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NUCLEAR DETERRENCE .
. 7 _ * INTRODUCTION
- After the second world, war, the United States' :

monopoly of nuclear weapons permftted it to-attemp

to deter aggression by announcing a poricy of "massive
Yetaliation"
the U. S.
bility ex

or i4#allies. As the Sov1et nuclear capa-

nded during the 1950's, ‘the - effectiveness

aizéést any nation which m1ght attack N *

13

The effectiveness of a retaliatory forceds a .,

) \\« deterrent depends, of course, .on how much of it ean

be destroyed by a surpr1se attack and hence on the .
forces a potential aggressor can commit to sgch : ’
. L4
During thHe past two decades Sov1et*nuclear

forces have tneregsed rapidly.

an attack.
At least two explana»
tiond can be advanced for this increase. It might be %
that the Sov1et leaders are seeking “the ability to
reduce the U.S. deterrent force so greatly by a sur -
prise attack thaw they would feel they could survive

the subsequent retaliation. (This is not to say they

of this_golicy as. a~deterrent came—&nto—qnestton———ft*’—"“

4

ointed out (nota ly by A" W%hlstétter [l]) that

a well-coordinated surprise nuélear at ack upon u.s, .
a1rbases could conceivably. reduce the re¢aliatory
"force to a point wheré tthres1dua1 retal1at1on might
be risked by a determ1ncd or desperate aggressor.

This development prompted emphas1s on ma1nta1n1ng
forces*which could withstand an all-out Sov1et attack -
and still retain the ab1l1ty to visit overwhelm1hg
retaliation upon the aggressor's population centers. R
The retaliatory attack was to bé
the destruction of the aggressor

sufficient to assure
state as\acviable

sociéty [2], so the policy becahe known as.\an assured

. L}
destruction policy. . ' % : .
To assure partial invulnerability, part of the -
manned bomber jorce was kept a1rborne at all times [

EK

A v 7ot providea o Eic
«

and another part was maintained ip a state oﬁiread1ness
to :égke off on short notice. The bomber force was

supplemented .by missiles carried aboard nuclear sub-
marines,and by land-based m missiles emplaced in-under-

ground reinforced'concrete "silos". Each of these

- three forces was to be able to carry alone the burden

of deterrence should a surprise technolog1cal development
render the other twa vulnerable to attack.

I 1

intend to make a surpr1se attack; the abzlzty to do

hand, it might be that they merely wish to have the
same sorf of deterrent aga1nst the U.S. which the U.S.
holds aga1nst them. In the former tase, if the U.S.
‘attempts to maintain its deterrent _what, are tlie relative

-+ economic burdens on .the two part1es in the result1ng
arms race? In the latter case, does the mutual attemp;__
at deterrence lead to an unlimited arms race or does
it settle-down to anxequ111br1um in which each party
is satisfied that ‘the other is effect1vely deterred?
In récent yéars, other nations than ‘the ¥.S. and the
Soviet Union have begun to devqlop nyclear we@pons:‘
These‘weaans may eventually

" / ’
come to play a significant
role in the- strateglc calculat1ons of* the- great powers

What{w1ll be their effect° These are thE quest
address in this mpdule

g we
- If we pose‘the prob¥em 1n -7
cotmplete generality, allowing for all types of forces
and the possibility of each type.attacking o) belng .
attacled by all the others, the formulation beeomes .
overwhelmingly complex. We will avoid this by concen-
trating\solely on land based missile forces. Because
of the §011cy that each of the forces should bt capable: -
of serving alone as a deterrent [2] and because of
the current relat1ve 1neff1c1ency of-attacking land .
- based mlssles from bombers and 5ubmar1nes, this' . 2

v O

S . -

.
3

suffice to gain concessions.) On the other /fi"\ i'-
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N restr1cted problem Js more relevant than it might at
) fi§§t Seem, even though it does not account for. the
ﬁyll range 6f interactions which must be coh51dered

