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Ab;tract K

Data from the year 9 mathematics aséeisment were analyzed using latent

class models to determine patterns of distinct skills required

| * by different exercises, and to estimate the distributions of these skill

| : -

patterns in -age 9, 13, and 17 popuiation;. At each of ages 9 and 13:,9”9
booklet was selected, and nine clusters of three exercise parts each were
chosen erﬁ that booklet. Over tggnty pairings of these three-item clusters- -
'yielded‘ﬁhe six-item Set; analyzed. At age 17, six exercise parts that
appeared to require the same common skills were drawn from each of "'six
different booklets for anaijsis. 7

At.age 9, roughly 89 percent of the children could do simple addition
éroblems correctly. Subtraction, counting, working with‘place values,
common measuring units, and simple geometrié concepts were available to
roughlyl7zjy€rcent of nine-year-olds. Only 41 percent could do more
difficult cgmputations, and only 53 pchent some problems requiring use of

a.ruter, Skills at age 13rwer§ less clearly distinguished; Number 1line

problems and simple computations could be solved by 74 percent of

1
thirteen-year-olds. The,radic%l sign was interpretable to 66 percent, but
only 30 pertent could give'decﬂmal squivalents to common fractions. Skills

a .
for various algebra topics were av ilable to 40 to 60 percent of children
at this age. From 85 to 92 perce t could do unit conversions and knew some

geometry facts and concepts. Tn- age 17 analyses showed 52 percent unable

to solve any but the most elementary exercises requiring an understanding

that letters may represent‘variable numerical quantities. Another eight
percent, could solve some such exercises by reasoning, but could not solve

those requiring formal algebra training.

No problems were encountored with the NAEP tapes. Improvements in the

— N

methodology, as well as areac where'further work is required, are reported.




4 : TABLE OF CONTENTS

Abstract,

Table of Contents . . . . . . . . . « o .« . o000 e e 11

Lis( of‘TablEs and-Figures. . . . . . . « < . . . 0 0 . o e v e ... did

INEroduCtion. o v v v v e e e e e e e e e e e e e e e e e e s
Conceptualizing Mathematics Attainment. . . . . . . . « v « v v v v v . . 3
_ Iﬁems as Skill Indicators . . . .. . « . . o 0 L L 0 0 e e e e e e e o . b
u | Carrying Out the Analyses‘.“. e e e e e e e ... A -
| 2 o ‘
———— - -Strategy-for--Analysis .. .0 L L L 0w 0 o e e e e e e e T T
| Using the NAEP Data Tapes . . . . . &« « ¢« « ¢« ¢ v v &« « o « « « « v« . 18
Results and\Interpretation: Age 9. . . L o L L o s e e e e e e e 20

Results and Interpretation: Age 13 . . v . « o o« v v « « o o o o 28

Results and Interpretation: Age 17 . . . . « « . o o . o o v e o oo 37

- Conclusions ; R .'. Vﬁfi 45




LIST OF TABLES AND FIGURES

26 .

Table 1. Age 9 Estimates of Misclassification Probabilities b§ Item;‘.
Table 2. Age 9: SummaryaAcross'Runs by Cluster:. L .27
Tablg 3. Age 13 Estimaﬁes of Misclassification.Prdbabilities by Item . 33
‘Table Uf Aée 13: Summary Acrcss Runs by Cluster 35
——Av—-—ﬁwaungiQ;E;raExeFeises~Bxaminedliﬁfhge 7 Analys;;, p-valuesy and~Latent
Classes Required. 39
Figu%e 1. Hhge 9 Booklet 3 Stem-and-Leaf c¢f Cfude Item pifficulties .21
Figure 2. Age 9 Aﬁalyses¢énd Propcrtions in Each Skill Pattern 23
- Figure 3.' A83.13 Bocklet 6 Stem—and-Leaf cof Crude Item;Difficuities 28
Figure 4. Age 13 Analyses and Proportiéns in each Skill Pattérn. 31

3

iid




* B "~ DRAFT FINAL”REPORT: Developing a Discrete Ability Profile Model

for Mathematics Attéinment

The National Assessment of Educational Pfogress affords a rich resource
for the description of American young people‘s academic skills, Careful

deliberation as to appropriate objectives, matching of itqg$§ormats to

use of all (technically sound) .exercises regardless of their "item
statistics" yield item pools that tap an unparalleled array offﬁﬁecific
fcompetencies. ‘In contrast, traditional tests sampiﬁja narrower range of
6bjectives, often épnstrain all ivems tb a common%}brma;, and typically
iﬁéﬁude ﬁnly items that are highly‘corrélated with total score or some
other, single qriterioﬁ. Matrii sampling permits the édministration of
literal}y hundreds of exeircises, all to ﬁationally representative respondent
samples; withéuﬁ unéuly burdenrngvany individual pupils or schools. 7"
S
‘ Unfortunately, researchers seeking to exploit these data to find out

what children have learned'Oﬁ can QO may be overwhelmed b? the embarrassment
o} riches.. Accustoméd to conceiving items as multiple indicators of a
single ability, they are ill-equipped to draw useful conclusions from

hundred of diverse items, each of interest in its own right. The most

typical response has been to attempt to build scales, using items that

—--objectives, including theuse—of -unconventional formats as necessary, and =~
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appearfto be related; and restricting attention to one exercise 'booklet
(PaCkage) at a time. B | ﬁgy

_ Those turning to NAEP publications of findings will find little
Edditibnal guidgnce. Here, results are aggregated over packages, but
exercises are typically pooled into broad "report_pgpics" categories
spénning~maﬁ7”65jeétivés; siégz;w;ecaUse objectives are so numerous. The
. only direct longitgdinal comparisons made are of performance on identical
sets ofﬁitems at.different points in time, and for ngcriptions of absolute

level of performance at a single time point, the reader is told, "30% of

left to tbe reader to imagine what generaligations from these staFements
are or "are not appropriate. Onif“7% of seventeen—year;olds could correctly
solve the eduation."(x—Zf- = 9" for x: but in another sample,v18%.could
"Find the solution set of’ x1 ~5x + 6 = O:"* Is the difference due to the
wording of ﬁhe problems? ‘The particular numbers? The format of the |
equatiphs? How are we to generalize about the proportion of
seventeen—year—oldé wbo can solve quadratic equations? "How would the

”Qv'“ '“'"vaaihes change5~if“the56”items were ﬁultiple bhoice,‘say, rather than free
response? There is no way to tell. /

Here 1is é dilemma. The very breadth and richness of the data base make
it resistant to all but the most superficial summaries!v The conventional
model of items és multiple indicators of a singie ability cbntinuuﬁ is not
appropriate,‘énd there appears to be no alternative but to comﬁose averége
puvalues for masses of exeréises. There is clearly a need for better
methods, of reporting NAEP fipdings. The purpose of this study was to

investigate one possible method.

*Exercises SO429A and S0905A from year 09 mathematics assessment.

<

Aine~year-o1ds knoWw this...", "i5% can solve this problem,” etc. It is then

\
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Confeptualizing Mathematics Attainment

An empirically grounded summary of NAEP (indings must be based on some

model for exercise response data. Traditional models, both classical and

latent trait, are most often appropriate when (1) &here are large numbers

o

of items that may be assumed unidimensional, and (2) tne intent is to make
inferences about individual examinees' levels of the ability underlying

responses to all the items. In contrust; the NAEﬁ,data offer (1) only a

few exercises tapping each of many abilities and (2) a problem of describi

performanceﬂaggpegatedwacpqssmindividualsq~—Clearly,~theh;~amdifferent~kin

of mddel‘is,needed. .
For this study, .the kind of model chosen was a restriéted latent clas
model similar to those first investigateé by Lazarsfeld and Henry (1968),
énd abplied to item response data by Proctor (1970), Dayton and.Macready
(1976), Goodman (1975), Haertel (1980?, and oghers. The basic "unit" of
ability assumed in these models may be termed a "skill.". For purposes of
this study, skills were gssumed to bé intermediaéé in scope between
objectives and report topics. For examble, "solving quadratic equations,"
or "making conversions ahong common units of measurement” might be skills.
A distinctive featﬁre of the models is that skills are treated as
dichotomoué:?fA given examinee either does or does not possess the skill.
If an item reqﬁikes on}y'skills an examinee possesses, then s/he can solve
that item. If it requires even one additional skll},rs/ﬁe cannot. When
applled to individual-~level data where the 1nte6t is ﬁo dlstlngulsh a
continuous range of ablllty levels, this mlght ‘not be a useful assumptlonf

For describing populations, however, -it works well. With respect to

any given skill dichotomy, examinees can be partitioned (conceptually) int

ng

S
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just two groups: those that possess the skill and those thatng@\qot. The
proportion in the first category is’ sufficient to summarize completely the -
4 . N ..

distribution of that skill in the population. .

! When multipié skills are consideréd, it may be that hierarchiés will

/ .
be found. For example, it is unlikely that any students possess the skill
/ . . .

/ . . , .
/of solving quadratic equations but lack the skill of solvin:
" linear equations in one unknown. Thus, these two skills together

" define only three %roups of examinees: those possessing neither, only the

-
5

linear, or both. On the other hand, students who can do conversions among

common units of measurement‘may or may nof be able to solve linear

1

equations, and conversely. Tﬂese two skills define four groups df.
examinees: those po;2éssing neither, only the first, only the second, or
both. The set of all skills defines a very largé number of possib19\§5£ll
Qrofilbs, and under these models, a‘list of the proportions of cxaminéeg
in each possible profiie would completely describe the distribution of
mathematics abilities in éhe population. While such.a domplete
cross—tabulation of skills possessed or not posseSSiS-is not obtainable in
- ’ préctice, various marginal tabulations.involving subsets of the skills can
A be estimated, and provide useful generalizations across items.

Before éxplicating détails of the models, estimation procedures, tests

of fit, ete., it will be useful to consider more carefully the

reasonableness of the dichotomy assumption, and sources of skill

distinctions in the population. When a single examinee encounters a single

exercise, it seems reasonable. to suppose that s/he either can or canrot get

it right. If the exercise could be given the same child repeatedly with
perfect forgetting between administrations, we would expect either nearly
l&all incorrect responses or nearly all correct responses, with the’

%ﬁperfections due only to°guessing or to carelessness. Thus, it does” seem

reasonable that a single item defines a dichotomy, and not a continuum.
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.give us no ‘more infermation than "probably preseﬁt" or "probably

"have been careless in giving a wrong one. In fact, if we are free to

. large pool of items testing the same complex ability, we can distinguish T e

smore than two levels of ability in examinees. The point is that with fewer -

"were made between the two-state lat~nt class model and the two-parameter

[~ T . ‘
e , a

' . 7 ‘.

