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CHAPTER ONE ‘ ' _

LINEAR EQUATIONS IN TWO UNKNOWNS

e,

P —

-

Definition of Punction - Function Notation.

> - -~ .

One variable, say y, is a function of a second variable,
say x, if and only if for each value of x there corresponds
one afid ‘only one value of y. Denote y as a function of x
by vy = £(x), read "y equals f of x". A corresponding pair
of values of x and y is written as an ordered pair (x,y).

‘ v

Examples.

1.1 In the formula C = 2nr, the circumference of
a circle C is a function of the radius r since
a given radius r corresponds to one and only
one circumference C. This function can be
denoted as C = f(r) or £f(r) = 2nr, If a value
of the radius ‘is given, say 5 meters, then the ’
notation C = £(r) is changeg to C = f(5) where .
£(5) = 2 < % 5 = 107" metefs. Thus, the cir-
cumference 1l0m meters corresponds to a radius
of 5 meters forming the ordered pair (5,10m).

1.2 The correspondence between two variables s and
' t given by s? = 4t does not represent s as a

function of t because a value of t, say 25,
corresponds to two values of s, namely -10
and 10. . .

1.3 In example 1.2, t is a function of s since for
each value of s thére corresponds exactly one
value of t. Some iorresponding pairs are (4,4),
(100,25) ,, and (-1,1) . :

Linear Function.

The variabl&y is a linear function of the variable x if

g

the difference beatween any two values of x divided into
thewdifference of the corresponding values of y is constant,

This functional relationship is expressed by an equation oI
the formy = ax + b or f(x) = aqbﬁ b where a and b are
constants. R )

¥ J



Examples.

2.1

2.2

0

The x and y values in the table below define
y as a linear function of x. The ratio of
the differences in corresponding values of .
x and y is the constant 2. 8

e.g. -1-%-—:-%9 f—- 2, g——:—%—l-- =3 = 2, etc.

oS
The equation y = 2x + 3 for x =0, 1, 2, 3, and 4
symbolizes this function.

%

x o0} ]|]2]3]¢4 ‘

vyi3alsl2]leln 9
. The table of values shown at the right s | t
does not define s as a linear function 2 | 8
of t since not every ratio of differ- ——
ences in corresponding values of s and 4 116
t is the same; that is, 6 |24
16 -8 _ 8 36 -~ 24 _ 12 ——
TozrrtAovhile T =7 = 6. 8 (36

. The equations y = 4x

The equations f£(x) = 3x + 14, y = -14x, —
g = -3t - 5, and p(t) = 3 (p(t) =0 « t + 3)
express a first variable as a linear function

of a second variable. -

2 _ 2x, F(t) = 3t4, and
s = /t represent nonlinear functions:— —

Exercise Set 1 -

1.” Determine if y is a linear function of x from the given
table of values. Also, express each linear relation-
ship in equation form.

e

C

Par oL S

a. x|0111213]4 b. x |10 2030 40150 '

d ylolale jo-l212 VY 22'42‘62‘82'102
c. x|=-5]-4[-3]-2y-1 d. x|3|6]9]12]15
-5 {=3t=t 113 y 5111712029




- “ . - 3- l\.
/ 2. Which of the following equations deffine a linear
' -« function? _ ’ ) i v

, S Y e 2 .
: yd He ¥y =2 b. £ =10 -

— d. f(z) 27 -9 c. p=q

«

c. f(z) = i:+ 9

-

2 '

-+

' © paata L
e
-

"N
L]

q =3

3. An automobile traveling a distancejof 600 kilometers -

has an average speed Vv and time t fgiven by the equa-

i tion ¥ = 600/t. 1Is the relationship between V and t
linear?

: 4. The Celsius (C) and Fahrenheit (F) temperature conversion ’
= - formula is C = 5/9(F - 32). Is the relationship between
= Celsius and Fahrenheit temperature linear? : o

7 5. The formula V, =V (1 + .00366T) is applied in the .
- v study of expansion of gases. If V, is a constant,
| is v, a linear function of T?

; " 3. Linear Equations in Two Unknowns - A Different form of

Linear Function. .

. linear function'y = 2x/3 - 1{3 can be manifulated I

: algebraically to give 2x = 3y = 1., The variable y -is o °
still considered a linear function of\ x in-{his new

. equation form, called a linear equation in two unknowns.

3
5

- In general, a linear equation in two unknowns fhas the

. ————"standard form ax +eby = c where a, b, and c are constants. .

: Examples of equations of this type are 3x +y = 7,

2m-n=0, 3y = 6, and 2t - 11:= 0. ) s

Ty A solution of a linear equation in two unknowns x and y
1 " is an ordered pair (x,y) which makes the equation true.

- " PFor example, the ordered pair (5,3) is a solution of the

- equation 2x - 3y = 1. To find a solution, give x a value,

. substitute this value into the equation and sdlve for the .

' corresponding value of y. To find a_solution of 5x - 2y = 7,

- let x be some value, say 3, then 5(3) - 2y = 7 from which

3 Sy =4, The solution is (3, &), —— = -

1

A~




‘9 Exercise Set: 2

. .t . , ]
1. For the given equation and a value of qne variable, v,
" find the corresponding value of the second varjable .
and write an ordered .pair solution of the equations, ‘.
¢ - a. 3x + 5y =0, Xx=95 b. 4s -t = 10, 8 = % ) -
c. -8 -3y =15, x=0.6 d. 9x, y = 16 .
2. Given 3t - p = 1, complete the table and write the
five associated solutions «of the equation. B «+ .
. - 1. ) ‘e . ¢
£10]5]=-3]%|4.6
3. Given the equation 2m - 5n = 18, find five ordered
pairs of the f8rm (m,n) which satisfy the equation.
- 4. If (3,4) is a solution of ax°~- y = 26, what is the
T value of the constant a?
/ -
] . o’ .
-4.- The Rectangulax Coordinate System. - . .
=
Two number lines; one representing the values of x, .a qpcond v
the values of y, placed perpendicular in a plapne so their
“origins cooincide, form a rectanqular coordinate gystem (See
Figure 1.1). The number lines are calle ordinate axes
with positive directions to the right for x and a or - e
y. The axes divide the coordinate plane ~ ‘ :
into four quadrants which are - . . y-axis-
enumerated w oman ‘ S 3
Numerals as shown in , T 4 °
the figure. The . 11 c ' I
. - - point of inter- : 4+ 3 -
S section of the . . v
| ‘ axes is called 12 "
the origin.- . 41 . .
Bach int i - - N ( \ . 4 x=ax s
ach point in a v N —t—ta—>
N * coordinate plane is 4-3-2-1 .12 34 '
____ the graph of an ordered : ’; o .
T pair--(xX,Y). or example, g T ct o |
3 a point in the plane is the 4-3
o graph of (-5,3) where -5 is the -l
T x_~ coordinate and 3 is the It 1 CIv
¥ = coordinate of the points : ' ‘

- 10 _ . ,~ —

Figure 1.1
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A point P in‘tpe;»pfane whose ooordinates are (x,y), written
P(x,y), is; located by startind from, thg origin and moving to
the x - coordinate on the % ~ axis. #rom this point, mowe

vertically in the dire¢tion and,distance*ihdicated by the . .
y - coordinate. Thig terminal -point is the graph of P(x,y):

¢ Examples.

4.1 locate the point P(x,¥) whose coordinates are

a. (4,3) . . .

-

bo (-5 '-1) . o

Ce (0 '-3) e 0

i~

" 4.2 Graph ﬁ.ve{ solutions of the equatian I:!x -y=1,

Step 1.
" .qf X.

- x 'o |-1| 1| 42' 2
y

From the origin, ' {"Y

. P(4,3)

move right 4 ) - '
units onsthe l ;
x - axis, then - ———y.
up 3 units ‘ :
tO Po M A \

-

From thé origin,

move left 5
/ P'=5,-1

units, then
down 1 unit
to P.

From the origin, .
do not move left
or right but

move down 3

to P.

Figure 1.2,

Complete'a'table of values for.5 values

>



. 5.

g

R :
Step. 2. Form five solutions from the table:
o (0,71), (-1,-4), (1,2f,(-2,-7), (2,5).

. &Step 3. Graph the solutions on a-coordinate
' system. e
y .

Figuye 1.3

Exercise Segﬁ3

1. Plot the graph of each ordefed pair and state the
quadrant it is in. .

—

a. (3,1) b. (5,7 c. (-8,-2) d. (-6,5)

2, Gzaph the five so’utlons/of the equation x - 2y = 5
: corresponding tosr =0, 2, 3, -5, and 4. =

3. Pasg a straiqht line threugh the points P, (0, 0)
and P2(2 1) in a coordinate system. Detefmine -

which®of the following points lie on this line.
’ ,

- a. P(3,5) b. Q(4,2) c. R(=-2,1) ..,
d. 5(-2,-1) e, T(l,-z) £f. M(7,9) "

t
-

Graph of a Linear Function in Two Unknowns., =~ ¢ '

'Let y be'a funqsion»of x given by y = ax + b. The dgraph of .

all solutions of,this equation is called the graph of the
function. - g

Similiarly, if the. linaar function is expressed in the form
a + by = c& the graph of all solutions of this equatipn

is called the graph of the gguatlon.




.

~ Step 3.

Examples.

LY

The names 'linear functid ' and 'linear equation' are
derived from the fact thr. their graph is a straight line.

*

5.1 Graph thg functjon y = 2x -~ 3.

Step 1. Give x vdlues and find the corres-
- ponding values of y., Even though _
2 points are sufficient to deter- .

mine the line, a third point will

be found tao check for poesitle. \

error.

x]0] 4]} -1

x| o]al-1 |
y |-3 |5 '-5 -

Step 2. From the table, list solutions of

the given equation:
('1'-5)

(00'3) ’ (4'5) ’

Graph the solutions fiom step 2 and. . 7 —

using a straighi edge, pass a straight
line through these points. This line
is the graph of y = 2x - 3. N

) 4 .

x]0]6}-3"

y| | |

- 5 )
_ Figure 1.4

«5.2 Gngph 2x 4“3y = 6.

Step 1. Give x values and evg}uata Yo

x|0| 6]=-3

ylal-2] 4
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®

Step 2. List solutions of 2x + 3y = 6 from
t’m t‘bl.: (0 '2) ’ (6 '-2) ’ (-'3'4) !

Step 3. Pass a straight line through the -
graphs of the solutions. This line
is the graph of 2x + 3y = 6,

. ) : 1°5
. - - _Figure 1.5 =

5.3 Graph f(x) = 2.

‘ Step 1. Assign x values and solve for f£(x).
~ - Consider f£(x) = 0-x + 2.

| S
= {0 N X

Step 2. Ordered pair solutions areo(-3 2).
e —-A4,2), and (0,2}, - — - S

Step 3. Pass a line through the graphs of ,
(-3,2) and (4,2) which is the graph :
of the function f(x) = 2.

Y
/#5 £f(x)
—- —y— :F' .x
1 .
= BASEE A A '
L ]
~
C 3 , ’,
-—4‘_—’—4‘-51%‘ 4




5.4 The Celaius and Fahrenheit temperature conver-
sion formula, C S(F - 32), expresses C as a
linear function ofg’ Graph this linear func- )
. tion for values of F between 0° and 2129, -

Step 1. Give F values wsthin the indicated
; . range 0° to 212" and solve for co~-
- responding values of C, It “is con<
| venient to let F = 0° and 212° to
B establish the range of values of C
: for the graph.

Flo]212] 32 Pl 0 l212] 32

cl 1T 1. c’-TI35|1oo| 0 B
3 Step 2. Connect the graphs of°(0,'16°), \ ‘ |
] (z12,1C0), and (32,0) with
straight edge to produce the graph -

o - of the given linear function for
the specified values of F.

‘\C ~—

§ 100 (212,100)°

oo ’ - - 80
’ t+ 60
" 40

Figure 1.7

¢ Exercise Set 4

1. Graph the following linear functions.
bo S=-4t+5

a. y=2x -4
k c. y=-4 d, V=T
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a. 3x - 4y = 12

c. 4x-y=0 d. x=0

3. h car, traveling at a constant speed of 30 kilometers

Graph each linear equation in two unknowns.

<

b. -35m = 70n = 300

per hour, goes <a distance of d kilometers in t hours -

given by d = 30t.
for t between 1/2 and 4 hours.

Distance Between Two Points in The Plane.

Graph 4 as a linear function of t

When two points lie on a horizontal or vertical line, a
directed "distance from one point to another or an un-
directed distance between the points can be calculated.

Figure 1.8 an
tances and how they can be determined..

e table illustrates the types of dis-

ﬁ_ j!'

b 8 P]_(‘loyl) . Pz(‘Z;"z)

) P(. (‘4 974) - -
i 4
—_— ey X

P3(x3.)'3)1' "

Figure 1.8
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Description Symbol B

e of : for Distance Sign of: :
: Distance Movement Distance Calculation Distance
Directed, Horizontally, FIF} X,- %) positive |
vl to Pz' left to right E
Directed, Horizontally, F;Fi X =%, negative
. Pgyto PI* right to left]| . _ L
Directed, Vertically, PP Y s~Y positive .
3 4 473 .
P, to P up -
3_ 4 - 0 ,
——— 7 ~birected, Vertically, | PP, Y4, negative T
- P, to P,’ down . B
4 3 V .
Undirected, None - P.P ix -X,} = |x,-x,] | positive
between P,y and Pz 'LGl 3' l 2_ 1' -
- 7 Unélrected :Noné BB, || 7 b= -y “'_SEIEEQe"¢___4*_'—
~A4betwem_‘?3 ané P:.4 ] I 3 4' |¥4-Y3} |y3 y4| p s _

- - ) o

Examples.

6.1 Find the directed distance fioa‘biig,s) to‘?2(2773 .

Step 1. Since the second coordinates are the same, '
the line containing the points is hori-
zontal. Hence, the eguation of the line
e e g =3 - —

Step 2. This positive distance is found by the
i left to right movement on the line (from
lesger to greater values of x).

Step 3. Subtract the lesser x value from the
. greater x value. P152,= X, = X =
27 - 9= 18 units, :

6.2 Find the undirected distance between P,(8,-4) - -
.. - B8tep 1;”’S£héeﬁfhéffiféiréabfdiﬁgﬁgé are the’ ,
same, the points lie on a vertical
’ _ line whose equation is x = 8,

¢

2
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Step 2. |1‘>Ib'2|-|-4 -(-16)| =]12|= 12 units

: which also equals|-16 -(-4)|=|=12|

‘ = 12 units.

The distance l;etween any two points in the plane can be

_ found by applying the Pythagorean Theorem which states

_ ___'In a right triangle, ?t'.* he square of the hypotenuse (side

opposite the right angle) equals the sum of the squares —~ - -

of the otherwtwo sides’'. E ' )
o In FPigure 1.9, the distance between P (x,,y,) and Pz(’iz'yz)

is the length of the hypotenuse of th& r}.ghl .
o, triangle whose other twe sides are \ S
. " Y,y =Yy and Xy = X By the Theorem, V@

55 | 2 2 2

- [FP,12 = (xp - %)%+ (y; - ¥y) . R

from which |FIP’;’|- (xy = %) 4y - ¥7)° -

This relationship is called the distance formula.

y P, (x5,¥3)

M;t:x"e 1.9

' ‘Example. ‘ ' ‘
’ 6.3 The undirecteé distance from P, (3,5) to P,(-6,9)
e e 12,2, '-/(TG - ;’__T*'“ - 5)?," m R
" B : = /87 units .’ -

LI

b
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Exercise Set 5

1. Refer to figure 1,10 to find the indicated directed — -

or undirected distance.