- Jn force p1ann1ng AR LS
. T . ) ~ ‘ ’ N b
e .1. A LINEAR MODEL " ; .
. 4‘ & . . X - . . ’

In casual talk one might, say‘someth1ng‘i*§e, .
to destroy one U. S. m;5511e " , The first model we
p}esent is based on a genéral "exchange ratio” concept
of this type. -

. e - - Lo
B Suppose n dlfferent part1es are attempt;ng to
ma1nta1n mutual deterrence It is presumed that
al nce.between these part1es may occur in any
fafﬁion./ (A dependable ong-term_alliance can be
regarded as a single p_ar{y.-i "Each party must be -
‘prepared tp-deter nat only’each one of the, others
individually but, the most threatening nossible alliance
of all other parties against it. Suppose party i

has M, m15511es and that it takea P53
m15511es, "on'the average" to destroy one ‘of party :

Thea the fraection

of party j's-

o 1's missiles. o b

-~ to-

v

‘él) Mj . -~ The Ndmbef -of Missiles j has T
cPsy Ehe Number of M1ss11es j neéds
ot J 0 Destroy One’of i's Missiles

is the number of i's missiles that j'1s 11ke1y to be
~“‘ able’ to destroy

(2)

Accordlngly, the sum ° 1.
. ta L Te e o
£ M /p : . . .
_ J#l ] it S :, .
is the number of m15511es that i would be 1ikely go

lose ,in a coordinated attack by all the other parties.

Al .

Suppose also that party i Judgeq that the expec~

-

b} ” ' . -8 .\e ., |
ERIC =~ . ‘ o

“tatioh of his having ry missiles qperational for .
N - . - ' ) 3

£
"Su p05e‘)t takes two Sov1et missiles, ‘on the avera e, V¥
p g .

. an attack.

' te . weed
4 . ~
. -

retaliation_after attack would suffice to deter such
Then party 1‘w111 feel secure if -

3) M. oz Mo T, '
1 j#i ji -1 D

. L
If party i wants to m1n1m1ze the number of m1ss11e§
(and hence, presumably, costs) the equality will hofd
We oan thus find ‘the finimal mutual deterrence posture

-

.+by solving thé system of simudtaneous equat1ons

(4) Mi ~ gii Mj{pji = Fi, - .,n:

.

e A .
Solving this system yields ’

that this will be meaningful only if '
all the solutions are positive

Note, howevér,
If some solut10n M
turns out to'be negative, the ond1t1ons (3) cannot
be met in-reality and attempting to achieve mutual
deterrence on these terms will result in an unlimitéd

arms rage. ° Py s

If 1s”instruct1ve to wr1te out’ specific-solutions

for the ,two party~case (n =\2? " We have from (4
M1 “Mpleg =Ty

(5) . o - \ .

. - Ml/plz + MZ Phad r2~J. ] o e . . "

s A I VL L) ]
< Y IR
(6) o R
. M-=°z11,+°z19122 o
2 P21f1z - 1 . <
Thus an-this;mogel Stable nmutual deterrence can.existy

provided P12P1 > f; in particular if"it takes at

"least one missile, "on the average",; to destroy a

‘This might seem a reasonable condition~for
(Silos are spdced far-

missile..
missiles carrying one warhead.
*

.

[IN%

JRUE—
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enough apart to avo1d the posgibility of more than-one i
being damaged by a §1ng1e warhead. The, 1ntroduct1om
of mult1ple independent warheads on each m1ss1le (MIRV),
Hhoyever,_makes—the—assumptron—questioﬁiBIE_ETnce «&the

_1ndependent warheads from a s1ngle missile can_attack

o . .. . ¢ . " .
. ) * .c , - . . -
~ . 1.2 In a twp-party sntuatnB’n Suppose only pne party is o .
o ) :‘ . followcng a deterrent pollcy The other party l\bulldlng
'~ _, =~ _missiles at a rate M (B = kt Find M, (t), the mimal  *- '
’ deterrent force the f:rst partx.must hold as a function i
. oW L of tlme, assuming M, (o) =,Iy- Oraw a’ graph of M, (£) if ” .
-

’

several $ilos: .

