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no commonly used applied statistics textbook proves this. One of thHe

: ‘Has
|
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Limits + 1

Francis J. O'Brien, Jr., Ph.D.
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Virtually all social science students who have studied applfeq
’ '
stati'stics have been introduced to the concepts and formulas forslinear

correlation of two variables. Applied statistics textbooks routinely

‘that the coefficient is no' more than +1 and no less than -1, ' However,

. /1 .

Coefficﬂgnt ;
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“PERMISSION TO REPRODUCE THIS
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TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)." «
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report the theoretical limits of the bivariate .correlation coefficient; mamely,
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best textbooks available to students of education and psfc?ology introduces =
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explanations, derivations and proofs;

. or introductory graduate®level shoul

standing the proof. As a former instructor of graduate level introductory

» .

proof as it is présented here.
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Pplaced on authors by publishers is space limitations available for detailed

pivariate correlation coéfficient. Since the proof requires only
o s ~ N “ . .
algebra, most students of applied statistics at the advanced undergraduate

d have little difficulty in under- . <
¥ . applied statistics, I know that the gyéical student ca? understand the

The key for tinderstanding statistical proofs is a presentation

of detailed steps in "4 well articulated and coherent manner. A review

I e

’

- the'préof (3lass and Stanley, 1970). Undoubtedly, one of the constraints

This paper wil'l set forth in ‘detail a proof of the limits of the sample ° -

[ : . '
knowledge of ’

N
-

.

.

of relevant statistical and mathematical concepts is also helpfhl ( and « .



' usually required). When students are presented in detail im-

.
.

! .
portant statlstlcal proofs they feel that some of the mystery and maglc .

-

of mathematjcs has been unveiled. My éxperience has been that the typical
. ., . . %

student of applied statistics can follow a good number of proofslbecéuse
. / CoL . . o
most proofs can be presented algebraically without use of calculus. In addition to

enhancing knowledge, an occasional proof often increases academic ¢

. 1
motivation: g . } x

. Some Preliminary Concepts L i . . )
b . . h ‘ e £
Ve ' ~ R4
The proof requires knowledgg of several concepts in statistics
. ° (,? H
"and mathematics. In order to make this-paper self-contained, some . I .
L '
preliminary concepts stdted in a gonsistent notation will be reviewed.

/

We will reviéw the congepts and formulas of standard’ scores (z scores) ,

blvarlate conxelatlon formulas 1n unstandardized and standardized form,

-

°

and algebraic inequalities.

-

. .

< Notation and Basitc Formulas , ¥

1

»
-~

Table 1'ig, a layout of symbolio values written in the notation

-

to be used in this paper. The model presented in Table 1 is of two measures

.

in unstandardized (raw score) and standardized (z score) form. Table 2

. e

.p@esents_somefamlhu' formulas based on un%tandardized variables that

) . . . .
* Wwidl be useful for the development of the proof. ) . V.
- , , ’ . '— . o . e
N A 1This paper is one of a series contemplated.for publication. [See

tics proofs and derlvatlons to supplement standard applle& statistics
textbooks. ’ > ot - o

- .
¢ .

" O'Brien, 1982]. Eveﬁiually I hope to present a textbook of dpplied ' statji;

‘\} . g~ . C . . ’ . .
- ERIC 3 T A o
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Table 1 A ,

