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PREFACE

- fecent pregress 1n the tield of research in mathematies educstion has

3

result signifsuant progress Lias been made ju several iampurtant arcas, The
development ot early number concepts, problem solving and in the avea of
fational number leasmng, to name but three.

buch collahardtion bas not been solely couf faed to the United States.

-

mateonal 1o scope. The accomplishaeuts ot PHE during {ts brief Vite span
kave 1u our optuion, been no less than outstanding. lo six years a core of

tesearchess in mathematies education has evolved, representing diverse yet

st the PHE (NA FHE) was founded. The exasgence of chie North American Ghapt

ts yet tutther evidence of a peteeived need to comaunivate, collaborate,

ttittgue and Jead support to present and tuture research ettoit  1n wur tie
We wre plefised to wel ume you to the University ol Hinnesota fur the

thicd annuai meciing ot NA-PHE and trust that your time will prove to e we

sprit. He are gratetul to the anthars ot the papets contained n chese
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Peey ra e b adphitbciically by Biest author tor easy retetence.
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been quite dapressive.  There is a4 clear treud toward cooperation, Loildbom-

tion and the developaent of research support systems among rescarchers.  The
L

241 ly successes of the (.eurgt.’: Cenr-er. the ERIC Resvaich monographs, and the

recent ettorts of NIE and NSF te fund collaborat fve eftorts all attest to the

emergence ol a new purspective toward the field in the United States, As o

T The turmatsun an 1976, of the International Group for the Psychology of Mathe-
Ml s bduc stiun (PHE) as an attiliate of the Tnternational Cougress tut Mathe-

adtdies Bducatton can he viewed as evidence that these trends are indeed inter-

tomplesentary tields ut Interest. The potenttal for future collaboration tematns

very promistig. 1o 1979 at Northwestern Unsversity, the North American Chapter
i b y P

er

14,

Pooeefbups bor St bt cinens maniscripd s promptly ant jn othe form requested.
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tonferer & program will (nnslco‘ mijnly of present wwions of coutdinated Rrevgs
R .

of pipers all having a common or ctosely related theme. along with ample time

tor discucsfon and the planaing of tuture recearch. Theee papers are jadict-

tive of the degree of diversity and of the high quality of research curreantly
anderway.

The editors are indebted to the Department of Currlcatum and oot Fuct inn
And to the Dean’s Offfce of the Collage :fl Bducation, for providing .« portion
ol the Elnmeial, clerical and moral support <o necessary to the planning of
X conference of this type.

We are al sp indebted to the executive board/prog-am comnitiee of NA<PME "

fnr thedr wlse counsel and snconragement during these last two years.
>

Thomas R. Post - Fditor

' Mary Patricia Roberts - Editor

NA-PHE Executive Board and Program Camnit t ce

Nicolas Herscovics - Concordia University
Quehec, Canada

. .
Robert Karplus - Unlversity ol Californfa at
Berkeley
. Ricbard Leah - Northwestern University
Evanatoan
Thomas R. Past - University of Yinnesota (Co-Chgir) * v
-~ Richard Skemp ~ tnivernity of Warwick, tngland
Ex-Officlo (President , PHE)
Sigrid Wagner -~ Unfversity of Georpia (Co-Chair)
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A COMPUTATIONAL ERRQR CLASSIPICATION SYSTEM AND ITS VALIDATION

Susan R, Neuwirth Beal
~ Saint Xavier College
«" Chicago, IL 60655
., $
‘. N

As far back as 1;09 (Buswell and Judd, 1925), efforts have
been made to identify and classify students’ computational errors.
Th;-e studies show that such errors are systematic (Brueckner,
1932; Buswell and John, 1926; Cox, 1975: Grasber and Wallace,

- 1977: Grossnickle, 1935: Meysrs, 1924): can be reliably estab-

lished (Brusckner and Elwell, 1932¢ Grossnickle and Snyder, 1939);
can be used for.diagnosis (Ashlock, 1976; Brown and Burton, 1978);
and that without instructional intervention are evident a year
later (Cox, 1975). ‘

¢

Many classification systems have been proposaed YBuswoll and
John, 1926: Englehardt, 1977: Gist, 1917; Osburn, 1924: Roterts,
1968: Smith, 1968).‘ Although these systems describe the computa-
tional errors made by studenta, they lack one desirable property
of a classification system: that of being mutually sxclusive, Thus
an error could be classified in more than one category. ‘Such
classification systems, also, limit their usefulness in the teach-
ing-learniag process, Soms™ of the erxor categories evoke similar
prescriptibns, Or, if the category system is too broad, né parti-
cular prescription is forthcoming.

, One purpose of thié paper is to introduce a classification
system which has mutually exclusive categories based upon think-~
ing strategies, rltharithln on error types or error clusters,
directed toward tha addition and subtraction algortihm. The
cataegories of this clasaigication system are:

&
O~ o o

e\ yahd
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_ The_student consistently isolates—the—co
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I. NOT DISTINGUISHING PLACE-VALUE

The student does not distinguish place-value. For example,

23 or 76 or 76 - 4 =36
+ 14 - 4

flo - 32 .

II. DISTINGUISAING PLACE-VALUE, BUT ISOL‘TING COLUMNS

exercise which requires renaming and treats each column
a3 if the other columna did not exist as plrtff the same
2

axercise, Por example, 402 or 4
~ 288 \) - 288
286 224

III, INAPPROPRIATE INTERACTION
The student conaistently has inupptoptiate interaction

betwean (among) the columns for exercises which requiu

%

ranaming, For axawple, 402 or 402
=208 =208 " C
24 124

Iv. APPROPRIATE INTERACTION -
The student correctly performs at least three of the five
exercises which require multiple renaming,

The validation of the classification aystem, as part of a
larger research study, involved 164 third grade students from )
two Southwest Chicago Catholic Schools. Theae schools draw ,
students from white, middle-claas families, All third graders i
from thase schools were tested on an author-constructed cx:i!..:.ton
referenced subtraction computation teat (SCT) to select students ‘—’1
for the research atudy, The SCT consisted of fifteen lkill hvoll !
for subtraction, with at least five exerclses for each skill 1evel |

. '

. -
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Student responges on the scr were reviewed by the auéhor,
All incorrect responses weré examined to determine whit systemp-
tic errar, if any, was made. (An error is defined as sysWematic + -
for a -pocific a;gorithmic.aomputation when a pattern can be °
wstablished and cecurs, in at least three of the five exerzises
for a given skill level.) » -

Student.s were selected to Ve in the sample if they demon-
estrated a (symbolic} knowledge of the basic %@dition and subtrjo-
tion facta and fell into one of the categories in this systam,

> b

2 i Yoo 4
The classification system was modtfied for this study for % .

the following ¢wo reasons: 1, Not distinguishing place-value

wag an empgy category for these third grade.students, and 2. A _

2 result of the study, category III (inappropriate Interaction)

was dividad into two groups. Group IIla consisted of errors

1nvolv1nq£the multiplé renaming process. That is, students

1ncorract1y per formad szubtraction exerci-ol requiring muxtig}e

renaming.. Group TIIB  also consisted of errors involving

tlisc multiple reanaming process but was only evident when there

were zeroes in the minuend. Students who committed the second

error did not also commit the first error. It was thought that

the thinking proceeses for these errors might be different, -

The validatio.., then, was with these feur groups: 1I, IXIa,
IITb, IV. within each group a random sample of twenty-six members,
stratified by school, was chosen to be interviewed on an author-
constructed, structured, but_fle&lble, Place-~-Value Interview
based upon a task anilysis of the -ubgraction aléozithm.

The interviews took place over a three-month period. During
“this tims the teachers reported that a hajor portion of the time
for mathematics was spant on multiplication, A amall portion of
the time was devoted to reviewing the addition and subtraction
algorithm with some of the time spent on renaming with zeroes in




.q;' R
3 ) ’ ' .
} 3
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. <be
;‘ the minuend. A What was being taught during this period is pertin; -
. ent”in that some of the students’ performances cn the.subtraction .

algorithm durinq the interviews were different than their per for-
mances on the SCT. Although these changes had- not -baen anticipw-*
ted, especially in light of Cox's study (1975) where ahe found
. that the systematic errors persisted e year later,when therwe was
no instructional intervention, it was necessary to rscategorize
e the students based upcn their responses during the interview as
it is those responses which will help elucidate the‘thinking pro-
cesses used in tpo'portornanco of the subtraction algorithm, A
statistically significant aesociation axists between the original
classification of the students and the reclaseification (Y .= .
. 46 .89, p <,001), " The rocbao-tfication yio~ded thirteen students
H in group II, twenty-one students in group IIIs, twenty-six stu-
dents in group IIIb, and forty-three students in group IV, Por
all but six etudents, tiie shift was into higher numbered dategories.
— Tahles ) _and 2 display the zesults for each group and the
entire sample for the concept percentile acores and the computa-
tion parcentile scores of the Iowa Test of Basic Skills (ITBS),
The ITRS was adminietered by the schools as part of the schools'
evaluation progrsm, The rseults from the ITAS for each of the
students, in the study were obtaired from the schools, T-tests
~ performed on the diZferencee for the moan percentile scores for ‘
. each of the groups indicate that for computation these groups i
? arq.otatiltically different, Fo; the cohcept percentile scores, i
1

. only groups IIIa and IIIb are not ligniticantly different, A These
results confirm the dit!orcnce- among the groups for computation
and confirm that conceotually groups IIIa and IIIb are similar,

A correlation between the groups and each of the parcentils
scores indicate a aignificant relation, The regresaion equations
. yield rasults close to the mean percentile scores for each group.

,‘l . 4 - '1
{
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-0 TABLE 3
’ -"'ITBS CONCEPT PERCENTILE SCORES
GROUP " RANGE N MEAN VARTANCE
11 11 - 67 12 31,75 254.02
5 WL IIIa 10 - 89 20 5415 558.73
S ' b 12 - 89 2%  57.20  527.12
; . v T o26 -T97 40  72.33 - .257.91 .
SAMPLE 10 -97 + " 97  59.89 54921
° o ‘' y=11.59 x+ 25.6

e . . . & =0.5213 (p <.0005) -

. TABLE 2 ‘ .
o “ 1T8S COMPUTATION PRRCENTILE SCORES
N GROUP RANGE N MEAN VARIANCE -
) S § 10-79. 127 29.25  366.69
~ I11a 8 - 91 20 41.85 614 .43
. IIIb. §5-92 - 25 5260 - 596.88
‘ . ™ 22 - 99 40  71.25 373.89

SAMPLE. 5 -99 ~ 97  55.03 70896

y = 14.85 x+ 11.25

- r = 0,5851 (p <.0005)

-

. 20One of the tasks pr;‘-anced during the interwiew tr fed to
ascortain if the studencs saw a relation betwsen a pencil and
————paper—tagk—of-finding the d;fferance botwaen forty-two and

twenty-eight and finding that same differsnce using popsicle
) sticks 9?“'.’0‘3 by tens and ones. Group II students, in goner:'nl, '
' ©  could not sde the relation of the two tasks {only five of the
! thirteen students saw such a relation), whereas only eight of the
ninety remaining students could not see the relation. Two of
these eight students said it “shouldn't match.* The other students - ,\'
replied “I don't know." fThe rasults from thid task help point
out the differences between group II studepts and the s:udena in the
. other three groups. |

-

-




A task to £ind the difference betgreen three hundred and one, °
first "in their heads" and then with pencil and saper yielded
interesting differences between group IV students and studunts
in the othet’ thtqe groups, Table 3 dilplaya the resu;t’:a ro¥

b each of the qroup-. : - .
. . ’ H * . s
. | : TABLE 3 ) L
v .. TASK: DIFPERENCE BETNEEM THREE HUNDRED AND ONE . .
t ' o
. .. .GROUP* NUMBER BER IN _  PERCENTAGE oo
- « i ’
, * CORRECT GROUP . * CORRECT S
e IT e 1 13 . 7 i
Y a N !
S >" ‘ . JX‘I . Fi 9 . ‘1 43 <
¢ ‘111D 6 26 23 - -
\ . v , 39 . 43, 9
i3 4

. Ninety-one percent of group IV students could perform this tagk o
correctly, whereas only twenty-seven percent of the rest of the
‘ ' students could do so. o !
T The Tﬁi&i@r&“tmi-rmqad—wide&y—tron_onado;cng _correspond-
ence between an object and a numbar name to finding the difference
. between two four-digit numbers with multiple renaming ih a’ paper
N . amd pencil task, A grouping and a place-value tuni.pulative was
o used to ascertain the student e ability to display numbers and
E 4 subtract without and with regrouping (trading), Students were
. asked to create smallest (1lrgelt) numbers usiag digit cardu, -
¥ write and read numbers, an&uplaln the pracesses they used in w
six subtruction’ exercises. ’Purther results from- the 1nterv1ew
will be shared during the p:esentat}on.

fie -

*
3
.

The validation of the classification system was limited,
because of the t:hzuhtl of the study, to subtrantion erxors,
;A However, the ITBS computation scores includsd resnlts from exer- .
: . cises in additlion, subtraction and multiplication, Classifica=
@ tion of students with regard t? addition errors vould yield

[Mcumilar results. \ . R .

. \ S 2
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THE LFFRCT OF VISVAL PFRCFPTUAL DISTRACTORS
o GIHLDREN'S LOGICAL-NATHFMATICAL THINKING
IN RAT1ONAL-NUMRER SITUAT{ONS

Meriyn J. Behr?
Northern Itlinois tnfvercity

Thomas R, Post
Infversity of Minnesota

During the pact two years (1979-1981) the Natfonal Science Foundatfon has

sponsored efforts at five University sttes te develop, ficld test, and imple-

wt instrtional and evaluation materiale over a hroad spectrom nf tational
amber ¢ or epts. One questing of primary concetn to the Rational Number Projedt
. has been, "What i< the nature of the fmpact of munipulative mitgrials on the
learniug, of rational nomber conceprs?®

- — The_paradiem nsed by the project *< instructionat «omponent has heen the teaching

experiment, bDurinp the 1980-81 school year, 18-20 week teacking experiment s were
- 50\ﬁluﬂt‘d with A) <ix Grade 4 children in DeKalh, 1llinois, b) <ix Gr.de 4 !
children In St. Prwl, Minnesata and <} flve Grade 5 childeen in St Paud,
Minnesota. in additiqn, rxtensive evaluation materfa’s were developed at
Narthwestern Unfver<sity under the direction (;l Richard Lesh and by kd Silver
. and Diane Briars of San Dicgo State and Carneglie-Mellon thdversities respedctively,
Both the instructional and evaluation materinls were utilized at alf projest
. sltes. A% a result a fairly substant 1al body of data has heen collected and

1< currently undergoing analysis,

-

T e rescand was u%por!od In part by -he National Sclence Foundation under
graat nne'echnltd 79520501, Any opinfons, findiags, and tonc lusions expressed
are those of the asthors and do not nevessarily reflect the views of t he

. Hatlonal Sciewce Foundat ion,

The authors are Indedtrd to the following people who acsisted during the
researchs Rik Pa Rik Azls, Hadine Pezuk, Kathieen Gramer, Is<a Feghall, .
Lelgh McKinlay, Inberra Oblak, Mary Patricia Roberts, Robort Rycek, Gonstance
Sherman and Juanita Squlre: soec ial thanka g6 to Nadine Bezuak, Robert Rve ok,

and anity Squire, wio provided valuable contributions in the preparatioo of

this piper, Gonateuctive creitdeism from Professar Margariete Hontagae Wheeler,

about an earlfer deoaft was invaluable,
.
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Six sad por dat 1 sty have cmecged trom the e Wing experiment s conducted

1o LEVinoas and Minnesota. They arce:

1) The ettect of visuab/perceptual distractors on children logrcal-
*
2) MHserarchies 1o the learnsnp gt order and cquivalence.
4) JNitticelties wvalved 1o applytng rattonal aumber contepts to
problum sutuations.  (This data strand s being pursucd =n

conjunct o with the Applied Problem solving Project at .

-
51 Ghildren's ability to perform translations within and between

s abidity to synthestze various rat 1oml nuaver sub-

constructs, 1.¢., piri-whote, measare, gnut tent, operator, ded ual

Hba the purposc of thes paper to detine perceptual Jistradctor and begin to
detane 1t sole an chitdren's understandiag of rational number concepts. N

is ol prrtacnlar tnterest 1o show how perfeptual distractors intlucuce cnidren's
thiaking. 1t 15 hypothesized that perceptual distractors overwhelm logical

thiaght proccases and cause chitldren Lo anterpret problicems and tasks w extra-

the particntar caphasas an this cepore s 1o echibit ditterences awong (ibdren's
depembongce on visuab-proceptual sutormarion, as compared to there ababity to apply

bt _spat e al_thinksog, Tt will alsu addeess the transieron Tomn dypen-

W o sl intoraat ton e lugical-mathematical thinking.

.
A serien ol taqks an which visial-perceptual distractors were delibevately

s Eodm ed wa s developed.  Buphasized on this ceport 1s intormit yon which

s abibity 1o "put uside,” Yoven ome," or
T’ the dhistractors and deal wath ahe tasks on o logicai-mathemetscal tevel.
Ihe extent to which o chibd as able (o do thas == resolve conthicts belween
visual sutotmin ton and their Iugn.nl-.nmlhcnmlu,nl thinking -- 15 viewed as oue

ol neves il neporLaot andicatars of fiow sobid ar tennoas 15 the chnidts andes -

.
mathematicat thinking.
- 1) The cmergence of proportsondd reasoniug.
Northwestern,)
vartons wdes of representatlon.
o) tnbdree
md ratro, -
.
ored €y ways.
1
dacates it teraners among chivtdra
k]
standiug of the tattamad -anmbee concept i gquestaovi. ¢
¢
:
B

E

Q .
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Overview of the Tasks
The term “vicoal-perceptnal dictractor™ i< uced in this papet to refer to the N

introduction of {nformation into a standard sthool-type ratjonal-number rack
whith 1« either concistent with the tack, frrelevant to the tack, n; incons e
tent with the tack. A) Goncistent « ues are do{’igrlrd specifically 1o ald 1n the
<olnl'mn of & tisk or'prohlvn. 8) lrrelevant cues contain ertrarcous hut
neutra1} fnformation. Such (nes require the <olver to ignote certain informat fon.
C) anconsistent cues are those which conflict with the conceptualization of the
tack or probten and therefore, must be reconclied prior to solation. Thi« i¢
normally wcamplished hy ‘Ignnml followed by reconstruction. This latrer cateanry
ha« proven to he the most troublosom; for <rudents, prrhaps becanse ot involves
A mufti-facet fd solution, i

An example will f1lustrate these distinct fons.

Task: fo shade three-fonrths of the rectangle:

Solutjon Stratepy

A} Consistant Cue: {:[:[jj Subject <shades 3 of & parts

.

R} lrralauine Luess I 1T 1T 11 Subject jpnpores every dther line;

ERIC - .d6

Aruitoxt provided by Eic:

L U 0™ impe 2-1/87< as 1/6 and <imdes 3

suth ¢ lumps.

) leconsistent Cue: Dj:] Subject ignores all lines, recong
struct s diagrame and proceeds 1< o A).

The ravional number tasks, of three general types, were distinguished hy the
physical embodiment of the unics
1) A continaous model snch as a recrangle or circnlar region.

@) A srt of diccrete ohjedte.

3) A line <epment on a number line.

The normal order of tacsk preseatation involved First the task withont the
distractar, followed by the came problem with the distractor precent.  Somet imes
the task was phycically transformed from a consicstent to an Im:mcl«(nm sitoat fon
while the subject obhserved. Such transformat lon of*en cavsed the child to provide
not only o ditferem respouse but also a different rat iomle when explatning her

.
procadien g phonomeonon reminiscent of pre<operat fonal (hildien's responres to

\‘1‘ Tapet's conservit fon tasks, ~

)
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The thiotv-bascd ittt taaal smtertals doveloped lor the teacking cxpes pment

provided « very oich radtructional envizonsent which relieg heavily on the

sestemat it use of minspulatave wids. Munspuldtive ards used 1n the anstract sonal

program ing buded contyauous embodiments for rattonal nucber such as cut-out

tewtsunal paris, paper tu'l-dmg', and centimeter rods; discroete embodiment s, ‘,“

st h ws chips, aud variovs nuaber lines.  The sostructrod einphasized the parr-

whole and ecasure sublonstracts of ratrundl nomber.  Concepts taught s luded
the baspe traction concept, order and cquivalence retations, addition and

subt rastaon of Like tractions an saltaplication,  lnstruction deait with

fractions tess than, equal to, and greater than vne, as well as mixed numbers,

Cont ynuous Eabod iment Tisks

Une peraeproal dbistractor comcerns children's ability oo deal with a pot ot g
‘

whole s 0 degtor—ind 13 4 putitioned region.  This abality 15 ar 1uas :

Precaisor to doding with notrons of equivalent fractions, « o» the -

obscrvition that two vquivalent parts vl a whole caa cach he ibe samu

Poostons whea vae patt 1 appropriately partationed. o the ang .unre

b ey cquivalent parts, can each be nased as 1/4 and 3712, -
"
€ L

O tilcacat wis whathior thie b by could 1gnore the partitson biaes 1a cde an

srder Lo consider st one-tonrthe gnd tmagite pattitipn liaes placed 4n b to

tostder at s thice-twelfiis, Thiis was one ot several contexts in which we

Pomid e oxdaence ol subprirtitiontog Ligos to be a distractor to childrents

e al-othien e d ander standing of rattonal-oumber comoepts.

Stvct b am pntaawaew s sugiest that tor some cnldren o part (o gronp ol -

Paits) caonly hve oae Lo Cronal name at o time. Part b ois erther /4 ar

31712 b o +obe buth at the same time. The same 24 true for «do. Winke the

Part caiiod beve e nimses at the same Cime, the subject does extuabit tlexibiliey

notera ol e gt boag entlaer 14 o 312 at any given time. This contrasts

withe oo fowa b levebiesponne whore o pait has one and only one tractrional s

.
At all tuns, )
&) .
" P .
ERIC Sy
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Fur example, one (hild Mk, was not his 1o give two mimes for bz according to his

i thinking it could be 1/4 nr 3,12 but noc both., This same <hild was unable to
|

see that annther name for «de was 1/4: it was ooly 3/12.

. Results suggest a linear trend in the development of this aspect of fractinn
tdentity. A first level of uoderstanding consists of h and cde having earh a
<iogle label (1/6 and 3/12, respectively). Level twn (nnsists of b having two \
lavels (1/4 and 3/12), but not simultanenusly, while cre <*ill has anly one \
label. Level thice would todicate that both b and cde ¢ an have two lahels
(1/4 or 3/§2) hut not aimultancously. Aod level four consists of bnth h and

c¢de, each haviog two labels (1/4 and 3/12) simsltanenusly.

- . - . - © . > -

Discrete Embodiment Tasks -

To investigate the ctrength of childreo’s logical-mathemtical thl‘nking ahout
rational oumber in the {ntext of discrete embndiments, severa' tasks jovolving
perceptunl distractors were d‘evelnped. The distractor was a transformation of
the Lonststantly arranged <et into one which was inconsistent with problem
wanditione, - .
Tnsk 1 {ovolved an initial presentation of six paper clips arranged as I | I l “
. and transformed lo” ” ” 3 task 2 tovolved an toftial presentation of ten
. paper clips arranged as ”'“ ””lo\nd transformed tn |11 it 1. ror

gach part of racks t and 2 the soubject was asked to produre a-sot-of O

papér lips equal in oumber to ‘J~h.alves the numher of ¢tips in the stimilus

set. Task 3 jovolved a -u-t nf twelve paper ¢lips; for the fnitial presentation
e they were arrnnged as '”l ”” ”“and transformed to ””” ""”
The prohlem for the subjecz tn each case in task ) was to present a set of «lips
equal $u numoer tn S-thirds the oumber of clips in the stimulus set. As might
e suspected, the second part of every task proved to he much more difficult for
students, since the transformation diverted the attentton of the solver from the
basic concept intended by the problem presenter. Of special note is the fact
that after providing an acceptahle explanation to a correct solutino to the
first part of each task some students completely ahandoned these “logical™
structires and adopted other faulty ones which reflected the physical situatjon.
For cxample in taisk #1 one student correctly suggested the 3/2 of 11 1L s
1 " |, while providfog an appropriate explanation. She then concluded

ERIC "\ 18 - i
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that 3/2 of l: . l llws the same set (f.e., “ f' I D because “you already
have J groups of 2.° Another (hild took one ser of 2 away tromp 4 4! PR
ing that “we aiready have 3/2'5." This child apparenii, rainicrpreted the task
ta be_one of reconstructing the unit. In this cdse thz perceptual distiactur

not only altered the quality ot the child's thought process but aluo caused

him to alter !ht; periedived task so as to nore'c.losely correspond with the

physical >elilng.

Number Line Tasks
A sertes of tasks which favolved two kinds of pergeptual‘&istrag}ors on the

number line was developed. One jovolved varjations in the number oi\;ubdlng!om

e
of the vust, the other variations in the size of the unit. Space here does not

permit dimcussion of these results, except that they were similar in nature to .

wbservat ions sn both tha wontinuous and discrets contexts. Childrea's lugical
thouglit processes were unduly fnterferred with, fn the presence of visually

distracting elemsnts in_the problem condftions. L

Other types of distractors also seem to be emerging as we continue to examine

our pool®*®t data. These incfudes language, numerical distractors, and sequencing

couditions resulting i an Efnstellupg or mental sec. ™ -
8" ‘

These and related issuas will be discussed more fully in “Rational Number Concepts,™

o chapter to appear in Acquisition of Mathematics Concepts and Processes, Lesh

and tandau (Eds.), Academic Press, 1982,

Heanninglul understanding o mathematicai ideas aﬁ‘:! the mathematical symbolism

tor these idedas depends in part on an ability to demonstrate pnteractively the
a.sucdation between the symbolic and manipulative-aid’xodes of representation.
Theoreticalbly, as children deal with mathematical ideas, embodied by manipulative .
aids. the mathematical tdeas are abstracted fnto logual-mu:cmatual structures. |
As chitdrens' lugical -mathumatical structures expand, it is presumed that their }
dependence vpun the concrete manipulative alds decreases; vltimately, logical- }
matchenatica | chought becomes sutficiently strong so that it dominates tne visudr- ]
pere vptual dutotmation. The extent to’Wwhich children®s thinking so dwabweied {}
by visual—per. eptual intormation tharetore, seems to be an indication of the |
relataive strength ol their togical-mathematical thinking. . :

L3
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The extent to which children can resolve conflicts hetween visual intormation

and logicat-mathematical thought processec might at first be viewed as a cimple
indtcator of how firmly a <hild has internalized a given concept .  However, the
iscue i< prohably more complex than that. It Is suspected that the abitity to
resolve such conflicts 1s differentially related to field-dependent and field-
independent learners. Ry definition the Jield-dependent, chily < unahle to
(or has great difficulty) ignoring or overcoming irrelevant )envlronmpn(nl
stimulf accompanying prohlem conditions. Witkin (1977) «tates thac

“*The percon who i r(-ln(lvoly field-dependent i< likely to have

difficulty,..with that ‘¢ lass or problems where the sotution depends

on taking some critical element out of the context in which it is

presented and resirscturing the prohlem materinl <o that the jtem
fe now asaol tn o different context.”

"“The relatively field-independent percon i< Likely to overcome the
organization of the field, or to restructure it, when preconted
with a ficld having a dominant organization, where as the relatively
fleld-dependent person tends to adhere to the organization of the
feld 4 ot
r\tl\t Riven

\s
~ . L 4
~-
Similarly Coodenough (1976) Suggests that:
*Fleld indepeadence is Lnn\fderul to be the analytical aspect of an
articulatad (as contrasted to a 5lob7t|\ok(|eld ~dependent, insert
outs) mode of tleld approach as expressed i '
©“ "If (feld-dopendent suhjects accept the organization of the fieTd~ - —
% as given. then they should he dominated hy the most <alient ones . B
T in Concept attainment problems. In contrast, the analvtical .
ahility of field-tndependent subjects should make It possible for I
them to sample more fully from the nonssalient features of a stimulus
complex in thelr attempt to learn which attrihutes are relevant to o
coucept definitfon.”2
11 15 indeed tempting to discuss the 1e<ue of perceptual distractors within
. . A
the tramework of fie)d-dependence theory. It seems ¢ lear that the ahandonmeot g
of previously Internalized cogaitive structures In the presence af visual «t imutd
inconsictent with prohltem conditions and/or requirements §s quite ¢imilar to
the intividual who 1s *...dominated by the moct salient cues in the concept
attalpment problems.” (1hid) (t may he then that the effect of p!‘l’(eplll.‘:l
»
distractors vn atudent learnfog s a function of where the individual appears
-4
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on the ticld tondependince tield dependence cont buon,  The linkages siggested
alsu aaply that the assue ot sach distractors transcends the learning of
rattonal number concepts per se and 15 relevant to a'much broader spectrum of

concept s, . 1 .

' -
Dur data suggest s gust such o dittesential impact.  Sume stifents were obviously

mote “bothered” by the visaal miscoes preseoted in the problem tasks. it was

nevertheless possible 40 all cases to teach children to overcome the impact

of these distractors 4o specitac asftaations. 1t should be noted however, that

there was 2 strong teodency tur the (some) children to aguin be jntlucnced
when the diatracturs were prescuted in o ditterent context (e.g., continuous

. and chen disuicete).

. Implacations

Distractoss represeat one class ot dnstructional conditions whith wmake some

fmpact will be heldptal to the Jesign of more ctfective tnustructional scequen s

- tor ul‘n!dwn. !

types ot problems more ditbhicult for chitdien to solve. Knowledge o! therr ‘

Although pertermance with rational numbess is altected by the presence of (.
dastrators, chaldren can be taught to overcome their anlluence. 1t .5 expected

Cthat strategivs geacrated by children to overcome these distracturs will resaly
¢

ta morte stable rational-tomber concept s. .

Our aesearch bas raised important guestious about the role of soch distractors |
1 e beanniug process,  Iasuaes -of soquencing, aateractions with learning |
style and abiibhity leve bs v well as questions telated to approproate proscedures ‘

For avercomug therr antltuence wil b need to be aildressed. ‘

R
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CONNTING ARD HUMERATION CAFARLLITICS OF PRIMARY SCHOOL
CHILDREN: A PRELIMINARY REPORT#

Hax S. Bull snd Jasn F. Buras R
i
- The Univeruity of Chicego > »
)

L .

~ ~ ABSTRACT

->*
v

Counting snu other ausber idess of praschool chifldrsn heve bezn extensively

studied snd 80 heve computstion abilitiss of childrsa in grads 4 and bayond.

Our work is dirscted gt bettsr vndsrstanding of the transitions from the ons

to the other. Tiis resesrch with primary school children (K-3) outlined hers -
eime z0 construct & coherent picturs of the devalopment of children's capebil-

itfes in verbel counting (forwsrds and bsckwards by snes, tsns, end other

{ntegers), in rasding end writing auwmbers, end in cartein other aspects of -
synbolic srithmetic. We elso record ths content of esch child’s srithmetic

lesrning sxpericncs. Ws hsve daveloped sfficient interview b,ud mathodola-

gies for those purposse and rssults so far have suggested a numbar of

{nteresting linke among the things surveysd. Ths picture of childran’s

cepabZlitiss end sxperience thus devaloped may suggest slternstives to whet

{fe now common in primary school instruction. N

, ‘ TiTRODUCTTON

Quite # lot is known now sbout the counting and numerstion idses of preschool

children (e.g., Gelman end Gellistel, 1978; Puson end Hall, in press). Quits e

1ot {8 4lso known from Nstionsl Asssswment of Education Progrses (MEPJ) sbout

tha sysbolic orithuuc parformance ¢f childrsn in fourth grede snd beyond. Our

work begins where ths davo‘lopunul work on serly nusher idees lesves of f and

stops just short of the schisvemsnt studise of performance of sywbolic srithmatic.

It scaks to {lluminate tue development of children’s idess and cepsbilities with -
respect to ths countiug and d’:uuuuon systems and ths linke of thess to srithmatic.
Por those purposes We heve developad efficiont brisf tnterview msthodologles

thst quickly aussas ths 'u-u- of vardal counting snd written numarstion knowledge
of -3 children snd st the seme time ssssss their cepabilitics in coertein basic
srithmotic procedurss. Ws hove slso developed ways of getting a good record of

the ectual content of the srithmetic instruction of thess eame children.

- I .

*The research reported hiers has been supportod by a grunt (ro‘n The Nationsl Ipstftute %
of Bducation (N1E-G-80-0099. ¢Our report does not necessarily reflect opinlons or
policias of NIE or the Dapertamnt of Education.
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To this point (June 1981) our remearch progran has {ncluded October ‘{nterviews of
75 laboratoty achool children fn second and third grade gnd October and Hay
intervievs ot 120 children in grades K-3 in & middle clans suburban school near

Chicagos Both schoola enroll at lcast 40% non—white atudenta. We have alao

dore limited pilot studies with other group of children over a wide
socio economic and gchool backgroimds.

yrange of
Figure 1 indicstea the morta of data
ve have. [t inclulea about half the tsamks surveyed in the initisl interview,
for fjust amcond snd third grade children of tha gurburban achool,

[}

. -

Some of the moat Interesting date come from the forwsrd and backward counting

tanks, coded {n the first fels columa of Figure 1. We sk the children to comt

by onea. If a child gres past 30, we ssk him to pretend he has counted to 68 and to
g0 on from there; the.n similarly for 98-101, 197-203, and so on. We record the

" highent completed Interval, ssk the child tu count beck Erom that point, end

ptobe for lover backwarda cotmt!ng.cnplblllty if need be. . nimilar task checka

counting by tena. The stop snd skip feature of the counting tsaka prevents mere
alphabat-11ke recitation of a wemorized word string sand also permits finding

!. efficiantly ths outer 1imits of counting understanding for each child. Ths

interviev is informal, brief {5-10 minutes), and unintimidating. EBnach child {s

preaned to hia/her 1imits for each task, vith !ju’:eful_exltlkypen thone limita
are apparsnt. Children reapond willingly to the tasks and appear to enjoy the
intervicy sewnions.

, ' )

SOME PRELIMINARY RESULTS

2
- .

’Y

-

Figure 1 diaplays Aome typics]l reaults with second and third grade suburban
achool children. Children are listed there from high to low on their perfor-
mance with the verbsl counting taesks.

Footnotes to the tshla explain the coding
system used: for example, sn sstarisk (*) indicates s correct reaponse and
responnes to the writing snd resding of nunaull are coded to reflect sctual
responaea as nearly an poaaible.

.
-~ *

Many thlnml- ;bout the 1inks of counting to other tanka are suggested by simple
tallies and displaya, For sxample Figwrs 1| makea it obvious that (for thesa
chlldren) being good at counting is 1inked to beinp gobd at many other thinps.

; PYA Fuiimext provided by R
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ev«hnll analynis™ then confirmed by startatical analyaéa permita mome
E lC : ' -
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. Pigure 1: Counting and Numeration: Beginning Second and Third Grade Children
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tentatiye conclusions from our Autumo 1980 tnterview, Det:qlled nnnlysm; of

the rich data availsble {rom thin group of children fa continutng,

nome ‘of the preliminary concluafons:

.

1. Awong children at each grade lq'lel. there 18 s wide range of count {ng

' skilla. The vinge und medis~s of the total count score dn O_tober 1980

of K-3 children at the suburb.. hool is indicated 1in'Yigure 2.

Heve are

Y
Flgure 2: Rangs and Mcdisns of Totel Counting Scores of XK-3 : . -
Suburban School Children (Mex scores = 26)
’°;:;rf°‘"““ 1234567891011121314151617 18 19 20 21 22 23 24 25 26 .
Kindergarten <
(n=2?) ¢ "—"-"_-“"—| * H > Hedisn ~
Grade 1 ' R s .
> (ne29) } f —s {
Grade 2 H '
. (n=40) } {
.
Grade ) ‘l f.
(ne24) —- { I~

.
Note that waxiwum scores move by lsrger year-to'-yeur j:mpn than do ugnlm: *

< or medisns. This resilt {a alao comeon in our pilot lonpitudinal studies,
snd refiacts the existence of a group of children who remain poot counters

year after year--a potentielly serious handicaj. N

2. Verbal counting skills are essocisted with s variety of aymbolic erithmetic
8i.1118; for example, with resding snd writing of lsrge numbers; akipping by
teni notation for opsrations, frsctions, and money; end solving 0- = 16,

3. Fov gradea 1-3, backwsrd counting is es essy as forward counting for the °
best forwerd counters; but beyond about the widdle of the distribution of
total counting scores, beckwsrd cotmt'ln; becomes a .ubotcntln’lly more diffi-

vorking with amall pusbere but we end others find surpriaing the ease of
backward co\mtﬁ'\g fur many of the 'more cspable chﬂdren.

4. Only 5 of the 27 beginhing kindergsrten ci.ildren hed any difficulty pointing

to and counting fourteen objecta; one of thoss children could neverthelesa

count on past thirty. Of the 22 children who could easily count fourtecn
1]
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°objscts, 9 could continus ;ith(;ut objects but not past thirty; 7 could
count beyond: thirty but not ‘$kip to 68-72; one could skip to 68-72; snd
6 could akip to 9% and count psst 100. Those L Gl fo us rasher remarkable
performances for five-yesr-8lds; certainly they sre well beyond what most
kindergarten or lat grade gcho;l books axploit. " . .
*S. At all grade levels, réading nusbers {s s lot essier than writing nusbers.
- For example, uunthlly a1l baginning first graders could resd 103 from a
. card, but only sevanty parcent could write 100 from dicutlon. In beginning
third grade cnly ons of twenty-four childran could write §1. ‘37 properly from
dictation but twentI~two of the twenty-four could read it. B
6. 'mn:c vu- frequen nfirmation for the clinicadfindings (e.g., Glmbt:ra
) 1977)  thst child 7 pushed beyond their femiliar rangs of numersls offar
"¢ such "loglcll" rasponses ss \n'ltlu; "40098" or "$10098" (but slaoat nsver
_ "RAQp908“) for dictsted "four hundred ninety eight,"” or resd s vricten “S004"
£ a8 "five hundud‘ (and) four."_ The frequency with which beginning second or
2 ) third‘gudau (and lv:n spme first gradsra) respond by writing ''50004" .for
dictstsd "five thSusand four" seems remsrkabls to us considsring thst "'5000"
s beyond numbers with which such children are likely to have had direct
f +. .experisnces and ‘far blyon}\vhlt most lchool progrsms for K-2 sdmit ss pouible
to learn.

*

7. Recognition of the srithmetic operstion sysbols +, -, X, 4 seema to bs achool
,~ ralatsd, except possibly for children rsnked st tha top on verbsl counting
P sbility. XThosa children may havs lszrnsd most of what they know stout ths

arithmetic symbol system independsnt of their school sxperience.)
2 —_ e .

Results of .tllkl not lhowq in Figurs 1:

8. Our results with this Fethsr lui'ge group confirm surprising findings bf
clinicsl studies concerning ul:linu children sttach to the "=".(equala)
symbol. (Behr, et. sl., 1980) Nearly sll ths children in our atudies aee
this not s» sn "Cqulll" or "samz as" ralstion but as requlrtny/n operatjon
on the left linked to sn snswer on the right. Hencc, titey typically reject
4 = 4 bacsuss thers ia “no problea”, 2 + 2 = 3 +°1 bacsuse there 1s "no
lnl\;lt," and 4 = 2 + 2 bacsuss ik 1s “backwards." : N

9. Host second and third grads child.un «and many first l.!ldltl respond correctl\y
to & tash that ssks them to mske I‘lxllul snd aifisum nusbers from thrse

/
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0
individual digit cards (4, 3, 7). But well over half of the firat grade
chi 1dren who did this cﬂrlxectly were unable to read the (correct) number
they had constructed. . .

10, Only four of the twenty-four bsgh‘mlng third grade children could calculate
65 - 37 correctly with pencil and paper although such problems are solidly
in the 2nd grade curriculum, A .

11. "Mental arithmetic" akills are poor in our 3rd graders; only nine of twenty-
four of them could handle 27 - 21 without papet and pencil and only two vere
sble to answsr 26 + 19 correctly. We often found the chﬂdrenytrylng to
visualize the problems aa writtendown, then doing some algorithm on their
sental ‘blackboard., -

12. There a’e typical errcdra in backward counting at the dccades and hundreds;
for example the de.cnde is left out (72, 71, 69 . . .) or the next lower
decade 19 inserted (72, 71, 60, 69, 68 . . .). Some children do hetter on
this task i{f the reaponses are written inatead of verbal, so they can see
the patterns. Since our classroom observationa {ndicate that backward
counting tasks are not a pait of K-3 work (except possibly 10, 9. 8, , . . 1),

the errors are not surprising.

THY. CONTENT OF PRIMARY SCHOOL NATHDMTIC.S INSTRUCTION
. R

We have not compicted our analysea of that content covered by the children we
have ynterviewad hut certain tentative conclusiona are posaible. Over 80 percent
of the time ctifildren work by themselvea with pencil md textbooks,. workbooks,
or teacher worksheets, going to the teacher for individual instructfon when needed.
Virtually all the materiala are heavily oriented to paper and pencil work; few
alternative wvay: of proceeding are offered. There are wide child to child
v rla.lon‘ln the actual amount of material covared even within the aawe classroom.
The base ten place value countinj and numeration systems (heyond amall numbera)
are not themselves explicitly Jinked to operations and other arithnetic procedurea,

even though in theory the linls are fairly tranaparent. “Borrowing' and “cacrying”

.
menorized procedures than_aa_sspacta-of tie counting and numeration syatcms. Tt

{n rare for achool work to indicate mny usca of numbers or of arithmetic procedurea.

Calewlatora and other computation alds in uvniversal use in the world outaide of

@ ¢éhool are casentially never found in the X-3 clasarsoms we have seen.

|
|
|
|




" SIMMARY

Our results indicate that many children hsve counting and numeration cspabilfiy
ties that do not come from primary echool work and are not exploited in
primary school work. Those findings suggest to us that some rather simple

. things could be done that might markedly improve the results of early school

. arithmetic instructiun.
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PROBLERS RELATED TO THE »rucxr& OF A MODEL OF UNDERSTANDING
TO ELEMENTARY SCHOOL MATHEMATICS ’

Jacques C. Bergeron, Université de Montrésl
Wicolas Herscovics, Concordia Un'ivexslty
z

e -t
»

Several models describing vsrious modes of understanding mathematics have
been suggested (druner,1960; Skemp,1976; Byers & Herscovics,1977; Skemp,1979).
A vsrsion integrsting the first three models was used in an experiment whose
main cbjective was to detsrmins 1f such s model could be assimilated by ele-
mentary odzool.tnc‘ten (Bexgeron et al.,1981). This resssrch, involving a
group of 29 teachers, has s¥own that they could npp!y' the model, thst is,
tho}cou!d'ldentlfy v&loul modes of understanding associated with notions
such ss nuaber, the four opsrationt of arittwetic, place-value non;tlon, n‘
well &8 tre aocition and subtrsction algorithms.

R WY

’

These conceptual analyses have had some important psycho-padagogical effects

on teachers (Herscovics et s1.,1981). They ssem to hsve ch’nnqed thsir per-

ception of mathematics and also that of their own mathematical corpetence.

Zqually iwmportent in terms of dlq;ctlc., the tsschsrs hsve developed a cons-
tructivist appraosch towards lssining: they now de-ewphasizs the importance

of ths written answer and focur on the thinking processes. They hﬂe become . ——
sware tha:ty through an sppropr YETORIng can the child's
yeasoning nm"mlo evolution in the tsachers® sttitude was

achisved dolJ ts the weaknesses of the model used.