N ° '

After all, respthes are scored, dichotomously, so an item in isolation can

~

absent"

3 "

- ~

- . - a . Al .
concerning whatever skills it requires. Next, if two items are considered,

2 T
i

each will define such a\binary partition,. Examinees, will be able or unable

to sdlve-the first, and able or unable to solve theﬂseéond.f If the iteﬁé
are quite similar in content, it may be a good approximation to suppose
i ’ [ . .

rs

that they in fact define the same latent dichotomy, and that examifiees . B

who get one right ana’the obhér wrong have guessed a'rightranswer or else. . . . oo
estimate the probabilities of "false positives" and "false negatives" for
the two items as well as the proportion who really can solve the two items,
: ) . ' '@w
*such a model can always reproduce perfectly the actual frequencies of each

R & o

possible response pattern to two, or even three, items. With from four to.

six items that are homogeneous in content, this model, with its sinhgle ' R
laient dichotomy, is virtually indistinguishable from continuous

unidimensional latent trait models in its ability to reproduce actual

frequencies of different'path@rns of item responses.* Obviously, with a-

v
o

and/or more homogeneous items the alternative assumption, that examinees

either have or have not acquired the skill, maj be as good or better for

some purposes.

3

*¥Findings are from unpublished investigations by the authqrﬁ Comparisons

| ] - 9
normgl ogive model (Bock & J.ieberman, 1970), which has an almost identical )

number of parameters,




The .skills assumed to'be ﬁéasured by NAEP éxerci§es are not basic 'Q

¢

+ ' psychological processes, but arise largely from the organization of the ‘@%,

.. s mathematics curriculum in American schools. Educators have ¢hosen to parcel

L] h TS 9

-

out the content of mathematics into coéurses suzh as Algebra I, Geometry,

etc, Topics usually taught ﬁogépher are likely to cohere in single skflls,.'

but if the organization’ of the curriculum were changed, the skills.would

change, too. Of course, if some topics require that sEudents attain a given
8 . , - - _ .
developmental level before they can be acquired, then skill patterns '

-

Ll

" involving those  topics will reflect cognitive processing caﬁabilities as
' weéll as curricular conventions. No attempt was made in this study to
‘disentangie sources of $kill distinctions. The objectivus were to determine

what skills need be assumed, and how prevalent they are in the population. -

°

Items as Skill Indicators

In the latent class models used in this study, each exercise is assumed"

-

to require one or more distinct tkills, and examinees are assumed to either

possessor got possess each skili. The skills an exercise requires and an
" examinee possesses are the SoLe\detefminants ;f the Qrobébil%ﬁi\that the
examinee will answer correctly. There will be one (low) probability of a
correct reSQOHsé by anlexaminee lacking ore or more requisite skills, and
a second (high) probabiliﬁy of a correct response by,an examinee posSessing
‘ all ppe_skills the exercise requires., Responses to differe;t exercise parts

are assumed conditionally independent given skill possession. Thus, for

any single examinee or for any group of examinees who possess the same

. . » / P ' Y .

~i
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skills, the probability of a pattern of responses across exercises is just -~

~

Lhe product of the separatg probabilities of each components response. It

-

is this assumption”of conditiohal independence that makes it possible to

:estimate'paraﬁeterS'of theblatent class model. An exactly analogous

. o )
assumption is required 'in all commonly used latent trait models for item

response data, as well.

It follows from these assumptions that a glven exercise can be

completely characterized by telllng (1) ‘what skills it requlres (2) its‘

. Aalse p051t1ve rate, i.e., the (hopefully low) probablllty that any

(}
examipee lacking oner or more requisite skills will answer it correctly, and

]
b

{(3) jﬂé true positive rate, i.e., the (hopefully high) probability of a

corfecfuresponseqby any examinee possessng all the requisite skills. The
bypothesized.skillifequiréménts of eaéh\of a set of exercise parts determine
whaé lapgntJClasses are~assumed when'thap éet-is anaiyzed. Following the .
analysis, a fit statistic ana residualé.are examined, and the hypothesized

skill requirement§ are revised as necessary\to obtain a satisfactory fit
to observed response pattern proportions.* The analyéis consists of

estimating simultaneously th® proportions of examinees in each assumed

latent class, and the false positive and btrue positive response
probabilities (FP and TP rates) for each exercisé part. The p-valuk for

..

each exercise part is a weighted average of 1its FP-and TP rates, the weights

being tﬁe total proportions of examinees who should bélunable to solve and

-

- o
s B a

~ *Obseryed response pattérn proportions are the fractions of examinees who
B - \ . .

¢

each give possible pattern of correct and incorrect responses ‘to the set

-
i

cf exercise parts‘being analyzed.

n
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—v— - ~able té solve that part, respectively.

The estimated FP and TP rates are.assumed to be paraheters of the item

. e

"{tself, and in fact are found to be quite stable across estimations where
the item i§ included in different sets. FP rates indicate susceptability

to guessing. They are typically higher forfmultiple choice than for free

ra

response “items, but ‘may alsc be high for items that invite some alternative
A=) = .
solution that circumyents'the intended skill requirement. For example, one

free-response item presents the stimulus

e Y . . R \.
_ N\
- 19 = 32 \
El . \\

.

EEN

; arid asks, "what numbér‘should go in the [::J to malke this number sentence
TRUE%"' When this item is coded as requiring the same skill as two other
- items that reduire a basic understanding of equations, a satisfadtory fit
AN
is obtayned_(about'63% of thirteen-year-olds possess the skill), but the
“ false positive rate is estimated at .22. This reflects nop guessing in the

usual sense, but the possibility of obtaining bpe correct answer withbut

. understanding, by one of the few pgssiblé elementary operations that can

v >

be performed using the numbers shown -- the answer is 19 + 32.

The TP..rate should reflect primarily carelessness in responding, but
-3 M ' . .

also.can indicate idiosyncratic informational requirements or unique
. . o .° ¢ L ) . .
difficulties of single eXxerclse pdrts. For example, a skill of converting

 units was assumed to ‘underlie three (unreleased) @p&tipke choice items

<

. requiring corversions between quarts'and gallofis, ounces and pounds or feet

and yards, respectively,** While models assyming a single skill did fit

*Exercise TO608A from the year 09 mathematics assessment.

*#T0616B, TO616C, and TO616D from the year 09 mathematics assessment.

e
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these items (roughly 53% of thirteen-year-olds possess the skill), their
*  estimated true positive rates were on the order of .84, .90, Fnd .87,
respecﬁively."Thus, 16% (l.— .84) of those who possessed the skill lacked
specific information on quarts and gallons, 10% lacked specific information
on ouﬁces and pounds, etc.

The difference between an item's TP and FP rates may be interpregeq

" as an index of item discrimination.* A large difference indicates that the

item réliably distinguishes between those who‘do and do not possess the

skills required for its solution, whi a small differenece indicates that

correct responses by nonmasters and“masters are more nearly equally likely.

Carrying Out the Analyses

This section describes the computational stepé required in applying
latent class models with the NAEP data. The» overall aRproach taken in
. E4 o L

studying mathematics skills, of.course, includes more than these technical

procedures. In the next section, "Strategy for Analysis", substantive

decigfaﬁg'are described, including questions as to which booklets to
‘examine, which items to group together, and how to integrate findings from
many separate analyses to reach meaningful conclusions. Before turning to

these broader issues, details of the methodology are described below.

B ] -
*An optimal discrimination index is the log odds ratio, 1n TP(I-FP)
. ' FP (1-TF)

which can be .used in éxactly the same way as the discrimination parameter

of the two-parameter logistic model in constructing an optimum scoring rule.




The latent class analysis begins with a summary of the.data that tells
what p%oportion of examinees gave each possible pattern of cgrrect and
incorrect responses to a set of items. There are both advantages and
disadvantages to this appreach. On the one hand, the costs of c;mputation
are little affected by sample si;e, since‘response pattern proportions may
be obtained in a single pass over the data file, and nged not be
re-calculated each time a newrmodel is fit to the same items. The numbef
of possible patterns, hence the number of proportions, is independent of
the N. In adaition, issues of weighting and other adjustments for the NAEP

sampling design may be handled prior to Ehe actual analysis, On the other

hand, summarizing the data according to response pattern proportions

[}

severely limits the number Qf.items or exercises that can be examined at
one'time. The number of ;ossible response patterns is four. for two items
(00, 01, 10, 11), eight for three items (000, 001, 010, 011, 100, 101, 110,
111), sixteen for four items, and in general, 2k for k items. 1In examining
.the NAEP data, sets of six exe;cise parts were employed, bThus, data for.
all respondents could be summarized in just 64 numbers, "‘corresponding to
all possible patterns of correct and incorrect responses, from 000000 to
111191, Since the intent of this study was to distinguisﬁ the specific
skills required by individual exércise parts, sets of six at“é‘time were
quit; sufficient. MHowever, in order to attain a clear conception of thé
skiils assessed by the entire exercise pool, it was neceséary to integrate
findings across many separate sets of itéms.

After thaining response pattern proportions, the next step was to fit
a latent class model to these ﬁroporti@ns, in order to determine'which of

the exercise parts could be assumed to require the same skills and which

must be assumed to require different skills. In each single computer run,
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.

just one model is-tested. Based on the fit .of this model, it is either
accepted as accounting adequately for the data obtained, or rejected.
In the latter case, information on just where and how the model failed to

fit (analysis of residuals) is used to guide the selection of a new model

‘‘‘‘‘‘

It is for this final model that item misclassification parameter estimates

and latenﬁ class proportions (estimated proportions of respondents
possessing each combination of skills) are most carefully examined.

Specific steps of the procedure are as follows. After choosing a’set
of six exercise parts to be analyzed, a téble is prepared showihg the

location of each part in the file and its correct reSpohse value., The

original Fortran program used to access the tape requires a one-column
numeric field for each item, so for free-response items the first column
of the (typical) two-column field was examined for a m1"* Control cards

for the program, called PULL, specify logical record length, column numbers,

and Kkeys fof each item, and the first and last column of the weight

"variable, if used. Additional information as to which tape file to access

and the name to be given to the output data set is coded in the JCL for ,

the PULL run. For all analyses, reéponses were weighted using the variable

WEIGHTS, "student weight." The PULL program read each record, scored the

~itemsy to determine the response pattern, and incremented a tally for that

patterﬁ by the weight for that record. Thus, the total weight for each
pattern was obtained. These were then divided by the‘grand total weight
to.obtain weighted response pattern prOpoftions, which were written to a
small data file along with the original\grand total weight. The PULL
program could actually process up to six item sets at a time, producing six
of these small data files from a single pass ovér the aata. The cost of

a typical run to prbduce six data sets for a single exercise package at

normal daytime rates was $3.32, _including a $2.00 charge for mounting the

¥

16 -




tapes.*

Tﬁe small files were next edited and ccpied intd a "library" file far
storage. Since each coulq be=coﬁtainedron ohly 12 80-coclumn éards, it was
most efficient .to keep them cnline. The eaiting required was }o replace
the total weight with the actual N, adjusted acccrding te désign effect for
‘the sample. What was dcne was to set the N equal to one half the number
of records in éhe file, i;e., to assume a design effect of 2.00. While this

- adjustment cannct be justified rigorecusly, varicus indirect tests have
indicated that it is satisfactory in practice (Haertel, 1980).

