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CHAPTER I , .

+ VABIATIOH
~

Section 1 - Direct Variation

The following table shows some corresponding values of the distance rg",

“given in meters, a bodyfalls due tg gravity and the time "t" of fall in
seconds. The square of the time, t°, is a'so given because it xelates . .
to-s in a significant way.

-

7 t Jo| 1 2 3 4 5 6 10
=, s |o|-4-9 [19.6| 44.1| 78.4 |122.5 |176.4] 490.0
t2lol 1 | & 9 | 16 25 36 | 100

’

“ﬁptween corresponding values of s and t2 shows that the :

A coiparison2
is a constant 4.9 meters per second squared. That is, v

quotient s/t

;4.9 196" 4.1 _78.4 _122.5 _176.4 _ 490.0 _,
1.~ 4 9 16 25 36 100 v ,
—~— h - 0

Thus, s/t2 = 4.9 and 5 = 4.9t%. This relationship can be stated:

"s varies directly as the square.of t."
In general, for' two quantities x'and y, if the rat{o.y/x is constant, say
‘ k, then y is said to vary directly as x, written y/x = k or y = k*X. The .
- ~constant k is called the constant of variation. ! ) .

-

Examples. '
. 1.1 The statement "y varies directly as ‘

a. the square root of x "'is written y = k- vVx .

. ‘.
- : - b. the cube of t" is writteg5y = k- t3- -
o C. -the absolutejvalue of z" is writteny = k- |z].
7 ‘
~ 1.2 Suppose R varies directly as the fourth power of C. Empirically, ™
- - it is found that R = 32 when C= 2. Find the equation of
" direct variation. Then, fwom the given data, determine the [\
constant of variation k. "Réwrite the equation as a formula - .
in terms of R and C. s s )
B Step 1. "the equation is R = k-cd.




1.3. M varies directly as the square root of N. If N increases

-

[ 4

4

Step 2. Substituting R = 32 and C = 2 into R = k-C
‘ = 2.

gives 32 = k - 24, Solving for k gives k

3

Step 3. R=2-¢%,

by a factor of Bixteen, what corresponding change occurs
- ,in M? , ’ e
- /

Step 1. The direct variation equation is M = k- /N .
Step 2. Let the increase in N be given by N' = 16 - N.

Step 3. Let M' be the value of M which corresponds to N'.

Step 4. M' = k- /N'.

M' = k- /16 N. -

i . P _
M'=k-4.VN.
M'=4-k- /N.

MF = 4-M,

Step 5. Conclusion: The value of M increases by a factor .
of four when N increases by a factor of sixteen. -

1.4 The period T ot a simple pendulud varies directly as the
square root of its'length L. If the peripd is 2 seconds
«for a pendulum 64 centimeters long, find the period for a
pendulum 121 centimeters long.

Step 1. The direct variation equation is T = k+ VL.
Step 2. Substitute T = 2 and L = 64 into T = k- /L to find
the value of k. . .

2=k- V64
1
X = 3 '
, )
Step 3. Thus T=2-’/L_.
Step £. Substitute L = 121 to find T: .
T.=%'/121 : L
1 3 l'/
T = %%-s \

-z
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Section 2 - Inverse Variation 4
The relationship between. the pressure P and the volume V of a gas is
such that as the pressure inecreases, the volume decreases, and as the
pressure decreases, the volume increases. specifically, the product of
the pressure and volume is constant, written symbol_i.cally as PV = k.

Hence, P = k'% and V= k - . The pressure and volume are said to vary
inversely.
- In general, for two quantities x and'y, if y = k- -,1? .. then y is said to

vary inversely as x where k is the constant of variation.
\ - -

'\-

- Examples. .

2.1 It is known that F = 5 when G = 1000. If F varies inversely
as the cube root of G, £ind F for G = 0.008.

- - , ko . 1
(\ Step 1. ' The inverse variation equation isF=k* 3~ *

\, G

Step 2. Substitute F = 5 and G = 1000 into the equation J

to find k.
1 * /
Step 3. 5=k R y— . /
. . . V1000 [
k = 50
Step 4. Thus, F = 50 - _13_ .
/G )

Step 5. Substitute G = 0.008 to find F.
1 . ,

Step 6. F = 50 °
) \3/0.008 (
50 ) -
’1 F=0.2 ) * '\"
0 g '
F = 250. § = {

- 2.2 The intensity of light L at a point var/ies inversely as the
square of the distance d the point is from the source of
. light. It i3 known that the intensity is 25 units at a dig-’
N tance of 10 centimeters. What is the distance from the light
source when the light intensity is 4 units? !

s/




- Step 1. The inverse variation equation is

Step 2. Substltute I 25 and 4@ = 10 to,find}the value of

K.
—
B 25 =k - —1—2— ; .
' 10
) k.= 2500
. Step 3. 'Thus, I = 2500 - —-21— w.v .
A\ d

Step 4. Substitute I = 4 and solve for 4.

. 0 —— LY
4 = 2500 *© — | /
a ‘ .
2 2500
= ‘}d N 4
s a = /625
#* R »
d = 25 cm.

Iy
Section 3 - Joint Variation

It is possible that one quantity varies dxrectly and/or inversely as two
or more other quantities. "In this ~case, the qu?ntltles are said to yary

jointly. . ) |

1
i

Examples.

'

3 1 C varies directly as A and- inversely as the square root
of B. If A increases by a factor of six and B decreases
by a factor of one-fourth, what change occurs in the cor-
responding value of C?

L. ) ) 1
Step 1. The variation equation 1s C = k-A- ;;..
B

Step 2. Let C' be the value of C which corresponds to 6 A
and —4' B.

~-

m




T S -
BRSNS ~ 4, .
Step 3. ¢' ‘--k- 6A - —— T E
- T RV :
= 4 ‘,
C'=k-6-RA- -1—3—— ;
[ .Z_'fB' / .
. ct=12-%.a-1 R . .
75 _ . e
. = . ‘

I“_____,/_~f [ C'=12°C o | . / ~3
: f ' :

Step ' 4. Conclusion: The value @f C increased by a factor
of 12.

oy

. ’ Exercgise Set 1 ; .
1

1. Translate each statement‘intqlg variation equation.

a. T varies inversely as the cube root of S squared.

i - ,

. _ b. A quantity y varies directly as x and inversely
r | as the cube of z. :

c. The power P in a jet of water varies directly as the
\ cube of the water's speed s and directly as the cross-
sectional area A of the jet.

2. The heat developed in a resistor H varies directly as the

time t and the square of the current i in the resistor.
- AN

a. Write the variation equation.. ) :
b. Fi the heat if k = 2, t = 40, and i = 0.5.

\

L]

3. The area of a circle varies directly as the square of its radius.
a. What is the constant of variation in the above relationship?

b. If the radius of a circle is increased to four times its
’ original length, what corresponding cthge bccurs in the
area? ' '
| )

co -

T | .l(’ ’ | :7 - -
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In each-of the following types of variation, assume that X

doubles in value and z decreaseg by a factor of one-third.

Find the corresponding change in y.

. 1 L kx
a. y=k-x-2 b. y=k-x- z c. Y= —§~‘
) . z

The electrical resistance of a wire varies directly as its
d inversely as thegsquare of its cross-sectional areag

leng

One type of wire of length 150 m and cross-sectional area
0.12 cm2shas a tesistange of 0.3 ohms. A second wire,

made of the same metal, :hhs a length of 300 m and a cross-
sectional area of 0.24 cml. What is the electrical resist-

ance of the second wire? o

Rl




CHAPTER 11 ~~—— —~

*
~

‘ POLYNOMIAL EQUATIONS OF HIGHER DEGREE
1 » . ' ! -
: ) Ve o
Section 1 - Polynomial Functions in Orie Variable (
A function f,,(x) =ax" +a xn'.l + a xn-2 + .. n=1% + a_ , where a,, al,':“,
are real mumbers, ag ¥ 6 and n 1s a nonnegatn.ve inteqer, is called a 5
polynoaiql fmction of degree n. ~ .

\\
~

Ifn = 0, j:hen féx) .= ay is a constant function. For n = 1, f(x) = aox ' ®

is a linear ftnction; for n = 2, f(x) = aoxl + ajx + a, is a quadratic func%ionl
Ve

'rhxs chapter will deal \primarily with polynomial functions for n 2 3, called

polynomial functions of\higher degree. . -
- S 1 j
Examples. '

7

# 1.1 f£(x) =5x3: 44 3x can be written,in the form -

N £(x) = 5x3 + 0x2 + 3x ~ 4 in whicK a3 = 5, a; = 0, -
ar = 3, andh a = -4, The degree is 3. ]
1.2 “s(t) = £3 - 2t? - t has degree 5, with a; = 1, a, = 0, a, = 0,
a;:—z, a4=-l, and a5.=0. -- ‘ .-
! . .
Section 2 - Roots and Zeros ' :

If a polynomial function f(x) of degree n is set equal to some value, say
d, the equai;on f(x) = d is called a polynomial equation of degree n. Solu-
tions of f(x d are called roots. If‘d =.0, then the roots of f(x) = 0

are called ze&s of f(x). Y \\
Examﬁles. \ ‘ \ . —
2.1 A root of f£(x) = 3x3 - 3x + 5 = 490 is 5 because f(5) = 490.
2.2 A zero of £(x) = x3 + 2x> - 27 is -3 because f£(-3) =
. ’ 2 ® .
3.3 Roots of x3 - 3x° + 4x + 2 = 6 are the roots of x> - 3x° + 4x - 4 = 0.
. They are also the same W the zeros of x3 - 3x2 + 4x - 4.
| / . R
Section 5 - The Gragréf a Polynomial Function ) }

, -~ : .
The graph of a polynomial function f(x) is the set of all points whose '
“"coordinates "(x,y) satisty the equation y = f(x):- The graph is made by — "~

passing a"smooth"curve through a few selected solutions of this equation.

- N -
3 ‘/ / .

_— 12 | -




Exzmples.

3.1 Graph the fynction y = £(x) = x

3

-3x2+x-3.

o~

Using a table an'' given values of x, find the

. corresponding vulues of y, (Figure 2.1)

xp-31-2]-

i S

4|
714

N

1] 213
4 [-5,6}171}5

| 1o}
y | -60 |-25 -8 [-3 |-

Entries—in the table correspond to solutions of the

~yiten equation. Graph these solutions.
\ =

Y
60 ) /
¥+ 45 L
-+ 30
. ; <7
<+ 15 [ ]
\ <
e x
-5 -4 -3 -2 <4 & e '3 4 5
+-15
3 . [ ] \ - : 1
:’,‘ . “P‘30 7
2 - ™ -
" : : 4-45 3
-t r ° +-60 ’ e
' J
Figure 2.1 ‘ i
Step 3. Form the graph of -y = £f(x) by joinin’g the graphs

of the solutions from Step 2 by a smooth curve.
(Figure 2.2) :

3

M
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_
AT

-15
+-30 -
-+ =45

+-60
/

Figure 2.2

Approximate (to thé nearest tenth) the roots of.
f(x) = x3 - x° - 5f1'”d for d =0 and d = -5
graphically.

-

b

‘Step 1. Graph y=£(8 = w3 - x2 - 6x as done in 3.1.

ThusJ

4
= f(x) | -56




. \
Step 2. The roots of f(x) = O are the x-coordinates
. 6f the points of intersectiop of y = f(x). and
the x-axis. These roots are -2.0, 0.0, and 3.0.

Step 3. Project the points of intersection of the. line
y = 5 and the graph of y = £(x) onto the x-axis
. as shown in Figure 2.3. The corresponding x-
coordinates are the roots of f(x)= -5; namely,
~-2.4, 0.7, and 2.4 Yo the nearest tenth.

. . \ .

AN
Exercise Set 1

1. Determine which of thejgiven values of the vaiiable are roots of the
equation. *

a. x0-5x% 4 x+10=-5; x= -2 0, 34

3 27 . __3 1 _1 _3 ‘L
b, t =" Y42 To 2 -
4 _ 2, . T ‘ :
c. ax - x*+3=-ocgg=-2,31,-1 - £
™ 0 .-
2. Determine which of the given values of the variable are zeros of the
function. 1~
~ a. f(x) = 5x> - 15x; x = -3, V3, 2, 17 )
. ‘4 - - : K-
b. q(S) = 54 - 333 - 852 - 7s 'V—?(:S("_' 0, -5, 2, ¢ -

4, 32 _g, t=-2,0,1, -1

c. f(t) = t8- ‘5t7 -t

3. Find the zeros of f(x) = x3 + x2 - 6x graphically.
| ]
4. Approkimate to the nearest: tenth thé root(s) of f(x) = x3 + x2 - 6x = 10
from the graph in eiercise 3.

Section 4 - The Remainder Theorem and Synthetic Division

In oxrder to find roots of a polynomial equation or zeros of a polynomial
function, it is important to be able to find the value of a function for ‘
a specific value of the variable as quickly and easily as possible. One -
method of evaluating a function_is by _substitution. For example, to,deter-
n%ne if 3 is a zero of f(x) = x~ = 2x° - 5x + 11, let x = 3 to get

33 - 2.32 - 5.3 + 11 = 5. Since £(3) = 5 and £(3) # 0, 3 is not a zero

of £(xY.
/

! ~ N v

4 c .
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N ~ second method of evéluatinq f(x) for a spacific value of x, say 3,
- involves dividing f(x) by x-3. The division process shows that the re- =
mainder 5 is the value of f(x) when x = 3.

—

/ -, = X + X- 2
T -, '3 2
. x-3 bx~ -¢2x” - 5x + 11 .
x3 - 3x2 i ‘ ’
- xz‘- 5x
® - 3x— ‘ .
_ _ - 2x + 117 )
////;,~"‘ -2+ 6 :
< 5+remainder equals f(3).
3 2 ! g ~
Since x™ - 2x” - 5x + 11 £ (x-3)(x° + x + 2) + 5 (i.e. dividend equals -
_divisor times gquotient plus remainder), letting x = 3 shows that &
- - { - i S
. A | 2 . . 2
. 3° - 2:3° - 53 +11 = (3-3)(3" + 3-2) + 5, :
. I . ' 2 \\\\\
. T . £{3) = 0 - (34 + 3 - 2) + 5,
and f(3) = 5, the remainder.
In general, the remainder theorem states that if a polynomial function
f(x) is divided by x-r, then the remainder is the vaﬁge of f£(x) when x=r.
" Examples. )
4.1 Dpividing f(x% = x3 + x2 - %+ 7 by x (=3) or x + 3 yields ’
a quotient x° - 2x + 5 and a remainder of -R, Thus \
x3 + x2 -x+ 7= (x+ 3)‘(x2 - 2x + 5) -8, ;
£(=3) = (-3\+ 3) [(-.})2 -2(-3) +'5:] - 8, /

£(-3) = -8. L
4.2 Find the value of f(x) = 3x3 - 2x2 + 4x - a’f;r x=5, \j
Step 1. Divide £(x) by x-5. ' /

Sx? +13x + 69 /

x-5V6x3,- 2x2 ¥ 4x~ 2
3x3 ~15x2

13x% 4 4x :
~ 13x2 -65x
! ’ €9x - 2
69x 345
. 343 + remainder

16




Step 2. By the remainder theorem, £(5) = 343.
There appears to be, no advantage to_ evaluating a po
the remainder theorem because of the tedious division involved. An abbre-

viated form of division, called synthetic division,
easier, ) .

