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The results of an investigation of the developament of
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children*s knowledge ‘of additicn and subtraction concepts before they'.
start school are  detailed. The purpose of 'the study %as to.test the
predictions of the three-stagé model about. the distinctions between
the last two stages. Twenty-four children participated in the
investigatjon, None of these children had started first grade. The - °
résults support the existelice of the gqualitative and quantagative
stages. The data’ indicate that: (1). Before children begin schgol and
are given formal instruction on addition and subtraction probleas,

"they can.use th

. two transfo

A method of examining the rel¥tionship het¥een. understanding addition
and subtraction.ang‘nunber conservation now exists; and (3) The
distinction between gqualitative afd quantitative understanding allows
for ,children to solve Gomplex problems without relying on estimator
solutions. (MP)} . A o .
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. #agnitude of the difference between two arrays and

ratiofns to make predictions about final nuaserosities; (2)
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are similar in nature to those found .fo

“et al., Note 1).
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What Do Children Know About Addition and Subtraction?
s \

Today I w111 be present1ng the resu]ts of* an exper1ment wh1ch£\\vest1gated the

deve]opment of ch11dren s knowledge of add1t1on and subtraction concepts before they

start school. In prev1ous work (Cooper, Starkey, Blevins, Goth, Leitner, Note 1)

we\have found that*additfon and subtractton conoepts undergo developmental changesewhich
number conservatioh. Our work has been |
organized around Gelman's (1972) distinctNon between est1mators and operators
Est1mators are prOCedures for determ1n1ng he absolute or relative numerosities
for one or two arrays. Count1ng and one-to-one\correspondence are estimators.
qberators are brocedures for determinihg the\effect of transformations on pre-
.determined nun'lerosities.r Addition'and subtractien and'conservation are all operators.l
Much work on add1t1on and subtraction has focused on the. reﬁat1onsh1p of
the count1ng est1mator to addition and subtract1on (Groen. & Parkman, 1972; Groen

- & Resnick, 1977; Woods, Resn1ck & Groen, 1975 Fuson Note 2; Carpenter & Moser,

N

Note 3). This type of vésearch provides more 1nformat1on about the a]gor1thms '

use with tﬁ//eount1ng estimator than 1tldoes about ch11dren § understanding .

-~

oﬂ addition and ‘subtraction. }*he work that has been done on ch11dren s‘understand1ng

7 of additiion and subtraction operators suggests that before children start school

they kno that an addition means the}E is more than before, a’ subtract1on meahs
there is ]es,vthan before, and that add1t1on and. subtration are inverse operat1ons
(Ge]man, 1977; Brush 1972 Smeds]und 1966a, 1966b, 1966¢).

' We have 1ncorporated these early understand1ngs into a model .which proposes
a'sysgematic developmental sequence for addition/ahd_subtractton concepts (Cooper

The model is focused on operator solutions to addition and

subtraction problems whioh.are dependent upon an integratior of estimator and

y

<D

PN




: ‘ ; T R 2

opsrator information. The modil has three stages, tge primitive stage, the * (7
qualitative staéé and the quant1tat1ve stagé Thq term stage is used to mean
a coherent pattern of behavior. As pf;yet we do not know the‘naébﬂe of the
transition between the stages in the'que1f fhe,first stage is the primitive stage.
- In this stage children focus onfy,on the effects of a transformat{Bn and believe
an addition a]whyé means more and a suhfnaction always means less. This approach
works in some cases, but not in others ksee Figure 1). The next stage is the quali-
tatiye stage and in i§ chilgren kmow that addition and subtraction are invé}se,
operationg. ‘They pay attention to ‘information about the«difference between two
arrays and the transformation, but they code such information qualitatively- and
not quantitatively. This means they will codé two,arrayg as heing equal or one
" array as being greater than or less thah the other, but they do noﬁ huantifyv
the magnitude of the difference, éh{adren inithis stage know that additicns oh
subtractions to unequal arrays can 1ead to equa11ty, but because they code '
such’ 1nformat1on ;e1at1ve]y rather than abso]ute]y tH@y make errors on some add1t1on
and subtract1on problems (see Figure 1). The last stage is the quant1tat1v§ .
. stage. In this stagejchi]dren quantify thé absolute Hifference between “two
arrays and the magnitude of thé transformation (see Figure 1). L S

