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Abstrac.

This study investigated a theoretical structure which attempts to ex-
plain the problem-solving strategies used by first-grade students who
are successful in solving simple arithmetic story problems. The
structure used describes the problem-solving procedure as consist-
ing of a three-stage model building process: (a) comprehending the
story, (b) bullding a general conceptual model, and (c) generating a
mathematical model. Results, based on a study of the performance
of 81 students, appear to support the proposed theoretical structure
in that essentially all students who can give the correct answer to a

problem are able to develop a general model of the problem.
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THE DEVELOPMENT OF PROBLEM-SOLVING CAPABILITIES
IN KINDERGARTEN AND FIRST-GRADE CHILDREN

C. Mauritz Lindvall and Cheryl Gibbons Ibarra

Learning Research and Development Center
University of Pittsburgh

One of the more obvious settings for investigating the d--elop-
ment of problem-solving capabilities in young children is in the efforts
of kindergarten and first-grade pupils to solve simple arithmetic story
problems. By studying children who are just entering kindergarten,
one can see how pupils who have no formal command of the arithmetic
operations of addition ar.d subtraction attempt to analyze and solve the
problems posed by such stories. Then by examining the efforts of
first-grade children after they have been introduced to addition and
subtraction, it is possible to study what is involved in children's early
attempts to associate simple ""mathematical models' to the solution of
such quantitative problems. Working with child'ren at these grade lev-
els who are acquiring capabilities in solving problems of this general
type provides some insight concerning possible stages in the develop-
ment of such problem-solving abilities. This was the purpose of the

study reported here.

The study of factors related to the success that elementary
school pupils have in solving story problems has been a focus of many
investigators. Some ¢! this research has investigated the effect of
various characteristics of the story (Beardslee & Jerman, 1973; Lin-
ville, 1976; Loftus & Suppes, 1972; Rosenthal & Resnick, 1974; Steffe,
1967) and has served to identify those qualities that appear to be re-
lated to pupil performance. Other studies (Balow, 1964; Henney, 1970;
Knifong & Holtan, 1976a, 1976b) have been concerned with the pupil
abilities that are used in solving such problems and have investigated
such things as reading ability and computational ability. All of these
studies have certain implications for the planning of instruction and

for the diagnosis of individual pupil difficulties.
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Other investigators, studying the procedures and processes
used by students, have produced results that bear more directly on
the focus of the present research. For example, one group of studies
has focused on the effect of processes used by children and studied the
extent to which pupil use of manipulative aids has led to greater suc-
cess in problem solving. Four of these studies, conducted with first-
grade children (Bolduc, 1970; LeBlanc, 1968; Steffe, 1966, 1970;
Steffe & Johnson, 1971), indicate that, in general, children are more
successful in solving problems when they can use manipulative aids.
Evidently such aids permit students to develop a meaningful physical
"model" of a story. Problem solution also appears to be aided when
the manner in which the problem is presented includes some type of
concrete representation in addition to the verbal description (Gibb,
1956). This would appear to indicate that young children are better
able to visualize or model the story when the presentation includes
some aid to this process. All of these studies in the processes that
children use in solving story problems suggest that the more success-
ful students probably represent the essential elements of the story
through some meaningful model. That is, they approach these stories

as a true problem-solving activity.

As a result of the above view of the results of past research
and because of some recent investigations that they have carried out,
the present writers feel that if primary grade pupils are to acquire
capabilities that will increase the likelihood that they will continue to
be successful problem solvers in later grades, it is important that
the procedures they use in the primary grades be based on a complete
understanding of the problems rather than on the application of some
memorized rules which may work with most simple problems but
which are of ;o value with more complex problems. It is further sug-
gested here that some understanding of what these meaningful solution
procedures might be can be obtained by analyzing the processes used
by successful primary grade problem solvers in terms of some of the
components that have been found to be significant in the problem-solv-
ing behavior of adults. This general approach has previously been

suggested by Heller and Greeno (1978). Although some mathematics
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educators suggest that the solution of most arithmetic problems is a
matter of merely applying the proper algorithm, Heller and Greeno
(1978) have presented a strong case for the point that even apparently
simple arithmetic problems present most of the characteristics of a

real problem situation, particularly for the relatively naive student.

