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Chapter 3
INFORMAT, ATGORITHMS AND FLOW CHARTO

4. Changing a_Flat Tire

You have experienced many times the need to follow instructions in

/
orier bty carry out qghb prorecs sucensstully.  For examp!e, putting togrther

a molnl alrplann, ollowing a recipe, playing a new game, comp'ying witl: 1he

roen ot e et oot cfywn by your pariats, are all indhgners wieere L 1o

p a0,

nrtnpcaTy o M Tow dngtructions In urder to ecarry oub o a

ocindnt o, A Mot of instruetions for carrylng onh som: prov-:
i

callnd an algorithm.

- Moo prJ"nnhns sgn b represenbed as algorithms in many Aifforent
ways. Hore oo alporitim Yor changing a lat tire, o
a »
Alporliunm tor Changing a Flat Tirn

i, Jak up the nar.

. . Tngerew Lhe lugs.

je  Hemuve the wheel.

. ../ L. Iut on the spare.
' . Cea Srrrw on the lugs.

. Jack the nar down.

Yoo omay st Rhats we have nol pab Qyﬁugh htupﬂ int. 1 aur atparithm. We
rave noh eonstlermt petting the equipment oub of the trunk, placing the Jlack,
rrmoving Fhe woi-eans, fyosrning Lhe fugs hefore Jjacking np the ar, utu.
Tinge arn gaol Lt teetiong, ﬂtili gur 1dst Ls goord onough for gnftlng
arross the Llea of an algorithm. When we gel, to the stagr of writing

atgarlttmg o mathematlcal processes we will have to be much mure preclse,

A flow rhart 1o s Jdlagram for picturing an algori'hm. W witl g;vn
a [low ~hart or odur flat tire algorithm an:d then vxplain it.

O

ERIC | o
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1
rJack up the car }

vy
3

[iUnscrew the lugs J

Vo

.

[—Remc)ve the whevl‘] :

3

i}

/. rl}u‘i. L f}mrs;‘m}b J

Oorew on Lhe lnr.rﬂ
[

maf‘,k 'th;:g:zi rwlowrj

Flmrre L. Firss flow cheath for o Sl Sl

in thle v oW ochard, o Lnomont o et

Al i RIS

s

W ntoo ot gerve dnoour Ylow chart thaf rach fngt mietion 15 enclosed
{n a Yrame ur bux. A little later un we will gee that Lhe shape of the
frame tells us what kinl of inntr}wtion apprars (nside.  Commands to take

some action are written In rectangular Urames.

ERI!

Aruitoxt provided by Eic:




In Figure 1 all instructions are of this form, 80 they all have

rectangular {rames.
; ,

T carry-out the process shown in a flow chart we go to START, follow
the arrsw £o the first "tox" and carry out the instruction given there, then

f21low the arrow t0 the next box, etc.
. 4
After ‘irawing a {low chart we always lotk to see whether we can improve

1t. Ta the ©lal tire algorithm we forgot to check whether the spare .was flat.
Drivers seliom think at a service station to check the air in the spare tire,

- an’d sometimes 1% is flat when 1t is needed.

If the spare is flat then we certainly do not want to go to all the
—
trouble of changing the tire. Instead ve_ghould call a gamge. To make this

denigion we intrd>luce a new kind of frame into our flow chart. The frame is

oval 1in shape. .

D

Inocide this frame we find a statement on which we make a decis?on.

( The cpare tire Lo flat

W have dw s el Urom P LIS tux, e fabelel T (trur) and the other labeled

# (ralort.  ATLer shiecking whethier ihe gtatement ds ftrue or faloe, we leave

»

Lhe 1oy oah floe corresponiing cxdt and go on o Lhe next Lox.

\ )

wJﬂM~wE—<:The spare tire Lo f}f&j}gl——____ﬂ

’

[V s Lo ] [Call & gorng- ]
| T

I

Jswehoan ovnt Lax s ralled a declsion box.  When we put this {low
shart Svagment into owe flat Lire flow rchart of Figure 1 we obtaln the

flaw chart. of Flpure .o

R
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0

@he spare tire is'flat}T

T F 1

ﬁack up the car
-

. ﬁlnpcrev the lugs

[ﬁemovg the vieel

FPut on the spare

4

[Exll a gara‘ge._]

' r’dcrew on the lugs

!

[Jm‘k the car down
|

@ - |
f

R O O B L L

e

Figure o', Gecend flow chart for changing a flat tire,

o

N i

mopen Lo ogtilloone murse lmprovement we woul { 1ike to make on our Tlow

art. Dedoum ook ab toxg ot Inoour Tlow chart.

o

b l £
4
S "__rUm;f::rew the lugij
¢ Actanity Thin stands {or a number of tagks, or rather the repeating of ‘_t.h?: .

name fank. Gilnee thils automoblle wierl has {ive ugs, one way of showing this

4, Ay “lye frames.,

ERIC !
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" '\V. ]
TN .
[VUnscrew a luggj S
- . 4
('Unscrew a luggj
[ Unscrew a lugJ
. l Unscrew a lugJ
[ Unsorew a lug |
¢
/
whie puoeeeyeet bapdowe oan almpi{ly thic agram by introifucliong a loop,
ﬁ}psvr»w a luy , . B
'
A oo Ao Tk [ ! oy [N -
1" : 3 ) ! ! D s
W Gros YRt ween o we L pnes Do b we A coend plpad back 1 vepead e tank,
e . .
Pooe e e n o wltn NI Cien an Yt we s 0oway o et Ing ond 0t L Toaop
Ve apert brgcke, Weeosrps o cpnght dnoan rd feng aop, We onn e Ll
B e S U VIS SO ORI R PN 00Y S TR TRTINY FTS U S0 SV ¥+ BN EE 4 EPEARLEFIRAL SR S A SR 0 § R Y Cipure _
Pl ) ‘ '
ki
K = o .t
[Epnﬁrrw s Ly,
. Y ‘
,:wfxiﬁil ‘he lugs have been ungerewed ) )
T ‘ '

We gt mr flnal flow echart, - changing a Clat tice (Fipure <) by

Cyeptacing boax o' by toxes % oand 9 and making e similar replacement Do 4
tax i,
O . ). )

EMC 1/
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0

-('The spare tire is rlaDrT T

: fﬁack up Lﬁo war]

kI 5]
L??GFY“VM“,IU“J

X

All %ho 1uuf hnvn kr(n unrvrﬂwﬁ£>

(1

A

a0

[Emove T el ]

IO, S—

rwr{w T 0 R AN

) . e x‘.,.»;,‘ amiiniee -[;..ﬂ(-. S .
b —@x Lo lnpz, have Yeen g rewed
R

Juvk ?hv SHI duwn

. Flip,urr' 3

1. 7
Lﬁall.n paTaApe
N
.

bl

.
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Exercises 3-1
(Class Discussion) = .

Mark®s fetter's fgvorite Lreakfast consisted of orahge Julce, toast,
mitk, an{ | fried egg‘(aunnyaide up) bvasted in butter. On-Fathers'
lay, Mark ‘leedinrd he woull surprise his father by cooking breakfast »
for nim tut {2 in't know how to fryAthe egg. Mark's older sister (vho.
wag a ~omputar pragrammer) ponstructed a flow chart showing Mark how

Lo vy an ege the way thelr father liked it cooked.

T, vtarg, Mirk's oister 1isted the basic provesses needed 1o cook
an rEE,. '

o0 Tlacs Trylng pan on burner.

Sat heat under Mrying pan 1o me lum-low.

4. Put butter In pan. '

N Break egg -into Urying pan. - e

b ImﬁLF rge with meltel butier.

Fio  Grrve ey tu Dad,
(1) Constopet whin “lyst, “low ohart for Crying an rgg.  (See Flgure 1,
" pagr L) v |
(1) It $5 always posslble that the family may te sut of tutter or

rggo.  Clange your Ulow chart Lo acrount fur this poussilbility by

ingerting a Aecioln box 12 the scorrect ﬁlace with the statement

"We have 1oth bubter and eggs.”

.

(#) " As there are tws exthy Trom @ lécisién box, one labeled T (trie)

and one labglel ¥ (false), the sister decided that 1f they were
sut uf tutter ur rggs Mark's fether would be served cold cereal.

Change y@ﬁr “1ow olart tu take account of thia‘ponnibili%y.

(1) Befare Lreaking an rgg into the frying pan the butter should be
malted.  Tosert s leciplon hox with the statement, "the butter

han melted", (nt s the flow chart.
: ’

() T# 4t ¢ T (true) that the butter has melted, the next step
wauld be to "treeak the egg into the Crying pan”, If the statement
fn ¥ (faluer) then Mark must "walt % minute". Using a loop ant
n rectapgular bor, rhange your flow rhart to account (or this -

p'zﬂ.’?“r“i'._y. ot
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() 7o Jetermine whether the egg is cooked or not, the white should
not be transparent. If 1t is tmnsparent then more basting 18
neeled.  Change your flow chart by‘ putting in a decision box, arid
1o0p, with the statement "the egg wlte is transparent”. '

13

With this last rhange, we get our final flow rhart for frylng en egg.

N
:

5=, Algorithms, Flow Charts, and Computers

Firsh you ghoull know that our stuly of algurit,m?ant Mlow olartg 1o
tauplesd by computers.  Bacicelly a computnr toeg arittme® Lo 44 can abd; It
can o eract, 4 can multiply, it can Hyile, The (‘.~m}'w1tf-t“ san pertam thens
operatlas very rapl 1y. In fact, the compubter can s mld L;rm i thenss
arithmeti~ operafions Ina singlr Gesoni. By ombining a vapt numter o"‘
simpie arlihmet gl cal ulations a computer <60 GIIve in iess than a minutt'
a procien which might eequire wepks 50 hant{ computatlong. Tn an hoar it ~an

nan e oA peottem aending yrars off land pomputations.

Liat

Tlos -+ mput nrto great ::pm‘ri‘m pretoming an aritline? fo opemmt L woul s
Pae e Res ra yatepe 0 ey npely o0t P Rege opioutat o we ot 1o it op oand
glve '.?fv fnatration At owhat 0o fwonevt. The time requirei 4o glve the
sompateer fro omlttlong L dnstmet fung ¥ wrtf make §Y dmpanndple for the

compat e byornduee nomputing tdme vy muchomone ‘han Latr.  The aeereh g .
shat ! the Instrut Long oare pud {nt s frpecomputer at the teglnnlng A e
FORPAN SRt ’ha‘, the empubep can petopt Lhene {ant et fonng using the toame

gint Lf npeed which it uses on itA apithmet e Jperat fni.

ey, 1 the ccmputer is oty perform milliung of uprerations, will thiy

verg e mi?onn oF Ingt r};vtiunu? Curnly Ahege wouldl require an enoomood
Aamaunt, Y time 4L prepare. The angwer 1o that ne fev i ten Or i.w-my artanl
frat Pt Lo may be uged U t011 the iompuber tu make miYliong o caleulations,
The necret here t{eg in ulgurithmﬂ invo ving repetition. On & pmall prale we
have et ship ffen In our flad tire algorithm {n the preceding nection when
we it cdused the Daop fn the Clow rhart. We pansed through this loop severnl
{mene Lot re Yonving 1.0 pesform another task., The instructions glven o
smput or are {0 the furm of algorithms, involving much ‘.«§ping, o that a

pn 7 namter o {nstructions can regult in a large numbef L operations. AN

lo




~

The first.task in preparing a problem for a computer is to construct an - -

algorithm for the problem. Usually it 1s not possible to see in advance just
~exactly what the computer Wlll do gt each step. We.do know that 1f the '
instructions are followed the corrget” ansver will be obtained It may seem
difficult- to understand how we can glve instructions for solVing a problem
but not know in advance what steps will be taken. The following exercises
will illustrate this.' '

"

a

Exercises 3-2a

a

(Class Discussion)

1. Suppose a hiker .is lost in the woods without a maﬁ'or a compass. We
will assume for simplicity that the man has found a river or stream.
We want to construct an algorithm that will help the hiker find his
way back Lo civilization so that he does not wander around aimlessly
and never find a town. (We Wlll assume that all rivers. flow toward

- " the sea.)

