feeling overloa@ed and at the range of
ways in which the participants dealt with that feeliﬂg. The
following excerpts document the\variety.

At least some students who }ecognized being overloaded
simply reportz2d their awareness of that fact.

I really have no answers and I'm OK with that.
Cindy, notes of 10/7
. Vol. 1V, p. 35
. And again, the wavelength idea is still one I
would like to play with-- but I'm not in a hurry.
- Polly, notes of 10/14 .
Vol. IV, p. 45

Not interested in new:questions yet. I will be.
‘ Hedy, notes of 10/28
Vol. 1V, p. 61

..some of my feelings of just letting the subject
and my confusion from last time lie may have to do
* with some of the frustrating I felt [with the

equipmentl... so now I'll just need to hang in there
until something develops that gives me a different
enough approach/perspective that 1 can create another,
symbol/idea way- of thinking about [lightl...

Jean, notes of 9/30

Vol. 1V, p. 32

Not truly understanding light waves, is another
thing to which I have resigned myself. I feel
overall that I have learned so much therefore it
it is acceptable to leave a few things hanging.
Polly, final paper
Vol. iV, p. 279

Other students who were aware of being overloaded also seemed
aware that this was no cause for undue concern. They expressed

varying degrees of confidence,even optimism, that the condition

would pass or be dispelled.




Some of the lecture zoomed right over my head and
yet I still have an idea of what may have been
explained which is one step closer. .
) Cindy, notes of 11/18
Vol. 1V, p. 102

Just because I couldn't follow a particular part
of an explanation does not mean I don't want to
hear it-- I don't want to miss the ‘gems, and later
I may understand more. .

Jean, final paper

Vol. IV, p. 252

Sometimes I wonder why I'm trying. I'm missing so
many pieces-- even some pretty basic math-- that
it's such a long road to understanding what is
going on with such familiar subjects. I'll stay with
it cause I will and basically I'm more optimistic than
that-- just so discouraging sometimes.

Jean, notes of 9/30

Vol. IV, p. 33

I A

‘Still other students became anxious, apprehensive, deepl& ’ .
" troubled at being overloaded.

New ideas impinging feels oppressive. Feeling some
"so what.” Not too excited-- barrier to?... Feeling
dumb.., I think I am facing my own lack of under-
standing-- and when I encounter that-- hand-in-hand
jt is I fear I can't understand. Diffuse.

Hedy, notes of 11/4

Vol. IV, p. 69

There are a lot of pieces of information floating
around for me just now. .I'mwanting to hook them
all together but I'm finding this to be difficult.
Ken, notes of 11/4
Vol. IV, p. 75

It's almost as if your mind goes out of gear. You
think you are internalizing everything and then all
of a sudden you go back to a primitive way of dealing
with information. I felt very confused and lost...
For the first time I had real empathy with those
children who become so upset when you're talking
about regrouping using 3 and 4 digit numbers in ¢
subtraction, or the children who cry and say I
knew my X tables last year.

Sue, notes of 11/14

Vol. IV, -p. 90

At one time,... I needed not to be around ghe class
or to come up to Mt. View. ...I was particularly
feeling confused with putting together what I was

Q “ 20
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observing and hearing... It was such a dilemma for '
me at the time. I felt I needed time to absorb and
not to work  that week with equipment, etc., yet-I
knew I would be missing so much and would feel like
I wished I had gone anyway. Sometimes I go and
it works fine for me to be there.
Jean, final paper
vol. IV, p. 253
" Of necessity, we omit the crucial issues of how these
thresholds and reactions are estaklished and of how, for a given
student, they change from time to time and from topic to topic.
Nor can we consider ways in which teachers may become more aware ~ :
of these phenomena or how teachers might better deal with them.
Although those issues are undeniable central to improving
schooling, limited resources preclude dealing with them now. We
close this section by summarizing our theme: the kinds of
feelings and reactions documented here also form an important

component of the ecology of classrooms.




PROBLEMS WITH PEDAGOGENIC CAUSES

The final category of learning difficulties that we consider
results from. factors external to the learner. In this case, we
concentrate on learning problems that have their loci in the the
teacher or the‘teaching'situation, or in the student-teacher
interaction:_ We limit ourselves to a set of problems we call
pedagogenic (caused by a teacher) in parallel with the’
’established.medical term, iatrgggnig (caused by a physician).
Both terms refer to well known experiences: teachers -and
physicians attempting to alleviate an undesirable condition may,
_inadvertently‘and gnintentionaily, generate other, equally
undesirable, coniitions.

The'domain/éf inqui‘ry here is enormous, at least as large
the entire domain or critical barriers. Because this project
emphasized its missicn to investigate critical barriers, and
because the staff concentrated on other matters, we were less
aware than we might have been in other circumstances of
pedagogenic problems we were causing. Nevertheless, the record
brought some of these to our attention, sometimes forcefully. We
mention below a few kinds of pedagogenic problems encountered
during‘the light and Color course.

We have already considered the importance of analogies in
elementary science classes, and poihted out the kinds of
difficulties that students encounter before they acquire the
skills to deal with analogies. Here we want only to point out

that the inadvertent use of poor analogies can only exacerbate

those difficulties. A single example suffices:




You drew around a shadow ‘and you said "there, that
proves light travels in a straight line." I thought
not to me, it doesn't. The paint proved it for me,
because then I saw what I was closed to...

Sue, notes of 10/28

VOl. IVI po 47

This points out the value of the'truism that teachers should use
only analogies .that prove to be effective, Moreover,it
illustrates the value of dsing more than a single analogy to make
a given point. ,
In a similar vein, pedagogenic problems may arise when
teachers inadvertently use common terms to convey special,
technical meanings. Often, the technical meaning is not made
sufficiently explicit, with predictable consequences.
Does it [light] travel? I don't think of it as
something that moves. I think of it as just being ..
there where ever it is and there is more or less of it.
Hedy, notes of 9/23
VOl- IV' p. 7
"White 1light" seems to be a misnomer-- really means
clear light, natural light.

Hedy, notes of 10/7
Vol. IV, p. 40

Every elementary science course is replete with such misleadingly
used common terms: fruit and vegetable; acceleration sensu
physical science; cell, as used in biology, physics, and
chemistry; and so on.

Other, more general pedagogenic problems may occur when
teachers have inappropriate expectations of what students are
able to do. 'The first quotation suggests what may happen when
students, adults in this case, are offered too little guidance.

The second illustrates an outcome of expecting more than students

can deliver.




Not sure where to start. Appreciated being pointed
to something by [staff memberl. Not self-evident where
the starting points were. Must often look like that -
\ to my kids-- tables with stuff on them-- "What do
T do? Where's the start?"™ Wasn't really aware of that
til I'm starting to write just now... Didn't see
initially where that [eyedroppers & colorsl might
lead. Again must be how the little ones feel when '
equipment is set out and no questions are raised
- and there it is. It may“be intriguing or not.
- Hedy, notes of 11/11
* Vol. IV, p. 83

?

4

‘"You're Supposed to know this by now."™ That's
probably the greatést deterrent to acknowledging
where you are, comfortably. That's restated many
times in a growing person's life. .Part of the overall
message: "You're supposed to fit the curriculum,”
not vice-versa. And it truly doesn't serve learning.
Hedy, notes of 12/2
Vol. IV, p. 112

In addition, pedagogenic problems méy arise when teachers fail to

allow for the kind of personal differences described ard

documented in the earlier sections of this essay.

Most gener%}ly; pedagogenic problems may arise when tgachers
fail to trust their students, to attend to the students' concerns
as legitimate causes for concern, and as important clues. to other
problems lurking beneath the surface. The following statement by
a member of the light and Color class expresses this matter
eloquently.

I am continually aware-- increasingly aware-- of
the importance of careful listening to the language

youngsters are using and to what they are meaning
by what they are saying. I try to assume less and
to understand their points of view-- especially when
it seems very different from mine.

Jean, final paper

vol. IV, p. 255
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CONCLUDING STATEMENT ‘

"The ebb and flow of activities dictated by the-conflicting
preferences and attitudes of thg three general types documented
in this essay helps to establish the éynamics of any class. Note
that, at least in some cases, the preferences are incompatible,
even muﬁually exclugive. Given that, the skiiled teacher might
attempt to accomodate the differences rather than seeking a
'compromise that may benefit no student for more-r the part of the
time. This ebb and flow is what détermines the ecology of the
class and provides the 'backdrop against which critical barriers
develop. The project's staff tried to be aware of them as we
interacted with the participants in the course aﬁd as we analyzed
our obse}vations and 6ther data. Those who wish to replicate or
to extepd this investigation of critical barriers would do well
éo fecbéhize gnd allow for these and oéher"factors separate froﬁ
critical ba}riers, buf not independent of them, for these

\ . ' ' N
establish the ecological setting in which critical barriers

occur.
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CLUES FROM THE HISTORY OF SCIENCE

S+ - - A At

Other sections of this report establish the range of
circumstances and conditions in which critical barriers become

evident. Here, we argue (1) that learners and teachers encounter "o

critical barriers for biographically and historically valid

some of these reasons; and (3) that these insights can

int

inform the teaching of at least some topics in elementary '

science.

\ ) N 1
N
\
\

BIOGRAPHICAL SOURCES OF CRIT‘IAAL BARRIERS
\

\

Students arrivé\in the classroom with rich understandings of
the natural world, unégfstandings that are self-consistent and
useful. Students construct from their experiences and X
reflections a set of theofies, or at least conjectures, which
serve to make sense of theié\past and present and also to predict
aspects of the future. Life would seem chaotic without such
predictive theories, and every parent and teacher has observed

1

children form and use such theories.
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A little thought brings to mind many e;amples of such
personal theories: that motion implies a persistent force; that
the phases of the moon are caused by the earth's shadow; that
weight is caused by the press of our atmosphere; that only the
wick of a candle burns; that é}ants get most of their nourishment
from tﬁe soil; that there are two thermal fluids, hot and cold;
that with enough practice, one could stép on one's own shadow;

and so on.

For the most part, these personal theories are acquired
through combinations of experience, reflection, and synthesis.
Somé, however, are acquired as receivéé knowledge: "Mommy’
says,..." or "Teacher says, ..." In either case, the yobjecgts and
phenomena to which these theories agply are generally thpse of
_ everyday experience: toys and belongings, family and friends,
the neighborhood. The ways in which learners (of all ages) form
these experientially-based theories, or accept reveéled theories,
is the domain of developmental psychology and other cognitive
disciplines, ahd we need not elaborate or speculate on what they
might be. Only two points need to be made here about these
personal theories. First, they are likely to belstrongly held,
often because they aré repeatedly reinforced by routine
experiences, usually the very experiences they‘rationalize.
Second, they do not always ccincide with adult or conventional

views that youngsters encounter during formal schooling.

[
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Personal t%eories doa nevertheless, éhange'over time, in
bart becaqge the 'experiential base to which they bring crder
éxpands, and in part because of educatioéal challgnges. Such
chaqges are likely to be siow, however., %ecause for most persons
most of the time experiences sufficientiy dissonant (or at leést‘
npvel)ato require modification of a useﬁul personél theory are
rare. And personal theories are likélyfto persist even iﬁ\the
face of dissonance ané education.* It,is this enduring quality
of personal theories that may generate’critical barriers when, in
formgl learning situations, students are expected in a short time

-

to modify or even to relinquish their personal theories in favor
of conventional theories which may‘seem to them iess useful,

indeed, less valid. Note that it is often the case that the

conventional theory seems less fruitful, less powerful and
interesting, than the personal one. For example, the .
convenéional theory may @ébly to phenomena that are perceived to
" occur only in the formal setting, and are thus less significant,

less in need of rationalization, than those already accounted for

* See J.D. Herron, 1975. Piaget for chemists: explaining what
"good students cannot 'understand. J. Chem. Ed., 52:146-150; M.M.
Milkent, 1977. It's time we started paying attention to what

students don‘t know. Sci, Ed., 61:409~413; J. Nussbaum, 1979.

Children's conceptions of the earth as a cosmic body: a cross age

. study. Sci. E4., 63:83-93,

H

.
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by the personal theory. Accounts of weight baséd on notions of

. universal gravitation described by an inverse square law, or of a
moon constantly falling toward earth but never getting closer, or

. ) \
of plants building themselves out of thin air, understandably may

seem arcane, anti-commonsensical.

HISTORICAL SOURCES OF CRITICAL BARRIERS

One can draw fruitful analogies between the kinds of
biographical events that lead to the development of personally

useful theories on the one hand, and the evolution of the
LY

conventional theories of the natural sciences on the other. For
exampl% two of the hallmarks of theories in the natural science
are that they are cdénstructed (at least in part) from past
experience and that they are continually validated’ by testing

them against present, and predictedefuture, exberiences. A
2 . :
particularly cogent analysis of this process.is presented in

David Bohm's analysis of the similarities beuween-the growth of

scientific concepts and cognitive development as construed by
’\ “

Jean Piaget.* Some of these analogies illuminate the
\ . L4 .

observations made in the course of this projéct's research and
. ]

suggest potentially useful teaching strategies as well as avenues
. 3 i

for future research.

&

* See D. Bohm, 1965. The Special Theory -of Relativity, W. A.
Benjamin, New York, 1965, pp. 185-230 . '




_ Contemporary scientific concepts that form the content of

elementary science have evolved and endured over decades, even
. centuries. The history of science reveals that mdny.gurrent
theories first emerged from experiences and\observaéions of
objects, phenomena, and‘events that wére, long ago, rputine\parts
of daily lige. _The earliest scientiﬁic theories dealt with ”
objects and phenomena that were generally accessible to most
persngﬁmost of the time: motions of heavenly objecté, tides,
similarities among parents and progeny, motions of projectiles,
and so on. Those theories can be easiiy'traceé t§ common
experiences that could be shared with others; many are just as
accessible to children and adults today.
» Historians of science do not agree about the stimuli that
. generated succeséive modifications of very early scientific

theories. 1Indeed, it seems likely that different kinds of

© stimuli operated in different domains at different times. Yet

the sources of at least some historically important, generic
» . \
stimuli are'clear. Progressively closer observations of familiar

objects, proétessively more penetrating experiences with common
phenomena,’feyeéled néw features and regularities not at first
accessible tolthe casual observer. Archimedes, Galileo, Kepler,
‘HarQey,:Pastéur, and a host of other historically germinal

. r

figh;és offer case studies of su;h intense scrutiny of common

.

objects. And often, a prevailing theory had to be discarded, or

at least significantly modified, in order to accommodate the new

insights. Repeated cycles of deeper'expefiences that required
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successive modifications yielded progressivel§ more powerful
scientific theories. These cycles also led to unexpected (though

understandable) consequences that are relevant in the context of-

e e
- , .

this project.

Seen in this way, modern scientific theories evolved in
directions that were determined when some observers looked‘at
common objects and phenomena in new, more intense ways, when
other investigators attempted to solve broblems that were. not
part of-the daily routines of ordinary people. As the novelty
and intensity. of observing deepened, the observers began to have

experiences not generally accessible to others. Science began to

"answer questions that ordinary people could not even ask, and to
offer answers increasingly incomprehensible in everyday terms.
Explanatory schemes shifted from the macroscopic realm to the
microscopic or invisible .(see next section). A symptom of this
experiential gap is today observable in the laboratory manuals
used in many elementary science courses. One of the functions of
the laboratory portions of such courses is to provide the
neophyte opportunities to recognize the questions to which
theories presented in the lecture portion of the course provide
answers. Laboratory "experiments" are needed precisely to

provide students with otherwise inaccessible experiences.

Q 6246 /




Many examples can be cited of this progression from theorieé
that account for common phenomena in terms oé readily experienced
entities to theories that account for obscure bhenomena in terms
of entities too large or too small for the naive learner to

conceive of. The following examples are illustrative.

e e %

"NON-COMMONSENSE" EVOLUTION OF SCIENTIFIC THEORIES

‘We sketch here some examples of the ways in which particular
topics in modern science have evolved in directions progressively
divorced from common experiences, progressively alienated from
common sense. Four examples will ‘establish the pattern, although

many others could be cited.

Genetics. The understanding of heredity evolved from a set
of correlations that focused on macroscopically visible traits of
parents and progeny to a reductionist yiew of organisms that
focusses on invisible informational macromolecules. Whereas in
earlier days the subject matter was accessible to the average
person, contemporary genetics is accessible only through

molecular biology.

Cosmology. The transition from the belief in a flat earth
of limited size, through geocentrism to heliocentrism occupies an
important place in Western intellectual history. Most of the

data relevant to that sequence was accessible to naked-eye

24y
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observers. But from the time of Tyco and Kepler forward,
astronomical and cosmological sciences have evolved to
accommodate observations and data obtained through increasingly
sophisticated and inaccessible instruments{ first through several
generations of progressively more powerful optical telescopes and
spectroscopes; later through progressively more sophisticated
radio telescopes and other electronic devices. The recent images
returned by Mariner and Voyager vehicles are formed, transmitted,
and reproduced by means incomprehensible to more than a small

fraction of the population.

Structure of Matter. Notiong of the indivisibility of
matter's ultimate constituents date at least to the Hellenic
Greeks, but were closely connected to the observable properties
of the basic elements, easil§ experienceable and observable.
Historically intermediate views, also based largely on observable
properties, differed mainly in the number and interconvertability
of the fundamental elements. But modern views of the atomic
structure of maéter violate common sense in requiring that much
of the volume of all materials be void and that even atoms are
resolvable into entities that may, in the end, not be material in
the commonsense meaning of that term. This set of idesas, again,

derives from data obtainable only by the few through large and

expensive machines.

Classification of Organisms. In ancient times, an educated

person could assign each organism unambiguously to one of a small

25




number of unchanging categories defined by a few straightforward
<criteria. Linneus introduced additional, often subtle, criteria
and defined new kiﬁds of categories, but retained the earlier
notion of immutable species. Post-Darwinian schemes introduced
evolving species and became explicitly phylogenetic; still, most
criteria were still macroscopic, readily accessible to educated
laypersons. Modern phylogeﬁetic taxonomies have addéd to post-
Darwinian criteria other criteria, includiﬁg ultrastructural,
biochemical, ecological, and behavioral features that are, once

again, accessible only to specialiy trained individuqls.

Note that all these radical shifts date from recent times.

v

Major changes in genetics began in‘the mid-20th century. The
evolution of species, and the existence of atoms, were questioned
bf‘reﬁutable scientists as recently as the turn of the century.
In each case, and in western intellectual history generally, the
divergence of common sense from science has been clear, over-
powering. The divergence :efiects and is driven by the very
different commitments and goals of common sense and science.
Common sense seeks practical ends, ends often achieved by know-
ledge and solutions that satisfice under reasonable circumstan-
ces, even if they are not perfectly generalizable. Science: by
contrast, requires strong, cohesive, and minimally redundant
knowledge that is.also maximally generalizable. Given these

radically different commitments, the divergence is inevitable and

should not be surp}ising.

H
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BIOGRAPHY AND HISTORY MAY GENERATE SIMILAR THEORIES \

It seems clear, then, that modern science deals with many
objects and constructs no longer accessible to ordinary i
experience, and accounts for phenomena no longer accessible in
the daily lives of most persons, It answers questions that few
- 4 nénséientists recognize as meaningful, and answers them in ways
that even fewer can understand. Yet, outside of formal

educational settings, most people, particularly children,

continue to construct theories about the world more or less
directly from their personal experiences with readily accessible
objects and phenomena. This is inevitable and not to be

discouraged or even regretted.