The next logical step in the analysis wds to input ;hé response pattern

p?bbortions tc a sec¢ond Fortran ﬁrogram**, MEMN, which producés max imum

3

likelihcod estimates of latent class proportions and misclassification™ ™

*Tn cne case, a .slightly mcre elabcrate procedure was used, in corder to
combine four exercise parts into a single overall exercise score. An

additional Fortran prcgram was used to read each record from the tape, score

that one exercise, and write phé record to a ﬁemporary disk file. The disk

file was then inpdé tc the PULL program. This was done for exercise parts ' K
T0632A, T0632B, T0632C, and TO632D from the'year 09 mgthematics,assessment.
*¥%¥This program wasvwrftten by Richard WOlfc( currently at the Ontaric Insti-

tute gor Studies in Education. It has been mcdified by the Prinéipal Inves-
tigatcor for use in this stud&, but is not generally avaiiable. However,

newer programs incorporating more recently developed estimatioQ algorithms

are generally availéble and can be used tc carry cut analyses 1ike‘those

reported. The principal advantages of the MLMN. program are superior numeri-

cal accuracy, calculation cof asymptotic standard errors and covariances of

the estimates; and detailed analyses of.residuals useful in deciding how

tc revise provisicnal mcdels to improve the fit,
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probabilit?eé, together Qith'agsoéiated’statistics. However, bégause the
control cards required for MLMN are quite complex, another Fortran program,
PREP, is executed first,';o prepare the stream of control cards for MLﬁN.
The PREP progrém needs véry brief control cards telling which latent claSées

ar2 to be incluaed'and giving labels for the model, the six-item set, and

each sebarate.exerciSé part. Output from PREP is a jobstréam which can be

.

input to MLMN.

The fifst run for each set was to’fit the simplest possible latent

class model, with only two latent states. These are labeled the "null"

state and the "all" state, and are included in any subsequent mogels} as
. ’ .. . \ -
well. It is assumed that examirnees conforming to the "null" stavs cannot

[

solve‘;6§V§f thecsix exercise parts, so any correctw;esponse bj tﬁ@sé
examinees must be a false positive, 'Examinges conforming to éhe "all" state
are assumed capable of solving all items correctly, so that any correct

- responses théy prévide are true positives,lgnd any incorrect responseé\are &
false negatives.

MLMN estimates ﬁhempnoportions of e%am%nues in each,lateht gla§s,;aﬁq
probabilities of correct responses to each item by members of each class.
'Fit is assessed by both likelihood ratio and Péanson‘cﬁi aquare statistics. - -

If the fit of this initial model is satisfactory (as indicated by a

non-significant chi square), it indicates thHat ,the assumption ofxa single

underiying skill d;chbtbmy éommon to all six items cannot be disconfirmed.

In this case,‘anaiysis of this exerdise set is cOmpleted. Because sets of - ° o T

-

exercises are chosen to. detect distinct skills, however. it more often

happens that the chi squares: for this initial model are unacceptébly large.

In this case the analysis of residuals is consulted to determine what

additional latent classes'may'be required to improve the fit. It should

be explained-that the parameter estimates arc used to predict the

proportions of examinees expected for each response pattern. These fitted
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(predlcted) values are subtracted from the observed values to obtain : B

residuals. If the model flts the data, residuals are expected to be small

and-non—syspematic.uwlrVtheﬁnodel fitted does not adequately account for t;x

- the observed response pattern propurtions, systematic patterns in the

residuals usually offer clues to more cohplex models that would do a better

job of accounting'for the data. The problem in_analyzing residuals is to

detect these patterns. | - : ' | : ™.
éeveral methods for analysis of residuals haye!been tried by the

author, and the problem is by no means solved. The best method. thus far ‘

is as'follows, Consider the residuals forithe 64 response patterns to be

entries in a 2 x 2 x 2 X 2 x 2 x 2 table, with each dimension corresponding

poren‘item, and the two levels of phe dlmenslondcorrespondlng to incorrect
(*o") or correct ("1") -responses to that item. »Then, obtain all possible
marginals of the table'by summing across every possible combination of one
or morendimensions., For each table formed by collapsing across just one)
dimension.'there will be 32 marginals. When two dimensions are collapsed
thére.“i¥}”be 16 marginais, etc. Of these, list, for each'possible

collapsing of the original table, the one marglnel for "correct" responses

to all remaining ipems. When one of Ehese values“ls large, it suggests thapﬁm
‘the items not collapsed in,obtaining;that value:covary to a greater extent
than the'currenb model'permits. .Thus, é'new'lapent‘class corresponding to
examinees who can solve those'items.but nof'the remaining items is called

for. In other’words, the analysis of resld;;ls permits idenhifica;ion'of S T
subsets of exercise'parts that require a common skill, not Trequired by the

.remaining exXercise parts. When the correspondingnlétent class 1is,

introduced, the fit is generally improved.

i

After the model is revised and a new run is made, .a difference chi
3 . v 1’

P N

o '

“square is calculated. This is 5imply the difference between the original




and new likelihood ratio chi squares, and is asymptotically distributed as

chi square on one degree of freedom, if only one new parameter was

< e e e e e e

introduc&d and if the less inclusive model fits the d;ﬁ;. A significant
difference chi square indicates that the additional.latent ciass should be retsained;
if the Qvefall fit is still not satisfactgry,aadditional latent classes must
be introdﬁced; based on analysis of residuals from the new model. If the
diffeéence chi squar; ié not significaﬁt,,the new latent class is not»i
retained in the model, and a different latent class is idtroducéd iné;ead.
e . ' This procedu}e is'repeated until a satisfactory fit is obtained, no
additional latent classes can be foﬁﬁd that yield: further impr&vements in

fit,. or the estimated proportions of examinees in successive states fall

S~ below about 2%. These latter situations are rare; in almost all cases, the

Eﬁf\s@gare becomes acceptably small with no more than four latent classes,

~i

~

including tEE\“ﬂul}" and "all" classes. Aéceptable fit is defined'by a chi

—

square below 70 (usuaii}‘belgg 65), Because the design effect adjustment

—

significance level in ihterpreting chi squares is not apﬁFBb?Ta%ew\\ghi .

squares of 65 to 7O on U8 to 50 degrees of freedom are significant at . T

roughly the .05 level,

¥Adjusting for a design effect of 2 will halve the value of both the likeli-

hood ratio and the Pearson chi squares, Will increase all standard errors

"

by a. factor of-JZ, but will not affect the magnibude_of any parameter esti~-
. o -
mates, fitted response\pattern;ppgportions,.or residuals.

R
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Strategy for Analysis

This sectiondescribes the use.of latent class models in examining skill

distinctions in mathematic’ attainment. The first step for each age level

was to choose a representative exercise package (booklet). The appendices

were dumped from tape, and AppendixJH was used to find the booklet with "the

" best representation across the areas of algebra, geometry, measuremefft, and
computation.;' Microfiche of the acﬁual booklets was also consulted in
making this determination. The codebook file for the selected booklet was

“then dumped, and hard copy was prepared-from the microfiche for the booklet

- v .

selected.

p On the basis of Appendix 4 classifications as well as direct

T

inépgﬁﬂioﬁs ofvﬁhe éXekuiééé._all cégﬁitive—exercisé parts were cléssified
as Computation, Algebra; Geometry, Measurement, or dther. ("Numbers and
Numera;ioq" exercises were claésified under computation.) Within each
'category, a stem-and-leaf of "cfude»item difficulty" was prepared. These
"crude item di%ficulties"'were the (unweighted) preportions of sorrect
responses reported in the codzpook.,

B Under ﬁhe assdmptighs‘of.the lagénﬁlclaés modelé; theré“;;; of ééggée,
no necgss}ty that items requiring the same ékills be éf simiiar difficulty.

Thé itemwdifficulty>ref1ects not only the proportion of examinees possessing

requisite skills, but also each item's unique misclassification

AN

#Tf in future asses

ents exercises are packaged to provide topical coverage
(i.e., if different booklets focus on different themes), it would be help-

ful for this kind of analysis™f at least one or two booklets were organized

according to the present practice,™ith a few exercises of each of many types.




. 17

SO e

probabilities, reflected in its item parameters (true positive rate and

félse pOSlthe rate). Nonetheless, it is more likely that items similar in

difficulty will require the same skills than test items of widely differing
difficulties. Thus, the stem-and-leafs were useful in identifying initial
item-clusters.’ Exercise parts within a category and with similar crude.
difficulties wer¢ examined, and subsets of three were chiosen that appeaned
relatively homogenecus in content. fn some cases, these were three parts

of a single exercise. In other cases, two or three distinct exercises were
- .

, represented. These.triples, similar in content and difficulty, were the units

ﬁ used to form the sets of six exercise parts analyzed at ages 9 and 13 (For'

age cycle 17, a different procedure was followed.) Thus, each analys1s at.

I N -ages 9 and 13 involved exactly two three-item clusters. A two-class model
was fit to the six exercise parts, and if satisfactcry fit was not obtained,
additicnal states were introduced based on analysis of the residuals. For
all ut 3 of the 47 sets analyzed at ages 9 and 13 the additional skill
distinctions required distinguished between the two clusters but not within

: i .

, clustersh_ In other words, the three exercise parts within each cluster. —

required‘identical skills. o
JNine 3—item‘clusteré were identified at each of ages 9 and 13. Thus,
a maximum of 36 runs at_each age were possible,-taking all cluster pairSm

Resource limitations prevented carrying out all these analyses. (Recall
that”oné>"anal}sisﬁwcculdfrequire as_many as six of more runs.) Twenty=six
analyses at age 9 and twenty—one.at age 13 were selected. In order to
locate all six—item sets for which a single dichotomous skill could be

.assumed (sets for‘which the two-class model fit), cr,for which skills would

be hierarchical (one triple requiring a subset of those skills the other

3

required, as indicated by an acceptable fit for a three-class model),
ad jacent clusters within a content strand:were paired first. Additional

analyses were then included which involvéd/clusters of similar difficulty




¥
in different content areas.

After all analyses were performed, results were summarized in figures ¢

and.tables, and examined to determine which, if any, item clusters could e

be collapsed and which could fe organized hierarchically. This was

a

indicated by the latent classes required in each run. Next, for each

.

clugber: all analyses.including Yhat cluster were examined together. Each

A

of these analyses yielded a separate estimate of the proportion of examinees

able to solve items in that cluster. The distribution of these estimates

-

is one indicator of the cluster's conformity to the assumption of skill

dichotomies. The separate estimates of each item's true positive and false

positive rates were also tabled. » : :
Mapy exercises in each’ chosen booklet were excluded from the analyses T

A basic framework was developed to encompass most exercises at each age

. level, but avallable resources did not permlt the additional analyses

necessary to include dll the exercise parts in the booklet Exten51on of
the basic structure is straightforward logically, but costly in human and
computer time, as addltlonal content clusters must be paired with 1ncre351ng

numbers”ef clusters already identified._ ‘ "“1. ' -

Py

Using the NAEP Data Tapes

The tapes and documentation provided by the National Assessment were ' .