. Y. - o
“~a) - After the hiker has found a river what is the first coumand that

you would giveihim? = é
, .

(b) If the hiker follows the river and comes to a town, then what
]

. command would you give‘him in the algorithm?

L4

* (c) What would you instruct the hikér to do if the riverlflows into

another river?

(d) What would you instruct the hikeT to do if the river flows into

o ‘a lake?M oo ‘ “w

(e)’ What would you instruBtlthe hiker to do if he comes to a river
Hh of the lake? <

‘4nstruct the hiker to do if the river flows into

b

£1ou qpart.

.Y -

Hﬂi:ﬁﬁﬂ o ';’ : oo |

- R t o .. ' . . .
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1
‘ [AioilowAthe river - downstream .

»QV,J

. - - T
You come to a towﬂ\
C -
. F .

N

3

anbther fiver —
- : { You come to

‘a body of water

J

N . . b

water with the water on your left

Follow the shoreline of the body of

A

.v .
| You come to )

o) .
a town
a river
. , 6«
v F / The river flows-out of
: the body of water
T v .

Figure 4. Lost gthe-woods.

bd

fa N

10

STOP




As you can see, even though we have no .idea  what path‘the lost hiker
will actually travel in following our flow chart, we believe that this flow
chart will finally lead him back to civilization.

of course, there are wany different algorithms that could be constructed

which would also lead the hiker back to civilization. Notice that in two of .

our decision boxes the exits are labeled with words rather than T

or F.
’ Also notice that the "body of water referred to can be either the sea or a
lake. o o . .
A Y ‘ '
Exercises 3-2b .
1. Two parties of hunters (A B, .C, D in one party, and X Y in the

other) on ‘Gull Island became separated. duriﬁﬁythe hurricane ‘of 196k,

Their positions after the storm are shown on the map in Figure 5 Each

followed the flow chart of Figure I to'find his way back to eivilizatipn.

3

(a) For each hunter .give the town he finally reached.
(b) List the hunters in,the order- of the distance they traveled.

4 .
(c) Which hunters from different.parties reached the same town?

(rl) se ‘ : \

Which hunters from the same party arrived at towns that are the_'
. farthest apart?

\

aw

oA ’
4 ’ ! -
Q . . ® 11 . I . o ) ¢
ERIC : S

. _\ﬁj . '
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1
£=

v ] . . .

- 2. Tn 1768 Gull Island was & haven for pirates, and it is claimed by some
that buried treasure ‘still exists somewhere on the %sland. An old
pirates' log book was found recently which 1ndicated that the treasure
was buried under an old oak tree at the headwaters of some stream on
Gull Island. It is Jmown that there.are old oak trees at points ' ’
A B, C, D, E, F, X and Y whoSe"positions are shown on the map on, k
the preceding page The instructions given in the log book are shown
in the following flow chart Figure 6. Find 5%0 point where the treauure N

- hunters should dig frr the treasure. “wﬁgqv
I'S L] ' ‘.
N— . ‘ B 1 . .
. . Go to the mouth of A A
: one of the rivers " -
p . L '
. ._'_’mg_ﬁ;! ST S . .
' Follow the river
: - Ce upstream
S . e | A
) ) Lake You come to
. - v - a )
’ Fork in
the river
 Yeep the lake ; ,
on your right Follow the right
. 1 i fork i
: ' b .
Follow upstream ' - ' ‘ S
fhe first river o The headwaters of a .
L__ you home 1o that e s ( river, but there is
flovs into the | | ( You come to . no oak tree
1ake - — k ~ -
S s 1 An old oak tree at
the headwaters of a
) iver
&
. Figure 6 “ &

v

Q ' 13

‘]EIQJ!:‘ “ ' ‘,ff . ul ; .

"
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L 3-3. As’smment and Varigbles

In computing work e|variable is a letter used to represent a number.-

You have seen examples. of| letters used in this .way in such formulas as

* - ».A=IJ°W) )

vhern I, andl W otand #or the length end widih ol a rémstanglf: ani A
represents 1ts area.  Ag anothcr nxample we have the tormula
Wel.T

for sompublng wages. Hefe, W otands for the hourty min of pay ot a worker
in ‘llars, T for the pime work~l in hourg, andl W tor his wages In -lollars.
In compuling work,!at any particeniar tim:, « varlal e mwinl roprocent.
{

sne derintte number.  Thiis number Lo ealied oy yaine o the varialde. Al

Lhort aloany ;_mu:tireixbuu ime fach varialde hos ol oone bevinite valne, the

vl may shange Crom blme Lo Limeo Foroccgmpteog we miphto ol toowie Foha

Pormila, W or e T, Lo feompibe Wl wages ol cowernd st i ey byve

le
ALMPorent pay raten ooty work oo dbefeeent peebain ot bimee o we Wil
! -

! inyniop a vlow ohart o dolng el thatl.
Forcore lrawing LRI Vlow dhart we will devioe aomeb 0 whiben wllb aliow
Gury otoarly how varlalba are ased dn eompating.
W dmagine Lhayfrur caeho ovariabde noed o oar prubbm Lo Yooan
L4

agsouniatoel window o, On fop ol naeh lox fo '-m{mv:rf e s latoed yurial Vi,

‘ , - .
Tnoidbe Lhe box 1o a slilp o paper wbibh Lhe pregent, yvalne ( yr eurrent. value)

.
[l

OF 4l varialle wetitenon 4. The varlabd s oo name fur Vhe pumber that.

» appracs i de.

Flgure (. Memory

" ] . .
Bach tox has e 111 which may bn openmil when wo wish o assign a new

' valne o the variable. Each hox has d winifow In the uide sy thal we may
rend the velue of Lhe variable without, changing thn value. These window
Ioxns make up the memory of our computer.
ih e
Q . { . 1 .

ERIC | N | .

Aruitoxt provided by Eic:
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E

We imagine that the computing operation is performed by a "master .
computer” and two assistants called the "agsigner" and the "reader", (In a
real computer their tasks are performed by electrical circuits.) The master

_computer receives his instructions from a f£low chart and gives certain tasks

- f
to the assistants. : LT

Cuppose we wish to have a worker's wages computed using the. formula

W =R« T. . .

The instruation Lo pompube the value of W will come to the master computer
in the tollowlng flow chart box.

WeR.T

Tnsile *his 19z wo finl an sssipgnment statement. To read this statement aloud

wn 6ay,

- psnign-to—HW—the-velue of —H-T."

=

Jhe et pulnting errow 15 called the assignment operator. This

arriw 16 Lo Lo thought of as an orrder or a command., Rectangular flow chart
boxng will always eontain assignment statements. ' gpch a rectangular box is
tarpnforn ~alim] an assignment box.
» ) »
" Next, we sball gee what happens when the master computer recelves such

an fnotretion. W shall apsume that R and T (huﬁ not W) already have

© ol degdret valung, say thoss shown in Figure 7. (How ‘they obtained these

-

yaiues wi'Y te tsomssed leter on.) -

Thee computetion rallel for inm the asslbgnment statement occurs on: the

right-hant slie o the arrsw; 55 the masier computer looks there first.

1

,,,,,

i

s goes that L musth kdow the values of 0 B and T. 5o, he calls the reader
ant genls him ond Y Lring thesn values from the memory.
X &

»

O » iy I v

RIC ( S L
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The reader goes to the memory end finds the window boxes labeled R
and T. He reads the values of these variables through the windows,

i

.

The master computer computes the value of R-T using the vulues of
R anl T %brought to him by the reader, He gets the value 54 for R -,

Now the master computer looks at-the 1ert-hand side of the-arxov in
his instruction. , . : :

-

He sres that he must assign the computed value of R+ T,. namely 5&, to
the variable W. 50 he writes "54" ona s1ip of paper, calls the assigner,
and tells him to assign this value to the variable W.

Q ' » S Att

ERIC S
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The assigner goes to thd memory, finds the window box lakeled W, and
€ ,g‘ Y, )

dumps out 1ts contents.

T vae peate thoe siip o paper with the new value dn the Lox, f1onurs

B 14 oamd meturms fu e master compuber fur e new fask.

W gay thatl asgignment, is destrictive Lecausn 1t dentruya'th» former
yalue < the variabic. Keading 1s nondestructive because this prorrss in no

way changss ‘the values of any of the variatirs in the memory.

Gheek Your Bealing

1. In eomputing work what 1o & variatle? ’ ' ‘ o

. What, will you always Cind inside an assignment box?. .

4. The left polnting arrow is to be thought of.escan____ ora
. ‘ A}
- 1

I Why o we say assignment is destructlve?

i Why o we say. reading 1ls nondestrnictive?

) ' ‘
ERIC | e
o o e . ‘ ‘o *
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Exerclses 3-9a
2 (M1ags Discussion)

(a) The starting (or initial) values of B anl C “are given in the
talle Le'ow, Fi'l in the yalues of these varialles alter carrying
suh tin Lnstru‘t‘t,i%l in thre asslgnment Lox on the rlght,

‘ 7 : -
’ - B >
2 X
gtarting valuns ! i . [E —
] it
“inat valuno r
! .
[0 It s Chee vame as bnopaet fd
| ;]
R I £ 1

( | a .-

W Stnrtiny, vaiel] : b ’ [P o I'»]

‘kf [ . . 7;,4‘ . T

L tina’ velnes J

- £ omprge At yalwen o Boanl 1t altop e of Thie
. acolynment ofatements
oo H W " i PR AR e 14’ )
wheet g owe Lind? e - .
. .
Foov o Are Yheeffecte ool he ruiniynment stecbements
1 B Y s - -
AR el nnd rn ¢ =~ I
the same or ALUTerent?  Why? ‘
LY ' » -
.
)
1%,
* r

ERIC . | B
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(a) The starting values of A, B, and C are given in the table
The two assignments on the fight are to be performed in the .
“fidicated order. Fill in the values in the table. o

1

A «— B

starting values

values after first
assignment

f£1inal: values

(b) Instructions the same ag in parﬁ (a).

gtarting values

values after Llrst
acolgnment

Lingl valurg

In what way are bhe Instfuetlons In Lhe asolgnment boxes of parts

(a) anl (L) the same?
Tn what way are they ifferent?