Table Layo.ut for Two Measures in Unstandardized and Standardized Form

U . } . }
. ' Measure X Measure Y '
\ Unstandardized  ‘Standardized Unstandardized Standardized
. . » . ~
X X _;( S = L) -
1 (X, "X)/8, 2 Y (Y.-Y)/S =2
1 1 * 1 Y Y1
. . v - .
X - X.-X)/S' =73 Y ' Y.-Y)/s =2
2 (X,~X)7Sg X 2. ® =)/ y y
- 2 , 2
' ) &
) X (X,-X)/S. =2 Y (Y,-Y)/S. =2
3 “ 3 X X5 g 3 .3 Yy Y3
. . _ . P ]
- ‘.
X, (£.-X)/s. =2 yl‘ , (Y.~Y)/s. =12 -
‘ ) . i . [y i
. . . . . .
. » . & e 3 , .
.. ‘&' - . 3 . - «
’ - il. i N
. - = N . - =Y =
. Xn (X -X)/s ZX o : Yn (Y )/S zZ
- - Ct . n i n'
. ’ Y
- - -« . . \ \. .
Sample* :x
Size n n - n ‘ . n, .
- ZX . y . Y \
. ) ¥ “ ot “ol ok .. i
Sample _ . .- o, - o oo .
Mean X , Z ’ b4 . z
’ s N X ' ' « Y - °
. - w U ) L
Sample d 2, \ ’ )
. 2 A 2 - < 274 . . 2
Variance S , . S : - 5 L S
x : : g ; Yy
" d oL X e Yy
. . ) 3 e - . ] ) . - ﬁl .
. . : r - - < -
. \ 1}
- NOTE : all sample size termg, are equal; that is: nX A= nZ = «iy-= nZ . -
’ . ' ., . K y JEE . . ¢
Any of these sample sige terms could be 1dent1f1ed by . Just ‘one symbol -- such as.
n. We will use n when it is not important to dlstlngulsh among the other sample
size terms, but will pse the table values above when 1to is necessary or' 1mpc->rtant ’
to do so. - . . ) . A ‘ <L T
. . . 7 - - '.’ .
. L - he v L
<t . f . ;‘ .t i . . .
' I ‘ﬁ 4 * h ’ . )
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Table 2 N . o
Relevant Formulas for Unstandardized Measures !
: ' -
Measure X Measure Y ,
~ ''n n
X - y .
- > PI
* R e W - Ty
Sample X = = Y=, —
- 3 s - n
Mean : o x , Y e
5 n - n 1)
. X Y
¢ . - N ’ -
Sum n X = :E:.X. n X = :E: Y, '
X - i y £ i
. L i=1 i=1 \
A ' \ ) . ’ .
n ho -
X _ . % .
. . S f—— - 2°
. E (Xi-X). - )4 (Yi-Y)
Sample 2 i=l ) ‘L2 i=1
. S = 3 s =
Variance X n -1 y n -1
. X Y
: )
. , .
n . . n
' s S
sum of (n -1)s% = )3 x.-%)2 (n -1)s® = (s{,-?)-?
X X b i y y : i
Squares'( \ i=] i=1 )
X . . . ‘
2 . . t
* < 13 .

NOTES:

2 . ‘"

4

»

3. Descriptive statistics for standardized scores’will be .

1. The sample,size terms are equai:‘nx=ny. Also, nx=n§ﬁn:

’

sum"is simplg 'an algebraic ﬁanipulation of "Sample Mean'; i.e.,

multiply over the sample size’term in ''Sample Medn" to get *"Sum".

BAlso,"sum of Squares" is such a manipulation-based on *Sample
Variance".. "sum" and "Sum of Squares” "will be useful %ater on.
~ - :

<

developed in. the bodyloﬁ the text. -

- . .
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Standard Scores

‘

N °¥E will be {ecélled ghat the standard score for an unsta;ﬁardized

measure (raw score) is "the score -minus the mean divided by the standard
LIY .

P ¢

deviation". For case 1 of measyre X iq-TabIe].,‘the standardi(z) score is:

v 1

. p .
.

For any (hypothetical) case,’the sténdard.score.of:an‘x measure is:

. . -

.The iame procedure can be applied to Y, measures. For case 1l:
v . » L . °

LI
L .

o . .

S%mixérly, for the ith (hypothetical case), We

" _Since a standard scoge distribution (such as in Table 1) is a

’ -

. N . <7 . , s .
distribytion of variable measures., we can calculate means, standard deviations,
‘ . 24 . ] v

.
. ~
- R - \, . ~ d

variances, porrei@tions, and so fogth, just as we can_calculate these -
. . . , A , o . 4 '

.
. ° * . .. *
statistics for Unstandardized measures. 5

[ [ , -
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¢ Moei students will recall that the mean of z scores ié equal to O

4
» . . - a

and the standard deviation (and variance) of standardized scords is equal to 1.

(The proof of these statemenqé is given in the Appendixl.)

