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. — i PREFACE ‘
i/ i \“; - b .
. t (A part of our goal at CSE has been to develop new 'and improved

psychomet}ic.techniQUes to §tudy, develop and charqcterizg achievemeﬁt

tests amd achievement test items. Recentl; our efforts have been focused
on certain errors thgt_d%cur when using criterion-referenced tests.
In particular, we have investigated problems related to estiﬁating

and coqtrol]ing thé false-positive and false-negative error rates asso-

. ciated with a test and a population of examinees. }y other words, ‘ C -
} ¥ ¢ . .

we are concerned about passing those examinees who should pass, and re-

. taihing those examinees whé need remedial work. This paper deals with

-

one aspect of that problem. ‘ _ -

- ) \
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‘&  ABSTRACT

‘

Wilcox (1977) examines two methods of estimating the probability of
. .o RN ‘o T )
a false-positive on false-negative decision with a mastery test. Both

"~ procedures make assumptions about the form of the true score disftibution

which might not give good results in all situations. In this paper, .

[

. upper and lower bounds on thé two possiQ]e error types are described

L4

no assumption about the form of the true score distribution.
trations are given on how these bounds might be used to determine -

length of the test. ‘

“




Introdyction

§
' Voo Recent]y, wa1éBx {1977) considered two methods of estimating the \’
NE probab111tyof mak1nga fa]se~pos1t1ve or fa]se-negat1ve*dec1s1on w1th a’
; mastery testd Both of these procedures make an assumption about the

- 4

form of the distribution of true scores over the population of examinees.

” 4

o + -In th15'paper, upper and,gower bounds to these probabilities are described
which make Eo assumption about .the true score d1str1but1on beyond.that
i€€ first two moments exist. We begin by stating explicitly the model
that will be used to descrioe a mastery test after wodch we consider
brief]y'the importance of fa]sé-po:}tive and fa1se-negatiye decisions

v relative to the ‘other proposed methods' of characterizing®such tests.

1. The Model-

Consistent with Hamb}eton and Novick'(1973), Harris (1974), Novick
and {ew1s‘(1974) Huynh (#976) Fhaner (1974), and W11cox (1977), we
may describe a.mdstery test as follows: An instructional program is

- developed with the goal of fostering certain specific skills in the
students taking the course. For each skill area, a domain of test iteﬁs

v is constructed. A total of:wjtems is randomly sampled from this domain
and administered to an examinee for the pyrpose of determining whether™
the examinee's true ecore, say g, is above‘or below the known tcriterjion

" score zg. If gz the examinee is a master and he/she is advanced to

, the next level of instruction; othersze,the examinee is giveo remediaf
work. The decision 439 is;made if, and only if, X >Xg where Xg is sofé
appropriately chosen pa§;ing score end where x is the examinee's Bumber
correct observed scord. Note that the choice for the passing score ro
may be made jn accordance with the "losses" associated with the prob-

ability of a false- posxt1ve or fé?se-negat1ve decision (e g-» Hamb]etonf

@ . 1973).
) IERJXZ aod Novick, 1973) ]

.
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For'this model of a hastery test, there are'two poseible errors.
..~ The first is a fa]se positive error wh1ch occurs when x> xq and c<c0 AT
fa]ee-negat1ve error occurs Yhen x<xo-and G2 CO
Let o« = Pr(x>x R c<c0) and B= Pr(x<x c>c0) In‘thie paper ¢ and'ﬁ'.
are defined in terms of a group of individuals. In particular, g(%),
ghe d1str1but1en of ¢, is the probab111ty_den51ty %unetion of true
scores over a population of egamineee. This i; in con}raet to the
. "Bayesian apeyoach where g(%) is the prior distrihgrien for a specifica
examinee. (See, e.g., Novick and Lewis, 1974 )
As mentioned ear11er, W1Tcox (1977))descrabes two methods of-esti-
mating o and 8 both of which assume . .that the d1str1but1on of & over the
\popu]at1on of examinees -has a part1cu1ar parahetr1c form The first

st1mat1on procedure assumes that the cond1t1ona] d1str1but1on of ;

observed scores for a sing e examinee is given by .
- - L4

f(e) = (M X an™x, . B an

, \ .
the binomial probahility function, and.that the distribution of & is

A

“or=1 5. \s-1 ) .
S g ’ (1 C‘) s . (1.2)
. '.the beta distribution with parameters 0 and s>0. For’ > 10 1t appears

$that this estimation. procedure g1ves fa1r1y good results even when

}bservat1ons are generated accord1ng to a two~term approximation to the
, 't1mat1o\procedure which uses an arc-sine transforpatwn on the

d¥stribution. -
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The assumption that & has a beta distribution deserves serious
-cons1deration since there is evidence that the resuiting beta-binomial ;
(or negative hypergeometric) probability model may give a good fit to
data (Keats and Lord, 1962; Lord, 1965), One difficulty with this mode]
js that, with the exception of U-:haped distributions, the‘distrihution

" of true scores can have at most-one mode. Thus, it'is not at all clear
whether the .beta-binomial model will yie]d reesonabiy accurate values
for a and 8 in every case. A - y .

