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. . ¢ . . vector 1 = (1,0), and using onlv the€'se operations, we.can. -
- e ‘ DN » '. '
N : 1. INTRQRUCTION s "bu1ld" or "construct" any vector 1Q R? of the form (r,0), .
. . . g . . '\ r ¢ R. Houever to ;enérate evexy vector (x,yl in R® we
~ d dd 1 Slct = (0,1), which
. “This module was developed to'provide an application, need an additiona \ector such as J = (0,1), which xsyhot |
Qf matrlx mathematlcs in chemistry, and to show the con- a stalar mUItlplé\Of L. fe cannot ‘construct any vector
e T -, &
“cepgs of linear independence and dependcnuc n vector )glth nonzero' second cohponent by applying our given oper
» spaces of dimepsion greater than 3°1n a concreta setxlnn tions only to 1= (1, 0) For instance,” 1t 1s 1mp0$51b10 -: .
. g : to expyess the vecyor e (0, i) as a sum of qcalar mulfi- b
In balancing a chemlcal reaction such as , . -
. , L ples of 1 7+(1,0). . : .
Pb(N )2+Cr(\1n0 ), » Cr,0. + MRQ.. % Pb;0. + NO . . ) : + " »
. . z “ 2 37k . {n like-mannér, starting with the vectors i = (1,00)
\ . N } :
‘we seek poesitive integers u,v,w XY, whlch'baib no com- and j = (0,1,0) in Euclidean space, R*, and us1ng the
[} PRRY
e mon divisor other than I, so that - . standard operations of vector addltlon and scalar multi- ’
(u)Pb(N3)2+(v)Cr(Mn04)2*(W)Cr 0 +(x)Mn0 +(y)pb o +(2)3N0. : .plication 1n 33, as we did in R4, we cap form any vector
" in the xy-plane, that is, all vectors whose thlrd compo-
We say that the equation or reaction is baZancee uhen the . . -
nent is 0. However, once again, to be able to cqnstruct
umber of atoms of each.chemical element involved is the N
. i ‘every vector (x,v,2) of R° we need an addltlonal vector
“same on ‘each 51de of the reaction. For exampke,’here,
whbse thlrd component is not zero. With k = (0,0,1), and
. for the element Pb (iead), ‘there.are u atoms on the left -
‘ : - : i and J as above,ﬂue-can form any” vector in Euclidean

. side (the reactant side) of the reaction, and 3y atoms of

-

L spdce using ‘Vector addition and scalar multlpllcatlon
Pb on' the right side (the .produtt side).. The 3 1n the
J We could not" have done this w1th Just 1 and J, for it is’
. *-ferm 3y comes from the fact that theré are a atoms of Pb
1mp0551b1e to ”decompose" the vector k 1nt0 a 11near com-
in-each Pb304 molecule. For” the reaction to be balanced -° .
<« ° bination, rll + rZJ, of the vectors 1 and J, with

we must have u = 3y. ‘In the same yay.we count the re-
T and r, e R. We mlght also say that the vector k ds
spective number of atoms on.both sides of the raactlon
N - * not dependent upon L and ] or that the vectors H J and
for the other chemlcal elements N, Cr. Mn, and 0, and /’

~

are linearly independent, ‘-

& ,\)“\ 8 . . e \ . .' - .
ERIC . -~ -7 . w( St | 7
LY rurren i enc S 4 ' : N ’ - :

N . . ‘
4Ercs 3 . » . . L [}

o?taln a linear system of equatlons. The setting up of \i
this system and its solution by matrix methods will be * 2.2 A Word About Chemical Elements ) T
examined in detail in Section 4.1. ) i In this section we shall see that the word "decoms >
N . = R : : . ‘Eose” which appears in the last pagagrdph of Sectlon 2. 1
o 2. BACKGROUND: MATHEMATICAL AND CHEMICAL . was specifically Choﬂsn for its suggestlve value X .
: 3.1 Vectors in Two and Three.Dimensioné - ) - i In the science of chemistry the term pure subétanee
s \ 1s used to descrlbe any var{\fy of matter Which hag ,a
-~ . Con513er the operations of vector add1t10n and sca- recognlzably definite composition and possesses spec1f1c
L lar murtlpllcatlon i} the Euclidedn plane, R?) where ' properties. The chemical reaction.of decomposition is
(x,y) + (X'%Y )= (x + Xty + y') and r(x,y) = (rx,ry) one in which such a pure sybstance breaks .down to yield
. for any (x,y),(x',y') ¢'R?, 7 ¢ R: Starting with the simpler forms of matter. Many of the substances known to
mx ) } . - . N ‘ 1 ) ’ . - 2

