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: An uppérasymptote’parametér was added to the thrée-parameter .

logistic itemarespcﬁée model. This four-parameter model was compared

> . 3
to the three-parameter model on four data sets. The fourth'parameifr -
increased the likelihood. in only two of the four sets. ABiiity

estimates for the students were generally unchanged by the introduction \

.of the fourth parameter.
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asymptote, c , to the upper asymptote, & .
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An Upper Asymptote for the Three-Parameter Logistic Pf%m-Response Model;k

, \ .
. S

‘ - Mark A. Bartop' ' -
. \ * g~ |
. and \
" - ’ Frederi¢ M. Lord ‘ ' (.' .
s ) . \
» 4 . [ )
A two-parameter logistic item-response model may be expressed as
’ . -i.7a (@-b) = - ‘ S
F8) = (L +e % ) . .
:' . | ‘ v
e 1Y - < s
.where F(®) . is the probability .of a student witH ability & .passing*' | -
item . g . The Pprobability of péssing ranges from zero to ong:lé <} L . . .

: o
goes from - to o .. ' ‘ . . 7:\» i
. v .

. On a multiple choice test, however, the probability of choosing tHe'///‘—
correct answer does not approach zer? for low-ability students. For this

reason, a lowér asymptote is introduced. The resulting thréelparameter |
. » - 3 \ . e »,) ‘\

mod%l is .

4 ) Loy

G®) = ¢ + (1 - c)F(8) ' N
. N s . . R - L , |

where the lower asymptote, sometimes referred to as a guessing parameter,”
- > ‘ A -

may be set arbitrarily; .or a common value may be.estimated f%om’the data;

. ° 73
of individual values may be estimited from the data separately for each °

.

item. ’ ¢ REE : h ]

1 ]

An upper‘asymptote hay likewise be introduced into theaquel: .

. 8
. P(®), = c+ (8§ - c)F(®) . - . .

v . ’
.

While F(6) ranges from zerp to one, P(8)» ranges from-the lower

P ~
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“Even a high—ahility student may make a cl rigal error in answering
4 o . - S
an easy item. The introduction of an upper asymp}ote with a value oﬁ

slightlJ less than I should allow .a high-ability student to miss an

easy item without hav1ng his abllltx estlmate drastically lowered.

v .

,This study of the upper asymptote model was motlvated largely by,
A )

the concern that the three—parameter model might be severely penaJIZJng

-

h1gh-ab111ty students 'who. make a clerltal error on an easy item.™ The

o .
EhrecﬂparameteT model was compared to\the“Jpper-asymptate (four-

parametér) model forrfour data setii,;%AT,Verbal, gAT Math, GRE Verbal,
N

~, ,‘.'. . -, ®
and AP Calculus AB. - o ) S , ..
Fhe‘tests{ .all vf which were developed by Educational résthﬁ
Servtce, 'are described briefly: . L

..

Scholastic Aptitude Test (SAT), Verbal: The SAT is a 75- m1nute,

»

90 item verbal® ‘test 3e51gned for app11cants to undergraduat ,study.
' .
1 items are five choice.
-~ ) .
et
Scholastlc Apt1tude-Test (SAT), ?mfﬁ The mathematical part of

DR

Y
- « '

~

the SAT (from a different form of the test, with different- students)
S \ .
was analyzed.as a_separate data set. This 90-minute test has 85 items,

20 of which are four choice, and 65 of which.are fiye chéiqe.i

.

.

N

Graduate Record Examination YGRE) Aptitude Test, Verbal: :This
. . * , ; :’ Vs ’ e
test of Yerbal reasoning and geading comprehension is designed for

8 \

applicants to gradwate study, -All ,of the items on this SO—minute,‘

.
- . N , R
. . .

A}
80-item test areé five-chﬁice items. .

