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1.. INTRODUCTION

.

"-.  The methods of calculus find many applicatiens
. " in the field of economics. 4n phi’s module we consider
. 'f B one such application, Price dzscrzminatzon, ang the"
. > consumer surplus in a competitive market "In the con-

-

T

+

*

—LRIC-

" T

° text of fhis example *we discuss the‘txplcal simplify-
ing’ assumptidns which. must be made in order to use
the calculus. 'We then develop the particular 1deas
associated with these concepts Further var1at1ons
?f these ideas, the producer surpZus and two-tiér

p?zce dwscrtmznatlon, are developed in problems. - -

\ » You may. wonder'*hether the methods of calculns
*can actually provide numer1cal ansuers for practical
. economic problems ) The answer is usually no; the
‘lmportance\of appllcatlons of calculus: to economics
such as those discussed here’is their contribution to
the'development of economig theory. Applications can
be 11Lustrated with spec1f1c7numer1cal examples, as
we have,,but the. information needed to construct the
functlons for a real s1tuat10n 1s in genéral difficult,

if not 1mposs1b1e, to-obtain. (The field of economet-

* rics develops techn1ques for el1c1t1ng such inférmg- -

tion.)
module should be studied to gain insight into the

Consequently, the examples deyeloped in this

theoretical relatlonshlps in ecorfomics- and’how the
i%}cu}us g used in the1r develoﬁment .

3 .
.
- ~

:
’ APPROXIMATION“O? SUPPhY AND DEMAND

. 2.

¢

.

. A fundamental assumption used: whenever the methods
of calculus are applied'to economics is that the
fanctions of inferest can be closely approximated
by continuous or, "sometimes, differentiable functions.
Supply and-demand theory is.no exceptLoh )
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~a good is\soPd Jis determined by ‘two functions:
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2.1 The Supply and Demand Fungtions . g .

- -

Under appropriate assumpt{ons economists tell
us that in a.competitive market/the price at.:hﬁqh°
suppgy
The suppZy function associates with any
quantlty, q, of the good a prﬂle wh1ch will be suf- ,%
ficient. to attract exactly that quantlty ‘of the good ,
$(q)-

easier’to think of a supply

and demand.

into the market, p

o

supplied at a g1vbn pr1ce,
g’= S(p). In the
producer deciding

1atter form, we can th1nk of a
how much’ of a commodlty it would
be profitable for
“We usually* assume thdt the~h1gher the
price the larger the quantity supplied,;so that, the .
function q =,5(p) will bé increasing. Thus it will
be’ an_ 1nvert1ble function, so that we. tan cons1der'

“him to produce at the preva111ng
market price.

P S(q), thé inverse of the S functlon i -l

-

1 The demand function”associates w1th each quantity, -
q, the price at wh1ch the: market W1ll be just cleared
of that quantity, p = D(q):

Again|, it may be éasier to think of a demand
fupction in'terfs of the quantity demanded at g ‘'given
market price, q = D(p). ' The 1nterpretat&on in this
case is that D(p) is the quantity which consumers

will buy at the prevailing price p. Demand is nor-
mally assumed to be a decreasing function: the higher

the price,'the less people will‘Buy;' Thusqq = D(py

. is also an invertible: function+and we can judt as well

consider the invefse-function p = D(q).

2.2 Equilibrium Price and Quantlty . ’ -

.In terms of the supply and demand functions S(q)
and D(q), static gnaly$is suggests that an equilibrium *

price, p*, and quantity, q*, occur for the quantity
‘ ) L I




at, Wh1ch the price offered (demand) and the ‘price asked -

(Supply) are equal p* =.D(q*) = S(q*). (Figure 1.)

D(q)

.

.

‘ ' ~
»

Figure 1. Supply and demand equilibrium.

. .
L. L - .

2 3 Continuous S and P Functlons Are Approx1Matlons

The supply and demand curves are ‘usually treated
as c0nt1nuoUS functlons, Of course, they-are not,
éance OUr monetary units.are not 1nfin1te1y divisible.
Also some goods cantonly be sold in dlscrete quant1t1es
Conséhuently, the supply and’ demand funct1on5 must be
atep functtons or dtscrete functzons (F1gure§ 2 and 3.)

. 'tl“' - . .
Figure 2. Step.functiOns. Figure 3. Discrete functions,

. - .

R A i1 Tox Provided by ERIC

e

When Ve use a continuols functLon, we are implicitly
assumlng that the jumps 1n these functlons are small
enough so that the conttnuous functtons apprvzzmate"
the discrete ones very cZoseZy (Flgure 4.) €nly
‘then may we apply the tpols of calculus effectively,

actual

-4
A »

contiduous
approximation

Figure 4.~ Approximabion ?f demand function.

3. PRICE DISCRIMINATION AND CQNSUMER ‘SURPLUS *

-
3.1 Perfect Price DiscriminatiOn .

