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Presented is a graphical approach to teachzng bigher * »
degree, rational function, and absolute value inequalities that N
%Einplifies the solutiogeof these inequalities and thereby reduces the
amount of classrooam time that has to be devoted~to this topaic.
Applications are alsq given for signum functions, aaxiaum-gziniaua,
and points of inflection problems in calculus.- The term "siggle . |
graph® is used to identify the shape of functions ‘produced. Such [ o
sethods ¥or graphing functions are felt to provide students a way to '
have¢a feel fog/uhat is going on through seeing how the functiohs
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RTNEQUALITIES SIGNUM FUNCTIONS AND‘WRINKLES IN NIGGLE GRAPHS

» by
'"Dean B Priest, Harding University, Searcy, Arkansas -
and

' Dianne WOod Mathematics Supervisor, Little Rock: Public Schoo]s

Most college a]gebra and calculus teachef\‘would agree that it is more
B

difficult and time-consuming to teach higher degree, rational funct1on and

abso1ute va]ue inequalities than it is to teach 11near 1nequa11t1es One
* ‘reason for this is that many textbooks today. cont1nue to use a “cases" ap-

proach to solve these 1nequa11t1es [4, 5, 8] . In this paper, a graphical

(w1gg1e graph) approach will be given which s1mp11f1es the solution of

- these 1nequa11t1es and thereby reduces the amount .of cTassroom time one
), W
has to devote to this topic. . T~ ,

>

Applications will also be, given to signum functions, maximum-minimum,
. ‘. H ‘ .

and points of inflection problems in calculus.- h
é . - X
- WIGGLE GRAPHS N
. Some graphical methods for soﬁving higher degree inequalities were in-

troduced by Brixey and Andree in [2]. These methods can be extendeg and

L 4

improved by adapting some of the general graphical techniques of Boersig as
found in [lf “gﬁersig gives methods fot graphing functions which "enable
the student to have a 'feel' for what is going on by seeing how functions

behave.“ [1, p. 355]. For examp]e,~the general shape or "wiggle graph“ of
e
f(x) = (x - 1)(x - 2)® can be quickly sketched by noting that

(1) f(x).is positive when x is large and

(2) f(x) changes sign in the neighborhood of,x 1, but not in the
neighborhood of x = 2 (1, p. 360]. See f(gure 1.
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HIGHER DEGREE INEQUALITIES . _ ' o
He now apply wig{;]e graphs to the so]ution'of higher de'g‘;“{r‘ee inequal- "
) l ' o .c ‘e
Aties. For examp1e, suppose that we w1sh to find . '
{xlx(x— 2) (x + 3)3(x - 4) (x +5)° >0}.
. We first let f(x) = x(x‘— 2)2(x + 3)3(x - 3)*(x +5)% and find its wiggle
graph.' See figure 2. ‘ o ) . ’ -
‘ : | : fy(x) o
\ ..
o // ~ ) - .
A5 -3 D 1 2. 4 X * . '
, * ' v ‘. ! ] . \ . -’7 /
Fig., 2 ’ ' .
The solution. set'is simply {x ] £(x) > 0}., wpich is quickly seen from y
ﬁgure 2 to be (=5,.-3) U (0, 2) U'(2 4y U (4, «). Once the w1gg]e graph
1s s,ketched, it.is just as easy to f1nd {x]fix) > 0} {x | f(x) < 0} or ° : .
©{x ] f(x ) < 0}, : e *
Vi ~

Certainly, this technique works equaHy well on quadratlc inequalities
Cand 'ehminates the need For the "cases" approach as found in the popular
ftexts [4] and [5] Moreover, 1t can be shown that this technique a]so

’ eHminates the "cases" approach for solving rational function and abso]u*te\

g value 1neq_ual1t1es as in [8] ' ..
l" . A " » . ’ '
: ! -
( §
’ . 3



Ly

¢

a/b > 0 if andsonly if 4b > 0. Cons1der1ng the w1gg]e graph of f(x) =

-

RATIONAL FUNCTION INEQUALITIES : '

'Suppose we wish to f1nd R .

- 2
K= ~{x| x2)+(x2 1 0) “

The usual brocedure is to consider the case in which X+25>0 and find
the §01ut1on set for x(x - 2)(x --1)2 > 0; then cons1der x +2 <0 and

fwnd the so]ut1on set for x(x - 2)(x - 1) 0 The f1na1 so]ut1on s;t

is taken to be~the unien of the solution éets in the two cases investigated.

However, it suffices to find B = {x | x(x.- 2)(x + 2)(x - 1)2 > 0}, since

x(x - 2)(x +2)(x - 1)2 in f1gure 3, we sge that the solution sét is

(-2, 0) U (2, =) . ,
‘ ~ f(x) . o .

