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N = The Mathematics-Methodik rogram (MMP) has been developed by the
Indiana University Mathem ics Education Development Cented (MEDC)
during the years 1971-75.- The development of the MMP was fdnded by
. ;he UPSTEP progr# of the National Science Foundation with the goal
of producing an innovative program for the mathematics training of
prospective elementary school teachers (PSTsﬁ

+ * The primar features of the MMP are: . A

b PSTs learn: mathematics~and methods by doing rather than by, lis- .
tening, taﬁpng notes- or memorizing. '
~ e It involves the PST 1in using techniques and materials that are
C _appropriate for use with children. '
"¢, e It focuses on the real-world mathematical..concerns of children
and’' the real-world mathematical and pedagogical{concerns of
. PSTs ‘ :

p—

. The MMP as developed “at the MEDC, involves a -university class-‘
room component and a related public school ,teaching component. The
university classroom component combines the mathematics content
- courses and methods courses: normally taken by PSTs, while the public -
school teaching component provides the PST with a chance .to gain ex-
h‘perience»with children and insight into their mathematical thinking..

s




i (‘ : . - . <

A*model has’ been dev%Toped'for,the implementation of the public l
schopl. teaching component of the MMP. Materials have been developed ‘ &
“for the university. classroom portion of the MMP. These inciude.IZ' _ A
IR instructional units with the following tities

. . . ~

S NumeratioQ ,
L # Addition .and Subtraction o ¢ o ' '

S Multiplication and Division T e S
A ‘k- Rational Numbers with Integers and Reals ' '
P Awareness Geometry
jransformationai Geometry
Analysis’of Shapes ' _
Measurement ' _ '
= Number Theorx : -
- Probability and Statistics . .
" Graphs: the Picturing of Information )
ExoerienCes in Problem Solving ‘

fhese units are written in an activity format that invoive the PST -
in doing mathematics with an eye toward the application-of- math-

ematics in the eiementary schooi The units are almost entirely in-
dependent of one another, and any selection of them can be done, in

. apy order.* It is worth noting that the first four units 1isted per-
tain to the basic number work in the elementary school; the second —~—
four to the geometry of: the elementary school; and the final four to
mathematical topics for the elementary teacher.

For purposes of formative evaluation and dissemination, the MMP .
has been field-tested at over 40 colleges and universities. ' The
_‘ " field implementation formats have varied widely. They include the

fo]iowing' :

* Use in mathematics department as the mathematics content pro-
gram, or as a portion of that program;
"Use' in .the education school as the methods program, or as a por-
tion’bf that program,
- Combined mathematics content and, methods program taught in




-

efther the mathematics department, or the education school, or.

jointlyy® ' . | . :

* Any of. the above, with or without the public school teaching ex-
perience. o -

?

) N
Common to most of the field implementations was a small-group

v
format for the university classroom experience and an emphasis on the

use of concrete materials. The various centers that haVe 1mp1ementedv

all or part . of the MMP have made a number of suggestions for change,’
many of which are reflected in the final form of the program. It is

_fair to say that there has been a general feeling of satisfaction

with, and enthusiasm for, MMP from those who have been involved in
field-testing.
A 1ist of the field-test centers of the MMP is as follows:

3 . . . -
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ALVIN JQUNIOR COLLEGE. . CRAMBLXNG STATE-UNXVERSXTY
Alyin, Texas Grambling, Louisiana
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Fendleton, Oregon : - Normal, I1linois
BOISE STATE UNIVERSITY — -° INDIANA STATE UNTIVERSITY
Boise, ldaho . EVANSVILLE
" BRIDGEWATER COLLEGE ) INDIANA STATE UNIVERSITY _
Bridgewater, Virginia Terre Haute, Ind1ana
CALIFORNIA STATE UNlVERSlTY INDIANA UNIVERSITY ) -
CHICO .. Bloomington, Indiana °
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DENVER

THE UNIVERSITY OF MANITOBA
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,INTRO_DUCTION |
TO THE GRAPHS UNIT

’

That “a‘picture is worth a thousand wgrds“ seems to be .an accepted’
canon of human communication.- This unit addresses itself to the com-
munication of information by picturing it with graphs. Following the
Overview, there are four sections_of the unit, each focusing on the
picturing of a different kind of information. Section‘I studies bar,
line, and circle graphs and pictographs as means of\pictdring data.
Section II uses'rectanguiar and other less commonly recognized coor-
dinate systems to picture locations. Sectioh 111 considérs the non-
traditionai matqria] of picturing relations using directed graphs,
networks, and Papygrams, and Section v discusses the picturing of
functions by means of graphs

This approach to graphing as picturing: information seems to be
appropriate since it emphasizes the potential for graphing activities

- in the elementary school. Grabhing activities, as you will see, can

&ave a much wider scope than just the mathematics furricuium Since
other subjects such as science ‘and sociai studies involve data, loca-
tions, relations, and even functions, graphs can have wide applica-
bifiby and can provide a bridge between other curricuium areas and
mathematics.

The ugjt begins with an overview of graphs in the elementary.
schoo]l. . : ' ' -
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Th1s overv1ew act1v1ty is. 1ntended to broaden\‘he reader's view of

» . graphs.and to prov1de the readsr with some ideas concerning the pos-

s1b1e role of graphs an the elementary curr1cu1um -
. T i\ - ' 7 . -
MATERIALS: ’ \\ ’ .

- N ‘ . ‘ R o 5 - L .
(Optional) The Mathematics-Methods Program s1ide-tape overview enz’
titled "Graphs in the Elementary School." ‘ -
DIRECTIONS: . . S
Do one of (1) or (3) and then d1scuss the quest1qns 1n (2);

1. View the slide- tape overv1ew ent1t1ed "Graphs in the Elementaryi

" School." ¢ S

L

. 2. D1scuss the foHowmg quest1ons. " . ) -

\a) As a result of the overview, what new 1deas have you ga1ned‘
concern1ng graphs? ‘

b) In what ways could graph1ng prov1de a Tink between other
school subjects and mathematics? (Be as specific as pos-
.sibl -
sible) , » | )
c) In what ways do graphs entersinto your fadult" life?
, d) What experiences did yop have_with graphs in your sthooling;

e ° elementary? .
°. secondary?
o college7 o
3. 'Read the short essay that fo]]ows The "essay is intended to
breaden your view of what graphs are and to provide you with”

some_perspective on the” poss1ble uses of graphs in the elemen-
'tary schodﬁycﬂrriculum

~

WL ey ‘3 "‘"\




‘of g phs can be used to portray at

" display data generated in classroom

o= overfiew oF S
| GRAPHS IN'THE ELEMENTARY ScHooL - - . 4

AT

~

‘ Commun1cat1ng 1nformat1on is an important human act1v1ty We’tend to

rely most heav11y on ‘words, w™tten, spoken, or sung, for’ ébmmun1cat—
ingi. We are also relying more and more heavily on numbers and equa-
tions to ) communicate, but their effectiveness in commun1cat1ng seems ~
to be 11m1ted for the nonspec1a11st [ T

; Pictures 41so commun1cate 1nformat1on n artist can cgnvey a
lot of information qu1ck]y -and effect1ve]y with a fev strokes of a

pen or brush.. In this unit we are concerned with graphs, wh1ch are
certain kinds of formal p1ctures and which are used to convey certa1n
k1nds of information. As with most kinds of p1cturesQ graphs have
the advantage that they communicate through our h1gh1y developed vi-

“sual senses, and they transcend many language barr1ers whether the

barr1ers be due to nationality, to culture, or to educational back-
ground D Also, as with most kinds of pictures, making and 1nterpret-,‘
ing graphs requires somé training and experience,.

‘Many people have a somewhat narrower view of graphs than that
presented in this unit. Also, many people fail to see the potent1a1
for graph1ng activities with children. This’ “overview is 1ntended to: ’
introduce you to the view of graphs that is presented in th1s un1t rf
and to provida you with a glimpse of some poss1b1e graphqng act1v1~
ties for children. ’ '

As you will see, this training
and experience with graphs can be a
very natural part of thgoe]ementary
scth: curriculum, Different kinds

least four kinds of information:
1) Graphs such as the bar, line,
circle and piotographs shown at the

right can be used to organize and

activities.




N, -

. : . AN : .
. - Co : < . . B

- .2) Coordinate graphs.can locate points or objeéts.

'{ ' 3) 'Digraphs ;aﬂ picture-relations such as "is my sister” or "is
‘ ~ greater than." - " <
: o .-

“DIGRAPHS

R \ ) o .
4) Graphs of functions can picture those certain special relations
that are called functions. ' ’ '

“FONCTION GRAPHS

LA

i

‘FCY)?X+1'

»

The rémaindgr of this overview will attempt to go into more de-
, tail on each of these kinds of graphs and on its potential role in
‘" helping.£hildren to learn to picture information.-

¥ 0
| | ‘

] B g




GRAPHS THAT PICTURE DATA ' o .
¢ N [ . . ‘ )
" Every child gets to *school* one way or another. In a discussion of ‘

different modes of transportation, a class can collect data on the

different ways in which the Gch”_i'ldren coine‘tqwséhool .~ Some walk, some

ride a bike, and ‘thers are driven in a bus or a‘car. Each child can - .
place a block on the‘chalkboyd.iﬂ front ‘of the picture which shows '

how he or she(comes‘ to school. For example, in‘this illustratjon the

class can see from the piles of blocks that most of the children come o
~to schogl by bus./“' -7 . ’ , : N

This activit'y could be extended _to faving the class display thue data
on a large bar graph. The teacher can also take advantage of this . ,

“

activity to enhancé skills with counting and numbers.

1
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In later grades, when the children have studied percentages and

.angle measurement .and have further developed their drawing skills,

one could use "How I Come to School" data to compile a circle gragh
~

>
. . .
‘

i b ; | \l‘) J[ ‘— .-

CoMEToScHooL ..

Another data-collecting act1v1ty could be generated by 1isting -
the birthdays of the children, in a, class In this graph1ng exper-
- ience, each child- 1s«asked to match his name with the month in which .

his birthday occurs. by attach1ng a p1ece of yarn from his name tQ the

A

Shoper month v

- [MAY

o

‘CHR'S B .

o,

-.[JuNEs

SANDY ,

o [duy

e

7 ’
Then the tlass can haveAé\:

2 Jooking at the yarn picture.

1

5

iscussion and answér severol questions by ..
Which month has the most birthdays?

)
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How do we know that this ‘month has the most birthdays? Nhich month
has the least number of birthdays? Are there any months in which ho .,
one has a birthday? Does each ch,i'ld» have a birthday? Do any ch’i'l-' ‘ ¢
drenhave two. birthdays? Notice that there are many questions which '

children can answer easily by reading data pictured in this "graph "

In the lower grades the teacher can construct a bar gragh that will T
correspond- to the student-collected data L v

Questions can also be asked about this graph. " Which month has the
most bifthdays? Which has the least? A question suoh as "Can we !
teH from this graph when Patty's birthday is2" * can illustrate the ‘ R %;

. strengths and shortcomings of particular kinds of graphs “In, higher g

0 L grades the students :themselves can construct these bar graphs Lo
In many elementary classes, -

I
keeping a record of the daiiyf ' "“ TUES WED TH"R F h) T L
weather report is a routine part -l %Q:‘D 2 Q’ 5%&[.@‘?

. o
of every day. This activity can _— 355 56
). - P

~

w

N

S
=

be used in a graphing lesson. By 7,:/?\: 9]

"4 Students look at the sky and note ‘ ‘s} J‘? ' T3 ﬂ_ﬂ 18_]
the outddor temperature. Then a d T
student records the temperature TG Y e e
and the visible weather picture ’ ‘

. on a class Weather calendar. : ) 70 |an J T

*
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At the end ‘of each month the weather. calendar can be used for dis-

+

cussion and ‘graphing purposes.
In the lower elementary grades, the weather data may be collect-

. ed on a pictograph, providing an: opportunity to ask the class such

questions as: ."What type of,. weather 'occurred most often in May?" -

and "Were there more sunny days than rainy or cloudy days?" and so -

on. o

. i MAY’S WEATHER, |
o |RNNY (W )\ | Y5 |

A e e

XLy . . . “a
' In later elementary grades the same
data, might ‘be displayed by the stu-

. dent on a circle graph.

)
. -

‘
. t [ -
-
. . -

» , . .
The temperature.data onithe calendar
.afford.a good opportunity to have the

1 upper elementary student construct a
" The *student first transfers the data to a numebr gr1d

Wy s '
Tine graph.
as shbwn below. '

B
.
. . “

' ’

-
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. iThe points are then conqectéd by straight 1ine segments in. order to
make the detection of temperature trends and qéntrasts more -evident.

- DALY TEMPERATURES
N MRY -

TEMPERATURE

o

Co % oarst T

_
v !

The class could.be asked such questions as:
"What day was coldest?”

"What day of the month
was warmest?" "What was the temperature

range for the month?"

ture?" "Overall, did it get colder or warmer during the month?"
. And so on. s '
"GRAPHS THAT PICTURE LOCATIONS e 3 T

Chitdren enjoy playing the "Where is the ?" game, which serves as a-

An object is
p]aced on a number grid. and the children are asked to describe the

good introduction to working with coordinate systems.

~aSk, "Nhene 1s the tree?" and the student would

s .

The teacher migt
locate the obje

~
¢

"What week had the greatest drop in tempera-_




OVER To LINE
5 AND UP TO

This game could be continued by calling a student up to the grid to,
place the object and ask his classmates to tell the locatjon.-

Another frid system that c0u1d be used for the "where is the ?" ‘
game is a nefyhborhood street map. The teacher might pldce a small .
object at on yof the street intersections, and then ask'tr‘\e‘ class to

L}

. describe the tion of the object. : .




. Ski1l in 1ocat1ng points can be used to picture 1nformation con-
- tained in equations and functions. For example, in the primary
‘grades, children are often asked to find whole-number solutions to

. ?

equat?ons such as e )

AT 10

i

A table can be made on the chalkboard showing several of the values

- of £ and [J that can be put into the equation to make it true.

If the class has had some previous work with grids, the children can
locate the points corresponding to the tabular data. When the graph
is completed the class can be asked if they see any pattern on the
graph.

The pr1nary-grade cn1]ko111
plot only whole-number values for
O and [J . Later in the ele-
mentary school, graphing frac-

*" tional values can be taught, as

well as. us1ng negat1ve integers
and plotting points outside the
first quadrant.
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GRAPHS FOR PICTURING FUNCTIONS 8 ”

Another use of the skill of lJocating ‘points is graphing func-
tions. For example, children enjoy graphing functions that are
introduced through the "What's My Rule?" game. This game is played
by placing a child 1nside a large box called a function machjne.

The child 1n the machine- chooses a rule, e.g., "double." Then.'as,e

basis for guessing the rule, the class gives the machinE‘various in-

put numbers and the child in the machine supplies the appropriate

P

B} recording the input-output pairs in a table and by p]ottigs the
pairs on a grid, the class can help make its guessing easier and
more systematic. When the rule has finally been discovered,: the
game can be replayed, using a different rule.

8
INPUT | OUTAT & 7 .
2|4 33,
/ . 6 1t .
3 0 12345678 ~
INPUT -

A

i

a/‘.




GRAPHS FOR PICTURING ﬁEL TIONS

A somewhat less common kind of graph is the directed graph or ;
d1graph.' This k1nd‘of~graph can be used to picture relations and, "
un]iie the others, does not depend on numerical information. .
Children tend to be interested in various familfal relation- .

" ships. Th?s interest :can be capitalized on in woﬁking with digraphs;
For example, the directed graph shown below is being used to symbol-"
ize the rélatipn "is my sister."

J

%

sister. She could then ask the mémbers of the class to go to the
graph and answer such questions/as: "Where {s a sister?" "Where is




.

[N

Directed graph activities can also be done. with numerical relation-
ships. The student on the right below is pointing to a directed
graph illustrating the relation “{s greater than." Digraphs can also
be used in factoring composite numbers 1nto their prime factors. as
the: student or the left has done. '

Digraphs can also be used to picture eco]og1ca1 relationships between
various animals, as in this illustration:

The use'of digraphs in the elementary school is in its infancy, but
it may become more widespread.

.
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This has been a long list of ekamples: The intent of the 1list
is to introduce you to different kinds of graphs, and to suggest to
you that the making and interpreting of graphs is feasible and desir-

able in the elementary curriculum. The unit that follows {s designed .
to broaden and deepen your skif1s with making and using graphs in
ordgr to help ygb help Fhildren use graphs to communicate infarma-
tqoq. oo { i '




~Section | |
_PICTURING DATA -

This 'sectign explores the picturing of information that is in the :
fqrm of data.- Data arises.in eur lives in many different circum- ..
" stances. . Some of it you gather informally as 1n'"I miss-that turn
half of the -time." Some people sugh ‘s, pollstersw stat1st1c1ans and—-"
even weathermen make a profess1on of gathering, organ1z1ng, ana1yz- v
“ing, and drawing jnferences from data. The use .of graphs to help or-
ganzze and present data 1s a common and 1mportant practice.

Act1v1ty 1 presents four types of data graphs (bar, line, c1rc1e
and pictograph) and provides experience with reading and construct1ng
each‘type. Also the point 1s made that the 1mpress1on conveyed by a.
bar or line graph or p1ctOgraph can be altered by ‘altering the hor1—'yf“'
“zéntal and vertieal scales The data presented in Activity 1 is '
chosengto be much like that wh1ch one wouldnencounter in work with.
children. .In Act1v1ty 2 you collect data to substantiate a po1nt of .
view and you present the, data on graphs that are appropr1ate to that’
point of view.

¥

1

There is an ass%gnmént connected with Activ-.

1ty 2 that must be begun pr1or to do1ng the

act1v1ty in class. You should turn to direc-:
“tion 1 on pages 29 30 to. get the ass1gnment




. T
Cw . .

wh11e there are quest1ons concerning graph1ng act1v1t1es for oh11dren [
throughout Section I, Activity 3 focuses on the use of data graphs » ‘ .
- with children. o o : '
If you want some add1t1ona1 work with data graphs, you can turn ‘
to the ‘Graphing Self- Evaluation in the Append1x . o~

MAJOR QUESTIONS

1. .Describe steps one might go throu;h in colleCting data to sup-
' port a point of view and'then in organizing:and picturing that

data. List some considerations one makes. in p1ctur1ng data. In
particular, d1scuss the effect of the choice of types of grapﬁ%

. and sca]es : v . .
. N . a o

2. Choose a 1eve1 pr1mary (1-3) or_ upper elementary (u 6). Uist
the objectives that you m1ght have for a class at that level -
with-respect tg bar, line, circle, and pictographs. Outline a
sample data-graphing activity that you might do with the chil-
. dren while studyﬁng some topic'besides mathematics. Be sure to -
- include some key questions that 'you would ask the children, in .
"~ order to br1ng out the salient features of the graphs in ques-
tion. Also be sure that the ch11dren have the prerequisite N\
"skills for the activity.




