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Aavsystsmst1c sttgﬁt1sn tg ths area sF prcb1sm sc1v1ng:,sﬂrfv

‘Wbss1cs rs1stsd"'1ssuss. But at ths ssme t1me thsrs has bssn an- equs}

\

50 nsrrow that ovsrsmphasis of 1aw=1evs1 sk111s w11] prsc1ude dsvsJDDmsnt
L Df the requ1s1te understand1ngs tD mske those sk?l1s-apsrst1ons1 N There 15.1 m;'
" no d1sagrssmsnt hswsvsr on the ksy 1ssue Students shgu1d bs ab]s tD spn1y

",s".

*,ths msthemst1cs thsy 1esrn tg apprapr1ste prsb1em s1tust1ansi, ~f;*“;j,A ~%;:

In 1973 and 1978, Nst1ona1 Assessment of Educat1ana% Progrsss (NAEP)
fundsd by the Nat10na1 Inst1tute of Edusst1gn, cnnductsd twa nst1ana] stud1es
.of mathsmstics sch1evemsnt st the 9—; 13- ,‘and 17-yssrsﬁ1d TeVE]E FPQm,3*in

1976 to 1978 the Stste of DhTG author1sed ths Dhia Dsmartment oF Educstion_'“

“to ssnduct ststsw1de sssessmsnts in msthemst1cs at gradss 4 8, and 12. e

o Thsss asssssment studies prov1de us the msans to cantrast student psrfnrmancs

on sk111 and apn11cstion 1eve1 1tsms 'Th1s paper w111 exam1ns ss1ected

;%s. findin

“they pRrtaifh. to nrob1sm solving at the sesondsry Tevel,

A ! o
gs fro thsse asssssments and d1scuss 1mp11cst1ons of ths F1nd1nqs as
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at a11 grade Heve15§ p3551b1y suggegt1ng a mechan1za1 rather than a. can—
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=.L:V(1978 NAEP resu]ts and tg make QbSEPvat1Dns and recammendat1ons React1ng i

-~ to the Doss1b1e effect that Ege “back tD bas1c5" trénd may be hav1ng on-.

*“'jﬂresults, the pane1 nated that th15 mcvement has then resu1ted 4in a narrcw1nq
. i,_,— ; = J'

- af the curr1cu]um, Strass1ng computat1ona1 sk1115 and kan1edqe Gf Facts and

bt i
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:;'James w1ﬂsan aited the effect on textbadks -"By the m1de497D 5; textbggk§

: . 1;§1’
‘"'f'1n the 5choa1s emphas1zed camputat1gna1 sk 11s word prebTems were Streamﬁ )
f11ned to present students w1th the 1east poss1b1e amount of- cgmp1ex1ty e

GenéraTTy, the panel was satisfied with Student'ﬁérfgrmanCE on most

_~computatienal and knowledge Tevels. Some concerns were exnressed about = . .




- apg11cat1cns of aTgDrithms However, 1n the area GiuprOETEm 501v1ng, the -ef?gfﬂf,
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panel reg1stered 1t5 g%eatest cancerﬁs. Accord1ng to Thﬂmas Carpenter, izfjla”'*'

\ a_ "Younqsters don t th1nk abaut brgb1ems._ They search for ways to aﬁp?y thef

,;caut1uned “PengE are teach1ng

sk111s and expect1ng that fac111ty w1th sk1115 w111 automat1ca11y transfer ;&:__

.- . i N
consumar re1ated app11catjans.g,19?é assessement resu1ts 1nd1cate that 17 yearﬁ-

a1ds have Fared no better five yearsp’f '
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But a maggr1ty choss~30 % 20 x 4

13—yeanea1d5 wou1d have SEnt two peap]e QFF qn ha1F a car As pane11st
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.ﬂ_A

' N Lo
Ir15 Car] nated 'A1thgugh students mag have 5k111 1n us1ng d1st1nct

)

