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Results of research on the acquisition of counting
originally published

ir the Soviet Journal npnestions of Ps?chalggy.“‘bas deemed an

importan% document that should be translate
" Fnalish readers.
nabbreviated" when they become part of new,

d and made accessibl® to
extended processes are

The glestion of how basic,
nore complex ones is

addressed. The subjects of this study were children between-the ages

of four and seven attending day care centers.
were presented with a series of addition tasks.

211 children studied
pata from the

investigation previde a pacis’ for a general outline of the way the
mathematical operation nf addition is inernalized, and a

psycholoaical explanation is offered.

more research is called for so

+ha* more detailed explanations of the origin of mental actions may
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Preface

) This paper ioﬁﬁaing the results of research on Ehe acquisition of
counting skills. It was Dfiglnéll} published in the Soviet journal,
Questions of Psycholngy, 1979, Volume 5, pages 46~54. An initial
translation of this manuscript was shared with participants &t a
Conference on Initial qudisi;ign of Addition and Subtféctian=5kilL5
held at the Wingspread Conference Center inJRaq;nQ, Wiscorsin, November

] &
1979. Professor V. V. Davydov wasrgne of the participante in that

conference. It is an important paper on the topic of ccuntirg and
should be accessible to the English readers. We had the origiral

retranslated by JamééxBrcwn! Then Mary Pulliam and I prepared thi

Jut

o . edition based on the original copy and the two translatioms.
- \
N i

" Thomas A. Romberg
N ! ‘ Editor .
., r = 7
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Res ch Objectives

£ Over the vears research on the fundamental psychological problem of
I

way in which a succession of perceptual and mental prcceg%ﬁif}é trans

r
o
M

-d into a single representative act has often led to the related ques-

W’T[
ﬂ_u

tion of how basic, ¢xtended processes are abb;gviage@‘when they become part
of new. more complex ones. Among the authors who discuss this transformation

o . R oy .
are Rubinstein, 1959; Shekhter. 1967; Shevarev, 19597 Sokolov, 1968; E. Sokolov,

u

1960; Zaporozhets, Venger, 7Zinchenke, and Ruzskaya, 1967; and Zinchenko, 1958.

- In studying the stage-by-stage formation of mental actioms, psychologists

_ ) o o o
who have given special attention to thé phenomenon of abbreviation include
-

Galperin and Kobylnitskaya, 1974; Nechaev %ﬂd Podolsky, 1975; Hepgmﬂyashcha§é,
. .

>

1956; Obukhova, 1972{;P§d015ky§ 1978; aﬁd.Talyzinag 1975. -Galperin, character-
izing the expefim&ﬂtalrrageafch in this area and discussing the. psychological

nature of abbreviatéd actions, wfites; : , .
= . .
Abbreviated actions are not Simply eliminated but are transferred to
. the po EltiDﬁ of actions which are considered as,if they were already
IR\ ‘ -
done and are now "implicit." 'This imparts a particular aspect to the

B - . ‘\ B
: tion on the object is not performed but merely ' "implied® autslde of
: =

. . ) -
what is actually done, while the aitiéﬂ_tzally performed is geneyally
E - = 3 i A o

E © . action .... oth in the pefceptkal and mental plane the concrete ac-—

- represented .,. by a movement which goes directly from the Sﬁarting

" point to the final ‘point without re gard to thé!ohjéative relations

of the.problem, as if to demonstrate by this its distinctness from

the object-action and its digfagard of the latter's 6bjective logie

=
#

_and 1its difficulties. (Galperim, 1966, p. 253-254).

=y -
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To make tne following analvsis of abbreviation as clear as possibia, wo

will beuin by discussing some ~f ics basic ideas. TFirst of all, we must dif-
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there are many unsolved quegzions-abdii the inner conditions and laws govern=

ing the origins of these abbreviation " The following questions are central:
e

1. By what logico-psychological method can we determine which concrete

act as best correspond to the objective relationships in the problem Heing

m

:

&

. What criteria car we use to digt;ﬁéuish concreteé actions, which are
, : o !

e

o accordance with the objective logic of a problem, from the yvarious levels

abbreviated actions, whose lc ¢ apparently c@ntfadicts objectivity? It

o]
La]

is extremely important to determine the essence and major characteristics of

both the @Ejective logic of concrete actions and of the other different types

of ”logjcs which cqrrespond to abbreviated mental acts. !
v ,
3. By what psychologica al ,récess are actual operations on concrete ob-
jects transfoimed into implied, mental operations? i w;
A . P
3 .
v‘; \2 - -
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1 nave 5 ~f the T
4. What is the psychological and psychophvs inlogical form of ¢ inter
' = B
nalized movemencs that represent abbreviated actions?
5 How 'can we study this process of internal representition and abbre-
\v ! } H = 3oz
viation, intﬁé light of our answers to the previous questions’

The elaboration of all th%%s interrelated problems will, in oul View,

contribute to the development of a modern theory of internalization: As
: c 3 " aws of
Galperin noted, "This involves the 'immediate taek of scudying the 1laws of

However, developing such a theory 1is hindered by the serious difficulty

We cdn describe people's actions.in some de
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determined not so much by external evidence (such as obS€Tvations of per-

 formance in the absence of manipulatives. or re cords of the Subjects talking
T N - fl B H
We must determin®
-