Yheoe rssuits Have besn 80 sncouraging that they warrant tht_ construction of .
& new model betiter suited t‘o the analysis of mathematical ccnctfpt'- and ‘'which is
d.l-cu-‘ed in a lconpanion paper (Merscovics,Bcrgsron,1981). Howevsr, it is es-
runtial first tp study ths problems tered by teschers in our lsst expe-
riment and to ifdentify ths internal contradictions of the model used in order

°

.

to prsvent theix rscurrsnce. —
r -

MODEL USED IN THE EXPERIMENT

4 \ .
A8 mentioned earlier, ths model ussd $n our experimerit was a synthssis of:
previous models developnd by Brunexr,; SKemp, Bysrs and Herscovics. A brisf
Mry of thesde models is necessary in order to understand how they wers Co

Messarch funded ‘\by the Qu‘gbtc Ministry of kducation (FCAC grant EQ-1741)
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Sruner (1960) described tvo‘cmyle-:uuty modes af thinking, namely intuitive

thanking (globel end 1mplicit perceptaon of a problem, unawareness. of the

- Processes used 10 detting the snswer) «nd analytic thinking (steps are cxpli-
cit, full awareness of the relevant informatjon and operaiions/. Skemp

- . (1976) dis inguished betwcen instx\;acntal understanding (“rules without rea-

) son"} and rclational understanding (“knowing what to do and why"). Basing

themgelves on the Bruner and Skemp élassllic&t-lons, Byers and Herscovics

(1977) combined them in a model and, moreovar.discriminated botween content

{sathematical ideas) and mathematical form (their rxepresentations). They
3 " descrabed the following four modes of undexsnndlng.

i "instrusental undzratanding is evidenced by the ability to apply an appropri-
N ate remcmbered rule to the solution of a proble- without knowing why. the
rule works

relational understanding is evidenced by the ability to deduce specific
. Zrules from more general mathematical relationships

____lmcmuund{ﬂ is-—evidenced by the Ablllty to zolve a problem with-
out prior analysis of the problem

formal v.derstanding is evidenced by the ability to connect mathematical
symboliss and notation with relevant mathematical ldns and to combine these
*jdecas into chains of logical reesoning -

As can be seen from these descriptions, the three models dealt primarily with
rules and problem solving. In order to use them for the analysis of concepts,
- they had to be somewhat modified. Thus, in order to characterize i1ntuitive
x understanding, wa have added to Bruner'‘s “global perception* crl‘terin,auch as
visual perception and estisation {(cf. comparison of quantities) and primi-
tive unquantified action (eg, to add to, to bring together).
’ »

adapt Skemp' s dui miuoy_z_o_muccpz—lomttvn’ﬁ_fm and |

’_Taﬁc?e-dﬁcﬁ arc not an end in themselves but rather become the means used in

-2 th? construction of now mathematical notions. Thus, the instrumental mode
was assiyned the double mcaning of “"memorization® and that of “initial cons-
truction® (c¢f, in the case of additiors bringing together and cour;ting from
one). The relational mode also was assigned a double meaning, that of
“justification® given to it by Skesp, and that of "links and relations lead-
ing to notions of invariance and rasversibility* (for addition: bringing to-
gether and counting on from the first term may reflect gsome invariance of
nusber- to perceive xubtraction as the inverse operation of additicn is an
example of reversibility) .

FRIC . Y
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Sieilarly, in the case of the instrumental and relational modes, we had to. _
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Pinally, ins.far as formal understanding is concerned, the first part of the
Byers and Herscovics description was used without however specifying what
vam weant by "relevant mathematical ideas” since these secmed quite obvious.

The second part wss interpreted more in the sense of *logicatJustification™

than in the sense of "formal proof® wh!c;: lies beyond the elementary school
curriculum,

DIFFICULTIES ENCOUNTERED BY TEACHERS

As can be seen, the model we used was rather ‘complex. Not only was it a
synthesis of the thn: preceeding models, but moreover, the description of a
given mode could now involve geveral new criteria. Thus it is not too sur-
prising that certain teachers experienced some difficulties in applying it
to’ spacific concepts.

. » ]
for example, in a test verifying the transfer from addition to subtraction,
teachers were asked to identify four modes of ‘understanding for each opera-
tion. Out_f—f_ 28 telgl:wgulm»«{n—tmmﬁ?fﬂnuom, the
réatest confusion occurring between the intuitive and instrumentsl modes on
one hand,and between the relational and formal wodes on Mher
(Herscovics et al., 1981). In the firet instance t.hey called m::«
the initial construction of addition (cf. bringing toqcthor and counung
from one) and in the Pecond case they interpreted "relational®™ to mean the
relation batween the symbolic expression and ite ensctive and iconic repre-
sentations. MNonetheless, in spite of these difficulties, a pedsgogically
importent result remains: teachers were able to perceive yeveral ways of un-
detstanging a given concept.
While agreeing that there were many ways of uhdannnding the c;ne concept,
they repeatedly raised the queetion "How can one be sure that the un;lennnd-
ing is not instrurental?” Por instence, how can one decide if the procedure
indicating a relational underatanding of addition {bringing togsther and
counting on) was not the product of rote learning? aAs a matter of fact,
nothing can guarantee that the proc‘cuea used are not rauuiting from pure
memorizetion. This problem brings cut one of the difﬂqxltles experienced
by teachers in their transition from the evaluation of skills to the evalua-

tion of underatanding. as far es shills are concerned, the student's suc-

]: \[Cl can be easily verified by the right or wrong answer and his resulte ars

.
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proof of hie mastery. In contrast, there are no “proofs® in the eveluz.ion

of understanding. The procosses used as criteria can at beet be construcd /
28 indications and these may lead to soms inferences regarding the nature of
the pupil'e underetanding. It took our teachare five weeks to achieva thie
transiticn and to realize that only through e queetioning of the child could
they verify the validity of thoir' infsrences about his thinking procassce and

. reasoning.

INTERNAL CONTRADICTIONS OF THE MODEL’

The tcarhcrn c"\...\xuuu iestioh ebout instrumental underetanding raiees gues-
« tions about. the internal consietancy of EM model .we usad, Ite enalysis
T reveals Several dontradictions.

The first one of theee relates to the instruasntel mode. As mentioned sar-
lier; ve used this temminology to describe & spacific proceem (the initial
construction of a concept) and also to qualify anything learned by rote. Of

) course, by rote learning we are not referring to any “eutomatisms® one

develops following a process of uslnil::tian {as in the memorization of num-
ber facts following the construction of the concapts of addition and multi-
Plication). We mean -poclﬂcauy thoss processes wm'ch eore memorized without
the intervantion of any runontwj_nm_unduanndimmﬁ In-

-——vvh-rW any ization devoid of reasoning can hardly be

qualified as coaprehension. Thus, it ie not Nrpruing that even at the
level of definition, the instrumental mode as defined by Ske®@ ghould have
conflicted with the usual meaning of the woxd “undaretanding®{Collis, 1981;.
The u'cond contradiction involvee both the instrumental and relational modas.
Indeed, by accepting Skemp's d-unum'nl end by adding otfher criteria based
on procedures, different but contradicting evaluations of understanding he-
come poseible. For instance, the unduntu\dtng of Addltgon in a child coun-
ting elX (counting from one) can be called instrumentdl since it corresponde
to the “initial construction® criterion. On the other hand, i’ could slso be ’ %
qualified ae relational if tha pupil can juntify it. How then can one charac- )
teriza the studsnt who can justify tha more evolved procedure of "counting on"?

‘Aw shown by this cxample, a wmodel of undorstanding cannot use simultaneocusly

a criterion based on a procedure and also & criterion based on its justifica-
tion. In fact, just as procedures can be locarned by rote, they can also be

Justified. Since justification bears witness to thinking processes and rea-

.
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soning, It i#"bound up with ths global notion of understanding and thus can-
L

not be considéred the attribute of any particulsr mode.

A third contradiction is linked (o the relational and formal modes. In zhe
model we hava used, justification served as a criterion for relational under-
st«'mdgpq. However, as mentioned above, any justification summons up the
child's logical thinking and could even revaal “the combination of mathema-
ticel idess’in & chain of logical reasoning”, 1t thus follows 'thnt & 9iven
evidenco of understanding could be viewed both as rélational and formal.

CONCLUSIONS

- e S
e

rcontradictions ve have just described arose from our attempt to
graft ontd the thres preceding models additional critaria nc ded to describe .
concept formation. Thus wa ended up with a “hybrid® model which, as Skemp
{1981) haa pointed out, was trying to describe both various states of under-
standing ay weli as the construction of undsrstanding. In suxvary, we have

4
. tried to includa ~initial construction™ in the aense of “operationslization™

as & criterion of instrumental understanding; we have zsmocisted with ths rels-
tional mods cxiteris involving notions of invarisnce and ravarsibility born out
of “reflectivas abstraction®; snd we have lr;torprotcd the lt;ml woda as »
“formalization® of relstional undarstanding. 1In fact, theze new criteris which
we added to the ulder models provide us with tha means to describe the various
stages in the construction of a concspt, a construction which must be based on
the child's intuitive knowledge. Conseqpently, it vﬂ‘l .be nacassary to cons-
truct a new'model which will provide a proper framework for thess new criteris
wh;lrlo avoiding the past contradictions. . - N
Uf course, the naw model will hsve to meet other reguirements. Firast, Jlt wiil
have to answer the psycho-pedsgogical needs of tha teachers and attune thes. to
the cgnd'nn'n thinking. . This is sssentisl in a comtx:uctlvht approach to
learning wharein the tescher's role is to activaly guide ths child in ths cona~
truction of his knowledge. HMoreovsr, the new model will have to he applicable
to the analysis of concepts, of arithwetic operations, their properties and
their algorithms, while distinguishing betwssn contant snd form. Some psy-
chological Questions regarding the new wodel ars disc &dina panion

Herscovics and Bergeron, Minnasota, 1981).
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Young Ohildren’s Best Ffforts In Solving Viord Croblems:
Strategics snd Performance of Indiriduate!

Diane ). Delarsand W1 M. boekln
GG M Unversy
What native understanding do children bring a a basts for study of word problems in elementary schoal? We
address this question through detatied omervation of hndividual chlldnm pf tinderganien and pre-schoot age
(4 and S yoars), with the aim.of smessing their understanding of situations involving addition snd subitraction
and their ability 1o use this understanding to solve such problems. .

Our theory of performance for probiem sofving in clementery mathematics and science (Briars and Larkin,
1981) b that pmblmwlmlou Mvolve cither a naére problom representation thet corresponds very direetly to
the familisr redworkd siuation described by the problem statement, or & mathernaticn! representation that
reflecta the abstract mathematical structure of the problem. For the simple addition and subtraction problems
considered hede, nalve reprepcriations lnvolve either combining two groups of objects, sepa-ating one group

. into two, or maching one group sgainst sncvhver followed by an appropriate combinailon of scparation (see

Table 1). The mathematicat structure of each problem consists of a part-whole structure with appropriste
nthsets and supersets mapped onto fs components, ' Then mymlalnspmh found by sppropriste

*" combinations or separstion,

Qo
I

Omhhhlc:p«mmmmudmdnn would mmdl!yunmwpmbm for which the answer
simply sppears shon the problem situation e scted out, problems readily solvable with & naive represeatation
(c.f. peoblems 1 aad 2 ia Table 15. Coaversely, they should find mot difficult problems fike 3 through 6 in
Table | for which acting out the skuation ylelds an snswer only through fusther manipulation. In these more
dificult.probiems, the action (combination, scperation, or maiching of sets) does not necesarily correspond
10 the mathematicat operation (addition, subtraction) required w find the answer directly.

Previous research does support this expectation (Carpenter & Moscr, 1979, Nesher, 1979, Riley, 1979},
However, past york has not addressed two important sspects of children’s problem-solving:  performance
following some minkmal explanation and consistent sbitity 10 solve a number of problems of a particular type.
Thess fictors are Important i examining children’s skiN because word problcms arc oficn ugfamiliar to
children. Comequently failuce 1o spive any given problem could result from simply not understanding what
the problem was asking. Correspondingly, & dingh correct sotution could be a fucky guese.

In the stody mdmmwmmmmwlﬂuuofmchlldm conlvedmp.enddmonw
subtraction problers. More specifically we awcssed thelrse of natve strategles (acting out the pmblcm) and
mathemotical sitstegles (transforming the problem into & sta form and fexibly applying the approprisie
combination or cparation operaior). .

HMMNMMNSFMMU””MMNIW% cwearch Mrojects Agency (DOD), ARPA
Order Na 1397, moniored by the Alr Force Aviosics | ahoratory wedcr Contract 133613 73-C \l

e authors griichiy sctnowicdep the effors of Ma. Susen Cotten I numeing the sebjects snd craing e resuking deta.
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‘Bable 3 Example of problems used m e study.’ .
the destoptivns i parens mdiGGICTITTIAITT TTprewy sl auggested by the vab (o, sepasate, makch),

the inathenatk al operation ( +, Jand desqiiton of the duknown (e, result. change, large s Smallsely
Yart-Whole, Action Verb Sume as Mathcmatical Operation

1. Wally has S pemines. This futher gives him 4 more penntes. How many penntes docs Watly have

now? {Son/Additon/Result Unknown) —

2, There ase 7ears n 4 parking o3 ifthe-carsdnve ol Tow inany cars are in the parking lot

| e i0W] {Scparate/Subiraction/Result Unknown) .

b4 Part-Whole, Action Verd Diffcrent From Mathematical Operaticn
Y

3:7Vim has & musbles in his pouch. “Then he finds some more inarbles. Now Tun has 0 matbles.
How many masbles did hc,l'md‘.’ (loin/Subtraction/Change Unknown)

4. 10 people are ndingon a bus. “Thea some ofthe people getoffihe bus. Now there are 7 people
st on the bus. How muny people got off of the bus? (Scparate/Subtricivn/Change
Unknown)

§. Verty has sine scashells. Ihen het friend sives her S more sca shells. Now she has 1] sea ;hgll'.
" How many ses sholls did she have t stast out wath? (Join/Subtraction/Start Unknown)

6. Tiere are sonre bards ttang in & tree. 3 of the birds fy sway. Now there are 6 tirds sitting in the
tree. How many birds were sitting in the tree in the beginning? (Separate/ Addition/Start
Unknown) 4

"
Compasison Matching fangucge

7S Jldien are weanng hats ‘There are 4 extra hats, Hew manylm are there?
(Mach/Addinon/ argesbel Unknown)

8 ‘Mhere are Toups. here are 10 saucers. How many saucers won't have a cup?
(Match/Subirac on/Inftercoce Unknown)

9. tlicre arc 9 uldren and sume swings. 3 children don't geta swing. How many swings are there?
 (Maech/Sotraction/Smiall Set Unknown)

MEFHBONOLOGY

Procedure
We used the fullowing procedure 1 #n cffort to maxantee the children’s oppostunity to show us the extent
(and nnttaions) uf this endenstanding: -~

1. We worked with the children indinidually, cunstructing detailed records of their behavior,

2. Counters (puker chups tn two colon) were made avatlable  ‘These materials were intended to aid
childien w showing us tier medels of the eoations despbed, and condd abo act as
coinpuLittonal devices for dhaldica hr]cly‘mlhum knawledge of wlisber facts,

3. When 4 child mmiscounted o set of poker chips, we asked for s recount, and assessec the salition as
correct if nlmately the werect answer was given,  Our cxpenence s that children ofien give
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- anwersincorrect by 1or 2, due cither th miscounting or to kosing poker chips.

4. Mot importantly, when a child wosked a problem incorrectly, or showed oo knowledge ol haw to

VRS

b procecd, we showed the child brieily, “llcre i how 1 would do it.” OQur final assexment of the

titd childs ahility was then based o0 three or more indeyendent correct solutions for <ubseqacntly

: “ ) . Jpresented pmbk:‘m uf the ssme type.

xR . The problems mcd. of wikh a sample are shown In Table 1, arc <hnllar to those weed in clasrooms and
studicd by other Invcsﬂgmm (c.f. Carpenier & Moscer, 1979, Nesher, 199, Ritey, 1979, "mhnn. in press),
. The it problems involve cither two parts combined (o make a whole or a whole wparated into two parts.
-—- Al immhe action verhs (eg., fly away, give) that directly specify combination or separation.  For these
. pmbkm% the appropriate mathematical operation (combination or separation) can be cither the some as the

mm«xﬂu«ibymmmmemobkmmdw'murmmumnm(xemkn’

The mmlmn; problems invoived comparison between,two scts. As shnwn in Table 1, there arc haslcally
thrce configurations for such problems, two that require the mathematical operation of sublraction
{scparation) to find the smatler of the difference et and one that requires addition (combunation) to find the
larget sct.  Fach problern was presented in a language that made exxticls she nalve matching between scts
{ihrough the use of naturally paired objects, cups. ard saucers, hens and aest). and through phrases like “How
many won't get”.

DR

‘Thus, ali the pmhievm have an apparent naive representation suggested by the actlon ve:b or by the naturally
X paired ohjects. The action in the problem can be directly represented by comblining, separating, of matching
- poketchips. The mathematicat operation necded ta solve the problem may be the same or different from this
. nalve sirategy. We consider separately. (and do not report here) problems with alternative language fess
ditectly cunnected 10 a nalve represcritation; although thesc problems were generally e dlﬂk,lll, the
difficulty pasterne were similar to thooe discumed below.
Subjects - o ‘
P Thegiblects wetre three Kindergarteners (1acan age Sy. $ ma) and six pre-kindergarteners (mean age 4. 10
mo.) fivm 2t university laboratory school, and three pre-kindergartencss (mean age S y. 3 ma.) from a hocat
day earc center. This sample reflects a range of educational experience and age. 'the kindergartencrs had
- received some Initlal formal indruction in adding and subtracting. whilc the pre-schootess from the day care

‘ center had reccived little. Only children ho could corteetly count and make a et of H objects were
N nctuded in this study,

Coding of Problem Solutions

8 The children's sohitions were categorized by the fullowing actions used to relate the scts in the pnmkm
P fepresentation. l
2 predheen 4 W ithNy appears that the s hemiaical operstion matches the verh, hawever, the dectrment cue SUgREHS In action
s \‘1 WTerem From that of the amathematica) opetatien of wbtiaction natieed to find the ainwer The woe corteponds in 10 3 = 7, while

- ]: lCnmmmumnle N 1Tna

N
‘ . o N

-
O
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o Combine aint Lombinefo. Combine twaels, cuhicr by inabing both wid then conibing (L), o
| ymatugone ad Combinug Wit 0c-By-vie caough Subific 10 eI larger st (CH).
prd .

o Separute and Separatefo.  Make a st neprescming the Luger wuibet Mn) remove 8 ct
represcriiug the smatics numbee (S); oF reuve asct s that the smalies awnber s kR (S1).

7 St of the prevecing actuons cun ke il whih cither a naive reprascatation (I ihe ation corresponds 10 the
" achion dewnbed n the poublent) or with # matiomatical reproscaiion (iF e ation b the sunc s U
N gml\qn.mw upetation tequied W fad she snswer). Cuascquently, whether theie actioes refloct nalve ue
S meatlematical (epecseatations depends o the problein solved, N
. &u:}m. Make an asbitracy et 10 feprcsen( “somie”, Combing with K of scparale from i a 5ct

repidpunting @ known change. Check that the Ainal result coresponds W the known roull st 14

aot. fidjust 1he acbitsaty act and repeat the cycls. This wctvn always corrcsponds 0 a nal

o reprisniatios, and b stways used with a comblasc uf sepaiaie actioa. .

’ N
efdual. Use aslagle 31 of countors Ia a dusl rle represcaing ciiber of two scts Ia vanc-to-one
. awrependence, This tlos always reflccts the mathenatical represcatation of two mahed scts
- as cquivalent sad is used widh 3 combloc umymm&mpwlu_amrhmwubm

©
e Makh. Reprocat comesponding &8 by two sets of counters placed, Ja explicit oecto-one
< corropandeine with each uher.  This action slways ellects™a nalve represcatation” of
- ———corcspuiibence; & bs used with a combliic o0 scparaie action to sulve comparkson prublems.
3] For cach problem type, we dcumh;cd the actlon(s) hated un the mathematical sepresentation of that
i _ptoblers and based on the nalve representation. Fur the mathcuntizul reprusentation of part-whole probiems,
i sthe asuciaicd & 1o i sutply combine ur separic, dcpsmﬂn; on whether the operation required w find the +
: answer 3 addition of subiraciion. For comparison prublems, 8 mathematical represcntation lavolves using 8
» sluglo sct of coumens I 8 duat sole (1) This action s exccuted with an appropriate comblic ur scpasals
o ation (1C fus problem 7; DS for prublems 8 and 9). -

20 Foe part-whole probkems the acifus based on he naive reprseutation are baskally combine or scparaie
depending on whather the vab in the prublem decribes cumbination or scparstion. ‘Ihess actious src all that
ate needded fur prublens §(C) anct 2(S). IF the change b unknown, thea a aalve-buscd aciion must be wed In
I diffcrent way: (C1) combiniig clemients up W 3 st of glven sug(pwbk!n typs 3); oc {51) scparating
S ckoments olf untit aset af glven size i i {problcn type ). 1 the staiting i s unknown {m in problems $
v aud 65 that st must be estimated before sy cumblnation ot sparation cus be duae, and the nnive-based
T actions a1 HC wad IS, Fs compaior: pioblcins, nalve-bascd actions slwdys lnclude explicit inatching (M),
togeihes with the icocssary combing of wparate (MC for prubici 7, MS forproblenm 8, SM fur prublem 9).
“ ~ RESULAS

"Fable 2 summarkcs perfunnance on seven of the ninc problem types described In Tabke 1, ‘These problems

PSS —
’l\-umm 1he 1o pant whok: 1ol unlnown prohiens {1 and 2) 21wt wachuded W Vabhe 2; aM chuldrcn solved ol of these

pobicois 8 aucIn wils Rcky giew 10 anly une bl be aldian, g probhoans provide w0 data abuad e undcilying

Kpreicnbations s o the, 1anic R1m ® Butaid with btk waive sl uathnatical svpreaatainmg of ihick: prubleais.

!
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are labcled by their nunher from Fable £, by the nature of the unknown (c.g.. result, change), and by the
natire of the cues 10 3 palve representation (joln or scparate verhe: matching, phrases). 1 ctiers indicnted the

main actions to relating scts an described earlier.
. ’ ’

‘Tukie 2 Children’s performance on problems J -9 from Tahle 1.

! ¥ ctters refer to the main actiog used to refate sets in the probiein Coinblne, Combine-To,
A‘F ; Separate, Separate ‘T, Fstimate, Dual, Match. ¢
____E!!L""{Jm : Y ¥
Unknown Set: Owmge - Start ~loge | INfference Smalt
. Cuc'| Join | Scpacate | Jolm | Separste Match Match Match
" Problem #°:1  3- 4 S 6 1 3 9
R Petformance ° .
AlCriterion: 11 11 i ] 10 n n n
. « Given Hely: 7 4 7 9 2 s s
Onc Bror: 2 1 s 4 2 ' (SN )
Actlons . ' ,
. Nabve: CT L) kC [ MC_ - ™S SM
..+ Mothentalical: 8 ) s ,¢c DS sy 7
Dominant:  CT S o c* MS .SM
Action Use 1 .
Naive Only: 11 ] 0 0’ 4 P 5 t
Math.Only: 0 0 0 7 -~ 4 0 4
Boh: 0, 6 3 3 3 3 2

Tao mpe-ts of children's performance are nf interen: (1) children’s problem- v;lvlnl abliites under -
conditions designed tg maximize pcrﬁ)m\ance' (2) the problem reprﬁnmkmt (naive or mathcmatical) used
In these m&l Q»Zﬂons.

k)

Fo— PProblem Selving AMility .,,__,{-}- .
As the iop of Tabk 2 lndlcat4y children have . good sbility solve these problems. Al or the
lln‘&rmemn and five of the pre tlndemncms uluinately produced conslstent cufrect mlu(km for all of
the pmblems. Consistert with previous research, the most diffcut problems involved an unknown sarting
sct. Other probknrl wete sdived consistently by 75% to 100% ofthe children.

Other measuns.of problem difficulty, the number of children requiring 2 demonstration “and the number
ncorroctly solvlnp one problems of & particular type, Indicate the following pattern of pmblem difficutty s
which s shmiliat (0 hose fixcnd by other rescarchers (sce Table 2) (Carpenter & Millkec, 979, Nesher, 979, )
Rllcy 1979, Hudson, in prcu). OF the pant-whole probleme, result unknown probletis were the caslest md

thox with untnown d:mln; quaniiics the most diffkutt. Thus under fess than uprimal conditions (no
demonsirathn, pu-senllnq unly pne problem of a type). our study prohably would have replicated previous 1
rosults, Previoudy obserfed dificulikes with some of these prublems may thus have been due to 2 lack of
“amillarity wjth 0% prmkzm. eather than a lack of uederstanding of the problem <ituations. 5

“ERIC \ C .
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e Prodidm Reprosintation - ’
Gitven that chuldien are capable of solving lhc? word piobleins, what kind of problem representations are
used ) therr sulutions? The actiors unplemnented with the poker-ctip counters seflect these rcprcacufalbns. ’

- - ——Thebottom uf Fublke 2 summanies the actiuns descibed casticr o3 associated with the paive and iathematical
) vepresentatious for cach prubiem. and the activns of the subjects.

[}

Claldren were reinarkably consstent 1n their 4pproacties w problems. With two eacepliony (problenis 4 and
)] ducuswd below, cach problent was charactertzed by a single dominant action used in the solutiwas of over

4 BRof the children. {n some cascs, this consistence was maintained even when problems were presented after
’ -an micrvat of severad days. e
© PureWhale Problems : -

For thrée of e fous problems no child used only actions relfcting a mathematical representaten, For lhc

. changc-unknuwn problems (3 and 4) all and half the children mﬂvcly uwd actions assoctated with naive |

. represestations.  OF the six children usng both types of actions for probkm 4, only wo uwdthe
mathenutical § action more often that the nalve ST, s

For the starteunknown mekms (S and 6) the predicted naive-based actions were not uscd cxclusowciy by aay

child. alihgugh fboih cuses theoe Shidren used these Stategies along with others. 1n problem 3, ive of the

hikdren'used exclusively the CT uction, reversing the roles of the start and tngremgnA.sets 10 make‘this
<pmblcm type ulentical (o the incrementunknown pmblem 3. While this action dots not refiect the

lmlhcmmul tepresentation allowing direct use of scparatieg to undo the combination described W the
- problem, tt 18 clearly a more wphmwcd pattcrn of reasoning than sxmple acuing out of the pwbkm siuuuun
with eSumgtion.

o : es
5 In the scparaion start-unknown problums {lite problem 6). the dominant acuon was combination,
superficlally congsponding u) 4 mathematical represeatation.  flow.ver, most children cmpluyed this actson
10 the context of aiing oul the problem. For example, a typical solution was:

hd Here are the ) blrds that flew away {push set away). flere m-lhcﬁ*lhal stayed homc. Now
bring the 3 burds back, Al the beginning thege were 9.

Thus the C* 1n Table 2 reflats our behief that fos somc children the c:mcspondcn!c v lhé' malhcmwcally
based comhine action is an grufact In fact Lvcse chutdsen had an ununticipated way of acting out thetr paive
representation that happencd w result in a combine action.  Other children, however, used a combining
abon that dwd seem t reflect & :;ylhcm'aucn sc;lesentation, ‘ )

1 .

.

Comparison Problims
X - In addinon  consistency of achon used for cach problem type. most children used a consistent approach for
- all of the compatison problems. Four children used actions based on a naive rcmc;cnl-wup on all three
problem types. thice used conststently actions based on 4 mathematical represcatation fortwo of the three
s ) problens, ¢ - . ’ J

by
’

{n two of the thiee u.mnp.mum prohlem types (7 and 9). m.arly hdlf the cildren are mdicated as using, the
. matreksaticotly based “dual” action 1 which ore sct of cuunu.rs stands for two matchied sets. However, as

~
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-was the case in problens type 6, we sucpcﬂ this result i in part an artifact In which an unantkipa(ca form of

acting out the problem resulted In an action curresponding to the muithematical represntation. Specifically,

in wlving problems of type % children tended to spesk of matcived ilems (eg.. hats on children) and ©
unmaiched kems (extra hats). Yhe desired total number of hats Is then found by comhining. Butthe ineofa S

singic sct of counters to tepresent “chitdren with hats™ may-less reflect undcmndlng of equivaler*  tched
sets, but rather the sunpie singie sct of hats worn hy children. v >
- < DISCUSSION s

{faxh young chitdren can demonstrate such superb performance on a comprehensive set of word probiems,
why are word probiems 30 universalfy acknowlcdged a difficulty for older children? “T'o answer this question,
fet i Joob at how the young children solved a problem Tike groblem 2 in Table 1, and ask whether a simitar
procedure migh(bcmed Gyan ofdcrxhildonaunnpanblc problen. -

The youﬂi child hcan that Steve has some marbics and then gives awgy 3. Mimicking lhc action of the
problem, he puts put an eqlmagd group of masbies, takes away 3, and adjusts the proviously held counters in
order to ohtain the specifled number 5. At no time need he explicidy recognize that Jets of $ and ) poker

chips must be combined into 2 ret inchiding 8, .

Now let us imaginc an older child confinnted with the problem, Steve has some marbies, he gives away W
more and now had 9. How many did he have In the beginning? Unless the child has the patierce, accuracy,
and time 10 act out the situstion {eg., with pencil marks), she can not use a strategy anSlogous to that used by
the younger child. She must, in order to solve the problem, have the insight that this story involving addition
of marbles must In fact be solved by subtraction,

Thus, future research on word problems must focts on how children make of fail to make the transition
between acting out problems (what we have called using a nalve representation) and re-representing t‘hcse
real-world situations in terms of their mathematical strxcture 30 as to determing the appropriate mathematical
procedure.
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MICROCOMPUTERS AND MATHEMATICS EDUCATION: o

IMPLICATIONS FROM AND FOR RESEARCH -

. Suzanne X, Damarin
o - .- -- The Ohto-State-University - - - - . e ]

T r

. While computer-assisted instruction has been a part of mathematics education
for many ;elrs. the avallability of the inexpensive stand-alone microcomputer,
- coupled with other developments in educational teEhnology, heighten the im-
a port'ar_\ce of gon'puters in mathematics education today. [In this paper 1t will
" be arged that rest = h in mathematics education, and especfally that re-
search which has focused on psychological variables, can znd should have a
L_ cons iderable {mpact on the directions for development of gducauona_l soft-
wre. s

9

‘

Recent agv:t;ccs tn computer-related technologies have the potential for pro-

viding educators in general, and mathematics educators in particular, with a .
dazzling array'of new instructional tools. Moreover, industry projections Y
for the development of new hardware, the expansion of mult{-purpose computer '
- networks, and the decrcase in cost of each of these over the next few years

indicate that the immediate futurg will put aa even greater array of attrac-

tive tools at our disposal, We find ourselves faced with an abundance of new

gadgets which can release us from 2 world of textbooks and dittos to a land

or graphic displays, {ndividualized musical feedback, instantaneous hints for,

reluctant learners, and vafce synthesis for non-readers, It is tespting to

reach into this array of hard- and software, grab some bit of microcomputer

capability, and adapt it without thinking (though possibly with a grest deal

of prograsming skill) to a teaching objective that predates the turn of the

century,

3

Unfortunately, this temptation seems to have guided the develapers of much

of the softwre which {s comsercially advertized as enhancing mathematics .
edecation. An all too frequent cutcome of this indulgence 1s an inapprapriate

appl {cation of the technological too! to instruction. A single example can

{llustrate the nature, though not the scope, of the potentdai mismatches* be-

tween technology and curriculum, ture than one educational software package

Includes programs which comhine *he fullowing elements,

ey
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A problem is displayed. The cursor Entertue product 247
ftashes in the appropriate position ¢
for the correct number of decimal - ]
plages.
Y ¢ . -

‘| Enter b prodect 247

Should an erronegus answer be entered,

“non-threatening” negative feedback fs __‘_5_{
gven. {The wrong answer then disappears v310t
| ... . d the cursor reanpears). . .
‘ WY CORRECT. TRY AGAIN
S;mvld the correct answer be givon, the (\\
‘poblen and solution are tewmediately -
removed from display and.replaced by
a clever but {rrelevant graphic and .
musical "reward,* fov'ee ReaLy TRKING, OFF

One can lnéine the student weak in computatfon, ard therefore "needing® this
. program, trying to juggle pencil and paper, copying the problem, multip\y\!ng.
adding; all the while the cursor {s flashing "hurry up." A wrong answer and
there is no escape from the "non-threatening® sentence to trying again. nd
sofur as this example {s typical of co-puier use tn mathematics instruction,
and 1t 1s closer to the norm of available software than we would Tike to be-
tieve, the microcomputer will not enhance . u&ents' learning of mathematics,
but will shortly find a howe fn classroom closets around the country,
\] -
. If the microcomputer s to bacome a useful teaching tool we must first re-
mmber that, unlike the textbock and cuisennaire rods, it was not designed
&s & teaching tool, but rather for other purposes, It uill become a good
' tonl for teaching mathematics onty 1f, on the one hand, we recognize these

¢ 1t is fnteresting that une of the most common error messages a novice BASIC
programmer recelves s "Type mismatch®. The co-ptfter protects {tself from
fnternal mismatches of data types but does nothing to prevent us from mis-
mtching input demands and the natura of the task display.

g F. 14
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purposes as they effect socniy's needs for mathematics tnstruction and, on
the other hand, we seck to apply the computer to instructional tasks and
probless for which it s uniquely well suited. Qur primary quides {n this

E

latter task must be the nature of sathematics and the research literature fn
sathematics education and cognitive psychology. The rems .der of this paper
will sample the potential for development of computer-based curricula; and
will ratse related research questtions,

INOLYIDUALIZIHG INSTRUCTION
Over the years computer-assisted-instruction has had & major 1lPlct on the
mdtvidualizm«m of tnstruction. Not only has the computer heen used to
monftor and ad-fnlsur {ndividualized treatments as in IPI but also the
avatlabll ity cf-conputer mode)s for instruction has mottvated the development

. of countless othcr 1nd|v|dua|1ution midels which rely on the actual avail-

ability of a computer termina) {n degrees ranging fram total dependence to
complete tndependence, Howaver, the tndtvidualizaticn of instruction has,
{n general, beer effected primactly by the pacing and branching of students
through rather traditional Yinearly ordered print matertals (Mitzel, 1981),
Little attention, has been paid tn these prograns to individual differences
varfables such as ﬂcld-dcgendcnce/tndepen&ence. spatfal vtsualtzatton,

learning style, symbol comprehension, or related varfables , nor to factors

“related to the learning environment, In Kfipatrick's (1975] tepms, the fn-

dividualization is based upon task vartables, but not subject variables or
sftuation variables. Thepe ts a clear need to {ndiyidualize {nstruction with
regard to the latter t.n Epcs of vartadles as well, The mtcrocomputer af-
fords us the opportunity to individualize with respect to each type of
variable tndspendently or jointly. The potential directions for such individ-
ualfzation are almest nfinite and suggest numerous areas for hoth development
and research.

Aptitude-treafunt-interactions have been studied extensively (Cronback and
Snow 1977, Snow 1978). Although Begle (1979) has argued that ATI has nat
ylelded promising resulls, Mcleod and others (e.g9. 1980 a,b, 1978} have

found evidence for ATIs between fleld independence and performance on a variety
of wAthematical tasks; several writers (e.g. $now) have argued that fatlure

to “tnd ATIS resuits from fatlure to contrast treatments that are essentially
different, rather than frum non-existence of interactions, The computer can

O
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provide the opportunity to teach students with fnstructional treatments
that are radically different fron the "regular classroom.” Combinations of
graphics and text, - real-time simulation vs. sequentfal description of
processes, availability of hints and second chances, use of sound and
visual cues to afd in 1ntcmalizlng concepts, number and diversity of ex-
amples and non-examples avaflable, amount of redundancy, and numerous other
varfables can be mnipuhted for both fnstructional and research purposes,
Moreover, computer storage and analysis of selected data on students per-
formance on varfous sequences and types of tasks, could be used in individ-

. waltzed construction of tasks and task sequences for later 1n$tructionn

. components,

L
Whila the foregoing discussion retates to use of varfables such as field
tndependence and spatial visualization to assign students to tnstructional
treatments, {t s {nterestind to speculate whether these aptitudes might,
tn fact, be teachable using fnteractive computer graphics, While there fs
no evidence for this hypothesis, tt does make some a priort sense; the computer
can be programwed to allow students to remove parts of figures (and replace
them), rotate, translate, and reflect figures, color parts of figures, and
so on, These are actions which (presumably) must be performed mentally
. in tests of spatial visualization or field {ndependence, but can be per-
formed "actively® on the computer,

MATHEMATECS LABORATORIES
Mantpulation of figures, whether for this purgose, or for other instructfional
purposes, {s tut gne of many ways tn which children cap “take charge® and
experiment with mathematica! concepts using nicrocomputers. Much of the re-
search supbost for use of mathematics laboratortes (Lesh 1974, Fitzgerald
and Higgins 1975) supports, etther by direct use in treatments (e.g, Davis
1981) or by impltcation, the value of computer-based mantpulation of objects
and symbols. One view of the computer in~'the mathematics laboratory is as a
generatar of cbjects lying between concrete materials and pictorial repre-
sentation on the concrete to abstract contfnuum. In this view, computer
generated objects can serve as a bridge from three-dimensfonal objects to the
two dimensional represer.iations on the printed page, Research 1s needed to
ugtemine the extent to which this view ts useful,

*
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I LEARNING. STYLES

There are several modals of the brain and brain functioning which provide
direction for exploratian of mathematics learning (Languis et al, 1980); the

nformation processing and bicareral modeYs are bath focl of current research

on mthesatics learning, Greeno and others v.2rking with the inforsatian
process ing model are discovering fiow children deyelop, construct, -or learn
nuserical, geometric, and measurement concepts, This Vine of résearch can
have treaendous implications for development of computer-based-education;
the view of the "student with computer® as an information processing dyad with
& stngle probizm solving structure should be a powerful rescarch tool,

4
The bi-cameral or hemispheric model has led to q‘good deal of research on
*Tearning s‘tyles;" and the {dentiffcation of two distinct styles, one
characterized by a holistic approach to 1earning tasks and the other a more
amiytic approach, Of particular interest tn this ragard is the clinical
résearch of Pat Davidsor {1979) on mathematics learning styles through which
she has tdentmed approgches to mathesatical tasks and concepts associated

‘with each of these glabal learniny styles', The hnplicitions of this line of

research for computer use and vesearch in mathesatics education hayve not be-
gun to be explgrc&. Thera are potential implications for both the indiyid-
ualization of initial approaches to concepts and the sequencing of {nstruction
to facilitate assimilation of new knowledga to established schemas.
LEARNING ENYIRONMENTS

Many writers have addressed the 7512 of the coaputer in creating new learning
envirenments, Pspart {1280} 5as argued that the computer can afford children
the opportunity to mathesatize and to construct mathemstical structure rather

" than study about mathematics, Goodman (1981} addresses a related effect of

E
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the computer on the child's learning environment in his discusston of the
opportunity the computer can provide children to send powerful messages, that
ts to send messages that cause things to happen,

At the moment there are many debates concerning the global effects of computers
on schaol curricula, the nature of computer literacy, the "best” computer
language to teach children, and related issues, While these debates continue
into the future reflecting new developments in coiputer technology, mathematics
educators can make miny advances by exploring the interface hetween our

O
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considerable existing research base and the c.apabllltles of modern technelogy.'
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N COGNETIVE SCIENCE AND MATHEMATICS EDUCATION

Robert 8. Dsvis
University of [llinois, Urbana/Champsign
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For the past uevcnﬂyulrs a program has been in progress &t the Currfculum
Laboratory of the Unlv_cu‘lty of Illinois to develop & conceptualizstion for
discusuing humad thinking shout mathematical tsske, and to obtsin obaervs-
tional data to ~nable this conceptualizstion to be ecxtended snd ref fned,
Observat fonal data comes both from published reports of wurk done elsewhere,
snd from our uwn Long Term Study, which follows individusl students for five
years, of even longer. Students fncluded in the study range from third
graders to adults in community college courses, with the greatest emphasfv on

grades seven through twelve. (Davis, 1976; Hannibsl, 1976; pavis and Douglas,

' 1976; Davis., Jockusch, and HcKnight, 1978; Davls (in prepsratrfon)).

Bagle conwpts are adapted from recent resesarch in cognitlve ucluqce.'(or "dr-

" titidal lnlelllge_m’e"’), wupeclally froom Minsky (1975; 1980), Pspert (1980), .

Minsky and Papurt (1972), and Schank and Kolodner (1979), and deal with struc-
tures capable ot representing knowledge in such forws ss to mske posslble veri-
ous kinds ot information proceusing that ere known to cccur in human thought.
Two fundasental concepts reported previously sre prucedures and frames, the
latter introduced by Minsky (Minsky, 1975). (Sec also bDavis, 1980.)

Rewept work has dealt with the follewing: (1) fdentifying certaln frames tiut
age wommonly shared by wost students at cernlnvnpproxlnte ages (bavis,h1980);
(2) cuntrol, and the trsnsfer of contzol from one structuze to osnother (Davis,
in preparation, HMatz, 1980; Rissland, Note 1); (3) methods for storing 1nf¢;r~
mdtion 10 memory 80 as to make possible certsin forms of retrieval thst are

kouwn to uccur,

By way ot illustration, we present one episode, and A storage-retrieval

mechanism that wuld ‘make it possible: B., a mathematics teather, wus talking
with a mathematics educator who lived in Oklahoma, and told hix of wome reie-
vant vork bufar done in Texas. B, thought the Texas and Oklshoma .cscarchers

might get together. Then, recalling that Texas Is rather large, B. wondered
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if he had just esid momething silly. He suddenly recalled hearing that

there are pleces in Texae thet are nearer to Chicsgo than they ar2 to cer-
tatn other placees, in Texas. Thst inltal'ltly reminded him that he had also
heard that there are places in Africe that nre'cloaer to Alaska than they are

to certain other plscee {n Africe. How might these associations have occurred?

*Sending.’ One could imagine that vhen the Texss story was heard, a pointer
was inserted, saying: °’Refer slso to M';icl-Muh-Mricl comparieon.’ There
are at leest two thinge wrong with this assumption. First, tn order te
realiza that such e pointer ought to be ineerted, scae mechanisa has to look
at this ntory, compsre i't vgth tbt'.- Africe-Alaska ltoryl.. and recognize that
both atories hava an ldenticel abstract ckeietal atructure. In short, &
powerful 'patfolrn«ntch-r' would be required,‘vh!ch goea beyond anv mechan-’
jems commonly postulated at p'ulent. ’

The second difficulty {a thet B. hsard the Teu--(!h!c-io story years before
he heard the Africe-Alaska story. When the Taxus-Chicago etory was coded
and etored in memory, there avs no Africe-Alaska story to lfet an & refer-
ence! Are we to postulate that whenevar nev dats fa scquired, cvery exfisting
menory entry must be up-dsted with a raference to the new duta whencver they
eshare s pattern, character, ecene, or what~havs~you {n cosmou?

This second objéction is & fundsmental ome. The twenty-third time thac a
pattern appesrs, one may conceivably ba prepared to recognize it. Bur hov
do you ever get sterted? The first time that s psttern appears 't ie NOT »
pltt;ﬂ'ﬂ, since ’pattern’ fa defined in terms of espects that are common to
eeveral instsnces. (On ita firet eppearanca, vhat wes the ’pattern’ of the
Texss~Chicago story? That it dealt with a etate whose name began with 'T°?
That it deslt with the largest etate in the United States (vhich, at the
time, it did)? or what?

Mechaniems to desl with this qusstion have been proposed in Minsky (1980),
Lavler 1i981), and Schank and Kolodner (1979). The key idea {5 the postu-
lation of & wain collection of open frames. When the 'Texas-Chicsgo' etory
first appears, it involvea inequalities in distances. Tt calls for the
retrieval of the basie diatanves frame, which includes something like

A . '
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distance seasurcment, the triungle incquality, the definltion of the 'dls-

tance from & polnt to & set’, and so dn. (Perbups this ls really o kind of

it.) In the course of the Texas-Chicago atory, & copy of the basic dis-
tance frame hus its slots filled with relevant information, and becomes an

tnstantiated frame. .

Now-~what 1s stored In aemory? Affer hearing the Texas-Chicago story, B.
still has in mind the original basic distance frame. (We never destroy our
collectlon of baslc frames.) But, as 3 result of hesring the story, he
' now A-isu has In memory: * ) ~
(1) the Instantiated frame, its varisblea filled with 'T= !,
‘Chicago’, stc. i i
(11) a record of usss of the basic frame, that refers us to all those
- places in oenory where various instantlations of this trame
have been stored. R
NHotlca that this soives scveral of the basic problems:
(1) How Is 'pu—narn’ deflned the first time it appears?
Answer: By the portisn of the basic frame that was oscd, .
(Since the diotanoe frane was osed to: compata the Gistance
. from some point A fo some set B, as agslnst the distance
froa polnt A to some point A', this 1u thé psttern. The (act
that 'T' fs the Initial lotter of ‘Texas' s NOT parc of the

\ pattern.)

(1) How can the Texas-Chicago story send us to the Mrlc.l‘-Alnuku

story, which, dld not exist whon the Texus—Chlcagoe story was

mega-fraxe, and we are dealing with only a sazll sub-frase contained within

. chtered Into memory? N
Answer: It doesn't--at lcast not directly. What happend is
hls: when oither of thene stories arlses--or cven when B.
&ndu:n how close a city {n Oklahoma 1s to a city In Texas--what
is \k\utriewd 18 the basio distance frume. This ls an ‘open
fmm;\-ltu slots are not filled with spsciflc data €rom any
ulnglq\wnt. It 1s there to help us 'make sense' out of this

new lnpui‘ Jata.

_ERIC N\ -
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But--whencver the basfc ‘open' distance frame is rotrieved, it
shovn us & list of previous uses, s where the results are

stored in memory. 1f any of these sound helpful or interesting,

we know where to go to find them in the form of instantiated \ .

frames. Lt does not matter which use comes firnt on the 1iat of v

previous users. ' . K - - - RE RN

. . t
NOTES

lln-nlnnd. F. H., personal communication (1981)
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SELECTED PIAGETIAN TASKS AND THE ACQUISITION

(F THE FRACTION CONCEPT IN REMED[AL STUDENTS
- Roberta 1,. Deeg [
University of Chitago °

. . \

™\

Students who enter secondary school have a}l received some in-

struction in basi mathematical concepts and skills. "Competen-
cy testing in many' states has made educators aware of the large
number of students who have not mastered minimum skills in spite
of having received instruction.

