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The first pPaper to describe chi-square-was‘published by Karl' Pear-

B » . o, '
scn in 1900. As noted by Ccchran\i1952). the'chi-sqhare paper was, and

still is, ohe of the most important,puclicaticns in the history of . RN

L I
® L

modern statisties. - . ' e

F " . "

»* In 10H9 Lewis and Burke_ authored an article appearing in .the

Psychological Bulletin entitled, "The Use afhd Misuse .of the Chi-Square

. Test " Their . stated aim was to counteract the improper use of tﬁis- . .

+

statistic by psychclcgists. The paper addreSSed nine major, scurces cf

error, cited examples from the 1iterature to illustrate these points, C ‘
b ' -

and caused a stir .among practicing researchérses Subseguently. the Lewis |

and .Burke paper Was followed by geveral responses (Edwards, 19503 ~ - *° S 1

?/stcre. 1950" Peters. 1950) and a rejoinder by Lewis and Burke (1950).

* L

Since then, a great deal of research hes been ccnducted,bn't%e R ' )

. chi-square procedure and several métbcds have been developed to handle ‘

‘somg of tﬁe protlems cited by Lewis'and Burke. This paper i8 a reéview
] of that liteﬁature: It is an atteﬁbt-tc éddress,tHe problems listcd by . '
‘{;Leéis and Burke in light of current knowledge and to.form reccmmehda- .

. tions regarding the use and misuse of the chi-square test: s

» Background ’ o o

x -

* ] R IO . C e .. ' . A
' A . Lt
. L Ina cbmpact uriting style, Karl Pearscn used 3 gecmetric prccf to

‘ﬂeriVe the)aistributicn tbecry for establishing the necessary signifiq

’! v L ’ . hd
'Tcance level for testing the chi-square statistic. He concerned himself - .
‘ﬂ specifically with the prcblem cf determining geodness-of-fit and gave . . ) 1

-eight npmerical illustratiqns of s the use of this new eriterion. * It is . -

r "
/

, - interesting to hcte,thatihe dfd not show that the limiting distribution

[ \ )
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of the test statistic is fxz This fact was proven suljsequently (Cra-
'mér. 19“6’). Pear5on a{so prov.i';ded inoorreot degree

tegting the statistic. K

against tabled va{lues such .as those in Elderton s/ Tables of Goodness- o
of-Fit (Pearson, 1914). The table ;:as e'nt;erec} usitig n"z r{c), where r. :
number'\of.rous and c s pumber "of cg“{gms. in.f‘the oontingenoy table.' M a
) in 1915 Graenwoodmd Yule puhlished artiole on research, into the Y o
§’1 ef}feot of inoculation against typhoid and cholera j.n which t.hey notec} , .

! that a»oomparison of proportions should yield the same result as a chie’
3
k1 sgirare test. but it did not. Unable te explain this discrepanoy. they ’

Stated a preference for the ‘mere conservative ohi-square« procedure’:. o

. "
" LS

, 3 "l'his same i'noonsistenoy was noted b}( BowIey (1920) The determina_tion

P 4

of the oor-rect deg_rees of freedom as (r-‘l)(o-‘l) was shown by Fi,sher in |

two theor,etioal ’papers. (1922, 19211) -and oonfirfthed by Yule (1922) and Toe

g

Brownlee (1924) using sampling experments. o U p ‘ N
Cos. CL [ .

As the use of the ohi-squ'a-re prooedure\'bEgan Lo grow, its applicae - .

i -

tions and limitations were explored. Iﬁ_the' first o-f three associated

papers Fry (1938) presented and explained ‘the derivation of the ohi-
r LN ', 3 -

. square statistic. Subsequemt to Fry, 'Berkson s (1938) p;aper pointed to

the fact that ‘as the sampie size inoréasas. the tesf statisti‘c will .
- o
‘ eventually reaoh a signffioant level. Berkson 21sg noted that "this is -
-,
basically an om'nibus test of the hypotheq}s of equal proportiops. ‘I‘hat

4

is, .one could "not looab( the speoifio 5ouroe within.a desi’gn that pro-— S

o .
duced a signifioant result. 'I‘hese two papérs. uer‘e i‘n turn fo}lowed by a - !
- 3 - .
. N \...__ . PN
discussion by Camp ,'(193'8) regardin& furt,her interpretation of chi- ,
. . , " . j-\ :" . . ‘( .
) - o ., "-.:QJV_ _'.';.'," \/\;ﬁ‘. ", y C -'\

N " - / » .
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square. '

. Hany signifieant eontributions to ‘Both the theory and applieations
of this test statistie followed Hithin'the next 30 to.uo years. Cer-
tdinly the most _important. contributors inélude-Karl Pedrson him;elf R.

A. Fisher, J. Neyman, and E. S. PearSOﬁ, A brief histﬁiical development - .
an bé found in E{.O 1anca§feris book §lqng:q1th an exegllent bibiiog- . ’ )
\ ! .

raphy (1969).

1
4

S0,
;Ibg Chi-Square Statistic
. ,Following the lead of Lewis and Burke. this paper, 15 written With

1 L

Consequently, the mathematieah

A 1
- !
the social science researcher in mind
., . J
derivations are more appropriatély handled elsewhere (Cramér; 1946; Lan-
o .

The ‘following basies - of the derivation. are_gresented
To avoid eonfusion. the symbol X ¢ Hill be’ used to

-caster, 1569).

{
/ .
i ]
f following Fry (1938)
| distiriguish the celculated test statistic ‘from the tabled distribution” s
represented by the Greek symbol xz. against which the x? value is com=-
L] " i .r
. -, |r
L ] I.
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pared in hypothesis testing
Given a popuJ}ion of M imépendent events with s Spossibles out-
events i é;tpgory 1

comes, the joint probability P(q{Q;bf obtaining n;
: ' ‘ events 1:n /ca.t.egoryfs is

-

?
ny events in category, 2, and so on up to-"s
given by the multinomﬁal digtribution function ] . :

.

L} r

. - P(n.}Bz . ! M‘: .
: ' Pl n’E na! '1‘ !
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?.‘ Second: edo?t.ion :(1) alsb requires

"Ihis"iéxaot t‘orm'u 2 (1') is.ver}’difficult to compute. However . a

#

’I‘his is accomplished by

>

ion may be substituted.

The first in\*plv.es replacing the .

N

2 in the formula.
[ .

factorials by t,hei Stirling approximations.

s,\
#

This--.produc‘es. T fo

-

. ,.L‘ ’ ol
,(mp,_ YT mep, "*-"{. me\* @
nl : nl ns

-
» ™~ v

e m.; In this case the result is

. X, . . f .
L0 . R -
; - - [ . ] '

n.fJ" .
AR , . -X'G’”7P: -4
" : —J e M R

) N . ) N - "

\
e " v r +
4 . . .
. .
.

- L &1 ‘, -
where x{ .,’Ls the observea frequency in class i and ey is the expected
P 1 ! . l P "
frequency in olass i w}lich equals npj. -
3 ’l . .

» .
. F “ '\q
N . . ‘

.- Two. it‘ems-w})icn,en’eer- into the discussio,n_conoernitig the proper use

E r
'-of ch!!-squaré shopld. \‘bea noteo at this poiot. First, to employ the

A

unde‘rlying multfnoniial d}lstoibution. the assumption that the x4 are dis-
'» 5 -] )

" tributed uormgl/r iﬁ. necessary,. "This.means. that: the expeot;ed values (ei) ’

»

‘a must bk suf‘f‘ipiehtly Qarge enough for tﬂe approxthtion to be ade~

"4“
that , each dT the

w - "'l ‘:

b ]

»
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¥ ! v ‘ ' ! * 1. .
Y 2N , R : ‘
‘probabilities in that expression be independent, This' fmplies that the ' .
. . Y L

. terms ’HhiCh are summed in equatidn (!l) pust be independent *of each

4

Ot]’!e!". l .o Y . . ' - . K e "
_ Fhe Use and Misus of’Chi-Squere | - , _ . T |
' L4 . ' ’ L .!. ) . 33 I
- * e ¢ + r . . - N 1
Lewis and Burke eentér‘e(} their 1949 article around nine, prineipal i , ;
sources of e ror they found .ir? their review of published research , Tl '
Those nine sburces are: t k .
1) Ldek of independence among single events or measures ' ’
- 2) Sniall %I:ieof‘etical -fre{;uencies ) - ‘ ' ) . C . °. K

Negleet of frequencies of non-oceurrenee . } ' .
zv.\_ - \ - L -
-4) Failure to equalize the sum of the observed frequendies and th‘e - ' '

2 - sum 6f the theoretical frequencies - co ! . "
2 5) Indeterminant theoﬂetieal freQUeneies v, ' . ot
.. . ‘o - ! L \ )
6) Incorrect or questionable categorizing : K
. .- ’ L. . . 7 .
. 7 -Uss} of non-fregquency data R . x'-] e
. AP ) : - * . ‘I K .,' - a :
8) Incorrect determinaﬁion of the number of degrees of freedom R
’, 9) Incorrect, -epmputations ' = ' BT S e "'-':I
- ‘ . AT ‘
This paper will add;ess each of these issues and then consider Soine: P
. aspects off the chi-square procedure, thatt Leﬂ'is and Burke :did not list as vt S e
',l N S 't .- . -~ ) . ’. o !-'.
sources of error. ] . T T £ E L i
P ' et S * <O -‘; ': oo *
- : ' . ‘ N N , T e , v LR :.ﬁ t-" :
Lack of Independence Among Single Events or Measures Y {
, . . ‘ T '__‘.’ .:.. "‘ -. .‘_‘.‘-‘ '.:‘.!'.'}: " - ‘
In order for the limiting distribution of X* to be xz it is neees-' . .‘;L‘ ' .
sary that those events or measures from which: X2 s oaleulated be geet /
¢ e~ . Lot -"; / .
indepéndent. This—is so because it is the jqint probabilit‘y of n, .,-..- . ,
: RN /

independent events that is gi\;en by the multinomial distributidp func,-( P

. P
L ’ . . . . ’ .‘,. P Y

, . ) . P
. - - N L
. . e . 4 * *
. 13 . . - .
. . .
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. tion, -, Do, . .

. on geveral sutjects,.this 1ack’ of ﬁndependenee is obvious,

, . . ',
,laek of inﬂepEndenee 1s not noticed,

" dice uere thrown each time.

s Ind

- _'_In’aesigns invnlving single subject research,:or repéated measures’

But'often a
pari,:i‘eular.fl.’y‘l when 'the finqi X

value iz the result of the add tion of several other Xzs.

telling example is cited‘by
g*

A subtle yet

the number of "pnes" appearing on eadh throw uere recorded.:
- ‘ *
statistic was eaIeulated by summing f_e’} , for eaeh of
i

the 1” throws. \The problem yith this proeedure is that the gsame twelve

e quantity

ﬁhere is no {ndependence betuéen the ternms
{

uhieh re summed. Therefore, statements pertaining to any, population..

other th@n ‘the 12 dice themselves. cannot be' meaningfully made. If one

r '

uishes to genEralize the results beyond these twelve diee. then a new
PR
sample must be qFawn In his response. to Lewis and Burke,. P[ters (1950)

akes this point and remarks that ,a laek of generalizability'to a popu-

.

1ation is probably not too useful to most researchers. But Peters holds

firm in stating that if one 1s concerned with tﬁese diee or sub jects,

.l
.' ' o -

then repeateq measures are appropriate.'

P

Small Theoreﬂieal Frequenei@_%\Cﬂﬁ : '

L -

4

S
1

One of[the most eontrovers?alﬁaspects regarding the use of .the

ehiasquare/

rocedure 1is the estatlishment of. a'minimum expected value
That, is, f 1

ralue below uhidh thk smallest expected frequency may not

drop for: tLe applieation of the test to be appropriate." This 1is

required by t le use, of the three approximations in the derivation. 1In’

r

The test.

k
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L

”~

b

7

»

‘. arbitarily. the " regearcher has .c;intfrpl over the size of the ‘expected

LS

order .for a calculated 2 to approximate xz it is neceasary for 'the sam-

ple to be of suffici@nt size to make those approximations reasonable. .