<

ﬂ_:a+umﬁ§&_~_,: 7m__<J;r__§¥3444i54 - ?.Awﬁﬁ - -
d. P30 e. 0P, £. PP, . "
+g. [OF,| . P37 - | &‘ﬂ S

¢ P,(5,4) )

" Figure 1.10

Slope of a Line.*

On a nonhorlzontal &traxght line, as the values -of x in-

- -by-the term-slope. -

crease, thé corresponding values of y will™ éIthET”InCIEBSE‘“‘__"”'

or décrease. In Figure l.l1l1l, as
x increases from 1 to 2, the
corresponsing values of y in-
crease for lines A and B~

and decrease for line C.

This increase or decrease

in the values of.y provide

a measure for the 'steep-

ness' of a line. This -
'steepness’ is indicated

*Only straight lines are considered in

2

Figure 1.1l .
this chapter.
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ing increase (or decrease) in values of y.

Yz'yl
Symbolically, m =
. T |

.. and Py(X,.¥3) on the given straight line. See Figure 1.12.

for any two points Pl(xl'yl)

- - The difference in ihe‘x - coordiﬁates Ty

" ~ {is called a change in X or, run ex<
pressed as Ax (read delta x)_ and
f*‘ff"the'cutraspﬁnding“diffefﬂﬂce‘iﬂ”””””‘””

-the y - coordinates is called a

change in y or rise, written Ay. =

‘ Exa&‘.)lesiﬁ e /— x2-x1 (rise)

U . _7;_._;”77 : / -
v 7.1 The points (3,-9) and (-7,8) 4 ——

lie ‘'on a line. The slope -

The slgggt mE of a straigﬁt line ié“fﬁé“quﬁftéﬁtﬂyfdhnflg¥¥"~¥—¥~¥————_
. increase in the values of x ded into the correspond-

.
—= of the line—is R i

ne2-8 17 o
3_'-'(-'”'"‘? gy '-m'o 9 -

‘. Figure 1.12
7.2 Find the slope of the line

whose equation ig 6x - 2y = 9.
Step 1. Find two solutiohérgf tﬁ;wequaéibn.
- ThHey are coordin&tes of two points

R— — - on the line.
2 k3 L3 p0,-p P09 :
Yi“s |y _ )
, Step 2. By definition,
N k] - - \ . j - 9 - 9 o
B S o Ypm ¥y T T \7F .
L S Ui o T

i . 2" %
S 7.3 Verify that the slope of the horizontal line
s L having the equation y = 13 or Ox +y = 13

"ois zero. .
Stép 1. Find the coordinates of two points on
the line, - :

W

x| - l 2_ Pl(-4,13) P,(2,13)

vy 13 f13 - - * 80




e
o . Step 2. -y, -Y¥) 13 0 R
. e e S

e e 2

7.4 Show that a horizéntal line whose equation is~”
Yy = C(0x +y =C), C a constant, has a slope
equal to zero.

. Step 1. Find the coordinates of twé p01nts
e - on the line.
L x L:g:,,,, ] pl(o ) pz(sf,cj.i - R
Y c C ' ’ ot ' E
B - . i L a1 _C-C. -
Step 2. The slope is m = 77—

1 n
wjo
"
o
|

/

In Pigure 1.13, lines A and B )
. are parallel. The slope of (A)
i 1/2 and the slope of (B) is’
1/2. 1In ganergl, two lines
~———— --—having 2 slopes q%%;f
ggrallel if- and o ly - if

Flgure 1. 13

o - In Figure 1l14, lines (A) and (B) (A 8y
. are perpendicular. The slope of i 7
~ (A) is 3/1 while (B) has slope

-3 or 3* = R

The slope’of (A) is the nagative
reciprocal of the slope of (B).
s two lines having

N | 4




Examples. . S

- - 7.5 Two lines- haveﬁqutioni 4 + y = 3 and . .
. x - 4y = 8, Show that the lines are perpen=- e
: dicular. o

Step 1. Find the coordinates of two pointa
on each line. '

— e 20l ren 0B L e
y [3]-1 R A : &
- : _ . ' S . © e —=
o x] 01 4 P,(0,-2) P, (4,-1) 7
Y -2 1 =1 T . - oo

Step 2. Find the slope of each line.

R N

- “Step 3. Since -4— =1-(my -+ my; = =1}, S
the lines a; perpeﬁﬁiculi o
- Exercise Set 6 — B -,
1, Find the slope of the line. pauing through the given
} points. _
R—-ﬁ—__x.:‘ PM), (-5, 3) d. Pl(l 8,3.9), 92(6 5,8.1)
' 2, A'line pauu throuqh P (-4,2) ‘and P P,(5,11). rsecondf-ﬁﬁ_‘ﬁ :
_ line passes through P5(=6,1) and P4(§,10) . Are the -
S . lines pa;allcl? / .
3. Show ‘that a vertical l{ne having thc equntmn X ¢ S
-has no. slope ] .

_ " 4. A line passes through P; (0, 7) and P,(3,°1). A
- second line contains the points P-;(; -1) and l'4¢-12,2).
Are the lines perpendicular?

5. Two lines have ‘slopes of -3.8 and 5/14 Are the L
lines perpendicular? . S

— "y
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6. '1'_{1}9}:11'{!911,ﬁfﬁ'Te‘f!ﬂ:sﬂuléla__b5ent1¢;itVtenrlp_e‘ralti_u;efﬁ~ o
B relationship C = 5/9(F - 32) is a line.— What is the
_ B . Slope of the line? T -
. #. Fgualions of a Linc. ) .
ST Ay -equationof a straight line can be determined if two
- - . poiats on the line areknown. _ . . :
- - - T ] .
i ' Let P;(x3,y;) and P,(x3,y3) be two ven points on theline. . . _
:f P(x,y} i} a pain -oﬁ'tﬁe line, tl?-tn the slope of the line T
e s : R ) |
S B Y-y, YoV R
T — e X-x X - X
. Multiplying both-sides of the equation by x - x; gives E
- - : IS £ £ ) )
s (y = y,) » =&=—== . (x - x,) - - -
1 x x S ¢ . e
called.the two - point forﬁ of in equation of a line. |
- " Example. -
. - P - ; ; 1 ing ‘
' -~ through the points Pj(4,-3) and P3{-3,1). et
- ' " step 1. Substitute the coordinates into the
TR two - point form. .
. ~ (y - =3 = Priy)- (x- @ B
N Step 2. Simplify the equation to 4x + 7y = -75_.“' M;
J "~ An equation of a__ilinc can be ‘found if thé slope m and a T
o poiat Pyéxy,y1) on the line are known. Changing the slope
- expiession to m in ‘the two - point form, gives (Y - y1) =
N m+ (x - x), called the slope - point form of an equation
— =, of aline. ' -
: T Eamer o
"_\ N 82 “Write an equation of the line ;vzt*:ﬁ*?s‘:ldﬁe*n}ﬁu o
K passing .through the point P(7,-1). = . T
p Step 1. Substituting the -given into thf slope - ° |
. point form yields y -(-1) = (-T)‘- (x - 7).
Step 2. Simplifying the equation of Stép 1
gives x + 4y = 3. ]
' M -
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‘A line intersecting the y - axis at the point (0,b) has a

- j - 'intercept of b. For a line having slope m and y -

T -intercept it passes through-(0,b)), the equation (y - b) °
= ‘m- (X =6)- can_be manipulated algekraically into y =

mx + b, called the siope = gnterceg form of an equation . .

of a line. Sesasany
o Example. - hh - 7\‘\\'“‘~\\\;,x
. . _ 8.3 Write an equation in standard form of the line . o
““~-“mh;»>f_h with slope -2/5, passing through the point (0,8).
ST N Step 1.~ From_the point (0,8), the y - inter- N
-cept ds 8, o i
Step 2. ‘Substituting the values m =a-*}!‘}'t'r»r\,\
_ and b = 8 intoy = mx + b gives e
” . . y=1(~2/5)-x + 8 from which 2x + Sy = N T
40.

A vertlcal line pa351ng through the point (c,0) has an
equation x = c.

——~ A -herizontal line with ay - inters=ept; b has an equatiop -
! = al. {

A line pass1ng through the origin (0,0) with slopefn haE
an equation y = mx. - iy * |

'
«

x

— - Example.

8.4 A line passing through the point (-1,13) which

-a., is vertical also passes through (-1,0). v
" Hence, the equation is x = =1,

b. is horizontal also passes through (0,13 ; .
o - and has a y - intercept of 13. Thus, the,

.o equation is y = 13. - . R LN
7 ) c. also passes through the oriéin has slope LT
S T m= é%TE_%.a-13. TQp equatipn of the line

T _dsty = -13x,
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o Exercise Set 7 ,

1, Write an é&;uation of the line passing through the

given po.ints. ) )
a. P(8,5), By(-7,3) b. Py(0,00, Py(3,4)
e P,(-4,6), P,(~4,10)  d. P‘l(.7'5)' P,(6,5) - .

—
—

2, Write an equation of the line with thé given slbpe o
and passing through the given point. o

- a.m=3, P, (4,7) b. m="0, P {(8,~5)
T T T e m= /7, B(50D) d. m= -5.7; P,(0.5,6.3)
- - 3,.Write an equation‘ for the line having the given
sloper and y - intercept. - B
4 m=-6,b=-5 b. m=-1/3, b =7 o’
— . c.m=1l,b=0 4. m=0,b=0-
\\~‘h - . - ) % B . N
LR - 4. Find the slope -and y - intercept of the line whose
® ., ——--equation is given. '
T
o a. y=5x -1 4 b, y==Xx
c. y=-8.6 T d. f(t) =9t~ 1
' e. C=5/9(F - 32 £, X+y=0 ‘
C . 5 What is an equation of the line passing through
the origin which is parallel to the {ine having - .
the equation 3x - 7 = y? > ,
) 6. A line intersects the y_u—‘ axisat (0,5) and it is \
perpendicular to the line 5x - 2y = 3. what is an
equation of this line? s

-

7. A line is perpendicular to the line ax -.cg’-- ay
, and passes through the origin. What is an equation
- ’ of the-. line? N -

Y “
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9, Direc Variatmdn (pata Analysis). . L,

~ E rimental data can sometimes be,analyzed by'detprmini g - o
- " . a inear kelationship between-the experimental variable > o
> The data is first gragged to detbrmine whether the.re1a~ T -
- tionship is\{inear. _Any form of the line equation (two -. v

o

g point, point\- glope, or slope - intercept) may then be . .
- used to establish the relationship. . . : L}

~
s

Example. \ - o~ L CL*
- \ N

) 9.1 in the laboratory ‘the pressure (P) of a £ixed
P .  volume.of gas is measured for various, tempera- : .
' tures’ Nr). The following data is obtained- L

. Temperﬁture §CLJ 0 [ ‘23: I ‘58 l 84 i 100. i _
Prespure (N/m N |22.7 | 24.6 | 27.5 | 29.7 N

? Write an- equatzon to : ress the relatxonsth«between tﬁé
; pressure and the tempe nture of the ga‘.‘ P .

~Step 1. Gra hxng ‘the data s r‘fsts that the
reerionship is 1inea P »

A

2 v . .
\ *
. | :
. 50 T s
4
L 4 s
' 40 I~ - P
L ‘ //
\ ' .
& il Wl
Ce s 5 20 7 . A v y
. = L . W
v ' - A d —
~— . ®
. . . 10
» . .
e \ Lt
: A
. . . "0 80 100 .
T ¢°C) . :

s-? ’ . "‘ A J
’ o Figure 1,15 : .
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r @
L} . .
: Step 2. The slope (m) is determinéd from the
' points (0,22.7) and (100,31.0):
e . 31.0 - 22.7 _ 8.3 o
- T S L L m : ,,‘;156 - 6"'— m = 0 083 . »
T ° . [ 2T ';
Step°3. From the point (0,22.,7) the intercept R
(b) is 22.7. - . .
Ster 4. .Substituting m = 0.083 and b =.22.7 T
" into the slope =~ 1ntercept fem gives: v
- : P-008‘3'r+’227 . a -
. IR 4 , C - 7
- : ﬂ ’u‘ :Exercisq Set 8»” ",7“ 2 ' .

o - 1: In the J.aboratory, the ev‘gth off' a spring (L) is
* oo . . measured when-various weights “(W) are guspended on .
it. 'rhe following data is: qht.pined-

Weight (oz) l 0 I 1

-~ . . £
. Length (in) | 6.9 6. , "
i Write an equation to express the relationship be- - |
tween the length of the spring and the weight on it.
- Zz ¢ . “. N h :
- * L d ¥ - ‘ o
B - - ~
- 'l ‘ ) ®
R (] . + .
:t hd S - _
: 4 - R
- S "o b 2
. -< ~'
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TRIGONOMETRIC EQUATIONS AND VECTORS .

- 10

~

Angles and Their-Measure. o

An angie is‘génerﬁted by rotating a half-line from an initial -
position, about its endpoint, to a terminal position. The «

initial position uf the half-line is called the

initial side of the angle; the
terminal position is called

the §ermina1 side. The

fixed endpoint is called

the yertex of the angle.

If the rotation is counter-
clockwise, the angle is vertex

said to be positive. A . - : initial side
clockwise rotation genera- '

" tes a negative angle.’ - Figure 2.1

An angle in~stagdard sition has .its. vertex at the origin -
and Tts initlial side Es the positive & Ay T,

portion of the x - axis. -
An apgle 6 (read theta) : SN ’
appears in standard AN o
position in Figure 2.~2.‘ N %
’ : o |initial side - —
2
o Figure 2.2 °

— PR

Two units of measure of an angle are the revolution and the
gggree. If the initial side of an angle rotates counter-
C. ise 's0 that the terminal position coincides with the
initial position, the measure of the aggle generated is 1
revolution or 360 degrees, written 360°, Thus,1°© equals
1/360 of a revolution. - .

The degree is divided into 60 equal parts called minutes -
and each minute is divided in 60 equal parts called seconds.
An angle of measure .35 degrees, ‘13 minutes, and 43 seconds
is written 35013'43%, . '

A third unitféfaméasure of an angle is thé radian. If the
radius of a circle is rotated so that the intercepted arc

i _ A
a

23 :
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P

) of the circle is equal in length to the radius, the angle
: generated has the measure, 1l radian (See Figure 2.3).

- Since there are 2r radii in the
— - - - -circumference of a circle, . Ak\
there are 2r_or approximate-

- -1y 6.2B radians in 1 revolu-
—'~-- - tion. One radian is about
57.3° and 2r radians equals
360°. .

1 radian
Figuré 2.3
Examples.

l.1 Four angles in standard position are shown below.