Some further fnsight can be gained, by éhns1der1ng
Vthe tota11y symmetric case in which each party has

the' same technology and desires so that pip= B, F

I"

M; =M for all i and 3§, We then have from (4) .
! M- (-1 Mo£r -~ | V8¢

and hence '“ i R -,

(7) =pl/(p + 1. -n) .* ) ’

.

rd . . 3
Thus we see. that in this case there can be no stable,
For the three
stability cannot exist unless p > 2,

mutual deterrence unless.p +1>n,

party case,
i. e. it takes more than two m1ss1les to. destroy a
1ng1e missile. Since the technologye vjilable in

“the early 1970'5 was w1dely believed*to y1eld P <-€

we would conclude from ‘this 'mo%el that an attempt by

three equal part1es to achieve mutual &iterrence using

-

curTent technology would lead to ah 1nf1n1te .arms race,
Thu(‘ th

§¥development of MIRV and the development of -
many nu

ear powers appear~1n this model to threaten~
even a theonet1cal p0551b111ty of stabi We will"
see in the next section .that although ese developy
ments ‘may 1ndeed be _&scalatory, the1r effect is vast!y

oyerestimated by the model we have” presented in ‘this
f ’

ity.

b¢ sectibn . R _

. N R , - .
- = f y ’ N

* Exerclseg’/ j e o t
’ o 1.1 Verify that the non-symmetric two party solutlon yields
L ~ _the_ stmetrlc,solution in case 912 921, r ='Y \
R A l . V-
. » N \
- . « *

sy

RN

{ . ,verbal ""analysis",

ky= 100 missiles per year, 912 =Py = 2 and Y = 200

1:9 For the symmetrlc case |t is not unreasonable to Lresume
that the required retallatory force is proportlonal to
(n = Dy.
Assumlng this and ﬂ = 4, compute M/y.as-a function of n
for n‘='2, 3, 4. (Note'that i€ becomes infinite t_or'i
n=5) T

o S

" the number of partles to' be deterred; I' =

-t~

) 2.

.
‘a

A NouiINEAR MODEL L

. The model presented above embod1es a fallacy 1n
“its very formulation. The conqept of an exchange ratro.
Won the averag\r, although 1t appeaf% Qcceptable in
turns out to be techn1cally me n1ng*"
less unless we spec1fy ¢h6°s1ze of forces in advance.

It is fallacious to treat as a'"constant" asquant1ty
which depends on the sizes of the. forces whenswe
attempt to. compﬁte the required £orce sizes. A nore
careful and exact probab1l1st1c aea}ys1s is requ1red. .
Let us suppose that each of "the M, m1ss1lg§ of party

j ‘carries yu, 1ndependent1y—targeted warheads,‘each

hdying probability Pi;.

of’ destroy1ng.one of party i's "¢

M; missiles,in its silo if it is targeted on ite " If

M divides uJMJ evenly, then—each of M, missiles would '

be targeted by uJMJ/M of ‘j's warheads

. 1s not even, “the deftover warheads will be d1str1buted
over silos.chosen at random from among the M (It
can be)proved that this is the most effect1ve attack,

\
If this- d1v;s1on

but the.mathemat1fs ie more compl1cated than'we require ‘
3 - . P

’ - : .
L

A

»-
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for this modu¥e. - * The thedrem needed is given 1n -