Examples. -
Y3 2 |
4.3 Divide f(x) = 2x~ - 7x” + 10x - 12 by x~
find £(2).

v

- S%;;iz¥‘/§rite the coefficients of the t

-

lynomial function using

will make the task

2 synthetically and

erms of fi(x) left

to right beginning with the highest Hdegree term
followed by each successive lower degree term.

Step 2. Separate the coefficientsg of f(
2 (taken from the divisor x-2)
as shown below. e

2l 2 -7 10 -12

’

Step 3. Write the first coefficient bel

x) from. the number
and draw a line ,

ow the line and

multiply it by the 2 from the divisor. Place
the product 4 above the line in the second c2lumn

and add. The sum ¢-3) appears

‘2] 2 -7 20 -12
4
5 _ .

below the line.

t

-

.

Step 4. Multiply 2 from the ‘divisor and the sum (-3) of
the numbers in the second column. Place the pro-
duct (-6) in the third column above the line.

Continue this process.

2] 2 -7 100 -12
4 -6 8
. 2 -3 4 -4

step 5. The first three numbers below the line are the

coefficients of the quotient in descending power
order. The quotient is 2x2 - 3x + 4. The last

theorem, £(2) = -4.

4

“
§ X

n r -4 is the remainder. By the remainder .

2




4-4

+

4.5
\

\

N

-

-,;Use synthetiq division and the remainder theorem to evaluate the function

gStep 1. Divide f£(x) by x - (-5) or Xx+5

2

Evaluate f(x) = 5x4 - 3x

- 4x+ 7 for x = -3

-5 0 "~ 3 - 4 7
-25 125 -610 3070
5§ -25. 122 <-614 2077+ remainder

Step 2. By the remainder theorem, f (-5) % 3077.
/
2

_Detérmine if 6 is a zero of £(x) = x¥ < Ix] + @ + 3x - 18

Step 1. Divide f(x) by x<6

6l 1 -7 6 3 -18
. .6 =6 0 . 18
1 =1 0 3 O<*remainder

Step 2. By the remainder theorem, £(6) = 0. Thus, 6 is

a zero of f(x). .
-

Exercise Set 2

gpr the‘ qiven *value of the variable. ... n "
1. £~ ax® - 3%+ dx - 61 x = 2 ’
“
LN 2. g(ty.= -at? + &3 - st? + 3t + 45t = -2 .
e 31 2 - 1
:, 3. P(m) »m ri +4m - 1; m= o
Tt ;q . B
‘ a. f£(t) = 32 - st3+ 2t - 1; £ =10

5. f(s) =

86 - 354 + ,333 -~ 15; 8 = =3

¥

section 5 - The Pactor Theoren

- ¥

¢

Suppose r is a zero of f(x).
g« DY x-r, the remajnder is zero. That is,
v

f(x) . (x=-r)+Q(x) vhere ‘Q(x). is the quotient.

vl

The factor thoorem states that if r is a zero of ‘f(x), then ’x-r is a factor

\

. \\\

R Yf £(x). Conversely, if x-r divides f(x) exactly, then r is a zero of f(x)

~

»,

18 .

By the remainder theorem, if t(x) is divided

.
(it. 7
Ty




iy

A factor of the form x-r is called a linear factor.

Examples.

" Step 2. Since the remainder is 0, £(-7) = 0 and -7 is a zero

-14~

N

|

5.1 Det:etmine if x+7' is a factor of £ (¥ q!-»‘4x4 + 27x3 - 4x2 + 19x - 14.
If it is a factor| find the quotient of f(x) divided by x+7.

i )
Step 1. Divide f£(Xx) by x+7 to see if &7 is a zero of f(x).

-

=70 4 27 -4 19 -14 : ¢
-28 7 -21 14 \
4 -1 "3 -2 0+ remainder -

of f(x). By the factor theorem, f(x) = (x+7). (4x3-x2+3x-2)\\
Therefore, x+7 is a factor of f(x).

Step 3. The quotient of f(x)+(x+7) is 4x3 - %2 + 3x - 2, ' \

5.2 Show that x =~ % is not a factor of x3 - 3x2 + 4x + 1.

Step 1. Divide f(x) = x3 - 3x2 + 4x + 1 by x - -23-

3 P ‘
5’[ 1 3 4
3.2 1
JS, ,_ [2- 4 8
{ 1 / .3. g—?— 2\3_ , S
- 2 4 B +« remainder / -
L ei‘ h . ‘ -
e Step 2. Since % is not a zero of f(x), x - 3 is not a fabtor
- -of f(xf

o

Exercise Set 3

4

Use the factor theorem to detemine if the linear factor is a factor.of the

‘1.

2,

- given polynomial. . °

f
33"7: +15x+9; x + 3

4

X

3 -

- - x4 28 x-T7 .o n ;

+

y3'+lzy-1 . ' : ' (

t

5

-#_.+3m2-m:0'6:’m-3 . N

-32; t -2

: ; 19

M‘

FECTXY: LTI
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"Section 6 - Rodts of Higher Degree Polynomial Equations

Thé remainder and factor theorems are inpoi‘tant in the process of finding.
roots of higher degree equations. However, more information abdut roots is
needed to uake“the job of solving an equation less than a horrendous job.

An important idea involving rational roots of polynomial equations is the
rational root theorem: : ’

n-1

Any ratienal réot of aoxn +a +...4+a xta = 0 can be

. -1
expressed as a fraction g— in lowsst terms where p is an integral

.

factor of the constant tern{ an and q is an integral factor of the

-

coefficient of the highest power term, a,.

In addition to the rational’ roots theorem, some helpful facts in determining
the roots of a polynomial equation f(x) = 0 are: -

- (1) A polynomial £(x) divided by x-r
has a remainder R = f(r)...c.cccecevvccennss . Remainder Theorem

7

L ]
(2) If r is a zero of f(x), then )
. x~r {8 a factor of £(x)..cccccccececacns. ;-.. Factor Theorem
.° A .
(3) A polynomial eguation f(x) = 0
of degree n has exactly n real
or imaginary roots.......... teessssicsccansas Number of Roots
(4) The number of positive roots of .
£(x) = 0 is no more than the
number of changes in sign from
oné term to che next in £(x)................. Positive Roots

. \

The number of negative roots of

f(x) = 0 is no more than the ,

number of changes in sign from —
one term to th&next in f(-x).....ce.cvennrnn Negative Roots

. If an imaginary number a + bjs
is a root of a}| lynomial .
equation, then a - bj; called

its conjugate, is also'a root................ Ima inary Roots
A

!

An equation may have a rdot occur more than once in the solving process.
For example, the equat}qp x324%2-3x+18 = 0, which can be,written in the
equivalent form (x+2):(x~3)2 = 0, has exactly three solutionsof -2, 3,
and 3, ' The solution 3. is said to have multiplicity two. If a root. occurs

-k times it has mlwlicitx K. -

*Recall that = /=T, called «thq' imaginafy unit.
) ) . .
~A

. . - i iea h . o ,:‘ 7;




Examples.

6.1
-
6. 2
' ¢
7
A B
6.3
Xk

qaf’

Determine the maximum number of ibsitive and negative roots
of £(x) = 4x - 3x% + 7x3 + 2x° 4 x - 5 = O.

/
/
’

Step 1. f(x) has 3 changes in/&he signs of &djacent terms.

x4
+4x5\— it 4 7x3/+ %2 - x-5 _
4 + 1 4 / ) 4
- w2 N X
—— //‘ .
K / The maximum number of positive roots is 3.
- ; 7
Step 2. Evaluate f(x).f#é ~X.- v
f(-x) = —4x5 -,//3x4 - 73 4+ Exz +x -5
. . . .
Step 3. The number of changes in sign of f(-x) is 2.
- //
—4x5 —/3x4 - 7%3 +'2x2 +x-5
! ) 4 o 4
#1 #2
Step 4: The ma%&mum number of negative roots is 2. y
) 4 N 2. . v
"The equation x - 6x” = 51x° + 28x = 0 can be expressed as
/ - . "!“
x. (x = 8)- bx + n: (x - ~) 0. What are the roots of this ~ . %
equation? / i§ - 0~ '
/‘
Step 1. /There are 4 roots.
Step 2. By repeateil appllcation of the factor theorem, which
T says, if x-r is a factor of a polynomlal f(x), then _
r is a zero of f(x) oxr root of f(x) = 0 K the roots E

are 0, 8,‘-1, and 3 > RN <

One root of £(x) = x> - 2x? - 9x + 18 = 0 is 3. Find the

remaining two roots. -

Step 1. Because 3 is a yoot of f(x) = 0, 3 is & gero of f(x).
By the factor theorem/ x-3 is a factor of £(x). i
Divide f(x) by x-3 syntheticdally. ‘

*

.. -3l 1 -2 -9 18 ,
3 3 -18
1 1 -6 0




Step 2. The given equation can be written
{» - 3)(x 4.x - 6) = 0. FPactoring
x2 4+ x -6 gives (x - 3)(x + 3)(x - 2) = 0.

Step 3. The roots,by the factor theorem, are 3, -3, and 2.

/ 6.4 Two roots of x? - 6x° - 14x> - 6x + 13 = 0 are 3-2 and j.
: Solve the equation )

Step 1. Since 3-23 is a root, its conjugete 3+294 is also a
) root. Similarly, j being a root implies that -j is
also a root.

Step 2. The rocts are 3-2j, 3+2j, j, and -j.
6.5 Solve £(x) = x% + 4x° - 22x° - 84x + 261 = 0 |
i ' Step 1. The number of chafiges in sign in f(x) is 2; there
! > are at most 2 positive roots. The number of changes
of sign of f(-x) is 0; there are no negative roots.
’ Since there are .4 roots, at least two are imaginary

N ‘ 4)

i

Step 2. Thg possible rational roots are positive integral '
’ factors of 261 or 1, 3, 9, 29, and 261.

-

Step 3. Determine if x = 1/is a root of f£(x) = 0 by substitution

¥ .  This will show that 1 is not a root.

Step 4. Determine if 3 is a root by dividjng f£(x) by x-3;

3] 1 4 -22 -84 261
3 41 -3 "-261 |
1 7 -1 -87 0 ‘

Thus, (x - 3) (x> +.7x% - x - 87) = 0.

Step 5. Since the .root 3 may have multiplicity 2, determine
if x-3 is a factor of x? + 7x2 - X = 87.

. ’ 31 77 -1 e /
, S 330 87 - /
- ) — . A 1 10 29 .0 , /

Thus, (x - 3) éx - 3) (x° + 10x + 29) = 0.

' Step 6. The romaining 2 roots are roots®of x2 4+ 10x + 29 = O,

. a quadratic equation. Solving by the quadratic formula

gives x = -5-2j and x = -5+2j.

Wk
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Step 7. The roots are 3, 3, ;S-Zj, and -5+2j.

. 6.6 Solve 8x3 - 26x2 = 9x - 45

Step 1. Write the given equation as 8x3 - 26x% - 9x + 45 = 0. ’ '

There are a maximum of 2 positive and 1 negative roots.
The factors of 45 divided by the factors of 8 give the
possible rational roots. “ ' -

Step 2. Possible rational roots are tested by s néhetii divi- ‘w
sion or substitution until a zero of 6x~ - 20x“ - 9x + 45

is found. One zero is 3 as shown below. .
. ) )

3
2|8 -26 -9 45
12 -21 -45
8 -14 -30 0

or

a

Step 4. The roots are %u - = A
6.7 Squares the same size are cutf from the corners of a 10 by 12
decimetex piece of shbetjﬁe 1. A topless tray is formed by
bending up the sides and isgfldering the seams. What two dif-~ -
ferent size squares can befcut from the corners to form a tray T
with a volume of 72 cubic decimeters?
14
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TTee—
N v . )
:T’ H T ; ~ ,I ‘
x - e - - 1
' | 7
s - ‘* b oo ,l N . ) /
/ — /
. 10 \ p T/
Y ---1 'r-- w
' ¥ ,f 7 ~ ’I
t ' 14 ’
3 L a ‘-—t ,10 2 -—-e
v - T h 7
h 12 : .l ‘l - aer e e a» -’ X
a0 g :
- ' Figure 2.6
Step 1. Let x represent the length of the square cut.
The volume of the tray can be expressed by
/\ x-(12 - 2x)+ (10 - 2x) = 72 from which ©
W R
s X (=2} (x - 6)-(-2)(x = 5) = 72 o
> ‘\ X - ,rf.' *\-(
x(x - 6)(x =~5). = 18, —
x3 - 11x% + 30x - 18 = 0. : , .
Step ?, Thére are 3 roots with a maximum of 3 positivg and
0 negative roots. e possible rational roots are
1' 2, 3' 6, 9. and . .
' -~
Step 3. It can be shown by/substitution or the remainder
theorem that 1 and 2 are not roots. Testing the
number 3 as a pos; ible root gives ]
T & I e T
3} 1 -1 30 -18
‘3 -24° 18
o 1 -8 6 0
from which (x - 3) (%% - 8x + 6) = 0.
. N e
Step 4. Solving x?/- 8x + 6 = 0 by the quadratic formula ‘
yields x/'= 4 + Y10 or approximately 7.16 and o .
Step 5. The-sizes of cuts can be 3 or 0.84 decimeters .

(7.16 decimeters is not possible.)

24
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- Exercise Set 4
1. Determine the maximum number of. positive and negative roots of each
equation. : . : \ , -
a. 4’ -3+ x-6=0 - b. x3-5=9_
- c. —4x4-x2-ﬁ1'3x+7=0 al 183+ P +5x+2=0
‘2. List the possibllle rational roo,ts,_fchgf.th‘e following equations. - s ~
’ a. x‘“)Z w? - !2: 0 b x> - xtgi;g =0  c. ax> = 3k + 8' =0 N
.\ 3. solve each oquatio;; yiven a root(s). - . -
1 a. x—éx2-5x+6=0; x =3 X \
b. x3-4x+3/0; x=1 5 o \ .— ..
c. xP+ 2x> - 6x2 - 22x 4+ 65 = 0;  x .= 2-j, -3+2] , o AT
d. x* +.10x° + 26x% + 10x + 25 = 0; x = -5 of multiplicity two N
A. S‘::lve “the following equations. , ",‘ ' ) \ S
a. x3 - 10x2 + 31x = 30 s ﬁ\
b, X+6xl+llx+6=0 = - o g ST
c. 2% +15x% + 24x - 16 = 0 -
a H-onlred-loxe0 ( |
. o 6x° - 7x% - 16x3 + 124 = 0 \/
Section'7 - Irrational Roots of Polynomial "Equations .
=~ " A higner degree polynomial equation having three or more irrational roots a7

cannot. be solved by the method presented in the chapter. It is suggested
| , that computer programs, if available, be used which find roots of all types
" |to a specified degree of accuracy. o

One such program is "ROOTER" designed to be used with a BASIC language
computer. This program approximates rational and irrational roots to the
nearust hundreg-thomandth.




g : ., CHAPTER III

ANALYTIC GEOMETRY

-

Section ) Linear Equauon in 'rwo Unknowns - 'l‘he Line 3\

- .