> . s

A firm selling in the market w1ll naturally try
to mdklmlze the revenpe which itobtains from selllng

a glven quanxlty of a good, Ideally, this m1ght be -
_done by charglng each. congumer as muchuas;that consumer

1s'wtlllng to pay for a good rather sthan selllng at s

) ‘E‘unlform prl(e If'it were - -able to.1dent1£y tpe,prlces i/

wh1ch consumers would be willing to pay and d15cr1m1nate
1n the prices offered exactly, it would ach1eve perfbct
price dascrzmtnatton. . : )

K Such d15cr1m1natlon would enable the ﬁzxm to charge
for "each quantrty,'Aq, which it brought to the “market
the price which Consumers would be willing to pay for

. .

t




< T
o . . -
Y% ’ . .
. " ¢ .
Ve 4 ) .
0y - <
L] . ‘ '
that-quantity; D(g). If we use the discréte form of
the demand curve, we see that there is .an initia‘l L

quant1ty, Aqo, for which the highest price 'will be .

pa1d Py = D(qn) Then there is an add1t10na1 quaftity,
' Aql, for whlch a sl1ghtly lower pr1ce will be paid,

p1 = D(ql), a third Quantity, 8q,, for which a yet

"lower price, p, * b(qz) will be pa1d and’ so on, until *

the price, reaches ‘the point at which th& firm. isauno |

\\J,s Since'in a compet1t1ve marKet® firms cannot charge

A
*

.

* When 'we approximate the demand function- wi'bl\a
'cont1nuous function, this total area 1s apgro:umated
by the area beneath the continuouw délnamg: f«unctlon, .
bebween the quantities q 0=and q =-q*

“: N ' .

q* .
. J~Q(‘q-)dq 1in. '] D(a;)aq.
0 n»ee j=1

, s

.
-

- longer w1111ng to prodise (the supply curve). (Figure 5.) ' different p-rlces to different consumers :the amount .
- . . e e \ ' ". “ of_ revenme whitch could be* obtained with perfect pr1c/e
) N \p ’ L. .d1scr1m‘fnat'10n s1mply represents the maximum that *
) . .+ sell amount Aq, gt pricg p; N consumers would be willing to .pay. Underthe, usual °
<" '50 —‘__‘ / revenue. 25 the area of this - % economic assumptions of rational behavior, ,this should’
‘Ap‘- | * recgangle. © represent'the'iotaZ"vaZ\ue of the good to the consumer.
PZ I I l < ~ 51 ° . . . Do .. B
° PsT + 0 1, v . ) R i ) C e .
) I R T B 4 . 3.3 The ~C~onsumer Surplus A . R SR I
v o [T S . o
ST [ T | i . ' _ - In a competltlve market everyone wll pay the .
T : : : ‘l - : . same p}'lCe for the gopod. That price will be the pr1ce
* < LT N -
ot 1o s L : ] ' p* a5soc1ated w“ith the quantlty q* where *demand pr1ce = ,
{ A; A; AT; Kq v . S\ ’ and supply price-are equal, D(q) S(q) P Thus ‘the -~
‘ o °% %92 %3 ‘ . PO . ~ .
. . . . b . total, paid by the consumer, p*q can be represented
- N Flgure 5. Prlce d,is\rlminatlon. ~
. . Lo N " - - grabh1cally as the. area “of a rectangle and the d1ffer-_
oL . P R ' T " , ; “ #nce between this area and the area “under the demand
3.2 Va-luk Ta ‘The Consumer Z . { s o . ’ curve. represénts the surplus value to the consumers‘
e O ‘ Y . be)fond what they 'pa1d~-- the consumer surpZus (F.lgure.
* The amount of1revenue wh1eh the f1r5| takes in * 6.) . . . 2 ~ . -
f‘rom these sales is P;dq; = D(q )Aq -for each of the RN . ] - . e R
1ncremental amounts Aq Gepmetr1caliy, these revenues . - P, ’ .co,}ume, surplus ; . "'
Gan‘ be represented by the areas”of the rectangles -- - ,. . . . Y. ' . Yoo
hounded 'above by “the actual demand fﬁctton. Algebra- , . A S(Q). .. S
1cally, the total revenue is represented by the sum . 1 . T,
. tof the areas of\these tectangles? ~ ¥ . ‘o . s ': . .,
,. " . I" : ' v ‘\' # 4 ) ‘, S ; P
S : ‘,E n(mq., S, N , c o 0(3)
T . '= Rt -1 -~ . s - t . )\‘ * . o
) — > e A 'f‘t‘otal revenue i
““where n is the number of 1ncrement;s necessa’ry to reach - - e e T LLIL o= —_— - q .
* rd b . - . L4
- . . . - .
the po1nt of intersectio.n of the supply and. demand curves. - Figure 6. C‘onsumer surplug, * . e
' ’ " LIS S " ' ’ . . ’ .
* . A} . . - I JEp— —— - — - e o~
; . N 10 T, N ' e A - B - - . R ] . 6
: - ; . BT - _ o 1§ 3
N ‘ 2 - v 0 4
1, ,(‘L . " < * 4 R % - - . . <