) a. TY " b. R ) )
A
’x.
=2 = 45°
A= ) 4?
_ v .

figure 2.4

1.2 Convert 273.2558° to degree - minute - second
N notation.

" step 1. 273.2558° = 273° + 0.2558°
0.2558 degr€es x 60 minut§s= 15.348 minutes




- _ " ‘2 4-

$\Q;_; . Step 2. 15.349' = 15' + 0.349'
o 0.349_minutés x 60 seconds. 57 geconds

- g

Step 3. ConcIusion: 273.2558° = 273°15'21"
’ 1.3 Express’18°52'14' in dégrees (to the nearest thousandth).

. Step 1. 18952714 = 18° + g% 3%%6 . -

- - = 18°7F 0.867° + 0.004°
18.871°

1.4 aad 35°48'56" and 43°40'23".

Step 1. 35°48'56"
. -43°40'23"
f 78088 79"

»
A=

Step 2. 78°88'79" = 78%g9'19"
Step 3. 78°89'19" = 79°29*19"
\
1.5 Subtrdct 13°46'27" from 61°10'15".

- 8 ___/4_,_‘;———
S . Step \ 61°1o '15" = 60 ©70'15% - '

_;,,,_J-»—~¢~—f——*"“i’1 .= 60%9'75". ‘ : T
B 7 ] Step2¥ 606969 75"

, | -13%¢6'27"
| 47023'48"

l
|

- £l

I

of 135°24°.

. step 1. 2(135°24') = 7(135° + 24)

T.'\

i
- | W

An alternate mathod is

1.6 Find %
1

67.5° + 12° -
67°30" + 12' = 67°42"

I!

| - k
. step 1. (135°24' 7(134%84")

| | = 67°42°
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Exercise Set 1

»

1. Sketch the anqle.having the éiven measure, -

a. % ragians b, -45° ¢, « raéians d. % revolution

- ~

]

_a. 3% radians £, 585° g.- -330° h, 3m
2. Express

a. 17°21'50" in decimal form. .

b. 5.50°‘in degrees, minutes, seconds.

a. 47.36° in dé;rees, mihﬁggs, seconds,
3. Perform the indicated operations.

a. Add 39°42'18" and 51°951'51",

b, Subtract 46°31'12" from 63°7",

c. (460 -
a. 3(7°14'507), | . ‘
o. 2(62°35'30") . | - -

Convarsion From One Anqular Measure to Ahother;

When converting from one type of angular measure tooanother, )
a conversion factor derived from the relations 180" = r :

radiars, 360° = 1 revolution, and 2x radians ='1 revolution

]

can be ysed.

@

If an’ angular measure type A is to converted to a measure
type B, then A * B/A gives B where B/A is a known conver-
sion fagtor. :

Examples.
2,1 To convert 18° to radians,

18 degreés x Iﬁﬁzﬁgéggﬁs = %%% radians

= I"D- radiaris




s .l =26 .

] o ™ . N

- . 2.2 Convert 484°30° tq,;cvolutfons (rev).'
‘ Step 1. 482°24' = 484.4°

Step 2. 482.4 dggrées x gg%végg;ag; . o
. ) = 2%%31 rev = 1.34 rev. ' , > '

2.3 ‘bhange l;l radians to degrees.

*15% m x'lgordezre:s = 15 - 1?0“- % degrees

= 1350°

Exercise Set 2 -

1. Convert each of the following.

-4

»a. 30° to radians b. 18.7 rev to degrees
-c. ygradians to rev . a. 3°torev —— "
o 4::“#‘*e. 45° to radians-- v4~~ﬁif;~~15nrev—te“radians"——fi——~
‘ g. é»rev to degrees ~ *h, 3.14 radians to degrees

*Express a; decimals to the nearest thousandth.

7_~_w;_3+#JmheATrigonometricﬂEuncfions.

Each angle in Figure 2.5 shows a line
e segment'PQ'dtawn”perpendicular

' to the x - axis from a point -
P(x,y) on its terminal gide.
The right triangle formed
has six ratios of its , . o
sides which are functions
of -the terminal side and - -
thus, the angle'itself. ;
The distance from the
vertex to -the point
P(x,Y)., cal%ed the
radius vector r, is the

,P(le)

Figure 2.5 (cont.)




-27-

" -

- hypotenuse of the right triangle. .. -

The six Functions, called
trigonometric functions,
- are %efinea below. -

- /

- Figure 2.5 .

' Sides Related
Function Abhreviation Ratio to Mgl-‘, a
sine of © sin 0 Y ite
: ) r hypotenuse
__’__,_mSiné—Of—ﬁ“-P—ﬂ_g——__——- ‘v— oS '3 - ) E:’ 4 e ———
. . X hypotenuse
——-4———ta$gont—o£49 - tan © I S AN osite
T ) x adjacent
secant of © - sec O x hypotenuse
- x adjacent
cosecant of 0 csc O ’ r hypotenuse
Y opposite
— " cotangent of 6 ‘ [ cot © -3 adjacent
- Y opposite
The values of the zrigonometric functions can be found

using the calvulator. Some calculators, howe
-compute valudg of the cosecant, secant, or co

ver, do not
tangent func-

tions dizactly: To 4@ this, the following reciprocal

, relations are ‘applied.

csc 6 = 's'i%? sec & = EB'Z_'B' cot

_‘Examples.

3.1 T.o value of

g - l . ¢

] Lo e 1

B -

0 = e
Ean§

556

"




3.2

a. sin 30° = 0.500°

_tan (0.538) which gives 28.280

1

b. sec 2"-6- '.-—-;;r-"ﬁ“" 6.392
. sin V1] ‘ ‘
*Convert w/zo‘to 9° i{f the calculator does " —_
not accept radian measure. -

- p o ———rae 1
e. cot(-215% = LI 51s%) = mpowy < 42

The point P (-2, -V5 li.os on the terminal
side of an angle 6. The values of the 6
trigonometric functions of 6 are

a. sin 0 = ﬂcg- —

b. 'cos e = :§

- - o o o ol

-/5

c. tan 6 = ﬂ%’\é;/___’#m"ﬂ;

a. csce=-§.-,--.’§ (-2,-V5)
: A5
e. sec 9§ = —% % — _
' (
f, cot 6 = ;2— 345 "figure 2.6" -
The function valua (to the nearest thousandth) IR

for the given angle using the calculator are

~p. cos 170° = -0.985 Lo

c. tan 36° = 0.727 d. sec 150° = -1.155 -
e. csc(-ggo = -1.000 £. cot(2.6 rev) = 1.376

g. sin 36. 617° = 0.596 h. cos(-6°15") = 0.994

Find a positive angle A less than 360 so that
tan A = 0.538. -

The calcniator rocedure is tan (0 538) or Arc
or 0.494 radians.

8

3¢




-

_B_gerci&e sét 3

— 71‘.
<

2.
C

Evaiuate each trigonometric function to the nearest

thousandth. .
a. sin é5° °  b.. cos -}
 d. sec(-60°)  e. cot
'g. sin(-3m . h. tan 88°15'4s"

N -

tan 195°

csc 220°30°

 sec 135°

Find a positive angle A less than 360° given that

-

o

a. sin A= 0.500 b. cos A= 0.346 c. tan A= -15.318

.4, Solving Right Triangles.

sides” and measures of its angles.

Example.

4.1 Solve the right triangle :

shown in Pigure 2.7.

___step 1. To find angle A,
tan A = 190.0/240.0
= ,7917. o'l'hus,

‘A = 38.37 or

37%22'12%

. _Step 2. The sum of A and - -

B is 90.00°, so

B = 90.00 - 28 37°

= 51.63° or 519371487,

Step 3. Using the Pythagorean Theorem,
C= /('240.0)2+(190.0)

- from which

, ‘ : c = /UT,700 = 306.1 meters.,

Find the trigonometric funetions of an ‘angle whose _. —_—
terminal sses through the point (-3/7). ' .

7o solve a right triangle means to fin&,the lengths of its - . - -




-gectiontl view of a metal shaft with a

— - 4'.:2 A c
- red-end is shown in Pigure 2.8. Find the —
diameter of the ghaft BC and the slant length AB. ol
B
° ;
e A T
: — R - — -
3 c ’ B
. - 6.217 -
-, . ' ] : " Figure- 2.8 -
. : o _ _BD
o . ) Step 1. tan 157 = T3IT and
o B0 = (tan 15°)(6.217) o S
.= (.2679):(6.217) -
= 1.666 cm.
- Step 2. BC=2 - BH=2 -(1.666) = 3.332 cm Lo
] 1 . . o7
Step 3. sec 7715° = F%I‘I and AB= 7(§ec 1500? ',‘6'2 7)* —

= (1.035) (6.217)

= 6.436 cm.” L. -

e Exercise Set 4:‘

Assume that in each exercise 1-5, the fight

triangle has its parts labeled as

~_shown in Figure 2:9. Solve for the

:euining parts. .

1. ¢c=5i 2, ¢ =25¢m ,

. b=d4dm a=20cm; —
A = 30° 4. A=% | _ :
‘a=1km T |- ‘

a 3 b = 1.060/‘0“\ . AN .
/ \
= o R
B w rev /, Figure 2-9' \\
a= 390 mn
4 / j . |
=~ N ot
1] \\( -
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“— ' "7 -g. "AK "impedance” right triangle is used in
analyzing alternating current circuits.
. " In a particular circuit, X-=1655

angle 0. o
figure 2.10
-8, ‘;mlieations of Radian Measure. ( "\

The length c* arc 8 of a circle is l
- directly pro ~§%Ionaf to the measure
‘of the central angle 0 expressed in -
o radians . »his relationship is ex- _

pressed by the equation S = 6r where
° r is-the radius of the cvircle.

e Examples., - - - Fi:gure 2.11

5:1 Ah éf& length ofﬁ43.go cm corresponds to tﬁe

central angle of 250" . What is the radius? e

o ’ Step 1. Converting 250°
. \ to radians gives
- : o 4,363 radians.

Step 2. Substituting into
' . ; . . 8 ‘"‘et, ‘3.70
e T T = 4,363r. The
. : radius r =
%gﬁég = 10.02 cm, .

Figure 2.12

5.2 A road curves along the arc of a circle with a
radius of 400.0 meters and a central angle of 62°.
~ A steel cable costing $4.16 per meter is to be
placed on the curve of the road as a protective
barrier. How much will the cable cost?

step 1. 62° = 1.082 radions

‘ , Step 2. In"the formula S = 6r,
- T . s = (1.082) (400.0)




"7 79 - ———.-- _Step 3. The cost is 432.8 paters ° 1—3%

‘l‘/ 7 . o | -32-

[y . T -

1

= $1800.45 -

e . -~ much does it cost to make a - Figure 2.14

The j;ﬁt_é:ﬁl:ﬁ:iﬁﬁzgzrof—acirule in terms of  _
the radius r and the central angle 6 in radlans
is given b
9 Y A= ,er . / o,
R L ,

TTTe—— ’

Example. - ‘ T B

o : 5 3 A cone is formed by joining .
: the two“radii of a sector
of a circle together. How

cone from sheet metal costing

$12.50 per square meter if a sector hav1ng a

radius_of 25.00 centlmeters .and a central angle
" of 240° is used?

Step l. Convert 240o to 3. 927 radlans. - "f

Step 2.. The cone is made from a sector of area
S "**”—*“""——~“given«bv_A~=.7Q:_L T

— 7T A= 3+ (3.927) (25.007%°F 1277 en.

- Step 3. Convert 1227 om2 So square meters.

) | 1227 9“‘ 10,000 ?= 0.1227 m 7 o

/s . Step 4. The cast is 0. 1227/;2’ sl%;gﬂ $1.53.

° e
e ’ h °

-'  An object_moving on a circular path has an average angular
,velocitg w_(omega) defined to be the angular displacement
(] oy ¢h a body rotates divided by theé time t elapsed. °
Thﬂt i.' /&ryg e/to . *

7
/

The equaéion V=3 ° r relates average linear velocity V of ~.
/an objett moving along the arc of a clrcle of radius r with -
the avdfage angular velocity @ of the object.

Eyample.‘

/ 5.4 A stereo turntable with a diameter of 1/3 meter

, rotates at 78 rpm. Find the angular velocity @ < -
| in radians per second and the corresponding )

| linear velocity of. a point on the circumference

‘ of . the turntahle. , ' _ -




Step 1. 18 % 3{’%~ Lipih o g.17 rad/s
sec

To find linear velocity, substitute in

_Step 2.

-33-

=8 - r.

. V=

—— n

»

»

817

: xérgiaé Set 5
Find the unknow,n quantities listed in t:he table.

o

-‘ meter = 1.36 meters/s

f +{Angular Velocity & Time t | Cantral Angle 6
_ . ? rad/sec 20 se> 10¥ rad *
‘ ) S rad/sec . ? sec - 85 rad
l\ ) %/2 rad/sec 7 min 30 sec 7 rad
| _ LQQrIIoéi)ty"V’“ 1 ME_J-EL‘! & Radius— -
. "1 m/sec 40 rad/sec 6m
200 w/min % cadfsec _| 0.5
' ‘ * 6. 4.5 n/min . 1500 ‘rad/min Tmm
7.  Points 1’1 Py, and Py Iocacui at various poi.nts along

— - ! a radius of the £l as shown in the figure.

: Point P; on the perimeter is 25 cx from the center while -

P, and P7 &TS®

of the radiu distanca from the

cernter.

1£ the flywhesl rotates

at 300 revolutions per minute,

wvhat is the

4

velocity-

of each point :n centimeters

. per second? ° !




- costing $13.50 per square

When two pulleys are belted together, the ratio of the

Therarrovhead design represented P
in the figure was formed using

arcs of concentric circles of

radii 30 cy and 16 cm and

five consecutive radii 15° ‘

apart. The design is to

be made from sheet metal

meter.

s. What is the cost of material
to produce one arrowhead if
there is no scrap metal
loss dug'to recycling? |

. B
.b. " A metal bdrder costing
" $40 per meter is to M
surround the arrowhead
for decoration. What
is the cgjt of putting
a border on one
arrowhead? -

-

° - - —_—
' Figure 2.16

diameter of the largest pulley to the diameter of the
smallest pulley equals the ratio of the angular velocity
of the smallest pulley to the angular velocity of the

largest. 1i.e.--the larger the diameter of a pulley th
slower it must rotate. ‘DA/DB 5 B/VA :

If pulley B has a diameter of 35 cm and is rotating

clockwise at 18 revolutions per minute, what is the

angular velocity in radians per second and revolutions

per minute of pulley A which has a diameter of 98 cm?
- i -

.

figure'Z.f? . R

3 ' . -

of

10 ol




.VectOtsi- Geometric-ihterpreta;%on,

" from R to .S are equal if

~357'

[3

¢
: 4
Physics and engineering are concerned with guantities
that can be characterized by both magnitude and direc-
tion. Examples of these quantities, called vector quan- ' ‘
tities, are velocity and force, . i

The geometric representation of a vegtor quantity is a

directed line se t from a point P(x,,y,) to a'point .

Q(x 'Ys), written PQ, called a v r. Tﬁe point P f s
1s,éalied the initial point and “point ¢ is called -
thr. terminal point, 0 ’ o
vectors from P to Q and -

they have the same direc~
gépn §§g length, written: .
PQ = (See Pigure 2.18).
A single letter with an
arrow, denoted V, 4s also
used to symbolize a vector.