ACTIVITY '1
BAR, LINE CIRCLE AND PICTOGRAPHS AND THE EFFECTS OF SCALING

FOCUS: . _—

~ Bar graphs, line graphs, circle graphs, and pictographs can all be

used to picture data In this act1v1ty you 'will have experience
reading and construct1ng each type of graph You will also consider
the characteristics of each type of graph)and the effects,of‘scaling
on the message of a graph Many of the(gzaphs presented,might be

" used in.an elementary school classroom

-s\MAIE‘RIALS ' ~

Graph paper, ruler, compass, and protractor.
. i .. o . . ) ® .
PART A: Bar, Line, Circle and Pictographs -

pIscussion: - | :

_ You have probably seen examplés of -each of the. four'kinds of graphs
~ mentioned in the title. -For example, circle graphs are often used to

picture-a totality of a quantity and to indicate how port1dns of that

totality are allocated . Here is a circle graph 1nd1cat1ng how one

college student spent h1s budget.

Entertainment
Tuition ‘
. and '

Books Clothing

Miscellaneous

Room and Board
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Aruitoxt provided by Eic:
B

) . ?

Bar - graphs and piétogréphs-facilitatevcompqrisons oflquaﬁtities. .

This bar graph is ‘intended to-emphasize a comparison: .~ '.‘ _:i.‘
‘ .\‘ ~ ) v 2 : ;':;, B ’ . | )

. a Heroin ' ‘ - T
i : ) ' "1' -~ _ Self Report on Use of Drug}‘ - o T
. . Barbiturates Among feniors in a High School 1974 -
LSD : L ' " e ' .
. ) - , : ’ v o
. Amphetamines . . L _' S N o b
Glue . ' ' ' .

l .

Marijuana . ‘ |
Cigarettes _ L .

.- i “ . . "'
v { Alcoholic * . . I

— : . Drinks

IR N W LS TS NN LN NN N SN NN NS NN B B : : -

/N D DN B SN B SR R B B ACEN N NN BEPE R B ‘ :

0 1 2 34 5 6 7 8 9.10 111213 1415 , . . 2
: Percent reporting use C e

¢ ) . * ’
‘while* this pictograph compares quahtiﬁies and can be easily updétéd.‘ !
; Money Accumulated For Classroom'Projects . ' ' M

. . (Bch $ represents two dollars) ’ L )
N Class Donation to United Fund . :
’ Class Gift to School. '

Class Picnic
ol .+ ‘New Volleyball

Line graphs can also be-used for compérison.énd for expressing allo- !
cations of resource$, but they seem to be particuiarly u;eful for S
communicating trends. Here is a line graph that compares trends. - -

R
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. ' . Basketball
A L L ‘l. . A ' ) ' L
60 61 62 63 64 65 66 67
“Year ‘ :

‘The,quesiions in tgjs aciivity should efther help to introduce you'to
or remind you of these four types of graphs. ' If you feel the need
for further experiences with the data graphs pcesenfed in thi's sec-
tion, you can turn to the Graphing Self-Evaluation in the Appendix.

You should note that the data and graphs of this activity are chosen
at an elementary school level. This is done to pfovide‘you with a

resource 'fdeas to use in graphing activities with chi?dren.

21
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* DIRECTIONS: L
1.

¥y

. Rainfall in centimeters

-

The students in a fourth-grade class constructed the following

rainfall graph during .one school year

i

35 4
30 4
25 4
20 4
15 +
.10 bl

Answer the following questions about the graph.
a) Which month had the most rain? ‘

b) What were the apbroximate amounts of rainfall in September,
December, and April? |

c) What part.of the school year would you call the rainy sea-
‘son?. '

o

~~d)" About what percentage of the total rainfall fell in Decem-

ber?

Mary was concerned with her tendency to double-fault with her
tqnnis serve. As part of a program to improve her serve, she
decided to make a graph of her daily serving success. Here is

" her graph for one week. . § '

.

-
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- 1 ] 1 | L
; W T W +Th F .Sat Sun 5
Day of week ' ' K
Answer the following questions concerning this gréph.
a) Is Mary improv.ing? i
"~ <b) Which was Mary's best serving day? Her worst?. .

.¢c)’ Approximately what percentage of her total serves of the

(Analyze this question carefully.)

: ‘ ’ week were good?
. d} F11 in the following table. .

i

Day | %'of good serves

»-m‘ ) . M
' T . o . ) ~
. y ’ .
Th
F
Sat
i Sun

3. An-eighth ‘grade had classesA1nvsciehce,,social studies, mathé5°

matics, and lapgtage arts (split by the teacher into literature
The class was upset about. the length of its math-
U’Ehey decided to make a presentation that

]

and grammar).
emati¢s assignments, s

‘I. - ; - 2$:
. . 33
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" .would convince their mathemztics teacher that she was using an
unfair share of  their study time. - Here is the graph that the
class presented. - ‘ o

~

. *
*

Allocation of Study Time

Mathematics

Social
Studies

.

Literature,

-

a) The alert mathematics teacher told the class that they were -
complaining to the wrong teacher. Which teacher do you sup-’
pose she had in mind? .

b)xgﬁbeut what percentage of study time did the class feel that
' they spent on each of their subjects?

¢) HWhat special skills are involved in reading a circle graph
‘that are not required for the other three types of graphs?

A second-grade class wanted to keep track of the number of dry :
and. rainy days during a week, so they used the following method
of representing this data, using cut-out faces. . {

RINY 1 OO
R OO




. . . - . : .
Answer .the following questions about this pictograph-

. a) What advantage can you see to using a pictograph in this

situation 1nstead of a bar graph?

b) Whigh of the following kinds of data would Tend themselves
to ﬁepresentation on a pictograph?
e Righ temperature on each day ‘of the week
e  The number of children who ride a bike, walk, and are
“driven to school -
. The relative numbers of science, math, and social-
) studies books in the library
L] The number of recyclable cans collected by each child

1n the class

Below are four sets of da
of data, construct a bar,/1line, circle, or pictograph to_.repre-
sent the data. Choose a)different type of graph for each set of
data. Base your choice
graph for the-data.

presented in tables. For each set

n the appropriateness'of the type qf

Books read so- Measured Measured

Student | far this year Diameter of | Circumference of
sally ' | 1 _ Circle (in cm) Circle (in cm)
Mary” 7 1 1 a3
Bi11 4 “ 1.5 S W)\
Don 3 3.25 - 10.4°
Joe 2 4 12.8
* Place of Fraction of i Spelling Johnny's

residence | year spent - test # score on test
home %- 1| 50

- 1 . 2 90
hotels 1z S 1

N a . . .

cottage \, ¥ 79

| - 97
grand- 1
mother's

‘ . ~

25 - | " 35




6. Choose, a grade level, and one, of your graphs in (5) and 1ist sev-
eral questions you would ask children at that level about the ‘
graph J ’ o

7. As a homeWork‘assignment. cohect two examples each of bar,
line, circle, and pictograph. These can, be found in newspépers.
magazines, reports, books, etc. - A particular effort should ﬁ '
made to find examples that would be meaningful and interesting
to chﬂ\dren. .Make up questions that you would ask a class about
each of your graphs, : ‘ '

8. Graphing can be useful in many elementary 3chool activities.
Brainstorm several activities that would lend themselves to rep-
resentation by bar, line, circle, and pictographs.

For ‘additional practice with reading and constructing graphs, turn to
the Appendix. . _ , {
PART B: THE EFFECT OF SCALING

The message conveyed by a bar, line, or pictograph can be altered by
a change in the scale of the graph. We present here a discuss1on of ‘ a
scaling, to be followed by some scaling activities for you.

The following two grqphs' present the same data on the same type of
graph.

. -~
100 -+ '
2/‘: ~
¢ - -
S I
|
U i .
%‘ 40 —n—l .
a
’.—-
u
20 + . —
1 1 1 1 1 1
R S .M T W Th F s -
Day of week _ . - '
‘ @
26

RIC 96
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‘TEmperature (F°)

60 —4= ‘ g . ) » -

50 4=

40 <+
30 + .

20 -
| I U N N S G |

s M TTW Th F S
Day of vieek

Both of these line graphs, present the ‘same data. Do they con' ey the
same message? If ‘you wanted to emphasize the variability of the
weather, which graph would you use? Notice that, on the first graph,
the days of the week on the horizontal axis are spread out and the
numbers on the vertical axis are condensed. Both of these changes
tend to minim{¥a the appearance of variability in the data. In the

second graph, the variability is emphaéized'by compressing the hori-

zontal axis and extending the vertical axis.

DIRECTIONS: | ' '

9. Take some data. Choose opposing points of view or messages witﬁ’
" respect to the data. Make two graphs.of the data--one to sup-
port each of the opposing points of view. (You can use data you

have collected;.you can use data that is presented in a news-*

paper; or you can use some data from the Appendix.) = .

; | 27 37
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10. Collect examples of graphs from newspapers, magazines, reports,
etc., and discuss the effect of scaling on the message conveyed. . ,
Did you find any situations where the data has been disthrted by

the choice of scale? :

i
kR

11. Brieﬂy surir;arize the effects bf‘s'cal ing on the horizontal. and
vertical axes of bar, 1ine, and pictographs. ' ‘ ) o

‘




CACTIVITY 2 |
. . DATA COLLECTION AND REPORT

FOCUS:

In Activity 1 you had Experiénce readihg'and making four tybes of -
graphs of data. Graphs are constructed to picture 1nf0rmation--to
convey a message In tHis ae&ﬂvity you will gain experience with
picturing information contained in data, You will

Choose a question or posftion,

[ ]

] Colléct data to answer the question or support the position.

. Decide on a message contained -in the data, )

. Choose a type of graph and a scale that will easily and clearly
, . communicate the message, .

e  Construct a graph of the data, .

Present the graph to others for evaluation.

- . o
. DISCUSSION: ' L -

You will be asked to carry out a small data-collection experiment and
to make a graph of the data. Your fnstructor will make the assign-
ment (Nuhber 1 below) and will indicate when and how you need to ‘have
it completed (Number 2 below). ) '

DIRECTIONS® , . .

1. Assﬁgnment: - .,

a) Think of a question or position, and. dev1sé>a data-collec-
tion experiment to shed light on the question or to support
or refute the position. Use your 1magination, almost any
data-collection experiment would be fine; you might want to
check your‘daia-cpllection idea with your instructor. Some <
possible kinds of experiments are: ,

*

‘

- ' T , 29 : . T e
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e)

a)

2." Students selected to present data reports should focus on how.
the data was collected, how it was organized, and why particular
kinds of graphs were chosen in preference to others." Then, in a
spirit of inquiry, not of critﬁcism, the class should address
itself to each of the following questions:

Poll attitudes of classmates or dormmates toward a f
POHtical issue, SR : ' = ‘
. Determine the time it takef each of your favorfte bugs. -y
to walk through a tube. o '
e » Analyze the writing of different 1nd1v1dua1s 1n terms
of the frequency of q@e of various parts of speech

3

Collect your data (you may*want to. dev1se a convenient table
or chart for co]'lect‘lng it). ‘

Organize your data, and look for patterns or trendsythat .
support a point of view, position, or message. o <‘ v

Decide which types of graphs (bar, 11ne; c1rc]e,~or picto-" ™
graph) are most suitabl for presenting your data, You may
use several different ypes of graphs depending on the type

[N ~

of data and the message that you may want to convey. For
bar, line, and pictographs, you need to choose a scale that

Cwill accurately commun1cate the message contained 1n your

data. , - ‘ ’

Construct your graph(s), and prepare a report cons1st1ng of: i ‘
a description of your experiment and how you collected your

data the graph(s), and a description of any answers, mes-

sages, or conclusions that are warranted by the data. Your .
instructor may ask you' to present your repott to the class

(Numt/er 2 below) or to turn it in. -

What was the message?




'b) Did the data. support the message?*

) Cnu{a another kind of graph or a diffefrent scale have been
“used to better convey the message7 ’

- A . .
The'class shOquipay particU]ar attention'to the generadguestion of.
wh1ch kinds of graphs seem most appropr1a5? for which kinds of data. -
After the reports have been made, the whole c]ass, higﬁ/thé’ﬁnstruc-
tor s -help,. should summar1ze the d1scuss1on on this question. - Fill-
ing.in the-follow1ng table m1ght be of some he]p to that end.

RS ,

FPNTURES OF GRAPHS - |

-

Part1cu1ar1y Good Not Particularly .
For . . - Good For

T,
Pictograph

i*An informal discussion of the adequacy of sampling procedures w111
"be presented in the Probability and Statistics unit of the Mathemat-
ics-Methods Program.

11



ACTIVITY 3 - oY SRR | |
GRAPHING WITH CHILDREN - e ; s ! ‘ “

B

- FOCUS

~ An 1mportant,object1ve of your work w1th th1s un1t is to help you be-

. come more effective at doing graphing with ch11dren In this activ--
ity you will prepare ‘a graph1ng activity. for ch11dren,'and try it out -
if possible You should note that. graphing can be a part of manyy
d1fferent elementary school activities,

DIRECTIONS: N ' I i 9'

1. Prepare a lesson plan for an elementary school act1r(3¥ that in-’
volves graphing. The 1esson can_have graphing: as its obJect1ve.
or graphing-ecan be a tool to facilitate another obJect1ve Be

sure to spec1f he objéctives of the lesson, the prerequisite
skills required, and ‘the grade level for which the tesson is in-
tended. < The following are some ideas for possible-lessdﬁ top-.

ics.

e Measure the circumference (C) and
the diameter (d) of several cir-
cles and graph them on C-d axes.
Can, the children s‘e\a‘pattern?'

~ What would happen jif you did a '~
similar'thipg‘for,;quares (i;e.f )
graph’ perimeter vs, length of
diagonal)? ’ '
Have‘childreh cut 6ut circles

; that are of the same-color as
their hair, and place them on a
felt board--forminq‘a pictPgraph.

) -




: Take a passage in a ‘book and graph the frequency of ‘the -

various parts of speech, the occurrences of three- four-,
f1ve-, and six-letter words, or ;ome.other 11ngu1st1c at-
‘tribute of the passage. ‘ '
‘Graph sunset hours for each day of a week. Look for a
trend. (You may have some sca11ng prob]ems here.)
“Graph the 1engths of sweet potato and bean plants for each’
- day of a month. K

Have each child represent on a graph the proport1on of time
spent in various act1vit1es during a day. Is it true that
they work eﬂght hours, sleep e1ght hours, and p1ay eight
“hours? . .
Graph the productior of meat in various countfies “Then :

, . graph relative populationss and compare Can {jq guess o

«  which countries are exporters? ~-g

Try your activity with children. Be ;are to provide the class
with the materials that you ne€d, .and.be sure to check that the
children have the prerequisite skills. You may want to modify .

yoUr lesson on the basis of the trial. S ot

-

Br1ef1y descr1be an elementary sch001 graph1ng act1v1ty connett-
ed with each of the f0110w1ng subJect areas. ﬁ
" reading

writing. . - .

‘arithmetic :

social studies.
spelling” '

i science
physical education

art
music

33 = .
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Section il

PICTURING LOCATIONS

»

al

2

The theme of picturing information is developed further in this sec-.

tion. The information to be pictured here has to do with location

. or position, and the bas1c tool for picturing will be the coordinate

system. ~ You are used to 1dent1fy1ng 1ocat1ons using such phrases as

."50 miles west of Detroit on Inteqitate 94.," and "at the corner of

Lexington Avenue and 42nd Street." As you know, - these phrases refer

~ to{locations that can be pictured on a map. Coordinate systems are

esskntial to picturing such locations.” The most- 1mportant aSpect of
such a system is that it provides afsystemat1c means ¢f assigning a
name to each Tocation.
_ Activity 4 is concerned with 1ocat1ng po1nts using rectangular
(Cartesian) coordinate systems. The act1v1ty involves information
and skills that will be familiar to many readers - These readers can
use the activity for recall and review. '
‘Activity 5 investigates some other coord1nate systems In some’
cases you will be familiar with the system, but you may not be used .
to thinking about it as a coordinate System ' '
Activity 6 addresses itself to the problem of representing a
three-dimensional world on two-dimensional maps. This is an histori-
cally important prob]em which admits of a variety of solutions, each
particularly useful for a specific purpose. You should keep in mind .
throughout that the concept. of a coordinate system is a useful organ-
izer. It provides an umbrella under which hany apparently dissimilar
but actually related ideas may be collected. -

.
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o . 3
Activity 7 brings the focus, back to the elementary school class-
- room by asking you to analyze what is done in textbooks, and to out-.
line graphing act1v1t1es to be done with children.

o

2

<

MAJOR QUESTIONS
" By the time you have completed Section II yoy should heve answers to
the following questions.'

What is a definition of a coordinate system? Or at least, what
are the important common attributes of all coordinate systems?

. In what specific ways (oytline ét least three) can one use coor-
dinate systems to effect a tie-in- between mathematics and other

elementary school top1cs7 -

’
o

‘




ACTIVITY 4 ,
RECTANGULAR COORDINATE SYSTEMS . v

FOCUS :

This activity providés a brief opportunity to learn, relearn, or re-
view sk111s with rectangular coordinate systems. ' '
DISCUSSION o a - o
You have already used certain skills with rectangular coordinate sys- .
tems in your work with bar, line, and pictographs in Section I. How-"
ever, since rectangular coordinates are regularly taught at most '
levels in the elementﬁry school, it seems ‘worthwhile to confirm your
understand1ng of them. . This activity also provides a nice point of

compar1son and contrast with the next activity, in which other 1ess

commonTy recognized coordinate systems are introduced.