A

’
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College Board Advanced Placement (AP) Examination--Mathematics: :
. AN - \ - ¢ . R " ¢
< C8lculus ABr This is a test taken by high school students in order
P . - ‘ . .
. |. i \ “ o *
; to receive college credit for their knowledge of .elementary functions
. R . AN
v . * . 4 ‘ . , . .
. and~\first-semester galculus. The® essay items were not included in ‘this .
N -~ . . - . ~ : r
analysis. The objective portionslasts 90 minutés and -has 45 item-.
© All of the itemsS are five choiee. v °, .
.o i For each of the four data sets, E?ﬁffollowing procedure was used:
B N /;/ ‘ 1) Ability and item parameters were estimated under the .
. . . . . ¢ ‘
74 ‘ tHree-parameter model using the prog;ah LOGEST (Wood & Lord,
/}‘ . L3 AN JY -' :
N4 ) T« 1976; Wood! Wingersky. & Lord, 1976), with several thousand "
. ,\» ‘.P . = ¢ S~ ' ‘ -
v . students. YThése runs were already available.)
2) In drdgi to Egduce chcs, a random‘subsamale of ,
. Al . . 2l )
. I~ 1000 students was-chosen. - <
. . - A 54
!  3) With the Q& parameters (guegsing parameters) held
. - : ) . 1 A
—~ fixed at the pnreviously eétimqted values (to reduce -
-‘ &.\ » . N ’ . . '
. T costs), the temaining item parameters ( a 'q gnd' b 's) v
. . . ’ . { ! N
and the agbilities ( 6 's) were reestimated for just the .t
— - 1000 students with. & =71.00. . ¢
. .. . . - o,
4) With the Cg parameters still held fy&ed, the a.'s, b 's,
. : . RN .; . o
. and # 's were estimated with upper asymptote values of .
§ = .99 and* 6 = .98 , using a modified version of
N . :‘ . i - N, J -
: LOGIST on the s;mpls of 1000 students. ’ e .
l‘ . L '/ N )
. -
v - ‘.\ -
L S
- N + 1] » - ~.
! . , ~.
] oo - \ ¢ \ \
4 R N
P . , . . . ) . 4
Q o : : ) ’
ERIC - N : S . : '
-~ T ' s
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asymptote (6 =1. 00 , 6 =

~ The effect of the upper asymptote was measured in two ways.

First, li?elihoods were computed for each value of the upper

. .

.99, § =-,98), and, the asyhptote value’

w1th the h1ghest llkellhOOd was considered the best f1t. In two of .
the cases (CRE\Verbal and AP Calculus AB) the highest llkelihood was

] Y
obtained with- § = 1.00 (the standard three-parameter model)_and in

“
.

the other two cases (SAT Math and SAT Verbal) the highest likelihood.
was obtained with & = In none of the four data sets did the
, .

highest and the lowest of the three log-likelihoods differ by more than

.99 .

*

. 0.02% (more than ,0002). - -

. on the GRE Verbal.
- s

~
" Second, ability estimates under the two asymptote-values § =

1.00

N
- S

and § = .99 were tompared to see whether the change in upper-

asymptote value had a large effect on the ahility estimate of any j¥

.

Out of the 4000 students examined in the four

® .

individual student,

data sets, the greatest change was an increase of .64 under the .99

“in Table 1.

upper-asymptote model.

- —_

-5

three were very Jlow-ability studentd.

N

’

. , L
The five students most affected arevsummarized

Twa of these were very high-ability students, and’ the other

«

The ability est1mate changed

by -more than the stamdard’error of estimate in only one of the five

. -

c@ses.
student.

99-upper-asymptote model was™

<

~In all five cases, the .99-upper-asymptote .model favored the
THe largest drop in a student's abilfty estimate under the
.36, for a student of very low ability

All lOOO students who took the GRE are plotted

.
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PRI Table 1~ ‘ e .
. . The Five Students with .the Largest Absolute Changes
. ' " in Theta out of 4000 Examined ’
. ’ ‘
. * .
) ‘I ° ~ ‘ A r\
' ) Standard Error
. of Measurement .
95-1.00° '%s=.99  %5=.99"%=2.00. of 85-1.00 ' Test
29 3.4 0.5 0.4 ‘., GRE Verbal
. 2.8 3.3 0.5 -» 0.7 . AP Calculus AB
. =3.9 -3.3 0.6 1.1 SAT Verbal
-5.0 4.4 - 0.6 2.7 GRE Verbal .
5.9 Vs .{).5 , 4.8 GRE Verbal

Thetas have a mean of 0 and a standard deviation of 1. -

aY




° \
'
. )
~ .
4.
-
N
1
/
LAY
O

ERIC 4

P e
> 4

{'stpdents{ we would possibly have found a stronger cage for the.

. *

in Figure 1; in the plots for the other three 'data’ sets, pointé were v

even,closer to the identity line.

One might expect more clerical errors to be made on a highly

»
= L4

speeded .test., This might result in the .99-upper-asymptote model fitting
better than the 1.00-upper-asymptote model. The only highly. speeded

‘test of the four, thi19RE Vérbal, was fit best with the 1.03¥upper-

\ .
asymptote model, ﬁowever, d{Scounting thié’quededness hypothesis.