¥y
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scientists do this, dand release or ‘absorb as much energy
as 30, OOO calories per gram in the, process., (Processes
that 1nvolve .changes in the nucleus of a chemlcal element
This kindvof
Amgong
those that -do not bregk-down at

may result in ‘even higher energy changes:
' reaction is termed nﬁ?lear rather ‘than chemical.,)
. all such pure su’ostances_.L

all within the energy range mentigned, or thatwgive only
A A Y ~

-
¢ %one final product, as in the decompasition of ozone into

oxygen, are called the etements. As of 1970 there were

105 known efements. (£lement 105, Hahnium, chemically
was discoveted in that year by the team of
"K.A,Y. Eskola, and P.L. Eskola.)

Elements are considered to be the éhémical building blocks

denoted Ha,
Ghiomnso, Nurmia; Harris,

for forming all other substances; the smallest chemical
., unit of any such element being called an atom. 4

3. SOLVING LINEAR SYSTEMS: L
. THE INVERSE MATRIX METHOD

‘e - ‘e . .
One of the ma1n toplcs covered in a first. course in
- ’‘matrix algebra js the solut1on of a system of l1near equa-
" tions by way of technlques such as elementary row opera- )
tions, Cramer's rule or the inverse m#rix method. We

shall find the inverse matrix method most suitable for

our applications 1in Section 4. .
LY .. . .
- The method c¢an be described as follows: given a .
system of 11near equations such as ’
- ¢ ] - c 1] ‘e * \
. STEIICIPE S 2133 = by ’
a71%) * 332%p * 33%3 T by s v
l Q [
331Xy * 83Xy * 833Xz = by .
. we can write this system in matrix form as .

.

-

'
‘\ L]
1 Y ’
) L c
. a1 %12 213 [*r < [°1] . ’
= . = . = . 4 =‘ s
QAX = B, hhere A : ay) 35, a3/ } Xyl § b2
sy . o ‘ ol
: 331 %32 %33 X3 3
. . k ‘ *
- . In elementary algebra, if a and b are real numbers,
and a # 0, then the solution of the equation *
ax = b "
< . . < - N
is L0 .
x =a'b : :

. We would like té expand this idea to the matrix equdtion
AX # B, where A,B are matrices of real numbers, and be¢ ~

, able "to conclude that the solution is X = A™'B. Here, * .
however, we need more than just A ﬁ.O. We need'det AE£EO,
where det A is the determinant of the matrix A. One finds !

this to happen when the linear system is independent, that

system can be “of-
of thé other equa-

. ' . -

is, when none of the equations in the
tained by combining multiples of some
tions.

-

47 BALANCING' CHEMICAL REACTIONS

')

4.1 The Computer Suppl1es a Readily Recogn1zable Answer

Our first problem reads as, follows TFhe reactloﬂ of
lead (II) azide and chromlum (II) permanganate in produc-
‘ing chromium (TII) oxide, manganese (IV) dioxide, trilead

- tetroxide, and nitric oxide is given by the chemical

.

¢ equation

(1)

.
«” B

* Cr(Mn0,), + Pb,0

374
(basic ‘solution), -.

Pb (N > Cr.,0

203 + MnO2

3)2 +.-N~0.*

a redction involving 3 oxidations and 1 reduction.




. . . v ”