[ I

MATERIALS:

Ruler and greph paper,

DIRECTIONS: - :
3 2 0 0 12 3
1. 1 1 1 1 i 1 1 N
N LI I T ) 1 M LI V4

Above is a picture of what is called a number 1ine. Every num-
ber has a location on the 1ine, and every location on the line
has a number that atcurately describes it. The number line is
one- dimensioﬂﬁl, since a single number locates -each point.

Label as accurately as possible, using a ruler, the 1ocat1on
described by each of the following numbers.

: 1 :
-3, 123 2,75, -0.33, 2

) (Note‘tﬁat the number 1ine proves to be a useful instructional
aid with ch?ldren. One can model such operations as addition

a
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and subtraction by "hopping" forward and backward on the number' . ‘
line. One can. also embody distance in terms of lengths of in- ‘
~ tervals. ). .
2. Two .perpendicular number 1lines form a'two-dimansipnal,rectangd-
lar coordinate system:

The p‘afnt Tabeled ' P can be located by the ordered pai'r (-2,3)

since its location corresponds to -2 6n the hov‘izontal number '

1ine or axis, and to 3 on the vertical axis You should agree o

that Q s located by (0,-2) end R by (2;2-) On the rectan- ‘
gu]ar coordinate system below, label the point located®t by each

of the following ordered pairs: ,

(1,1); (-1,1), (-1,-1), (1,-1)," (1./2), (3,5), (0,0)

A
3¢

- . 2 -

1+

<
(@]

-3 -2 -1 1 2 3
] ®

Also, write down ordered pairs which locate points A, B, and C.

. 38
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The rectangular coordinates described in (2) are useful for lo-
cating points in a plane (two-dimensional space). This system
is most appropriate for a flat sheet of paper or a flat chalk-
board. Rectangular coordinates can also be used Eg locate
points in three dimensions, using three number 1ines (coordinate
axes). This is mos t important since we live in a physical world
that can be thought of as three-dimensional. . '
For example, the point P in Figure 1 beiow can be located

A
by (1' 23 3)- , . !

L

One way to describe the process of,focating points in three-
dimensions is to label the three number lines so that they can
be referred to. A common way i1s to call them the x-axis, -

y-axis, and z-axis.
z-axis

1

‘Figure 2




The point P in Figure 1 is described by (1, 2, 3) since it is

located one unit toward you in the direction of the x-axis, two
units to the right 4n the direction of the y-axis, and three
units, up in the direction of the. z-axis.

a) Find the coordinates (x, y, z) which describe the points Q
and R 1n Figure 3. ' :

z 1
Q' L3 ¢
i R
/1 /Il -3
e y2!
! ; : _2
& Vo | .
: ! 41t
Y .t
-3 -2 :,’-l 1 2 3 .
i | ¥ ] A | L y
1 | T ¥ T " L
=== , +)
1 /’ . / 4
_0__1 .I" ‘
4 ;
/ III
244 == —(, ~
oo -2 R
3 o
- X —*L—"3.
s Figure$3

b) Oraw a three-dimensional rectangular coordinate system,iand
" Jocate the points that are described by?

1 13
(1;1;1)1 (‘1:2;1); and ('2“)'701') ‘
The corner of a typical room provides a convenient three-dimen-
sfonal rectangular coordinate system. Discuss with classmates

an activity that you might do with children to help them learn
to locate points in the room by using rectangular coordinates.

Scaling was discussed in Activity 1. Scaling also enters into
problems of locating points so that information is displayed
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clearly and, accurafely. For example, which o&the follg o
two rectangular coordinate systems would be most enient for

’ picturing the following ordered pairs: (1,43), (2,57),
. (3,59), (4,63)7 Why? .
- ! co- - 60 -4~ .
i 5+ - 50 4+ -
- 4+ | 20 + ‘
'3 — v 30—1.— )
o 2 -+ - ’ . 20 -
1 h—o— ) . ‘ ) 10 4 ) 7 v,,
| S I | 1 1 L—*_H_’_"__‘*'_
—r— T - - '
1 2 3 4 5 6 1 2 3 45 6

Theselpairs could represent the high temperatures on successive
days, and locating them could be the first step in constrdcting '
a line graph. , ‘o '

. 6..3In a different way, scaling can be a’gréphié’ aid.

- -

- :

° @

R y ' ' Ny

- o
‘ . : ]
,y Draw a small simple figqure on one grid and then enlarge it by ‘

reproducing it with thé aid of a larger grid. {This ativity
might be” a good one to do at home.)

-

#
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HISTORICAL HIGHLIGHT - ' ’ g ‘

René Descartes (1596-1650) and Pierre de ' .i
Feymat (ca. 1601-1665) were the inventors .
of coordinate geometry. Coord1q§te geome ~ : |
try establishes a correspondence between |
points in the plane and ordered pairs of

" real qumbers, with the latter normally
plotted on a rectangular (Cartesian) coor-.

dinate system. Descaftes, in addition to |

o Qldc‘z;/ his contributions to@athematics_, spent - |
" time and effort §tudy1ng science, religion

and philosophy. He culminated‘fourvyears of study'by writing '_

a physicallaccount of the univérse, Le Moﬁde. Just as he was ‘

preparing to have it published he learned of the fate of poor

Galileo (1564-1642). - In 1633 Galileo was found guilty of . |

heresy for publishing his famous Discorsi, which supported

the Copernican theory that the earth moves around the sun.

Under threats of torture by the Inquisition, Galileo recanted ‘

and denounced his work. Since Le Monde contained arguments

based on the truth of the Copernican theory, Descartes, also

a devout Catholic, cancelled his publication pfans for Le
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ACTIVITY 5 7
REAL -WORLD COORDINATE SYSTEMS

*

FOCUS ;

In this activity, several coordinate systeﬁs for picturing locations.
will be introduced. Your experiences with them should make you aware
of the large number of coordinate systems that exist and.of the ad-
vantages of ceptaiﬁ ones. There are many possibilities for using the

ideas of this activity in lessons for children.
| .

A I '

B

‘1 |

off lll’

E i 1:

F .
o - T

i 1 1213141516 .
’
\ .
| ¥
DIRECTIONS: . ; 4

Discuss the following questions concerning coordinate systems.

1. If you were in Washington, D.C. and looking for the National\Mu-
seum 'of Natural History (see Figure 1).‘when would you use the
streets as your'coordinate system, and when wou]d you use the
numbered and lettered grid 1ines? What are the advantages and
disadvafitages of each coordinate system?
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Suppose that a submarine commander s trying to destroy an’ enemy °
"ship which is just out. of sight in the middle of. the ocean and
suppose that tha\smnnander does. not know his own position,
Which of the following two coordinate systems provides more use-
ful information for the scouting plane to radio to the submarine

commander?

a) The latitude- longitude“bos?zﬁon of the enemy sh1p

] 0* . e ’ 10* . e
T TR S Ry .
[ x
o - .
nemy * <
e —
R iy ¥ 1o
, _ :
10" s
x "
NG
- .
L u:l ’
o
x ¥
[1.) L—j
b).)A distance/bearing system centered in the submarine:
: enemy !, ’
E ship

v

Direction of
Submarfne

{ ’

Submarine

.. Suppose that an a1rblane pilot (who knew her/his\adiition) had
spotted the enemy Ship.d1SCUSsed in problem (2). Mhich coordi-
nat€>system should the pilot use in descrjbing the location of .

the ship to the plane's home base? ' '

a5 . S
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' -4, _In what way is each of the fol]ow1ng a coord1nate system7 Spe-
‘ cificallys what coordinates are needed in each case? S ‘ Ak

" a) a state h1ghway map . » L o

- K . . Ty

b) the auditorium seating plan shown in Figure 2 below

c) the index of a pook - o

: i :

d) the rows of sea@s in a-classroom . A S

A

BLUE
MIDDLE ORCHESTRA

» o 1} /
7':::' —

™ [,

105
-
Ny

RED

L

. P " . Figure 2

-
~
5
i
; »

. . | . o
5. What coordinate systems-Can‘Be used to describe the squares on-a
chesshoard? What is the usual%:gyrdinate system? The table on
the next pag% g1ves the plays a chess game. Construct a

rough chessboard and make- the open1ng moves.



18.

NN N
N £ WN -
e s e »

. 26.
27.
28.

. b B b s , } ]
e e . . . e Btk

o N

,QUEEN'S PAUN OPENING ,

. N-QE3

P-Q4 -
B-N5 .
P-K4
-NxP
BxN .
N-KB3

. P-B3

Q-B2:
B-Q3
P-KR4

.. N4-N5

NxRP

. P-RS

PxPch’
Q-k2-
QxPch
BxPch -
R-R7ch
R-R8ch
R-R7ch
Q-K3
RjRSCh
B-R7
BxBch
Q-R3.
B-N3

R-N8 mate.

P-4
N-KB3

P<K3-

PxP
B-K2
BxB -
0-0

- P-QN3

B-N2
B-K2
N-Q2
P-N3
KxN’

_ P-KB4

KxP
BxN .

- R-B3

K-N2 ' "
K-81 '
K-N2

K-B1

B-Q4. .

B-N1
K-B2
K-N2
N-B1 . T

.9_03

Outline an activity involving coordinate systems related to
some elementary school subject besides mathematics.
. , . N :

A

' Do the lesson with children Tf you can. . }f

y -
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ACTIVITY 6 | , _ o -
. THE MAPMAKER 'S+ DILEMMA Co . ' o

~

. FOCUS: _ c ) -

In this activity you will g]1mpse the prob]ems 1nvo1ved in mak1ng
flat maps of the spher1ca1 earth.’ This is c]ear]y another aspect of
picturing locations. '

MATERIALS :

Globe; map'of the_United.States, on which paka]]e]s of latitude are
equally spaced; Mercator projection of- North America (such'projéction )
maps are available in most atlases and in the backs of most 1arge N
dictionaries). '

" DISCUSSION'

_ As-the surface of the earth became better known, 16th-century map-

makers wrestled with the problem of picturing on flat 'rnap"s Tocations : ‘
that are on the solid earth. The problem was solved dn §eVera1'ways,‘ '
“each way having its own 1nherent advantages and shortcomrngs - Maps

o

in use today 1arge1y ref]ect these solutions. L
DIREC;;QNS N - R Sy
Proceéd through the following exercises. . . ' i

/

1. Compare the map of the United States on which the parallels of
latitude are equa]]y spaced, with the United States on the * : .
globe. In what dreas does distortion occur7 '

2. Suppose you had maps df Canada and of Mex1co on which the paral-
Tels of latitude were equa]ly spaced, wh1ch country would be
most accurate]y represented7 Why? . _ ¢

-

- 1




-

3. How does a Mercator projectjon.attempt to resolve the distortion
- problem? - ' :

4, Find the shortest path between Halifax, Npva Scotia;and San
Francisco on the globe and on. the Mercator projection.  How do
they compare? (Pick out a couple of cities along -each-roite.) -

5 . L

5. Investigate in det%il'end prepare a rebort on several of the
solutions of the mapping problem discussed in this section.

_Your report might include a discuss1on of cy11ndr1ca1, conic,
polar polyconic, and stereograph1c prOJections Comment on haw «
an elementary teacher might \dent1fy some important mathematical
jdeas in a.lesson on geography. Atlases and encyclopedias are

6,

possible sources of information.




ACTIVITY 7 i T o - ‘ ’ ,
COORDINATE ‘SYSTEMS FOR CHILDREN ~ o : ‘

FOCUS: - L ~

Coordinate systems enter a child's life in the classroom and outside
the classroom. In this activity you will consider the ways in which
coordinate systems can relate to children. You will have an opportu-
nity.to plan a lesson on coordinate systems for children.

IR

MATERTALS :.

Sevéral elementary school mathematics text series.

DIRECTIONS:

1. Brainstorm a list of ways in which coordinate systems could be
used in conjunction with subjects other than mathematics in the

elementary school curriculum.

2. List topics in the elementary mathematics curriculum where coor- .
. dinate systems could play-a part.

3. Thumb briefly through an elementary mathematics text series, to
see how the use of coordinate systems there relates to your list
in (2). Make any additions to your list. '

4. Make a 1zst of any additional ways in which coordinate systems
might enter a child's 1ife outside of the classroom.

5. Choose a grade level. Outline a coordinate-system activity for ‘
» children at that level, which would relate coordinate systems to
- some activity or topic outside of the mathematics curriculum.

509
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“Section Ili

“you. Instead of having graphs that look like ‘ & .

. or that look like

PICTURING RELATIONS.

.

In Section I you had experience with the picturing of information
that is contained in data. You used bar, 11ne,-c1rc1e,,qnd‘bicto7‘
graphs to represent, possibly misrepresent, the information contained
in numbers. In Section II you studied. the pictur1ng of locations
using many different systems. One of the primary messages of that
section was that these' different systems can all be thought of as

_coordinate systems and are quite analogous to the rectangular coor-

dinate system with which you are familiar. - In. this section you will
be working with a type of graph that is 11ke1y to be unfam111ar to'

* - "
- I
. ] N H .
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you will have.graphs that look 1ike

)

These graphs are called
. digraphs (sho¥t for directed graphs) networks, and Papygrams,

and‘they picture relations. For exaqple, an arrow in the above graph
says "1s ,related to}" so that the graph says that:

A is related to A

A is related to B

B is related to ¢ °
LY € is related to B

A is related to C.

The ‘relations pictured by such graphs can be such familial relations
as "is the sister of" and "is a blbod relative of," or numerical re-
lationships such as “is the square root of," and "shares a prime fac-
tor with" or the relationship can indicate a-: physical connection such

. as "lie on the same highway" and "can be hooked onto the same elec-
“tric 1ine." - Picturing these relations with graphs can help to com-

monica;e the relation to- others. It can also help Hp analyze the re-
lationship as a step in solving some problem. '

" It is impofFtant to'note that graphing relations is not a gerer-
ally'accepted‘part of the elementary school curriculum. Some pio-
neering work with relations for chilJren has been done by the Papys '
(see Act1v1ty 8) and others, but ‘there is no consensus as to the rote
of graphs of relations in the elementary curriculum. Relatjons are
included here because of their mathematical 1mportance because
graphing relations does seem to hold some real {nstructional poten-

ial for children, and because we thought you would figg graph1ng re-
lations both interesting and ehjoyable. '

¥
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In this section you will pifture relations ys1ng'digrapﬁ§ and
networks (Activity 8). You will analyze certain digraphs and net-
works (Activity 9). You will sfﬁdy relations represented as ordered'
pairs and the Papygrams associated with them'(Activify 10). You will

"consider a particular kind of reﬁation éalled an equivalence relation

(Activity 11)}. Then you will cons;ﬂer some 1mp]1cat1on§'of all of
thisyfdr the elementary school curriculum (Activity 12). '

Activity 10 involves analyzing certain digraphs and
networks. This analysis will be challengihg for
most students, and should be started several days

in advance of the day on which the anafy§1§ is due.

MAJOR QUESTIONS

3
° 13

1. Give examples of relations from arithmetic, geometrj, biology,
and geography. '

2. Give ekamplés of relations that wouldbe meaningful to children. .
It may or may not be a good idea to bring the concept of rela-
_tion explicitly into the elementary school curriculum. State
and support your position on this issue. '

. 3. Make up a problem for chi1dfen which could be solved by analyz-
' ing the graph of a relation.

~

4. Make up an equivalence relation; verify that ,it satisfies the
definition of an equiva nce/felation; and describe the equiva-
lence classes for this fequivalence relation.




ACTIVITY 8 '
PICTURING RELATIONS WITH DIGRAPHS AND NETWORKS

< - v —

"FOCUS :

£

You will have an opportunity to picture relations as igraphs (di-
rected graphs) and to analyze digraphs in order to understand the re-
lations they picture. You will also have an opportunity to investi-
gate relations which have a property called symmetry. They can be

represented using networks {undirected graphs). N

_ DISCUSSION: - e o

The real-world idea that something is related to something else can
be expressed rather naturally in a pictorial fashion: Let a point"
denoted by "a" represent the first th1ng mentioned and let a _point

. »denoted by "b" represent the second thing. Draw an arrow from a

to b to indicate that "a is related to b." The usual convention
for drawing such a picture is: ' -

. A diagram such as this is an example of a digraph. Other examples of
digraphs might have pictures such as: ' .

bx =

e




o

0
X

For exdmple, 1f the relation is "is the sister of ," then, the digraph

[

Alice.

John

Jane Jim -, :
\\ Mary

' ;ndicates that Alice and Jane are sisters and John is their brother,
while Jim and Mary are brother and"sister; This simple device for/"\\\\
picturing information about relations proves to be effective and can
lead to a clearer understanding of the 1nformat10n; '

DIRECTIONS :

1. Suppose that the relation is "is the sister of," as in the dis-
cussion above '

‘ a) The fol]owing digraph pictures the brother sister relation-

' - ships on a school playground. Mark with an “M" those point;
which kepresent males,an:"F" those points which represent
females and a "U" those points which represent individuals
ofuMe&nMnm sex.’

s

b) Describe the information contained in the above digraph.
_ .




2.

indicates that a -initidted a conversation’with b.

c) Something is wrong with each of the foliowing digraphs In-
"--dicate why they could not accurately and completely repre-
sent an "is the sister of" situation.

- ’ -

Ih

.

d) -Another everyday instance of a relation “is given on the next
page by a section of a college catalog listing the courses
in computer science. arepare a pictorial represehtation of -
the relation "{s a prerequisite .to" defined on- this set of
goJrSes. (Note: P means prerequisite.) '

The Secretaries of State of the NATO countries were meeting in
Brussels. The Belgian Secret Service was convinced that among
the NATO staff members at the meeting there was a spy. As part

.of its evidence-collecting procedure, the secret service:decided

to carefully'observe a cocktail party that was being held for
the Secretaries of State and their staffs. They coded some of
their observations onto the following digraph where a —®~b




Aruitoxt provided by Eic:
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. o Computer Scioﬁco

G201 Introduction to Computer Programming: (3-cr.) : :
¥ 2 years of high whool mithewnatics or Mathematics MOIS or M017, Coinputer programming and
slgonthms, Basic programming snd program structure.  Camputer solution of problems, ~Dilferent
wetions for students with various Interests. Credit given for only one of CI0L (dropped}, C103

 {dropped), C201, and C301. [ Sem,, 1I Sem., 88 'T%

G202 Computers and Programming (4 cr.) A . -
P. CI0l. Computer structure, machine language tnstructdon exceution, addresing techniques, digial
- representaiion of data, C syiteins organization, symbalic' coding and assembly systeaw, syitenus
and utlity programs; Several projects:to istrate basic machine siructure and programming tech:
niques. Lecture and laboratary. | Sem,, Il Sem,, S8 '73. :

.. (301 Fortran Programming (I.cr.)