- “‘ﬂw\l\ine and q;uations of a line have beén dealt with prevmusly in the \ o
study guide Algebraic and Trigonometric Bquations With Mications. T
. ' important concepts related to. lines will be inmtroduced ‘again but with leébs . -
b edphasis and detail. ) \ ‘ |
' , - N
A linéar equation in two “unknowns x and y has the standard foim ax + bx =: c

whete a, b,’\and c arh constants. .

i
A

A solution of a 11near equation is an ordered ,pair (x&) whmh .-satisfies f.he i
PO equation. i oF . E

-

. The graph of a linear equa'tion is a line whose points have coordinates which
sati¥fy the linear equation.
’ Example‘s.
_ ”~
L o - 1.1 ’fheequations3x—y=5,y-3—2x,y—4=o x=9,and
’ 3Y- 2x - 4 = 0 are linear equations. 5

1.2 Some solytions of the equatlon 2x - 5y = 10 are (0,-2), (1,-';5-

(5,0), and (10,2). . ) . ,
1.3 The graph 8f 5x + 3y =5 is the line which passes through

the graphs of two solutions of the equation. See Figure 3.1.

« .
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1.4 The equation y = -2 has solutions of the form (x,-2) where x is T
any real number. The graph of y = -2 is & hori2omtal line having '
a y-intercept of -2. See Figure 3.2. ’
1.5 The equation x - 5 = 0 has solutions of the form (5,y) where y
~_ .--is any real number. The graph of x - 5 = 0 is a vertical line
- with a x-intercept of 5. See Figure 3.2. !

L]
- )
o _ ( \ x

Kl ‘ y .
* ' -
R x-5=0
0 -
K < - c
+
L2 4 a 2 2 L. 4 1 2 dckd X
v g vy Ty | B | L  § L BN 2 4 -
. . + NE
) -, N Yy = -2 cb-z .y o
- B ~ag 3
-
. . KR T
° . Figure 3.2
- )
) Exercise Set 1 . .
; 29 bk
.. 1- Write five solutions of each equation. . -
\§==§\\ (a) .4x - 3y = I2 b) x+y=0 (c) x= -8
(@ x=y™+ 10 (e) 4y + 7=0 '
. 2. Graph each .inear equation. -
¢ = . -~
(a) 4x - 3y = 12 (b) x-y=28 (c) 4x = <11
S () 0.5x-02y=4 (e) 2y+ 5=0

: .

Section 2 - Distance Betweer I'wo Points and Slope of a Line

w

¥

The*undirected distance between two points P, (x.,y,) and P_ (x,,y,) in
. . 1 1’71 2 2’42
the plane, written |P1P2l, is i

RN \/(x2 -,;cl)"2 + (y, - yl)2

B
~ 2‘*‘ i
< ,, 4 v -
.




A directed distance from dne point to an¢ther on a horizontal or vertical R
line may be dafined. For two points P.' Ix,,k) and P, (x,,k) on the horizontal
line y = k:'with Pl to the left of P,, %he &izected distaace from P, to P, .
(left to right) i® the positive value P Pz =X, < X The directea

distance from P, to P, {right to left) is the negat}ve value P,P, = X, - X,.

) . 4

Similarly, if ?1 (h,y;) and P, (h,y;) are on the vertical line x = h with
P, above Pyr the directed distance from P, to Py (upward) is the positive

1

--value Plpz = Yz - y‘.l. J/
The directdd distance from P, (6 P, (downward) is the negative value PP, =
yl-Y2’
Y
Example. S
- P_(-3,3) P, !5,3)
2.1 The following distances are 2, 3,
_ derived from Figure 3.3. )
PPy = 3-(=4) =7 ettt x
Pzpls"4-3=-7 . X’_/
* PP, = 5-(-3) 3 ¢,-0)
1" 4 Pl(—3,-4) P4 '
PP, =~-3-5=-8
Figure 3.3

PP, | = VQS-(-a))2;£§§1-4))2 = /64 + 49 = /113

1f P. (x,,y,) and P_ (x.,,y.) are any two points on a nonvertical line, the
1 71 . 2'72 .
slope m of %he line'is

Y

T2t T Y
2% 7%

‘

Two lines having slopes m, and m, are parallel if and only if m, = m,.

Two lines having slopes m, and m, are perpendicular if and only if
m, = -;5 or, equivalently, ml-m2 = =].

1
Example.
- 2.2 Show that the lines having equations 4% + 3y = -6 ‘and
3x - 4y = 8 are perpendicular. /

TR

R
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3 Step 1. Complete a table of values for each equation.
: ‘ 4x + 3y = -6: 3x - 4y = 8: v
3 b 0 3 X 0 -4
' -2 ] -6 -2 -5
: » b4 Yy N
i - . ~Step 2. Two solutions of 4x + 3y = -6 are (0,-2) and
E (3,-6). The equation 3x - 4y = 8 has the -
; solutions (0,-2) and (-4,-5).
g L J
E Step 3. _The slope mlvof equation 4x + 3y = -6 is
| ,
Er , 3-0 3°
? The slope m, of 3x - 4y = 8 is
t -5 -(2) _=-3_3
: -4 -0 -4 4° '
. -4 3 . .
Step 4. The product m, 'm_ = R -1. Thus the lines -
' ) are perpendicilar.
Exercise Set 2
1. Given the four points P, (-6,2), P, (5,3), P, (7,2), and P, (5,0), o
find the folapwing distances. ’ . - .
@ |22, | ® PR | () P (@ P, (o) PP,
2, PFind the slope of the line haviné the given equation.
' , (a) x-y= -3 i (b)) -3y =6 (¢) y - 3= 4x
(@ y-3=0 . (e) 0.6x - 1.2y - 1 =

3. Determine if the f0110w1ng pairs of lines are parallel, perpendicular,:
or neither.

@ y=x-3, x-y=5 (b) 3x+2y =0, 4x= 6y - 1

(c) 2x-y=-2, 2y = -x (d) y=-4, x4+ 5=0
o /
Section 3 - Equations of a Line K\\\‘d/

4

- ©  An equatlon of a line can be determined if two points on the line are known.
1f P Y, ) and P2 (x ¥, ) are two particular points and P (x,y) represents
any p01n% on the line, hen
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Y, " Y
2 1
X Y°¥ T x - X, (xa *)

2

is called the two-point form of an equation of a line.
Knowing ‘the slope m and a partitular point Pl {x ,yl) of a lime, the
equation A

Y-y =m° (x - xl)

is an equation of the line called the slope-point form

The y-coordinate of tﬁe point of intersection of a line aud the y-axis is
oL N

called éhe y-intercept of the line, represented by b.
If the slope n and y-intercept b of a line are known, an equation of the

-

line can be expressed as
y = mx + b,
Aoy

F G 4

fcrm.
A vertical }ine passing

- called the glope-interce

Certain lines have special forms of equations.
through the point (h,k) has an. equatlon of the form x = h and a horizontal

line through (h,k) has an equation y =
Lines which contain the origin, (0,0) ,with a slope of m have the form y

\

AN
A

Examples.
3.1 A line contains the points P, (-4,7) and P
< . 1 2
equation of the line.
Using the two-point form where P (x,y) is any point

(3,5). Pind an

Step 1.
on the line,
5 -7 . . . os .
(y=-7) = 3-:T:ZT * (x-(-4)) which simplifies into

2x + 7y = $41.

(-4,6) and has a slope of-z

3.2 A line contaipse the point P
What is an equatlon of the }ine?

Step 1. Substituting the coordinates (-4,€) and slope -
into the point-slope form gives

(x - (- 4)) which simplifies to
3

4

y-6= --—
3% + 4y = 12, X

|

bt




3.3 A norizontal line, vertical line, and a line which contains the
origin pass through the point P. (-8,7). Write an equation of

3.5

Step 1.

Step 2. The point Pl (0,6) implies that the y-intercept is 6.
Step 3. The equation can be written in the slope-intercept form
y = l%x + 6 or 12x - 5y’'= -30.
If the acceleration of an object is constant, its velocity v
varies linearly as the time t. The velocity of an object after
3 sec is 46 m/s and after 8 seconds it is 61 m/s. What was
the initial velocity at t = 0 and the velocity after 12 =?
Step 1. Solutions of the form (t,v) will satisfy the linear ‘
equation relating velocity and time. Two such
) .solutions are (3,46) and (8,61). ~
Step 2. The slope ot the requirfd equation is 2
.61 - 46 _ 15 _ 3
8- 3 5 ' H
Step 3. Using the point-slope form of an equation, s
v-46 >3- (t-3)or3t-v=-37. «

‘each line. 1
. Gtep 1. The horizontal line has an equation y = 7.
Step 2. An equation of the vertical line is x = -8.
Step 3. The slope of the line containing the ‘origin and the
‘ point Pl (=8,7) has a slope
-8 - 0 8’
Thus, an equation of this line is y =-% X or
7x + 8y = 0.
"Write an equation of the line perpendjcular to the line
© 5% + 12y = 2 which passes through the point P1 (0,6).

Expressing 5x + 12y = 2 in the slope-intercept form
gives y = .I_:x + %. The slope of this line is =5

- 12
and the slope of the required linfzis the negative
reciprocal of %% - That is, m = = -

i
4
3




Step 4. Letting t = 0 in 3t - v = =37 gives the initial velocity
v = 37 n/s.

t A ' - o “—
Step 5. Substituting t = 12 into 3t - v = =37 yields v = 73.
Thus, the velocity after 12 seconds is 73 m/s.

- . .7

— Exercise Set 3

L 1. Write an eguation of the line which satisfies the following conditions.

a. Passes th‘rougth (-8,3) amd P2 (t,?).A _ ’
b. Parallel to 5x -y = 8; y~intercept 8.

c. Passés t,hrough‘P (-4,-2); slope -2, ’

1 3
d. Perpendicular to y = 3x - 4; passes through Pl (0,5).

~-3 ]~/ e. Slope 0.9; y-intercept -l. s . ) e
. f. Vertical; passes througfx (5,9).
g. Horizontal; y-intercept 3.

h. Passes through P. (-6,5) and the origin.

1
i. Pparallel to y - 8 = 0; passes through the origin.

j. Passes through P. (4,-8); has no slope.

1
2. In example 3.5, after how many seconds will the vel%gi;ty of the object
be 98 m/s. '

3. Assume that the length of a spring varies linearly as the force applied -
in stretching it. A force of 4 newtons resulted in a spring length of)
14 cm. The length was 23 cm when the force was 7 newtons. How long is
the spring when no force is applied? If the spring is 32 cm longs what
is the force?. C * . -

—— e 1

'
'v

Section 4 - The Circle

Geometrically, a circle is defined to be the set of all. points P (x,y) whose
distance from A/fm? point is constant. o

S 'The faxed point is c.n;: the center of the circle and the constant distance
?7’, is the radius of the cirftle. : . L

30 » 7
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In Figure 3.4, the center is C (h,k)
and the radius is r. If P (x,v) is
any point of the circle, then the
statement 'The distance from F (x,y)
to the center C (h,k) is the constant
distance r' can be translated alge- -

‘braically as

Vixm? + (y-k)2=r  or

x-n? s y0? =’

3.

This %attet equation is called the
s equation of a circle with
center C (h,k) and radius r.

~o © (hok)

Figure 3.4

1f the center gf a gircle is the origin (0,0), the equatxon of the c1rc1e

‘becomes x +y' ' =r

Bxaiples.

4.1 BAn equation of the circle
with center C (4,-2) and
radius 5 is .

(x- 42+ (y + 2)2 = 25,
/ See Figure 3.5.

'

4.2 x* +y2 = 19 is the equa-
tion of the circle whose
center i3 the origin and
radius is v19. sSee Fig-

ure 3.6.
.

Figure 3.6 ' 5




4.3 A circle has a diamster whose endédints are P

B A

.

*,
v
i&

v

4.4

: suﬁ 1. The diamater is a

Step 2. The coordinates of the

. =29 -

.

1

(-6;5) and -

P, {5,8). What is an'equation of the circle?

_line segment passing .
through the center of-

N the circle. The center
is the WMidpoiiit of the A
diameter. See Pigure /
3.7. ’ '

1('615)
.center C are the aver- -
age of the corresponding

coordinates of P, and. x -
N Pza "ﬂluﬁi" ‘ o '
) -6+5 5+8

C{— 2 ) 2 ) or

“cg_ 3+ Figure 3.7

Step 3.  The distance from the center C to either point P, or P,
is the radius. Therefore, .

r= ;..5-5)2“‘“4’ (8-_1_32 ./EQ.@&SJQ,
2 4 2 ,

2

Step-4. An equation of the circle is (x + )"+ (y - -3% - =,

NN

An equation of a circle is x2 + y2 - 10x + 4y + 4 = 0. ‘Determine

the' center and radius and sketch the graph of the circle. -,
Step 1. The given eqmﬂon can be vwritten in standard form by ‘
completing the squares for the x- anq y- terms. '

- Step 2. Express the equation in the form

(x2-10x ) + (y2+4y ) = -4
& ) 2
Step 3. Couwplete the square in x by adding the square of one-half
of the coefficiant of x or 25 to both sides of the equation.
' Complete the square in y by adding the square of one-half

of the coefficient of y or 4 to both sides. .
The result appears as ’

(x* - 10x + 25) + (y2 + 4y + 4) = -4 + 25 + 4

A\

3q - S
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.Step 4. Rewrite the equation
. from Step % in standard
form as .

(x - 5)2+(y + 2)2 = 25.

Step 5. The center is C (5,2)
' and radius is 5. The
graph appears in Pig-

ure 3.8. .

Figure 3.8

’ Exercise Set 4

1. Determine the center and radius of each circle whose eéuation is given.

qa) x+yi=6a . m -ai+yi=1 (o) x-2%4y-37" 50 ‘
( s

Q) (:ci— 0.2 4 (y +3.6)2=0.9  (e) x*+y’ -16x+2y+16=0 ‘

2. vwrite

(a) € (3,0); r =25 (b) € (0,0); r'=.10

equation of a circle satisfying the following conditions.

Y (e). C(4,-9); r=7 . (d) Passes through P (-4,6); C (4,0)

(e) Endpoints of a diameter are Pl«(-G,-z) and P, (3,5)

2
{(£) Radius of 6; coordinates of the 6§ntér are a_solution of the
system of equations 2x - 3y = 1 and -4x + Sy = 1.