We raise these issues because ve think that students of
elementary science may retrace in miniature some early steps in

the evolutipn of current theories. Given that nature seems

o

little changed-since the times when earliest scientific theories
were formulated, it seems reasonable to expect that today's naive
_ observers will derive from their experiences personal theories
that will resemble early scientific theories. These personal
- theories are likely to conflict with conventional tﬂeories when
those are introduced through formal education, and perhaps

C conflict in ways that will lead to eritical barriers. This may

happen because learners faced with a conflict between personal




and conventional theories need not only comprehend the novel )
theory, but must also integrate-— reconstruct-- their prior

knowledge and experience to be c&nsistent with the new view.

This kind of reconstructibn, whether revolutionary or

evolutionary for any individual or theory, takes time and hard

wor!. Until the reconstruction is demonstrably preferable, the

learne; is iikely to resist it, retain the personal view, and

encounter critical barriers.

One can test this line of reasoning by examining the raﬁge
of personal theories revealed in situations likely to elicit
strong cognitive dissonance between personal and conventional
theories. To the extent that the personal theoriés resemble
early scientific theories, the argument would be supported. The
courses offered by the project's staff provided just such
situations, as is documented in the other essays in this report.
Ideas about hot and-cold thermal 1‘uids were challenged by
observing dry ice ‘boil liquid nit ‘n. Ideas about the nature
of light and color gained from mix _ pigments were challenged by
experiences with light filtered through colored gels and by

observing images formed ir. cameras Qbscura.

The course on Light and Color was a particularly rich source

of personal theories with historical resonances. Reading the
record of that course (Volumes IV and V of the Raw Data) reveals

a transition that occupied science for two millenia: from the
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emission theories and lux of the ancient Greeks ﬁp the lumen that
flows from Kepler's decoupling of the external and subjective and
paved the way for geometric optics and Newton.* Tbis decoupling
of the observer and the observed was reenacted quiée remarkably

in our course.

INTERPRETATfON AND IMPLICATIONS

Based on our observations, students' personal theories do
" resemble early theories from the history of science. And, at
least in some cases, students were helped to_reconstruc§ their
experiences and to adopt conventional theories by beiné;
cpnfronted with credible, dissonant experiences. Althouéh our
data are not adequate to settle the issue, we feel that ﬁhese
reconstructions were facilitated when the dissonant experiences
were analogous to those that induced the historical '
reconstructions which punctuate the history of science. Put
briefly, we ;re asserting a recapitulationist argument: the

developmentfof personal theorieé recapitulates to some extent the

development of early theories in the history of science.

\
i
1

See the early chapters of V. Ronchi's The Nature of Light: A@

Historical Survey (translated by V. Barocas), Harvard University

Press, Cambridge, 1970.
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We argue, therefore, that science educators might do well to
look to the history of science for précedents. It may be
possible to anticibate the kinds of personal views their students
are likely to bring to class, and to anticipate the kinds of
dissonant experiences to offer students when they are are on the
verge of making transitions to conventional theories. Seen this
way, good pedagogy wouid include being receptive to students'
personal theories, their native frameworks, én order to
anticipate how to help them recognize the need té reconstruct
their ideas. Good pedagogy needn't involve teaching away
students' theories. Rather, teachers could use those theories to
make students aware of counterexamples that encourage them to
reconstruct their knowledge. Rééher than Qevaluing or ignoring
personal theories, and thus devaluing the student, skilled
teachers might encourage the student to havé experiences that
will predispose them to make the desired reconstruction. This
has the additional advantage of allowing the student to recognize
that the world is knowable, understandable, and that science is
an effective path toward that understanding. That is, after all,

one of the underlying goals of science education.

o

-

It needs to be said that we are not advocating teachihg the
history of science in elementary school. There is no point in
teaching the historical development of science merely to unteach
it in presenting the contemporary view. Nor are we advocating

that teachers of elementary science become historians of science.

The training of future teachers is already too rushed.




We are advocating that teachers become aware of the
historicity of modern scientific tbeories\so_they can recognize
no1d" ideas that their students devise as they attempt to
rationalize experiences of the kind that led originally to the
old ideas. We believe that courses similar to those taught under
this grant would be appropriate vehicles by which teachers could
become aware of the historicity of scientific theories and of

their significance and potential usefulness in their own

classrooms.
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MAN AND NATURE -~ ENERGY COURSES

Fall Seméster 1980

4

Spring Semester 1981

~ During Ehese two semesters we partiéipated in teaching and observing
two science courses for non-science majors offered in the Center for
Interdisciplinary Studies with which Mountain View Center is affiliated.
The Courses i
The courses were entitled, "Man aﬁd Nature — Energy", de;cribed for

students in the following terms:

Catalog Description

The general theme of "e&ergy" is used to focus attention on man's
relationship with his environment. This is\qn interdisciplinary, integrating,
liberal arts course to show the relationships among the natural sciences
égd to suggest how soience helps us to understand our surroundings. The
course psovides an opportunity for student research, writing, and field and
1ab§ratory work in the context of a socially relevant subject-matter theme.
The course is designed as an elective for non-science students and an
integrative science course for prospective teachers. 1t fulfills the natural
science area requirement for A % S students ("first-level" course combination).
General ‘

This 35 a course about science in general and about energy in particular.
It is an eprriment. Nothing quiée like it ever has been taught before
at the University of Colorado (or anywhere else, as far as we know). We
trust that you will enter into the spirit of the experiment by providing
* continual commentary on what you find useful and what you do not. Let us

know what you would like to investigate that seems to be neglected on the

schedule. Share you concerns with us. Let us know when you are confused.
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and don't be afraid to say so. You may be the only one who will admit it,

but surely you are not the only one who is confused! we

.
)

The course is an experiment in another sense. Each of the instructors
is interested not just in science, but in the teaching of science. We want
to know how to teach better and what sorts of concepts and techniques pose

difficulties for learners. Hence, a deliberate attempt will be made to

approach concepts from a variety of perspettives and we instructors will

observe each other, and students, és we attempt to communicate.
We‘are committed to the principle that science is a process important
\ in people's lives. Science is not so much a list of facts as it is a
process for arriving at an understanding of the way the world works.
Thgﬁpourse is planned to have a varieEy of functions. Among them

are:

* to inform students about energy as a phenomenon in the natural

world and in the daily lives of individuals; i

4% to communicate something of the nature of the process of science;
* to break down the over-drawn distinctions between the sciences

(geology, biology, physics, for example) and between the Sciencés

and other fields of human endeavor;

% to fulfill the Natural Science requirement of the College of Arts

and Sciences in a single semester.
Each course was team taught by threc instructors. In each there were

! about 75 students, sharing three 50 minute lectures each week and divided

N y o .
into three laboratory discussion groups of abouc 25, each in charge of one

. instructor. Students ranged from freshman Lg graduating seniors though the
majority were sophomores.

° In the first semester one project memher acted as instructor and

another participant observer of the lectures and one laboratory/discussion

"ERIC

Aruitoxt provided by Eic:
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ERI

Aruitoxt provided by Eic:

...3.- ) i3 1 .
section. During the second semester two project members acted as ingtructors,
sharing one laboratory/discussion section. .ot

<

The _course involved a considetable amount of quantitative work, though

this was almost entirely elementary arithmetic. Students were expected to

¢

be able to work simple problems involving conversgions between Kcal, KWh,

Btu's, heat loss and insulation, personal energy use, cost comparisons

8

between various fuels, effectiveness of solar flat plate collectors, etc.

-

Problems Encountered 2

The.overriding problem was that of the difficulty that the majority

N

of students had in solving problems involving elementary arithmetic.

v
*

This was coupled with a reluctance to estimate approximate answers, OI

even to appreciate the value of this and students' extreme discomfort

v

in accepting "order of magnitude" calculations when these were presented

during lectures and discussions. .

Specific Difficulties Encountered

1.

Confusion between fission and fusion reactions was common.

Terms for invisible particles often had little meaning and students
failed to distinguish between electron, atom, molecule, etc., for
example, "atoms surrounding the nucleus".

Similar confusion between cells, molecules, etc.

Lack of productivity in deé;'oceans often attributed to lack of ot

light and not lack of nutrients.

Confusion between ''greenhouse effect" and destruction of ozone. N

. Lack of a "fractorial sense," so that students failed to sce

relations between say, 8, 32, 64, etc. and so carried out npedlessl&

~

lengthy calculations.

"In exponential growth the doubling time increases at an increasing
Y

rate."

26y ,




10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

F]

* "Energy loses 10% of its efficiency at each stage down."

Q.
<l : I

) ©

"Clouds get heavy and make it rain."

While the water cycle was fairly easy to understand, some students
failed to understand atmospheric,transport and felt that water '

in the University pond evaporated, rose into the atmosphere,

condensed and came down in the same place.
v Q

The carbon cycle posed difficulties - students found it difficult .

to understand how a black solid like carbon could become air,

invisible gas, which in turn could be convertea into plant
materials. ) :
Latent heat. '"The energy is absorbed o;er.the oceans. This energy
is released over land in the form of rain."

"The ultraviolet rays entering tae atmosphere bounce off the earth
as infrared rays." ’

Confusion over the lst and 2nd laws: "egergy goes from a high

form to a low form or that energy is lost."

Tides .caused by the sun, for example, the greater effect of the
*moon was not understood.

ﬁifficulty in experimenting with small demonstration solar
collectors. Some students found it hard to understand why when

the volume of water was measured, it was also necessary to measure

the area of \surface exposed to sunlight. .

Photosynthesis and respiration - roles of CO2 and 02 caused
confusion.

"For example, when the sun's energy is converted to kWh an
incredible amount of energy is lost in the process."

Hot air is confused with heat, for example, it is identified

with hest.
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20.

21.

26.

27.

28.

29.

30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

40.

-

/

/
/}
/

Objects weigh less on a mountain because the air pressure is/

-5- '

less. - /
Difficulty in moving between heliocentric and geocentric views
of the earth's motion.

Difficulty in visualizing celestial motions in 3D planetjarium.

Difficulty with the notion that if A =B and B = C, thén A = C.

]
kW and kWh, that is, rate and quantity. /

Reluctance to accept that when a tank of compressed , was

connected to a calorimeter, the pressure in the latter would

/

rise to that in the tank if not controlled. )
{

pifficulty with the concept of a vacuum in a thermos flask.

Mg weigh more after burning Mg + 02 = Mg 02.

"But 02 has no weight - I mean you can't weigh it."

]
If you put a bucket of boiling water in the pong it would not
* /r

alter the temperature even in theory.

Water escapes from an inverted jar when air is admitted because
the air pushes it out.
Temperature gradients were found difficult to visualize.

Non-linear growth and decay.

e e,

Relative humidity, relative density.
felatlve

Projection of equator to give celestial equator.

Area. 10 X 10 = 20.. 10 square centimeters and 10 cm. square.
Series anﬁ parallel in electrical circuits.

Heat and temperature.

First Law states that energy is recycled so none is lost.
Light years. . /

Rainfall in inches. n/

Relative motion.




41. Effect of aititude on boiling point.

42. The fact that lcc of water weighs one gram causes confusion
between mass agd volume.

As. Concépt of work. One may be working hard standing still holding
a load.

44, Specific heat.

45. Conversion of °C to °F and vice versa. .Students struggling with

this were asked, "How many steps are there between the freezing

and boiliné points?" - “180°F and 100°C." "Which then are the
larger steps." - "op v
46. D.A. Interconversion of units kWh <> Kcal €~ Btu, etc. always .

presented difficulties for some.

47. Theré‘are still some students who have difficulty with the concepts
of "up" and "down" in relation to a spherical earth. Are the
Australians down?

48. Axis of sun and noon when rising and setting.

49. Averages. How can an average family own 1.7 cars?

50. Most of the class were troubled by the concept of the amount of
solar energy intercepted by the earth being depéndent on the
section of the sphere and not half the surface area.

51. The blue of the sky Pnd red qf sunsets.,

52. Sine waves. ‘

53. There was frequent difficulty‘with proportional problems of this
nature: A wood stove burning at 66% efficiency produces 25,000

Btu's/hr. How much heat would it produce burning at 100% efficiency?

(This would be incidental to some more complex\broblem.)
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Many students argued along these lines:
66% - 2/3

So add 1/3 to make the total, 1/3 of 25,000

This diagram quickly convinced them to add Y% of 25,000

2/3 %

The Class as a Medium for our Research

While it became apparent during the first semester that this class was

not ideal for our purposes, it seemed sufficiently fruitful for us to persist
»

for another semester. Mote difficqlties were uncovered, but the principal
return was a very substantial confirmation of the difficulties that had
already arisen. However, in the light of our experience of the teachers'
courses discussed in Papers
it is now clear to us that these gave a much better return for the effort
involved. The clear advantages to be gained from a small group of selected
subjgcts, who quickly became completely at ease, who have no examination;
to face and so nothing to lose, and who have a professional interest in
the process of learning, are described in that paper. Apove all, the fact
that we were exploring a topic rather offering a course meant that we
woere free to modify the style, content and pace o. rhe class to suit the
needs of individufls in a way that would have been quite inappropriate
in a University course offered for credit which had to meg;»dé}tain

requirements of the College of Arts and Sciences.

1. Size of Zlass - Even the 1ab sections, groups of 25, were too

large:

A

a) for students to be willing to air their difficulties;
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Aruitoxt provided by Eic:

.

b) for instructors to give sufficient time to answer questions

that were asked; .

¢) in spite of the very friendly atmosphere, for all “students
to develop full confidence in ;he lecturers or their classmates.,
While students were encépraged to make appointments to discuss
difficulties individually, many of them did not accept this
offer. Interestingly enough, at the mid-term exam in both
semesters students were in severe difficulties but at the end

of the course very few failed.

Pace of Class

In a normal class, the instructors have a responsibility to
teach all students; however sympathetic and interested they are
in those with difficulties, the body of students has certain
expectations which one must try to meet. So one is forced to
help the stragglers to overcome their difficulties as quickly and
effectively as possible - one has to help them to jump hurdles,
whereas in the teachers' courses we were able to spend perhaps

o

several sessions digging deeper and deeper to find out the
fundamental nature of those hurdles and how taey had been built up.
Even in the lab/discussion sections, time for clearing up
difficulties was too limited, because if too much time was spent
on one set of difficultiés these sessions would get behind the
lectures. So the next set of problems were not being dealt with

as they arose.

The Value of Participation in" these Courses

In spite of these limitations, our involvement in these courses

13

was useful because it gave us a broad survey of a range of problems,

 RE3, -
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B

some expected, others still surprising. Only by continued
observation of this kind, at all levels, can a catalogue be
built up fo the barriers that exist, oun the one hand to provide
‘ the raw material for more intensive study and on the other to

guide curriculum developers.
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Noted and Reflections on Course

Man and Nature: Energy

Introduction

The course Man and Nature: Energy was offered for the

first time in the fall of 1980. It was intended as a course
for non-science majors which fulfilled the natural® science
requirements of students in the University's College of Arts
and Sciences. The course was taught by a team of instructors
from three different disciplines -- physics, biology and‘
agricultural botany. The course syllabus stated: v, ..Nothing
gquite like this has ever been taught before at the University
of Colorado... We trust that you will enter into the spirit
of the experiment by providing continuai commentary on what
you find useful and what you do not... Share your concerns
with us. Let us know when you are confused and don't be
afraid .to say so. You may be the only one who will admit it
but surely you are not the only one who is confused... Each of
the insgructors is interested not just in science, but in
the teaching of science. We want to know how to teach better
and what sorts of concepts and techniques pose difficulties
* for learners..."

I attended the class as a student and participant observer.

Ron Colton, another member of th§ research staff, was one )

of the three insturctors. He lectured in the course and taught
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one of three lab/discussion sections. The other inst;uctors
were David Armstrong and Benno Klank.

The statements from the syllabus which encouraged students
to voice their confusions were repeated in the first lecture
class and in all three lab/discussion sections. It was made
guite élear to the students from the very beginning that the
three instructors were genuinely interested in the learning
process, and in helping students overcome any difficulties
they ‘might have with the content and approach of the course.

My main function in the course was that of "student

‘advocate": I was to be an uninhibited q?estion—asker, with the
hope that my qugstions would encourage the students to speak up
freely whgn they were troubled or confused. 1I also expected
to act as a liaison person between studenés and instructors;

I know from experience that it takes a long time befare students
feel free to expose their ignorance with questions which they
consider "dumb." ’

I encountered some initial problems with my role which
made the early weeks of the course rather frustrating for me.
Thése were, however, problems which could be prevented. Other

problems were diréctly related to the fact that data was to,

be obtained from a regularly scheduled college course. It

is difficult to uncover students' critical barriers in a
course in which a certain amount of material has to be d.

The instructors were often concerned about falling behind

in their schedule, while many students were still having
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difficult}es with some of the course material, especially
where mathematical calculatics were involved. Peter, a
senior in political science who had successfully completed
a calculus course, commented to me how little material had
been covered a moﬂ%h or so after the beginning of~the class.

"They could have covered a lot more," he said, "but then we

wouldn't have understood anything.”

s

One possible remedy for this situation in the future

could be the addition of another lab/discussion section for

which students would volunteer, for additional credit, and in
which difficulties could be dealt with at greater leisure.
In such a class, students could also be asked to keep a record
_of their learning problems, thus enriching the data for
the research. Although many students found aspects of the
course quite difficult, others probably felt that the course
was moving too slowly.

I loved ;oing to this class. I was interested in the
content, took notes at lectures and 'lab sessions, did most
of the written homework, and even took some of the tests
(though on a take-home basis). I learned a great deal and
was excited by my new understandings.

The following comments are based on my class notes, my
personal reflections written during the time of the course,

' and on questions asked by students (including myself) about

some of the material presented.

Iy
Py
R
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"Are there any questions?" is,routinely asked by most

3

Asking Questions and Needing Answers 1

teachers when they are presenting new material to a class.

More often than not, no questions are asked and the lecture
proceeds. ' "’
It took a while for students in the energy class to feel

free to respond to this question, though as the course pro-

gressed qﬁestions became more frequent and were asked more .
spontaneously. Questions asked in the large lectures were

mbstly factual. It was clear to everyone that lectures

were not the place to deal with deeper confusions. Yet even

in the smaller'discussion groups, not every student asked
quégtions. Some did not need to ask. Others, however, held

back. Since it was part of my job to encourage students to

ask questions, I watched carefully for signs of confusion.

Quite often I noticed students who looked puzzled but did not

voice their concerns.

s

In critical barrier research, questions provide the most
valuable information on students' thinking and understanding.
Yet the structure of a college class presents some real
difficulties. Class size, the amount of content to be
covered, the traditional lecture style of mcst colllege teachers,
all would have to be modified, and time greatly expanded Eor‘
questions andJanswers. From my Own experience, I know that ‘

it is hard even in the best classroom situation to ask all

« the questions you may have. You begin to feel that you are
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monopolizing the class, boring other students, and poésibly
.exasperating the instructor. You also become very sensitive

to instructors' expectations, whether real ox ‘imagined. When

o

the confusion is deep and explanations have not helped, there

comes a point when you say "I understand" just to get out of a

~

éainful situation.

Feeling free to ask questions is one aspect of question-
asking. Another aspect is needing an answer. When learning

something new, there is an early stage of confusion when it

3

is difficult to even formulate a quest:ion,b With time, how-

ever, the learner comes closer to understanding. Question

A

then suddenly becomes urgent.
Qn November 3, 1980, I wrote in my notes:

. When I first began tb wonder whether heat always
flows to something colder I needed to know right then
whether this was sc¢. Benno was gone but luckily
Ron was there and I could ask him. He said yes,
that is more or less how it works.

3\Why do I have this sense of urgency? 1Is it that
I'm'afraid I'1l forget? Or is it that it is the

end of a long road, some of it not even conscious,
and when the goal is finally in sight I want to get
there fast to resolve the tension? I wonder if this
is what children feel when they are learning? 1Is
that why some children ask questions so incessantly?
I can really empathize with that now: I had the same
feeling when I was talking with David A. last
week. ' I was onto some understanding and he had the
answers and I wanted to get them. The only  problem
is that often an answer raises more questions and

you can stay and stay and ask and ask until you become
utterly exhausted. I really wonder whether that is
why curious children never stop asking questions!