el . If.we are ‘given a supply functloxr, S(a) , and a’ o > ‘ T .
Ty e . {x + 18)(x - ¥6) =5 0 -
N demand funct*J.on D(q), then the consumer surplus Wwill ' . . .
,f:’;-.' B be represented by the area ‘between the two functlons, , . .. - x = 16, -18. <’ T
ot . . - B
e D(q) and p = p » on.the intetval 0 < q < q . Since q and Thence x mus.t be .positive,. 16 is the
) . From the integral calculus we know that this ‘area , relevant solution: ] ’ ) . . )
is the integral over the given interval of the d1f- . - . /ot . Iy e
3 ’ ference of these two funCthl'b\ . , T : X = S_g’ﬁ' = 16; : ‘ L :
) T > ' ' ’ ) ; . - ’ '- * <
- . cB.= [ (ﬁ(q)' ¢ p*) dq. S ) ~ 4= 8000, SN
[}
. o ¢ . . o L Thus the equ111br1um qggntltyus q* 8000. We can
. . \ ‘ o,y T T - solve, for the equ111br1um price using either S(q)‘ or
B 4. EXAMPLES R B D(a) - o
Lt - T i e p*=D(q*)=144-§59—00-§-=128.v j
o 4.1 «Example 1.+ <L Ty | % N ‘ -
. \; . e e s - -
o B ;.Suppose the supply curve is gapproxmated by the N . The consumey surplus is the area between the
' : ‘ = = - J.... % =
. functlon p = S{q) = 5-0—09—6-0—6 and the demand curve by . c:.ur_ves p D(Q) 144 - zgp end p' = p 128 on. the
g the functlon p = D{q) =-144 S—(Olﬁ- for 0 < 92 < 72,000, te _interval 0 < q<q* 8000: . .
. L where P is 'in dollars per unit and q is in umts. D 8000 o ! . - ’ ) ‘
: A What are the equ111br1um price and quantlty and what' ’ J T (144 - -5—%0- - 128) dq .
- 'is the consumer surplus? ? o
Pt 0 We ca’lculate the equ111br1um quantity by setting . ) ‘ z 18900(16 K g ) dq s, - m.
- _‘the supply‘nand demand functlons equal and- solving for ) - ‘ !

- - T . cL L ) ) . . 4 l
.‘ . i i . - ., . . o £000 . JEEE »
\ ! = -
" S(a) = D(q) N : -2 16a e :l , Coae
fw T \"‘;\.‘%s ) ! o o . ~ ’ . | | .
* s, 500 = 144 - S—gﬁ,ﬁ T s Ao 128,.000 - 64, 000 = 64, 000 .
¢ o 3 Tl L0 L ‘ Thus $64 000 is the surplus- value.. which acerues
=, . P R o .o -
g D144 = by - : ) LS ) o e . . to “the* cgnsumelw from the cr)mpetltlve market, with "' ¢
S we e ek equ111br1um p? $1§8 q* = 8000, coe
2 o : . .
soshat x '?‘7_5'(?,_07)_6 ‘ '4 2° Example 2 ,"‘“- ' T~
5T g AR o T e T N
x,"}, . mﬁwp s v ) » 3;;.; - SuppOSe that the demand Burve 1s approx1mated by -,
;o j{:'x e 144 =0 '.(q - 20)-2 For- o i‘ Q.5 20 ‘and;the .supply .
‘>“"‘f < - L .. » . .
Lo T s Sz . ~.‘-?%‘ o LIV G o curve -is approxlmatedmbya S(q) q? ‘for 0 <q <20,
Fe N e ey .xzs" Zx e 288 = 0 . ' ) e : \»where P is measured in dolla.rs per-iinit and q is: -
o . o ) - l:, . S . ‘,,.“"' ' ) . r.? A:"}‘i . -:8
T, . : Core L ey :
R oo ‘ : e,, Rt g ' ‘“_.;r‘ i N ‘:;‘ - '*.“ "’i&d ¥
, f]: l{[lc ’ N w2t "‘ IR PR . e T ‘ ,L 3
R BAVSS s v S IR Lo . : *
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, The corresponding price'is S(18)

- By 100,000,

» " T
measured in 10‘06,'000'5 (1{3 }u{its. What are the equilibrium,_/
price and quantity and what is the consumer surplus? .

+We qalculate the equ111br1um quantlty by setting
supply and demand pr;ces equal:’ ) ;

¢ -

- L3

2
- q

(q - 20)° .. ’

L

22 q2 . 40q + 400 L

ir

q
40q

4000 . .

qQs= 10, I .

=107 = 100. °

. The consumér surplus will+<be the area between

the demand curve and the equilibrium pr1ce .
) e

( I“’ [(q . 20)] 100 dq b ‘ .

i = Jlo(q2 .40 + 400 - 100) -dq
. . 0 . ‘
’ijgé J (q .- 40q +.300) dq . oL
s 7 0
3
. ) s 10 _ 4000 _
. = %;- 20q + 300%] = 25— = 1333 1/3.
However, measured in dollars

the pricés used wer )
per unit and the anntlty in 100 EOO'S of units. The v
ea51est’Way to corfect thls is to mu1t1p1y the,prlces

$6 they can be constdered as prlces in N
dollars per 100,000's of units.. The effect of-thls is
simply to multiply the 1ntegrand by 100,000 and
consequently, the correct answer for qhe consumer surplus
is given'by o

10 s . ) -
I 100,000 [(g - 20)2 - 100] dq 5.
o ] S
— . 10 . N
.- =100,000 I' [(q - 20)? - 100] dq
. 0 q °
, S s K
. = 100,000 (1333 1/3) B - \\ )
1 T ='$133;333, 333 33. o - Y -
4 -9 ; o 9

. e

F L . < M ot
to. . - - B P Loe

- P . .
.. 4 FEE T . I . . o e

\

4.3 Example 3 i ) *

, Suépose that the demand function is given by °
D(q) = (1 - q)° "+ 35 for 0 < q < 4 and the supply
, function by p

S(a) = 3q*, where. p is measured in

dollars_ per unit and q is measured in 1000's of units,.
What are the equ111br1um price and~ qupntlty and what
is the consumer surplus?s Y. ’ K

~

. ~~ Agaln,'we find the equ111br1um b? settlng sup ly
‘and demand\equal A\
L
© 3q® = (1-q)° + 35
) 32 = 1 - 3q + 3q%2 - q® +-35
F \ ‘" *
T.,. o' +3q-36=01 .
(@ + 3g ¥ 12)(q - 3) = 0
. ’”
. 3+v/9 - 48 .. | w 1
. qE.-_g_Z_E:s;seoq*;'L='3
"is. the dnly.real-root. Then p* = S(3) = 3(3) =.$27.