This is reflected by the expected value 'in each cell.

- r

Lewis, and Burke called the use of expected frequencies which are

too small the “most common weakness in the uae of chi-square (p. 360)

- o

In their paper.'they took the pos.ition that expected values of five were
) ‘ : . ) ' ‘. :

probably too low, They stated a pret:er:ence' for a ninimum.expected value -

of 10 with five as the absolute lowest limit: Lewis and Burke subse=-

‘quently ‘cited two published K studles each employing @ Chi-square test
e . ' ‘

.

*

expected .fré‘cnenhcies greater than20. Cramer (19146) has recommended

with expected values below 10 as examples. It appears today that their

position, a popular one among researchem may be overly conservative,
' ' LN - , > .

> - -

This problem has been examined from two _diffe‘rent perspectives.

One may consider this issue in .relation to the use of chi-square for
. .

testing goodness-o'i‘-fit In this approach, as’'the categories are chosen

LY

value by choice of the categor? size In contrast, the categories of

contingency tables are re1atively limited anz{one As-foreced t‘o iﬂcrease

,

the expected values by increasing the sample(sf’size and/or .c llapsing

rows and/or columns Ho‘wever. it is often difi:(cult Afenot &mpossible.

to collect more data to increase M. Collapsing coiumns/ and/or ,nows is

in ef”t‘e?t throwing away informétion. ‘Additiondlly, the informaftion is
l! - " i

"'in. an’ area the extremes, where differences are most fikely to oceur.

&

Research- taken from "the'per_spec‘ti_ve of this,later case’ will be cop--'
. - e - .- . R . "

* . \ e \ .
sider'ed first. i ' - o -
v, : - T . H . o

.

. . L3 1
Cl ‘ . ¥ ) - +
[ k] . . '

‘ . fen
. . . v . &
N - a B a
- v N
- - .

-:W‘ - - .
Recommendations vary a great’ deal. Kengall (1952) prefered .

4

i




values be greater ‘thap 10, Fisher {1938)-preferred g 1ouest.§alue of -

Tive., Jeffreys (1961). Slakter (1965); and Kempthorne (1966) set one as
tne minimal expected frequency allouable. Hise (1963) -has taxen the

stance that the expected cell frequencies could be quite small if they

*

are nearly equal to each other. In fact. Hise recommended small but'

equal expected frequencies over the case uheﬁe a few expected values are

'.o
,small and the remaining frequencies are ueﬁ}‘above most criteria.

Yoo
L]

’ ,I .t -‘ ) ‘ 'f"" . )
.- In a 1952 grticle Cochran suggested that instead of 2 single value,

. b

* .the application'of chiquuare may'te deehed appropriate if' no more than

v
4 L

a

20%hof the cells 'have expected values between one and five,’ Good/
. 4 . - ! ' :

Grover,'and Hitchell:(19?0) coneluded that in the case where each of the

< & categories 'has a probabi}ity of‘ 1/s, an equiprobable iiistribution‘. the

lapproxidation.of thefteSt'statistic to the chi-square distripution is

N "

. - . . I - Ty . -
adequate even When the expected values are as 1low as 1/3 (p. 275). This
apparent robust natura of . the procedure "is also supported by Lewontin

any Fe15enstein {1965). They used Monte Carlo methods to examine 2.x N

tables with fixed marginals. Hhen the expected values are small in each

' L4

cell the authors conc&uded that’ the test tends to be conservative when

~ .‘ ’ -

the degrees of freedom_equal, or, exceed. five. Lewontin and Felsenstein

»
4 4

found- that even the occurrenceés of expected values below ong generally

do not invalidate the procedure. . . . Y

4
i

The examination of this pfroblem from the more flexible perspective
a . &

of the use of;chi-square in the’ case of_testing goodness-of-fit has pro-
4

4

duced some interesting, results.ﬂ Kendall and Stuart (1952) follouing

L

. suggestions by Mann and Hald (19”2) and - Gumbel. (19&3)jnecommended that

—

one choose categories so that each’ has an expected frequency equal’ to

- - [ . ‘




the reciprocal of the gumber of categories,

g_éoncerning,¢he acturacy ‘of an approximation of power for the chi-square

r.error probability lévels.

" examined the accuracy of approximation pf the chi—sguare-goodness—of-'. J

L} . - ’ & - : - *
.and 1if r 'denotes the mumber of expectations less ‘than five, then the

'sions of this article is th the upper one ?nd five peroentage points

'that for the

They prefer a minimum value
. » . St ' .
of five.  In 1968, Slakter presented the results of a Monte Carlo study
. ) . ,

goodness-of-fit test uith small but equal expected frequencles, He used

- F -,

various eombinat?’ns of sample sizef number, of eategories. and Type 1’ N

The results eonfirmed his earlier uork (l965.

1966) and the- sork of Good (1961) and Wise (L963) which’ indioated that - -

the nqmznal alpra level does not deviate Substautially uhen the expeeted Lo g

yalues are Small but"equal.

' < . e . . : -
a ver R .
. -

In afi grticle based on his dissertation, Yarnold (1970) numerically .f C

Tit. He proposed that, "If 'the number of classes, s, 1s threé or me%eJ" e

- . ) ]

-

minimum expectation may'be as small as'Sr{s“ (p. 865}, - The remainder of

- o - " . .
hisg paper deals with a nev approximation technique used to study the

In eonelusion he stated that "One of the mafin eonolu—

f

proposed rufe.

of the Xz gﬁproximation can be used with muoh smaller expeetations than
K

J - r
.

previously oonsidered possiole" (p. 882, . - . . *

0N '§& -
7 After eonsidering earlier uork * Roscoe and Byars ;19?1) reoommended ’ o e

\examination of goodness-of-fit with' ‘more that one degree‘bf C -
JA : " o

freedom, one should be\ooneerned uith the verag' expeeted value. 15

the uniform case, that is\ equal expeetéd delL frequenoies. they suggest

bl )
> e " \\ .

an average value of two or ‘more for an alpha eqdal to .05 and four or

4 4

more*for an alpha ‘equal to .01. ,+«They exhort the use of this average,

. -

expheted value ruﬂe in the test for independenoe as uell. even wheg the gt

o .-:‘. - :- .',' . 1}_ o " o 4 ,"- i

3

-”




-

L

. Tt . . :
-sample sizes are not‘ equal, *~ . . C . . .
- " - iy - .

3

.o" *

” The advantages of several goodness-of—fit tests for ?Iiscr'ete data

-

were r‘eview.ed gy Horn (1977)’ Iﬁ s0 doing she%pointed out that Roscoe'/

,.and Byars rule is-in agreement u:lth Slakter 5 (1965.

. that Hhat may be most important is the average qf the expected freQuen—

_‘1 ‘u ; {‘ o —
cies. She &lso noted that' this subsumes Cochran s rule that 2097 of the
.. S ¥ . »
expected frequencies should bé ére’ater than one. S -
@ S . N

. f

- tidns and compared then‘to.chi-squaré values.

L

.-'-’

There ig a further point which sl'IgSuld be mentioned. As Horn poi ts

¥

out. the chi—square goodness-of.-s'lt test is an approximation in two v

ways. It approximates the exact mul‘tinomial googness-o‘f-fit test and

1 . J‘
ifs distribution is an approxi;nauon to the theore‘ti'cal chi-square. dis-
tribution. \;rhe studies cited-above are cpncerned with the ‘second form

3)‘ have explored the accuré’cy of
Il }ﬂ{ - -

of apbroximation_. Tate and I-'yer (19

.approxiﬁuétioﬁ in‘ the first form.

\ tes,t be‘cause the X2 distribution tails off similarly to ‘the [fheoreti-
LY "
cai] chi-squar‘e distribution is to assurne that chi-square is’ itse.lf an

.‘accurate approximation to the multinomial® (p. 837). . - f

.. +
e -
' .
]

* Taté and Hyer (1969) ‘generated 162  various multifomial distribu-

/' . ) [}
Their 1973 paper examined

their data more closely. They concluded that ,the chi- squar'e pr'ocedure-

. pr'oduces falﬁe r'esults for a given alpha when expected ﬁ‘alués dr'op é ow
10. They nqted that the degr'ee of. accuracy required will P éfrom

- W L

’ situation to situation. When close approximation to the exac.t multino-

A

e .
mial is needed,f. chi-square ‘should only be used when th@ expected fr'e-

quencies are abbve 20 or so. R - _'-
"‘,{ :"‘ b . /. -
» N * : '.;’ . *
L] L. 1

[ . - !
. . - . S o . . '
- - . » - v

1966) suggestion .

They stated that “To justify the X
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i ¥

'ﬁ' expected frequencies in one row or column of g’ 2x.2 designoon the pouer

of the chi-square statistio.

6f‘infrequentl§:ocourring events.

2 .

Setting 1

_9=

This most often results from: the anslysis

.30 as a minimally

tm

. Most ‘recently. Overell (1980f"has examined_ the eTfect' of+ low '

1

_ statistic which,

Y q
acceptable level. Overall coneluded that when expected values are quite-

oL"‘" _\i

low,’ thexpower of the chi-sguere test drops to a level that produces as

-

4in his view. is almost useless. Further considerations
] : X N

L]

y S 2 - . . . . --*""\
“regarding=the power of chi-square may .be found in Cramer (19“6) Bennett

*

4

=
e

4,
and Hsu (1960). Harkd@ss and Katz (196u), Chapman and Meng (1966). and -

’, - \ ot
Broffitt‘and Randles (19??) ‘¢ - - A - ;
- ‘.t. . ' - 'o:' * : '
z . PN .

Y

L As a general rule it seems that the ohi-square statistic‘may be

LR .

ﬁm
properly u§ed in cases uhere the.expeoted velqes are much lower then
previously considered permissfble; although* this is not aluaxs true as

) - w -
?ate and Hyer gnd Overall have shown. The practitioner must take into

- \

consideration the ievel dT precision reguired by his uork The closer

one desi[es to be to ‘the exact probabilities of the muitinomial the:
e P

1arger the saﬁple sizes and"xpected.malues must - be. For mest appldca- -

‘tions. Cochran § rule which states that 411 expected values be greater

' between practicality and»preoision.
l.‘-,. ‘ .‘

©w ow e

.

“ -~ .

'than one. and not more tpan 205 be less than five. offers a fair balanoe,

. -
P

N more exploratory thé résearch,™

the more one map relax this rulé‘ LIt also seems apprdpriate to relax .

. r ‘e *

thié rule if the¢EXpected values. though small. are rodghly equal* ) i

s
- - oy o - f . oot 'L - -
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ﬁ_gleot of‘Frequenoies of Non—Ooourreﬂce and Failure to Equalize the Sum

L34 l
p Yo . "._ ‘:

of Observed and Expected Velues R T ‘ T
} a L) 0

. . .
.
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Jn his reply to lewis and Bunke, Peters-(1950) took exception~to

-

R R L - [ \_
: the proprietx‘ of claiming that these aspects ' are sources of error. .
W ,: . [ . . . ,.\ . l‘\
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i Peters stat@ t.hat one o research questions Uetermined whether the fre- '
oy quencies of non-of!cur‘rence should be included in the calculations. He -

- ‘ . ¥
further stated that, 1t is the computational formula - ;o )
3'— - -1 (0; o . T - \ , N - . . - s

. :’: e s 2 $ " e | - '] B ~ .
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which requirbs ‘that 'the sum of' obﬁerved and expected f‘requencies be

.‘(.h.‘ i . \ [} t

equal but not the_ gynerélized deﬂ:’mition which includes 'the true popu- )

- - -
" * . =

L e lation mean *and variarice..' to""; < ., " i ' e
“ L LTI, - ‘ N ' " 4 . ‘. N 1 .
BN o R . - '
In their ‘re"jo'inder. Ley:is and Burke (1950) shou why they were
+ & .

e ‘ble’ oulggg}nes are’ used. and that the Sum of the observed frequeccies

. B
_.r ) - . . K '

WA FuliText Provided by ERIC * £ =T ) . F o

. co{g.,ect in listfng'both of these pomts as\errors. ‘I'he basis is a,proof’

- T A=

of 'underlying theo;;em o'f chi-square Shown by pramer (1946) and its .

an

*

. ._ gener.alization. Given “the asumption bhat the frequencies f‘or all’ possi-,.

b

equals the. sum of the 'theoret.ical Cramer ] proof hoILd for equation (llﬁ

' . - I

»
. - -
- * . . ‘ B

t N s A .
Therefore. in a1,1 applications of thi.s formula. the st of‘ the

Qbserved frequghcies must equal the, sum of .the' expéeted. Irr- addit;{org.

frequen'cies for a11 of‘the possiple outcomes must be included in the

-

A caloulartion. , That is‘ in a test, of the homogeneity “of several groups.
L 9

e v

<~ based on the number within -each group having a certain property. the -

i c_al,culatior'g of chi-square must inciude the fr.equencies of thode satnp],e ’
- o' .. ! - - N * . . * . ‘
*.". members, within each group, who,do not have.that crope‘rty. T e,

' B * .
» - - “15"

A recenif example- of - this was éited by Slaughter and Marascullo .

l

- - .