-

The mean of X standardized scores is definé&d as:

.

lThe Appendix conta;ns proof of certain. concepts ‘or relatlonshlps
that mgy be of interest to the reader but are not crucial for the. development
.of the proof in this paper (the theoretical limits of the sample bivariate

correlatlon coefficient).
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- . s s . 3 2 >
. For the standardized,Y measure the variance is défined as:

- % a
& ¢ o - .
. - . ,
. . 2 .
: v
' . Sz -z.)°
. .'5 52‘ _ ji=1 YJ. ¥
. zy - nz -1
* . Y
i, ‘ ( .
Sum of Squared Standard Scores,
' - . -

¢

To understand the proof it is mecessary to know the result

-

- of summing a distributioA of squared standard scorfs. If we square

each, standard score for the X measure-in Table 1 and sum them, we

’
.y, L
’ | X
. . \ ©2
: Z 22 = z o+
) LT N UL B
- , - - %‘

]

. . -

If 'we substitute the appropriate means and variances in the right hand side

of the expression, we obtain:
- - e

y

\ . "

0 ) )
‘n -
N z *
: X
. - 5 2
. VA =
¢ X. .
R A=l Ti
. ;
R’
. i - . .

s 7 Y
M . ‘.
~
LI 4
- . .
- \
[} 14 - .
., . e
‘.
- - b >
L4 P ’ .
N ~
L . . .t
'-" '-- [ ’, ’
S s A ~

[

’

°

P

obtain:

-~
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. 2 . . . L. . —
* Since the- sx is a constant, we can.factor it outside, and write: ,
. ' * Y ‘ -

1)
»
-

r-2 -2 _2
1l X.-X + -X)T 4.+ (X -
. ( 1 ) . (82 ) ( n,X)
2 O
. S,
lx ‘

Nl

14 L]
3

Rewriting the right hand -side in summation notatian, we obtain: -

L 4
’ . . ‘ ’ N
. n ’ .
i s X.-X) '
n .7 f
. ‘ zx ( 1
. - 5 =1 T
. . Zz 2
gy . i Sx‘ .
i=1 ! .
- - 1Y . ’
' ’ "oy S .- A
* ¢
From Table 2, we know that we can sgbstitute the sum of squares term
' into the numerator on ‘the.right hand side. This results in:
. o * \‘
. ’ N ‘ 4 ) )
N g . n’ 2 °
2 (n_+1)s '
. X X X SN
. ) 2 = ~% np-1 = sl
[. - . Zx v s2 X . !
. .oi=1 73 b4 *
. f . ) \ . _ _
: (Recall that n -1 & n-1). * o ' ‘ . .
. X .
. . . . . s { -
If we were to work through the same steps for Y, we would obtain:
: e * ' s . « ,
. . P . 1 . "/ .t
' ) Ug - - . 2 %
; ' YA . 2- ’
4 - . Y ’(n -1)s
. . . y . .
. ZZ% = 2- =n _1 = n_l.’ [’ .
. i=1 Y1 . s LY . '
.. y .
. . . - %»
(Recall that ny:l = n-1). . . .,
] ' ) - »
g B @ N ~ s
hY ~ - '

Q .
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Thege relationships between squared. z scores and sample size are very important *

-~

for the proof -later on.

0
R

- )
Correlation Formulas
' 14

.
*

.

.

Y

LY Al .
They will be summarized }éter on for easy reference. .
. . L |

-

»

\'J_

; ’ »~
b Unstandardized Form . 4 < .
’ . 3 ’ e ’ . .
. - [3
4 S
* < Using the notation ‘and variables in Tables 1 and 2, ;he-ﬁnstaniérdized
., - 13 . . . "'- N
* form correlation ‘for two measures(ijnd Y) is defined as follows: * «
. L . . . b .
! N . v ? -
' . £, .
.‘ . n . ) L g
. . . . Z - - . : .
. - N (X.-X) (Y ~Y) ’ L
n-1 j=1 1 1 : - .
ES X ~ = < . “ - »
- - - ¥ s ¢ ) n » ' B
) ' ‘ = o[- .2
Yot ‘ ’ ’ (X,7X) fl(yi-«)
B i=1 . i=1 .
. ; . ¢ ) “n_-1 -J T n -1, vJ .
- . ; X -y
3 v -,
>
¢ -
s Note that the numerator contains the term n-1 because it is not important
or necessary to diétinguish Between nx-l orn -1. However, in the denom-. " -
inator it is helpful to distingpish nx-l from ny-l. In any case, all
s ) . ' o . .
of the sample size terms would be equal to the same numerical value if a
. »esorrtlation coefficient were computed on a set of data (nx-l = ny-l =n-1).
= 3 -2 - ~
] . :
. - ¥ . - ) . -
[ .
. , .
- - .. ) * [
" . . .
. } ‘
o . .
. Q N ° - ’
B ’ h . - i .. . -
.ERIC ' 1 i 10.
. - .