Newell and Simon (1972) have developed a rather complete the-
ory of human problem solving derived largely from their study of how
adults solve certain types of problems. Their theory as to how hu-
mans carry out the planning involved in problem solving suggests the
following four steps:

1. Abstracting by omitting certain details of the

original objects and operators.

2. Forming the corresponding problem in the ab-
stract problem space.

3. When the abstract problem has been solved,
using its solution to provide a plan for solving
the original problem.

4, Translating the plan back into the original prob-

lem space and executing it. (Newell & Simon,
1972, p. 429)

In a recent study of problem solving in physics, Simon and Simon
(1978) report that an expert problem solver examines the problem,
then attempts to translate it into some type of physical representation
before deriving the mathematical expression that can be used to solve
it. Similarly, the work of Larkin (1977) suggests that the successful
problem solver analyzes the problem in some qualitative form before
representing it mathematically. The work of all of these investigators
indicates that effective problem solvers make use of an intermediate
stage between their initial comprehension of the problem and their de-
velopment of a mathematical equation for solving it. In this stage they
abstract the essential information and develop some type of conceptual
representation of the problem, mental or physical. From their review
of past work on problem solving and their own work with arithmetic
word problems, Heller and Greeno (1978) describe the place of this

intermediate stage as follows:
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Word problems can be grossly characterized as well-

structured problems of transformation; definite injtial

and goal states are both given, and there exists a zet

of possible operators for moving toward solution, How-

ever, mediating representational and initial elaboratjon

processes are required to transform word problem texts

into problem spaces suitable for solution with understand-

ing. . . . Equations are evoked or constructed and in-

stantiated on the basis of these analytical processes,

(p. 16)

In attemnpting to analyze what is involved when a first-grade stu-
dent learns to generate an appropriate addition or subtraction sentence
from a simple story problem and then proceeds to golve the sentence,
the writers have chosen to employ a structure that is an adaptation of
what has been proposed in these recent studies. This structure is de-
rived from a "modeling” frame of reference and outlines the problem-

solving process in terms of three stages.

Stage 1. The substantive problem is identified and

examined,

Stage 2. The essentials of the gubstantive problem
are abstracted and the problem is formu-
lated in terms of some simplified general
conceptual model (i.e,, a representation

involving abstracted general concepts),

Stage 3. The general model is reformulated as a
mathematical model that can be used in

problem solution,

In the case of the primary grade pupil writing a simple number

sentence for a given story problem, these three stages may be exem-
plified as follows:

Stage 1.  The child comprehends the story problem
after reading it or hearing it read. The
comprehension involved at this stage need
only be that evidenced by the ability to re-
peat the story in a paraphrased form and
would be identified as the "translation" lev-

el of the Bloom Taxonomy (Bloom, 1956),

4




Stage 2,

Stage 3,

The story problem is reformulated in the
child's mind (or in some overt representa-
tion) in terms of a general conceptual model
(e.g., "This is a problem where someone
had a certain number of things and then got
some more 80 I have to find how many there
are if [ put those two amounts together").
Child .nay use fingers, blocks, etc., at this
stage.

The child uses this general model to write
an appropriate number sentence (e.g.,

"3 + 4 =7"), This sentence is actually a
simple mathematical model appropriate
for this problem.

The diagram in Figure | is intended to show the relationship of
these three stages and also to indicate the solution procedure that may
be employed if children have the capabilities represented by each stage.

Basic stages
n modelling

Procedure for
solving story
at given stage

(1) ) 3)

Comprehend Story Generate General Generate aumber
(Translate) Conceptual Model sentence (math
,1 model)

Act out story or
observe it being

acted out, Count
o obtamn answer.

Manipulate modet.
Count to obtain
wngwer.

Solve number
sentence

O
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Figure 1. Suggested stages used by students in developing appropriate number sentence
(ot mathematical m 'del) for 3 story problem showing the problem-solving
procedure that could be used at each stage.
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Previous research conducted by the writers (Tbarra & Lindvall,
1979) indicates that kindergarten children who have had no formal in-
troduction to the use of simple addition and subtraction sentences can
operate at either Stages 1 or 2 in the proposed three-stage model to
obtain the correct answer for simple story problems, However, this
earlier research showed that the proportion (. 75) of atudents who could
solve a story when it was acted out for them (that is, when both the sets
described and any operations oy these sets were demonstrated by the

tester) was much greater than the proportion (, 42) of students who

could solve it when they had to generate their o'vn models. This was
taken to mean that being able to generate a model for a story repre-
sented a higher level of ability than being able to solve the story when
it was acted out for the pupil. This appears to indicate the reality of
Stages 1 and 2 as representing stages in increasing competency in prob-
lem solving. To further ipsestigate the three.stage model, it then ap-
peared useful to examine the relationship of Stage 2 to Stage 3. This
was the purpose of the study reported in the present paper.