. (Note 2). -In 1979 Sd“heuneman presented a method for assessi\hg ilas in :
test ite:na using kY modified,chi-square procedure. 'Baéica‘l‘lyf, -th

pro-

+ cedure “involves dfvidinj 'che number of correct responSes to an dtem. by«

' . v g
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group, into .several categories based .on total raw §core. A chi-square

is then calculated to teSt that the proportions pﬁssing an item. within|

= 4
the ability categori®®, are the same for each group. ﬂnt?tem s deffnei/ -

as biaSed if the- chi-square v31Ue is significant. ) ' TS

..
' ) ot ‘ﬂb e *
’ o

Slaughter and Harascuilo point out, for the, statistiec to approxi- -

' N
mate the chi-square distribution,'its calculation must include the fﬁt.f—

. e

quency.ln each groqp that failed the item. Scheuneman makés refere cé

to,this e she'states. : S .
.
“It should be notéd,. howevér.\that because the modified piro-
\._,-.4
cedure does not include incorrect responses, the bbtained dis-

#

tr,ibUtion‘ of.chi-square values may Inot. always apprbxixh.ate the ,' é
" chi-square ddstrihutioh. particularly if the samole sizes for_ -

the groups being conpared are ouite difﬁerentg'or' the cellf 5{
‘frequencies are very large" (p..]47). ~ ' . .7 . . .

But she does not.in&gpate why she does not use the more exact

procedure. oo - , oL . s
.8y A . ° . .
s Slaughtep aéi Marascuilo demonstrate the proper d%e qf@%rf . '
_proceduré and iﬁdica@g* that a substantial number of’ the¥ﬁ .

'\-.

jﬁdged as fair.ﬂby her definition, are - in fact biased Given that.

this method of assessing item bias is itself sopevhat rpugh ~there

.

'is no justification‘for weakening it even further by excluding the

. i - L .
"incorrect responses as Scheuneman proposes.’ . - LR

. 1
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Ingdeterminant Theoretical Frequencies o - ..

J'- R - -
4 hd .

It is possible thet the theoretical frequencies. bhe'expected

)

values, against which each observed va1Ue is -compar d. may not be

'
o
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, calci,llable." l.:e'.ifs and Bur have i»]‘.lustrated suc‘h @ case in' a

hypothetical cc‘Ln +guessing experiment in which .wbjeets recorded
- S\- !

their guesses as to whether a head or tail would appear on each of‘

- i

‘four tosses.‘ The ~number of‘correcf. guesses, ‘ranging from zero to

. v
~ * b o

four weré compared to the expected frequehcies generated__y the _
' »
binomial distribution functipn.

"

Since the four guesses of edch

subJect ‘could -not “tge considered mdependent of one another, the

theoretical distribptibn is c1ear1y not binomial. "'n- ‘this case the

most one could do wou}g~be to test the obDned digtribution values

’_ a.gainst values given by some oﬁher research using’ the same experi—

.
~

men_t a1 ~design.
As can be seen, thi—.é ﬁr'-opl_em of ind'eterminant theoretical\fre-
L N . " ' :'- . " L] . e . .

que\n_cies‘ arise_e;- in 'the tast fof :g"oodn_ess_a i-fit-'i:ﬁere cate_gory

: choioe’ ¥s arbritrar’zi' “In their* £inal par on this 'sub,ject.

n

-»Lewia and Burke offé,r"‘a guidel«in\e for deoiding if the theOretical .

f‘reqyencies are indeed 5 lculable. I‘ney state. R . ‘

1Y
= 15

"It is usually tr e thet theoretioal frequencies are

.

1ﬁ'cg1cu1able if, the. pbs‘érveo frequencies are in any way _

_‘arelated. and also if mutually contfadictory ;ssumptions

can ‘be mé’de-. with about‘ equal justification. concerning

(R .

L ) the likelihood of oocurrence or non-occurrence the events

) " (resonses} “that xiélded the observed _frelqu;encies" .
 (pougd).. Lo e T

‘.‘,'I:lcorre'ct o_r\-Que.?;t;i‘onattle.Categoriz-in-g__' . ‘ . - " —-

) ' 4 . ™
o In deriding upon tﬁe categories to be used care must be faken

in their selection--- espgcially Hl'ren the choice is arbitary. The

' . . .o L.ﬁ'{; . 16 "f:_. . ) '., {\

s
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" value qi:'the test s!t.atist_ig will be unduly inflated if one or more

OF the cot_eéonie'.? contalrs- a substantia"i _numbers of obervations ip

e ' IV S ! L]

,on.lg’ohe.cell of that o:a_t_egory. lewis and Bu‘rke provide an excel-

"y

3

‘o lent example of thi‘s .o Lt - '* ' B .
o( ‘ ‘ - . . L . . +
\\, N "‘ » N ’ - .w P

" In ‘a study comparing the 'dg'éwings of. normal and abnormal sub-
I . 7, .

H . P

jects: one ‘of the categories, for

classifying the drawings was
labeled, "fantastic somposi'tions".. As o'ne s:voulq expect, all 26 of

s

‘the dravgings ;Slaced i'n thé.s ciass Were dratm by gbnormal subjects,
The individual x2 value for this group (26"0) accounted for 25% of

the total X'z (99.6) even though onl}' SI of the total frequencies

-

© f-ell into this o_a'tegory. _Lekis and Burke offer two general rules

T dto. follow -which should, hélp_ in dealing with this _pro'blem: 1
oategoriés for, frequenoy,‘daté should be established, wheoever pos-
t ‘

sible. on the tasis of oompletely external oriteria. and ,2) infor-

Y mation »on »the reliability of the categories should be offereti.

L |
This beco_me_s Very impcgrtant as’ the choice -of oat-egqries beoornes

more and -rnore arbritary.

~

A oarefuI Aogioal examination of 3 study

deSign. suoh. as thB one mentioned above. may not always be possi-

-

£

- . . -

ble' A - I3 - ’ .‘ -

. Use c_:-_f}bn-?reauengy Data . * L * i

- - " j * - . 8 v -* 7

: 1 E- F A
. A sihiple exaniple will show 'that the formula, -

L) . . . - S . .
R S : :-:t . Z (er;) (q),
[ %‘ - ———

- O LT e‘ - .
._Lx ) & - - i 1 ’ 1 i
can \on'_ly be .applied-£o frequency dat'a-., Given an observed freguency

R

:{31‘ f‘ourtande"an expected freéquency of ‘two we have for the single

~

I




such
If one were to cgange the scale oﬁ//easurement‘py converting poundB

to ounces. incqes to, feet, or errors per minute, to errors pert 90

bl -+

faftor. Thus,’for example, to double the, number of units in the
scale of measurement uoulc ehange the observed{

1"
hypothetical example from: four to eight,athe expected value from

value of this

two to rour and the resulting single term ucu&d equal

o - | Q('é)!-= !S’-Vz_' ='_.,2‘/ - v

The chiesquare value would be doubled ,soley bﬁvthis cﬁange in
w .- \ ' CG EY ) T Lo -
' metrie, . L Lo LT v

7 . ’; . -

4 .': It must be made clear that thip is not to say that either the

L]
[

chi-square statistic or the¥?unction 1f, its 1imitine distribution

) p -

are derived from, or refer only to. frequencies.
- * LT3

g . independent obgervations. ¢ _ . , '
.-3% . R . .
- Incorrect Determination of the Number bf Degrees of Freedom .
] & N . '. . : - ‘

. ' One way to interpret the number of degrees %f freeipm agsoci-
- - o ’/. . H .

.\) ) " ‘ : )
. N L] L]
‘EN{C s ’ ) ' - * ‘..

Jor Y
. * . ‘\ ; -~ . ’ ..; .
. €0
L .' . v ' ¢ N - . 4
) | - - 16 - , R
' ) 'E "‘ -v. ? . .
term - b .
' s , - . “ s
X Y A
: (X-e), . (y-2) . 2 : ' ey
LR —_—= . - A
C e 2 e
. ot .
. ) ' ) 8
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Let us assude'that the four and two are measures'on some“scale \

pounds, [inches, or even a ratlo such as errors per minute.,,'

_However, the con-a'

seconds. the vaiue of f11 terms calculated would change by the same

putirig formula (4) can only proberly ‘be.applied to freduencies.of.'
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ated with ‘a contingency table is tQ*note~thar it representé the

.- number.of indepepdenélpieces of informatiqp contained in the-sample
ro e . - ) ; r—
' about the truth of anm hypothesis under test. That is, if.we have 5

.set of N numbers which may take on an}’values with the restriction

that they ‘add to- a given value, then N<i of them are free to ')

L]

The one remaining value is deteimined as it must be that /single
value which, when addéd to the sum of the N-i numbers, e&ﬂ;ls the .

NN value given by the restriction, Thus, N data points wf}h a single
. ) et . ) . _
restriction have  Ne1 degrees §f freedom. Every restriétion imposed

decreases the availdble information contained in the data.

L .
* 3

-« For a conﬁingehcy-table with r rows and ¢ columns, the degrees

i . . / . .

-of fredom equal (re-1){ec-t). This holds regardless of«whether ope
is testing two variables measured on. a siﬂgle group for indepen-

. dence, or whether one has C groups which are being tested for homo- :
LY i . - . ' . ! hd / b ‘. .
' geneity acros® R rows or categories. But thi% is true for dif-

ferent reasons. MaraScuilo ‘and ﬁcSweény {(1977) présent a-discus- . L '/

| . , .
o ///";.aion bf.this and thé following. is taken from their preseptation..

.
L L M . - . ..

r

+ +» . ~ In the test of homogeniety, o&a,has‘én r x ¢ contingendy table ' T3
. whére the .number of eolumns, c;:>qgrresponds te the number, §f

fhdependént samples, As the expected frequencies of the r, -/

’ =

1 =

. categqx“i,es for sample c must‘ add toe n 3 .4 there are (r-1) dgrees- . .

* L] LY

- of freedom irn that one samplg,s For “the ¢ sﬁmples. there exist = - .

\\b(rhl) degrees ‘of freedbm. In addition, the r prpportious are unk< ) . '

™

© pown and must be estimated. As they must sum to unity, (r—1) of

N

them &re free tg very. The degr‘ees of f?‘eedon} fbr the- entire . ’
+ table, therefore, equal elr=1)=(r-13 = ({-1)‘((:—1). @
. [\ ) 1 Y d F B ™
- . - . '
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In t.he Qest’ for independence‘ roﬂly a single sample gize 1is
o l-;qo.wn 'I'hé {requencies must sum to .this value I}aving (&-1)

\
probabilities must adcl to one,. Forr levels of one variable‘ (r-1)

?

| / degrees of*freedqm"‘"ln the case of two variab]»es‘ the sum of their

ar'e ﬂree to vary. I-'or' ¢ levels of the second’variable, (c-1) need

.