Fig. 3

One word oﬂkcaut1on is in order.

q A-{x|x;;_0}+{x|(x-1)(x+2) 0}

B -

-

'The.number -2 is in set B but net in set A. Nevertheless; the wiggle graph

of f(x) = (x - 1)(x + 2) gives us an almost accurate -picture of A'and7the~"

zeros of the denominator or poles of ﬁhe function can Be'tneafed‘iﬁdividua]ly.

N
v

ABSOLUTE VALUE INEQUALITIES ' N

o
E

Since |a] - |b|.< O (>0) if and only if a?, - b2 <.0 (>0, it suf?ices
to app]y the w1ggle graph techanue to k(x) .= (x“ + 4x° - 17x2 + 16X - 4) _
(x% + 11x2 - 32x - 4)2 if one wishes to find _ C \ﬁ;_ fo

1

= {xl le' + 4X3 . 1.7)(? + 1.6X ' 4I' '<‘ |Xl' \"’ llx“; -' 32xw - 4|}\‘;o Q;‘ ..

“
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T oy Esonlg()] +x =4 T ox ifg(x) =0

Ly = -1 +'x. Then it-is easy to look at the gfaph in figure-3 to see when

Since k(x) is the difference-of squares, it takes but a moﬁeﬁt torsee that

‘ k(x)i; 8x(x - 2)(x + 2)(x + 1)%(x - 3)(x - 4)} The wiggle graph for k(xx

is given in figdre 4. Therefore, C = (-=, -2) U (0, 2) ¥ (3, 4).
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@ SIGNUM FUNCTION '
Recall that the signum functien is defined as - . "o .
- ' 1 if x>0 _
o . sgn(x) s¢ 0 if x=0 . .
X -1 if x <o - .

" Its graph is given in figure 5.

R

. Fig. 5 '

. i LEE T . -
With the aid of the wiggle graph, we are now able'to easily visualize

the g?éphs of some rather "ekotic" andfcohplicated funétions.
_Exahple: Graph.y ="sgn[x(x - 2)(x + 2)(x - 1)?] + x. Lét g(x) =

x(x - 2)(x + 2)(x - 1)%. Then
K I+ x if g(x)>0

*

-1+ x-if g(x) <.
_FirSEy in figure 6, 1ightly dot in the graphs of y = 1 + x, y = x and

.
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J= égnIX(x “2)(x + 2)(x - 1)%)

. -
¢ .. * F 5
. . .

4

g(x) is‘greater than, less than,Qﬁr equal to, zero and sketch the graph of

X as shown in figure 6 (i.e., the final, .

. \ . .\
Reavily marked graph). .

//.// “
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Example: Graph : T ‘ N o v
. ‘/ -
y = xsgn {|x* + 4x37/- 17x? + 16x - 4| - |x* + 11x* - 32x - 4]} + 2.
. oo . ..
Let h(x) = [x* + 4xi}7/17x2 +16x - 4] St + 11x? - 32x - 4|. Since
' ) x +2 if h(x) >0 .
>y = xsgd[h(x)] +2 = 2 if h(x) =0
>, / -x.+ 2 if h(x) <0, )
we need those valhes of x for which h(x) is positive, negative or zero.
These cén bé reéd directly from the,wiggle graph of k(xfzin figure-,
’ Thén, for the originally desired graph of y = xsgn h(x) + 2, 1ightly r
" dot the graph of y = x # 2, y =2, and y = -Xx + 2 as guideLines,.consu1t'the <\ -
wiggle graph in figure 4, and sketch the result as it appears in figure 7.
- hd v ‘hy ) ’ ' :
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in this section are excellent examples of-.

v

'%helfunctions considered

. piecewise contihuou§ functions which have bofh ﬁembvab]e and ndn-éemovab]e .
_points of discohtinuity. (In preparihg your own pébb]ems involving absolute’
values, n;te that if P(x) and Q(x) are po]yndmia]s,such that P(x) ; Q(x) and

' aand b are nonzero real nugbers, then |aP(x) + bQ(x)] < laP(x) - bQ(x)] if

a:§‘0n1y if 4ab EL&)QKx) <-0. Thus there are infinitely many probiems with’

the same graph as the graph in figure 7. o

L4

WRINKLES IN WIGGLE GRAPHS
Many times in calculus. a ﬂéases" aﬁprogch is used in aha]yzing the
first and second derivatives of a functioﬁ_to see when the origﬁna1 function

. . - %
is increasing, decreasing, concave up or concave down [3], [9]. Since we
o . ~

«  are simply checking for tﬁosg vi]ues,of x for which f‘(x) > 0 (<0) and

4

f*(x) > 0 (<0), we can avoid the cases approach by quickly sketching the
. Qigg1e graphs of f'(x) and f"(x) and gleaning the ihformation we need from

the graphs. Care must be taken that one does not confusé the sketching of ’
f'(x) and f"(x) with;fhe draphing of f(x). - _‘ T . o

’

Example: [8, p. 172) Determine the intervals, in which the following”

function is increasing or decreasing, find the relative maxima and mintima.