An examination of the diagram in Figure 1 will show that being
able to generate a general conceptual model can result in a solution of
te problem by manipulating that model directly or can lead to the gen-
eration of a number sentence which can then be solved, in turn, to find
the answer to the story. This indicates that being able to generate a
general conceptual model for a story is prerequisite both to solving
the problem by using the model and to writing the appropriate number
sentence for the story, Actually, with stories of the degree of sim-
plicity used in the first grade, being able to generate a general con-
ceptual model of the story almost t utomatically results in its solution,
This should mean that most pupils who can generate the model will
solve the story. That is, there should be a strong positive correlation
between these two abilities, Also, it has been found (Steffe, Hirstein,
& Spikes, 1976) that at this level most students who can write a num-
ber sentence for a story first solve the story by some other means
and then write the number sentence. This suggests that the ability to
solve the story should be found to be a prerequisite to writing a num-
ber sentence for it. The dashed line in Figure 1 is intended to indicate
this relationship.




Quite obviously, the relationships indicated in Figure 1 suggest
that pupils can solve a story problem without generating a number

sentence.
The Problem

The relationships implied by Figure 1 and discussed above may
be summarized in the following hypotheses.

1. There should be a strong positive relationship be-
tween pupil ability to generate a general conceptual
model for a story and the ability to solve the story.

2. The ability to generate a general conceptual model
for a story is prerequisite to the ability to write a

numbear sentence for this story.

3. The ability to solve a story of the simple type used
in the introduction of the basic concepts of addition
and subtraction is prerequisite to writing an appro-

priate number sentence for the story.

4. The ability to write a number sentence for a simple
story is not prerequisite to the ability to solve it.

Method

Subjects

The hiypotheses defined above were investigated by using an in-
dividual interview procedure to obtain data on pupil capabilities from
a sample of 81 first- and second-grade pupils. The sample consisted
of approximately 20 pupils from a school in each of four different types
of communities: (a) indultrial, (b) suburban, (c) rural, and (d) a uni-
versity laboratory school, In three of these schools the pupils involved
were first graders tested in April, while in one school the pupils were
second graders tested in October. The curricula in these schools
were such that all pupils had received instruction in the writing of

addition and subtraction sentences and on the related number facts.

ERIC 14

|

-




ERIC

Aruitoxt provided by Eic:

Since results revealed no major differences among pupils from these
four schools ir terms of the variables of interest in this study, re-
sults from all schools were combined into one sample of 81 gtudents
for the analysis presented in this paper,

Procedure

In chis atudy each pupil was tested on six different arithmetic
story problems, each of which could be represented by an addition or
subtraction sentence with a specific term missing, These stories, to-
gether with the number sentence which most closely paraliels the struc-
ture of each story, arc¢ shown in Figure 2.

Story Prodlems Number Sentence for Story

I, Jenny ate 3 cookies. Amy ate 4 cookies. How 1+ b0

many cookies did they ect altogether?
2. Jim worked 8 problems. Andy warked 2 problems 1 -be«Q0

less than Jim. How many problems did Andy work?
3. Jane has 8 cookiss. She gave some cookies away 2 -0 ¢

and only has 3 cookies left. How many cookirs did

the give away?
4. For her birthdsy, Sue got 4 books from her parents 1+ 0e¢

Sue’s grandmother also gave her some beoks. In all,
Sue got 6 book". How many books did Sue's
grandmother give her?

S Bul has some cars  His friend gave hum 2 more cars O+ b e
Now Bill has 5 cars. How many cars did Bdl have
in the begnning®

6.  Joe has some comuc books. He gave S of them to Q-be:

Sam. Now Joe has 4 comuc books left  How many
comuc books did Joe have tn the bepnning?