\

outstanding. Compared to other large data sets I have worked with,'there

were virtually no problems with either tapes or documentation. "All but eone

or two of the runs directly accessing the tapes ran correctly the first time
‘ o ] ) ' L

they were submitted.

IBM standard- labPl tapes were prOV1ded by ECS. “Machine-readable

documentatlon flles (flxed length records with ASCII control\characters)

were dumped using IOPROGM, a locally-written utility -program. - Data were
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}éad using f rmatted REXﬁ étéﬁemeh£$ in an original Foftran program. Recofq

layout$ were easy to follow and appeared absolhtely acclirate. IWeight

variables were well-documented &s well. I foundvit espec;ally useful to béve

the un;eighted frequency“distributions‘Of each vériable in the Codebook

files.. My use of these distribuﬁions was .described earlier,

The few improvement:s I suggest below are minor; I was satisfied:with
the tapes.exactly as proviﬁed.
- It wéuld be helpful to have appendices and codebook files on

T microfiche as well as or tape. As it is, it may be necassé;}
to'dump thHousands of lines to answer a single, simple question.

- Jhere is a good deal of redundancy in appendices for different

age levels. If appendices were in separate files and if redundant
files were identified in the printed documentation sent by ECS,

some needless printing could be avoided.
. ; .

- Some structure and consistency in the data is not documented in
such a way that the user can take advantage of it. For example,

the WEIGHTS variable is in the same columns in all booklets I’
. T v )
examined at all age levels, but I did not find any summary -

—

indicaéing what portion of the data records is fixed across booklets
and ages.
- For many purposes, it would be useful to be able to construct

. P . .
interpenetrating subsamples within each booklet, e.g., Jjackknifing,

crdssvélidation, or replication of analyses to estimate standard
errors. LConstruction of interpenetfatihg subsamples would be
facilitated if a one-column "subsample ID" were included on

P
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‘each record, to.be used in allccating records-to;separaﬁéisubfiles._

! " Within/strata, PSUs would be randomly allocated to subsamples.
Records within PSUs would not be divided, to avoid any possible N

error- covariation between samples . ’ ’,

Results and Interpretation: Age 9 ‘ : . . ‘ " ;

15

Figure 1 displays stkm-and-leafs of crude item difficulties fonhalgﬂﬁ

. e R . ;_/ﬂ . .
exercisé parts in Booklet 3, Age 9. Homogeneous sets of exercise pgﬁtp have T
' v R -

g been cirecled, and the clusters (tripies) drawn from each set are indicaﬁgg}

'The'three "Alg," or Algebra items include two using a number line and one
: =) . Lo
asking wnich number sentence would be used to solve an equation, All three
. " * . -
were multiple-choice exercises, The "Add" and "Sub" clusters include simple
i H ' v . i

addition and subtraction problems presented oraldy. ‘These were - .

L . . ' _ . ‘
free-response. "Count" included counting sets of small illustrations in I T
the exércise.booklet, by ones, by twos, and by tens. The first df these,

counting squares by ones, was free reépohse. The latter two, counting

shoes in pairs and marbles in bags of ten, were multipleécﬁoice, "Place"
items included giving the place values of specific digits in numbers,'and

: ’ . - . . |
. an exercise like writing "ten sevens'".* All were multiple-choice. The more
. : sy -

difficuit computation clusters, "SMD2," included two- or three—digit sub-

' traction, multiplication, and division problems. Thesé were similar to?‘47 X 6,‘

605 - 328, and 56 2 4,'all freeiresppnse. "Geo" (geometry) included ‘_. -
%ultipie—choice items asking in which figure‘the halves would not match .
if it were folded, which figure.illustrated parallel lines, and which
illustrated three line seéments that.Qouid not make a triangle. The: . s ol

>

two-choice "units" items asked which is more: é yard or‘two feet, two.

[0

o. quarts/or three.pints; two dimes or three nickels, Finally, the

free-response "Ruler" items involve using a ruler to measure a‘line,
L

w L : _ “ I

]

*Actual centent of secure exercises -has been modified to avoid disclosure.

. . . '
. N ) - ) £ ! R ' co . 9
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measure the distance around a triangle,*d draw a line of. a spé;ﬁi‘fied o
length. (Exercise numbers assigned to each of these items in Booklet 3 are )
. to " K i
v shown ‘i?‘/Table 1, discussed below.) - Tl -
. R . \ M
_Figure 1 - .
B ) - ‘a ' v : . ..
. ‘ Age 9 Booklet 3 Stel'n"'—and-ll“eaf of Crude Item Difficulties _ ' : u
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The 26 analyses run on these clusters are diagrammed in Figure 21 Eacp_’
1line connecting two cluszjys represents one analysis, The-analysis number

(1-26) is written along the line, along with three ‘proportions separated
) ‘ . ,

by tick mafks, which/;ﬁé;arize the skill distinctions found in that
. - * o G- -

LI

analysis. The center proportion indicates what fraction of examinees were

[\

able to solve all exercisés iA ‘both clusters. The proportions on thg ends
N _ , T | _ R
closest to eaep cluster give the proportion able to solve items in*that

b3

- N ‘ //" ' . . [ ) v s N
cluster but not the other. If .one of these is O, a.hierarchigcal
" - . ' . N

relationship 'is indicated... No examinees are able to solve those items who-

N Y ’

camnot also sdlve the items in the other cluster. For example, Analysis
, .

7, involving the Geo and SMD2 clusters; yielded the proportions .158/.444/0.

Tg&s irdicates that 15.8% of the examinees could 'solve Geo but not SMD2

items, 44.4% could solve either type, but none were capable of solving the
, . . \

SMD2 items and not the Geo items; Thus, Geo items fall below SMDZ items

.

in a hWierarchy. Note that the remaining 39.8% of the examinees (100% - 15.8%

ae

...exgercise

. . . . L
- 44 .4%) could:not solve any of the six exercise parts in this analysis.

In some cases, two of the three estimated values were zero, as in
Analysis 11.involving the SMD2 and Alg clusters. 1In this case a single,

common skill distinction underlying exercises in both clusters proved
8 . . e

sufficient to explain the data. The two clusters collapsed into a single

£
+
*

set ‘requiring the same, common $kill} . » . . ‘
a . ' L o
For only two analyses at age 9, analyses 6 and 17,.Were items within

E}

a cluster found to feduire distinct skills. In béth cases, the Place

requifing the examinee to select something like '"ten sevens"

¥ . . . a . '
; . '

migrated to the bthérAQIUStér;-.In analysis 6, this item proved :to have more

¢ ) c 1;91 .} 3 .
in common with counting hy ones, twos, and tens than with the other Place

2 A

ftems. In-analysis 17, the same item migrated to the Geo cluster ®

s -
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Place
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s Figure 2. Age 9 Analyses and Pfoportions in Each Skill Pattern:‘
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© 'to solVe éach item type. 'This tabulatioh is,displayed‘in Table 1. The

24

Figure 2 reveals a larger number of distinct skills than expected.

_Only two pairs of clusters collapsed, leaving seven distinct skills.

Clusters collapsing were Units with Geo, and SMD2 with Alg. With only one
minor exception, the 26 runs indicated the same hierarchical pattern among
these seveh skills: At the first level are the skills Add, Sub, Count,
Place, and Units—GeoT The?e may all be acqulred independently, although
possession of Sub and hot Add is quite rare (2.2% of the copulation), as

are pos;ession of Count and not Add (3.8%). Place and not Add (3.4%) cr
Ucits—Geo and not Add (3;5%). At tgc second level of the hierarchy are two
skills that.may_be acquired indépendent"of one another, but are never found
in thc\absence of any of the first five skills. These are SMD2-Alg and
Ruler. The only minor cxceptiqp is in analysis 22, which indicates 2.l%
able to solve Rcler items buL not Add items. These hierarchical
dependencies may stem from two sources. First, SMD2 and Alg items may .
require as component operaticns £he skills entalled,in Add, Sub, Plgce, ete.
Thus, the structure of the items gives rise ‘to a logical depcndency. Second,
eleﬁentary mathematics curricula’may bc so organized that the Alg-SMD2 and

Ruler skills are almost never'ihtroduced until after the skills at the first

level of the hierarchy. This would result in wvery few Stidents-Betnyg able

to solve therformer and not the/latter.
The next step in interpreting and integrating results of the analyses
was to table the item parameter estimhtes, and estimates of proportions able

il

N [

§

,leftmost columns of Table l give cluster and 1tem ldentlflcatlons, followed

) - R

by item dlfficulties (p<values) calculated weighting each response accorﬂing
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to the WEIGHTS variable, The rémaining coldmhs give identifying information
and results for each analysis in which tﬁevcluster was included. The TP

and FP columns for eaéh analysis present true positive and false positive

rate estimates for each item, T6 the‘léft of these estimates is a column

- of identifying information and results giving the analysis number and the

other set of items included in that analysis (line 1), the chi-square for
the final model.(line 2), and the total propeortion éb}e to solve the
cluster, as estiméted in that analysis (line 3).

As can be seen in Table 1, estimates of. the proﬁortion able to solve
the clustgrlﬁere éxtremely stable for the cluéte?s Add, Sub, Plaée, and

Count. A wideﬁ range of estimates was obtained for-Units, SMD2, Ruler, and

Alg, and ggbimaﬁes for Geo were fairly unstable.- Consistency of estimates

_appears to e’ related to the homogenelty of the exercises in the cluster,

For the clusters that collapsed, Units - Geo and SHMD2 - Alg, estlmdtes of

the proportion possessing the common skill were consistent,across the two
clusters, Average$ were .42 and .u1.f0r SMD2 and Alg; respectively, and
.69 and .77 for eo: and Units. Note that the discrepancy of .08 between Geo

and Units is not}large given their standard errors (on the order of .025

for most estimates, Yielding.a teeof 2.26)- and is mueh smaller than the_

difference betwedn mean p-values }Or itemsﬂin the twqﬂclustersn§;63~for“Geo'

and Bwaor Units). \ o

Estlmates of] prop@rtlons able to sclve each cluster are summarlzed in

t

v

e —

'Table,Z. Note thpat thﬁse estlmates are not statistically 1ndep3ndent

Table 2 15 purely descrnptlve The eStlmates for each cluster are not
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Table 1. Age 9
n
Set/ Set/

yster ltem P Opp/P TP . FP Opp/P TP
Add 278 .914 | O1:Sub .98 .38 | 03:Place .98
\ 270 .B63 | 97.39 .96 .11 | 60.46 .96
27F  .880 | .89 .97 .17 | .89 .97

Sub 168  .B44 | Ol:add .97 .41 | 02:Place .97
16D .685 | 97.39 .88 .09 | 93.08 .88

16F  .721 | .76 .92 .16 | .76 .92

Place 12 .796 | 02:Sub .95 .23 | 03:add .94
128 .859 | 93.08 .98 .4l | 60.46 .98

294 .791 | .78 .89 7 .42 | .80 .88

Count 13a4  .925 | 04:Add .97 .A7 | 05:Sub .97
- 138 TB0Z | 63.49 .90 .22 1 59.03 .91
13¢  .920 } .86 220 .35 | .83 .90

. b

Unics 05A  .788 | 13:Add .87 - .44 | lassub .87
gsc  .808 | 38.97 .92 .35 §40.70 .89

0SE  .846 | .81 .B9 .66 i .84 .88

- . ] t

Geo laa 771 | G7isMp2 .89 .58 | 08:Ruler .88
28A  .568 i 52.01 .71 .35 | 70.67 .70

A .536 | .60° .63 .39 1 .67 .62

) - -

sMD2  06A  .340 | 07:Ceo 61 .12 | 10:Ruler .68
08a .278 | 52.01 .58 .03 | 69.22 .63

21B .187 | .45 .36 .05 | .36 41

Ruler 374 .619 | 08iCeo . .86 .39 | 10:SMD2 .86
38A  .367. ) 70.67 .65 .10 | 69.22 .73

39A  .659 | .49 L91 .42 | .4l .94

Alg 184 .324 | 09:Ceo .50 .15 | 1l:SMD2 .48
318 2346 | 49.97 .33 .14 | 47.30 .3l

34A L2403 .50 .39 .09 ! .30 .51

*Average proportion for 3 items.