One possible solution to this problem is to consider some other
method of estimating the true score distribution.. (See, e.g., Maritz,
1967; Lord 1969 ) However, the robustness of these alternate models in
. ‘terms of estimating « and B is -unknown and difficult to ascertain.
Another possibility is to use some coefficient that reflects

indirectly the values of‘a and B but which maRes no assumption ebout the

form of g(%). For exanie, one might use the proportion of agreehent

(Hambleton“and Novick, 1973) or Cohen's Kappa (Syaminathan, Hambleton
and ATgina, %974). Several. other coefficients have been proposed as ‘
weii (Harris, 1974; Livingston{ 1972; Brennan and Kane, 1977). In terms
of aand 8, all-of these coefficients present at ieast two-proh]ems.
First the exact relationship of a and 8 to these other indexes-is
unknown Second, nohe~¢f these other indexes makes -a distinltion between
false-positive and false-negative decisions. .This latter problem is
particularly troublesome" since the seriousness oi a fa]se-positive
deciSion may not be the same as the seriousness. of a fa]se-negative
’HeciSion mhich,in turn may have an effect on the dec1s10n rule used to

depermine whether C js above or below Co.h\An'iiiustration of this pOinb

arises in the situation considéred by Hambleton and Novick (1973),




" Novick and Lewis (1974) and Huynh (1976) in whieh constant losses are

. associated with the two possibie errorsl Thus,~we 1et the constants ¢y

. ]

N

and cy represent the "cost" of a false-positive and “false- negat1ve

dec1s1on, respectively. Within this framework a natural chojce for the

. - * - *

- Ad » * - -’- -
passing score X, 1s the one which minimizes

]
. . 4
s |

'Cla °+ C‘fc) ) X 4 ) . ' ' . (1' 3) “ L2

- f ‘ &
_the Bayes.risk. .An 1ndex such as the proportion of agreement,1s of .

Tittle‘help in the search for an opt1ma1 passing score since we can
guarantee that its maximum value of one will be atta1ned s1mp1y by'
passing (or' failing) every examinee. " This is not to say the indexes
such as the proportton of agrgement or‘Cphen's Kappa have .ljttle or no .
value. Indeed, these indexes are important sﬁnce, at_a minimum, we want
to make consistent &ecisions across comparable mastery tests. “The
advantage of » and g is that they provide a dﬁreft indicatipn qf how
certain we can be that a correct deci¥ion i$ being nade,nhen trying to
decide whether ¢ is above or below cbv For still more i]]ustrations of

this point, the reader 1s referred to Huyhh (1976) Van der Linden and
Meﬂenbergh (1977) and Wilcox (1977). | 'r’ "

(DA

.

. Given that it is desirable to know the values of w and B , it is

)
-natural te want‘ to know whether their:value ?s smal W regardless of the

-~

actual form of the true score distributian. @ith this goal in mind, we

consider situatjons which yield upper and lower beunds for both « and 8
‘ 4

’

" but which make no assumption about théfofm-of g(z).
. & .




“2.° An Upper Bound as a, Function of n

-+

Before déscribing our’main resu]tsﬁ we. note that,an upper bound to

-~

a and B is readily’ derived when the binoftial error model (Lord,and '
' Noyick; 1968, -Chapter 2§) is assumed to hold. In othér words, we are

assuming that the oondifiona] distribution of observed scores for an
': examinee is'given'by expression (1.1). . Fron Wilcox (in prees)rjt

" followss immed/i-ai:e]y that
. ™~

) o
a

<z f(x]g= g)

X=X0

f(X|g = ;0) ’ (2.2)
. F4 A S
We observe thatafrom a theoretical’point of v1ew, the assumpt1on
// that f(x|z) is a binomial probability funct1qn has been cr1t1c1zed by~

' severa] writers when an 1tem sampling model\?pp11es (Hampleton et e]