I1f the directed lige segment
BQ is vector K and = KB, R
then RS also represents

" . vector A. That is, a vector Figure 2.18H

quantity can be represented ¢
by any directed line segment,

regardless of its locat®on in the plane, as long as it
has a specific length and direction, !

The length of a vector is proportional to the magritude .
of the vector quantity it represents. The directgon of

a vector is the same as the direction of the vector .
quantity. ; f

Exampie. . .

6.1 A force F of 50 newtons is
‘being .exerted at an angle
“of 35° with the horizontal.
This vector quantity can
be reprggented by the
vector as shown in.
Figure 2.19




'
il

¢

-36- \
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Addition of two vectors can be accomplished in the plane
by a parallelogram method. The two vecdtors to be added
are pEacea so that their initial points coincide. [Form

a parallelogram having the Y

two vectors as adjacent t/;»\

sides. The diagonal of F AR ,
the parallelogram is' ~§5 .

the sum wector, : ' X
sometimes called the . ‘\\\~7§;?~.-§;;~ _
resuitant, written R. ' + B A

See Figure 2.20. 3\

Figure 2.20

”
-

A triangle method can be gsed to add twe vectors in the
plane. The initial point of '

one vector is placed at

A
the terminal point of .
the other. The resul- .
tant becomes the third . )
side of the triangle
formed with the two ®
given vectors as ad- °

> \B
R o
-
jacent sides. See lﬁaV’ir
Figure 2.21. . . :

Figure 2.21
Example.

6.2 A directed line segment from the initial point
I1,(-4,6) to the terminal point T;(3,9), call
it vector V}, is added to a second vector, Vj,
having I,(9,-6) and T,(4,0) as initial and
terminal“points, respéctively. The sum of Vi
and V, is the resultant vector R shown below
and found by the '

a. parallelogram method:
-~ §‘.'y

’p'-)

o

L 4




The initial point I
line segments used
the resultant vect
allelogram or triangle nethod.

N

-37-

b. trianqﬁe method:
-l
T R A4 Vi

4

+
l

Figure 2.23

Exercise Set 6

with one of the vectors in Figure 2.24.

a.

b.

11(-8,;5) T (<6,4) Iz(;6,f8) T, (0,-2).
1,(-2,00 Ty(-2,-3); Ip(9,-4) Tpl-2,-4)
1,(8,5) T,(0,-2); Ip(-9,-3) 7y (-1,-3)
I(-%8) Ty (<8N Ip(-9,-3) Tp1,-3)
11(-10:1)' Tl(f§,5); 12(-4'5) Tz(‘z,l)a
13(6,0) T3(3,8)

and terminal point T of direc
to define vectors are given.
or of the given vectors by the par-
Match the resultant

ted
Find

-

IR RN

Figure 2.24 /
492 .
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Vectors as Ordered Pairs. .

A vector in the plane is an ordered pair of real numbers,
written <x,y>. The first member is called the x-comgpnent e o
and the second is called the y-component.

A vector with an 1n1t1a1 poxnt Pl(xl,yl) and a terminal
point at Pp (xp,y) has the form <xz-xj, y2-y,>. If the

initial point is the origin (0,0), then the vector i-
written as €x,,¥,> . .
Examples.% 2 “g

7.1 The vectors represented
geometrically in figure
2.25 can be expressed

as
> X
A= <3,4 -
> o 3
B = <=5,2>
5
C = <2=~(-2), =-4-(-1)>
= <4’-3>.
Figure 2.25%
-
The direction of a vector V = <x,y> is the angle e foun
by solving the equation tan 6 = y/x. The magnitude of T
N &5 N
written Ivl, equals Vx° + y*. TN\
\ , ,
Examples. ) . \

7.2 A vector ¥ has an 1n1t1a1 poxnt P1(2\¥1)
nd a terminal point P
=<5 -2, =7-(-1 )> o% <3, 6> The \
direction of V is found by tan 6 = -6/3
which gives 6 = -63. 44°, The magnitude

B =y3% + (-6)° = /5.

7.3 The vector A= <0,-5> has a termbnal point
~at (0,-5Y. 1ts dxrectlon is 270

‘\\\
=vo% + (-5)¢ = s, T

-]

—
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A vector can be described by its magnitude and direction.
A vector with magnitude 15 and direction 57° is written
/ {ii/%l/) In- general, for @ vector V with direction ¢,
ivi, 6.

//////////;o express V= (lﬁl,e) in the component form <x,y>,

Figure 2.26 shows that

2

IV}- cos 0;

cos 6§ = x from which x
k)

. .8in & = X from which y = lV[’ sin 67 .
A : 7 FPigure 2.26

“Thus, (I1V1,6) ;,<lV| - cos 8, IV|* sin 6> = <X,y>.

Example. . 4

- " 7.4 A vector given by (30,7/15) has an-x-component
of 30 - cos 7/15 and a y-compunent of
30 - sin #/15. Thus, x = 30-(0.978) =.29.3
and y = 30°(0.208) = 6.24. Hence, (30,7r/15)
= <29.3 6.24>.

Two vectors A =<a a.> and B = <b,,b.> are equal if and
only if a; = bl an&' 2 b 1772

‘If cis any real number, cglled a scalar, and V = <x v,
then the product of cand V is a vector denoted by c
= C<X,y> = <CX,Cy>.

Fbr two vgctors A= <a1 a,> and =< /by >, the sum
wrlgten 1 ﬁ, is -the vectdr <a tb

Geometrically, A+ is the resultant Vector fé 3 b§

uSLng the parallelogram or triangle method to add K

]

Examples. )
7.5 For two vectors A = <=2,5>and B = <3,8>,

E : a. A+B= <=2,55 + <3,8 . .

<=2+3,5+8>

= <1,13>.

b. 3R + (-2)B = 3<-2,5> + (-2)<3,8>
= <=6,15> + <=6,-16>

= <=6+(=6),15 + (-16)>
; <=12,-1>,

. 1 -4
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Exercise Set 7'

1. Express each given vector in the componeht form.

- Write each component to the nearest hundredth. -

‘a. © (7,85°) b. (13.6,160°) c. (0.58,1/18)

Given that A = <3,4>, B has the %pitial peint I(-6,3)
d the terminal point T(7,-1), = <10,0>, and
= <-5,-4>, find the following. ’
> »> : -»> >

a. A+ C b. 3A+ B c. € +(-3)D
Express D from exercise 2. in the form (i1B1,9).

Two pool sharks, Harold III and Felix X, hit a ball
at exactly the same tife. Harold III hits the ball
NW with a force sufficient to give the ball a speed
“of 70.3 centimeters per second. Felix X hits the

- ball SW with a force sufficient to produce a speed
of 70.3 centimeters per second. What direction does,
the ball travel? How fast? Use the component
method of vector addition.

A picture hangs crookedly as shown in the figure.
The upward tensions in wires A and B are vector
quantities having magnitudes of 60 newtons and 45
newtons, respectively. - If Wire A makes an -angle of
140° with the horizontal, and Wire B an angle of

500, what are the components of A and B? Add the
Vertical components to find- the vertical force on the
nail. -7 N

-




8.
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~ngp§ter and,Qalculator Applications.

Some calculators (Hewlett-Packard 45 ahd 55, Texas )
Instrument SR-51, Monroe Beta 326, Sharp PC-1002) have '
the capability of converting vector representation from-

‘the magnitude - direction to the component form. If you

have such a calculator, do the following exercises.

Exercise Set 8

Convert each given vector to the component form.
"a.{6.00, 120°) b.(10.00, 45°) - c. (7Q0.00, 47/3)
d. (85.00, 3109) e.(67.00, 0°) ' )

I1f possible, use a calculator to add the followin§4‘ ) -
vectors. . . - -

a. (10,00, 25°)  (15.00, 150°)
b. (20.00, 205°) (8.00, 30°)

c. (100.00, 75°)  (120.00, 310°) 140.00, 9061-(85.00, 110°)




CHAPTER THREE

4

- - ' SYSTEMS OF LINEAR EQUATIONS

4'- 0.

el
5
-

1. Two Lineaf Equations in Two Unknowns

Two or more linear equations of the form ax + by = ¢
L considered together are called a system of equations.

Symbolically, - . .
a,x + hly =Cy .
ax + byy = ¢, \

is a system of two linear equations in the unknownis x and .

y where ayr bl, Cyr 3ys bz, and c, are constants.

"If an ordered pair (x,y) satisfies both equations of the
system, then it is called a solution to the system. To_ -
solve a system means to find its soiution(s).

Example. } -

1.1 1In the system 4x - 2y 14

. . LY '

3x + 5y = 4",

the ordered pair (3,-1) is & solution since™it
satisfiesiboth of the equations. On ‘the other
hand, (2,-3) satisfies the equation 4x - 2y = 14
but does not satisfy 3x + S5y = 4. Therefore,
(2,-3) i€ ot a solution of the .system.

2. SOIution'of a System by Graphing ' ;

-~

By graphing the equations of a system, it is possible to .
locate the point ©Of intersection of the two line-graphs-. E
A i f in ion is the graph of a golution of the
system. Keep in mind that-inaccuracies can ocgur in the
drawing, and reading of graphs to make this method of selvima
a system less appealigg“;bgn,other~methba§#to be presented -
later. - — -~~~ 7 -

it

o
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Examples.
2.1 Steps leading to the solution of the system
. ' 4x - Iy:= 3 :
T 2x + 6y = 19 are: -

- Steo 1. Graph the
egquations. : : ] _ .

/ a
Figure 3.1 - .
L Step 2. Project the point of intersection &f -~
«* the limer cato the x-axis and y-axis to I
° .. find the approximate values of x and vy, '
_ respectively.
Sten 3. The graﬁﬂical solution of the system is _
. E ___estimated to be (2.5,2.3). [Actually, .
. . the solution is (g.%)]
3 1
?-2 ix - iy = 2 ¢ o . (1) R
“ -6x + 2y = -8 . . . (2) : .
—’_—’Hl(/,
Stev 1. .Grarh the:gggggionsff"ff”” ‘Mﬁ ’ .
,_{fﬂﬂﬂ,###—~~*“**‘””'d Y 1) , :
e T ) s (2) ) .




“Use

the graphind method to solve the given system,

~Step 2. Both equations of the system'have the
same -line-graph.. The points of inter-
section are the line itself.

Step 3. Conclusion. The solution of the system
is the set of coordinates of all points
on- the line. ' The solution set is
infinite and the system is called

degendent. -

2/3 5s + 2t = 12. ., (1)

N 10s + 4t = 8 * * i

- Step 1. Graph the equations. ’
C:-, (2) B

\ ;;,5 ,' )
I\ \(1) A o

rigure 3.3

Step 2. The lines are parallel; thus thev have
no poinfs of intersection.

nl

Step 3. Conclusion. Without points of inter-
section, there cannot be common solutions
of both equations of the system. There-
fore, the system has no solutions and it~
is called inconsistent.

lg;ercise_ggt 1

2x + 3y = 5 2, 4x - 2y = 5

x+ y=1 2 5 y = -3 ’
{-Zm“+ n==a6 4. X + 4y = 8
laom - 2a = -5 3% =4 =2y

_ 50, ,,
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solving a System By Elimination--Addition or Subtraction Method

3.
Exact solutions of a system can be found by eliminating one
of the variables in order to get an equation in the other
— unknown. The examples to follow illustrate this elimination
procedure. ’ : : .
7 Q;amplesi 4 o :
__— \ 3.1 fE-22v=6...m : a3
BN o " 4E - 5V =1 . . . (2)
= | \\ '
. : TN Step 1. To eliminate the variable E, multiply
: A  the sides of (1) by 4, the sides of
. \\ (2) by 3, and subtract. -
" 4 times (1) is 12E - 8V = 24
, )
\ 3 times (2) is 12E - 15V = 3
7 " W =2lor V=3,
Step 2. Substitute V = 3 into either (1) or (2}
" and solve for E. : .
- 4E - 5(3) =1 of E =4
Step 3. ' Conclusion. The solution of the system
' o ‘is (E,V) = (4,3).
3.2 4R1 - R2 = 0. . o o (1)
2Ry =.5Rp . - . (2) )
Step 1. Multiply the sides of (2) by 10 to remove

-
»

the decimal coefficients and write (2) in
standara\form. .

(3)
(4)

4R1_ R2=0- . .

~

20Rl - 5R2 =0 . ..

. J :
.Step 2. Multiply (3) by 5 and subtract to eliminate

either R1 or R2'

i
o

ZORl - 5R2 =
%PRI - 5R2 =0

- 0=0




Ctep 3.

3.3 ‘s

és - 15t

Step 1.

1

i

- v

Solve each given system

12x -~ 4y = =22

Using Kirchoff's

S5x -~y =.3
4x + y =6
Ix + 2y =1

-42—

Conclusion.

éince both variables Ry

and R2 were eliminated resulting in a

true equation, the.system is dependent.

Therefore, the solution of the system
is the infinite set of ordered pairs
which satisfy either ecuation of the

system. °

5t

-

4
7

. . .
i}

(1)
(2)

Eliminate either s or t by multiplying
the sides of (1) by 3 and qubtractlng.

12

3 times (1) gives

Conclusion.

equation 0 =
w1th no solutions.

»
<

9s - 1§t

‘9s - 15t

-

7

Both variables
eliminated resulting in the
5. The system

Exercise Set 2

0

»

S

5 -

and t were
false
is 1ncon51stent

»

by the addition or subtraction method.

'2.

3s - 6t

s =~ 3t

.04x +4.06y

-

'

.2

|

Jdaws, the following eguations’°were set up

16
12

E

£

]

B

in volts).

to solve an electrical circuit.
= potential difference

2.2 ;G +

2 IC

(I = current in amperes
Solve for I

21

B

+ 2.8 T

n

and I

L

[ UUUOI
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- 4. Solving a System By Elimiﬁation--Substitution Method

e " This method is convenient to use if one variab%é in an
.equation of the system can-be easily expressed in terms of
the other variable. . .

'Examples. - Co-
- : 4.1 10x +.5y =22 . . . (1) T
= 8x+ y=1...2, ’ -
P ’ ! :' > ) /7 -
. -Step 1. Solve (2) for y .in terms of x—¢0 get

y = 1 -~ 8x. '

Step 2. Substitute'l - 8x for y inbeqdation (1
. = and solve for x.’ i

7 +10x + 5(1 - 8x)

- = 2
t - . .
" . ‘ -30x = -3 -
& - R x = f%’ 4 o
Step 3. Substitute x = f% into either (1) or’
(2) "and solve for y. —_—
' 10 (y5) + 5y'= 2 e ’
. o . 5y = 1 and y = %
| ' Step 4. Conclusion. The solution of the system
. . 1 1

: . - is\15 ' 5} l

]

Exercise Set 3

Solve by the substitution method.

(]
[ S

1. [8x - sy =-10 2. [ x -y =10 3. [2a —3p

L
]
\O

x - 3y =6 3% = 13y = 20 “l2a- b




! »

4. A chemist wants to calculate the atomic weight of
nitrogen and oxygen. He knows tﬁg*atomic weight of:
dinitrogen pentoxide N205 is 108 amu and the atomic

weight of nitrogen dioxide NO, is 46 amu. So he sets

. up thé system of equations:

2°N + 5°0 108

N + 2:0 = 46

Solve the system and fjind the:atomic weights of nitrogen
.and oxygen in atomic mass units (amu).