. . . t e o~ ™ #
: Before we tackle the problem of trying‘tb balance - * : Since vectors are equal only when all éoxrespondlng
., this equation, let us reconsider the idea of linear inde- ‘ component<‘_re equal, by cquating the first through\{ifth\ .
~ pendende Sf vectors in a chem1cal setfing. "Just as we . compqnente 1n equation (%) we get the follow;ng system of )
. tould not create.the vector k = (0,0,1) from the vectors 5 éqbations 1n 6 unknowwq o { Y * . ‘
= (1,0 0), = (051,0) in Section’2.1, indealing with et u ¥ Ov = 0w+ Ox + 3y + Oz ] -
) th& above chemical gauatyon, we know for instance, that S T , 6u +0v = ow + Ox +"0)’ . :‘ . _ {
we ‘Gannot créate Pb from N and 0 or any other _combination ., . (s) : v
of elements from dmong V o, Cr, Mn.. This® 1s inherent in C Ou +.v = 2w + Ox + Oy + Oz
the very nature of a chemacal elemegt and we may thus ¢ s “Ou £ 2v=0wdx+0y+ o0z )
view the clements, involved, 1n the chemical reaction as ) : . < ) -
3 . . Ou + Bv = 3w +7:2x + 4y + z -« LT .
. 1ndependent vectors in R5. .We shall make the follow1ng . T . ’ e . N ‘
. atom assignmerits 1n “solving the problem: - or, * - ° - ’ . k
@ ' ~ ~ - ° ‘ Gv
B Pb = (1,0,0,0,0), ." Mt = (0;0,0,1,0), < . OVt 0w+ 0x + 3y +0z=u .. S
W . . . . : . . - L. .y . )
, N = (0,1,0,0,0), Q.= (0,0,0,0,1). R Ov.+ Ow + Ox + Oy +z =&u )
. = (0,0,150 0), . L ' . ©) Y.Vt 2w+ 0x+ Oy 0z =O0u Lo
L . ~ . - . . <o r Y
‘ - The ba51s for th1s 1dea can be found on pp "26-27 of {2]. ) -2v + Ow + x + Oy + Q; = Ou.‘.. > Lol '
To balance the equat1on, oot ; X o, -8V + 3w + 2x + 4y.+ z'=,0y . A R M
. . . . . . R N
. + > + + [ NN There are infinitely many solufﬁons of-this system. But ‘
s (2) Pb(N )2 Cr(MnO )2 Cr O MnO2 Pb304 NO R ) o

«

frdm a chemlcal viewpo1nt th1< 15 in keeplng “%ith ocur
(bas1c solution}, X

»

. . exper1ence for if we "have one solut1qn that balapces the

we must find {ntegers w,¥,w,X,y,2, Wlth no COmQOQ integer - chemital equation (3), any pos1t1ve 1nteger multiple o
divisors othe than *:1, 50 that ) ' - it yields angther solution. Also, before proceeding;, it N
. e . . g’
. (3) (u)ﬁb(Ns $ (v)Cr(MnO4)2 ’ - oo shoutd be poipted oqt that the techn1ques ﬂeveloped here -
b " ¢ ) ) "work for our chemical reactlons because they are efﬁctr1- . 'ﬁk
el e (w)Cr20 + (x)MnO + (y)Pb304 + - (z)NO' . . s -
.- s ! cally balanced. C . > 4@1
K bsihg the vector assignments,abo?e - We rTeplace the :' ) . Since wé are. not Lhterested in the general solut1on ]
chemical equat1on (3) by the vector equation ) ( . " tlet ms find the unique éblutlon correspond1ng tou'=1." e
! ’ ! In"matrix notation this will take the follow1ng form . A
(4) u(1, 6 0,0,0) + v(0,0,1,2, 8) = w(0,40,2,0,3) + . o ¢ : .- . . -
(0‘0012)+(30004)+‘(010013 L 07, +0 0 T3 T vl ! g}
. ’ X yVHIVUyd, yV,y U, Uy zv,1,y,0, s ¢ « . . * . ¢
| ) S : y 3 / ' . 0+ 0 0 0 1f- wo|>» 6
- ” whgxe, for example, (1,6,0,0,0) represents the lead (II) N (7" -1 2 g 0 . 0 y 1« = 0 -
; azide molecule, Pb(Ns)z.’sincq it is made up of 1 atom of t. .' -2, 0 1, 0 0 y 0 \,
T Pb and 6 atoms of N, and using vector addition and scalar - ] 1-g - 3 0~ 2. 4 1 z 04,
multiplication (1,6,0;0,0) = 1(1,0,0,050) + 6(0,1,0,0,0). "/ ; ‘ ~ LT Y
. . . : ‘ . < e T P

A v ooy eric .o v - - A
g 8 M \ . L £ - - e b
25, . . [ . . . N~




N l. *
. . 3 L ‘ .
.56 that _ . . - ) .
‘ vl o 0 0 30 o7t er
" [ W o o . o 0 1 vie |
. (8) x| = |-1 2 T0 0 0 0
y‘J -2 0 1 0 0 | o}’
L. -8 3 2 4 1 J L0
\ . , 1‘ i
The solution is immediate oggce we get the inverse of the

:ERI

Aruitoxt provided by Eic:
g . -

‘160

'RUNNH d e

1though one can find anfinverse
ere det A # 0, by such methods
as elementary row operations as_found 1n Chapter 1 of [1},

given 5 x 5 matrix. Now

for a square matrix ‘A,

or by use of the adjoint as descr1bed 1n Chapter 2 of (11
it is at this point that we shall use some computer assis-
tance via’, the follow1ng BASIC-PLUS program .