Darg the order in which two sspignment statements are carried out

affert the £innl result?

ERI!

Aruitoxt provided by Eic:




Exercises 3-3b

Cowpute the Qalues,or V and A according to the two assignmenté
on the right for each set of values of L, W, and' H given in the table

o
R

belovy. \ _ ’ , !
L W H v A
1 7 | 3 2
2 8 3.5 5 ,
y A «2.[(L-W) +(W-H) + (H-L))
o 3. | 9 7
I 12 2.3 | 4.6
734, Input and Output e

In the previous section the master computer was instructed to perform

the following assignment:
’ )
W ¢ R -T
- t
The volues of R and T at the time were 2 and 21. The tesk was performed
with the result that the memory looked like this: ’ .
o = =
oz —1) 7

The desired value of W 1s now stored in the computer's memory. Next we
want the computer to produce the answer so we can see 1t. I>This will require
an instruction to the master computer to print out or output the answer. While
ve are about it we may as well have the computer print the values of R and T
along with the value of W In this way, in case we have to compute the wages
for several workers we will know which wages go with which values of R and T.

o - 20 Y

ERIC
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mmmmmmmmmmm_z B,
T, anl W takes this form: ‘
wWe s that yo Lave a v shape of flow chart box. Inside the tox, ceparated
t@ - omman, are the varlaldes whose valuss we wigh 10 know. This Lox is ,
ca el an atpat 1o, When the master compuber reecives thils instruction
iecmentn e roader 10 ring to him the values of these variables. When
shor popter retams with theos values the master computer types them out for
Wty neve i Ml game order as they are liiztc'l in the ou‘!,put;“wx.
Thoe e koo "n' our oubpul Lox suggestc a page Lom off a line
priuter, ree Y Yo muGlo cummun compuber output clevieng. '
Flgure “. Output from Lin¢ printer
In Flgure % we pee bow the oulput lata for gur probilem might, ook {1 printed
ty a iine¢ printer.
It bing our two flow chart boxes Logether in the proper order we now
HAYE B
[ W .« H-T | R,,T, W -
. .
Wr onuhice that the artual numbers, the values Af the variatles being output,
1 no4 appeatr in our flow chart.
13
) ’ , .
Y - x,l L]
FRIC 2
. ‘




Now we glve our attention %0 how the variables R end T get thelr
values. Remember that we are making a flow rhiart for finding the wages of a
worker whoge hourly ratr of pay and hours worked are given. The rate of pay
angd howrs worked must e real in as input from outside the machine. Just as
the a~tual oubput values of our varialles o not appear in our f£low vhurn;‘_”'ﬁ

neither o the input valvn” of e varlablrs. ' \
- Trstont, the masher Cmpyter w:ll fooplysnoan inoteeenion ke whatever .

yrdnng are suppliedl Urom ‘w"'iv e machidne uui aeslin flesie vl R
anl 7. Thio inctrust - n wili Lape Ll Etrm: "

’ " .n Bd

D , - -

-0

el CRIovoae T TR STSCTEE ETER T N RS }*v‘f A N L

sl gwn bl - (i}Q\\ ‘ | e ' A
4 -4 - Y .

' ' s/ 27 — ?

2 :

-,0003000330'.000OCQOODGUOOUOHHOOOO000000000!IU000000500090obc"ogoﬁnaogﬁﬂﬂﬁooﬂoﬂﬁo P
VIT 656 b ban] 1Ny Al JHRARSHRNE L MEE S @ e W) dx Wit dde MMEI WLVu4l W 1 TEte A ie "":%
b HllHllllllllllllIIllll)llllllll]lllllllllll11111:111111llllHHllIllllllHlHl
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. ; . ’ ; T v Vg Wit e M Yo Wil
¥ e towre rvne o carls anl o reteprrel o tneen IPTISUNRL o ERRPIENE LA
L , o
aa11 Phw mpnak ravda e THAT A4k caydelt aféar Herman Hallew {4k yha invented
o
Gy e it e et e Lo enopunche Tt bae el oave o e sind
Conee e qeame e printeed Pt D ndese Phert
§ » A i 1 K ,‘
LN J AL T TR RTR N § PO 1) TR S IR
m
11’ 1
we oW Shere will te noptack of pocho cards, ench cnrd having, ¥
b ers printedfon Do When e master computer reeelyes the ingtruction
O
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) LT - ) / R
. : - . ’ - ¢ . ) P .
{‘ e ‘R, T . he readi the first card in the stack. He then gives}the
values printedson this card to the as51gner to be assigned respectively to ] .

R and T. The: card which was read is removed from the stack.

Before proceeding to the next part of flow, charting,,let us. review the

<//N“ideas studied thus far. We pave discussed four Wnds of flow chart boxes. f' R P
] @ - . - o B :m,
. The assignment box. This box is rectangulaf'in‘shape and always con- Y L .
tains an arrow pointing left. . . L ‘ '
«~R-T ’ . )

4
On the left-hand side of this 8YTON Ve always find a 'single variable fOn
the right- hand side of the arrow we find an arithmetic expression The

agsignment box is a command tov
— 2

(1) read from the computer s memory {window boxes) the values of

any variables occurring. to the right of the arrow,

— \
(2) using these values for the,variables, compute the value of the

° expression on the right of . the arrow,

@ : - .

(3) assign this valué to the variable on the left of _the arrow (that

is, put this value in the associdted window box).

"
.

. R L . . .
Thé decjision box. This box is oval in shape &and always. has two , \f
exits, one labeled T (true) and the other labeled F {false).
Y g . A
) . L L [y
- > . F ' » :
- . ( The spare tire is flagl}————’ - .
] T l " i
_ The decision box always contains a statement instead of an instruction. i
. ter checking-whether the statement is true or false, e leave the box at ///
thy corresponding exit and go on to the next activity. ‘
The output box. This box is shaped like a sheet'of paper torn off a _
lire printer. - o ‘ _
g . ;\
: :
. N g )
4 . ' . ’ W
k- N !
,. 4 S
o | B By o
EMC N ’V ‘. e~ f . . e
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“Inside the box we find “ble of a list of variables separated

by coumas. No -comp ‘ation takes place in an output step. The outpyt box

is a command to-

(1) read’ “the value of each listed variable from its window box,

o ~—

(2)[ print out these values in the order listed. N
) : > i . A : e

t

. . . . ) . . .

The input box. This box is shaped like a punch card.

"‘ - . . " : *

J the box we find a single variable or a list of variables, separated
. Q) " .

by compas. No computation takes place in an input step. The input box

v

’.18 a cowmand to: . ) - R

v

cad, for each listed variable, a valué supplied from outside

N (2) ass ese values in order to the variables in the list.

We note that assignment 18 called for in an input box as well as in ! -
an assignment box.‘ ‘The difference is that: in an assignment box, the : - .
assigned values are obtained from cal&ulations done inside the computer using
values obtained from inside the cBmputer; but in an input box, no computation

is involved and the values eome from outside the computer. : -

6

e

r'm

. \
] .

_ . .

— . .- | /
- .
+
. ) | :
¢ s
' . ~ N v Q\ hd
vy ,
s - .|"'),~: - -
AN M "
e 1 9 . “ ’ 1 - *
Ed (g u 14 *
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R ‘ X ' Exercises 3-%a.
) . (Class Discussion) y o L 'V_W;';".:'
~ - ’ . P
1. Which of the follow.iri'g are valid input béxes'; If not valid, tell why
\' " & '
(a) Y 1 - (e) A,B,C,D,E,F
i ‘ ; L T [ ~ : . < .
(v) ( hre | (2) Rxa ot
¢ \:\‘ .
; (e) 5 i (& | & — 7T
ﬁ. \
, - .
' (a) ( Q\\ A,B,C ]
1 \ N . ‘d ,
N ' \ \
r ‘ \ -
4
K [N )
2, Which of the following are velid output boxes? . If not valid, tell why.
- 2 ’ “’
(a)
- )
(b) (£) :
. (e) z X : " (&)
/ .
(d) A3 o u ¥ ¢
? 3
k]
\
y .. ' ‘D
ERIC | SO
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3

A, B, A

.(b) Suppose that the punch card to be rea9 is:

() Wnat do you think would happen if we had an input box like this's

"

A

What values would be in the memory after the card h@\'been read?

(a) ‘What do you suppose that the computer would print out for an
voutput box like this:

(o)

uuppose that the computer .memory contains the values

.

11 ior C antd

out?

¥,

respectively.

19 and

What would the computer print.

Which of the following are valid assignment boxes?

['Aé—13+cxi] ‘(f) re,e— 1+1J

[A+c—> B | () [ @

tell why.

(a) [ A, B, C
(v)

()

(a)

my

{\[7(—'—— E

B (e) [ 2 < A

|

1

(n) [A+B+c J

26

Dy

(1)

(k)

(2)

o

If not valid,

A <38, ¢ o

5.

»

‘]IA «— B of EJ |

II‘A.—.LXW J
[VEEXEXE|

/

o
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Now, let us return to the flow chart for the computation of wages.

L)

R, T - We—R T R, T, W

Figure 9. TFlow chart for computing wages.

'
A

 The steps involved in this flow chart, together with the flow chart boxes -

which call for these actions, are shown on the following page.

3

o ., el ,
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ACTION

CORRESPONDING FLOW CHART
BOXES

Start.

Go td .box 1.

Input twg numbers and'assign
them to 'R and T. '

1

“R,T

Go to box 2.

¥

Compute the value of R-.-T
and assign this value to W.

Go to box 3.

.

Read the values of R, T, and |

‘W and output these:r values.

Return to box 1 and repeat the
process with a new set of data
values. :




A i Tox: Provided by ERIC

v i

You may have noticed that the flow chart, in Figure 9, frévides no
instruction to stop. Without such an 1n§tfuction the flow chart would
suggest an "endless lbop". We could introduce & decision box before box 1

- 8o that our flow.chart would loék like this: 3

-

~

-{i‘l"here are ﬁore cards)—m-(— R, R, T, W

3

We will not orlinarily do this. The réason is that one of the jobs of the

input box is 1o stop the computing process whén‘thére are no more cards to
" be rea’l. Most computers require’a special card'at'the end of a date deck -

which tells the romputer t0 stop. However, we will agrec that

If e £¥ow chart arrow sarries us into an
input vox and it tuims out “that there age
ns cards 1eft in the stack, then the

\\ eohputation_is to stop.

To help you géally unilerstand asslgnment and varlebles we urge you to
gt ont?the operations of a cimple computer that are described in the follow-
ing Class Activity Exerclses. '

v

Exercises 3-4b ' . .

(Class Activity)

A Gimple Computer o

The Parts: The Magter Computer, The Assigner, and The Reader.