Dealing with students' questions, encouraging them, answering

* them and providing experiences that will help students to find




their own answers -- these are central to critical barrier
research. It is a slow, time-consuming process, not well

suited to a college course which has to meet other obligations.

Conditions for Learhing: *Trust and Motivation

A visitor to one of the lectures in the energy class
remarked that students were led through many calculations to
an end result which they did not’understand. The visitor

thought it was a bit as though the instructor were the Pied

Piper saying, "Follow me, and we'll get to some nice place."

(The calculations were about converting watts to calories to
footpounds. It was a rather belated summing-up of experimentg
done by groups of students earlier in the course.) I took
notes during this class but did not really try to understand
the calculations, I wrote in my notebook, "You have to have a
reason to want to do all these conversions." For most,K students,
the reason was the upcoming midterm exam. I did not have to
take the test, so I did not make the'effort to follow the
calculations.

The visitor did not know that Qe had dealt witﬂ the topic
on many previous occasions, but his comment made me think of
how much a student has to trust the ipstructor when the direc-
tion of a lecture or the purpose o§ an experiment is not

immediately apparent.

Benno likes to have things going on - experiments
during a lecture - without t€lling students what it

is all about. "Just remember it, we'll get back to
it", he says. If you know your teacher well and trust
>
. . . R
o .
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him or hex, vou can accept this ¢pen—endedness and
not get too concerned. For some students, however,
this style of teaching was difficult to accept.

There is a Lot of open-endedness in science, which comes

as a éufprise to. the nonscientist. During a.lab session on
2N . .
light andsheaty I wrote in my notebook: "Does everything

L Q -
have to lead to other, more complicated things?" It took me a

long time to become comfortable with this lack of closure.
. The more I know about a subject, the better I can accept open-
endedness -- probably because my existing knowledge gives me
the security to be left hanging. But when 1 delve into new

subject matter, my tolerance for open-endedness decreases .

Y

noticeably. I feel insecure with my lack of knowledge and I
push hard 3 gain some understanding. At that stade, I am .
not happy with postponements of explanétﬁons:

I wanted to know how light and heat were related.
Benno said "I have to get into atoms and molecules
to explain that." -I was irritated and thought. .
"I don't care what he has to do; I don't want ‘to keep
being confused;andyl don't want any more holding
answers." To me light and heat are not the¢ same.:
Tara obviously was nbét connecting them either since
she wondered: "Why can't you make a bulb that makes
light without heat?" ‘ '

o

” ©

How can students be hflped to accept open-endedness, ambiguity,
and Lemporary confision as a normal part of the learning

. ' Pprocess, and‘how can they be better prebared to tolerate the
discomfort that oftén goes along with not understandiné?

. Being personally motivated to understand sometbing can

be most helpful, I had been confused about amps, volts, watts,

and ohms for years, and I never did sort it all out during the

Q ‘ . : - ) ’ 2 7‘t’ \
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. energyvcourse. But the other day, when an electrician was f

.wiring an addition to my house and I wanted to make sure that
there would be enough power’ to use an electric oven, I was |
motivated to overcome my block. I was talking watts to the
electrician; he answered me in amps. Right there I decided

the time had come for me to get this confusion stﬁaightened
M [4
" out. I asked Ron for help, and this time I understood. Now

I have trouble remembering what my problem was and why it

tocok me so long to'understand! It all "seems rather simple

Y

and straightﬁorwardx\

3
5

Knowledge Assumed o

iy )

There can be quite a gap betwecen an instructor's idea of

w

a simple explanation and a student's ability to grasp that
éxplanation. Here is an example of Ron trying to explain
shadows to me: .

' You know that the sun's rays are perfectly straight;
’ . (I never thought about it.}
But because the sun is ‘so large, they cross...
(Where? I forgot. Is that the focal point?)
...and make a little trlangle...
‘ - (I tried to draw- that but ‘couldn't get it right.)
' ..:;and then with some Simple geometry you can cal-
o culate the distance to the sun."
- I must have looked puzzled, so Ron trled again:

"You know *hat if the rays of the sun were stralght
_you would get a very sharp shadow all the way."
I nevei thought abouit the sun's rays being straight
or at an angle* much less about a shadow being related
. to the sun's rays, and I would never wonder why the
- shadow 1is sharp at one end and fuzzy at the other -
~ in fact, I'vesnever even noticed that. There is so
. . much knowledge assumed that I don't have that I
N can get quite overwhelmed. . !

*Last year' I was thinking "straight" vs. "at an angle.'
"Now I know 1t 1s "stralght" vs.,"curved.
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Assuming knowledge that a student doesn't have is an almost

universal problem in sgienge teaching. It is reasonéble for
college instructors to assume some basic Hvowledge, especially
in subjects like mathematics and biology shich are required in
most high schools. But if the students d?n't have the knowledge,
and come to a college course for "non—sci#nce majors" with a
lot of fears about their ability to undexstand science and

! i

perform mathematical calculations, how aFe the instructors

4 !

to proceed? What is the solution to this dilerma?
!

|

,Quantity of Mater.ial o

; When does a learner reach a point;of intellectua} satur-

!ation? This is an individual matter; it w?ll vary from student
to student and it will vary for the same student from day to
day. External factors such as fatique, hungér, preoccupation
with personal problems obviously will ﬁnfluence how open a o
learner is to absorb new information./ But even under optimum
conditions, well-rected, well-fed anq initially re%axed students
often reach a point where they dén'tiwant to or cannot take in
any more material. I éan give many examples where I reached
this point of saturation. One lecture stands out in my memory
as being overwhelming not so much because of conceptual
~(barrier) difficulties bu;,hecause of the sheer quantity of

“ mateiial presented. I wrote in my notes: . ’

That was a frustrating lecture for me, especially
at the end when we got to the carbon cycle. There's
a lot I don't know and there's an awful lot of new . (
material being presented in class right now. The ’
water cycle was all right, but the carbon cycle?

27
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First of all I got confused because, in the previous
labs, we were burning coal and that was called carbon.
So when David first mentioned the carbon cycle, I
had this little piece of coal in mind...OK, I learned

" that carbon moves as carbon dioxide and I sort of
knew that was a gas, but carbon-dioxide gives me
problems. I never realized air was not Jjust oxygen
and I have a hard time fitting carbon into my mental
image of air. 1I've also heard more about carbon
monoxide - which is poisonous - and 1 don't see why
one more oxygen molecule can make suck a difference.

I can't handle new material when I don't under-
stand most of it and I get anxious if I'm told too
many times‘'not to worry about it because "it will be
covered later." TLike photosyntheses. The carbon
dioxide combines with water (where? in the leaf, in
the air?) to make carbohydrate. I never realized
that ‘carbohydrate neans carbon and water. Then it
is burned. Wha! is burned? Fossil fuel which was
made of carbon? How? And then there was a picture
of a cow labeled "Respiration" on a chart illustrating ;
the carbon cycle. Respiration seems to be what happens
after animals and human being eat. My own associa-
tion was with breathing but I was told that respiration
is a parallel process to combustion and at the end
of the cycle, everything goes back to CGZ. I am
really confused! 9/29

There was a whole series of packed biology 1ectu;es“in

which the quantity of material presented was too much for me

to absorb. However, "biology overload" never affected me in

-

the same way as too much physics or math.

°

Even though I had a hard time following what was
presented -~ mostly names of different parts of a cell --
it was not anything that I felt I could not understand
with time. I never got that panicky feeling oxr the
anxiety which can overcome me when I don't understand
the matq or can't grasp the physics.

The photosynthesis process -- the work of the
chloropbyl molecule wh:ch splits the water fmolecule
with the help of sunlight -- may be mysterious but
it does not seem to me difficult in the way that
some of the physics concepts are difficult. I don't
know how you would experiment with it to find out
what really happens, and how the hydrogen that is

.

RTT -
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split off' from water combines with the carbon dioxide .
to make glucose, but trust it can be done in a
lab. 10/10

I wish I had more time to absorb things. Why
. don't I get more excited by biology? David is excited
. by the fact that the mitochondria and chloroplasts run
the biosphere but that is pretty abstract to me,
However, I know now what I will have to understand
in order to understand photosynthesis. Until now it
has been a complete mystery. I have a vague under-
standing of the role of chlorophyl and I also know
that sunlight is the key in this whole process. I
~ think with time to wonder and reflect and a few more
explanations, Or some %imple books, I could get it.

The discussion of the rain forest was interesting:
there is no growth at the bottom because there is no-
light. Philodendrons have roots in the ground but-
they have td wind around a tree up to a height of
300 feet to reach the light. I've always known that
plants turn towards the light or reach up to the light
to grow but I didn't know they have to have sunlight
4o live and that "living" for plants is making
carbohydrate. 10/24

mhere were times when I experienced another kind of over-=

load situation. When I asked for help or information, I

often was told more than I wanted to know at that moment.

I ‘could have done without the introduction of
latent heat today. I Jjust wanted to dwell on my
very exciting understanding of heat flow and have
lots and lots of examples “to make sure 1 really under-
stood it. 11/3 s

I was,.checking out my understanding of solar
heat with Benno, having just realized why you have to
take into. consideration the amount of time an area
is exposed to the sun. (You use up wood or coal when
you burn it but you don't use up the sun - therefore
you must time it.) Benno said it was similar to
electricity but I didn't want to hear anything
else just then. 10/10

Yestefday, when I had figured out that heat flows
to cold to sort of even things out, 1 was very excited
and I wanted to enjoy my little triumph. A day or
two later I would have been ready for more. But Ron
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I didn't like the

LS

told me right away about entropy.
idea of entropy - I didn't want anything so awful
sounding mixed up with my new discovery, and I really
didn't want to hear about anything else right then.

- . I just wanted to enjoy what I underctood, savour it
and get it firm in my mind before going swimming again
in a sea of new information where I would have to work
hard not to drown. 11/14

Teachers tend to give students too much informa€tion -
. more than they have been asked for. At timeg, such new facts .
or ideas become stimuli that further the students' understand-

<

ing and make them aware of new possibilities or directions.

At other times, howé&er, students may need more time to
digest, integrate or simply enjoy their understanding, or they
may want ﬁd try it out in new situations until it becomes
firmly rooted. They are not ready, just yet,. to move on.

In their enthusiasm to help, teachers may rob students of tkre

pleasdre of having reached a new level of comprehension:

-Trying to Understand . ,

All through my notes there are comments about being

exhausted by the effort I had to make to understand something

or frustrated when I didn't gét it. “

The demonstration of the bomb caloriemeter and
‘ all the ensuing calculations were almost too much
for me. Benno is a good explainer, .very patient, but -
my ignorance is great and the effort I had to put
into understanding everything got me exhausted. 10/2

‘o

It is hard to be so bombarded with new facts and
concepts and ‘not have time to understand them. It
is exhausting. 10/4

I concentrated really hard today and follnwed
along almost all the time. This concentration is
draining. 10/7
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(After seeing a film on astronomy - The Nearest
Star) What really are waves? and what is electro-
magnetic radiation? What radiates?,light? heat?
waves? And what's the elec:romagnétic field of the N
earth? 'I get so frustrated when I understand so little
or when explanations are full cf terms I don't under-
. stand. 9/26

~a
>

I wish I knew whether the students in class felt a similar

frustration or e?haustion. I doubt that they did. 1I'm sure
2

"many of them didn't understand things any better, but they
probably didn't tcy as hard as I did. Perhdps they did not
_ expect to understand everything or had learned not to mind.

When do students begin to accept "not understanding"” as a

normal part of school?
Oon November 3, I wrote in my notes:

Over and over again I am struck by two things in ' . ’
my efforts to learn science: . ?

1. How difficult it is, what an incredible mental
effort 4 have to make, to follow the lectures and lab/
discussions. I can feel utterly drained and. exhausted,

! even hungry, after only one or two hours of classwork.

2. How frustrated I become when I don't understand
something and how excited I can get when I do gain a new
‘ understanding. "

I wonder if science teachers are aware of the extent
of “frustration which many students experience. "What is
. it that I am not getting?... Why can't I understand this?"...
' . "I don't really know what I'm trying to understand anymore!"
such feelings can be very anxiety arousing. I suspect
that children react this way in school from the earlierst,
grades on.

Avoidance
There were times when I made a conscious decision to back
of £, when I simply did not want to or could not make the

ef fort to understand any more. .

Q 28(} v - '




..."There ‘are electromagnetic waves all around"...
I am tired and it takes too much of an effort to
understand this.

After a lecture in which I finally began to un-
derstand how light is changed to heat -- light_ hits
something, is absorbed, some of it radiates back as
heat on -a different waveleangth -~ Benno went on to
a discussion about why the sky was blue and the sun- s
set was red but I didn't even try to understand that.
Another time.

We've gotten into radiant energy in class and
that gets us right smack into light waves -- a sub-
ject I have avoided for many years. Although I knew
that I would have to tackle it one day, because I
often got into topics which required that under-
standing, I was never quite ready to make the
effort. The reversed image in the pinhole camera,
the round sunspots in the shadow under the large elm
tree, the colors in a prism; rainbows’-~ these and
many other experiences touched on the subject of
light. Yet whenever I looked "at the sun, a lamp
or whatever -- I -would retreat. "Some day I will
have to learn it", I said to myself, "but I'm not
up to it right now."

Now I HAVE to learn it. And I'm probably more

ready than before since I have at least some awareness

of light rays. They aren't a complete shocking sort

of surprise, forcing me to rearrange comfortable

existing knowledge. My "naive" understanding has

been jolted many times before. 1l1l/11
“ I wish I could describe the feeling when I don't under-

" ‘

stand something and am trying to decide whether to make the
effort to struggle with it and work it through. As I said
earlier, this decision is genierally influenced by such outside .
factors as fatique, preoccupation with personal matters, lack
of inferest or the amount of tolerance for possible frustra-

tion you may have on the particular aay. Any of these reasons

may contribute to your decision not to make the mental effort

to follow a new idea or struggle with a new concept. At other
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times, powever, the decision to pull back is primarily due to
the fact that you have reached a point in your thinking where
you know that "sticking with it" would not be fruitful. Some-

times it feels almost like a kind of rebellion -- "T've had it

for today, I'm not going to make the effort, it's just too hard."

Y

. At other times it is simply a matter of too much material to

absorb, or it may be a topic with which fou have struggled
unsuccessfully before and you've decided that you won't get it
anyway, so why even try. It is always a conscious decision
that you maké -- "not now, perhaps some other time when I'm

more ready for this." I believe this is a defense against

feeling ovefwheLmed by lack oflunderstanding.

-

Mathematics - «

I have left the description of mathematical problems
to the end. Just looking through my notes and trying to re-
construct the thfnkiﬁg behind ‘'some of my calculations brought
back all the anxiety I felt last year when I attended the class.
"T don't understand this anymore...I don't want ﬁo go through
these calculations again:..I still don't understand why you
divide grams into calories...". Those were some of my thoughts
as I looked at ﬁy notes. In class, I almost always got lost
when calculations were done on the blackboard. When I managed
to follow them, I usually could not recall the logic of the
calculations later'on. Things went too fast for me. 1 copied

everything into ﬁ& notebook and then tried, after class, to

reconstruct the calculations. Sometimes I could figure it out;
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sometimes I needed help; sometimes I got the idea but didn't

want to spend the.time to work it through, It never seemed to

get easiér, and the same type of problem kept throwing me off.
The problem was simple division! It was not how you do it, ©Qut
why you divide to get a certain answer. Here are some notes

illustrahing how I was struggling with division:

Ron touk .a globe about one foot in diameter’
and asked how far away the sun would be on that
scale. He told us that the diameter of the earth .
was about 8,000 miles and the distance .0of the sun from .
the earth was about 93 million miles. He then o
divided 93 million by 10,000 -- an order of magnitude
calculation -- to get an answer of 9,300 feet. That's
how far the sun would be from our one foot globe.

I had to repeat the calculation with my method -
learned, I think, in my high school algebra class.
I had no idea why Ron was dividing the distance by
the diameter.

1l foot is to 8,000 miles as X is to 93,000,000 miles
1 : 8,000= X : 93,000,000
8,000X = 93,000,000
93,000,000
X = 8,000

I can set up the problem and I know how to solve
it but I don really understand why you divide or
why the answer is in feet.

A similar division problem came up in Benno's class:
If .6025 grams of a peanut butter sandwish --
the actual weight of the sandwich pellet we used
in our experiment --' produces 2319.5 calories,
how many calories are produced by one gram? Benno
divided 2319.5 by .6025 to get an answer of 3849.8° .
calories. Again I asked: why do you divide .6025
into 2319.5 to get the number of calories in one
gram? It just tells you how many times .6025 fits
into 2319.5. What does that have to do with one gram?

0
Since I have trouble understanding this, I ob-
viously, never understood division.

R84y
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Benno said division is how many times something
fits into something else. That still doesn't quite
explain the above calculation.

I do get it, though, with simple numbers: y

If 2‘grams produce 4 calories
1 gram produces 2 calories

. . No - it doesn't help, I'm just taking half of each!

I became so frustrated and irritafed with myself for not
P

understanding why you divide that I spent considerable time

- . [

trying to figure it out. I think I came to understand it at

~
the time, but reading over my own notes, I am still a bit

confused. °

A problem which “involved leaving a term out of an equation
. when its value was 1 came up in Benno's class. -

We had exploded a small pellet of peanut butter

sandwich in the bomb calorimeter and were trying to

<, figure out how many calories were contained in the
pellet. We had previously learned that one calorie
raises one gram of water by one degree Fahrenheit.
Today the term "specific heat" was introduced. When
the sandwich pellet exploded, it heated the water
that surrounded the container, and the water, in turn,
heated the container. 1In order to calculate how much
heat the sandwich pellet produced we had to calculate:
1) ' How much energy’ (calories) went into heating the
water - 'the amount of water multiplied by the tempera-
ture difference - and 2) How much energy went into
heating the metal. ¢

<

We now were told about specific heat and given a
formula ' oo

>

. _mass x specific heat x temperature -difference = calories
Then Bénno mentioned that the specific heat o ' 3
water was 1, the highest of any material known, and
the specific heat of iron/nickel (the metal of the,
container) was .l. We now plugged in our figures:

° -
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3703 g (nickel) x .1 (sp.ht.) x 1.05 (temp.diff.)=388.5 calories

A}

1838.8 g (water)xl(sp.ht.) x 1.05 (temp.diff.) =_1931 calories
‘ . 2319.%5 calories

. Total:
Since we only haé .6025 grams of a sandwich (not 1
gram)* we must alv1de:223255' = 3849.8 calories. )

There weré 3.85 calories in that little pellet!
This calculation got very confusing because the ~

specific heat of water had not been mentioned before.

We had been calculating calories by using only the -

amount, of water and the temperature difference. It

had worked because the specific heat of water was

one but we were never told that. Now we suddenly

had to multiply the nickel by the temperature' differ-

ence as well as by .1 and thlS took us a while to under-

stand .

~

Throughout the course, simple math problems became major ob-
stacles, for me as well as for many of the students.\ The same

kind of elementary arithmetic problems kept cropping up time

" and again. When do you multiply? ' When do you divide? Why

do you multiply or divide? Formulas were confusinga however

simple they appeared to be. For instance: one calorie raises

the temperature of one gram of water by one degree:

A student' in Benno's lab wanted to.know why

you multiply the degrees raised by the quantity of
water to get number of calories. I understood it

¢ but couldn't explain it to her until I suddently

/ realized that the one calorie was the result of
multirplying one gram of water by one degree. Wé
just accept formulas and definitions but we don't
know how to apply them because we don‘t really under-
stand how they are arxrived at.