Basic notions of P P ing. Debugsing and Verificating of programs, Problemi for

programming snd execution on cnmputer. Credit given for only one of the following: C101 (dropped),

C10% (deopped), C201,G301. 1 Sem., 11 Sem,

C311. Programming Languages (4 cr.)
¥, CaM2. Sysematic. approach io prog '
perties and leatures ol L , and the envi Y io use
and laborutory, 1 Sem. . . ’

€321 Computer Organization (3 cr.) :

F 22 Organisation, circuits, and logic design of digital camputing, systemi, Coune deals with '
the iniernal siruciure of compu Some umple computers are deiigned. Experimenn in basic
"tomputre circuitry are performed in the laboratory. A knowledge ol electrunics, While useful, is not &
reqairenent  Lecture and laboratory. 11 Sem, . '

4% Data Structures (4.6r.) : :
P G201 Systrnatic study of data structures encountered in computirn ]m)hl‘nm; structure, and
use aof stoiage medis; methods of répresenting strictured data; and technlques for operation on
data strucpires, Lecture and laboratory. | Sem, -

(199  Individual-Programming Laboratory (13 cr.) .

P CIM. Swmdenr will design, program, verify, and documient a wpecinl project amignment selected
in eonwdiation with his instructor.  This coune may be iaken several tines up th a maximum of 6
¢redits  Prioe Yo enrclling 8 studeni must arrangs for an Jnstrucior fo wpervise his cmirsé acyivity:
| Sem., 11 Sem ., 88 °73. :

G421 Advanced Compute? Qrganization (3 cr.) . e
P CY. Study of basic hardware -‘r,d]n“pmhl'ml encingered in computers.  Alternaie woluiions

 are compared, usng & nymber of diffeient compujers s Hlustratinns.

431 Assembiers apd Compilers 1 (3 cr.) TE R

Y P GMI. P oor concurrent: CHS. Dedgn and ennstruciion of bootstrap. foadrrs; Haking loaders,
amembilers, inasra expanders, aad interpreiers, | Sem.

(412  Awemblers and Compilers 11 (3 cr.). E . )
I CAN. Compiler . design and constriction lnchiding wanners, parsers, gode geneeation, and code
optioiatden, 11 Sem. ‘Y ’ .

A (’)p«,-nﬁng Systems | ({or.) :
PTG anid G Seftware acganization of compuier systems which- suppiort & |arge ‘communlty
al wwry,  Problems encouniered  fn hauh, multigrogeamiming, miltiprocening and uiesshiring
rviuis  Thoroigh stidy of ail actial stem. 1 Semn. |

CAt6  Operating Systems 11 {4 (r) . :

P4 Continuation of CAY. Desalied study ol miore conmples operating systemns fur tige-sharing
and ivltiprocesinig U1 Sem. . . . N

1onsht 1

among
1

s, pro:
Lecture.
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The secret’ service ,has found that spies tend to iisten more and - ﬂ

initiate fewer- conversations © On the basis of this observation,
who shouid the prigp suspects be at the cocktaii party? .

&) The biological example of simple cell’ reproduction can be
represented by the directed graph: - 4

Think of a good way to write out the relatjon represented by
this directed graph: "a : , ~b."

o ’
N ol . R

NOTE: The diagram of cell reproduction above is an instance of
a standard type of directed graph pictured below: o

These are sometimes called tree diagrams. (The arrowheads are,
frequently omitted, and more than two "branches" can emanate

* from any "fork.")

!

5%).7




by Shift1ng to the study of languages, the chart on pagef60
provides a- n1ce example of a tree diagram State the rela-

tion that 1svp1ctured\1n the chart.

-

A Y
c)’TDeschbe tWo other relations that treevdiagrams could be

used to picture.

o

~

-
@

Some arithmetical relations ‘that are nicely expressed as direct-

. 4,
ed graphs are given here.
o
o 5
-
2
This 1is an 11]ustrat10n of the relat1on "{s greater than" on the
set {2, 5, 7}. For example, 5 4 greater than 2." '
. a) Graph the relatjon i{s 2 less than" on the set below.
o o -
[ ] o o ® [ ] o
6 7
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A , b) Can you determine the mathematical relations that are pic-
‘,‘ N ~ ‘tured in the’following directgd graphs? - B ‘

Comment we need to stop for a moment and discuss the not1on of

-, symmetry in digraphs and the related notion of networks. For

- example -consider the foHowmg d1graph of the relatwn "'is a
blood re'lation of o i '

Harry - \

Terry o

Notice that each time an arrow goes one way, there is one re-’
turning, i.e., whenever you have '

-
s “

you have




: I N i

Any relation where this is true is called symmetric " Symmetric
relations can be p1ctured more simply than can nonsymmetric

ones.. For example,

Y. o Ann .
/

Alice Harry
_/

Sally

5. Terry,_ Bil1

conveys the same information as the earlier digraph. Infthis
-case the single line means "are blood- related v A‘graph which
. p1ctures a relation that does not have an implicit direction 1s
called a network.  You will see, in the following: exercises,
that many 1nterest1ng relat1ons are symmetr1c and can be p1c-
tured by networks

a) Apalyze the digraphs in 1 4 to determlne if any are symmet-
ric. List any symmetric ones.

3

Below is a 1ist of relations. Check those that are symmet-
ric. : | .

e lives in the same block as
® is greater than or equal to
e is equal to” o

e. plays-on the same team as

played tennis against
e is connected to \\:’

o likes - .
. ‘shéresﬁg prime factor with

c) Indicate which of the following digraphs areigymmetr1c Re-
draw each of the symmetric ones as a network ’

.
—




.

6. a) London R Paris’

‘ ' Dallas , ' , ‘ Rome
New York ° | San Frdncisco :

-

Fi1l in the .above t6 ‘make a network that..pictures the rela--
tion "are connected by highways e L - »

b) AUs1ng the numbers 6, 14, 12, 98, 42, 9 draw a network
' which pictures the relat1on "has the same .prime factors as."

c) Make up a symmetric relation and picture it by means of a = -
network. Make up. and picture another symmetric relation
which would ‘have particular relevance for children.
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ACTIVITY 9
ANALYSIS OF DIGRAPHS AND NETWORKS

n

FOCUS :

-
[

~Digraphs and networks can be used to picfure relations” Frequent1y

“lt is desirable to go beyond picturing a relation to ‘actually analyzf

ing it or solving some problems concerning it. In this act1v1ty you
will be asked to present your analysis and to discuss some genera1
,questions .

DISCUSSION: o )

o«

- The problems presented here!do not require any special skills or
techniques that\have been developed in' this unit, but they will re-
quire some Ehodgh . You should plan to start workihg on them well in

advance of when they are due. These problems represent a sampling of

some types 6f problems that one can encounter in the analysis of di- "

graphs and networks.

DIRECJIONS:

Youhénbuld work on the fb]lowing problems at home or dur%ng free mo-
ments in class. You should do at least three of the problems. In
.general, the problems have severa] parts. If some of the parts seem
hard, try lots of examples. In some cases, you may ‘have to be satis-
fied with partial solutions.
1. Consider the task of stheduling a round robin tournament. In.
such a tournament, each-team is to play every other team eiactly

once. We shall suppose that a team can p]ay only once each day

a) MWhat is the number of days necessary to have a round robin
. tournament with five teams? (Hint: You may find it helpful
to consider the case of three teams first. )
b) Find a schedu]e'for a tournament with five teams.

\
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. c) Use the 1nformat10n of parts (a) and (b) to answer the same "
. questions for six teams.

.

d) Find a schedule for a tournament w1th seven teams
You may find d1graphs helpful in solving th1s problem. {

2. Three houses are to be connected to gas, water.and electric "
utilit1es The pipes and wires can go in ‘any direction from the
houses to the ut111t1es, but they must not cross under, over, or
through one another :

o) Can the connect1ons be made?

o &

-

b) Suppose that the houses and utilities were located on the
7 surface of a sphere. Could the connections be made then?

c) Suppose that the houses and ut111t1es were -located on the
surface of a torus (dougpnut). Could the connect1ons be
made then? Try it with a doughnut (unglazed).

d) Consider each of the three sﬁtuat1ons above in the case of
four houses with three ut111t1es and in the case .of four
houses with four utilities.

(You may find it helpful to draw networks. Note that each of
the houses and the utilities can be represented by letters or
numbers. ) ' .

-
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3. which of the following networks can you copy w1thout taking your

pencil from the paper and without going over any line twice?
is not necessary to finish where you start,

= 3

4, A network is said to be Eulerian 1f it is possible to trace a
path, without ]1ft1ng the pencil from the paper, which begins
'and ends at the same point and includes each line exactly once.
‘By- examining the ‘above networks, try to find a condition under
which a network is Eulerian. (Hint: Count the number of lines
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. meefang at 'each point and classify the points as to whefher

o . there are an odd or even number of 1ines connecting to them
. Make a table 1isting the number of odd points and even points
for each of the above networks. ) The original problem which led
to interest in questions of this sort is the following. |

*
\

: THE KONIGSBERG, BRIDGE ,PROBLEM

7 The city of kdnigsberg in East Prussta was located on' the banks and .
o on two islands of the river Pregel. The parts-of.the city were con-
' f nected by seven bridges, as shown. On Sundays the citizens would :

take a promenade around town. Is it posSigﬁe to plan‘a promenade 1@
such a manner that, starting from home, one can return there after»)
having crossed each bridge once and only once?

This problem remained unsolved unt11 the famous Swiss mathemati—

cian, Leonhard Euler, solved it using networks of the kind described
above.
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Sir William Hamilton invented a game which he descriptively en-
titled "Around the Ngjﬁd." The géme uses a regular solid do-

. decahedron each of whose vertdceS is identified with the name of
a famous city. The object of the‘game-is to travel "Around the
World" by finding a path along the edges which begins and ends
at the same city and passes throdgh each city exactly once. The
game was something less than a financial bonanza.

The illustration above is a planar represéntation of Hamil-
top's Traveller's Dodecahedron. (A dodecahedron is a three-di-
mensional figure with twelve pentagonally shaped faces. It has
twenty vertices and thirty edges connecting these vertices.)

The twenty corners of this planar figure correspond to the
twenty vertices of the dodecahedron, and the thirty edges to the
thirty edges. ‘lf we consider the regfon outside of the planar

W




- 6.

figure as’ being one face, our planar figure has a total of
twelve faces, which correspond to those. of the dodecahedron
Each of the twenty corners of the diagram represents a city to’
be visited, whi]e the. segments.j01ﬁ1ng the corners{représent,.
roads connecting the cities. ' -

a) Is i

the
- 1in he nd to the or1gina1 ‘home city? Travel along any

E;ssible to plan the ‘route for a complete trip around
es, visiting each city exactly once, and returning

road, de 1red but no more than once on each road. Ignore

path which begins and ends at the §ame.p01nt and
pas through each point exactly once. Note that one does
not need to cover each line. Which of the following four

netWorks are Hamiftonian?

~

o , : . v

Is it a]ways'true‘tﬁat in a group of six people there are three

mutual acquaintances or three mutual nonacquaintances? Why?

f/' ‘ . 69 A 7,&;
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Once you have completed your work on pfob]em§*(1) through (6),
discuss questions like the following with your classmates 1nqa
seminar sett1ng ’

"
b .

a) The Kénigsberg Bridge problem is a c]assical application of
an Eulerian graph. what is a sufficient condition for a

graph to be Eulerian? Can you 1dent1fy some other app11ca- _

. tions of this idea? . 4

b) What interesting 1nsights or ideas came to you while working

on these prob]ems? Lk

c) "Give three real-world situations in which the quest{on of .
. whether a graph is Hamiltonian has business, economic, or

socfal significance.

.. . I / . | ..‘h

HISTORICAL HIGHLIGHT

Leonhard Euler (1707-1783), solver of the
famous seven bridges of Kénigsburg problem,
was the most prolific mathematician of all
times. His writings, 1f gpllected, would fin
over 80 large volumes--quite a feat, consider-
ing he was totally blind for his last seven-
teen years. ' '

<




ACTIVITY 10 : - L
RELATIONS AS SETS OF ORDERED.-PAIRS

- s

A

FOCUS: - - I

Ordered pairs have many uses in mathematics, 1hc1uding locating IRECIE
poiﬁts on a coordinate system, representing rational numbers, and
representing relaf%ens In this activity, the latter use will be 1n-
vestigated as an a]ternative tomdigraphs and networks fOr represent-
ing relations. :

MATERIALS ’ s

4

Graphs and the Child by Freder1que and Papy (Montrea] A]gonqhin
Publishwng Co., 1970). '

DISCUSSION:

The concept "a is related to b" can just‘gs naturally be represent- .’
ed by the ordered pair notation (a;b) as'ﬁy the d1reeted'graph
a~P—='b. One must remember that the order of the symbols within
the parentheses 1is 1mportant and-that in general (a, b) # (b,a).

In fact, for future ‘use in the unit we will consider a relation
and a set of ordered pairs to be the same. " The information, contained
in any»dﬁrected graph may be expressed in a set of ordered pairs.

-

. .~ BKAMPLE

)

The information contained in the directed graph /7

is ‘the 'same as the information contaﬂked “in the set of ordered pairs

{'(a:b))- (bva)} .
The braces { } indicate that the objects (a,b) and»(b,a) are being

4

considered as elements in the same set.

N




The netwgrk o

- and the set “ D
{(A,B,), (B,A), (B,C), (C,B), (C,D), (D,C)}
both represent the same felatioﬁ. ’ o .
h rep ) L
DIRECTIONS :

i ~ . . o ~t
1. @) Express the informatioft'contained in the followihg directed
' graph as a set of ordered pairs.

r

g N\
o \ .
*b) Convert the three directed graphs in Activity 8, Exercise

4(b), into sets of ordered pairs. i
SN |
/ . ‘

e

c) On the language tree of Activify 8, take the small part be-
a ginning with “Celtic" and convert it into a set of ordered
‘pairs. . ' '
Note: Sets of ordered pairs can also be converted into di-
rected graphs. For example, just think of all of the pre-
vious examples in reverse, - '
72 :

81 t 1




9 . o,

PN d) Convert the fonowing relation 1ntoi ‘directed graph. '
"' : (1.2), (2.1), (2.3), (2.8), (3.1, (1.3}

2. Discuss answers‘to the following ouestfons4

a) For which k1nds of relations.da ordered pa1rs seem’ the most

appropriate representat1on? .

b) Given the relation "1s the double of." how could you express
it for all 1ntegers using directed grapﬁs? How about using
ordered pairs? . -

R
-

c) Can every set of ordered _pairs be expresse6~as a d1reqted

7 : graph? (For . further 1ns1ght into this question you may
want to glance at Exercise 3.) .
P o

3. Since every set: of ordered pairs is a relation, the set {(a.a)}
‘mist bé a relation. Using the representat1on from Activity 9,
. . we might represent it in this way:”™ .

.

Y

a

The arrowhead does not convey' any .additional {nformation-in this -
case SO we write: '

We have not given'a technical def1n1ttoo of "digraph." However
‘most technical definitions of digraphs “do not atiow such '
"loops," so we {fitroduce the broade concept of a Papygra

(after the Belgfan mathematician an educator Georges Papy, and
his educator wife, Frédérigue). . Papygrams are 1ike digraphs ex-
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) cept that they~do a]]ow loops Can you now see that any f1n1te

o set of ordered pairs hias a Papygram and converse1y7» e
‘é o C A EXAMPLE
The relation {(a%a), (b,c), (c,b), (e, di} has the Papygram
. K . . . ) . * 5'7
gy N
- ) ‘ . T
G \
a) iA\EﬁgiEél below, draw the Papygram represent1ng the rela- . -
tion "is less than or equal to. "o o o
. . ¢
Also represent this re]atidn'as a set of ‘ordered pairs
) ’ ‘ 4 .
‘ ! B ) 1 ‘.‘
:




o

‘ b) In the set of people S - 1n1t1als below, draw a Papygram of

the relatjon "has the same first in1t1a1 as the last initial™
of."

A]so represent th1s re]at1on as a set of ordered pa1rs

c) In the set below, draw a Papygram of the re]at1on, "d1v1des
evenly into.' ' : :

. - : L
d) Repeat exercise 2(a) with the relation "is not greater
“than." What do you conclude from this exercise?
e

¢ m . |
75

84




Algonqu1n Pub11sh1ng COI,

-~

Outline a Papygram activity that you could do with childrén.
ngsure to plan it for a specfficvgradé level and to choose
examples that would be particularly meaningful to childfen v
at that level. Also be sure tq state your objectives for
the lesson. o ‘ -

-




ACTIVITY 11 N
EQUIVALENCE RELATIONS -

( . Focus: P \ S L
You have been picturihg and analyzing various rather oeneralfrelaf
tions, In this activity you will.investigate a particular kind of

, relation called an equivalence relation and you will identify the

particular propérties which characterize equivalence relations.*
. . ¥ .

DISCUSSION

> Simp]y stated, equ1va1ence re1at1ons are those relat1ons wh1ch are »
like the relation ‘equals." Precisely, we note the following three
properties of "equals." C ‘

¥ - . » . .
\}\ a =_a;Vb/E:i;?ny'a. T
. . - {
ii. I¥ a ; nb=a .
ji1. If a=band b =c, then a \c.
‘ Property (ii) is just the symmetry property for relations that we

discussed in Activity 8. 1t say, that if a is-related to b by the
"equals" relation, then b is re o .
Property (i) is called the refle yve property. It says that each'g_x

is related to itself by the relation "equals

< Property (iii) is called the transitivity property and says that if a
© is related to b and b 1s«re1ated to ¢, then a must also be related to

C.

You may wonder if there is any interesting relation besides "equals"
which 15 an equivalence relation. Let's check the relation "is the

same color as."

@ 2

-
"

*Equivalence relations are also discussed in Section III of the Num-
ber Theory unit of the Mathematics-Methods Program .

o o




i. Eakth object is the same, co]or as 1tse1f )
1i. If one object is the same color as another, the other is the

same color as the one.