The consumer-surplﬁs is the area betweel the

demand function and the line p = 27 on the 1nterva1

0 < q < 3: .
o 'n 3 . )
o I [ 1-q)° + 35 - 27]'da ‘
. . 0 L ]
. ' 4 3 ) .;‘ -
=j((1-q)3+8)dq o i a
] . i . 5
° o 3 . .
i = I (9. - 3q +.3q2 - q°) ‘dq .
.. 0 _ )
. =.9q -

SR )
4o

Again, our

81
i .

un1ts areg lnCOI‘I‘eCt since p'rlce is

"

%”5/g1ven in dollars per unit while q i3 in 1000's of units.

. ~

A -

we

.

Ll

., ‘.- - . 1;5411>4)*4*;;ﬁ
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This" is Corrected by chang1ng ‘all price functlons by a
factor of 1000 to c0nvert the units to -dollars per 10400
Thls 1nfroduGes a factor of 1000 1nto the
“ 1ntegral, so~ the consumer surplus is )

- (16(13 $20

A THEORETICAL . REMARK

One of the interesting aspgcts of this part;cular
. appl1cat1on of the calculus is that the actual functions
“we are concerned with are of a discrete nature -- they-
jump from value to value*--‘and the approxxmaf1qn )
. Thus when we ‘apply the. integral to
cdiculaté the consumer ‘surplus,

. 15 cont 1m.;ous .

the actual answer is
the summat1on of the areas of rectangles, :

P

a6 the integral is the_appxox1matlon,wnHowever,‘*ﬂ
the d\f1n1t1on of the integral as

b n .
0@ da = tim ) oca) sy -

tells us'that if the jumps Aqk,{are small enough and
if. the number of rectangles, n, 1s
1ntegra1,w1ll'be

We are using this

irge, then the
_good approx1mat1pn to the sum.

tool in 5 manner reverse _to the
This idea is characteristic-

(2)
(3)

= 505> D(@) = 4 - g5
250 Dla) = 10 - g

= 6-- 5q, where q-is in 1000's

= 14 + q, D(q) = , for 0< q< 6

L(4)

(5)
(6)

(7)

(8)
(9)

7.1

and o in 10,000's of units.
$(a) = /4, D(q) = T1 * 1—‘(}5 for 0< q'< 1100,
< (1-q) +3;
and q imr 1000 s. of units.

S(a) = 692, D(q)
and q in 100's of units.

for 0 < q< 2

A g T
= (2-q)°+ 24, for 0<q< 3

1)3°+ 3, D(q) 12 - §q2, where ¢

is in 10,000's o6f units.

7.. - PRODUCER SURPLUS

iméfar'to that of Section'3

Make an argument; s

abwve, that the’area under the supply ¢ Fﬁrve Qor

0 < Q"< q* represents the value or cost to the pro-v

" ducers %f the goods sold on the market.

“by shouing that the area he10w(the equil1br1um pr1ce

line,. p, = p*, and :above the.supply curve, p

on 0 <qcx q* is - the surplus value wh;ch accrues to

the producers in" a competitive market,. the producer 8

"more usual applications.
of applications of calculus to economigs.
’geg. . - ;o

. For Exerc1ses J -, 9 find’ the equ111br1um price
and quantlty and the consumer surplus for the given - -
,supply and demand functions,
doliars per unit and‘ouantity-is in units, unless

T . otherwlse stateg 6 '

Assume,pr1ce is in

urplus. Sketch a graph 1llustrat1ng this concept,

ilar to the graph in F1gure 6 lee an 1ntegral

a for the producer surplus s1m11ar to the

producer's surplus, as definéd

Calculatexthe .
~ 9 in Section g;l

the Exerc1ses 1

"above, for each af

by



: 8. THE EFPECT OE THE ELASTICITIES OF SUPPLY AND DEMAND

1
) [}
8.1 Linear 3upply and, Demand Curves ’

»

i . Supply and .demand curves are often approximated :
* by linear functions as in Exercises 1,
K Section 6!

2, and 3 in
A'general form for a supply and demand
situation‘with linear functiens would be this: o

\

. D(q) = A - Bq
S(q) =.Cq
where A, B, ahd C are all positive constants. o

. /o , .
ot ! 8.2 Elast1c1t1es=of Supply and Demand ’ '

’

“The quant1ty (l/B)(p/q) is the eZasttczty of demand
= for D(q). The larger this number 15) the smaller B is v
for a part1cu1ar polnt (p,q) and consequently. the demand

L ‘curve is re1at1ve1y flat. -This means that small changes -

Lt in the price are

quantity demanded. The quantity demanded "is sensitive— .

' highly elastic—to changes ijp price. On the other hand,

° if the elasticity is smalﬂi.gb B,is large, then a large
change in price will be associated with/a small change

in demand.

ssociated with large changes in®the

The quantity demanded in insensitive-—-

inelastic—to changes in price.