Maﬁeriéis: Three window hLoxes (spée toxes with holes. cut in the side will .
o), blackloard, chalk, pencils and two pads of paper.

T prepare for the operation of the computer:

i

(1) Mark the. top of one window box with the letter R,
another T, and a third W.- '

{n

. C . . } s i
) } . s o, - . . we
LS . o
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(2)

2,00
2.5%0
L.7
2.10

) F

gy

.

»

Put the following 1nput’é on '_a deck of six cards and put
the output headings on the blackboard.

INPUT OUTPUT

Oprrating. the romputer:

(1)
()

(4)

(&)

Fach line 1n the input Vet represents o punﬂﬁml rard,

The Maghir Gomputer should wurk through the f'low chart of

Figure 9. .

Atter starting, the Master, Computer should read 1ox A whilch
te1ls Lim Lo loput valuss of R enl T. He inlls the
Asuigner, "Plek up the [drol -lata ward and puf(, ’Lhr‘f»valuc ol
¥ inm the R Lox and the value off T dn the T box". = o+
Tur Master Computer then reads box fo. 1e says 4o the
Iir*a.iﬂr, "Go read the values off R and T, write them fown,

anl Lring them back to me,!

The Master Computer then compubes the value ol I T, He
then says to the Assigner, "Take this vatue ot 1. T and

put it\in the H hox."

The Master Computer reals Box #3 next. He pays o the

. Healder, "Gu to the R, T, andl W bloxes, write down these

valuen, and bring them back to me.'

t
The Master Computer then tells the Assigner to write these
values on the board under the appropriate Output headings.

Repeat steps (3) through (8) until all data cards are usel.

EN




ERI

' ment" iﬂ destructive.

To more closely parallel the operation of a cqmputer the Reqper and

the Assigner should really perform only one task at a time. One cen observe
that "reading the value of the variable" is nondestructive and that "assign--

!

Also as the ”%imple computer” operates 1t is helpf@l to observe the
role of the variable in computing work ‘One can see that the variable
represents, at.any particu)ar time, one definite number, and that the value
of the variabln\may change “from ‘time to time.

Exercises 3-ke

The ‘how chart of Fzgure 9 is to be carried out with four sets of
values’ of R and T (four punch cards). The values on these cards

are founi in the table below:

\

R

First card 2

Gecond card 2.15 31

Third card | 1.B7 .75
Fourth card 1.9k5  37.25 1 - ("

Display the output using one card for each time through the

cutput vox 3. - .

#

ame as part (a) but this time round off the wages to the nearest *
: penny.. (R 18 given in follars per hour and T -+in hours.) '

Aruitoxt provided by Eic:
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R . b " . oL
~ . - ) -

*

2,  The flow charb of Figure.9 1s shown in silhouette.

Using the data shown in problem 1, £ind the values of-the variables R,
T, and W at each of the following stages:

-

(a) the second time we arrive st the point marked (D
(v) the third time we arrive At (:) , . o
(c) the last time we arrive at (@) , /

(a) the first time we arrive at (@ ,

§

(e) the first time we arrive st (D .

[y_o_fg: In ﬂdme parts of- this question you ‘will be unable to give the
values of some of the variables. When this happens indicate which
variables do not have their‘-‘,}?{g}meﬂ detemine‘i by the available informa-
tion.] '

3. The volume, V, of a box is given by the formula

-

Val- W H

Draw a flow chart for inputting various values of L, W, ‘and H,
computing the values of V, .and outputting the computed values.-

Q " ‘ | 32

ERIC . | »
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- 3-5. Using a Variable a8 a Counter

In the last section we built a flow chart for computing the wages of

; ) employees. IT ve draw this flow chart vertical}y instead of horizontally it . "
looks like this: ) . .
N\ <
START
‘?
L

4

If the imput data are the following:

then the output values look like this:

o 2 ‘ a7 5k
| \, | 2.15 | 30 . 8385
) 1.87 oo ls 78.0725
1.945 37.25 72.45125 . ’ ‘ '
e ‘ 33 | = | :




We might wish to have our lines of output numbered fox~%zzy reference so’as
to appear as follows:

1 n o7 5l

2 2.15 37 A3

3 147 W75 7H.072%
W 1.9 37.05  70.4A105

In orier t9 number the lines of ou@put'wé put an nxtra variable, whicH’we
will call N, in our output box. ‘

We wou! ! like to maks the variatle N take on ke values Y, U dy eeey

in orier. o clu thils numbnring we plaee in oup Vluw chart an i ilif.lonal

v| N — N+ 1*] -

-

75 pee what this dnstruction means we rememter fhat an anslgnment

asoignment. L.

statrment 1 a command to: : ‘ )

f{rst, louk up the vaiucﬂ of the varlables on the rights.

. pecond, using these values compute fhe value ol the expression
on the right;

thirl, avsign this computed valuc to the variable on the left.

To see how this works out with the instruction, N N + 1, suppose
that the value of N 4is % ‘btefore carrying out the instructflon. We 1ovk
up the value of N,

. \ Window: box before- )
) . «
o ' ! | L sk o o ' "
P v : Tou '




,

-

'
'
(

; we compute N + 1, which 18 6; we assign this value'to N.

which ds %;
oz
< @‘

Window box after

The e0fert 0f this instruction, then, is to increase the value of N by 1.
9 This is Just whit we wanted. 0o we place thig box in our flow chart as

rollows:

5
3

Aruitoxt provided by Eic:



Exercises 3-9a

(Class. Discussion)

uir of data values

1. Trace the

TR,

=2 aiaa
"*”*ma-;}

through the flow chart in Figure 10.
Bia,your {instruction when you come to the‘nevly added assignment

What
. { 2

Is 1t possible to follow this instruttion?

9.
what change in the flow chart must be made 50 that the instruction

L.
can be followed?

To so)lve this problem we give the varlable "K' an "inztial" or
This must be done Jjust once. Therefore, we put~Tie instruc-

§

_starting ‘value.
‘tion/Xn ad assignment box outside the loop, as shown in Figure 1la.
‘ @

s




.\' ' A ‘ .
. ' " et
. ‘ . L
; .
. . . .
o 1 =
N & 0
R R .
1 v 1
(mor | . (&2 |
. N . , ,
] N .
2 ’ 2 - .
Iy - = . A i i
. W €« Re T 2 W t e R.T
, \
S i )
) .
) 4 N~ e N+1 . .
" X i
’ Ly b
N ¢« N+l
.
Figure lla v : . Figure 11b
X In Figure 1lla, we assigned the variable _N'v_a starting value of O ,
instead of 1. .va we begin with the value 1, it yould be stepped Lip to ¢
" 2 4n box U4 before.any output. The first line of output would then be
numbered -2, & résult which of course we do not fant,
~ A - -
A o .
. ] /
- /
. . B
. ¢
AN

37
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It is possible to start - N off with the value 1 if we rearrange
" the boxes. The fIGw chart in Figure 11b achieves the”Bame result as that
in Figure lla. 1In Figure 11b we step up the:value of N'. aftery -rather than
_before, the output. steB This probably seems more natural. However,
Figure 1lla has the advantage that we can simplify it in.the following”"“"'f

manner: /

N o

e
.

W — R- T
N «—' N+1

Figure 12

Whenever two or'more assignments‘are called for in suecession with no
other sgeps in between, we will aliow all the aésignment steps to be put ‘
into one flow chart box with the undersfandiﬁg that these steps are ﬁé be
carried out in order reading from top to boftom. » )

R

ERIC
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' Exercises 3-5b

(Class Discussion)

Ah'employer using the flow chart of Figure 12 would also like to know

...the ;otal.ambunt‘of,his,payrpllu(thatvis,~the»toéal»of all the wages: -
paid). This can be ‘accomplished byvintrodﬁcing a variable P (for
payroll) into our flou‘chart. Each time a worker's wages are ébmfuteé,
the value of P is increased by the valpe of W,

(a) Write the assignment statement that orders, the Master Compufer to

increase the value of P by the value of W.

(b) Write the assignment statement that assigns the starting value
ot P. ' “
When will P have the desired value (that is, the sum of all the

wagno pald)? ‘ ]

Revice the Fiqw chart of Figure 12 to include the above features
and to proVidc for the output of only the final value of P.
Hint: you will want to use the flow chart boxs

. | l .
' F
i (there are more «ards —

L .
Exercises .3-%c¢c

Using the flow chart developed in Class Discussion:Exercises 3-5b,

write the complete output fbr\e&ch of thé,following pairs of input

Jata: A : .

.

ERIC o o ,
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‘seen decision. boxes. Each decision box with 1ts two exits 1ntroduces a

- branching. - Often -one or both branches. lead into a. loop. We have already

3-6. Decision and Branch;gg-

In our informal "flat tire" and."lost in the woods" flow charts we have

noted the importance of looping for computers. o

[y

' We are ready to consfider mathematical flow chorts involving decision
boxes. The statements that appear inside these' 'deeision boxes are mathemati-

cal statemgnts, either equations or inequalities. ' Some examples are: :

- A\

X>N+1

B" = hxA -C

s
L a e

As a.simple example of the use of a decision box, suppose that we wish
to Linalude an overtime feature in our payroll ilow thft. If an employee
receives rdouble pay for all hours worked over fbrty,lthen we need 'the

following decision box in our flow chart: o

[ e e e s e

Proceed as

before




IR . +
5

Before proceeding with the development of our flow chart we need to
find a formula for the wages of an employee which will include the pay he
receives for working overtime. The following exercises will develop such
a formila starting with the familiar formla .

“ -

o W = R T

= ’

2t

where v represents his wages, R his pay‘per hour, and T _the number of

hours worked.’

e

<;\h v , Exercises‘3-6a
A ) . .

! . .. (Class Discussion)

If the employee works 40 hours fo* R dollars an hour,~then write
an expression that represents his wages for the 40 hours.

The emplo&ee is paid double the hourly rate when he works overtime.
Write an expressiOn representing his rate of pay per hour for over-
time where R 1s his regular hourly rate.

v f. . )
If 7' represents the total number of hours worked then write an

expression which represents the number of hours of overtime (1. e,,

the number of hours he works in excess of 40 hours).

Having found the rate of pay for overtime, (Exercise 2), and the
number of hourg of overtime, (Exercise 3) write an expression

representing the wages for overtime work.