= g 1 _ L e 1 ] . serf . -
the structure of the solution, not simply observe a .person S acts performed

h—h
o]
o
h—ﬁ
2]
e
]
1]
o]
[
<
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to themselves) as by the way the initia

during the sclution proces:

m

Data on the psychology of perception and recognition shoys that the abbre-

- L . ¥ 14 F ]
viation of perceptual actions is made possible by a persoll 8 ability to use

i

new means ﬁ@ obtain more information about a problem. HoveVer, this data 1

i 11 = vgis of _Ne 1ad L ) 5 Mmeganeas . ‘th_ch var
noL accompanied by an analysis of the nature of th§S% nevw ins, N Yy

! according to the problem a person ig attemptiﬁg to solve, NOT hy an analysis
of the general logic and physical characteristics of the problems themselves
éfﬁf example, the specific geometrjc features of an object Provided as pafi!
of 2 measurement problem ir mathematics). : )

T ‘

? . - ; :’ | :
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4
} ' h%f wards, not only must we characterize the basic layvels and fol™S
n ¢
HE 5 s
& A _ . e R P R ~ PR o ieTime re ODE—
¢ )\5f J\QE (the material ..sed, talking out loud, audible murtefing to ©F
o= L o1

i \a { YZUE yut als we muer show how these forms aT2 used, and
éélf in'gﬁ\al dialogue), but also, we must show how thesc forms used,

ﬁg§ im /f\ﬂi haw the transition from one form of péffﬂfmancg to0 anothe
e p(j

fépg§ 1 ﬁﬂ\ What is needed. essentially, is a spe cial method by Which we
T bla

- - PR . Tan . meT=—
“1 fﬁ the genesis and LLansfgfﬂatLgn of the meaningful acts People per
ly

ngﬂ 1 g} ing a problem, arid the way these acts change form. NO Such methaog
= s - i ’
14 Y%t 4 lable, but witnout it no theory of interpaliza tion can he developed.
E = 'j

£ 'y ] /hrthy that the same line of research is pursu~d in Piag®tian rheory,
t - '

%ﬂdé\ » tfe Piagetian anaroach emphasizes the importance of the>}ﬂgical_dEVEi§
¥ eyp - : ] : - =it

1

@Pﬂg\t of %hternali;ed actiois.

TE gﬁneral method ws wish to construct demands a tnUfDugh study of the
he ©° I . -

iﬂﬂé¥ ;Zﬁtiéﬁ of conerete actions in a particular caﬁtéﬁt area (in mathemac-
; naly” i

iiﬁ; 14 éJRStiCS, history, etec.). Although some gpggialiStS believe this aP-
Llin 4
oA

pt Qh gf\tdistt&ctpsyc1alcglsts from working out an oOVerall theory of in—
my

R

N1 ¢fiﬂn the results of our 1ﬁvest1gaﬁlﬂﬂ of the formation of certain

izé ) ] .
ﬂﬁﬁh %f§l opsrat;Ons (neasuring, counting, mul tiplication, etc: see Davydov,
1953 ,éﬁ\ 195?) show that no general theory can be created without guch PTe-
R & T - .

p§f§k, /rk in a content area,

. “Opy ! | o |
Re ﬁﬂ\vely early in our research on the stage-by-stage formation of mental

gﬁﬁi—, J%ing the examplz of mathematicsal addition, wé dEtEfmiﬂEd that appraa‘
ns, g

P{ \t ﬁEal actions would allow a person toO operate with objects 1rrgspect1ve
m -

gf-\h wgf the original pfﬁblém stated they were to be manipulatéd oF Chaﬂgéd

ﬂé\&ﬂ i 1959). In addition, w. showed that a person's abbreviated mentdl

gé ibﬁ 7ﬂ¢ be demonstrated by presenting that Persen with manipulatives to
C

4 : ; .
’ , 1_6f§%%“*sf
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Nageriopions or -ul ObearvariOng of 2 development of addition in pre-

ECb}ml hiddren HLL et demonst?@te the relarionship between the abbTrevia-
tion °f action a8Nd oyr inferenc2s 88 to its mental form. The data will also

help describe soMe of the psycholoBical conditions that permit the development

Cur sybjects were SNildren 28 4-7 attending day care centers, We pre-
sented thémlﬁith a gerlies of addition tasks. All subiects were able L0 count
forwald from Jﬂe and haCkward fro™ any given number, and could name the preced-

, and suiceediﬁg numbérslfcr a SYe pumber. Théy also had to be able to identi-
fy Wfi;t%a numeralg and to underStand the Meaning of addition. We had them

how thetx uﬁdarstaﬁdiﬂg of addition by obtaining, in one way or another, the

1y

sum of addends Pr2§éﬂ§§d with Phygical counters. They were pérmi?téd .

tain the suyms either by bringing the objects together and joining. them, or

without doing thig.

* In this article e usa data abtﬂlned py L.A, Khristich and V. Ja. Dobrokhotova
studentg wcfklng on their graduate theses at the Moscow State Extramural Peda-
gogical Institute.

[t
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Jairialiv, we gave the children the first addend in each task verbally, but

through a series of steps we zradually substituted ob

ects for the verbal expres-

i

acts, except in the

oty

sion. The second addend was always expressed with ob irst

L]
W

[

purely verbal task, and was not subsequently designated by a number word. All

rasks except the firstone required adding on by gsingle units, as answering with

a memorized formula was not possible.
The following tasks were given:

1. Purely verbal: 'Add three to four. How many will this be altogether?”

2. Verbal, but the number name for the first addend is accompanied by a

five

i

gesture in the direction of a definite point on the table: ''Here ar

(gesture). Add this many (point to objects withc it naming how many there

are) How many are there altogether?”