Slm11ar1y the quantity (l/C)(p/q) is the elastzctty\
of supply for S(q).
< ’ small change in price is assoc1ated with a large- change.

If this elasticity-is large, then a

'

. in the quantlty supplied, whereas if the elasticity.is -

L ce.

3"5ma11, a large change in price is assocaated w1th a >
~ ’y - . .. " . .
~ U small change in supply,” X . — .
S PO Y K B . .‘,./‘ ..
* 4 . ; '.’”
. . - 7
£ - k4 -
. ) o '
. . . .
4 . . ‘ ¥
: T ‘-ég- 13 .
s, ‘ ,
\:I‘A ‘ ‘ N a4 - - - . '1 \l 'a
. A \)‘ - S '.I - . e v " . T
CERIC o et T L e :
Emmmmm e R T
" > N . . s .. .

. ® .. '
R . - /
. , -
~ hd ‘ "
8.3 Problem * . . . N )
ER— - B .

,Find the equ111br1um quantity and price ‘in terms T
of the constants A, B, C for. the. general 11near supply .
and demand situation given above.

surplus and the producer's surplus: in’ terms of these,
constants

of

Calculate the ratio of theoconsuner 5 surp]us
to the producer s surplus, and comment.on how this is..
associated w1th the elast1c1t1es of demand and supply

) N * . . b \ >

9. TWO-TIER PRICE DISCR}MINATFON AND MAXIMUM REVENUE Y

M ’

9.1

Two-tier. Price Discrimination ' ?

. - ¢« N
Al though erfect prite dlssr1n1nat1bn'%s descrlbed
in Section 3 is 1mposs1b1e, a monopollst Seller or a

group of cooperatlng sellers- may ke able to do some
price dlscr1m1nat1on

o

This can occur‘ for example,
wh'en a- ‘producer’ markets ‘a proﬂuct under a brand name
and also, USually under a house name, in discount -
stores.’ This pfactlce discriminates- Between shoppers
who are induced by advettlslng to buy the "better®

brand name and shoppers who* look for, the bargain goods
of course, this is an over51mp11f1ed description of - '
the 51tuatlon - Nevertheless, prl%e discrimination * SN
does occur in _varytng degrees .in a number of situatjons

due-to imperfect information about the market and

other factors. - . . . ‘

-

”~~
€ Thé most 51mp1e form of pr1ce d;scr1m1natlon

would be two-tienr przce dzscrzmznatton where the seller
or- cooperatlng group of “sellers charge two. pr1ces s
Perfect two- t1er price discrimination would occur .
whén a11those willing to pay the h1gher price, Pys. - A
do. Thls occurs for. the quanti ql, vwhere the 11ne

Pl Lntersects the demand curve p = D(q) If we '

,“assume that the other price wh1ch the sellers charge

is’ the compet1t1ve equ111br1um prlce p* derlved - -

.. " 2 " . 19 14

Find the consumef s - .
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ear11er, then. the. total revenue to‘the seller is o
Py9; + p*(q* - ql") " €See Flgure 7.0

: P . - * N
. ., -
revenue from, higher price b
: 2 ‘ ‘ s - ™
> © - 9 y il > Y
p* :
M PR .
—— " - LI
L , : D(q)** - F
: . 1l = revenue from loyfer prjce
" . ') q DR A
- q q* g e ’
- - ’]'
Figure 7. Two-tier price discrimination. .
. - ‘ ’ @

-

-~ o -
Maximizing of Revenue °

. » =~ -
Under two-tier prite discrimination

N Y

J'Hew should

the seller choose p; so asto max1mlze total reVenue?

. ‘What, kind" of assumpt1on (stronger than the assumptlons
needed to derive the consumer surplus) about the supply
and/or demand functions is needed in order to apply

the calculus to this problem9

. "‘ # 1

P . t .
9. 3 EXercises ) P2 ‘j. ’ ) K BN RN
) Sy . .,
For each of the follow1ng supp, and demand (” ) fﬁ
functions, fihd .the price Py ¢ and quantity ql‘vhach ) “@5%”
“ maX1m1ze total revenue under tWo t1er price discri ?201P":
(19) Supply and demand‘as 1n Exerc1se 1. "" . s: C::\
" (20) S and D,as in Exerc1se Z.é- N I gﬁ'i B
-€21)" S and D. as’ 1n Exercxse SZ-Z' N
(22) .S and'D as., m E,xerexse 5.5 7 L
" (23) §'and D as in ﬁxerc1se.6. . o
. (24) S and D as in Exercxse 7. .
., (25 S and D a§ ' ‘
(26), |

at

-

4.

. 2% Let s(q) =

(a)

(b)-

e _
MOi)EL_EXAM . «

(S

“

AEEN

Sketch the graPhs of a typical supply function,.
S(a), and a typical demand ‘function, D(q),

with price as a functlon of quant1ty. ; .

On your ‘graph, indicate the equilibrium

quantity, q*, and price, p*. -
ah\your,graph shade the reglon whose area- a}

is thé cbnsumer/s surplus. X

#3— and D(q) =

-

250"

Find the equ111br1um quantity and pr1ce, -
q* and p* . o v
“Calculate the consumgr's surplus. : P .

(c) talculate the “producer's surplus.