Figure 2. Story problems used u1 the study * v:h the number sentence which most
closely parallels the structure of sach story

With each problem the story was read to the student and he or
she was asked: (a) to give the answer, (b) to write 2 numb~r gentence




that could be used to represent the story and to find the answer, and
(c) to use counting cubes to explain the story. For ‘each of these three
tasks, the pupil performance was judged as ''pass" or “fail." The cri-
terion for passing the first task was merely that of giving the correct
answer. To earn a 'pass' on wntmg the number sentence for story
problems 1 and 2, as shown in I"xg\xre 2, the pupil was expected to
write the sentence in the form shown in the right hand columnn of the
Figure with the proper numeral inserted in each of the three positions.
For story problems 3 through 6 a ""pass' was given if the pupil either
wrote the sentence in the form shown in Figure 2 or the form which
showed the missing term as the "answer" (e.g., for story 3 either
44+2=6o0r6-4=2wasaccepted as pass). On the third rask, the
pupil was expected to use the counting cubes to show each of the two
given sets and the set representing the missing term and to explain

the relationships among the sects in order to receive a "pass.”

To investigate the four hypotheses posed for this study, the
pass-fail results for each possible pairing of the three variables were
examined through the use of simjle two-by-two contingency tables,

These are presented in Tables 1-3,
Results

Table 1 provides data showing the relationship of ability to colve
the story problem to the ability to build or generate a model for the
problem using the counting cubes provided, A contingency table is
shown for each of the six story types. These data appear to support
the hypothesis that there is a strong positive relationship between
these two abilities. A possible explanation for the fact that some
students could solve the atory even though they could not build the
model as called for in this testing situation may be that these students
are able to use some other type of model. The performance of the
few students who could build the model but did not arrive at the cor-

rect solutior may have resulted from relatively mechanical errors

such as incorrect counting.

ERIC
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Table 1

Contingency Tables Showing Relationship of Ability to Build a Model
for a Story Problem to Ability to Solve It for each of the Six Types of Stores.

Solve Story Solve Story Solve Story
F P F P F P
| 4 1 58 p 2 50 P 3 65
Buld Model
F 16 6 F 24 s F 9 3
2+ b = a1 - b =0 A - G = ¢
‘phi, = .78 ‘pluy = 81 phuy = 67
F P F P F P
Al
P 2 59 P 0 57 P 6 49
Buld Model
Fl 18 2 F 19 H F 25 1
a2+ O = ¢ O+ b = ¢ O -»b=c
‘o, = 87 ‘phig = 85 ‘phsg = &2

Hypotheses 2, 3, and 4, as formulated for this study, are con-
cerned with prerequisite relationships rather than correlations. In
studying prerequisite relationships through the use of contingency
tables, such as those presented in Tables 2 and 3, the essential data
to be examined are the frequencies in certain cells rather than the
phi coefficients. For this reason the following discussion of Tables
2 and 3 focuses on the relevant cell frequencies, and the phi coeffi-
cients presented with each contingency table are provided merely for

descriptive purposes.

The results in Table 2 provide data for investigating the hypo-
thesis that ability to build a model for a story is a prerequisite to be-
ing able to write a number sentence for it. The r latively small num-
ber of students who failed in building the model but were able to write
the number sentence provides support for the hypothesis. Again,

these few students may have been able to usc some model other than

10
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the one required in the test. The fact that a certain number of stu-
dents could not write the sentence even though they could build the
model may merely mean that these students have not yet learned to

write such sentences,

Table 2

Contingency Tables Showing = hip fo Ability to
Build s Model for 3 Story Problem to Ability to Write s Number Sentence for 1t.

Build Model Build Maodel Budd Model
F P F P F P
wnte P 6 36 P 0 36 P 3 &
Number
Sentence F 16 13 F 29 [ F 9 5
a2+ b » 1 - b= O a3 -0 = ¢
4 [ [,
phyy = 45 phi, = 86 phi; = 63
F P F P F P
Wnte P I 56 P 4 ] P s 17
Number
Sentence F 19 5 F 20 6 F M s
a v+ 0O = ¢ O+ b =~ ¢ a -b = ¢
4 N 4 4
phig =~ 82 phug = 68 phig = 65

O
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Table 3 also provides evidence concerning prerequisite relation-
ships. It supports the hypothesis that, =% this level, being able to solve
the story is probably a prerequisite to being able to write a number
sentence for it. This would support the findings of other researchers
(Steffe, Hirstein, & Spikes, 1976) that when young children are asked
to write a number sentence in solving a story problem, they first
solve the story and then write the number sentence. The Table 3
contingency tables also show that it is not necessary to be able to

write a number sentence for a story to be able to solve the problem

11

15




posed in the story. Some students evidently solve the story using the

Stage 2 capabilities.