.
|
!
|
i

In pnrttcular, many students
have not mastered the cohcept of fraction or operations with i
fractionas. FEven when correct answers are produced, a lack of, '
corresporcience between the understanding of basic mathematical
concepts and the possession of symbokic algorithms has been ob-
served, both 1n elementary achool children (James, 1980) apd in
upper elementary and secordary school students (Noelting aud
Gagne, 1980). .
Thoao atudynng the structure of a mnthematlca concept often pro-
pose n learning hierarchy on the basis of logical relationships
among subconcepts. Various aspects of the fraction concept and
operations with fractions have been conoxdercd by Creeno (1976),
Kieren (1975, 1981), Novillis (1976). and Uprnchnrd and Phillips
Some mathematics educators hnve suggested exami=-
nation of the underlyimg cognitive structurcs of mnthomattcs ’
1975; Carpenter, 1979) and of frac-
tions in particular (Hiebc(t and Tonnessen, 1978; knoren, 1975
Lesh, 1975; Steffe and Parr, 1968). A current prOjeLt reported
by resh, Landau and Hamilton (1980) seeks to describe fnr chil-
dren in grades 2 through 8 the acquisition of rational number
concepts amd the role played by varioul modes of r¥presentation.
According to a‘companion paper (Behr, Post, Silver, and MieYkie-
wicz, 1980), the study makes use of the following theoretical
models of learning: the perceptual modé1 of Dienes as modif ied

concepts in general (lovell,

by Poat; an extension of Bruner's inatructional model, piyven (3%

-
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Lash, amd an 1ntoraetion processing model. Thi's paper reports ¢
L . . N
sn attempt to determine whether the cognitive development theory

of Piaget could add to our .understunding of the studeni's con-~

cepts of fraction.

, 3

Piaget has studied important pre-frsctiom®._ ncepts in small chil-
dren (Piagety Inhelder and Szeminska, 1960), and other structpres
he described Seﬁm to be logically.ge!ited to various models of
the concept of fraction. The ability to conserve area, for exam-
ple, would seem to be necessary for the understanding of a frac-
tion as presented in tlle area model commonly used in textbooks.

A clinical study was done to investigate ths thinking of secon-
dury school students who were having difficulty with fractions.
This paoper °is a discussion of work on the dueszion: Is there a
relationship between a student's understanding of the concept of
frittiou and the student's level of cognitive development on
certain Piaget -typc tasks, thought to be logically related to

the concept of fraction?

PROCF.DURFE. -
)
Certain Piggetiat concepts and certain fractior. subconcepts were
selected for study. Specifically, this study was designed to in-
vestigate possible relationships between: "
1) Conservation of number and the discrete model of frac-
Qtion, :
2) Conservation of diastaace snd the number line model of
fraction; S
. 3) Conservation ot“@rea and the area model of fraction;
4) Clauss lnclusion“aud the three concepts of fraction; and
5) Conservation of number, seriation, classification, and

class inclusion and overall success in the fractions tests.
-

Three 1nstruments were developed. The first was a set of tasks,
.\ .

similar to those used by Piaget to test for conservation of num-

ber,' seriation, classification, class inclusion, conservation of

- -
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distance, and conservation of area. Tasks were prepare in both
concreve, or manipulable, and pictorial forms.

Iy N
¥ - )

The other two instruments were fractions tests, one concrete or
manipulable, and one written, contalnlng parallel gections onthe
concept of fraction (1n<dxscrete, number lire, and ares models)
and equ1va1ence and comparison of fractions. The written te:t
also in-luded addition and subtraction of fractions with like de-
nominators.

M B

At
" .

A pilot study was conducted with four students. Subjects for the
main Ftudy were 10 girls and 15 boys in the tenth, eleventh, and
twelfth grsdes (median age 16 years) who were enrolled in compen-
datory classes in a Cainesville, Florida, high school, and whose
teachers identifi€éd them as "having trouble with fractions." Al1
teq}b wer? administered individually; interviews were recorded.

.
>

FINDIRGS
k3

In gzneral, students scored very low. For example, no students
were successful on conservation of area tssks; 8% were success-
ful on classification tasks. The percentage of students success-
ful on each task is given in Table 1. : ?

y
}

\ ‘ TABLE 1
1 Percentage of Students

Successful on Tasks

3 - Task | Percentage of Studants
Cohservation of numbe 36%
Seﬁﬁation ) 44 -
Clasgsification . 8
Cla&& inc lusion 8 -~
Conservation of Distance 56
Consdrvation of area 0

, YN -
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No student passed all yections of either fractions test. Some
students could use algorithns to add and subtract fractions wth
like denomﬂﬁators, but could not answer items related to the
concept of ‘fraction. Table 2 lists the percentage of students
passing eac% section of the two fractions tests.

+ T{BLE 2
Percentage of Students Successful
- on Sectious of Fractions tests
’ Form

Section Concrete  Written
Fraction. stcrete‘. 16% 122

Hode 1 s Number 1line 0 0

Area 12 0

kquivalent fractions 0 L4

Comparing fractions .0 ‘0

(Written form only)
Adding tractions 32
Subtracting fractions 28

In an examination of possible relationships, the data weredis-
played in Walbesser contingency tables (Walbesser and Eiseunberg,
1972).  1n several cases, the students were not successful at
either the task or the fraction subcouncept; those cases yielded
o 1nformation about the relationships. No etrong trends were
evident, but there were some patterns. Students who could con-
serve number performed more satisfactorily on the discrete model
of fraction. Students performed better on the concrete form of
the class inclusion task than on the pictorial (56% to 8%). There
seemed to be evidence of learning during the concrete version of
the assessment. An inference of the study is that it might be
possible tu develop a “readinesd” test which would indicabe stu-

. ? dents' ability to profit (rom instruction on the cdncept of frac-
Lion. . \\ *

Y \\\
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COLLEGE LEVEL DEVELOPMENTAL MATHEMAT 1CS
COURSES: WHAT 1S DEVELOPED?

Allce Hae Guckin

Untversity of Minnesota, Duluth

~ There is a need to learn more about the characteristics of college "
level students that &se deficient In mathemstics skilis to determine
if It Is feasible' to offer developmental courses -tth the principle
aim of developing abitities to redson abstractly 3n. to solve prob-
lems. In addition, such studies of the characteristics of these
students might lead to suggestions for improvement of the currlculum
for elementary and secondary students.

Kany students enter colleges and universities. too poorly prepared to succeed Inﬁ
mathematics courses or courses requiring basic mathematics skills. Some of
these students come directly from secondary school, but there Is a growing pop-
ulat lon of adults over age twenty-flve. They vary In thelr goals, range of

~

skills and deficlencies, and attitudes. Frequently developmenta! mathematics
courses are offered (with or without academic credit depending upon the
particular Institutlor). In a single termor & Yzar students hope to gain the
mathematics skills neGessary to survive In other college courses. i

Concerned about selection of objectives Fey states (Fey, 198D) that 'very often
the judgement Is based on 8 mixture of tradlition and very sketchy or shortsight- . ,
ed estimates of the world in which students will spend their productive lives."

Topics for developmental mathematics courses have frequently been selected on

the basls of the degree of difficulty students encounter learning specific units

In other courses (e n , expression of large numbers In an astronomy course leads

to Inclusion of standard 'scientific notation as a topic In development mathema-

tics courses). If the objectives are simply Tists of specific skilis needed to

pass particular courses, then perhaps these skilis ought to be taught in con-~
Junctionwith the assoclated courses through additional classes or tutoring R
sesslons or supplementary programmed materials. However, a developmental
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mathemat ics class could directly address goals listed in the NIE Conference on .

Basic Mathematical Skills and Learning Vol 11: Reports from the Working Groups
{Armstrong, 1975). ) - '
Even though slut;cnls enrofl ing in such courses have deficiencies, they have aade
progress toward some of these basic skills. Because of lack of exposure, some
students have made little Or no progress toward goals such as knowledge of com- "-
puter uses. Howevor, It appears relatively easy to arrange learning activities
directed toward swh goais for these students. In contrast, the students en-
counter great élfficulty improvidg problem solving skitls although thzy may

heve had considerable previous exposure, and there appears to be great'uncer-
tainty of what strategies are most cffective in increasing student proficiency
in solving problems.

One of the goals listed as a "further deslrable goal” by the KRIE Conference
{Arnstrong, 1975) is ability to reason abstractly. Listing this as a further
goal seems appropriate when considering students below the college ievel, but
is it possible that for the adult this becomes a basic skill? If so, can it
be taught? #How? Or are there skills that can be taught that do develop a
student's ability to reason ahstractiy? However, particularly considering the
brief time ava.lable, one needs to determine charac?érlstlcs of older stuaenls
to select appiopriate content and methods of. instruction to achieve the chosen
goals.

If these adult students can be taught to reason abstractiy, perhaps they will

be able to develop better problem soiving skiiis. In additlon, it is hoped this
would enhance the reaching of the general goal listed in the report of the RIE
Conference (Armstrong, 1975) of "‘developing level of self confidence necessary
to operate effectivelv in a society that makes use of mathematics and mathema-
tical ideas.” College students will be expected to become responsible for their
own learning. This Is difticalt If a student completes specific requirenents of
a course but returns to a hablt of avolding mathematics because of lack of

confidence.

Chiappetta reports studies (Chiappetta, 1976) indicating that 50% of colleye
freshmen have not reached Piaget's level of formal operational thiaking,
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(Plaget's orlginal studies In Switzerland may have utitized 3 biased sample
givina Indlcation of an earller age of reaching this level.) However, only I3
of mathematics student teachers and none of the calculus students tested In
Chiappetta's sample weve stili at the concrete level. Nevertheless, the level
of reasoning acutally us?d by students Is frequently substantially below their
level of capacity (Dunfop ¢ Fazlo, 1976).

Plaget identifles two types of intelligence - sensori-motor and reflective.
Skemp  has modified Flaget’s definition on reflective Intellligence as the
funct.lonlng of a second order system which: .

1 - can percelve and act on the cmlcept.-:‘and operat ions of sensori-
' motor Systenm i

2 - can act on them In ways which take account of their relatlionships
- and of other information from memory and from the external
- environment Ve
3 - can percelve relationships between these concepts and operations

Yhe Skemp Test to measure reflective intelligence Includes Items designed to
test concept formatlon, raflective activity on concepts, operation formatlon,
and reflective activity onjpperations. §kenp’s study Indlicated high correlation
between reflective activities and mathematics achlevement with J0th and tith
grade students in Enjland. Jurdak used the Skemp Test to show better mathema-
tics performance assoclated with higher reflective Intelligence for 12 to th
year old students (Jurdak, 1980). However, Jurdak's study to investlgate whether
providing students with experience In playing & game whose rules and strategies
reflect the mathematics structure of an operational system, semi group and group
waould facilitate the learning of these structures found no significant difference
But Jurdak does
suggest further Investigation of the possibility of developlng or accelerating
the development of refiectlve Intelligence, perhaps by heuristic method of
teaching.

betweea students In the experimental group and control group.

Whimbey opposes the position that intelligence le almost entirely Inherited an;i
fixed by genetic chemistry and Jevelops the position that, except for a small
part of the population having organic t ~aln disorders, Intallligence can be
taught (Whimbey, 1975, 1976).
of individual adults and other resoarchers’ studies on children and adults.
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significant issue is the definltion of mental activities that actually constitute

Intelligence. He also states "intelligence Is paying careful skII‘hd attentlon

_to the analysis of relatlens', and advocates an_early pract ice of Bloom and
~

1

Broeder in which they found it helpful to polnt out to college students the close
connect ion between learning a physlcal skill and learning the thinking patterns

of academic reasoning.

Pascual-Leone hypothesizes that the basic intellectual limitation of chlldren
is the number of schemes, rules, or ldeas they can handle simultaneously - a
capacity that increases regutarly with age (Carpenter, 1380, p. 182). If adults
do have this greater capacity, does thls dialnlsh the desirability for a 8runer
spiral approach to the currlculum? If a splrc!“ls stll} desirable, Is It
possiblec to shorten the time needed for the splral approach? Can there be

~
fewer turns In the spiral with a greater amount of lcarnlag occurring on each

E

turn?

Assuming adult students ﬁo have this Increased capaclty, perhaps it Is possible
to teach them Yeneralizations more efflciently than when teaching younger chll-
dren. Can an adult see the similarities of the following pairs of exercises
more easlly than a chlid?

1. Solve for X:

a. I+ 5«29 b, ax + 3 =g
2. Hultiply:
a. x2 . lS b. x‘ . xh (I

Texts for developmental courses do not arrange exercises so a5 to encourage
general izations to eny greater degree than those written for secondary school
students, Occasslonally a starred or optlonal exerclse Is Included for this
purposs. HMost texts desligned for develupmental courses consist of early
chapters devoted to arithmet ic computitions followed by chapters devoted to
algebralc skills separeted by a few pages to Introduce deflnitlons such as
‘coefficlent’, ‘monomial’, etc. Instead of teaching arlthmetlc prior to algebra,
perhaps integrating the teachlng of arithmetic ard elgebra would enhance under-
standing {(e.g., % + -23- could be comparad to % + -3-). Another possible advantage
of this integration might be avolding the student’s feellng of “Here | am belng

e

O
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taught something that Is for ’0 year old chiidren, and I'm so stupld that § never
did learn It."

-
N

Nany of these adults do coae/wlth a vast collectlon of rules but seem not to
understand them and took for inappropriate cues for selection of rules. Some
students have become accuston‘d to passing tests In short units by memorizing a
set of rules. If thase rules are not undoutgod. perhaps they are stored in the

.episodic memory and become associated with irrelevant references, Instead of

being storgd in the semantic memory and able to be retrdeved snd utllized appro=
priately in new problem settings. A psychologlcal characteristic related to
problem solving ability appears to be degree of field Independence (Lester, 1980
and Fennema ¢ B-hr, 1980). Field Independence Is characterized by activitles and
perceptions which are analytical and an abllity to focus upon essential aspects
of a probiem independent of the surrounding fleld. Sliver, Branca and Adams
conclude in a study of 5th and 6th grade students that metacognition (a person's
knowledge concerning one's own cognitive processes and products) "daes appear to
be a necessary condition for attaining expertise in a task dcmnln“ (Stiver, Branca
& Adams, 1980). ‘

Ressarchers ought to conduct further studies of these characteristics of aduits
who enroli in developmental mathematics coursés and attempt to determine If
fleld independence and-Wmetecognitlon can be increased and by what methods.

Can requiring students to verbatize In certaln learning slituations be benefl-
clal? {Sowder, 1980) The o"ect of Instruction in cue attendance, the requiring
of students to descrlbe details that are potentially useful in resolving a par-
ticular problem (Wright, 1979), suggests possiblitties for increasing problem
solving nblll‘tles of students. The research of 0'Crlen & Overton of glving con-
tradictory evidence to subjects glving lncorroct concluslons when presented with
Infarential tasks (0'Brien ¢ Overton, 1980) indicated improvement of coilege
students while It did not help the performance of seventh graders.

Although studles of ntt*ltude Indicate a jow positive correlation between
attitudes and schlevement (Kulm, 1380), perhaps attltude assessment could ipdl=~
cate environments and methods of Instruction more condugive to Ieamlng'. I& '
these students fear competitive settings, would a cooperative small group activity
facilitate ltearning or be viewed as still competitive?
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While some studerts might prefer Individualized programmed materials, others
might benefit more by interacting with other people. However, cautson is need-

ed In utllizing individualized programmed materfals (most are really just self-
. paced). Although .clalns for positive resuits have been made, Schoen came to \
the conclusion that either the idea of self-paced prograsmed Instruction Is
wrong of perhaps we do not know how Io.go about it yet (Begle & Gibb, 1980).
It might be morc desirable to limit use of such techniques to mastering very
specific tasks which later will be Integrated with other skills or mathsmatical
ideas using other methods of instryction. Well designed self-paced materials
could be used later in conjunction with s;uecific courses.
\

The mathemat ics educator must also consider Individual differences among college
Jearners even if mathematics achievement tests indicate sialblar deficiaencies.

Som: of the students enter with severe deficiencies in several academic areas,

and same enter with very high verbal abitities and only show lack of mathema- R
tical skitls s \hefe are validity to the statement "it's easier to teach -

algebra to a studcut ~ho never sludled algebra n&n to the student who studied

but failed algebrd."? .

Since adultdo differ from children and adnlescents, mathematlcs educators
ougit  tyy select studiea that have utilized samples from younger populatlions and
replicate them with samples from adult populations taking college level develop-
mental courses. Carpenter (Catpetéler. 1980, p. 195) asks **...if a child makes
certamn ecrors ot @ given state will they be resolved as the child requlres
avie mature concepts and shills or will these errors be magnlfied as new con-
cepts are built un’athese ear ller misconceptions?" Examining errors of collegs
students could help provide the answer. ¢

12
Studies suggested in this paper could have implications for the curriculum for
younger children in addition to the direct objective of ,roviding a4 richer,
more valuable and more efficient learning enpenc:ue for the colleye student

in the devetopmental mathematics courses.
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B LANGUAGE AND SYMBOLIC FORM IN CHILDREN'S MATHEMATICS
) A. Dean Hendrickson
University of Hinnesota, Duluth, Duluth, Minnesota
kY L4 ‘
How children respond fo the need to translate from materials arrangenents, to
language d/escriptions and/or symbolic forms, from language descriptions into
materials arrangements and/or synﬁolic forms and from symbolic forms into
language descriptions is of fimportance when gonsidering instruction in matha-
mnigs. It is generally accepted that, in young learners, concepts develop as
the result of real experience and that various tokens such as numerals, letters,
operation and relation signs and word forms become symbolic only to the exterit
that the learner successfully relates them to concepts. Whether or not lan-
guage is & mediating variable in this process is open to question, but the
fact remains that Iangg_age is the major means of comwunication in classrowms.
Ouring the 1980-81 school .year. three of these translation nf)\(s were given
to groups of first and second grade students in schools in noi theastern
Minnesota, and the results tabulated. The purpose of the study were td
observe how children handled these translations and the extent to which dif-
ferent instructional practices affected this translating behavior.

Task One

The subjects were forty-seven first grade children, These children were ran-
domly chosen from the 131 who were in a program in which concrete materials
are used to develop cqncepts, numerals and arithmetic signs are 3low)y aon-
nected to concepts, the reading load is minimized, oral 1anguage is used more
extensively then in textbook based instruction, apd in which students are
asked to generate symbolic forms before interpreting or 'reading' symbolic
forss such as number sentences. The task was ddministered during the sixth
month of the school year. The task was conducted in a one-to-one interview
setting. Each child had a piece of papet and a penci! to use in u_riiing a
number sentence. The interviewer had a dlass cylinder with six marbles of the
| Same color in it¢ three additional marbley of that color and a recording form
to record the order in which the parts of the number sentence were written by
e the child. The procedure described was used with each child. '

ERIC .
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Interviewer: “"Count the marbles in ths tube - how many are there?”

(The child's response was reccrded) .
Interviewer: “I'm going to do something. When I finfsh I want you %o
write 3 numbtr sentence that shows what happened. .
{Interviewer dropped, one at a time, the three additional urbles into D
the tube to join the six already there.) * »

_Interviever: "Nrite a number sentence to show what just happened with
the marbles.” . .

{The ingerviewer recorded the sfgns in the order in which they are written
by the child) .
Upon completion of the task, the paper with the child's writing e"ort?ns
collected by the 1nterv1mr

)

Results:
1. 44 of 47 children succ~ssfully counted the merbles on the Hrst attompt.
3 others successfully counted on 2 recount effort.

Table One
2. -’ Signs_Written |
Order in 6. ¢+ 3 L
whizh Firsg 40 0 ! 0 ! . o
the sign . .
vere  Second - 1 I3 0 0 0o .
written . ‘ o’
' Third 4 1 34 2 0
Fourth 0 0 0 44 0 \
| . )
Fifth 0 0 13 -9 42

3. 38 wrote a correct number $entence. 3 others corrected the first
incorrect effort.
4. The incorrect sentances were: .
.6 +3 =8, with the '3' writtentas '€ '; 5 ¢ :
*7+2+7, but verbalzed as 'six plus three equals nine' . |
- 6+ 4.2 9, with thay'9" written as "€"

. . \
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Y. L5510 . * .
.6+1+1 4129 N .
.6+3 9, withno ' =" sign
The purpose of the study were to observe how children handled, these
translations and the extent to which different instructional practices af-
fected this translating behavior. )

« . I3
-

Task Two: .-
Twenty one second graders were randomly chosen from the pool of 124 second
graders who were in thé second year of a textbook-less, materials based
linstructli*mal program as described under Task One. The tasx was administered
in the sixth sonth of the school year. Each child had a sheet of paper or
penct] so as to be able to write a number sentence, and ten URIFIX of each of
two colors. The interviewe; had a form on which to record the child's use

. of the blocks, and the order in which the different signs were written by the
child. The following procedure was used in administering the task tp each
child.

Part one. Interviewer: "I will read two number story problems. Listen
carefullys Use the blocks to show how you are thinking about the problem.”
The model for the;».ﬂ'rst problem is: i

3 .
. {The intervtcwegé’reed each problem slowly and paused after each sentence to

¥

‘an opportunity to arrange the blocks) v

give the chil

® lntevvtqzr. “This is the first problém. Betty has.njine record albums.
Gloria has six record albums. How m3ny more albums does Betty have than
G‘lo)ria?“..uow write 4 nusber sentence to show what you have done td' answer
ihe question.” .
{Interviewer recorded the child’'s spontaneous remarks. The way the child used
blocks and how the rusber sentence was written)
Observations )

. The children orally answered with the correct number.
. Five children wrote '9 - 6 = 3'

. Two children wrofe '6 ¢ 3 » 9'

Ten wrote incorrect sentences {see examples)

Three children did not complete the number sentence

. Twenty ch:ldrer'n‘attempted to write & number sentenc

<
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. Hinete2n used the blocks, four during the reading of the probiem,
fifteen after the question was r ud.

* Incorrect sentences written were: f

O
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J+65+6 =9 J+1=4 9+3=12 6+9=1¢%
9+ 6215 (4) 9+46+3 9=3=§
-2=+3

Intervieser: "Johnny has eight toy airplanes. Richard has three more
toy airplanes than Johny. How many airplanes does Richard have?...Write a
number sentence 0 show how you Zourd the answer.”

_Qbservations . I

.

- Seven ufferéb correct oral answer

. Ten wrote ‘§ + 3 = 11"

. Eight wrote lincorrect sentences oL

. Nineteen attompted to write a number sentence

. Twenty used blocks to represent the pmhylen. five during the reading and
{4 Fteen after the question was asked. J

. Two wrote incomplete senterces 4

The #ncorrect sfintences written are: |

3+94+g=11 101 =1 | B+il=17
8-1+3 8-3=10 | 7+3-18
10- 8 =3 ,8+3=16 ;
; \ ;
LTI\ R
hﬁ“ﬁfr‘bg,h \ -7

A total of IDZ‘second grade students in fh)e Jdifferent secand grade class-
rooms 4n four schoals were used. These were the children who were present
on‘;l;e day the 'classmon was visited. The schools used were chosen because
of their d¥fferences - In socio economic populations and In teacher back-
grounds and classroom practices,

School A. This $chool has first and second grade classrooms using the program
described under Tasks One and Two. The school #s located tn a community of
5100 tn which the orincipal employment {s in the taconi te mining 1ndust'ry.

The teachers of &hase students had participated 1 a program of 75 hours of
instruction in the psychology of tearning and 1ntc‘lectual development' and the
use of mterfals 'to develop concepts in mthemtlcs\nlth childien of this age.

\
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School 8. The second grades ars using a textbook - 1ess, materials based
i?‘ instruction program after the children nod haa one year in a textbook program
while in the first grade. HMost of these childre;a live in airbase housing. The
teachers had cnly 2€ hours of in-service prior to participation in the program.
School €. This second grade fs in the highest socio economic area of a city
of 100,000. The school has consisvently ranked highest in the city on standard
test results.  The teacher had 40 hours of instri-tion in the use of materials
in teaching, but iises textbooks as the basis of instruction. .
School B.  This second grade is in a school that draws from a predominately
vural grea just outside the same city of 100,000. The teacher 1s unfamiliar
with the use of manipulative materials: and uses of form of self-paced individ-
ualtied instruction approach.
The children were all given the task during che month of the school year.
The investigator introduced the four tasks by reviewing with each class (1) a
nunber sentence, and (2) 'story' problems. An example was given of a "story"
to 9o with the open sentence of 5 + 2 =Ll and opportunity was given for the
children to ask questions. Emphasized\uas the fact that a ques *ion had to be
part of the story.

The (J= 12 - 3 was written on the chalkboard. T.e children were asked to
compose a story problem in their own words so tHit this nunber sentence would
be used to show what was in the problem and to fi:nd the answer to the question.
Atter al) children has written a ‘story’ for the first example, 4 - 3 = (]
was written on the chalkboird and tie instructions repeated. This procedure
was followed to present '. - 8 :[Jand 6 +[J= 9. The papers with the 'story’
‘problems® as written by the children were collected at the close of the rask.
Analysis of the children's written ‘stories’ yielded the following tabulations.
No attention was paid to misspellirys, sentence structure, etc. The mathematical
sense of the stories was the major concern.

O
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Tabie Iwo .
Stinalus: [1= 12 - 3 School -,
— A 8 C D
n= 23 n =32 n =28 n=23‘
1. correct story 15 16 " 6
i
2. numbers used correctly 2 7 4 2
but no questions asked .
«J. wrong operation 3 2 ] 2
sugges ted
4. closed sentence 0 3 2 6
used in story
5. nonsense or no attempt 3 4 4 7
Table Three
Stimulus: 4 +3=0 Schoo}
A - C [y
n* 23 n =32 n =28 n =23
1. correzt story 16 14 . 15 8
2. mumbers used, no 3 5 7 2
correctly
3. wrong operation 2 ? L 1
|
4. wrote closad
number sentence 1 5 1 6
5. nonsense no attempt 1 5 1 6

L \‘1

*ERIC

Aruitoxt provided by Eic:

»




Stimulus: 13 -8 = [

Schoo?

8

n =32

1. correct story

12

2. enuders used correctly
but no questions asked

3. wrong operation
suggested .

4. <losed sentence
wsed in story

10

5. nonsense or no Attempt

Stimulus: 6 + OO- 9

1. correct add
story compare

R

2. numbers used correctly
but no questions asked

3. wrong operation
sugges ted

4. wrote closed
nucber sentence

5. nonsense no attempt

6. 6+ 3+!) related
story

O
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General observations:

Ttsesss b2 o o' o) advamtage enists in making these translations

for children who have beer lzught with extended time devoted to concept
development at the concrete levei, careful connecting of signs to concepts,
encod: ~q prior to decoding and experience {n all three kinds of trans-
lations. o

Children interpret i»-—; 3 both as a "finding the difference’

and as a ‘missing part’, more easily than t-_:

Most chtldren will follow 3 sequence of actions to the end resuit
rather han consider the end result, then how it was obtained, or to
think of the part ioi >d, then what it was joined to. ’
Children do surprisingly well at transtatii3 a model sich as an open
sentence into & language description, espectally 1f any emphasis at ,:li
is placed on such a translation or fts rever¥l ir instruction.
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M ’ PSYCHOLOGICAL QUESTIONS REGARDING A NEW MODEL OF
’ »
INDERSTANDING ELEMENTARY SCHOOL MATHEMATICS

Nicolas Herscovics, Concordia University

Jacques C. Bergeron, Université de Montreal

'I'ollwmt) the analydis of probiems encountered in applying our hybrid model

* of undegstaiding to elewentary wchoui mathematics (Beryeron, Heiscovics,1981)
we have come to the cunclusion that sume of our criteria were Guite useful

;*“l:. descrabang concept formation. Indeed , we now percelve these criteria as
levels of understanding which in fact constitute he backbone of a cunstr.c-

, tavist model of understanding.

Wu can percerve four levels of understanding. The first one of these luvels,
intuitave underst. ding, takes ag a starting point the anformal knowledge of
the (hild {pre-concupts, visudl perception and estimation, primitive ungudn-
titied actiona). This knowledye is then coordinated into a provedure leadinyg
tu o first construction of a cuncept, a first construction which we consider

as o second level of understanding, that of initial conceptualization. We

speak of initial cunceptualization for at the very begf‘nnlng the concept in
Juestion s bluried and cunfused with the procedure leading to its cunstruc-
tion {tor example, 4t the buginning, the notion ot. pPuler i% contu.m:d with
the wounting procedure). It ls only very gzadually that the “outline* of 2
conLept yains precision and that it sepArates from the brocecduis, making
ahstrection pussible, Abstraction is our third level of cumprehension o
’Dutuhlnyz the cancept from 3ts procedure gives it an existence of its own
which can be identaficd as the "content™, a content In search of a “furm™,
This reguires a process uf formalization which we take as a fourth level of
unduutaml.lm). -

Since we wish vur new imudel to be cunstructivist, we most take into account
the 1mplications of o clupmental psychiology as well as those of genwetic
epistemclogy,  Dovelopmental peycholoyy Lanvnm.uxuin that the expuctatiung
fmphied 30 the now sude) re reasonable with icgyards to the intellectual .a-

pacity of the elementary grade student. oenetic cplstemology, on the other

The renearch ssportad Wie s tunded ty & yrant frum the Quebec Ministry ot
Bducation (FCAC~ grant no. t-1741).

.
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hand, reaches the child's construction of knowledye. Of course, we are still

far from having examined all the peychological questions raiscd by the new
model.  Thus, the present communication is limited to those which have been
' doalt with, namely: To what extent fs the elementary school child capable of

. .
underst anding? What role can be attributed to written symbolism? Of course,
in view of our lnt‘ercnt. these pnychc;loglcnl considerations will be restric-

ted to the understanding of mathematics.

ABSTRACTINE CAPACITY AT THE ELEMENTARY LZVEL

|
abatr-ction? 1s it reagonable to consider abstraction as a third .vel of
! The psrticular nature of mathematics involves two kinds of abstraction that
. riaget (1973, pp 61-82) cslls "empirical abstresction” (dealing with the phy-
| sical propertiss of objects), snd "reflactive abstrection® (dcaling with ac-
tions and their coordination). For instance, a child vho counts the number
s of objects in a set but does not “conssrvs” nusber has but extracted a pseudo-
physicel property of the set. On ths othsr hand, ‘thl child who is aware that
this number is independunt of the order in which the object‘l are counted is
4t the level Of reflective abstraction. It is precisely this last level
which characterizes a mathematical activity and this explains why Piaget con-
siders it to be synonymous to "logico-mathematical™ abstraction. Whether or
not this lsvel of abstraction is accsssible to children at the elementary
level needs to be examined.
Far from being trivial, this question requires a careful analvais of what is
lnvolved‘ln reflective abstraction. Conservation of number Jends itself well
to such u'n analysis since {t has been one bf ths moat researched topic in
arithmetic. ' "
Very briefly, by "conservation of number” we mean the invariance of the car-
dinality of a set with respect to the layout of its slements. 1n ths well-
 known l;inqotlnn test, the child who does not conserve numbe. compares two
equivalent roc's of objscts * .. : .. ' .. : e and believen that

the longer row contsins more than the shortsr one, and this sven if he can

count. To understand this ph it is ne ary to examine and compare
some chasactoristica of the prs-operational thought (2-7 years) with those of

the woncrste operational lsvel (7-11 ysars).
Q . v

A}
.
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At the pre-operativnsal stage, the child fucuses essentially on states and
not on his actions. Thus 1t 15 not s’urpr_iang that objects arce_the only....
things xeconstrudied intesnally (empirical abstraction) and not the transfor-
mations applied to them, whence his Jependence on their physical presence.
Even 1f he admits thet by matching the objecta, the two rows will have the
same number (emplncal revers xbxlny), by focusing on the stat'-s he is pre-

vented fronm n.u.hmg the seversibility of thought m.cesury for conservation.

Indeed, when examining the two equivalent rows he focuses on thear length and
this stups lam fium even considering the transformation which leads to a com-
arxisun. It should be noted that h1s ressoning 1s quite consistent with the
pre-operational cnld's “"transductive™ logic (1f A causes B, then B Suuses )
(Mayer. 1977, p. 180). lence, since experience has taught him “1f there 1s
more, lhcl‘l 1t is longer®, he concludes "i1f 1t is longer, there must be more®
Only later, when he can consider simultancously the two relevant variables
(!.hc length and the density of the row), will he perceave their reciprocal
relationshage,

K . ‘
This cxample enaldos us to better appreciate the antel Jectual power of o
thild who has reached the concrete vperational stage, by now fucusing on s
actions he van reconstruct them internally and coordinate them; he can take
1hto aucount several variables simultanevusly and go beyond transductive
logic to reach 1nductive and deductive reasonIng, 48 long as 1t relates to
his concrete world, fainally, h\;.. thinking has becone reversible. Herc are
all the elements necessary for the discovery of invariants, which lead to the

abstract1on of o coucept whuse source has to lie in thé child's reality.

Siute the cum rete operdtiondl stage corresponds more or less Lo the range of |

the elementsry yrades, 1t scems tyat these children ere well endowed to reach
the level ot retlective abstracoaon in arithmetic. As a matter of fact, re-
flettive abstta tion can 1n general be applied to arithmetic without requis

110y Toasal thouyht (Characterized by the ability tu mampulate hypothetical

CLOpOs It ians s luted to reality) since the arathmetic objects and opela=

tions age tied an with sumbers which can always find concrete representations,

ABSTRACTION AS A THIKD LEVEL OF UNDLRS PANDING
The lbrvel ot understanding rusullAlm} from reflective abstraction musl be ex-

amned within the framework of the child's inellectual development and
' d

viewed in terms of the construction o has knowledge.  In this reupeet,

ERIC .
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Ginstura and Opper (1979, p. 234) have identified in Piaget’s theory of in-

tellectunl development three leveis of understarding.

The first of these levels is motoric or practical understanding.

Thia is the level cf sction. The child can act directly on objects
and msnipulate them correctly, making the objects do what they are
supposéd to do. All this indicstes that the child has "understood*
objects at the level of motor responses. This kuowledge is preser-
ved in the form of schemes, which allow the actions’ to be repsated
in identical situations and wnernl%znd\to new ones.

Another level of understanding im con?tunuz-tion. Hlere the
child reconstructs interrially the actions that were previously per-
formod diractly on objects, and at the same time adda new characte-
ristics to these sctions. He orgsnizes the mental activities and
provides logical conn~ctions. At the same time, much ®f the child's
intellectual work remainz unconscious. Ax we saw in reviewing
Plagat’s work on consciousness, the child is often capable of men-
tal operations that he is not aware of and cannot express.

A third level of knowledge involven conaciousness and verbalizations.
Now the child can deal with concepts on an abatract level, and can
express his mental operations in words. The child can reflect on
his cwn thought.

¢
ALY

This model of underafanding does not seem to be comgletely independent of
Plaget’s stages aince the first level co.nenpondn essentially to the pre-ope-
rational one wvhile the other tvn can be 1inkcd to the concrote operat ional
stage. Indeed, at the first level, the child discovers the propertiea of ob-
jects without reconstructing his sctions lntc;mally. Nevertheleas, it is at
this level that lie developw spbntaneously gome mathematical intuitions !;uch as
classi{fication seriation, psartitioning, bringing togethsr or adding to, etc.
The mecond level of understanding describes the internal reconstruction and
coordination of actions, and thus corresponds to the concrote operational
stage. Finally, "reflecting on his own thought” implies a prior internal re-
conmt ruction of the action and thus scta reflective abstraction z* the third
level ,

The Piagetisn model doscribed by Ginsburg and Opper is truly a con:tructlviﬂt
concaption of underatanding. There is no question here of "modes of undors-~

tanding” but of levels of comprehension. 1In fact, net only is each level

constructed by ths child,but moreovery; thsre is an embedding of the different

lsvels. Indeed, if at firmt the child becomes famllisr with objacts through

h{- actions, he later mansges to reconatruct these actions internally and to

E TC‘Ilnlte them so that in turn, thsse actions become the subject of his ro-

Aruitoxt provided by Eic:
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flect’on. 1f the first phass renders well the child’s interaction with his
environsant, the last two, deeling with his transformations, lead to a logico-

sathematical structuring of hia thinking (composition of transformations, in-

vsrse transformations).

-

Since Piaget deals with ooq:rchonsion in general, one lhOlild not expect his

. model to fulfill all the requir ‘ nts of a particular diacipline such as mathe-
matics. In fact, Piaget is quitg avare of the technical aspects of the matho-
matical language and the particular fotw of its symbolism (Piaget, 1969,
PP 44-45). Ho oven discriminates Letween mathomatical "form* and “content®
and recomwands that the rapresdhtations used should corraspond to the “natural
logic of the lavela cf the pupilal (Piaget, 1973, p.87}. Conaequently, he
euggests that the role of nctionl‘ should not be neglectud by 1fnlung instruc-= .
tion to a verbal form: "Particulerly with young pupile, activity with ok jacts
is indispensable to the compreheneion of arithmetic as well as gauvmetrical

bnhuons" (p.80) .

This recosmendation has 1mportant pedagogical implications since quite often
the teaching of mathematics is essentially verbal and symbolic while " the
child's spontaneous ,::athcldticl ia informal and unconscious’ (Ginsburg ind
Opper, 1979, p.234). This informal mathssatics is based on tha child's ac-
tions anG thesa can lead to reflective abstraction. Thess actions can even-
tually be applied to mathematical synbole wt, as long as the pupil is at the
concrote opox"n.tuul .lta(,l, these symbols must be rolated to th? concmtfx.

(Cf course, ona cannot ignere the ralativa naturs of “concretéd®. For instance,
following reflective 4bl.tncuon, nunbera tend tq be considered as concrete,

and aoddn.ion~ 48 a concrate action).
v

THE KOLE OF SYMBOEXSH' IN MATHEMATICS

The previous gbservations bring jnto question the role symbolization plays in
the understanding of a mathematical notion {(concept or operation). ‘Symboliza-
tion is essential in mathematice since 4t providee a moans of cepreaenting a
notion detached from its concrete embodimenta. However, the imroduction of
aysbols can be pyemature if an adequate intuitive basis is lacking. This
would force the child to function at a etrictly formal level which is impossi-
ble at tho ooncrot; operational nugo& Hence, his only choices would ba ei-
ther to learn by rote, or simply to give up. Thus, the question "when to

Q :
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introduce symbolization?” is an important one. Considering that on one hand
the Plagetian model suggests going from the concrate to the abstract,and that
on the other hand, lymb;)llzation ia a detachment from the concrete. the in-
troduction of gymbols should not, in general, pn;cedn the level of conceptua-
lization. ror ipstance, it would be difficult to parceive any pedagogical
velue 1-n introducing digits bofore the child can count. However, thia princi-
Ple need not be applied dogmatically. ror i ted, théra i8 no harm in a child
leaxning to write numbers greater than 9 in the first grade. But it must be
remembered that he then merely learna a writing convention for he is not as
yat equipped to understand place value notation.

While sywmbolization can be describded as a detachment of a concept from its
concrete representations, we can perceive qualitative differences in the mean-
ing associated with a sysbol dopending on the levels of understandind. For
indeed, yhat doas the digit 7 represent té a child who does not conaerve num-
r? He may euven count the two rows wnd write™7" naxt to each one
N ..' : .,. : .. N ; while claiming that the second row "has more”. But
then the only thing he can perceive in his Algit 1o the result of his counting
an{t not that of number. 1In contrast, to a child whose reflsctive abatraction -
has led him to consexrve, the digit 7 truly rapresents the number .
. |
Any \-nnlysll of the rols of symbolization must nl‘co taks into account the .
atruttural differences batwaen the various modes of repreaentation. Rach mode
(ana tive, iconic, symbolic) has intrinsic pxoponiqu which determine its
ctruc‘tura. Although “"a picture is worth a thousand worda®, mathematical ayn- ]
boliaw condenaes information cven wore. Howevar, this condensation doem not
come as a frea gift. For inatonca, evan for an olmntfary notion such as ad-
dit{on ‘(l’--}\~ ? ), its aymbolic repreaentation is cascntially static and haw
loat the dynamic flavor of action.

i | - .

Purthermore, for a more advanced concept lu;h aa ptace value notatton, its
l;nbolhntion exceada conceptually its other reprlﬁlng'ntlonn. Be it the con-
crate cepreaentation (multibase blocks) or its image l&*j— neither the

"\ 21314 !

"  material nor the image (defined by the presence of tha value indices h,t,u) '
necensitate any convention regarding f.lhl position of ‘ths digits. To really
valus pnsitional notation the student nseds to be avare that a perwutation of

uthie o wt &ifact the nunber. Yt {a anly vhan these value
n

the coliwns “avtial 3 [, 1] ;
]: \l)‘C«cn arxe 'discarded that Py eed 0 encode tMT information arisas.
R | :
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, After all we are using some of the same criteria as in the old model.
-

25

Only than will a pupil appreciate how inspired it was to encodo this informa-
tion in the’uhun posstion of uu' digits «nd what ¢ turning point this must
" ve besen in the history of frnhnuc.

It follows from tho preceding analysis that symbolic representation has a
structure of its own and that for some more cdvanc«; concepts it is impossible
to complately dissociate content from fors. Moreover, since the Symbolization
.0f & notion rcaches its full flqnlﬂcanco only aftoer it has been subjected to
Teflective abstraction, it ualn:s justified to consider such symbolization as
Part of a’ fourth level of undurstanding, thuat ot formalization.

)

CONCLUSIONS

'
.

Because of its constructivist rctuu, our modal of understanding can casily be
nistaken for an knstrxuctional/learning model which it is not. The latter con-
Cerna itself with the pedagogical interventions and the learning processcs
which bring about undaratat}dlnq. The criteria we have used for our nuew model
evolved fron our initial work with our "hybrid® model. The onea we hiave ra-
teinud are thuse which uxoved to be usaful in describing concept formation and
’ we have wurely organized thom ln.c constructivist framework. It is indeed
quite gratifyiny end resssuring to gce how clxlsuly it rosexbles the Piagotian
model deseribed bys Ginsburg and Opper. -

However the two sudels have some important differences. $ince wo wanted a
staya-freve model we havo retained intuitive understanding as our first level

without muving into the pre-opérational stage. Our second level, initial con-

cuptualizatiun, strxesses the “uperationalization™ aspects in the explicit conu-

tructidn of & concept. In fact, this tera way one of ocur “r:t chnicues in na-
alng this level. Our third level is clearly identifiabla with raflective
"b'sltd(l)un Ot cwourse, the last one, formalization, answars the specific
'nﬂdl of wur diuctpline. .

',' That the new modul caR be applied to specific conc%:n 18 not very doubtful.

it {s 1ty eciessibility to lu.u.hur’l which must ba questioned. Can we lually
“convay to them suee of the finer pointe in Plaget's theory which underlio the
new model?  (an we expect them to discriminate betwean empirical sbstraction
And reflective abstraction, and between empirical rcveu}hlllty and reversibi-
lity of thought? On'by trying it out will we be able to tull.

N

e
ERIC ~ 81

Howevar,




e

ERI

9 Aruitoxt provided by Eic: ~
»
0 5

/
¢’ Y - a6

3

- /k .
-of )

A laat point pertains to the change Jxon rodes of understanding to levels

understanding.

Whereas in the old node! levels wgre implicit in delcrlblnq tha

cénstruction of a concept, in tho new model they have gecom explicit. There

is thus the danger of parceivlnq symbo!h_ﬂth\nl co:xeupondlnq to the leavel of

formalizaticn.
three different things.
pieces of knowledge which we do not consider a

Nowever, the gy'boli'c mode of reprcsentati‘on can in fact reflect
It could reflect a rote peubri.gntlon of isolated

. undeutandm;.‘ ‘Also, as

waa shown with ‘tho conservatiun of nuy:bdr example, w<opynbol could reflect a v

pseudo-physical abstraction tather tm?n ‘a reflective one.

To oysrcome .thia

problas of interpretation teachera must be made aware that their evaluations

cznnot be lir-ited to the written symbolic form and thst a questioning of the

child {s essential,
L2
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. /l‘ NPH"HD Kt sbARCIL N MATHEMALICS TREACHER FDUCATION
e Porgy A. Huasey
' Cmiversity of Hinuesata .