[4].) The-probability of a particulawmiSsile be1ng e

Thus, by chods1ng o suff1c1ent1y
Sews aM will const1tute _‘

prec;sely the factor .
l‘a‘rge,gthe forces. !Ml’ gMz, czM3

The problem of SOIV1ng the minimal deterrenoe
problem obfained.by, sett1ng the inequalitles (8) to

chosen forhthe residual» ‘targeting is thus just the ﬁfb" equa11ty is quite <omplicated and algorithms for its
fractional part of p. Mv/M For conven1ence, let, solution are discussed in detail in [3]. Here we'
~us introducé the notatich [x] for the integer part \ will only consider. the symmetrlc case, wh1ch is ea511y
- 4 '
of x (the greatest integer i x) and <x> for the « solved and which is quite indicative of the general
fractional part of x, <x> = x"- Tx]. Then each of - - behavior of the solutions. LT - -
: \ N ' . -
" the M, missiles is definitelyé&targeted by [11 M /M ] Let M, = M, Pe; p’~qu - u. We might also : J
4 warheads and the probabilit} of a partlcular mlssﬂ,g‘ ,postulate"that the re‘t:a11atory “force réquired is ' .
befng t,argeted and destroyed by onefof the leftover proportional to the number of parties to be deterted: -
warheads is <uJM /M le Each warhead's attack N * g Ly e
on a missile can be regarded as an independent t 1a1 ) j.= (n-1y. )
so the probability of a particular missile surviving - f For.this' symmetric case-(8) becomes
the attack‘by party j's missiles is o ! .
W AT T - ) (n-1 ’
e T L 9 . oMa-p DR gy
. bR . : . ' : .
. S P‘j) Sl - <ny M’/M >Py ) so minimal deterrenge is achieved by
. , . ,
s 1’ ’ . - -1 X
Thus the condition that the expected number of'missiles (10) = (n-A)y(1~ p) (’n u )
* surV1v1ng attack by ‘a coalition of a}l other parties ' . . ]
‘ should exceed r, 1s v\..’_ . e ) ?»- ; If we regard M' as a functlon of n we can write th1s§s
- ) T - -P/ '-€. r . n-1 . ’ .
T R ~Tu. Ms/M; ] ; ; M(ng Do Mgz) .
oo {8 My T (g RN (1 - <uM, /M Spy ) - © (1) (r-1) -
SLRR SRR N .' '
Lo -t ’ . Suppose for itnstance that in deterrence between two
;5"~ Two - conc1u51ons are 1mmed1ate1y apparent~ First, - equal partles each requ1res M(2) = 1000 m1551les in -
:_‘stableamutual deterrence postures always ex1st Second’ L order that a reta11atory force Y = 200 should survive
. no partlcular par1ty or ratio bet%een the- m1ssi1ey = fk an all- -out’ attack by the other, then M(2)/y = . The
heId by “the various partles 1s necessary Mdtual )*w»~ 1ntroduct1on of a third equal party, with each attempt-
deterrence-postures exist for any spec1f1ed ra%uo e }f 1ng to deter ﬁhe other two,‘pould require ) o
To see’ these results, ‘consider” anx arb1trary collectlon A . ) .
B *L\A\ R .'o , . :
rep%aced Py fhelr poslt1ve multAples uMi, aMz, aMS,. C g ‘}: . e ng ! - 2 (5)@%" 50 ) : .
aMu, the.eérms uJMJ7ﬁ appearing. in (8) remaln unchangéd PR S .
gu,he left .side of the’ 1nequallty 1s increased by x. ", ﬁﬁgl; 7 oso each ‘of the»three part1es would require 10,000

missiles rather ‘than the 1000 requlred for- the two
b pafty case, *For.. foun’part1es we have

- ’

[

- ke - A I .
o jmutual detexnence postures for all the part:1es.1 co _* ML e e - 4 -
- " L . o . . - %é%% =m3;(5)3 = 375,\ .

. g . . , - N 2" - .