10 REM THIS PROGRAM 1S USED, IN BALANCING CHEMICAL EQUATIONS
20 DIM A(5,5),B(5,1),1(5,5),5(5,1)
30 MAT READ A,B o

40 MAT T = INV(A) e ' .
50 MAT S = .

Ny

";8(3,1),"YE";5(4,1),
. , hastiad

stop | o : . |

INPUT “K = "; K_

DIM T(5,1) \

MAT T = (K)*S :

PRINT "U= "K,"V=";T(1, 1),"w-"r(z 1),"X="%T(3, 1),

Hy=":T(4,1) .

180 PRINT "z=";T(5, 1), ot -

190 -END . S o :

,1) "W—" 3 S(2, 1),"X

130
140
150

170,

Ready . '

.

V= 2.93333 W= 1.46667
Stop at line 130 s

. ) '

Ready & : . :

X= 5.86667 Y= .333333 qz=r6

y > This program uses matrix operations that are available
"in BASIC or BASIC-PLUS.

LX)

An excellent explana%ion of
these.computer matrix operatlons can be found in Chapter ‘
10 of [4].
this modufa were run at the Rose-Hulman Institute of
Technology on a DEC PDP"11/70 using the RSTS version 7 -
operating system )

(The program here and all others found in

. .
At this point we must be'pnepared to recogn1ze

0. 03333 as 1/30 and 0 06667 as 2/30. .the

answers -in integer form we shall perform the scalar mufti-

-

So to express

p11cat1on at line 160 by inputing the value of K at line
140 as 30,

involved.

"
the least common denominator for all fractions
Upon typing CONT we get the following output.

CONT .
K=2? 30
JU= 30

Z= 180

v= 88 W= 44 X= 176 Y= 10 .

Ready
Dlv1d1ng each coefficient-by 2 we find the equagégn

v

balanced as follows: ¢

(9)

15 Pb(N3)2 + 44.Cr(Mn04)2 -

.~
.

22 Cr,04 +-88 MnO2 +.5 Pb304-+ 90 NO.
In some balgnc1ng problems, .it is*possible to reduce
the number of ‘independent vectors involved ifewe can find
a radical that does not break down in the react1on

- ] t

The €N in the reaction .

KCN + KMnO

g 4n0, > KCNO + MnO,

t

~ Instead of assigning a 5-dimensional
vector to each of K, C, N, Mn, and-0 to balance this

is, a case in-point.

equatlon, wé may assign a 4- dimensional vector ‘to each of

K, CN, Mn, and 0. This s1mp11f1es the problem
) ' - . * ’ ) *




EENN

. ﬁ:Z The{Com;uter~Supp1ie§ an Answer Which Is Not Easily
) Recognized . . .

. N .
If ‘'we compare the 5 x 5 coefficient matrix 1n Equa-

tion (7) with the equations in (6),] we see that the col-

. umns of the matrix are the vector représentations of the

molecules other tban the flrﬁt reac

The minus signs
occur in the columns for the other reactants. The product
Mmolecules have all.positive compoments in- ‘their respective
columns: The 5 x 1 column matrix of constants in (7) re-
sults from the vec'tor representatlon of the flrst reac-

_ tant, Pb(N

- o\

3, - . L LA

We shall now consider a second problem whlch will
give us. an opportunltr to extend our use of matrix oper-
ations in BASIC-PLUS to the MAT INPUT statement and will
employ the transpose of a matrix. This particular prob-
lem will prov1de us with techn1que< to consider when the
output does not yield decimals whose equivalent fractions
are,as obvious as in the first problem we considered. In
addition, the progfam below is more general and can be
used in balancing other'electrléally balanced chemical

equations. ’ . AP
v d -

_Here w& shall consider the chémical reaction - - -

®

(10) _HZSOA + MnS + AsZ(Cr207)s - ~
\ ‘ .
B HMnO, + AsH, * Cr,(80,); + H,0
: - . .
(This involves 2 oxidations and 2 reductions.) e -]

We assign the following vectors to .the atoms:

"H'= (1,0,0,0,0,0),  Mn

-(0’0’0011’0)0) ’

4 ¢ .
S = (0,1,030,0,0),: As = (0,0,0,0,1,0),

Q 0 = (0’0’110’0’.0]’ Cr

('0)0’0’0’0)1)-
. (24
To ‘baiance the chemica® reaction (10) we need to find

integers t,u,v,w,X,y,z, as.in.Section 4.1,,s0 that
¢

’ ' N s - 9

~
]

tance in solving ‘the* matrix equatigon. Here, however, our

(11)  t(2,1,4,0,0,0) + u(0,1,0,1,0,0) + v(0,0,35,0,2,10) =
»(1,0,4,1,0,0) + x(3,0,0,0,150) +