[

The first addend is presented as 3 pumerzl: '"Here are so many (the.

appropriate number is written). Add so many (present the Dbjaétg)! How many
are there altogether?" 5

4. The first addend is given as a group of objects hidden in a box:
"here are six (indicate the box). Add so maﬁj (present objects). How many
are there altaéether?"

5. The first addend is presented as a dedignated set: 'Here are four
(present four objects). Add so many (present: objects). ‘How many are there
altogether?" -

F-~ all observations, we recorded the follewing:’
1. The child's method of performing addicion (counting all, counting on);
2. T > form of presentation of the addeﬂag‘(a§ desgribed above);

3. The character of the h °d and finger movements used by the child in

'Ee]
—

O
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counting (tapping a finger on the table, feeling the objects hidden in the

box, snaking a uniform, smooth hand movement along a liﬁE of objects, etc.);

i/

4. Peculiarities in the way counting wntds/?re uEtEfEd (rapid
and even, with hesitation and repetition, accertuated or drawn out) . .\
i
Our results showed three majar‘levels in'éhé Qerformanﬁe of addition,

each of which shows a characterlstic cgnnectlnn between the form inewhich the

o

quantity is‘éxpressed and the child's counting performance.

At the first level the object sets are added by countimg all. .The child

touches each object in counting; in some children, a tendency to suit the move=
ment of Ahe hand to the sh%Pa of the objects (sticks, circles) was. observed.

-

This counting all procedure is imposéd by the fact the quantity is expressed

with objects. (From the poifk of view of the interconnection between the way
the quantity is expressed and the child's addition performance, this level is
i

preceded by two other stages. the acceptance by the child of the very task of
additian, and the use of a counting rprocedure in which all the object addends
* are first brought together pHysically. This paper will not consider these two

.atages, however.) 1In our 1977—79 data, this level was recorded in 30 of 220
L / .
children. : f
| | -

At the second level, the task is performed -without objects, but with a \\

verbal counting all of addends one-by-ome, starting with one. Forty-four of

our subjecgs performed at the second level. These subjects performed the task

E

"Ec 4 add 2," for example, by saying "One, two, three, four —- five, six.

=)

t's
gix." Their counting was ususlly combined with movements Df hands, fingafs,x

head, or body. These movements had SEVEfal forms: a sweeping motion of the

"finger over the téb%é»aith the application of pressure; rapping at one painﬁ

[ )
‘E‘J‘fw



A

‘on the tabl€; or MNking a series of ngds which vatied from distinct to hardly

R ‘H
hibl@a In fusks 2-4 as the first addend was expressed more and mor%

.,,4

Q fgrﬂ @f Y ﬁ?c of obiects these children's movements became’ ‘more extended
When thg moVegent? were.forbidden, the children's cauﬂting was disturbed.
In Qrdar ty }earn more about the function of these movements, we carried

s _ ?_ . .
out a Special gkvﬁfiment. We tried to trace the arigin of ﬁhese EDuﬂtiﬁg ges-

tures éa tha ?Uiﬁg at whlch children pass from aﬁditi@n by caunting present

i M

bJ ctg to addiﬁign in which,the first addand is not represented by objects.

Seven Eﬁiidiép HV vere ablg to add only 1f DbjECtS were physically present
were given laskg in*%hich the objects weré‘hiédén in a bax.‘iThe experlmente;
began hy stvesaq/ the number £ame'df the first addend and openlng the §g§¥$9
show the chl1dn,/ the objects inside. The éxpétimentétrthéﬁ closed the bcﬁ
and refgrﬂulatad the task, saying, "Here in the box are five. Yousadd twa;"i

After pfsﬁﬁlgigg ¥ariations of this task ' the children Eégag,;o draw a finger

over the Pox whi}é uttering the sugcéésive number words. They then continued
to Cﬂunt the 3%QVhd addend, which was available as a set of objects. The’éis
perimeptef “éxl éave thesa childten tasks with a? EmpEZanx, a written number,

children succeeded in learning to

=

th

\m

‘and a gesﬁﬂgg {nﬁtead of couniers. Al
) pEffﬂrm(tﬁig g§f¢es of ngks.

’ oyt OBggryyFlons of thege childre n's behavior 1&& us to .assume that the

movemept of the finger over éhé bé; served them as a means for reconstructing
~ the initisily hyéaen and then absent object sets, whilé still 'uslngKEEEm as

gd@itiﬁn Equﬂﬁéggé _When they were required to operate with a quantity not

3

pyysig§11? aqgiyable, the children started to use the same movements they

had‘gsgd “ith iéal objects, which theyuhadttagghed with a finger. Now each



movement (pressing, pushing, tapping) was itself a substitute or representa-

_tion of the missing ‘counter. The counter now had the role only of an objec

T

of action.