To the regular wages of the employee we must-add his wages for overtime

work. Write an expression which represents the total ‘wages of the

employee that includes the pay he receives for working overtime.

a

By using the assigmment box

L—“R 40 +2 R~ (T-qu

we obtaln the following flow chart which provides for extra pay for overtime,

a

for output of the weekly wages of any employee, and for the total amount in
the whole payroll. }

ERI!
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. ‘ ! 1 ,
~N F
’ ( There are more cards ) 8
T
.
( R, T
L STOP .
!_3\
¥ ﬁffr_> ho ) T

W«-‘- Rﬂ | rw«—a-uo+2-a-(m-.ho

| =}

N «— N+ 1

P & P+ W

' Figure 13. Flow chart for payroll, inciﬁdiné double rate forﬂovertime.
. 1 \ ’
¢
Q é’ ’/ hé_ =Y
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Notice that there are two cutput boxes in Figure 13, one for the wages

of the individual employee and one for the total payroll.
r

Exercises 3-6b

1. . Trace ‘through the flow chart of Figure 13 with the input given below.
Give the sutput for each time through the output box 7, and finally
the output for the total payroll (P), box 8.

| R T
| | First cafd | 2.15 37
Second card 2.6h ‘ Il
Third cara | 1.08| o7 | °
Fourth card .15 1o ' _ ha!
fj;z}zzhéé}&' 7 Q.&G I
‘P. Ny ﬁwo asolpnment ctatements ooccur in the same ascignment bLox, glve .
'o ' nondfions unier which the iwo statements may be 1nterchanged without

~hanging the values which will be assigned to any variables.

«

ERIC
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3. Trace fhrough the following flow chnrﬁ and give the output values.
In carrying out such a trace you should have a piece of pai)e‘r on which
to list the output values and a scratch pad on which you keep a
_ running record of the 1atestAvalueﬁassrirgnerdmtp each yarigble. Each
time you assign a new value to a variable, cross out the <731d7 valué .
and write down the new one. The appearance of the output sheet and

the scratch pad are given below for the first three times throﬁgh the -

loop. -
OUTPUT
N T s
1 1 1
Ne— 1 2 3 L
T 3 5 7
S T
L 7 16
, v
N, T, S SCRATCH PAD

N ¥ ¢ 3 b
O A A A
8 1 ¥ 9 16,

L,
Ne— N +1
Te— T +2
'S €= S5 +7T

O

ERIC
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k. Ansver these questioné about Exercise 3.
(a) Describe in words the output list of values of N.
(b) Do the same for the list of output values of T.

(c) Each value in the list of values of S (after the first one) can
be found by adding what other two numbers in the-output list?

(4) what instructioh in the flow chart illustrates your answer to
part (c)?

(e) Can you express the output valueq of 8 entirely in terms of

the various output values of T?

(£f) F1ill in the blanks. The result of part (e) can be expressed by
saying that the purpose of the variable S 1is to keep a running
- of the values of

Trace through the accompanying flow chart and give the output. Carry
your work to the stage where Nl has ‘the value 15.

i

A — 1
B — 0
N — 1

N & N+1

A B

B «— 8

Q hy

ERIC
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' ) e . . .
Recall that 2/ represents 2 X 2xX2X 2 X2 and is equal to - 32.

Similarly, 2K, K a counting number, represents the product

2X2X2X ... X2

where there are K factors all equal to 2. This number is called

the Kth power of 2. We want to meke a flow chart to output each
power of two from the first through the 20th. We cannot use an
{nstruction with a string of dcfs in 1t and we will not permit the
use of exponents. The teble velow will help in figuring out some
correct instructions. (P repregenté the value of the Kth power

of 2.)

.

P 2 " 8 16 32 64

N W . i —

(a) How is each value of K obtained from the preceding one?
(v) How ic each value of P obtained from the preceding one?
(~) Fil1 in at least five more columns in the table.

¥
(1) Now make your flow chart. Be pire to give K and P starting
 walues and also provide for a stopplng mechanism. ‘

This problem is similar 1o provlem 6. The. number “five factorial”
15 written 4!, and means 1 X ¢ X %3 X h X %5 which io equal to 120.
timitarly, I K is a rounting number, then Ki {8 Adelined as

1 X2 X3 XhEX.o XK,

that, 18, the product of all rounting numbers from 1 through K.
As in problem 6 we tabulate a few values here. (F represents the

value of K1)

B l —
K L | e 3 i 5 .
F 1 o 6 | 24 | 120

' S

(a) How is each value of K obtained from the preceding value?

(L) How is each.value of F obtained from the proceding value of

T and the current value of K?

W6 v




.(c) F41l in two more columns in the table.

~ (4) Draw your flow chart. Arrange to stop when 15 values are

printed out.

Exercises 3-bc

(Class Discussion)
N

A ‘tracher asgigncd her gtudents a problem of construating a flow chart

as ™llows:

' ‘(2) The input consists of the lengths and widths of several
- rrntangleg. ' ' A

f-} The purpsse io Lo output e list of ronsecutively numbered
lines, starting at one, glving the length, the width, and
the area ol only those rectangles with perlmeter greater
than 12,

The Ulow oharts chown on the next two pages were sutmitted by stwlentis as
satabtions L8 the probliem, ‘ . i

Which " the solubions are correet, and which are Ineprrret?
. For thuse that are incureeect, dn what way will théfanawcrs‘pro&uccd :

Lo wrung?-

‘B For vhouse whilch are corvprct, st them dn vrder of ef'lelency with
v ane pequiring the least amount, of computation lret. )
\
*
4
e N
)
8 )

ERIC g
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A1 -V
N N+1

-

-F—g-xﬂz

-w>19

N ¢— N+ 1
A e—1L- W

Ne 20

;*"_@-L+2-w>12

Ae—TL- -W
N e N+1

s
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“the Yuyd up.

In the previous exercises you have seen that there are eeveral‘correct
flow charts for the desired algorithm. Usually we want to find the most
efficient one £rom a computational viewpoint, but sometimes we want another
reature includedl which may not lead to the least number of calculations.

The basi~ requirement for any {low chart is -still, "Will it work?" uimplify-
ing and Mgt reamlining the [low chart can be accompliahcd as neededl.

I3
€

4~{. Flow Charting the Division Algorithg~

I

A plajground director found a sack:éf marbles while élcuning up the
atourer.om. Ingtead of throwing them away,:he lcbiggd to livide them among
the gAven 1ye On the playground who were helping him. If, after dividing:
the marhirg rqually among the toys, there were any lcft over, he would put

the rxtrap away {or the time bLelng.

'

Here Lo the way the (dreeetor dlotributed lhc marbles. First he lined

!

John
Pl
'Géofgc
Prie 5

Tom
Gordy “

Lars
Then he reached into the sark and took out seven martiles and put vne

martle {n front of earh Loy. He repeated this proress over and over. .
' _“ -~
fot ot take n 1u0k at thls procros domewhere in the. middle, We dee

that, *he marhles llatribited fomm a rectangular aTIRY .
;Trohn
Tanl

George

~ o o0 00
0O 0 20 0.9 2
O Qo0 OO0 o

Tom
Gordy
lars

O
O
O
Pete 0
O
O
O

0O 0 0Q o0V o
oooc cc©O

C O




We know that the total number of marbles in the array is equal to the Humbér

of rows times the number of cdiumns (rows are horizontal; columns are verti--

cal). As there are seven boys there.are seven rows.  Let Q be a variable
representing the number of ¢olumns, Then the number of marbles:distribﬁted

#

so far is
T+Q.

We see that the number of wmarbles already distributed plus those remaining

in the sagk is equal to the total number of mafbles that the director found

in thé storeroom. Thus, if we let R- be a variable representing the number

of marbles remaining in the sack and let M ‘represent the number of marbles

he had at 'the beginning, we have the formula: -
M = 7 . Q v + R
Total number -, number -
number of distributed remaining
marbles : in sack

Thig formula is true at every stage. of the distribution process.

We can fecoénize the director?!s process as’an algofithm_and we will
drav a flow chart for it. The basic-étep is taking Seven,mérbi%s out ofl
thé sack and using theﬁ to form a new column of the_érrﬁy. In doing'this wé
decrease R (the number in the sack) By 7 ‘end increase Q (the number

of columns) by 1. These activities aré\rsgfesented by the assignment

statements: -

2

Re— R - 7

Q «— Q r 1 N ;

N

: : ; : l'
1
“i . Re— R - 7T .
\ Q e— Q@ + 1 o '
€

J PRREAN
»

O & . 51 [ -

s , : . ‘

-




y -

'The difficulty with such a loop is that no way is provided for stopping. As

O

ERIC
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you remember, in order to escape from this endless loop a decision box must. .
be introduced.’ : : -

1]

i v

¢

The statement to-be placed in the decision box will stem from the fact
that in distributing the marbles’{here comes a time. when we cannot remove
seven marbles from the sack becadsé there will not be seven yarbles left.

In other'words,lin order to remove seven marbles it 1is necessary that the

an or equal to seven, that is,

.

remainder (of marbles) be greater th
R>T.

If we place this statement in the decision box we will provide a means

for stopping the process, o

e ——

4=% Output result;}

| and STOP 1
b e e — — — -

et T A

: Repeat process ) )

b e e e e e ] ~ .

g
- o
3 - ~
, L. \)t)




Rée&— R -7 N
Qe— Q+1 ’

]

3 - oL
That is the heart of our flow chart. Only winor details remain:’' namely, to

. provide output gnd to give*starting values to our.variableé. jfﬁ
. =

As output we merely give the values of Q and R, thus: ' -

We want to input the value of M: ' N

fWe start ﬁ” and Q‘“out with the Qa}ues they should have before any marbles

have been distributed. These are given by:

R e M o
Q «— O
©
R . K
’
s 4
Q 53 f’\‘ C g

ERIC | ) o
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a

" Putting all our flow chart fragments together we get the couplete flow

chart.. o . 7 o
~ M
) ’ Re¢e— M R
o~ Q — 0

. Figure k4.
The tinal value of @, the value that is output, is"the  number of :
columns in our final array.of warbles--the number of marbles each boy gets.
The final value of R 1s the number of extra marbles kept by the'director :

and is one of the numbers o .
o) '-1') 2) 3) u} 5) 6‘ . . -

The algorithm can be called the algorithm for integer division with a divisor

of ‘f. We have rdivided M marbles into 7 piles of Q marbles each with
R marbles left over. This is the best distribution that can be made without

breaking any warbles, . : K

' |
- 'v
|
| |

Q « a ’ 5u R o \ .
JERIC | S B
Cero = I » SR L :




Exercises 3-7a

-(Class Discussion)

1. The flow chart of Figure 14 is shown below.

Using an input value of 17, f{ind the values of the variables Q and

R at each of the rollowing stages:: ‘

() The first time we arrive &t the point ma rked V(i).
(t) The srconl time we arrive at (:). ¢
(¢) The seconl time.we arrive at (:).

(1) The third time we arrive at (:).

(e) The first time we &rrive at <:). : 5

Aruitoxt provided by Eic:
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We see that there are four numbers involved in this integer diyiéion

process. o

M ' B . Qe . R
Dividend: Divisor: Quotient: Remainder:
number of things numtier of number of number of
0 be divided. piles into things in things re-

which the each plle. ma ining un-
dividend . dlstributed
15 to Le ' (remainder is
divided. ) ‘ less than

' divisor).

TG ouurse, the came kind ol rrasoning would work Puﬁ any dlivicor. The
Alvin or daen not wave to ber f. 0 Tu make a Tlow nhért tfur integer division '
ror any dlvicor, we wsn a variable, U; to lrmote-fhe divisor.  We call for
both ihn dividend and the divigor Lo e leput, anl we replace cach f in the

pronnding tlow chart by L. Then we willihave the flow echart:

Figure 15. Integer division-

56




This time we have called for the output of the values of all the
variables M, D, .Q, and R in this order, so as to suggest the formula

We can think of integer division ag a function whqae input is a pair
of numbers (the dividend and the divisor) and whose output is another pair

of numbers (the quotient and the remainder).