Odr previous work has provided good support fhr a shift from a prim?tive
understanding to a more advanced understanding.‘ The purbdsg of this {EGE§A
was' to test the predictions of the three-stage model about the distinctions between
the last th? stages. The last twh stageg differ from %he primfﬁvesﬁad; bgcahse
in both ch{ldren pay attention to the magnitude of the initial arrays as well as
to the magnitude of the transformation. The difference islthat the chi{drem
in the qualitative stage code thege magnitudes relatively whi]e'theachﬁfdren in

13 . A

the quantitative stage code the absd]ute difference between them. What has to 7
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,'develop before the quantitative stage is the ability to tocus on numerical units.
~ 'As defined here the quantitative stage is not dependent upon addition and
subtraction number facts like 7 + 7 = 14. Rather quartitative problems can be .
sglved by knowing the difference between one and two numerica]cunits.

Because an understanding of addition and:subtraction is relevant to under-
standing number censervation a second Eyrpése'of the study was to examine the
relationship betwéen number conservation and addition and subtraction. Sevenal
studies have examined*this“re]ationship because addition and subtraction are
presumed to lead to or.facilitate. the dete]opment ef number conservation (WOhwilla'
1960;fGruen, 1965; Wallach, Wall, & Anderson, 1%67). #This hypothesized ne1ationship
has been most explicitly stated by Pei]i (1975) who prediéts tﬁat children come
to understand conservation through the use of the rule that amounts are unchanged
if noth1ng is -added or subtracted. Previous research has not carefully considered
the d1fference between the levels of difficulty of the tasks used to assess number
conservat1on and addition and subtraction.. However, our three stage model
prov1des a good cr1ter1on for distinguishing amoung children at d1fferent 1eve1s
of reasoning about add1t1on and subtraction. These levels can then be re]ated

©

to the different levels of'reasoninq about thé number conservation task. ’Ne

wou]d argue that a qualitative understanding of dddition and subtnaction is
necessary, but not sufficient, for number conservation.- For botf number conservation
and qnalitative addition and subtractfon tasks children pust be ab]e to integrate
information about the initial stages of the arrays.and the transforpation in order
to make/;;edictions about the final state. J ' . R j

. Tﬁenty-four children with.a mean age of 6-3 participated in the study. None

1\

of the children had started first grade. Each child was given seve;aT tasks in the
) . ) A ' ’ .
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following order: a small numerosity addition/subtraction warmup trial, qualitative .
and quant1tat1ve add1t1on and subtraction tasks, a small numerosity conservation
task, and severat.}arge . numerosity conservation tr1a1§' The children ufre

givén the small numeros1ty conservation trial to guard against response bias,

since all previous'trials were %ddition and subtraction trials which emphasized

a change,in.numerosity. There were two linear conservatﬁon'tria1s, one was

g

an Tnequa]ity tria] and one was an equality trial, and two nonlinear conservation

_'tr1a]s, one was an inequality tria] and one’ was an equality trial. The ¢hildren

'Were asked for Judgements and explanations. For the add1t1on and subtract1on

gask each child was given two qualitative tasks and two quantitative tasks.

}he structure of these tasks isin Figure 2. For\each trial the experimenter
presented the child with two cups d% marbles and asserfed that each cup had the
same number of marbles. This procedure was adopted to‘prevent children from

rd ' o ~
counting. Depending on whether the trial was a qua]itative or quantitative trial

the exper1menter then added one™or two marbles to a cup saying "watch what I do,

Q <4 .