C

Tsble 3
ing Relstionship of Ability to

Wnits 8 Number Sentence for 8 Story Problem to Ability to Solve it.

Solve Story Solve Story Solve Story
F P 3 P F P
Wnte P [} 47 l Pl 2 2 P s 63
Number
Sentence Fl » 17 F| 24 1 ]| 9 5
a2+ b =0 a - b =73 a2 = 0O » ¢
fphi, = .37 ‘phiy = 68 ‘phay = o0
F P F P F P
Write P 1 56 P 1 54 Pl 7 45
Number
Sentence £l 19 ; £l 18 8 F iz s
2+ 0O = ¢ O+ b = ¢ 0O -b = ¢
"phi, = 82 fphig = 74 ‘phig = .68
Discussion

This study investigated a simple theoretical structure which at-

tempts to explain the problem-solving strategies employed by first-grade

students in solving simple arithmetic story problems.
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This structure,




outlined in Figure 1, describes the problem-solving procedure as con-
sisting of a three-stage model building process: (a) comprehending
the story, (b) building a general conceptual model, and (c) generating
a mathematical model (the appropriate number sentence). This sim-
ple three-stage structure corresponds to that proposed by several in-
vestigators (Heller & Greeno, 1978; Larkin, 1977; Newell & Simon,
1972; Simon & Simon, 1978) working with a variety of types of prob-

lems.

In general, this three-stage description of the problem-solving
process when applied to the grade levels and the content that was the
focus of this study can be considered as identifying three levels at
which pupils may understand a story and at which they might work out
a solution. Since previous studies by the writers (Ibarra & Lindvall,
1979) had shown that kindergarten pupils who were unable to solve a
story problem under other conditions were able to solve 1t when they
were permitted to act it out or had it acted out for them {i.e., were
able to solve it using Stage 1 procedures), the present study focused
on Stages 2 and 3.

The results of the study indicate that the students who are suc-
cessful in solving stories of this type (when acting it out is not an avail-
able strategy) are able to generate some type of general conceptual
model. This is taken to mean that successful problem solvers ab-
stract the general and essential elements of a story and then proczed
to organize and manipulate these elements, either mentally or physi-
cally. For example, we might consider the simple story ''Tom had
three apples. His brother Bill had two apples. How many apples did
the two brothers have altogether ?"' Here the successful problem solver
abstracts the essential ideas that we have three ''things' in one place
and two ''things'' in another place and that to find "how many altogether'
one must count the total in these two sets. This person then has no
trouble in modeling the problem by building two sets of blocks of ap-
propriate size, by using the fingers on each hand to represent the two
sets, or by using some other countable objects. This type of repre-
sentation, or model, can then be used to solve the story directly or

it can be used as the basis for writing an appropriate number sentence.

13
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The study also supports the idea that pupils who can write a
number sentence for a siory are also able to develop a general con-
ceptual model and to solve the story using such a model. That is,
with this level of content the students appear to be able to write the
number sentence for a story only when they are already aovle to solve
it by using a general conceptual model. It seems rather clear that
the typical first-grade student does not formulate the incomplete
number gentence as a step in problem solution and then find the an-
swer to the story by solving this number sentence., The number sen-
tence is only a way of modeling a solution process that has already
been completed. Actually using the number sentence to solve a prob-
lem is a capability that is probably acquired at some higher grade
level where problems become more complex (or involve larger num-
bers) and the use of an arithmetic operation is an essential aid to so-
lution,

In general, the results of this study imply that teaching pupils
how to solve arithmetic story problems should always involve the in-
termediate step of making certain that the pupils can translate the
story into some type of meaningful general conceptual model before
they attempt to write a number sentence for it. That is, they should
be taught to model the essential elements of the story through some
type of physical representation that will contribute to their unde rstand-
ing of the problem and clarify the process necded for solution. Plac-
ing an emphasis on this intermediate step should mean that students
would not only become more p.oficient in solving these arithmetic
story problems but should also increase the likelihood that they would
acquire a general problem-solving strategy that appears to be char-

acteristic of effective adult problem solvers.

14
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