3. 1Is the point Pl (5,3) on the circle whose equation is
{(x - 3) +(‘¥'6)2'13? : \/"f
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. 'section 5 - The Parabola

k)
A parabola is defined to be those points in a
plane whose distance from a fixed line and a
fixed point not on the line are equal. PFigure
3.9 shows three points Pys Pzrqnd P, on a
parabola whose distances from a fixed line L
and point P are d,, 4,,and 4, respectively.

The fixed line L_is called the directrix.

The fixed puint is called the focus.

[ > . :
A line through the focus perpendicular to
the directrix is called the axis of symmetry.

The point of intersection of the paraboia and / '
its axis of symmetry is called the vertéx. :

Standard equations of parabolas which -+ '~ _L
satisfy various conditions shown in
Figqures 3.11-3.14 gare given below.
Each equation can§ derived from the
geometric ‘definition of a parabola where /
p is the directed distance from the
vertex to the focus of the parabola.

Directrix

- . Figure 3.10

v

= ,
N\ g
-8 N
-
— Focus . {V(o,0) : -
Fip,0) ' Vertex x
O
1
"
% L ,
. ' ' t ! N
o2 - ‘ 2
Yy =4px; p> 0 . y =4px; p <0
Figure 3.11 . . Figure 3.12
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Some helpful hints to renember/rhen

i writing the equation are; . x
(1) The branches of the parabola
extend in the positive and Directrix y=-p

negative directions of the
variable being squared in the

equation.

. (2) The negative x or y term (p is
) _negative) in the equation means
. " the branches of the parabola
extend left or downward.

x2=4py; p>0
Figure 3.13
Yy

Directrix y=-p

(3) A positive x y term (p is
positive) in t.. equation means
- , "the branch opens right or up-

Vertex | V(o,0)

ward.

Y

- Examples;

x2=_49y;p<0
Figure 3.14

5.1 Determine the focus, vertex, and direction of the parabola
x2-= ,8y. Sketch the graph of the parabola.

— ' with 4p = 8 or p = 2.

= . Step 1. The equation x2 = 8y is in the standard form x2 = 4py

From the variable x being squared and p being gpsitiyé,

N Step; 2. ]
the branches extend left and right in an upward direc-
- tion. * The vertex is V (0,0).
- ™ Step 3. The focus is on the y-axis at (0,p) or (0,2). The
3; directrix isy=rpory=-2.
- ‘Step 4. To get .the position of the branches for sketching, let

x = 4. Substituting, (+4) = 8y and y = 2. Figure
3.15 shows a sketch of the parabola.

-

W
~F




3

-3~ B

\ .
. - x'
) -10-8 -6 -4 -2
Directrix  |-2 Y= -2
) T - T.a.
-6 .-
) -8
3 4 Figure 3.15
5.2 A parabola has the vertex V (0,0) and focus F (-6,0), Write
an eguation of the parabola. ’
Step 1. Since the focus is left of the vertex, the parabola
has a graph extending to the left with an equation
form y“ = 4px.
Step 2. From the focus F (-6,0), the value of p ié -6. 7 -
Step 3. The equation is y2 =4(-6)x £ ~-24x.
5.3 Find an eqﬁ;tioﬁ € parabola whose directrix is y = 6 and
focus i .~6). ’ -
///’_/,,%/”’//" Step 1. The focus is below the directrix. Thus, the parabola
— ’ opens downward. The vertex is midway between the foQgs ““
/ ) "and directrix at the origin. N

' Step 2. The standard form of the equation is x2 = 4py where p
. is the distance from V (0,0) to F (0,-6) or -6.

Step 3. The equation is x2 = 4(~6)y or x? = -24y.

| For the vertex of a parabola located at some-point (h,k) other than the origin,
the same equation analysis presented earlier applies. However, the x and y
in the équation are replaced by x - h and y - k, respectively.

* \

¢

Examples.

! 5.4 Sketch the'graph of the parabola (y - 6)2 = 24(x + ).

¥
[
.y

38




Step 1. The form of the equation indicates the vertex is
no longer the origin. Writing the equation as
{y - 6) = 24 (x -(-3)), the vertex is (-3,6) and
4p =, 24 or p'= 6.

up and down and p being positive means the parabola
opens to the right.

j) Step 2. (y - 6)2 in the .equation implies the branches extend

Step 3. The focus is 6 units to the right of V (-3.6) at
F (3,6). The directrix is the vertical line
X= =3 =-6o0r x = -9, "

Step 4. _let x = 0 to find the y-intercepts of the parabola
for placement of the branches in the sketch. The
y-intercepts are +6v2 + 6 or approximately 14.5 and

-2.5.
R4 .
Step 5.
! ‘ .
%
ﬁ Vertex Focus
g v (-?'6)
— ¢
'l
Q
) B =

Figure 3.16 -

5.5 Write an equation of the parabola with focus F (- 4,-3) and
directrix y = 3 and sketch its graph.

Step 1. The focus lies below the directrix. The parabola
opens downward The equation has the form
(x = h)2 = 4p(y - k).

Step 2. The distance from the focus to the directrix is €
units. Thus, the vertex is 3 units above the focus
at (-4'0) and I) = "3.

W
Yo
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. E
> \ ) - ’ N £
.o . - . =

Step 3. Supstituting V (-450) and p =-3- into the standard
form gives (x + 14) n-12y. - Ky :

- N k- -3
> \ ;
- 'u\"\"“% \ =

Y
Yy
Figure 3.17
f'—; . 5.6 Determine the focus, vertex and directrix of the parabola
whose equation “is 4x - y2 - 4y8= 0. B
7 't . Step 1. Express the equation in the form y2 + 4y = 4x and
N\ complete the square for the y variable. ,
(y2'+4y+4)-4x+4 - ’
’ v+ 2% = 4(x + 1)
TN
Step 2. The vertex is V (-1,-2) withy4p = 4 or p = 1. ‘
Step 3. since y is the squared variable and p is positive, N
the parabola opens to the right. Knowing this, the- i
focus is 1 unit (p = 1) to the right of the vertex -
at (0,-2 ). e directrix is the vertical line x = -2,
» . Exercise Set 5 |
. . . -
1. Determine the focus, vertex, and equation of the directrix for the
parabola with the given equation and sketch its graph. ;
. ) ¢
(a) y?=10x e d) ** = -28y (@ y2 = -x
| (@ _(x - 9% & -4(y - 5) (e) (y + 6% =12x -
- ; - - : ;
| ] =




E 2. NWrite an equation, for the parabola satisfying the given conditions.

£ * ¢ ’

% , (a) v (0,0); F (0,3) . () Vv (0,0); directrix x= -10

2 e) P (0,-2); directrix y,= 2 @ Vv (5,3); F (10,3)

3 : e |

= : e ,

E (e) V (-4,6); diractrix x = 1 (f) F (-5, 2); directrix y = -10

F 3. Assume that a cable in the shape of a parabola is supported on 1level .
ground by two pillars, 80 meters- high and 200 meters apart. The lowest

. point on the cable is 20 meters above the base of the pillars and mid- i

‘v' between them. How hlgh is the cable above the ground at a point 30

‘meters from a pillar?

: ction 6 - The Ellipse

. ~

£y

An ellipse is a set of points which satisfies the following condition:

AR

§ The sum of the distances from two fixed points to any point
of the ellipse is constant. .

"In Pigure 3.18, the point P; on the
ellipse is a distance dl ané d, from
two fixed points F, and F, with

dl + d, = k, a constant. Another:
point P, is a distance of e) and e, -
from F, and Fz' respectively. By

L LR """"“'"W"W""’““T‘T UL I L

definition, e, + e, = k. .
Y L] 1 2 1 '
~ ellipse
Important quantltles associated with
the‘elllpse and represented in Figure
3.19 are described below. ' » Figure 3.18
()} Each of the fixed points F (-c,0) - —~ .
and F {(c,0) is a focus int,
, . The plural of focus is foci. y
£2) The two vertices v, (-a;0) and ° c (0,0) [(0,b)
b V, (a,0) are the intersection of ’
) e &llipse and the line passing E @0
. : k ‘- - V., (a
ﬁhrough the foci. ‘ vV, {-a,0) pl( c,0) o x.
(3) The center C (0,0),is the mid- . :
point of FyF5. Major Axis | &
- ¢ n

(4) The line segment Vlv2 is the ma Jor Vertex Vexrtex

axis, 2a in length. N

(0,-b)

(5) The minor axis is the line segment
joining (0,b) and (0,-b), the point
where the ellipse intersects the
y-axis. . ‘ “

Figure 3,19

\ »
(6) The relationship amona the coordinates
a, b, and c-is a” = b2 + c2.

RN L A R ) S
s I .
- -




The standard equation of an ellipse whose foci lie on the x-axis with
center C (0,0) is ‘

f , 2 2

+ 1521 whers a% 2 b’

b

WNIDG

The standard egpatxon of an ellipse with foéi on the y-axis and center

C (0,0) is
2
X +Y¥Y_ -1 where a2 > p2.
2 2 = o
b a
' Examples. ' . ,
s 6.1 Find the foci, vertices, centeré and lengths of the major
and minor axis of the ellipse x x___ .
. EE I

Sketch the graph of the ellipse. '

Step 1. Since 36 > 9, a2 = 36 and b2 =9, Thus, a =6

and b = 3. The vertices are v (-%,0) and v, (6,0).
\ The center is C (0,0).
‘ Step 2. Froma? = b2 + c?; ¢? = a’ - b? = 3¢ - 9 = 27 and
c=/27-= 3/5. The foci are F (-3/3,0) and F, (3v3,0).
Step 3. The major axis is 2a = 2°6 = 12 units long.
The minor axis is 2b = 2.3 = 6 units long.
.
. Step 4.
. b4
+(0,3)
v]. (’610) S (610)
. x
h Vertex Vertex

Figure 3.20

42

3

;
:
¥
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6.2 Write an,eqﬁatian.of the ellipse having its cénter at the origin,
a vertex V, (0,-15) and a focu F& (0,10). Sketch the graph
of the ellipse. -
Step 1. From V (0,-15), -a = -15 or a = 15. From the focus
~ F, (0,10), ¢ = 10. ‘ :

2

dtep 2. Since a® = b2 + ¢2, 15% = b2 + 102 and b2 = 125.

Step 3. Because the foci lie on the y-axis, the ellipse is
elongated in the vertical direction with the equation

, i 2 2
125 Tl

Yy . [ ]

'
bt =
wn

Figure 3.21
6.3 Sketch the graph of the ellipse 9x2 + 81y2 ="100.

. Step 1. In an effort to éxpress the equation in standard form,
) divide both sides of the given equation by 100.

thus,
~ 2 2 t
x_ 8y _ .
100 100

Step 2. ‘Multiply the numerator and denominator of the term
9x2/100 by 1 and, similiarly, the numerator and

denominator of the term 81y2/100 by %I . The final
13

form is
2 2
100 * 100 -
9 a1

- N
Co




N
~

- {9~ /

|
1
;
i
!
|
I
|

Step 3. By ingpectio@,of the above equation, a = %g and :
=1 ‘ ' :
PT3
/ , ’ : -
Step 4. ,/ y y :
/ - e

N |
v L : f L J L J N -l ’i

, 1 3/ a4 x ! :

|

|

(0, - 3 ] :

Figlire 3.22

1f the center of an ellipse is located at some point (h,k) with its vertices
and foci on a horizontal line, the standard equation of the ellipse is

2 2
L - h + (y ; k). 1 where a2 2> b2.

a2 ) b

1f the center is (h,k) and the vertices and/or foci lie on a vertical line,
the »tandard equation of the ellipse is -

2 2
( ~ h) + y - k) 1 where a2 > b2. .
2 2 , -
b a
Exampleés.
ix - 4)2  (y +.2)° . -
- 6.4 For the ellipse 169 + 6 = 1, write the coordinates ‘.

of the center, vertices, and foci. Determine the lengths of .
the major and minor axes. Sketch the graph of the ellipse.

%tep 1. The center is C (4,-2).

2
. ~ .Step 2. Because 169 > 36,a = 169 or a = 13 and b2 = 36 Or
’ b = 6, The vertices are 13 units left and right of

the center on the horizontal line y = -2. The
vertices are V1 (-9,-2) and V2'(17,-2).




-
3
-
==
7

_ Step 3. ¢ = a° - b? £ 169 - 36 = 133. Thus, c = /133,

The foci are ¥133 units left and right of the center
3

at Fl (4 - /133,~-2) and F2

axis is 2 - 6 = 12 units long.

Step 5.

s 2 aR 2 2 A A B A &

w TeovgTv vy
-—

i\

Figu

(¥
.
[}

6.5 An ellipse-has vertices (-3,11) and V

axis is 6 units long. Write

~

sketch its graph. , ~
Step 1. ‘the vertices lie on tﬁé vertical line x = -3. The
- ) major axis is the line segment Vlv2 whose length is

10 units. Thus, a = 5.

. - ) Step 2. The center is the midpoint of the major a

coordinates (-3,6).

- Step 3. From the minor axis length 6, b = 3.

Step 4. The equation is

x+3%, -6 _
5 25

(4 + /13

(_ail) .

1.

r

Step 4. The major axis is 2 * 13 = 26 units long. The minor

L R e
i
|

-l
(g}
~
-9
-
|
N -
~—
|
|
<

N
—
(-
~
-
1

N
S

The minor
equatinn of the ellipse and

(js with
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1.

Y1

hd ('616)

Figure 3.24 . ) ,

Exercise Set 6

sketch the graph of the given ellipse. Label the vertices and foci.
2 2 . 2 ’
X Y - ) 2 Yy _
—— - =
@ ot Tt b) x" +.3g=1
4, , 2 2 . ;
(@ 2E 4l ~ (@) x2+ 25y° = 625
b oy 2 2 . : 2 2
(x - °6) Yy . ) (x + 6) (y + 3) _ -
) o -~ g =1 B T T T e ! f
2. Write an equation of the ellipse satisfying“the given conditions.
N , ‘ ’ . 7 .
(a) Cc 10,0); V, (8,0); minor axis 4 units long
1 .

;
E
]
3
=
3
]
3

(b) Major éﬁis 7 units long coinciding with the y-axis;
Minor axis 4 units long; C (0,0)

(c) V, 4-9,0); V, (9,005 F, (-7,0) «
(d) \cy: v, (=9,0); passes through (0,-4)
“(e) C (4,7): V1 (0,7); minor axis 2 units long
(£) C (0,28)5=Fp(0,-4)5 V,(0,-3) |

(9) -V, (3,12); V,

(3,415 Fy(3,5)
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© Ssction 7 - The Hyperbola ‘ '

\

A hyperbola is a set of points -in which the positive difference between the
distances from any point of the hyperbola to two fixed points is constant.