With the transition from action with actﬁal objects to actionlwith absgnt
objects, the éounting movements themselves c%aﬁged from slow; extended‘pres?
sures, shifting the pmsiti@n of the finger each time as if moving over a ccl-
lection of items, to slight, quick tapping at one point on the taElé, In the
transition tDba purely verbal problem the movements continued to diminish.
Théy:did not disappear éﬁgi;glyg but wereireplaced by the subjects' whisper-—

-iﬂg and talking to themselves, iﬁdicated by laryngeal movement. All of these
movements expressed the ways in.which thé physical addition was originally
‘performed, that ds, by énémératign by single uﬁiFE Eigher!alaud, in a whisper,
or to oneself. E
1 At QEE tﬁifd level of addition performénce, the child adds by counting on
'Ehé elements of the second addend to the fifst addend taken as a whole. The,
ehiiéfén at this level (50 subjects) carried out thé addition task in tﬂe fol-
7 lowing way. They made a characteristic.continuous, 5;1‘1 +hand movement over
all?tba objects for the first addend;whilé uttering‘theigiven number word in
a drawn-out manner. Théf then gddéé the elements of the second addend one by
one (''six =- se;en, éight")f This uniform, smooth movement ﬁerﬁits thé_zhili
dren to operate witﬁ all the elaﬁénts of the addend, but witﬁaut singling out
each separaté unit. This methcd»of,aﬁdition replaces the one-by-one method
characteristic of children who still operate entirely at a material level,

3 i .
and is evidence that the child is capable of the actual mental action of addi-

tion.




In our investigations we discovered another group of students who also
solved addifign problems by counting on objects, but who did not, use the con-

‘tinouous hand movement along the elements of the first addend. Instead, these

children pointed thelr f;ngér at only one element of the set, uttered the num—
ber word (without exmphasis), and then counted on the second addend ('four --
Eive, six'"). Then the experimenter askeéiﬁ"Is it really four? You have just
Apaintad to one, and we're trying to add two to four.'" Some of the ghild?en
;immediately answered the ques%ig% by a continuous hand gesture alggg all Ehe

' " objects of Ehé first addend, pronounced the number w®r§ in a drawn-out manner,
and then added the second addend. Thirty subjects resp§nééd in this way; an- <

" other 40, when confronted with tﬁa same questiéon, shifted their finger to the
y ) ) \
next object of the first addend and again named the torresponding number word.
When the experimenpter repeaced the question, they shifteq;their finger to the

third object of this addend and sald the game word, and so on. Tf discouraged

N - from using this mode of operation, the children either refused to’ perform-the

5 .
\\ task, -or began to count the elements of the addend ome by one.
’ Outside of the situation of addition, when the experimenter asked the chil- .,

dren to indicate four, they always related the number word to the entire group
of objects. It was only when faced with an addition problem that,thgse chil- * .

dren would point to 'one element of the first addéndﬂand designate it as "four:."

A kind of synthesis of counting éi; and counting on was observed in some

children. These children would touch one object of the first set and designate
it by a number word corresponding to the gﬁantity of objects constituting the

- - - E . ¥
first addend. Instead of passing to the second addend, however, they would "

continue to enumerate the .rest of the elements of the first before starting

[ X
)




11

)
"4 the second. Thus for the task "to four add three" these children would re-

spond "four -- five, six seven -- eight, nine, ten.

AE;fitgt we thought the children in this group possessed qunting on as
a way of addition. Further investigation Ehcdéd,”hOWEvef, that their counting

K N
on consisted only of counting on further from a given number word. This was

evidenced by their pronunciatlon of number words in this '"formal" counting-
on proceduré,‘whlch was cha;actarized by the intonation and ac:entuatien usu--

lly ssociated with simplé counting. In.actual counting on the number word

=7
for the first addend receives speclal emphasis. Thus, we designated this for-

malrcounting on as one variéty of "imaginary" counting on.

gﬂﬁher types of imaginary counting on were observed .as well. In an investi-

gation of 'the adi}ti@n of abstract sets by\counﬁing on, We discovered a gfaup

of 17 children who, when given numerals to add, performed the task by counting

on, and did all the other tasks (with gestures, uncovered 6bjé;;5; etc.) by

counting all. We gave these children a special task in which a numeral was
alternated with a set-of physically presemnt objects to addg As soon as the
children started to count the objects of the first addend, the éxperiménte%

" . - = = £ 7 1 ) .
wrote the appropriate numeral. - The children at once rapidly and abruptly

changed thair method to counting on. If the numéral was taken away, they re-

. turned to Eouﬁtiﬁg all the objectsi These subjects too were unable to correlate

the number word with the total @bject addend.
. i f

inary counting 'counting onward."

Wk ‘designated this form of imag-
In order to find out how stable these childgen's meth hods o %\‘igiﬂn were,
we gave“them two tasks. These ks were presented to those who used imaginary

counting on and to those who were capable of actual countlng on. In one task,
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the fifaa addend was given without objects and designatedby the word "million.”

In the other task, synthetic- words were used as number words: ar for ome, ur
, :

for two, ir far three, and so on. , =
i‘s

. .
We found_ that none of the children capabla of actual aountlng o. changed

I

ahaif way of parfarming.additign in elther new task. They atill shifted their
hand in a continuaua amaﬁth<ach ant along the table ({a the task with "milLian")

s or along®the line of Dbié&ta fn; the firs aﬂdand (in the task with d;ﬁthétlﬂ
words). They aantinuadxpo draw out the first number word bafof% paaaing tn tha'
second addend, as well. . ,

iha hlld en who % imaginary counting on also did 5%; change their meth-

od in tha taak with the "millian.' Thay touched the table with their fiﬁgar§‘

By

quickly as in aimpla counting, uttered the numbar word " illiaﬁ" and- continued

counting the second addend, aayiﬁg a million and one, a millian and two, a

million and three," etc. H@wava;; in the task with artificial words thaaa chil-

\Y
dran formed two groups.. The first)gtéup (18 childtaa) aalvad the task only by

counting all. The aa;oﬁd group (22 children) continued to count on, but atiil

in the imaginary form. These children touched one nf the objects of the firat

addand, uttered the number word (quiaaly and evenly as in simpla caunting) and

o

- continued with the- aacund addend. If the axpafimantaf aakadr "Is this really

1r?" You have just pointed to ar, and we are auppaaad to add so many to ir,"

the chil&:an!iﬂdiaatad another ﬁbjact of the same addend, then a third one,
or they turned to counting all. -~ ' J
In the next stage of our iﬂvaatigatioi, ve atudiadzaha-ganafal intellectual

development of childran who possessed aatual and imagiﬂafy cnunting on. We as-

-

sumed that the defects of imaginary cnunting on as a mathematical pracadura are

- ‘ . ? i

. 10
s D
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difficult to discover by studying anly Ehe children's belhavior in addition