: v(0,3,12,0,0,2) + z(2 01000)

sLetting t = 1, we can write _the vector equation (11)
I "the’ equavadent matrix form AX = B:

-

— . P - - - - -

0 0« 3 0 2 u 2 ’
¢ ’ e ’ >
-1 ) o "0 0 -7 30 0 ]. v 1
0 -35 g 0 12 1 w 4
©(12) ; =
-1 0. 1 0 Q 0 X 0
0 -2 0 1 0 0 ty 0
[ M .
s Lo -10 0 0 . 2+ 0] lvz4 Lol
Accordingly, the solution for the_yector equatlon When
t =, is given by L7
ful [o 0 1 3 0 27127
. . .0
' -1 0 0 K '3 0 1
wil 1o -3 4 0,12 1 4
(13) = :
, x -1 0 10 0 0 0
y 0 1 0 0 0
~ ‘ v
R 0 0 . 2 0] [o]-
"I__ﬁ—'—\\ \

Once agdin we spall turn to the computer for assis-

program is somewhat dlfferent from that used in SecH

4.1. It involves.the transpose of a matrix, that 15, tire ¢
matrix that results from a grven matrix by interchgnging
its rows and columns. (For more on the transpose of a

matrix seg pp, 67-68 of [1].) . .

| )
<y
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(2,1 4"0 0 0), of the reactant HZSO4

-

10 REMTHIS PROGRAM IS USED IN BALANCING CHEMICAL REACTIONS )
,20 REM N IS THE MUMBER OF DISTINCT ATOMS OR RADICALS INVOLVED  °

'30, DIM A(20,20), B(20 13, 1(20,20), J(20, 20)‘ 5(20,1)
40 JINPUT "N ="; N "« -

50 MAT INPUT A(N,N) . . -

60 MAT INPUT B(N,1) .

70 MAT I = TRN(A) LT

80 MAT J = INV(I) R VA .

90 MAT S = J*B O -

100 MAT PRINT S T v

110¢END e - '
¢ . . N

Redtly S L ’ -

“4'At 1ineé 50 of this nrogram we input the columns of
the 6 x 6 matrix A of Equation (12) We start with
(0,-1,0,-1,0 0), the negative of the vector representa-
tion of the second reactanT Mgs, .
finish with the vector (2, 0 1,0,0,0) for the last product
H,0.

and cont1nue until we

At line 60 we' input the veqtor representatlon,

vided at the keyboard like “the us
quest1on mark appears when e computer is ready to re-
in the value of N and hit-

feed key cam,be used if we
L]

ceive the data. Upon_ typin
ting the RETURN key, the 1i
wish to type the vector“repredentations on successive .
: as shown-in the tows foll :
the value of N. We then hit RETURN after typing in the

lasq row vector ) _ .

lines, ing the inputting ‘of .

Lines $O 40
the or1g1na1 matrices. A ‘and B.

50, 60 const1tute a redimensioning of
Thls allows the‘'program
,to be flexible in its application to any e1ectr1cally

ﬁ;*balanced equation that involves 20 or fewer atoms or

radicals. - n

.

% < ey -
Upon typing RUNNH and inputting the value of N and

the vector components for the reactants and products, the
program yields the following results: '
: R . ’ ;
1
[} ’ 1Y .
s "‘.6 w Y 1]:.

¥

D D D D D - D 2

.872483E-1
.308725
.174497
.436242
.583893

Ready .

ta1n u =
y—

However

From the printout here we see that for t =
v = 0877483,
.583893., . which unfortuhately are not
readily recognizable as any specific ”easy” fractions.

.436242,

+.308725),
zZ =

" second solution wherg

*

5
)

. -~ v

"

11.46154,
w = 3.53846,
1,

to five deéimal places.

W

i

.308725, x = .174497,

if we divide each variable by the smallest value,

marily concerned with the ratios of compounds), we get a
k -

A

i
i)

2.00000, -
..5.00000,
2 =r6,69231,

]

~<
]
.

Now considering 211 the fractional parts, we find

"that 0.53846 -

[0.46154 =

ence and that (0 '07692)"! =13.000%2,
4

Then 0.46154

6/13,

0.07692 is the smallest differ-

and 0. 69231

So multiplying our solut1on through by 13, we f1nd

[y .
3

A4

s
46 HMnO, # 26 AsH,

Pt

the reaction balanced as follows:

(14) '149 H2804 +‘461MnS + 13 ASZ(CrZO

7

s0 0.07692 # 1/13.
9/13.
- 4
. . ’t e
7dg > 7 e

-

+'6S CrZLSQJO + 87 HZO.