£l

Solving a System Using,Determinants——éramer‘s Rule

A determinant is a square array of numbers, called elements,
which symbolize the sum of certain products of these
elements. This sum is called the value 6f the determinant.
» determipant of order 2 is synmbolized and evaluated as
shown in the equation below. An element is a member of the
row indicated by the left digit of the subscript and it is
a member of the column indicated by the right digit. Thus,

a5y is in the second row, first column. |
.2" al]. alz _ a .a - a .a
a x 11 722 12 721
21 22
Examples. / h
. ‘ !
5.1 4 -3 ;.
) = 4(-1) - (-=3)(6) =714
6 -1} :
. °
5.2 0.8 ~1]-
= +(0.8)(6.5) - (-1)(-6) = -0.8.
- - ~6 6.5
The values of x -and y which satisfy the system
! alx’+ bly = Ccy o
azx + bzy =Cy

T R I A

are found -using

, given by:

determinants by a method called Cramer's rule

-

L]




afc,y Bl K a ¢y
- cy bz ) cib, - blEZ ;= a, © ; al;z - 3,
a, b1 alb2 -’bla2 ay bﬂ aibz - bla2
L a, ,b,Z & ) a, D,
-

Example.

5.3 ~Solving the system {hx - 5y =1 us’ .:-; Cramer's

6x + 10y = 5

-rule gives L :
1. -5 )
% = 5 10} , _ 1-10 - (~5) (5) 35 _ 1
Ll 4 -5 B g4-10- - (-5) (6) 0 2
6 10
|4 1
_ '6 5 - 4-5 - 1.6 _ 14 _ 1
Y= 7m0 70 70 5
\ : {1 1
\The solution of the system 1s {5 , §)-

\If either fractional value. of a variable using
Cramer's rule is of the'fofm %, the system is
dependent. If a value has éhe form %, where

a # 0, the system is inconsistent.

Exercise Set 4

1. Evaluate each order 2 de.erminant.

4

a. le3 30l b. 0 o0 c. -4 1

(=)
a7
.

(=)
-

(V8
[

10

2 1 |6 4 200

il
™ol =
o
.

[«

s
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Solve each system using Cramer's rule.

g

a. f2x-3y=5- b. 4x - 9y = 3 - ‘
x+ y =40 l2x + 3y =5

c. 2Zm - 5 =0 . d. d - 3e = 10
4m - n = 7 2d - 6e = 5

I ¢
LY

A boat can go 10 km down stream in 45 minutes and return in
75 minutes. How fast is the current traveiling?

._ A barge traveled 20 km downstream in 50 minutes. A speed-

boat takes the same time; to go upstream but takes only
15 minutes to go downstream. How fast are the current and
the two boats moving?, Lo . “

' . s

s

Three Linecr Eyuations in Three Unknowns
|3

A system of three linear equations in three unknowns X, Y.
and z has the standard form

\

\

N

ajx + byy + ¢z = 4

0
o7}

i
a X + b2y t ¢,z 2
ajx + b3y + CyZ = d3

A solution is an o deredjtriple (x,y,z) which satisfies
each equation. To 7olvqfa system means to find all of its \\\<

solutions., }

A

Example. - ~ | \\\
6.1 The ordef d triple (-2,1,5) is a solution of the

system || .

2x + 3y + z =4 )
X - 2y + 22 =6
|
| 5x + 3z =5
“because)x = -2, y=-1, and 2 = 5 satisfy'all
three eTuations. : ' ’

i
|
|
{
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7. Solviné a Systeh-tg}imination Method

An elimination procedure similar to the addition-subtraction
method of Section 3 can be  used to solve a system of three i
" linear equations. '

Example. ~ . I
- = --= - 7.1 The steps in solving the system

4x - y-2z=1 . .. (1)
.. (2)

it
wn

3.+ 2y + z
2x + 3y + 3z =10 . . . (3) are:

Step 1. Choose a pair of equations and eliminate
‘ one of the variables. felecting (1) ‘and
‘ (2), eliminate z by multiplying (2) by 2

and adding.

-~ -

N

. N 4x - y'- 2z = 1
, 6x + 4y + 2z = 10
; : 10x + 3y =11 . . . (4)
i i \ .
! / - Step 2. Select another pair of ‘equations, sav
. (2) and (3), and eliminate z by
‘/ , multiplying (2) by 3 and‘subtracting.

i 9x + 6y + 3z = 15

I\
[
o

i ' 2x + 3y + 3z

/ ' ' 7x + 3y ‘lk\

Sten 3. Solve the system of two equations (37\
and (5) by any convenient method of the
previous section. Subtracting (5) from ™~

]
wn
.

.
.

(4) eliminates y. N
10x + 3y = 11 | I
* 7x + 3y = 5
3x =6or x=2., y=-3.
| Step 4. Substitute x = 2 and y = -3 into an

original equation of the system and -
solve for z. Using equation (3),

2{(2) + 3(~3) + 3z = 10 or z = 5.




Step 5. Conclusion. The solution of the system -
is (21-315)0

. Exercise Set 5 N T

~ Solve the given systems.

1. 4x + 3y - 2z = 11 2. 4x + 2y o= =2
2x - 3y - 3z =5 X + 5y -z =1?
Sx + y- z =28 3y - 2z = -5

£

. 8. Solving a System Using Determinants--Cramer's Rule

A determinant of order 3 has the standard form of

a1 %2 A3 '
where the glements are real numbers.

The minor of an element aij (i =1,2,3, 3 =1,2,3), written
Mij"is the smaller determinant whose elements are formed
by eliminating the row and column in which a; . is a member.

The cofactor of an element aij is (-1)1+7-Mij.
—_ )
Example’

8.1 The minor of the element 5 in the determinant

4 2 -1 -
4 2

3 -4 5 is M23 = = -8 formed by
6 1

6 1 7

eliminating the second row (i = 2) and third
column (j = 3) of the given determinant.




w

8.2 The cofactor of the element

in the 4determinent

of 8.1 above iS’(41)2+3-M23 =

+

The value of 1 determinant of order 3 (or hiaher) is. found
by taking the sum of £he products of elements in any row

(or celumn) multiplied by their corresponding cofactors.
This procedure is sometimes called LaPlace's expansion after

the origimator.
'\Examﬁle.
8.3 Evaluate 4
2
5

Step 1. Select a row or column, say row 2, and
multiply the elements of this row by
their correspondina cofactors.

2-(-IT2+15'

2:(-1)-(-1)

-3- (-1 2*2.

-3 (-1)

-3+ (~1) *(-11)

Step 2. The value of the determinant is the sum
of the products 2 + (-18) + (-33)

Cramer's rule states that the value of each variable in a
system of three equations is the ratio of two order 3
deterfinants. The denominatcr is the determinant of
coefficients of the variables in the system,
is the coefficient detarminant in which the coefficients of
the vatiable being seolved for are replaced by the constants

of the eguations;

The numerator




Example.
8.4 Solve 3x
2X
’ X
Step 1.
:x:
y.‘:
Z =
Step 2. The

e
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Solve each system using Cramer's rule.

+ y-2z=1
+ 4y + 62 = 10
- .2y - 7z = -5 * using Cramer's ‘rule.
1l 1l -2
10 4 6 -
-5 -2 -7l _ 24 _ _,
3 1 =21 -12 7
- 2 4 6 /
1 -2 -7 /
3 1 -2 N
2 10 6 ' '
l -5 -71 _ =60 _ ¢
-12 B -12
3 1l 1l
2 4 10
1. -2 -sl_ 12 _
-12 - =12
solution is (-2,5,-1).
- Exercise Set 6
1. 4x - 3y + z =1 2. 3R1 - 2R2 + 4R3 = -3
2x + 3y - 4; = -4 6R1 + 3R2 - 2R3 = 8
X - y+22=5 2R2 - SR3 = 4

60
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Computer and Calculator Applications _7' U

There are many calculator and computer programs which aid

in the solution of systems of equations. There are two types

of programs. One will evaluate determinants for solution of
the equations by Cramer's rule. The other type solves the.

:gystem by giving the values of the variables when you enter

the coefficients and right-side constants.

s

‘ Exercise Set 7

1. Use the program "DET" to evaluate the determinants
necessary to solve the following system-of equations
by Cramer's rule.

*

]
o

X+y+z2
2x - 5y - 3z = 10 o

4x + 8y + 2z

]
-

2. Use the progfam "SIMEQU" to find the solutions to the
following system of equations.”,
Ix + 2y - 22 =1

A X+ y + 4z =13

it
[}

2x - 3y + 4z
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‘ CHAPTER FOUR

! QUADRATIC EQUATIONS -

s

1. Quadratic Functions in One Unknown.

A function f(x) is calied g uadratic function of x if it vy
assumes the form f(x) = ax© + bx + c where a, b, and ¢ are
constants,and a # 0. ) —

- Examples. o ..
1.1 The functiong £(x) = 3x° + 6x + 1, g(t) = -at?,
and h(s) = s - 3s are quadratic.

. : . .
1.2 The functions f(x) = 3x -4 and g(t) = 4t3 - 0.5t
are not quadratic functions.

12

The graph of a adratic function f(x) = ax2 + bx + ¢ is

the set of all p01n55 whose coordinates (x,y) satisfy

the equation y = ax“® + bx + c. It is customary to graph

a few selected solutions of this equation and join these

points with a smooth curve to arrive at the graph of the i

- function. . o
Example. ' .

2

- 1.3 Graph the function y = 2x° + x - 15. l e

‘Step 1. Using>a table and given values of x,
find the corresponding values of y

lcaloaloal ol ol o]l

3
Ty ] 13 | 0 | -9 ‘ -14 | -15 1 -12 | -5 l 6 | 21

Step 2. From the table, list solutions of the _

- given equation: (-4,13) (-3,0) (-2,-9) :
(-1I-14) (01-15) (11_12) (21-5) (316)

(4,21). \

a




. H . ‘ = ‘/

9

Step 3. Graph the solutions in Step 2.

,“ . ‘ i o : o
-pr
— . s —
e ~ -
_ T :
= i e —l > i — r'e o — o 4’ X )
— 5 ’ e '
e ' B
- P \ 4
=% A - [ ] "
~
¢ . * -
- - . ) Figure 4.1

Step 4. Join the points with a smooth curve.

1Y ‘

Figure 4.2

Exercise Set 1

1. Using graph paper, sketch the graph of each given function.

a. y= x2 + 3x - 4 b. f(x) = -2x2 - x - 15

c. y= x2 - 6x + 8

00
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2. Roots and Zeros. - .

rd
~If a quadratic function f(x) = ax2 + bx -+ c is set equal
’ ~ to some value, say d, then the solution (s) of the re--
— .7 sulting équation d = ax2 + bx' + ¢ are called roots of the. .
' ' equation. _ \ )

Examples.

r

2.1 If the function f(x) = x% - x - GDis set
egual to 6, then the solutions of 6 =
x2 - x - 6, namely x = -3 and x = 4, are

roots of 6 = x2 - x - 6. 5

Graphically, the roots can be found by tak-
ing the x-coordinates of the intersection
points of the graphs of y = x2 - x - 6 and
y = 6. (See Figure 4.3).

- LY

3
4
L J
b
p

Figure 4.3

2.2 If the function £(x) = xz-- x - 6 is set equal
to -7, the equation -7 = x2 - x - 6 has no
real roots since the graphs of y =x2 -x - 6
and y = -7 do.not intersect. (Sée Figure 4.3).

I1f a quadratic function £(x) = ax2 + bx + ¢ is sgt equal to
zero, then the solution(s) of the equation 0='ax® + bx + c are
called zeros of the function. ’

‘n

R
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Examples. ‘

If the function f£(x) = 2x2 + x - 10 is set
qual to zero, then the solutions of. 0 =

x - 10, namely -2.5 and 2, are zeros
of the function.

\
Graphically, the zeros are the x-coordinates
of the points of 1ntersgct10n of the x-axis
and the graph of y = 2x¢ + x - 10. (See
fiqure 4. 4) . ’

Pigure 4.4 -
The,zeEO/df/f?;) = x2 - 4x + 4 is x = 2;
-the solution or root of 0 = x2 - 4x + 4

is x = 2.

Firure 1.5




Exerciseé Set 2

1. Determine which of the given values of the variable
| are roots of the given equation. . .
A Eeh
\a. 3 = xz.- 3x - 7; x =0, -2, 3, 5 '
. b 12 = 3t%;t = -6, =2, 2, 7 :
| - . -

c. 20=4x>-/5x+5 x=-3,0,1,/5

27 Determine which of the given values of the variable
are zeros of the given function.

2

.. a. f£(x) = 4x? - 20x; x = 375, -5, 0
b. g(t) =5t - 20¢; £ =-3,'1, 2,0
c. p(s) = 3s'2 + 11s - 4; s = -4, 6, 1 2 ‘

'3‘t
+ 7x ~ 4 graphicallyw

Ed
©

3. Find the zeros of f(x) = 2x2

[ 4

1

3. Finding Zergs of a Quadratic Function.

]

The present,section deals with finding the roots,of the
gquation ax” +'bx + ¢C = 0 (or zeros of f(xy = ax” + bx + Ci
* *‘they are ‘the same) s~ Consider this equation to be the

standard form of a uvadratic equation_in x. To solve a
quddratic equation ?E to find,ihs roots.

A quadratic equation can be solved By graghin%. Locate
the points where the graph of the equation in ersects the
x—-axis. These poiQ;§p+%have céordinates of the form
(x,0) where x is a ot. .\

Example. ) C : \

3.1 Solve ixz + x-10 =0 by graphing[

Step 1. Graph the function v‘; 2x2 + x - 10.

7 Figure 4.6
| 6

.




Step 2. -The roots oé‘zx?}- x - 10 = 0 are _
.. the: x~intercepts: of the graph, namely ’
x = =2 and: x = 2’,5).

¢ A factboring metliod can be: "§io- solve a quadratic equa—
. tion whenever the expression ax< + bx + ¢ is factorable.
- Write tha-equnt&nm«tnnsbandknd?funm...Facton:ﬁha=qunﬂ:a-
| tic side and set éach.flactor equal to zerc. Solving:——
\ . these new equations inc. vidually resuits: in the zeros:of
SN the quadratic function ‘and' the roots: of the original =~ ~
: equation. _— .

Examples.
3.2 Solve 2t2 = t + 10. - .

@ Step 1. Wrgte the equation in standard form,

v Step 2. ‘Raétor the left side and set each
_factor equal to zero. Solve the ..
resulting. equations. - ‘

-+ . (2t - S){t + 2) = 0"
- ’ 2t -5=0o0rt+2=20
e t=fort=-2

~w

i
!

T \ Step 3. The rocts of 2t2 = t + 10 are % i
, and -2, :

3.3 solve 4t% = 9¢.  ~ |
Step 1. Stgndard form of the equation is !
’ 4t - 9t = 0. 2 o I

Step 2. te(4t - 9) =0 /

t=0pord4t-9=0 ° . o

t=0oxr t= %

Step 3. The roots of‘%tz =9t are t = 0
and t.= 9/4. o

-
If a quadratic equation cannot be solved by factoring,
. a second method known as completing the sguare method
_ car be used. The procedure 1is ustratea by examrple.

6" !




-

Example.
3.4 Solve' 2x

Step 1.

t Step 2.