. /Lnd subtraction tasks. As a matter of fact, by perfarming additiﬂn in the

form of imaginary counting on, the child can arrive at the same result. as
in actual counting on, since imaginary counting on does not alway; distort

tHe farmal result of addition. Therefofe, we decided to correlate the pragk\i
erties of imaginary counting on énd of actual counting on with some.general 7

characteristics of the ghildreﬁ‘s #ntellectual development. We proceeded from

the assumption that children performing actual counting on must have a higher

level of intellectual development.

We believe that an esse 1 iﬁdéx Gf high ingelleciual development is
the ability of refleetion oz intrnspectian == the specisl faculty of consider-

1ng the basis of one's own ways of acting.* ,Introspection as an ElEmEﬂt of

thinkiﬁg is intrinsically associated with the ability to resolye contradictions.;

£

Consequently, we assumed that a child who has already found a way of recsngiling
a certain cgnftadiction;ﬁoss;éges a definite 1evel of intras tion Without

whatever. . B
) e / =

Our children were faced with 4 contradiction when the experimenter asked,

"Is this really four? You have just pointed to one!" Thgg!bntradigtiéﬁ arose

- 1
because the child related'a certain number-word both to;éﬁe entire group and

to one’of its elements. ' As we described, some of these children did not need

¢ -
a leading question to resolve this contradiction, for they had themselves al-

ready discovered a resolution in‘the use of their continuous hand movement over

™~

*. : : i
R . ) -

. i ,‘ - -
* A detailed psychological investigation of introspection as a basic component
of thinking was carried aut by.Zak, 1918; Maksimov, 1979; and Nosatov, 1978,

e . b ]
1 r
.-‘)

]
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all the elements of the first addend and their special emphasized pronuncia-
~tion of the humber word designatinggthe entire set. .

For some éf the childgen who related the number word to only one element

A

’ ) I . ) B R )
of the carrespanding set and did not include the wHole set by use of a gesture,

L ; : )
the leading queiFian helped to elicit the fact that they too actually possessed
\ i -
a way of recaﬁciling the untfaﬁiCEign; However, those children who couldZnot
. IO ! ; .
deal with the contradiction typically answered the ExpéfiméﬂtEf'S question by ;)

2 .indicating once more only one element of the first addend, or fefused 43 con-

tinue thé task. Imaginary counting onW3s char gsteristic of this graup of
3 , £

children. ’ - ' ! . . . \

h To ve:ify our aSSQmptians we C;fIiEd out agsﬁe:ial investigation té detef!

mine the presence of introspection in t;e children who péffgfméd imaginary and ¥

actual counting on and those who solv%d th % aski with absttact sets only by \Si
N

.
counting ally We used the method developed by Zak (1978), mﬁdifiad with re-
spect to the age of the §pbje;ts. The results are given in Table 1.

* A high percentage of children solving addition prcblemisiy actual cauntlag
on wvere fohnd to possess introspection. Thé percéntage of children 90552§§1ng—
intfospe%tisn was very low among tﬁise who used imaginary counting on and coun;\;}

) ing a;lg Thus, actual couﬂting on was found to',, in gama way associatpd with

a higher level of intellecghal ‘development, ipdicatgd by ﬁhe facult of intra;’

H

Tin
The gqext gﬁep,in our research was to study the conditions under which ac-

counting on is farmed We began by teaching such cuunting on to five chile

dren who were already abie to perform stable verbal cnunting all (the secand

. - L % ' .
= . - S
: . b L3
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e . Table 1
Possession of Introspection at Various

Levels of Addition Ability e

. Subjects possessing introspection
v . . o - —
. / . ] o - ~ T
Mode of addit®on N n - percent
_ — e — - — . . - - . ~ _
/ ] !
Actual counting on . 80 - (é 72 90

(=}

Imaginary counting on - 40 3

Counting all - e b4 6 14

y B i 7‘ 5 ) s . . -E
Thege children were given a task with a gesture or written number.- When

thgg started to count the first addend, they were interrupted by a series of -

questions and prompts from the experimenter: ''How many are here? (p@int{hg
ét:the numeral or at a place on the table already ‘indicated by :.a gesture) FD%E?
Then to four you have to add two." After several such prompts the children be-
géﬁ to use céﬁn%ing on. They touched thé numeral or tbe place indicated on

e " the table with their, finger, uttered the ﬂumber word des ig nating the first ad-
?? dend, 4nd counted on the elements of the second addend. All of the other tasks

in which the first addend was presented with objects absent wére‘pgrfarmad in

the same way.