240@

aTgar1thm§§ the depth of understand1ng Qf the CDﬁEépt requ1red to Efféct1v91y

app]y sk111s 1n varicus s1tuat1cns appears to b' '1551ngéﬂ e

S]vghtly, the dec11ne fnr 13-year-o1ds was s11ght1y TErger and thE’dEC11ﬂE

efar 1? year Q]ds was apprec1ab1é Cons1dered hy COQHTtTVE 1eve1,vn1neﬁyear ;-4;‘5};

SG]VTHQ 52venteensyear D]ds performance détTTﬂEd s1gn1f1c

. 4T
F;

" area ex;ept(the knanedge area. 1%‘}}1]* i;;x}QEx o ’;" .
*L}; Average VJE |  ? Chanqe In B ' A
Per*Formance ST Average ..
19?3 e 1978} -~ -~ Performance -
CUSRE 30 ek
42, 38 . -3 x4 -
. 33 "L\; f Zéixx T M

*Change is. s1gn1f1cant at’ .05 1eve1
+F1gures do nct tata1 becauseiaf rounding

B ) - g = - . P;: . ] - R if B
* %Ry HL~Fbrbes, ﬁﬁkector bf'tﬁéﬁNAEP noted that the Dattern F@und in
o gthe m@thematﬂcs BSSQSSment-—larqer dec11nes for the o1der aqes and more




P .mendat1ans The foi]aw1ng four re]ate d1réct1y to prob]em sa1v1ng
i = 1. -

. ':it 1 An expanded def1n1t1cn gf what is. “basi&" in?mathematics 15 f f
. ~ Q"_: cruc1ai ta faster Students ,abilify to cape w1th d1ffeﬁent t}peg ‘ ?kf
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o o e - SRR
»\ 2!
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. L . = e ) f _
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: Dr are nat as eas11y SubJECt to mod1f1cat1cn faT1 by the waySﬁd
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7 Oh1o ASSESSmEﬂt F1ﬂd1ngs 1975 78 SO ST
Ohio results ref1ect ‘the’ Same generé1 tremds as, those FrDﬁ natﬁona1 o |
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1ess praf1c15ncy with camputat1uns involving other kinds of

S;f
numbers, but grow1ng frDm grade 8 to, grade 12 \ﬂd 51qn1f1cant] ess
praf1c1engy with prob1em so]v1ng app11cat1ons generalTy Sat13fa¢tory by

Ed

grade 12 only for simple,
@ R
,A and B ih the Appendix.) -~

y .
'

one-step, texthook-like pr@b?emsi

(see Tables

v
‘

Of particular concern in Ohio assessment.resultseare the very weak

performances involving geométric applications.

- twelfth. grade 1ev215,!geo

the Jowest. scoring items. A\

K : =_

+» . ? Eighth GraderGEDmetry Items

What,is the petirmeter of the room in this illustration?

34 feet
50 feot
100 feet
156 faut

o
| dén’'t know.

ﬂ"
m OO oD
< |
]

|
|
o
— >

.. (44%) -, St

WHal 12 1he aica 10 sjuale vy, whb o AbLS

What is the «elufne, 10 cubiz units, of the rewtuny

Both at the eighth ‘and

metry application jtems consistently rank among

s

The radius of tr"é insids of the pae is
3 inches. Thé wall of the pipe is 1 nch
thick. ‘What is the diameter of the pipe?

A. 4 inche: B
B. 6§ inchos o ~
C. 7 inches ffs
* D. B inches T
E. | dur't know. _;:fé;«@
égf;
(ED%) s ,:—f/T\
FIFE
i

Jar sulid shown below?

A. au . A1
r B 60 ’ =] g 20
c. GE c. 22
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|
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Twelfth Grade Geometry Item:
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& 4] 4
(41@) . (30%)

Anothér area of interest among Ohio data is performance on inter-
preting and using, graphical and tabular data. For items requiriﬁé a
straight-forward. entry selection from a graph or table, results are uni-
formly high. - However, for questions requiring the reader to iﬁtgrpret a
data-Eﬂtry or involving some slightly unusual feature, the performance
pTummetsl_ On the following pictograph, only 35% of the 8th-graders were
agle to correctly intervret the COFFEEL table entry, possibly because Ehé

picture symbol represents a nonunit quantity. For another i1tem in which

each symbol did revresent a unithuantity, pertormance rose to 95%.