- (gﬁ

Let S(q) = /q and D(q) = - q, where q is in . -
1000's of units. © — T T T )
{a) Find ‘the equ111briﬁm quantity and ﬁrice,_ a

‘q* and p* - )

Ca1cu1aty the consumer.scsurplus g L -
(c) ' Calculate the-producer's surplus. -
Let S(a) ="q and B(q) = 12 - q*. N ~ s T
(a) Find the eqpillbrium quant1ty and price, »

~q* and p*; o - ’

v

b) *Assume that in two*tier price d1scr1m1nat10n, -
N one price will Be p*. ‘Flnd the fligher’ pilce,
pl, wh1ch max1m1zes total revenues.
s >

16.
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"’Aq;; at just the price for which the producers would

g . il

-\

SPECIAL ASSISTANCE $UPPLEMENT o
> - e

DiscuSsion of problems° .

e -~

Problem 7.1: If consumers could collectlvely
@ dlscr1m1nate against the producers, then they would
purchase each add1t1onql parcel of the commodity,

be w1111ng to- supply 1t S(q ). The total revenue
would be the sum of the ambunts‘recelvep for these
parcels, -

~
o .
’ x L .

A
Ts@pee v | Us@ra.

+ L

-~

] ~
This value of “the goods sold to the: producers is

represented graph1ca11y by the area under the supply

" curve. H&vever, the producers actually receive as o )*
Tevenue the amount corzespond1ng to the rectangular’ ) .
area under the equllibrium price lihe.

7

Consequently,,
the difference is the producer's surplus value.

(See Figure 8.) This is given by ,the folldwing
integral fornula, ‘ .. .

z " >
X

q , o N
[('-) (P* - S(@))"dq,

’ producer . -
: : ~ '/ surplus . s .

b

. D{(q) . .
) / .
value to producers

r h . ‘ q‘.‘c i . q !

Figure 8. Producet surplus.

. - [ . -

17°

- consumers is.

Problem 8:3: Cq and D(q)

S(q) = A - Bq: SO» we
solve Cq = A - Bq to get q* = B é T - " From S(q*) we
. AC i -
get p* = B+ C - . . . )
d The consunmer's surplus;is then given by
A . - .
B¥C ¢ LAC” ‘A2
C.S. = . [A-Bq-B+C]dq- BE5B+C)
"and the producer's surplus by \
- - , B+ -2 2 =
= AC = c|l——A% )} -
P.S. = [0 [m ) Cq)dq —"C[Z(B"'C)-z)' .

-

» LI -

Comparing these we have the following formulation: ”

»
<

Elasticity of Supply
Elast1c1ty of Demand -

4

B/C =

€.S./P.S. =

Cpnsequently, the larger the elasticity of supply is

relative to the elasticity of demand, the greater. the
portlon of the  surplus value which accrues to the '
This will happen i oducers are more

sensitive to price changes than the consumers are,

Problem 9.2: . The producer should choose ql'and
p1 'to maximize the -q antity P19; * p*(q* - ql) = -
“ay(p; - p*) + prq*
P> and quantity,’ ql, are related by PL. =
the quantigy to

‘ f(ql)

ut the discriminatory price,

D(ql)
be~maX1m1zed ¢an be written as

SO .

=q;(DCa;) - p*) + pro* 0<ayz

ThlS can be max1m12ed by the ugual methods of differ-
entldl calculus -- f1nd the critical points where
fl(q ) =0 and check thése and the endpoints, 0 and
q* Geometr1ca11y, it is clear
that the.maximum will always be interior, s® we may
om1tr$heck1ng the endpoints.

for the max1mum,va1ue

In ‘order to anplz this

technlque, the demand fq2£t1on D(q), must be .
Jt is usually reasonable.to approx1mate

d1fferent1able

5

i

the actual dlscrete demand functlon with a d1fferent1ab1e

functijon, D(q) oL

23




- ? ~
h s * v ' ~ » .
. . L .
- .s- N
s | o~ . . . -
. : . . - - 5. S(q) = ,/a, D(q) = Jﬁ, ¢,< q < 1100 : t
‘ . . 12. SOLUTIONS TO EXERCISES X _ . =
N ‘ ’ N . = = 229 -
’ - : : ( /a Tg‘ﬁ > q =121 - g 1002. o S
. 1. S(Q) = gghgiD(a) = 4 - sy s,
. . . 2, .
- , Let x.= 1—8-0- so x? = —-Lz- and this becomes i
. . 100*
5060 = ¢ ;—s%mr ® q* = 15000. p* = S(q*) e, ~ . -
. 15000 15000 . ) -7 L LXE T A22x 4121 = 0 ® (x - 121) (x - 1) =0 »x=1,121
c.s. =J D(q) - p*)dq =-j, 4 - 1edgy - 3)da = $7500. ‘ - ) o ‘
. ) ( p.) .0. ( T ) _ qf = 100, 12100, so gq* = 100, p* = S(q*) = 10%. ‘ *
- . . : « - . ) . 100‘ "‘ . M ‘ o ‘
. 2. S(q)\= ﬂ%m; D(q) = yﬁyg ., -'c.s. = j (11 - g5 - 10)dq = $50. .
- ' > =) - - »
'27%?3'6' 10_-,,—051077 = 27000. p* = S(gq*) = 1. - ‘ ) . s o
. aQ | N . . . A W .
27000 . . \ REEURT
‘ c.S. = (10 * _3_0qw - 1)dq = $121,500. . 6. - S(q) =3q°, D(q) (1- Q) + 3, 0 29 %2, ain 1000's
& -2 SR “. ‘ RS N
0‘ N .- ~ : < ‘ 3q&=(1-q)3¢q’+3q~-4=0 B T pe
eR ' \ - ) ) ( [ 7 #""‘.
= i) = - i ' £ . -1+/1 - 8 . “ 3
3. S(@) = 3q, D(Q) 30, q in 1000's. . (@-1)(q*+q+4) = 0 » q=1; AL B RS
3= 6 -3¢ * qJ = 1. p* = S(q*) = 3. - - : : Tk
L < . o ~ The lat#er roots are imaginary, so X \ iﬁg R
o 0 Co- ) atsll pt=s(e) =3, SO
i C.s. = 1000 | (6%~ 3q - 3)dq = $1500. . L : L . ‘ DAt
. . - . e . - . ~ 4\’ -
: S \ ‘' _C.S. = 1oopJ (1 -q%+3- 3)dg = $250. .
. - B v ‘ - . 2 _ : .
e S(a) =-14+q, D(@) = €6-)%,°0< q < 6, fa,ib 10,0005 > . -0 o
. N ' , ) 7. S = 6q2 D(a) = (2- >4
., ». '14+q= (6._q)2- = q2 - 13q+22 = 0 = (q_ 11% (q_ 2) =0. (q) 6q ’ (Q) ( ) 24
s . . .
= q* = 2. p* = S(q*) = 16. . :
g . '
Lo .2 ‘
- . C.S. = 10000 J ((6-q)% - 16)dq = $186,667.
v ‘ 0
. ' - b
. N h
- ‘24 & s
A .
s c L 41 ' -~