. . to be' est,imat d. The entire table thus has

v .-

- ) ',degr‘ee_s of freedom = {re-1)-(r-1)-(e-1) ‘ '
. LI . B . ’ . . ‘ . \.;‘ }\
- o . = (r-1)(c-1)
. ] .
. . . ’ {
Incorrect Computations . : )
et v ;‘ B
r a -' '. ’
/ . Mechanical errors%side, any of the aforesaid er'rors uoulcl
f . .; o =5

lead, in eff‘ect to anm ,incorreely computed test statistic, Lewis

and Burre noted one- computational arror in particulér thet is easy
-4 4

k%% mal:e anq! sh0u1d be” guarded against. “I‘his error involves the

)
failhre“to"wexght by n waen proportions are used {nstead of fx:e-

O

L

- -"‘. S > ¥ ) ~ . ! " f t,

quehcies., SN ' . - . oot
! & - ‘
- - - X ..

‘w

L4

-
t
sstfrewEncy dat’a can’ be eltered by a ehange 'in S{;ale. inen t,he
GD

e sérhe date 2 eharige fr‘om meters tg ceptimbters will " increase the‘

. T ’ * .3
-7 value ~of chi-sq%are b‘f» i {actor rOf 100 As a progbﬂion is. ;he
. ¢ - ‘e i “ .' - E ,-

;o .ratio of‘ obsers\xed frequenty t.o t’.qtal‘ a chi-scware calcuiated o‘n

t- I a LY "
-proportions will be altered B'y changing the scale. 3' change of

N ‘1

errors per minute to errors per 120 seconds will double the value '

» -
- ]
] - N

.~ -of chi-square.*

LY O . - . . N ) N g ‘ /\
Most proportions encountered will beé of the form ’

1 ~ hY ' . ” . .

| . M . S

. ® N : nl'“" ’ ;I T . ' .

T e As. pehtieneﬁ previou;l?&.,a chi squar-e _value caloulatecl on -
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. correétiOn ‘i‘or continuity.‘havé been conducted.

.de'Signs and probability distri,butions

L 19 - ' . “ :"b"' , .

where p e is the frequency in the cell defined by rpb:‘ q‘*and column

¢ 'and where n,. is the total frequency for‘_coluq;jf,"c«,," 'To‘ convert a
M f‘:", K * - ';," .
proportion to a, frequenéy merely require,s that‘ the proportion

—

be weighted by n. Nhile contingency tables Jontaining propor-

co

' tions are often\:D:»re interpretable. a chi-s?\xare must be caleulated

using the frequencies from which the proportions.were determinad,

.

Additional ‘Issues

F]
-

: ) {
Further research regarding the properties of chi-square have

been conducted since the publication' of .the Lewis and Burke paper.
Methods have been develoged to strengthen the chi-square test,
- ‘ f =

Also,- closgr examination of its properties, such as the uée of a

Perhaps. one o’f the

-
a

best ° papers on this .subject was written by Cochran (195”) He

present-ed met!nods for dealing with some specific contingency tabie

In addition to the prévi-

e

ously mentioned recommendatio s regarding minimurn expect\ed walues,

he" discussed testiﬁg-goodnes-of—fit tn d‘ifferen(b dis_tributionS.
b . o . "! "

_ degrees of freedom in 2 x N. tableé. and

/combining 2x2 tables.‘ The

rerpainder of .this ,paper deals with f‘urther iS-Sues in the usé of

! c!‘&-s’quare. ' . T _ .

T -

* Partitioning S Se C e

t - ' - ) PN
w W

At about the same time: that Lewis and Burke were writing. the

first extensive work on the partitioning of an I x o contingency

-

" .#%abYe into components was being qomil:cted,‘ by Lancaster (1949,

1950). He demOnstrated_t}'{at a general’ﬁwe);-m of & multinomial .¢ap be

"o




. / - x . cego’ "- :
- / ; . | . »

3 reduéed to a series of bihomialdﬁ%rms. each Hith one degree of

' freedom. Iruin (19#9) presented a formula for exact partitioning
which was simplified algebraically by Kimbal (195#) for easier com-

putetion. In 1960, Kastenbaum generalized the partitioning pro=-

', - -

cedure to handle cases where some of the desired partitions cop-

tdined more than one degree of freedom * Castellan (1965) reviewed

"hﬁhese partitioning procedures and agrued for their use in place of

¢

- e /constructing a serieg of 2 x 2- tables baséd on ,the follouing two

_ ; points. ’ ' S . '
~ " - ' I3 . . /’ . [

I

;o First} in setting up the full contingency table, it is assumed .
.« / L ) ‘ ."-_, -: N . - ,
- . T that . the, marginal -tetals represent the population valueé It is’ K

+  more likeli that the marginals for any 2 x 2 table, taken from the

- -

T funl table, will. mot adequately,reflect those population values.
¥ L i i

Fl

////', ,”“Instead. they will reflect a»populatipn different from other popu- R
% v r ? . - 4 .

lations generated from the same table. There will be as many popu-

-

- 7 | S . &
lations repregsented: as there-arp 2-x 2 tables produced.

]
hd . LA
.

Second fbllowing the pro dure castellan presented the 2 x 2

. ¥ . ]

tables are additiVe. The sum oﬁ their Individual chi-square values ’ .o '

the original table. - This’ indepen- T

equals the chi—square ?alue for
. dence of tables produces uncorﬂelated,ché-squares and thus allows
" for more-meaningful interpnetatikn. S ‘ . L .

., Bresnahan and Shapiro (1966 examined methods for partition- - " S o

L]

r
ing, including the methods fbr defermining possible partitions )

‘They concluded that al} forms of a- partitioning follow three basic
rules: 1) ‘each pell appears alone once ahd onIy ohce, 2) thé same, ) ,
. s . L~
combination‘of cells appear only\qnce. and 3) the dividing lines of © oo

., - v
. - . r - -~
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ai partition do not hold for other partitions, Following thesé

, . . »

. . rules, additicrhai pértitibning SchemeS may be emploYed.- 'They

" derive a gener‘al equation for the chi-square which may be applied-

T to any tabl-e that may result from partitioning. The equation for
_ an ¥ X J t‘ab‘le is written as follou5° - .
¢ P L e L
' X 2 = Z - . .,__O-i L 9
: . 'X"”) izl N e;) ‘E .' . .
'. . \ . ) i I ’
. where, ’ ) -
0z the nujmber oF Fows in the part:t:oae«ﬂ 416’: B‘
. ;‘
f?? ‘the nu.rnbcr of . cc!u.mns in Hhe- pq.rt.t‘oncl h.‘){e. '
) geu- the 7=<pec'éd_ volue for cell ¢ 5 caleulated Erom 'h‘:e ond.m.(. 4L!¢
& = ZJH e() .
] . 1‘ T - - N -
L. -’f::-p 25.: ST _ . .
A ) - m . . : . -
I s O( _= 2:3"‘ n‘.; I . I - . .; -! N

: E Z.. Z,.. e o |
N : Thc chcrued Fmiuex.ca in cell <

¢ * . " . ' <
. ‘Bresnahan and Shapiro advocated the use of .this formula in/

* caseg where some cells have low exf)eeted values, ' Ipstead of poplﬁ
' - ' - - o H

ing data or discardinMe the low expecte'd ‘values, one 3 n

calculate a chi—5quare based on the table configuration with adé-

s
. quate expected values. This 'value will be the contribUtion. of that
‘ part offthe tacle/to thefchi-,agl.;ar"c\ for the. entirf! ‘table. o ...}. g
s . R ' ¢ ) ' ) .
N
: 23
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o the amount of information one is able, to glean from the data. Iff

' . -224 - , .
- \‘ ) L . . H )
) ] by P 3 :‘ 4 . ¥ .. ., .
" Schaffer (1973) ‘has” taken exception to the uss“'of/:these
- ﬂ R - .

methods“of partitioning, olaiming that they do not'aotualiy €est

the guestions of interest. For example, a2 x table may be par-

titioned into three separate tests, eaoh with one degree of free—

dom. 'Sohaffer ther1 dempnstrated that “to test’ the first of the )

three resulting hypotheﬁes aetuallyaentails testing that a11 three
partitions do not contain signirioant differences against the

alternate hypothesis that the first partition is signiﬁgcant and

that “the other two are not.1 This results from the faot that the

'data’from the entire table enter the oaIculation for,éfportion of

the table 'in the determination of the expected v es. _She there-

‘.

_fore oontends. contrary to Castellen; thgf

'since the test -produced 1s

;ﬁgta from the eqtire

table shoulq not..efiter into'a'partition

not the statistic desired. L I X .

. * L. ’ -
LT . 3 X 74 N N , ..
- ‘ - - .- .. . M

Gn theibasis of this:argument-&ohafrer‘proposes.théxuse“of the

\likeiihood ratio statistic. . Though it does not partition exactly.

_its  use overcomes the probiem of testing "inappropriate" :

-

hypotheses. Schaffer notes that while there is .no evidence Ior the

superiority of one method over apother. Rearson s method has his-
- L f
torioar priority and a greater ease of computation. - ~‘ L

4

ngardless of uhieh method dne uses, partitioning iﬁcreasea

'
. . B
P * -

the partitions are orthogonal to one another, the information ren-

) L]
[ - v

dered from each partition does not overlap with any other.  How-'

eren; Schaffer'stpaper presents ah interesting quandary. . Do

+ 't -~
" §

If one"require& a test-of’a pertition.. independentr' of ) thé".

. - ¥

A 5
* e

[
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rei//of the, partitions are then chf-square is appropriate.‘

[ o . . e * )
- - . . . . . . N
.o
- - . . .
. - ' } . :j ~
. . c .
. 4 i ‘. D
. T ) ’ s
. . B
o -
. AL =23 = . : , :
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[y

structure of the rﬁétiof the partitions, ‘then one- must use the °

-y

/ . '
Log-likelihood ratio as she proposed. The, laok of additivity of ’

the likelihood ratio may not always be problematic‘ Often. ronly,

. one partition is meaningful and/or accounts for much of the total ‘X?

'In such cases, the choigg.between the use of the log-likelihood

statistio and chi-square rests on the alternate hYPOthesis that is

of interest If one wishes to test a single partition'for homo-

geneity aga1nst the hypothesis that . it is not homogeneous and the
A .

If the

test is. to'be done ooypietely independent of ihe struotucg.pf the .

‘rest of thé table (then the log-likelihood ratio is the method'of

ohoioe:_ The log-likelihood ratio has been proposed for yse’- -in more
Dees % "

- than the analeis of partitions as will be disaussed in the next

seotion. - i
.’\ . ‘l i . - ' \ \ .
Log Likelihood Ratio - . . : .
'-—._\ oy " - - ¥ ) - -
A - -
An ‘alternatike procedure té calculating X2 to’ test a.

.
LY .

hypothesis concerning a multinomial is-the use of the likelihood

' . . _ .
‘ratio- statistic. - It 'is a maximum likelihood estimate labeled 6% -

.

and defined as, - " _' : ' "
' k}j .
—_ S
G ‘l Z z x‘s /"Je 8- ()
‘=1 ‘9 -

.
r
i

B 1 . - v“

In their test oﬁ disorete multivariant analysis. Bishop. Fine-

berg,’

and Holland, €1975) used log-linear models, as opposed to °
‘additive, models for contfhgenoy table analysis. As a summary
statidtic they astated a preference for ~ Maximum Likelihood-

, . ¢
- { !
', -2S
i b 4
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I

Estimatora (MLES) on theoretica - grounds. Additionally. practieal

' -reasons for the use of this pro edure were given: ‘ ’;-
" I‘\ . ‘\‘ ) L L4
; . 1. Ease of eomputation for linear moqel.s. S -
- ' . . . . . Lt . o N

2. MLEs satisfy ee‘rtain arginal constraints they call -intui- (
. . ) .':tpi.\"e. . * : " ; ,,- ' ' ' - . . ‘ . .

- d ’ v . o % . N : - -‘_- ! . .