4y Then we gave this group of children a task with objects present, which
L

K

they again carried out solely by Eounting all When this method of Edd;tiﬂﬂ_l

as forbiddeﬁ by t;% Expéfimenter, some of the children turned back to counts

¥

ing onm,_ relating the number word for the first addend 4o one element of that

¥
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‘group.' However, when posed with ‘a cantfadictiéﬁ of the type, ''Is it Teally
= Q\ & .. - - * . &
‘four? .You have just pointed to one," vhey could not resolve it. The rest

of the children simply refused to perform th; k at all.- Thus the count-—
ing on we had taught the children in this way tudged out to EE the imaginary
V 7 . . N . ;,; + V b ”
type. | 7 . a

We successfully formed actual counting on-.procedures in.20 childzgﬁ by
rusing objects—~present tasks. These children had alteady mastered the addi-
tion of both present ard abstract sets by counting allg We taught them count-
ing on Ey the folf%wing experimental procedure.

. o

Whengthe child was counting the first aédéndr the Experime er asked "How
many are there?" just as the child was about to point to the last element of
the first addend, which w§s:§omewbat removed from the other objects. In .this

_case the continuation of the movement along the line of objects coincided witi:
the child's uttering of the number wagd%designaﬁing-thg entire group of the
first addend. After this the children continued ‘counting the secqgﬂ_addéna.

. '
* Following two or thféé such tasks, the experimente: asked '"How many. are therew

5 ]

just as the child reached the second to last element, then the third to last,

and so forth. The child‘s answer had to be coordinstéd with the cantiﬂuing

movement of the handialgng;thé row of counters.
. , , .

, Gradually, counting orf was formed in dll 20 children. Characteristic of

their counting on was the emphasized or -drawn ouE prnnun:iaticn of the number

word for the first addend combined with a hand mcvemenﬁ,i The céunting on abil-
E’

ity formed in this way was easily applied to the other tasks‘using an empty

box, a ﬁumgfal? or a hand gesture. With the transition to nbjects-absent tasig

the hand movement gradualligj?minished and the emphasis on the ccunting WDEd

0 . 3
. ’ b . :

B

o
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becams less and less marked. -—i\\
Discussion
Our experimental results permit us to set forth a general outline of the .
~ ‘

way" the mathematical Dperatiﬁn of addition is internalif?d and to offer a

psychglégicaliazplanaticnf The addition task is first preésented to a child

by an adult who sets out two object sets (addends) and asks the child to de-

termine the number that refers to the total group (the sum) ., The child's own
action consists of physically bringing together or joiping the tWQXSEParatE
sets. The adult indicates to the child how to do this. Howeyer, during this

joiningy- the two sets lose their individual numerical identity and the child
" . - - ;“é ’ . oo
can obtain the result of the addition only by counting one by one all théréli o,

ements of the sum. This constitutes the initial physical operation of addi-
tion. (Figure 1,:a) . .

An important stagé in internalizing the operation gf addition is the Ehild‘s,

mastery of the process without having to bring the two addenq sets togethef- Ap

1

interesting sgfuatiaﬁ arises here. The child has to find the gul when the MUm-
K

ber words CDI’fESpondiﬁg to the addends gre alread}r known- With this inf@fmatian

the child will be able to count on to the first addend the Elgmgnts of rhe Sec-

ond one. (In priné%ple the sum could even be determined With the aid of a table.)
Howeéer, this déES-ﬁ;t happen. 1In order toroﬁtain the sum, the child still counts
one by one the elements of the first addend, which séemiﬂgliéig already known,,
(Figure 1, b) - ; : _ : .

This is paradoxical since the child, on the one hand, has 3lready mastereq
iﬁunting ftoﬁ any gi%en number and, on the other hand, cgn Q@££ect1y correlate

N - “_ %
a number word with an entire set outsdde the situation-0f addition. HoweVeT,

in=é§ding, neither "mastery” or "knowledge" will assure the accePtance of 2 .
= . - . g .
no
L . B ’ o L . w
, o

4
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gErtain SEﬁ Ef ‘jbjéct’s ag an iﬂtEgral addEnﬂ IS Ehis bécausé thE Ehild is R

sble ED cgfrélatg.ﬂumbef’wafdg Qniy with ahject groups that "are actually pre-
\

gent? Even With objects-abgents though, children still perfarm addition by

o

counting Dn*,ln this Case by the yse of a reduced hand movement whizh "r
stores" the 0bjects t© be counted, . .
'« Some childgeﬂ do Ecﬁsidef the chgibility of counting on when g&iven only
| | a verbal addengd, -ﬁhééiiﬁhildrén use their mastery of iﬂuntigé ta*iﬁmgdigtély
count *a;wkfé from 3 given ﬁumbEr wofd- While this égggi like counting onm,
when these children are asked FO corféléte the number word with the set of ob~
jects théy-gurﬁ pack to nﬁ;ﬂéiﬂ%‘§l1 or relate thé_numberfwgfa to only one el-
ement of ;ge addegds ot the WhOle group of items. (Figuresl, )