.i ‘ Lot . : . . . ‘~ ‘:o | . . o ‘ '
2000 - , o - S(q) = 38,-D(a) =6 - 3q, q_in 1000's
793:, lett:mg x -'2_&'6’ » . . and from #3, q* = 1, p* = 3.
3x2 + 20x"- 500 = 0 > (3x +50) (x -.10) = 0-.‘:*:: . o
- - 3 . N - . “ - “ ) P.S. ;I (3 - 3q)dq 31500
x =10, -50/3 =$q = 2000, - 10200 s .. - . | | '
LS F 3 Y T ) a _:: % . ‘ ‘ ; |
zgggé P _Q(q ) = 15. ¢ e T «. 134 S(q) = 14+4q, D(q) = (6'-QJ2,fq in 10000's
L5 . . . - RO - . . O_hd f\_ # . . . . .. | “ ‘
{25 - 5d5 - 15)dq = $10,000.", L and £iom #4, q* = 7, pt = 16
- Pl v . . . - ) - ) 7 ‘ ~2
1 R P © - P.SI = 10000 I (16 - (14 + q))dgw= $20,000 * °
. . Sla) = 3(e-1)°+3, D(a) 4 12-9¢% qin:16,000%s .5 - . T - 0
‘ : ‘: ¢ L X - ~ ) . ' . N . ‘, - ’ . L .
‘;(qi 1')3""-7’ =12= 9‘12:*'“1%13 +9q S12E 0 s . ©14.-8(q) = /3, D(q).=

N

: .,.'.‘{\ . . . > 0
) T - v _ . . «'and from #5, q* =

.
L)

3(q 1)}‘1 +q+4) 0 »q-l '1*'1'15 ot ] 100 -

\

=1y ‘p* *—'D(q:?sg' . ; ‘ . - ‘ P.S.' ‘ J (10 - /qj:iq 3333.3{3 ‘
- 117 . .- .0 S .

- 100 f (12 < %7 - 3)dq sso 000.. - oL AST S(a) = 397, D(q) @O® + 3, q in 1000's
’ 0 .t ‘ ‘. s ’ i ! h "

f
j_.,,A_ =‘3‘-_—~-_ ‘ ) » " 3 ' arfgi from #6, q* = 1, p*;3‘.

2

-~

1
-' i S - '=~1oooI . 3q2 =
and,g.shnr 31 q* Jsooo,, p* = 3 - oo - G 3? Jdq szoo_o
-’M q* i " T ‘ 15000 ,‘,"', ) . e S v?.f?i:-’x“. . . " - . ' ' .
. . v . ‘rj . g .. ~ s( }‘ 6 o D( - 3 + 24 i. - 0 1 -
f (p* - S(a))dq = J A3~ 3gg)da = $22;500: - ‘ 7 69% 0@ % (2 2 a3 O‘s“*
L A | I Y ) and from #74 9% = 2,°p* -~24 i
. ; . - P ,
- v: . ‘ PRI > «r . . ) , - T H ' . ) . ] 2 N
" S . . Py PR e .o
i1. . stq) —3'-—]000, D(q) ; 3030—5 LT T . P.5.= 100[ (24 - 6q )dq = sszoo
and from #‘2‘ q* =. 2700.0, p* =] P . '“ 0

'_.‘“?‘ ‘ .‘a.“,.__ﬁ ( A S .