1978; Lord and Novick, 1968, Chapter 23; Lord.:1965; Mered1th and Kearns,

) . ‘?T ~.. ) . ’
1973) The b1nom1a1 error_ mode]*wou1d seem %0 \deserve serious considera-

e

tion in practice S1nce even more restr1ct1ve mo Q]stgire a good fit to
_data (Keats and Lord, 1962; Lord, 1965). Never}he]ess, one mighé prefer .

a more genera] pr i]ity function for deécribing the conditional

distribution of o::jt:éd scores. Lord (1965) as well .as Lord and Novick!
(1968 Chapter 23) sugéget that a two-term approx1mat1on to the compound
b1onom1a1 be used. Résults reported by Wilcox (in press) suggest that

when this more general probab111ty funct1on is adopted the "intuitively:

obvfous" upper bounds to «a and 8 given by express1ons (2. 1) and (2.2)

'0




5
will still hold. However, a rigorbus proof that this is the casé Y mains

to.be found.

L)
4

N~ *

3. Upper and Lower Bounds to a_and 8. That are a.Fuﬁction'

of the First Two Moments of the True Score Distribution .
N b N \-,--‘ ‘
’ 4 ', ) * e
Is it possible to improve upoh the upper bounds on o and B_giveﬁ,by

/ )

expressions (2.1) and: (2.2) without méking any assumption about the form

of g(z)? In many cases, the answer is yes.

r

For notational convdnience we let:

A, 3 the event X'ngO_
c [

A1 the event‘x < xQ
A2 = the event ¢ > CO'

A »

c - _
A2 the event ¢ < %o , ‘
The intersection of two events is denoted by the juxtaposition of the
corresponding symbols. Thus, A1A2 reptesenis the event x E_xo and

g 3,:6, i.e., a correct-positive decisiag. We begin by deriving Tower .
. . ' L

c,C .

bounqs,to Pr(AlAZ? aﬁ?-ﬁr(AlAz).

2

#let uand o represent the mean and variance of the true scores of

the examinees. In practfce u and %2 are unkhown; however, they may be

e

‘ . i Y
estimated as follows: . Let xl,...,xk:bg the~9bsérvbd'scores of k randomly

: ! . . . . ~
selected examinees taking an n-item test. For the binomial error model
< . , ) .

-
o~

4

.
4

(Lord and Novick, 1968, Chapter 23)

= (km)lrx; -




- .

'@ay be used-as an Esttgate of u ando z’where
B S I CE M O D N |
< L :

If a two-term approximation to the &ompound bionomial distribution is

. ) 1)

Ay

pﬁefﬂnzgd, we still use g to estimaté u but we replaced 2 with

.
§

‘ t [

=90 ,2( ~ (n-2d) .ﬁ (I-L)/[B(n-1)+zd]

2
A
L}

wherg,

nz(n-;]_)ovrz '

- 4F oLu(amuoteacd] Y

-« Y

2 . - . : v ’
o, and u, are the variance and mean of observed scores and where

o ,
« the varfance of the item difficulties.

[y
.

2
o 24 -u)

@ (1-0)~02)/(1-50)%), otherwise

max {u(cg-u),,(ﬂ'co)(l““)} \.

(




Itgfollowé.frpm resuftS_giqsn?ﬁy Skibinsky (1977),that

-
((

From the Bonferron1 1nequal1ty %Qge, e.g., Miller, 1966 p 8),

Pr(ay). < U

. CAC - A ).« Dy .
. Pr(AlAg) >1 PY(Al) . Pr(AZ)
" which; together with (3.4) implies that
Pr(Ai&g) >1-U -_Pr(Al). : ; Ca (3.6) .
@ , . ¥ \ . »,.~£w"~‘~ )
‘The proportion of examineesapassing the test.sgrves as- an estimate of °
. \(/Pr(Al) “Thus, we have an es§3mate of a lower bound on Pr(A AC)
“\
¢ .. In some cases¥the lower bound to Pr(A AC) w11} be cTose to one

[

which 1mp11es tﬁat both a and B are relat1ve1y small, since both are- Jess

than or equal to 1, Pr(ACAC) In part1cu1ar (3.6) 1mp11es that "

Cea Q?

atg <l Pr(A;). * @7

' ’ : :(;’ . ‘ L e ' xﬂ.&%bs%gﬂt,
: . ! - , . ‘ ‘, ’,{é\
A lower bound on Pr(AlAZ) can also be derived- by replacing-z .in

, : .t LS
(3.2) with _ - o
5 .
Wy W < gy
, 51 0, Gps sl

~ .
f

The resulting Vq]ﬁe_of U, say Ul,'is such that’
Do c )
' 'Pr(AZ)f; Ul

»

- Thus,

PreAAy) 2 1= Up - Pr(AD).