1. we ob-

.namely 0872483 (since in chemlcal reactions we are pri-



s
.

e

Aruitoxt provided by Eic:

Peegi s -

.n of radicals and atoms téntrols the number of linear

- A
*products controls the number of unknowns.

S \ T .
4.3 Have We Only Dealt With Very Special Cases?

~ You may have n0%1ced in readlng Sectlons 4.1 and 1.2
that, to set up the matrlx gquations used there both )
chemical reactions dlscussed were of the rype where the
togal number of reactants and products -exceeded the number
of atoms and radicals 1Q&q1ved by exactly 1. The number
equations involved, while the number m of reactants and
One peed not
look very far to find-a chemical reaction where n # m + 1.

In this section we sfa}l deal with the case where n = m.
To balance the chemical reaction, o
t .

(15) KC2O5 + € H)) 0., > €O, + Hy0 + KC2

we make the following vector asbignments for'éitoms and
k3

radicalg:
K

(1,0,0,0,0), c -*-.‘;‘(0,0,0,1,0),

P

Ce

(0,1,0,0,0), H =‘§‘:(':o,o,o,0,1).
' ] .

o

_(0,0,1,0, 0), R 3 .
%’acmpn as a vector equatlon

v,
W,_ -

We rewr1te the chem1cal re

.

and seek positive integers u,v,w xgy with. no common in-
teger factor gr&ater than 1 so thati . L;.
«(16) | "a(1,1, 3,0,0) + v(0,0,11, 12 %0

“

w(0,0,2,1,0) + x(0, o ;@,2) +y(1,1,0,0,0).
Setting u = 1 we would like" to u§e the program of
Settioh"4.2 but we do not have the' necessary number, 6,

of reactants,and products. However, if we examine the

"

actual linear system of equations, ..

1= Ov+oOw+o0k+ ly,
. 1= Ov + Ow + Ox +, y; .
(17) 3= 111v + 2w + x % Oy, . : .
‘ 0=-12v + w+0x + 0y, - |
) 0 = -22v + 0w + 2x, + Oy.
‘— Do ’ ; - ( 13~’

4 x 4 system.

. fo;lows:

before going to the computer program, we see that the

system 1s gependent._ Th& first two equations are.jdenti-

cal. ) . Coe ‘ “

Here we can rcadllv.recogni"e an independent system,
however. It consists of* the four dltfcrent ¢quations 1n
(17), and we- shall apply our computex program to thus”

(If this were not the case;we could apply
the program of Section 4.2 to different comblnatlans of
1 equations gelected from the 5 until we have found an
independent set of 4 equations yhxch would yield a un1qu§

solution for the given system of all 5 equations.)

RUNNH- » ) o

B N R I

Ready * .

From the printout we see that for u = 1, we have

v ='0.125, w=1.5, «x =1, 375, v o= 1.

Since 0 l?g
balance the reaction as

-1/8, we can mu1t1p1y all the values by 8 to

\ v

-~

(18), R 8 KC20; + C),H 22077 * 12 co, + 11 H,0 + 8 :cz .

4.4 The Non-Unigue Case

-~

For our final application we shall examine a chemi-
cal reactlon where the total ‘number m of products and re-
actants exceeds n + 1, where n is the number of distinct

atoms and radicals involved. The reaction reads as
ey

Al
5;9) CH,0 + Ag(NH3)2N03 + NaOH -
NaHEOZ + Ag + NH51+.N3N03 + H,0




&

«
¥

- NNE)Y& .

Lr)
® . . w«x.,‘a i )
., . oo ‘.:"_f',.«-w..?* t, .
. qith the following vector assignments’ - ‘Agi_
¢= (1,0,0,0,0,0), Ag..(0,0,0,1,0,0), .
H= (0,1,0,0,0,0), N = (0,040,0,1,0),. " -
.*, . 0= (0,0,1,0,0,0), WNa.= (0,0,0,0,0,1),

° s o . i
we seek positive, integers s,t,u,v,w,x,y,z,

~prime factor, : ~ .

so that -
A}

(20)

-+ However,

with no* common

s(1,2,1,0,0,0) + t(0,6,3,1,3,0) + u(0,1,1,0,0,1)