Recent stadies, i duding the tat sonad tosesstral and ol her evaluations ot
et Boaal 10 Lo biag, Liitaughoat “de naf fon, indacate thst present proctioces are =77
pot cesadtang e the type vt learniag outoones most viten cspuused by mathematies
cduraturs,  dhe Fopones forthoe Iu\h’:dlt' that both teabiers and papsis twld o
VeI Y satiow vicw of Lhe nature of mathematics.  From suth repourt s come guals and
popusils Lo e diicctioes - must notably the “Ageada tor Aceron.*®  llowever,
no roab change will come abeut merely trom the adentiticat ton ot ueeds ot the
promud et ion ob gools.  Rather, change depends upen the behavior ot indvidual
chordoum teacherss Thus at as dmpecat ive that llt‘l“}efi{u dction be darected
tevird Lo vdue it 10 ancbudvag both researcd va teachier education and ats
auteeme s and the devetupment ot .nllern_:sllve apprdachies to dosiguing programs,
.

e pagns .A-l'-m,n» L. vaase some questions that teacheir cducators might address.
Fhe as que b o wise brom weveral aswueptions that undet Lie the conc busions

ad aigestaone i Bere 3 beryge Those dssumptisns are as follows:  Friest, teaches
e o Laom 1. casdaest preservice phase through the highest level ot

Qplu‘- >l e stien shoatd In-. an \Onvgnlng.' developmentat process not moely
owlber baan o courses, workshops of a bassroum expetaences. Scocoid, malbomat tos
oo ot son mast osphiaaze both kovwledge of mad bemadsos aud knowiedye

LS YR INERY R T el about I'mw to delrvir mathemat s s ta Pu,nl». tnird, teasdcher
Tl e piorm wust tcbate to the dealities and tontingencaes b tearhing

wd v the ansbiuc b o sk wd mimagerial decisrous that teadhers must nake

b ettt te cde st  baaeld maded dbe dcaching stialcgics and olicrnecives

.
~
that se amport @t tar tchers ta develop.

S i tlcorgm u e kbt Clucation n'ulll Le helptal to consader o taxonomy
Vinsbonat s v to a4 g tramewark both tar the dovebopment ub an un-gatug
ot edan thion progonn aml for the chaibicatihng of teseuch questivas,  The
order iy preomcapbc dn Thrs taxenumy 1s teachor behavint stuce s csoanch suggests
thaot te & iy e hwu‘u s rathta thiau tea hm: Vabae LTS e s e most 1) bated
to bearngr oot me s Fe gaxonomy haee the Sduantage ol tocusiag e at bon on

Lo T 1t dom ey voanhidy dowcatbed o specib o bohaviorat b tives,

oo bitec b attaad o Lo the comanonty ol proweh and developmeut cu the

. -
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tevher and it allowe one (v delineate both entry level gnal::and goals ta be
developed during the continulng professional development of ehd teacher. In ‘\
particular, it offers a framework for specifying the higher tevel performances
i be expected of experts as appased to those expected of hepinning teachers <o |
that we may formulate more realistic expectations of heginning teachd (s. Finallyy
It ts hoped that the taxon-mv will help teachers to svaluats their own hehavior \\
20l to plan for their own (ontinuing professionat growth. Th(l- categories of the
taxonomy of mithematics teachlins, re dellberately named afrer Bloom's cognitive
taxonomy although perhaps hetter designators «ould be chos n. Briefly, those

categories ire 16 follows: . v \

KNOWLEDGE:  Tacts, processes, theories, techniques and methodology related to
instructton. This level includes knowledge of mathematics and of the curriculum
and mtnn]{c of scho  mathematics. Koowledge here subsume, atl ot the tevels
ot Bloom's rognjtive taxonomy, This is the component usuvally acsoidated with
the college  lassroom and usually measured by paper and penc il tecis and other
conventional « lassroom méthods.

LUMPRENENS LON:  Performance of selected behaviors under controlled conditions
surh as peei reaching, mitroteaching, simulations or roli playinz. This level
involves Ademonse rat ton lhat‘lhv ‘ndividuatl can do'cnmothlng. and the bebavinrg
to be ismanstrated vsuallv is called for tn an explicit maner so that the
individaal 1s coansctous of the goal of demonstrating the desirel bebhavior,
APPLIGATION. Planning and administering tearaing activities and materials in a
tlassroom setting. This level 1nvolves eoviderce not only that (he jadividual
can do bt furcher, that he/she does do. It nvolves the use of apprupriate
teaching skitls ot the propar tume ot with the desired frequemy as 1 part of

the normal feaching style.

ANALYSIS:  Response to pupil, teacher, subject matter and environmeat 1l cues
to welrt, rpanize aod administer effective progians and lessons., The teacher
recognizes st ftuene elements of the (ursdculum and the relationstips among
them and seeps them as an arganized whole.  The tvacker responds spont wneously

to staleat< s todividuits and the teacher s actione and decislions [Tow from a

tonslateant and «wns foas tar dmale.
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SYNIHS 3L, Ol bt o b st s e haag Botivies anto o pvorsunatazcd whole,
UL
Vi Geanher tuteg doidze s mnd ol v avavabizos the toaching skalls awd combanes

the unduely g Competencices o o cttective style uniyue 1o the sadividaal,

CEVALUATION,  Judgomaut ol the el octiveness ot e’ teaching accordang to
vettous aaterna’ and exteinel crateria anddading puptl jrogress towasd the
cviee S weadse Ble tewchor anclibres hia/her Echang an the disection of greates

eliect Locness,

Qoo advantage 1n this taxonomic dpproach 1s that ot tacabitstes o kiod of
refboctive rescanch abunt teacher educatron and the goals we wish to accomplish,
Fot cxmple, the Cixonowy emphidizes pot oaly the cognitive aspects o1 o teachier
edin el bun pregt an but dlse the pertormam e vuteomes —- the ceadhing bebaviors —-
tha we mpht dees dosarable. Second, the taxonomy encoufiges us to view the
devilopannt ol tes baug by and ettectiveness trom one bevel ) susthe,
Thid, atrcetive teanhet characterntstils die not overlooked and they van
Cow Lidate o e smb that runs thiough il levels of the taxonomy, Fousth,
e wis abe daxaemy as stractured on teachiny behavior, a4 variety of assesswen
appreac b e variabis . Fanally, the taxvnomic apptoach Glcalitates speaafroa-
Cion ot sgrummdis g eals, gustructional aiterudtives and learntag experienes
tor bl Stages of o teacher "vprul assional devetopient . \
@ .
sl Gasedonar e o the ,4‘:;15 and alteinatives far teacher education abse
heldp, sn ihe pdeotitication of Heas ot needed tesedtch, fhis rescarch an
toehor Clacstian s uot that (O the engineer m the agronomisnt, 1t iy the
booraptea kiad ot G sencbTohat depends on retlection and observation,  Follow-
Vg afe o b the questioan e marght address,
" »
P e e comain hnuwhodge . Host aathemitacs teacher education stwbent s bave
e cnable 1 ovely ';»unl knowledge ot wathematics as evidenced by ability o
cabialste, biftesontrate, antegr (e, ete . They have learned the techinques
[ AT RT N bomathomat o s udd they bave b“”il successtol 1 the conises whesy
these we moagtits dhas oy what we auld call knowledge ut wathamat 105, What “
oa e areen bk s dnewhidpe abont dathematio s, dhad s, dthey back aoreal
pidot sCanbeay, b what e the magor cedas epl s aud pgrangapies and telacionships in

the matbemat s + the reacke g o e though ey have gonde trom sree to trec to

Cree antne mhomat e ol tocest tabing rebatavely cboar statl bite cluse-ups ot

C
L

‘-
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At

exh wne, bur they hive never pinned the entire forest with efther a wide
wgle lens or 1 motion pictuse camera. They knew, for exarnle, numerous tech-
ngnes for f roring quidrat i« 2qoations, hut they go blank when asked why
they <peud <o much time teaching factoring In algebra (lacs, They can perform
rerurately ard otffclengiy operatfons with fategera, rationale and rears, but
they are hard pat ta explain in words a ‘Gevrn(h grader would comprehend just
what they are doing and why,

A
Therefare, 4 najor contributfon would be a ¢ lear and lh;ough analysis of the
‘onceprs and processes of school mathemat ics and of the relat forships hoth
among these clewment ¢ themselves and between them and the more ml.vnm ed mathe-
M fCs we expect our students to study, A second contributfon will he the
dever pment vad testing of effective strategles for facilitatfog sueh wnder.

stindings be reacher educat fon ctudents, ¢ M

N .
We alsa must find vays to make mithematics teachers hecome ptoblem saliner

_.thm".('lvrc. Mosic teathers use thelr cur time te engaze in musical artivivies:
.

pliyiag jnstruments, attending concerts, Il"-(enln;;' to records, Art tefibarps
simflarly engige In painting, photngraphy'. pottery making or the Lik~ . i~
@many mathemat ics reachers are there who reriiy do machematics, who really are
prohlem <olvers in the £4ll <en<e of the upnrd. who elect mathematics as a
personil recreatton? linless we £An turn teachr rs on to the real human wtarvicy
of mithematis «, they and thelr students will continue to <ee mathematics as

sopcthing "ot there” apart from themypives, ‘ >

Thic Is related ta the next question: How do mathematic s teachers percefve
mathemit 1< Recont studiee have produced a prepondermce of pvidence that
tevchers sac mathematbcs a. essenttally comput atdonat In niture, consisting of
pre ‘e rules and formulas, and primarily justified by the lmpnr.lnmr- voeach
topic For suhsequent topice and courses.  This prompts the additional que<tion:
Whehr, how IQIHKII what contexts do tearhers pply their knowledge ta their
#eaching’ How docs their knowledge of and abaat mat hemat fcs nf'fn(l their
teaching” For example, <Io’in'.:ﬂvrq really comprehend the goals ot the "Apenda
for Action” snd qlmi}.1r statemeats? (A good eximple frequently accurs when
fintussing problem solving where mathemit fes educat 5o« mean one thing hut many
tey bher who bear them asayme they vie talkine onltv ahonr the ‘'starv prablens!

in the rextaat Do teachers recognize mathemitic b aspects in other domains of
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haman o tavily and kimmdodpe by pond the vary awelane caitculations aad wattmetad?

cibare costiuc el methods amdacate it they dotlerentaate thoar teacbang
ol comepts ur pramciples trom thear ledl,llll}:“’u' shalls sad adgorichms’  llow do
they diaw apon therr hnowlede . and experience to nterpiet pupsl behaviors
and to i agiose puptl ueeds?  Can they -- more important, do they -~ suggest,
destgi it amplesint abteonative teaching st rategies or vopics tuctuding the
wse ot apstiuctlotal approact > oaot i huded ta o thear texts? 00 o they, as
studies auggest, merely  orfect the humework, go over a tew examples, then g ve
}6; humewark?  bo they use materials wne cedaotugy purpusetully in teactinmg’
o that maties, do they u e them at all?

* r

Flowing puite scahidy cul wl such questions about kinuwledge come questivus abuut
o cmse Whivt varcacabar, sastructional and spwagerial dedssions do teachers
ke ' buraing the ntudl toadhing actavaty, which sues and how many ol the
toacdive's actruns represent conscious dect stons and which ones dre automat ac
sptne t 0 What pupid, corricalar and envarunmental variables do teachers
voopd Lo bow!' Arc teachers aware ot anconsistoae es an thear own behavior!?
Fo cennple, hiow olten du teachers realbize that they have answered thess own
e Ehebs of Lhal they bave acoepted 4 puptl's example when what they asked tor
Wi, b b banttron’ 00 teacbers really bear (Listen to? what pupils «a and do

they 2lyasc theare behava Wd tespunses 11 acentd with goepat comnens o
-

Boah e wvapic Us ol kuawlodge and of decistous recalt the research ot P gy
V70 who s adincd the el boctual development of cullege students.  1ts
Conut wis Lo laciabe stagos through which coblege stodents pass dion dualyam
whott the y view ihe woa IAI- as black/whate o right/wrong, through multaplicaty
Whote thy can corpl o meedtaiiaty and diversity of opiniun, U relat avism aud

ped v il conemitment . Porey's wonh saases amportant gquestions tor mathanat 1cs

[ TORYRRPIN Fot wxambrey one thiiug bregque ity observed as typro b of ander -
Atcluale mtho be v by s when they have completed o microteaching lesson. The
s ter mey gk U coexplioin why they bave used d patticalar approact os
ample or wtavsty o gustructtansl sequence.s What one s duoktag tur 1s g f
tibieude thd anticste s that they have thought about the goalts ‘0' the lesson

ol b b conn boue b Cronst o deds stons e Wit obe Liad o anstead as that

voovun o the quesit v v poscdy bl the notebooks tly apen od al) the pens

Za
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oMo ont heo sveee cbs DL Lacs expect ghat they are about ta be told the “right
wiy™ tn 1 the lesson.  This soggests that many preservice teachers my be as
yer quite daalistfc i~ their thinking, a position not fnc ompat ible wity the

ot ron that mathematics is it se IS TIENT/9TonR with precise rules ind procedures.
We ueed muh more knowledge ahout the developmental processds of m.nlwm.u‘m
teachers and the w.ys in which that development s contoupded hy the nature

of the sobject matter Jo order to design pr‘ugrnnn that are .1|'1propr ately aimed
tar the developmenial 1svel ob the students. We also shall bave to take account
of these varrahles when we set teacher edutatton goals that espouse the open

entdedoess tnd creativity of problem solving as a central focus lorxt'o-uhing.
-

»

V:' also need ta koow what teachers think ahout pupi ls, what they tommunicate

to pupils whout the pupil‘s ahility and goals in mathematics, what they expect
from pupils n;~l what they exffect from themselves. Fun.her. we ueed ta ask what
we expect from teachers before hey enter teaching, at the time of entry, during
the early years and heyond. For example, many expectations for beginning
teachers miy (orrespoad to the comprehensirn and application lavels of the
tixonomy while many of the Mgh:r level competeniies of analycis, syonthe«is and
evaluation will be more appropriate expectations for teachers with experience,
altheugh our axpes fatfons should fnciude some Competencies ar conh lrevel fos

all v hore,

¥hich af the porls that we propese are actually ohserved ip the iepetohre of
mathermatiis teachers at varions ages? How congrdent are teaching practices
and the guals o) education in the 1980's and heyond? How do teachers’ attitadey,
hﬂh.wior\ and <kills change pver tim with and without educat ional *utervent fons?

Nh.n kinds of interventions are most effective in lur!hvriny certitn changes?

Hhat are the rewards hoth Internal aod exteinal that awcrue vo teaching?  What
attracts persons to teaching?  What keeps some teachers irn teaching while ofhers
teave! Wht aspects of education heyond classroom teawching should we he
devetoping .|.m| teseatthing” = How can ye structure our praduate wil inservice
programs <o that they continde the svstematic nd evolut fonary develapmont of

teaching campetance hegun in preservice programs?

Bede «m we mede] dosited teaching styles md rategies 4n our own teuher

. .
adic i pondd prog s’ D owe, for exospde, tedrh vur college mathemat fos courses

8§
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E

with problem solviog o the cenrral tucus® Do we use awdia and mat crials

2
purpusetuliy’ bo we, 10 vur methods couises, employ the same vacsety ot N
ld

teaching sl(.l(e?ne\ that we tatk about * Are the covperating teachers we weledd
N

for our student teabers madils o these seme teaching-behaviors? 1t not, iow

cen we develup (ouperating teache > who are? ~

: \

)
These are -ume exaaples of questions that tedacher educatson research shoubd

. A
address 11 we ave to destpn programs that will cquip teadher s to meet the needs N
an ) Ctoblenges of tdday and tumorrow.
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PROPORTIONAL REASONING OF Ehkﬁ
ADOLESCENTS: COMPARISON AND MISSING VALUE -
PROBLEMS IN THREE SCHOOLS

Robert Karplus, Sweven Pubs, and Elizabeth K. Stage

Group in Science and Mathematics Education
Lawzence Hali of Science
Universily of California
Berkeley, CA 94720

ABSTRACT

Elght lermonade . vzles requiting proportional reasoning 1o comparé
ratios or find missing velues ware sdminisizred to 263 cighth graders in
three urben schools with various achievement levels and mathematics
progame  Missing velue problems with an integral ratic were more
difficuit than comparison problems with equal integral ratios. but easier
than compeiivon problems with integral ané non-integeal ratios  There

wete only minor differences in proportional reasoning between boys and .
gitls in the same scheol, Bui smong the schools proportional :sasoning

mitrored the differences fn school environment and smathematics .
achievement,

o~ .

Recent investigetions of sdolescent, yroportions) msonlng“ve made use of msing vaiue prob-

tlema (Karplus, Karpius. Formisano, & Paubren, 1979 Karplus. 1981, Rupley, 1981) ard of comparison
probiems (Noelting. 1678, Noelting, 1980, Kasplus, Pulos, & Stage, 1980 -- to be refetred to as KPS)
The ptesent study was designed to clarify the r2lationshly beiween these two types and 10 extend dala
about both to 8 more iversified student pupulation then hsd been employed by Ki5 and Noelting
(1980) This study was designed to answer the (ollowing questiony

What differences in reasoning sre elicited by tasks that requirc comparison of ratios versus lasks
that requise compuistion of & missing value? .
How can Ihe students’ performance !esd to s hiermichical scale of propottional reaseaing? *
What diffesences in proportionsl reasoning are observed among studerta from different school
environments with differing academic schievement fevels?

THE LEMQNA&E PUZILES
In the lemonade purries, Juhn and Mary prepe:e lemonade concentiate by diseolving & certsin

nuntber of spoonfuls of sugar in 8 certsin number of ogoonfuls of lemon juice For itvtance, John
mght use two spoenfuly of separ snd tén spoonfuls of lemon juice. white MII’Y‘USC! thiree and iwelve

50 | ‘




[-—-»;- spoanton, reapadtyely _ . -

Laghi puzeles were presented to each subject, with the anwsunts ol sugdr and lenion Juke givenn
lable 1 The numernal values were chosen (o snlude integral 1atws in cah puzele’in the expettalun
that this would lead to greater use of prupariona! reasomng than fuund by KPS Two puaskis (WBX
and WX a), which had uncyud! integral ratius within the reuipes, were constructed o determine
nhﬁhcl propurisinal reasoning would be used more extensively than on puzeles wilh an integral and 4
aun sntegrat ratio within the reupes (puzeies WX (KPS) und Wx-b)  Funtherntore, thres missing value
puszles were induded o provide o more,definstive link between them and compansen problems than

had resulied fron the use of 1he adjustment Juestion 1n KPS

\ " Table 1. Data Used In Lemunade Puzzles .

Juhn's Mary's John's Mary's

.

Sugar lemon Suger Lemon

L U 4 emm e . -—ae

Sugar Lemon Sugar lemon

Item WHy [} 2 1 o lten MWB; 1 ) 2 ?
20 Item M4 4 16 6 ?
8 Ttem HB 3 7 6 7

lcea W 3 12
‘ lten UBIX [} 3
(e WX~ u 2 [[V] 12
1tem HX-b E) 16 20

« a e mme—mee- - ————— —— ———_m e - e s ,

W

S .

W: within rectpe ratfo integral X: uvnequal ratious
8: betwben ceclpe ratfo integral M: missing value problem
L: unit arvunt

THE SUBJECTS
The subpects of ifus study were 263 eighih graders from three urban schools within twe miles of
ure anuther 10 ihe San Franusio Bay Arca  About half the stodents were boys and half were gils,
wled ted randomity from students who were 1n atiendance in regulir mathematis wasses white the

resear<h was condusied

Ihe schuuls were chosen for theit academie and ethme diversity, representative of the high
aunotity wopulaun i the iy On the CT8S standardiz=d achiesement tewt (CTBIMUG.aw Hil), 1975)
wed by many Calilornia schuol destriees, for gnstance. ninth graders from Schoed A sured at the 10th
peiceniuke un the nativinal nuinn in methematies and at the 561h percentile 1n linzogge  Schaod B sto
dents sored at the 65ih and 435d perecnaiies, rzapechively  Schuul © stodents scored at the 31st and
th per.gntiles, respeciively .
Oiffucoees tor example, among the schools' mathematied progrags corresponded to these
e verient fos 1esulls Schuu' A's facolly chose tierr teats and liked them, and most of the aighih
gradue sy siudivd proporiuns  wguations, dnd geomeiry  Schools s facotly were gencraily sahistied with
heir texls and Laughl propoitions in conjunction with fru s, percent, word problems, and uther
wpwes Shoal (s fauby, whuh m‘dudcd nu member with & Jeglee e mathematis, were generally
dissatishicd widi icats and icahing mdlenials becaose, amung wdher fvasuns, they found them unsuitable
tor the tange ol abeir siudynis’ skitls  They covered Dlop()l!‘luns tn the cighth grade unly in a ate in-
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the ycar ur « on percents  In eum. xhool differences conmist of differences in facully. curriculum,
teaching stytes. achicvement. and nther factors

PROCEDURE

TFhe Lemonade Purzies were sdministered in about 15 minutes dusing a 40.mifate interview
The intervicwers were male and female inembers of the ethnic groups represented in the participating
whooly Each itern was read aloud by the interviewer, who asked the feitowing questinns
Comparnon puztles -- ) ’
I Will the two concentrates tssie the same?
1 f{after the response to #1) How did you come up with that answer?
3 (il response M1 indicated unequsl taste) Which one tastes sweeter?
4 ' ;h"ﬁ;f‘{he response to #3) Please explain your answer
Missi a3 Value nozzfes -
1 How much lemon juice does Mary need to make her concentrate tasie the same as John's?
2 (alier the respons: to #1) How did you come up with that arswer? ’

Questions 3 and 4 of the’ comperison puzzles were sometimes omitted or combined with Questions 1
snd 2, because many subjects stated which concenlrate would taste swceter in answer to Question 2.

SCORING OF DATA

We classified the students’ cxpmutlom in answer to Questions 2 and 4 into the (olinwing four
ategoties ,

Categoty | (incomptete, iliogical)-- don’t know, guess, insppropriatc Quantiative or qualitslive opera-
tions

Category Q (qualitative)-. qualitative comparison of amounts referring to all four inzredienty (more
stnngent thap Category Q in KPS)

Category A (additive)-- using the data lo compute and comfare dilferences

Category P (proportions)-- using the:data to compule and comptre correct ratios, possibly with cnth-
metic errors {the same as Category R in KPS)

Ve atw identified the data compavi‘sons (sunnllemona = *within® recipe vs sugar/sugar ~ “between®

recipe) that were used

RESULTS AND DISCUSSION

The diatributions of vespéme! smong the categorics are presented in Table 2 No statisticelly
wgnificant differences were observed for boys and girls, so only the combined data are reported  For
reference, we include In Tahie 3 the lrequencies of pmponlomhu:onlng of eghth graders for the
eight campasison rmsﬂ uved in XFS (Stage, Yarphk. & Pulos. 1980) The fvequen;let of propor-
lional reasoning nhserved in the present study were similar 1o those observed with lightly diffevem
lemnnah. puzries in & low minandy community in our carlier study  Puzzics W8 and W were the east-
est, with more than 5P proportional reasoning.  Surprisingly, Purzle WX a was the hazdest. with only
1% proportional reasoming  On .his purzle Lhere was =n spprecible frequency of Ad.diluve responses,

o
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.\uhllc the other conparison putaies chivned sdditive responses only intrequently

Teble 2. Frequency Distributions on the Lemonade Puzzles

{percent, N = 263) '
Compariscn Misstng Value . - P
Category W3, W UBIX WX-a  WX-b MWB) R W B
1 26 34 43 53 %6t 36 9 3 .
Q 6 ] 1T s 6 : o 0 0
A~ 3 ! 7w 9 28 22 %
P 65 51 * 43 24 38 36 39 39 -
1: fllogleal; A: Additive ' .
Q: Quelitative P: Proporuional
P
Table }. Frequencles of Eighth Graderu® Proportional Reasoning
by Puzzle Structure, from KPS end Stuge, Karplus, and Pulos (1980)
Item Wi W ] H wBX WK . BX X
frequency 6> 12 55 n 47 43 35 17

The ‘hiee nussing value puziles had very simibar distnbutions in sprte of the dizorences in the
owurreme of within or detween integer ratios  The degree of diffkulty was close 10 that 94 the unequal

tasie Pudies WB‘X and WX b A substanuad lrequency of addilive responskes ocurred on all chree
mising value puitles

Thrce of the lemonade puzzies in the present study 1acluded one spoonful of sugur lor Juhn's

. lemonade concemitate (Table 1) The presence of this k.. smyunt in erther compsrison or massing
viu+ problems W) not mak+ them consisteatly easier or more Sifficult then simitlar puzeles, wuhout

unit anunty ) .

Cogmitive_elomnents A comparisen of the frequenaies of proportional reasoning on the cight put-
Ziey used @ KPS led 1o e recogmuon Yhat uncqual raiios and non niegral ratios nsde puzides more

Wiffiwn  Accordingly. we now introduce the following five cognilive elements, whnh aré individual
sleps 10 proporhionsd reasoning required an some puzzics and not on others , . '
itk - companing equa) mtegral ratios
Il - comparing unequal integral r4li0s -
. INU - companing an itegral with 4 nos-integral ratio

MVI - hading 4-misscag vatue fof & puzzle wilh an integrat ratin
MVN tinding 4 nussing vatue for a puzele with a nuo-integrat raio

bor evidence of comipeteme with respect to any one of these cogmitive elements, we exantined

r

the students’ explinations to “hnd #t feast une use ol the clement
» \
.

Lur instane, students who  ived

v

'
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Puzzie MB by propartional rcaénin; using a between comparison were :ssox*d‘commlcnce 1n element
MVI, while those who colved the szme puztle by means of a within comparison were asuigned com-
petence in element MYN - Each cognitive elemen? could be applied on one or more pustlss |

'; To identify a hierarchicat relnlioln among the cognitive elements, we tested them ior scplabititd,

We found that elements MV1 1nd MVN formed a peifect scaie. 8lf stud who were L, in
MVN were ateo competent tin MVE (Table 4 - teft de)  Elemenis HE, 11U, and'IHU, hawsver, did
not scale sctisfactorily in any of the xhoots Tatle 4 - right side) companblc numbers of subjecis
were competent in IE snd either 11U or INU but not both.

. .

‘; Table 4. Hierarchical Scales of Cognitive Elements, by School (percent)
. e, ) School School
_Element At B _C__Total Element A___ B C_Total
(none) N (0 (1) (9 {none) (16) (38 (60} (32)
MY1 69 50 27 51 I1e 84 71 37 65
MVE § HV: 23 13 A 14 TiE & 11U, n N
not TNU 13 8 5 9
. I1E & 1HU,
g nottu - 10 N ) 6
Number of 11e, "TI0 '/ FE
Subjects 102 86 75 263 and IRU 52 13 1] 33

———— e -

a: 1Y omitred 1IN
b: )X omiteed IIE

-

\J

-

Al
In r!dllkm to displaying the totnmve elements’ nultbmly. Tadle 4 shows the dilferences in oro-
pottional rexsonios amond students In the theee schooly. Most of the students in schools A and B ssed
at least one tgnitive element, but most of the students in School C did not use propoftinial reAsoning
at ot More thet hatf of ths students in School A uséd all the comparison cognitive elemegts. one
third of the students in School B did the same, but ohly’onc-ellhlh of the School C students did so

Mising_value_puzzles’ Compaing the two sidés of Table 4, one finds that cognitive element
MVI, used by S19* of the students, was Intermediale in frequency between the comparison element IIE
(63%) and either U (44%) or INU (41%), and comparsbie to the unian of 1L and INU (50%) Cog-
nilive element MVN with a frequency of 14% was less widely used than tny of the companson cogni-
tive clemcnl&

Our efforts to cambine the two m!cs/m Tablic 4 were nat successful for the reasans shown in
Table S, which is a contingency table of the two sels of cogollive, clements  The hierarchical sequence
ME) MV (11 or INWY (MY s suggested by these (requencies. but the 14% of subjects who

were exceptions precluded sccepting it
- L]
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Table 5. Contlinguncy Table of tognitlve Elements for Comparlson
and Missing Value Puszlew (percent, N = 263)

!

Coxpariven Eleaments
-

Missfug Value (none)  LIE LIES  NEG HETW, oo
tloeaents only 11v NV and IKY
(none) 29 11 5 2 3 49
W1 only 4 "6 3 ) 20 n
HVN & HY 1 0 ) 1 1 11 14
“foeal » 1 9 6 » 100

n r = s o v o > — T ——— . o - 4 foim pr mmm  —  mapm——— — - — Sam

tlogral and sdditive reasoning Though the frequenics of proportions:  _woning of the present
study were similar 10 the hadings in KPS, the frequencics of addiive and dlogical reasuing were not
The use of adhuve resoning was much lower thao ;hll reported earlier, and tlogical reasoming was
used mwore frequently  Furth ¢, iogral 1 g vared substintially from 2 low of 26% on Puz
e WH 1o 4 tugh of 53% on-Puszle WX-a, while illogial reasoning hsd been approximately uniform
for all enght puttkes used in KPS When onc examines Table 2 in more deisil, il appcars that togical
reasoning ik reawd as propuriionsd ressoning decreased. This result, observed in cuh\of the three
shoots, ditfers fiem lhe‘,ﬁgj{mg of KPS that sddimive reasbning mcreused as proporional reasoning

e U

decreanzd i
)

! CONCLUSIONS .
: d

By mcans of the detinihun of Lognilive clements, i w;;s po;slblc 1o estublish separate seads fur
Pprope 1tional gcasoning on companson and nussing vaiue prodlems  Laual integer comipaison pivblems
were v und b be the casiest uf alf types ured  Misung value probleras with antegral ratos were voin
parable. a diffiully tu ‘Em;'quul" compnson problems with one integral rano ( Missing value prublems
were thendore abyo mm;nf;ble 0 diffkulty to the afustment, problems siktied by KPS in conjuniion
with vocqual tahe Lompsnipony

<

These Tesults sugges} that teschind. for proporiona! reusuming i shuols bke School €, where
whicy sment fevels aiy lowd and the ususl togidouks gre conudered inedequate by many teachers, mught
wili begin $in Cuua m|3c1 wmgatson problems thag irddude unit aad gon unit amoums  Tho igh
treunenicy o dlugieat md,quuli&uvc responses, however, also lead to the wonclusion that the guanuta
e dennpuon of 12upe l:gt:dmm:. amouns of moacy, imes disiances and cher vansbles should
feceive atiedtion even bel’?rc el quanntauve rehsionships like wonstans mwg. conlant sunls, or
wnstant differences y o

N -
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9.
PARTITIONING ARD UNIT RECOGNITION
IN PEIFORKANCES @N RATIONAL NUMBER TASKS.

Toin Kieten and Doyal Nelson
University of Albertae

There appears to be a marked contrast betweern what children and young adults
could know <4bout rationa! numbers and their performance on rational nucber
acnievement tests. For example Vinner et al (1981) found numerous errors in
simple addition tasks such as 1/2 + 1/4. Two algorithms used by round acults
in his sample were 1/2 + I/k = -;——:-1"- - % and 1/2 + Y4 = ﬁ-{—l - % wWhile
Vinrer et al do not describe the rational number constructs of their sanple,
one might conclude that <he users of algorithms such as thoss have either do
not have a well developed rational number construct or at least do not reiate
such @ construct to the task of adding. For example, if rationd) nuabers {or
some subset thereof) had a quantitative base, then & child might know 1/2 +
I/k = 3/6 as a "basic fact™, that is a well kaown description of experience. A
no;c sophisticated quantity basued judgment would be that 1/2€1/2 + 176 <Y,
—lhu§ the numbers 2/6 (being less than 1/2) and 6/4 (being greater than 1) were
not p‘osslblc candidates for the sum 1/2 + 1/4. In such cases rational numbers

would have a meaning beyond a sy tem of two part symbols to be manipulated.

How does & person, in particular a child or young adult in his &r nper first
9 years of school, build up a meaningful system of knowledge
bers? Kieren (1981) has developed the thesis that such _eGnstruction tosults
from or at least entails the coordination of at least/f!vc Jdlimensions. The
first of these is matbematical in nature. Because rational numbers are a
complex phenomena, they represent a number of distinct sub-constructs such as
measures and operators (Kieren 1976, 1980). Thus a person must have cfithemat-
ically diverse rationat nusber experiences, representing both the additive
and multivlicative nature of these numbers. A second dimension which ref lects
the first is the diversity of images by which a person cen “picture’’ ratiqnal
nurbcr jdeas. The third dimension is symbolic. There are two knowledge
building problems associated with this dimension. The first is the use of a
pair of integers to depict a single entity. The second is the fact that the
fornal symbolism (e.9 , 3/h) needs to connote and Indeed be built upon a var-
iety of informal synbol systems which r=late descriptively to diverse physical
situations (e g., 3 divided #ong 4, three of these fourths of a unit). A

fourth dimension is psychologlcal in natuse. In particular, one might sk
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sbout the capabillties needed to understand a number such as "2/3". One
might speculate that procecsslng represented by class inclusion tasks mlght
be basic to being able to use the appropriate unit in developing rational
number ideas. Hoelting (1978, Noelting and Gogne, 1980) suggest that two
staged processing would 21so be necessary {e.g., 2/3<'0/1 because 2/3 = L/6 A
4/6: 7). The complex nature of rational nurbers mthematlcnlly and symbol-
icaliy suggests complex neuroiogical qnd psychologicei processing as wall.
The fifth dimenslon concerns the mativemstical thinking tools & person uses

to cope with and devalop rational number |deas. S;uch toois may result from
direct instruction either formally or ln;ormally. Vith respect to whole num-

bers one such thlnklng tool or constructive mechanlsm is counting. Three

mechani sms usefpl in ra*ional number ides construction are unit recdgnition,
equivalence (as a thinki g tool rather than a formal mathematical notion) and
partitioning.

it is beyond the scope of thls essay to further elaborate g}l five dimensions
described abcve or to detaii their intaraction. However, much as unit, suc~
cessor, counting and corresponding ace critical to whole number development,
the constructlve mechanisms rentioned above are critical to rational numbér
development._ it is the purpose uf this paper to discuss in some detaii the
mechanisms of unit recognition and partitioning. This discussion wiil cui-
minate In the consideration of the work of students in grades four through
elgit on four kinds of rational nuwber thinking.

Constructive Mechanisms

“ Unlt Recognition ir a stydy of parformance on number line tasks Hovillis

(i3R1 in press) noted that grade 7 students had diftlculty in identifying
rational number points such as 1/3 on the number line in face of a line of
2 rather thln one unit of length A common error was for the student to In-
dicate the oolnt 2/3 {one zhlrd of the way from 0 to 3 on the number 11ne).
tabcock (1978) fvfzn o basal measurement tasks involving frnctioml parts,
that choosing the unit was difficuit for students in grades 4 and 6.

There are several ways in which the concept of unlt and the mcchnnlsmoof unlt
recognition manifest themselves In the context of rational numbers. Hunting
(1980) considered the case of unit recognition under a discrete part-whole
manifestation of rational numbers. U"us‘ln finding 2/3 of 12 objects one must
consider the objects as units then thiras as unlts of units (sets of 4) and
two thirds #s a unit of unlts of unlts, (8 set of 2 sets of 4 out of 3 such

c.’{“]p( -




'

sets). In this case choosing or identifying the unit is a 'What shall we

count' ‘problem.

Althoudh this toncept of unit as # set of {one or more) objects bas use in a
parts of a whole concept, It is based on an atomistic concept of unit. A
+ ,rational nwrber umit, tn general on the other hand is o partible one, at least
in theory. Recugnizing objects as at once units for counting and as partible
¢ umits 13 one level of the unit recognition problem. Pothier {1981} found that
young childreny{s - 6) had difficulty dlvldlng’7, %, or even } cookies evenly
between two children, Ii\ each case they found they had an "extra' or "too
few’ cookses (i.c., they saw cookics as counting units). When asked to divide

one cookie between two children, this unit concept suddenly changed and they

“shared” the cookie (1.e., they saw the cookic as a partible unit). After
this prompt, they could easly scive the other sharing problems {v 72,2172,
3 1/2 cookies pes person)s

Another rational nueber unit concept is unit of comparison. TYhus when one
ties the nuaber 3/ to some reality one says 3/4 of something {quantitative).
i une (ons iders the wultiplicative manifestations of rational nusbers {ratio
nusbers end operators) the role of this unit |s more abstract and algebraic
in nature If a person Is Jpplying rational numbers in a ratlo situation, a
unit or "whole" must be arbitrarily selected. For example, in 4 group in
which there are 3 girls for each boy one might say that 3/4 of the group are
girls but would be less likely ‘to say there are 1/3 boy for ecach ygirl. Fin-
ally i1n an operator setting a 3/4 operator maps one Quantity to another and
the unit of comparison Is the unit or identity operator. Here the rational
nutber 1s describing a relationship and not @ qQuantity, hence unit has a spe-
cral meaning.

The last thinking toul or thought-action to be conside‘red is partitioning -

the act ub dividing 2 quentity into a given number of partt which are

thems elves quantitatively equal. There are @ number of levels of this
behaviour (Kisren 1980, Pothier 1981).

T 7 The first Teyel of partitionify takes two foras cither fotussing-on the _
-

separatiun into the correctfnumber bf pelces or an equélity of picce or part '

size without reference to numkar. A second levei Is a combination of these

two with @ division into the given nusber of parts, followed by an atteipt to
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“even up" the parts. The third level s algorithmic ¥in nature. This is shown .
for example, in ''dealing out" behaviour in the discrete case or successive
o

halving behaviosr in the continuous casa. A key feature of this partitioning

is that the child is convinced that the action guarantees a partition. it is
Important to note that a person could have an aigorithm for a particular
situation-(e.g., discrete object, or eighths) but exhibit first level beha-
viour .1 other situations (e.g., thirds). A fourth leve! entails the relat~
ing of the result of a partition to number {in particular rational nurber s},
Thus while aﬁlgorlthmlc partitioner is certain of the cqual nature of the
partition, the numerical partitioner can answer "how much" or "how big* in
rational number terms. Roth persons would be able to solve a particular prob-
lem. The Iatte\r would te able to integrute the experience into o wider

mathematical context.

The interactlon and the need for coordination of the dimensions of knawledge
building exhlbits itself in the partition act. Partitioning differs depending
on the nature of the materts! to be partitioned. Some catcg&rlcs of parti-
tioning tasks are discrete {objects which cannot be suddivided), contlnous
(e.g., a rectangular cake), dliscrete but continuous (e.q., mini-plzzas which
are both covating and partible units), continuous but unitized (e.q9., connec-
ted paper towels), continuout but prepartitioned (e.q., & scored chocclate

bar), and discrete but unitized {a dcsen eggs). 4

There is alsu an obvious connection petween partitioning ond division. In o

fact, the standard divislon aigorithm symbolizes standardized partitioning
repeatedly by 10 and sharing.

Theoreticaliy the three thinking tools allow a person to generate rational
rumber ideas. Partitioning, equivalence (quantitative', and unit recodnition
allow a person to reatlze when 3/4 = 3/4 (e.q., different partitions of the
sam® unit) and that 1/3 can be greater than 1/2 (e.g., 1/3 of a large unit |s
greater than 1/2 of a smaller unit). [Equivaience and partitioning and unit

recognltion generates order and denslty properties. Partitioning and first

quantitative equivaience agnd 1ater formal equivalence allow for the notion of
addition, while internal equivalence as well as paititioning can be used to

yenerate multiplication.
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The question s - do chis ldren and youny adults exhibit any o_f these thmkm;
tools when faced with ratiunal number problem solving tasks® To answer that
Question the complete (written) protocals of a random sanple of 52 grade 6,
7 and 8 students as they worked on four rationa, nusber tasks. These proto-
wls were selected .from those of all grade 6 pupils™in two schools and all
grade 7 and 8 pupils in a large junior high school in a small Alberta cl!ﬂy
with a mining, lumbering and petrolc-um based economy. These four tasks were
part of a larger Rational Number Thinking Test {reliability .92). They re-
qutred the test tadker to figurally share pizzas or chocolate bars among a
aumber Of persons and to report the amouat of each fair share. Ffrom a
sathematical point of viewytwo tasks involved positive raticnal numbers less
than onec and two used ratlonals greater than one. Two tasks lnvolved per-
forming a divislon of pre-partitiored units (chocolate bars), on ane of these

-

the partition could be used to directly solve the problem.

Due to the scope of this paper, the analysis given below is limited in two
ways. First, it is limited in the kinds of tasks analyzed. Second the ana-
Tysis focusses primarily on the partitioning mechanisme used and in a secon-

dary way on unit and equivalence.

. . Results
The results of ihe protocel analysis are sunmarized in Tables | - 4. The first
categories in the four tables were first derived independently by the two in-
vestigators. After clissification was attempted using each set consensus was )
reached on final categories. These categories m%ugh grounded in the data,
represent & close match with prevlious theorizing an partitioning {Kieren, 1980).
Using derived catedorles there was a .97 coefficient of agreement between
the investigators on the indepéndent clatsiflcation of Individual student
task proiocals. {
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Discussion

. I a——— M .
As’one can see the response categories are Similar across the four tasks., In

fact the active categories could have been'collapsed to three.

The flrst of these would entai! a.physical exploration with an evening out of &
given number of parts used as a strategy. The categories "halving'', “chords",
“ignoring remainder' would fit here. The second collapsed category would in-
volve behaviours which could be s3ld to entail a physical algorithm and would
Include the "'sequential, "repeated division", "2 radl1", "3 radil" categorlc\s. )
The third general Category would be mthemtlé!_l_. from a study of protocals

this cateqory collected procedures In which the S;Jb]lct appeared to solve th.*
problem s?n-bol!cully and then drew his or her representation. Such represen-
tations always entalled only the fewdst physical moves.

The use of a more extenslve category system was done to illustrate the wide
varfety of constructlive partitioning behlvlqur used'by these mlddle school
puplls even though the problems should have been relatively simple for them
mathematically; with the exceptlon of tha "3/&" problem, over two thirds of
this u:nple atterpted to use a physical prob.lem solving approach. These
approaches usually showed an attentlon to the nature of the problem. For
¢xample, one grade 7 boy dellbers® 'y partitioned each”of & plzzas in 3 dif-

frient ways to ensure that a person's’fair share of "four thirds" wasn't Jeo-

pardized by the systamatic mistake In cutting.

Pothier (1981) In a study of partitloning behaviour in children aged 5 - 8

~ ‘suggests that non-unit fractional numbers arise from combinstions of a unit
fraction partition. A study of these categorles shows that particioning in
non-unit situations goes beyond the simple repetitlon of simple partitions
le.g., repcated divigions). Further such acts are Influenced by the partit-
foning situation - contrast the restits for the two "4/3" problems.

Two gener;l p‘crformncc patterns can be observgd In the data. With the

exceptica the "4/3 chocotate bar” problem, there Is a dramatic Impravement

In performance with age. The largest chenge In correct performance otcurs

from yrada 6 to grade 7. Yet In terms of categorles the grade 7 subjects dif- .
fered from the grade 8 subjects. The grade 7 sub)écts appeared succes‘sful
thrmu;ho the use of physical algorithms wharas the grade 8 success was based

.
on mathematical solutlon. '

The impact of the physlicsl situation Is seen as contrasting performances on
the two pre-partitioned problems. In the case of the '3/ pfoblem the
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partition fit the solytion. In this case many students considered the unit
to be the *pisce of the bar* and gave the hathematica} solution 24 + 4 = 6

pletes. “This problem and ttrategy sppeered casiest for the sn;b]ccts, partic~

ularly the grede 7 girls who achieved significantly better than their male
counterparts. (This was the only slgnl!lcaht sex difference in tpc grade Ievel
totals elthough there are some interestling patterm of category dlffcrences ) .

In relating division end retional numburythe cholce of partitionable unit s

importent. In descridlng the anodnt of the feir share students used either R

a discrete - 't pleces' or fractiona) - :’.‘Uh bar:’ - wnit. In this case of the

374 chocolate ber”, 44 percent, used e dlscr:u unltf "As noted sbove many

students solved this problem as 3 whols ' number division problen. Allthough the .
other chocolete ber, setting had *‘pleces’ only 32 percent 'u..sed a discrete pnlt

here and lects thao Il percent used such & unit in the other two settings. @’

Thus students seemed to ceallze tha fractional naturs of these partlculcr pro-

blems as rcflecud In thelr ualt chotce.

The ,uses o! squivelence mechenisms 4re more Jifficult to observe In thesn daga.
Although this hypothesls would beer testing In cereful clinlcal Interviews, it
would eppear thet students usling physicel algorithms elso malnly use quenti-
tative rather than mors formal squlvafencs thfnklng. This'Is particularly evident
In the sequentiel cetegory in Tebles 3 e~d 4. There was also evidence of

known pair equivelance (173 = 2/6, 3/4 = 6/8, 4/12 = 1/3] in many mathemstical
category performances and e few physical clgorhhm (e.g., diameter sixths in
Tablc 1) performances.

-~
Concluslon o

The data summarized in the tables sbove Iustrated that students can and Jo
use & verlety of Informal thinking methods In solving problems to whith they
relate. Students, particularly those In Grede 7, used physlzal sicorithmlc
partitioning to successfully solve ratlonsl number problems. Such partitlon-

Ing zctivity related to J&Ir perceptions of unit - discrete or partitionable-
um!’uemod to entall a quantltative notlon of équivalence, 1t would appear

that these mechanisms can be sbserved in children's behavlour, might be useful

in a description of how a person bullds up rationel nuaber constructs, and

mnlght be more deliberately considared in rational.nusber currlculums cven for ‘
students In upper middle school grades. Raticnal number knowledge bul it un-
der s3Uch circumstances might better be about quantitative sltuetions, and
not simply fbout symbol ic mantpulation.
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PKOCESS PATIERNS IN THE SOLUTION OF ’ %
VISUAL AND NON-VISUAL PPROBLEMS

Gersld Kulm, Patricia P. Campbell, Martha L. Frank, and Gary Talsca

-

.. Purdue Universitys: West Lafayette, Indisns

The protocols snd probiems from four studies of problem sclving in grades 6
through 9 were arralyzed. Initially probless wers categorized as visual or
non-visuel using Krutctskii's definitions. Solvers vere classified as visual
or nou-visual according to their reliance on uss of dravings snd dlagrans
vhen solv@ng all problens. Analysis of the process-sequence data indicated
thet non-visual probleas were characterized by less overt representation by
non-vigusl subjects. Subjec:srpewiﬁed and vere more likely to succeed in
their sppréachea when the problem type matched their atrategy prefcrence.