Whgﬁ psyChaiogical e 1sﬂaticn ‘can be given for the paradoxical enumers-
tion of an éaQEEd which isg alréagy kﬂﬂwﬂ to a child, and far the fact of imag-
inary countifg on? We think the explanation lies in the content up;; whith
the child i5 Operating. councirxg on involves c@uhting from a given pumber
based on the ardingL charactefisgic of that number. In the process of addi-
tion, the immEdiatE Physieal fépreseﬂtatlgﬁ of the addends is useless and ir-
.relevant to the cpild until the gets are brought taggthéf; NGHEEHElESS’ the
chilg élsé has ¢o rake 1nto acCoypt the numbEf word which indicates a value
irrespectivé of thégﬁbject set: This 1s the cardinal aspect Gf the word. The

o number word algg ha® am ordiﬂal valués which s manifgstEd in its éélagisn te

) ' the total cbje;t get- A :hild ig very Earl? taught to g‘ﬂsiﬂer this aspect,
but when thé numbel ‘of abject5 in the firgt addend actually caingides with
the number Worq ¢hiat defines it, the child has a ’EEEH“g of inconsistency,

of contradiCticg - £Or there is indeed a C°ﬂtfadiﬂti°“ between the4gardinal
: /’”




and ordinal aspects of the number.#*
For this reason, a child may ignore Ehégéfﬂiﬂal aspect  of the number word
and thus be obliged to recount the already determined addend. On the other
hand, the child may ignore ‘the cardinal meaning 5f.ﬁhe number and péffofﬁ the
counting QE the elements of the secand addend, correlating the number name for
the first addend to only one of its elements. (This becomes Sbvious when the
child is questioned, "Is this really four? You ha ave just pointed to onel!")
still Qﬁhéf.éhildféﬂ synthesize these two procedu?as,!apparently trying to con-
sider both the ordinal and cardinal asp ects @thhF number. iThey designate one
ElEmEﬂt of the addend by the given number word and then proceed to’‘count the
engite first-addand beginning with this number. (For example, ccuntimg 4 plus
2 as "Four, five, six, seven; eight, nine - it's nime.") (Figure 1, )
in'our;apinién, the contradiction children meet iﬁ pérférmiﬂg;theif addi-
tiDﬁ procedures can be resolved only when they change the way ﬁhéyicperaté with
the §bgezts=present addend, while Qaﬂtinuing to preserve the haﬁd-gesture along
the object s ,eprésentiﬁg_that addend (cansideriﬁg the gardinal aspegt) In this,
new way of adding, the child no longer stop t each element of the firsé addend, .
but immédiatély names the result with a numbar ward and passesrto the second ad-

&

! dend (implying cnﬁsidetazioﬂ of the Eardinal aspecé) “The child's characteris=-

tic hand gesture and Emphasized prnnunciatian satisfy the requi%emeﬁﬁ of the

.simultaneous ﬂonsidératicn of bathaspectsaf the ﬁumber.' The smooth gesture

2

réveals the real unity of the aspects in the :hilé s own activity. X{Figure 1, &)

The child is able to physizallgjcharaéteti;; one group of objects by different

3

. ) A 3 . ‘ \
— e - . Y

* This contradiction between the cardinal and ordinal aspects of the number and
the pgychalogical diffitulties it presents tu the child have been désgribed \
by Pigget, 1969 (pp. 386-390). _ ., 5 i

. = . . o . , i 3
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aumbers, that is by any number, since when the number is given beforehand
there is no need to ascertain all the elements of the group. Therefore
when the same group -L objects is designated by the experimer-er by dif-

ferent numbers (up to a '"million" - little children of course have on

et

v

P

o

vague notion of what this is), the child is able to treat that group as
fépregentaiiagfef any possible number by means of the smooth hand gesture
which desigﬁat%s thé ﬁumﬁer given. (Figure 1, h)

For these children, it is not the. number which represents the correspond-
ing set of objects, but instead a certain set whichiéan represent any given
number. We think it is this jnversion of the relationship between the*abjéct
‘grcup,and Ehé number EhatsgiVEs us a key to the way children discover by them—

selves the unity and coincidence of the cardinal and ordinal asbectslpf the

. 0
i

number, and the way children use this discovery in the form of a continuous

" hand gesture along the objects of the first addend. . We can sayethat this

= B

" very movement gives rise to the "mental plan" by which actual addition is

Pe?farmed, because -only in this movement does the object group begin to ap-
pear to the child as a unit, an addend. Aﬁ'this point the child becomés aware
of the action of addition, as distinct from the action of counting which pre-
viously sufficed to solve addition problems. The addition task may now be
performed Ey a“L?EtiQQ that is adequate for it and this action has to ex?:ess
the relationship between thelsbjecg group and the number. In practical addi- .,
tion, numbgrs serve as representatives of défiﬁité groups of objects, whereas
in mental additiomt the group of objects serves to ;ymbalize the number. The

transition from counting all to counting on, based on the smooth movement of

I

. the hand along an object group, takes place when the child grasps the relationship

2y
P Lo
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between a group of obj:cts and a numbes which is characteristic of mental add-
ing.
This explanation of the mystosy of counting on implies that its formation

must be based on physically present addends, whether children spantaﬁeausly

)
]
fidi

ar! independently discover it for themselves or whether they must be specially

o

taught. It would be impossible to change the functional relationship between

the object set and.number and obtain a transition to a pawuwaziaf understand=

ing this relationshiz if the obiect set were absent. This is why when a given
number word is detached from an cbject:gfaup (for example, when the first ad-
dend is given as a numeral) and this new way of understanding has not yet de-
veloped, we observe the phenomenon of imaginary counting on. .The action of
counting is not yet transformed into the mental process of éﬁd&tion. When

the child makes this transition, the characteristic hand mqgsFEEE diminishes

and the value of the number for the first addend become irrelevant, because

" any such movement correlated with any number now can express the new relation-

L
ship between the object set and the number. Since the child no longer needs

Dbje;t a?' s to perform addition, the smooth movement is soon reduced and
the ac : + pronunciation of the number word symboliéés‘its use as an addend.
Such s bolism.is an important element of internalization. (Figure i, 1)