O

ERIC

Aruitoxt provided by Eic:

Estimates of Misclassification Probabilities by Item

FP

.37

.09

.16

W4l
.07
.12

.20
.36
.41

.70
.30

42

.35
.35
.64-

.56
.30
.37

.15

-.08

.06

W45
.12
A7

.25
.20
.12

In these runs, the three place

Set/

Opp/P TP
04 :Count .98
65.49 .96
.89 97
05:Count .97
59.03 .88
.76 .92
06:Count .97
62.83 .99
.78% .90
.77,.77,.81)
06:Place .96
62.83 .92
.81 .92
15:Count .88
42.98 .90
.81 .89
09:Alg .90
49.97 .73
.50 .65
11:Alg .69
47.30 .69
.30 45
12:Alg .85
45,57 .62
.52 .90
.12:Rulec .55
45.57 .32
X 43

FP

.36
.10
14

.40
.07
.11

.24
42
.32

.76

.38
.40

.39
.43
.65

.64
.40
W42

.19
.10
.07
.36
.09
.39

.14
.17
.09

Set/
Opp/P
13:Units
38.97
.89

C14:Unics

40.70
.77

17 :Geo
50.60

L79%
(.79,.79,.

15:Units

42.98
.82

24:Ruler
49.49
.76

16:add -
49.54
.84

18 :Add
69.21

.54

| 22:Add

52.81
.66

20:Add
36.78
.38

irems showed distinct skill profiles.

-

P

Sk

1
'
H

Set/
Opp/P
16:Geo .
49,54
.89

19:5MD2
79.76
.75

21l:Alg
40.65
.78

23:luler

67.89
.81

25:Alg
38.79
.69

17:Place
50.60 -
.80

19:Sub
79.76
46

23:Count

" 67.89

.57

21:Place
40.65
W46

.97
.88
.92

.96
.99
.89

.97

.91
.91

.92
.94
.90

.85
.63
.59°

.60
.57
.34

.82
.60
.88

.53
.31
W43

.15

.07

Set/
Opp/P
185MD2
69.21
.89

26:Geo
36.88
.72

26:Units
36.88
.72

24:Units .

49.49
.51

38.79 |
W40

TP

.98
.96
297

.90
.89
.86

.63
.60

25:Units .

FP

.37
.09
.15

.51
.49

]

.54
.35
.37

Set/
Opp/P
20:Alg
36.78
.89

TP
.98
.96
.97

¥P
" .35

.08
.13

-~

. Opp/P T~
22:Ruler .98
52.81 - .96
.90 .97
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deviaticns should not be used to construct standard errors or confidence

. ’ I3 . T . . .
intervals. For convenience,-observed item p-values are also reproduced in

©

. . Table 2. It may be moted that.fof’multipiéééﬁaiéepékefciéé‘glusters Place,
Count, andlUnits, observed p-values were inflated due to guessing. For the

- . T . - |
/ other two multiple-choice clusters, Geo and Alg, lower-true positive rates

'

) . A - .
offset the higher guessing probabilities, and true proportions able to solve

these items exceeded the average vaalhés for the clusters.

[y

In summary, ‘the Age 9 analyses revealed seven disﬁ}hct skills

e

7

underlying the 27 exercise partsiexamined, two of‘whidﬁ(wgre acquired only

[

after all of the remaining five. While the latter fi;eégkills cbuld be

‘acquiréd in ény ordérh only a feg examinees lackihg'theLAdd ékilllposséssed

any of the others. Cluster staﬁility wasmrélated to Ehe homogeneity sf the

items included. Es;imates of the proportion of nine—year—olds acﬁuallyk "

abie to solve eacb item’type (actually possessing the various skillsf ranged
- from .ﬁ1 go .89 (averagés) or from .36 to .904(es£ihates,from inqividual

analyses). These are shown, in Tables 1 and 2; B

Table 2. Age 9: Summary Across Runs by Cluster

Esﬁ&mates of Proportion Able to'Solve Obsgerved Item D;fficulties‘
Cluster N Mean  5.D.  Min Max L1 2 3
add 8 .89  .004 .89 .90 . - .B63 880 - .914
swb .5 .76 007 .75 .77 685 . .721 . .8uu
Place s .79 . .009 .18 . :80- '= “.791 796859 L
Count .5 .83 .621“"(.31 o 86 .802._ 920 925
Units . 64 7 058 .69 . ;8U:w“m;;-,.?88 ©.g0B -, .Bu6.
beo . 6 .69 .27 ,’.567 u;..aﬁ .. .536 : o6 LT a
Coswpzee .5 e 4 1093 30 .sh 187 L2180 :3u6
* Ruler ¢ .53 4oss w1 e 367 619 659
Mg 6 w1 070 30 .50 234" 240 324

>
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Results éhd Interpretation: Age 13

> , Stem~and-leafs of crude item difficulties for Age 13, Booklet 6 are'/,
displayed in Figure 3. ~As for Age 9, homogeneous sets are circled and
labeled to show the clusters drawn from each,

Figure 3. Age 13 Booklet 6 Stem-and-Leafs of Crude Item

Difficulties - :
Algebra Computationv ‘ Geometry ‘ Measurement Other
9| o o 5
' 9 S ] f» T 222
8 | 6 .
8 B o
7 6 Comp II)f|6 9 79
24 Geo II 1

[ea)

5 Geo Ila

2334

s

6 ™
57 . »
3 Alg II

s .

N | !
2
2l , 4 '
1 b ~ ‘
1 . éy 4 . ‘
0 69 7 -
0 ! 3
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“In generél,'themAge 13" clusters arevless homogeneous than Age 9 clusters.

+

For this reason, léss descriptive labels are.ﬁsed. In the following \§\\\H

descriptions; the threq’exercise parts are described in the order of their f\\\

] .
i

appearance in AgZe 13 BBoklét 6. These descriptions'can therefore be aligned -~ \\\

with the statistics tabled later in this section. Comp II included‘; ‘ '

 free-response item asking what fraction -of some marbles is blue (answer

-

5/7), a multiple-choice item requestingfthe denominator of 3/5, and another

free response item askﬁng for the quotiént in 9.6 divided by 3. The Comp
III and Comp IV clusters are the mostfhomogenqous of any at Age 13. Comp
III includes three free-response items requesting tﬁe square roots of 9,

‘o

49, and 25.: Comp IV exercises were multiple-choice, requesting decimals

. - \ ‘ — .
equal to 1/4, 3/8, and 5/6. The "repetend" notation (e.g., .77 for 7/9)

7

appeared in the distractors for the second and‘thiyd of these exercises}
and in:the correct response for the third., Alg I'included twd number line

exerciseé,‘pne free-response (Mark an X where 1.5 should be) and one

muItible}choice (What number is at point A), and a multiple-choice item
asking thch number sentence could-be used to solve a simple addition with

one omitted addend. The Alg II cluster included two free-response items
. ; f . .

requiriﬁg solutions,to simple,gquatiohs and,akmultiple—choice "translation"
item‘ésking which equatioﬁ in X and Y exﬁrésses the idea that Qhen”tﬁo |
numbers:are added the order can bé‘chang@d. AlngII includéd a |
multiple-choice exercise requiring the inference that (-3768/n) = 314

\

implies n is qegative, a free-response item requiring the inference

f(n) ='n +5 iﬁplies ‘f(3)f:‘8,’angla gtaphing*fkefciseﬂ'putléﬂ Xvat‘the,point
C3.:é). The Geo II cluster”consisted of thi-ee multiple—cﬁgice exércisesv
. . ' : L ) R -
reqdést;ng thelnumber‘df.corﬁeré,'faceé, and edges q'cubé ba§,:given”

illustrations of‘eéch of thesevtermé. In Geo IIa, the first exercise was

1

a composite of four exercise parts, pre~scored. Exercise parts 32A, B, C,

and D stated that two triangles were CONGRUENT, and then presented four

4

35
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statemenﬁs'of-éttribupes of congruent trianglesyas trge—féfée questioﬁs
(edﬁal’sides, equal anhgles, equal areas, and superposability). These were
Qsed to derive a siﬁgle Aichotomqus Vari;ble} correct if all four statement;
were aAswered’*true", else.incorreét; This was'tb provide a single, more
relféble measure of knowiedge_of the concept "congruént triaﬁgles“.‘ The
remaining exéréises in Geo IIa were muitiple—choice, requiring’the examineeu
to select line dréwings fepresenéing a cylinder and a sphere,. 'All'three
. 'coﬁcern knowledge éf ggs?etric terms, fhe last clusterf Meas, includes
muitiple—dhoice*questions on the.number of quarts in a gallon, ‘ounces in
a pouaq, and feet in a yard.ﬁ.(Exercise ﬁumbers assigned to each of these
iﬁems in Booklet 6 are shown in Table 3, discussed.beiow:)r .

The 21”«an§}yseé run oﬁ these clusters are diagrammed in F{gtre u,
Intérpretation of this'figare is the samé'as for Figufe 2; described”fn'ghe;”;_.
last’séctioni ‘Four o}vﬁhe,AlgeSra and”Cbmetation clhégéfé at Age 13
vproved to measure a single skill. As shown by analyses 6, 13, and
16, the Comp II, Comp IV, Alg II and Alg III clusters collapsed, leaving
only six distinct skills. )In'spite of‘the g;eater héterogéneity of items

: ; N
within clusters at Age i3, there was only one analysis in which items within
clusters were found go require distinct skills. This was analysis 1,

inveolving the-.Alg I and Comp IIHclusters;. In the final model for the six

items in these two clhsters, roughly 6'peréent could solve only two of thé

Comp II exefcises énd oné ohﬁthe Alg I erciseé,‘é percént could soiVé only .
the remaining two Alg I eXercises, and 73 percent could-solve  all sii -
éxercises, as shown ;n Figuré 4, -This-brea;:éwn‘éf tbe clusters in analysis
1 as-well ?s the cdliépsing ofLComp II, Comp IVT\thebfa II;" and A%gebra »

A‘IIi inaicaté ﬁh?;CaEIAééi13 ﬁﬁé Klgebré Vsc:Copputaz}qg.diétidétién ;ouid.
nat“be sustéipea‘émpiriéaiiyu :q . | ﬁ;. f;‘. f e i_ . ?';J .