Vo
LA

iii. If one object 1s the same color as a second and' a second is the
same color as a third, then the first s the same color as the

third. . -

o

Since "is the same .color as" is (i) reflexive, (ii) symmétrio, and
(i) trans1t1ve, it is an equiva]ence relation. Yet it certa1n1y is
differeht from "equals" since qu1te d1fferent ObJECtS can have the

same color.

DIRECTIONS: ' , "

~ 1. Below is a list.of relations. Indicate those that are equive-
lence relations. For those that are not, show which of the
properties (reflexive, symmet;ic, and transitive) they violate,

* s less than A

¢ is less than or equal to

e s airelative of

e is a blood relative of

* has the same prime factors as
e has the same weight as

e has the same teacher as

e has different size than

&

2. Below are several Papygrams. Indicate which represent equiva-
Tence relations, and indicate why the. one§ that are not equiva-

lence re]ations are not.

a)
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c) o
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. ) Descr1be, 1£ﬂ:::>\pwn words, how you ‘can tell by 1ook1ng at the
Papygram of a. relation whther the relatlon is: o

\

a) ref]ex1ve SR ' »
b) " symmetric - ‘ SRR o
c) tﬁanSit}ve ' ‘ - {

One can say of an equivalence relation that: it relates things
that are "the same 1n one respect (not necessarily in all re-.
spects). '

a) See 1f this description jibes with your results in (N).

. b) Give several instances where the word 'guivalence‘is u5ed in
"everyday language. See if these u5es jibe Qith the concept
of equivalence relation. '

Below are several sets 'of ordered pairs. Indicate those that
represent equivalence relations. for those that do not, tell
why not. '

Ca) {(1,1), (1,2), (2,1), (2,2), (2,3), (3,2), (1,3), (3,1),

(3.3)} I - \,79

b) {(1,1), (1,2), (2,1), (2,2), (3,3)}- '

c) {(1,1), (1,2), (2,3), (2,2), (3,1), (3.3)}

d) {(L.2), (2,1), (2,3), (3,2), (3,1), (1,3)} )
e) {(1.1). (2,2), (3.3)) L

LD, (1,2, @), 22), (), (3.2), (3.3))

Describe in your own_wOQSE;gpw you can tell, by looking at a set

of ordered pairs, whether the relation which they .represent is:
N A

a) reflexive
. - . \

b) symmetric

c) transitive

[




7. (Lonsider the relation "is the same ade'as":on the following set

of people.

Ly

p-d
(V=]
o

Name

Sally

" Joe -
Bi11
Tom

" Sarah

" Carol

" Connie
Marilyn

" Henrietta
Sandy

N oo ®® NN ® N

Anne
Randy " 10

The Papygram of this‘relafion looks 1like this:

fNotiéé that the people -are separated into groups so. that no ar-
* : rows go between separate groups. These separate groups are ’
- called equivalence classeés. ‘

81
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Draw a Papygram of the relation "has'the same pFime factors
as" on the numbers 6, 12, 7, 14, 28, 36, and circle the sepé
arate equivalence classes. o~

| Verbally describe the equivalence classes of the relation
_ "has the same color socks as” on the children in a cla%f“zﬁ?

room

c) How many members are there in each equivalénCe'class of the |

relation "equals"? sz;\;>‘ o . |
There is said to be a one-t ‘QDG—Gfoespondence between two sets

tched. For example,

there is a one-to-one correspondence between the two sets aboVe,
while there is not between the two sets below.

The relation defined between sets of objects by “there is_a one-

to-one correspondence between" is a very important one in early
number work in the primary school. S

a)* Determine fhaf this relation is an equivalence relation.
b) Describe the equivalence classes for thi§.relation.

c) Some have advocated giving whole number names Tike "four" to
the different equivalence classes of sets for the relation

" there fs a one-to-one correspondence between." Describe

how that might be done. Do you think that there is any

merit to doing t? .




10.

Attribute blocks have become fairly andard:equipment 1n”e1e-.

mentary classrooms

_a)

b)

Show that*the same set of attrib te ‘blocks can be separated '
into different equivalence classes by d1fferent equ1valence
relations.

A

Outline how you might introduce a child to equivalence rela-
tions using attribute blocks

Children: enjoy playing detective, and they ca;yg;z’fhe~1deavof
equivalence classes from the following Guess Relation detec-_

ti

ve game.

i) The teacher thinks bf‘an equivalence relation such as "has
the .same color hair as" and puts ovals on the board to
represent the equivalence classes.

if) Then the teacher puts some names of students in the approz '

1

a)

b)

priate ovals.

Q00)

i) Then the c]ass guesses where additional names belong,
with the teacher correcting the guesses. The first stu- -
-dent who guesses the relation is "1t" and gets to choose
the next relation (probably in cahoots with the teacher).

Play the Guess m_‘elation game with your classmates
i v

Could the game be played with a nonequivalence relation? = .-
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CACTIVITY 12
SEMINAR ON DIGRAPHS, PAPYGRAMS AND NETWORKS IN THE CLASSROOM

Digraphs, Papygramé, and networks are not part of the standard ele-

FOCUS:

mentary curriculum. Some'fee]lthey'should be; others fajl to see
that they have as high a priority as other content topics. In this
activity you will consider what role they might have in work with
children.. '

DISCUSSION:

The questions raised below c;ald be the basis of a class discussion,
3 small group assignment to be done during ciass@ or a homework as-
'signment. -It could also lead to a teaching assignment with children.

N -

DIRECTIONS :

1. a) Familial re]at1onsh1ps are often confusing to young chil-
dren. Digraphs (in particular, tree diagrams) can be used
to illustrate familial relationships. Make a digraph pic-
turing the relationship "is a parent of" for your mother,
father, aunts, unc]és, cousins, and youg grandparents.

How would }ou.worklout such an activity with primary chil-
dren? Outline the lesson. Magic markers on newsprint might
yield a pleasing pattern.

List some relations (other than "is a parent of") that might be
1nterest1ng and instructive to develop with children.

The Papys have made‘Papygrams an important feature of an entire
elementary curriculum.  Look in the following references to
- determine: '
* how they do it
e what the advantage$ are in doing it
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.Frédérique and Papy. Graphs and the Child. Montreal:"

A ]

2

what the disadvantages -are in doing it
how you feel about doing it

- * Algonquin Publishing, 1970. T

Frédériqie. "Mathematics and the Child 1. New York:

Co. of America, 1971.

o

L
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L | Section IV .
' PICTURING FUNCTIONS

L 4

'
~

The toncept of a- function s one of the most basic ones in all of
mathematics. Its usefulness in everyday 1ife is ev1denced by expres-
. sjons such as "gasoline mileage is a function of- Speed“ and "the

' " income tax you pay is a function of your income." In mathematics it
serves as an rganizer wh1ch provides a tonvenient framework .in
which to.view several mathemat1ca1 ‘ideas.. Both s will be illus-
trated in this section of the Graphs unit, and. t@e wi1l be occa-

‘ sfona] references to functions in other units of the Mathematics-

‘ Methods Program. .
"Activity 13 introduces functions as "input- -output"” systems and

connects functions with the relations discussed in Section 111. Sev-

eral examples of the occurrence of functions in everyday situations = '~

‘The ways in which functions can be represented are

are provided.
The aaiivity concludes with a consideration

described and compared.
of the distinction between functions and other relations.

The relationships that arise in many activities and experiments
can be discussed in terms of functions. Six examples that jllustrate
this are contained in Activity 14. Experiments are to be performed,
esulting data 1s to be viewed as defining a function. Rep-

~

and the r
resentation questions are considered.
The function concept as a ma themati

in Activity 15.

cal idea is developed further




Certain kinds of functions are suff‘icientl) important to merit

‘their own names. A few of these are introduced in Activity 16. 3 ‘

Also, the connection between functions and ratio/proporﬁon is ex- /
plored in this activity. o ‘
The last activity of the section is a seminar whose focus 1s on

the ways in which functions enter into the elementary -curriculum.

-

MAJOR QUESTIONS J

1. The notion of a function is frequently referred to as one of the
basic concepts of mathematics. Give three examples, other than
those disucssed in this section, of instances {n which mathemat-

\/_QQJ‘\/‘

o

ical topics can be presented using functions.,

2. One can teach specific facts or general. princip]es. Identify
two strengths )pd two sﬁortcomngs of teaching a few general A
ideas versus teaching many specific facts. Give examples in- . -
volving functions to illustrate your points..

3. List two advantages and two ’disadVantaggs of ’1nt'roduc-1ng func- .

tions notation and terminology 1n thaelementary schoo®.




- ifications as follows: '

3

ACTIVITY 13
FUNCTIONS AS DESCRIPTIONS OF INPUT OUTPUT SYSTEMS

FOCUS ' A

‘The concept of @ function will bg ‘developed as a means of descr1b1ng

s1tuat45ns in which an "input" yields a specific output." Several
methods of representing functions will be introduced. The activity

" has three parts:

part A--The Fugction Concept,

*Part B-—Representations of Functions,

Part C--Funct1ons as Special Kinds of Relat1ons ,
’/// Part A: The Function Concept Lo

. ' ’ . o .

© DISCUSSION: ' o T 4

It is‘coﬁhsn for certain types of athletic competition, e.g.!'swﬁm-
ming and track and field, to be organized so*that children compete -/
with others of approximately the same'age. One might- have age, class-

Age .Group

7-8 1. , ‘ o
. 9-10 1L , '

11-12 111
< 13-14 v

15-16 'y
over 16 . VI T

Using this table, we can assign each chn]d (or 1nput) xactlx one
group (or output) for competitive purposes Participants in a summer

" track program m1ght be divided up in this way.

For the purpose of generalizatdon it is helpful to view this
assignment as a correspondence which assigns a group to each child in

‘I"\\ji:> “ | j L 89 | 5;57
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a

w

N -

a set. (The.set might be a class or the participants in some athlet—

ic program. B

[

& !
. s . . a
@ . . - ' . v
. @ !
. , .

childﬁ group * .

A specific instancepmight.be represented as

whs
]

. . Set of Set of
) children _ groups
One way of viewing a function is as . '

a

a correspondence which assigns to each element of one set

a uniqye element of another set .,

5

Other ways of viewing functions will be developed as we proceed. . o

It is useful to compare this example of a function with an exam-
ple of a correspondence which is not a function To this end, sup- )
.pose there are four boys in a class who participate in athletics and &
who belong to teams as' shown below

' . Tim

- ‘

Steve '
%{ " Hank

Bill

flag football, basketball, baseball
flag footBaTT,~basketball ° //
basketball; baseball ' .
baseball

This corrdspondence of boys to the sports in which they part1c1pate

can be represented as




Flag Football

Basketball

Baseball

!

It is clear that the correspondgnce
\_' ~ Boy—Sport '

P
4.

does not define a function since to each input (boy) there does not
correspond a‘uniqUe output (sport). The uniqueness of assignments is
required for d correspondence to"be a-function. .
~.DIRECTIONS

]
Make a table showing the correspondence that assigns to, each
counting number between 2 and 12 its smallest factor different
from 1. Does this correspondence define a function? .

Make a table showing the correspondence that assigns to each

" counting number no larger than 10 a pair of whole numbers whose
sum is that number. Does this correspondence define a function?
(Does an 1nput always result 1n the_same output?) ket

which of the following correspondences are functions? Why or
why not? N .

.

a) The correspondence that assigns to each school day the num-
ber of students in attendance at a certain elementary
school ;

The correspondence that assigns to each student in a class
his/her age;
The,correspondence that assigns to each letter a sufficient

amount of postage;

The correspondence that assigns to each counting number one
of its factors;

39




. - 3 .
" e) The correspondence that assigns to each count1ng number 0 if

it is even and 1 if it is odd;

f) The correspondence that assigns to each_book on a shelf the
number of pages it contains,

9) The correspondence that assigns to each bo

favorite sport;

h) The correspondence that assigns to each pair of counting .
numbers their sum. . ’ . i :

L
. u !
«

Part B: Representatibns of Functions

DISCUSSION:
(O ~

There are many Ways to represent function or input- output relat1on-
ships; we identify five of them.

Mappjng diagram. Two examples of this are given in Part 4_above. .
Another example is the -association that assigns to a group of five
students their place in an alphabetical 1ist of their last names: .

-

. Sue Jones ‘_T )'1 ' ‘ -
: | Ann Nﬂ'liam}'\' v 2 .

Tim Drake

Jim Andrews’ v 4

‘ Steve Reynolds T/P‘ 5 .

Tables or Sets of Ordered Pairs. The association: that assigns to
each day of a specific week the number of traffic'accidents reported
to the police in a certain city. can easily be represented in a ta-
ble. ’

hl‘(}() | »92




Number of
Day Accidents

Monday 12
Tuesday 15
Wednesday 27
Thursday - 18
Friday 41
Saturday 53

Sunday .37

]

Another method of conveying the same information is through apset of
ordered pairs. In each ordered pair the first elément is thv.input
(day of "the week in this example) and the second element is the out-
put (number of reported accidents).

B H

{(M,12), (Tu,15), (¥,27), (Th,18), (F.41), (Sa,53), (Su,37)}

Graphs qnvCartes1ad'toordinaté Systems. The association that assigns
to;each date from Janua}y 1940 to December 1974 the .cost of mailing
a one-ounce first-class letter within the United States}}oﬂn be con-

L]

veniently represented as: a
£

' v

—
[&,]

it ol

—
o

wm

———

Y

L 1 L | 1 R
1940 1945 1950 1955 1960 1965 1970 1974

Date




- Function Méchines. The association that assigns to each pair‘of
counting numbers -their product can be pictured as: ‘ ‘
\ . \
. £ ‘

IN RULE ouT
7 227/
e & o]

Such representations are particularly tommon in elementary school

., textbooks, although they also appear elsewhere,
' ¢

Formulas. We can represent the association that assigns to eacb s
counting number its double by . ) .
Ne—=s2n, . .
and the association which assigns to each rectangle its area by ‘
", o . rectangle-——-;length X width,
DIRECTIONS : .

1. Which representation do you believe is especially appropriate
for each of the functions of exercise (3) of Part A? Show. the
representation. you haye"se1ected for four parts of (3).

2. Find examples of functions represented in each of these five
ways in magazines or newspapers less than a month old (one exam-
ple each). In each case explicitly identify the association
that {is represented.

3. Comment on the advantages and deficiencies of each representa- .
tion. A
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> Bart C:* Functions as Special Kinds of Relations
@, .
DISCUSSION :
A relation, like a function, can be represented in several ways., Ohe
representation is as a set of ordered pairs (see Activity 10). Re-
cgll that (a,b) means that "a is related to b." If we adopt the
terminology of inputs and outputs, we might interpret this as meaning

"that fnput a results in output b. If a relatfon is such that to

each first element (or input) there corresponds exactly one second .
element (or output), then the relation is a function.

The relation {(A.3), (B,2), (C.6), (D,6)} 1s a function, while
the re]ation'{(A.3)..(&.2). (c,2), (C,6)} is not a function. The ‘
latter is not a function since both (C,2) and (C,6) belgng to the re-
latfon. That is, C is a first element to which there corresponds

.more than one second element. The same test serves to determine

whether a relation is a function when the representation of the rela-
tion is other than as a set of ordered pairs, For example, a rela-
tion is defined by each of Figures T and II below. _ “
Ao [_2_ Adl B .,'2 .
v e.n><f:3 aﬂ%na -
a C.-';:T;' T c"‘————b—-‘sn

D o . .

I ) Il

Relation I is a function while rg]ation II 1s not. Relation I can
also be represented as

a




where ‘the arrows originate with inputs and terminate on outputs..
Similarly Relation II can be represented as

/-
Using this arrow representation, one can distinguish a function from
a relation 'that is not a function by checking whether there is any

input at which two or more arrows originate. Jf there is such an
input, then the relation is not a function. ‘

DIRECTIONS:

1. Determifé which of the relations defined below are functions.
. .a) The relation is defined on the set of counting numbers and
"a is-related to b" means that b is twice a.

b) The relation is defined on the set of counting aumbers and
+ Ma is related to. " means that a and b have a common factor.

c) "a is related to bl means that date b is the birthday of
student a from your class,

. 4.

d) Ma is related to " means that student b in Your class has
his/her birthday on date a.

2. A teacher refers.to a function. as a "re]iab]e re]ation L £
this a reasonable term? In what sense?

1

S g
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ACTIVITY 14
[DENTIFICATION OF FUNCTIONS THAT ARISE IN EXPERIMENTS -

FOCUS:

Many activities, especially experiments and games, which are a stan-
dard part of the elementary curriculum, may be conveniently discussed
in terms of functions. The relevant functions may not be at all ob-
vious, and there may be several that ipclude information about dif-

ferent aspects of the activitys :

MATERIALS :

_Balance beam, Cuisenaire rods, hinped mirror ,~graph paper, paper
towels, metric ruler, Jar, food coltoring (optional), paper clip,

scotch tape, guitar, protractor. ) o

DIRECTIONS: . .

Six experimenﬂs are described below, and you will be asked to do a
number of them. Before doing an experiment, read the questions that
follow it. Thep answer the questions %s you proceed, or after you
complete the experiment. It js important for you to keep the focus
of the activity--the function concept--in mind. The experiments are
jngerést1ng and it is easy to "miss the forest for the trees." Since
not every student wild have an opportunity to complete every experi-
ment, there will be a wrap-up discussion and you should be prepared

¢

to summarize your results.

Expériment 1: Balance Beam

‘Place two weights on the "6" peg on the lefthand side of the balance
beam. The experiment consists of finding out how many weights you
need to place on the various pegs on the righthand side to make the
beam balance. Of course you can easily guess that you can make fze
beam balance by placing two weights on the righthand "6" peg. But
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how mahy weights would you need to put on, ééy. the "1" peg to make

Ehe beam balance? Complete the table below and graph your data as

you go along.

vPeg
- Number

3
k)

[ ] ® 9

I 25 ¢ 8 6 7 8 9 » .