- PR B « ’ ‘ ‘ P A - PR DN ce -

e 1,‘) . 7 . . v ) 8
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. 50 each party would need 75,000 nissilqs. We see that
even thougﬁ it is not tPeoretically impossible for
more than two parties to ‘establish mutual deterrence,
the demands on resources posed by such a task are
excessive and may be practically impossible. It is'

. intereggting to speculate that this practical difficulty

may necessitate formation of the’ sort of stable long-

term all1ances which we noted ear11er could be treated-

.as a s1ng1e party for plann1ng purposes. . ,-‘

-

An alternat1ve situation of interest is that in
which a smaller.th1rd power acquires a relatively
small nuclear capab11rty consast1ng'bf Mz missiles

Jw1thout attempting to hold a detefrent posture against
the two maJor powers, This th1rd power could collude
"with either of the two maJoropowers in an attack on
the other and it might attempt to wrest "some advantage
from this ab1l1ty to influence the "balance of power."
.-By how much must-the major powers increase their forces
to, neutra11ze this effect’ Again we assume equality °
of the maJor -powers; u3 3 <M= M, = M2 and write Pz g
for'py 3 = Py3-
baTt1es 1 and 2 against’ the possible a111ance becomes
\ . oo S

| J» \
(12) (1'p3<U3M3/M>) =T

The mutual deterrence equat1ons for

: o LuzMy/M] .
Ma=p)“(1-p3) 33

S1nce'we aré presuming u;My < M, we have [uM;/M] = 0,

<u3 3/M> = u3M3/M and hence\

-

=Tr(1 1p)- Moy p3u3M3

ThUS it suff1ces for each of ‘the maJor powers. merely
.'to 1ncrease its m1ss11e forces by afi amount somewhat
-leSs than -the total number of warheads'mounted by the.

th1rd power in otrder to neutral1ze any 1nf1uence the

‘. third power may attempt to exercise.

. Es

-

13
-

Exercises
) ‘2.1 For the symmetric case My =W, =2, T =T, =200,
. . P12.=Py = ¥, suppose that party 2 insists on always
Y having twice as many missiles as party ¥: Mz = iMI.

. ‘Find the minimal deterrence posture satisfying this
. additional constraint. -

L]

. 2.2 Verif; th;t for the two party case p]; =Py = %,:~. -
B W, =u, =1, T, =100, T, = 150, the -least cost,solution
R . is M, 2 220, M, = 260. A >
2.3 In a two party situation, suppose that only one party is

! - following a deterrent policy. The other party is build-
. ing missiles at a constant rat!’Mz(t) = kt.
raph of My (t) if k =

=, ’\' Iy =

1100 missiles pe} year, p,, =

u* 200, assuming M, (o) =T,.
3

Assuming p = 1/8, u=2, compute M(n)/y for n=2,3,4,
., for the symmetric n-party situation,

2.4

Draw a . -

P21 = 4,

. *

) o L4
2 ,3: RELATlONSHIP BETWEEN THE TWO MODELS

P

. At first glance, there would appear to be l1t%le
relat1onsh1p between the two models we have discussed.

- ] In fact we will shou that the l1near model is an

.

dpproximation- to the nonlinear model which hold4

when the probabilities P;

5 are very small, i.e. when

-the m1551les arelV1rtua11y invulnerable to one anothera

Thus the 11near model was not an 1napnropr1€
,use in the late 1950fs and early 1960's when
generally believed to be the.case.

-

this,was

v

_By~the

L3 v N
o Suppose x is a very, small quantity.

binomial theorem we know. that

1 < .