<

Siméle math problems interfered constantly with my science
learning. When you get hung up on division or multiplication,
you can't begin to concentrate on the science being taught.

You are stuck, become frustrated, aha tend to panic or tune out.
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It is a humiliating experience when you start to think:
I'm not getting what others are getting... I'm

not getting what the teacher thinks I should be
getting...I thought I understood multiplication
and division -- I've used them all my life so why )
can't Irunderétand it now? Every time a calculation
is done on the blackboard, I wonder whether I'll
be able to folloy it...I'm not having trouble with
the science concepts, *it's the damn arithmetic tHhat's
getting me down!

As part of an order of magnitude calculation --

’ - L]

figuring out approximately how’ many rice grains there would

be on a chess board if you doubled the number of grains
on each successive square -- we were trying to calculate
: . ¢
the number of grains of rice in one cubic inch. ' Benno 3,

* &

was doing it on the blackbaord during a lecture. We :

estimated that one rice grain would measure approximately

*

v

1/16" x 1/16" x 1/4". How many rice grains would fitlinto

“one cubic inch? A student called out "16x16x4." I.was

amazed how anyone gould come up with an answer so fast.
Benno did the calculations slowly and carefully, since
many students didn't understand it, but I still had to
work it out for myself after class, making many drawings’
of a cubic inch and rice grains.

Here a good example of a teachér trying to make
things simple:

¢
boom we

Excérpts from Explanation of Order of Magnitude Calculations

Benno lab, 9/15/80

Benno: Let me show you an example of an
' order of magnitude calculation. The first thing
that we will do is ry to figure out how many \
grains of rice there are in a cubic inch. Okay?

>

<

¥ Q.
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So, have a guess, how many dre in a cubic inch?

|

i

- 1

‘ ~ -

Student: About a hundred. .

Benno: A hundred...four hunared...a thousand
(writes on board). Fifty. Do you think we have
a range which is redsonable?

Laughter.
Student: Thirty-five ) '

. . Benno: Thirty-five. Okay, talking about order

of magnitude calculations, thirty-five and fifty

is the sgme. You know we are looking at such a

broad spectrum that thirty-five and fifty fall

into the same range of ball park figures, they

should be in the same order of magnitude. Ob-

K viously nine hundred and one thousand would be .
\\ the same for this purpose here. We are not

interested in the last little grain of rice, we

are just trying to get some kind of an idea whether
there are maybe &0, 100, a thousand or ten

thousand in there. All right, the reason is of

course that in_the end we want to figure out how

much rldp theré is on that chess board. And i
again.you see, there it will not matter whether
we are Off by one or two grains, or whether

we are off by one or two cubic inches. So let's
do it. ‘How big would you say is a grain of rice?

Student: A eighth of an inch long.

Benno: A grain of rice looks pretty much
elongated, you know a little bit-like a fat hot
dog or somethlng like that. What would you say
is the diameter of tha thing? A sixteenth?

A sixteenth I think is close. An eighth of an
inch is too big if you ithink about it. 1It's way
smaller |than that. A sixteenth of an inch maybe,
in that helghborhood Okay, how long is it?

-

Studgnts: A quarter of an inch.

we'll make life easy for ourselves. Since we're

just interested in the order of magnitude calcula-

tion we Wwill assume that all rice grains look

like thﬁs. Then we can stack them more easily

or we can calculate the stacking of them more

easily. Okay, grains of rice are one quarter -

< BennE: A quarter of an inch. Okay. Now

) Q ‘ oy .
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on an inch long and they are one sixteenth by

one sixteenth of an inch. Good, we've nearly got i .
the problem solved. How many of these grains .
of rice: go into a cubic inch? . .oon

3

Student: Sixteen, times sixteen times four.

Benno: Sixteen timeé sixteen times four.
Does everybody see how we got that?
N
Student: NO! ~°

Benno: All right, that i's a cubic inch) .
right? Then let's take one grain of rice. How !
much is the area that we have here? <

Student: A sixteenth of an inch. )
: Benno: ap ay, if I take sixteen of those

little areas,™ will get a length which is one

inch long, but does it fill the entlre area of A
one inch by one inch? )

' N

Students: NO.

Benno: Neo, so sixteen of those little pieces
here simply make ‘one narrow string which is one
inch long here. How many of those little strings
do I need to fill this entire face?- Sixteen,
okay: So I have sixteen here and I have sixteen
here, rlght9 In other words, tHis little piece
here which is a sixteenth of ‘anfinch:on each side,
that little piece is what fraction of a square R ’
inch?” One.sixteenth ‘of a sixteenth, right?
What is .that?

Student: One over sixteen squared.

12
.

Benno: Sure. Sixteen squared...sixteen times
sixteen is 256. Okay, so I need 256 of those : »
dumb little grains of rice ot make one layer of ) ‘ .
rice which is how thick now? One fourth of an
inch. So how many of those layers do I need to
make up a gomplete cubic inch? Four, right? §o
I need four' times 256 grains of rice to flll qne
cubic inch, so what is that? ' -

Student: One thousand.
. Benno: That's one thousand, right. Okay, ‘
because,you Know that we are off by a few kernels
one way or another. One thousand are in one cubic .

.
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inch. Who believes that? Who does not believe
that? Does it sound reasonable? I had one student
who just didn't believe.it. This is kihd of old
and it has been bent, but you can get the idea.

She made herself a little cubic inch, and she
filTed it with .rice. I still have the rice here.
She .ecounted it, and she got nire hundred and eighty
nine. Do you want to recount them? There they
are. Do you see now what is meant by an order

of magnitude calculation? You make some reasonable
assumptions, like rice is about a sixteenth of an
inch thick and a quarter of an inch long.

Student: How close do you have to be?

Benno: That depends on the problem. Quite
often it's good enough if you are even within a
factor of ten.... s

a

(discussion mow focuses on order of magnitude)

Large numbers were troublesome. I had no familiarity with

them, and no faéility to make quick calculations. I remember

even wondering how 10 x 10 x 10 could be 1000. I had no problem

with 10 x 10 being 100 or even 10 x 100 bgihg 1000 but for
some reason 10 x 10 x 10~didn't look large enough to get to
1000 so fast. I don't really know why I thought that way.

I probably .just looked at the numbers, all three of them

quite small, and was startled when the answer turned out to be
so large. Perhaps the number 10 was the thing I concentrated
on: 10x10=100 and then you multiply "it" by another 10. 4
‘fhe "it" is of.course 100 but somehow you think about 10 and
then wonder where the 1000 comes from! How could any college
sciénce teacher reali& believe that studénts could get hung

up on 10x10x107?

The problem is vast and while I don't know the solution,

I can make two simple suggestions. The first concerns the
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structure of the energy course, or other similar courses aimed T
at non—ecience majors. If simple math tﬁrns out to be such a
major problem, why not offer a short math review course at the
beginning of the term -- as soon as the first probleﬁs arise =--
so .students have a chance to gaiﬁ the understanding necessary
to apply this basic arithmetic? I realize that such knowledge
shouid be taken for éranted in college, but if it doesn't
in fact exist, the Students who are already timid about math
and ecienee will only become more appfehensive as they ‘exper-
ience constant frustrations witﬁ gelatively simple calculations.
The second suggestion is broader: much has been said
and written about math anxiety, and many codrses exist at -
various unlver51t1es aimed at helping students overcome this
anxiety. I wonder, though, if sufficient efforts are being

made  to document the student's thinking and feelings while

they are in the process of tackling a problem. I believe it

would be most valuable to find out how students are thlnklng

st

when they don't understand somethlng, and when and why they
get confused. Just knowing that students'get anxious does
not throw sufficient light on the barriers that interfere with

their learning.’
In the concluding section of this essay I will present <
one attempt at documenting how a scientifically naive student

(me) tried to master some of the basxc understandlng of heat

and light.




Heat and Light: Some Early Struggles

I have started many times to keep track of my thinking

- -

and learning when I am trying to understand a difficult new )
idea. I enjoy writing things down, and find that my thinking
becomes more focused as unexpected questions and dnswers pbp
into my mind. I have, however, found that it is extremely
difficult to keep track of all the thoughts that relate to the
learning of a new concept. I would virtually have to‘walk
around with a taée recordér so I could talk into it whenever

I have an insight, a question, or a confusion. When I'm really

trying to understand something that gives me trouble, thoughts

‘gome into my mind at quite unpredictable times. I _might be |

driving, or relaxing in the tub, swimming, cooking, or, talking

to a friend. :Although at the}time I'm always sure I will

remember ry thought until I, can write it down, most often I

forget it. I get ideas when I think about the topic, but also
when I'm not thinking about it. I may be walkingvdown the
street looking at & familiar scene and suddenly- I ‘'see £hings.
in a different light because I have absorbed new knowledge.
(As I was writing this sentence the word liﬂEE made me thinki

of waves and the word absorb made me think of heat -- both new

.associations.) It is almost impossible to catch the whole

progression, but it is crucial to keep as many notes as possible
albng the way: when I reach new understanding or gain an
important insight; I cannot reconstruct how I was thinking

before. Even if I rememher how I used to think, I can no

-
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longer relate to it. The old way has been replaced byla differ-
ent logic and understanding and it seems strangely out of place.
Following are some notes I wrote during the first two

months of the energy course. They‘are mostly questions I had

about the prdperties of light and heat. The notes are sketchy
but I believe they catch at least some of my early thinking

> -

and confusions.

September, 15 -

Benno had a contraption in class today which illustrated
that different metals conduct heat at different rates. Little
metal balls were stuck onto the end of metal rods with wax.
When the rods had conducted’ the heat from a central source to
‘the balls, the wax melted and the balls fell off. There were
two rods made of iron, one thin and one fat. I don't under-
stand why the thick iron rod got hotter faster than the thin
one. ‘

September 30

I really enjoyed going out with the little solar collector. +
This whole big confusing subject -- solar energy -- suddenly ’
became quite graspable. Water is heated by the sun. A black
material behind the water absorbs light, which becomes heat
(I don't understand that yet) and insulation behind the water
keeps the heat froh escaping, so the water gets warm. So
far so good; I did havc some questions, however : :

What is the relationship between heat and light? Are
they the sane? Does light go through the glass, get trapped
behind it, change to heat and stay hot because water is a
good heat storer?

Greenhouse effect -- locked cars in the summer: Why do
I have to think of light as being changed to heat inside a
car? Why can't I just think of the heat from the hot sun as
getting into the car and because the windows are closed it
stays in there? I never really wondered before how the heat
gets into the car: everything that is closed and stands in
the sun gets hot! What does absorb really mean? IS it the
opposite of reflect?

Octobe;_g

I think of the cold air coming into the house, not of the
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warm air floﬁing out. After all, you feel cold draughts when
you sit near a window. Why do you feel that if heat is
flowing out?

Heat, it seems, always flows to where it is cooler.
So if it is cooler outside, the warm house air flows to the
cool outside. Strange. Why can't it just stay in the house?
Does heat. always have to move? N
Benno tried to explein this with an\analogy: a bucket
of water has leaks. You can stop the water from escaping by
plugging up the holes or by constantly adding water. So with
heat loss in a house: insulate or heat a lot. But I see
» water flowing out of a bucket; I don't see or even feel heat
flowing out. > )

October 7

Heat 1s a weird thing. It flows. It flows to where it
is colder. Doees that mean there is no cold? Only more or
less heat? Does heat sort of want to equalize things? “Does
it want to make the surrounding cold air or substance warmer
so it gives it enough heat till the two are mixed equally?

I got onto some general questions in my thinking: A
substance (like water or nickel) has a certain capacity to
absorb heat; to retain or store that heat; to heat surrounding
areas,.and to transmit (conduct) heat. All these are obviously
related. Heat is absorbed at different rates by different
metals (remember ‘experiment) and transmitted (conducted)
at different rates. I sort of knew that. But I never thought
before about heat being stored! <

Whyfgo the water and the container it is in have the
same temperature? Is that always true that heat flows out and
tries to make what it comes in contact with warmer?

October 8

s

Summary of my present understanding of heat:

(I should have started earlier to write this down. I
am already thinking differently about heat. Or rather - I
never thought about heat before except when it was too hot or
too cold for my comfort.) -

Heat radiates (from the sun).

Heat is related to light (from the sun) .

’ Heat is reflected - or is it? Light is, anyway.

2N
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_though it is hard to understand how something you can't see

Heat (and light?) are absorbed. - B

Heat gets stored in substances. . //
Heat travels through substances.

There are ways to measure how much energy (calories)
are needed to heat up a substance: '

Heat likes to warm up what's around it to its own .
temperature. '

Light goes through glass and gets trapped and changes
to heat. (Greenhouse effect.)" .

That's all, so far.
October 31
- I missed two lectures and I haven't read the textbook
bgp;use it seems utterly inaccesible, but something is beginning

to happen in my unéerstanding of heat and light.

 They are not the same but they are related. Benno says
it's like dollars and steéak: if'I have dollars, I can buy
steak with it; if I have a steak, I can get dollars with it.

* But when. and why and how are they exchanged? When does light
become heat, and heat become light? That is not yet clear

to me.
Then there is absorbtion and reflection. They are oppositeé

gets -absorbed. I can see light being reflected; I can't see
light being absorbed. The substance that absorbs it doesn't
get lighter; it gets warmer -- black? Therez is transparency -
light can go through some things but not through everything:;
and different wavelengths of light go through different things.

Which gets me to the spectrum and wavelengths and frequencies.

Somewhere in there is flow: energy flow, heat flow. Do
they talk of light flowing too or only hedt?

Nevember 3
—f—_—

I dsked Benno to explain hus light and heat are related
and he started to talk about electromagnetic waves -- they are
all more or less the same in character, they differ; only in
wavelength and in intensity. (I'm’not sure what that means.)
Everything continually emits and absorbs waves. Benno said




" he makes no difference between light waves, radio waves, etc.
(what does that mean? Do I emit waves too?) .

Energy goes along with radiation. How does that work?
Is everything that is warm, that hads some temperature above
absolute zero, emitting radiation which is waves and also
heat? To understand light and heat being the same, you have
.to understand that it's all waves.

v
t

Benno asked at ohe point: how can I make light? By
heating something. But - even before it gets hot and burns and
gives light, it emits waves. It has some heat in it. The
‘wood or coal that is burned has heat in it, That puzzled a
lot of us. That's when Benno switched to the Kelvin tempera-
ture scale.

Now I think I am beginning to understand what it means
that there is no cold, only an absence of heat. Everything
has a certain amount erheat, from absolute zero to the inside
of the sun and all temperatures in between. Heat flow must
mean, then, that when two things of different temperatures come
in contact with each other, the heat flows from the warmer
to the colder. B

That wouldn't really be so terribly complicated to under-
stand if we hadn't spent our whole life thinking that things
are either cold or warm. My hand melts the ice because heat
from my hand flows into the ice? 1In the process, my hand
gets cold: not from the cold ice; but because it is losing
heat to.the ice - is that how it works?

Everything in our experience that we call hot is warmer
than our body temperature. It seems that we use our boddy
temperature as the norm to determine heat and cold. It is
very strange therefore to suddenly think that when my feet
or hands are really cold, they emit heat waves! Unless I .
redefine the meaning of heat completely, which I am just in the .
process of doing. .

November 3 (evening)

I was trapped today. Last Friday I managed to leave the
physics book alone and turn to other work I had to do. Today
after dinner I was juist going to look at the physics book for
a few minutes while drinking my coffee. And now it is two
hours later. And I am a bit closer to understanding. I'm
learning to read the book withott getting hung up on not being
able to follow the formula stuff. Whatever I don't get, I
ignore. But the section on how heat is transferred was easy;
the explanation of temperature and thermometers was clear,
and I even got a first approximation feeling about volume
and pressure and constants and ideal gasses and density and

b
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all kinds of other stréngg,th;ngglhﬂiﬁmuggvpgmgnrgp@e sort of
plateau because I didn't panic. Getting the idea of heat,
heatloss, heat flow, absence of heat was exciting and spurred
me on. Now I'm on the way to understanding "waves" -~ electro-
magnetic ones. But when I was trying to explain all this to
my son it didn't work too well.

"You mean what we see, the light, is all waves?"
IIYesll

"Well if the waves are all around, why can't we see in
the dark?" That stumped me. Do lightwaves need light to be
seen? I don't really gef'it. I am trying to live with this
picture of waves coming down from outer space. What exactly
is the role of the sun? Does it give us only heat, and light
and other things emit the - -other kinds of waves?*

This was my last entry on this subject. The following
semester I was participant observer in another course -- a
seminar for elementary school teachers which met one afternoon

a week. One of the topics of thaﬁ seminar was heat, though

we approached it rather differently. Electromagnetic radiation

s

was largely ignored.
. ~ f

In another teachers' seminar the subject under study
was light and color. There we did discuss light waves and now .

.

I realize how little I under$tood when I wrote the above notes.

R ]

waves, how§ver, still eldde me. They seem to become mgré

complicated the closer I get to understandiﬁg them. {
After a year of struggling with science, I have learned

at last that thiﬁgs won't get any easier. I know so %}ttle and

every new understanding opens up areas that I never evé; thought

about before. I have to learn now. to live more comfortably

with my limited knbwledge and to enjoy the little victories °

along the way.
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o ~ ; . A SURVEY OF SOME

RELEVANT PSYCHOLOGICAL LITERATURE

Connie Eppich




Paul R.-Christensen, J.P, Guilford, and k.C. #ilson K&
Relations of creative responses to working time and instructions
Journal of Experimental .Psychology, 1957, 53, 82-88

Found a relatively constant rate with time of respa ses pro-
duced for inventive or creative tasks. Found that uncommonness
-and remoteness of responses increased with time while cleverness
of responses remained constant. Instructions to be clever decreased
total number of responses but increased number of clever responses
and average degree of cleverness. .

Rooert 4. Gagne

The acquisition of knowledge
Psychological Review, 1962, 355-365 i

. Asks the question: What ¥Xind of capabilities would an individual
nave to possess if he were aole to perform a given task success-
fully, were he to be given only, instructions? suggests that the
answer is the ability to perform a task which is in some sense
simpler and in some sense more general. OUne can consStruct a
hierarchy of these simpler, more general tasks which lead to an
internal "disposition" to be able to perform successfully the
task in question, ‘ -

Identifies two ‘independent variables that must oe accounted.
for in a theory of productive learning: instructions and subor-
dinate capabilities, O(ne must also take account of their inter-
action,

Characteristics of instructions-- -

1. dake it possivle for learner to identify the required terminal
performance; define the goal. -

2. Bring about proper identifications of elements,of the stimulus
set, . . .

3. Estabplish high recallability of learning sets,

4, Promote application of learning sets to performance of unique

) task (“"guidance of thinking").

Gagne suggests that learning sets are .mediators of positive

transfer from lower-level learning sets to higher-level tasks.

He took the problem of finding formulas for the sum of n terms

in a number series as an eXxample, and oroke it down into its
component parts, or the varicus subordinate learning sets necessary
to- master the proolem, He emphasizes the importance of individual
differences in the capabilities people bring with them to a given
task. For example, some must learn more of the subordinate learning
sets than others before successfully completing the task,

"

Karl F, Neumann and John w. Barton
Factor analysis of a system of students' learning Styles
Perceptual and Motor Skills, 1979, b8, 723-728,

The authors attempt to see if Rosenberg's four learning styles
exist in a group of 377 eighth-grade students and find that this
classification system does appear to have psychological reality.
The four learning styles are rigid-inhibited, undisceiplined,
acceptance-anxious, and creative, This approach may have a certain
utility for explaining why some children learn science more .easily
than others, and it may be possible to tailor a teaching program
to the child's individual style,
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'Jéffrey J. Flexibrod .and K. Daniel 0'Leary

Self-determination of academic standards by children: Toward K
freedom from external control ’ ] 7

Journal of Educational Psychology, 1974, 66, 845-850.