#*pge 13 analyses are numbered 1-7 and 9-22.
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Hierarchlcal relatlonships among Age 13 skllls were as follows The
oy -
skills requlred for the Geo II Geo Ila, Comp IL{‘ and Meas clusters could

/ .
all be acqu1red 1ndependently of one another, Geo Ila was prerequisite te

t

Alg I, and Geo IIla, Alg I, and Meas were all prerequisite to the Comp

~~II—Comp~IV—AlgMII-Alg III skill. ‘That is, no one could solve Comp II etc.,

3 - o s
items who could not also solve Geo ITa, Alg I, and Meas items, and no one
could solve Alg 1 items who could not also Solve items in Geo IIa. The only
[araaria

exception to these hierarchiCal patterns wasil analysis 1, which indicated

that 5 percent of the examinees could solve twa of the three Alg I exercises

but not tuo of the three Comp II exercises., As'was noteoufor Age 9,

hierarchical dependencies.may arise from at least two sources: the logical

- degendency of mure advanced content upon prerequisite or component skills,

.

and the conventional strudture of the curriculum, in which some skills are

.

almost universally introduced earlier than others. The'Alg I“exercises

g .
ihvolving number lines and a s1mple number sentence are probably subordinate
o Alg 1T, Alg I1I, etc. for both of these reasons. The prior status of

feas (common unit conversions) and Geo IIa (definitions of "congruent,"

'sphere' and "cylinder") appears more related to curricular structure than

to content.
b Ya

Tabulations of item parameter estimates and estimates of proportions

' able to solve each ¥tem type appear in Table 3. It is formatted exactly

¢

like Table 1, in the last section The leftmost columns give the cluster ™

and 1tem 1dent1f1catlons (from Age 13 booklet 6), and‘p—values. To ‘the ﬁight

. \

of each cluster appear three- column summaries froh all the analyses in whieh

N . L

that clusterﬁappeared. These summar1es include the analys1s number and the

4 S
L)

~name of the other cluster 1nvolved (flrst column line 1, the chi square

' Co . : [

(first c01Umn 11ne 2) and the estimated proportlon ‘able: to solve the

) \
cluster (flrst column, line 3), as well as estimated true p051t1ve ‘and false

positive rates f®r each item in the cluster (columns 2 and»3). The
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t : . Table 3. “Age 13 Estimates of Misclassification Probabilities by Icem .
% - s ’ . L4 . N . ) - - .
¥ N x ? .
i ) N Set/ : . set/ Set/ o Sex/ Set/ o sex/ . set/ ’
Cluster ltem P, Opp/P TP FP Opp/P + IP FP Opp/P * TP ¥R Opp/P- TP FP Opp/P TE  FP Opp/P P FP Opp/P
: Comp 11 054 .715 | Ol:alg T ¢.86 .34 | 02:Teo II 186 .21 ) 12:Meas «87- .35 | 15:comp’ 111 .82 .32 | 16:Alg 11 .88 (37 [2:Ceo I1a .85 .31 * ”
‘ 104, .769 | 59.38 86 .46 | 56.2%% T .85 .49 [%2.77 .87 .53|73.10 .85 .46 | 67.40 .88 .53 PB5.80 ~ ¢ .B6 .49
1T 53 e AL O £ A - v At - R IV RS SRPY1 V2N I LR 790 .21 (.68 B S S > w2 - 89— -G —— o
‘ : (.73,%78,.78) . S
. Comp I11:31A .649 | O4:Alg 11 .96 ,.05 | 05:Meas .96 .05 15:Comp II .96 .05 |17:Alg I .96 .05 |18:Comp IV .96 .05 RO:Geo I1a .96 .05
© ‘318 .601 | 78.73 .91 .01 |59.70 .91 .o01{73.10 .91 .01 |68.62 .91 .01 |87.91 .91 .0l p8.03 .91, .01, -
] “1C .654 | .66 .98 .04 | .66 . .98 .04 | .65 . .98 .04 | .66 .98 .03 | .65 .98 .03 |65 .98 .03 .
o %, Comp IV 36a  .378 | 0bialg ITI .90 .16 18:Comp 11T .90 .16 ' :
h 368 .259 | 55.86 .79 .04 [87.91 .78 .04 . b} 4
- . 36C  .256 | .29 .83 .02 .30 .82 .02 : o
Alg'1 - 178 .779 | O1:Comp: 11 .92 .29 [03:Geo II L93 .37 |'13:alg 11 .93 .42 | 17:Comp II1 .92 .35 |2l:Geo Ila .94 .36 .
17¢ .80l | 59.38 91 .42 74692 .92 .47 [76.13 .92 .52 | 68.62 .93 .40 {66.55 .92 .49 2
358 . | * . . . . . . . 46| .76 .82 .47 .73 .83 .48 -
: . RERREE IRYY IS 83 .37 |.73 83 .46 .70 85 6 3 \. ..
i " Alg 11 03A .556 { O4:Comp IIT .78 .18 [10:Geo 11 .76 - .18 | 11:Meas 807 .21 [13:alg 1 .77 .19 J1lé:Alg LIT .79 .24 16:Comp 11~ .76 .13| 19:Cec Ifa *
i Q. 08A (532 | 78.73 L72 .22 {22.92¢ .70 .21 | 57.45 73 .24 ]76.13 .t .70 .25 |58.83 L73 .27 pT.G0 .68 .22 .66
: 094 .639 | .63 .84 .30 |.66 .83 .27 .59 .84 .35 .63 .85 .29 |.58 .88 .31 |68 o8l .27 ¢t >
L Alg (11 154 .323 | O6:Comp IV .42 .28 |l4:alg 11 .35 .28 - . .
234 282 | 55.86 - .39 .24 |58.83 .36 .18 . T
308 .391 § .29 . 54 .33 [.58 .55 .17 ‘ : C.
téo 1T 374 .843 oz:tomp IT . .95 .55 |03:al1g I .95 . .56 | 07:Meas .96 .59 09:?%0 11a .96 .58 {10:Alg 11 .95 .56
v : 378 .750. | 56.23 .93 24 |46.92 - .94 .28 [52.84 .95 .32 |61.00 95 .29 [32.92 L94 .25 0| . . )
37¢ .727 | .74 .91 .20 |.71 .92 .24 .69 . .94 .26 .70 .93 .27 |.72 91 .2 -
. \ . N . -~
Geo 11 32ABCD .345 T 09:Geo II L48 .11 [19:a1g 11 .50 .13 |20:Comp IIT .49 .10 !21:Alg I .47 .10 }22:Comp 11 .47 .09°
JA .782 | 61.00 .96 .48 [52.66 .94 .56 {68.03 .95 .51 {06.55 .93 .50 |65.80 93 .49 |
33¢ .639 | .64 .82 .32 [.58 .87 .32 [.62 B4 .30 |.66 .83 .27 l.e7 .83 .26
. L i N
- Meas 168 .633 ; 05:Comp 111 .8% .40 |07:Geo II JB4 40 Y1liplg [T .85 .43 !12:Comp 11 .82 .38 ‘
16 .622 |59.70 9% .30 |52.84 .86 .35 ;57.45 .93 .35 {62.77 .88 .27 ‘
: 16D .652 | .53 .87 .40 }.53 91 .36 .47 .90 .43 i.58 .85 .38 C o
( - ~ ) N ¢ .
*Average proportion for 3 items. In this rua, che Alg T and Comp II items showed distinct skill profiles within sets.
- @ \
«
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stability of the true positive! and false pOSitive estimates is closely

related to the stability of the estimated proportion able to solve the

cluster. These latter estimates for each cluster are summarized in Table
' /

4, which also repeats the observed p-values for each item. For all the Age

~

13 clusters except Alg I, estimated proportions»able to solve were as high
or higher than average‘item difficolties,‘indicating‘that random guessing
is relatively rare among 13-year-olds. (duessing on multiple-choice.items
Qﬁcreases p-values, so thet ayerége item difficulties exceed the proportion
possessing the skill.) Lower true posiLiVe rates for exercises at this age

level 1ndicate that more of the individual exercises examined present unique

’

difficulties. or- reqUire specific information not shared with other items
in the cluster. Thus, examinees possessing the skills these items require

in common may nonetheless err on one or another of the sepagate exercises,

Table 4 shows that estimated proportions able to solve ére‘not in clese

agreement for exercises in the four clusters that collapsed .to a singl

Alg
v

skill. They range from .30 (Comp.IV) through .u4 (Alg III) and .ii/
II) to .74 (Comp II). The structure of the set of Age 13 analysgs

implies
that for at least one of these clusters’, estimates E}om diffeyent analyses
must have been quite variable, and, in fact, the problem/gppears to be ;i;h'the Alg:IiIF
cluster alone (see standard dev1ations in Table 4y). I///an be seen in Figu:exé that

Alg TI1 was used in oniy two analyses, 14 (with Alg [[) and 6 (with Comp IV) In

1

each of these analyses, a two-class model gave ay acceptable fit, indicqping,amwr~

'single common skill for all three clusters. I wever;uthe proportion able to solve
Alg II and’Alg TI1 was ecstimated as .578, whilé the proportion able to solve

Comp [V and Alg TIT was estimatcd as only .294. Additional analyses would

be required to probe the reasons for this.anomoly. In particular, it would |

be useful to analyze Alg Il and Comp IV together. Ruhs for analysis sets

6 and 14 in which the proportion possessing ithe common skill was constrained

to equal” a constant would alse be informative. Work with ‘other item sets ~

’
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,Table 4

_;/ Age 13: Summary Across Runs by Cluster
20NN _ _ , : .
Estimates of Proportion Able to Solve Observed Item Difficulties
Cluster N Mean S.D. Min Max 1 2 -3
Comp TT "6 .74  .042 .68 .78 715 751 .769
Comp TII 6 .66  .005 .65 .66 601 649 .654
Comp IV 2 .30  .007 .29 _ .30 - .256 .259 - .378
Alg 1 .5 ..74  .028 .70 .77 . .733 779 .801
Alg 1I 7 .63 .037 .58 .68 . 532 .556. .639
Alg III 2 b4 .205 .29 .58 .282 323 4391
Geo II . 5 .92  .013,.-.9T .94 727 .750- .843
Geo IIa 5 .84 .019 .82 .87 .345 .639 .782
Meas 4 .88 .028 .85 .91 . .622 .633 ©.652
\
)
/
{
'l
b
. ' o
BN . ¥




indicates that the two-class model m y be relatively insensitive to such _
constraints, i:e., that the chi square may increase only slightly if
different latent class proportions are fixed in advance; (This has not been

. - L ) .
“found for more complex models.) Another possible explanation is found in

the decision—rules—for—the series—of—runs—for—each—analysis—In—analyses 6_and_14,

'tno-clns$ chi squares of 56.and 59, respectively, were obtained (seé Table
3). Thus, no additionnl.runs wetre penformed on these item sets. The
introduction nﬂ a third latent class might have~resniﬁed in substantial
'réductlon of t £5€ (alrendy non51gn1flcant) values leanlng to new "final'
models in whichiA}g II, Alg IV, and Comp IV were hlerarchlgally related.
This would resnlve the discrepancies amnng Alg II, Alg III, Comp II,Qand.
Comp IV, antner work on nne decision rules is éalled,for. Hierarchical
organization among Alg'II,:Alg II1I, andeomp iV is plausible, !
and. would extend the hlerarchlcal relationship observed between Alg I and
Alg II.- This 1nterpretatlon that 'the marglnally satlgvgctory 2-class fits
of analyses 6-and 14 should not have been acccpted is also aupported_by
the nearly hierarchical organization of the Comp II, Comp III and Coémp IV
_clusters shown in analyses 15 énn 58. The fact that only 6 pereent of the
examinees could solnérénnp IV and not Comp ITI and only 7'per¢ent cbuld
solve Comp IiI and not Comp II bnt percentagps in the other direction are
41 percent and 20 percent makes it seem unlikely that Comp II and Comp IV
require thé same skills.