() . a-x" '-1 mx+M%—llx L+ (-x)

nS'). - T 15

one tO‘

o




] If x is Very small, its hlgher powers are even
<. smaller (If x = 0., x? = 0. 01, x* = 0.001. ) Thus *
oot aterms 1nvolv1ng these higher powers can b% neglected

n the eXpress;on above and we can write approximately

I

. B
. <

(15) (1 T X) mx
. N - .
Let us apply this observat1on to the non11near
deterrence 1nequal1ty (8) assum1ng Pi; to be .so small
that terms 1nvolv1ng its hlgher powers can be neglected.
That is, let us use (15) w1th X = pij and m = [uij/Mi]
. ta replace the expre5510n

A\

| - : . ! )
u.M./M.] . -
- J) .
s n-(8) by ‘the expression ° o
A Y
: . [u M, M, 115 .
- L 3 - .
" *  When 'this is done, (8)'becomes . -
(16). - M tgr(1'[u'M°[Mi]pi')(1'<U'M'/M'>p")Z.r'°
S q; - -

In computing the product we may further eliminate any
term 1nvolv1ng more than one factor p;
terms 111 also be neg11g1b1e
;{ © texms,. we obtaln

e . F - 1 .
e = ! ¢ -

(17) . Mi [1 - ; [u,,}MJ/M ]\p - jgifuij/Mi>pi,j] irl

., since such |,
Ellmlnatlhg such 7,

» :,
s . s f

Since. [IX] + <x> = x, this is
A 1

o f“i[l' j‘ii'_(t‘j“i’.?"i“’is[i ri]
(18) e -
T T . - T uM, P; ry

FON R BT S AL

[y =
[y B

7 . e . ‘ .., o

~which has precisely the form of (3) if thE"EXEhange
& ratxos P, ‘are taken %o be 1/u, le, i.e, each of; J s,
R m15511es destroys "on the average" usP;

S . g I T | 11
jle s

rw, -

5 of i's, . -

what these ratios should:be.

which is quite in accord with our™expectations about

The linear model is
thus a fairly good approximation in restricted cir-
cumstances.

The difficulties arise when one attempts
to apply the model outside these C1rcumstances

Then it can be quite misleading, and one must-resort
to the moré complicated nonlinear model to gain
insight into’ the problem. .In applying "reasonable
seeming" linear models of any, process,-one must e

2always be wary of draw1ng conclusions which involve

quantities becomlng very large. (Questions of
stability usually fall in this category.) Almost
invariably the linear model must be replaced by a |
more complicated nonlinear modél—tf deal successfully,
with such questions. ‘

‘

Exerclses ~

3.1 CompJete the solution élven by the linear model to the
| = 100, T, = 150 -
and compare it with the solutions £8 the nonlinear

two party case for Pyy ™ Pyy = 2, T

model verified in Exercis:Ff;§/ What do you conclude? -

3.2 Compare the }esults of Exefcise 1,2 ahd 2.3, What do

-~ you conclude? N
3.3 . Compare the results of Exercise 1.3 and 2. 4. What do you "
} cmduu?u' - . S
Ao N N - %&“! s . )

oo l ' .

(:ﬁaf | 4. .ON THE USE OF AVERAGE VALUES * . C
In all of the computat1ons "“above we have dealt W1th EEEY

=, mean values. The ériterion for deterrence.was that the

expected ret&11atory .force should ‘be adequate. The

L3

humber of missiles actually surviving attack would be
a random varlable,, There- rémains, therefore, the * .
quest1on of how much conf1dence can be placeﬂ in the . .

, :?ﬂ o ]f7:ﬂ ..
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’ " ‘. - ) . N \

resul€s. Perhaps an averaée value is misieading and
one'must have greater forces to have sufficient

L 'h confidence that the-required retaliatory forces would
Survive. :
in force size required to provide any degired 1eve1

s . of confidence in having the specified reta11atory

One can compute, for any case, the increase:
. »

*. force survive. In practical cases the force increase
required for 95% confidence has always been\féqnd to
be substantially less than‘20§ of the forces indicated

! by the mean cdlculations. The increase for 80%

) copfidence is usua}ly substantially below 10%. Thus

.. the use of mean values in our calculations is not

o grossly misleading and only .a moderate ‘upward _adjust-

ment of force sizes-is required if the part{es demand:

high confidence in the survival of an adequate deter-
rent‘ To see how such calculations are done, let us