v . )
Standardized Form - -

2

. L
. g P - te

The correlation of measuré X -and méasure ¥ in standard score form
. . / ,

- ]

is defined as follows: . . )

‘ n * . ¢
1 Yz -z.)(2 -Z)
n-1 i=1 %3 * Y ¥

[ i3

7

— v —

n

- -

zX

E (z -Z)°
X. X
i=1,

’ "

+

L3

(n-l)rz z
Xy

~r

- . A

This relationship will be useful in.the proofy it will be restated for
. N . . 3
easy reference later. . ' .o
5 ! ! v h

The reader may reca}i,that the same correlation ecefficient results

_ when the variables are in raw score foirm or sfandard score form. That is:’

»

BA Fuiimext provided by R
o
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|
|
§
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This statement is proven in the Appendix. We, will restate it prior to the
. . - i ; . - .
N . . . c/‘
proof for the readers convenience. -« . N \r
. . . ' . » . H
* ' . .. * °
- Inequalitjes - . . ) .
. . .« - -
~ . M -
- »

v

) - ~ ’ * * .
Before startang the préof it is necessary ‘to revie& one Ifurther

topic: algebraic inequalitiéé. In thé-proof we are reguired to manip- -
. ¢ . <

. ~

ulate ?;fme form of ineguality: the form "greater tham qf equal to" and

. L

.

w'less‘than,or equd}*to”. .An e?cample will serve as a refresher. .

.

For two variables, say A and B, we can' write:

- i . . - N 'Y »
G A
. .
] .
A > B . "
ki 4 .
. .o ,

13
- .

which means "A is ‘greater than or equaj, to B".

- 4
.

Equivalently, wé can write A .. ",
. . , . . . “‘ . . .o,
' . . S - . « . N
. ’ i
> kY
B < A w :
¥ ‘ * . < Y i

‘. ’ < ' »~ . hd (
v A ™ .

. N -

’

which means the same thing: "B is less than or_equal to A" -For example,, .

4 .

1

3 ' > 1 or equivalently 1 & 3.

¢ -
N

All ‘of this mﬂ) be obvious. What students sometimes forget is

L] L -

. . )
what happené when multiplying or dividing by negative quantjgties. For

- A
.

' ) ‘, = ® - ® e *
e?émple,) i.f 3 ___>__ 1, and we multiply this inequality by -1, we wguld obtain:

.
- , .

. s e
. : - / ’ . * - )
A T L a3y D> Wl o= 3L sl oy
. “ . . s . -
. - e T '
SR S SR A

-



. *. . . ! ) p .
-
. / ¢
R .

4
- .

That is, the inequality sign is reversed. when multiplying by a negative number.
- : . —

The same result occurs for more cbmplex expressions. For example:

/ ) - 3 .
-' 3 * - , » )
- . l1-a2> B
~ - , - -‘ :\ .
Multiplying each side of the inequﬁfity by ~1, we getz: A N
) -1{(1-a) > (B)] = -@-a) £ B or Al < B
] . ) R
4 k]
Example: — N
1+% >4 . ,
L3 * ) Y
. °Multipl§ing‘through.by -1, we obtain: ) . o .
) . . e .
' & | 3 . * N
i % S o)) = -(-%) £ 0 = %1 < 0
PR . . . -
_Ed'.
[4 - * . \,
j . *

SummaryYof Important Concepts:

. ’ . ‘o toe . 8

. e

. - . ‘ .
v We have reviewed standard svores(z), correl&ion formulas and
»

=L ~ . .
~algebrait inequalities. ;All of these concepf% are important to understand

- [3

‘the proof-that follows. For the readers convenience, we.will summarize

r

-

these concepts. for easy reference. This ijg done in Table 3. ' \

. . - M '
. Q .o - ‘ 13,- .
P E . A

4
7 .
% ) .
4T Y.

P
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., Table 3

s

H

.

; Summa}:y of Important Concepts

>

n
. 2 2 2 = (n-lr ©= (n~l)r ) <\
. z 2 Xy

X. Y.
i=1 i ‘i X
v Y N
> .
. ) ~
"
©oap-a > @) = aT < B .
- ' ¢
E I .
. e . ~ ¢ " ®
13 R ! . ’ .
. ‘ . e /
t
L { I .
’ -
" ? .
=
- P LY
? 3 < 4 .
/ A - . ¢ :._4—-<-..,_ . *
< Vg - Yo -
Q - . . ,
- 1]
hd 4
-] 1] -
) . b ]
‘ ’
b . . 1]
[t . . > - . -
~ . » .
+ “
. .
~ .
oy .

f
W




We are now réady to present the proof. Formally, we want to prove

the follewing statements: !