=

v(1,1,2,0,0,19 + w(0,0,0,1,0,0) + .x(0,3,0,0,%,0)

h )’(0;0’9,0,1,1) h 2(0:2’1-‘{0’0'0)

o

-

unlike our previous examples Equation (20)

leads to a system of 6 linear equations in 8’unknowns,

which we write in matrix form as
[ 1] Jol "~ 0 1.0 0.0 07 Tu
ol 2 el -1 1 0 30 2 v
, ) ) . )
ey | Flse | 3ot 2 00003 W
0° Tt 1 0 1 0o« ¢ -0 X
0| 3 . 01 -1 0|y
' | 0 | 0 -1, 1 6" 0 1a: 0] |,z
Thé'system (21) has an&infinite number of solutipns, .

. determined by the two parqmeters s and .t.
2 -5
(21)as . ) YL
- Tul fo 1 0o o o o1M[171 jo1l,
. B . s
v ‘1 1,0 3 0 Rl 2l |
t . . y
« 1 -
. wi_ |- 2. 0.0 3 1] .']g‘s'+_3t
. . X ” .0'. 1 0 0 ;0: R % 1
' y g 0 1 1 i 3 |
2] 110 0 1 o) (Fo) Lol

3 -

we can still use the program of Sectlon 3.2 to ass1st us
but we need.to use it tw1ce We use 1& oncée to cumpute

the product of the inverse matr1x with the column’ veetor
that precedes,s, and agagn to compute the product of the

‘ 1nverse matrix thh the cqlumn vector that precedes t

. " T 15
Q e - N SR
ERIC <0, e T
b T T vt P

v

. N
I1f we rewrite, .

.

'ever

problems-, T - —- o
¢ With s = 4 and t = 8 we can balance the rea¢tjon as ’
3 - NN ! L
(23) CH,0 + 2Ag(NH5)2NO3 + 3NaOH ~ .
v 7 NaHCO, + BAg + 4NH, + 2NaNO, #2H.0.
. 2 3w 3 2
‘However, if we choese s = t = 8: the bdalanced reaction reads -
as’ > . ’ . )
(24)  8CH,0 "8Ag (NH;) pNO3 4 15NaOH » ’
8NaHCO2 + 8Ag + 17NH3‘+ 7NaN03‘ ‘10H,0,

: : : .
o7 ‘ ‘
* - - .
. » A ]
RUNNH RUNNM ° ‘ - ‘
N =? 6 N N =76 .
?0,-1,-1,0,0,~1° . ? 0,-1,41,0,0,-1 . .
?1,1,2,0,0,1 ?1,1,2,0,0,1 . : *
7 0,020;1,0,0 ?.0,0,0,1,0,0 :
7 0,3,0,0,1,0 2 0,3,0,0,1,0
? 0:075:0:1;1 " e NS ? 0,0,3,0,1,1 '
? 0,2,1,0,0,0 .20,2,1,0,0,0
? 1,2,1,0,0,0 ? 056,3,1,3,0
.75 . 1.125 e . . N . .
1 - 0 .
0 . 1 -~ Tan
.25 '1.875 ' L .. .
-.25, 1.125 , . N W
a5 -~ y .75 . o N . ’v.k‘.
M ) T ’ oo .\‘ -
Ready Ready . . B

. With these.results we see, that

- T N
"y
» - e »
. 4 -

) <u ="0.75s + 1.125¢, X = 0.25s + 1.875t, . . .
s, -y = -0.25s + 1.125t,
wes t, i ’ z = 0.5s + 0.75¢, -

so tliat with s a positive integer multiple of 4 and t a.—s—
positive ‘integer ‘miltiple of 8 we can get an integer
solutxon balanc1ng the reaction. It }s now possible, how- -
for two solutions to exist that are not mulitples of

each other, in, conkrast to what we found in our Rrevioh§

wh1ch is not a mu1t1p1e of the solution in (23). ¢ This comes

apout,bgcause there are- 2 independent chemical reactiopns
taking'place here. -
? ¥




e

h<ﬁ<\%%¥‘nnos + Km0, + K NaGo(0,)¢ + Co(NO

. SUMM}R¥
“

Although this module wa$ developed to provide some
applications of matrix mathematics, these techniques
are:nbt td be considered as replacements’ for suth chem-
ica¥, methods as oxidatton-reduction, or ihe balancing
of half react1ons where one learns a great deal about
why and how reactions do or do not take place, in addi-
tion to how to balante them. For the chemical methods

. also enab1§ one to 1e§rn a substantial amount about the
‘properites of chemical elements. It is poss1b1e to write
down a chem1cal react1on that.does not take place and )

still balance it by the gatr1x techniques presented here!