- consider the case of two equal part1es segk1ng a

m1n1ma1 mutual deterrent. We have seen that the

probab111ty of a m1ss11e surv1v1ng an all-out attack
= (1- p)u The probab111ty of

exactly N out of M surv1v1ng is

in this case is P- =
given by the binomial
° distribution. Y -

A
’

’ (19) FT'TWTFME pN(1 - pM-N
and the probabilit& of at least T

- e

AT S A
surviving-is

. :
M

- . N, . M-N . .
. 20 : P - R N
eed 20) N};r—r(m)-r (1-P) , N
;‘;:1«ft\ This COuld ea511y be computed for small M, but for

TR oo-
o MP(1-'P) large, 1t is more conven1ent to use thQ\

normal approx1mat1on to. the b1nomlal’d1str1but§a§ .

¢

. o - . E—t . .
< - . - N . .
I A7t providsa o eic .. N N R . >, . -

Y o e M

T and consult tables of the error function. * '
Tf = ) e _ P

. Exercises , ’ g
. . e .
ey 4.t lf MP(1-P) is much greater than | then the sum

- . ’*. N U i .
. ' J .o ) &
b Tk L ) . R . ' N
Qo L ey ‘ o L
CERIC w0 48 o el

M ’ :
- M! . ON M-N ) .
NEF ICEY IR o
e <2 . .
“is closely approximated by * . E i
lco . L
ax2 . Y.

4 f e X (2 dx = E{K) ** !

VR BN _ 1
where K = (T - WP - 1/2)/VRPTTF) . * A .
(Thd error in this approximation is less thah 0. 03 for )

1/8 and M > 1000.) . .0
Given that ) R
. .
. E(-0.84) = 0.8 ! ]

’E(-‘Zg) = 0.9 R ) /. ‘- P

E(-1.65) = 0.95, t, ! \ g\ .
compute the excess number of mnssnles (over that indicated _ Jx' ‘&?ﬁ

by the mean value'computatlon) réqunrgd respectively for f
0.8, 0.9, and 0.95 confidénge in having a retaliatory S .

. force of ,T =250 survive attack in a two- party symmetric 3
4 ’

case where . N \
! _ J
*a) p=1/2, u=3 . .
b) p=3/4 pu=3, :
(The nonlinear model is t?'be used, of course.) -
/ '-0 F ",-.
7 IR : :
- : {
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1977. pp. 306-308. . ' ’ E TLUEEM, = My, =2, p=1/2, T = 200 this -becomes

N
.

. -
(6. ANSWERS TO EXERCISES:

‘ w

M (1 - 3" > 200 (

M (1 %) > 200

_0F + 020 _ p(p# LIT: ' _+*pr ‘ ' ©T T My > 3200, M, 5* 200,
p2.- 1 (p+Dp-1) p-T° : , : ' 1= T1=

* Thus the solution is M; = 3200, M, = 6400.

=1 +bl}/921 =-§I‘ +kt/021 .
“= 200 + 50; ‘.
= 100t.

T

- p(n%1) _4(n-1) -
‘p+l=n S = n

= 1,33,

e O[O0 [T
F-N

it
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S

(i.e., atpt= 16), when

\ - < .
M -
w - , .
\ s [,, ﬂ ‘ .
. 2.3 M1(1 = plz) [1 - p12<u—>}‘ [‘1
A My = kt - . L
> .
. M1 | .
S HM-I . 3 Kt
-Let n = [100t/M]]. :
° '1[1b0t ) ] Col
Ml - s|50="-"nf| ="2™ *200 ..
" : 1[ Z\ My R :
Mi(1+ 3= 2" . 200 +-50t. |,
: Ini:Eally,°? i 8 so -
- - = 200 + 50t
‘ . “until 100t = ML = 200 + 50t (i.e., at t = 4), when
’ n =1, then .
i __800 + 100t ] .
3 .
- N =
- until 100t = 2M; = 1600 ; 200t
5( n = 2, then 3 N
-8 ¢ — 'Y . .
' My = 1400 + 25t G
: g
-7 and so, forth .
. . .-
B ®. .4 “a :
- 2 %f (-1@a-p)° (n//L))u
4
y 7. "H(n-1) ,
#.(n ~ (g . . : ,
n-1 i
- = (n-1 .
> ( )(zg) ‘
O