-Qle
Ofe

* 8 7 ]
=Iio =

[e}

)

[¢] .0 w0 g o v

Number of Weights
Needed for Balancing

—

2
3
4
5
6
7
8
9

" 10

If you had a peg located 15

3

Number of Weights

14—‘

—
N

1

—;
o

|

[e<]

E_ T )
I

1

~N

0

units to the right of the center

>

1 | 1

LI

|

[

L

e

R}

T T
02 4 6

. 8 10 12 14
Peg Number '

of the balance, can you estimate [perhaps with the help of

your graph) how many weights you would need to attach to
that peg in order to balance the two weights hooked on the

left "6" peg?

s 98
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>
b) -If your balanc
center, how man

had 2 peg located 12 units to the right of
ould you need to put on that peg
to make the beam-balance? i

c) Your present graph consists of isolated points. In what way
would it make sense (i.e., be meaningful) to connect the
dots of the graph with a smooth curve? Discuss whether the/ )
graph between two data points might really look 1ike this:

b . L]

rather than being a smooth curve like this: .
. ‘ . OD ﬂ

d) Your graph‘shoWs_a“deffnite pattern. Have you been able tB
"Metect the numerical relationshtp that is behind the pat-

tern? To balance the two weights that are located six units

to the 1e}t of the center of thg balance, how does the’ '

\

weight needed for balancing depend on the distance you are
to the right of center? If W stands for the number of
weights needed and D stands for the distance to’ the right
of center, write an equation which expresses.the relation-
ship between W and D.

e) Finally double chegk your equation and its graph by making
some gross comparisons. If D becomes very 1arge what
does yobr equation imply must happen to W?. Does your graph
show this? If D Zcomes very close to zero, what does your
equation imply must happen to W? Does your graph show
this? Discuss whethers your graph should evantually cross
the vertical axis. What would crossing the vertical axis
mean in terms of your experiment?

B U1




Experiment 2: Surface Area

Take one Cuisenaire rod of each of the fo’lloMng,s‘iX_cd]org: plain, ‘
red, 1ight green, purple, yellow, and dark’green; '

Using the area of one face of the plain-colored cube as a unit,
measure the surface area of each rod. For example, the cube itself
has a surface area of 6 uans,AWh1le,the red rod has a surface area
of 10.units. (If you wish, you can think of using the cube as a

sort of ink stamp--in which case exactly 10 ink blots, would cover the
. {

red rod.)

a) Complete the table andpgraph below.

Length of Surface Area .E% 30 :
Rod of Rod
> o
Plain 1 E 20
Red 2 < .
N aJ (]
'Lt,,p Green 3 E 10 ‘ v
Purple 4 L , o . .
Yellow 5 i’ ST -
Dk. &reen 6 © Length of Rod ‘

b) Discuss whether you see a pattern in your graph and w er
you can obtain a precise equation relating the surfgg:ezz;;\\>
of a rod to fts length. ' i
c) If jﬁu had a rod thay was ll-units long (that 1s, halfway
between the plain rod-and the red rod), what would fits sur-
face area be? Does this fo1fow the patéern observed in (b)
o above?

d) Would it make sense to draw a graph 1ike the one above but
‘with all the points connected by a smooth curve? Can you be
sure that the curve between two data qoints could not be:
Something Tike the following? . /




. " Would it be reasonable to include the point (0,2) on your
,vgraph7 “What would be the phys1ca1 mean1ng of the point?-..
e. Notice that. the hor1zonta1 and vert1ca1 scafes on the grgph

are d1fferent. How does the graph change as you vary the
vert1ca1 scale wh11e keep1ng the\hgr1zonta1 sca]e f1xed7

tabular values. ¢ . I
C ' Number of v ) .
Angle || Dots 0204 ‘
o T . - S
. e . 1000 ~ ’ "‘615 —
75° . ot N ‘gv_,lo | . ¢ e
50° ‘ 2 R
RN 2 5 —
T T T

Experiment 3: H1ng;d M1rrors o o .

a) Fﬂace your-h1nged mirrors on edge on the 100° angle shown on
page 102, "Look -directly" into the mirrors and count the num-
ber: of black dots. ‘you see%(including the or1g1na1 one). o
‘Record this number. in the table below and plot the corre- -
: sponding o#dered,pair. Now complete the table and plot the

30 60 90 120 150

c - Angle in Degrees
S ‘ ? ) B B
" b) .Would it be reasonable td connect the data points with a -~
smooth curve? What would the curve mean in terms of the ex-

.periment?. R
c) Comp]ete the graph as best you can by us1ng est1mates of .
ang]es or by using a protractor

d) Can you find a formula to describe the re]at1on between the
s number of dots and the angle s1ze2 K
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Experiment 4: Thé Function Machine

’ One way of‘présent%ng and representing a function that is particular-
) 1y appropriate for elementary school student$ %E by means of a func-
tion machine. Using such activities as a "Guess My Rule" -game, the

) funct1on machine can be fun and effective with ch11dren

I
-

what's My Rule

< output 1——>

/!

=2

5o ' P s
a) Each player in your groupwthInks up a rule for the others to
guess. In turn the rule-maker (mach1ne) supplies outputs
for inputs which are supﬁlied by the guessers until they
~have guessed the rule. As the guessers are guessing, they
_should record inputs and outputs by means of either a table

or a mapping diagram. For éxample,

103, -




E

,'L ' x 4' ‘;i +1 x-;-——>2x +1

7

Once the ru]e has been guessed, plot the 1nputs versus the

\ ,outputs on a Cartesian coordinate graph like the following: :
.w‘;:«ééd r,." ) : b . ".‘ !
\1"ol
o s 84 . ‘
C-— |
26/
; 3 .
=R iy :
7 L 2 1 R . .
A ——— = .
o . ¢ o ¢l 2 34 5 6 8 v
! Input '

P

If you decide to keep score 1n some way, you might give
points for being able to guess what a specific output will
" be even if you can't quess the exact ru]e Also, it m1ght
be appropriate to take off points for incorrect guesses

o
.

b) Function machmes do appear in many curient e]ementavy math‘
ematics texts.. List severa] skills ‘that could be deve]oped
using functipn bachines \ '

t

» ‘ ) ! .

104

w211 <

' A . ”




)

, <

Experiment 5: The Wick Experiment*

q

From a paper towel ‘cut out a strip one inch wide by about eight to

ten inches 1on§. Draw a pencil line,across the strip two or three
centimeters from one end. Draw pencil lines one centimeter apart
starting from,this line. About ten lines will be sufficient. These
Tines should be numbe}ed (also in pencil) with the first line start-
ing at zero. Some care is needed in drawing and wr%ting on. the paper
towel since it will’ tear quite easily. .

Put some water in. a jar. The exper1ment is easier if the water
is’ colored with food coloring or a similar dye. Fasten a paper clip
to the lower end of the paper strip in the jar so that the "zero"
line is exactly even with the surface of the water. Fasten it at
this height with scotch tape. On the record sheet, note the time
th1s is done oppos1te the number zero. It is most convenient to do
this exactly at”an even minute to simplify later computations.

Record the time at which the water rises to each line. The,
water level is seen most easily if the jar is placed against a dark
background with the light coming from behind the viewer. The time
should be recorded to the nearest quarter of a minute. The water
usually does not rise exactly evenly‘and there is often some uncer-
taiﬁty about the exact time when the water reaches a given line. One
way of judging this is to record the time of the '
quarter-m1nute 1mmed1ately before the first de-,
tectable water appears about the 11ne (for this
reason, it would be best to place the numbers
below the lines). .

~ After all the data has been recorded, another
column should be complited, showing the time from
the start of the experiment required for the water
to rise to the given level. A graph should then be
prepared from this data.

’
—_——

*Taken from S.M.S:G. Mathematits Through Science, Part I: Measure-
ment and Graphing, Teacher's Commentary (Pasadena, California: A."C.
Vroman, Inc., 1963 and 1964), pp. 65-66. , .

i
|
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Experiment 6: Guitars and Graphing

Take a guitar-and record data relating the length of the vibrating ‘ ‘
portion of‘é string to the'fref you are using. More spécifically,
number the frets from the bridge end of the guitar to the tuning end;
you can start your numbering with either 0 or 1. Then choose a
string and measure the length of that string from the bridge to each
of the numbered frets. -Thus, your graph will be on a grid like the

-

following: »
2
(=]
£&.251 '
| o a .
58 07T, “ .
W g ’ . N
% o 157 . |
é;ﬂb 10 1
\ 5 E 5 -+
- I 4 4 Iy i
[rete T T T 1 L]
-~ 0 1 2 3 4

Fret Number:

o+
-}

Try to decide what equation corresponds to the graph you have
plotted. If you are musically incljned, try to determine why you ob-
tain t%e graph and equation that you do. " If ydu are Techanically in- 4
clined, you might try making your” own sEringed instrument by using
the data you have obtained. A




ACTIXITY 15
“‘ A CLOSER LOOK AT FUNCTIONS .

FOCUS:
The development of the function concept is continued with the intro-
duction of terminology and notation that will aid in describing func-

tions.

DISCUSSION: >~

-

fn the preceding activities of th1s,zect1on we have used the termi-
nology of inputs and out- . ,

. puts. These words are es- ' ,
FUNCTION MACHINE

pec1a11y'appropr1ate when B ,
INPUT ~ QUTPUT

one visualizes a function
l ~as a machine, a common rep- & L

resentation in elementary : - '

‘ school textbooks. You ‘ )

should also be familiar with somé other terms that are w1de1y used in

connection with functions. .
The domain of definition of a funct1on 1s the set of all possi-

] ble inputs. If we view the function as a set of ordered pairs, then
it is the set of all poss1b1e first elements in the ordered pairs.

The range of a function 1s the set of all possiblejoutputs or, ;-

when the function is viewed as ‘a set of ordered pairs, the set of all

possible second elements.

JEXAMPLES s

e The function that associates with each student 1n a class his/
her .birthday, has as domain the set of students in the class and
as range the set of dates that are b1rthdays for at leas{ one
student in the class. In the remainder of this unit we Wi\l use

the letter _B_ to denote this birthday function.




L4
-

» 2y

e The function that associates with each countiné nﬁmber its dou-
ble has domatn {1, 2, 3, ...} and range {2, 4,6, ...}. In the
futire wg\wi]]'refer to this function by D (for doubler).

e The fufction that associates with each counting pumber the set
of its distinct prime factors has domain {1, 2, 3, ...}, and its
range is the set of all sets of distinct primes, jncluding the
empty set, i.e., the set of elements of the form @, {2}, {2, 3},

{2, 3, 5}, {5}, {5, 7}, ... We will refer to this function as B.

By definition, a function associa%es exactly one output with
-each input. If, in addition, each output is associated with éxactly
one input, then the function is said to be one-to-one. The doubling
function D 1sxa oné-to-one/fﬂhction. The function P s not one-
. to-one. For exampi&, 6 and 12 have the same output, {29 3}. The
function B may or may not be one-to-one depending on the class. It
will be one-to-one 1f no two students have the same birthday; other-

wise it is not one-to-one. f
‘When actual machines are used Jin the maanaéture of a.groduct,

it is frequently the case that there are selera)l machines ‘that pro-

cess the product sequentially. That is, the output of one machine
becomes the input for another. If we continue the analogy between
functions and machines, then 1t is*natural tp consider those sjtua-
tions 1n which the output of one function providés the input for an+
other. Of course, this is a restriction on the functions and it is
not true, in general, that the output of one: function is suitable, as
input for another.
puts of the firs
inputs of the
~The functi
“its sets of outputs (or range)-~the set of even’ numbers--is contained

be contained in the set of possible
D 1s deffned on the set of gounttng numbers and

in the domain of the function P. Therefore we can imagine a new
function (or machine) consisting of D followed by P.

B
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 This notation is widely employed and provides a convenient shorthand

IN ' IN‘ ouT N OUT .v OUTPIJT

(o] oo 0 (SET OF DISTINCT
(C,S{,‘{x{;“&‘,’ 06006 .0®6 PRIMES)

. P V~‘.

»

1_5c4_>;;“023’ t ) ’—» @35

©0e

- -
D ! ‘ i
. - o
- . . ~ 0 .
A

This new function will‘be.deﬁqted by P e D (read P composed with
D). Notice th order; 1t.1sﬁ1mportant that the func}ion-that oper-
‘ates first be wr{tten.on 'efljghtf. ) o ]

Notice that \the coﬁgi:atTBR of the functions P and’ D, with
the output of - P considered as potential input for D, 'ﬁakés no
sense. There are outputs of P --e.g., output {2, 3}, which re-
sults. from input 12-4that are not suftable as inputs for D.

INPUT ;
(COUNTING
NUMBER)

F1na11y, we {ntroduce the customary notation for functions.

for expressing functional relatjonships. For example, if D ¥s the
doubling function 1ntroduced above, then the output that resu]ts ‘from
fnput 3 s denoted b read "D of 3. " Thus D(3) . Pursu-

ing the example of t funct1on D a bit further, the output result-

109




ing from fhe input, of a c0uht1ng number ﬂ is written as D(n). ‘
Thus D(n) = 2n. We often speak of applying the function D to the .
input n. ’ ’

Q

-

EXAMPLES
D(12}) = 24 .
P(3)-= {3}," P(18) = {2, 3}
(P+D)(9) = {2, 3}

DIRECTIONS: ; -

1. If we view a\function as a set of ordered pairs,” some of the )
following sets define functions. and some do not. Identify those
that do. and ,specify the domain and range in each of 'these
cases. L a .

a) (3.6), (4,67, (5.6), (6,6), (7.10), (8,11)

b) (3,-1), (4, 2)4(553).(6u4)

C? (3'0)).}(4)3)' (5'6?' (,3'3)' (2'-3); (l'-s)

d) (a,e), (b,c), (e.c), (c;a) .

For which fdnctioné f-.of e'xercisél is f‘ e f 'defined? In each
case in which f « f is defined write out the set of ordered
pairs corresponding to the function f..» f, oo

Give an -example of two functions, f and g, for which f » g
and g « f both make: sensg but are not the same funcﬁ}\ .That
is, either the domains of definition are different, or there is
ah input that is assigned diff‘erent outputs by f « g an e f.

Exercises 4 through 7 use the functions A. S, M deﬁned below.

o Alis the function thai associates W1 th%ch couniing number the
sum of ‘that number and 5. '
* 5 is the function that assocjates wi\ﬁn each 1nteger the 1nteger

that is 3 less. . o ;—;&‘—f |
o M 1s the function that associates with each posf¥ive ratignal

number g (p and q-counting numbers) the rational number %
e ' q
1100 . . '
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Wwhat {s the range of the function A? of the function S?

a) Does the composition A = A make sense?m v

b) If so, what is the régge_of A . A? ~

c) What is A « (A * A)(3)?

Does the compos1t1on A * S make sense? What about the composi-

tion S * A?

Determine which of the following values are defined. If a pro-
posed expression makes no sense, explain why not.

a) S(-f) b) M(2)
c) A(-6) . d) (M« A)3)
e) S+ 5(17) ) memd

Is it possible for A « M(r) to maké?;ense for a specific ration-
al nunber re even though A * M cannot be defined?

A businessman has a supply of 5¢ and 83 stamps What values of
postage less than $1.00 can he make with these stamps? Relate
this question to the problem of finding the range of a certain
fUpction. (Hint: If he uses as p and_q, the numbers of 5¢
and 8¢ stampg, respectively, how much postage ddgszhe use? View: -

the ordered pair (p,q) as an input.) - £oa i

In terms of the domains and ranges of f and g, describe the
condition that must be satisfied in order that f « g be defined.
This condition is discussed in terms of inputs and outputs on -
pages 108 and 109.

"y
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ACTIVITY 16 o , .

SOME SPECIAL ,FUNCTIONS AND THEIR GRAPHS ' : I
R ({. . - -.é. ‘.

FOCUS : . o 5

There are a few classes of functions that arise frequently "in the ap-
pl%cations of mathematics. Three of these, linear, quadratic, and
reciprocal functions, are discussed and graphed in this activity. In
addition, the notions of ratio-proportion are connected with;the con-
cept of a linear functjon, The.attivity,hQS'fjve parts:

Part A: Graphs of Functions, ‘
Part B;"Linear Functions and Linear Processes, 7 - .
Part C: Quadratic Functfons, ' .
Part D: Reciprocal Functions,

Part E: Linear Functions and Proportional Changes. .

Part A: Grapps of Functions.

DISCUSSION: - - '

Since a function can be viewed as a set of orderédhpairs, 1f both: the
domain and range are subsets of the real numbers, then, as we have
seen earlier 1in this seétion, the function can be graﬁhed on a Carte-
sian coordinate system. v

EXAMPLES
‘ 2 4 ®
The graph of the f?nc§1on de- T A s3] . .
, a1+ ]
(é‘) ;23"')' (3:1)) ('g‘) %‘)} is shown .L_‘ . ;
at the right (Figure 1). 2

Input

Figure 1




The graph of the function that as--
sociates with each real number be-
tween 1 and 2 (1nc1usive) the. sum

of 1 plus the square of that number
is shown at the right (Figure 2).

If we denote that function by f

and write this in the usual notation,
‘we write f(x) = 1+ x5, 1 < x < 2.

~

Input
Figure 2

The fact that each 1nput can be associated with exactly one out-

put can be interpreted graph1ca11y as follows: If one constructs a
vertical line through an input number, then it intersects the graph
of the function exactly once. This remark provides an easy test to
determine whether a graph is in fact the graph of a function. The

graph in Figure 3 s not the graph of a function since, for example,

Al

fnput p does not correspond to a unique output.

L P

Figure 3

L

¢ DIRECTIONS: .
1.' Graph the "postage function," i.e., the function that assigns to
a real number x the cost of mailing a first-class letter
weighing x ounces. Restrict X to be less than or equal to 8.

- 113 .
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Graph the'"income tax fuhction." i.e., the fupction that assigns
to a taxable fncome x (measured-in dol]ars)zthe federal income
tax due on that {ncome. Use the information contained ,in ,&pe ‘
table below. " ‘

Individual Income Tax Table

( ) ‘ Amount of Taxable
~Regular Income in Excess of
: Tax on (A) but not in Excess
Taxable Amount of (C) is taxed at rate
Income in (A) shown in (D)
A

a (e (€)

$ 0 $° 0 - $ 500
500 70 1,000
1,000 145 1,500
1,500 225 2,000
2,000 310 4,000
4,000 . 690 6,000
6,000 1,110 8,000 - 24
8,000 - ."1,590 10,000 ' 25%
10,000 2,090 12,000
12,0000 © 2,630 14,000 29%
14,000 3,210 16,000 31%
16,0000 . 3,830 18,000 34%
18,000 4,510 20,000 36%
20,000 5,230 - 22,000 38%
22,000 5,990 26,000 40%

- 3. A table giving data‘oh baso]inqvmfleagewas a function of $peed
1s given below. Construct a .graph of this '"gasoline mileage

function . .
Car Speedj;iph) | 40 | s0 ]' 60 | 70 | 80 | 90 \fy

_—

Gasoline Mileage (mpg) | 20.4 | 19.1 | 17.7 | 16.1 | 14.0 | 12.0
' . 2

Part B:- Linear Functions and Linear Processes
DISCUSSION:

An airplane cruising at a steady 600 miles per hour will travel 300
‘mites in -h00r, 60 miles 1in -5-hour etc. If we take the number of




) - . - -

o " hours traveled as 1nput and\the d1stance traveled at output then we
‘ can define a funct1on ' -

D1stance traveled 600 x number of hours.'