~

witing eachof the statements in one linear form:
B 7

»

¢ e

=14 x L 0+

- -

< This states the same’information as the above two separate statements/

-
S

?

°
.
? Q

AN
The proof~consists of two parts: one part shows the lower limit
;i -1), and the second’ part shows the. upper limit

P

{ +1). We will prove the 'upper limit first.

- <

Proof that r
Xy

To prove this limit; we will perform algebraic manipulations
*

N

on a statement which~is'mathematically true. That statement is:

Y <

14

Sz, -z
T, Yi

i=1l

s "

ORI A v provided by eRic
-t
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In . words, the statement means:  the sum of squared diffexences of n

™
standardized value pairs will always be equal ‘'to or greater than 0. The
*

»

» reader may refer to.Table 1 for clarification. The squared differences
. "ﬂ -

aré taken fjf each row (bairs) of z& and ZY values starting at

- . ¢
Z Z . . ——
x,, yy and contibuing down, to the last pair of 2's (2, ,Z ).

-

° n n e

Most students readily agree that the squared sum will be.greater than O.

[
-

But can 1t ever be exab;ly equal to 0? Yes, theoretically it can. Refer- )

B . O .
ring to Table 1, if pﬁe;imagines each standardized X and Y measure to have

s J . ’ . al ‘
thé same numerical value, then it is apparent that each difference will be

0; so, the squared value of 0 is also 0. Now, a sum of sguared 0's-
»? : i » .

will itself be equal tos:0. While it may be unlikelg to occur inqpractice,

it i 'onl ‘required thétf: (Z O-Z )? ]
s . y'requir £=1i XY, EL 0 be true in a mathematical

: _ sense. ‘Thus, the statement is true. We will expand this squared.sum,.

N
~

i v .
. perform algebraic maqipulatiOns and substitutions, and arrive at the proof
for the upper limit of £he°sample correlation coefficient. )
. . . : x )
- The actual steps in the derivation will now be presented. Notes
- . . ¢ -
.pertaining to the algebra ‘are provided for the readers reference. Refer .

.
-

to Tables 1,2 and 3 as needed. It is suggested that the reader first

examine the algebraic statement on the left side of the page. Then read the

- £l .

‘ comment on the right side for explanation. See-next page.

.0x
. - 1That is, within pairs, pot all pairs. Example:
: ’ P/ pA '
- b - R '.g,%g:"”%% “.ig - Y!- . .
S 141, 1.41 . .
-.68 o -.68 i
) © I: .05 .05 ~
< - etc. - .

PR - :

Aruitoxt provided by Eic:



16.

1

- ERIC,

Aruitoxt provided by Eic:

7
W

+ 2
Y
.."n
2
~+ Z.Zy
i=1
[}

2

o

That r_ .4 +1
LY
L 4
v
-,
O ]
‘,/
>
r
‘ -

LN

»
. ’ %'
Notes
A restatement from before. Squaring YN

each tesm, we obtain an expansion of
the binomial in this form:

A «

C (a-B)2 = a% + 8% - 28, L

- *
M >

Distributing the summatiod operator’
to ‘each term, and, bringing the

constant (2¥ ouafide the summation sign
= 2 ]

’ s
’ . s \
This next stép is very important. We will
substitute three quantities, all from
Table 3. They are:

n ¢

X. .
1 Yl

i=




.
~
—

\ 'i' . Making the L three substitutions i
= \ e o i
-+ ) - 2l 2 0 Collectinglithe like “tefms of (nvl) .
. ! .
. | R
2(n-1) - 2(n-Dyr, 2 0 Factoring the 2(n-1)- term .
20-1)(17r, 1 2 O .. Dividing eachgside of the Inequality by
¥y 2(n-1) whig¢h does not change the in-- .
- equality sign as, 2(n-1). is always .
) i positive b%cause n must :always be > 2
] . - ' -
N \ he )
5 ¥ 1 1' ! . L \ ; .
(n=1J [1-xy > 0 . . . L
| + ‘ \ )
2(n-1)~ 2(n-1) ' . i . *
' N
(l-rx ) 2: 0 Here we make juse of multiplying an
Y inequality bﬁ a negative number. Let
us multiply each side of the inequality
- by -1.(see Taple 3) which reverses K
. the inequality sign and reverses the l-rx o
1] - ‘ 1 4
-1{ (1-r ) D 0] = r -1 < o Now, add *+1| to each side .
. Xy Xy - . ) s
. ' ! . " . ) Ry
Ek,‘ . S‘ .. '.- 'o [ ) ’
- 1. " 1 ' - .
r o1 + 1 < 0 + 1 ‘;L - This gives us )
Xy hamas i - ¢ ‘ - .
N & < “ .
- , ; L]
<y < 4 . END OF PROOF“E‘OB. UPPER LIMIT.
2 - | - ] .
i : Gy ' :
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Proof that r -1 ‘ ) ’ C '
: vy 2 . _‘ , _
» : . » )
. , . . H
« JPart two of the proof will be much simpler because the structure .
} A .
of thirpart of the proof is very much like the first part. We will 0 T
° . : 5 .o ;
« - .
follow the 5ame basic steps. We start out with a statement that i's mathe-
. ., ’
’ m‘ati,cqlly true, namely:; . o . .
, . . N . i .
. ® , - - . < ! RRE
- - . n N 2’ ) - v - . . ’
zZ + Z . ‘
. pX x, Yi) > ) ' ,
. i=1 .
A3 - ’ &
‘. y :l’:"‘
Again this statement is true in a mathematical sense 'even through the ’ ‘
- - h - & -
’ "equals 6" aspect‘is very, unlikely to occur in statisticale practice.'\ .
) > . "a . . . .
14 The development of the proof with appropriate notes -begins on the *
M ) * * . T I ‘ - ’ >. ¢
next page.. o ) o
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Step } restated. Squaring each term .
results in a binomi@l expansion in
this form: . © - o,
. : ’
» 2 2 .

(A+B)2 = A + B + 2AB

.

Distributing the summation operator

A
- and bringing out the 2 ~
Making*the same three substitutions
4s in part one,we obtaine N
o . .
-
. e
'Adding like terms and factoring »
Dividing each side by 2(ri-1) ‘
‘ ‘ : * o . L] N : ’
do .1 + r > 0 N . . ' " adding: ~I"™to.each side
N K Xy . to @ o . .
I . ~ : -
. ‘ : o ce ,
VR , . (. . | - N
S . e '. - ‘
1.+ r -1 >0 -1 ' . , . . . simplifying )
XY ¢ - : - e S g . .
h . N ~ . e » C - s
- ' . 3 ’ N
r > -1 .o ‘ END OF PROOF FOR LOWER LIMIT
Xy E— . > b« - - ¢ w
) . ' . . i} . . 23:3 ’
. . . 7 ~% > — ->-— L
. o N . ) . .
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*  We have just proven that - -1 { r <
' . ‘ N — XY —
. » a
. '3 o ;
T . for agiditional proofs of related material.
’ . 4
b~ L N
. . N
. . . ¥ * £
. . .
) .
- LY
L] ’ -
R N~ > 4 -
Vo -
. . L o -
< o~
. .
- 1] < 4 - *
? - » L] *
® - ©
: . .
S 8 R N - ‘ ~
-~ a
; i - .-
- .
-~ A ~ s
t ’ i“ 1 .
! ° ‘
—_— a
Al .
\ . a A L -
' r:
™ ’ ; (N e
. .
L \ ’
voe \ *
. . 1]
Ra * .
° . .,
t R . - )
. . - e
> " '
. v »
P -
L S 0
-
N /
. . e ~
! -
; . .
t . -
-
14 . .
-~ . .
. . .
. . f-’._ . i@* - . x
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+1. See the Appendix
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T ‘ . ) selpdted Proofs’ /j7 Do T
. o - e ¢ ’ -
. . . . R % . K . ¢ .
/‘ * ’-a . - . ¢ N .
-y 1; That the mean of standard scor®s is equal to O. -t . .
. . - . . : ‘. ) . N N . ' i . 1 . _-. N
. LT We will start with the definition of the mean of z scores for e
) T B A . ‘ @ '§§§% L ) -

7 the X measure. ' ‘ ; . L

B - . N
’ . N Y ' . ’ -
. . . ® .
¢ +* - }‘ I

<
-~ . . ' . . . )
\ / x 1 ° T : - .
1 Y . N . ’ - . ~ > .
| . o %, - - ‘ ~
* . s v
. .z _ 1=l .. . .
f X 1 nz * &
. x !
) s . . -