In addition, it must be ointed out aga1ﬁ that all® reac-

tions considered in this todule are electyically balanced.

>
Conﬁgdering_the }xampie of‘SecFion“4.2; one, can also

see that the techniques are theoretically sound but with

" computer assistance one_qan‘gét into some difficulty With
round-off errors when largef matrices are inverted by
the éBmpute; Balancing chemical reactions, without ‘compu-
ter assistance but with the aid of generallzed inverses.
of matrices is dlscussed by T V. Krlshnamurthy 1n [31.

6, EXERCISES

““Balance the following chemical reactions:

1) C + N, NO, + Hy0 + €O,

3

2) FeCl,'+ K,Cr0.,+ HCL + FeCt

2 2 7e + CrCe.

3 + HZO + KCg ©

3
3)2.+ KNO3 +'NaN03

o / + -0 P Jl
‘ . - Mn(NOy), ++H,0

- 4) [Co(NHs)S Cl]Clz' + KSCh¥ + KC& + [CO(NHS)S SCN]C22

S? .HZO2 + NaMnQ_4 + HCL » MnCRf2 + H20 + 02 + Nacg
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1)

4),

5)

o 8. ANSWERS TO EXERCISES T .
. . W—

.

C+4 HNO&* 4N02 * 2H20 + ,COZ' . .

+ 2CrCly + TH,0 + 2KCR /

26 .

6FeC22 + l(zCrZO7 + 14HCL -+ 6FeC%

28HNO; + 11K4n0,,, + SKZNaCo(Mo

3

- .

] \SCo(NOSJZ + 21KNO, + SNaNO,'+ 11Mn{NO;), + 14H,0 _ .
L] -~ &

KCL¥s [Co(NHs)SSCN]G'RZ _ -

®

[Co(NHy) (C21CR, + KSCN ¢

(s)H,0, +,(t)NamB4 e (WHCL » . . Y
(VIMnCL,, + (w)ézo + (x)0, + (yINace,’ T

where (u,v,w,x,y) = s5(0,0,1,0.5,0) + t(3‘;“1,1.5,1.25,1)._ For .

T s ¥ 2, t =4, the reaction is balanced as

H202 * 2NaMn04 + 6HGQ..-'> ZMnCRZ + 4ng' + 302 + 2NaC®.
With s = 10 and t = 4 the reaction can be balanced as

5"2_023 2NaNnO4 + 6HCL - ZMnCSl2 + 8H20 & 502 + 2NaCt.

R e . i

A s #
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1. " How useful was the amount of detail in the unit?

’
A

Not enough detail to understand the unit

Unit would have been cléarer with more detail - . v
. ' * ___ Appropriate amount of detail . ‘
Unit was occasionally tgo detailed, but this was not distragting i ~
____Too ‘much detail; I was &ften distracted
L] ~

2. °How helpful were the;problem answer%? ‘

Sample solutions were too brief; I could. not do the intermediate steps -
Sufficient information was. given to solve the problems : <

@ Sample solutions were too detailéd; I didn't need them 0

' * 3, Except for .fulfilling the prerequisites, how much did you use other sources (for ( ‘
ample,'instructor, friends, or other books) in order to understand ‘the unit?

A Lot " Somewhat __ A Little Not at all

A

.4. How long was this unit imw comparison to the amoufit- of time you generally spend on
a lesson (lecture and homework assignment) in a typical math or science course7

Much Somewhat Agﬁht -t Somewhat Much.
@ ) Longer\ . Longer Same Shorter J .Shorter

s

.
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al as many as apply. )

) ; s , .
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Paragraph headings : , )
Examples:- . .
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RN
AN
°
||‘|
L]

*6.c Were any of the following parts of the unit particularly helpful? (Check as many
as apply.) . . - ' -

___ Prerequisites e ’ . .

Statement of skills and concepts (objectives) .

2T T Examples . . ) ) Coay .
- . ‘ __Problems - ' . y -
+ . ___ Paragraph headings - . . ' ’ ’
K T Table of Contents : ) . G R
. , Special Assistance Sgpplement (1f present) ) ,
¥ o ° . 3 - Other, please explain ' . .

=3 - i
o . . - .

L Please describe anything in the unit that you did mot particulaply like.
.. - - - .
S b : Lo

14

-

Y .

e": :‘.; . . ‘ : ’ .
Please describe anything “that yoL found particu1arly helpful (Please use the back of
this sheet."if you need more space. ) . o .