N\

Krutstskil (1976) assenbled four difierent asries of non-toutine problens to
3 investigate vh‘ut he defined as two ty;: . of ‘mathenaticel abilitics, namely

the visual-pictorial snd the verbal-l. gical components of thinking. One of
thess ssries was composed of problems which represented gifferent levels of

“viauality,” thet 1o prohblems which, to a grester or lesser degres, suggested
a grsphic or visusl tepmaenu:lon snd problems which, lcco..ding to Krutetskii,
could be solved with eors or less szse by use of & flgural or phto:lnl sp-
prosch. 1his {wvestligstion fsllowved Krutstskii's theme as £t questioned the
intersction of specific subject (preference for figursl varsus snslytic strate-
ales) and task vsriables (visual, or non-visusl probleu').

#
In particular, the prohblems used in four different problem solving studies wers
Cstegorized g5 being visual or non-visual. Thess studies all used the "think
sloud" muthodology to slucidate ths proceeser or strategies ceployed by students

4s thuy solved non-routine mathematical word probleps. “visual and non-visusl

lup-utlon of psper wss supported by the National S.lerie Foundation under
Grent HNo. SED-? & Any opinions, findinga, con.lusions, or recomarndatjions

'(nprund are those of the suthors and do not ﬁu.cmunrily refledt the views of
the Nstionsl Science Foundation.
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solvers vere identified. Yollowing coding of the protocols, the process-sequence
dats were snalyzed to determine (1) the ease of representstion of visual and non-
visyal probleas by sll subjects, (2) the persistence of usc of the visusl or
non-visusl solution approsch across sil types of problems, and (3) the level of
succese of both che visual and the non-visusl sulvers when attempting probleas
representing rthe diffacent levels of visuclity.

It has been established that vpstial ability is e good predictor of problem-
eolving pecformance (Werdalin, 1958; Wilwon & Begle, 1972), especially if tha
problems sre "visual™ in Krutetskii'’s gense (Moses, 1978), Information
procesaing theoriets viev problem solving ss a process of gei.ersting succeassively
more elsborate relstiomal natworks among the initial problem coeponents and
smonz additicnal raletiozs end components generated in ths process of schieving
the problem goi e netvork of ralstions vhich s problem solver has genersted
st s given he solution process is cslled ths representstion of the
problem st that point (Newell & Simon, 1972), Resesrch concerning spatisl
sbility has found that subjacts with high spstisl sbility tend to perceive
problems holistically, as & gestsit, whils subjezts with low spstial sbility

tend to have s mors snalytic, placemesl parception of problems, focusing on
datails (Smith, 1964; Werdelin, 1938), Thus an individual having high spstial
sbility ghould be_3cre capsbls of genersting relations snd, from the information
processing perspactive, might be expactad to bs & more successful problem solver,
cn:no (1977) propoves three critsris for evaluati.ag the "goodnésa” of under-
standing in e problem solving situstion. Good understanding involves schievesent
of & coherent rapresentstion; rapresentations can vary in ths degres to which
their componants ars relsted in s compact structurs. Note that en individusl
with high spatisl ability would bs expsctsd to sxhibit s high degree of coherencs
in problem raprescntations, Good understending requires a closs correspondence
batwesn the solver's repressntstion andgths problem itself; some representations
way lesd to rather artificiel solutions. Cood understauding also involves
coonectednasay the extant to which e solver’s repreaentstion is related to previ-
ous knowledge.

The critarion of specisl {ntarest hare ia correspondence. According to Craenc'’s
theory, if a subject s preasentad s "visusl” problem, thers w’il be a better
undarstanding of the problem if the {nternal representation is npstisl rather

ERIC - o
s

- ’ «

0
-




-i0y-

L
than aumericsl or verbal-symbolic (Greeno, 1977, p. 76). 1In this study it =as

sssuxed thot such s spatial internsl reprosentitivn would manifesi f{tyelf
through thie use of diagrams or figures. Thus the focus of this study wes to
determine {f there wes evidence to support Ehe hypothesis of o correspondence
between problem type (visual or non-visual) snd solution processcs (sa

4
indicetors of fnternal iepresentation). .
HETHOD

Dsts Source. One-hundred end eighty young adolescents (grsdes 6 through 9)
were Ifdividudlly interviewed by one of four interviewers (Days, 1978;
Hutcherson, 1976; Kilpatrick, 1968; Konain, 1961) ss they sttenmpted to solva
® sst of non-routins methemacica problems. The subjects represented a veriety
of demogrephic cherscteristics from four differsnt geographic locations
(indfana, Wisconstn, Cofifornia and Texss). Ths interviewers were sll cducstore
who were knovledgesble in mathematics and the paychiology of rethematicsl
rellonini. Theseo interviews were recorded to producs a set of tesped procotols
which wers foruarded to che Mathematical Problea Solving Processss Project.
Ths protocols vers thez coded by one of ths four investigstors using a modifi~
cetion of the process-sequence coding schese developed by the Smith (1977) group
and described in Lucew et al. (1979). ‘
The prucess data code.'vnra init{elly anslyzed 0 deteroine visusl (those who
consiatently relfed on dres inge or disgrems ss their aolution spprosch scross
81l types of problems) end non-visual solvers (those who consistently avoided
use of figures and ralisd upon logical rsssoning). Following s ranking, the
27% rule (HcCebe, 1980) ves followed to identify 48 visusl snd 48 non-visual
solvers from the original popairation of 180 subjects. The visusl solvers used
figures oc dis,rems to solva more than a third of the problems they wers pre-
‘lentcd. The non-visual solvers did not uss pictorial represuntations for any
of their problems.

Procedure. Ths method used to sslsct problems for this snalysis wes bssed on
Rrutltnkii'o}cllnnif!cnzlon according to the degree of visuslity in solutions
(Krutetskii, 1976). Krutetskii used s eeries of both geometry and sritheetic
problems. The arithmetic problems wers divided into thrze typee: vicual,

averaga, snd mental. Opinione of teschers, se well se consideration of
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students' golutions, were used by Krutetskii to classify 2 problem. The visual
(V) cstegory contsined those problens for which the essieat mcthod of aolution

ves to use s figure or diagrsn. Tiese problems could slaso be_solved by verbal
teascning, but it was considered to be more difficult to use thst method. The
probleas in the sversge (A) group were spproximately equslly essy to solve
using either visusl or verbal-logfcal methcds. The problemxs fif the mental (H)
category were trhose w‘!ch did-not require visuu. concepts. These were most
easily solved by verbsl-logical reasoning.

Sowe of the problema gvailsble on ths tspes werc identicsl to the problems in
frutetskii’'s serfes. Others had slight chenges §n syntax or context. The re-
sainder of the problems in this study did »not occur in Krutetskii’s problem
series XXI11, but his definftions were used tc cl-«affy them initially. 3ixteen
problems were selected for analysie. For each of these problzus, an snslysis
of the process-vequence codes for all the subjects who sttempted to solve the
probiem ves performed to detersine the proportion ol subjects vho used s figure
o1 diagram in rhefr solution. The 16 problems were then ranked sccording to
the proportiona. Problems which ranked in the upper 27X were clessified ss
visual problems. Problems ranked in the lower 272 were clasaified as non-
visual problems. Thus four visual and four Jon visusl problsums constituied the

problen series for ths remsinder ¢ the snalyais.

¢
Examples of visual and non-visual problems ira given below:

Visual p;oblem: An sirline passenger fell ssleep when he had ttsveled half vay.
¥hen he avcke the distance remaining co go was hslf the (istance he had traveled
vhile ssleep. r.r what part of th: way did he sleep?

Non-visual problem: A cen of gasoline weighs 8 pounds. Half the gasoline s
poured out of ft. The can of gasoline now vweighs 4.5 pounds. How much doea
the csn veigh without the gasoline?

The results of this initial analysies suggest that thsre ate soms problems for
shich s ielstively high percentage of subjactw tend to drav s figure snd some
Problers €0t which few, {f sny, subjects draw {igurea. Howvever, for 8 nuaber of
Frutstskii's problems, evaluastion of the solution processes utilized by the
subjects in (his study did not confirm his classification schene (aee Table 1).

Teble 1 .
Viauai A-1, V1, M1-2, M2-1
| Non-Virual A2-1, A2-2
tiot Classified M2-2, V2, M1-1
Q — N

14 -




ok

-107-

¥raquenqy distributions of tha procal; codes for esch subject and problem group
ware performed st esch problem sslutfon step. Also, for esch process, the mean

number of cccurencss in ths coded sequence string wes coaputed.
RESULTS AND CONCLUSIONS

The enalyses of process codes support thie hypothesis thut vieual and no;-viaunl
probles solvers perform differently. Thess diffsrencas are enhanced on problens
clsseified as eitﬁer visusl or non-visusl. Teble 2 shows ths proportion correct
for ssch group on esch problem typs. The results clserly indicats thst subjects’
solution spproach aatched to problem typs produces ths bsst psrformancs.

Teble 2
Proportion Correct
Subjécts
. v -V
Problem v .54 .36
¢ H-vY .23 .46

When strategy and prob.em typs ars sis-matched, subjscts ars more likely to
sbandon ths problem (ess Tabls 3)L Subjscts wlo raly on disgrans sppesr to

Table 3
Proportion Absndoning Problem (Strstegy)
Subjacts
’ v n-v
’ .04 (. .13 (.
. Probles 04 (.35) 13 (.07)
N~V .15 (.23) .00 (.15)

bs wore liksly to changs thieir stratagy, especislly when solving visusl

problems. Psthsps the disgrsms do not offsr sufficisnt aupport to finish the
preblems, making 8 new spprosch necesssry. At ths ecms time, ths extarnal rspre-
sentstion makes it possibls for the subjact to lsave ths problea vithout ioces of
the underetanding of problem rslationships. Ths disgram cen thus ssrvs as s
devics which supports flexibility in the solution epprosch.

The most important function of a diagran is to s{d in understsnding and rspre-
senting ths problem. Tabla v prosents the sequencs of solution steps snd ths

Aruitoxt provided by Eic:

RIC - 11y :




RIC

Aruitoxt provided by Eic:

~108-

use of the prucers thst was coded as "separstes”, thst 1o, the recognition of
Pro,lem elements and relsticnshipa, It sppesrs that on non-visual problems,
tbe subjects vho nre less dependent on disgrsms exhibit less overt snslysis
of the probles. They mey understsnd the problem more completely during the

Table 4
Percent of Subject Using “Sepsrates” at Each Step

Solution Step |
Kubjects | Problem 203l s s)se]l 2] als Ti
Visusl v 40 19 12 10 10 12 4 ] 12
x-v 31 31 0 ] 23 8 8 8
o R e N Y A I 0
Visusl N-v 21 [ 8 0 8 6 10 0

initisl resding thsn do the visusl solvers. This differance does not appear

on visual problems, indicsting thst the internal representation 6[ these
probless may be more difficult. The lack of & difference on problem types for _
visual solvers provides evidence thst any internsl visual representstion thst
tl£e| placs during the initisl resding does not reduce the smount of processing
necesssry lster.

-

It should be noted that these results do not attempt to categorize o1 chsrsc~
terfze subjects sccording to visusl imsgsry or spatisl sbility. 3ubjects may
draw disgrsas becauss they csnnot visuslize (Moses, 1978) or becsuse thsy do
visualize and wish to represent these images externally. These dats sre being
snalyzed further to provids othsr {nsights and explanstions for the differsntisl
success in problem understsnding and representstion.

,
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} CHILOREN'S CONSTRUCTION OF BI-DIRECTIONAL EQUALITY A TEACHING EXPERIMENT
|

This paper describes a teaching experiment with second-grade
children designed to provoke a reconstruction of their uni-
directional view of equality in the context of equaj}ity sen-
tences at higher levels of mathewatical relations. Piaget’s
developmental-constructivist framework served as the basis
for dérigning the intervention and the selection of children.
This study sheds light on the process of reconstruction as
well as on a method of interacting with children that facili-
tates this process. Although novel notions of bi-directional
equality vere demonstrated by the children in differcat situ-
ations ducing the 12-day intervention, total integration of
the -concept was not achieved. -

- INTRODUCTION

Although mathematicians wake no distinction betwcen left and right sides of equality
sentences, elementary school children do make such distinctions. Whercas mathema-
tic1ans view zquality sentences as equivalence relations having reflexive, aymmetric
and transitive properties, children read their own mednings into the symbols.

% Interviews by Behr, Nichols and hrlvanier (1976) and by Van de valle (l9\80\) reveal

that clementary school chiilirn read narrow meanings of cquality into cqunlit‘y sen~_ __

The rescarchers also report the children's resistance to those relationsa

thst mathematicians find "implicit"” in equality sentences. Most children reject
equality sentences written in the following forms, 8 » 5 ¢ 3, 5+ 3 =6 ¢ 2 or

8 » 8, correcting them to conform to a rigid left-to-right format.

Equalsty SCQK""CP thild's Reaction Resistence to Equivalence Relations
8 =5 ) Wrong or batkwards/ Doesn’t grasp the symoetric
) Corrects as 5 ¢ ) = 8 property of equivalence.
5 )= hoe? Wrong/ Corrects as Resists the transitivity property
5+ 3v8and 6¢2=8 of the equivalence relation.
\ =
4 =4 _ Wrong /Corrects as Unable to ascribe meaning to &4 = 4
LmbdetOorh ¢4 =] in terms of the numbers being the
same.
o .
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« either on the right or lett side of the equality sentence. Denmark concluded

-1i-
Also, tnutead of talking about the =" sign 1n terms of "is the same as™ or "is
A

another nage for,” most children refer to 1t only as “equals.”

They explain the
s1gn as # "do something signal” far finding the answer or separating 1t from the
problem. Whereas mathematicians view the equality sentence as a rep;e-entafion
of static relations of equivalence, elementary school children tend to view it
as o representation of action on objects. An arrow pointed to the right (~d)
would be more representative of clhirldren's understanding of equality than the
mathematicaans' equality sign (Hichols, 1976, Denmark, 1976). Hot only does the
concept of bi-directional equality appesr to be esuc:ve for elementary school

children but for high schoolers as well (Kieran, 1980).

Despite the resistance of elementary school children to novel formats of ¢quality

sentences vhen presented rm writing, their responses to oral statements of equalaty

%re sore flexible (Behr, et al., 1976). Hany children will accept statementas such
L} 3

as, "Eight 1s the same as five plus three," as being correct. Thus, in many chil-

dren's minds there exist oppusing vitws of equality of which they seem unaware.

thildren's 1naBility to interpret “=*

as a bridge between two quantitatively
equivalent expressions may be the direct result of their instruction. A survey
of primary school te&tbookq 10 mataematics by Denmark (1976) indicated a lack of
systemstlc instructiun i1n equality as a relation. Giasburg (1977) points out that
children’s umidipectional view of equality is consistent with the single model
prescated xn.fﬂ; textbooks. Van de Wslle (1980) attributes children's narrow view -
.ﬂbf ;qualxiy‘gél;hc format of workbocok presentations of exercises as tasks for
which answers are to be determined, e.g., 5 ¢ 3 = . Therefore, the limited
treatment of equality 10 most elementary textbooks may be the cause of thi limited

view of equality held by children throughout the grades.

The jreceding hypothesis was tested by Denmark (1976) 1n a Zeaching experiment
with first graders having no prior instruction in equality sente.aces. For several
months, children were exposed vo a variety of sentence forms which could be
modeled with objects on a balance. At the conclusion of the experiment, the chil-
dren demonstrated greater flexability in reading and accepting different sentence
forms. tet, nearly all of them viewed equality as uni-directional, regardlesa of

the weitien form. The equals sign still indicated the” location of the answer,

O
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that the first-grade children’s limted view of equality relations was not explaingd
solely by instruction and thst their ability and intellectual development were also
contributing factovs. ,

’0\’

Piagrt’s developmental constructivist position predicts s uni-directional view cf
equality for preoperational ci.i'dren in terms ot irreversibility in their thinking
about the psrt-part-whole relstion. On the other hsnd, it suggests thst the emerg~
ing logical operations (reversibility, compensstion, identity snd transitivity) in
the concrete operstionsl stage of children's intellectual development sre cspable

: : s e : . 9.
of supporting the construction of ti-directionsl equality. These assumptiops were

" spplied in the selection of children for the tesching experiment.

Another sssumpticn >f Fisget's developmentsl-constructivist Po-ifion is that chil-
dren construct their own mathematicsl relstions through intersction of existing
corieptusl structures snd their environment. Lescning experiments deligned within
Pilgek'l equilibration model (Inhelder, Sinclair & Bovet, 1974) have demonstrated
how children’s reconstructions at higher levels of understsnding csn be provoked
by intensifying this interaction. The tesching experiment, described here, was

designed according to Genevan.guidelines.

PROCEDURE

Preliminary Interviews with Children. Since children's new constructions will

integrate existing ones, it is essentisl to first have an intimate knowledge of
ckildren’s views of aquslity. A series of three clinical interviews with thirty
sccond-grade childicn over & four-month period produced 8 pool of information on

children's rosponses to s variety of tasks pertsining to equslity.

Selection of Though-provoking Tasks. Tasks likely to pruvoke children to rethink

and to integrate their existing notions towards bi-directionslity were identi€ied.
Different cowbinations of these tasks were tested with the sbove children in the
third interview. Combinstions of tasks thst resulted in either disequilibrium or
psrtis! reconstruction for some children were retained for the tesching expcriment.

Examples of such tsska sre described below.

.
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Task

Rationale for Sclection

L)

. Reptes=ncing Partitioning Patterus

The children observe 4s rows of six
Othetlo picces are partitioned by flip-

ping increasing numbers vt pireces and
cxposing angther color  They are

asked to predict "nases for six" for
subsequent rows.™ The children write

cquality scntences showing all the
nazes for six. "If you know that
every row has 31x, can you start your
nusber sentences with six?" .

"'Read your nusber sentence without saying
the word 'equali.' Make up your own words
in 1ts place.”

“"How come you put a plus sign 1n all of
your number seatences? Did you really
put wore pieces on the board?"

This situation provides a® phys-
context i which children will
be less resistant %o writing

4 swngle nuoeral on the left
s1de of the equality sentence.

Children q}e provoked to rethink
of addition and subtraction in &
static relationsh.p snd to 10-
vent synonyms for "cquals' 1n
thi. context.

L3

Representing Equalization of Sets

"Huw can you make the balance
even with the table top? What
do you notice sbuut the blocks
when the balance 13 even?”

"Wrrte a numoer sentence aligwt all
that you d1d. . . | notice that you
wrote different seatvences  Are they
both )ﬁst a8 gooﬁ or does one of them
it begger2”

’

In presenting the problem, the
position of the larger sct is
varizd to provoke the child to
consider the possibility of
matching the order of the sym~
bolic record with-the--physical_
context and writing 8 = 5 +« 3.
1f equalized by taking away
blocks, the chitd could write
58 -7,

Kepresenting Number Story Problems

Children are asked to match ditferent
story problems wath di fferent physical
oodels for the same equality sentence.
The situations modeled dre, separating
or joicing, part-part-whole, cqualizing
and comparison, {(Carpenter et al, 1981)

Children construct physical models for
orally-presented story problems and
represent them with equality sentences.

In dealing with different
classes of problems, the
zhildren are provoked to
rethank and expand their
view of equality to incor-
porate static relations.

-
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By exposing children to a range of physical tasks, a conflict between opposing
interpretations is initiated which may lead to a successful reorganization of

ideas.

Pre-aasassment. Six end-of-the-year second graders in a textbook-oriented math

’b?Bgr&g‘LeFe given & pre-assessment of understsnding of equality concepta and

viagetian tasks in a series of two clinical intevviewa. Pour of these children
were eelected for participation in the teaching experiment based on their uni-~
directional view of equality and their demonetration of at least two l;;ic.l
operations on Piagetian tasks. Although these children lacked sophiaticated
notions of equality, they were judged to be developaentally clong enough to
consider th=> tsska sslected for’the intcrvent?on. !

Intcrvenl‘eh During eech nennxon an attempt vas made to ptovide oQtiunl posei-
bilities for interaction as the childrln tentcd their existing notions of. equality

~ in & range-of novel physical contexts and vere confronted vith feedback from a veri-
ety of sources. Thus testing, discussing, and evaluating ideas wvas the setting for—
reconetruction of equality concepts at higher leveln of mathemstical relations. The
childien vere enépurn;ld to make their own generalizations’ following experiences
that hsd the potential for provoklna them to do 20. The intensive interactions

were videotaped and analyzed prior to plenning (or the next session. Twelve ses-
sions of 45 minutes duration were scheduled over a three-week pe:iod. -
The role of the investigator included an expansion of the seusitive ciinical inter-
viewer's role described by Opper (1977). Further intersac:.cs was faciiitated by
juxtaposing selectsd zhiiscen » responses to sharpen tha focus on sny contradictione
and inviting their reaction. Thege gentle confrontations focused on either con-
flicting nqtionl expressed by the seme child in different contexta, conflicting
notions held by other children in thn.nane group, or, conflicting notions held by ’

. @ hypathetical child of the same asc. The latter notion was introduced by the {n-

vesligator as » countar suggeazion. A delicate aspect of this role ia to avoid
imposing adult authority into the children's discussions, vhile maintaining e
friendly, ‘neutral manner ducing the intense intecactions. The investigator
attempted to accept each child's resporse yithout any judgmen*® of his owrmr. A
further attempt was sade, to consider each response cnrefully as a potential indi-
cotor of the ~hild's curtent levei cf thinking and as a source of hunches for the

\) ~ question tu ask or *he next situation to devise.
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Dulayed Pust-asse.sment A clinical interview, Conducted one sonth following the -
L]
N
1ntervention, employed both familidr and novel tasks to assess the depth and sta

bilaty ofa(he childrents understanding of bi-directional equzlty. o

# ' RESULTS . oo
In the course of the intdivention, the children not only demonstzsted novel, more
suphisticated responses, but J{so vacillated detween sophisticated and unsophis-
ticated responees 10 d1fferent contexts prior to integrating their view of equality.

Prsget 1denci fred both vacillapghns and partial constructions as essential, incer-

mediate levels 1n the consgful®ion process. One of the psrtial constractions demon-

strated by the (hildren

specific phydical context? .l .
i a@; - iﬁﬁ_jx__ﬁgh N,
p 223

Qs the matihing of an equality sentence to the order of a

Level faterpretation

1 Uni directional, context 1ndepundent. There 13 only one way to write a
number sentence (left to right) regardless of the pliysacal conteat it
represents. (9 +3=38)

] "Bi-directional " context dependent There is moru than one way to urite
a number sentence, but 1t is the physical context that determines which
way 11 needs to be writtend 1.e., the sentence wust match the order of
the physacal context. (8 =5+ 3) ,, .

) ‘Bi-directional, context independent. (Generalizing beyond the context)
There is ®wore than sne way to write a nuaber sentence buk the context 1s
not mportant It 1w the reletionship that counts regardless of the
order of writing and physical context. The same relationship is ex- -
pressed by 83 = 5 + 3 snd 5 ¢ 3 = 8,

The expression of all three of the abuve viewpornts wathin a group of “four (hilliren
led to sume lively discussiuns and ¢ventual reconstructions. Within Braget'y trame-s
,wouth, dothvaciliatione and parfial constructions are indicaturs of progfess towards
-

Nigher levels of understanding. ’

Despite the precautions taken to redace the influence of adult authority in the dis-
cussiuns and o redirect aay Jirferences to the “uthority ot (hiidien’s own loglg,.
anuthet duur.e of authurity uterfercd wath children’s progress. With the limiecd
treatment of equality an the (hildren's math textbook, one of the arguments pre-

seiited agatnst the acieptanie ot the novel equality sentence formats was, "lt's

O
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Q; vhat you th‘nk if it's righe ™ .
»

tte-
not in the math haok!" One child vacillated between rationai justifications of the
novel formsts and concerng for the authority of tne textbook. However, the scquence
of activities and subsequence discussions provoked another child o confront the
authority of the textbook In a distinct de-onltration of intellectual autonomy,

she alaerted. "It doesn't -atts( if it'a in the math book or not, jus® aa long as

) ' »

The following indicators of bi-directignality were demonstrated within the group of
fnu‘ children, both during the course of the intervention and during the ;r:-na-:---
went: .
- acceptance, justificacion and continued usage of novel sentence formats,
- inventicn and continued uib;; of re)ational synonyms for “equsls”,
-.gencralization of relationships »xrtessed in equality sentences beyond

sprurfic physical contexts. v : T
Although du onstrating greater lophlnliCltion than the first graders in Denmurk's
study (1976), thase second 3grsders still thought of the equal- aign ;a an indica-
tor of the location of the snswer, reulrd.lenl olait- locatlor; on the left or raight
side Q! the equality sentence.

.
Bi-directionsl equality ia & mwulti-Efsceted concept vhose complexity i3 masked in
the economy of the muthematician's representation--the equality sentence As
pointed aut by Fuson (1979), the same equality santence can represent a range of
mathemstically- and sikuntionnlly-dlf!erent'typel of number-story problema. The
interpretstion of jts elements (¢, =, %) will vary with sach one. This study
shows that second-grade children demonatrating at least two logical operations
\can construct and grapple with notions of bi~directionality. Although they demoo-

strated considerabls progress, they were unable to coordinate all aspects of the
multi-faceted.concept within the time conltrgintl s? the atudy.

Understandno; nd -ennln;fulnell are rarely if ever "all
or nonz” :nsights in either the senne of being achieved
instantincously or in the sense of embracing the whole of
a concept and its ‘nplicntlonn at one time (Jones, 1959, ’
p 1)

© 12
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APPLIED MATHEMATICAL PROBLEN SOLVING PROCFSSES . ;

. v

NEEDED BY MIDDLE SCHOOI. STUDENTS IN THE SOLUTION OF EVERYDAY PRORLEMS
Richard Lech .
Eric Hamilton
Marsha Landau

Northweatern Unfverafity

.

Our preaentation will diacass several interrelated components of s current
-NSP-funded research project designed to {dentify and inveatisste processes
.necded by average abiiity middle school students when they attempt to use
elementary mthen'atlci concepts to solve problems in reslistic everydey
situations. Theoretical perspectives of the project, and past rflenrch
which contributed to its design and impiementation, have been summarized
elsevhere (L€ah, Note 1, 1981) . This paper briefly descrihes s portion of
the project that will be taking place throughout the fall semester of
1981 (spproximately aixteen weeks).

The major goal of the fall segment of the protect {e to conduct dlllly
ohaervations of approximately eighteen seventh graders as they work,
individually or in groupa of three, on problems deaigned by the prnject
staff to elicit important processes, skilla, and (mderstn’ndlnu!l that are
needed in the solution of everydsy mathematics problm’;. A series of
“heckground measures” will be adwministered during the figst two weeks of
the flll‘ semester. These measures will concern verbal ability, spatial
‘ablllty. general {ntelligence, creativity, field d~pendence, cognitive
restructuring cepabilities, memory capabilities, reflectivity-impulsivity,
attitudes towards mathematica and ‘problen solving, anxiety about mathemsatics,
and locus of control. Thc*dll alac measure specific prerejuisite under-,
s‘tnndlnua and procedural knowledge that underly the problems to be pre-
sented in later seaatont throughout 'the fall. The goal {s to, develop a
profile nf ea~h etudent that is as complete and comprehensive aa posaible
vithin the time conatrainta of the project.

~
Some of the b.ckgn{@nd measures wi'l be given aa pre- anrd poat tesats to

help asseas the learning effects of the prohiem solving experiencea that

hke A ° ’




thie stodents witl be provided Other messures, or the theoreticsl con

structs unierlylng other measures, will furuish perspectives for fnter

preting the bebavior of tadividus) atudents fn various prahlea sftustions

‘__é_‘ALlu;_;_ug days pey week the students will work in groups of three on
probtems designed to require spproximately 30-60 minutez of activity
One oel"erver will be ssaigned to esch yroup. Audio tspes will be made of
81l group problem svlving sessfons, snd videotspes will be made of st
least one third of the groupa. These tapes will be condensed fnto written
protocels sccospanied by observer fntevpretstions. Observationsl scheames
snd protowol snslysis procedures hsve been develaped during the first yesr
of the project snd will be discusaed during our presentstion.
One dry per week will be devoted to workeheeta, dedigned for individusl
students, focusing on psrticulsr problea types, proceases, or astudent
capabil fties, or on psrticulsr astages in the problem solving pricess.
Noncomputat {ons] and son-suswer giving processes will be given specisl
attentfon. All of the informstion used to lnterpre't student performance
on these wrkshaets uill be derived from the responses that were given. Ro
attempt will be made to monitor the unrscorded steps thst were isken to

. produce recorded responsea. Individusl interviews will be required for
process oriented testing sessions, which will occupy the remaining two
days of esch school week. Exsuplas will be given during our presentstion

to {lluatrate some of the kinds of interviews we will be using.

Wherever possible, problems and test {tems were borrowed from extsling
materials, stsndardized tests, or past resegrch or curriculum develop-
ment projects. In many csses, hovever, new problems had to be crested .

snd piloted during the first yesy of the project. .
e R

the kinds of problems we have developed involve no more than elementsry

srithmetic, measurement, and geometry concepts; they are ss much like

“candid camers” situstions as we were sble to devise for use in clsss-

roon unvironmeat simnlacions. The problems fpvolve Yarily {insuces

(e.g ,» balsncing s checkbook, pllnnln'g s vacation, starting s lawn mowing

business, estimating the e¢ffect of inflation), neasurcment situstions

(e.5., tstimating distsnces using different kinds of msps, purchssioy

-
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enough walipaper to cover s given room exactly), predicting trends from
tsbles of data, and other problems that might ressonably nccur {n the
everyday lives of youngsters and their families.

)
The solutions to the problems range in length from .h}ty seconds to as
much as sixty minutes. Often s vsriety of different solutions are possible,
varving in sophistication or complexity, and s variety of golution psths
may be availatle, runging from using concrete models to using shstrsct
aymbola. Specist attention hss been given to problecs ir which “non
snaver giving” stages of problem solving are important, e.g., question
asking, problem refinement, modeling (i.e., simplifylng the situation to
fit availsbie models or creating/modifying models to "1t the nltuntinn.
selecting npprop}ate rebre.enution systens, eviiuation tria' solutions,
etc.).
thlike the case with many typical word problems, reading the problem ims not
expected to he 8 source of difficulty. The questions emerge from concrete
situstions thet sre quite familiar to the students. Th» problem *s to
find 8 solution, not to interpret the mean{ng nf the problem situation.
Untike many mathematical puzzles, no "clever methematical tricks" are
aeeded in the solution procedures. All of the ‘prohlmn involve straipht-
forvard uses of easy to lcﬂentﬂy ideas from arithmetic, measurement, or
lntult.lve geometTy. Further, a variety of "outside resources” will be
available, including calculatore, resource booka, other students, and
teacher/conaultants vho will aupply fscts shd information upon request.
So solution attempta will rrgt be blocked by deficlent technical akill
(a.8., computation) or memdry capahilities (e.g., measirement facts).

Whether we are observing lnldl“du.h or groups, the goals are: (a) to
descrihe the processes, pkills, and understsndings that ore used to solve
various prohlems, {b) to crpate prohlems that are realistic, mothematically
rich, snd paychologicaily 1 tereatlng--nn& to descrihe the mast important
characterfatice of each problem; (c) to obtain a profile of the lyndlvlduol
and group choracleristlcs, ynderatandings, snd capabliities thst (?fluoncf

sotutfon; and, (d) to observe the problem sovving activities from a

variety nf perspectires, ch racterizing differences in performance across
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problems and acruss time the expected products taclude o classification
schewme of problem types, behaviurs, snd individusl and group charscteristics,
viere we assume thar one of the moat fmportant dimensfons distinguishing
organisas (eftler individuals or groups) concerna the “conceptusl models"
(see i.esh, 1981 for a definition and briel dIscusalion of conceptusl modeis)

available to the organiam.
s

Gur work suggeats hat the kinds of “problems" that are included in most
textbooks are quite unlike the major problem typea students commonly en-
counter tu everydsy situations (Hell, Hots 2; lesh, 1981). And, the
proceases that sverage sbility youngsters need in order to use mathematical
{deas to solie realistic everyday problems are seldom represented émong

the pr'lortthl l1ated L v spokesparsons for either "basic skilla" or
"prodblea solving'" (Lesh, 1981).

fefercowe Notes

1. Lesh, R. A. Processes needed by averoge ability widdle school
children in the solution of “real world" problems involving
clenentary n'ithnetlc’or nasber idesas. Paper presented at
the Annual Heetfing of the American‘Educstional Research

Association, Los Angeles, April 1981.

Bell, M. A uxono-y-of problema {nvolving “'vesl worid" uses of

. erithaetic and number ideas. Paper prescanted at the Annual
Moeting of the Americsn Educational Research Association,
Los Angeles, ril 1981. "

lefexence -
lesh, R, Applicd mathemstical problem sol sing. Educationsl Studieg {p
tathematles, 1981, 12, 235-264.
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THE ROLE OF METACOGNITIVE DéCISIOﬂS ]
MATHEMATICA:  PROBLEM-SOLYING
(OUTLINE OF THE SESSION)

Presenters: Richard Lesh, - Northwestern University
Frank Llester, Indiana Unfversity
Ecward Silver, San Giego State University

.

The recent research literature on memory and cognitive development has con-
tained numerous references to terms such as metmgx'. net'amm_ni_c_s_. _éet_al_l_n_-
guistics, and metacognition. Even more recently, considerable inturest in meta-
wewery and metacognition has been generated within the mathewatics education com-‘

vmity.' fFor exssple, at a conference on problem-solving held at Indiana University

in the late Spring of 1981 one of five discussion th'oups devoted exclusive attention

to metacognition.

Sefore prociseding to dascribe the nature of this session, a definition of

watacognition {s in order. This def{nition has been given by the noted develop-
.

mental psychologist, John Flavell, who has been most prominent in making mt:r""'""

cognition a legitimate area for research. While the definition lacks precidion,

it serves as a clear description of the types of proces” S fnvolved in meta-

cognitive behavior: P
'Mn%ucog-nition" refers to ong's knowledge concerning one's own cognitive
processes and products or anything ralated to them, e.g., the learning-

L relevant properties of information or data. For example, I am engaging

A than B; {f it strikes we that 1 should double-chack C before accepting
ft as fact; 1f it occurs to me that £ hed better scrutinize each and every
alternative in any multiple-choice type task situation before deciding
. which s the best one;, ., if I sense that 1 had better mske 2 note of D
because 1 may forget it. . . . Metacognition refers, among other things,
, to tha active monitoring and consequent regulation and orchestration of
these processes in relation to the cognition objects on which they bear,
. usu;:l’; in the service of some concrete goal or objective (Flavell, 1976,
p. .

Contemporary resesrch in mathematical prublem-sclving is rife with studles
QO the "tactical” bsh.vior of groblem-solvers and of the ability or inability of

blem-solyars to use various hduristics. While many of t'hese investigations

19

. in-matacognition. . . if 1. notice that 1 aa having more trauble leaming - . -
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have bgen carefully conceptualized and painstakingly conducted, they have
focused on -ognitive bahavior cnly. Furthermore, the methodology most often
eaployed, protocol analysis, deals with probles-salving behavior at a micro-
sc‘:opic level only (cf, Schoenfeld, Rote 1).

It is our bias that metacognitive processes constitute the essence of real
problem-solving and their role can no longer be ignored. The primary purpose
of this session is to initiate serious dialogue about the role of metacognition
in problem-solving and About how a metacognitive dimension can bs incorporated
into future problem-solving research.

Tha session w‘il_l be organized as follows:

I. Theoretical considarations about metacognition.
A. What is its role in probles solving?
8. How is 1t related to cognition?
C. Khat is going on in other fields (e.g., developmental psychology,
readin?).
(Lesh & Silver)

11. A tentative scheme for catecorising metacognitive behavior.
(Lester)

i11. Dascription of two studies cut"rently undarway .
A. The Applied Problem-Solving Project {Lash)
8. Developmental chinges in metacognitive bshavior (Lester)
IV. Difficulties in studying metacognition (Silver)
Y

Y. Group discussion (Note: A large portion of the session will be devoted  _ -
_to discussion), . -

Refarence Note ’
1. Schoenfeld, A.H. Fpisodes and executive dacisions in mathematical problem
solving. Paper pres&nted at tha Annual Meeting of the AERA, Los Angeles,
April, 1981,
Reference
Flavell, J.H. Metacognitive aspects of problem solving, In L.B. Resnick (Ed. ),

The neture of intelligence. H:llsdale, N.J.: Llawrence Erlbaum, 1976.
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9 THE EHERGENCE OF ALGORITHAIC PROB! FY SOLVIIN BEHAVIOR

James H. doser
University of Wisconsin-Madison
dadison, Wisconsin 53706 USA

The primary focus of the research program of the Hathematics tark Group of the
Wisconsin wesearch and vevelopnent Center §s the study of the developuent of
addition and\subtraction concepts and skills in young childrer;. The major
venicie for tnis investigation is a three-year Tongitudinal study begun in
Septemoer 1978 with first grade children with an average age of 6 1/2.years.
Tz final data collection point for the swdy took place in January 1981. A
nmoer of variaoles are under investigation including problem solving behaviors
on & specific set of verbal problems, selected cognitive skills, performance on
sritten arithietic tasks, and the nature of classroom interactions observed in
thr classrooms of the subjects tn question. Details of the study and some
esrlier results are contained in previous papers presented to the PME
“(Carpenter, 1930; Carpenter & Hoser, 1979; Hoser, 1930). In this paper only
children's performance on poblem solving tasks will be considered. A further
restrivtion Js the limitation to problems involving addition and subtrzction
of two-digit numbers.

o

BACKGROURD IHFORMAT 10N

Subjects. Subjects for the study consist of about 100 childreh from six

O
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classrooms in two elem.mtd'ry schools that all draw from predominantly white
afudle to upper-sndale ciass neighborhoods. All received instruction from the
_Ueveloping Matnematical Processes (DiP) program, an acth;ity oriented instruc-
tional proyram developed at the University ’bf Wisconsin. UHP has 2 strong
emphasis on problem solving ‘and during the time period reported here, subjects
were instructed in the analysis and solution of verbal problems of the type
used in this study.

Data to be reported were taken from four individually administered problem

solving interviews that were given in January 1980, Hay 1980, September 1980,
and Janvary 1931. At the time of ‘the first*interview, all subjects were in
the middte of second grade; thus, by the tima.of the final interview, all were
ia the middle of third grade. At tha time of the first interview, no formal
instruction in the use of computational algoritims had been given. Between
the first and second interview, introduction to addition and subtraccion with-
out regrouping and addition with regrouping was taught. Sumaer holidays
occurred between the second und .hird int.ervqieu. Between the third and fourth
interview, the regrouping algorithm for subtractfon had been taught.

‘\
Problem solving interviews. Each interview includes six problem types, two
witn an additive structure and four with a subtractive structure. Represent-
ative problems ang the order in which they are given to a child are presented
in Table 1. .

Each inter‘vieu consisted of two parts, the first with the six problews contain-
ing two-digit numbers for which no regrouping (borrowing or carrying) is re-
quired to compute the answer [hereafter described as the “d™ problems] and the
second pa.t with six problems containing two-digit mmbers for_which regrouping
1s required |hereafter described as t e “e® problems]. Six different n.nber
triples were used for each part. They are listed in Table 2. The assignment
of aumber triples to problem types involved a six-by-six Latin square design
resulting {n six sets of six probiem tasks which were uniformly and randomly
distributed across subjects. Problem wording was systematically changed, while
retaining the essential semantic structure. The fnterviews were conducted in
a quiet room separated from the child's actual classroom. The child was pre-
sented with paper and pencil, and a }arge set of plastic cubes. Problems were
read to the cnildren by the interviewer and repeated as necessary.

O
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* Table?t 4 4
Representative Addition and Subtraction Yerbal Problems
1. Joining Jacques had 12 pennies. His father gave him 15 more
(Addition) pennias. How many pennies did Jacques have altogether?
2. Separating Marie had 29 candies, She gave 18 of them to Collette.
(Subtraction) ’

How many candies did Marie have left?

3. Paerart'—khole There are 31 children in the classroom, Nineteen of
(Subtract fon} them are girls and the rest are boys. How many boys
are in the classvoom?

&, Part-Part-thole Jean-Paul has 17 red marbles. He also has 19 blue mar-
{Mddition) bles How many marbles does Jean-Paul have altogether?

5. Comparison Chantal has 16 tickets. Her friend Michel has 29 tickets.
(Subtraction) How many more tickets does Hiche! have than Chantal?

6. Joining, mis-  Diane has 23 strawberries. How many more strawberries

(S:;‘t?'a::?:nﬁi does she have to put with them so she has 37 strawberries
altogether?
I 4
- Table 2
Nusber Triples Used in Verbal Problems
*d® Problems "e" Problens
12,15,17  12,15,28 12,19,31  13,18,31
11,18,29 13,16,29 14,18,32 16,17,33
14,21,35° 14,23,37 15,19,34 . 17,19,36
RESULTS

One of the major questions of {interest in this pa_rucuh‘r set of problem solv-
ing tasks was whether subjects would exhibit similar types of solution strate-
gies as they nad used with smaller number bmblans (sums between 5 and 16 and
a1t addends being one-digit numbers). For those problems, a great\deal of
direct model ing and use of a variety of forward and dackward counting techniques
had been observed. Or would children resort to algorithmic behavior? A child
was coded as using an algorithm {f he/she gave direct written or ,erbal e\ence
Oy ° »lace-value consideratinn had been made and that computations were made

]: lCnuly for the ones' and tens' places. We did not record how the actual
i tation within 2 paruct‘:;ar place was carried out. If, for cxample, the

he child

\
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: woula get tue sun of 5 + 9, either by a known Or deriVed fact, or by sowe _

counting method. Table 3 presents the results for the four interviews for
/
a1l six problen types and for both number sizes. Bo}h the percentage of

Percentaga of Children Using Algorithmic Behavior

-

Table 3

Interview

, cnilaren who used an algorithmic behavior and the percentage of correct answers
from among the algorithm users are given.

ERI!
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! 2 3 .4
. Problem (Jan. 80) (May 80) (Sept. 80) {oan. 81)
Lype N d e d e d [ d e
,Janmg u 5 61 69 67 60 e 92
{Addition) (29) (21) (58) (53) (56) (45)  (88) (88)
L -
, Separating 19 14 65 58 . 58 40 87 88
{Subtragtion) n (3 (st) (2 (s¢) (3)  (85) (89)
3 Part-Part-tihole 1B 14 64 52 8 8 80
{Subtraction) (1s) (2) (s1) (2) (39) (2  (88) (59)
L
Part-Part-Hhole 2 24 0 7 66 61 92 95
» % (Addition) (31) (1) (85) (80) (63) (44)  (87) (85)
5 Comparison 16 14 50 45 a2 8 B
(Subtraction) (14) (2) (38) (3) (35) (3) (73) (85)
Joining, missing addend 18 10 39 3 28 26 59 54
§ (subtraction) a7 (2 (e (3 (23 (3 (54 (0)
Actual nuaber of subjects 96 96 3 93

(Humbars in parentheses reprasent percentage of total aubjects who used algo-
& Tithrio behavior who also folved the problem correctly.)

The i'meohto impression 1s that the increase in frequency and correctness of
‘use of aigoritimic behavior mirrors instruccion in computational algorithms.
Paper-and-penci) arithmetic skills tests administered independently of the

problem solving interviews glve exactly the same results in tems of ability

to use a carputational algorithm correctly. The great majority of errors made

-
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~

with the regrouping subtraction algorithm in the early stages prior to forma)
instruction with that algorithm were of the type well know to teachers, which .
1s exenplified by _ :l,tll + where in the ones' place the child follows the rule of

“subtract the smaller from the larger” without any regard to the meanlng of
the entire number.