_The graph of this function is easy to construct. . Let us take 1nputs
(number of hours traveled) to be i, % 2, 1, 2,5 The outputs (dis=
tances) corresponding to these 1nputs are graphed in F1gure 4#' If
you lay a.ruler (or oth@r sgf&wghtedge) along these points, you will

find that they all lie on a stra1ght Jine. AsTa result \we say that
at constant speed the distance traveled is a l1near function of t1me.
1f we had plotted the: po1nts correspond1ng to all’ 1nputs less
’ th%n or equal to 3, our graph-would have appeared as. in F1gure 5.
1800-4 L . 1800
e | SRSy
gdg1004 e ‘38120 -
-5 0 =.£ ~
s : °z
600 . 600
) .
®
. e v . .
. TT T T : L T
1 2 . 3 ) 1 2 3
- . Input  * .- Y ///_ “ Input
' (number of”hours) Ty (number of hodrs)

Figure-4 E *L\'L Figure 5

a
o a

An important character1st1c of many real-world situations is
_1llq;trated by this example. Observe that if the a1rplane makes. a
trip of t hours followed by a trip of T hours, ‘then the d1stance
traveled is the same as would have been traveled in a s1ngle tr1p of
(t + T) hours. Also, if it made a tr1p of cT hours, where c 1is a
positive real number (e.g., gT hdur¢ or 7T hours) then it travels c
times the d1stance it would have traveled in T hours. A process

~ that has these properties, such as travel at constant speed éis:

called a linear process.




the input (x + y) is the sum of the outputs of”
input x and ipput y and, for any real num-
ber r, the output for the input rx is r

b
times the output of ?ﬁput X.

The 1dea of a change in 1nput ‘resulting ina proport1ona1 change in
output is pursued further in Part E. :
Usually the term "linear function" is used to describe a func-
tion whose graph on a st ndard coordinate system 1s a stra1 t Tine
"or a subset of a stra1ght line. This 1nc1udes, in addition to the
functions associated with linear processes,,funct1ons such as the one
of the next example.

N , ~ EXAMPLE
Suppose an amusgment patk’has an admission charge of‘$1 and a charge

of $.50 for each ride The cost assoc1ated with O to 5 rides is
shown 1n the table and graph below. S

Number -
of rides ] Cost - — 5 -
» . o
0 $1.00 c 4 .
1 1.50 = 3- e
. " ) -
2 2.00 - I
3 250 . <1 | |
4 3.00 ' I N B
5 3.50 1 234 5
, .J *  Number of Rides

-There is a formula that expresses the cost of a visit to the amuse-

- * ment park (in dollars) in terms of the number of rides. It is:

Cost = 1 + (2-x number of" rides).

. ‘ : 116 | ’
o | 124 ‘
‘ ‘ " ' »’a

A Tinear process is one in which the output of o v




DIRECTIONS:

‘ 1. It takes 2 ounces of 1nstant beverage .powder and 1 ga'l'lon of
" water to make 1 batch of flavored drink. If m1x1ng flavored
drink is a linear process, use a graph to determine the amount .
of powder needed to m1x 3 batches of dr1nk, % batch, m batches.

2. Graph the cost of a visit to the amusement park if the adm1ss10n
is $2 and rides are $.25 each., Are these prices better than
those of thé etample’ Does the'answer to the question depend
on how many rides are taken? B '

b : 3. Any temperature can be measured ther. in centigrade degrees
(C°) or Fahrenheit degrees (F°). There is a linear function re-
lating the temperature measured in centigrade degrees to the

" temperature measured in Fahrenheit‘degrees It has been agreed
that water freezes at 0°C and 32°F and that water boils at 100°C
and 212° Ec s

) Graph the 11near function that ass1gns to each temperature
.I ' measured in centigrade degrees ‘the associated temperature -
measured in- Fahrenhe1t degrees. Restrict attention to
centigrade temperatures between 0 and 100°C. .

200

150 1

100 -

Fahrenheit

) 50 —

T
100

Centigrade' ’

b) Use your graph to determine what Fahrenheit “temperature cor-
responds to 40°C. ‘

c) As (b), for 20°C.

125‘%
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. d) The temperatureg in Cénand F° are related by the formula
'Temperaturé in F° s:p + B x Temperature in C°,

Find ‘A and B by substiéyting the temperature of the
boiling and freezing points of water... °

Part C: Quadratic Furictions
DESCUSSION: T

o

If a ball is dropped from rest, then the distance d (measured in
feet) it falls in time ¢t (measured -in seconds) is given by:
. ,. :

'

o d=et |
" This function is graphed f6r t bétween 0 and 2 in Figure 6.
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1 i . .g't 1 _t

* Input Input
(time in seconds)™ (time in seconds)

Figuré.6" . - . Figure 7
In this example, suppose that the ball is released at a height of 10
feet above the fl'oor and its.height above the floor is computed for
each time t (= number of seconds after release) until it hits the
floor.  The graph of the function that aséigns tg each time t an
output equal to the height of the ball above the floor, is given in
Figure 7. The ball hits the floor approximately .79 seconds after it
s released. ,

12 .,
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The functions that are graphed in Figures 6 and‘7 are ‘quadratic
functions. The trajectory of a drop of water, emitted-by a garden
‘ hose is ‘another example of the graph of a quadratic function. So is
the cross section of the reflection in an "automobile headlight
These varied qgamples give you an indication of the widespread oc-
. currence of quadratic functions :in the world around us.

DIRECTIONS: ‘ - ;

1. Graph the function that assigns to eadh ‘positive real number x
the area of a rectangle whose sides are x and 3x. Consider
only values of x -between ; and 3 (inclus1ve)

2. The area of.a circular disk of radius r is nrz. Graph the
function that assigns to each real number r between 0 and 2
the area d, of a circular disk of radius r. K

*3. Graph the functions f, g, and h on the same coordinate system:

e f assigns to each x the sum of 1 and X2, o
. g assigns to each. x the sum of- 2 and xz.
‘ e h assigns to each  x the sum of -1 and X2,

" Consider only values of x between -1 and +1 (inclusive). De- .
scribe the pattern displayed by these three graphs.

Part D: Reciprocal Functions

.

 DISCUSSION: o

What is the width of a rectangle whose length is 6 and whose area is
12? What if the length is 4 and the area is 127 What if the length
is x and the area is 12? ‘It is helpful to construct a table for

thislinforhation:




Dinensions of a rectangle whose area is 12

Length | «wWidth .
6 | 2=1% |
e a5
12
X X

We ‘'say that the width is 12 times the reéiproca] of the length #
or, éLternatively,_that.in rectangles of the same area the width is
--+" inversely proportional to the length.
. o : W
DIRECTIONS:,. = ' , N
1. A scﬁoolahgs*aineed for 1200 pencils. The pencils can be pur-
chased in packages of 12, 24, 48, 100 and 200 pencils. Define
‘ . a.function by assigning to each possible package size the num- ‘ '
ber of packages the school would have to.buy. Make a table sum-
‘marizing the information contained in the function, and grgph
the function. = ' ) -

-

2. Graph.the functions f, g,and h on the same coordinate system.

e f assigns to each x # 0'the result of.dividiné 2 by «x.
e g assigns to each x # 0 the result of dividing 5 by x.

e h assigns to each x # 0 the result of'dividing<%-by X.

Consider only values of x between 0 and 5 inclusive. Describe
the pattern displayed by these graphs.

Part E: Linear Functions and Proportionél Changes
DISCUSSION:

A recipe,}or a fruitcake might call for 2 cups of fruit and %-cups 6f
nuts. A cook who wants to double the recipe would use 4 cups of ~

R .
“
. .

" 120 ,

128
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fruit and 1§-cups of nuts; one who wanted’ to triple the recipe would

. use 6 cups of fruit and 2 cups of puts. In general, the amaynt of
- fruit will be in a»2 g-ratio to the amount of nuts, independent of
“,\\the total amount of fruit and nuts used. To express this fact, we

might write - . :

R jA amount of fruit
amoypt of nuts

= £ (=3)
-3- .

b . L

or amount of fruit =3 x amount. of nuts,

and we might say that the amount of fruit is proportional to the
amount of nuts and the constant of proportionalityﬁis 3.

'

EXAMPLE

Suppose that one Hong Kong dollar (1 $ HK) is worth twenty oentslin
United States money (.20 $ US). The cost of an item can be measured
either in § HK or § US. $ince it takes 5 $ HK to have a“value equal

_ to 1 $ US, we have the following . .
‘ _ cost in $ HK = 5 x cost in $ US
. o or cost in $US = E x cost ®n $ HK. .

. o

“In mathematical terms, proportional changes are described by 1inear
functions in which input O yields output O--provided that 0 is a '

: legitimate input. Such functions are often expressed by the equation
f(x) = kx where k is the constant of proportionality

DIRECTIONS:

1. If the pound, £ (monetary unit in great Britain) is worth
¢2.25 $ US, find the constants of proportionality A and B 1in

v

. " "the formulas

cost of };gm in £ =a ;‘(cost of item in § US).
and cost of 4tem in $ US = B x (cost of dtem in £ ).

~




2. For a specific automobile,.the cost of filling an empty gasoline
tank is proportional to the price of gasoline. - For a fixed ‘
price of gasoline, the cost of filling an empty gasoline tank is
proportional to the size of the tank. Write these statements in
- mathematical form,e.and find constants of proportionality 1n each’
case. (Note that, in the former, " the constant depends on the -
automobile.) ' :

3. In a grocery store, find a commodity that comes in at least
three sizes. (Laundry detergent and peanut butter frequently
do.) Is the cost proportional to the sizewt’ Graph your data and

comment on it from a consumer's point of view.
L4

»




ACTIVITY 17
SEMINAR

"FOCUS:

Functions are studied explicitly, in the upper levels of most elemen-
tary mathematics curricula, and they occur implicitly in the lower '
levels and in the dischssiong of other mathematical:topics at the
upper levels. Although the&e are pedagogical reasons for exercising
. selectivity in presenting tﬁb function concept as a mathematical
idea, it may be the case that it can serve-as a useful*organizer for
_ the teacher.‘ This actfvity is concerned with identifying the occur-
rence of the function concept in elementary school mathematics cur-

ricula.

DIRECTIONS:

Each of the parf1af textbook "pages reproduced below contains an ac-
tivity or describes a situation that can be viewed as an example of
function. In each case

a) ldentify the function.

b) Note its domain and range,(and whether it is one-to-one.

.

| c) Discuss hbw a teacher's awareness of the function concept
might influence his/her presentation of the material.




. Give the total distance for each trip. )
{a] Lake Toln to Hillview o Denton,
{®] Lake Town to Centra|/City to Denton,
ille to Denton,

. [A) Which trip in exeglise 1 is longest?
[®] Which is shortest?
[c] What is the dmerence between these distances?

. How long is a trip that is 4 lumes as far as from
Hillview to Denton?

1971, Ad&1son-Wesley Publishing Company, Menlo Park, California.
Elementary School Mathematics, Grade 3, p. 240. Reproduced with
permission.

Reading a chart ,

The numbers given in the chart
are the children’s scores for
each game. For example, Dan
scored 47 points in game 3,

28| 27/| 62

$ & c? <f <&

l [a} What did Bill score in game 5? (£) What did Ann score in game 27
(#) What did Fay score in game 5? (] What did Ed score in game 47
{c] What did Dan score in game 6? (@) What did Ed score in game 37

(o] What did Carol score in game 17~ [w] What did Carp| score in mw} 3?

1971, Addison-Wesley Publishing Company, Menlo Park, [California.
Elementary School Mathematics, Grade 3, p. 74. Reproduced with
permission.

ERI
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' Factors and products‘

Joan gave Sara these
problems to solve.
Sara solved problems A
and B easily, When
sKe tried problem C,
she stopped and jooked
very puzzled, Can
you explain why?

A

© e factors o given. .

Find the product of
- the fac‘ron'

41'3-‘

@ 1he productiand a
gcfor are given. Find
| ]

X

@

$ product is qiven.
find the !
ot the proguc A R
: 3 -4

7

T\

EXERCISES

i

1. Give as many ditferent Paln of numbers as you can
that could serve as factors of 24,

2. List the equetions that have no whole-number solution,
Then find the missing fectors in the other squations,

(] X 1 =12
) mx2=12
(c] MX3=12
(0] WX 4=12
(1) MX5=12
(r) MX6=12

°

1971, Kddison-Wesley Publishing Company, Mefﬂo Park, California.
ETementary School Mathematics, Grade 4, p. 234.

permission.

(0) MX7 = 12
(v mXx8=12
(1] WX9=12

.pImx1o=12

[x) MX11=12
(L] MX12=12

(W) WX 1=32
(™) WX 2e232
(o] MX3=32
[P MX4=32
(o) MX5=32
[n] WX 6=32

Reproduced with
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. -
Performance Oi:lecﬂve: To use formulas to.find perimeter ¢ ‘
. ‘F{mnm perimeter, s means side. Ifnnm length. w means wldtﬂ
i
Perimoter of e squere : :K
P.8+8B+8+8 P
N i g o
: + 8 4 o 5
f" -4 +8 » sé
P = 32, Perimeter is 32 in, 1 - b - -& .
} o s g ¢
| ) Formule: P = 4 X s :
| ]
‘Use the formuia to find each perimeter. : ’ ¢ .
1. 2. 3.
] .
o] A
5]
271 e
- By
T, T. L I L 4
"?L‘c?«lu‘ 3 2] 2070 Tl 78] .
g INEHES i
e -
! Perimeter of a rectangle :‘4 - T .
P 12 12 8 8 ]
-
P (2 13) (2 8)» 9 '
P2 U2 8 é: [
P 40 Penmeter s 4010 ‘"‘3
Formula: P = 2 X (/+ w) g
LM : A
INCHIS
i
1973, ‘General Learning Corporation, Morristown, New Jersey.
STlver Burdett Mathematics, Grade 6, p. 188. Reproduced with
permission.

ERIC S :
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Porfomuneo Objunlvo. To show thm eubtractlng
“undoes” adding _

-

A is an “add 4" machine. When 6 A ' -
_goes in, what number comes out? 8 @ 0
B is a “subtract 4” machine. When - )
10 goes in, whet number comes out? 6+4=10

{s the number that came out of 8 tha : B

same number thet went into A? 10 ﬂ 5

Subtvactlng a_number
“undoes” what was done
by adding the number.

« v

1 Look et the machlnes below. Then copy the
sentoncos, puﬂlng in the mlulng numerals.

LEe
N iy L}

s+7-u 12-7-0  8+8-D V- 9-0

Copy each pair of sentences ond put in thq missing
numerals, *

’ . .
2.8+5-{J: 13-6=A 949=0; 18-9=24
3.6+9-015-9=24 748=0 16-8=24
4. 744-M 1M —-8=4a" 3+8-012-8-2

] . b

3

1973 General learning Corporat1on Morristown, New Jersey.
Silver Burdett Mathematics, Grade 4, p. 18 Reproduced with

permission.




~ APRENDIX
‘ GRAPHING SELF- EVALUATION QUESTIONS

Questions 1 through 16 make reference to graphs 1 through 8,

whicrbare shown on pages éAl through 144 )

Referring to graphs 1 through 8, categorize each as a bar graph
1ine graph, circle graph, or pictograph. Summarize your results
below by circling the graph numbers that apply.

) sze‘of Gfagh' Graph Number
~ Circle 1 2 3 45 6 17 8 ,
Line - 12345678 ’
: ear/‘- 12345678 )
: ’ Pictégraph 1 2 3 45 6.7 8

Referr1ng to graph 1 \igpk the years 1isted (1970 -1974), based
on percentagg of youths arrested for possession of drugs, from
first (highest) to fifth (lowest). -

-

Year

First

Ny Second.

Third Ao o

Fourth
_ Fifth .
Referring to graph 1, in the perfod from 1970 to 1974, determine
whether the percentage of young people arrested for drug posses-
sfon averaged: (Circle one of a, b, ¢, d.)
™~ . .

a) well below 10% c) closer to 20% than 10%
b) closer to 10% than 20% d) well above 22§

N
Don't just guess. Confirm your guess with measurement and com-

putation. .

A

129

136

3




47 Reférring to graph 4, circteeith ' false. - Cae el
T j a) AlcohoHc drinks were more in reported usrthanv—’;

A all of the other 1tems combined. Co
> ) .

T F  b) Of the gight items shown, each of {he two most’ .
heavily used items was reported as more heavily
used than all of the other six items ‘combined.

. T F ) Smolgng (maruuana and c1garettes combmed) was
® L more common than any s1ngle category

5. Referrmg to. graph 4, the table below was prepared by readmg
the data off. the graph. Comp]ete this table by, fﬂ"rmg in the
boxes. Use your ruler to help make decimal approx1mat1on$ as

accurately as you can: e R )
: Type’of Drug Percentage Reporting Use . B
Marijuana About 2.4 ‘ .
L.S.D. ' | “ © About .7¢ , T
Mcoholic Drinks —  meut(— ] @ |
L 4 ‘. v ] About 1.0 ’ B
. Barbituretes e about ] ,
| L 7S] About 13.5 o
— ) 1 About .2 - .

o B © Glue ' AboutE:.I

6. Referring to graph 5 between 1820 and 1970 populatmn (Cir- v
" %cle one of aM d. v I _
a) 1ncrea{ed about five-fold ' . . .
B) decreased by at least one-half |
c) increesed about two-fold

d) increased about ten-fold




o,

Referring to graph 6, complete the table below by read1ng the .
S of :

Countries  Iron.Ore in Metric Tons
Canada ' c
France

"~ Australia
u.S.

e U-,S-S-R:i

.- Refer to graph 2.