3:; "The method of mayimum “likeliheod cah’ be Aapplied .0

\ ) P . ' ' .ot , .

£ directly to ‘multinomial data with several obseryed , .

L’ -- Fi . . rd . . - .. . " o

. . ) cell Values of Zerp, and almost glways préoduces non- =/

"zero e-stimat,es' for such cells’(an extremely.vaiuable ', A

- prope.rty 1n‘_smalj se;rgrpl,e_ea)" (p. 58)..~ R SRR ¢ /
They further state. -. ,f -. e ] o . S

) , "MLEs neeessarily ’gixe minimum values’ of G2 11-. 1'.: |
b approy;riate to USe 62 as a summar'j' statist’ie . althwgh H g

. ,t.l;e reader will observe that 4n thOSe samples uhere we:
L. ' eomputé‘ b»oth X‘Jand ‘Gz . the -difference in numerieal RN
. o value of the .two;is sel.dom- large enrough to lae of praeti- | j.
 cal 1mp9rtanee"/l(‘p: 126).._ o "\ « ~ K |

‘ a
L . ' L]
- - - . ’
. . .

' The[:e are case$ where i:he 1ikelihood ratio'statistie may be™

LY . -

preferred over ehi-squaqg- Such may oeeur when some* expeetea

[y . \ " r >
’ values are quite small _or where(e contingency table eontains a

]
- “t

#-struetural zero. This oeeurs when a design eontains a ce}l which
- “ .. Lo ‘ .
ean Never logi‘cally. be filled Bishop. Fineberg. and Holland offer

v the efample of a classifieation of type of surgery by sex., The

-

cell defined by ma'le-hySt,_er%ct.omy wgald never eontain‘an entr-y..
M ‘\“ . - - -

. ' o Several jnvestigators have compared x % and Cz-iﬁ;q ~variety of

\_‘ research situations. bhapnfan (1976} provides an -overview of much

I w + - - ’ b

.
- BN

.
o
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o or this research, including the work f Heyman aqg Pearson*(1931),

Cochran (1936), Fisher (1950) Goodrs Gr"over. and Mitcul@"' £1970)

and He$t and Kempthorne (19?2)‘ From these comparisons neither of

¥

the two procedures emerge.s‘ a clear favorite. ’ An one method is
bet.ter in some réspect than the other. 1t seerns to _result from a
‘particular conriguration or sample size.. number or Qategories.
eicbected values, and the alternatiﬁe hypothesis._- Ir a . general
statement were to be made. 1t.'wou1d ap;;ear th?t the log-likelihood
ratio statistic tends tf; produce. &lo'ser approximation to the X°
distributi\on in many cases, But trxis statement must be regarded

& . -

* with two considerations in mind. . .
- - )

-

As most studies on .this matter are confined to examining a few .

of the many possible crqss-l-'classiricauon desi'gns‘uhere these t;-:o
statistics might be used, such a ‘statement must be deemeﬁ r,enta-
tive. 1In somel situations nelither measure is preferred: over ‘the
) otlll:r. In qther cases a eligh;, modif:ication in design or sample
. ., size may equalize. the performance of bot'h statistice.‘ As a_result.
‘ it is’ very difficult. to.synthesize this.collection ¢of work in’order
- to reach a definitive r.ecommendat.ion vel;id for all research, or

even & majority~ - .

L)

p - .

t

ﬁlso. the actual dirrﬂerenceSt observed may be so., small that

¢
they are inconsequential to the researcher. ‘s the debate over

+

the matter of expected values, berore aggecision can- be made ‘one,

- 1

o . .
must p,lace the question within thg conteft o!: actual practice. The
more one‘s're‘gearcﬁ demanqs‘ﬁ'r.eéision. the more closely one should

L

¥ N » . ’ ]
consider any fdﬂ‘rerences in the statistics one’ may enploy.

3 ’ . .
]

.
-

-
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method which is, utilized without question.

b4 ' ....26-"

Further. one should look closest at the, research using conditions

#

qpost similar to one s own design.

w

“ - * a
’

Correction for Continuitg . e ‘ .

L}
5 f ‘e,
N
’ -

* In a single paragraph . Lewls and Burke: present the corfection

A}
for continuity noting that it is justified only in the case of a 2

x.2 table. Tbeir treatment of the subject has the alr of 2 proven

arisen since.lewis and Burke regarding the appropriateness of. its

L3 " -
use, . o . -

o

Since categorical variables are discrete and the chi-square
distribution is continUous. a compensation can be made by adding
or subtracting 1/2 to each observed frequency. so. as ‘to move the
observed valug closer to the axpected value. Thus it becomes more
difficult to reject the hypothesis under test, .

corrected chi—square:is writtep as.

Ut < -I'-'Kxfj;‘i-)-fl(xfi)]zl
Xc B Z Z, | E(x«s) | :

In the case of the 24x 2 table where ) ' 2
X z_ /V (xu Xaa ™ X'I. X") . , (9) .
- - . e ;
1 X,. X.; X2 X.‘-LI . ' R 3

. . 4 .
. PR
'
. . '

the correction proposed by Yates (193&1 is calculsted as ¢ _

N (,X"xzz X:;X.,l a) '1‘ \
X;X Ko Xz,

.,?ﬁ
- N

But questions have’

Symbolicaxly.“the

(1)

¥




. T o
. . e v T
The analytical derivation the corréction expressed -in (9) is

r

‘given by Cox (1970).°,

The disagresthent over the use of this correction is Based not

on its thepretical grounding but on its applicability. Plackett'

) . (196&), confirming empirical results of.Pearson (19“7). argued that
R .
the correcticn is inappropriate if the’ data come "from independent
4 - ) ‘ '
. binemidl samples. yﬁrizzle,(1967) extended Plackett's results te

Fy v

" the general case concluding that the correction is. so consereative

. it is rendered useless for practical purposes,
A Y ’

L]

o - Supporting the use of the corection Mantel and " Greenhouse

-

(1968) have taken exception to the views of Plackett -and others,

"They base their objection on two points, First, they state that
. \p’ . . ' -
the proper model for a 2 x 2 taje ia a fixed marginal total model.

M Fl

In such a model the corregtion;is not.overly oonservative.. Second,

[} -

the correction improées the probability estimaﬁea except in(extreme

. casegs. Such cases occur when the hypergeometric (or binomia)q/dis-
v + ! - . P

tribution deviates frém symmetry beyohd some fairly extréme level.

v V.
1 &

o

Pirié and Hamdan (ﬁ972) attempted to stradle thqfcontroversy
by deriving correctfons for continuity for unconditional. that " is

random marginal models. For the'g X 2 test of independence they

arrive at a correction of 1/2 instead Qf -N/2. written as

. . J:“’“‘—"‘“<57 .
X e TS

X, Xg X x.L

'n . - L) ' LY - .

. ‘1
. The proﬁability levels requting from the use of this correction
< k]

*

C }

fall between tpose produced by the uncorrecﬁ‘p. tatistic &8) and .

7




. results which- su

“ -« are non-random.

"" . B N
i 0. i . ~ . .
. - - . - 2B -

- (//’tﬁ\?* : ;
L - - . . b Q o
the corrected {9). - d . . .

N \ .Y ' L3
. . o) ' , . .

;‘This is_s.ue was 'n_ext ‘adbdressed, by %pover (1974a3) and several

Short.comMents‘that immed;ate1§ followed his article. Elaborating

N .. \
- . .

on a stance he- hag taken in 1971, Conover proposed that the correc-

tion for continuity should only be used in 2 x 2 tables 4f the row .

. ., L " -
and column totals are ‘non-random and eitlier one. or the other pair
. .. .0 - . .

of the row or column totals are equivalent to each other.' If this

is not the case, C6nover maintains that the correction il overly

o

conservative. In his response, Hantel (19?H) agreed that a fixed-,

‘marginal ‘model ismgppmpriate and proposed a separate correction

for each tail of khe distribution Conover (1974%) corcurred with

this methsd and recommended; it be used in place of “the Yates

correction when tﬂ‘e table" totals are non-~random.

3
< . . .
L] . .

In the subseqfr}nt.paﬁers Hi’ttinen (1974) agr‘eed with Conover's M

starmer, Grtzzle. and Sen (19?'4) presented simulation

.

rt the contentio? that when the column totalts

position.

h uncorrected chi-—square is to be prei‘erred over

r !

the more conservative corrected procedure. .
. - * “ .

r

3

* More recehtly, Everitt (1977) recommended the

correction but oi‘i‘ered no support: for hfs decision.

F

sse of the

\

Ganilli and .

Hopkins (19?8).. on ths other hand. have presented results from a

" Monte Carlo stﬂdy confirming.the tance ‘taken by Conover, et al.

"!'heir results. demonstrated that a, -Yates correct‘ion ﬂecreases the

-

,. aceuracy of ‘a probability statement when either. or botrp of the

4 ot
) }
margins are not ﬂi}ed.’ x ' .
‘! L]
4 v,
4 1

e
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" The consensus seems to be that the correction for _continuity

E4

becomes évgrly conser{r'ative when ei}her or both o;‘f the mgrginals in
a tableqare' random.3 &s this 1s often the case in social science
research, 1t would appear™that the use of the cor‘r‘ection'should not
l " be given thea&lank‘et'_reco;nmt;néation- tlfzat often accor;upanies it. « If
strong ;:.onservai:i%m ig’gesired and/or the marginal totals in the ’
'conting‘épc:;' tamble‘being :anal_xzed are fixed values, then thé Yaltes
. A
'éorrect.ipn‘should be afpplie_a. However. in all other cases one must’
" be caut'ious in its use as the correction for continuity will pro- w
duce very conséﬁ\;ati'\re >pr'ob}abili,ty esti}rat:es. When a correc;:ion is
desired and ;:t.he f‘ab.le being analyzed does not have fixed marginal .
values, the 'work of Pirie and Hamdan should be considered.care«}
futlly.' ‘,' ) . v . .

" F

¢ - - J

Comparison of ‘Two Independent Chi-Squares

Situations may occur In which one. may want to test the equ.al-
2 ity qr }-..wo‘ipd.ep‘endent chi-square 4alues, Knepp and Entwisle '
(1969).-hqve _present‘.ed. ip tabular form, the one and five pércent
eritical \é"a_lues foi this comparison for ¥ = 1 to 100. They also

mention a normal approximation calculated as .,

[ . o a T
. Z'fz' I/R X[ ’”'/a Xz

: ‘ U

- 3 . )
[

¢ - ! . '
where X% ‘qnd x%; are two independent sample chi-square values, each

with ¥ degreeé ot f}ﬁeedom. The 3tatistic z is épproximately dis—

» s " ’ -
¢ tributed as-a unit normal variable,
.'a‘ , . . .‘ ) " ~
L ’ D'Agostino and Rosmen (1971) have: offered. snother simple
\)- '\ . N .I ‘ ) ' . ‘ o ,
’ + . L

SR : N
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’

3 ,YZ_

This approximation was tested by Monte Carlo ,methods and found to

ol 3‘0 -':

L]
L . . . G'
.

normal approximation for comparing’ ‘tWwo chi-square values in ‘the

form of ' . .

- Z= /ixt .JX: PR -’ . (’;).

v :

- -

be quite good for ' cases ;r;thy >2. For ¥ = 1 the researcher must- /

fl - o ./
use Knepp and Entwistle's tabled values of 2.19 foro= .05 and 3.66
‘. v
for a= .01, 'D'Agostino and Rosman also note that for ¥ > 20 the "

dencminator in (11) makes Iittle difference and

Z F“W ()

may be used in place of (11). "

i

Comparison of Individual Prvportié'ns

‘omhibus test.

.
. " b

The chi-square procedure, as Berkson noted in 1938, is an
In the case of a test for hamogeneity among K gFoups
classified by-J levels of the dependent variable &, the‘hypothesis

p(A EAERE™Y

under. test is that

pale)  [peale)
Ho; P(Al &) = P (A, Gz?'-'---:/P(AleK P(A)

" pasa) . sl e)  fpeasled] [Py

agalnst the alternative that H If the hypothesis is

is false.