’ | . . ' 9 ‘ . '
. | | e _ : . ﬂ ,
~ An upper Yound for both‘a and 8 is readily derived as to}19ws: s ’ .
: _Since;ﬁ;Ag is”a subsqt of bo?h'Ai.and ASs '~ S, > 7 |
. e/ . : o CO ™ *”i . - ’ - .
.o ifr(.Al)‘,@a < Pr(Az), ‘and 0 o ~
RELEN min[Pr(A)), U]. . 2 - '\‘ R,
S1m11ér]y,i - o : | ' N . | »
B gnﬁn[Pr(A{ﬁ, U]‘ “?~f‘ : " (3.9) },, -
A We canclude thTS seot1on by descrrb1ng Tower bounds on both ' ‘ .
" aand B Fgr‘c‘we have“that |
a = Pr(aK) &
- 12 ," . -
2 1= Pr(Ay) = Pr(A,)’ |
. ->_1'-U-Pr(A) T - (3.10)
. for simi]ar';easons A ) co T
_ B LU - P ' | ' (3.51) o
= ¢ ‘ ’ - i‘. . ~
Yoo “ An Upper Bound to o and 8 Assuming That- : ‘ -
’( . o The.BinomiaJ Error Mode] Holds o '
In the previous sect1on we d descr1béd upper and lgwer bounds to «
'andfs wh1ch.depend oply on od; ab111ty ‘to estimate the f1rs and second'/ .
moments of the true §;0fg distribution. . As=np}gd%above, sugh estimates
are ;eadily available-when the‘conditional'diétribution of obseryed /
(scores for any examineégis given by a two:item,approximétion to. a com~
ﬁound'binomial distribution. As'shown by Rutherford and Krutchkoff N

< (1967) such es%imétes<ére aTiB-avai]aple for a wi%g variety of - /

situations.
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’ . L. . \ > c, ", 10 .
»
' In th1s sect1on we 1nd1cate how .the 1nequa11t1es (3.10) and (3. 11) , .
e M1ght be 1mproved upon wﬁgh the b1nom1a} error model is assumed to hold.
' Since g
( S '
P a = PF(AJAS) ‘ - )
=P7 C Cc ‘ T
‘ Pr(AZ)Pr(AllAZ) ’ )
) it follows that N _ .
. U . n . k \ ’ | :
o _<_’U1 z f(x»]c<c0). . . (4.1) -
. X=X . R
0 .
s‘ .
L4 .
From known properties about the binomial probability function (see '
Wilcox, in press; Fhaner, 1974) which can be derived from resu]ts:givqn
by bhmann (1959, Chapter 3), we have that . ' ,
. ) '
‘. n n”~ -
£ flxlg<gg)s z (3) Flx]e= co)
X=X0 ] X=X0
+ .
", Hence, ‘ ' 3 s
. n :
@ <Up 1 (g) X (1-gy) "X
x:xo 0 ! ) (4.2)
For similar reasons, it can.be sgenjthat
. . ‘ Xo-l ° . ) .
B <UL (9) gX (1-gq) ™X . (4.3
3 x=0(3) zg (1-20) | ‘ o . (4.3)

Tt was suggested to the author that a theorem by Markov (recently
appiied by Lord gnd Stocking, 1976) might be applied to obtain bounds on a

¢ - e

: and. 8. It should be pointed out, however, that the conditions of this
theorem, as déscr%bgd by Lord and Cressie (1975), are not satisfied in

. general. " To see this,i; is sufficient to observe'the first derivative

I'd

»

L4

. . :. ( . | /
T 15
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of hy € )-y » 0@y ¥ @)"X with respéct To ¢ is negative.
I '07. .{ : " | -. . P ) ° . . o
The derivative.of hz(c) =@1-h1(c) is positive, but the second derivative

can Se'hegativez See;, however, Karlin and Shap]ey, 1953.)

.