RS 27000 . B A t “l) *%‘0630—0‘0' \(‘Q‘) 25 5 200*

« i : (1 _'5(2790 )dq . slssoo ) o' . ","_“: - . 0. i .:.: and from #8, q* = 2000‘ p* = 15.
d R L T 2000

- - -, - .l

("..‘ N

o,

(15 - Tﬁ—qm)dq $20,000
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18. S(q) = 3(q - 1)3 + 3, D(q)°= 12°- 99%, q in 10,000's

and from, #9, q* = 1, p* = 3. . a 1
1 L.
‘P.S. = 10000 [ fs - (3(q - 1) + 3)]dq = $7500.
& 0 ‘
19. S(a) = t5hy.» D(a) = 4 - Te050°
and fromi#l,\q*°= 15000, p* = 3. Maxinize
. q ) : bt y
£(a;) = q,((4 - '1‘5‘0]0'6) - 3) + 45000 ‘0n 0<q; <15000
- . - ' Zq v :
1 - = 3 -
f(ql)-l -—sm-(]lfql-7500. ]
Thus, q:l = 7500 apd p; = D(qy) = $3.50¢
0. 50 = 7 . 1 -vﬁ- o

" and from #2, q* = 27000, p* Maximize _

q 1 4
£(a;) = ,91[10 - ?0—%-0- - 1] + 27000

- ql
f'(q,) =9 - 100 ° 0 if q, ., 13500. -
¢ .. 1 1 ¢ 1 j ’ . '(
, ..~ Thus, g3 = 13500 and p; = D(qy) = $5.50. Ju
. i “21. S(q)°= 34, D(q) = 6 ~ 3q, q “in 1000's
wo T . " and from,’_‘#%,, q* = 1,-p*’= 3, "Maximize
;» :~, . it : . s .
£laq) = ‘11(6 T 3ap - 3) 3. ‘ .
v . f'(ql) 3 - 6q1 ? Li‘f q]_, ,r!fi - r
Co, Thus q1 =% and Py = D(ql) - 34,50
LB s@Ee @ e gl T e
S ft‘wl%'{ . and fron: ¥s) q* ; ,100 p*. =-10‘ Max,unlze
: . qqt . T e
e oiodine x(q*)“’“ ql[ll : .’ 'IO}“ “1000 : - ™
. iy 0" q - . ’ a
S o f'(ql) =1 - -sﬁ.= 0 1f 9 = 50.~ ¢ .
< p Thus, ql = SD and, P = D(ql)?= 310 50. 23
N 3 \4' . K o3 PR L 2 i e L
% .ﬁ . e

23, S(a) = 34% D(a) = (1 - q)° + 3.

and from #6, q* = 1, p* = 3. Maximize

£(a) = q (17~ a)® +3 - 3) + 3.
£'(a) = (1 - @)° = 3q;(1 - q,)? T
i = €1 - q)%( - 4611) =0 if q = %, 1.
) Thus, q;.= % and P, -Bﬁql) = $3.42. i

= (2 -9 + 24
2, p* = 24:

24. S(q) = 69*, D(q)
‘and from #7, q* =
£lap) = a,((2 - a;)° + 24 - 24) + as.

CEe) 5 @ at - szt apte

oo = (.Ez-ql)z(z- 4q;) _=Oif q =¥ 2.

Thus, q; =% and p; = D(q;) = $27.38.

) o .
="§0‘8‘30m,_D(Q)=25°§%0- -

2000, p* = 15.

Makimize

o

25. S(q)

and from %8, q* = Maximize

: q .
£(ap) = d,(25 - 5y - 15) 7+ 30000,

*

. . q > T
£10ay) = 10 - o = 0 if q; = 1000.. - .

. <3
- Thus, q; = 1000 and p; = D(q;) *20.

26. S(a) = 3(q - 1)® + 3, D(q) = 12 - 9q?

.« and from #9, q* = 1, p* = 3, Maximize

*

f(ql) = q(12 - 9q1 - 3) -+ 3. . -
0 if q; = 173, . .

Thus, q1 = /7‘1 3 and p; =’D(q1) & $9.

i U ) = 9 - 27q s
&

e




N

- -
N
PN
o
AP

30

() .p.s.

o

'_ (b) C.S. = 1000 I (6 - q - 2)dq seooo. - B

- (b) Maximiz?‘f(qu = q1(12 -‘_ql‘f -3y + 09 ’.j” ‘m‘: R

R N - e - . e
: s S .
s t . N .
e . 13, ISOLUT\IONS FOR THE MODEL EXAM “° o ! __‘

‘See Fligure 6. . : . ) :
- ( }
2. 8(a) = gy, D(@) =6 - 5%

(a) §£11T=6-—‘17T > a* = 1000, p* = S(a*)gr 2. /
1000 :
(6 - 535 T 2)dq = §2000 .

(b) c.s.

“1000

- gtoln—)dqif $1ooo'.

S(q) = /q, D(q) = 6 - q, q in 1000's -

-gre
»

(a) ¥q'=-6-q = q= 36- 12q+q ‘> q2:13q+36 = 0

o
*> (q-4)(q-9) =0 =>q;4or9, .
so (i*’ = ‘t‘{, p* .= .Stq*) =2, . ¢ .

- ) - .
- - ) .

. 0 : , . .
I t 4 B - e . - ] .
(c). P S. I (2 - \/_)dq $2666 67. o

¢ 0 i ; .!» o , ' =, E -

C" . W e
=12-(:[ > q? +q - 12 0 = (qH4)(q-3) =0 . e
”Lq.'3:'4» so q~\=3andp S(q*);-‘ 3. : SRS .

A d

£1(qy) =9 - 34,2 = ‘Q'if,ﬂ; =1/3 so_

w‘:_t,...‘ . ) . - — ‘-......_ %——,‘N T: s
qq-= /3 and ?1.-2"1)(91,) = $9, IR o ; .
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