(. 1, dividend )
Y\\\ //// divisor -

integer : ' e
division 3 » |
- (2,3)
! remainder
|
quotient

The dividend and the divisor are a pair of whole numbers (witﬂ the
divisor not equal tu’ O). The quotient and the remainder form another pair
of whole numbers--the only pair of whole numbers Q and R satisfying the

two conditions

(a) ' _ ' M=D-Q+R,
(b) R < D.

During an application of the algorithm the first of these conditlions holds
at every stage. We repeatedly decrease the value of R by subtracting D

E)

until the second condition is satisfied.

EMC . ) ',
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BExercises 3-Tb

1. - Tell what will happen in our algorithm for integer division if we
disobey instructions; and input the value O for D.

Trace through the flow chart of Figure 15 with each of the following
pairs of input values. For each pair of input values make & table

ro

showing the values of all four variables at each passage through
tox 3 of the flow chart. The last line in the table will be the
output of the flow.chart. In each of these pairs the dividend is -

glven first and the divisor second.

(a) (23,7) (a) (o0,23)
(v) (2, 5) (e) (24,8)
fe) (5,24 . _, (£) (13,6 - .
We glve the solution to part (a) as an example:
M D Q R
18t "3 7 0 23
“nd 23 7 1 16
“rd 23 T 2 8
kth 23 7 3 2 .

°

5. In pach of the parts of the preceding problem you note that the values
pf M and D never change. What is 1t about the {low chart which
rxplaing this? '

k. Glven the folfowing pairs of values for M "and D perform the
necessary (division and find the corresponding peirs of output values

for W& and K.

(&) (71,7 (£) (17, 35) Co(x) (ah,1)
(W) (s0,13) (g) (38 ,12) (¢) (62,1)
(m) (e, 2) (n) (125,125) (m) (272, 16)
(@) (5% ,) (1) (1%, 6h) T (n) (ne€,7)
() (53,53) (4) (3 ,12) (o) (958, 236)
® ‘. (a) “What will be the output values of @ and R if M and D have

the pame value? -




(v) what will be. the output values of Q and .R if the input value
of D i1is 17

(¢) If you are given the output values of HQ‘ and R, are you able
to determine what the :dnput values of M ard D were? Explain.

3 s
4=, Dummary

Jeidm g .
An plgurithm is a lisi of instructions for carrying out some

S s ina strp-ty-step, sequentlial manner.

A U ow chart, do a (dagram whirh represents the steps in an

algoritim,

In a *'ow shart, commands to fdke some action are enclosed in

; L .
rertangpitar b,

Tn 4 Yiuw chart, statements on which wo ars asked t0 make some
inodndom are epetogsel in gval Trames, and 1hn~ﬂ buxes always have two

nrito. . . ' ‘
>

Taa "'aw chary, a lmp ls & convenlent methol of handling a
oo AL Ly prooess, tal there must be gome V&J out of the loop to

provent L4 Yrom i““Jming an endlcss pProcess.

when preparing 4o sotve a problem with a computer 1 isrusually
nrongeary fo const ruet an elgurithm for the protlem.  In preparing the
alyorithm 16 ln‘njf pieegaary To know exactly what the computer will
Coar paci nrep, bub 14 Lg neenssary by provide dnstructions which,
{P Cultowed, witi leal tO the ﬁorrﬁvf answer. In other worlds, in
> n"'u"irp A 'uw chart we Loy fu provite for all of the altermative
pathy ‘hat fhe computer might fake even though we o not, knuw exachly

what paths sur nomputer will follow at any given stagr.
[ 4

wertion 4~ 4.

In any » mputlng prot:lem, thare corresponds tu cach variable

auel In that, protiem & lonatlon in Lhe romputer's memory. By ”
annlgning a pumber 4o & variahle we mecan simply putting the’ number
. " . ‘ v
\‘1 N LY

-




destructively .1nto the storage location corresponding to that variable.
Tn evaluating arithmetic expressions a variable 1s to be treated as-a
name, for the number in the corresponding memory location. The number

. - in the corresponding wmemory location is referred to as the value- (or
current value) of 1 variable. During the course of computa\tiﬂu\mny
Hirferent values (perhaps even millions) may be assigned to a given
ariat'n Thus it will not be meaningful to speak of the value of a
variah » without specifying:the time, or more preeisely, the stage of
thr sompubling proorss.  But onge the stage of the procnss is specified,
+hn value of the variable is uniquely determined.

An assignment, statement 1s always placel in a rectangular tox

“ikn the following: [i:;féfiﬁiiij . We real this statement

. . "egolgn to I the value o0 PR o,
i 110w chart tox Lo ralled an aosdgnment, Lo%.

Asolgnment 1s destruetive in that L1 ‘leetroys the former velue

.8 the variabln.  Reading the value of the variable is nut Jdestructive.

y

Unetdon 4-be

¢ An outpul; box, in a tiow ohart, contains a cingle varialle or a
1451 4" varlables which is & commawl o real Lhn values of the

vavlatiﬂ" anl print, oul, thrge vaiuﬂn in the urler fdoted,

An input }ox, Anoa Ulow chart, confadns a single variable or a
' “tigt o varfables anl 6 a rommani tu aﬁslén the value o1 the varislles,
' in the given order, to the appropriate place 'In thr memury. Another
vantion or the dnput luz is to shup the computer when all of the lata
oar by ﬂuvn feen used.

L‘,_(x vion 4=,

tometdimes we wish to count the number of cels of lata assignedl to
e memwry or number the acceptable outputs. We use a variable in an

assfgnment, Lox 1ko the [ollowing to arcomplish this process.

‘
You mugh Le sure to acscign the var&rwlc an initlal value such as
e ] or 80 that the\hcounting can begin.

El{fC : " \!“'r

s (/
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i T ,
Section 3-6. '

Branching is indicated in flow charts by a decision box that is

’ . &
‘oval’'in shape. The decision box gives us the ability to choose a new

path depending on whether a: certain condition 1is satisfied. One of
the functions of the decision box is that it enables us to get out of
an endless loop in a flow chart.

{ection 3-7.
In flow charting the division algoritim for integer division
we think of it as a function whose input is a pair of numbers (the

dividend and the 4ivisor) and whose output is another pair of numbe rs

(the quotient and the remainder).

x

When we input a value of O for D  in our flow chart (that is,
try to llvide by zero) we get locked into an endless loop in which the

quotient increases indefinitely.

a2

61 R
“"x)



' Chapter k4

ALPLICATTIONS AND MATHEMATICAL MODELS

9

oo Imtrosbactlon .

Matieemt i boeg nod dea’ dlrecty with physical objects. Mathrmatdieg
doag o tacyoad ot Db ool 4t podnts, Cines, numters, and t"unwtialmv.k) s
D o slatempmto are §oYhofLrue, then how can you use mathiematfos Lo
"

D e s e e Mg with o weas TRt deots Lr osituatlons?  The U Tuwlng

e v gt ey [ lan, oy Weop oyou onn the answer fo S hin question.

' w
Tl e etp s Hew York, T op o N Al
creiey ewniln ot o, L owalked Lo thee fagl praty am,

bt gy md Vi oo wleel and o goon Laens o

Toree e p ot ot 0t ML oratlon Puroeabs. Uome S .
e e and g el gome ghepped dn Pront o
J
sy e, whe B e e b parters, seemel Lo odn ’

e oyl Cregiment. 7 waitel on the ourt,

nowed bt 1D oacted Inoa advitiend, proper .
Moo Dowear ot et gocab delyers However, whien
o dele nt pped, beowin snatoled out Promounlder
Moo T Vinsd oy opnve upn, Rook the subway, lenbunning
ias il ek, Gt ontbhes, st peopte dn o peneras,
s Lopdnup that ey wont Loalt g stk U heones
in Riwe seomvown oenUlen

hhepern wendy ater, anon frlp b bultalbdplia,
o v o e oneh st vabt e L owectkeel B e
Sl peonttoom, A npne f oo ome L take A b, A
wan In owarpes o ied thoe ealg o onamerlea’ order, and
Lows Gooreon oy Wiy o the e, I wag ook, U
wy ptensant D0 was clvd i lzel Thls wag an exampte
b 2y e, tnooph vy Glapie way In which mathemat on

: ANt ol atlea. The male e Doa tng wan

viae el U areivas oo the platturme The mumbers

nave aipootler, ank wers gel ag oa model 1t peapte

o
wian e In Clae without the fneonvenlepes and {nlignity v
4ot itng tnoa dnes The nombers were used 4oy helpe - |
1 |

varn raving madmen int s polite human tedngs. "

From an adlrres et {vered Ly Thi ip J. Devis at the Annua! Dinner f
Vs ety F She Clpma %1, Auturn University, Auburn, Alabama, May 23, 1900,

’ ' |
o i by T :
ERIC | i : AR :
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,
One way in which mathematics is used in the’ solution of real world’

’ problems 1is indicated in the above story. In order to solve problems about’
real lire ob,jects we usually create & ”Mathematical Model" in which the real
~ife objects are represented as mathematical objects. It is the purpose of
this chapter 1o review ani present some ways in which mathematical models

piay & part in appl lying mathematical ideas to the real warl. 1.

et us Yegin with the uses made of the so-called matural numters: HR
S, %, ... . THese numbers are also callell rounting pumters. You can casily
fmagine oliuations in wh Leh even quite primitive peupirs wuul have a neced

f-r gumetbhing 'ike counting. Tt is also éasy 19 imagine that once this ddve

g tn* , mathematlics hal teen taken such things as Haidtiont of eounting numbers
W i fnventel 10 legorile something atout whet happens when two sets of
, si 47w e oomb ine U ant that ome rar'y mathemat fea’ grnlus mlght digcouver,
®op egampte, the om0 ive property b aHL Aon P eounting numbers.  Our
- main 1%t here [ thats what yuu wave lope o r, me Limed In app! yinp numl crg
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Cive exanrplea of situations in the world for which the mathemtical

u;,ode; produced in the world of mathematics involves addition, or
. tﬁbli!‘atl@n, the set of natural numbers, and one of the relations

Giv&i Yi*ua*i 54} mtng aldition where the numbers that represent things
in the ;)wl‘ wi% 4 are natural numbers but where actual counting would

i

peorar ¥ onot e -"““ : ‘ - “

3

St an rampee U okt ation dn the wortd fur which the mathematical

Lt owof ing s we falr y small natura! numbers and subtbraction.

v iimg v lvPepem kind of situation for which the msthematical.
S beeorep Ty o game,

An eeeamptee Vs ltatlon 97 which the mathematival mudnl woull
eoont avee rome s o Uvlelon, Now by by think of a quite

ANt it Lo b b wout § have thie same mebhematlead mori .
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In the first part of) this section you found a situation or problem '

which could be representeJ by a given mathematical model. In the following

exercises, you will be gi Fn a problem situation and asked to suggest a

mathematical- model which . ould represent the situation

“ 3 »

Exercises 4-1b
(Class Discussion)

Suppose that_xgujie standing on a spot in a rooun and could shoot any-
body in the room with your water pistol Aré there any room shapes
which would prevent you from doing this?