This definition is illustrated for two -
_points P; and P, oh a hyperbola in Pig-
Are 3.25. The point P, is at distances
of d; and d, from the iixad poin*a 1 31
and Fp, ruspectiyely. Similarly, P
lies e, and e, units from F; and r_,
respoc%ively. By definition of the
hyperbola,|d, - 4,|=| e, -e,|=k ‘
.ﬁﬁllportant ideas associated with the
~"". hyperbola are shown in Figure 3.26 and , .
described beélow. . : 3 v

(1) The two fixed points F. (-c,0) Figure-3.25
and F, (c,0) are called foci. N . )

(2) The vertices V1 (-a,0) and V {a,0) are the points of intersection®of

. the hyperbola and the x-axls ‘

(3) The center C (O, 0) is the midpoint’of the line_segment joining the

. vertices.

(4) The tdansverse axis is the line segment 2a units long joining the
vertices.

(5) The conjugate axis 'is the line segment 2b units long joinlng the’
¢ ‘points (0 b) and (0,-b).

(6) For large values of Ix] _the 'branches of the hyperbola approach- two -
lines galled asxggtotes. Equations of the asymptotes are ; = g.x and /
y--:x.

» ' :
(7) The referance rectangle is used to sketch the graph of a hyperbola. I
Its dimensions are 2a amd 2b. The asymptotes pass through its vertices
and intersect at the center of the hyperbola.
. - : i W
i q. (B) The relationshﬂp among the constants a, b, and c is ¢ = a% + k%

f




_ conjugate axis | transverse axis

Figure 3.26
The standard equation of a hyperbola with its center at the origin and
foci o x-axis is
'2 Lz
) s -4 =1,
. a2 b2

The standard equation of a hyperbola with its center at the origin and
foci on the y-axis is .

/

2 2
a b
Examples. A !
¥ 2 2
7.1 The hyperbola 52 - %— = 1 has ‘ .

(a) vertices V. (-5,0) and V (5,0) and transverse axis

it 2
vlvz of 16 units.

(b) a conjugate axis grom (0,2) to (0,-2) ‘of length 4 units.

(¥29,0) determined from 2=a’+ b2
4. —

(¢) foci P, (-v29,0) and F

where ;2 = 25 and b2 =2

- o 2
(d) asysptotes whose equations are y = g x and y = - -g-x. ‘

- (@) the graph shown below.

.
. , - 48

i



7.2 The hyperbola r___x . 1 has

da)

- (b)

(c)

(a)
(e)

vertices V2 (0,10) and V1 (0, —10) and transverse axis
V1V2 of 20 units:1-~—-— A -

a 16 unit long conjugate axis from (-8,0) to (8,0).

“*

foci F, (0,2/41) and F, (0,-2/41). The y-coordinate
of a focus point is c or -u_found by c = ¥100 + 64

. 5
asymptotes whose equations are y = % xand y = - 1 x

the graph in Figure 3.28.

Figure 3.28 -

If the center of a hyperbola has the coordinates (h,k) with a horizontal

transverse axis,

1

the standard equation of the hyperbola is .

x -’ y-w?
a2 b2

= 1]. -

If the center'of a hyperbola has the coordinates (h,k) with a vertlcal
transverse axis, its equation in standard form is

ly - k) o x - hy”

2
52 b

= 1. . -

43




Examples.

7.3 write the coordinates of the vertices
sketch the graph of 2

{x = 5) (y + 4)
&~

16 49

Step 1. The center is C (5,-4).

étep 2. Since a2

= 16 and a = 4, thé verti
to the right and left of the center \on the honzqntal

foci, and center and

Lt
8 are 4 units

line y = -4. 'I‘he vertices are V (1~ 4) and v2 IB,HI).

Step 3. o find ¢ and -c, coordinates of the foci, c2 =aZ+b
= 16 + 49 = 65. Thus, c = /65 and —c = -/65.

foci are F, (5 - /65,-4) and F

Step 4. The graph:

" 7.4 The graph o

M V%

1

2

(5 + /65,-4).

Figure 3.29

Figure 3.30

' 2 2
- 3 -4 .
£ .(xé ) _,(x“l )M= 1 is

The

2

>
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A special form of an equation of a hyperbola is xy = k.

If k is positive, the hyperbola lies in the first and third quadfants with
.. foci on the line y = x. .

If k is negative, the hyperbola lies in the second and fourth quadrants. ) -

%“" T‘f foci lie on the line y = -x.
é“' Example.
3 7.5 Graph the hyperbola xy = 6. '

4 Step 1. Express'xy = 6 in the formy = % to facilitate

completing a table of values. Knowing that the
graph is a hyperbola, fewer points than normally
are required to locate a graph will be used.

-31 -6] -9

| 6] 9 |
. ) Y oy gy g
||6|2|1l3 6 2‘1 3

N )

[

e
- : Figure 3.31
. Exercise Set—7
L 1. therhine the vertices, foci, and centg?'af'each given hyperbola
and sketch its graph. ’

Do = ¢ 2 y_2_ 2
. (a) ¥ -4 ° 1 by x° - ryla 1 (c) % "3 1
T L x-5% iy v ) A2

— - = — i — A = F)
(d) 13'3 1 e T =1 (0 xy =)
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«

r o
2. Write an equation of a hyperbola satisfying the following tongjtions.
’ 5 M

(a)
(b)
(c)
()

{e)

(f)

~

, (5,0 _ ' ’

V1 10,12); V2 (0,~-12); C (0,0); conjugate axes 16 units long

v, (4,0)5 ¢ (0,0); F

Passes through P (-1,4); asymptotes are the coordinate axes
F, (0,10);, C ¢0,0); transverse axis 8 units long
C(3,5; F; (-3,5; a=5

V§(3.4): F} (3,7); transverse axis 8 units long

52
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) , CHAPTER IV
”"‘ GRAPHS OF THE TRIGONOMETRIC FUNCTIONS -

Section 1 - Graphs of y = a-.sin b0 and y = a-cos bf

- The trigonometric functions have been used primarily in dealing with appli-
’ cations of right triangles and vectors. 1In this chapter, the graphs of these
functions will be considered.

The graphs of the'sine and cosine functions can be determined in the same
algebraic way as most other graphs of functions. That is, a table of values
is completed, points of the graph corresponding to entries in the table are
plotted, and a smooth curve is passed through the points.

. Examples.
1.1 Graph y= sin 6 _
. T Step 1. A tabl? of values is completed for 0° § 6 < 360°
~ . at intervals of 30°. The corresponding values of

sin 0 are found using a calculator.

6%1 0] 30 |e0] 90 J120 | 150 | 180 | 210 | 240 | 270 | 300 | 330 [360
- sin 8 o ].50 [.87]1.00[.87 .50 o |-.50|-.87 [-1.00[-.87[-.50 | 0

Step 2. The graph of y = sin 0 is the "smooth" curve which

joins the points plotted from the table. :

Figure 4.1

e
2

7
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&
Step 3. Because the values of sin 8 repeat every 360 , the

O
graph of y = 8in @ goes through.one complete oscil-
lation every 360°.

The graph from Step 2 is extended
to include all values of 6.

t

4

Figure 4.2 .

1.2 Graph y = cos 0.’

Step 1. A table of values is completed for 0 < 6 < 360°

at intervals of 30°. The correspondmg values of
cos O are found using a calculator.

"~

Step 2. The graph of y =

cos 9 is the "smooth” curve which
joins the points plotted from the table

-
.
y - Coo

" . 2
J 210 5360 )

Figure 4.3

B
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- -Step 3. ‘The values of cos O repeat every 360° extending :
the graph to include all values of 6 results in the
graph of y = cos § giverr below.

y = cos ©

A

180 , 270 350 250 590 630 720

The graph of y = sin 6 can be determined geometrically as outlined below.

/ -360-270-180

Figure 4.4 .

Example. . '

1.3 Graph y = sin 9.
¢

Step 1. Place a circle of radius one unit, calied a unit circle,
in the coordinate plane as in Figure 4.5.

~

, y
P =7(x,y) ~

L 23

Figure 4.5
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Step 2. As the radius r of the circle rotates counterclock-
wise from the standard position at 0° to some ter-
minal position, it forms an angle 6. The y-coordinate

-4

of the endpoint P .(x,y) of the radius is the value . &
e sin © where the radius is 1 unit. It follows that

g Y _Y_ ‘
sin © r 1 Y. 1 -

. " Step 3. To graph y = sin for 0° < 6 < 90°, selected points
P .(x,y) on the circlé are projected to the corresponding
8 value on the 8-axis. See Figure 4.6. A projected —
point has the coordinates (0,y) and lies on the graph
of y'= sin 6..

Figure 4,6
Step 4. .For clarity, the graph of y = sin 6 through quad-
rants II, II1I, and IV are shown separately.

il




3 Figure 4.7

' Step 5. _ The/graph of. y = sin G\appears in Figures 4.1 and 4.2.
AN

The function values of sin 6 and co;\Q\repeat every 360° or 2m radians.
These functions are said to have a perfbd of 2n. In general, if P is the

\ smallest positive number for which a function F(x) = F(x + P), then P is

called the period of F.

The graph of a function over an intekva! of one period is an oscidlation.
The graph of the sine function completes 3 cycles over an interval of 67
radians. The cosine function completzg\{/z cycle in T radians. ’ ‘
The range of values of both the sine and cosine functions is from -1 to 1.
If these values are multiplied by some constant a, the values of

assin 6 and ascos 0 range from -a to a. ™e\number |a| is called the
amplitude of the function. . -

-

Examples.

.

1.3 y = 2 sin 0
amplitude = 2.
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’ b4 i
. ) ' y = cos 6 - -
. ’/ y =-h-cos 0
i ' 1.4 -kt ~ ﬂk N
L \ . Yy = 3 ° cos 0 [/. " 'l \‘ ’I \‘
E L amplitude = > ) ! ‘\ !

.

L el

Figure 4.9 -
Cornsider the function y = sin 20. As 0 ranges from O to 2m, twice the '
angle 6 or 29 ranges from O to 4n. Thus, sin 20 completes 2 periods for
0<Bgoam making the period of sin 26 equal to 7. The graph of y = sin 20
completes 2 cycles every 2m radians or one cycle every T radians.

In general, if y = sip b6, the period is %l or the period of sin 9 divided

by b. The graph y = sin b8 letes b cycies every 27 radians. Similiarly,
if y = cos bB, the period is E and its graph completes b cycles in one
revolution.

Examples. -

P A3
«

1.5 The function y = sin 46 has ~ period of 2T % 4 or % radians,
The graph completes 4 cycles per revolution.

ng',

Figure 4.10

@ 1\ negative value of 'a' inverts the graph.

ERIC
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1.6 The function y = 2 cos —6 has a period of 2m 3 1 or 6m. Its

) ’,’ ' ' graph £ompletes 3 cycle every revolution with an amplitude ) A
of 2.
-/ : S - 1
/ 2 y = 2cos 3 8
/
= 1
AN
\
3 \ ‘ ‘9
fr \ ;
k
| b=1 \\*
-2 ’ '

Figure 4.11

\u,

1.7 The verticdl displacenent y in centimeters of an object oscil-
lating at the end of a spring is y = 2 sin 37t where t is in
seconds. Sketch the graph of displacement versus time for
0<t< 1. ' :

!
|
|
!
K

Step 1. The penod is 2:% = % radn.ans (approximately 38.29).
The amplitude is 2.

Step 2. On a coordinate system, the value of t = 1 represents
"1 radian of angular measure. The graph y = 2 sin 37t
will complete one cycle every % radians (or 2 seconds)
and 1.5 cycles in 1 radian (or™1l second).

Step 3. The graph of y = 2 sin 3mt is

g t:(sec)

o
[
%

Figure 4.12 59




(2) y=33sin 6

-
v

Exercige Set 1

()

Sketch the graph jof each function for 0 < 6.<-2m.

{c) y=-48in 0

2. sketch the graph of the given function for.0 < 6 £, 6w.

- (a)

3
E -
o

- 3.
2
1
(a) a=7 (b) a=3
. =X o
E 2 P=60"
:
4. .A “40 cycle” alternatuig current

y = sin 30

(d) y=4sin—§-9

(M

(e

y =3 cos
) y; s%—,ﬂ
) y=-cos-]3—'9

(c) a

ircuit has current i at time t given by

P

=.—3
= 8%

(c) y=~-sin 0

Q

Write an equation lof the form y = a sin b® given the following..

(@ a=1
= 27

PR = 5 sin 80Wt where i is in ampetes and t xaoi;n seconds.

<z

. functxon for0<t<01.,e

e

A

-

Section 2 - étap?’ns of y = a~sin (b6 +/"*E:) Andxya/a-t;os‘ (b8 + c)

example below.

Example.

»

a sin b@ catsed

»

The previbus section presented variations in
the graph of y =
type of change occurs by ‘introd
y = a sin (b9 + c).

different

#0 see th¢ effects of ¢ upon

e amplitude anAd period of
lues of a and b.
ng the constany c to form the function
consider the

graph,

Graph this

A third

« Step 2.

y = sin (20 + 60°) 1s compared to the graph of
y = sin 20.

2.1 sketch the graph of y = sin (20 + 600) where a =M =
and c =T ., . )
3 .
Step 1. A table of values is prepared for 0 ; 6 § 180° at
intervals of 15°. g
*
81 0f15] 30] 45] 60] 751 90 ] 105 |126 {135 150 |165 {180
20+ 60 60 |90 120 {150 180 210 | 240 | 270 | 300 | 330 | 360 | 390 | 420
y |.871.04.87 .50} 0 |~.50}-.87}|-1.00{-.87}-.50] O .50 | .87
Plotting the points from the table, the graph of

+




< '/
5 / =56~ '
: / R
‘ ' ﬂ -
14 ‘ y = sin 29\ y = sin (206 + 600) A .
v ‘o > , R
. 180 ?
v’/ o E
-1 4
\ ‘\f‘j P -
TSR .. S ' Figure 4.'1,3 '
I ) Step 3. The graph of y = sin (20 +,'6’0°) is the same as
. x ’ the raph of y = sin 20 except that it is shifted
- (displaced) 60° * 2 or 30° to the left.

1 .
Iyf general, the graph of y = arsin (b0 + c)* is the same as the graph
of y = aesin bB except that it is shifted to the left € if c is positive
d right g if ¢ is negative. The gquantity g- is called the displacement.

// . - . ‘
. Examples. '
2.2 Determine the amplitude, period, and displacement of -

* y\= 3esin (20 - .TZL) and sketch its graph.

T .
3, peri = LU 7, and the displace-

Step 1. Amplitude >
2= - ry to“the right.

) T
ment %s -3
Step 2. By lightly-sketching the graph of y = 3esin 26,
' ﬁ the degired graph can be found by displacing this
graph 2 units to the right or, equivalently, moving .
(the y-axis T units to the left and relabeling the _/
coordinates on the 0-axis. T

Y

: .-... o, ’ ', g 61
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2.3 Graph y = -2ecos (-1- g+ 1; and state the amplitude, period,
_and displacemnt.