L ‘ '
rejected, one would like to be-able to find the contrastj77mong the
L} e .

proportions that are significahtly‘;jifferent from zero.
¢ - '
b . ’

This may be accomplished by .a_well known prdcedure_ which

N .32

e
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L

élloqs one to construct simultaneous confidence intervals for all
- ¢ontrasts of the ﬁroportiong in the design, across groups; while
maintaining the specifigd Type I error probability.: The method is
"* an extension of Scheffe's (1959) theorem which is used for the con-

stLuction of contrasts in the' analysis of variance;
: . .

/ '

. .
If a linear contrast in the population proportions in a con-

,} tingency table 1s denoted as ¥, the sample eStimate is ¥ and is

. v .

defined as ‘ . -
L ‘ ' ,
,= 'Q . ry . G y)
. N k 1k :
k: 1 .
uhere'ﬁg is the propertion in group k and Iak = 0. The limiting

probability is (1 -co )'that, for all'contrasts.

——

Yo SEs Ko <P ¢ Ve SEs XL @

‘where ' )

e 3 aa ) :

- k ‘% "
ESE:' h :gz-cz (' ) B T B (6
L4 kit X b h’f b} ik- j ﬁt‘ ¢ )

L ]

L] th’ ‘l .

and V3%, |-, 15 the (1'-a )" percent value from/the chi-square

. [ *
distribution at K - 1 degrees of fredom. -Some of the earlier work
with this procedure may be found in Gart (1962), Gold (1963), and

Goodman. (1964},

The only drawback to this post hoce prdéedure is its lack of

pawer relative to a planned'sgt of,cont?asfs.h In place of the use

&
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of ¥ followed by post hoe ei}loration using thelconfidenee ineerﬁ

' val defined above- one -may employ 8 series of planﬁed contrasts., A.

more pouerful procedure results from the use of :] Bonferroni type
aritical value vhere the TYpe I error probability Is.sprea¢ over

just’ the contrasts of interegt. Such' a value may- be found in the

1 L]

table given. by Dunn 919611. *The value fxzk—l » in the confidence

interval is replaced by the value taken'from Dunn's table at Q= the

v '
number of planned contrasts and v==. < -

,Ana&ysis 3{ Ordered Categories

In spite of its usefullness. there are conditions under which

- - ' ’ * a
“the use of Pearson*% chi-square. although appropriate. is not the

optimum procedure. Quch a situaticn. occurs when the ca}egories

o

forming a table have a Eftural ordering. The.e2lue of the statis-

tie eipressed in (4) Will not be altered if the rous and/or columns

in- a table are permuted. However, if ordering of the rows or
. A . R ‘ -~

columns exists, their order cannot meaningfully be changed. This
is informatfon which chi-square‘is.not sensitive to.:'Instead.-the

researcher may choose among three slternatives.

€ n L]

If both rows 'and columns éontain a natural ordering, two

methods are available. The rirst is a procedure taﬁpn from Faxuell

hd - - % !

(1961) as modified by Harascuilo and HcSweeny (1977). It is used,

to test for a linear trend in the responses across categories.

L] I

The first step is to quantify the eategories using any Sarbri-
trary numbering system. As the method is independent of the

numbers chosen. both Maxwell ang Haraseuilo and McSweeny recommend
o, ] *

.
# . -

-]
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numbers which simplfy tl';_e' ecaleulations sueh as the linear coeffi- *
- a L T . a N

*

ciepts in a table of orthogonal polynomials, These coefficients

[l @

are then’ applied to the marginal frequencies to produce the ,sums

and’ sums of squarey for use in calculaping'a slope cOeffiéient, by
. ) : ' .

FERLY
-

thﬁ’ usual formula, ~ . .

5. W(s33)-(S3)E) .~ Gn
NES =gy T

oy . ‘.

Under the asdumption that @=8, tb’e standard error of 6 i8 calecu- -

s

loar:ed as L4
: Sl _ -’ '
E, = =2 i o 08
.- SP O/'I')SD' ) ' - . (

Then the hypothesis of no linear tr#fd may be tested by

Xogr =X, - ©

A decomposition of the tofel chi-square for the contingency table

is obtained by 'téking Xz (total) - Xz (due te linearity)s Xz(resi—

" dual). This m‘a‘;z often be a more meaningul ‘analysis,

A secon& procedure involves the use of Kendall's (1970) rank

- -

ﬁa\ﬁ‘: corrected for ties. If the observed tau is statistically sig-
~ .

nificant, the'hypothesis of no assoeciation .is rejected. 1In addi-

L l.r - -

tion, the statisti¢c itself is a measure &f association or array 6f

contained in the section 'of"‘meas-

the data. Fu‘rther commenés ar

-

ures o‘i‘oassociation. €n one of the two variables defining a
% .

. | 4
table are ordered, uskal and H;llis' {1952) non-parametric ocne-
L 4 - ' . ’ \

q_
o0 " .

7




,-Blong dimension I are considered to be tiéd’aﬁ therefore aré all

= . ) ) [

LY
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N . . r

Way analysis-of-variance procedule may be utilized to test for

El
L]

equality of distr’ibu‘ﬁions.’ . . o ’
. N n . - ( . )

Consider the ca;e'of. an «I~ x K contin’g’éhcy table where the

dimension ‘T is defined by mutuslly exclusive, ordered categories.

The Kruskal-Wallis statistic is based on a simultaneous comparison .

¥ - :

~of the, sum-qf the ranks for the K groups. To.apply the statisite

iIn the case of, an I x K table the frequencies within a category
. o ¢

7’

assigned a midrank value.’ (ne then sums.the ranks acorss I, within

group k, o obtain the summed rénl&s uaeé in calculating the st._atis-

]
+

T, ‘

Measures of Association .

tic.

-ure of association. To

n

As a fipnal, and imponfant note, a few words must be said about
L}

measures of association. It needs to be remembered that the value

of a chi-square statistie¢ is a function ofhsample size. To double

the size-of a sample. barring sample-,to-samfale fluctuations, will.
t

double the size of the associated chi-square. To compensate for

this, the data analyst should aluas;s calculate an appropriate meas-

report probability levels alone |is
equivalent to reperting t:he sample size as an indication of the
r‘esui-i‘s_s. !;prope:-r measure of association should bel included so 8s
to allow for judging'thé practical, that is the meaningful signifi.

cance of the findings. - While a proper trestment of this topic

-

_deéerves a paper unto itself, because of the importance of this

Subject. an outline of the main measures will be included here.

-

L4
Haat

2

G.

-
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L]

C(1971).

We begin with the general.case of an I.x J contingency.table.

- 4

L] ‘ -
f the datd are genera;/ed from a single sample,  then the proper

'te'st is one .‘of indeéendence and a measure of association is the

mean square contingency coefficiént. Designated: as £%, it"s sample

estimate is calculated as i ®

3 - .

i Xm y ] .

Ij‘ "

LN

i S

As the maximui value ' may obtain, #n, . iS the minimum of I-1 or

J-1, a correct,ion for this is , .
Y
N ﬁt . } .
P 3 @D
..x
] ' ¢
. : '

’ i

and is.referred to as CFamer's measure of association (Cramer,

1946) . i

In the cae of a table generated from K-samples, the proper
measure oi" association 1'5 given 'by the work oi: Light end' Margolin
It is a ratio of lthe sum of square; between the K groups
over the total sum of squares, ° Their measure.RzLM. 13 tested for
significa'nce_ by ab,chi-square statistic calculsted -as x-iMﬂN-U(I-

”RZLM which is tested at'v=(I-1)(K-1) degrees of freedom. Light
and Margolin have. shown that their statistic tends to be I{rger.
and therefore more powerful than the ordinary chi-square in the

analysis of a K-group design. - l_ )
Ll ' ‘ ’( 5 '
Hhen thé frequeneies of the k-groups are eross-classified by 2

cfependent variable which is ordered. a more appropriate meaSure of

‘s

o) 4

‘ ‘ [

+
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association has recently been proposed. As noted éarlier, this

‘model "is’ analysed-by a Non-parametric One-way ANOVA, Carr, Maras-

4

.bﬁiLﬁ.fanJ Se?@in}(ﬂote 1) have propesed a measure which is “the

i

oA . . ’ .
. ratio of the calculated test statistic to the maximum the statistic

- ¢an reach.. Their measure ranges from zeré té unity and it is
;o . !

interpreted just.as eta.squared 1S in the parametric® ANOVA. .

- ' . F
If both variables are ordered, one is presen;eJ with-a variety

_ of choices'beginning with the standard product-moment corgélation
coefficient. The use &% this method is discussed by Kendall -and

stuart (1965 and basically- involves the assignment of a set of

4

scores to each category. These pre-aséigned scores may be just the

] ; — .
natural ‘numbers, 1, 2, 3, ...+ normal scores, or a norqglized score
using relative frequencies of the margins as cutting points for

The chief disadvan-
¥

assigning vi?ues from the normal distribution.
method centers around. the fact that the scores are

tage of thi
aésigned arbitarily and the measure calculated will vary with the

v+ scoring system chosen.

]

The most appealing.méasqre in this' case may well be Kendall's

- -

N\ measure of disarray. tau {(Kendall. 1970). Its use in ordered con=-
tingency tables is i{llustrated by Kendall in his third chapter.
‘Because those data in the same row or column of a table are con-

-

.sidered as neither concordant nor discordant in relation to eath

other, but as tied, tau corrected for ties, T., must be used. &

competitor to tay has been proposed by Goodman and $rusgal in the
first of their three extensive papers on measures of associatioen in

aross claséification (Goodman and Kruskal, 1954:; 1959; 1963). The

*
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'}Gﬁbied as A, A, B, and B, The probability of observing.B, given

. - ! . .
- 37 - . o

L]
.

measure, y , is the same as Kendsll's tsu in the numerator, The

- -

denominator is the 3same gicebt in that it e{cludés tled valugsi
Thjsrmeans that in all cases tau < gamma, The use of tau is recom- -
.mended becasue the inclusion of the tied data is.a more coﬁserva-
tive method and tau approach;s the normal di?tribuéioﬁ faster than

épeanman‘s.rank order correlation (Kendall, 1970),

"In the case of @ 2 x 2 table, the well known measure of asso-

]

ciation basei oh chi—square is phi and is calculated as
——— \ = (2 1)

3 . . """
If Kendall's tau is calculated for the same table, then it will be

¢ v

seen that phl = tau. An élternative to the use of phi’is to employ

the odds ratio.

]

For a '2,x 2 table the categories defining the tablé may be

’

-the préssence of A, can be expressed as

el o
PN L

PR,
.'.rl

¥
- v
1 L4

Alternateix.‘the probability of oBServing B, giGen the absence  of
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'A.simple measure of aésociation.‘aiparéntly fiFst proposed by Corn- -
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field 1951), is'.the ratid’ of 'these_ two odds. - In the. sample the.
. measure':is-calculét,e‘d’ ass-. . . & X
s . t AN . LN - i
I ?‘ T M P : @g)
. . oo hw hu I L |
_with a s'!:_qndard err‘or‘estimaﬁed a§ -
. T T A T ! . f ;- ‘
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A <usgeful disqussibn of - this meaSure including “adait'ional

- o

Lo . references may be ‘found in Fleiss (1973). The_choice between the
) _. two coefficients, tau an'q phi, for the 2.x 2 table is not clear cut
_and the teader“$s referred to Fleiss for' further Uiscussion.
Lo ) L ' - ’ )
N o : Summary . "
..' i . . . - ) * 1
~. - - ' \ N .

. remains one of the most useful, versatile, and popular me?'m'es for
' : . ~ ' .
. _data analysis. Lewis and Burke are two among many-author whok_'iﬁave

- considered its ,Qroperties'f and applications and this ‘pai:er hés.'