Compared the performance of children who were allowed to choose
their own reinforcements ' for correct responses to arithmetic
problems with the performance of children who. had reinforcements
imposed by the instructor, and with children who were given no
reinforcement. There was no difference between the two reinforce-
ment conditions while the no-reinforcement children had signifi-
cantly fewer correct respornises than did the reinforcement children.
Phe children in the first condition tended to choose lenient
reinforcement contingencies.

John R._Suler -
Primary process.thinking and creativity
Psychological Bulletin, 1980, 88, 144-165.

I enjoyed this article and found it to be, perhaps, the most
intelligent one that I've read up to this point on the issue of
creativity. . ‘

Suler suggests that psychoanalytic theory can ve used for the
purpose of devising a cognitive theory to explain creativity.
Rather than view primary process thinking in terms of a regression
from the more developmentally advanced secondary process thinking,
he proposes that primary and secondary process be studied as rela-
tively independent gognitive functions. that interact in variaus

" ways. .

_There are perhaps two ways in which primary process thinking
can influence creativity. The creative process can involve a
temporary but direct access to primary process thinking for the
purpose- of using that ideation in generating creative insights.
Creativity may also be mediated by cognitive activities that are
derived from the permanent incorporation of primary process styles
into stablé secondary process operations. '

In the article, Suler distinguishes between artistic and scienti-
fic creativity and discusses the differences and similarities
between them. He cites empirical evidence supporting the hypothesis
that creative individuals have greater access to primary process
thinking. The article includes .an extensive bibliography.

H.A. Witkin, R.s. Dyk, H.F. Faterson, D.R.,Goodenough, S.A. Karp™
Psychological Differentiation: Studies of Development
John Wiley & Sons, Inc.s New York, 1962.

After reading the ‘article by wWormack, which found a correlation
between field dependence/independence and physics achievement,
I decided to look further into the theory behind this work.

An individual's degree of differentiation can be determined
by a series of perceptual tests, such as the rod and frame test
and the embedded figures test. These tests determine the individu-
al's ability to differentiate parts from the whole. Highly,differ-
entiated individuals are called field independent, while 1less
differentiated individuals are field dependent, tending to view
the world in more global terms.




" Restructuring ability and patierns of physics achievement.

Witkin, et.al., suggest that young children tend to perceive
in a relatively field-deépendent fashion with a tendency toward
field-independence increasing with age. Increasing differentiation
could be seen as a basis of development. Yet, they also admit that
the more field-dependent children becom®e the more‘field—dependent
adults, while the more field-independent-children remain at the
more field-independent end of the spectrum as they mature. In
addition, the degree of differentiation of an.individual tends
to remain fairly stable across adulthood, with no apparent effect
of trauma, training, or drugs.

In this book many studies are ‘described which attempt to relate
degree of differentiation to many different aspects of the personality.
The authors found a significant correlation between ability to
differentiate and problem-solving ability. Field-independent
individuals were more successful at solving insight problems and at
overcoming the Einstellung set.

The authors tend to describe a- phenomena rather than suggest
ways in which children can be taught to be more field- 1ndependent
in their educational endeavors. They spend a great deal of effort
trying to find out what the mothers of field-independent and .
field-dependent children are like. They offer no suggestions Cn
as to how these very different children can best be dealt with
in the classroom.

Leslie YWormack

Perceptual and Motor Skills, 1979, 48, 451-458,

This article was hard for me to follow because I did not
quite understand the statistics used or the tests involved. The
author used various tests of field-independence/- dependence, or
restructuring aoility, and found that tney predict a person's
ability to solve problems involving analysis and synthesis, including
achievement 1nﬂphy51csﬁm,ForMeXample._fleldelndependent persons...
with high ability in spatial visualization attained a significantly
higher average level of phy51cs achievement than field-independent
persons with low ability in spatial visualization. . -

D.I. McCallum, I. MacFarfane Smith, and J. =liot
Further investigation of components of matnematical ability
Psychological.Reports, 1979, 44, 1127-1133.

Found an association oetween spatial ability, which shows
little relationship to comprehension of language, and unders tanding
of mathematics.

Rodney L. Doran and Mouya K. hgoi

Validation of a model for concept attainment levels w1th selected
elementary school 501ence concepts

Chlld Study Journal, -1976, 6, 21-32.

The authors surgested and tested three Xevels involved in
attainment of scientific concepts: (1) recall of conceptual
explanations for natural phenomena, (2) application of conceptual
explanations to unramiliar phanomens, and, (3) extension uf concep-
tual explanations to a general class of phenomena.’ Testing sixth-
graders at each level of concept attainment, they found that while
tne mean score decreased from level one to level two, it did not
decrease from level twa to level three, thus oringing into question
the valldltv of the model. )
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.Pest of the concept of "Availability of functions' in problem

" possible. Results indicated that degree of success in solving

“Part IV: Theoretical considerations

Norman K.F. Maler .and Ronald J. Burke

.sol¥ing . . . ’
"Punction® refers to the specific uses particular objects
serve in the solution of a problem, The purpose of this study
was to further test the notion that problem solving is made easier
when the necessary function is available. in the subject’'s reper-
tiore. After attempting to solve the Hatrack Problem, subjects
were giwen the "availability of function" test. They were :shown
the correct - structure and asked to list as many uses for it as

the problem had no relationship to the-.subjects’ availability
of functions.

Norman R.F. Maier and Junie C. Janzen '
Functional values as aids and distractors in problem solving

The two-string problem was used in this study, which allowed
for a variety of solutions. The purpose was to test the effect
of functional values_df objects on problem solving. Results
indicated that objects with more obvious functions served 'to dis-
tract the subject from finding -innovative solutions, while'those
oo0jects with functions totally unrelated to the problem situation
tended to ‘induce more innovative solutions.

In this section Maier attempts to isolate the variables
telating to successful problem-solving behavior. These include
an ability to not be misled by "obvious" solutions, a high frus-
tration-threshold, and constructive motivation. He citgs varia-
bility ‘as one of the most important factors involved in successful
problem solving. An jindividual must be willing to try a variety
of -approaches,_recognizing when it is no longer fruitful to stay

with a particular solution. Another necessary ability 1§ that —
of being able to unlearn or break up learned patterns to make .
elements of these patterns available to the solution of the ke

problem. Maier further postudates 8 selector-integrator mechanisms
involved in the problem-solving process. These include the atti- ’
tudes and needs of the problem solver as well as characteristics e
of the situation, such as the locus, intensity, and form of the

stimulus.




.WOodworth, Robert S. and Schlosberg, Harold
Experimental Psychology

New Yorks Holt, Rinehart, and-Winston, 1954

Problem Solving: Thinking
Define a problem as existing when there is a goal, but no
clear or well-learned route to the goal. Thinking occurs when
explorations go beyond immediate situation and utilize memories
and previously formed concepts. .
Controversy as,to what kind of imagery occurs during problem
solving--verbal; visual, or kinesthetic. -
Luchins' work on the inhibitory effect of a set during problen
solving is cited. Woodworth describes Ruger's attempts to overcome
this problem, by either asking subjects to formulate their assump-
tions, or by laying ‘aside the problem for awhile. "Laying aside-
a proolem is a means,of getting rid of a false set or ‘'direction’
and so giving the true direction a chance to emerge." The
incubation period allows time for an erroneous set to die out,
leaving the thinker free to take another approach to the provlem,

Jerome S. ‘Bruner
reyond the Information Givens Studies in the Psychology of Knowing

New York; W.Ww. Norton & Co., 1973.

,J. sruner

-

The—condi-tions—of-creativity- e

\
- -

sruner defines a.creative act as one which produces effective
surprise. Effective surprise has the quality .of obviousness about
it when it occurs, producing a shock of recognition after which
there is no longer astonishment, All forms of ‘effective surprise
grow out of combinatorial activity--placing things in new perspec-

tive; effective surprise takes one beyond common ways of experienc-

ing the world., Combinatorial acts that produce effective surprise

almost always succeed through the exercise of technique, -~ -—»—-— -~

E)

J. bruner L

The course of cognitive growth i
Bruner sees maturation as the orchestration, or combination,

of simple acts into more of an integrated sequence. The integrated

plans reZlect the routines and subroutines that the child learns

in a social environment. In order to comoine these simple acts,

the child must be able to represent them in some way. . o

Again, zruner lists the three modes of representation--
enactive, iconic, and symbolic. One is dependent on the former
for its development; yet, they remain intact throughout 1life.

The rest of the chapter deals with conservation experiments.
fruner found that by using screens children performed significantly
better on the tasks because, theoretically, they were forced

to use a symbolic mode of representation rather than an iconic
mode, .

J.. druner

The growth of representational process in g¢hildhood
zruner lists three criteria that must be met in any theory

of intellectual growth. It must characterize the operations

of the mind in some formal and precise fashion. It must take

account of natural ways of thought. It must take into account

the nature of the individual's culture. ’
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.5-year-old child. The child brings a perceptual representation
"to the task, and tries out each image one at a time, sometimes

K
) 11
Bruner attempts to chart the development of representation.
He cites three kinds: enactive, iconic, and symbolic. Enactive :
represenfation involves the actions an event requires, knowing
something through doing it. . Iconic representation involves forming
some kind of picture, and symbolic representation requires that
one translate an-event into arbitrary symobols, or words. s
Bruner discovered _three stages in the development of represen-
tation, by means of an experiment that required children to
discover which of two patterns existed in a light array. The
3-year-old child simply searches the board for bulbs that will
light up. Lruner postulates that this indicates the strong inter-
dependence of action and percept--the child .attempts by his actions’
to acquire the solution. The second stage 1is exemplifieﬁ by the :

accepting a solution on insufficient evidence. The older child
of 8 years can successfully find the solution by means of an infor-
mation-selection strategy which requires the use of symbolic )
representation. .

Eruner cites another experiment utilizing a conseryvation
task., He found that . 6- and 7-year olds failed when they
were required to base their judgments on iconic representation
alone., They succeeded when they utilized both enactive representa-
tion, manipulating the clay, and symbolic representation, labellihg.

’

Patricia Markds Rreenfield and Jerome S. Zruner

)

" field cf possibilities. &rfuner suggests that emphasis upon dis-

Culfure and cognitive growth™ -

. One interesting point from the article-- Piaget has described
a form of child"s thought as animistic=-attributing inner psycho-
logical phenomena to inanimate features of the external emriron—-_Q
ment. Zruner proposes that this mode of thought is not a. develop-
mental universal., Rather, in traditional, collectively oriented
soecieties children see the world as realistic rather than animistic. +
According to_kruner, animism does not develop where there is no
support given for individualistic orientation. T

The remainder of the article deals with how cultural differences

affect cognitive growth, with a rather extensive review of the
literature dealing with the effect of language on cognition.

J. pruner
The act of discovery . ,
truner describes discovery as a matter of rearranging or
transforming evidence in such & way that one 1s enabled to go
veyond the evidence,so reassembled to additional new insights,
O0ften, the act of discovery is not dependent on the acquisition
of new information. .
There exists a dimension of cognitive activity that can
re described as episodic empiricism vs., cumulative constructionism.
In playing-the game of Twenty Questions, trying to determine why
a car went off the road and hit a tree, some children will ask
questions that are so specific that a negative answer is unlikely
to give tnem any new information, while other children ask more

general, constraining questions, that serve to narrow down the

covery in learning will help the child to become a-constructionist,
to organize information in order to discover regularity and related-
ness and to avoid an information drift that fails to keep an
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e _Norman. R,F. Maier

account of the uses, to which information may ve put. 4 . 12

J. bruner
Readiness for learning .

Pruner hypothesizes that any subject can be taught effectively
in some intellectually honest form to any child at any stage.of
development. One. must represent the structure of the subject
in terms of the child's way of doing things. Later on, the
child's understanding of a concept will “de more powerful and
precise by virtue of this early learning. This article gives
a description of the course of intellectual development and some

. suggestions about teaching at different stages in it.

Eruner describes three processes involved in the act of
learning. First is the acquisition of new information; second
is transformation--manipulating knowledge- to make it fit new '
taSks; and third is evaluation, checking whether the way in which
the material was manipulated was adequate to the task.

Jerome S, sruner and Helen J. Kenney a

Representation and mathematics learning .
I think that this article.and the preceding one are impor-

tant from-the point of view of barriers to learning. ’What Eruner

and Kenney do in this srticle is suggest ways in which one can

.teach a‘child various mathematical concepts at earlier ages ,than

oné migh& think possible, by teaching them the .material at their
level. what impressed me is the thought that by teaching them
certain principles through the manipulation of anjects rather
than ideas, when they reach the abstract stages it will probably
be much ‘easier for them to grasp the material. Possibly one
reason wiy some individuals have so much difficulty learning
mathematics is that they are never given the opportunity to learn
the principles in the énactive or izonic modes defore moving '

.on to the symbolic mode.

Reasoning in humans: I. On direction
Journal of Comparative Psychology, 1930, 10, 115-143,.

) Gave sudjects a problem-solving task. .Some subjects were
glven the necessary parts, or experiences, for solving the task
while others were given "direction."” Another group was given
ooth experience and "direction" while the control group received
neither. It was found that only the group receiving both experi-
ence &nq "direction" could successfully solve the problem, indicating
that expagience alone is not sufficient, A problem is that Malier
is not real.clear as to what is meant by "direction." In this
case he indicated that the problem would be-easy if one couid
hang a string from the ceiling. * The solution involved wedging
a wooden structure between floor and ceiling in order to construct
two pendulums. \\\ . .

Maier also found “that "directign" served as a more effective
clue if given at the beginning rather than after the subject
had made several attempts at solving the problen,
\ .

Norman R,¥, Maier o
Reasoning in children ’
Journal of Comparative Psychology?\1936. 21, 357-366,

Children were allowed to exploreé-a maze in the shape of a
swastika with a booth at each end. The they were. taken to one

BUy
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booth via an outside entrance where there was a desirable toy. 13

The point of the experiment was.to determine the child's ability
to combine two experiences, the exploration experience and ex-
perience of the goal, to find his way from one booth to the ‘booth
containing the toy. The results sugg2st that children lack this
ability to reorganize past experiénces until about 70 months of
age, ) .

Lev Semenovich Vygotsky
Thought and Language

Cambridge, Mass.: The M.I.T. Press, 1962,

"Development of Scientific Concepts in Childhood"

Vygotsky.makes the distinction between conscious and non-
congcious concepts--often a child may correctly utilize a concept
without being aware of what that concept is. According to Vygotsky,
concepts may first bve acquired at either level.. Everyday concepts,
are usually acquired spontanecusly, while s¢ientific concepts
are acquired consciously. He sayss

Scientific concepts, with their hierarchical

system of interrelationships, seem to be the

medium within which awareness and mastery first
develop, to oe transferred later to other concepts
and other areas of thought. Reflective con- -
sciousness comes to the child through the portals of
scientific concepts. (p. 92)

Vygotsky examined the temporal relation between the processes
of instruction and dévelopment o ~the—corresponding -psychologieal
functions. He found that instruction does not necessarily corres-
pond to development. Instruction follows a rigid timetable in-
volving a series of steps; -often, each step will add nothing to
a child's developmental progress. However, at some point the
child will grasp a general principle and his developmental curve
will rise markedly. One step in the instructional process may
serve as a decisive developmental turning point.

Vygotsky is postulating two separate paths of development
for everyday and scientific concepts. He suggests that the differ-
ence is between development starting at the bottom, with everyday ‘
usage, and moving up, to an understanding of the concept at an
abstract level, as opposed to starting at the top and moving
downward, for scientific concepts. .He describes a study where
children are required to finish sentences containing the words
"pecause" and "although." Even though the children use these
words correetly in their spontanedus speech, they have problems
when required to use them consciously to describe everyday events,
but not when describing social science concepts. Vygotsky cites
this as evidence that as long as the curriculum supplies the neces-
sary material the development of scientific concepts runs ahead
of the development of spontaneous concepts. 1 think this is an
interesting .idea, but see one proolem with the conclusion, The
social science concepts ‘could be so ingrained in the child that
the sentences are completed from memory rather than from an under-
standing of the material, (The example Vygotsky presents is,
"P;anned economy is possible in the USSR because there is no
private property...). However, in spite of this criticism I
think that Vygotsky's ideas certainly should be taken seriously.

3iu
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Calvin W, Taylor (ed.) oo
Creativity: Progress and Potential ,
New York: McGraw-Hill, Inc,, 196%F . Lo .

This book is not real helpful, although there is an extensive
bibliography which, if this approach is pursued further, might

" prove of some value, What I am.interested in is how creativity
1s involved in the learning of science. Taylor's concern is with
identifying and nurturing creativity. He is apparently worried
about our survival in international competition and sees the
encouragement of creativity as the answet to our proolems.

Taylor cites two working definitions of creativity, those
proposed by Ghiselin and Stein. Ghiselin suggests that the measure
of a creative product be the extent to which it restructures
our universe of understanding. Stein definés a process as creative
when it results in a novel work that is accepted as tenable or
-useful .or satisfying by a group at some point in time.

In an article by Taylor and Holland, "Predictors of Creative
Performance,” the authors cite some general characteristics of
the creative individual., " Several, such as originality, redefini-
tion, adaptive flexibility, and spontaneous flexibility, may be
characteristics essentidl for the understanding of science,
Another characteristic is the ability to sense problems, One
individual once noted that part of Einstein's genius could oe
attributed to his inability to understand the obvious. I think
the: major problem with this chapter is that the authors never
explain how they identified the creative person in the first
place; I'm wondering if their definitions might. not.'be. .somewhat
circular.

E. Paul Torrance contributes a chapter entitled "Education
and Creativity,* in which he describes various stages in the
developmental process of creativity., Two points in the chapter
were interesting. Torrance lists several of the reasons why -
teachers may be reluctant to encourage creativity. Children
may propose unexpected solutions which could disconcert the
teacher; allowing the child to be creative may take more time;
children may ask questions that the teacher cannot answer.
Torrance also suggests that one way to encourage creativity is

to challenge the child with problems that may be just a little

<

oeyond his grasp. ) \
J.H. McPherson contributes a chapter, entitled, "iknvironment

> and Training for Creativity," most of which has little relevance.
What is interesting, however, is his description of synectics
theory. “Synectics" means the joining together of different and
apparently irrelevant elements, and synectics theory attempts -
to describe the creative process. W.J.J. Gordon postulates
four psychological states involved, "Detachment-involvement"
requires that the individual remove a problem from its usual
conteXt and then become involved with it. "Deferment" involves
‘resistance to the first solution that comes to mind. "Speculation"
involves letting the mind run free and "autonomy of the object" is
what happens when ideas crystallize and develop a life of their
own, In order to achieve these psychological states it is impor-
tant to make the familiar strange, and one can do this by means
of 'personal analogy, direct analogy, symbolic analogy, and fantaSy.
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Karran P. Raghubir ” ) K
The Laboratory-investigative approach to science instructiom - “ 15
Journal of Research in Science Teaching,. 1979, 16; 13-17 \

o

Comparison between two laboratory teaching techniques: the Laboratory-Investiga-
tive approach and the Lecture-Laboratory Approach. Found that the former technique
resulted in significantly better performance for both cognitive factors and associated
attitudes (curiosity, openness, responsibility, satisfaction). Subjects were 12th- *
grade biology students.. -

- .

A

Dorothy Gabel and‘Peter Rubba ) ]

Attitude changes of elementary teachers according to the curriculum studied during
workshop participation and their role as model science teachers

Journal of Research in Science Teaching, 1979, 16, 19-24 :

Found that one method of chapging elementary tzacher's attitudes toward science
teaching.is through participation in workshons on naw science curricula. lowever,
the change is not stable over time, and théze was no differemce in later attitudes
between teachers who served as model science teachers for preservice teachers and
those who did not. - : .

f N

Charles Burrows and James_ R. Okey
The effects of a mastery learning strategy on achievement
Journal -of Research in Science Teaching, 1979, 16, 33-37

.