Step 3.

Step 4.

Step 5. .

2

a L]
L4 -

' .
+ Si = 12 by completing the square.

Write the equation in.standard form
and divide both sides of the _equa-.
tion by the coefficient of X if it
is not one:

2x% + 5x - 12 = 0

x2+%x-6=0 .
Mdve the constant to the right ‘side
to get x< + %x = 6. ° )
.'

Square 1 of the coefficient of x and’
add the“result to both sides. That
is, add. (1 . 5,2 _ 25 to both sides.

2 2 Té ¢

SRS AR AR :
The left side trinomial is the square
of the binomial whose i’rst term is

x and whose second term is.l/2 of the
coefficient| of the x-term in the )
trinomial. The equation can now be
written as : 121

x+ =T -

Take the square roots of the sides
and solve the resulting equations
for x.

5 _ ¢+ 11
X+-a'— T -
5 11 5 11
Thus, x + z.=~i- or x i T from
which x = 3 or x ="-4.
2
2 3
The roots of 2x° + 5x = 12 are X = 3
and x = -4, T

I‘/
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If the quadratic equation ax2 + bx + ¢ =0 is solved by
completing the square, the roots are found to be

-b + - 4ac _=-b - Jgi - 4ac

-X = Ja and x = 323 ’

usually written as

- 12
) o =bt/b°- dac
Za '

" This equation i§ palled the quadratic. formula.

\

The roots of a quadratic egquation can be found by iden-
tifying the values of the constants a, b, and c¢ from the
dtandard form, substituting these values into the qua-
dratic formula, and simplifying.

Examples. ' \
3.5 Solve 2% =1-12 using the buadlatic for-
mula.

Step 1. Write the equation in standard form
and determir.e the values of a, b,
and c.

2

2 + x-1=0; a=2b=1c¢c= -1

Step 2. Substitute a™= 2, b =1, and c = -1
into the quadratic formula and sim-

plify.
« = -1 t /12 - 4.(2)-(-1)
\ 2 2
_-1* _-a1t3_ -1-3
X = = — =
4
or -1+ 3
4
X = -1 or i.
Step 3. The roots of 2x2 =1-x are x = -1
1
ané X = 5.

69 . |

e =

-



3.6

Four 2 decimeter squares are cut from the cor-
ners of a rectangular piecgt of sheef metal
that is Y decimeters longgr than it is wide.

A tray having a volume of 156 cubic deci-
meters i§ formed by bending up the sides and
soldering the seams. at are the dimen-
sions ofithe piece of ee7 metal?

Figure 4.7[ /
.A labeled diagram of the. piece bf
metal may provide insight into the
' translation of| the problem inty an
| equation form. ’ ’

Step 1.

1
1
|
{
|

I \ !
!

l

™
'
'
N
/

£
1
>,
e
£

\ . x+3 .
| ; » l
f—— x + 7 --- '
Figure 4.8 ]

|
Step 2. fhe volume of the tray is ﬁhe product
f its length, width, and depth.
hus, 156 = (x + 3)«{x\- 4)-2

\ \ " ¢
I
\1 ' :

| |




l.

3.

\

‘The formula d = Vot + 1/2gt

.

Step 3. Simplifying the equation from step 2
gives 2

Step 4. Substitutinga =1, b = -1, and
c = -90 into the gquadratic formula,

1t /T =T =30)
x= 7 . 1

_1t /3T _1t 19
2 2

The roots are 10 and -9.

Step 5. The width of the'piece of metal is
10 decimeters and the -length is 17
decimeters. °

1
w

Exercise Set 3 -

Solve the gquadratic eguations in exercises 1 - 4 by the
method suggested.

Graphing Method:

a. x2 + 4x = 0 . b. 6x2 + 1lx = 7

Factoring Method:

a. x2 -3x =0 b. t2 = 6t - 8

c. 2x2 =x + 10 d. 6x2 + 7x = 20
Completing the Square Method: ' '

a. 2y’ =4-T b. x2 = 2/T0x - 10 :
Quadratic Formula: |

a. 382 g =4 b. Smé - 3m - 5 = 0

2 gives the distance (d)
from a starting point after a time (t) of a1 object
which falls with an initial velocity (Vy), under the
accleration of gravity (g = 9.8 meters/second/second) .
If a woman is pushed with a velocity of 2 meters/sec

1 -




from the window of her flaming hotel bedroom (25
meters from the ground), how long will it take her
to hit ground?

Dizzy Dean pitches with a velocity of 20 meters per
second. His hand is 2.2 meters above ground when
the ball leaves 1t at an angle of 30° to the hori-
zontal. ’

a. Find the times when the ball is 4 meters above
the ground.

b. Find the time when the ball is 1 meter above
the ground.

c. Why is there only one answer to b?

Hint: Use the quadratlc equatlon y = (Voctan o)t

- 1/2gt¢ + y,, where t is time in seconds, y is the
height above ground in meters, y, is the distance
from the point of prOJectlon to a zero point, 0 is
the angle from the’ horlzonEal, and g is the accelera-
tion of gravity, 9.8 m/sec

f(t2)= y =f (tlr

Yo

ground level

figure 4.9

a. Find the radius r of the circle shown in
figure 4.10.

b. Find the length of the arc of the circle from
point A to point B on the circumference.

12 cm-»
Fiqgure 4.10 0




CHAPTER FIVE
COMPLEX NUMBERS - IMAGINARY ROOTS OF QUADRATIC EQUATIONS

C'g lex Numbers -

No negative number has a real number as its square root.
Equivalentliy, no real number sguared is a negative real
numbey. Therefare, a new system of numbers, called gom~
plex numbers, if introduced to remove this deficiency.

The sympol j is defined to be the imagin unit having
the \;/a'r%perty that 3¢ = =1, It follows in ﬁm‘ﬁ‘wely, that
J = =L e .

Any number which caa be expressed in the form a + bj

where a and b are real numbers is called a c lex num-
ber. The ‘a' part is called the ml part an E YBj T is

called the imaginary part.

The real number 2* is a complex number of the form a + 0j.
Thus, any real number is a complex number whose imaginary
part is 0j.

A pure imagin number is a eomplex number of the form
0 ¥+ bj or, more simpIy, bj.

An imaginary number is a complex number where b # 0.

Exa‘mle& -

1.1 The complex number -4 - 8j is an imaginary
number whose real part is -4 and whose
imaginary part is ~8j.

1.2 The real numbers (0 and 13 are complex num-
bers of the form 0 + 0j and 13 + 0],
respectively-. —

1.3 The imaginary number 7i is a pure imaginary
pumber (a = 0).

1.4 The diagram below illustrates the relation-
ship among complex numbers.
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. Complex Nrmbers (a + bj)

? -

Real Numbers (b = 0)
(3, <9, vI3, 3, 8.5, etc.) (3 - 2j, 35, 5 + V33, etc.)

i

Pure Imaginary (a =0)"
. 1. .
(63, ~3 +/53, etc.)‘

Figure 5.1

The square roots of negative numbers can be representea
in terms of j. If p is a positive number, then the
square roots of the negative number -p-are given by

VF = VB + 3.and VB = V5.3

The expression vp . j is called the principal square root
of -p. When finding the square rooE of a negative num-
ber, express the principal square root unless specified
otherwise.

Examples.

1.5 The two square roots of -25 are 5j and -5j«
The principal square root of -25 is 5j.

1.6 The square roots of -1 are j and -j, with j
the principal square roct. ’

1.7 V=17 =VIT7;.

3

éxercise‘Set 1

1. State whether the given number is a real number or
an imaginary number. If it is imaginary, indicate
if it is a pure imaginary number.

a. V-9 b. 3 - 8j c. A9 d. 3 -5
e. 5+y-4 £f. O g. -5j h., V(-7)

-

Imaginary Numbers (b # 0) *

e

y
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2. Write the given numbers in the form a + bj.

a. /-TO0  b. 3-/-%% c. 5§+ /73

Operations Involving Complex Numbers.

Equality of two complex numbers a + bj and c-+ dj is
defined as a + bj = ¢ + dj if and only if a = ¢ and
b = d. For example, x + yj = 3 - /Bj implies that x
=3 andy= -/5.

Operations om ?lex Numbexs. If a + bj and c + dj
are complex numbers, then

i.) (a+Dbj)+ (c+aj3) =
(@a+c) + (b¥% A eoceceresess.. addition

ii.) (a + bj) - (c + 43)

(a-¢c) + (b=d)J .ceeececeesses.. subtraction

-

*ijii.) (a+ bj) ° (c + aj) =’

(ac - bd) + (ad + bc)jeeeeeqese... multiplication

iv.) a:b; =.ac_:.1l3§_'.g_:__g.g’.=

ac + bd bec - ad . ' e e s
-5+ Jeeessseessessss division
c” + d c” + a

Examples.
2.1 (3 + 4j') + (i--l» 123) =
(3+ 3 + (4+ 125 = 35 + 163

2.2 (-3 + 43) - (6 - 2j) =

(-3 -6) + (4 - (=2))3 = -9 + 63
2.3 (-2 + 33) * (-5 - §) =

10 + 2§ - 155 - 332 =~

10 - 3(~1) + 2 - 155 =

13 - 13j

* Multiply as two 'binomials with j~2 = =1,




2.4
*%2.5

2.6

€

2 . —

3 ¢ (2 + 133) = 65 + 395° =

65 + 39(-1) = -39°+ 6
\/:U'\/:5=l—8.j'/—5-j

V852 = VIS (-1) = V3T = -¥T0

4 - 63 _
53

:
. -

1

|

1

|

203 + 303 _ =30 - 20j _
_2532 25 i
-6 _ 4. B
< -5 |
"3-4j_3-43 6+ _ §
=3 " 6<3 "6+ i
18 + 3j - 24j - 43° _
36 - 32
(18 + 4) - 215 _»22 _ 21. ) —

37737 : .

V=T - (3-43) + (4 +3)(-6 - 2j) =

2

-25 - 3+ 45 + (-24) - 8§ - 65 - 23° =

-3 - 24 -2(-1) - 2§ + 45 - 8§ - 63 =.

-25 -12j

~

Exercise Set 2

Perform the indicated operations and simplify.

1. (3 = 5j) = (-.7 + 33) 2. V-4 + V=36 - (3 + j) i -
3. /5 -y 4. (6 -3) ¢ (4+ 33) )
5. V=25 : 5j 6. 3 - 8j ’
1)
7. .6 - 43 8, V=25 - (2 - j) (-4 + 3)
3 + 2; ,
** It is important that imaginary numbers be expressed

in the standard complex form a + bj (whenever b # 0)

before operations are performed.




3. Imaginary Solutions_of guadfatic §gu#tion§.

The expression b2 - 4ac in the quadratic formula is
called the discriminant, If

b2 - 4ac > 0, then the xoots are real, unequal;

b2 - dac = 0, the roots are real, equal;

b2 - 4ac < 0, the roots are imaginary.

As stated above, if b2 ~ 4ac < 0, then the solutions of

a quadratic equation are imaginary. When this occurs, the
factoring and graphing methods of finding solutions can-
not be used; however, completing the square and the quad-

ratic formula methods can be applied.
Example.
3.1 Solve x® = 8x - 20.

4

e

= = ’ aﬁa_’c.‘= 20.

Step 1. Standard form is x2 -8 +20=0

- —— 4

Step 2; Substituting into the quadratic
formula,

_=(-8) * J(-8)% - aq1) (20)
2 -1

gtﬂ
2

_ 8% 43
2 .

=4 % 25,

Step 3. The roots of x2 = Bx - 20 are
T 4 + 25 and 4 - 2j.

Exercise Set 3

Solve the following equations which have imaginary solutions.
1. x2+1=0 2. x°=6x- 10

3. x% - Bx = =25 4. 36x% - 36x + 13 =

77




CHAPTER SIX

EQUATIONS CONTAINING FRACTIONS

Rational Expressions. -

-

A lynomial is the sum of products of real numbers and

nonnegative integral powers of the variable(=). In '

general, a polynomial in one variable has *ne form ~
AN

a a ces
n’ “n-1' °*°’* "o

n

n-1

n .
ax +4+ a + eoe + X +
~n-1x cee a, ao where

)

a_are real numbers and n is an integer,

n > 0. .
Examples. .
1.1 The algebraic expressions x2 - 3x + 4,
7x - 2 x4, 34, and x are polynomials in
one variable.
A 1 x + 2
1.2 The expressions /3x, 3, and - ——v are not

A rational expression is the quotient of two polynomials
where

polynomials.

e denominator is non-zero.

Examples.

1.3 Rational expressions and excluded value(s)

:0of the variable for which the denominator

is zero are

3x + 5 - 4t
a. ——gr X#6 b. (t # =3,4)
x = o £4 - ¢ - 12
¢
2 3x2 - 2

x° - 4x + 7
c. < , x# 0 d. N

.

A fraction will be considered in lowest terms when the

numerator and denominator have no common Tactor other

than 1 or -1. To remdve common factors, factor both

numerator and denominator and apply the Funaamental = e
. p p i —




~

. the reduced form a/b.

_Reduce each fraction to lowest terms and state the ex-

-73- . | -

Principal of Fractions, which states

iaia; b, and c are rqal numbers with b # 0 and
c # 0, then ‘

|
|
i
|

~ a-.c_a
b -c b

3

The common fhct6r<c can be removed (cancelled) to give

2

.Exaﬂples- ‘
3 2 . . ' . 2 o’
1.4 5x7y" _ 3 - A x* Yt.ﬁ 3x%; x # 0,y # 0. -

iw Sxy2 B ;{J;4K "yz

- -2
-m” - 5m ~ 6 _ (m - 6) _m- 6 _
13 = -{Q%g—(m-m'm# 1,1

L 2106425 _ (ST +5) _ _t+ T
* 3 2 = T(E+> (2t -~ 3) t(2t - 3’

2t7 + 7t - 15t

t # 0, -5, %

Exercise Set 1

cluded value(s) of thQ variable for which the denomina-
tor is Zzero.

1. -12x* : - R
x2 S
X X - X
2 2
3. RO+ B8R+ 12 4, 6t% - 13t + 6
R2 - 36 3t2 +10t-8 - T B

Operations Involving Rational Expressions.

If M, N, P, and Q represent polynomials, then rational
expressions of the form M/N and P/Q can be multiplied
according to ]

% = %-——— where N an@ Q are not 2zero.

P
+Q

ZI=

79



—— ~The product should be written in lovest terms.
| .
g%vision is performed using the rule

. . M.Q._ M _ P _M:- o
, \\ﬁ - ﬁ77{} where N, Q, and P are not zero.

Thé guotient should be expressed in lowest terms.

\Examples.* '
T 2L x> 1 4x
_ - ' '\ 3 2x2 - 2x 3 -(2x2 - 2x)
\\ _ 2-2’-)(-x2 _ 2x°
\ T3 Zyxlx -1 3x-1)
- , | ,
Lg.p X2 -25  __12x -8 _ _(x°=-.25-(12x - 8)
: 3x - 2 2 B

x" - 2x - 35 (3% - 2)-(x2 - 2x - 35)

= {x - 5)( ~4-(3x~7) _ 4(x - 5)
\ 3 ) (x=- N {x35) ' x -7

\ : v
) 2 3‘{ gpz = 393 + 9})2 + 6£ — )
"V 2p - 4~ pZ -4
\
= gpz . pz - 4 :
2p - 4 3p3 + Qp? + 6p.