4

Mgl oady the snrasimale Qs 4000 1 The Lanled Statsa o 18 1Y

A lsa;ﬂm Urited States

B 2500 000 Population

¢. 6500 000 [+ 1780-1840

~ O 7500000 P -
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1810 AR
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sGenerally, Ohio assessment results caﬁrébprate NAEP panel observations
that students are not we]]-equimped to resnond to situations whicb require

them to Der%crm 51ight]y differeﬁ%iy that the most simple, 5tra1ght forward
exercise or application for which they have had - prev1@u5 pract1ce
The following table %Oﬁtrasts the average performance by’ prob]em type |
} fdf 8th and 12th gradE‘Studentsqcn the 1977-78, asgessmEﬁtS. For the 1978

12th grade assegsment, a. DE?E¥§Df 5eccndary maghémat1cs educatars was requested

=t 2 =

to review assessment 1tEm5 prior to adm1n1strat1on and tD Ered1ct the average

perfarmancegaﬁ each. The last column of the tab1e “includes these pred1ct1ons

for the 12th grade items. Note the consistently low prediction FD?Aeachi
problem type. A similar trend wag also observed for the 1976 12th grade

assessment.

Average Performance by Grade Level and PPObTém Type (1977-78 Assessméﬂts)
&, . )

Problem Type! Grade 8 Grade 12 Panel Predictions(12th)
" whole number computations . 92% 91% 81%
decimals and fractions 70% o 17% 67%
one-step applications 55%- 83% 67%
two- or more step applicatiens 55% ° 66% 61%

Some questions are Fa{SEG Ly Lhe resulls in this table. Are pessimistic
predictions of whole number, fraction, gnd decimal gomputation abilities |
indicative of miadirected instructional emphasis 1n grades 9 147 s the amuungf
of ‘iﬁ%tr"uﬁtiuna! Lime asslygned to different problenm type learning (:»-(ipc:r"itﬁn‘g;gﬁ

consistent with the amount of growth in student performances from grades

8 to 127

PFGbTEW]%Djvingi A Direction for the Future ‘ ' L
f

crepancies between what is and what should be. During the 70's, such test

results have frequently been misused--sometimes as means for special interest




T - | A 11

gqroups %D forward their causes and at other times held up as threats to
_established patterns‘or,pa1ic1e§l“ Part of this misuée is perhaps. due to .

thE:tOﬁE of "back t&‘basicg"esan unspoken but assumed statement tHat

mathematics educatian-did, in the past, prepare students agaquately for

their responsibilities and that‘the same‘cfiteria are still apéropriétei

Whether df not performances toddy caﬁpare favorably with the past is really

not the issue. The' times have changed. The ¢1i5ﬂte1§ has changed. But

most impo;taﬁt1y, the needs have changed. )
There is much in preseﬁt assessment data in which to take pride in
. student achievements. ﬁaﬁhemagiés education is doing some thi?gs exceedingly
well. But the datg do QéleGt significant discrepancies betﬁééﬁ.ski11siand
the aﬁpiicgti@ﬁ of those skills to relevant situations. The data‘aiso pgiﬁt
to weak student abi1ities.té transfer'existing knaw1édgé and abilities to
even slightly novel situations. ' If we are to judge the goals for mathematics
ieducatian by today‘5;n3e§s and praject‘pn_that basis for the future, each
of these areas of weakness appears to be an aréa where citizens will increasingly
Féjy on‘éersgﬂaivQapabiiitiés.-
Some have §;uégested that mathematics educalur s have rediscovered problem
solving. But'prabﬁeﬁ solving has always been the umbrella gggl under which
g2very iﬂdlv1éual content topic and skill exercise has been conducted. However,
we are comtoyg Lo reallze that problem solving must Le a mure 1mm_¢:idiat\: goal
as well--one that directs daily aitivit{es 50 that means do nét become ends,
su that \;Hw,drl‘auttd assumptions aboul automatic transter do nol rule out
attention to hi9h2r51evel cognitive skills.
We are %egogni;ing that reg;1ar_and specific instructional
activities must Le planneﬁ that pursue pfgb1Em solving directly, not

secondarily. Programs must be structured and monitared in such a way that

reqular growth toward problem solving subgoals occurs at dach grade level.