.t

~
-

Of more interest than Simple correctness is the different pattern of use of
algoritic  thinking for problem 6, the Joining, missing addend task. A
reasonable explanstion for the much lower {ncidence of alaorithmi€ solution
is tne semantic siructure of the problem. Using the specific example given
eirlier, the wording strongly suggests that the best Viteral translation of
that problem is the number sentence 23 + [] = 37. Howev r, of those chil-
ren who elected to use syibolic representations almost all chose to use the
vertical computational form rather than horizontal sentences. The vertical
counterpart to the sentence written above §s an awkward one, totally unfamiliar
to children who had only seen the traditional form. It would appear that the
cglﬂdren who realized this fact decided to not proceed in an algorithmic
fashion, cven though their behavior on other subtraction problems indicated
that thoy could correctly use the subtraction algorithm. The most frequently
used alternative strategy for this sixth task was Counting Up.

hnother facet of the study wac to investigate the relaticnship between the use
of written synbolic representations and the use of algoritimic solution pro-
cesses. If a sentence, either horizonta) or vertical, was wrltten: 1t was
almost always the case that the sentence was written before the solution process
was initiated. This 15 contrary to the results of an earlier pilot study
{tarpenter, Moser, & Hiebert, 1981) where, when smaller numbers were involved,
the children wrote the sentence after solving. 1In this latter stucy, however,
the experinenter directed the child to write 2 senterce. I the present study,
using written symbolism was at the discretion of the child. There was a very
Targe number of chiidren who did not write sentences, but still solved
algorithmically. This was especially true with the "d* problems. In fact, at
the time of the fourth interview, almost half of the subjects did not write a
sentence for the addition problems without regrouping. The success rate for
algorithmic students who did not write sentences was very high, due to the fact
Q shese were probably the brighter students who are 11" ely to solve correctly

- 199
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¥hile much of the discussion has dealt with the use of algorithmic solving,

.it {s appropriate to briefly characterize the behavior of those children who

E

Aruitoxt provided by Eic:

did not use algorithms. The results are essentially similar to those we have
gathered using the same subjects, but with the smaller sized number problems.
Problem structure appears to be the wost powerful factor in determining the
choice of strategy. Subtractive strategies seem to predosinate for the
Separating problem while additive strategies are most evident for the Joining,
lissing addend problem. Again, the only place where Matching appears {s with
the Coxparison probles. As noted earlier, problem 6, the Joining, missing
addend was the task that had thz leasc number of algorithmic solutions. As

a result, it wa< also the problem with ths greatest frequency of so-called
*Heuristic® (Carpenter, 1980) strategies. I take this as further evidence
that children are capible of inventive behavior (Moser, 1980).

¢
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Ths

1977,1979) {inds its countsrpsrt, in problem-solving vesesrch. with
the distinction bstwevd tsctical snd strastegic decisians (Schoenfeld,

LEVEL AXD METALEVEL IN DEVELOPMENT
AND THE PASSAGE FROM A STACE TO ANOTHER

two-level theory of information-processing, (Sternberg,

-130-

by Gerald Noelting

Université Laval, Québec

-

H

1981). A -tally new perspective is thus brought to resesrch on the -

vorking of intelligencs, with emphasis put on "managerisl” “decisions

ss opposed to "eptsodes”.

WVhan sxamfned in ths perspictivs of cognitive dsvelopsment,
vhich lurcly wust intersst asth educators, vsrious questions can bs

poud. Hov sre "mansgerisl” gkills developed during growth? Do
they sppesr st & certsin sge? Can they be found in young children?
Hov do probisw-solving strstegies differ st gny & yesrs ss opposed to

$ yssrs, to 11, to 1717

for sn ovarview of our resesrch on the development of proportional

ressoning (Nosltiag, -1980; 1a press). ve vere surprised to 7ind thst,
st s11 ths stegss vhich had been identified, probles-solving consis-
ted in an interaction betwssn two levals of relstions.

leval corresponds to ths problem ss geen by the subject, consisting

13

o

4

’

’

.

[ > “~
Working out the stepa in problem-solving st different sges

Ths firs®

P

5

~




in date that are encoded with lheir lst-order relationship to one

aoothesr. The uc&\d_leml corresponda._ <0 2nd-order._strategics put

into use by che subject to sort out these relations and combine thenm,
leading up to. s solution. We have called the lst-order,noted ss R
the factual lavel. .Here the dsta are encoded snd directly relsted

1°*

as objective fncu.' We have termed the 2nd-order level, Rz , the
inferential level. It is hare that the information ‘rought to the
subjsct's sttention is prucessed through conbination of‘ relatio 4,
leading to 4 solution of the problem. Here one finds composition

»

and control.

The interesting fsct is thst, wvhen plu!.n’; to a new stage,
the inferences éthe fornry stage become sinple factd, which can be
worked out inride a new lylgen of inferences, consisting in novel com="
binstiotis of uluiom,lnd'ing te s higher~order solution. Rsther,
(ac should say, it is when inferences sre properly worked out, that
they become ;ll’t of the subject'sa mental set of schemes, procedurcs
which are immédistaly put into actisn when similar deta are found.
Thus a new leve. of ux‘ntegic procuun; tan be set lnto uuuon,uhich
cen be 2alled 8 new stage of lnfomuon processing.
3

However this expf;mtlo;n is not sufficicent to explain tha

passage from%s sZsge tc lnother;f\;r:hnr mechanisnsof differentiation

aud combination of two types of atrsteglea intervene.

At esch s'tsge in the construction of proportional reaaom"ng.
‘in fact,we had found two types of atrategits. Ths 'bxternal’strategies
bear on elsmenta of the same kind making up a claas, the'internal’ stra-
tegiea bear on elonunts of different kinds making up a relation. A
proportion auch as {a,b) = (c,d), where the ordered psirs ars ratios,’
cosbine these two typss of relations. In the experiment alludad to,
ratios coneiatsd in ffasses of orenge juice.und wster,vhich are mixed

AN .
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and compared, lat tero bgfng Jorange juice and 2nd term vater. Here
a@’c are'txternal' relations between nunbers of glasses of orange juice,
snd 27>, ‘Internal’ relations between numbers of glasses of orange juice
and vater. Dual strategies are found at each stage as can be seen ta
the examples given.

Fhen the subject nasters the processing atrategies of a
stage, these are internalized as cere factual data. The external and
interral relations csn be differentiated and recombined, giving a new
base level to vork from. This process, siven as a tentative explanstion

for the passage from a stsge to another, finds some factual evidence.

Parasge from stage 0 (Figures 1 and 2) to stage TA consists
in a conbination of prototyrical clars and order of succession, to yjeld
nwmier at stage IA, also found at stage IB (Figures 3 and 4),

Passage from stage IB to TIA (Figures 5 and 6) consists in
the differentfation and ulterior combination of internal and external
relations, one fixed as an invsriant, the other mobilised as a vaxiant,
to yield the equivslence class of ratios or the transposition of rela-
tions. .

Passsge from stage IIA to stage IIIA (Figures 7 snd B) consists
in differentiation and cocbination of an equivalence classe a’\nd an"a-
greement and difference” acheme, to yield the common denominator algo-

ritimor the unit~factor method.

Diagrammatic representation of information-processing at
two levels: a'factual) Ist-order level and an'Inferential) 2nd-
order level, 1s a useful tool to show hov intelligence proceeds at
each stage of developwent. A complement would be to show thst pro-
bleo-solving consists also in working out relatfons within sub-wholes )
of a problen snd ’¢f.wen sub-vholea. This is offercd as a new sapect
of the model,describing prccesses involved in problem-solving in vs-

rious fields. *

~
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STAGE O:

PRLUPERATIONAL SYMBOLIC STAGE

4) ldentitication: construction of the prototype (class-type strategy)

€

He: (1,2) vs (2,1)
reilure

Ncolas, 2;9

L 4

R,

o Pprototype

"-Where will it taste stronger?
~This (points at glaas of orange
juice in A and 2 glasses in B).
And this {s water (2 glasses in
A) und this ts water (glass in B)."

(water)

(1,2) vs {2,1)

R

1 identification

R :

1 identiiication

2t
Problem-solving hiersrchy

RI:

Rz:

R

Figure 1.
identification

X : Jjulce, 0:

prototype (juice)

at stage 0 (prototype)

protetype with common name

wvater

b) Localisation: construction of succession (relation-type strategy)

Jacques, 4 years V: (3,1) vs (1,3)
Failure

X

|

3,1) vs (1,3)

-
RZ:

(Points successively at the glasses
in B)

“There cherry. Nater. This tastes
wvater. This tautes water.”

0 0 O
- '* l Rl: localisation

succession

'Figure 2. Problem-solving hierarchy at stage 0 (succession)

Rlz

R.:

2 succession of locd

localisation of a locus
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o
STAGE 18: PREOPERATIONAL INTUITIVE STAGE

8) External strstegy '

-+

»
v

B7: (1,2) vs (1,3)
Chooses A (success)

* Stéphane, 5;0

"There are 2 glasses of vater,
there (A); 3 glasses af water

there (B). There's 1 glars of
Juice there and there \(A and B)."
1 2 1 3 '
cml | |
1,2) vs (1,3 < Fle  Thus ,2 > (1,3)
>
. Rz

Figure 3. Problem-solving .hierarchy at stage IB (ex*ernal).
" of the agreement and difference scheme.
- R

Construction
le: exiernsl agreemaont

Ry g external difference }
Rz t agreerent-difference scheme
-

b) Internal stisgegy

Frsngois, 630 - B8: (2,3) vs (1,1)

“In B, there is 1 glass of .'fyica,
Chooses B (success)

1 glass of water. In A, there are

2 glasses of juice and 3 gladscs
of water.

There ie too much'water
tagte in A.” '
2 3 1 1 i
@9 v () Bl L= Ja, mw > @ \,
< I |
Rz '\
Figure 4. Problew-solving hierarchy st stage IB (internal). iInternal \
corpensation vs non-compensstion. i
Ryt 1internal cowpensation \
I.‘“: internal non-compenastion \ A
'?2 ¢ finternal compensation schene
O

| \
- 13g
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STAGL 11A: CONCRETE OPERATIONS

¢)  External strategy: cunstiuction of the equivalence class.

R -

- JE Y S - P —
Johanne, 11;0 A7: (1) va ¢ 2) “Bach glass dilutes 1 glass, ao
Chooses E (suc  ss) A has a glass of jui~ unz B ©
glasaes. A las a glass of water
and B 2. They remain equal, only
there is more liquid mized together
‘ in 3. -
Rz. 3 p.q: equivalence

le .
R :p:xZ'

le

(1,1) vs (2,2) Thus (1,1) = (2,2)

1 ve 2 2
comultiplication L

—J Rll Ru

R,M =[1,1): invartant

Figure 5. Problem-solving hierarchy st stage I1IA (equivalence clsss)
Relations sre fixed, terms are comultiplied.

b) In“ernal strategy:* transposition of relations

-

Anne-Marie, 9;0 Bll: (1,1) va (2,2) "One for one in A equals
Chooses E (uuccega) 2 for 2 in 8"

Rzn: rzference to unit fsctor

Rle: dividend ss vefereed

' l ' Rl.: divisor ss refererce

(1,1) va (2,2) 14} 2 12 Thus (1,1) = (2,2)

. I l 4
dfvizion R“ a ;

By * 1/1: common quotient

Figure 6. Probles-solving hicrarchy at stage 11A (umcnflctor).
Terms are fixed, relations become operations.

. 139 :
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STAGE II1A: FARLY FORMAL OPERATIONS
a) Externsl strstegy: equivalence with difference

Yves, 15;8 L8: (2,3) vs (7,9) "2 glasses of juice for 3
Chooses B (success) glasses of vater (A), w.iie'
- tts the same sxcept there is
1 glaas of juice more (8)."

' x3 j' <j
2 6

1
T R 5t A
, (2,3) va (1,9) = -2 Thus (7,9) > (2,3)
equiv. sg.-diff.
3 9

Hultiplicity
Figure 7. Problem-solving hiersrchy st atagc IIA (common denominstor).
Coubination of equivslencs and sgreenent-difference.

1s: multiplicative; 1a: sdditive (1st-order)

.

b) 1Internal strategy: unit-fector method
Anne, 16;3 L8: (2,3) va (7,9) "Because there is 1§ glasces
Chooses B (success) of vater lege.™

Transposition of relstion
R

n

=

P Lo,
2,9 v (1,9 — = w29 @)

3 1 10} 9

>
| | I |
1] \
) Pigure 8. 'Problem-solving hiersrchy at stage IIIA (unit-fsctor)
l: \l‘C Unit-factor reduction then transposition,

) 14[}
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’ " COCNITIVE FUNCTIONING AND PERFORMANCE ON ADDITIGN AND SUBTRACTION TASKS
| Thonas A. Romberg, University of Wisconsin-Msdison, U.S.A.
and ' .

Xevin F. Collis, University of Tesmenls, Australis

In a project csrried out in Tasmanis in 1930, ve wers able to classify s
‘ population of children agsd 4 to 8 years into groupe according to their
Cognitivs Processing Capabilitias (CPC)~-this wsas done by giving two
battarins of tests, one to measure H-space (Case, 1978) and one to xeasurs
'Cognitivs Devslopmentsl Lavel. The tests in both battsries wers intended
to* bear implicitly on the early leemning of matheasticsl mate: .al. The
CPC mcasurss and their descriptions were to be ?btamed by combining the
information obtasined from the two battsriss of tssta: Following this
clascificatory procedurs, the relatiouship betwaen esch distinct group with
particuler CPC charactcrlntlgn and vasrious expsrieaces incorporsting maths-
L matical content in the baginning schocl years was to bs examined. A prelim=
insry examination of some of this dsta wss reported at Berkeley last year
(Romberg & Collis, 1980a). Let ue summorize the Tssults of grou'plng sccording
to CPC ssasurcs.
It vas found that, using Fsctor Analytic techniquss and a clustsr snilysis
. procedura (for dstsils, ses Rombsrg & Collis, 1980b, c), the populstion of-
4 to 8 year olds could be casigned to six groups with the sssociated charsc-

teriatics summarized in Teble 1.

* The tsbles following Tsble ! indicats the direction in which the anslysss ars
N leading us with respsct to tha relationship between CPC level and ths following
 three varisbles: -
. (1) schisvement on clmnt‘ny addition and aubtraction problems,
) (11) strategies used by pupils on clcn&nury addiction and subtraction

problems, and
(111) pupil nse o sddition and subtraction slgorithas.

(1) Achievcment: Table 2 shows the percentage correct by CPC level on
sddition and subtraction prublims using rumbers up tu 20 (sec Carpenter &

"ERIC 1
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_‘hble 1
\ H-np.acc Groupings with Aasocisted Characteristics

Group H-apace Mossura ' Characteristic '
L : :
1 A b3 elementary' qualitative comparisons only,"
A l_lck quantitstive and logical ability
2 a% 2 qualitative corrsapondence, lack. spec¢ific
quantftative and logical askills
3 2 454+ high qualitativa corraspondence, have

cartain specific quantitative skilln

(1.e., counting for apecific purposes),
do not reach criterion on logical akille

& 3 #S- high qualitative correspondence, high on
quant {tative skills, do not resch criterion
on logical akilla

S 3 484, ’ cailing on quslitative correspondence, high
6 4 AS- on quantitativs lklll‘l..'hiah on logical akilla
! \

#S-. and S- reprasent the Presenta/sbsence rupecuvcly.of . spatial ability
88 messured by ons of the tests.

Table 2

Achievesent on Tests C+ Taswanisn Dats
(X Coxgect, Total Population)

CPC Level % Correct Rasponass No. of Trials Involved
1 22 180
2 . 65 450
. 3 i 8t 3%
) 83 264
*
-5,6 9% 252 M
Totsl . 72 1542
Q .
,
142




Moser, 1979). The reaulta ara ths combined scores for two tests, ons in

which physical materfsl was available and one in which physicsl matarial was
not available. The results show a significant increass in schievement by
CPC level--the biggest gains being made between levels 1 and 2 and again
Setucen levels 2 and 3. ¢

(£4) Strategies: Table 3 shows the percentage of the various kinds of
strategies used by the same children on the same problems ss were involved
in the rasults in Table 2.

Table 3

Pupfl Strategies on Tests C+ Tasmanisn Data
(X of Timas Strategy Used; Totsl Pcpulation)

crc Direct ; ) Routine Mentsl  Non-routins
Level _Hodeling _ Counting _ Operation’ . Meatal Op)l —Inappropriste

1 28 0 1 0 70
v ‘ 2 36 18 13 6 27
3 18 33 26 10 13
) ) 11 3o . 35 14 ) 9
56 a3 40 . 42 6 o
’Using physical matarial, s.g., counters, fingers, ctc.
P 211ging known number facts or relatfonships

Mnnovative use of number facts or ralatfonships .

There are ssveral intaresting features of Table 3 which need careful considar~
ation, thres of which will be aentioned here. First, there is a very aignifi-
cant drop in the uas of insppropriste atrategiss employed from levels 1 through
to level J; aecond, fhe use of direct modsling goss down sa CPC laval risas

and the use of counting and routine mental operations risos; third, the ra-
duction in use of inajpropriate strategies is spread ovar the other categories,
with counting and routine mental operations taking the largeat and alamost

squsl shares.
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(141) 11 Uss of Algorittms: Teble & shows the percentsge of third-grede
children, by CPC level, who, having been tsught the slgorittme for additioa
sad eebtraction, ectually used them to otain the answer to a problea.

Toble &

Use of Knowm Al.otit_!n to Solve Problem Tesks D and 8
Tasmeaisn Date
(X Using Algoritim, TYotal Population of Subjecte Who Mad Learned Algoritim)

T

CPC Level X Using Algoritinm Xumo:tg:::.!tntuy X Veing Counting
%
2 ) LY 8
3 19 19 22
4 20 19 .18
5,6 . 23 .3 o 32

Children at all CTYC levele use the taught slgoritim infrequently, between one~
£1feh and one-fourth of the nuaber of timas when it ie eppropriete. Thay
sppest to prefer to fall beck on more "priuitive” stretegies such ee counting
wvhich they have used suzcesefully previously. It ésn be ssen that the dete

ou thess teste parellel those {n Teble 3 im thet, with riee in CPC leval,

the uze of inappropriste -tntuin. decreases significantly et the same time
a3 useef counting stretegisa incresses. It 1o of futersst to note ‘thn when
the children cesss to usa insppropriate stretegies thay do not, in the main,
tyrn o the slgoritbm which hes baen taught es the sppropriete stretegy. In
fazt, for this populstion, the use of tha aigorititm does not incresass
significamtly with 'J.nctuolu CPC level. It {e¢ interesting to speculete

om the reasons for thie. PFeczheps ths emphasie on understanding the relation~
ship hetween the algoritim and its applicetion e misplaced ot leaot st this
sarly stege; perhaps we should trest prodlem solving stretegies ond algoritimic
procadures o0 discrate entities, teach them ssparately end worry sbout
Minging them togethar ot a later otege in the child’'s mathematical develope

ment.
A4
Q 1 ol
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HEIXR; HUMAN EXPERIENTIAL- & IMAGERY-KNOWLEDGE REPRESENTATION
A Abraham Shammas

"

Abstract: Mathemetics can be viewed as a language. " But the existing .

theories of semantic and Yexical mrﬁ‘.’ though cach well established in .
tams of their supporting dats, fall short of explaining the overall data

at hand. HEIKR fs & model of cognitive mind that successfully compttes
with many theories and rectiffes their shortcomings, It turn® out that
HEIKR can be also used to clarify a series of other concepts in theorfes
of mntal ability and learning.

Keywords: Mathematico educstion, coynitiye gsychology. mocals of mind,
Turing machines, ortificial inteliigance, semantic memory,
. concept formation, . N

#1.  INTRODUCTION
Semsntics can be definad ss the study of the regularities of
*meanings.” But what is the nature of these meanings and how are they
organized? Thearfes of semantic memory arv meinly aimed to these questions.

A brief review 6( these theorfes ¥i11 be introduced in #2. To rectify

some of the shortcomings of these thoories, e new approach seems justified
(Shewmas, 1981). In #3 a short description of the new mode), HEIKR, {is
presented. It turns cut that, in eddition, HEIKR cun be a Useful tool to
clarify-some notions of learning and sbiiities. #4 will conclude this
report with short reflections on some of these concepts,
»

- §2. REVIEW —_

Recently much has been said about the complexity of our mental
abilities. The smount of knowledge (Anderson & Bower, 1973; Fahlman,
1979; CGuilford, 1979), its diversity and effectiveness in facing the
reality (Chadwick--Jones, 1975 a,b;' Guilford, 1979; Newell & Simon, 1976),
and 1ts organtzational and infeféntial significance (Andersin & Bower,
1273; Collirs & Loftus, 1975; éonrld. 1975; Fahiman, 1979; Schank/, 1977;.
Woods, 1975) have absorbed much attention. Fuctors 11ke imugination
(Paivio, 1974; Pressley, 1977; Pylyshyn, 1980; Warnock, 1978), associations
ahd_ mechanism (Anderson & Bower, 1973), intentions and actions (Boden,

14y
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1979; McGina, 1979; Pettit, 1979), perception (Hochberg, 1974; &ibson,
1974; Pick, 1974), and conception (Fahlman, 1979; Quiditan, 1969) have
found strong-supporters and opporents (ses reviews in Anderson and Scwer,
1973; ‘Gibson, 1969; and Lachean et a)., 1978).

In cognitive sclancq thare seems to bs 11ttla doubt about the exis-
tunce of raprasaniations asd memory. Sevars] theoriea ~ fa form of computer
progrems - try to specifically explicate the structure of seantic mamory
(Coliins & Loftus, 1975; Fuhiman, 1979‘ Qutlifan, 1969; Schank, 1977;
Safth at 31., 1974). According to TLC® (Quillan, 1968), the semantic
meory {8 structured upon sub-/super-ardinate relation with strict ecoromy.
Later, whea it was clear that some instances &ly bs more typical than
othars (of a category), or soma attributss closer (in tarms of semantic
distance) than others (to each object), two essentially ¢ifferent theories
werged as alternatives. According to TSA? (Collins & Loftus, 1975),
smantic mamory has {nternsl structure sintlar to TLC, with less strict
sconcwy.  FOP (Safth ot al., 1974) did aot "{apass® any structure on the
stors, but assused spacific mechinisa for compartson of two concepts in
terms of thelr dafining features. COY (Schank, 1977) rejected the fdes
that concepts coustitute the semintic umits. Rathar, primitive ACTs,
and coasequently, conceptualizations axe th~ assence of samantic networks.
Saveral othar specific thecries of semantic mesory have hghlighted
specific aspects of this imited store. But, altogether, the structurs
and tha naturs of somantic Qemory remains as wystarious as &~ dacades
ago {Lachman ot 3)., 1979). The lexical store has had almost 3 similar
story (Carrol § Mhite, 1973; Lachaan et §).. 1974; 'ldﬂold 5 Ningfield,.
1965). Yo the author (Shameas, 1981), it seems that tha overall data at
hand do not Justify presumptions about the atructure of efther store,
or thair total seppration. A new approach s nseded. HEIKR® (Shasmas,
1981) fs a candidate. According to HEIXR, soms “c-wative® hardwarce

} = Teachable Language Comprahandar

2 - Tha Yheory of Spraading Activation

3 = The Faaturs Compsrison Model

4 - Concept Dspendancy

§ « Human Expartentiale § Mmagery-tnowledgs Representatiocn
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process (intentionaiization) is needed to "abstract® concepts from the
subjectiva-experfences. and construct a phenomens! world (of attributes)
with growing congruency with the external world (of properties), HLIKR
has vary few primitives with only one genera) mescry. But sti)® 1% seems
to be powerful enough to compete with the specific theorias of semantic
end Texical memory. In additfon, 1t.seems that HEIKR may be used to'

clarify other concepts of mental abi¥ity, teuching, and dwol‘mt.

#3. #EIKR; THE MODEL
8 - Structure ,
The only store presupposad in HEIXR 1s & 3-0 array MxNxT, where
% {s the order in which attributes are const:ructed at
uach lavel N
R 1s the complexity rank of the attribute, and
T is the chronological isasure of time in steps of dt.
b - Processes
At sach entey mxn there is an arc {(attribute-arc) paraliel o T |
starting at t=0 at an indicator which can reflect whether the arc 1s being
activated or not. The jat of all these tndicatgrs 13 called the attribute
analyzer. Mtributo arcs of tha lowest degree are directly comected to
the receptor colly (sensory arcs). At each moment t, the next available
fsase-dase (array Mt) 1s devoted to representation of the scene at 1
TMs 13 done by 1inking each entry-register sxn {gnauicle) o 1ts corres-
ponding attridbute arc according. to_ the momentary ectivation present in 1_&3

-

arc {veo, no activation; v=-1, negative activation; and v=+? for positive).

LT i3 defined as the total set of the mosentary representations.

Whenever & pettern of attributes is common 41/n exactly K representa-
tions (e.g. K+30), the process of intentionalizdtion finds M, the highest
rank of ccmplexity, in the attributes composing the pattern. Then the next
avaflable arc at level N+ s devoted to the pattern (as pattam's °
fnotintional arc). At the seme time, the next availadle frage-base is
davoted to the pattern as the !ntmtloml image of the X imges sh{rlnq
the pattern, and 1s positively linked to the new {intentional arc.

S .
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In sum, HESKR has 3 main parts (attribute-arcs, image-bases, and
analyzers), and™¥ primitive processes (astivation, map, intentionalization,
and selective attention).

 #4. SONE IMPLICATIONS OF HEIXR .
Ordinarily, KEIKR may act as & video camera. When your cat, Mutzt,
15 1n the scene for J units of time (dt), the J consecutive smapshots of
the scene will include his {mages. Thelir %ualtsy’ depends on HEIKR's
- previous knowledge: whenever 8 preperty, P, 18 incurred which has already
been intentionalized, P's intanticnal-image may be activated (P 15 ps
celvid), and 1ts attributes will ba copied on the snapsbot along the
incoming Information. Thus, later {mges of Mutzi are 11kely to be “richer®
3a terws of higher-ordsr links. At any rate, the process of intentionali-
zation searches for “regularities® of patterns of attributes. If Mutzi's
tai) has been mapped X times in a particular angle, then {t {s intentional-
1zed, Thus, not.only the object 1s being abstracted, but so srs its perts,
functions, and features. Hence, HEIKR uses more or less abstract images
(of Mutz1), but when neaded, more concrete images of Mutzi, his parts,
functions, and features are availabla to support inferwnces (e.g. 'Mutzi-
has ears.' can be supported by the 1ink of his tmage to the image of
Mutzi's nr)‘. 1f Nutzi was shown to HEIXR always in a cage, then in
HEIKR's mind, the cage will be an “attribute® of Mutzf. Although the cage
say independantly’be-{ntentionalized, its “sssociation® to Mutzi is very
+ strong: the presence of cne cause HELKR to {magine the other. Here, then,
the cage acts as a sysbo’ for Mutzi. kote that the actusl presence of
both Mutz{ and the cage is not necessary. To creats temporal corres-
pondence, it 1s enough that the exparimanter (instructor) manages tc have
HEIKR imsgine (indirectly ectivate) the {mags of the cage (by 1mplimenta-
tion of selective attantion a1d rehearsal). It {s obvious that if the
word ‘Mutzi' 1s substituted {n place of tha cage, 1t would act as 2
name. WNe could continue to elaborats on this example and to ses the rela-
tions that can develop between signs and meanings. Rather, 1t seems tiat
sxamples could be used by the reader to verify the followirg:

1 - HEIKR oay even visualize the shape, sfze, and functions of Mutzi's ears.,

- \
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- Upon Experfence, recurrest enough properties of the scene are ebstracted
into attributes that "chunk® fogether several features. :

- Upon activaticn of s aggregation of attribute arce, all the tmges
which share the pattern miy be activated (casory; acciss by content self-
tddressing). 17 the agffreagetion is sensory due to presence of ‘en
object 0;-the direct activation of 1ts luw,um b

.

- Activation of ¢& fmege-Way spread to gimilar fmages (fmagimation). A
family rescwblance 13 enough to ensure spreading activation through a
whols file of imeges (sdjacant snapshots sre locally similar).

- The recerrest {ntantiomalized pattern might be a conventional regularity,
rither than reflect «mjn ergnization, Thus HEIKR can develop

spiboly, lanqusse, ené mathemstical cencoots. There fs no need for
structursl transforsstions . (surface-desp).

- In HEIKR reletions between concepts may be snalyred either by comparing
their attributes ({ata}lectual analysis) on the attribute analyzer, or
by cosparing the tmages -themselves (experiential analysis). This merta)
orfentation should not be cmfm;.! with the notions concrate-abstract.

k)

- The closer the attributes te the sensory ones the morc concrete the image.
The attributes with higher-degree of complaxity are more abstract {n two
senses: (1) the higher attributes “chunk® saveral.detatls into fewer
rumber of arcs and (2) each such ettridute is more "rewote” from sensory
ones, detected by receptors. o

- The intentionalization index K my indicate the "cast of mind® (Xrutstskit,
1976). Smaller X in HEIXR would mean that tha subject tends to ganerali-
2aitons and analytical orlnnntier. urgt/i' K would mean that tha
subject tends to tmagery and conc\apn analysis.

- An unexpected tmplication of Hﬂﬂ\‘is the extentfon of the propositional
theory “down™ to the etheic gitfons (Tarski, 1972). MNow the truth
ry ﬂ ‘f}wo \ ( :

v

[




value stiached to primitive propositions is no longer arbitrary (oods,
3
1975):  "snow is white” for HEIKR 1f the attribute “"white 1s among the,

features 0F “snow." i
‘\u
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~ . . YOURG ADULTS™ THINKING ABOUT RATIOMAL NUMBERS

Edward A. Silver
San Diego State Unifversity

ABSTRACT

Three written tests of fraction understanding and competence were admin-
istered to 220 young adults. In addition, 20 subjects participated in
clinical interviews to probs their undegstandings and misunderstandings
about rationa]l numbers. Most of the sullfects had a limiced understanding of
basic concepts associated with rational numbers. Their thinking tended to
be characterized by representztional rigidity - a reliance on a single model
to interpret fractions. Furthermore, their algorithms for compariscn and
addition of fractions terded to be dissociated from the representations they
used in interpreting fraction situations.

It §s well-known that many persons reach adulthood with neither computational
skil) nor with conceptual understanding of rational numbers (cf., Carpenter,
Coburn, Reys, & Wilson, 1972). The point of view that led to the davelopment
of this study was that a gréat deal could be learned by studying the know-
ledge possessed by young adults who had been exposed to typical school
instruction in rational numbers. Two particular benefits to the Rational
Numbers Project were foreseen. By identifying the understindings and mis-
understandings of these individuals, useful insights could be gainea that
would guide the instructional development components of the Rational Number
Project. Furtherwore, the instructional routines developed in other compo-
nents of the project could be used with subjects in this study to try and
correct the misunderstandings.

In this paper, some of the data 1is rsported on young adults® thinking about
basic fraction representations. In order to give a reasonably comglete pic-
ture of the data on which this report s based, the methodology will be dis-
cussed first in some detail.
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' METHOD

This study consisted of three parts: written testing, clinical interviews,
and instructions) intervention. Only the first two parts will be discussed
in this paper.

Subjects. A total of 161 community college students, 76 men and 85 women,
and 59 college students, 6 men and 53 woxen, volunteered to take the three
written tests, The community college students had failed an Arithmetic
Screening Test, consisting largely of whole number and rational number com-
putation, and they were enrolled in five sections of a Basic Arithmetic
class. The college students were elementary education majors enrolled in
two sections of a required course on Kumber Systems. About 85% of the total
sample was between the ages of 18 and 24 years uld.

Twenty-nine of the community college subjects and 27 of the college subjects
volunteered to participate in the rest of the study. Of those volunteers,

14 comemunity college students and six college students were chosen for clin-
fcal interviews. The interview sample consisted of 4 students who had scored
quite high in the written tests, 6 students whose scores were average, and
10 students who performed poorly on the tests. The "interesting” errors made
by subjects on the written tasts were well represented in the interview sam-
ple.

Written Tests. Three multiple-choice written tests were administered?:

1. Assessment of Rational Number Concepts (RHC) -- a 60-item test that
focused on basic conceptual understanding of individusl fractions
and ratios, .

2. Assessment of Rational Number Relatfonships (RNR) -- a 56-item test
that focused on comparisons of fractions and ratios, formation of
equivalent fractions and ratfos, ordering of fractions, and pro-
portions, a.d

3. Assessment of Rational Nuwber Operations (RNO) -- a 35-item test
that focused on uddition, subtraction, and multiplication of frac-
tions. -




E

A more complete description of the written tests, including a discussion of
the emphasis on translations between modes of representing rational numbers,
is found in Lesh and Hamilton {Hote 1).

fach test was administersd to subjects in their classrcom groups by their
regular instructor. Due to scheduling differences between the college and
community college, - timing of the test administration was different for
the two groups of subjects. Community college subjects took each test on a
cifferent day, and test days were separated by approximate’y one week.
Cctlege subjects took the RNC and RHO tests on the first day of testing, then
took the RNR test approsimately gne week later.

Clinical Iaterviews. Individual tape-recorded interviews were conducted with
each subject. A typical interview session lasted from 45 to 50 minutes; for
some subjects 3 secoend interview sesston of about 20-25 minutes was neces-
sary. The clinical interview consisted of a review of selected problems from
the written tests and the completion of additional task. designed to probe a
subject’s rationa! numbar underscanding. The total time for the interview
varied froe subject to subject depending on the time taken to complete the
given tasks or to explain the basis for a response.

For each subject, problems from the written tests were selected that might
illuninate the processes the subject used to arrive at an erroneous answer
{or a correct answer, in some cases) or which might be used as probes of the
depths of a subject's understanding. In the typical interview, a subject was
presented with 6-8 problems from the written tests, asked to solve each prob-
lem and to explain the basis for the solution, and confronted with discrep-
ancies between written test answers and interview solutions. Whenever a dis-
crepancy occurred a subject was asked to resglve it. During the interview
session, the interviewer remained non-directive until the subject arrived at
a solution with which she or he felt comfortable, then the interviewer
actively proted to determine the underlying basis for the subject’s answers.

in addition to the problems from the written tests, each subject completed
several additional tasks designed to probe the subject's understanding.

O

RIC 155

Aruitoxt provided by Eric

<




K ' -152=

Some interview tasks were developed specifically for this study, ard other
tasks were chosen from an interview protocol developed in another component of
the Rational Number Project (Landau, Hamilton, & Hoy, Note 2). In some of the
task$, subjects were instructed to close their eyes and to describe what they
“see in thetr mind's eye" when the interviewer said the name of a fraction or
a statement about fractions, such as "one-third plus one-sixth* or “which is
larger, three-fifths or five-eighths?", Subjects were encouraged to describe
the evoked image in 2s nuch datail as possible, using pictorial, physical,
and/or verbal descriptions. Each subject was also asked, “Is a fraction a
number?,” and was asked to explain fully his or her response. Other tasks
were chosen on the basis of being appropriate to probe the underlying concep-
tua) basis of a subject's behavior.

RESULTS/DISCUSSION
Xuder-Richardson relfabtlity estimates for the three tests were acceptably
high. For the conmunity college sample the reliabilities for RNC, RNR, and
RNO were 0.96, 0.95, and 0.93; for tha college sample, the reliabilities were
0.84, 0.98, and 0.87, respectively.
The general performance of the subjects on the written tests is summarized in
Table 1. The college sample did considerably better than the community

TABLE 1

Mean Performance on Nritten Tests

RHC RNR RNO
[Max = 60} {Max = 56) [Max + 35}
. 52.8 2.2 27.3
College [N = 59) (5.4) (15.5) ('56)
- Community 41.5 33.7 18.1
College [N = 161} {14.1) {13.2) { 9.0)

O
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colfege sample, t-tests of differences in the mean performance were all sig-
nificant (p < .01). Of course, since the community college students were
enrolled 1n a Basic Arithmetic class, it is not surprising that they per-
formed pooriy on the written tests; nevertheless, it was heartening to find
the relatively strong performance (e.g., 88% mean success rate on RKC) of the
elementary education majors. Since most of the errors were made by community
college subjects, error rates will be reported only for that population.

On the RNC Test..perfomance was better for fraction items than for ratio
items. Ratio errors sometimes involved reversals (i.e., 12 to | instead of

1 to 12), but they often were associated with perceptual distractors that led
to a fraction interpretation. For example, in a problem that presented a
regular pentagonal region, half of which was shaded, and asked for the ratio
of shaded to unshaded parts, about 54% of the community college subjects
chose the answer “1 to 2.* Interviews revealed that subjects looked at the
picture and imnediately “saw 1, thereby triggering the choice, despite their
ability to answer some other ratio questions correctly.

The importence of perceptual distractors was also evident in subjects'
responses to the following question:

39. What fraction of the 3set of objects ;re triangles?

a. z b. 5- c. % d. % e. not given

Less than 40% of the community college sample correctly answered the ques-
tion, and it apparently generated much confusion. About 20% of the subjects
chose “%" as the correct answer. There were two apparent reasons, fHetermined
in the interviews, for this response. Some subjects apparently viewed the
triangles as occupying half of a rectangular region that contained the entire
pictorial display. Their thinking was obviously influenced by the region
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1
fnterpretation of fraction. Another, though less common, reason for the

response "4" was based on a "part-part” ratio interpretation. Subjects appar-

ently compared 6 triangles to 12 non-triangles, obtained ]% and reduced to
g, It s interasting to note that several of the 18% of subjects who chose

the answer "not given,” also applied the ratio interpretation to obtain ]§2- ’

but did not recognize or accept the equivalence of % as an answer.

A "part-part" {interpretation was also apparentl} associated with some of the
23% of subjects who chose the answer "g." Explanations for this answer are
still being sought through analysis of the interview and written test

responses. One subject reported that the circles and syuares each took up as
nuch space as 3 triangles; thus, the comparison of triungles to non-triangles
was 6 to 6. In that analysis, one sees elements of both the region misinter-
pretation and the "part-part” ratio interpretation discussed above. For some

subjects at ieast, this error represented the confluence of the misunder-
standing of one iInterpretation and the misapplication of another.

The prevalence of "part-part” ratio interpretations in this question was
striking, since there had been a very high success rate on earlfer problems
requiring a fraction interpretation of a set-of discrete objects. For
example, the following question was correctly answered by 932"09‘ ‘the com-
mur ity college sample:

3. ¥hat fraction of this pioture is shaded? N
.. é b. g c. g- d. é e. not glven




The only other problem that elicited 4 large nunber of “part-part* inter-

pretations was one that presented a picture of eight balls - 3 footballs, 2
tennis balls, and 3 basketballs - and asked, “What fraction of the balls are
tennis balls?“. 'That problem generated far less confusion than problem 39,
but 32% of the community college subjects chose the answer g Interviews
strongly suggested that the basis for that response was a “part-part® inter-
pretation.

Oees {1980) had reported a large percentage of her disadvantaged high school
sample has inappropriately applied “part-part” ratio interpretations to frac-
tion problems involving descrete objects, and it was not uncomon for such
errors to be made on NAEP items (Carpenter, et al, 1978). Nevertheless, it
was puzzling that so many students could be successful on items Vike problem
3, correctly applying a “"part-whole* interpretation, but err on item 39 and
the tennis ball problem, often applying a “part-part" interpretation. The
interviews provided a plausible, though somewhat surprising, perceptual:
explanation for these findings. In problem 3, and other problems requiring a
"part-whole” interpretation, some of the discrete objects were shaded! For
nany students, the presence of shaded parts apparently triggered an appro-
priate “part-whole” respons# - a direct analogue of the shaded portions of a
geometric region. On the other hand, when no shading was present, as in
question 39 and the tennis bal) problem, the “part-part™ ratio r.sponse was
triggered.

To tést this hypothesis, a variant of problem 3, in which the shaded squares
were replaced by unshaded circies, was administered to interviewees. Each
subject was asked, “What fraction of the set is squares?”. Each fnterviewee
who chose an answer of "§-“ had also missed the tennis balls problem but had
correctly answered the original version of question 3. Thus, it would appear
. that mny of the subjects answered quastions about basic fraction and ratio
concepts not on the basis of the Question asked but simply on the basis of
perceptual cues. - -,

The tendency to respond on the basis of perceptual cues was not confined to
interviewees who performed poorly on the written tests. Half of the inter-
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viewees with middle-range performence on the tests als‘o exhibited the
response pattern discussed above. Since there were onlly a few opportunities
in the test for these errors to be made, overall ’perfo‘rmnce was not unduly

affected by‘the pe=ceptually-cued errors. ,‘
Further information cuncerning subjects® thinking abou“t basic fraction repre-
sentations was obtained from the "“imaging” tasks. When asked to close their
eyes and think about the fraction “"three-fourths,” 15 é)f the 20 interviewces
reported a "pie” or circle suisdivided into four congru#nt parts, with three
shaded parts. So dominant was this image of a fraction that 10 of these sub-
Jects were unable to report gny secondary image when asked to "think about
another way different from the way you first 'saw’ i1t.% As one of the sub-
Jects aptly put ft: ™1 just keep seeing that ple in ﬁ;ur pieces. 1 can't
shake that picture.”

When asked to report their image for statements of fraction equivalence and
fraction addition, the Tircular reglon image was also the most frequently
reported. Two aspects of the addition data are worth nbtlng: (1) the nature
of lhe circular region image for fraction addition and {2) the abandonment of
the circular reglon image by some of the most capable iInterviewees.

The eight subjects who reported circular region images for fraction addition
were 3imost uniform in their reported images. For exampﬁe. for ",_l‘- + %,”
these subjects report‘d two circular reglons - one cut into three pieces,
with one piece shaded, and th» other cut into six pleces, with one piece
shaded - and did not report any addition action until asked to do so. When
asked to “tell what the answer is," seven of the subjects reported "two-
ninths® on the basts of counting shaded and unshaded regfnns. 1t should be
npted That Tour-of tices sevsr subjects were able to add "%— + %" correctly
when it was presented in that form. Only one of the subjects realized that
"two-ninths” was not correct but did not ‘know how to resolve the diffticulty.
Her comments are instructive: "1 guess the pies just don't work for addition.
They work o.k. in the begi‘nnlng but riot at the end.” A mare complete dis-
cussion of subject’s responses to questions about fraction addition is given
in Silver (Pfote 3).
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It was interesting to ubserve that twp of the most capable interviewees
shifted from a circular rigion image, which they had reported for a fraction
and fraction equivalence.' to 3 ‘measuring cup” image. These subjects rep-
resented "% + %" dynamically - the second fractional quant‘ity was added to
the first by pouring the second amount into the cup containing the first.
Although the subjects were unable to give a speciflc reason for t.2ir shift to
the measuring cup image, they reported feeling more comfortable thinking about
addition of fractions in that way. Another of the mosi capable subjects also
reported the “measuring cup" image, but had dcne so consistently from the
beginning.

Other lnfomatio;m concerning subjects® thinking about rational numbers was
obtained from tasks in which subjects vere asked to explain (use of pictorial
or physical models was encouraged) the basis for the symbolic algorithms they
used to compare dnd to add fractions. The general finding was that subjects,
except for the most capable, were unable to give any physical of pictorial
description that corresponded to the algorithms they used. Evv\n subjects whé
could reliably and consistently name the larger of two fractions or find their
sum, ¢nd who used sensible and correct procedures to do so, were unable to
relate those procedur;:s to pictures or models of circular regions or any other
rode] of fraction. A few subjects were able to give a weak explanation based
on fraction rcpresentations, but most were not. On the other hand, the most
capable subjects were often able to explain their procedures using several *°
differznt fraction models or interpretations. The “explanations" that most
subjects were able to give were simply verbalizations of the steps in the
algorithm. ' . b

1t would de hard to argue that the subjects in this study are generally rep-
resentative of young acults. Nevertheless, their thinking about rational
nm!be}s is probably representative of a sizeable Segrent of the ddult pop-
ulation. Despite my natural reluctance to overgeneralize, I can't resist the
temptation %o interpret the findings in a fairly general way. .

Pl
Al of the above data (and other data that are not reported here} seem to
point to u,e conclusion that most yuung adults have a limited understanding
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of the concepts and procedures associated with ratijnal numbers, Most of
their thinking seems to be basei on a single model of fraction - the circular
region - or on no model at all, Very few of the young adudts in thls study
were able to give plausible Justlficatlons for the procedures they used to
compute with fractions. Ye have seen that the reliance on a single model led
many subjects to make perceptually-cued errors in interpreting fraction and
ratio sitvations. Furthermore, we have seen that most of the subject, were
unable to connect this dominant model to the algorithmic ﬁ'rocedures they use.
]
The instructional implications of these findings seen to be obvious. Unless
instruction provides for both “internal and external connectedness” among
fraction representations and procedures, it is unlikely Ehat much general
understanding can be attained. Students need an intensive exposure to a
varlesx,qudels for interpreting rational numbers, so that students can
choose f‘!’exlbly among alternate models when interpreting a fractlon sitvation,
In addition to this “internal connectedness” among fraction representatlons.
instruction needs to emphasize the basis for algorithmic procedures for com-
paring and combining fractions with respect to the models a student has
studied. - ’

NOTES
A .
1, This paper '4* prepared with the support of NSF Grant No. SED79-20591.

. Any opinions, firdings, or conclusions expressed herein jre those of the
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2 ] would 1ike to thank Verna Adams, Jan Ford, and Sybil Rogert for their
assistance in collecting the'written test data.
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SYMBOLIY UNLZRSTARDING !
Richard R, Skeap, Warwick Hmversity

: Abstract i

Tha nature of symbolic understanding is discussed, and the
many powers which it confers are listed. An explanation is
of fered why many leamrmers fail to achleve symbolic under-
atanding as here defined, and four ways are suggested by
wvhich they may be helped.