4

vy
M(2) . .
Y v’
M(3) _ x
' Y N .
M(4) _ . SO
Y - . -
{ M) | - oA
Y’ \ .
3.1 The linear model yields A )
P
ooy = 2150 ¢ ; 100 700 5 45
" M. - 2:100 + 4.150 _ 800 _
My = ST D0 < 800, g66 2/3.

3 2

N

T N M - ’
3.3, _The linear model again overestimates the required

P

N

The nonlineax model yielded M1 = 220, MZ =-260.

- ‘the linear model gives a fair approx1mat1qn fot

P 'small and small total numbers of weapons, but
it overestimates “the requirement for weapons.

The two models agree out to t = 4, where M1 = M2
Beyond that point the 11near model overestimates

4
the required Ml The overestlmatlon ‘progressively

increases as M2 imcreases and eventually becomes
va§% Accordlng to the linear model, this arms
raCe ‘costs the would-be agre¢sor twice-as much
annually as the Aefender Accordlng .to 'the non-
11near model, the defender has ap-ever 1ncrea51ng
advantage. The cost ratio becomes 3:1 after 4
years, 4:1 after_fﬁ Years, etc. -

- \ B
\

forces in all cases. The errqy- is not bad for

n = 2, but it becdmes progressively worse gs the
number of* part1es increases. d -

AN

23 .

= 400,

18
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4.1 TE+MPPZ 4 L - NP - DT+ MP = NP(L - P)KE ¢
. he * )
M+ (P-2rp - P PM bz v la0

- . 9 - N d

.

The nominal value of M given by the nonlinear

. ¢ -
. T ‘Kz(!-P! /; r - 2 1 N
M ==+ 1 + 1 + < 35, - .
.\ ) p ‘ P ) KZ(I_P) ) 2P , R

. -~

model is I‘/(l-p)u = % . Thus %h. excess required
. to provide confidence is ,
’ o -_K2(1-P) T2 1
aM 5_5L%Hr—_ 1+ /1 + 40 -2} 1
. [ KZ(l_P) ]» 2P )
s 1 1
For 4 weshave p = (3), We-3,,P = (1-p)¥ = 7
I = 250. ,Thus o ~
, L I o
mo=xr i L1 A IEB)
. . | 27K .
e - . - 9 - s - . R
. & - / - - J S
s . ¢ = 3.5 (K* +|/ K"+ 1141K?) - 4.°
- -"‘fﬁg?ﬁg w oo .
o, *  For 0. "confidence; |K = -0.84 d
AM(0.8) = 98. . o
. L. ' .
o Since M % % =.2000, the |increase is'rougéi& 5%,
R from 2000 to 2098. .
. For 0.9 confidence, K = -1.28; for 0.95, K = -1.65.
.- . ~
We_can thus compute - o .
L AM(0.9) = 153 . AM(0.95) = 201. ° ’
. For 4.1b we again have.T = 250, but p = 3/4, u = 3,
P = (1-p) = 1/64. Thus ' : .
g - . 1~ - .
- : 5 .. 19
’ . «
- \) | . 7. . . ) » . .
ERICZ~a =& Tcoim o

ot

oM

In this
AM(0.8)

*

8 [KZ . //;: + 298,64 K2] -3

) v
31.5 {KZ + / K* + 1014K?2 ] - 3.
Y

case the nominal M is 64,000 and we have
833, AM(0.9) = 1305, AM(0.95) = 1711.

, . 4

-
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