- - -57=

Figure 4.14.

2 3 .

Step 1. A?htude = 2, period = 2% ¢ -12'- 4%, and ‘displacement
1 - 27 ¢o the left. .
33
Step 2. The graph ’

Figure 4.15

cos (bx + c) if a = -2,

2.4 Write an equation of the formy =
P=-1.:;-, and the displacement is _73[.
ek 2m 2n " -
Step 1. 81nceP=b—- and b = -I;—,b=2‘l 3= 4. r

Step 2. 'medisplacenent%=§wl{ereb=4. 'I'hus,c=4'%. ,r

»

Step 3. The equation is y = -2ecos (46 + %1).
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. Exercise Set 2 \
N ’ A\
LY - N \
1. State the amplitude, period, and displacement of the given functibnsf\
. (@) =y = sin 0 ) y =4 sin (36 =M  (c) y = %cos ’%—0— 3\—\
- * \ ) .
Dy 2 Wrige an equation of the formy = a cos (b6 + c) of the function having
PRI the following properties. ‘
- o \
: i \

(a) a=1;P ="ﬁ;fdisp1acemgnt to the right \

- 4 \ ‘

) a = -2; P = 4m; displacement T to the left , ) \
(c) a= %: P = 60°; displacement 15° to the right , ]
r N d ’f
3. Sketch the”graph of each function. ) /
. L ..0 !
(a) y = sin (6 - 5) (b) y=2 cos (26 + &C7)
’ 1 - N ) )
(¢) y = =cos (56— ™ Q) y = 5 sin ® + 4m)
’ -
Section 3 - Graphs of y = tan 6, y=cot 6, y = sec 0, y = csc 8 -
L ] 1 R 4
The graphs of the trigonometric functiéﬁs noét alzeady“preseqted“aré'Yncluded
in this section. Also included are graphing techniques which can be used
to find the graph of a function from its rec¢iprocal. In this way, the.
graphs of y = cot 8, y = sec 8, and y = csc @ are determined from the graphs
of y=tan 0, y = cos 8, and y = sin 6, respectively..
\ . _—
. Example. . .
. 3.1 Graph y = tan 6.
I ° _step 1. Fomm a table of values for 0 ¢ B < 360°.
glo |30} 60 {90] 120 :. 150 | 180 | 210 } 240 | 270} 300 |330 |360
tan 6|0 |.58]1.73| - [1.73.-.58| 0 |.58 173 - 1-1.73]-.57] o .
Step 2. Plot the points from the table and connect them with
a"smooth"curve. ) ‘i
\
&3 N
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‘ Figure’'4.16

The vertical lines at 8 = 90° and 0 = 270° are

called asymptotes.
the asymptote 8 =

The graph of y = tan 6 approaches
90° as 0 assumes values close to 90°.

Extending the graph above to include all values of 6,
the graph of y = tan & appears in Figure 4.17.

*Y

v

g

U
N
=3
ettt A ahl gt

Figure 4.17

It has nc

The period of the tangent functlon is 360° or 2m radians.
amplitude. ) .

To arrive at the graph of a trigonometric function from the graph of its

reciprocal, certain notions about function values and their reciprocals are

needed as well as some helpful notation.

Listed below are some "variable

behaviors" and the symbolism used to denote this behavior.

(1) Value%f y approach zero through positive
numbers (from\the right, graphically)......cccieeeeee y* 0
n
(2) Values of y approach -4 through values less _
than -4 (from the left, graphically).....cceeceeeseses y*-4

.
(3) - Values of y increase without bound......£...cceeeee.. y++®
(4) Values of y decrease without bound.....vceeceevecnn.. y>-e

(S) Values of y approach seven from left and right....... y=+7

B4

Ll
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Some ideas relating the values of a varlable and the corresponding values

of its reciprocal are:

1 1 - 1 1 ‘

(1) Y"3l; 3 B '“ (2) Y-'-sl;""s‘ !
+ o -1
(3) >0, = +x (4 +0, =
Y= Uy LWy Y
5y y-+ 1", % 1" ] /(5) y + 4o, 91_

These ideas can now be applied to find the sketches
and cotangent functions. ’

Examples. , Lo -
3.1 Graph y = sec 0.
Step 1. nghily sketch the graph of y =

{
|

I

+ \
+0 E

of the secant, cosecant,

L

cos B. As the values

of.cos B range from -1 to 1, the corresponding values

of their rqplprocals (values of
to the notions above.
leads to the y = sec 6 graph.

sec B) behave according

Representing these graphically

! 3 - .
‘ - y=secf , . :
] ! | |
| AN B I Vo
i B | | J
1 | ! y=colsf
m 3n * 8
A2 2 N
! " !
!
Figure 4.18

3.2 Gragh the function

1
f(xti

given the graph of y =

-

f(x) in Figure 4.19.




-,
f‘— -t
A Y
%jw\ Figure 4.19
. Step 1. A sketch ofy = }(k) follows immediately from thé‘reciproca -
relationships. See Figure'4.20 -
Ll . i
- A -
, P AR Y = £(x) .
:" i b2 ‘
Figure 4.20 ,5
: Exércise Set 3

1. Complete the following. .

1 1
’, (a) y > 5, ¥ > . (b) y» -~ o'y .
: ) y~+1, £ ) @ y -4, 1o )
= y —— Y
| (&) y=+-2", %, . (£) y =+ +o, 1, ] t
. y —— v —
v |
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3.

4.
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e -‘i .
- j

Sketch the graph of y = ¢csc 6. °*
Sketch-the graph of y = cot 6.
\ . a1 a1 - <
Q&etch the graph ofy = o from the graph ?f Y = 5y diven below.

?FI(X)

+2

b1l )

- Vx
0-1
*-~2

Figure 4.21
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CHAPTER V

' ‘  COUNTING AND PROBABILITY

'Section 1 - Counting: The Multiplication Principle i

- The solution of many prcbability problems depends a great deal upon the
- ability to count the number of ways something can occur. This ability to
i count stems from two basic principles: The multiplication prrnciple,
presented in this section, and the addition principle of Section 2.

. Py : |

Examples.

: 1.1 How many 3-digit numbers can be formed usan the digits

E e 1, 5, 8, and 9 if no digit can appear more than once in the

: number? N .
: |

The following is the "tree diagram” of the poseible 3-digit

numbers.” A stepwise construction of the tree follows:

-

Stage 1..........

S /R AN A

_..,mm‘v“w—.mu,_
’

Stage 2..... 1l 8 9 1 5 9, 1 5 8

\ . / /’\ / ‘ A A | A /

- . \
Stage 3... 8 9 59 89 19 18 \v§ 9 19 15 5s8 18 15

7. . /ﬁ x l \

158 159 etc.

Figure 5.1

\

T




Step 1.

Step 2.,

”;\

Step%j ‘The 24 paths give the total 3-digit numbers p0551b1e.

‘ 9

Each stage of the tree diagram lists the possible
digits for one place position in a 3-digit number

‘* branching from the j?fSlbllltles in the previous

stagqj/ R

, 4

’

3~digit numbers.

" -

1.2 Two bolts of different lengths are threaded using three

different typres of threads.
nut with appropriate threads is used with a bolt.

Either a square or hexagonal
How many

different combinatiuns of bolts and nuts are p0551b1e°

Siep 1.

Stage
Stage

Stage

A tree diagram can illustrate the various combina-
tions. Let b1 and b, represent bolts,tl, t,, and
t; be threads, and n, and n, be nuts.
3 ~ ¥
, Aﬁt i n, (Pltlnl)
1<:::::: '
n, (bltan)
) . ‘ﬂfy’“_nl (bltznl)
1 ® 2\\ n

(b1t2n2)

n (%lt3n1)

n, (b1t3n2)

'nl ! (bzt'iﬂl)
tlﬂc\\\\\\

n, (b2t1n2)

n (b2t n,)

2 tz/ .

\D (b_t.n_)

2 222

n (b,t.n,)

1 2°371

F3<:::T‘— (b,t.n,)

: =M 253"

Figure 5.2

A path in the tree constitutes one of the possible -




Step 2. Stage 1: Possible bolts //‘
Step 3. Stage 2: Possible threads for each possible bolt

Step 4. Stage 3: Possible nuts for each possible order of
bolts and threads. . \

Step 5. The 12 paths of the tree diagram represen 'the total
nnssible combinations of bolts, nuts, d'threads.

\

what happens when the number of selectIons becomes so great at a tree dia- !
gram is no longer practical? The above examples illustrate the multiplication -

principle of counting which says

"If a selection can be made in p ways and another selectiZn in
q ways, then both of the selections can be made p - q ways."

¢
a

This principle, abbreviated MP, can be extended to include more than two
selections. See examples 1.3-1.6 below. -°

‘ /

Examples. |

1.3 In example 1.1, the number of three-digit numbers can be found
using the MP. The first choice of a digit can be done in 4
ways, the second in 3 ways, and the third in 2 ways. By the
MP, the total number of ways is 4 - 3 - 2 = 24.

1.4 The number of combinations of bolts, nuts, and threads in

Example 1.2 is 2 - 3 - 2 = 12 by the MP.
. /

1.5 How many different identification plates are possible if each
plate has two letters from the English a phabet followed by
three digits. The letters may be the sa but a dig.t can-

" not appear twice.
i |
Step 1. By *the MP, the total number of different ide-*ifi-
/ cation plates is 26 - 26 - 10 - 9 - 8 = 486,720.
° 1.6 How many odd counting numberg are there between 30,000 and
40,000 if no digits are repeated?

Step 1. Determine the number of ways of selecting a digit
in the restricted positions first.

.

Place~Value No. of Croicer _ Explanation

ten-thousands 1 the digim 3
ones 4 choices are 1,5, 7,0r 9
tens 8 no repetition
huhdreds 7 no repeticion
: thousands 6 no repitition

x ’ Step 2. By the MP, the number of odd counting numbers is
v 1-4-°8-7"*6=1344.

0
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Exercise Set 1

l

E

|

} 1. If six. technicians misplace four handtools each, how many items are
lost?

2. How many 3-digit numbers are there? Do not consider 036 = 36 or
007 = 7 to be 3-digit numbers.
3. How many odd numbers are there between 200 and 600?

4. How many different identification plates using‘3 letters from the
English alphabet are possible if

(a) no letters repeat? (b) repetition of letters is allowed?
5. A coin register contains 7¢ in pennies, 80¢ in nickels, and 70¢ in
dimes. How many different sets of coins ‘make the following amounts

‘if the least number of coins is used?

(@) 3¢ (b) 6¢ (c} 1ilc¢ (@ 1°2¢ (e) 47¢

- Section 2 - Countinhg: The Addition Principle . .

The multiplication principle involves the number of ways two or more selec-
tions can be made. A second type of counting process is used when one
selection is to ke made but there is more than one way to make the selection.
The addition principle of counting, abbreviated AP, says that

"If a seleciion can be made in p ways or g ways, the total num-
ber of ways‘to make the selection is p + q ways."

, Exampla.

2.1 A new car is to be purchased from LUXURY MOTORS which has
73 cars in stock or MINI MOTORS which has 46 cars in stock.
The new car selection can be made in 73 + 46 = 119 ways
according to AP.

/ \
Section 3 - The Multiplication and Addition Principles Together

Counting can involve both the MP and the AP. The AP is for one selection
and the MP is used in cases of two or re selections. Be alert for the
key words "and" and "or". These word re usually translated as “"times"”

and "plus", respectively. . .
N\

L
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Examples
3.1 Two selections are being made. The first selection can be
made in m or n ways and the second in p, q,/or r ways. The

number of ways the selectlons can be made y% (m+n)-(p+q+ 1)

3.2 How many positive integers with at least/three digits can be

formed using the dlglts 3,5, 6, 7, or 7 without repetition.
///
Step 1. Three, four, or five digit nuzbers are pos 3
Interpret this as one selecti

can»begdgng\‘
in three ways. Apply the AP. /

Step 2. The three digit number is formed using three selec-
tions of digits, four digit numbet using four selec-
tions, etc. Apply the MP.-

% Step 3. The total number of integers is 5 * 5 * 5 + 5-5°5¢*5
+5°+5-+<5-+5.5=3875.,
'A
3. 33 Determine the number of identification cards possible if ex-
% actly three digits or exactly two letters are used without
rgpetltlon.

v

A\

5tep 1. The identification numeral is selected using either
; digitr or letters. Use the-AP.

Step 2. The letter numeral requires two selections and the
digit numeral requires three selections. Use the
MP. .

aStep 3. The total number of cards is 26 * 25 + 10 - 9 * 8 = 1370.

3.4 Product M is available in 3 models and product N comes in 5
models. Nine different colors are used in ma''ing M and 7 colors
used in manufacturing N. There are 3 - 9 + _ * 7 = 62 dif-
ferent models and colors of products.

Exercise Set 2

.

How many different integers can be formed using the digits 1, 2, 4, 5, 4
and 9 if the integers have -

(a) no more than 3 digits and.repetition is allowed?

*{b) no more than 2 digits and repetition is allowed?

(c) at least 3 digits with no repetition?

i

72 ‘




2. How many telephone numbers can be formed using 2 letters and 5 digits
if no letters or digits.repeat? \

3. There are 4, 6, and 2 models of each of the products A, B, and €,
respectively. Product A cowes in 7 colors, B in 5 colors, and C in 10
colors. Each color can be chosen in either flat or enamcl paint. How

many different selections of kinds of product are possible? -
* »

Section 4 - Permutations and Combinations

oF

“Counting the number of ways in which selections can be made depends upon

whether the selections are made with regard to the order of each selection
or without regard to the order of each selection.

Examples .

4.1 If 2-digit numbers are formed using the digits 5, 8, and 9

without repetition, the number of ways this can be done is 6. 1)
fﬁ? The-possible selections are 58, 85, 59, 95, 89, and 98 where,

of course, 58 # 89; 59 # 95, and 89 # 98.

on the other hand, selecting 2 digits from among Sf/gx and 9
whergforder of the digit-selections is not important yields
58, 9, and 89., The pair 58 is considered the same as the

pair 85 and it is counted only once. »

'4.2 A nine member baseball team is required to bat‘in a special ,
order. There are 9 - 8 - 7"+ 6 - 5-4-3-2- 1 = 362,880
different batting orders possible using the MP.

ki

4.3 The announcer of a basketball game introduces the five players
one at a tipe with order. There are 5 - 4 - 3-2+-1-=120
ways to do this. If the ouncer decides that the order °
of the player introdu%tion/is not needed, he (she) makes one
introffuction of all fiy layers as a team. )

-8-7-6-5-4-3-2-1

can be very awkward to express. 'gtoduct can be written as 9!, called
nine factorial. Thus, 9! = 362,880. —

is written

In general, if n is & positive integer, then n factori
zero, 0! = 1.

n! = n ; (n-1) - (n-2)... - 4 -3~ 2. 1. For n eq

~
!
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° Examples -
, 4.4 The value of 7: is7°*6*5°4°+3-+2.1=75040.
4.5 A large factoria'l number has a smaller factorial number as

a factor. Thus, 12! has the factors 1ll:, 10!, 9!,...,3: 2%, and
1! . To express 10! as a factor of 12!, write 12! = 12-11-101.