i We arrived at this explaﬁatian by observing thé conditions and causes of
change 1 ‘he form and content of an action as it was internalized. How then
can we d. .cribe mental action proper, as distinct from a corrgspondigg physical
action? The mental action is based upon a change in the method of performance
based on a new relationship between the physical and the verbal {symbolic) ap-
proaches to an dbject. Without a thorough unders anding of this psychological



e

reality, MO adequate pmethod can be developed for studying the processes of
interpszlization.
our investigation showed that children performing imaginary courring on

n those who

e
=
1]
o
m
=
[
[y

are deyold of introspection and that introspection is
can perfOfm true COupting on. This is understandable because the sense of
contrazdiction and the search for ways to reconcile it présuppose that people

have the ability to examine the bases for their own actions and to analyze the

i

condirioPs for effecrive pgff@fmance; that is, that péaple are endowed with
intrgspeéti@n. Introspection thus plays an important psychological réle as
childrer Some to dCgept true counting on as a way of reconciling the contra-
dictiop Perween the cardinal and ordinal aspects of numbers they encounter in
additien-

A detailed analysis of the origin of counting on is justified if it con-
tribyres to the solytion of basic psychological issues of how abbreviated men=
tal actigns develop, How doeg our research help elucidate these issues? Be-
cause oUT results were obtained from actual experimental data, they provide
a useful empificél basis for discussing the theoretical questions about inter-

na® i,,tion we set forth in the first pages of this paper.

First of all itlis important to discriminate between the logic of material
actigps and the logic of idea] actions. We have demonstrated their Jifferent
pS¥che 1PRical charggteriétics and possibilities using the example of a mathe-
matical ngratigﬁ- The creation of an integrated theory of these logics must
be groufded 1in Ehe‘principlEg of dialectical l@gia which, according to ilyaﬁkév,

12 4ot Only a genieral scheme for subjective activity ... but also a general

schame foy change in any natyral and socio-historical material in which this

Q T ) , ) 29
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activity is performed and whose objective requirements alwzvs bind it." (p. 5)*
In the Stﬁdy of the origin of internalized, mental actions the logico-
psychological method can be used only structural °; we must constantly draw
on data from experiments set up to investigate the actual behavior of subjects
faced with various realégafld tasks. Thus, without information about the way
children perform addition problems, it would be impossible to really under-
stand the way their performance changes and develops.
Our description of the formation of mental mathematical operations involves
not only the origin of particular actions but also the initiatiaﬁ of thinking
as an ''ideal component of the real actig}fy of social man." (Ilyerﬁmv3 p. H)¥*%
The transition of physical acts tciidéas is closely connected with the use
of symbols. In our example of addition this is clearly visible. Only by trans=
forming the object set into a symbol for any number ﬁas it possible for a cﬁild
to reconcile the contradiction between the cardinal and oféinal aspects of num-
ber. It was this transfcfmatign that brought about the mental action of addi-
tion. The acceptance oi a symbol opens to a childsthe immense possibilities
of using numbers in the logic of mental actions.

As brilliantly expressed by Losev: ",g.Ehg»egsangé'@f a symbol is never

. S -/
a thing's or a reality's gilvenness, but its assignedness; not the thing itself

or reality itself as something dngendered, but their gngen@gfing pfingiple; not

something's 'proposedness,’' but 1ts '§upgggggnegs'" (iB?Q, p. 12). And further,

"As concerns the symbol of a -thing, it contains in a hidden form all of the

thing's possible mauifestatiﬂns"(pg=17).

* A, gignificant contribution concerning the problems of the content-genetic
method in logic and psychology has been made in the investigations of
Shchedrovitsky (1964). ,

%% This idea of the initiation of thinking was thoroughly developed in psychology
by Leontievy (1977), Rubinstein (1959), and others.

30 ;
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The logic of ideas as actions with symbols concerns the notion that an
idea is "none other than the form of a thing but outside the thing" -(Ilyenkov,
p. 189). Viewed from this standpoint, mental actions existsrcnly in an ever

recurring cycle as HEhiﬂg‘dEEdEWDfi?dEédﬁthiﬂg" (p. 193).

[%)]

Whgn children begin to use a symbol in their addition of numbe.s, we see
that these children can feel the contradiction in their own actions and find
by themselves an adequate way of reconciling it. This. fact is evidence of
the profoundly dialectical essence of children'sthinking.

In our example, mental addition based on a physical symbol is realized
in the form of an actual act of motion — here, a smooth hand movement and a
drawn out pronunciaticn of a number word. The movement, in an abbreviated,
reduced form, then itself becomes the symbol of a number. The study of the
beginning and transformation of this movement as a basic component of mental
action may become important to psychologists in- further investigations of the

.process of internalization. (In particuiér, an interesting question is the
eventual fate of this rédgﬁéd movement. )

- The transformation of symbolic gestures is of principal impgrtangeg In
our example, the hand movements together with characteristic spéééh formed a
symbol; later only an abbreviated articulation remained to denote the number.

These transformations must be kept in mind when dealing with already formed
symbols and their role in mental activity. "The spontaneously ideal," writes
Tlyenkov, ''is realized'in the symbol and thrdugh ‘the symbol ... through the
external, sensorially perceptible visible or audible body of the word"(p. 193).

This analysis of our invégtiééﬁion of the origin of mental acti;ai merély

’ _hints at the way other similar logico-psychological problems may be solved.




Considerable data ls needed in order to arrive at detailed explanations;

it is our task to collect this material using general logico-psychological

[}

theories about the narture of ideas. -

o . ,
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The role of eye movements in the formation of visual images.
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