In thin paver I offer a further contribution to a scries of discussions about the
nature and varieties of mathematical ynderstanding which has taken place over the
paot five years. (Ses blbllographv.):‘ By 1973 aev. 1 categories hod been proposed,
vhich T subaequently sugges’ad (Sktmp.‘, 1979b) could be re-arranged into 2 table
shoa ing three kinds of undsrstanding and two modes of mental sctivity. However,
as I wao aware at the time, [ ] analylllu of formal understanding v.'!a'incomplctc,
since the words ‘form’ and 'formal' are used with two distinct meaningn, of which
1 onlv dealt with the first. (i) Thave is ';‘orm' w in 'formal broof'. This is
the mining used by Buxton (1976), and 1 have already suggested (op. cit.) that we
distinguich thin one by calling it 'logical understanding's (il) There is ‘form’
88 uged in statements ouch as 'This enffiztion can be written in the form

yenm e 'e Thio is the meminﬁed by Backhouse (1978), and ta also that
in the first part ol the definition given by Byers and Heracovlcfl (1977):  "Formal
w'dersiarnding 1o the ability to connect mathemitical syabolliam snd notation with
relevant mathematical 'lens eee”s 1 now suggeot that we dhtlnp_*‘xlsh this meaning
by « ling it \

SYMBOLIC, URDERSTARDING. }

‘Gymbolic’' here refers to a symbol-system, not to a cotlection of\colnted N

aymboin. A symbol system connists of a net of symbolo, corresponiing to 1 set .
of conceptag together with relations tetween the aymbols correupondl\ng to ‘-\
relations between the symbols, (Examples 2, 3 are separate gymbolo, When weo u

write them like this Qzu, we uge two rolations between these tymbolu,\onc of alze
and one of pdaltion, which correnpond to two rolationships between their correspon-
ding nmhnﬁ, So hero we have two diatinct schemast the oymbol system, and the
structure o‘»f matheaatical conceptn. Th‘lo suggnoto the prosisionil form lations

symbolic uni’""'«“‘“"& is a mutual apsimilntion Let« Pn A pymbol asystem An! an
nppmprintc'lconcophml atructure.
1

‘ -
Q ntly T have been saphanising that the achlevomert of now underatanding glvea
EMC 1bill ties (Ckemp, 1910). So what cah we do when wo hive aymbolic nmdnr\f:ml-

that we could not .. bnn]roz: TIM poder of mathematical aymbolinm ia a npocial
- w2 ) -
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case of the posur of languagk, uo we mulﬁl‘;}x}ect this powur to be great, Here
#rv ton functions of syaboly (Muwere wmay be others) wulch [ 1isted some years ago
(Skc-p, 1971), though without thin 3ecing the use of yymbola as conferring a
different kind of undvrulanding bucause at that time none of tne present series
o di1gcussions hud tuken placu. .

1. tomminication.

2, Hecording knowlcdyu,

5. The formation of new coacepts,

4. Miking sultiple claséification straightforwand.

9. Explanation.

o Haking posuidble ruflective activity,

7.  Helping to show structure,

8.  Making routine manivulutiona autowsatic,

9 Recovering information and understanding.

10. Creative mental activity, ,
1'd hike briefly to up~date this earlier thlnkind by conneoting 1t with the new .
aodvl.  Here 1 suggest that syabols act as an interface, in two ways: between
thy del tu-ones of different people, and vetwven delta-one and delta-two in the
aame porvon. The first {nterfaze make: posgible the functinne pumbered 1, 2,5,
;'on the liat above, and the avcond 1nt~ 'ri:co, betwsen delta~one and delta-two,
é mlates o all the others, (I thunk there is some overlap.)

-« -

The powerd conferred by _,ubolic understanding are imaense, though we are so
used to them thut we tend to take them for granted. The task of acquiring 1t 19
aV1. 4 congiderable one, and we eanlly ovarlook the schievement of (aloost) evary
child in learning to speak his wotter tongue with considerable mastery by the age
of five. But we cannot overlook the difficulties which many children have i1n lear-
ning to understand mathegatical symbolism., Fart of the 1ifficulty lies in the fact
that understanting the symbols depends on being in poogessior f the conceptual
structure. Bul the concuptual atructure has to be acquired largely by aeans of
tho sywbol atructure (though not exclusively in this way). So each has to help
the other to duvelop, and we need to know how we as teachors can provide condi-
tions which facilitate thiu,

There 18 3 new factar to be tuken into account here. In the oarllor:har.usnons
of understadding, we were coucerned with the ussimiletion of concepts to achomis,
of smll entities to largv onvus, But now we are concerned .ith the mutual aoim-
flation of two schemas: of two entities which are cowparable in size. A COBPA I~
able event an the higtory of mathemstics can be found in the 8.-eat achiovement of
Doacartes, who 1uailated two major structuce., genwmtiry and algebra, to each
othsre  wWhon dusctuing llk'u this happuna, o8 wull av an increase of power, there

it also the povsibility of o partnership 1n which one orgunfsation (1n this ;:aﬂu
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montil) domitates the other, Whether or aot i s iegrable nly vary n
different inataneers,  Dince Descartes thers ha: beea, 1t appeads to ae, a
prozeeadive takeover in this pirtacrahip hy the algebri, We cw nos find points
defwned ag ondered patrea, triplets, or n—tu.plv*l of vunberny and bookn, whoge
titles tndicate that they are 1boat proactry, in which, one finde nothing tut
Meebra, and mnt 1 sinple drawing, diagram, or grometrical I”u;n'o.
We miy or may not. think that this ts guody aad 21thoagh T think myaelfl that ot
17 g0t, 1 acerpt the opposite 18 a tenable position. Put T trust that none of
us s happy with . partnership 1n which the coaceptual structure 15 dosinited
by the aymbol syatea, and mathematics is littis or nothing wore than the manipula-
tion of aymboin. The power and also the beqdty of mathematics is 1o the ideaa.
Cymhola help us to use this power by helping na to mike fuller nze of theae ideas.
Yet the sitnation 1 have Junt ddscrit-d 18 the way it 1s for 411 too many children,
Where there is igomorphiam bclween the two structures, it may matter little which
nar dominaten, either in an 1ndividual or collectively. Fart of the guncens
m! beaty of algebralc geometry llea Lu .he closeneso of this isomorphiam, so
that each structure helps to Increase our understanding of the other. FRut
betueen the syabol systems and the conceptual structures of mathematicn, we
find loca] 1+ wrphismn only. Overall there are many inconsistencien. For
sxwmple, the apitial relatlonship 18 sext on the left to
meana theee Liffereat things in these three caneas

. >3 2% S T
Another e mple. The ordared ppir of numeraln (®y 3) can sirmifly )’mho:\al
namber, a poant in 1 plann, or a free vector. With the first meaning, we dd
Tike thup,

(P 3) e (4, )= (Px 5+ 324, 3x05)
With the aecond meaning, we cannot 4 it all,
With the third weaning, we add Liks this: (2, 5) ¢ (4, %) = (2 + 4, 5 4 1)

(hieh g the wiy nome children flnd 1t more nataral to dd rativaal mambers).

kS

And this la not juat careleasness In our choice of nynhol ayntems, It an
inracapable, beraune the waillable relations between aymboln are quite few,
teft/right, apflowm, big wd omatl (as in imlices and anffixen), bold face
wit Liget (which we can 't speak, oly print) - we goon rua oat of
theae, P the relationa betwsen mthnmtiv:"ll ‘meepts which we are brying to
repreent are miny, el eo tinue to increase 18 our knowledpe dvancen,
Q how can we help children to baijly ap n increaging variety of meningn for
E lC- ~ume aymboln®  lHos4 ¢ we prevent tham from hecoming progresaively more
AIEEETEE 3ecury in their abill y to cope with the increaning number, conplerity, and
1
) &
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abstractuess of the aitheastical ©¥lations they are expected to leara?

B
.

A 4 holp tovands answering thin quudtion, | would 1ike to tntroduce another
purt of wy model. Thig 8 based on the well-known phenoxenon of resonance.
"Mhe ste-ting potnt 13 to suppoae that concoptualised memories d4re
stored within tuned structures which, when caused to vibrate, &ive
rine to complex wave pitterns. <. Sensgory input which matches one
of those wave patterns resonstea with the corresponding tuned structure,
or poastbly s.veral structures together, and thercby sets up the
° pacticular wave pattern of a certain coucepts.” (Skenp, 1979a)
A uchema, being a conceptual structure stored in w2aory, thus corresponds
(14 thig sodel) to a particular, Goaplex, tuned st ucture. We all have many
of these, and Sensory input will be interpreted in terms of whichever one of
thege rosonate with what 18 coming in. What is wore, for different people,
different structures sy be activated - caused to vibrate = in this way by the
sase tnput, Even for the sane peruon and the same input, differunt structures
miy bu activated at different times. Thua 'field' will cause different vibra-
tizns accodding au the schemas witn which it resonates are mathematical, electro-
magetlc, farmng, acadeaic, or cricket, Whichever sohema resonates wost

eastly will attract the Input.

in the Caue we are diucusding, there are two contenders: the aywmbol aystem and
the conceptual structure,

syabol c 8sense
syotom N organs
-
conceptual
otructure

Siney Cosuursication ig by the utterance ol syawols, all communication whether
verbul or written firut goes into a syabol syotem. To be underatood relationally,
1t sust be Jttract~d to i appropriate conceptual otructure. What ia sore, the
input must be tnterpreted in terss of the relationships within the conceptual

atmie ture, rathor than those of the symbol system. (¥xanple: 572 mugt be tnter-

pocted, not 13 4 duccedadiun of it single~digit misbevu, but as a single aumber
fonmed by the saw 9 x W e 1 x 100 0) \

<
O
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Mua requires (1) that the concepturl afraci re 18 4 strosger attractor thin
the symbol syatem; (i) that the comectios: betwe o the sywbol syntem and the
concepturl structure ire sirong enough for the input to so easily from the

firat to the second. .

Hov cin we halp thia to wappen? T have four ougrections to of fer: briefly,

for eich chuld usefully he expanded into a chipter of a bouvk.

{i) We have noted that the oymbol syntem hag 4 bujlt-in advantage, that all
comunicationn necessarily go there first. Ad for the conceptual struclure,
14 18 2 point of 1 return. [n the yeara long process of learning mathe-
matica, iU thoae conceptual atructures are not formed early o, they will

never gut the chmee to develop as attractors. The effort to find gore xind

of repularity 18 strong. If the conceptual structure 18 absent or weak, the
fnput will be anoimllated to the symbol system. But this puarantees prodlems,
for we have sacn that the aymbol gyntem is inconsistent. Learning .t this level
my be easy short-term, but it bacomes lmponeibly difficult long-term. In
contrist, the conceptual structure ie (or should be) internally conaigtent,

Of 111 subjecta, relational mathematics is one of the moot lntcnnllﬁ:onnlntent
and coharent, 80 long-t-m it io much easier to leam and retzin. So part of
the nswer in that by careful analysia of the mathematical conceptn, we must

oS¢ Mence miter. il in ouch a way that new material ja preaented which can alwayn

be wnimilated concept  (ly.  (See Skemp, 1911, Chapter 2 ¢ 3.)

(11) Fopecially in the erly y;:nrn, we can work firet with phyrical embodimenta
of mithematicil concepla and activities, so that the gengory input goen fivst

to the coneepturl ntricture and in then connrcted with tta symabolic repreaenta-
tion, .

(in) Apn eapecially in thhoe all-important early yearn, | think that we ahouhl
atty with apoxen languige wuch longer. Recently | came upon 2 nice quotation

fr  Sartre. "On parle dans 82 propre langue, on &crit en langue t’.-tr:lng:‘rt-."
(irtea, 114), The connectiona between thoughtn ind npoken words are initially
much atronges Mun thoae between thoughts ind written wordn or mathemitic il
ayrholg,  Spoken words vre 1lso much quickor nd eanier to produce. 5o in the, :
early yeargy wie need to reaist peasures to have ‘gomething to dhow' 1n the form

of pipen of weitten work.

Q 1v) Some natitiona, nuch 11 the ume of parentheans to Jdenoke the onder of
E lC‘pﬂr.\th.‘m, e he gerh to artae out of the needn of n siturtion. (i,.g,
feran, 17/9.) v
18y
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(v} we ahoald use tosaditional, automal, notations a3 bridges to the formal,

Btghly olvar - awtatinne ot sdtablislicd sithewstics, By allowing children
to waptueda thoarhte 1n thoar vdu ways to bugin sith, we are using aywt uls

alre ity well—attughed to their couceptusd stranture, Theae vays will probably
be lengthy, ambiguous, and differeat between ndividuals, By experience of
these ladadvantages, and by discussioa, childeen may be led gradually t. the
use ol cunveutionil wotation 1 such a wiy that they experience its cenvinience

Sl power,

CONCIBS TON
In the Light of the torvguing Jiscusswn, ! offer the following revised fonm-
ulation, . 4
Symbolie understanding 15 3 autual agsimilation between a usywbol system

w4 couceptual structure, dosinated by the couceptual structure,

Syabols are maguificent Jorvants, but bad sasters, because by themselvea they
don't underatand what they are doing,
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EARLY ADOLESCE"ITS’ ATTITUDES TOWARD
MATHEMATICS: FINDINGS FROM URBAN SCHOOLS

Elzabeth K Stage, Sieven Pubs, gnd Robert K arplus

Malhematical Reasomng Improvement St.dy and
Giroup 1n Science and Mathematics Education
Lawrence Hall of Science
University of Cahfornis,
Berkeley, CA 94720

ABSTRACT
L
Athludes towards mathemuics were assessed using a questionnaire and
) an nterview  Eighih graders 1n three urban schools were found to have i
generally positive d ds math: ics. Thesyr pescep of

what 1t takes to do well in mathematics included more behavioral
respunses (c 8. “lisien 10 the teacher®) than intellectual responses (e g
‘understand the material®), howeves, and this was particularly cvident at
the xchool where fewest students demonstrated propottionsd reasoning |
There were few sex differences in attiiudes iowasds mathematics and
nonc 1n peiformance

I Investigation of $ ts mathemaics has becn a source of concern to rescarchers for
many yeurs, despite the dificulties pointed out recently by Kulm (£930) in a review of the rescarch.
Ile notes that there are many possible explanations for the lack of decisive ststements adout atlitudes,
including the problems of validly and reliably measuring attitudes, the many influences on mathematics
attitudes, the many influences on mathematics schievement, 3nd 30 on  On balance, the rescarch in
ihis arca i3 sustsined by the strong sentiment among mathematics educatora that attiludes arc prot by
important gosnls of intervention if only we understood them belter  Further intesest in attitudes is sen- 'Y
erated by of studics of sex differcnces 1n mathematics thal generally find sex dilferences in mathematics .
schievement oaly 1n cenjunction with sex diffezences in nathematics attitudes (e g Fennema and Sher-
man, 1978).

Promising results in sex difference studies have been obtained when invesugators have used
scparaic scules that test such componenls of attitude a3 enyoymenl, valuing, and confidence in
mathematics seprately, (Fennema & Sherman, 1973, Sherman, 1980; Lantz & Smith, 1981)  Given
the messurement problems of relying exclusively on paper and pencil surveys, it is also advisable to
ckumine attitudes with more then one instrument. Interviess, obscrvations, and progctive techniques
have been sugsested as alternatives (Kulm, 1930) and have been used with some success (c g Wolleat

et al, 1980) Thus, it was the purpose of this study lo cxamine the rclstionship b achi

in # particular urea of mathematis, proportional ressomng, and altiiudes toward mathe matics, using a

dsfTereniisted construct of altitude and two altilude messures. ’ -
THE ATTITUDE MEASURES . t

Two alliude measures were used 1n this study--a Questionnairc and an interview  Both were
bused on previous work (Stage, Katplus, & Pulos, 1930), revised tu strengthen the tuoscales

. The Mathematics Altitude Survey 2 (MAS2) 1s presented 1.4 Table | 1t is a 25 tem questionnare
. with ‘?' point Likert scale f-om *disagree 4 [01° to “agree a fot * The tiems constitute four categorics

|
|
° |
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Teble 1. Mathematice Attitude Survey (n=422)
Mean s.D.
Stetement p (xe:ehipglgzn::::: A lot
. 4 = agree a lot)
1. 1 Hke to do math puzzles. E ( 315 - .82
2. 1 think I could do well in more sdvanced clesscs. £ 2.76 .90
3. Most Jobs requirc gome math. N 5‘-&, 3.60 .70
(4.) I wil1 stop teking math es goon es I can. O 1.49 .90
' 3. Pleying math games is fun. & 3.20 .89
(3.) You heve to be super smart zo lesrn nath. C 1.50 *.84
. 7. T will need math to do well in echool. N 3.52 .76
(8.) 1 wish wath varen't so importent. O 2.08 1.10
9. Once I atert working on a math puzzle, I £ind {t herd
to atop. € ' 2.51 1.02
(10.) No matter how hard I study, I will get low grades
in math. € R 1.62 .89
11. Knowing math helps,me in many ways. C - 3.70 .64
(12.) Hath makes we nervous. 0 ‘ 1.85 94
13. Heth {s my favorite subjoct. & 2.61 7 1.06
(14.) You need to have s good wemory to be good in math. C 2.67 1.00
15. T une math outside of echool. N 3.%9 .86
(16.) Math La & lot of rules for numbers. 0 3.22 .93
(17.) T think math ie boring. & . 1.89 .95
‘ 18. Hath ia eeny *~r me. C *2.74 .84
19. T will need math for my future work. N 3.58 .76
20. T think math is fun. & 2.99 .88
21. 1 think everyone can lesrn math. C 3.64 .70
(22.) After I finieh school I cen forget mbout math. N 1.37 .78
(23.) T wish I were gmarter i{n math. 9 3.41 .86
24. T like math classes. ¥ 3.00 .87
' 25. T can do vell in math 1f I want to. C \ 3.50 .80
E = enjoy, C = confident, N = need, 0 = gther .‘
() = negatively vorded ftemn ‘:; R
O
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N, need mathematy, b, enpoy mathematies, €, feel conlident in mfthemancs, and O, other ttems of
inlerest to the investigators  The MAS2 was administered in olusstoom groups as part of a 45 minute
battery of paper and pencil tasks for itis rescarch program

The student interview contained general questions about school and was administered individe-
#lly, al the beginnmyg of & 40 minute wterview that ixluded the lemonade puuzle, & proportional rea-
soning task (Karplus, Pulos, & Stage, 1981) The ntesviewer's interest in methematics. was not
reveated to the subjects, o8 they were asked what their fuvGrite and least favorite parts of school are,
. which of their asademi subgcets they like best and least, do best and worst in, work hardest und lesst
hard wn, what they think u takes to do well in English and 10 mathematis, whether u matters if they

get good grades in school and why, and what ihey do aﬂcb_sq,l’uml ¢

The subgectsdor Hus study were'the 230 siudpnts in three urban shools described i Karplus,
R Pulus and Stage (1981) who complcted the lemonade po ey and the two attitude measures  bor the
MAS2, data are reported for thesg students and cherr dassadtes fir<422) who took the paoer and pen
) poryon of the battery )
RE.SULTS‘ANI) DISCUSSION
Muathemains Attituskes Srvey
The responses v the MASY are reported in Table 1, which shaws thas students’ attitudzes towards
muthenativs art generdlly positive  Students are i strong agreement with statements that *Knowing
Y maib helps me tn many ways.® and °) think everyone wn learn math © Sinilarly, they are i strong
. T disgreement withythe statements, “Afier | linsh school | can forget aboot math,” snd *You have to.he
super smarl (o learn math * These positive findings for eghth graders are (i agrecmient with the
Natwnal Assessment for Educstional Progress hadings for |3 year olds (Carpenter, et a1, 1980)

Analysts o) varanee found only two lems on whih there were sea differences that were
spnihicandy different at the 01 level or tess, tems #9 and #25, on which the githy’ responses were
nore pustiive than the buys  There were albo two ttems, #6 and #14, on which there were differences
among the three whools that were signifivant ot |hc 01 level, however, the order on those tlems was
d-ﬂ’crcm

R OF parteular mlcrcsl on the MAS2 was the relattonsthip amie , subsiales--Neod, Lajy,
Conldent tu see 1l the, replnated the hading of » Guttman scute (Stuge, Pulos, & Karplus, 1981)
Using $0% 4y 4 wnitenion, sobpuls were categorized us “needing math® o they sgreed with 4 ol the §
accding statemienty, “emjoying math® if they agreed with 6 of the 7 engoynient statements, antt “leehing
wonlidem® i they agreed with b of the 8 confidenie statgmients  We replicated our carlier result trom a
subsiantially different school population thul needing precedes enjoying, enyoying precedes conti

The male had 4 coefiiient of reproducibiity of 92, indisting 4 valid scale, and » coefficient of stalabil
wy of 73, mdiating that the wale & unidimensional and cumolative  Forther discossion will repors
students' respoases (o the MAS2 in termis of the su?sulc sLores .

Schoul_Aududes_nterview

The respunse (o the shool attitudes interview s reported an Tadble 2 41 shows that students have
farty ponitive attitodes (pwardy piathemiains, partiulsrly 0 comparison with other sshool subjpects
Furly cighi pereent ol the students volunteered mathematios as the sobject that they like best, 3o% of
them teporicd thal they do best in auth, +nd 55% reported that they work the hardest in math  The
womparadle figores for bnglish age 5%, 28%, and 18%, respectively

Ihmu a Chi syquare test, there were only three questions on which the the distnibuticas of the
fuspunses were aignifivanily dilferent s po 01 hy sex buys enjuy physical education more than girls do
135% 1 20%), buys ply spuris alier shool tore than girls do ($4% to 26%), and girly are more hkely
1 it duing thar humowork spoiiascously (81% 10 73%)  Theie were several items on whih the
waponwy dilfercd by whool however  Most prominent wire those that weeurred on the questions
What do you think i takes 0 do well 1 math™ and *What do yoo think it ke to du well in
Fughsh ™ The icsulis are vepanied in fable 3 where the students’ lirst snd sceond upen ended rephies
wore vaiegonized as abihies (g brans, buing simart), mental siplls (e g know how to add well) and
buhavior (g g do your homewnrk, listen to the teacher)
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Table 2. School Attitude Interview (H+210) (percentagea)

Favorite part of the achool day leaat Pavorite Not Ment foned Favorite
u Socfal 0 82 18
ihysjcal Fducation ‘ n 60 29
Nona ;denlc Subject 5 82 13
\ e e Y e et e e——— e it e = 27+ e o o 8 e et rm e e e s
. Comparison of dcademic aubjecta least /Horat Hoat/Best
— \ v . Part of Day Not Hentjoned Part of Day
S Like math 20 32 4R,
- Perform\in math 26 o8 36
Work in wath 9 . 16 55
Like English 1] 4 7 5
Perform tn Engliah 22 50 28
Rork in E gll:lh 18 64 18
l.ike othet, subject 50 40 10
.Perform in' other 39 40 21
Work {n other ~ 53 72 15
What Jdues 1T take to\do well in Abilfey MYental Skilla Sehavior
English, Hlxvt ansver 26 19 55
Enxlish, secqnd anawver 25 18 57
Math, firat apaver 40 9 52
Hath, aecond imwer 12 4 64
e e e e e o e e e e —mme  n

Doea 1t matter 1f you ge: good grades? Yes 952 No 5%
%hy? Other people, lbl:‘ Hy own reasona, 38%:; To achieve a goal, 462

e A s mm e A ma e b e v ————————— R ——— = - = ¢ e - —— o . ——

¥hat do you do after schaool? " Hentioned Mentioned ‘Do not Do
4 Spontaneously  After & Probe ot
Hoxeework ’\ 17 21 2
Rousevork H 32 o 51 17
Work at a job 11 16 n
Play sporta \ 41 36 2)
Play gamen | 42 40 18
Play muaical instriment 67 25 b
Vetch TV , 10 I8 -~ 52
Read ¢ 21 €2 17
LLirnten to munic | 1 n .. 18
Be with friends | 26 47 w29
Hobby 3 42 55
Other i i 8 61
S e - ———
. |
\ [
3 |
\‘1 1 ~ S
. R |
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Table 3. Rewpo-wes to the f{uestion
*What does it take to Jdo well In...7" (percentages)
School A School B Schoal C
Guostion ne101 n=sp’ n=70

. Englivh, {irst answer - ‘ f
ability 33 . 16 26
sencal skill 12 34 17
behavior 53 50 57 .

Euvglish, second answer
abflity 30 20 24 »
sencal skill ¢ . 13 ] 10
behavior 57 46 . 66
s Mathematics .‘- Tirst aniwer

ability 42 43 34 .

. ” sental wkill 6 | CI 4
behavior 52 38 62

Muthematicn, second answer
abllity 19 %0 15
sental skill 3 . 3l 5 .
behavior 53 57 80
L]

There are some differemes in the responses by school 1o the Enghsh question, but the prom-
incoce of the dehuvior® respoass by students from School C 18 particulardy svident in mxlhcm:m.s an
average of 71% of thair unswers. o

Relatonships samong the wthivde meusurey
From the MAS2, thcre ure thice subwales (Nced, Enjoy. Confident) gpg a composite sule wore
{lrwm 0 10 ). one pont l’ot eah of the subseries) From the interview there sre composite vanubles
that rep Iikinrg muth 3 (Like), pctfocmmu well in mathematus (Pedform), and working hard
n mathernatny (Woek)  The rel h e and inlervicw vanableg are shown
in Table 4, together wmith the scores oz pmponwnu'l msomnl frows the femonade pustles { us,
Pulos, & Syge, 1981) The wompetence wore (0.1) indkates whether or not the student used propor
t nonal reasoming on any puitie in the set of cight  The Rifaranume score (0.8) indicates the extent to
which the stwkent used proportonal reascaing oh the puzties. ; .

& Of 1the MAS2 subscates, Confidence is ihe most consistent, “otickte, both with othes affective
vasiabies and wmith perlormame  Of the mntervicw vanables, Like' and Perform ere stronger cofrelates
with oihes affective vanables than Work iaiugl the intetview varubles show lox carechiions with per
formune 1t is interesting to note that affectave varsubles were mose strongly eéluted to pefformence
than o wmpclene, lep!a.ulm] results from a dilferent population (Stuge, Ksusplus, & Pulos, 1980)

There s only one s:;mt‘n.ml wrrelation with the sahool variable, indiating that the students fmm_
o Shool © gre less aware of the need for hemalns then siud: from School s and A There are’no
sgnilt snt cotrelutions wath wx

L 4 N
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Table 4. Correlations Among Affective and Achievement Variables
L - From
- From HAS2 From Interviev Lemonsde Puzzles .
- . School Sex
. Confi- Compe~ Parform- '
Enjoy dence HAS2 Like Perform Work tence ance . .
. From HAS2
Need .16 .27 .55 02 .08 7 U5 T .06 I PO YASEIN 11 )
Enjoy - 35 .78 ) .26 -.09 .03 .20 | .0h .02
Confidence - .78 .30 .24 .02 .08 .27 ~-.12 -.03
MAS2 —3 .28 -.02 .07 .28 -.10 .02
From Interview
Like -7 .51 a06 -.03 13, 13 0d--
Perfora - .00 -.16 .OQ 13 .04
Work - “.04 ~-.04 .09 .07
n=230; re.15, p<.05 * ordered A,B,C v

re.18, p<.0l

b ordered N, T

School snd sex_differences in attitude and_achievement

As feportzd in the odmpenion peper (Karpius. Pulos, & Stage, 1981) there were no sex
differences in the use of proportions! ressoning. There were also no substantisl sex differences in atts-
tudes towards mathematics.

Tiere wers substantia} schooi differences in proportional ressoning: siudents in School A used
propotticael reasoning Ypore frequently than students In School B, students in School B used propor-
lional ressoning more flequently than students in C These performmance differences are, lo a
fimited extent. renecleé in the students’ responees lo the attitude measures. Students in School €
report that good behavioy, rather than skill or ability, is required for success in mathematics™ Afthough
they like mathematics, they are also less likely 1o see the need for mathematics shan students in
Schools 3 and A. :

CONCLUSIONS ) '

e

An carfier study of sixth and eighth graders from a middle.class, suburban schqol with an ethnl-
cally mixed population (Stage. Pulcs, & Karplus, 198!) had found generally favorable attitudes towards
mathematics and & Guttman scale of need, enjoyment, and corfisence These resulls were replicated
with eighih graders from (hree lower-class. urban schools with_ high minoiity enroliments  School
differences In attitudes towsrds mathematics were not strong bul lhey were consistent with performance
differences in proportions® reasoning.

Acknowicdgzments. This study has beneflied from the assistance of Laurle Bowers and Denise
Berryessa in the sathering and scoring of the data. We arc grateful to the participating students and
faculty of the Oskiznd, CA, public schools for their cooperation. The research was supported in pest by
the Natlona! Science Foundation unGer Grant No 79-18962 Any dpinions, findings, and conclusions
expressed (his report are those of the authors and do not necessarily reflect the views of the National
Science Foundation,
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INVLS M LEARRING DEREICULTIES N ALGLBRA

Sigrid wagner, University of Ceargia

P

*5id Rachlin, University of Ca)gary

Algebra has traditionally bee- the mathematics course in which suceess or
fallure determines whether a student can on to higher level mathematics
rourses ov % forever Limited to a knovéi:n of basic arithmetic. Data
from the secund National Assessment of Educational Progress in mathematics
atow that only one-half of the 17-year-olds {n .the sample took cow =< in
mathemitic 3 beyond the laval »f elementary algebra. Many factors rontri-
bute to this statistie, but one significant factor must be the difficulty
students have in learning algséhra.

HATHEKATiCﬂL CONTENT OF ALGEBRA

The conten. of elementary algebra appezrs, for the most part, in one of
two for-s in expressions (combining or simplify.ng terms, operations on
polynijpials, uperations on rational expressions, otc.) or In equations
(solving equations and inequzifties, graphing of functions, so'ving sys-
tems of equations, atc.}, Both of these forms rely I;POI'I the use of

variables (literal symbols, x, ¥y, 2, ...) for their written expression.

Viriables. Literal variable gsymbols play a multitude of voles {n algebra
wd e peferred w io as many dif ferent ways — an unknowng, generalized
numsers, frdeterminates, independent variab{es, dependent varisbles,
co‘mtamq( '), parameters, and go forth, Kichemaidn (1978) has developed

4 'taxonomy of gix different uses for variables, and Tonnessen (1980) has
Inveatigated (ollege students* undomtanriing of variabl~s. Wagher (1977,
1981b) studied middle achool and high scle)l students' ability to conserve

equation and function under transformations of variable.

An analytical frameworx that has recently been Jdeveldped (Wagner, 1981a)
1] useful in guiding the formulation of questions to use 12 Inveatigating

N




the inturas tior vetweon Stadent ' interpretaticus of the roles of variables
ad theit ability to woik with them it (he witexts 0f cxpressions and
cquitions. A deeper fnulght anto students® understanding of vatiables may
wentually wupgeot al ternative teachi. | ottategies, such as that tccently

develuped by Herscovi.s and Kieran (1980).

Lapevodon . aid cyuationg,  AbL teoearch velated to atpebra deals directly,

ol odiled thy, with wxplesoivis Ul vquatione.  Most recent reoeardh has
focused prioatily on cguations orr bund t.ons.  HBowever, Kacblin (1980, 1981)
Fua oldue tod g study that fucastu almoost entirely on polypomitl, vational,
el s oadieal oXpreasaone . He tound that above-average alpebia students ke
the .ais type o 06 ctpots whion working ol tasks that are Jdiftieult tor them
woother alyebra students make on ot toLtine problems.

A tuw studies, notably Wavia, Juckuoch, and McKaight (1978) amnd Matz (1979),
bave adinnalied paittoular puility of contusion Yetween expiessions and
cpaations abd Pave paoposed ways of accounting tor them, lor example, Matz
Hatingutshe . two use s ot the equale sign (=) in algebra, ooe as o relation

Slgh An o ation and vl do a sign uf eyguivalence hetwevn prrc:.ua'., in

d s hain ob redik tion ., the ks of vperadions thal are appivps fate 10 cadls
CaaG ate vely diflerent, but students are rarely conscious of the disting-
tioh betweon the tWo useo Of the eyguals sigo.  Davis, meanwhile, spedaks ol
Viewstly muderated uoguenons and the effect rl'ut the appedsrative of an alge-
biodec tuim ha. o the student's determination of the appropriate pext atep
o prebiem, Puttiog the tdeaw of vawii and Matz together 'pmvid-,:. a
plavhibie oxpianation tor otudunt,* continuing confuuion betWesit optations
v Bational eXplcesiuie and e bviang reaoial equations. That i, when (b
student complet o the titst woep an adding twe rational (xpreossiuns and
Wittes =" gu the sonse ol cquivaleht expressions, the result loohs the same
Ao 1 Eatiundd cquation, o the apwdent may then follow a visually madeeated

wuuenne d began Mo leat sug the cdeation of fractions,"” cowplotely torget-

tiy, that the ot aginnl problem wou simply to combine terms and Limplity.
.

Hivs vador, sl others Like 3ty we all too familiar to any alpebie teachier,

It until the can e ot uch ertwt, can be better rwdentitiod, it i, disti-

vult to ampruys the teachithy of alpebra o ot to anbance Studont L' undoer-
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standing. Havang .tudents solve problem. anvolviag expres: jons and equation .
that are puwposely similar L form may belp in sw ntifying particalar tearn-
ing Aiffic yltieon associated with these forms,

s PSYCHOLOGICAL PROCESSES IN LEARNING ALGERRA ~

The ]‘ﬂmniny, of algebra, beyond the level of mte memorization of formulas
and algos ithms ( can br reparded as a Find of problem-solving proceas, Lven
the applic 1tion of formulas to “ruutine” textbook exap~iwes involves some
depree of problem-solving activity on the part of mst students, at least
for . while. Thus, one approach to the: investigation of tearning diffi ul-
tie, in tlgehra is to use cortain well oztablished problem-solving procecsns
w guide the (ni*ial selection of interview tacks. Two basic problem-
solving processes jdentified by Krutet<kii (1976) in hin model of o themati-

<l abitities are those of peneralization and reversibility .

Generalization. Yrutetskii considered the ability to generalize mithematical
. -

miterial to operate on twg levels:

-

A)  the ability to <re something general and known in what i«
partic ular and concrete (subsuming A particular case under
v known peneral concept ), and

4
b) the ability to see soarthing general and =til) unknown in

what i+ isolatea and particular (deducing the pener. 1 from

particular wes, to farm a concept).  (p. 237)
The firat of these levels has been characterized by Dienes [1965) as an
extenzion of an already-formed ¢ lass.  Thin notion of generaltization i-
u-ummlv!"rllm ted in the ordered seriesof- &ddre ises foumnd in most mathe-
mitiv  texti in )(hidriﬁr'r;iﬁinp_ly more complicrated extepsiens of a4 form

- -

art Wide,  Graded sequences of problems within a topic and <imilar forms

uf probiems a4 ross toplcs can be used to meacure this anpect of generalizing.

Krutetabii'. wcond tevel of the ability to generalize mnthmmticaﬁ miterial
is closely rel "NI. to Iliﬂn(-!:'-;‘ﬁnfinlt fon of abatraction ag 2 arncoce of
clase formition.  This aspect of the ability to generalize algebraic ideas
ran he measared by varions kinds of concept attainment tacks. <uch as con-

seevation taaba, sorting taaks, and teiplet comparison tasks.

O
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Reversatiinty. tutskii (1369) considers reversibility an cvosential apti-
tude for the tormation of dlgebraie woncepts. He detines the basic concept
ot 1eversibility as follows: . 2

By reversible {two-way) ussociations (and series wt associations)
We gl those assuciations in which the thuught ur 1ealization ot
the suoond element (or ot the last element) evokes the thoaght op
reasiization of the rirust element (p. 51)

Fohelider and Piaget (1958) distinguish between two turm, of teversibilivy —
negation (o1 anversion) st wapelsation (ur meiprodityl, Hegation teverses
40 uperation by “undoing it.  Cumpensation reverses an opeidtion by leaving
1t alone and cancelting 1ts ettect.

'
Coliis (187%i, 19790) hao investigated students’ ability to apply 1o vers:-
DLty i the context ot Linear equations with o single minsing teim.  Howe
etoty romplete reversibaility ot addition in an expression ot the lorm
a tb - ¢inorpurates three pousible variations: oue in which g and a ,
a0 known, one i which o and boare kuown, and one in which [ Y known);ut
e ather s o b, piven These three variations can be used to investipeie
ude st b ity to apply tevaasibility in ihe context ot polynomial and

<
tational e xpts cotohs, to Well oy siuple Hnear equations.

HLT'ODOLOGY
With a1l ot ot anherent Dimatations, the cliical approach 1o geierally
teropnizod by aatheratics vdbudators as the beor available methodology tor
Ve Ly stoag witernsalized opetations of thought . The Suvicl stcortaiing
cAP TNt may be eapecaally usctul tor inveotigating learmng Jdittrcuitie,
in alpebr s l:«‘n.;lu.;u.

1) The wse o thiukang sloud procedurd mixed with retiuspection
through directad gw stioning provides traces ol thought not
i bab by Uaough pager and-pencil means. Written te.ts provide
virapohots wt the Ltudout® . thinking process.  Verbal protocols
alou provids saipshdts, but the intervals between pictures are
woabbreviated that the viewer obtains more of g wotion picture
ut the thought prucegs, )

2
e Tegable watars ol the Soviet ascertaining experiment permts
the i boavicwer to use imprompty questioning to foliuw the flow
st s studeat's thought au 1t Yo oin the process of torming.

A tudent's undet L tandiag of Slyebra changes with time and exper-
e The longitudinal nature of the Luviet dacertaining study
Lo opncd to capture this dynamic qual ity of ccainng.

-
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Studies of poblem-,olving jrocesaes often favorve mrtJy above-as rape and
gifted studsnts Becgune these studencs are pencrally betten ~|bl; to wticu-
late reasoning pracesses.  On the other hand, error analysis studies of ten”
invilve mostly awn;;e and below-averape students beeamme—thrne studenta mnlh-
wore mistake . In order to identify learniog diftictitios from . paychologi--
cal prrapective, it is important to analyzs the l"‘c]':()lli")! firow eanes ysed by
apable students and  onpare them to the procesees uwnd by 1o, capable sty-
dnte  Tagks that cange'in difficulzy all the way from stundard textbook
exerciw up ta moderately difficult annstandard problems should enable
fnve-tipatare to obte,n asreasonable amoant Qf information about the rea-

-
WwRing e ~msea used by both aiove-average and below-average studentsa,

At

v .

7

A ~twly o1 lerniog difficulties in nl;',nhm' is curtently being condw ted
with 12 high achool freshmen in Atheas, fieorgia.  Half of the stadsnts are
thove avarage md hilt are below average. Tach student 1. being interviewnd
Lo one hmn‘ crery thiee woeks over the conrse of an academic year, u-ing
the oot o e l.th.l’ur methodology.  Oeveral pretest initiumenis are be oy
adminiatered to aaseas the students' initial smderstaniing of var fable,
CXpPre L inns .‘ amd equation , as well as their ability to 1pply the paocec=en
of generalization and reversibility.

\
Intesview tasks. Both standard textbook problemt and aonst indard, related
problem, are befag o luded in the Interviews. The standaned problem provise
the below average students with gome piobis m--::lvinv chal lenge and insere
that thesws  tudente o iperience gsome =i cecn in obtiinfng anzwers.  The non-
twdard preblome prc vide the above-average <tudents with 1 problem-cofviug
hlleage. It i= through the tra fug of thought processes during problem-

«dvaing 4 tivity that the jnvestigators hope to obtain insight fnto tearning

dilficultiena,
. .

Interview ta:ks pepresent the cells of a I-dimensionil content x process x
form matrix in whith the content toples are operations with polynomials,

sigelrale fractiona, and radicala, the proeesses are generalization and

reava bl ey, s e TS are expreariong and equations.  Standard prob-

l
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Pemo a1 uoed do b undati ai tauhs upon whicli gueralization and wve!‘ibili(y

tishs ste constrwted.  Whetever possible, uxpression tasks and equation
tash  1esembic vach uther,
. |
. -}
Analy.r  of data. fuitially, the oral and writtet responses of oil students }
Wil b analyaod tor tegularitios in ol st vable suquences ot bahavior across “
tividual., Hex, e Capotives for cacl studen e will be carctutly examined |
Wilth toterence o aeverasl guostiote of anterest, such aw the tollowing, ‘
. . . - |
) Tu what degiee oF viriatioh du the otudente gonetalize th i |
wlutions? On tuske with multiple correct resjotives, do the |
students make pencial statements? :
b)) Lo the studenty pebetalize processes or operations from vhe
tush 1o the e gt?  Bo the students transter the processe, o
optrations trom one content donsin to anothen?
|
.
o) How dov. ancreasaed ditticulty attect @ student's application |
vt generatiations? It the student focunes on 4 paraicular i
Gqitticalty, are dncorrect connections more fikely to ocwue? |
d) 1, there o jattern to the students' behavior in terms of the ‘
type s ot revernibitity they apply to the algebra tasho? It 9
¢) How pursiLtent ate students in attempting to use a particabar ! . |
wpptosch when eaperiencing Jdifticulty in solving a problem?
) Hew Jo studintn teact to hintse that suggest a different approach?
g) oo student wolves a problom using one approsch, an he ve she ‘
sulve the same problem another way?  For fnotanee, v o tudent
e Lo gation to wolve a problem, can he or Jhe use cotpensation
da Well, Ul Vide vernd?
oo analy sy wald dange bae beyoyd these particular questions.  In gowral,
the auve. Ui ataoe will be copecnibly anterested in identitying loarng
paitemn, that seem o *tdly to the standond curiculum, 1t i, the . ftterns,
Ut may be oo apecially hotp el fn sugpesting alternative, meto o fled tave
e tlung. o1 Leschnng alpebis,
Kt RREMCE .
Cobibay Bl A Stady o) b st and futisad opcrations in . hool mathe -
Lot L Hawtherne, Victoria  Austrabian Coumn il tor Fducationad
Ko,ee ot 1924, (4)
[RCTE W N I devolopmnt ot toomad solibg . Newcastle, Auatzadia,
Univer ity of Neweas 1975 (b N
B .
N “ |
|
\
|
\
v N 1
|
|
|
N
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CLASSROON STUDIES USINC FEATURE 1DENTIFICAT ION TASKS
Azthur f. White )
Patricia Wilson
R ichard J. Shusway
The Ohio State University

v

Feature identifigation tasks have a putential tu clarify the values of
exazples and non-examples In the (lassroom. The ge of exanpl-es and nun-
examples has been fdentified aw a critical prubles area in the lear;\lus of
mathemat 2oal concopts (Sowder, 1980). Psychologicsl research .on conjunct ive

feature fdentificat jun tasks favor sequences of all pofitive ’nstances over
©

sixcd posit ive R wegat fve Jnsthn es (Bourne and Do-lno:akl, 1972, Erickson

and Jones, 1978).  However, research invelving mathemat ical concepts found
the uppusite. Mixed pogitive and negat fve instances were favored over the
all posltive sequences (Shusaway, 1971, 1974, 1377).

-

Shuaway and White tried to fdentify a critical vacjiable that accuunt< . .or

the difteremc e In the mathemat ical and psychological rescarch. They fuund

that studeots had difficulty usting negative instances {n developing a

concept ({1977).  in additibn, frequuency levels of irrelevant dimenslons
~eod to be une of the facturs Inflm‘:uclng the vsefulneds of non-exumples.
if the frequency level was mafntained st a 50-50 chance of efther level
vccutriog, the traditional psyctological results were obtained shuwing that
suplnmuss of all pusitive Instances are more helpful in learning a concept
fluwever, It the frequency level is manipulated su that one level owcurs nyre
uvtten (90 vt the time), sixed posit ive and negative Instances were better
than all pusttive fustances (Shumway et al, 1981).

Iatuitively, the idea of ditferent frequencies fur different levels of a
dimensfun acem to imitate the clasuruom.  Typically in the classroom, soae
frrelevant features are not varied (i.¢. orfentatiun of a figure 1n a '
tuxthuk, names of varfables). Two attempts were dade tu replicate the 1981
wiwly (Shumway et al, 1981 ustag topice thal were cluser to classroom
activitics than the letter st ings used previously. The ticst was the

g wtric voncept of the altitude of g triangle and the second was a

computer simulased qualtitative analy stsrchemiastey expeciment.
“©
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GEOMETKIC CONCEPT ¢
A pilot study wam run which failed to replicate the resuits of the 1981 study.
Five dimensions of the triangle varied in two levels each. HNinth grade
algebra students were lnuul'ucted on how to use negative inatances and also on
the five dimenaions whioh were manipulated. The sutjects were given geometric
sequences which replicated the treatments of the previous atudy. :

\ e

The recults shoved no significant differences in the treatments. There waa
a slight favoring of mixed positive and negative sequences for both
treatments. The subjects tad a difficult time focusing on the five hi-level
dimensiona thet were maniputated. Sowe Ss focused on irrelevant attributes
other than the five intended by the researcher and some attended to or y a

subset ~f the five dimensions.