I'm going to put one 1n th1s‘cup ! Then the experimenter asked the child if

both cups had the same number of marb]es, if the cup on the r1ght had more marbles,
?r if the cup on the left had more marbles. The order of the phrases in this
question was systematica]]y.varied. This judgement had to be oorrect before

the experimenter proceded to make the first transformation. A&ter the first
transformation the experimenter reasked the same question. Then the experimenter.
oerformed the second transformation and asked the question again. The errors.

on the addition and‘subtraction‘tasks fell into predictab]e patterns so chi]dreb

were taking into,account the differences in numerosity between the two arrays.

» This. means that children believed the experimenter's initial assertion about the

equality of the.cups of marbles.”

The results support the existence of the qualitative and quantitative stages.
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Correct judggments_oﬁ“both phases of a trial were required before a t%ia{hwas
correct. As you can see in Tab]e 1 children pefforméﬁ better 6n;qua1i£atiye o,
‘than quantitative trials. Pérformance on botq::ii;iative aﬁd quantitative

= trials was befter than chance. . An ana}y§is of efrors made.on the first-phagé

7 : :
five were qualitative and three were primitive, and that the nine errors on the

of each trkzl revealéd that of the eight errors on the quantitative fria]s, ‘
qualitative trials were all primitive. Performance on onﬁy the first phase
loflthe trial was examined because when children missed the judgement after the
secon@ transformation it was not clear what they conceivsd the pretransformation
relationship between the two arrays to be. ;? |
The conservation datp were scored for correctness on both judgements and
explanations. For those concerned about ‘the coherencé of the concepf of
_ number conservation it is encquraging to note that the linear and non]ine%r trials
* were highly correlated, r;.87, p < .05; as were the egua]ity and inequa]i@y'
trials, r=.83, p < -05. The re]afionship between addition and subtraction
and conservation was examined by‘classifying,chi]dren'into one of the three
addition and'subtraction stages and into one of three catééﬁries for conservation.
The conservatién categories were determfned by using-a scoring system whpse goal was

4

to assign 0 points foﬁ nonconservation, one point for correct judgements withoﬁt
correct exp]anagions, and two points for coréect judgements and explanations.
These results are shown in Table 2. As the level o? addiéion;apd $ubt%acti6n
uhderstanqing éot g}ghen so did the level of conservétioﬁ_ﬁérfdémance..

The addition of the distinc%ion‘hetween the qua]itafive and quantitative
stages expands our knp@]edge in three ways. Fﬂrst,‘it\indicates that befére

children begin school and are given formal instruction on,addjtion and subtraction

problems they can use the magnitude of the-di fference between two arrayé and two

-
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transformations'to make predictions about final numerosities. Second, it provides
us with a method of examining the’ relationship between understanding addition

and subtraction and number conservatfon. Our data:indjcates that there is a

-~

iinear trend between addition and subtraction understanding and conservation

understanding. Most of the children who had correct judgements on the conservation

trials were at least in the dua]itatiatve'stage Th1s suggests that qua11tat1ve
changes in thought related to the conservation and addition and subtract1on .
operators may be genera"tharacter1st;cs of thought in number deve]opneht.
,.Third;’the distinction between qua1itatdve‘and quantitattre understanding
“indicates that children can solve complex problems without relying on estimator
solutions. Instead the correct solutions to these ;addition and'subtractﬁon
prob]ems re]x on an 1ntegrat1on of estimator and operator information. Our

research points to the need for examining the interaction of estimators ‘and

>

-

‘operators with development.
.One issue this research raises is what is the nature of the shift from the
gua]itative to quantitative stages? This shift could be a change from bejng
able to.deal with one unit of difference to-being able to deal with two. If
this were the case we'would exoect that'future changes would follow a pattern
of progressive arithmetization. The shift could also be a more general shift '
with the characteristic that children are now ab]e to deal W1th any size
o d1ffereno/\between two arrays 1n terms of un1ts Our current research addresses

$
this dissue.
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Pfeaicted Response to a Trial by Three Addition/Subtraction Reasoning Levels R
Trial Typés
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Figure 2~ .

Trial Structures Used in Addxuon/Spbtta‘E"zion Task
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