Found that the mastery learning strategy, which provides individualized; self-
. paced instruction program with clearly stated objectives, test items, diagnostic,
tests, and remedial work, significantly improved student achievement. Only slight
improvement occurred when either objectives or test items.werc provided.

.
L]

] . t
Joseph Nussbaum ' ¢
The cffect of the SCIS's "Relativity! unit on the child's conception of space
Journal of Research-in Science Teaching, 1979, 16, 45-51
s
Found significant improvement.of child's understanding of space whién taught
"Relativity'" unit. Larger percentage of transitions to higher cognitive stages
found among pupils who were,at the beginning, at a more advanced level in conctption
" of space (‘“needed' instruction less).
¥
. %
Richard J. Bady ‘
Student's understanding of the logic of hypothegis testing
Journal of Research in Science Teaching, 1979, 16, 61-65

» "

Confirmed evidence that high school students donot understand the logic bchind
hypothesis testing. Students tend to look for evidence confirming the hypothesis
—..rather than_evidence to disconfirm it. They also interpret implications as bicon-
. ditionals ?EIi\Q's are q's = all q's are p's).
™~

~

. \\:
Mohammed A. Kishta ) . ! .
Cognitive levels and linguistic abilities of elementary school children

Journal of Research in Science Teaching, 1979, 16, 67-71
. \

+

Comparison of linguistic performance of students in three grades exhibiting
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different levels of pcxfornmnce on.five selected Piagetian tasks. Some support for
notion that language ability is indicative of underlying cognitive structurces.

. .
El'len W. Fuller, David H. May, David P. Butts .

The science achievement of third graders using visual, symbolic, and manipulative

-

instructional treatments -

Journal of Research in Science Teaching; 1979, 16, 129-136. o o

Results failed to provide evidence that students' gender or method of instruc-
tion influences students' ability te acquire o1 retain science concept of life cycles.
Reading performance ot students does appear to be a sighificant variable. ,

esli’e Wormick

Reyg tructuring ab111ty and patterns of science achievement

Jouk¥nal of Research in Science Tecaching, 1979 16, 145-151.
] bjects who are proflglent in perccptual res txuctuxxng tasks attain significantly
higher mcan achievemeént scores in science, in Lnowlcdbc of science, and in ability
to apply what has been learned, in unfamlllar contexts, than students with low
regtruct ¥Qng ability+ Also tend to attain hxghcl°thdn average scores in ability
to interpreét science readings and analyze® problemx with science content.

Walter E. Low\\xﬁ . :
A study of hienarchical classification in concrete and abstract thought
Jouinal of Reqecrch in Science Teaching, 1979, 16, 155-262.°

Usnd Piaget-type tasks to assess cognitive abilities of junior and scnior-
hxgh school students. Fourd that those individuals dependent upon cuncrete referents
for’solving problems experienced difficulty vn a hierarchical classification task, -
while thase students who were not dependent on wougrete referents experienced llttlc
difficulty. Interesting how few students in this study, 8 out of 60 high school
students, were capable of solving problems requiring abstract reasoning ability.
4

Donald A. ¥annan -
Adapted suggestology and student achievement,
Journal of Rescarch in Science Teaching, 1979, 16, 263-267,

Attempted to adapt the "suggestology" method of br. lozanov, from Bulgaria,
to the teaching of elementary science to collele” juniors and seniors. Fownd that
using methods to relax the students (comfortable (hairs, instructing the students
in autoggnxds--d method of relaxing the body- bcforc thg lecture was presented,
presenting the lecture in various lev s of intonatfou, then again with background
music) resultefl in a significant increase in the percentage of A grades achieved
by the students. ‘

o

Karran P. Raghubir

The effects of prior knowledge uf learning outiomes un student JthCVLmLHt and retention
in science instruction . .

Journal of Research in Science Teaching, 1979, 16, 301-.304. :

Found that presenting high school biology students with clearly stuted learning
objectives prior to teaching the science concepts resulted in improved performance
. A
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on achievement tests, letter retention of material learned, and greater understanding
of cogaitive behaviors higher than the knowledge.level. ; .

. "

. ~
. N 1

Abraham Blum - N ¢
The remedial cffect of a biological learning game -

Journal of Research in Science Teaching, 19797 16, 333-338.°

v

Found that students in a sophomore coursc in phytopathology who played a learning

game enhanced their understanding of the life cycle of Crown Rust. i .
* ) ,
Norman R.F. Maier * \ .~
Problem Solving and Creativity ° " o
Belmont, California: Brooks/Cole Publishing Co., 1970, ' ) .
N\ Parti: The Search for a Creativity Mechanism. « " .

The studies in this section used the general rormat of giving the subjeé@s lists
of paired words (or, in the last study, simply a list of words) to memorize and then
having them write stories using as many of the words as possible. Maier, et. al.,
theorized that creative persons would tend to ecither fragment ox reorganize word 8
pairs. The results indicated no correlations between measures of creativity and
ways in.which the words were utilized in the stories. However, individual differencés
were found, with some subjects staying with the pairs as they were lecarncd, some ‘
predominently usine single words (fragmenting) and still others forming ncew combina-
tions of the words to suit the nceds of the story. 1In a follow-up study Maier,

. o .et. al., found that introducing a decrcased motivational factor for,using word-
pairs as they were memorized resulted in an increase in fragmentation, but not in
reorganization. They concluded that individual differences in the rcorganization of

. learned information are due primarily to differences in ability rather than preference.

. Part Il: Factors Influencing Success in Solving Problems

. Melba A. Colgrove _
. Stimulating Cxeative Problem Solving: Imnovative Set .

Colgrove had two groups perform a similar problem situation. Both groups reccived
the same instructions, with the experimental group being told that they were chosen
because of their abilities to be original and to solve difficult problems. The
experimental. group generated significantly morc innovative solutions than the control
group.

Norman R.F. Maier and Junie C. Janzen
Are good problem-solvers also ¢treative?

' . Compared subjects' performance on problems requiring one, correct, solution and
on problems ,requiring any number of creative solutions. Found that those subjects
. who suggested a more creative, integrative, solution on the onc task performed sig-
' . nificantly better on the objective problems than those subjects who were not rated
+as creative. R

L., Richard Hoffman, Ronald J. Burke, and Norman R.F. Maier
Does training with differential reinforcement on similar problems help in solving a
new problem? . . . .
Subjects were divided into three groups, prior to solving the Hatrack Problem
(building a hatrack {rom two boards and a clamp; the solution consisted of wedging
the boards between ceiling and floor, clamping them together, and using the clamp
as a hanger).. The two experimental groups were given experience building a hatrack
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where they werve allowed to use corners, pipes, etc., to aid in construction; the
control group was given no practice prior to the Problem-solving situation. One
Te e experimental group was given positive reinforcement during the practice session while
the other was given negative reinforcement, The control group was significantly more
. successful at solving the problem than cither of the experimental groups, and,the
two prior experience groups did not differ significantly ‘from one another in their

“ability to solve the problem, . .
N ~ Ronald J. Bérke, Norman R.F. Maier, Jnd L. Richard Hoffman
Functions of hints in individual‘problem-solving .

- Gave subjects one of two -different hints for solving the Hatrack Problen,
either before they ‘attempted *to solve the problem or after 30 minutes. Theshints
. ‘were more effective when given at the outset of the problem-solving session,
In general, they were found to have several effects: |, Stop .ongoing direction;
- ——Z;—8erve as'‘stimulant for correct solution; 3. Become absorbed or modified by
. ongoing direction; 4. Set up false directions; 5, Remain in background as point
of orientation.
Ronald J. Burke and .Norman R.F. Majer
Attempts to predict success on an insight problem
Used 18 tests to attempt to predict success on the Hatrack Problem; found
no significant correlation$. Discarded the possibility that solution was achieved
by blind trial and error, since subjects appeared to pursue certain directions, and
increased time did not increase the number of correct solutions produced.

a

Parz I11: Equivalent Stimuli and Functional Values in Pfoblem Solving
. .
Norman R.F, Maijer
Reasoning in humans: III. The mechanisms of equivalent stimuli and of reasoning

" Subjects were divided into three groups prior to solving Hatrack Probilen:
one group was shown a relevant structure which was subsequently left in place;
one group was shown a relevant structure vhich was subscquently removed; the
control group had no prior experience. With 25 subjects in cach group, the numbers
of subjects hchieving‘the correct solution were 18, 12, and 6, respectively.-

Norman R.F, Maier . ‘
Reasoning and learning .
Psychological Review, 1931, 38, 332-346 . \
: Defines reasoning as the process of integrating two or more
isolated experienceés., Integration depends upon end or goal,
Insight is defined ‘as expérience organism has when two or more
isolated experiences cowme together; sudden experiencing of new
relations. * - )
- Discusses the notion of a field of. strain, Apparently sub-
jects who 'are allowed to complete a task, eitheér with or without
.o interruption will not be able to recall the task as, well as those
. supjects who are not allowed.to complete the task. In reasoning
ti{e field of strain is set up by.the desire to solve the problem
. and knowledge of the end, the attainment of which offers certain
* ° difficulties, : ..

~ Q ' -
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P.C. Wason and P.N, Johnson-Laird
Phinking and Reasonings Selected Readings .
BFaltimores Penguin Books, 1963.

H.G. Rirch and H.S. Rabinowitz. ) :
The negative effect of previous experience on productive thinking
Used the two-string problem, allowing for only a single
solution, that of a pendulum utilizing either a switch or relay
as weights. Found that when suybjects were trained, previous to
the problem-solving situation, in -the use of one of the items
ag an electrical device, they used the other item to solve the.
string provlem. Perceiving an object as an electrical object
. ‘made it extremely difficult for the subject to perceive it in
its more general characteristic of mass, )

R.E. Adamson,
Functional fixedness as related to problem solving: A repetition
.0f three experiments )
- Gave 2 groups of subjects the same problems to solve; for
1 thé experimental group the.objects necessary for solution were

presented in such a way %o suggest a function different from that
necessary for reaching a solution. The experiemntal group per-
formed significantly more poorly than the control group on all
three tasks.

~

P. Saugstad and K. Raaheim .

Problem-solving, past experience and availability.of functions
Proved that by insuring that subjects were aware of the
functions of an object necessary for solving a problem, they would
then be able to succeed at finding the solution. This particular

_ experiment seems obyious, set up to get positive results.
Saugstad and Raaheim made sure that subjects were aware that
a bent nail -could be used as a hook and that a rolled-up news-
paper could be used as a funnel, then presented subjects with a
situation where they needed to know those functions. Needless
to say, the experimental group was significantly more successful
than the control group.

\ A.S., Luching and E,H. Luchins
T New experimental attempts at preventing mechanization in problem-solving
Phis was an interesting article, especially as it related
directly to something that was brought up in the seminar.
Luchins and Luchins have done a series of experiments that deal
with the problem of habits mastering the individual, rather than
vice versa. When an individual finds a certain technique to be
useful in solving several problems, that techhique gets carried
over to subsequent problems, even though it may not be the most
- efficient method. Luchins and Luchins describe several attempts
' at preventing or reducing the effects of an Einstellung, or speciil
kind of mental set.
Subjects are presented with 3 containers with varying volumes,
from which they must obtain a specific amount of liquid. The
first 5 test problems are solvable by the formula b-a-2c; the next
two can be solved by the same formula, but also by a-c and a+c,
respectively; the eighth can only be solved by a-c and the last
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two are similar to the sixth and seventh. Several variables werez0
introduced. In one experiment subjects were told that they had
only a limited amount of liquid to wark with (the Einstellung
method required more fluid). Even though subjects were speci-
fically told to keep track of how much liquid they had many

did ‘not, or else ignored the amcunt and went on to solve the

last problems even though they had nothing Yeft to work with.
(These were pencil and paper tasks). Giving subjects an added
incentive to abandon the Einstellung method did not appear to
have: a significant effect on their problem-solfirg behavior.
.Adding a fourth, superfluous, jar in an attempt to get subjects

to thlnk aoout the proolem more, resulted in an increase in direct
solutions but also in failures and inefficient solutions. .A

third variation was to concretize the task, having subjects >
actually pour wahlér from one jar to the next while solving the
problem, Thls did not reduce the Einstellung effect.

F.C. nartlett
Adventurous thinking
kartlett gave subjects the problem of flndlng a route through

a system of maps, where not all maps were presented at once.

He found that as an individual proceeded in a particular directicn,
. he was less likely to backtrack, the further along he got. He
also found that &t no point does the thinker show a strong bilas
twward shortcuts, numerically few risks, or elther/br situations.

A.D. DeGroot .
Thought and choice in chess : )

DeGroot makes several interesting points about the chess :
master's abillty to solve chess problems. The masteﬂ,prbmarlly
through experience and, as a result of this experlence he has
a schooled and highly specific way of perceiving and a system
of reproductively available methods in memory. XK

Some characteristlcs about problem-solving in bhess:

1. it is non-verbal '

+ 2. 1t is thinking in terms of spatial relatloﬂships
and poss10111tieu for movement
) 3. ..thinker must be able to foresee poss1b111t1es for
action and foresee results

Se'veral similarities exist between problem-solving in chess
and the_ process of empirical research:

1. progressive deepening of investigation--ideas recur
more than once; solution proposals tested with increasing thorough-

- . ness and compared with one another.

2. decisiveness 'of quantitative moment--no a priori,*X%X
obJectlvely fixed limit to amount or degree of improvement; yet,
goal remains throughout.

3. decisions based on necessarily incomplete ev1dnece.

4, relativistic attitude required--a priori nothing
is accepted as true or taken for granted.

5. complexity of hierarchical system of problems and
subproblems that individual must remain aware of.

,,,,,

<
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P.C. Wason

"On the failure to eliminate hypotheses ., . . "--a second look
Subjects are presented with a series, such as 2, 4, 6, and

told to find the rule, The correct response is simply a mathematical

series in ascending order. More often than not, subjects test.
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their hypotheses by looking for confirming, rather than discon- 21
firming evidence and suggest rules that are too specific., For
example, in testing the rule of even numbers with increments

of two, a subject will state that 10, 12, 14 is.an example of the
rule and will actually not learn anything new, .

| K.J.W, Craik
Hypothesis on the nature of thought
’ Suggests 3 steps in the reasoning process:
1. "Translation" of external process. into words, numbers,
or other symbols. :
. _ 2, Arrival at other symbols by a process of "reasoning,"
deduction, inference, etc. . . . , ’ :
. 3, "Retranslation” of these symbols into external processes
CL or at least recognition of the correspondence between these symbols

and external events.

- U,. Neisser ) . .
Phe multiplicity of thought  ~— =~ T oo oo s
Supgests two thinking processes: the multiple process and
the sequential process, = Multiple process thinking occurs when
an individual’s awareness is divided between coexisting trains
of thought, not always on a conscious level, This process en=
compasses intuitive, creative, productive, and autistic thought.
g Sequential thinking is a step-by-step process, utilized in reasoning.

John D. Roslansky ‘ \
Creativety . b : .
Znsterdam: North-Holland Publishing,Co., 1970
Jacob Bronowkki &
The creative process

Some points from this chapter: .

Every induction is a- speculation and it guesses at a unity
which the facts present but donot strictly imply. .

A man becomes creative when lie finds a new unity in the
variety of nature. The creative mind is a mind that looks for
unexpected. likenesses, | : . .

The difference between the arts and the sciences lies not
-in the procéss af creation, but in the nature of the match between
the created work and your own act of re-creation in ;appreciating it,

3

. Donald W, MacKinnon
Creativitys a multi-faceted phenomenon . .
This might have been a good chapter; too many pages were
missing from the book for me to know for sure, ‘
MacKinnon breaks down creativity as follows:
1., the creative process ‘'
2., the creative product
3. the creative person .
L, +the creative situation
The creative process has several stages:
1. a period of preparation ,
2, a period.of concentrated effort
. 3. withdrawal
L, a moment of insight T
5, a period of verification, evaluation, elaboration,
-and application of the insight. .
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One interesting point that MacKinnon makes is that the roots
of creativity lie in the "awareness that something is wrong,
lacklng. or mysterious.

Jerone S, BEruner . ‘
teyond the Information Given: Studies in the Psychology of Knowing
New York: W.W. Norton & Co., 1973. :

On perceptual readiness-

Some of the issues dlscussed in this chapter might relate
indirectly to ‘the problem.

Eruner suggests that perception is in some respects similar
to the cognitive task of categorizing: one moves inferentially '
from xmem cues to categorial identity. In addition, the percep-

tion of an obaect allows one to go beyond the immediately perceivable

properties to’a prediction of other properties not yet tested.
sruner defines -perceptual readiness as the relative accessi-

billty of categories to afferent stimulus inputs, Two general
determinants of category acce381bllity: 1) likelihood of occur-
rence of events learned by the person in the course of dealing
with the.world and, 2) requirements of search dictated by need
states of the 1ndiV1dual
Perceptual readiness that matches the probability of events
in one's world can e brought about in two ways: -1) by relearn-
- ing of categories and expectancies or 2) by constant close in-
spection, of events and objects.
This article actually covers a good many of the issues in-
volved in perception and perceptual categorizing.” One other
.point ‘he makes, regards the ways in which failure of perceptual
readiness may comerabout: 1) through¥ failure to learn appro-
priate categories and, ®2) through a process of interference where-
bty more accessible categories with wide acceptance limits serve
to mask or prevent the use of less accessible categories.
Jerome S, bruner, Mlchael«A. Wallach, and Eugene H. Galanter
The identification of recurrent regularity
A study of possible factors influencing subjects' abilities
to correctly identify a right-left pattern in lights. One in-
teresting finding was that subjects who responded from the out-
set, rather than those who were told to observeythrough the
first three sequences of the pattern, and to pay attentlon to the
stimulus, did more poorly on the task. bruner, et.al:, also
point out that, in identifying environmental regularities, effec-
tive advice would be to, "Pay attention to the stimulus and dis-
regard your past responses.” Theories of reinforcement donot
explain how a person cuts through the interfering properties of
the environment when such exist and when identification is not
immediate. ,
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C. Rodney Killian ‘
Cognitive development of college freshmen -
Journal of Research in Science Teaching, 16, 347-350, 1979. .

Found that, out of 106 college freshmen, 25% were reasoning at the cogni-
tive level of formal operations, 60% were at a transitional lcvel, and 15%
at the concrete level. : :

_Joseph R. Riley, II . ' -

The influence of hand-on science process trairing on preservice teachers'
acquisition of process skills and. attitude toward science and scicnce teaching
Journal of Research in Sciénce Teaching, 1979, 16, 373-384

" Found that two tgeatments, training in process skills using a manipula-
tive, '"hands-on' approach and receiving vicarious training with the same
method (no student manipulation of science materials), resulted in signifi-
cant improvement in preservice teachers' competence in selected process skills.

H

Max Wertheimer

Productive Thinking

New York: Harper & Brothers Publishers, 194S. ~
f

.
v

Wertheimer discusses various approaches to problem solving, both from
a theoretical and. from.a practical point of view. On the thcoretical side
he describes the pitfalls in using either a traditional logicdl analysis or
an associationistic theory to explain how an individual comes to solve a
difficult problem. From a practical point of view he criticizes rote instruc-
tion, .the teaching of formulas without adequate explanation, as being entirely
unsatisfactory in giving the student an understanding of mathematical and,
scientific principles. . . :

The format Wertheimer uses is to describe the learning processcs under-
lying various mathematical principles such as finding the area of a parallel-
ogram, proving the equality of vertical angles, and finding the sum of the
angles of a polygon. He also theorizes on the thought processes .that Galileo
went through when discovering the laws of inertia and he discusses the various )
steps that led Einstein to the discovery of the théory of relativity.