SIS

9p? . (p2 - 4 ;

(2p - 4) (3p° + 9p° + 6p)

1 3a2pope M ,
: Nﬁi 37 (p +1)
T
) S22+ D

¥ ‘
zﬁfThroughougithe remainder of the chapter, assume that
A values of ‘variables for which denominators are zero

7 have been excluded.

r™




t
f

P~ M, P _M+P _.o M_P._

Exercise Set 2 s

perform the indicated operations and express the result

in lowest terms.

2 _ 37 x*+6x+09

3x° -
1. 5 ¢ 3
. X X
\ 2 ' 3
2 -1 -2 -12T .
2. 2 7 x
4T 37% - 27 - 8
3 (2% + 16) . X + 3
* 3x + 9 X + 8
- sx® 15x x2 + 4x + 4.
2 -4 x2+3x-10 2%+ 9x -5

Additicn and subtraction of two ratignal expressions
which have a commcn denominator is gfiven by the rules

RS S N~ F~- N
. .L///,

seldom are the denominators the same however. When two

different denominators are involved, a common denominator —

must be found, or better yet, the least. common denomina-

tor (abbreviated L.C.D.) should be foun3§ ’ .

To find the L.C:D., factor the denominators of thé‘f:ac-

tions to be added or subtracted. Choose each factor the
greatest number of times it occurs in any one denominator

to he part of the L.C.D.
Once the L.C.D. has been determined, the fractions to be

added
sary,

they will hav
The addition or subtraction operation ca

ed following the ;ules-stated above.

Examples.
’ L 4

or subtracted will be changed in form, if neces-
using the Fundamental Principle of Frpactions so that

e the same denominator, namely, the L.C.D.
n now be perform-

~
-~

2.4 1f two denominators are 4x2'— 64 and 10x2'- 80x
+ 160, the L.C.D. is .found by

81 . —




'S

/

'séep 1. Factoring beth denominators com-
pletely.

4% - 64 = 22+ (x < 4) (x + 4)

10x% - -80x + 160 = 2°5(x ~ 4)2

Step 2. Each type of factor present, from ~—
step 1L, myst be a factor in the L.C.D. . .
Thus, the L.C.D. has the factors
~2, 5, x~- 4, and x + 4.
Step 3. Each factor in L.C.D, must occur the o
great er number of times it occurred
in either denominator, Therefore the
L.C.D. = 22-5.(x - 4)2-(x+ 4).

5x - 2 _ 3

8x2 36x3 ‘

2.5 S+wbtract:

Step 1. The denominators are not the_same.
" They,cag be factored as 23.x2 and -
22.32.%3 o give a L.C.D. of
23.32.%3 or 72x3. N\ -t

Step 2. By the Fundamental Principle, the
fractions are expressed in an
equivalent form having the L.C.D.:

2 a8
(5% = 2)+3%ex 3 -2

8x27- 32-x 36x3 « 2

Step 3. The fractions can now be subtracted
: to give:

ﬁ§§'- 2)*9x - 6. '
LQC.DQ f ] .

Step 4. Simplifying, the difference:is

- 45x2 - l@x - 6 =.3’(15x2

- 6x - 2)
72%° Z . 24x°
_ 15%% - 6x -2
' 24x°




P

3.

-77- !
e o ‘ ;"
. 3n 2n - 1 1 i
1.6' + - - N
EZE- 2n - 3 E77+ 2n + 1 ;?7+ n \

‘3n + 2n - 1 1
m - 3)(n + 1) (n + 1)2 nin + })

: ) /
(L.C.D. = n(n + 1)7(n = 3))

3n * n{(n + 1) + 2n -ll « n{n - 3)
- 3+ 1ah+ (n + 1)2ne (n - 3)

' _ 1 e(n - 3)(n + 1)
A+ -n-3(n+ 1)
;
3n.n*(n + +(2n - 1)-n-(n - ﬂ-m-—n(n+14
L.C.D.

5n3 - 5n2 + 5n + 3 -

n(n + l)zkn - 3)

Exercise Set 3

pPerform the indicated addition or subtraction and express
_the result in lowest terms. ‘

2 .

X 4 : 1 1 1

l. - 2. - + —_— =
2 -4 x -4 Ry R Ry c

3 £ 32 - v 1 - 22y

t+ 4 27’_ 16 z, .+ 2,

’ 7 1 L 3x - 4 X

5. 3 < 94x T 3 ve T )
(16x 36x x“ + 6x + 5 2x° - 2

Solﬁing Equations Containing Fractions.

In Lolving an equat.ion which contains fractions, multi-
ply both sides by the L.C.D. of all the deuominators in
the equation: This «7ill result .in an equivalent equa-
tion containing nc fractions.

TSRS R, B

. an i e e .
_ ]
_



!

for R.

is R Rl . Ri.

\

\

The L.C.D. of the fractions in the

Mul%iply botn sides of the equation
C.D. an cancel where

\\

)(R zﬂ—R}/qu+RRl%%&7

Examﬁles. \
3.1 éolve % = ﬁL + ﬁL
1 2
Step 1.
| equation
} Step 2.
: the L.
p0351ble.
Step 3.
~ Rl R2 = R
R
- Ry Ry _
Ry * Ry

3.2 Solve P =

R2 + R Rl

| =
l\RZ = R(R2 + Rl)

= R

)

(It i=s understood tbhat R,

1, R2 are
non-zero; R # R and R # R2 .)

Simplify and proceed to solve for \
the indicated unknown.

\

\

R S

g a ;-—f for d.
nr
v
Step 1. The L.C,D. of the fractions involved
is 2rr4d. '
)
Step 2. Multiply both sides by 2nr2d and
can.el each denominator.
2nrd - 5 2nrld o B - 24/%a - -—7
Step 3. Simplify and solve for d.

[
e

2 “

2rr°p = 21rr2

mzﬁ = 2nr2m

m-= m2d

- 2nr2p

d=2nﬁ§m-4>)

m

-

8&

!

|

|

|
hRs
) __P'_Fww‘

g./

N
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3.3 Solve 3 - 2 = i

J2-16 Y-4 ¥+

Step 1. The L.C.D. is (y - 4)(y + 4).

Step 2. Multiply the sides by (y - 4)(y + 4)
and reduce each fraction.

-M(y+4).m—2 : T
= 5 - AT *

- , Step 3. Simplify and solve for v.
3 -(y +4):2 = (y - 4)-4

3 ~-~2y - 8= 4y - 16

-6y = 11
.
. 6
3.4 The perimeter of the rectangle
saown in figure 6.1 is 18 . ¥
_centimeters. What is the 3
L length and width of the o x=1
- rectangle? ]
b
Step 1. By definition of 3x=7
perinmeter, - §
_ 15 3 Figure 6.1
18 = 2'-3-){——_—7- + 2 X—':—T.
Dividing both si<es by 6 simplifies
the equation tc
. 3 = ‘5 1
‘ 3x -47' - I
Step 2. Multlplylnq both sides by the L. C.D. I

(3x - 7)(x - 1) gives

3+(3%-7) (x=1) M(x-l,m.+ (3x-7)yxrf—
85; "*~.Ja
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Step 3. Simplifying yields 9x2 - 38x + 33 = 0.

Step 4. Letting a =9, b = -38, c = 33, and
substituting into the quadratic formula,

x = 38 * /1444 - 1188 = 38 * /256
- ) 18 18
=38 % 16
18 °
x =3 and x = 11
9
Step 5. Replacing x by 11/9 in the length .

15A3x - 7) results in a meaningless
value of -4.5. Letting x = 3, the
length is 7/2 centimeters and the
width is 3/2 centimeters.

Exercise Set 4

Solve the following equations containing fractions.

w l _w t+4_¢t -2
a. 7+3<73 b. g = T3 ¢

13 5 3 4 .
C. §T=UTR-1 d. 3 -3 =0

4F~ - 9 2F° = F = 3

The total resistance R in a set of parallel resistors
in a circuit with resistance rj (i f_}i#?' eeey D)

is -given by the—equation-

%=-r-1-+?1-+—1-+...-l-
1 2 I3 Tn

a. If there are three resistors in the circuit
(i.e. i = 1, 2, 3), solve for the total resis-  _ _.
tance R in terms of rys Iy and L. ey

b. What does R eggal.in‘téiﬁé'bf r, and r, if

" there -are three resistors r,, I, and %3 with

‘rz r3?

c. Two resistors r, = 900 ohms r, = 1000 ohms are

. arranged in paréllel. What ig the value of the
total resistance R?

¢

L 86




@. Wwhat is the total resistance R where r, = 900,
r, = 1000, and ry = 1000 ohms?
3. Find the length and width of the rectangle in'Figure
6.2 whose perimeter is 2 meters.

—
1
¥+3 p

—

- &

Figure 6.2 o
4. According tc the Doppler effect the observe& frequency
produced by a moving source is different from its :
actual frequency. i.e. the frequency that would

be observed if the object was stationary with res-
pect to its observer. (This is why the pitch of a
car horn sedms to change as a car passes by.)

For sound waves

’ v+w+ vo ] .
fo = m'fs where fs is the actual

frequency of the source, f_ is the observed frequency,
v is the velocity of sound in the medium, v_ «is the
velocity of the observer, v_ is the velocity of the
source, and w is the velocity of the wind. Sound ,
travels in air with a velocitv of 331 m/sec. A car
is traveling at 20 m/sec in the same direction as a

20' m/sec wind: _As the car appros hes, a stationary
opera singér (with > ch) thinks that the
car's horn is-sounding a middle C (256 cycle/sec).

- . __What is the actual frequency of the car's horn?

~

Py
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~ CHAPTER SEVEN -

EXPONENTIAL AND LOGARITHMIC EQUATIONS

» Exponential Form - Laws of Exponents.
Real numbcrs can be expressed as the product of a sin-
gle factor taken several times. For example, the num-
ber 16 equals the product of 4 twos or 16 = 2 = 2 +» 2 * 2,
To abbreviate this product and still be able to indicate
. the factor and the number of times it occurs, the num-
eral 24, is used. The factor 2 is called the base, the
4 is called the exponent or power, -and the complete form
24 is called an exponential form of 16. Exponentlal ‘
forms of 64 are 8 43 , and 2° while 8/27 = (2/3)3
-, ' . F
In general, for any real number x, the product x - x « x -
e.. * X » x = x? for n fattors of x. The number x is
called the base, n is called the exponent, ard x" is the
nth power of x.
Examples.
2 L
1.1 5°=5 +*5=25_.
1.2 (0.2)4 = (0.2):0.2)(0.2)(0.2) = 0.0016
1.3 81 =9 - 9 = 92
64 _ 4 . 4 .4 _ (4,3 .
14 =5 85°35~ (3
‘ - " "Exercise Set 1~
. 1. Write the number whose exponential form is gyiven.
N 4
a. 22 ‘4. (0.3)3 g. (3
< '
b. 53 ¢ ‘ﬁeeo 210 h. (47)
c. 10t e 1° i, (503
2. Write an exponential form for each of'fhe following.
a. 100 c. 36 e. 0.008
b. 16 d. ﬁ% K f. 10,000




,
E o
x

4

N - 1)
- ’ ii)
iii)
iv)
v)

vi)

are introduced.
m and n are positive integers.

a _m-r

(a

a
5

Examples.

1.5

1.6

-83-~

m+n
*a =a '

;a#o,m>n

= F-wm’arf0,n>m

E
m=*n -
= a’

n n n
ob) = a * b

0
2. b#0

n—
). - bn

In order that an exponential form of a number can be uséd
in ccvtain calculations, the following laws of exponents
Assume that a and b are real numbers;

(product of powers) -

(quotient of pbwers)-

(quotient of powers)

(power of a power)

(power of a product)

(power of a quotient)

The laws of exponents being illustrated gare

iven in parentheses in each example.
7 -

(4y)3 = 43 - ¢3 =

th?2 = e472 = 8

64y

-
W
]
o
A
w
o
Now
~
x

(i)
(v)
(iv)
(ii)

(vi)

(1ii)

(v)

(iv)




Exercise Set 2

Use the laws of exponents to perform,the indicated
operations and simplify. :

1. e’- 6. (-3 (-2)°
- 20 &t T 7. xh? o (sxh? -
3. t4 : t11 e. -y9 Ty - '
, 5,2 ‘ 8,2
. 24
5.3 2 2X
5. (w').” W 1., (-—5)
4 t
[ 4
2. Zero, Negative, and Fractional Exponents.
The e onential form.x© equals one for all monzero real
numbers X. That is X0 =01, x # 0.
Suppose n is a positive integer. Then -n is a négative'
integer and the exponential form X is defined by
- -n
B R = J;,,x # 0.
o X
‘The laws of exponents also apply to zero and negative
exponents.
Examples. ’ i
R R R I .
: - X L
by (rleh 2= h2 . wh
N I I R R ,
’ t
© -3 2 -3
2s (27232 _t
- =22 ;g &1
/ t
<

Gm

Exercise Set 3

-

Write the following ig simple form without zero or
negative exponents.

1. 57t "5, €° 9. (Lpea”t T -—14
. . x ~

30




2. 1072 6. x4 Lo, 160 15
g T
e ——T -6, 3. 473
3. 2- . — 11. X X X
15
' -3 -2,-2 3

4. 4 - 8. (5 7) 12, (2x )

T .
The lawi\of exponants, va11 for ratlgei} powers, show
that 25° = That is, 255 =2 = 25. Since
Ves /2'5‘\1 25 25 m. In general, :

1

o ﬁ"_= %{x where x = 0 and n is even.

———

( If m and n are integers and Q/x is a real number, then
o a rational power m/n has meaning ‘given by

. \) m 1lm ‘m
+ 7!

W= B = /A" and N T gzxm .

Note: Irrational exponeats will not be discussed because
there does nqQt seem to be a need. ’

_ Examples. ‘ -
®
: 2.4 16374 = 4183 = 23 = 8 or 1634
-ied - Ymms-8
2.5 2532 2 (/793 = 53 = 125 or /250
‘=\/T5','€2'5= 125
2.6 k2 ¥ 5) S ¥ { v
Cg g3 A1 11
) g5/3 3/8)5 ;5 37
2.8 (27a-3p6)"2/3 = 2772/3 . L (-3 (=2/3), | (6) (=2/3)
2 .
. 1 . 2 =4 a
3 = a“ * b =
,(’ 27773 9b 3
-3/2 -1/2 4 .. 6 4 65

2.9 14s + 6s =—372-+—172-=—37-2-+—172-—-

S S S S * s
_4 ., s '
;37’2 ’8'372'
I - 4+6s

S

o' ® 9.2

ad
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Exercise Set 4

Find the value of each expression.

1. a00¥/2 a2, 4372 3. 32177 4
5. 1003/2 6. M Y/2.5%/% unere M = 64,
&
7. ¢-2/3 .
¥:T75 where x = 81, y = 27
X e
8. (x2 -17)-1/2 where x = 9

. 167Y/2

N=15 =

\ Use the laws of ‘exponents to simplify and express the

results without negative exponents.

9. (£33 10. (8x “yH~Y3 | L
Taco=2(872 -2 2\-2 - T
11, (3B .12, (2= : .
36 v :

The Exponential Function y = b*.