°

— and then graph the function ‘
- t._4 3‘_ Wl 2_ ‘ P . Q;_'A '
f(f) X4 -z X 4x* + % B . F p

Since f'(x) = 4x® - 4x2 - 8x = gx(x +1)(x - 2) it is éasy to see ttif‘ifi///;y E
wiggle graph is as Follows , = ’ ’ “ . ‘




It is helpful to the beg1nn1ng student it he 1s also requ1red to erect CoT .
f B light vert1ca1 ltnes at x = -1, 0 and 2 and then e1ther p]ace the abbre-

viation "inc." or a straight mark with positive slope over those intervals

/

) . . . . e 9 . .
»  for which f'(x) > 0 and similar remarks,or marks over those intervals for -
\

which f'(x) < 0. SeMyfigure 9. L ‘

b
o 5 . . | flx) | S
R . \M|
T "dec" |Tnd "dec" | nc

5 J%¢+T%\\“//Q X "
3 Fig. 9
. R A

The straight marks used in conjunction with the wiggle graph of f'(x3

make it ¢lear to the student that he has relative M1nima.at X = -1 and
o X = 2 and a re1at1ve maximum at x = 0. Points of inflection can he found

.2 { by f1nd1ng the w1gg1e graph of f" ( ). This will be discussed in-the next

-

examp]e. A rather accurate graph of f(x) is given in figure 10.
¢ . « - £(%)
g 10} * .
» . 8‘
X . : "6 ; -
. | 1 “
: - 2 /
“+ N + X .
‘( 1, -1) -2
. . -6
, -8
.o ‘ -101 (2» -10)
* * Figt 101

Example: [8, p. 179] Detér:ine all maxjma, minima dnd points of inflec-
tion for the following function
P ‘ ’ f(x) . SX%/B - x5/3 .

d then sketch an accurate graph.




It is int.eresting to-note that f(x) = x;)3(5 - x) and that the techm’ques

of Boersig [1] can .be extended' to give us a gene:al %raph for f(x) before

analyzmg its derwatwes " The factor x Z contmbutes x = 0 as a rogt of
‘, - f(x) but f(x) will not change s1gn in a ne1ghborhood of x = 0, i.e., x¥1 J
/ behe;ves essentially.as x? in the neighberhood. Qfd( = 0. Th1s js in totzﬁ

agreemén/t with [1] and a wigg]e graph of t(x),_is given in figure 11.

j S K '
vty . )
. < . ) - { 5
] g N S R fA’g\ > .
. e - Fig. 11 R
"We now need to analyze the demvatwes so\t&rEt wse can determine all
= .:01‘ the “wrinkles" in f( x). I - ¥
i\““":lf( X) = 5(2-x)/(3x/3) and
1. fr(x) =‘-1\o(1 +2%)/(9x7%). .

"We wish to fifd a]_],x e ‘Résuch that f'(x) > 0 (<0) and f"(x) > 0 &O0).
Just as above, in the ratio‘nal funct;ion section, it s'uffices to find all
- x € R such that P[f'(x)]’= g 3 (E—; X) > 0.(<0) and P[f"( )] =, " ,
o 'éoxm(l +x)> 0 (<0). The "P" is used in froft of f'(x) and f*(x) to
indicate We are considering-a "produst”_of the \{amab]e terms of f'(x) anfj, ,
() ,

The wiggle graphs of P[f (x)] and P[f"(x)] are’in figure 12. Rather

than a hght vertical line erected on the zero x ='0,%it is.recdmmended that

’ a tht wavy ;ine, be erected. This is to indicate that f_'(_x)/anld f'(x) do
not exist there. Also, it ~is helpfu]l to'ei.ther make the.(symbol \._/ or
7/ \ over those intervals; for which P[f"(x)] is pos;'ti'\_/e or negative

il indicating that f(x) is concave up oft co.nca‘ve down in} those intervals.




- Fig. 12

The wavy line at x =0 along with the back to back downward concavities

for P[f'(x)] helps us to.ascertain a cusp at x = 0., The graph of the

. fun;tion f(x) = 5x>3 - x”3 with all of’ its "wripk]es“ is as follows

f(x)
A Y 4
6. .
(1,6) \- -
~— /
YA \ o -
3. - ’\ . .
«‘l" o < 7 — A M > %
% y 1 .
‘?f:" . N < . *\7 jr B
oy \ _ Fig. 13
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