QUAL ITATIVE ANALYSIS CONCEPT
An atrribute {dentification concept leatning task was designed for
administration by use of the Apple 1I microcomputer. The task was related .
to the processes of qualitative analysis in chemintry. A simulation of a
chemical system was programsed so as to present the results of a chemical
reacticn to Ss.  The program {ncluded graphice animated to repreaent chemical
and phyllcai’clmngea which are often observed In q:mlitatlve chemical analysis.

L]

The dimensions of focus for the Ss were:

dim~nsiona features
- [ormatjon of & precipitate yes or no
- formation of a gas y=s or no
change In temperature . incYcase or decreane
- co1or change of solution 7 yes or no
- rate of reaction fast or slow

. -
'

Five dimensions were chosen In order to replicate the study of Shuwway et al
(1981). The microcomputer simulated chemistry‘experinents were presented in
sequences chl_l verc replications of Lhe‘sequencen used by Shumway.

The S8 received Instiuction and practice on rmaks similar to the experimental

tusk @3 8 grovp. The inarruction included the group solution a task ¢

A
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fnvolving three fuctorw with tw levels of each factor. The atimulus was a
string of 3 letters and the Ss were ashed to fdentify what two featurca
deflned the concept. Thia was an attribute ideacification tazk with :'he
rule conjunctlion glven. The sirategy uaed was discusaed as the group worked
theu the tauk. * '

. ?
The second practice task vas done t-dividually by each sub];c't. The {nstances
for this task included levels uf‘attrlbuteu from fuur,fuuurs. with tvo levela
for each factor possible. After the S completed the task the l_'esultu were
discuwsed 4long with questions and nnsv‘er« related to strategles fur solution,

4 A4 . .

Following the two practace tasks :the@ubjccu responded to a pretest dealgned
to determine If the S8 were able to use informatlon from the negat fve
fnstances. The results showed tixyt 17 of the 23 Ss were able to use
tuformat lon from negat ive {nutances uhile 6 were not. There were no
sigaifieant (p < ,0%) difference among the four treatment condittons on
Spretest scores.  Sev table | for means and atdndard deviac lonu by cezl.
> Table | ' .

Heans and Standard Deviat fons
for Pretest Scores by Cell .

Frequency
/50 90/10
. R M 5.4 H 4.2

Sequence ~ SD 3.65 ) 4.55
Conditlon e a—— e
M 5.8 M 5.9

s 4.32| sb 3.9
° ,
» P

The ypecitde task fur the Ss using these aequences of experiments was to

{duntlty the twoe tedtures that Identify the presence of 8 certatn substance.

If the substance 18 present the experiment Is an example of tne concept, !f ~
the substance fu not present {n the aystem the experimend {s a non-exawple -
of the concept, . L

x .

The almulat tow beg dns with a fow drops of 4 reasgent added to a heaker filled
with a blue sulutiun,  The subjeel ubserved the tesults of tle experiment and

was asked to circle the changes observed on o response sheet, After the
. v
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chemical experiment wna completed the Sn were anked to gueas {f the \'xperlm:n‘,

was an e.awple or non-example of the concept.

The Sa then 2nter thelr fueaa

{nto the microcomputer which immedfately {ndicates whether,the inatance was

an exsmple or non-example.

i
At this point the Sa tecord the microcomputer

feedback, ‘make a guess aa tc vhat two features are needed for the i{natance

to he an example and requeat the next experiment by entering a | on the

keyhoard.

There were 20 different uequen;:f.-a,ot;l 40 instances (experimenta) cach, The

]

%

I
3 - avernge time required by the Sa to complete thia attribute {dentification
y

task was about 20 minutes.

The Sa for thia resenrch were 2

stera and Ph.D. candidstes in a course on

Izaruing theory. The Ss were teachers of acience and/or mathemat ica at the

secondary levet. The Sa

sequencea were responded

analvaia.

Th930 sequences wvere arranged as showm i{n table 2.

InnZance
Type

le

. S reaponded to a sequence, th; average value vas determined for further |

‘

Table 2
Feature Proport fon
50/50 9h/10
Sequence #0! | Sxquence #056
02 0?
[12] 08
04 09
03 10
Sequence #1! Sequence 016
12 17
13 18
13 19
15 20

-+

were randomly assigned to the 20 scquencea. All

to by at ldaat one aubject and where more than one

-
. .-

The criterion for the concept fearning task was the nurbar of experimenta

. needed for the Ss to determine the features which {dentify the presence of

the apecific submtance.

Gs‘
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The scans aad swtandard deviatlops for the Your celis of thils deslgn are

given in table ).
Table } =

’
Means and Standard Deviat lous .
. for Crlterlon Scores by Cell

Frequenty
Su/50 7310

" X = 1.60 X = 15.80
SD = 9.2 {5h = 16.10

X = 10.00 X = 11.80
5 - 2.00 SD = 10.73

LA X2 two way anal.sln of varfante of the data resulted 1o non slgalf leant
sequence tond ltlon (f'.n hy frequency (50/3%0,90/1( Imeacuon and maln
eftectd, A plot of the mesn 18 glven lo.flgure [, °

e 90/;0
Humber of ’ 14 "

trlals tor 12 : i
solution

10 / N
o 50/50

i b L. .

Al

+ +

Sequence tondlitlon
tiguke 1

»

I

klthmngh won signlfliant, the lower tine of the ur\.iph appenrs tu be
cunslatent with the vsual paychodoglueali vosults for conjunctivesattribute
jearnlog taskd, that 14 to say, at‘qlli‘"t'Lﬂ ot all pomltive fastances sro

favoured over sequences of positive and pegative fnvtances.  The woper line
1

appears €o be consbsting wirk the tnfluknce of high frequency (90/H0) ot
irrclevant features belng meare difffcult and conststent with the satremat ical
coiteept  leataing tasks o which sequen ;m of pusdltive and m-g.nlv':'luulnmus
are lavored over soquinee s of all positve lastances, It 1s oot clear from
thls study that the cltect of nogat ive ;nuunccs Is lecrcased vhea the \
Feoquens y of levels of Irrelevaat attributes I8 otver than 50/50. The ‘ .
reploat tpn ot this stindy to include 3 1-1' mure Sa por el should proville the

atatd tival power necded Qo make .l’im’“. satid Interpretat fon.
w

’,
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THE LFFECTS OF DIFFERENT STUDERT INTERACT 10N
PATTERNS ON LEARNING OUTCOMES IN MATHEMATICS
Roger T. Johnson and David W. Juhnson

Univeraity of Minnesora

flow studentscpercelve each other and Interact with each other duiling
fnstruction hay considerable impact on learning outcomes. How well a wtudent
understands the lat(;rlll and remeosbers 1t, how the atudent feels about the
aubject and the teacher, how the studeats feel about each other and themaselves
a8 learncrs are all influenced by the pattern oE interactiona between students.
There atre three basic types of Interaction patterns that can be fmwplemented
during instruction (Deutach, 1962, Jotnson & Johnaon, 1975): Competlitlve,

Indlviduaiiatic and Cooperative, In a Competitive situstion an individual’s

gual schievemcnt is negatively correlated; when one person achieves hia Boal
a1l others with whom he 1s competitively linked fatl to achieve “heir goal.

In a wath class $f one student has the higheat score on antaasignment, no other
student can have the hlghest score. In an Individualistic situation an
fndlvidual’: goal achlevement 1a Independent frdm others; the goal achievement
of one persor 1y untrelited to the goal achicvement of ott:erl. In o math clzss
scructured Individualistically each student 1a working toward a set criterfon
and are not linked together, In any way. In a Coozerative situation an individ-
ual'a goal achlevement 1m positlvely correlated sith group member  when one ’
pevaon .uhlebveu his goal all othera with whom he is cooperatively linked achlc\)e
thelr gonhr In a wath class structured cooperatively esch student 1s working

to make sure he masters the aterlal and that the otilera students in his group

s alvo paster the saterlsl.

It la impurtant to rcalize that there may be a significant difference
betveen having studenta “'work 1n a group” and stucturing students to "work
coopei atively", !An operational definition of cooperation includea poaitive
interdependence (tha. group members see theaselves In a sink or swin tugether
situat fon) and lndlvidual accountahility (each student should master the
...wn..‘f‘. The opesatlonal detinitlon of competition has each atudent worklng
Indivldually to try and do better than the“othcr-uludenn and in the individ-

vallst 1c sltuation each vtudent 1s working Individually toward 4 stated criteria

ERIC 19, 1
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which he will reach, or not reach, depending on his ovm efforts,

There {a & great deal of research available which eiamines ¢’ effects
of the different interaction patterns on instruction (Johnaon & . > nmon, 1975;
Johnaon, et.al. 1981). In this paper 8 set of field studies wilt he featured
vhich focus on the learning of mathematics in cooperstive, competitive gnd
individualistic settings. The studies cover a range of ages In atudents and
content in math, Three gtudies vere done In a Firut Crade aetting and examined
hoth drill and problem solving tasks (Joknson, Johnson & Skon, 1978; Joh$aon,
Skon & Johnson, 1980, Skon, Johnaon & Johnaon, in preas), One study was dnne
in Third Crade with the regular math curriculun. primarily drill activity
(Johnson & Johnson, In press). Three studies vere done at the Fifth-Sixth
Giade level examining both drill and oroblen solving activities {Johnaon,
Johnaon snd Scott, 19783 Johnson, Johnson and Tauver, 1979; Jnhngon and Johnnon,.
1979). One study wss done at the Eleventh Grade level using the regular
genersl math curriculus (Johnmon & Johnson, submitted), A variety of
dependent measures were uysed in theae studiea, but they primarily fall into

three brosd categories: Achievement, Attitudes and Acceptance of Differences,

ACHIEVEMENT
In a Hets-Analyoin of etudies comparing the effects of cooperstive,

compet itive and individualistic interaction patterns on achievement, ft

was determined that having atudents work cooperatively will result in highes
" achievement than having students work individualiatically or competitively

(Johnaon, et, al,, 1980), These remults vere consiatent ACross age groups

and aubject matter, including the ares of natheratica, The Meta-Analysis

8lso indicated that there seems to be a stronger relationships betwern

-
cooperation and problem solving tasks than cooperation and very simple drill-

tavier..

>

This finding was mirrored in the field studies, Fach of theme atudies
followad a mtrict Past-Test Only Design with students being randomly asaigned
to treataent and teachers rotazed across conditions. 1In the Firat Crade atudica
students In the cooperative condicion parformed-aignificantly better on math

dril! casks, atory problem taska, spacial rensoning and viaual sorting tasks,

197
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and m..th equatians. There was also eeldence that on problem sulving tasks,
not only do low ability and aiddle abllity students do Betrer In cooperat ive
gtoups, but the high abillty students In the cooperative condition schieved
significantly higher than high sbility students working rlone, .nd less
errors were mwade by students working In cooperacive groups., The Third
Grade study did not have achlevement data.
Three studles at the FICth=-8ixth Grade level also Indlcated that
cooperation tends to promote hlgher nchleve.unt on dail* rath achlevement
and ont end of unit tests In another study. One of _he studies dealt with
several difterent kinds of tasks Including math drill-review (two-place mult-
iplication prehlews) and problem solving (finding s number of triangles in
a figure). On the drill-review ltuder;tl in the cooperstlve snd indlvldu[llutlc
ditions did bettet than students In the competitive condition., On the
:&)l:n solving task students in the cdoperstive condition did significsntly
better thsn students In the other two conditions with the lowest performaire
by the students in the individuallstic condition. Ir analyzing the responoes
it “vas found that fev srrors were made by students In cooperstion and they
tended to pursue thu problem longer while the students in the Indtvidualistic,
and somewhat In the competitive, conditions would find the obvious answers
and,stop. .
in the Eleventh Grade study sihievemnt was sgaln higher for ntuden}s in
" the cooperative condition. Since tids study dealt with tue 1ssue of mainstream-
ing learning disabled students Into regular math classes, ft 13 interesting ta
sec that both handiispped and nonhsndicapped studunts did better in the
huterogencous.. ‘uuperat ve setting than handlcapped and noahandicapped atudenta
working alone. There was not 2 competitve condition in this study.
Overall, there 18 growing evidence that cooperatlon promotes highex
achlevemtnt {6 math than having students work competitively or individuallatically
and this I8 especially true when the task 18 something more than uimple

drill-review.

ATTFTDDES v
A Uons lstent tinding In student Interaction studles i~ the pusitive

affect assocaited with working couperatively, These studies un math Classcs

t 194
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centinue to support these prior findings. The First Grade a*udenta in the
cooperative conditions viewed math an lean difficult than dig studenta in
the coapdtitive and individualistic conditionn, and percelved themselves as
having wore peer support. The atudents in the Toled Grade Study cooperative
condition also percelved more peer support and encouragement for learning.
In the Fifth-Sixth Grade studies, studenta in the cooperative conditiona
felt more teacher mupport and sncouragement, tended tn percelve more peer
support and caring, tended to fevl more relaxed nnd comfortable in math
clnaa, and tended to vieu the taska as ahorter, eamier and more enjoyable
than atudenta in the competitive and f{ndividuslistic conditiona. In the
Eleventh Crade atudy studenta inthe cooperative condition perceived t~hc math
nnnlgnmﬁtu to be leosn difficult, perceived more peer aupport for .‘l:-nrnlng.
and tended to be mors motivated to be on tank than students lnf the other
two conditiona.

Students in the cooperative conditiona tend to fecl more poultiv:: nhout

each dther, the teacher nnd math class than students who are competirg or
o

/éimmcz OF DIFFERFNCES

Al of these atudles addreased the queation of ho denta percelve

working individuaifetically,

each other and three of them exanined atudents attitudes anhont other atudents
vho :rr difforent than they are. Students who were learning dianhled and
malnstreamed Into the math clanses wan a major theme of the Third Grade and
Fleveoth (Ernde studies and different etknic bhackground was # focun In one of
the Flfth.Slxth Grade ntl:dleu. In the Third Grade atudy wtare a h‘w atudents
who were identtfled na having nevevre learning and hehavior prohlema were
mainatreamcd into cogperative snd individualiatic conditinns, there was far
more Interaction between tie handicapped and nonbandicapped students and

that theae interactfons were nlmont entirely positive In nature, In addition
tt vag found that these relat fonships genevinllized to frer time nituntionn
vwhere there were more croans handicnp poaitive interactfoos than in the
individualiatic group, and studenta In Zhe conperative conulition made
snigntficantly more croas handtcap cholcen for friends on a socliometric nomiaa-

tion.




\
in the Eleventh Crude Study there were over Tour statements from

nonhand Icapped students to hafdiuapped peers to every one made in the
individualistic Yondition. Students in the cooperstive condition Indicated
aore (ross hundlcap' helpiog and aade wore cross handicap cholces on a
soclometric rating scale than dig stwlents {n the individualistic condition.
In the Fifeh-Sixeh Gradg Study which looked at scceptance of dlftc‘;enccl.
cooperatfve leurnln|; experiences In math tended to promote more motivation
to be purt of a learning group with’persons who were diffcerent sexually,
ethalially, and culturally, with the sxpectation that the heterogenuity would
Increase the learning :;nd unloy-er'xt of the claas.*
A nusber of other studies algo are In agreelent‘ with these studies that

cooperat {on promotes un acceptunce of differences among peers.

CORCLUSIONS

The series ot math setudfes reported here all look st the cffects of
haviug wtudents work cooperatively, competitively or individualistically in
asth (lansrvoms. Three najor learning outcomes sre discussed: * &chievement,
attitudew, snd-acceptance nf differences.

These studies In math support the data of other studics which indicates
that .uhhvenent 18 cnhances by having students work lugether_‘ﬁ\’punlvely
tather th.m haviong studenta work alone competitively or individualistically,
The signéticance ot thiys finding 1s In tie fact that most classrooms tend to
caphasize fndividual nchlevem:mt and teobhers afe still being taught in pre
and fnservice tu scparate students from one ancther and make sure they do
thedr own work. 1n addition to math achlevement, gtudents in cooperative
Rroops tend te oake bewcer crrors and are more persistent and creative In
problem wolving situagions. s : 4

There 18 considerable concern at this tise :':lbouot the attitudes ot
students toward math «luss and studying mathemsticus. These stadies 1ndlc.uu:
that students working In cooperative learning groups feel more positive

N .
about atudying math, feel more support from the teacher, and moxe support

ERI

trum peers to {carn math than do students lcarning competitively or tndlvid
ualistically. ‘

There ls alsu evidence from these studies that learning math do a
s i:u:amouh.n uses cvoprial ive leadiitlog groupe often can bulld an acceptance

)
ot difteteave among the students so that they can not only work effec .’ rely
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in a mixed ability group, a mired uxu:)]ly group, a group that includes
different ethnic backgrounds or mainstreamed handicapped Ptudents, but that
they gatn an apprecfation for the :ilfferencon timt exist and select to
fnteract heterogeneously beyond math claes, There will be incpfasing
{wportance attached to building this kind of climate for acceptance of
differences as achools continue to deal with sexism, racism and rejection
of handicapped in classrooms, Structuring heterogeneous cooperative grnupn
Vi1l nct only tend to build the acceptance of differences but will also
provide htgher achievement and »ore positive feelings in all students,

» -
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Teachers' Critical Moments:
The Other Side to Student Understanding

Janet C. Shrover

% .
SN

In his audress to the Fafth International Group for the Psyctology of Mathema-
tics Zducation, kilpatrick {(1981) calls for more research to be conducted 1n the
tlassroom. His recommendation comes at a time when there 1s an increasing use of
the vlinical interview technique to obtain information about students' understand-
1ng of mathematics. As a result of investigations of students' thinking, some in-*
teresting error patterns have been isolated and described. For example, in their
study of students' knowledbe of"rational pumbers, Behr and Post (1981) report the
effect of visual-perceptual distractors on students' understanding of fractions.

One way of lending credibility to such findi.gs obtained outside the classroom is to
find examples oi the same ur simrlar error patterns occurring during classroom |n~\\
struction. Studies on teacher thought and behavior provide one source of classroom
data from which to seek such examples. The purpose of this paper is to 1llustrate
hou, this mlghﬁ%e dune and how the findings frot the otherwise divergent lines of
research might be used to In;rease our understanding about the teaching and learming
of mathematics.

tn her study of critical moments in the teaching of .mathematics, Shroyer {1981)
isulated and examined incidents uf student Bifficulty and insight for which teachers
experienced momentary crises. LEvidence of the teachers' cognitive difficulties and
em.tivnal discomfort were souyht from their thoughts and feelings repurted through
a processy known as stimulated recall {Kagan, 1975). From her process tracing study
of three teachers teaching units on rational numbers, Shroyer observed that the
dastinctive types of student difficulties and insights which caused teachers' prob-
lems were alsu indicative of students understanding of mathematics. For example,
one «rf?ludl moment 11lustrates the impact of visual-dist-actors, similar to thore
reported by Behr and Post (1981), and student misconceptions in identifying frac-
Lions from models. One type of visual distractor was noted by Behr and Post when
students were distracted from modeling a iraction by more divisions that were ne- -
cesyary. For example, students mght have trouble representing !/3 in a rectangle
which was already divided \nto six squeres {see Figure 1).

; IO B N I

. Figure 1.
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Shroyer's study also offers some clear indicators of what teacher;“héed in the
way of assistance 1f they are to effectively cope with these distinctive student
di:ficulties and insights during interactive instruction. Before describing the
eritical moment and the student difficulty 1t {1lustrates, some remarks need to be
made about the setting in which Martha, the teacher who esperienced the eritical
moment.,, was teaching.

Y

Setting
Martha was teaching an {ntroductory unit on fractions in which she relied al
most entirely on the use of concrete and pictorial tasks. Six days of lessons were
included in the study. On the first five dé}s she focused on developing the concept
of fractions beginning with unit fracticns, then moving to other proper fractfons
and, finaliy, examining improper fractions. Cuisenaire rods were used for many of

aw on paper. The first day, students were asked to show unit fractions for
designatad units of Culsenaire rods (e.g., 1/3 of dark green), about the rods (e.9.,
red is 1/8 of brown), and to model 1/3 in different ways.

Students were asked to compare or order fractions on the second, third, and
fourth days and to identify equivalent fractions on the fifth day of the unit. Ad-
dition of fractions was introduced on the fifth day and was the only topic on the
sixth day. Martha relied on total class instruction for most of the unit. She

) provided one separate work period for adding fractions and gave three short tests
on the first three days. Students were very much involved with the tasks, and they
eagerly participated in the classroom interaction. There were no disruptive fnci-
dents of student misbehavior and very few minor fnfractions of classroom decorum. -
The following description of Martha's critical moment which occurred on the second
day will include relevant information about the anticedent behaviors and conditions,
the specific student difficulties, the teacher’'s elective actions taken in response
to these Student difficulties, and the consequences to ine instructional flow of
the same lesson and 4pe next day's lesson.

e

Critical Moment .

Martha's critical moment involves more than one incident of student difficulty.
Several students had trouble naming parts of rectangles or circies which had been
subdivided after one portion had been shaded or had the value written on 1t. For a
rectangle cut into five equal pleces in which the first plece was identified as
1/5, for example, the next or remaining portion was identified as 1/4 (see Figure 2).
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s Figure 2.

The student's response was based on the fact .hat four pieces stnil remained. The |
—next piece was labeled 1/3.

The first error in Martha's critiCal occurred during the first planned activ-
ity on the second day of the unit. The task was essentially the same as was given
for a test on the first day Students were answering questions about the fraction-
al values of parts of a rectangle formed by drawing around the dark green rod on
grid paper with squares of 1 sq. ¢m. to match the face of a white ~od. On the grid
paper, each rectangle was automatically divided into six squares. Students had
veen asked to divide the rectangles and shade 1/2, 1/3, 4/6, 3/6, and 2/6 which
they did with few difficulties. Referring to the rectangle in which the first
square hatf been shaded as 1/6, Martha asked Rodney what was not shaded, and he re-
sponded with 1/5 instead of 5/6.

The second instance of this error pattern occurred when Martha was reviewing
the‘saue problems by asking questions about the figures she had already drawn on
the overhead projector. Pointing to the same picture shown ia Figure 1, Martha
asked Rodney what was not shaded, and he replied 1/4. He had forgotte ., or was un-
able tc see from her drawing that the rectangle had been subdivided into thirds,
he was responding 1/4 bezause he could count four squares that were not shaded.
Before the reader forms any firm opinion about Rodney's ability or attention to tne
task from these two errors, it should be pofnted out that during the same act.vity,
he volunteered the first equivalent value for a fractien. He suggested 1/2 as
another name tor the model of 3/6.

For the first error, Marths acknowledged that Rodney was seeing five unshaded
parts, reminded him they were working with sixths, and repeated her question. He
answered correctly, but it aspeared as though his helper may have whispered the
answer to him. During this activity, helpers had been designated to assist those
who had some difficulty with the test the first day. For the second error, Martha
cuntinued to ask questions when Rodney reported that the unshaded portion was 1/4
instead of 2/3 (see Figure 1). In this case, the helper was no longer present.

How many paris did we divide this {rectangle] into, Rodney?
Three.

Three. How many of them are shaded?

Two [referring to the two squares rather than one of the three
divisions]).

Ut
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At this point, Martha began to realize how the small squares were interfering with
Rodney's understanding of thirds.

T. | see why you said tws. One of the parts is shaded; isn't it?
How many of the parts are not shadad?
S. Two

Rodney's response was correct, but Martha seemed unaware of it at the time. [nstead,
th‘ cause of his error was still on her mind as she went on to say,

g. ;"gu ;re counting each little box, aren't you?

. , .

T. {going right an} 1 can see why you are confused; it's confusing.
Rodney, tell me again how much is not shaded. lf we divide that
into thirds, Yt~ much is not shadad? [Pause and™no rrsponse.) -
0K, 1'17 tell you--2/3. How many thirds are in the whole thing?

S. Three.

T. gne is shaded; how many are not shaded?

S. 3.

Two-thirds was not rzally the answer to the last question, but Hartha did not seem
to mind since Rodney had indicated the unshaded part was 2/3.
If the above two fncidents had not qualified as a critical moment for Martha,
two similar errors which occurred during the next activity probably would have.
and fourth in-tances of the same error pattern came during the next
activity. Martha had switched to drawing circles and rectangles on the board and
asking students to label earh of the parts. Milton expressed some disbelief that
each of the four equal p;eces of a circle were 1/4 (Figure 3). After obtaining his

| (i

Figure 4.

N

agreement that each piece was 174, Martha drew znother picture (see Figure 3), estab-
lished the smeil portion was 1/4, and asked what all the rest would be. Hilton re-
plied 173, as though the other pieces were still showing, his error pattern was the
same as Rodney's. In resbonse. Martha offered him a word of encouragement and told
him the correct response: “You are on the right track; it would be 3/4." For the
next problem, Martha drew a candy bar in the shape of a rmctangle, divided it into
fifths, and asked Todd to labe! the first piece. She noticed him counting the
pieces and drew this to the attention of the class before he correctly |dEnt|f|ed
the first piece as 1/5, telling her to "scratch out one {of the pleces}.” e pro-
ceeded to label the next tiro parts as 174 and 1/3. Martha acknowledqed this was
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confusing and called on Hilton. He responded 1/4 for the second piece cs well.
Another redirect elicited the correct response of 1/5, and the dialogue continued:
T. You would label it 1/5, too. How can.that be? Kevin?

S. Bscause al} those things {squarés] are all the same.

7. Al right, every one of them is the same size, isn't it. And
every gne of them is called...?

S. 1/5 [called out by @ number of students in the classj.

T. Khat if | am talking about two of them? Steve? [Ho response. ]
Hilton?

S. 2/5.

L]

That's right, that 1s 2/5. So what am I going to labal this
s);‘ecé right here {pointing- to-the next.square], Rodney?

T. And what about this one, Rodney? 2
B S. 1/5.

Hartha r.sponded affirmatively and moved on to znother picture. When reviewing how
many thirds, fifths, fourths, and halves were in each o the pictures, she called on
both Todd and Hilton again. This time her answers were correct..

Much might be said about the particular actions that Martha took in response to
these errors, but such discussicn must necessarily be delayed. For right now, it is
important to note that while Martha may not have done a lot to correct the students'
afscanceptions at the time they occurred, she was persistent in trying to find out
if they understood She continued to call on the same students until they were able
to give correct responses.

Several aspacts of Martha's mental processing of this critical moment were ap-
parent from the stimulated recall data. First, she was not as cogaizant of the
error pattern as it may have appeared with the first incident. It took the second
and possibly even the third and fourth instences of the same error pattern before
she was fully aware of the miscunception and its significance to the student. This
was apparent when she did not talk about the error from the first instance but
tatked instead of the one from the second. In exphasizing her fascination with the
recurring incidents of the same error pattern, however, she appeared to the report-
ing reflective rather than a recalled reaction.

The only indication that Martha may have been alerted to the difficulty stu-
dents had in identifying fractions from the picture models came from one remark she
nade during the recall session tin the first day and the opportunity she had for
seeing some of tne erros they made on the first test. Neither seemed adequate,
however, for her to anticipate and prepare for such difficulties.

Second, there were several reasons why Martha responded to the students in the
manper that she did, including (a) her perception of the students' abilities in

O
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mathematics, (b) her own lack of knowledge about what to do, and (c) her conscious
awareness of the error pattern produced by the critical moment {tself. Hartha
evidenced rore reluctance to push for correct responses from students she perceived
as being less capable in mathematics which §s similar to other findings of the
effects of teacher expectation (Brophy & Good, 1974). Although she d{d not admit

to any difference in-her treatment of these students,-differences in her actions
during-critical moments fnvolving students perceived as having moce or less ability -
were gpparent. Hartha also spoke of not wanting to confuse a confused student even
xore is the result of her own learning experiences. She told of her mind's feeling

1

Hartha acknowledged she did not know how to respond to the difficulty students
were having in labeling fractions from the models. She really had little alterna-
tive other than to continue much as she had been doing which was to.emphasize the
equivalence of the portions into which the figures had been subdivided. Her con-
sctous awarcress of the errors these students were making was evident in the per-
sistence of Hartha's efforts to elicit correct answers to subsequent questions
from the same students. This was not at all typical of student difficulties which
were routinely processed with less conscious awareness. At the same time, Martha
found sztisfaction in getting correct answers from these same students.

As a consequence of the teaching and recall experience and the test results
from the second day, Martha planned another activity for the next day to clear up
students' misunderstanding of fractions. She eliminatgd one visual-distracter by
drawing around the rods and leaving the portioning to the students. Students did
5o well with this activity that Martha became distressed because she was not doing
vore to help the students. [t was a differenty type of critical moment brought
about by the discrepancy between her expectation for and the reality of the stu-
dents' performance. The other problem of faiiing to recognize the unit was either
corrected or failed to resurface.

Discussion and Implications
The critical moment just described compliments the work by Behr and Post (1981)

in at least two {mportant weys. First, the error pattern of Martha's students was
somewhat different than what Behr and Post describe in the early version of their
final report. This {s at least partially due to tne fact that students were not
asked the same questions. As a consequence, somewhat different difficulties may
have emerged from the two studies. Behr and Post describe how the presence of rore
subdiv!siom than are necessary to model a fraction can confuse the students and

v
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cause errors, but only one of the four errors in the critical moment occurred in the
presences of such distractors. [t was the second and also the most salient to Marthe.
Students in Martha's class may have been demonstrating the impact of a di fferent
““Visual-distractor as there was a perceptual cue present in eich of the four cases.
Students misinterpreted the fractional values of pieces of rectangles and circles
from which one or more piece had already been shaded or had a nurber written on it.
The second way in which the description of Martha's critical .noment compliments
the work by Behr and Post is that it offers a teacher's perspective. As already
described, the teacher's perspective includes her interpretation of the students'
errors, her actions taken in response to the errnrs, reasons for the actions she
took, and some possible consequences of the critical soments. Both teacher and
student perspectives are needed to understand the teaching and learning of mathema-
“tics. .
h As 1s apparent in the critical moment JuSt described and in the other critical
moments from the Shroyer study, teachers need help in interpreting and evaluating

on how to respond to them. This requires task- and topic-specific information
about the difficulties and insights students might encounter and prescriptions for
teacher responses. '

Investigations of student understanding of mathamatics and teachers' critical

the more distinctive stuqﬂjt responses Or contributions. They alsc need sugges tions

moments have proved to be a valueble source of information about poss.ble student
difficulties and insights. Howescr, such studies do not reveal which teacher ac-
tions are effective or even appropriate in the interactive teaching sitvation.
Teachers' critical moments occur because their actions are nat routinely determined
by the task and questioning patterns of 4n activity. Teachers are concerned not only
with their mathematical response to unpredictable and distinctive student perfor-
mance, but also with having to respond in the presence of and in a way which in-
volves the class.
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J CHILDRER'S THINKING ABOUT ADDITION, SUBTRACTION, AND
ORDER OF DECIMAL FRACTIONS

pouglas T, Owensa
University of British Columbia* .

.
N v

The purpose af this paper is to report the iationale which children use in
thinking about selected decimal concepts and addition and Jubtraction algorithwms,
The larger study of which thia was part fuc luded preten;tn. instruction, and
rosttédta on Jecimat fraction concepts and _notation, addizion and subtraction
algorittma for decimals, and multiplication concepts and algorithms for

T decImals. UhIldven weré selected for intervievs onthe-basts-of the posttest

scores. An effort was made to choose & representative cross section of inter-

vievzes with respect to performance on decimal concepts and decimal nlso;ithn.

One class of grade five children was selected at each of two schools in Clarke
Gaunty, Georgin. Eight of the 23 subjects of school 1 and nine of the 25
subje;ta in school 2 were aelected to be interviewed. The mean posttest score
of the group chosen wss 492 on decimal concepts and 78X on addition and
aubtraction llgorlthu‘vhlh the mean ocore for the entire sample was 48 onm
decinal concepta and 742 on addl;tion and !ubtructlon algorithma.

The fnatructional sequence began with a ceview of vhole number place value and
the role of digita in numeration. Then decimal fractions were fntroduced N
based on partitioning & unit into 10 or 100 equal parts., Base ten mdcl; vere
empicved A the wajor concrete embodiment. Place values and word and numersl
naces were introduced. Common fraction notation was avoided throughout
inatruction. Buse materials were traded to show equlvnlel;lce. for example, of
32 hundredths and 3 tentha, 2 hundredtha. Order was shoun by placing numbers
on a nusber path. This unit of nine instructional periods was followed by v

test on decimal concepta and notation.

e e R e Y
# This atudy was conaucted with the assisatance of a ashbatical leave grant
from the Univeraity of British Columhia while the author wna on leave at
the Univeraity of Georgla.
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about cight periods and was followed by a test on these algorithms,,
Instructional strategy for addition and subtraction relied heavily upon the
base ten materials and pla.e mats in which lines were drawn to findicate places,

addends and sum. No lahels were fndicated for the places, bnt the children

- were asked to think of the names and to keep the columns atraight -- tenths

under the tenths, etc,, analogous to tent under the tens, ctc., for whole

The second unit of instruction on addition and subtraction algorithme lasted
nunbers.

The addition-subtractiun section was followed by a section on mattiplication

and 1n one achool a scction on division as weil. Two to four weeks afjer the

»

final piattests the Interviews were held, ‘

. 2 L

- —meem - -~ “-INTERVIEWPROCEDURE

Each ciild was interviewed individually by the fnvestigator who was also the '
teacher for the lesasons. Present at the interview waa another adult whose

tank it was to record the Interview {n shorthand. Transcripta were later ¢
typed hy the rerorder from the shorthnnd versien. As each child entered the

interview space, hc/she was introduced to the recorder and tnld of her role to

i

make nntes. The tasks were introduced as some questions like those we had ‘
been doing In class. The child was made aware that the {nvestigator would he ‘
asking for an explanation of his/her thoughtsabiut dofng the de imal q‘uoqunna.
Each child was aiked for coopération nnd each one agreed to do his or her ‘
heat. The questions were presented one at a time and the child wns given an ‘
opporturnity to decide a plan of attack, Otten the vhild would ohtain an |

i anawer and the Interviewer would then ask, “"How dn you know how to do that?” \
or "Explain what you did." Following the child's response, more specific |

nuest lons and prohing ensued. |
1)

RESULTS

Task A: 6.3 + 824.43 + 32,
Hine of the 17 children intervieved nnawered currectly. Among them, four
ment foned allpning the places of the mmerals. Aa Suzanne sald, “You 1ine the

tenthe up witt the tenthe and the whole numhers with the whole uumbers,”
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Four clilldren mentioned aligning the decimal point=, Donna put it
euccinctly, "You have to line up the deciwals hecause you are adding .., so I

can keep track."

Among the children who got the question correct, five mnncexed a decimal and
zeros to make 32,00 from 32. These children were asked to justify this move
or made a spontaneous commcent. m&: aaid, "Iv makes it easicr to keep the
tediths a: { hundredths places. 1It's the same value,” Tracey sald, "The
zeros just hold the place, they don’t change the amount. “You stiil have 32
and no more."

Of the 9 children whose responses were classified as incorrect, six of the
children aligned the right-hand digit of each mmeral os {f adding whole
numbera without regard for the decimals at all, Four of these then counted =
declimal places In the question and arrived at the anawer of £2.538. Toa

vorbalized the procedure ae "You line up the back numhersa ... you count up

the decimaln.”

The temaining three children who missed the question ahgued the decimals in
5.3 and 824.43. Then 32 waa placed at the right-hand side and one actually

wrote .32. Another, Beth, in recoponsc to the Investigator's questions said,

"Three is in the tenths [place] and two is in the hundredtha.” #-wever, in
further probing Beth sald that the number 123 haa no places because there {a no
decimal. She correctly named thé placed in 123.0 but thought it waa bigger
than 123,

Task B: 6 UNITS AND & VENTHS TAKE AWAY 1 UNIT AND 9 HUNDREDTHS.,

Nine of the 17 children got this task correct. Ench onc tranalated to usunl
notstlon, annexed a zero (6.40-1.09), and wrote it In verticol format. Only
one child mwentloned ... 1 think you arc supposed to liue up the decimals" but
of coursc all did. Host of the que;tions and reaponnes liad to do with zeros
holding placas. Jerome read them cortectly "Six and four tenths ... six and |
4G hundredths", then added "But 1t's the same. You could keep on adding zeroa |
and you would stfl} have the aame becaune zcros count as nothing." Hark said, |
"It maken it easler and you couldn't do it without the zero because you have

nothing to take away the ninc.and 1 have to borrow,”" Regarding 1,09 Donna snid,

21p
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"“The Y would be in the wrong place, tenths place, without a zero" and Mark said,

"You couldn't put 9@ hundredths here and leave the tenthasplace blank,"

A -
Among the eight children whose responses were classified as tncorrect, there

>
were three classes of errors.

(1) 6.4 (2) 6.4 rr 6.4 (3) 1,09
- 1.0 - L3 S T3 - 6.4
5.49 4.5 W45 4.5

Four children made an error of type 1., Joey said, "1 could, have added a zero
fto 6.4] ... That [6.40] would he different.” The firat one is correct hecausc
"it tells you six and four tenths and that in nix and 40 bundredths.”" Two
children who got the result 4.5 said, " don't know" or "I con't rememher” when
asked to!]ultlfy their answer. Tamny dectded upon A4S and copfidcntly anid,

"Becaune there's two numbers at the end of the decimal point," The only

——

1tud;;E_;E3—§EBE_TﬁF rype—3—error when tinished, spontancounly snid it would be '
easier to put .his (6,4) on top. After reaponding correctly to-anntlonn about
the relative alze of 6.4 and 1,09, she did the original question again,

correctly.

Tagk C: ' TAKE AWAY 4 = 2,47,

Eight of the 17 children }ntervleved got thir question correct. A=« in the
previous question each one did so hy rewritfng as 4.00 - 2.47 atacked
vvrtlcnlly.’ In reaponse to questions cach one rationatized the aunexiog of
zecos.  For example Sozanne sald, "You conn't take 47 from nothing, you need the

place vatuea.”

Only I« .na was queationcd ahout making 4.00 t! - minuend. She
replied, “"Because you couldn't put 2.47 on top hecause it is lesa than 4." In
response to a queation ahout where to place the decimnl, Mark reptied, "In
adding you have the decimal lined up and you put the decimal in the answer

under tl.e decimal in the problem.”
\
|
|
|

Among thoke whose responses were classified as incorrect, there were three
clustersa of errors,
(1 2.47 (2) 4. (3) 4.00
-4 - 2.41 - 2,47 '
2.43 .47
Four children made the egror of t}po 1. v rat fonalizing her work, Tracey

PAN - '




-~ N
sald, "You don't have a decimal fn four and fonr Ls biger than two. So you

don't say two take avay four because two can't take away fours- 1 g.ll't put

ay four under my two." After further questfoning which provided <ome ?&?ﬁ
< Tracey aud two others did the Question correctly., Beth correctly named the

places in 2.47 but maintained that “The four doesn't have a place hetause

there's no decimal®,

Two youngaters made exrors of the second type. They had hoth made similar
g mistakes on Task B. Netther could complete the task cerrectly, due to
aubtraction atstakes, even after being told by the interviewer to annex a
decimal point and zeros and after atigning the rumerals correctly, Thr(‘-o .
subjects set the question correctly as indicated in error type 3, but did
not arrive at a correct solutinn, Two of these made subtraction mirtakes and
the third placed the decimal point incorrectly. After obtaining .153 he
. annexed a zero (.1537) "Becaunse you n.ood four plnce:: to .,. Becange there are

' four in the queation, I need to point off four in the answer." R

ﬁ After observing the kind of mistnkes made and the follow-up questjons asked,
T it appears thnt'lt would be bheneficial to be more conaistent In the typr of
. _*ques.iona asked of those who got a correct nuaver. Porl:npn cveryone gshould be
‘ ~-agked about which number al:uuldl ke the minuend and nulitrnhcml and perhaps about

the relative size of these. Everyone should be asked about anncxing zeroa and

v
‘8 aligning the numerala properly in columns. Finally everyone nmlght be asked

b - about the declmal point in rhe anawer.’

Most of the nine (of 17) studenta who successfully completed this task wrote

1.20 ’

#0,13 , although some omitted une or the other of the reros. Of course the .
most interesting aspect of this questfon is the equivalence of 12 teanths and ‘
1.2 or 1.20._ Seven of theme children un:d a rntlnnn_!r simitar to Tracey's.

"You can't write 12 tenths so you have t‘u regroup 10 tenths making one unlt and

2 tenths left. ... Put a sero up there to hold the hundredtha place.’ One

student eliminated .12 as 12 hundredths nad the other nharrvm; that 12 tenths

would have onlv one decimal place. M

-
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Among the eight subjects who did the queatlon incorrectly, three ndde;i W12 and
.13, two 2ided .12 and .013, and the rest had variations on the same theme.
When questioned about their work, no pattern emerged and most children vere
unaure. ; Only Donna had conviction that .12 could be either 12 tentha or 12
hundredtpa. Scth thought .12 would be 12 hundredths, 12. would be 12 tentha

uld be one and two tenths. Dawn said 1.2 "Would be one and two

“and
nths :nd 12. would be just twelve," The inveatigator asked four of these
hildren to use the base ten modela to help with the question. Two, who had

cen succeasful on 'the provious three taska, were succesnful in using the blocks
and In writing tho/ representation on the paper. Two children, who had been
unsuccesaful on the previous three tanka, did not use the bsac ten materials
connlnten'tly, nor arrive at a correct reault, It might have been revealing

to have routinely asked the children to use th: materisio to justify their

vork. Aa It was, it yeemed Inappropriate to use the materisla as a further
probling device when a child wvan satisffed with the result., In sumoary, nbout
half of the children apprecisted the equivalence of 12 tentha and one and 2
tenths, and vere able to smotve the probles. Chlldren who did not understand
this equlvnlo’nce were unsuccessful.

Task E: WHICH IS LARGER 2,45 or 2.5? .

This task was surprisingly easy as 13 of the 16 children who were aaked,
reaponded correctly. Elght of these children thought of annexlng n zero to

2.5. JPor example, Tammy said, "If I add a zero then that woul‘d be two and 50
hundredtt:n and two and S0 hundredths {s lsrger than 2 and 45 hundredtha,” Four
of the children compnred the numbers of the tenchs placea. Roderlck said,

"Because four 1a amaller €han five .... 1 look at the tentha place." Tracey

aald It atrangely, "The wore numhers you have to the right of the decimal, the

lens they are."”

Further probing revealed that she understond. Suzanne had a
third unlque atrategy. "You say thia 2.45 la like four and onc-half tenths
and ynu comparc ... to two and flive ten*hs and two and flve tenths (s more.”
The flrat and more common Atrategy vwas to be expected because equivalense wan
emphaslred (o lustructlon. The second stratery waa not enphasized in
Instructlon and must have been a gencralization by the children from thelr

knowledge of whole numher Place value. ’

Only three children belleved that Z.Asﬂln larger than 2.5, One sald, “Bc-cnre

O ’ .

E
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P hu;(:grodths make it lnrger than tentns" and o second sald, "forty-five 1=

bigger than five.” 1In both of these cases the children scened to be fecustog
on a cemparizvn of five and 4% without particular regard for the place values,
The thivd child rould not verballze a ratloadle, :

v ! 8 '
At was .amr.prlslng, based oun past gencral Impressfons, that 0.81 of the subjects
were nurccsn;ul on Task E. Perjipe this'was due to the tnstruction o* perhaps
to the nature of the task, These chiddren were aunre of the equivalence of 2.5

and 2%, and Y% ta the eXxient of all fraction concepts for chiddren to grasp.

. ¢+ Further, 2,45 ta halfway between 2.4, and 2.5 as Suzamne pofnted out. .

’ .

DISCUSSION o
~ -
Th, tasks that were choeen forced the children to alter or t¢ .sform the
ptoblem before proceeding tn algurithmic fashion, and aa a result were rotative-
ly difficult, However, most of those who answered correctly were able Lo gl
a eatfonal explanation for thal;" work. Sometimes the explanat ion was diffsrent
from that given fn instruction, For example, 'n m'dltlf;n and subtraction the
students had been shown to align like places fn columns analogous to the
n.lgnrlthmn for whole numbers. Some sublecta verbalized thia as "Itne up the
decln.nls", a periectly acceptable rule. A common mistake was to {nvake some
part of a rule for a multlpllr\ntlon algorithm like "count the decimal places.”
“ P
The tasks choaen ft‘: thie study gave empbasis to the concept and rvles for
vquivalent dectmnl expressfons. One type, expressaing a whose nuaber such as
32 asg a decimal, =sny 32.00, was eapeciatly troublesome. Most who were
‘suc.essfut Su Task A uq(‘d’ this move. Not surprisingly. all who were auccessful l
on Task C expreased 4 aa 4.00, This algorithm ta ensfly stated. However, the
- rore quh.unnllvz- concept that vholoimﬂhorn are a part of the wame rattonal . !

number systea and have mauy artibrary decimal expressfons te mare dt{ficolt.

. ' ) .
Another error which 11 toteresting fa reverstng the order in subtraction, Some
children tgnored the order specifted tn the task aud devisgd ways to suhtract |
vhat they thought wae the amaller unmber from the larger. The need far
rlmnglng" the nrder wns no doubt neceseitated by tlw/l‘r Iack of sl:lll tn deter-

mintuy order and vqulvnl/«-nt forma. ’

' »
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