Quantities which change (usually with time) are sometimes
getermined by an ex onential functior represented by
£(x) = bX or y = bX where b is a positive real number

different from one apd x is a rational number.
quantities are radium which decays in time, bacteria which

arow

Some such

in time, and bodies whode temperature varies accord- N

ing to the temperature of the surrounding medium. -

A solution of the equation y = b* is an ordered pcir (x,y)

which satisfies the equation. For example

y = 10¥ has solutions (0,1),A(1/2,xyT6
The set of all solutions of y = 10" is the
of the equation. .

The graph of, an expone itial functiop has two generai—

forms depending upon the value of the base
forms are illustrated in the graphs of Fi
The point - graphs of solutions for ratio

by a smooth curve.

®
I\

,. the eguation

), and (3,1000).

solution set -

. These
ure 7.1.
al x are joined

4




Figure 7.1

Example.

v 3.1 Plot the,graph of y = kS

Step 1. Gonstruct a table of values for
given values of x. '

Step 2. Plot the solutions of y = 4* taken
from the table of step 1. Join the
points with a smooth curve.




< - Exercise Set 5

Sketch the graph of each function for values_af X
between -3 and 3, ' :

.
!

- b4 i v
l, y =2 2., y = (%—)x 3. y= 2.5%
) ¢ . ! o
- . . . l/ ’
kogarithms - Properties of Logarithms.
In the exponential equation y = bx, the exponent x is g : /,//‘
called the logarithm of y to the base b, written ) -
X = 10gby (y > 0). . : -
Ex;mples.
4.1 Since 103 = 1000, 3 is the logarithm of 1000
to the base 10. . ’ S
4.2 1In the équation 16* = 2, I/471i8 the logarithm /
) of 2 to the base 16.
) 4.3 The value of 1095125 is 3 because 53 = 125,
- 4.4 The %ogarithmic'equation which means the same
as 4~ = 64 is log,64 = 3, ' ,
- Pl - /
4.5 log.*(1/5) = -1 since 57 = 1/5. B PR
9.3 _ , ’
4.6 -10988 = 9.3, - . /.

If the base b in the equation y = b* is 10, then y = 10%
and the logavithm of y to the base 10 is called a common

dgarithm, written lo . The numeral 10 designating the
%asg is omitted , i.e. Iogloy = 169 Y-~ .

Another base whigh'has widespread applications is the base

e, an irrational number with an approximate ‘value of 2.7182%.

THe logarithm of y to the base e, called a natural log-~

arithm, is written ln'y";i.e. logey = 1ln y. - e e

/ - P

Examples’. . .
4.7 1log 100 = 2 since 102 = 100, . ';;
4.8 log 0.0001 = -4 because 10~% = 0.0008_.. - L
49 lne=1 (el =e) and 1n 1= 0 ,(e° =1). N : B
- . ' - '
9, . —
¥ 2 . -
', \ ~ ) ]
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y B o
; 4.10 The-values of the following logarlthms are
. found using a calculator.
a. logg8.312 = 0.9197 ;
"b. 1ln 8,312 = 2:1177 L - '
¢c. log 0.5%3 =.-0,2815 ’ .
d. 'In g3§1i= 9.030° : )
—_— ' N B

| Exerc1se Set 6

1 -

1. Find the value of the logarlthm of the given number.

- a. log lOOp 'b. 10999 . C. 109232
1 ' 3
4. log; g3 o 189,5 £. 1lne”
_ v ) . . 1
. 9. loggl ‘h. log 0.1 i. logyyg
5. 1n 83 - ik. log 0.051 1. 1n4.35

|

2. Express eagh q;ve eguation in ‘the equlvalent :
logarithmic equatﬁon form. 1
. |
{

\
a. 1672 =4 b, 1070 =4 c. 6=

3. Express each give logarithmic equatiop in exponen- ,
’ tial equation form. f

o

—__a. logyd =2 _ b. 1n 8349 = 9.030 , .

i
<. log 10,000 = d. 1log 8.312 = 0.9197 ° //
'sir-  -logarithms are xponents, the properties of :
logarlthms listed beliw follow from the Taws of exponents, . /
i, logb(M-N) = 1ong + 1ogb . (logaritnm of a product) n
. T ¥ “— ) ' R \ '
ii. _logy % = long - log N  (logarithm of a quotient) e
. N ', Il ]
R . ) ¢ - [ N
iii. ld§gﬁu’= N - léqu ! (logarithm of a power)
, . - .- o

a ' -




>
[
=
[
(¢
Q
<0
3
|

= loggx +_1098y' . (1)

(ii)

F-N
[ ]
.—-l
W
.—-l
o
\
[ 6 . B—
'ﬁﬂﬁrw
!
.—-l
(o]
a
un
.—-l
(=]
.—-l
I
[
.—-l
.—-l
(o]
a
W
.—-l
(=]

(iii)

]

1/3 109248 ) (iii)

1/3 log, (16 * 3) -

(1) - —— ~

]

1/3(10q516_+ 10923)

1/3 * 4 + 1/3 1ogz§

= 4/3 + 1/3 * log,3. . -

t

§§ercisé Set 7

Express each given logarithm as a sum product, or multiple
of logarithms and simplify when possible.

1. log,27x 2. log, 3. 1092/64y3
X i :
} ‘ 3 .
4. 109 (5000 | 5. log q0.0003 6. logg 3

Application of Iogarxthms,n Solving Exponential Equations.

T

To solve an equation con%atﬂtﬂg—aﬁ—anknown exponent com-
moh “logarithms or matural logarithms are,/employed. 1In
this-way, the calculator can be used to evaluate the
logarithms of numbers..

/

/

~

——as

/ 9

&
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Examples.
5.1 Solve the equation 6% = 13%%,
Step 1. Take ‘the common IOgarlthm of both
sides.
) ‘ log 6"-4 = log 132x , -

Step 2. By the property of logarlthms (111),
(x-4)log 6 = 2x°log 13

® Step 3. Solving the equation from step 2 for
X,

X Log‘b =2X° 10g 13 = 4-loq 6

and

. ‘ = .. A4:l0g 6
-~ Tog 6 -zgffog 13-

Ster 4. Evaluating thé lééarithmic expressions,

. ) : xs—M%)mror x = =-2,147.

5.2 Solve the <equation 55 -~e° 08t

Step 1. Take the natural logarithm of both

sides.
\ 1n 55 = 1n 0:08¢
. Step 2. Since in(e* °8t>(= 0.08t, ’
' . . 1n 55
1n 55~- 0.08t ana t = N OR)

o~ Step—3+ Evaluating ln 55 to be 4.00 (pearest

hundredth) ,

4.01 '
t = .07 = 57,29,




Exercise Set 8 0

Solve the given -exponential equation. -

1. ¥ =7 2. 4% o g5

3. 10%%2 2 3 4. 75 = 31.e70-%0¢

'a

6. _The. thmic Function. ’

I1f the relationship between x and y in the exponential o
function y = b¥* is reversed, that isg, the value of the L
exponent logafithm function is formed. In generail,

vhenever y = bx, the logarithm function is x = loqby.

—since a functional relationship between two quantities is ~

__ independent of the variables used to represent—them;— — ~~~

the x and y are interchanged so that the general form -
of the logarithmic function is y = loqu. . ) _—

.S
A solution of the equation y = log x is an ordered pair
(x,y) which satisfies the equation. The equationy = logzx
. has solutions (1/4, -2), (1,00, (2,1), and-(64,6).. .
The graph of a logarithmic function, like that of the ex~
ponential function, is of two forms depending upon  the
base b. These forms appear in Figure 7 3. '

=P x

Figure 7.3. |




0 6.1 Plot the graph y = log,X.

Step 1. Construct a table ©of values for .
"given values of x.

x|{oli/9 f1/3}141319

x1 oJ1/9) 1731143719 .
y |*2|-2 ® lol1]2

— - -~~~ —* Not defined:” "

-

Step 2. Graph the solutions derived from the
. table in Step 1. Join the points
with a smooth curve.

r
b4
‘ ' . Figure 7.4
oo Exercise Set 9 . 4 , ‘ .
Sketch the graph of each function. )
T T 1.y =109, g% 2. y.= logyx T 3. y = logygt
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1, a. yes, y = 3x b. yes, y = 2x + 2 -
c. yes, y=2x+ 5 d. no _ . )
2. b. ¢c. e. E. B 3o — —
)
4. yes ' 5. yes _
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1. a. (5,-3} b. (%,_7) £
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Set 5 (Page 13)

1. a. 5 b. -5 S c. -3

‘d. 3 - e.2 £, -4

“g. /A1 h., /74 i. /3%

Set § (Page 16)

1 T 4
1- a. '3' bo 3 C. -3
- -120
d. 17
I T 2. yes 4. no 5. vés i
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6. §
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1. a. 2x - 15y = -59 b,y = 3x
c. x = -4 - o d. y=5
2. a. 3x - Y = 5 b. Y = -5
7 c. 4x - Ty = 13 d. 57x + L0y = 91.5 oo
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Set 8 (Page 21)

1l in . .
-2——0—2-'W'+51n

l1. L =

Sé@ 1 (Page 25)

&H 1. a. ‘}<f

-97- T
CHAPTER TWO ’
b.
$

<
S
/%L
e

- . .‘ e. %
= .9
" 24 a. 17.364° b05°3o'o- 47°21°'36" - -
3. a. 91°34'9" b. 16°28'55" c. 73°20°
&, 3°37°'25" e. 41°43'40" -
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get 2 (Page 26)

n
1. a. g

d. T% rev

g. 288°

Set 3 (Page 29)

1. a. 0.707

4. 2.000

9. 0
2. a. 30°, }50°
3. sin 6 = 4;;

Set 4 (Page 30)

., a=3m

B = 53.130° .
A = 36.870°

Set 5 (Page 33)

L
1, 3
4. 240 -

7. 250% , 125w, 62.5%

=3
3
-3

b. 6732°

e. 9.785

h.

179.909°

b. 0.707

e. ~0.577

h.

_ b. 69.757°,

V7

-

..2.

8.

o »
8 N

17

5. 62/3 '

b.

&=

w » U
]

32.966

1290.243°

T

tan € = 3

15 om
53.130%

36.870° ¢
63°

199 mm
438 mm

41¢
$33.63

0.268
-1,540
-1.414

C.
-~ 93,735°

47
T

csc 6

60°
1.732
2 km

0O T w
e u

6.

273.735°,

18.802° - -
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" , INDEX '
- Addition N roots of, 58 ; S
. complex numbecs, 69 systems of linear, 42, 5 -
) rational expressions, 75 trigonometric, 29
— ~vectors, 35, 38 . Exponential equations, 90 N
Adjacent side, : _ Exponential function, 86 =
Angle, 22 Exponents, 82, 84 ) ’
) central, 31 laws, 83
] negative, 22 : B
positive, 22 Factor, ‘73
Angular velocity, 32 Formula .
= prc length, 31— - - -— -— .— - — quadratic, 63 - - - . =
—- _ Area of a Circular Sector, 32 Fractions, e e e

. Aveérage velccity; 32 | fundamental principal, 72 -

_Axes, coordinate, 4 lowest terms, 72

- Functions, 1 .

Cofactor, 52 exponential, 86
——Common logarithm, 88 ~ = - ~""Iinear, I -
" Completing the square, 61 logarithmic, 92 -

Coffiplex numbers, 67 quadratic, 56

Complex roots, 71 trigonometric, 26
— - Components of vecotrs, 38 . 2eros, 58 :

. Conversion of units, 25 ,
Coordinates, 4 . Graph Do -
Cosecant, 26 exponential functicn, 86 -
Cosine, 26 linear function, 6 .
Cotangent, 26 ) ' logarithmic function, 6 -
Cramers rule, 48, 52, 53 quadratic -function, 56, 60

) ordered pair, 4

Degree, -22 - .

Delta notation, 14 - Hypotenuse, 12 -
L Dependent system, 44, 46, 49 T ~ ] T

% Determinant, Imaginary numbers, 67
. second order, 48 ) Inconsistent systems, 44, 46, 49 ,
- third order, 52 Initial point of. a vector, 35.
- . Direct variation, 20 . Initial side of angle, 22
- ‘Direction of vector, 32, 36 ) - ,
____ _Discriminant, 71 i - . Least common denominator, 75 v
= Distance between points, 10 . Lenqth of arc, 31 ' '
Ee Distance formula, 12 Linear equation(s), 3
~_. - -Divisien, . system of, 42
- complex numbers, 69 Linear function, 1
g rational expressions, 73 Linear velocity, 32 W — - -
SO - e : " Logarithmic function, 92 : ’
T e, 88 ) L Logarithms, 88
o Elimiqgg}onvgyfadd/subt,,47,,51 _common, 88 - - L e s T
— —~—Fquations, . .. - .. hatural, 88 =
P . exponential,. 90 properties, 89 T T
: . graphical solutions, 60 : I N
involving fractions, 77 Magnitude of Vector, 32, 38
linear, 3 . Minor, '52 : L - '
" quadratic, 56 * Minute (angular measure), 22
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Multipllcatlon, :
. ---complex numbers,. 69
- “— rational expressions, 73

o Xa;n:al logarithm, 88
" Negative angle, 22
Number, -

Parallel lmnas, 15
~ Parallelogram method, 36
Perpendicular lines, 15

— _ __Point-slope form- efg line, 17
Polynomial, 72
Positive angle, 2£'
-Power, 82
Principal root, 68
- Product,
complex numbers, 69
rational expressions, 74
Pythagoreah theorem, 12
Quadrant, 4 .
. Quadratic equation, 60
Quadratic formula, 63 -
-~ YJuadratic function,'Sﬁ
Quotient,
~ complex numbers, 69
- rational expressions, 74
. Radian, 22 - )
Radius vector, 26
_Rational n7—72*‘—‘“"“

rexat; ns, 27
Resulta
Revolution, 22

"'Roots of quadratic e uations, 58

Sgcgnd (angularvmeasure), 22
n

¢ 26
sxopa of a line, 12, 14

. Slope-point form of.-line, 17,

Solution(s), - .
exponential aqnation, 35

2 iiacat equatioa, 3 .

-~ substitution, elimination, 47

Slope~-intercept torm of line, 18

‘]08-

logarithmic equatxon, 92 —pq

— quadratic equation, 60, 61 71

gsystem of equations, 42, 45 47,
~of a rlqht triangle, 29 -
Square, completirg the, 61
Standard, completing the, 61
Standard: position of angle, 22
Straight line, 7

PR

Substraction, ~
complex numbers, 69
rational expnesszons, 75
complexvnumbers,\GQﬂ*~—
rational expressions; 75
vectors, 36, 39

System, - - ..
dependent, 44, 46, 49
inconsxstent 44, 46, 49

linear equatzons, 42y 50

. Tangent, 26

* Perminal point of vector, 35

Terminal side of angle, 22

Triangle ‘method, 36

Trigoaometrzc functlons, 26
Two-point form of line, 17

o

Units of angular measure, 22 \

Vector, 35

Vectpr quidntity, 35
Velocity, angular, 32
Vertex of angle, 22

4 " X-component, 38

Y-component, 38 -
-Y-intercept, 18

Zaro exponent, 84
-%ero of function, 58