In summary, the Age 13 nnalysés showed that four of the nine clusters,
Comp II, Comp Iv; Alg II, and Alg.III required a'single skill. This finding
is suspect, however,. 6n two grounds. First, a nea;ly hierarchical .
relationship was found anong Comp II, Comp'IiI, and Comp IV. Second, the
Alg III cluster was included in oniy two analyéés, which yielded duite
'diffgrent estimates of the proportion_able"tn solve Alg ITI items. These

e .
were two of .the three runs-indicating that Alg II,. .Comp II, Alg III, and

44
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Comp IV required a common skill, Reconsideration of analyses 6 ;hd t4 would .
. . _ o o : N
require changing the a priori decision rules which governed all t@e”Age
9 and Age 13 analyses reported. However, further investigation of these

find;ﬁés is called for. Assuming that further runs would indicate

a_hierarchical relationship among Alg II, Alg IIT, and Comp-IN-—the

equivalence establiéhed bethen Alg II and Comp II»would SFiil stand. Thus,
no more than 8 .skills .would be required to explain item response patterns

in theseldata,_with tﬁe great majority of 13—9eaf—olds mastering first, Meas
_and Geo IIa, then Alg I, and then prqgressihg to Alg II-Comp II, then on

to Alg'fII andQComp ITII, followed by Comp IV. Geo II does not appear in

the hierarchy but is roughly parallel to Geo IIa in diffiéultx and time of
apquisitiqa. Estimates of'the proportion of examinees pos§essing these
skills ranged from.;30 (Comp IV) to .92 (Geo). These are shown in Table

y,

©

Résulté_and Interpretation:. Age 17
At Age,17, a different analytic strategy was followed: Rather than
‘mapping relationships among homogeneous item triples‘in a single booklet,
sets of six exércises were drawn from each of sixlseparate booklets. All\
thése §Q'itehs ﬁocussed on a coﬁmon; brogdly conceived ski}l, and no two
were parts of the same éxercise.‘ Rigid rules were not follgwed in:cqrrying ‘
out these analyses;llﬂather, each series of runs wasupursued until all
additional latent classes suggested by examination of residuals had been
tried. Of course, no latent classes were retained unless théir introduction
resulted in a_statistica%iy significant improvement in the fit of the model.
There were several reasons for adapting a different stratégy ;t Age
f?. First, patterné of findings at Age 13 suggested that {t.might bg

/

premature to stop with the first run yielding a nonsignificant chi square.

c

A
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. Second, .the large number of distinct skills found at both Age 9 and‘Age 13

"suggested that the skills obtained might be of limited generalizability.
It'had‘been anticipated phatufewer, broader skills would be identified.

In order to identify broader skills, the six—item sets at Age 17 were each’

—————————L——%ﬁ#meé—%Fem—s%*—e*efe%séépaF%s—%ha%—appeaFeé—%e—%equ%Pe—%he—same—eemmeﬁ
~concept, that letters can replace numbers in statements of équations and
inequalities. (At Ages 9 and 13, three items for each of two concepts had

been used in each set.) To minimize common methed variation that might give rise to

spurious skill distihetions, only the "A" bafts of multi-part exercises were
included. Replication across six separate examinee samples (assured by -

sampling of exercises from six different booklets) also promised to increase

)

generalizability, and permitted significance testing to compa?e
estimates of latent class proportions from different exercise sets, since

these estimates could be assumed statist{cally independent. : ;

.
.

.To identify the exercise sets examined at Age 17, the Age 17 appendices

were examined ‘and all exercises were noted that appeared to require an

o

understahdﬁng that in that exercise, letters took the place of numbers,
N .\ .

(from 7; distinct exercises) included some

. The 88 exercise barts identified
classified as algebraic manipulation (sblving equations, simplifying.ahd

factoring, plotEiné, graphs), mathematical skills and computation, numbers.

‘
t //

and numeration, understandingéytranélation, and other topigsf Actual
exercise parts were'ﬁhen examined on hicrofiche, and roughly 20 were S

rejeéted as not relying on the common skill. 'This left just six of the

twelve Age 17 booklets with &t least six acceptable exercises. Six

‘exercises were drawn from each” of these booklets, as shown-in Table 5. The

smaller numbér of six-item sets analyzed at Age 17 does not imply a lower
commitment of either time or cbmpuéer resqurces, More distinct exefcise‘
parts are involved at Age 17 than at either Age 9 or Age 13, it was

necessary to access more tape files’ because multiple booklets weére involved,
’ . BTN . . 3 . .
J y . : ‘- r-
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" ’ Table 5

Exercises Examined in Age 17 Analyses, p-values, and Latent Classeé Required

[N

[ ’ ,/j‘
Latent Classes¥® v
Set Booklet Exercise P NULL REAS  INT ALL
1 01 054 233 0 ' 1
1 094 .568 0 : 1
- “22A 041 0 - 1
< 24A .706 0 .1
©33A 662 0 1
“ 39A .796 0 1
x2 = 59.29. ‘Proportions = .574 | 426 S
2 02 024 - .725 ' 0 0 1 1
o . 04A .048 0 0 0 1
¢ 09A 449 0 .0 0 1, .
184 - .702 O 1 1 1
27A .883 0 1 1 1
30A. 473 <0 1 0 1
: x28 = 64.33. Proportions = .39  .066  .083 457 -
3 03 - = 03A 521 0 1 1 1
e 140 1740 0 0 1
184 .788 0 1 1 1 ‘
o 23A .581 0 1 1 1 .
35A - .187 0 0 0 1 ..
. - 38A L2627 0 0 1 1
*is - 52.37. Proportions = .582  .104  .057 .256 S
4 04 05A 1260 Jo 0 1
: 134 .580 0 L L |
- 20A 490 0 1 0 1 - )
oo 26A .686 0 1 1 1
| . 294 . .075 .0 0 0 1
35A 578 0 1 1 ~ 1
xis - 63.08. Proportions = .553 ..112  .152 .184 -
5 07 07A <343 .0 Q 1 :
- . 17A 370 Q 0 1
24A 531 0 0. 1
284 .526 0 -1 1 .
330 .470 0 1 ] '
. 384  .193 0 0 - 1
' xig = 62.08. Proportions = .565  .077 .358
. r~l". ) , #~ l
N ~ .
* A "1" dindicates th
item; "'0”
-" -




‘ 4 Table 5 (Cont.) .

\

£

Exercises Examined in Age 17 Analyses, p-values, and Latent Classes Required

Latent Classes¥®

Set——Booklet —Exercise P NULL__ REAS  INT  ALL
6 09 05A 178 0 0 1
06A 382 0 0 2 1
194 368 0 1 1
204 - .392 O 0 1
21A 561 0 1 1
33A 629 0 1 1
9 ' .
ng = 93.23. ‘Proportions = .520 06l - L4109
J
£
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~and most important, the absence of distindt, hdmogeneous clusters made

actual fitting more difficult. '

. PR

o e
Results of the six analyses will be discussed in order-of increasing

Vcomplexity. Set1 yielaed a.saggﬁfactory fit tomthe'simplest, two-class
model — The—chi—seuare—and—estimated—latent—elass—propertiens—for—this—and

other analyses are displayed in Table 5. It should be noted that exercise

v

p-values for set .1 ranged from .04 to .80,~which makes it appear unlikely

that a single skiil distinction could explain examinee performance across

the entire set._ In fact, the true\positive rate for exercise 22A (with a

p—value@%{ .04) was estlmated as only .10. It may be more reascnable, tﬁ:

-

think of this .item as requiring some addltional skill not requ1red by the

.

remalning five items in the set, rather than supposing that it requ1res the
1 . . » .

same skill but that those possessing the requisiteﬂskiil'had only one chance

%
[}

in ten of answeriné it correctly. These two interpretations are, in fact,
interchangeable. They are .statistically equivalent, yielding identical

¢

predicted response pattern frequencies;'residuéls, and;ehi squares. The
o . : .
9
more reasenable model, in which item 22A alone requires some, additional

skill, would include three lagent classes, for examinees who could solve

none of the exercises, all but 22A% and, all of tne eXercﬁses. This mo@el,

“ o
'

”hodever,'isfsaidvto be nét.identified. Its parameters cannot be estineted
because they cannot be uniquely determined. In particnlar, there is no way,
with this nodel, to distinguishAa sthent in the Second ciee§ who gives a
false ndﬁitive response te item 22A from a student invtne tnird class ‘who -
givesea trne.pesitive; By making compensating adjustments in the latent
class proportions and item 22A's misclassifiqatibn probabilitiee, identical
predicted response pattern prenortionb cen;be obtained. The two—class_agaet
actually fitted to set 1 represents one possiUle‘set of éerameter eétimates

for the nonidentified three-class model. Anottlier set could be obtained by

3 at 1.00, in which case latent

Q

fixing the true positive Fatedfpifémem;
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and .041 (all

class bfépo%tiqﬁs;would bgi.57ﬁ7(nu11)...385,(ali bu¢i22A).
itemsi; Fixing the “second Tateﬁt class prépbftiOn ét aég value between 0.

land :335 or fixing the true posigive rate for;Z?A‘é§.ény‘Value bétween .096
and 1'Q$u1d yiéld an equivaiént model. >IB COnciuéion,,the analysis for set

. 313 |

~ _runs:conformed to a hierarchical

+might—be—interpretéd—as—showingasingles
.extrehely low.tfue positive‘rate for one item, or as showing that all items
except 22A require'lhe same skili and the Iattervrequires a uniqge‘
;dditionai_skill. .