. I3

Suppose that you are’ "the manager of a baseball team. You need a new

shortstop.. You'can trade for Willie Much or Mickey Little, both .of . °

. whom appear to be equally good glove men. Tn preﬁious play Willie Much
has come to bat 225 times and has 53 ‘hits. Mickey Little has come .: -

to bat 183 times and hag 43 hits.l‘On the basis of this information

which would, you choose? ‘ o ! .
. : : o

A T.V. antenna wire enters a room at one of the corners formed by two -

* walls and the ceiling The owner of. the house wanted the wire to run

down through a wall and under the floor to the opposite corner fdrmed

u

by two walls and the floor.. What is the shortestvlength of wire he v
o M . ’ L.

can use?l. ’

- .
. . ' Ca
s

Suppose that you go to a picgic and are invited to BOin_either of two
tables. At table A there are-now Sitting % people with 5 gquarts
of ice cream. At table B there are sitting 10 people with 7 ‘

- guarts of ice cream. At which table will your share of ice cream

be greater? ' o o ' o S0

o

* S . ,
way have given you some understanding of” the

The, previous exercis

reasons. why people are encouragyd to learn a good deal of mathematics ‘Tt

“turns out that mathematics is n4t only convenient but very ‘useful’in dealing

with real world events and problems. This is true even though mathematics

‘ itself is made up of things thdt]are not "real" at all, at least not in the

sénse that molecules, cows, bacdrtia, rockets, bridges, etc., are "real'.

interesting but. challenging process.

" The discovery of a good mathemdtical model for a‘given situation'is an




ol

4-2. "Bituations Leading to Geometric Models

In'Chaﬁter 1 you represented- mathematical ideas, sﬁch as lines 'Iays
planes and angles, wi'@draw’lngs that were referred to usually as .geometric
‘figures. Such figures and theilr characteristics serve as a rich source of

mathematical models of real 1ife situations

In Chapter 2, /ou considered the problemrof falllng ‘objects and
Ceslileots e&periment Now we 'want to take a -lLook at the modeling process
involved In thege chapters

. ‘ We made the following sssumptions when talking about Galileo?!s experi-

o

ment : .

(1) We thought of the falling objects as points. (More accurately we
Th;ught of the locations of the obJects as being points.)

(2) We thought of the surface of the earthfas a plane, and we thought
of the gat of the objects as being parallel 1iné segments, both -
perpendicular to the earth's surface. . ' ¢ '

(3) We neglected air resistance, that is, we said ‘the objects were

. » - .
falling in a vacuum, (no air). v <

(k) #e assumerd, that the height that an object is dropped from has no
~ffect on how far it travels in oge second.

() Finally we ausumed that the distance travéled by a falling object
is given by the formula: » : by

S 5 . \
. : q = 1687

wherer t is the time in seconds and 4 is the distance in feet.

This ic a rathervstrange ﬁictﬁre of the world{ The earth is a plane
with no alr above it and a falling Object is. squeezed down into a single

point.

In fact, every one of our assumptions 1s wrong. We know that the earth
s oughly spherical in shape and that falling dbjects will fall toward the
center of the earth and their paths will not be parallel.

s

E TCV | 6
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'effect of alr resictance, an object falling

By
@

' - : -

Furthermore, the distance traveled by a falling body in one oecond 1is
not indnpendent of . the helght of the starting point. Even 1f we neglect the
om a mile high will fall less.

far in a second than an.object dropped near the carth's surface. The amount
tess would be.about one part in 2000. . {The change in the pull of gravity

due to the distance above the earth is responsibl 'for the difference

0y

mentionéd here.)
’

Air resistance 1s certainly not always negligible. It is because of

air reaistance that a plece of paper falls more slowly than a penny.

All of these remarks must have weakened your confidence in our model.
That was what they were suppose to do. Now we are going to rebuild your _
confidence. o

Although the earth is a sphere, 1t 1s such a big spherc that a small

portion of its surface is very nearly a plane. If two objects are dropped
0o that they land no'more than . 100- feet apart, then their paths miss being

3, of one degree, which is practically neg]igible
The effect of the height of the starting point only produces a

paxailel Ly about

difference of one part in 2000 for objects dropped from a mile high. Tne
anfPCt will be even more negligible if we consider only objects dropped from
within a few hundred feet of the earth's suxface

The effect of air resistance is very complicated Its effect depends

" on the weight, shape, and speed of the falling body. For objects that are

nearly round, failrly heavy, and falling for no more than- two or three seconds
(s0 as not to build up too much speed), we can comfortably neg]ect alr

resistance.




® -

So ou}’model for the motion of falling bodies is not so bad after all.
In fact this model 1s used for very)accurate scientific calculationa in-

volving problems where the’ distance above the earth 1s relatively short. 1In
such work however, "the more precise formula d = 16. lt is used instead

“of 4 =’l6t .

v

Exercises 4-2

(Class Discussion)

The following exercises give some situations which lead to geometric
models. Try to describe thegé models and, if posaible, indicate what

assumptions about the real world you have wade to get your model.

L. fm a she’f in a market‘stahd two cans of beans. _The first 1is twice as
tall as %he second, but the second has a radius twice that of the "'

- . first. If the second.can costs twice‘as much as the first, which is
the bétter buyé‘ - ’ -

M. Mapwlinon's foreeg, marching into enemy territory, came upon a'river
@hgsu wilth they did not know. Napblebn demanded of his officers the
width of the rf{;r. A young officer 1mnediately stood erect on the

tank anl puiladl the visor of his cap down over his eyes until his
Tipnn of viciun was on the edge of the opposite shore. He then'turned
anl sightel along the shore and noted the point where hig visor
ragtad., He then paced off this diatance’along the shore. Why was
thic ‘listance that he paced off-an appruximation Jf the width of the

river?

3. Tn took-Tiniing a large sheet 1is usually printed 80 that after folding
' anl nuttidg, the pages appear in proper position.
{a) vuppose that a large rectangular sheet is to be folded,
Taft-right, anl bottom-top, forming an 8-page section. .
atarmine, Lefore folling, the proper numbéring of the
pages. i
{t.) How should the position of the print on each page be located so
that when foldedl 1t's not upside down? ’ B
Lk How fany cquare Inches of skin do you have?
. /
Q 67 by
[/v
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4-3. How Do You Pack Your Marbles?

Recently a company marketed a éalt with grains £hat were diamoﬁd
shaped crystals instead of just ordinary cubes. The claim, which appears
to be true, is that the grains, shaped like diamonds, do not "bounce" off
your food tike ordinary salt foes. However, it turns out that it takes.a
larger box to pack the same weight of the diamond shaped salt compared to
the space neeled for the same weight of ordinary salt. This means that
cooks using this salt must increase the amount used by about % in order
+ o have the same amount of salt that they would have used 1if they had used
| " ordinary salt. (Have you ever tried to measure out 1 of % of a teaspoon

3
of salt?)

The situation described above introduces a problem which has some
interesting applications. 1In the design of insulating materials one is
internrgtrd in having air-space in the form of small "pockets" of air which
are not large enough Lo permit-circu1ation. One way to simplify such
problems 1o to create a mathematical model. That is, to consider the ﬁacking

of small spheres,.like marbles, between two layers of hard material. Some-
times the surface area of the spheres must be taken into account, as well
as the physical properties of the materials themselves. OSimilar problems

sesur in the design and testing of plastics.

Suppuse that you have a large number of perfectly spherical mérbles

whinh yosu want tu pack into a very ‘targe barrel. How should you pack the
'marh'P 5% that you g. in as many as as possible?

The f;‘luwing ﬂxorcises will rdevelop an answer to this question and
L‘lustxatﬂ some-9f the lmportant procpdures involved in c¢reating mathematica]

molrls.

+

4

Exercises 4-3 .-

(Class Discussion)

.. fur ‘irﬂt simp!ifying assumptlon was contained in the statement that
' we had a "very Iarge‘barre; . qO now we are really Just asking,
"How 1o y»u pack the marbles 80 thet you have the greatest number
marbles ber cubic foot, in, for example, a box?" We still need to
i mbfe in orler to Lring the probtlem Aown to a level where there's
sume‘hup@ oﬂ'salving‘it. We need to make some additional simplifying

- asgumphions.’

]EIQJ!:‘ » ’ . ' '/
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(a) Figures in.three dimensional space are sometimes complicated to
think about. What figure, in the,plane, 1s related to a box?

(1) What figure, in the plane, is related to the spherical marbles?
(n) Otate a problem similar tu the "marble-barrel" problem using the

figurng suggnrstedl in parbis (a) and (b) above.

Cuppose we uce pennies as identical eircular Aisks and sca‘how many
wn oan place slie by sile, without overlapping in a given plane

roglon,

(a) I you arrange the pennins in a square in the £91luwing way, huw
2

many L you think you nou'd pack in the square?

Assume that, the dlameter (the

digtannn arross) of the penny

is the unit of digtancr, anl

that, the square ip 8 units

Jon oa side.

L 3

(v Thin meth,{ real iy amounts 4o thinking of raoh elrete ag
tnoovrired In s gquars one unit on a sile, “1ke this, ; j

an it *hen Uitbing squares fogether 5o that thelr interijys Ml
. _ .
At Phee copuare e ton, {(Thry actun’ Ly rover abonl ICRE IS

Vipe moplon, feaving abunt ;% unnoversd. )

e
I 1 ! ‘
“{lw many pennles  [oes each penny in the middle of the arrangement

Lourth?

"[n) “Can you think of andther way of fitting the pennies together so
+hat the "4nner" pennies will touch more than four pennies? Draw
a pinrture 1llustrating your method. How many other pennies do

thr "inner" pennies Louch?

{1) How many pernies san you put into your 8 wunit square with your

new "panking" method?

FRIC 7y
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Capping. su this arrangement cume O@:f%

ey

Probably the following arrangement occurred to you as a good possibil-

ity.

14 ig Wwerpful to ‘think of each :.lisk as being
fnsrrited in a regular hexagon and the hnxagons
£itiet together as shown by the lotted Vineg
in *Le Clgure o bhe right. Hexagons wiil it

Gognthine L oouver s plane reglon withouh over- -

S0 +he plane region 15 noverel 1y thie lisks,
whisrh {g far better than our previuns
arcangrment.

fian 7ou think 4 Sther arrangemenis L0 the preandrg whi h might Le
yobinp tnan this? Actually the arrangement atove can b shown 1o bie the

Pegt oone, though we wilt not oy o glve a pry Aol thils fant.

0w ,.5 (e retarn o the proboem s pasking the mart leg in *he tarrn!,
Cw o hawe g pess abond e tent way by park fhem?  Bxperimend, with gome

mart pn o rot e you go on and see LU you can make a guesh ag b the most

s il packing.