Wertheimer makes some interesting points about problem solving, which
are, howéver, rather vague. He lists some essential features of genuine
problem solving as: 1. not,to be bound by habits, 2. not to repeat
slavishly what was taught, and 3. not to look at the problem in a piccemeal
fashion. In order to successfully deal with a problem onc must view the
problem as a whole and attempt t6 realize how the problem and the situation
are related. For example, in proving the equality of vertical angles, one
must look at the entire structure: . The proof will not be

found by separating the two angles: . In viewing
a problem as a whole one must center, or focus on the objective structure jof
the situatiop. Wertheimer discusses some of the problems that can occur when
one takes a one-sided, often egocentric approdch. One can become confused
when a person describes social relationships in terms of himself rather‘thaﬁ .
in terms of the truly central person. To summarize, Wertheimer states: .
Productive processes are often of this nature: in the )
desire to get at real understanding, requestioning and
investigation start. A certain region in the field becomes

crucial, is focused; but it does not become isolated. A
Y
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) new, a deeper structural view of the situation decvelops, .
¢ : involving changes in the functional meaning, the group- -
ing, etc.; of the items... "
Two directions are involved: getting a whole consistent
picture, and seeing what the structure of the whole requires
for the parts.

P.C. Wason and P.N. Johnson-Laird
Thinking and Reasoning: Selected Readings
Bal timore: Penguin Books, 1968.

N.R.F. Maier

Reasoning in humans. II. The solution of a problem and its appearance in
consciousness.

- N -

Attempt to answer the foliowing questions: 1) Does the solution develop
from a nucleus or does it appear as a completed whole? 2) What is the conscious
.experience of an individual just before the solution is found? 3) Is the
Teasoner conscious of the different factors which aid in bringing about the
. solution? - . ’

Used the two-string problem which allowed for several solutions, although
the one Maier was looking for was using pliers as a weight and changlng one
string into a pendulum. This would involve changes in organization and meaning
of the vectors in the problem, as discussed by Wertheimer.

Maier focussed his attention on the group of subjects who were able to
successfully solve the problem after hints were given: 1) The experimenter
made the string sway batk and forth; 2) The subject was told that the problem

“could be solved by using the pliers and nothing else. Two types of expericnces
were found among these’'subjects--ihe solution was either’ experienced as a
whole or in two steps (after each hint)., Maier theorizes that in the first
case, both hints were important, but that the first hint was not consciously
experienced It was also found that subjects tended to repeat variations of
previous solutions during- the problem-solving process.

Maier concludes that the rcsults of the subjects throw no tight on the

nature of reasoning.

X. Duncker C N
On ‘problem-solving

Duncker describes the processes underlying finding the solution to two
different types of problems: 1) a practical problem of how to destroy-a
tumor with X-rays without destroying the surrounding tissue and, 2) a mathe-
matical problem of explaining why all six-place numbers, of the form 276,276,
. 112,112, are divisible by 13. Unfortunately, I was unabic to complectely
follow the theotetical discussion. le talks aboyt the process of solution-
finding as going from the original setting of the problem to rhe functional
value, or principle, of the solution, to the more concrete foxms of Lhe solution.
tic uses the analogy of the "family tree' to describe this process.

co
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Duncker also describes how the use of hints can aid in the problem-
solving process,_ He found that the more concrete the hints, the more they
helped. Would this indicate that it is easier to find a solution to match the
problem rather than following the "family tree'" hierarchy? )

Duncker also discussés the necessity of "restructuring.! One must be
able to see numbers of the form abc,abc as being equal to abc x 1001, and
1001 as being a multiple of 13, in order to solve the problem.

®
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I. Subject of Intended Research

The research proposed here deals with a specific class of learning difficulties

in elementary science and mathematics. We have called these critical barrier phenomena;

unless surmounted, they inhibit further learhing, whereas when surmounted successfully,
they conspicuously advance it.

- A. Critical Barrier Phenhomena '

; -

In previous publications we began to define and illusttate the nature of these

critical learning phenomena (Appendix A) The illustrations are derived from our teaching _

- experience in the elementary physical sciences and biology at several age levels and from

‘”“manyibackgrounds+~—pne»school-and elementary teachers, pre—college and college students.

We have informally confirmed the widespread manifestation of these phenomena, sometimes
in precise detail, in discussion with oéher science and mathematics teachers who work
with children, older students, and teéachers. There is, therefore, an {nitial justifica-
tion for the claim that the phenomena have some universality among the scientifically
non-literate population.

Though the "existence of indi@iduai critical barriers appears to have been recognized
by many thoughtful and experienced teachers, they appear not to have been considered
collectively as providing importaet clues to the improvement of the teaching art, to
curriculum-making, or to cognitive science.

Example 1. A typical example of a gr tical barrier is the difficulty exéerienced
by many people in understanding -the operation o{\i siphon or suction pus%, the height of
a column of water. in a jar inverted in a pan of wager when the air has been partially
withdrawn, or the liquid barometer. .There typically\develops an explanatory impasse,
connected on the one hand with the absence of any awarene§s of the weilght of the atme—
sphere per"se, or as a possible factor in such situations, but connected on the other
wifh the presence of some intuitive notion of the kind expressed long since by the maxim

N
that "nature abhors a vacuum." With many of our adult students the situation is much

as though Gallileo's and Torricelli's investigations had never taken R}ace. One adult

- said, "Air is just not the sort of thing you could put on the scales!" “For such persons

AN
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"The weight of air" has no intuitive meaning. In Aristotle's classification of tne
. . .
elementary forms of matter, air has levity not gravity. In our discussion with reflect-

ive adult students wé repeafedly hear that théif difficulty is one of becoming‘awafe of
their own precoﬁceptions; when in ghe present case, they become aware of the A{istotkgigg
frame.in their own thinking they are able to compare it to,. and for the first time to

-~ v
understand, the Torricellian frame, which requires that the liquid in the jar be seen as .
one part of 5 two-part equal-arm balance. This is a not inconsiderable conceptual

achievement, with the column of water conceived as balancing that of an atmospherig

column of air.

Example 2. A second typicdal example of a critical barrier is that of mirror vision.
A barrier appears’in situations calling for the prediction and interpretation of mirror-
visi&n phenomena, and more generally of a wide range of phenomena involving the‘under- ~
étanding of simple virtual and real image§:‘ Thus, when most children and scientifically
naive adults are asked to represent 6r make pfedictions about obliqué mirror vision they
repre;ent the 1in?-of—sight to a mirrored cbject (diagram p.l., Appendix A) as if ts a
picture of the object on the surface of the mirror. 1In a preliminary demographié survey
this representation characterized a sizeable majority of university graduate students in
non~physical séienge fields, as well as undergraduates, elementary schoql teachers, and
children. The picture hypothesis, .which we‘infer from examining many geometrical drawings‘

and from informal conversations, has been confirmed in our teaching practice in connection

with quite other phenomena: for example, the surprising inversion of real images formed

by lenses or pinholes, which are typically seen also as independently exlsting pictures,
dissociated from any intuition of the light-ray p;ojection. The interpretation of real
or virtual images as phenomena wholly constituted bv optical projection, in contrast with
paintings or photographs, appears to require a conceptual frame not accessible to most
scientifically naive adults and children.

Examnle 3. iﬁe absgractions of length, avea, and volume in their geometrical

meaning and quantitative representation appear as critical barriers in many elementary

contexts. In the exercise of building bigger squares from square tiles, bigger triangles

‘ Q -2- r
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from unit triangles, bigger cybes -from unit cubes, many adults appear to be In setious
d[fficdlty both with the geometrical concepts and wiht their arithmetical translation.

.

Tabulations representing area and volume as functions of linear size are surprising and
wholly unanticipated. For irregular shapes area and volume éfe conceptually iﬂl—dgfinedz
Skea is often c;;EBB d.with "distance around," perimeter. A stubborn intellettual diffi~
culty thqn also arisi:\with the,conceﬁt of surface-volume ratio and with any possible
relevance it might hgne to qualitative aspects of biological and physical phenomena.

We see and ingerpret the world in terms of our accumulated experience as modified

~ *

by the explanations offered by parents, peers, and teachers. Common sense has many con-

-

] .

cepfual resources: unsupported objects fall, solid objects.retain their shape, while
witer spreads to conform ‘to the shape of its container, and so on. These ideas are
easily built up from everyday experience. Yet other, equally elémentary but §cienti§i*

cally pervasive concepts are not accessible to common seiise; the concept of the weight

of air which explains many commén phenomena, does not easily arise from everyday exper-

3

ience, nor do the concepts of balance, or of heat -and temperature.2 Commonsense Erame§

of thought carry students so far but,Eail them at critical points: when tpey meet scilen~

tific explanations at school or college, but perhaps in informal settings: conflicts

arise because they cannot reconcile formal scientific explanations with the intuitions

of e;crvday eiperience. It is here that critical ba}riers to learning appear to arise. :
Verbal explanations do little to resolve these difficulties, which arise not

from lack of understanding a few facts but from the failure to develop appropriate, wide~

ly applicable conceptual frames. These are likely to be acquired only through varied --

and guided -- experience of the phenomena in quéstion. Such frames must be constructed

by learners, they:cannot’simply be installed from the outside in minds unpropared

B. Definition

{- %e

A working definition is that critical barriers:

1. Are conceptual obstacles which confine and inhibit scientific understanding.

2. Attached as Appendix D




. - r
2. are "critlcal" and so differ from other conceptual difficultles in that they-

~

a. involve preconceptions.which the learner retrieves’from past experienées

that are incompatible with scientific understanding.
¢

b. 4&re widespread among adults as well as cﬁildren; among the .academically

—

able but scientifically naive as well as those less well educated.

c. 1involve not simply difficulty in acquiring scientific facts but in agssimi-

lating conceptual frames for ordering and retrieving important facts,

d. are not narrow in their application but when once surmounted prowide keys ‘
N ~ - y N N

to the comprehension of a wide range of phenomena. To surmount a critical

barrier is not merely to overcome one obstacle but to open up stimulating

/ new pathways to scientific understanding. ’ ’
TI./ Components of Proposed Research Co. .
A. Experimental Teaching . . .

¥or the three-year period of the proposed reseal:ch we intend to pursue one central

line of research activity and to weave several others around it. This central line of

research will be experimental teaching in specific science—matn areas which Ge select

_ because we know or suspect that a iarge fraction of students in the group taught will
xhibit the difficulties we wish to investigate. The groups will range from €lementary
chool through university students and elementary school teachers. ’

1. Aims. The aim in this experimental teaching will ﬂe (a) to Ldentify and.recotd
conceptual obstacles to understanding, both those we have already JﬁtiLlpated as critigﬁl
barriers and also new ones freshly observed: (b) to record, describe, and analvze oux
own responses -- as eiberienced teachers of .very elementary. science and mathematics --
to the discovery of such difficulties., and (c) to record thé outcome of the teaching in
terms of students' resulting performances, aud hence to pruvide guldance to teachers
and~curriculum developers. The record uf the;e experimental teaching eplisodes will eun-
able us to QOcument barrier phenomena in some detail. Thus in.the example oﬁ'mirror—

vision, when interpreting or predicting mirror-image phenomena a majority of scientifi-

cally naive individuals of all ages appear, as we said above, to retrieve from memory a

-

frame which relates such phenomena to some copceptual frame of pictures, and this
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intérpretation appears. to be confirmed.by r esponses of'the gsame individuals to the

" observation of images in other’ connections, for example in matters as the inversion of
ninhole images. This plausible hypothes{s needs to be tested and confirmed or modified
by carefully recorded evidence. : . |

-

2. Methods. The'experimental teaching will have the format of short cpurese, OT .

»

sequences, in longer courses, of 8-15 hours. The elementary nature of the critical N
barrier phenomena we wish to study allows us to teach essentilally the same subject matter
1]

h across different age groups, allowing for differences in style and levels of verbal

t 5 t
.

communication.
‘3. _Outcomes. From the reqults of such teaching it is our aim to create a axonomz

of critical barriers as typically encountered in these elementary teaching contexts. We

alsol‘intend to produce a parallel taxonomy of teaching techniﬂues which can be used to

anticipate( identify and overcome such barriers. These taiondhies will be supported by

case histories of individual groups and students, including interviews. The context pxo-

vided by such case histories will make this taxonomy speak both to further cognitive
&
research and to the needs of curriculum developers and, more importantly, of science

’ g .
’,

teachers.

>

B. Development of Theory ) .

1. Scope. The nature and prevalence of these critical conceptual barriers:in ele-

*

mentary scilence education is a subject for wider study than is possible exclusively in

experimental classrooms. In the follawing sections we shall enlarge upon the need to

_ elaborate an historical and theoretical context Eor barrier phenomena. lany of the con-
ceptual difficulties which appear to stand Un the way of widespread scientific literacy
today are closely related to difficulties which have been apparent in the history of
science itself: what is now considered'elementary is often of historically recent de-
velopment, reduced to familiarity only after major intellectual struggles, and then :-*as
our preliminary evidence strongly indicates -- only within the special subculture of ‘the

scientificvally well-educated. A careful investigation of critical conceptual struggles

in the history of various scientific disciplines should provide specific parallels to our
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empirically obgerved critical barrier phenomena, «nd will give important clues to
v . ]

4

their interpretation. (cf. Appendix B)

A second phase of our proposed theoretical reseaxch is to relate specific critical

4
Q

barrier phenomena to the present state of knowledge in the epistemology and psychology

0f cognitive development. The conceptual frames which learners do or do not retrieve in

_attempting to understand simple natural\phenomena are evidently not learned in the same

way specific items of factual information are learned; they are habitual resources of

G

. thought rather than items'of knowledge. They are thus developmental in character: their

n N ) . .
development is often reminiscent in tempo and style of those imputed to children in Pia-

° [y

*
getian reseaxch. An important difference, however, is that our critical barxier phenomena
{ o . :

have been fqﬁpd in many people of all ages. .

N\ . ¢ ¢

We believe that from the examination of critical barrier phenomgna, Both in histo- =« °

I

rical and developmental cohtéxts, other related empirical investigations wili follow.

One, which we definitelg plan‘for, ic a demographic.sampling to demonstrate, in a quanki-‘
tatie way, the degree of prevalence of specific barrier phenomena among diffe;ent Popula—
tion groups. We have already found one sych sampling possible (Appendix A) and propose to
develop relatively inexpensive means for‘sampling’respouses in other subject matier areas

from relatively large groups of adults and children,

, 2. Research Seminar. The central vehicle of our proposed research, beyond the

scope of experimental teaching, is that of a multidisciplinary research seminar. This

seminar and the record of its deliberations will provide an historical and theoretical

4 ]
context for all of our work, and will include invited contributious from 1its members and

visitors relating to:

1. the history of relevant scientific developments

2. the epistemology of science

3. cognitive development in childhood, adolescence and adulthood
4. means of laboratory and demographic research in 2 and 3

5. the discussioﬂkand analysis of findings and case histories from eyperimental

teaching o

We are fortunate in having at the University of Colorado a number’of well-informed

<

specialists iﬂ education, the history and philosophy of science, in developmenfal

{gigij j
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psychology, and in researéh.on adult cognitive processes.

This saninarAwill,also provide a vehicle, on our own campus and elsewhere, for the
dissemination of research interests and findings within wider academic circles. We ex-
pect it to be a seed-bed for the expansion of research and practical effort in elementary

science and matnematics teaching for college and pre-college students.

The wbrk of the seminar will be affiliated with the newly—created Center for Inter-

s

3
disciplinary Studies at the University of Colorado in the College of Arts and’ QCiences.

We expect that members of this seminar -- including specifically two members of the project
staff -- wiil be involved iﬁ designing .mathematics and science courses for future ‘elemen=
tary school teachers attending the university. These courses will have a special status
.in our research designs, focusing on the materials, techniques, and conceptual background \

\4
for elementary school science teaching. We regard this as .a major opportunity to investi-
, 4

gate, and to demonstrate, ways of breaking the Yicious circle by which those who have

N

. been poorly educated in science and mathematics become the teachers of our children in

» their first exposure to tﬁese fields of knowledge.

7

III. Theoretical Background ’ BN

The aim of science has always been to extend and refine our experience and to re—
duce it to a coherent system. But in this process it has frequently been necessary to

.

re-examine and reconstruct previously received ideas and habitual modes of thought. _For
this reason many scientific ideas and modes of understanding, even those which are now re-
garded as "elementary," have evolved in fact over at most a few centuries, sometimes only

generations or decades. They represent creative concept 1 innovations. not simply new

3y .
facts. Those who have grown up in the culture of present-diy science may find them <7,

"obvious," but even in simple form they would have been lnaccessible to investigators of

an earlier time. Thus, for example, the physical and biological importance of simple

size-scale relations is first anticipated in Galileo, still only implicit in Newtonian P

mechanics, and not fully recognized until the twentieth century. In the past thirty.or .

forty years, fresh historical and philosophical scholarship has added much to the
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understénding of this history, which proves to be a complex intellectual evolution
affecting as much the frame work of natural knowledge as its factual content.3 The re-
sult suggests not simply the increase of factual kn5wledge, but also an evolutionary

or genetic epistemology in wgich new factual content and ragional framewo}k evolve in
interaction with each other. yost of'fhis scholarly attention has been devoted to de-

velopments within the scientific culture or subculture, Interactions with séciety at

large, with the majority cuiture, have been investigated mainly in connection with the

co-evolution of technology and its institutions or in reference to specific and dramatic’

conflicts of belief engendered by scientific progress (Gaiileo, Darwin).

N

There is another sort of interaction of great importance which is still inadequately

..
Py

understood or iqvéstigated. On the one hand, scientific leaders have always voiced a
commitment to the spread of scientific understanding to the whole of society. On the
other hand, the very dgvélopment of sclence has made that progress increasingly problema-
tic in spite of many effocts of formal and informal popular education. The resulting
and per;asive statekof affairs was poignantly de;cribed b& John Dewey a half-century ago:
"Science is too new to be naturalized in experience. It will be a long time before it so
sinks into the subsoil of the mind as to become an integral part of ;orporate belicf and
dteitude.

We bélieve that the full nature of the commitment to widespread scientific enlight-
enment, through formal or informal means, has seldom been adequately conceived. Farly in-
struction and éopularizatipn have been conceived as transmission and diffusion of know-

ledge but there has been little systematic effort to understand the sources of indifference

or resistance to the popular acceptance or assimilation of scientific style and contenl.
There is little recognition that naive or commonsense mentality is not a vacuum to be
filled with new knowledge; but a plenum already highly structured for accomodation to
éveryday phenomena of nature and social life. (See Appendix C, passim, esp. p. 13).: Nor

1s there sufficient recognition that science can be well learned only by a two—way'process

of accomodation between these.




: L

pre—formed structures and those of science,  To define this interaction better one must

first attempt to understand these commonsense structures and credit them with an appro-

priate range of validity, not treating them as mere expressions of ignorance or error to

-

be replaced -- as the old term enlightenment, suggests == without internal conflict.

We must take account, of course, oé the ways in which science ﬁii been acceptéd
in the majority culture, specifically with regard to technological evolution. 1In the
passage quoted, Dewey suggested that until the scient}fic subcuiture has "‘sunk intoAthé
subsoii of the mind," "both method and conclusion will remain the possession of special-

: izedvexperts, and will exercise influence only by way of external and more or less disin-
tegfating impaét upon beiiefs, and by equallx external practical application." We
accept television and the a{rplgne but we almost totally lack an understanding of their
elementary scientific basis. .