) ‘hopefully. gserved as a gene‘ral re‘view of that literature._ Ip-c'lc:e.—

ing, it is interesting t& note a couple of points régarqing\ both
i ) . ) ‘ .
the m_isue\ and use of chi-square. . .

':= . ' \

In spite of thg age of the Lewis and Burke article it is

- r

. unfortunate to discover that many of the errors outlinéd in the-ir'

- L

‘ work' can be found in,re;earch ioday. Pe"r"ﬁaﬁs ,hecauseﬁ"the measure

' k is so well known+ and so easily used, it is alsp easily misused.

At 80 years of age, Karl Pearson's chi-square statistic ™

(,‘a
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Care must be taken to ensure that when one selects a method to
- . . h]

analyse a 'Sset of data, one employs '!.:‘he method (s} uséd correctly.

o Thfg applies not only %o Pea-rson‘s chi-—squ’éré_; but alsé to evert
.method used for inferential purposes. £,

’

As .a final point, it‘is important ‘to remember that, as noted

.

earli»er.“several. aspects of the ehi'-squér:e"procedures are still
. 'é“ v ) . . . . . " . . .

subject” to debate such as;‘th'e minimum expected frequencies al}o{i- .

able and the,b,es!:' way to partifion a contingency table. Very few

,-.0 things. in- lyie'are fitten if ;ranige and the "right" way to ,

Y

: analy:.-'.e a given ‘set df dat is not pne of those things. The wise'

- L

. researéher, will Eeep “a traék of the_,r:élex/:;nt literal':ure. seek'

advise from collegaues, and will forsakfthé automatic and mechani-

.

- cal application of statistical methods o,
a . ' .,
: . L F
r *
1 & - R
— T ’
L4 [ -
- . -
s -~
& ~
™ « L)
L) * b . 4
st ? + -
V4 .. .
b o* t .
. - o . . 8 .
' -s » : - F ""r\ X
‘ L .b
;0\‘._";. . ' s " i @ ¢
) L)
. . .
L4 LY
-t ) ‘_ "
- L)
. e . .
* £} N . 4 L]
»
.Q
T . N 43 "
t N -
’ * . -«
- . — N
) . .. Vone ' 41- Py .
‘ LT
f M : ~
/,:-’* . - -

w




+

. - 4D - .' . .

. Reference Notes ) . v

~ 1,. Carr, J., Marascullo, LQ.\ A., & Serlin, R. A measure of .asso-

»

eclation for rank tests based on the ](ruskal'-wanis model .

Department of Education, U. C., Berkeley, Berkeley, Califor-

'fa,ia.,gu'rzo. o - - - -

2. Slaughter, R. 5., & Marascuilo, L. K. . Nonparametric .pro-

- cedpreé for analyzing. test bias: » An alternative to~
F . -

Scheuneman's &pproach. Department of Education, U. C., Berke.

ley.,Berkelqey. California. 94720. ) X
<. SR o - & .
- { A ,
- "
r vff':’
LY
‘1
. - )
- a '
. R J ~ » .
1Y ) B} L) l .
>, ‘ ‘ L]
1 “ f '
- L} ) »
r

o

rs
h
t
A4
L]
. ar
P
4
s
| - -




~— : . . ’ nr s
. Camilli, G., & Hopkins, K, D. Applicéblélity of &hi-squarétto 2 x 2 oLt

o4 - K .!. .

Ve . References ‘ - "

v . - » o,

Bennett, B. M., & Hsu, P. 'On the power function for the exact test
of the\? x .2 contingency table. “Biotetrika, 1960, 47, 393-
398,

L]

berkson. ‘J.  Some difficulties in interpretation of the chi-square ~

. © .
test. Journal of the American Statistical Association, 1938,

L

'..'

. gt 526-5 36-

o 1 . ™ o PR

"

- Bishop, Y. M. M., Fineperg. S.El, & Holﬂ.‘[.and,' P. W. Discrete.Mul- - -

rﬁtivariate %alyais: Théory and Practice. ’ CamBridge. Mass,: .

' P Press, 1975. . f ‘ L ,

. . .
- . s

Bowley, A.

L. " Elements of Statisties. London: P. 3. Kihgé :&_.

L .
( . L
oy r . -

f . T . . . -

Sons,. 1920.

' Bresnahan, J. L., & Shapiro, M. M. A ;eneral _equatiop and tech- ] .

nique for the exact partitioning of’ chiZsquare contingency ’ .

* . 3 -

tables. Psychological Bulletin, 1966, 66, 252-262,

{ + . ' .

Broffitt, J., & Ranc‘l}es. R. H. A power approximation for the chi
’ . “ . . . b .
square goddness-of-fit test: Simple hypothesis casey, Journal - ‘

of Ll‘ag'umerican.si:ati'stical. ussoci-at,ior'l. 1977..72, -6@-607.

» T N

- PR
.

- - P
.
E

Brownlee, J'.",Some experiments to test the theory of goodness of .,

&
fit, Journal of the Royal Statistjigal Society, 1924, 87, 76- co

g2. . . . | "

[ I

’ . . v,'k ) :' . . '

contingency tables®. with s#mall expdeted qoell frequencies‘. L

[ .. i

. “~
- e - - .
. - L ]
N .
. ! 43 ’
’ . . ¢ N * v

-
. ] .
' . . ‘.’ N - - LI of N

- * ’




- b2 -
. N - ' “
- Psychologigal %Bulletin), 1978, 85, 163-i67.
- T\ . |

L

&

Camp, B. H, -Further interp'r"étation of the chi-square test,

Jour-
nal of the American Statistical Association, 1938.. 33, §37-

.5!‘20 . * ., ‘. P '

Castellan. J. .N Jr.

Psychological Bulletin. 1965, 64, 1330-338.

4 ' F P [t

1l

Chcpanis. A, :ﬁln-cxact multinomial one-samp'le test of significance.

+

Psychological Buljetin, 1962, 59, 306-310.
NE3 . - . f

Chapman, D. G;. & Heng,cRé.C. The po\}cr of chi-square. tests for

contingency tahle,si ”'Jcﬁrnal o£ the Amarican Statistical Asso-

- On the partitioning of con?ingency tables. .

a

% .
,ciation. 1966, 6?{ 965-975 I

.,
R

Chapman. J. n W. a comparison of * the x2

&

\ .

v

-

1

-2‘1og R. and mu,l';ino-

* Association, 1975) 71 8% -863 .

mia) probabilit}' critef‘ia foyficance tests when expected

Il

frequeno;es are smal 1 .

Jqurnal of the American Statistical

v
~ L]
- #

rohran_. W.. G} 'I'he’}i:,2 ‘digtribution for the binomial and Poisson
. » ?. . b . » .
»  Series with mall%gctationa. "Annals of Eugenicsj 1936. 2.
207-217. .+ ¥ % P
L. 44 '
O Ic}% ~ ) .
Cochran, W. G., Tbe".'-."xz- test of goodness of fit Annals of

»

e Hathoma_tic’al.'Stati‘sl:ics. '1952; .22?“ :3,15-3‘115.

s

.;

1

Cochran. W, «G Some met}nods for strength!ning the common X° tests,

-
siometﬁégg. 1954, 10 n17-u51.

4

Coover. ¥, 3.

N

s

v _
.Practiéal ' Nonpar&tric Statisticg. New York!

44




’ " u3-

L)
L]

" John Wiley & Sons, Ing., 1971.

v H

’

" Conover, W. d. Sr;me reasons for not using the Yates continuity

correcti,on on 2 x 2 contingency tables. Journsl of the Ameri-

* . can-Statisticdl Association. 1974a, 69, 374-382.

. b
. & 4 '

Conover, W. J. Bejoinder. Journal of the"ﬂmericén Statistical

!.:ssoéiation-,_ 1974b, 69. 382.

.
¥ L]
n

" Cornfield, J.. 4 metho& of estimating comparative rates from ¢lini-

cal data: Applicatioqs to cancetr of the lung. breast, and

cervix. Jén.;r'%l of the National Cancer Ihstitute, 1951, 1,

1269-1275,

L] " . .
“Cox, D, R. The continuity correction. Biometrika., 1970, 57, 217-
A 219, L ) CO

Cramer, H. Mathematicsl Methods of Statisties. JPrinceton, New

-4
Jersey! Princeton University Press., 1946,

[ ¥

D’ Agostino, R'. B, .‘ % Rosman, B. A normal approximation for. testing

+  the equality of two inciepender_mt chi-square values. Psychome~

L}

« . . ]
0 trika, 1?71. Igp_. '_251-253_. .

‘ - [t . \ ] .\ .
nd Dunn, Q. J. -Multiple comparisons among means. Journal ‘g'f the
-t x  American Stetisticel-Associstion. 1961, 56," 52-64.

Edwards., A. E. On "The use and misus_e‘m‘ the chi‘-sql}are testh:
. ! ‘ ‘ )
-~ case of the 2 x 2 contingency table. Psychological Bul-
letin, 1950, 47, 3u1-346. '
=== = <y a
.. Everitt, B. 8. 'i‘he)ﬂnal}sis of Contingency Tgables. London:
- ' L) ’ ;
\)‘ 5 . - . 1

ERIC . “ 45. ™

»




- - - 4y - A
{_-Chapman & Hall, 1977. L | '

Fisher, R. A. On the‘inténpretation_of X2 fyom contingency tebles

and "the calculation of P. Journal »f the Royal Statistical
Society., 1522, 85, 87-94. "
Fisher,. R. A.. The’ conditions under -which X? measures the

discrepancy between observation and hypothesis. Journal of
Lournas o1

the Royal Statistical Society, 1924, 87, ba2-50. "

Fisher, R. A. Statisiical Methods for Research Workers (7th ed.).

LY

London:“-0liver and Royd, 1938, \

\ 5

Fisher, R. A, The significance of deviations from expectations in

e
a Poisson series. Bfometrics, 1950, €, 17-24.

Fleiss,-J. L. Statistical Methods for Rates and Proportions. “New -

"york: Wiley & sons, 1973, ‘< '
. . | e
Fr$, T. C.° The X2 test of significance. Journal of the American

Statistical Association, 1938, 33, 513-525. '

hd ‘

]
Gart, J. J. Appqdf&mate confidence limits fo; the relative risk.

" Journal of the Royal Statistical Society, Series B, 1962, 24,

552-#63.

”~

Gold, R, Z. Tests auxiliary to X tests in 2 markoy chain. Annals

of Mathematical Statistics, 1963. 34, 56-7n

Good, 1. U...Grover. T. M., & Mivehell, G: /). Exact distributions

. for X2 and ‘for the likelihood-ratio sﬁgtistic _ for the

equiprobable multinomiial distribution. godrnal of Egg

L}

' Co 46

F




- 45 -

- - . - #

American Statistical Association, 1970, 65, 267-283.
L

-

Goodman, L.. A.  Simultaneous confidence iptervals for cross- [

) products ratios in contingenty tablesn Journal of the Royal

Statistical Society, Seriés B, 1964, 26, B6-102.

*

Goodman, L. A,, & Kruskal, W. H, '~ Measures of association for cross ¢

classifications. ‘Journal of the American StatisticalAssocia- \

tionl 195"‘| .ﬁ' ?32-?6‘u‘--" ’

. . -
Goodman, L. A., & Kruskal, W. H. , Measures of associatlion for cross

clasgificatjons. _ II: Further discussion and references.

- Journal of the American Statistical Association. 1959, G4, /
- A _ bt .

Y

- 1

{23-163. ' -

e

Goodman, L. A., & Kruskal, ¥, B Heasures'of association for:cross

"Ic%assification§. III: &pprOXJmate gsampling theory. Journal' ’

, - of the Americar Statistical Associaticn, 1963, 58, 310,364, . ¢
s — ﬁ71<"
[ i - . ‘ * - ’ —

Greenwood, M., & Yule, G. U. The statistics of anti-iyphoid and o

anti-cholera inoculations and the interpretation of such

. statistics.in general, Proceedings of the.Royal Society of

Medieine, 1915, 8, 113-190, ) ' ’ S

N 3

Grizzle, J. E. Continuity correction in the.chirsguare test for 2

Lt . ' - .
x 2 tables.. American Statisticien, 1967, 21 (4), 28=32. . '

[

£
Gumbe;. E. J. On thqu%liability of the classical chi-square test.