As an r]]ustrat1on and another app11cat1dn on how the upper bounds

*\\
to and B m1ght'bq used, we considers the pgob]em of determining how

L ’ ) 5. Another App11cat1on

6

many items to 1nc1ude on a mastery test. For technical reasons (Fhaner,
'19@5; Vi]coxi jn_pyess) it is necessary to formulate the above model of
maste&y teetﬁng in a s]ightiy different fashion. 1In addition to the
_Criterioe,§¢ofe ;6, Qe_specify the constants g4 and QZ where £ 15003 2
If £ 158<T 5, Wh{say that the examinee is c]assified correctly with prob- .
ab111ty one s1nce there is negligible 1oss if a m1sc1ass1f1cat1on is
made. However, 1fg<;1 or;<;2 ~ we want to be reaeonab]y certain that
a correct decision 1§ made. More sgepifica]]y, we want to choose n, the.
i teet 1eggth7’soaphat'the probabilit; of both a false~positive and false-
negative decision)ié reesonably seall. We specify this criterion by

requiring ' S

~

(5.1)

'8 < B* A - )

.
I

' where a*and g* are g1ven constants. For this model of a mastery test
We “Now have that « thr(x > Xg & <z 1) and g =Pr(x < Xgs & 28 2)

If‘co. cz, 1t may be impossible to choose n so that (5.1) and

-~ ¢




) E . , »
- (5.2) ire satisfied. The solution given by Fhaner (1974) -is to choose

.the smallest n so that simu]taneods]y

n ° '
L. (x);x(l'c) X < o*

}
e

()c (1-c X< % - . (5.4)

~ x0 1
z
x=0

- -
+

' Far the sake of illustration, suppose a*=.12, B *=.04, c1=.7, C2=.9£:

- p=.945 and 52=.003. To determine an appropriate test Tength we first >

compute upper bounds to « and 8. Since false-positive and fa1se-negati§é&

" decisions are now def1ned in terms of Cl and Sy rather. than ;0, he

expre§s1ons forc, ¢ 1 and are no ]onger appropr1ate To determ1ne an
upper bound on Pr(s2%,), we now use 1»
: §C2, u'< C2 ,

? My Gy S M < 1

n = max ), GE,)(10)]

. and we rep]acé U with
()‘2 | "
T > if0<of<m
g +(52'11)
‘(t

uv =4 Y

(u(l'u)-oz)/((}-cz)cz), otherwise.

-

’

. “

In our examp]e m=. 0025, 5, 945 and the resulting va1ue>of U is
4 @ ﬁ
.544. If we assume that the b1nomia] error model_holds, we may app]y

-

the arguments of the preq1ous sect1on which 1mp]y that -

.
+

’

NN




R B | n=x
‘ Biu =0 Gy ¢% @-w

T X1 .
.54 20 G 9".1“ X,

As for o, we use

:~u<51

%3 &
g5 gy susl
m= max TH(%-#); (#=51)(1-1)]

and:the unper bound to 4 is

P S
— L, if0<? <n
02"(53"“) N . &~

(u(1-w)-02)/((1-¢, )t,), otherwise.

#

>. For the case at hand m=. 0135 and gq= 7. T' resulting value of Uy
-~ \ .
s 0476 and so s o -

3

o : @ ¢ § a- !
: 1x_x0 1 T

n
048 5 by 7% 37X
We evaluated these upper bounds for increaging. va'lues of n with x0
chosen to be the smallest integer such that xo/n>;;Q For this partlcular
case, the smallest value ‘of n requn'ed so that both (5. 1) and (5. 2) are

If inequalities (5.3) and (5.4) rather




1

\

than (5.5) and (5.6) areused, we-require n=25 Thus, we are able, to

justify a substant1a11y shorter test than n=25 w1thout making any

\

3 assumpt1on about the form of the true score d1str1but1on
t

As a final 111ustrat1on, we analyze some test data reported by

Huynh (1976). ‘A five-item arithmetic test-was administered to 91

v & ¢

students whose test scores x=0, 1, 2, 3, 4 and 5 have frequencies 4, 14,-
E 3

9, 17, 21, 26, respectively.’ The mean and'variance of the true score

distribution are estimated to be ¥=.653 and 82=.065. The resulting

value of U is .52. Also, Ui=:77. Thus, letting ;b, Zyr o retain the

same values as before, .

(.\

Xa=1 Ny
g < 511 (M) 9% amX

14

- Setting ¢*=.12 and §*=.09, the minimum required test length is n=19 with

L]

x0=16. "

1

Concluding Remarks N

t

-In sﬁmMary, we have indicé;e%7methods of obtaining ‘upper and Tower
bounds to‘both a and 8 which make no assumpt1ons about the form of the
true.score distribution. The first method depends only on odr ability
to determine the mean and variance of the true 'score distributions As
indicated above, such estimates are readi]y'available when the binomial
or compound binomial error model is asﬁumed. The second method is based
on the binomial error model which %s frequently used to describe a

g
-




»

mastery test. As was illustrated, the ;esultiné upper bounds may be

ﬁarficulirly useful when determining the 1en§th of "the test.
- ’ | ) ,
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