~. A 13! 4: .
4.6 i_&:valuat.:e 100 5! . . .? .
; v 13 4' _ 13-12°11°-14!-4% _ .
. SteP 1o gorsr T gtz = 432 (
~ .
A permutation is an ordereé\ arrangement A combination is an unordered
of things. If the things are determined set of things. If the things
by a selection procedure, they must be are determined by a selection
selected one at a time to establish the procednre, they are all selected
order required of a permutation. at one timg so that no order can
_ be established. e
. ' ' - .
" Example 23
4.7 Three letters axe to be 4.8 Three letters are selected
selected from among a, b, from among a, b, ¢, and d.
c, and 4. If 3 selec- ) If 1 selection of 3 letters
tions of 1 letter each is made, the possible
are made, all possible 3- combinations are listed
member permutations are below.
listed below. o
abc )
achb -
bac abc .
bca [ .
cab .
. /b a / l
abd
adb
- pad
bda .
dab
dba “

/

[ T I o T o I IO -

(o I T I W 0}
[+ o T T = P o I = 7




~70~ .

bcd

aoaavoyo
aoTaUvaa
vavoan

When r tHings are selected with order from a group of n things, the num-
ber of r~member permutatiqus is written nPr where

‘ ;/ p n!

| nr = (n~r)!

If r things are selected from a group of.n things without order, the num-
ber of r-member combinations is written an where -

- n-r)! ~

Example

) 4}7//In example 4.2 , each batting order is a permutation. Nine
. batters are selected from a team of 9 players with order.

The number of batting orders is

[}
9! 9: 9!
oPo “ooe)T = or =1 - 362/880

4.8 A bag contains 9 beads. In how many different ways can 4
W beads be selected? °*
Step 1. The 4 beads are selected at one time without regard
. . to order. Each selection is a cOmbiﬁation.

Step 2. The number of combinations of 9 beads taken 4 at a
/ J time is
9! 9!
o€4 = Tr(9-4)r ~ Gt5r - 1%

-

In how many ways can 2 co—captains be selected from a team of
9 players? In how many ways can a captain and co—eaptaln.be
selected? ) -

Step 1. The co—capteins can be selected in 902 ways.

9! 9! _
o2 = 21(9-2): - Z2t7r - p
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- Step 2. The captain and co-captain can he selected one at a
7o time in P, different ways. A
' 9! 9!
— = 72
92 = (@-2! T 7
N 4.10 A box contains 12 good items and 9 defective items. If 6
s . . items are selected at one time, in how many ways can 4 of
B these be good items and 2 be defective items?
& .

Step 1. There are Cc wayé of selecting good items and
32 4 . . .
9C2 ways o selectxﬂg_defectlve items.

Step 2. By the MP, there are 12C4 . 9C2 ways of selecting
* 4 good and 2 defective.
12! 9! ¥

12 * oF2 = qrgr © Zigy - 495 ¢ 36 =17,820

¥ RS
Exercise Set 3

~

1. Evaluate the Y¥qllowing.
(@) 4C4 ®). 106 (€ 57 @ g% .
() Py ~ (£) 437 5C (g 4Cp " 5Py (M) 1,0 " 10Cs

+ +2. How many 3-member .executive councils can be selected from a 30 mem-
ber orqaqization? How many different executive ccuncils are possible
if the organization selects a president, vice-president, znd treasurer?

3. In how many ways can 4 beads be selected one at a time from a bag
contain@nq 9 beads? If all 4 beads are selected at one Eime, how many
: different sets of 4 beads are possible? (Note: Things s:.lected one
at a time implies order.)

4. 1In how many ways can § wires be plugged into
(a) 6 electrical outlets? (b) 4 outlets? (c) 8.outlets?

/
5. A box contains 10Lred beads, 8 green beads, and 4 blue beads. In how
many ways can 4 red, 2 green, and 1 blue bead be selected?

-
"

Section 5 =~ Mathetﬁatical Probability

C~mmon words such as “"chance", "probable”, and "likely" express a vague

notion of the meaning of the probability that something may occur. This

section will endeavor to attach a number measure to the probability that

something may happen. 7 ‘
(; 4

N




AN

The sample space S is the set containing all possible ways something can
occur. Each occurrance (member of S) is called an outcome of the action
or experiment.

The measure of,the sample space is the number of possible outcomes of S,
written n{s). o .

An event E is the set of all outcomes of some action whose probability of

- occurring is to be determined. The measure of E, n(E), is the number of

outcomes in_the event.

The probability that an event E may occur is the measure of E divided by
the measure of the sample space S. Writing the probability of E as P(E),
then . ’

n(E)

n(S)

P(E) =

~—~Examples _ ' .

5.1 Find the probability that exactly 2 heads will occur if a
coin is tossed 3 times.

_ Step 1. Representing a headl toss by H and a tail by T, the .
™~ list of all possible ordered outcomes is

HH T XTx
EEEEEEGELE
Mol Tam

The sample space contains 8 outcomes. Thus
n(S) = 8.

- —

Step 2. The outcomes of the event "exactly 2 heads occur”

" are
HHT
HTH
THH ,
The event set contains 3 outcomes. Thus, n(Ei>= 3.
!

Step 3. p(E) + RLE) .3 ’




5.2

5.4

5.5

" Step 1. ni(s) =

-73=

The probability of tossing all heads or all tails when a coin

is tossed 3 times is 1 + 1
8

=31
4

A die is rolled 2 times. By the MP, the total number of out-
comes is the number of face values possible on the first toss
{6) times the 6 face values possible on the second toss.

Thus n(S). = 6 * 6 = 36. If jhe probability of "the sum of

the face values is 9" is desired, then E contains the outcomes
(6,3), (5,4), (4,5), and (3,6) where the first member is the
first toss value and the second member is the second toss

value. Therefore, P(E) = 4 - 1.
36 9

what is the pfobability of being dealt 3 jacks and 2 queens
from an ordinary deck of bridge cards? R
Step 1. There are 2C ways of selecting 5 cards without

order from a ~deck of 52 cards. Thus, n(s) = 52C5'

Step 2. There are 4 jacks in the deck and 4C3 ways to select
3 of the jacks. Similarly; there are 4 queens and
4Co ways ok\being dealt 2 queens. By the MP, the
number of ways to get 3 jacks multiplied by the num~
ber of ways to get 2 queens is the total number of
ways of getting 3 jacks and 2 queens. Thus, n(E) =

43 4%
neE) 4%3-4%2 4-6
. = = = =~ 0.0 23.
step 3. P(E) = T . 558,560 00009 .

5275

A machine is known to have produced 7 defective items among
30 items made. If a sample of 10 items is taken, what is the
probability to the nearest ten-thousandth that exactly one
defective item is in the sample?

30%10°

Step 2. The event set contains each defectiqe item combined
with all ‘of the combinations of 9 good items taken

A

~

from the. 23 good items produced. By the MP, the
totai number of 1 bad and 9 good item combinations
is 7C1 . 23C9. Therefore n(E) = 7C1 . 23C9.

" aE) 1%L - 23%

Step 3. P(E) = = = 0.1904.
n(s) 3010

78




1 -
- , -74~

éz_ Exercise Set 4

1. A coin is tossed 3 times. What is ;he probability of.'getting exactly
1 tail? No heads?

2. A coin is tosscd 4 times. What is the probability of getting exactly(
} heads? 4 talls? '

3. A die is rolled twice. Find the probability that the sum of the faces
is 7. .

4. Find the probability of being dealt 5 hearts from a bridge deck of
cards. ~ : -

5. Find the probability of getting 2 kings, 2 jacks, and 1 nine dealt
- from a bridge deck of cards.

A box contains 7 white, 2 green, and 4 red beads. If 3 beads are
selected at random, what is the probability that each bead is a dif-
ferent color?

[2)]

~
~

7. A machine produced 10. items of which 5 were defective. A sample of
4 of the items is selected. What is the probability that exactly
2 of the items are defective? N

Section 5 - Empirical Probability

Statements made about the probability of an event are not always based up-
on equally likely outcomes (this was the case in the last section). In-
Btead, the probability of events used in making weather forecasts, pre-
dicting outcomes of athletic events, etc. is based upon past performances,
observations, and/or experiments. This type of probability is called
empirical probability. ’

Example

6.1 The toss of a biased coin does not result in equally likely
outcomes of a head or tail; » head will occur more or less
often than a tail.

A biased coin is tossed 1000 times. A head comes up 692 !
times and a tail 308 times. Based upon this exgsgiment,
the empirical probab1lggg of ?ett1ng a head is {500 " .692

and getti a tail is 2% .308. .~ e
g ng 1000 L
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6.2 The followlng table shows the number of hand powersaws still
in operation after different years of use. The empirical
probability of a saw lasting from year X to year Y is

!
Number of powersaws in use after Y years
Number of powersaws in use after X years .
t

Powersaws in Use Years of Service

37
32

. 29
21

11

2

0.

O‘U‘bt:&Nl—'O.

The empirical probability of a saw being used for

(1) 4 years is %%-= 0.297 (nearest® thousandth)

(2) 6‘years is é% = 0.000

(3) 3 years after 2 years of service is g% = 0.069

(4) 5 years after 1 year of service is é% = 0.000

Exercise Set S -

If a student has a grade of B in 15 out of 25 courses taken.. what
is the empirical probability of the student receiving a B in the
next course?

A college student traveled 1313 miles durlng which time he had 13
flat tires on his car. Each flat tire caused the student to miss
1 class period. On this particular day he must drive 13 miles be-
fore arriving at the college. What is the empirical probability
that the student misses a class?

°

Use the table in example in 6.2 to find the empirical probability that

(a) a year old saw will still be in use in 3 years.
(b) a new saw lasts 2 years.
(c) a 4 year old saw lasts another year.
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CHAPTER VI

STATISTICS ~ CURVE FITTING !

Section 1 - Tabulation of Data

This chapter introduces the mathematics involved in the computation of cer-
tain statistical measures. The study of statistics involves the tahulation
| and interp—-etation of numerical data and the stﬁdy of measurey of central
: tendency including the mean, median, mode, and standard devigtion.

One set of'data is used throughout the chapter to illustra by example the
‘various statistical procedures. Consider the 30 items of /data below:

- L4

37 36 21 33 28
34 37 31 29 32 .
43 34 29 33 38
23 36 41 32, 27 40
28 31 34 42’ 34 23
|
Table 6.1

Data in this form does not allow for any immediate interpretation. General
_characteristics of the data can be more readily seen if the data is tabulated
into groups or classes.

The difference between the greatest and least item of data is 43 - 21 = 22,
calyed the range. Five classes are chosen to be 20-24, 25-29, 30-34, 35-39,
and 40-44 where theoretically, the class boundaries are 19.5-24.5, :
24.5-29.5, 29.5-34.5, 34.5-39.5, and 39.5-44.5.

The selection of classes is done arbityarily and depends in some cases upon
the desired analysis of the data. °

Each data item is recorded in a specific class using a tally mark. The num-
ber of data items within each class is called the frequency f of the class.

Class Tallies Frequency
20-24 111 ) 3
25-29 ™1 ’ 6
30-34 ™l Xl 1 11

. 35-39 1 6 .

- 40-44 L1111 . 4
. /
Table 6.2




This type of tabulation is called a frequency distribution. The data begins

to have meaning when derived from this form of tabulation. For example, the ~
greatest concentration of data appears in the middle of the range of values
with the center class having a frequency of f = 11. . The data seems évenly
spread on either side of the center class with gradually less frequeqcy.

The frequency distribution of the data can be expressed graphically by means
of a histogram. The classes are represented on a horizontal axis while the
frequency f is designated on a vertical axis. )

AN --d !
19.5T24.§ 29.5 1 34.5 39.5T44.5 t

22.0 27.0 32.0 37.0 42.0

~  Figqure 6.1.

The claég mark is’'the*average of the ciass boundaries. The class marks
are indicated by arrows in-Figure 6.1 and graphically they represent the
middle of each class. /

The frequency polygon is another form of the graph of the frequency distris

_bution of data. Line segments are used to join the midpoints of the top
sides of the histogram rectanglas as shown in Figure 6.2. Two line segments
are extended to the class marks on the data axis which have frequency 2ero..

In this way, the polygon is complete.

' 82




Figure 6.2

Exercise Set 'l

I. Tabulate the given data using a frequency dist.i ition. Use 7 clesses,
each one 4 uviits wide beginning at 55.5. State the class boundaries
and cldss marks. Construct a histogram and frequency polygon.

. 73 64 63 78 70 69 73 58
83 75 €< 72 73 67 56 g0

74 | 66 61 73 75 70 67 71

s 70 69 76 81 56 69 72 73

Section 2 - Mean, Mediai.., Mode ¢

. The frequency distribution and graphical histogram tend to be general in
their description of the data. A m.-e spzcific statistical technique for
deriving information from data is the arithmetic mean or average.

The arithmetic mean (average) of a set of data is tne sum of the data divided

by the number of data. -_s_y,,bolic'Fauy, if d;, d,, dy, ... d _;, d_ are n data
items,' then the average x (read x-bar) can be " found as

+ ce. +
L d +a, +d,+ d _

+ d
- 2 n
8 < X = 'y

1

n

L.y

The 30 data .items being used to present ideas in this chapter have a sum

of: 978 gso that their average 1is ) v
X = 978, 32.6 {
30,
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;’\
A mean can be calculated from a‘frequency distribution by adding together
the class mark of each class times the class frequency and dividing this
sum by the total frequency of the classes. If x and f are the class mark
and frequency of the ith class where i=1, 2, 3, - n, then
- xl-f1 + x2-f2 + ...+ xn-fn /

+ -
fl f2 + +’ fn

-
The class marks of the classes in Table 6.2 are 22, 27, 32, 37, and 42 with
frequencies 3, 6, 11, 6, and 4, respectively. Thus, the mean. is

b _ 22-3 + 27-6 + 32-11 + 37-6 + 42-4 970
X = 30 30 - 32.33.

The discrepancy tha. occurs between the mean of the raw data (32,60) and the

mean derived from the frequency-d@stribution (32.37) arises because the data

within a class is assumed to have an average equal to the class mark.

The median of a set of data is a number such that half offthe data has values
greater than it and the other half less than it. Listing the data from Sec-

tion 1 in order of magnitude in columns left to right,

21 28 32 34 37

23 29 32 34 38 .