Annals of Mathematfcal Statistics, 1943, 14, 253-263. .
77 " . s ,
. - .. . . I ‘:’q
Harkness, W. L., & Katz, L. Comparison of the power functioms for . oyl

-

’G ‘ ' 3 v ": 7

- 4 ‘ ¥

- . - . s - L




- 46 -

L.

the bhest of independence in 2 x 2 contingency tables. The - .

. !J
Annals of Mathematical Statistics, "1964, 35, 11157427.

Horn, S. D. Goodness-#¥-f3f tests for discrete data: A review and
. - ¥
an application to a health -impairment scale. . Biometrics,

-

’ 1977, 33, 237-248. . . : S -

. 5 - 1

-

. Irwin, J. 0. A note on the subdivision of X into components.

Biometrika, 1949, 36, 130-134.

n L}

Jeffreysy H. Theory of Probability (3rd ed.). Oxford: Clarendon

‘i

Press, 1961,

- ) . e &
Kastenbaum, M. A. A note on the additive partitioning‘ of .chi- .

/ .
square in contingency tables. Biometricg. 1960, 16, !416-1422.‘ . \
Kempthorne, O. The elassical proble inference: Goodpess of

fit. In J. Neyman, (Ed.), Fifth Berkeley Symposium’ §_n_

Mathematical Statistics and Probability. Berkeley, .Califor-‘

. Ve
- nia: Universiity of California Press, 19€6. _ / .

f L\ ’ . - ..
Kendall, M. G. The Advanced Theory of Statistics (Vol, 1, 5th ﬁ .

ed.). London: GFiffin, 1952, . ' .
-~ . ‘

Kendall, M. G. Rank Correlation Methods (Lth ed.).( London: Grif- -

= ¢ " fin, 1970. . | ‘

+

Kendalli M. G., & Stuart, A. The Advapced Theory of Statistics

L]

(vol. 3, 3rd ed.).. London: Griffin, 1969.

Kimball, A. W. Short cx{:{t formulas for the efac—.@artit’ioning of x2

in contingency tables. Biometrfcs ., 19;5}4. 10, !l52;1458. P

* ' ’




P .,
- B v e 47 - .
’

Knepp.'D. L., & Entwisle, D. R. Testing significance of ffer-

ences between two chi-squares. Psychometrika, 1969, 34, 331-

333 Ly

Kruskal, W, H., & Wallis..w. A, Use of rank in one-criterion vari-
\ r . 3

ance analysis. Journal of the American Statistical. Associa-

tion. 1952, 47, 401-412,

.
' ]

Lancaster, H. O, The exact partitioning of X2 and its application
to the problem of ‘pooling of small q}bectations. Biometrika,

1950, 37, 267-270. _— .

- ]

Lanqaster. H., 0. The derivation and partition of x2 in certain

b ]

discrete distributions. Biometrjka, 1949, 36, n7-129.;

‘.

Lancaster, H, O, The Chi-Square Distribution. ~ New York: Wiley,

1969,

> :
Lggis, D.,” & Burke, €. J. The use and misuse of the chi-square

test, Psychological Bulletin, ‘1949, 46, 433-48Q
¢ ‘ _

! ]

Lewis, D., & Burke, C. J. Further discussion of the use and misuse
e . M

of the chi-square test. Psychologﬁcal Bulletin, 1950, 47,

347355, ‘ .

. / , ) ”
Lewontin, R. C., & Felsenstein, J. The robustness of homogeneity

tests in 2 x N tables, Biometrics, 1965, 21, 19=33,

Light, R, J., i Margolin, B, H. An analysis of variance for

/
categorical data. Journal of the American Statistical AsSoci-

Wation, 1971, 29' s3U-syl, . . B »

L) - -,

. ' ‘ 297, .

a—"




. \

-

Mann, H. B., & Wald, A. On the choice of, the number of intervals

—— P—

LI

.in the application of the chi-sduété test. Annals of

Mathematicsl Statistics, 1942, 13, .306-317:

- ] ’ -

Mantel, N. Comment and a suggestion. Journal of the American Sta-

'I' s . -

tistical Association; 1974,-69, 378-38¢. °

. I L3 ‘ — . -
Mantel, N., & Grgenhouse. S. W. What is the centinuity correction?

The American Statistician, 1968, 22 (5), 27-30.

Marascuilo, L. A., & HcSween%{/HJ . Nonparametric and Distribution- -

- Free Methods for the S3Social Sciencesfg Monterey, California:

4

Brooks/Cole, 1977,

’
.

4
Maxwell, A. E. Analysing Qualitative Data. London: Methuen &_ ,

CO‘. ] 1961. . ) ' ‘.

—— 3 ! . r
Miettinen, O, 3. Comment. Journal of the American Statistieal

Association, 1974, 69, 380-382.

; ] . ,
Neyman, J.- Contribution to the theory of the X2 test. In J. Ney-
- . 9 L

- . . [y
) man (Ed.), Proceeqings of the Berkeley Symposium on Mathemdti.’ -
cal Statistics and Probab&{ity: Berkeley, -.California: ) ~

University of California Press, 1949,

Neyman, J., & Pearson, E. S. Further notes on the X2 distribution._

Biometrika. 1931, 22; 298-305.° . e T

¥ * . - o\)~
Overall, J. E. Power Bf ¢hi-gquare tests fé; 2 x 2 cohti;;:Rhw‘

tables with small - expected ffedbencigs. PsycholoéicalnBul- .

" letin, 1980,'B7, 132-135. Bt S T )

*

& | ‘ ST N

- 48 - R .o




. * FS L

. , . - ‘-

." s - , - s . N
- Pastore, N. Spme comments on "the use and misuse of the chi-aquare v

_ test". Psychological Bulletin, 1950, 47,. 338-340.

“ Patnail-'(‘. P. B. The power function of the test for the diffe.reme

bet_ween‘ two proportions’ in a2x2 table., Biometrika, 19u48,
1 ] v

35, 157-175.
Pearson, E. 8. The cholce of a statistical test illustrated on the .
interpretztion of data classed in a 2% table. Bilometrika, .
N . L] /

1947, 34, 139-167. 1
. . " . o

Pearson, K. On the criterion tﬁat a given system of deviations
from the probable in the case of a correlated system of varie- .
- s
ables is sueh that it can he reasouably supposed to have
. ' E

, arisen from random 'sampiing. Philosophical Magazine, July..'

. N A .
1900, PP- 157-175. In E. S. Pearson (Ed.), Karl  Pearson s

~

v Eaf‘ly Statistical . Papers. Cainbridge: Can;bridge at the':‘

L .
*  University Press, 1947, 2 )

’ Pearson, K. Tables for Statisticians and Biometrieisns. Cam~ .,

-

' br'fdée: Cal'n.bridge University Press, 1914, - ‘ y

)

t . 1] .
Peters, 'C. C. .The misuse of chi-square: A reply to Lewls and , +

——

Burke. Psychological Bulletin, 1950, 47, 331-337. e

1

Pirie, W. R., & Hamdan, M. A. Some revised continuity corrections ‘,

'} for discrete distributions. Biometrgcs'.;ﬁg'??. 28, 693-701.
N ' : ]

Plackett, R. L. The continuity porr'.ect.ion for 2 x 2 tables,

Biometr{ka, 1964, 51, 327-337. ' :

. . . . . .
l - , .
LS




.-lso- " . N
Ay L] ’ . - X . ' Lo v :

’ ) /(-:ﬁcqe .J .T.-. & ‘Byar;s.' J.oA '?In'investigation of the restraints

. v with reépéct to samlﬁ-e slze goﬁmqnly imposed ::rn‘_the uge of the -

éhi-squére sbatisti;:.- Johhnal of -‘the.,A_mLericari Statistical
. . .t P o b N

* " Assoctiatien, 1971, 6..755-759. _ .

!
/ Es ‘ E s .
v Scheffe, ‘H. 'A method for judging pli cdﬁirasts in the analysis of
. - ] \) o L ¢ U L « .

varfance. _Biometrika,'JQSB.tﬂé._87-10u.-' .

* . . ' [

! 'Scheuhemaﬁ. J.-'A method of assessing bias in test items: Journal

of Educationgal Measurement., 197§. lé:viﬂ3-152.

Shaffer, J.-P. Testing Qpepific hypotheses in contingency tables:

Chi-square partitioning and other methods. Psychological

RéEortsh 1973, 33 (2), 3u3-348.

¥ S11litto, G. P. MNote-on approximation to the power of the 2 x 2

comparitive trial. Bilometrika. 1949, 36, 347-352.

L]

- Slakter, M. J. Comparative validity of the chi-square and two
modified chi-square goodness of fit tests for small but egual

expected frequencles. Biometrika, 1966, 53, 619-622.

- -

. Slakter, M. J, Accuracy of an approximation to the power of the
- L
chi-3quare gooaness of fit test with small but equal expected

frequencies. Journal of the American Statistical Association,

- ' 1968, 63, 912-924,
\

. Slakter, M.edJ. A comparison of the Pearson chi-square and Kolmo-

gorov goodness of fit tests hith respect to validity."Journal

of the American Statistical Assoclation, 1965, 60, 854-858.

¥




7 Les- .

%

Starmer, C, F., Grizzle, J. E., & Sen, P. Kt Comment. Journal of

the American Statistical Association, 1974, 69, 376-378.

. LA

' Tate, M. W., & Hyer, L. A’ Sig\'u'icance values for an exact multi- ' ’
T N g
N * nomial test and -acouracy of thé’.hi-square approximypn—: .

B Final Re'port No. . 8-B-023, OFfice of‘Ed;ucat.ion. Bureau of
. "' Res€arch, U.S. D.H.E.W., 1969.. (ERIC éeproductibn Service No. «
gp 040 886) { . /

» . A ' + }
* "

"4 . Tate. M, W., & Hyer. L. A. Inaccuracy of the X’ test of goodness-—

v of-fit when expected frequencies are small. Journal of the

American Statistical Association. 1973, 68, 836-BA4T. s j

. ~ . . 1
. .

West, E. M., & Kempth:::-rne. 0. A comparison of the chi and ‘1ike1‘i-

hood ratio tests for composite alternatives..’Journal of Sta- .

tistical Computation and Simulation. 1972, 1. 1-33.
‘ ' S .

Wise. M. E. Multinomial probabilities and the X2 and 'X.z distribu-

. ’
. . *

’ . tibns. Biometrika, 1963. 50. 145-154, ‘ -
fons. Blometrgks 2 . T

Yarnold. J. K. The minimum expectation in X° goodness of fit tests

and” the accuracy of approximation for the null distribution.

Journal of the Americarn Statistical Association. 1970, 65,

B64--886.

- " Yates, F. Contingency tables involving small’ numbers and the x2

*

test., Journal of the Royal Statistical Society éupplement.

i

193"9 l| 217“'2350 . . -

Yule, G. U. On the application of the x2 method of association and
i

contingency tables, with experimental illustrations. Journal ‘.
=g
53

: : ' .

-~




iy

O

D=5 -

Statisticsl Society, 1922, 85, 95-i0k.

» .
..
at - 5
,- - ﬁ
~
L
I/J’" = [
i -
You
/
-
.,
bl w
‘/ .
\
N
L}

ERIC

Aruitoxt provided by Eic:

"

LN ¢
t - .
- L
/ .
/ g
!
* L3
LY - .
l
-
- . 1
+
. ’
A
/ﬂ_‘ *
] -~ _’f‘:‘ -
. s
[ é?-
1{ ‘ -
, t
» - -
|
- -
*
., T L]
1
a ot !
. .
\
- -
-~
~ L)
1
I3
P
-
. ’
e ; *
b) h
. s . ,
.p4. “