’

.

woe popnll e prove o woul o be Lo gtart byfpu!,’lng a ‘ayrr of mart!es
with fpelr cenbnrs a”t in a pane parain! ty the tottum--that 15, a layer
o thee s hom o e box our barrel or whatever we are £1{1'ing. From the
by, Phey wil 0k gt Ulke a nuvering ol a plane reglom with »lrreley,

.

anl In the Aght o8 our ilscusslon atout alreies it srems that we should

arrange MY spherers in the same way, as shuwn 1nlow.
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How 1t srems p‘augib’n that we nhoqld try to make a second lizer of marbles. )
Ty you think it woull be a gool Llea tu place this layer of marbles such
+hat, sach mart e 1s ldrectly alove one in the first layer? No, it appears
that, wh woul i gt o Yetier packing by tryilng to place the marbles of the
Wi ayer Lwer The "pockets” or "holes" in the first layer. Actually
sropn dg n ot oroom b put a marble abovcugggh hole, but we can place a 1ayef
DY 1P'2‘ d"?u'?w'igb nqy¥th;sc sha led in tbe figure above. Then a tﬁird
HGPT can e placr g the gAcuned, eovering half of the "holes" in the
geoonl ‘aynr. Tuln can te done in fwu ways, depending on which set of
Mooes™ we b, e b0 "1 . The ppheres of the third layer may be exactly

ab un thoge LU dhe flrst ur may le above the unshaded "holes" in the first
nyvr.

Thie oeems e A reagonab.le guess atout the test possible packing.
vownm e shown fhat Uar thls method of packing the ratis of the volume
' ) T X
S ey mar g S that U the reglon is SR 0.740:, so this packing

1 s Wb e ppare with sphieres. Ny One knows whether or not
. é . *
Gt L ooen Yo 1ol packing.  The best result known su far was obtained

ty B Biitleh mathemat i fan, ankin, in O4{, who showed that there 18 no
paklng In whilch the spheres U111 more than Hi 8% of the volume of space.

’ f )

Spmln Jome Lﬂiu@'hh‘hnmn‘ihaivModeln You Have Known

{n. *re PLrat CLrews ohapters you dleveloped several! very useful ldeas
wel v el coip et ryeate gy ol mathematical models of real life situatlons.

. byl g nes are ‘he Lleas about puilnts, lines, planes, tables, graphs,

id

tunetdons, atgLrittms, anl v rharts.  Thase ldeas, along with your back-
¥ioand o tnoaririmet e oant mnanurnmont{ makr up a powerfu! set of tuols that
Fov el i s st igat e many signiticant prub!em situntions. As you

proowosd il e mathematics nourses you will continually expand and
" \
RIC “ S




refine these and other important ideas. This should enable you to think

about an even greater variety of practical situations.

The following exercises i1llustrate the use of some of the mathematical
ideas ysu have developel, in the/construction of appropriate models for some
different sitvatioms. ’

Y

Exercisns W~k
(Class Discussion)

L. fmn Lf the intnaresting protlems facirig those who design compufers is
how $9 -leslgn a computer that will translaté a foreign langudge into
English. Let's "tackle" a simpler problem. Suppose4you are asked to.
®inl a strp-by-step procedure (an algorithm) which will translate
i man numerals intu ordinary Arabic numerals, (say numerals whose
va'ung arr legp than or equal to  1000), can you write such an
a’gurlthn?  The following table shuws 1ctters used by the Romans to .

write thedr numerais.

b . @1

Aratic numera! | ¢ | % | 10 | w0 | 100 | 500 | 1000

¥ man numeral I v | X I c D - M

ke yaldes of the Foman symbols are addod when a symbol represent-
ing & iargrr quantity is placed to ﬂi% Iaft in the numeral.

MUCTKVI = 1000 + 500 4 100+ 10 + 10+ L+ 1 = 1666.
TIAT = 200 #1004 10 + 1 = YA,

When & symbu! reprreenting a smaller yalue is written to the
‘naft, ,f a symbol representing a larger value, the smaller value is

sattrastel {rom the larger.
IX = 10 - I'= 9.

XC = 100 - 10 = 90. ~ ,

The Fomans had restrictions un subtracting.

[y v T, and Ir (symbols representing numbers that
) )

start with %) are never subtracted.
7 s
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(2) A number may be subtracted only in the following cases:
I can be subtracted from V and X only.

X can be subtracted from I and C only.

C can be subtracted from D and M only.
© Adlition anl subtraction can both be used to write a number.
First, any numter whose symbol 1s plased to show subtraction is sub-
srantrl from the number to its right; second, the valuecs found Ly

cut trantlun are aldel 1o all other mumters in the numeral. Notice

shat the tabie defines a functlon £ : Roman numeral -» Arabic numeral.

fa) rart at the {eft sile of the Roma9 numeral and Ly prucee ling
fprom 'ntv-tu-right, wrlte out a besie algorithm for the transzg—
Lion proseros. ' .
(¢} Coneruct, a #iow chart, for your algorithm and cen {1 1t will

srang.ate  MOLIV  indy owlinary numerals.

{~) 1 yom think that sumething tike your algurfihm woubl work for

Lrang ating a forelgn language dnto Englich?

4 .
(i %What arr g.me ot thn simpiifying ascumptdons. y.u might have Lo~

. kl
make 1o srdnp 4u create sush a mode’ of & "tranglation system"?

Almogd, QVﬁxﬁ,nﬁ ig awarr that any klnd o work {ovun‘thinking),)bquCB
Fatiguv. Yo a6 know that when you grt Lirel, you can rest awhile,
pet sy, Phen gooon. Buppse we want Lo investigate the effrcts of
Pt Lpe and Y. Mt out Low raplliy a person resuvers {rom physice!
gt ion. Lweh pbulles are Sbvious!y dimportant for Yislaglsts,
pLysiral ’hﬁrapia?s, physlciang, astronauts, and the llke. ' T0 see
foow P gl ileg might e Q;nduonod, Int, us perform a slmple

agperimen’. ant o omstriet 8 mathematira! mode! of the sltuation.
<

: . : )
At Bxperimen's Work in teams Of three, consisting o e sul ject, &

imer and reconfer, and a counter.

i Ly mpalpment you wiol need {8 a watch with a second hand,
g.me paper, and a pencii.

¥
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The first person will bte the subject.
(1) He will use one hand in the experiment, the left hand.

() ODitting in a comfortable position, his arm straight in front |

of him resting on the desk top, fingers together, palm up,

he shoull open anl close his hand as fast as he can. He

should be quite sure each time that hig fingers touch the
desk when the hand is open, and his fingertips touch the palm

when ¢losedl.

s

hn geaond persan will be the timer and reeordnr.

{*) He wi}: watch the secconl hend, start the sut.ject, anl rai!

*

time at the end of Y9I seoonds.

£y e wiil a'sd reeordl the total numter countrl by the

)

"rountert at the fnl o0 rack tteseeond perdodl

Rl -

£ The "gat Jeot" w0 nw beoatiwel Looregt e 40 geeontds,
wuen slart tnon axereler tor ansuiner  wisgeeonl periol,

As terurn, the cowab ghouid beopeeoried al the el ot pach

" , rach

.

-~ Fegpeond perd o,
Q L}
o - o £0) o timer should aiss g that bhe gabjertts 'ingers

ghratghten nomplete y, touch the tattie tup, and then elosn
unt, 1’ Ahe Lipo toueh the pa'm.

The dhirl person ls Lhe panber.

f3 e coanter wiol watel caretud oy anl o oooh the number af

-

S lmes e gubdeet T Yinpern Ll e tat e doup,
v
f0 v s tmportant that ke oot quirk. y, ' ol out, oo that
i1 ¢ fmer-pee opler ran hear and peecor ! fhe o mntoat the end

g el U =geeand perd ol

£ 3 7 pet ‘e numter L0 times thie Clngers were opened {.r rach
Ceper ot Lide period after the flrs!t pert ol the yeeorler -
sl L opubdract the first tota! »om! £tm the seronl

4afa’ eount, the shoond tata! count, from the thirl, ete.




The following is a table of sample data. Make-a table like this »

for each member of your team and rotate Jjobs until eve:yone has had a

chance to be a subject. ’ o s
Muscle Fatigue
+ | mame Lf Cutject '
‘ Difference between the
Tlme Tutal Count per count in one period and
Time in » | €,unt for Time FPeriod the count in the next
Parizl| Cecunls| Left Hanl | for Left Hand time period
g o w | 38 -
cnd o {2 - 38 =34 38 - 34 = L
-rd ) )k POk - 2 = 32 3 - 32 =2
. W3 ! Q- iOh = 28 34’ - 28 = 4
3, ] 0 - 192 = 1Yy 28 - 24.= 3
9 O - 1Y = 00 oo2h - 22 =3
cERTOT YEGTD REGT -
S 7 P ‘ .
b JF 00 --
i I g G- 0F =2k 2 - 2k = 2
. ol W= = D Oh - 22 =2
A 9 T e = U0 2 - 20 = 2
Chs :L i 1 - 90 =19 © 20-19=1
- ‘| g 109 -1 = 18 19 - 18 =1
[) ] ‘ . .
fay T raw a graph 30 your lata where the input is the number of
‘tae time perd o] and the sutput is the "Count per Time Period'.
“®
fri . rg yur graph inlicate that you got tired? Did you "recover
®u 0ty in the  sO-second rest period?- ~
‘a% lraw e graph Jf your ‘lata where the input is the number of the

s ime perl »l and the output is the difference Yetween the counts
ki .

in *w%, succrsslve periods.

EMC e Oy
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{a) can yoﬁ ude your mathematical model toVBredict what the "count"
would have been in the 7Tth time ?eriod if you had not rested?

If so, explain how you could do this.

-
(e Can you use your mathematical model to predict what the count
-

would have bLeen in the 13th period if you had continued the
experiment? If so, explain how you could do this.

1

&

h-t,  Gummary ; “
N .
. A mathematical model tries to cate some of Yhe actual characteris-
ting ¢ a real life situation. If these characteristics are properly
rﬂpfﬁnhnmn} in the model, then we can use thecmodel to predict what might ,

happen in 1Lffrerent situations. T pve successful a model should:

. (1) nrontain as wany of the main characteristics of the real Jife

* . siltuation as possible; . 3 )

[y the characteristics af the real 1ife situation that are included
in the Jmorel should bLehave in the model like they do in.the Teal .

i
-

gituation; and

{3) the model should"ﬁéhhimple enough 80 that the mathematical
problems that dare suggested by the model can be golved.

Tt shouid Le clear that a mathematical model ;; never a perfeét “
rr\presm’ltution of & real 1ife situation. Usually many "simplifying - ’
assumptions” have been made before the mdthematical model 1is finaily
c>natructed. The answers found’by solving the mathematical problems are
nut, the answers 1o the real problem situation, but Just predictions of.

what wili bLe seen when the real situation is observed.
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