\ ' Expanding the right side? \:\h/t : > . e

e J
[
HI
>
=
NI
k)
-
‘.
L
of
]
T
T
]
i

. z = - L B .
’ X n S S S / »
e A - X 4 X
- .l x " . .l
[ . i -
‘ < . . © v .
. . 4 s . . Lt
Factoring the constant, Sx , outside and’ rewriting the sum of deviations 4
. - » -
. T . e . -, : .
in summation notation: . » : N - .
- . o e d 3 .
. . N \ . - N

P | A ‘ . ) . . - .




e
* ’ . . .
» . LY
» ’ > - h of . ‘
‘ . oy ~ ‘
- - . -
' - -
h 4 * =) -
. . , 22.
. 7 .
L] A ~ L ' N
- . L .
* N I - .
. Distributing the summation sign inside ghe parentheses : N )
- :, "
- bd - - -
' - N S Y ) n - . n .
> ‘ *ﬁt&? . . x X _
- . x ~ = ¥ 1 z X, - 2 X -
. <L L 2 = —— 1 . )
. . X, n. _ S = =1 .
. . R z ~.X . i i= . :
. A
) . * -
) : *
’ . 4 o ¢
4 . X n . ‘ B n .

ince .
Sinc S Z Xi " = nxx andy?;&\e sum of the constant, Z X,is equall to n .X '

. ' \?3-;‘, * i=1 . ’ > .,
@ - ‘ - .
N ] 171 = |
e - X -
. z = - (nx nX - 0
X n- S .
- .- z X v .
- N X ' -
k] e N N

Thus the mean of Zx scores is equal to 0. . Similar reasoning for the

Y measure w'j;Il produce the same result, namely: , ‘
’ ..
@, - i . . " .
" ° 4 Z . ° ~ - .
- ;e ) : y :
. - ) z 2 g . .
. . . 4 Y; - \ ‘ _ .
: ‘ = i=1 1 l (nY-nY)= 9
z = = = Y y %
. y n n S
. L] A VA Y -~
. . y N . ’Y . .'\ T
o] : ' .t e . o - » v, Yo,
Theréfore, variables in standardized form have mean equal to O. /
A iy ) N T = ‘e Ed ’
A - -, ] ’ ’ . .
L : 1Recall that when taking the sum of a constant (say C), we have:
. - ' ~ e
2 . F 3 . ° - .
Zc C+C+C+...+4C =.nC L /
pt . . , .
That is, the sum of @onstant is equal to the constant times the numBer
. , of terms added (in th¥s/ case,n). . - .
’ . . e )
. . ! %
A 3
e . » \ ) .
. \)‘ . ' . po i - . ¢
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2. - -That the variance and standard deviation of standard scores is equal to 1.
' . . - / .
By. definition, the variance for X measures in standard score form is:
To= n . ’ .
2, ,
- 2 I3 ’
2 -2)- . ‘.
) . X, ~- X
. ' - s2 _ i=1 )
"z n -1 .
‘ X -
- X .

a oLt
e L4
L ) - -
. . 1. .' ‘ n‘ * B
o . z,
e - . . 2
L . S g )" ° :
', o -\ ' B xl . ,
ra ) 2 i=1
§ .. S5, = n 1 .
- o x*
. . ] ; % @ . \ '
e h
If we rewfite ZZx in terms of -unstandardized mean and standard , .
‘ . “ i . T
. ’ &
deviation: . . ) ‘
. & s
® -
y - -
] 1 ® .
- \ , . .
. ne - . Q
. b 2 . 2
g 5 J (X, =X) ' .
s 1 i N .
= - . e
: n 1= S .
. X -1 .
‘ . X - .
.ot ' P f P . -
. * *
Rearranging terms: . . . .
. N . .) . i -
n .
. x - - .
‘ 52" 1 12 (xi-X) )
z’ n 1 ] 5, ’ .
~Tx sx 1= ‘ \J
.t ] vt ' , R .
’ . N b ; .
, .
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From Table 3, we can substitute. into the numerator of sz
P p.1

sjjuares'" for the X measure. This results in:

b
2 _ 1 1 in-1sd .'
[ = X X
zx . nz -1 SZ . .
X X Vel
dince n_ =n_ we can cancel terms, leaving: ° :
X - ) -
52 = 1,
z v
- . x .
Similar reasoning for Y standardized measures-will produce, as the next
. - ‘ *
to the last step in the derivation: . .
. . \
. 5 )
O 2 - 1 1 (n_-1)(S)
z n -1 2 Y Y .
Y z S .
¢ TY e Y
- ' e 4 *
, .
. ’ N . ]
Since n_ = nzﬂw e,
a R e »
2 - .
S = 1
z .
y P -
. 4

In each case, the standard deviaqion‘fof appropriate variance temms,

is simply the square root of 1. That is?