In the proposéd research Qe are concerned with the development of human intellectual
resources that can be distinguished (not separated) from the acquisitions of empirical
knovledge: Qe thus value the work of Piaget and his associates while at the same time
we find it somewhat aside from our main direction. We agree with its basically inter-

| N .
hetionist view5 of intellectual development, and with its broader framework of stages:

we also recognize a genuine consonance between our critical barfiers and some of the
Piagetian critical phenomena, fur example, conservation of number, mass and volume,
seriation, and other organizing schemes. On the other hand, we have approached these
kinds of phenomena from the point of view of education, whereas the Piagetians have
focused on developments which appear to be relatively invariant to differences within the
cultural ambiance in which they occur, and qual{tatively insensitive to specific teach-
-ing efforts. We agree with Piaget (and with Plato!) that such developments are relatively
insensitive to short-term efforts to teach them. But so far as we know,,Plaget has

never brought research attention to the study of adult commonsense conceptualization

(See Appendix C, p. 8) as it develops in children or is predominantly present in adult

.

life. We find, for example, a widespread failure among children and adults to grasp

certain elementary geometrical invariants of scale: for a homely example, few people of
-9
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can thirk correctly about the amount of water which could be added to,a gallon container

«

of sand versus a gallon container of coarse pebbles. Most (including one techincal

chapter on soils) say more water is added in the second case, 'because the holes are

bigger," while some say less, ''because there are Fewer holes."

If we were to use parallels for the evolution of science from biological evolution

we would emphasize both the rapid growth of the sciences within_ special social niches,
()

niches which would have evolved with them, and at the same time their divergence from

s

¢
the evolution of the majority culture. Here the parallel is speciation rather than

adaptation. Piaget's scheme on the contrary is dnilinear, envisioning a histaéy of imprév-
ed adaptations which are then somehow incorporated in the culture and relived in iPdivi-
dual development. Our scheme includes branching into different lines within‘g shared
social ambiance, lines that are divergent and not automaticall& Interactive. If we were
studying a time when the marsupials were dominant over the still-rare later mammals, we
would have to recqgnize that both were adapted for survival -~ in different niches --
and that both illustrated the maxim that ontogeny recapigulates a common phylogeny,
though only up to the time of their divergence.

Piaget's thesis, that thé study of child development gives clues essential for gh;
study of human cultural development, is thus tantential, not central, to our work. We

-

pfeach no dogma of recapitulation:i we wish only to refine and support the description of
present-day problems of science education by fruitful historical comparison. '

Our historical emphasis, however, differs from that of J.B. Conant who justifies
science teaching via historical studies in a sense by reliving the past, and who has
been responsible for numerous‘excellent historical case studies intended for use in
college level general science courses. There are wany pathways of intellectual develop-
ment in elementary écience educaticn, and history suggests only some of these; other;

prove more accessible to present-day learners. We can create more royval roads to modern

geometrical knowledge than that which starts with Fuclid. even (and especially) at,

elémentary levels. Thus the historical study of Greek mathematics may provide us with
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clues as to conceptual difficulties associated with problems of size and scale, but

present-day children or adults can be helped to overcome these dif ficulties along many

. ~

paths other than those of his&bfyl Our resources are wider.

. IV. The Present Research Position
The concerns outlined above have often only been peripheral in the relevant re-~
search literature. When central, they are limited to ;pecial contexts. The relevang“
literature falis into'four main categories:

QA.‘ A scattered literature dealing globally with philosoph{cal pefépectives\bn
the\evolution of science and evolutionary epistemology oé science. Th;s literature in
important in helping to define what are usually referred to as concept;al schemes or
frameworks, and in providing alternative accounts of their role and origins: empirisgic,_

.

nativistic, and iﬁteractionist.7

B. A large liéerétufe in the historiography of science, sometimes describing the
interplay of theory and observation out of which specific elementary scientific concepts
and modes.of thought have emerged,8 including some of those related to our category of
critical barriers. Some of this literature is relevant to our specific questions abouf
parallels between the conceptual struggles of historical discovery and those of contem-.

\

porary science teachiﬁg. K

. .

C. A research literature concerned with observed difficulties in the assimilation
of scientific and mathematical knowledge by children and adolescents. Much of this re-
search 1s concerned with the apparent existence of conceptual barriers to underséanding
in relation ;o curriculum organigation, age or developmental readiness, transfer of leatrn-

ing; but not, as we propose, upon the description and explanation of a wide range of

specific confusions or misunderstandings which are assumed to be responsible for failures

in inst:ruct:ion.9 Thus Ausubellospeaks of preconceptions which appear to block the growth
of scientific understanding as "amazingly tenacious and resistant to extinctlion." Such
: research literature confirms the legitimacy of our focus on critical barrier phenomena.

Its main concern, however, has been to measure the divergence between students' perfor- .

mance and some norm of adequate scientific understanding. The precise nature of students’
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attempts to assimilate what is offered in instruction requires a more qualitative, ideo~

graphic description, and is seldom investigated.
D. There is a related 1iteraturé, largely associated with the name and tradi;i&h
of Plaget, which seeks to describe the‘éss}milation of elementary scientific and mathe-
matical subject matter in terms of match~mismatch between the framework of contemporary
thinking implicit in that subject matter on the one hand, and the alternative frameworks
which habitually guide or control the thinking of the learner on the other. Such research
is aimed at describing the latter developmentally. Though this Piaget thesis is not in
theory a na&ivistic one,llreséarch related to it pays little attention to the learning-~

teaching context as a source of developmentally relevaqt but controllable variables.

' Tt is restricted primarily to child-adolescent subjects and views adulthood as merely an
extension 6f childhood rather than as an.independent subject for empirical research. Our
own work by contraét, is concerned as much with adult thinking and performance as with
f&hildhood. Critical barriers are prevalent --— with variations -=- in both children and
adults in forms which suggest strongly that cognitive development is inadequateiy des~
cribed as a unilineal sequence of well-ordered and more or less age~dependent stages.
There appear to be consﬁi;uous\aﬁd sometimes great difﬁerences among adult thinking
processes about even very elementary science. These differences are assoclated with
educational opportunity, differences in interest, factual knowledge, and the like, but ‘

they are not adequately explained by these.

The critical barriers we propose to investigate are rather clearly developmental in
1

character, but they appear to us to be poorly described by what Pijaget calls decalages,
the unevenness of development across differences of age and subject matter. They seem
rather to imply, especidlly in the case of otherwise well—-educated aqd thoughtful adults,
some interference between al;ernaﬁive pathways of intellectual development. As we have

4
said, evolution implies divergencé (speciation) as well as adaptation.

12~
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V. Significance of Proposed Research

‘
2

The proposed research is i;_an area of central concérn in science education: the
comparative examination of conceptual difficulties in the understanding and fluent use of\
pervasively important elementary scientific ideas and the habits of thought which their
full as$imilation can support. In comparing the conceptual expedients or habits of
children, adolescents, and scientifigally naive adults across the same ranges of elemen-
tary subject matter we believ; we are breakiﬁg fresh ground, though ground adjacent to

areas which have been increasingly investigated in the last two or three decades, Our
4 f

guiding hypothesis of divergent intellectual evolution, cultural and individual, can,

.if well supported, be an initial challenge to the dominant developmental scheme which con-

.-

“ceives such development to move, though perhaps at different rates, along a unilineal
path. We hope that our work will be sufficiently cogent in theory and clear in empirical
findings to merit attention from developmental psychology and educational research. In-
deed, we plan this research to provide one sort of bridge between those areas. Whe;gas
the conditioning hypothesis of unilineal development does not require an interactionist
view, that of development which diverges from early ages clearly does: human development
is a function of native endowments and of life-experience and choice within a socially
‘diverse array of opportunities, wide or narrow. Our research clearly has that philoso-
phical presupposition, one which s%pports the belief that development can be materially
affected by appropriate educational intervention. The Piagetian school has tended to
asserg‘scepticism about the developmental contribution of short-term teaching-learning
situations. We believe, however, that the interventions they have considered have
typically been of a conventional sort, not sampléd from a range of possible styles,
strategies, and durations. Short of full-scale longitudinal studies, we believe that
our focus on critical barriers in science learning will vield significant developmental
and educational knowledge. \

Our proposals for demographic, historical, and classroom studies have come primarily
out of personal experienée and reflection: the hoped-for outcome, even if cénforming to
-—14-
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our expectation, will still stand in need of possible qualification, extension, and

-

replication, .

The above are formal research outcomes that we hope for. For the local teachers
we shall enlist as participants in the research the outcomes ate a potential contribution
not so much to research literature as to the state of the art. The history of educational
reseafch and development leaves major doubts about its contribution to the improvement of
education, Like all the arts, that of teaching appears to be transmitted and improved
best tﬂrough reflective participation. Thus our school—le;el associations are to us {m-"
portant dn their own rightf In the same way, we hope our enlistment of university faculty
members wil{ lay the basis for a continuing interdisciplinary research and development
group concerned both with pre-college and college teaching, including especialig the
education of future teachers,

VI, Procedure

A. Research Semi-ar and Consultative Committee

The organization of the project will center around a multi-disciplinary research

-

seminar and committee, This group includes the proposed research staff but also incl&des
university faculty members with proﬁessional status in physics, biology, mathematics,
psychology, the history of science, the philosophy of science, and educational research,
Faculty participants.hold senior academic positions and have been chosen both because of

their relevant professional knowledge and their special personal commitment to the impro-

vement of formal and informal education,

Members of this seminar will be respousible for contributions to its discussions
from .their fields and for planning specific aspects of the research,

The central role of this seminar or committee is justified by three main conside;~
ations:

(a) 1ts interdisciplinary composition matches the needs of the researcht by
providing: *

i) subject matter knowledge in the physical and biological éciences and
mathematics.

ii) professional knowledge of the history of science, and access to its
historiographic literature;}
* (See Appendix E) -15-
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iii) knowledge and research experience in developmental psychology,
with special reference to-the ways in which_.children's thinking
is dependent not only on developmental processes, but also upon
the kinds of ambiance and access provided, in relation to whick
their behavior is observed;

iv) knowledge and research experience in the study of adult mental
processes ag related to intuitive, quasi-rational and rational
modes of thought. . :

v) provessional educational research and its recognized methodologies.

vi) personal skill and reflective craft knowledge related to learning
and teaching at various age levels and subject matter levels.

~
4

(b) T#e'seminar itself is potentiaily a nucleus of an ongoing research group in
the new éenter\for Interdisciplinary Studies at the University of Colorado devoted
t scieéce and mathematics education.

(c) .In this seminar we hépe to provide a 1ink to research and practical develop=
ment elsewhere. We plan to invite visitors to discuss their own work. .fwe alréady
have exchgnged visits with Paulo Guidoni and Matilde Missoni, physicigts at the
Istituto di\giscia, University of Rome. Their research in many ways parallels

our own (See Agpendix C). We would also hope to benefit from the work and thinking )
of Frank Dppenhggper, Director of the San Francisco Exploratorium. We believe our
work wiii have direct implications fbr informal science education, of which he is a
principal exponent. \We shall be in contact with Dr. Jack Easley of the University

\
of Tllinois, and others §t the University of Washington, M.I.T., and ia the United

Kingdom and Holland. We éhall also keep in touch with the other NSF projects which
\

have a bearing on our research.

B. Experimental Teaching

(a) Short Courses. These courses will have two specific purposes, beyond that

Al

of observing and identifying commonsense-scientiflec dissonances. [he first Is to

test hvpotheses about tye precise nature of specific commonsense modes of thinkiung.

The second is to test our geneval belief that these barrier phenomena, once brought

to the surface and consciously examined, can provide a predictably fruitful

~16
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challenge to learning —= but only if, in the future, teachers are prepared to

identify them and have a relevant repertoire of suggested responses. An outcome

i
t

of\ this will be a taxonomy of teaching strategfes,
"The design involves the presence of a staff observer and the preparation
of detailed notes by both teacher and observer immediately after each session.

These will be supplemented by audio and video tapes for later analysis. This re-

@ )

cording has two-aims: The short—term aim is research in the service of teaching,
égg of publication. Diaghostic observations, shared by teacher:and observer, lead
to revision or amplification of short-term plans; when carried out these give
further observable results tendiﬁg to confirm or deny the previous diagnosis.
Further short-term planning then ensues, and‘the cycle is repeated many times.
Such differential planning is, of course, a component of good teaching.

The long-term outcome of such research, one which is for publication, can

demonstrate the cumulative effects of this cyclic process. The diagnostic judg-

_ments, made and recorded in teaching and planning, are predictive and testable by

observations accruing after the record of them is made. This cumulative record can
be that of a self-correcting sequence of judgments and plans which are individually
subjective and fallible, but collectively significant in the end result. This
process is transferable.

Thouéh it is not "teacher<proof,' such research is, we belileve, teacher-proven
nad needs public research support. Such research does not in principle define
sufficient conditions of successful teaching; but it can demonstrate what is in-
volved in a style of teaching which many successful teachers would recognize as re< °

lated to their own.

(b) Program

Topics .

These clusters of topics are rich in
critical barriers which are important

in elementary science. (See Appendix A, B

i) The Ocean of air

ii) TLiquids .
iii) Heat and Temperature

iv) Light and Vision N

=17~ 3;}‘"’ -




(c)

(d)

N

v) Size and Scale ) We have already evolved a wide variety of
vi) Number and Form teaching materials .rom these clusters which
vii) oOthers to be encountered we shall use in our experimental courses.

Target'Groups

1) Elementary tedcher study groups. 1In these we shall invite tFachers

to be both science students and investigators in discussion of their owﬁ

and their students learning and learning difficulties. (5-10 teachers: 2
hours/10 wégks/term), I )
ii) Secoundary teacher study groups. Similar to {)

iii) Stddents in elementary and secondary schools. With members of the

above two groups we will arrange follow-up teaching in their own classrooms
with members of our staff as te;chefé or obsgrver/recorders. (3 hours(week:
5-10 weeks/term). Q
iv)  Undergraduate non-science majofs. Year long intensive courses in general
sclence are being designed in the Center for Interdisciplinary Studies. Four
faculty members of this program, members of our research seminar, will be in-
volved as teachers and observer/recor-ers.

v) Element;ry education majors. A special sgction of the above course is
planned for elementary education majors. Our staff will play a special part
in teach%ng.and observing tﬁié group both in laboratory work appropriate to

elementaxry school science and in the discussion of critical barriers and

teaching strategies related to them.

Teachers and Recorders .
Undergraduate Courses ) Director and Co-Director

. - .
Teacher's Courses .Facul%f Members of Research Seminar
Schools Project Staff, selected teachers

v . ~18-
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(e) Schedule
§

Semester 1 . Semester 2
Year 1 Elementary Teachers Study Group Elementary Teachers Study Group
i Secondary Teachers Study Group
Elementary school Follow-up Teaching -
Undergraduate Courses Undergraduate Courses °
Year 2 Secondary Teachers Study Groups
Elementary Teachers Follow-up Teaching Elementary School Follow-up Teaching
Secondary School Follow~up Teaching Secondary School Follow-up Teaching
Undergraduate Courses Undergraduate Courses
Year 3 Elementary School Follow-up Teaching
Secondary School Follow-up Teaching - B
Undergraduate Courses s | Undergraduate Courses

(f) Outcomes of Experimental Teaching

i) 'Input to Research Seminar. for theoretical studies and publications.
ii) Materials for taxonomy on Critical Barriers.
iii) Materials for taxonomy of teaching strategies.

iv)‘ Case History studies from study groups and classes.

v) Conceptual material for demographic studies.

&

Because the specific courses we plan are organized around conceptual barriers already
identified or strongly suspected, we expect that the latter will be frequently visible
for documentation and analysis, and that in rhe sequel we will have substantial evidence °
of success or failure, in their diagnostic use.

C. Demographic Sampling Studies

We plan to devise a variety of techniques and instruments by which the prevalence
of various specific barrier phenomena in specific sample populations can be estimated.
(See discussion above). The purpose is not to achieve accurate estimates but only to
obt;in a rough measure of. prevalence, which at least in some cases we expect on prelimin-
ary evidence to be high. For example: Given an empty test tube inverted in water
(pneumatic trough)ﬁand a syringe with flexible plastic tubing attached, one is asked to
£i11 the tube with water. Most Ppaive" persons will,attempt to pump water into the in-
verted rubber tube rather than exhaust air from it, and are surprised when the water level
s L0
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in the tube rails to rise. This test and its opposite (to empty the full tube), is re-
lated also to conceptual,diffi&ulty with the siphon and the liquid barometer (the "ocean

of air"), It has been tried only in small groups with manipulative equipment and may

of administering such tests which are applicable to reasonable uumbé}s of subjecté, and

which permit comparison across subpopulations.

o

|
not prove reducible to pictorial, pencil-and-paper form. We will attempt to deslign ways -i
|
1
1
|

In the one statistical study of this kind that we have c&nducted (See Appendix

©

A, p.l), we have found a strong majority prevalence of one critical barrier among'

~

university graduate students (30-35), elementary school teachers (20-25), and &4th gradé

children (25). The only exceptional group has been, predictabiy. graduate students from
’ » o « . ®

math and physics. Unless specific barrier phenomena are widespread among specific pop-

ulations, they are not of the importance we ascribe to them. If they are widespread,

&  rough frequency estimates are sufficient for our purposes, and require modest sample

sizes.: Our central difficulty is therefore'nog that of statistical reliability, but of ‘

Al

proper samplisng and of designing test situations which give unambiguous results even

for small groups of subjects. This was possible in the one care referred to, and we will
. L]

have expert critical help both in replicating this and extending the method tq others

that we judge impertant,

. 0.

D. jnggstigations\with Minority 'Groups

Our tnvestlg;tions of critical barrier phenomecna to date have largely been bhased
on populations from the majority culture. It seems quite possible that members of. min-
ority groups with substantiallyodlffeyent cultural and lingulstic backgrounds may appruaéh

the various topics in which we have found barriers from vantage points which would either
. Y
give them‘a different perspective on these barriers or which might give rise tov different

barriers. We are well situated to explore these questions, since the Mountain View

1 .

Center, with which we have been associated for almost a decade, has a long association

w

of involvement with Blacks, Hispanics, and Native Americans -- the closest 1ink being

-
1

’ ) -20-
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with the Oglalla Sioux in South Dakota and, more recently, with the Hopi in Arizona.
We regard our new association with the Hopi as especiallv promising in the context of
critical barrier research since their substantially different life outlook and the

profoundly affect their common-sense pep-

«

different structure of their language may well

ceptions of the world in which the barriers are tyﬁically encountered,

.

VII. Disse&ination

Because of its major emphasis or the study of teaching~learning interaction the
proposed research promises to provide one specific link between research and classroom

innovation, and thus to create informati®n for dissemination through:

*

(a) research journals such as The Journal of Research in Science Teacﬁing»aqg

Science Education, The Journal of Educational Psychology, The Journal for Research

in Mathematics Education, The European Journal of Science Education, Cognitive

v

Science.

) -
(b) Teachets' Journals, such as Mathematics Teacher and Mathematics Teaching,

School Science and Mathematics, Science and Children, and other more general

teachers' journals including OUTLOOK.

(¢) Pamphlets containing illustrative case history materials and classroom-
oriented discussions of conceptual development in relation to barrier pheomena

. ‘and teaching materials and procedures.
(d) A small number of video tape records of teaching sessions.

A special dissemination channel for materials such as the above will be provided

through the Teachers' Center Exchange of San Francisco, which maintains a network of

communlcation with estoblished teachers' centers and those newly created under the

L

Teachers' Center Program of the U.S.0.E.
A further kind of dissemination, looking toward programs of informal science

education, will be possible through our linkage with the San Francisco Fxploratorium, and
through them with Science museums and children's museums.
International dissemination of both research and teaching materials will be possible -

through our association with members of Her Majesty's Inspectorate in Fngland and Wales,

through the Université & Scuola group at the University of Rome, and through associates

in Holland, Britain, and elsewhere. ' 34 4