The next two sets, in orde}-ofvcompiexity, were»séts 5 ané 6, foh whicﬁ
theyfinal modélé included three latent classes., For set 6, the final model

it relatively poorly, as indicated by a chi square of 93.23 on 50 degrees

of \freedom. Na additional classes could be  found which reduced this value.

As.shown in Table 5, the skill distinctions found in sets 5 and 6 would not

be predicted on the basis of item p—valuesl While any interpretation of
these skilk\distinctionsawould require cross-validation, it appsars in each-
A

case that~e£§@inees in the intermediate state can salve just those items
- , N _ v S
that could be answered correctly by.reasoning,vwithbut formal tréining in

algebra. These ahRe non-routine problems, multi~-step waord problems, and

3

items testing number\?nd numeration concepts in a form different than.that

-typically_encoﬁﬁtered\ip ifistruction, and may be more related to general

N,
N,

intelligence and less to\schooling than the other items in sets 5 and 6.

No explanation is offered for the relatively poor fit of set 6.
The remaining sets all-ﬁequired‘four latent classes for an adequate
< - .

-

fit. Sets 3 and Y4 are treated\kigst, because the latent classes in these

-

<i11 pattern. As Shown in Table 5, for

he items, all but 14A and, 35A, all but
\ y :
14A, 35A and 38A, or nohe of the items\ A similar pattern emerged-for set

set 3 examinees could solve all of t

4. As for sets 5 and 6, skill diatincti&ps dppear toreflect the

solubility of items by reasoning as oppos;HVto formal. training. Examinees-

‘A;Q 3 '; : ES(:\\\ ';‘  -
e ‘ f\\\ -~ n
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in intermediate StateS'Can;SOIYe items concerning abstragct proper%ies of

the number systeh, especially multiple—choicé-exercises, but fail to-solve
routine comcutational exercises .that appear to depend upon specific, formal

raini 'g in -algebra. - Unlike sets 5 and 6, the patterns of intermediate

|’ 178

states in these two sets correspond precisely—to—the—patterns—indicated—by

Q o

item difficulties, In set 3, for example, 10.4% can solve only items with

p-values above .5, an additional 5.7% can solve all items with p—Values.

]
-

aﬁove .2, and 25;6%\can solve all items. -

Set 2-yielded the most complex pattern of latent classes. Siﬁce the
intermedlate states are not nested hierarchically, data from set 2 are. not
compatible with the assumption of an ordered, unidimensional continuum of
v conteﬁtvknowlque;or cohtgnt acquisition. It may'be no accident -that set
2 is also the eésiest sét of items. ,In other work with reading .

comprehension item_résponse data, the author has found similar anomolies
with very easy items. @t is tempting to assume that these items are

o

amenable tb\golution by several strategies. Some students have a strategy

-
*

that works fo}bitems 02A, iBA}'and 27A, while ‘ofhers have a strategy for

184, 27A, and'3QA. Uhfortudatély, it is not clear what these sté%tegies

ol

would be, and it‘appears'unlikely that many'regearchers)would predict in .-

e e

advance that these two intermediate classes would ‘be, the ones to emerge
The pattern of latent classes here isnnot consistent with patterns of item
diffi&ulty. '

Despite,the variety of models fitted to these six item Sets, some
important consistenqies do emerge. Note first the_estimated-pnpporﬁions
in the NULL classes for the sixg@ﬁné, tﬁosé unable to éélve’any of tFe

items. With the exception of the anomelous value for the set 2 (the, last

set just discussed), these estimates fall in the narrow range from .520 to

x
~

/

.582. Even ﬁhe,ponservative procedure of testing the difference, between the .

o

smallest of these and the 1arge$t yields a non-significant t of 1.86.
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This indicates.that the NULL proportion . was consistent'across sets 1 and

o ’ 3-6, within sampling error. As discussed above, for the sets in which -
. . dl ng : _
e : b . * '

. intermediate &lasses émerged, one category typically.-appeared to be of .

R students whbd couLdfsolye non-routine or multiple-choice exercises but not

conventlonal algebra exercises, Ffor edch of 3ets2=0, the intenmed;ate-

i ‘¢lass that appeared to best represent thls pattern was 1dentified In Table L
5, patterns for this class appear in-the column headed "Reas". Estimated
, . ‘ .

proportions ‘for this class ranged from .061 to .112. As for the NULL

proportion estimates, the conservative t-test of the smailest'against-the
largest of.these estimates wasTcalculated. A non—significant value of 1.27 ‘ )
was obtained, indicating that the'assumption'of a common skill pattern,
detected across analyses, could not be rejected, ﬁoughly 8 perﬁgnt of
examinees could correctly answer items soluble .by reasoning, but not those
‘ requ1r1ng formal tralning 1n algebra Further investigation of theb' ,
course- -taking patterns of these students is clearly warranted, - _ o
The final commonality observed across these analyses concerns'the-

unidimensionality:of the skill continuum, In all but set 2, latent classes

showed a Guttman scale pattern. As.noted earlier, the anoholy in set 2 was

for items markedly easier than those in the other fite sets. Thus, it may "
be concluded that a single continuum of content acquisition underlieSrall
moderately dlfflcult to dlfflcult exercises involving the use ®f letters
to represent realhnumbers. As with the hlerarchlcal relatlonshlps detected @ﬁﬁﬁ
o N
at ages 9 and 13 this.continuum probably results from both the loglcal ' ﬁ§ﬁj

structure of the eerclse content and 'the conventlonal structure of the

,mathematics curriculum- in American schoels.

I.‘.U].
oo




Conclusions : _ : o B | _ '

U ' . oW

a

. - R ,- | 4 ) }
Developing appropriate, sensitive methods to analyze the National

Assessment data is a difficult challenge. If analysis and reporting are f;

to go beyond the.level of individual i‘ems,,new methods must be developed

™~

_or existing methods adapted to a matrixx§ampled'data base in which exercises

\ .
. . \ - . .
are conceived not as measures of ‘a few common, underlying traits, but as,

v
v

representing many distinct classes of specﬂiic performances, each of -
» ‘ . C. o

¢

~interest in its own right. In other wdfds, X:dividuél NAEP exercises

represent more or less dist;nct,content Homai\s, each of which\was specified.

because it was of some intrinsic interest. Classical test thebry, with its
. : | ;

focus on the detection of stable individual-difference variatWon against

a background of measurement error; is ill—shited to the analysis of content-

\

%fait) models are as yet only practical when applied to large numbers of
items that may be assumed unidimensional, The large number of distinct,
independq&t skills detected in this investigation str?ngly suggest that IRT

! . AN
models will be of lipited value. N .

i 1 g - .
Both c¢lassical-and IRT mddels begin with the simplifying assumption

that items measure 'a common undes}ying skill - an assumption of

unidimeﬁsionality. In this stﬁéy, latent class models rather thar létent
. ; . ,

trait models were used, and a different simpiifying assumption was involved

. . 4 .
-- that examinees may be classified as to whether they can,or cannot solve

each individual item, and that these two possible classifications éOﬁrespond

to just two distinct probabilities of a correct. response to the item. Other.

. . e N . b - - L
‘assumptions,' especially conditional independence, are the same for latent

class and IRT models. The latent class models give considerable flexibility
in accounting‘ror the specific charaé&e;istigs of individual items’, and

4 . ' ’ . \.

93

or domain-referenced instruments. Newer item regponse theory (IRT, or latent .
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S also permit ‘the representation of multidimensional structures of skill

possession, or non-linear patterns of skill acquisition.

This study has»demonstrated the utility of latent class models in

‘ describing NAEP data, but has also highlighted technical problems in need

]

-

of further investigation. ‘Significande testing when data are from a

o

stratified cluster sample is an unsolved problem. The dgﬁsgn effecg
adjustment used in this sﬁudy is cleérly nét the best possfble. The. only
éstimates presently available are maximum likelihooa, and wg}ig some
large-sample properties of phese esbimapeé are Known, further work oh ﬁhe
o .
problem of estimatien is called for. Even more important wofkyis
needed on the problem of.model selection. The methods developed in.this
study for the analysis of residuals are of considerable help in finding the
latent classes required to represent a given set of resbonse pattefn;.
However, these méthodsvcannot as yet be automated, and are far from
infallible. Beyond. the problem of modeling individual exercise seté is the
broader problem of selecting exercise sets for analysis. Therétrategy

followed at ages 9 and 13 probably yielded clusters that were too tight,

sﬁaring more common method variance than desirable. The”stfategy used at

" age 17, on the other hand, yielded brecader exercise clustersland facilitated

replication\acrb§s booklets, but did not yield as comprehensive a map of

exercise skixl requirements., Extension of compytational methods to

\

accommodate lérger numbers of items would help to solve this problem,
Despite présent lﬁﬁitationé of the méthodology, some important

generalizapions do emerge from the gnalyses repoFted. At age éi roughly

83 percent(of the children could do simble addition problems correctly.

Subtraction, counting, piace value problems, ﬁnit'conversions, and.simple

geometric termé and concepts were all relatively indepéndent of one another,

i;e., required,.for the most part, distinct skills. These all tended to be

acquired after the addition skill. Roughly 77‘percentlof nine-year-olds
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could solve problems of these kihds: More difficult were ﬁwo—d;git
subtraction, multiplication, ana divison problems,,ﬁdmber line and number
sentence prob}ems, all évailable to rogghly 41 percent of the population,
and hierarchically dependent upon the eésier skills. The skills réquired
_to use a ruler were only slightly easier (53 percent) and also tended to

be acquired after tHe less difficu}t skills. ac
{ ’ .
At Age 13, several levels of /Algebra/Computation skills were detected,

but were not clearly distinguisheb. The skills required to work with number
. /
" lines and number sentences, to efpress part of a small set as a comnon
fraction, and to do a simple lodg division problem were available T4 percent

. /
of the sample., Sixty-six percqht could interpret the radical sign, but only
30 percent could give the dec%mal equivalents of common fractions. These

. “skills!yere not strictly hierérchical, but only a few percent of the
. i ’ / {
examinees possessed the easier skills who lacked the more difficult ones.

The skilxs requifed for a vériety of algebra exercises}(including topics
in numbers and numefahion) were available to 90 to 60 percent of the
examinees. As'withfcomputation, these skills were nearly hierarchical.
RelatiQely independqnt skills were‘required for simple unit conversions
(possessed by 88 peAEentfof the examinees) and geometry facts and concepts
-(gu and 92 percent,_hespéctively). |

The Age 17 analy es| were structured differently, and did not yield a

comprehensive map of sKiflls possession. Only algebra exercises were

|

\

examined, but these were drawﬁ from six different booklets. It was foung\\\\
- 7 .
/.
ir—Qlds’were inable to solve any items in which

that 52 percent of 17-y
letters represented-var"bie numerical quantities. Another 8 percent could

solve problems of this i%d that did not appear to depend heavily upon formal
: !

*raining in algebra, bu'/were unable to solve more routine algebra problems.
/ s N

For all but the easiest]exercises, data were compatible with the assumption

i
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. appliéd'to other broad topics. 'Further work with thése models and methods

C e

should increase our understanding of the academic capabilities of American

youﬁh.'

N
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