23 29 33 35 40 . e
26 31 33 36 41 |

27 31 34 36 42

28 31 34 37 43 \

The med.an is the average of the 15th and 16th data since there is no single \
data item in the middle. Hence, the median is (33 + 33) + 2 = 33. )

The mode is the data item(s) that occurs most often. The mode ‘or the given
data is 34.
The modal class 1s the class in the frequency distribution having the greatest

frequenﬁy. From Table 6. 2//the modal c.ass is 30-34 (theoretlcally\ez\i:////
34.5)- ’ ~

/ Exercise Set 2 . - -

1. Using the data from Exerzise Set 1, find the mean in. two ways, median,
mode, and modal class. \

[




Section 3 - Standard Deviation

Section 4 ~ Curve Fitting - Linear Empirical Equation .

A numerical measure of the amount of aispersion or scatter of the data from
‘the mear is called standard deviation, abbreviated s. In some instances,

a large standard deviation would mean that the data has less meaning or
_51gnificénce than 1 set of datafwith a smaller standard deviation.

The standarq‘deviétion s is found using the fcllowing steps:
\
(1) Find the arithmetic mean.
(2) Subtract the mean from each data item.
(3) Square these differences.
(4) Find the average of the squares from (3).
(5) Czlculate the square root of the average found in (4).

N\

N
Sym&slically, .
— 2 - 2 — 2
; + - + ...+ - .
s \= ﬁ *) (d2 *) (dn x) fori=1, 2, ... n.
- -~ n . ‘ QJ
N . \
* Taking the 30 data items and their average x = 32.6, \
3

2 2
l/(37—32.6) + (36-32.6)" + ... + (34—32.6)2 + (23—32.6)2
. ‘ 30 .

5.5 (n2arest tenth).

ko4

n
Il

Exercise Set 3

1. Find the s*+andard -deviation of the data given in Exercise Set 1.

N

+

Data obtained from obseivations and experiment§ involving two quantities !
may reveal that a linear relationship exists between the quantities. Very
rarely, because.of errors in measurdments, do atl the data <atisfy a
particular linear equation in two variaRQles nor do the point-grarhs of the
data lie on a straight line. The purpose of this section is-to determine
a linear equation whose graph does not
vary significantly from the point-graphs
of the data (see Fiqure 5.2). Such an
equation is called an empirical equation
since it is derived from experimental
data, not from purely mathematical pro-
cesses.

~ —

y

./ 3 B ;)x

ég,, Figure 6.3
J
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The method of least squares is used to derive the.linear empirical equa-

tion.

- »
The difference between the y-coordinate of a point on the graph of a line
and the y-coordinate.of a data-point for a particular value of x is -alley

a deviation as shown in Figure 6.4.
The sum of all the squares of the
deviations of data-points from the
empirical equation derived from

the least squares method is less

than for any other line in the

plane. Thus, by this method,

the "best-fitting" line is de-
termined)

The empirical equation of the least
square line requires that the average _
of the x-coordinates <, y-coordinates Y,
and the product of the coordinates xy

be found. The equation can be expressed
as y = mx = b where the slope

Xy - =
ma=
S
x
wlith ‘ ,
B 2 2
S =X - X
X

’ and the y-intercept

b=y~ m-X. .

. Examples.

"

‘tdeviatidn

] X
|
X gata gyhph

\
Figure Qﬂd
!

/7

4.1 The followiﬁg data was recorded in an experiment to de-
termine the possible relationship between current i and

//voltage V in a circuit.

1 (milliamperes) | 2.00] 3.56 | 6.14 | 6.50 | @.67

el X

"V (volts) ] 13.65‘ 20.68 |‘35.21 ] 41.20

Graph the data expressing current as a function of voltage.

|ss.oo

If the data-points reveal that a linear relationship may
exist between ® and V, find and‘graph a linear empirical
equation in V and i by the least squares method.

F oy A




'
v ®
+ 50 .
440 \ ¢
~ o ‘
+30 : s
™~
+20 b \
/
L
+10 ~ g
- — I R e P
et e i S W W G Wy v '
A o~ ' t
1 2 3-4 5 6 7 8 9 (volts)
The relationship between V and i appears to be
lipear. Yo

/
Step 2. A table can provide ¥some of the input needed to '.vr,{te
the empirical equation. /

. ) 2 ’ ,
¢ \'4 i V- i \'4 . ‘,.
2.00} 13.65 | 27.30 4.00
3.56] 20.68 | 73.62 | 12.67
6.14] 35.21 |216.19 | 37.70.
6.50] 41.20 1767.80 | 42.25
8.67| 55.00 |476.85 | 75.17 — - .
26.87]165.74 1071.76 }171.79 TOTAL
< 1 §
':.32-;-9-7-—- 5.37 V2 ="28.8
T=185:74 354 ’
/ 4
V-i = (5.37)(33.15) = 178.02
VI = 199%419 = 212.35
v2 = 17;'79 = 34.36 .
2 2 =2

% =V" - V" = 34.36

- 28.84= 5,52




. Step 3.

Step 4.

-

Step 1.

step 5. The empirical equation is i = 6.27V - 0.52 and kts
\

Predict the current in milliamperes
circuit of example 4.1.

- " e .
. L
/
-83-
S * ' -’ -
T
8
The slope m is
_Vi-Ui ' /
5 .
Sy K
_ 212.35 - (5.37)(33.15)
5.52
=, 6.22 : R

The y-intecrcept is . ’ \

b I—m‘v ' . ’ )

33.15 - (6.27) (5.37)

-0.52.

graph is shown below.

i ’

*

—
g8 9 ., -

L

1l
for 15.2C volts in the

Let V = 15.20 in the equation i = 6.27V - 0.52.
i = (6.27)(15.20) - 0.52
i = 94.78 milliamperes

G
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Exercise Set 4 .

Hel\\z,sl 6.5 | 10.0
1 9.6 {10.9 8. 31+20.3 y ] i

AYS

o
2. An experiment resulted in the following values of the mass m in . s
kilograms on a.spring and the length L of the spring in centimeters.
- m|] 0.00 ] 1.00 |. 2. sol :.25 ] 5.2
B L] 20.00 | 26.32 | 34.80| . 50 | 54.80
a. Find an empirical equation relating m and L using the least e
squares method.
g b. If 7.50 kilogram mass were put on the spring, estimate the
gth of the spring using the equation from part a.
c. How much mass needs to be placed on the spring to stretch the
spring 9.60 centimeters beyond equilibrium? f

. —
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ANSWERS TO EXERCISES

t ) "CHAPTER 1 ’
Set 1 (Page 5)
1 .
1. a. T=K: - 1T,= b y = K.x.l— c. P = K-ss-h
V2 23
2. a. H=Kti b. 20
3. a. 71 . b. increase 16 times
4. a. decrease by factor of 2/3 b. increase by factor of 6
c. increase by factor of Y08
S. 0.15o0hms
CHAPTER 11
Set 1 (Page 10) ' g
3 .
1. a. -3 b. -3 c. 1, -1
2. a. 3 b. 5 c. -1 =
3 -3, 0, 2
4 2.7
4
L]
Set 2 (Page 13)
22 2. -94 3. :-%*,,.44,,,,..4._,:_4681 5,390 _ -
set 1 (Page 14)
1. vyes 2. No 3. No 4. No 5. Yes
Set 4 (Page 20)
1. a. 3 positike, 0 negative b. 1 positive, 0 negative
c 1 positive, 1 negative d. O positive, 3 negative
2. a. 1, -1, 2, -2 - b. 1, -1, 2, -2, 3, -3, 6, -6, 9, -9, 18, -18
1 1 1 1
Ce 1, "1’ 2; -2’ 41 -4’ 8'1 -:81 _2.1 —5 ’ Z”-Z

' ' 30

\ \

"y
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-2, 1, 3 b. 1,

c. 2=, 243, -3+23, -3-23

4. a. 2, 3, 5 b.
d. 0, 1, 3+j, 3-j e.
Set 1 (Page 22 )
>

1. Answers vary.
(c) Y

2. a. 1 ?. %
3. a. parallel ‘ b.
w
Set 3 (Page 27)
1. a. x-3y = —15 b.
d. x + 3y = 15 e.
g. y=4 h.

-1 + /13

-86-

-1 - -/13 S .

-1, -3, =2 c.

perpendicular c.

2 ! 2

d. -5, =5, j; =j

3 2
o, 0, 2, ‘3: 5

CHAPTER III

1
_41 -4, '2-

Sx~y = -8 c.

9x - 10y = 10 f.

5x + 6y = 0 i.

2 cm; 10 newtons

perpendicular d.

1
0 e. 3

pervendicular

)
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/
/
Set 4 (Page 30)
—__
1. a. (0,0); 8 by (4,0); 1 c. (2,3); /50
\ .
a. (0.7, -3.6); V.9 e. (8,-1); 7
L2, a. (x=32%+y? =625 b. x%+y? = 10 c.  (x-4)2+(y+9)% = 49
d. (x“”z*Yz = 10 ' e. (x+%)2+(y - %)2 = 130
£, (x+4) 2+ (y+3)? = 36
3. yes
f
Set 5 (Page 35)
1. a. F(2.5,0) b. F(0,-7) c. F(-0.25,0)
v (0,0) ) v(0,0) v(0,0)
x = =2.5 y =1 x = 0.25
2 |y Y )
) y=7 F(-.25,0) ,
i rs
.’x~'~ ¢
x - x x
®(2.5,0)
n
(3] ‘
F(O,-7) °. |
—— K —_ &. - |
d. F(4,4) e. F(3,-6)
V(4,5) V(O,‘G)
Ty=6 x=-3
-y 'y
X
y=6
o\ P(4,4)
" .P(3o"6) N
H]

*
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2 2
2. a. x%=12 b. y2 = 40x c. x° = -8y d. (y-3)° = 20(x-5)

2
e. (y-6) = -20(x+4) f. (x+5)2 = 24(y+4)2

3. 49:4 meters

1 a b.
b4 Y
v,(0,4)
- F (-8,0) F,(8,0) r Fl(o,»{ﬁ)
V. (-10,0) r v,(10,0)
’ ! - x - x
’( Fz(o'_/E)
V2(01'4)
¢ d.
Y y
v,(0,2) . ©
F, (0,/55) F, (-10v6,0) | F,(10v6,0
6
: ) x V. (-25,0) v, (25,0)
4
F (O'-Jgg
, 2T
p
/ -
/S V,t0,-2) ﬁ -
) _ B T
€ Y £ iy
v, (%6,5)
FJ (.-61"3"‘/5_5) 1 .
i vl(-1,o) V2(13.0) -
x b 4
F_(6+3/5,0 ,
F1(6‘3/5_,0 2 ’ )
Fz(-ﬁ.-s-v’é'sy
/ / v, (-6,-11)




N
2. a gz-+ el
2,7
d. §I+16=1
2

l. a.

-89~

[

2
+ Y

o
alx

(x—4)2

12.25

=1

(y-?)2 _

+
16

(x—3)2
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Set 2 (Page 58) , .
h / N
1. a. 1; 27; O b. 4; -2311; %right c. %; 6m; T right ~ )
m 1 m -
2. a. y=cos(26 - -2-) b. y.= =2 cos(29+ 5)
| ' * -
c. Ay = % cos (68 - 90°) R j
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Set 1 (Page 66 )

\

15600 b. 17576

a.

4.

200

900

24

11,760

e.

3,920

d.

49

112

210

Set 2 (Page 67)

30 300 2. 19,656,000

155

156
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Set 3 (pPage 71)
1. a. 35 b. 151,200 -c. 120 4. 8 e. 8
- . r

£. 40 g. 30 h.. 9,900

2. 4060; 24,360 ; 3. 3024; 126
o ' ;
3. a. 720 b. 360 . c. 20,160 ,
§. 23,520
l!i ' oo

Set 4 (Page 74)

37 1 1 1
l. g8 2. 3 16 3. ¢ 4. 0.00495
5. 0.0000544 6. 0.196 7. 0.476

N .
) 4
, Set 5 (Page 75) s , . .
3 11 29 2_
) l. .3 2. 0.129 3. a. 35 b. 33 c. 11
. &«
CHAPTCY. VI
Set 1 (Page 78)
Class Tellies Frequency Class Boundries Class Marks
56-59 111 3 55.5 - 59.5 57
60-63 11 2 59.5 - 63.5 61
64-67 1111 4 63.5 - 67.5 / 65
68-71 TSl 111 8 67.5 - 71.5 69
72-75 TNl TN 10 71.5 - 75.5 73
76-79 11 ) 2 75.8 - 79.5 77
80-83 1 43 79.5 - 83.5 81 - - -
Set 2 (Page 79) .
1. 70.188, 69.750; 70.5; 73; 71.5-75.5
A} -
) . ‘_\’

ERIC - 95 |




Set 3 (Page gb)

-

1. 6.5% (nearest thousandth) - ,

. S - . ? A
Set 4 ( Page 84) h -
1. y=1.70% + 3.94 2. a. L=6.58m+ 19.49

b. 68.81 centimeters

c. 1.54 kilograms

»




Amplitude, 52
. Asymptote, 42 .
Axis of symmetry, 31

Center,
circle, 27
ellipse, 36
hyperbola, 42
Circle, 27
Class boundry, 76
Class mark, 77
Combinations, 68, 69
Conjugate axis, 42
“Constant of variation, 1
Cosine function, 49
Counting principles,
addition, 66
multiplication, 63, 65, 66

Direct variation, 1
Directrix, 31
Displacement, 56
Distance between two points,
directed, 23
undirected, 22
Division,
synthetic, 10, 12

Ellipse, 36
Empirical probability, 74
Equations,
circle, 27, 28
empirical, 80
ellipse, 37, 39
linear, slope-intercept form, 25
linear, two-point form, 25
hyperbola, 43, 44, 46
parabola, 31
Event, 72

Factor theorem 13
Factorial notation, 68
Focus,
ellips2, 36
hyperbola, 42
parabola, 31

-95-

INDEX

Frequency,
distribution, 77
polygon, 77
Functions,
cosecant, 60
cosine, 49
cotangent, 60
higher degree polynomial, 15

. linear, 7 ~

polynomial in one variable, -7
" quadratric, 7
secant, 60 i
sine, 48 /
tangent, 58 . '

Graphs,
circle, 28 .
consine function, 49
ellipse, 36

Y, hyperbola, 43
linear equation, 21
paxabola, 31
polynomial function, 7
secant function, 60
sine function, 48, 55
tangent function, 58

Histogram, 77
Hyperbola, 42

Inverse variation, 3

Joint variation, 4

Linear factor, 13
Linear function, 7
Lines,
parallel, 23
perpendicular, 23

10¢
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Mean, 78 .

Median, 78, 79

Modal class, 79 K
Mode, 78, 79

Outcome, 72

Parabola, 317~
Period, 52
Permutations, 68, 69
Probability, 71
empirical, 74

Radius, 27

Rational root theorem, 15
Remainder theorem, 10, 11
Roots, 7, 15 '

Sample space, 72

Slope of a line, 23
Standard deviation, 80
Synthetic division, 10, 12

Transverse s, 42

Variation,
direct, 1
inverse, 3
joint, 4

Vertex,
ellipse, 36
hyperbola, 42
parabola, 31

y-intercept, 25