»

to 1.

2

Thus, the variance and standard deviation” of z scores .is equal

'L I
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¢ 3. That r = r »
Xy .
. XY

We want to show that when peésures X and Y arfe converted to standard

scores and correlated, the resulting correlation is the samé as the correla-
. - 14

tion between the unstandardized (raw) measures of X and Y.Let us first

<

rewrite the correlation formula for z scores: . .

o

Z (z -z-)(z -Z_)
y

’ n- l i=l % Yi
r = .
v Z¢? ‘T n = T asn T
. : Y ° % ’ z v
? P - 2 - .
, . - (z -=z.) (z, -2 )2
. < x, X V. 'y
. c -5 ! i=1 1
= . nz —.1 . nz -1
= X - L Y -
Since Ex = iy 0, we can simplify te get: SN
L )\ Iy
\ g
i R Z (Z )(Z 7 .t ,
. ’ n- ‘
r ., — .
y Xy ™ n -1 I’ n -
¢ £ ] N zx zZ N
v * 2
N E (Zx ) (ZY )
, . . - -1 1 |l i=m 4
- ’ n -1 d n -1
z z
e WY \ | X . o b ? 'y o
i~ .
¢
In the denominatoxr, we recognize. that nz ’

. W . . v

/w i=1 i . X
. - o ,

n ' : < ) y

]
=]

%»'

» Pz

-t

v

g
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S D XL R -
« . on- l i= Vi .
r
z 2 X .
. Y n "1 .I 'ﬁ _1
z . .
X y
n -1 J n -1 .
s z z
X Yy ' -
The denominator cancels o:ut completely leaving
i . ' ’ - . .
) n ’ - .
r 1. zZ 2z i ;
X. V.
z - =
z, ¥ fh-1 i=1 Ti Yi
(Recall that this relationship was used in the proof for the limits of rxy) . .
Now,+ expanding the z score terms: .
. . k] (-4
' . '
6 -
- (X"X) (Y» -Y)
N r — 1
’ z 2 n-1 i= 1{. (s, )(s ) .
3 Xy y . . .
‘ %
- / . ¢ . ) . )
« b - s - :
_— This -is identical to : . .
S \7 . - . .
- . s e L - .,
) 5@3@* - "
R \ (X, 'X) (Y 'Y) . . ' - .
: H
7 . n- l i=1 . o .
N . —‘ o N
s ¢ . - (s )(82) ‘
. > } oo . X ” X -
; , . . .
. . o - Y
! - .2
7 . - » ) \ . o » B \
- L] . »
. 'y . l
-~ . . . \
R - ‘E . oy R .
.- > o J .
¥ e - « ¢ - L :
:‘. ~ R - '>,..' ¢ 30 2{: s
}:‘%;,—’V ) eg el -ﬂ‘ﬁ’i - o ) . PN p . Lt " . *‘*_\Wj‘ﬂ;";’%?:
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Recognizing that +4\|S = S and \l;;. = S , we can write: - y
J X X y y ¢

- -
' 1
n L PAE
- Z X . -X).(Y.-Y .
‘ . 1 ( N ).( i )
. n-1  i=1 ) . ’ .
” : 2.,.2 g
(s ¥(s)) o °
x' Uy
g
«Rewriting the denominagpr of the variance product term in" yaw score °
s terms (see Table 2):
. 5, Vi .
e . T n ' .— -
X.-X)(Y,-Y :
1 E ( i ) ( i ) '
: : n-1 i=1 ' .
‘“ had =
. .z 2 "
. X y n - -n = e .
- - x Y -
. ° ) -2 -2 -
;. S Z(xi-xg Y (v -¥) — .
! ) » .=l -=1 /' e
. - - - 1 :
- n -1 . n -1°. . '
N - \\ X _ y d . ( J .
’ + J -
This is precisely the form for rxy that was defined earlier in the pégéf. . .
Therefore, the correlation Retween measures in raw score and z score ‘
. ‘
forms is idenmtical. .
. . / .
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