T F a) Deaths from motor vehicle acc1dents and drown1ng
accounted for more than half of the deaths shown.’

True or false? (Circle‘one.)

g . ad v )
Deaths from drowning accounted for more than one-
third of the deaths shown. True or false? (Cir- ‘

:

cle one.)

What two categor1es (i.e., sections of the c1rc1e), when .Q
combined, account for 64% of the deaths shown? . Lo

3

d) The total of the'pertentages of all deaths shown adds up to’
%. ' X - '

ﬁeferring to graph 8, what»is'the 1argest expense shown on the
graph? (Circle one of a, b, c.) :

a) Entertainment'
b) Tuition and Books

c) Room and Board 5

Referring to graph 8, name the category shown on the graph for

-

- which the 1east money was allocated:

N L




Referring to gfaph'75 complete ihe following sentences.

a) Dyring the period shown, bus r1dersh1p ranged from a high of

during the month of - . to a low of
during the month of _ . : L

The 1ongest per1od of increase of bus r1dersh1p was

months, .

Since the month bf’August theré‘has'been a leveling off of
bus r1dersh1p In fact the 1argest change from one. month to
the next since August has been - - r1ders

Referr1ng to graph 7, c1rc1e e1ther true or false

T F a) The bus -ridership data has never susta1ned more

hd N

* than a two-month decline o : :

o
<

b) ‘Bus ridership has been 1ess stable s1nce people
have had to pay to r1de

‘c) &During the period'shown bus ridership is more ..
" frequently above the average figure than below
Cit, . ’
Référring to graph 3;'1Tst the five types of sports listed for
the 1962- 63 season, from first (most part1c1pants) to f1fth
(least participants).

1]

First
. Secopd
Thirg

Fourth )
. Fffth‘ ’\ : ﬁ@ - !
Referring ﬁa'graph 3, complete the following paragraph:

“From the 1962-63 season onward the following geﬁeral pattern
emefges- The number of participants in - __is a clear
first, averag1ng ‘about (circle one of the following cho1ces)
1,200, 000 1,400,000; 1,600,000.- The number of: participants

132
139) |

%




15.

16.

in - s a clear second averag1ng about (circle

one) 800,000; 1,000,000; 1,200,000. Below. second place the
numbers of part1c1pants in , s
and ‘ _are more closely grouped together, in no

case averaging more than (circle oné€) 260 000; 400,000;
600, 000 or 1ess ,than (circle one) 200, 000; '400,000; 600,000."

'Referring to graph 3, f111 in the missing 1nformation

a) The number of tennis players and the number of(Joggers were
closest together during the year

b) Of the years shown since 1961, the number of Joggers was
virtually the same as the/ number of part1c1pants
during the year

c) During the year 1956 there were about (circle one of the
following cho1ces) 2, 3, 4, 5} times as many tennis
players as there were bowlers.

d) Comparing the year 1961 to the year 1962, only the number of

participants in showed a marked decrease.
The number of participants in remained
about the same, while the numbers'of - ,

' ,and - showed in-"
creases. ' '

Referring to graph 1, if you were to redraw graph 1 to occupy
the same amount of space on the page that it currently occupies
but in such a way as to make the relative highs and Tows of the

'data more readable, you would do best to: (Circle one of a, b,

c.)

a) Put additional marks on the vertical scale so that it,goesi
from 0% to 100% in steps of 5% instead of 10%.

b) Make the vertical scale run from 0% to 70% in the same space
it now takes to run from 0% to100%.-

c) Make the vertical scale run from 0% to 30% in the same space
it now takes to run from 0% to 100%. ‘

149 - :
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o
17. Referring to the table on APPROXIMATE ANNUAL FISH ‘
the fish harvest on. the HARVEST IN METRIC TONS
right, express the data _(Top 6 countries in 1971)°
to the nearest 10,000,000 |- No;,way 2 .838.000.000
., metric tons. -{Example: U.S5.S.R. 2,399,000,000
express 35,000,000 or " Denmark - 1,388,000,000
36,000,000 as.40,000,000.) Canada 1 143 000.000
Record your results on the Britain 1,110,000,000
table below. U.S. - 945,000,000
Fish Data, Accurate to the Nearest 10,000,000 Metric Tons
Norway . . ’f
) U.S.S.R. ' ; g
Oenmark i - » .
"Canada - ' '
Britain
0.5 o
18. Suppdée you were goihg to make a pictograph illustrating as

.

- clqsely as is practical the fish harvest data of problem 17.
Suﬁﬁose further that you were only allowed to use whole or half
fish symbols.(for example )@ or Y@ ). Consider choices

(1), (1), or (111) below: ' -
i, Let g = 1,000,000,000 metric tons
’ ii. Let »gg@p = 100,000,000 metric tons
i11. Llet g = 10,000,000 metric tons
Complete the {ollowing statements:
\
a) Under choice i1, Norway would have whole
fish symbols and " half fish symbols. .
. Lob < - *
b) Under choice ,”Canada,’é;itain, and the United

States would have the same number of whole fish symbols and
no half fish symbols.

134




. c¢) Of the three choices, choice is 3he least pfactical

‘ for construction purposes, since the U.S.S.R. alone would
) require-that . fish symbols be drawn.

d) Choice ____A_would make construction of the pictograph easy.
’ But it has the disadvantages that, just from looking at the
fish symbols, it would not be possible to place each of the
six nations precisely in order of .size of fish harvest--
something that it is possible to do by 1ooking at the origi-

nal table of data.

e) With choice , the pictograph would retain the precise--
order of the nations and woyld be a little tedious, but not
outrageously difficult to construct,

.19. - Referring to the circle at the
right, assuming that the’ entire
oo ¢ circle represents 100% of a
- » r*7 quantity, complete the table
‘ below by filling in the boxes
. " with your best estimates. .

]

"

te

Percent Sector Names

50% Sectors [ and II

[]  sestor!
1 t*Sectars V and VI

JEE I )
[]  sectors I, II'and 111 '
s [ ] '

[::::]' A1l except Sector VI o

142




20. Divide one of the circles below into sectors determined by the

. following table: ‘ ' .

Percent of Whole Sector

; ‘ 40%
25%
» 20%
10%
5%

m o o @ >

Two circles are given so that ydu may use one of them for
scratch~work if necessary. Try to make the best estimates of
what parts of the whole circle you should allot for each per-
Centage. Use a ruler or straightedge to draw the radii. Also,
be sure to label each sector with its_corresponding letter.

. rd‘lv i

21. On the grid on the following page, construct an easily readable

bar graph of the data given.

136
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Title: Percent of Students Who Can Make Good
Bar Graphs Before Taking This Course

(1964 through 1968)
Source: World Journal of Phony Statistics

Data: _ Year Percentage
1964 10%
1965 14% ﬂ
1966 18% d
1967 6% o
1968  23% ‘

Statements (a) through (h) below describe changes that might be
effected in the graph that is pictured'below. Complete each
statement by circling D, E, or N in the statements (a) through
(h), depending on whether the e would tend to:

D. De-emphasize the daily chagge An production.
E. Emphasize the daily change Tn production.
N. Not change the emphasis of the daily change in production.

137 144




a)

b)

c)

d)

f)

Production in Tons

)| | | 1 il
12 13 14 15 16
(Dates in May)

If you were to redra e above with more space between each
of the numbers on the horizontal scale, then it would tend
to D E N the daily change in production.

If you were to redraw the above witM less space between each
of the numbers on Qpe vertical scale, then it would tehd to
D E N the daily change in production. . *

If you were to redraw the above, using the same total length

on the horizontal scale but equally spacing out the whole
numbers ‘from 0 to 16 instead of from 12 to 16, then it would
tend to D E N the daily change in production.

If you were to refine the vertical‘scale by including num-
bers at 955, 965, 975, 985 and 995, then it would tend to
D E N the daily change in production.’

If you were to redraw the above, doubling the spacing be-
tween each of the numbers on both scales, then it would tend
to D E N the daily change in production.

If you were to redraw the above, using the same total length

on the vertical scale but equally spacing out the scale from

0 to 1000 instead ‘of--as it is now--from 950 to 1000, then
it would tend to D E N the daily change in production. .

138 -

145




g) If you were to redraw the above, usiné a vertica]l scale run-
" ning from 0 to 1000 in equal steps of 10 and using the same
spacing as the present vertical scale, then it ould tend to

D E N the daily change “in production. '

h) If you‘were to do both (c) and (f), then it would tend to
D E N the daily change in production.

™o

Each ordered pair below corresponds to a point on the_givgn , .
graph. Indicate the correct letters in the space below. A
a) (1"2) . ‘ . 5 | R -
b) (2,1) 3T ‘ .
. _.'-' H

c) (0,1) . T

C- ol 14»3 oG - )
d) '('3)'2) , -3 A .

- ——+ T +——1>
o -3 -2 -1 \ 1 2 3
.D -2 - .F :

- . . | of _3 }r "

-

Each of the letters below corresponds to a po1ntvon the graph in
exercise 23. Indicate opposite each letter the ordered pair
that locates that point.

A.
B.

C.

D.

Three diagrams below contain the same information--but in di
ferent forms. List the three letters corresponding to those
diagrams: » ,

ki

A. 1st coordinate I 1 | 3

2nd coordinate I 2 I 4

139 o
146
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- W s

—_— N W s

O 1234 0 12134

- C. (1,3) (2,9) o E. (1,2) (3.4)

26. By using the scale of distance on the map of Italy below, cal-

culate the approximate distance between Rome and Palermo
(Sicily). '

Florence E
. .

Kilometers

sy

0 100

140




Graph 1

~

. Percensage-of Young People (Aged 12-21) Arrested for Possession
) .of Drugs in a Town for the Period 1970-1974
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Graph 2

A Classroom Report on the Causes of Death From Accidents Among .
Young People (Aged 12-21)
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Data on Sports Participants in a State (1956-67) .. ‘
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Self Report on Use of Drugs Among Seniors in a High School 1974
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Iron Ore Production (1972) .
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. Graph 7
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How One College,Student Allocated His Budget

Tuition
and
Books

- Clothing ,

Miscellaneous

7

144

»

~-Entertainment-..—. . . . .




%

>

s . | SELF-EVALUATION FORM -

¥

An;wers to the Quéétions

\ .

Type of Graph . Graph Numbers - S
Circle 1(® 3 4 5 6 7 ®
Line 1 2@ 4 5 60).s
‘Bar Oz s3@®s 6 7 8
Pictograph 1 72 3.4 @@7 8
) First 1973 3. et
Second ‘1974 ' - o '
- Third =~ 1972 - 4. a). False E
Fourth 1971 b) True (’/ ;
Fifth 1970 ~ . - .¢) True-
Type of Drug -° Percentage Reporting Use
Marijuana About 2.4
L.S.D. About .7 . 0
Alcoholic : o o
Drinks 14.1, 14.2 are best; 14.3 acceptable
Amphetamines About 1.0 . -
(Best choice, Glue acceptable) e
Barbiturates .3, .4 are best; .5-accep£ab]e
Cigarettes About 135 . - ., -
Heroin About .2 : -
Glue . 1.2, 1.3, 1.4 acceptable
d e "
Countries Coal in Tons
Canada Acceptable 30,000,000 to 40,000,000
France Acceptable 50,000,000 to 60,000,000
Australia Acceptable 60,000,000 to 65,000,000
u.s. Acceptablé 70,000,000 to 80,000,000 °
U.S.S.R. Acceptable 200,000,000 to 210,000,000

14515.‘2




;‘»“‘ | W
8. a) Trué: . - D 12. a) True - : o
~ b) False' : R b) ‘False .
?' _ c) Motor vehicles, drowning - Hc) _False (average is between . -,
S d) 100 - - 5,000 and 6;000)
9. ¢ 13. Fir;t:‘x-Go]f
oL . Second: Tennis
10. Entertainment .- . Third: Jogging
" 11.,a) 11,437;.March . ' Fourth: Bowling
' 3,014; November =~ Fifth: Basketball
b) 2 e | !
) 167.* !

14. Golf; 1,400,000; tennis, 800,000; jogging, bowling, and bas-
ketball ‘(those last three acceptable igp any order); 600,000;

200,000, , ) .
15." a) 1965 < 16. ¢ |
b) Bowling; 1966 ‘i7. Norway:  2,840,000,000 .

U.S.S.R.  2,400,000,000
Denmark . -1,390,000,000
. \ Canada" ' *1,140,000,000
golfers, bowlers, ~ Britain . 1,110,000,000
joggers (th¥ Tast TR 950,000,000
three sports persons '

c) 3
d) Tennis; basketball;

»  acceptable in any S : K
order ). '
K N

18. - a): 28 whole; 1 half
by i wer

v.

¢) ity 240 !
)i | . |
L - 153 - ,
| | |
., 146




19.

20.

Percent

33%% is best;
30% to 35%
acceptable

665% 1s best;
65% to 70% .
acceptable

387%% is best;

85% to 90%
acceptable

5" '
Sector Names

Sectors I and 11

Sectors I, II, IIT and TV

or all except Sectors V'andJVI
or Sectors I, II, V and VI _

or all except Sectors III and IV

The size of your sectors should
be very close to those shown.
Obviously the order does not
matter.
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21. (Vertical numbering going up to 50% or less is acceptable. 30%
shown is -about the best, Any more than 50% is not acceptable.) .

- c - o
30~- o u
e 204 : , ~
S
5101
0+
1964 1965 1966 1967 . 1968
22. a) D . A (1,0)
b) D ‘ B. (0,1)
d) N D, (-3,-2)
e) N 25. A, D, E “~N
f) D " 26. About 200 miles or 320 kilo-
g s
P‘; g) N meters T .
23. a) F #
b) G
c) B
d) D
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REFERENCES

The view of graphs adopted here is much broader than the usual one,
and consequently the reader is unlikely to find a single source which
will serve as a reference for the entire unit. Standard textbooks on
content and methods are likely to contain material on Cartesian coor-
dinate systems and funct1ons and their graphs. References for the
remaining material are rather scattered.

There are many sources for raw data, both 1n tabular and graph-
ical forms. The yearbooks of major encyclopedias are a good source,
as are almanacs and atlases. )

Some of the pedagogical issues associated with teach1ng graphs,
coordinate systems, relations and functions _in the elementary school

are discussed in:

"Fehr, H. F., and Phillips, J. M. Teaching Modern Mathematics in the

Elementary School. 2d ed. Reading, Mass.: Addison-Wesley,
1972 (Bee especially Sections 14-6 and 14-7.)

National Council of Teachers of Mathematics. "Graphs, Relations and
Functions" in NCTM Thirtieth Yearbpok, More Topics_in Mathema-
tics for Elementary School Teachers. Washingtow,<ﬁ' C NGTM
1969. (See especially pp. 262-272 and 290-314.)

Swenson, E. J. Teachlng Mathematics to Ch\ldren 2d ed. New York:
The Macmillan Company, 1973 {See especially pp. 496-506. )

The use of data, graphs and maps in applied problems suitable for use
in grades 7-10 is illustrated with ample pupil questions and exer-

cises in:

Bell, Max S. Mathematical Uses and Models in Our Everyday World.
Vol. XX of Studies in Mathematics. School Mathematics Study
Group.  Palo ATto, California: Leland Stanford Junior Univer- .

“sity, 1972. . - :




Content books prov1d1ngr1hfonn§tion on graphs of relations and
abstract graphs are: ‘ ‘
Ore, Oystein. Graphs and Their Uses. New York: Random House, 1963.

Wilson, Robin J. Introduction to Graph Theory. Edinburgh: Oliver
and Boyd 1972.

The Kbnigsberg bridge problem referred to*in ﬁctivity 9, Problem 4 1is
discussed in: .

World of Mathematics. Ed. James R. Newman. New York: Simon

1
[
Euler, Leonhard. The Seven Bridges of Kﬁnigsberg. Vo]. I of The '
and Shuster, 1956.

Sources which indicate how graphs‘of relations and abstract graphs
may be used with children are: .

+

Del Grande, M, A., et al. Math Book 1. Canada: Gage Educational
Publishing LimTted, 1971. (Chapter 1).

Fréddrique and Papy. Graphs and the Child. Montreal, Canada:
Algonquin Publishing Company, 1970. ‘
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REQUIRED MATERIALS

AUDIO-VISUAL AND OTHER RESOURCES

ACTIVITY MANIPULATIVE AIDS
Slide-tape: "Gréphs«1n the E]emenia
Overview School," cassette recorder and projector.
(Optional) ‘ i ..
1 \\\Q:aph paper, ruler, compass, protractor.
4 Ruler, graph paper.
Globe, map’'of the U.S. with parallels of
6 latitude which are equally spaced,
Mercator projection of North Ager1ca.
7 Several elementary school mathematics
textbook series.
10 Freédérique and Papy. Graphs and the .
Child. .Montreal, Canada: gonquin
Publishing Co., 1970.
11 ‘ Attribute blocks.

P

158




ACTIVITY |

"AUDIO-VISUAL AND OTHER RESOURCES

MANIPULATIVE AIDS

Frederique and Papy. Graphs and the

~ | cChild. Montreal, Canada: Algonquin
12 PubTishing Co., 1970. *
Frederique. Mathematics and the Child 1. o
New York: Culsenaire Company .of America, _
1971. :
Lz Bend L .
VS 23
"?j,?]/zmce beam, Cuisenaire rods, hinged
mtrror, graph paper, protractor, paper
14

towels, metric ruler, jar, food coloring
(optional), paper clip, Scotch tape, .
_ guitar. 4
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This unit integrates the content and methods components of
the mathematical training of prospective elementary school
teachers. It focuses on an area of mathematics content and on
the methods of teaching that content to children. The format -

ing. The titles of other units are Numeration, Addition and
Subtraction, Multiplication and Division, Rational Numbers
with Integers and Reals, Awareness Geometry, Transforma--
tional Geometry, Analysis of Shapes, Measurement, Number

Theory, Probablllty arid Statistics, and Experlences ln Problem
Solvlng o . ,

v% :
ADDISON-WESLEY PUBLISHING COMPANY

Readlng, Massachusetts - Menlo Park, California
London Amsterdam Don Mills, Ontario - Sydney
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e

* of the unit promotes a small-group, aclity approach to leam- . - |