- -

In view of ‘the failure of the fofir-parameter model either to

consistently impfove the likelihood or to significafitly change any
s e )
ability estimates .there is,no compelling reason to urge the use of this

»

model. * The extra computational’time required for the more complex

derivatives further argues against its use.
. . ' Vs A .
One positive resuit of this.study is that.it suggests that the
4 1 - ' “e
o
three-parameter lggistic model does a better job of fitting high-
4 - 4

ability students than some researchers (including the auﬁhors) had
\ * LY Ay

expected. Had we examined the normal-ogive model instead, which is

, o . \
%}és forgiving of-: incorrect answers to easy items by high-ability

v

> -

» adoption of an upper asymptote of .99 or '.98. . |

' P
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Appendix

- «

”~

Formulas for derivatives of the foyr-parameter model*:

: il
. ' . - » -
{/ . 4? = number of items. . ) R o o

b N = humber of subjects.
Ctob=17 L ’ | : :
8= uppe?‘asytptote.' ; S . ;
L uij = observed response (1l df right, 0 if wrong) for item ' i . subject j .
.=a, (6, -b) . .
1j i7j i .t
. FDLiw . P . -
P,.=.C.+(6—c)/(l+e . ‘ ’ o
1] . [
.o } § ' N ’§ . ) '
.t i . _— I .
Qij o P ) s L.
. \ : .
\ r . . \’
The log likelihood is given by = d
- . ! * «* .
S n N | ‘ '
. = " u + (1 - . .
(= 1 £ [u e+ u;nQy ] (Lord, p. 58)
i=1l j=1 .
v 2 ( . - . .
) Theta derivatives: ) -
. : - - . .
T/ ) n .
) ~ %1— = 3 (u,,-P.) - ‘ A
- eJ - i=1 - 1] 1] . * ’ - —
and , ~ -
- ° ‘ : ’ -
N »
. . , 2 \ s
kg, P45 33 o T
' ’ L (Y2 C—3t) (2 7
= | + (u,, - P. I - + (P, . D11 H
2 .Q. . ij ij ..Q. . 2 .2 ij .
. i= ijti i P,.Q. .
5 aej 1 jij N g 13743 135
! . ‘ g\ _
*The authors are grateful to Kirsten Yocom for verifying all of R
the derivatives.
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4
P -
1) _ (¢ ci)Dai . -
36 ., DL . .-DL_, . *® '
Y oe a4 W
! o . R . ° ‘
,-° ¢- . . . ) ’.
+ and . . N X
v N\ LM .
DL -DL ' : oLt )
2 2 2, M ij - S
(5 - _ .
. d P} . (6 - c;)D%a) (e e )
2 DL, . %pL, . - \ ‘ ' .
_ %8 e M +2+e 'iJ)Z . ‘ .
3 ) K N
- Item-parameter derivatives: o ¥ L‘

b TPewill drop subscripts for brevity in the following formulas.,

‘\ ’ .
. ’ If ¥ rgzﬁggéggs ai s éﬁa , or ci , and ¥ represents ai s
' L) . "
bi , O ci , then \ H
. . )| . ‘0 .‘:
'y o - . o N
. aP ’ -
i 3. N (3% ' - s )

‘ _._'.—.'X(g (u.— P) ¢ . . ' ‘

(f X =1 - ﬁPQ ..:

- and . ' A . )

r’ - . . - ‘ "’/ 2 ,
2 N (& ®, (LB :
L e e X AR (2 (8 By
3 X3y a PQ PQ % ] 2.2
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where ’ N /
) . 3 . e
‘ 3P _ (5 - c)D(® - b) - ~
K 9a eDL+2+e.,-DL
. 3P _ _ -(§ - c)Da
< ob. DL, N DL i
’ 3P _ 1 o . y .
J¢ 1+ eDL . . ) .
r] :~ l AY ‘ M - v. ' .‘
C 3% -6 - o’ - i - &P T
Ba2 (eDL + 2+ e-DL)Z .
5 i ~ .
3P _-( - c)Dzz'iz.(eDL - e:DL) ‘
. N (Pl 4 2 + e Dly2
_“ . -
.
= 0 , . .
' ac LY . v
) . - BZP - (5 - é)Dza(e - b) (em: - e-‘DL) _ ‘D(§ - c)
- 3adb ‘ (eDL +9 4 e-DL)Z -, (eDL + 2+ e«'bL)
. 2% __-D(e -b) .. ,
X dap DL, . DL . .
- A Y \ +
and ; s
gzp D&/ -
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