.. o - 1y

<3
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Every student at every @%ade Tevel must have the opportunity to grow in
his ability to apply his existing skills and knowledge to situdtions that
he finds reiqvanti but not necessarily rehaspes of previous learning

activities.  Then mathematics education will be taking firm and steady

steps toward meeting the challenge of the future.
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T APPENDIX

Table A:. OHIO 8TH GRADE ASSESSMENT DATA: — - -/
Number ' Problem ‘Average :
of Items 7 Type Performance
9 whole number computations - . 927 S
10 decimals and fractions 70% .
15 ". one-step applications 55%
(10) (without geometry) . (68%) ~
7 two- or more step applications 55% =
- = = —_——— I ——— = \
— — - — N
~ L ve Ao
Computation Items . ApD11cat%@ns :
. ) '77,: — - o t - ] . — — —

xia ! =

. 956
(97%)

64

190%)
/o o

0.941 - 0.36 = (63%)

{

y$14.91 (Y%

[0 T
—

ern)

- VB4

Py

'/\]nlL;lQL_At:l fIQL_LI\)H;;)

If you had 285 pieces of candy and wanted
to put 15 pieces inta a package, how many

packages could you make?

17
19 :
270 i
4,275

I don't know.

(81%)

A
B.
C.
D
E

If it takes you 37 minutes to get to
school, what time must you leave home to be
at school at 8:157 <4

/.35
7.38
7:45
7:50

(/1¢%)

Fdun v ko

mote slep.

(¥

IThe phune rate
to $6.00 a month.
increase?

e cae ot Tovan b9 v a nwnkh

What was the percent of

A

~ B 0% (59%)

L
83 § 7a

‘E,:n

120%

| don’t know,




Table B: . - OHIO 12TH GRADE ASSESSMENT DATA

Numoer Problem ‘ Averaae . Predicted
of Items Type 7 ; Performance . Perfarmance
9 ; wn3le number cammutat1cﬁs ' 91 ‘ 21"
16 decimals and fractions 77" 67"
’ . Y
one-step applications’ . B® ' « 677
two- or more step applications 66" '-“ N 61
o (without geometry) . 1 (75%) 7 (62%)
N Comnutation Items ] ~ pnnlications . .

One-step:

There are 206 tomato plants in each row
and there are 14 rows. How many tomato plants
are there all together? -

1,030
2.684
2.864 .
. 2.884 (94%)
214724

7 ) 2156 (77%) N

moCm>»

.4 0+ U3+ luy - (9U%)

Iwo- or wure Step:

If a coat originally sells for $120.00 and

15 on sale for 20% off, what 15 the %Téeqﬁ‘\
price of the coat? N

£ uo \

A ald DAy
- VY]

560 00

$96 00 .
S0

5108 00

moOC

i . I
- ! e alag
=
Kecourd albuns aoo v Cube ot 3 1o 38 05,
lHow much would 5 albums cost.
l\!' ! = tsy

ol aed codidee LU N e
~ B 31385 3

C 514 75 (/5%)
D 51500 ‘
E

544 75

-
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sented with a prablem what dn
or "I don't alway
when people solve problems they do
others may not be. )
lify one set of hEufiStiC%,
ful in solving problems.

the problem,’

ductive,
but

istics before,

develop a
of . htufls
to use hEu

new publication:
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Mathematics Education

es

D

evide
evid
solv

ample

e
Sic Mathematics Goal,

B.0O1

mathemat=

i T
L1 T Ty

lau]

t

L]

students how to use the

Ultimately they wish to
nce that any particular list
ence that teaching students
ing ability.** f

problems 'are taken fr
cs a two

set prepafed by %t

middle

\m

they are hi
(1) The problem
jLﬂiuf

e nhw
[

shed b

Lo se

qolving heuristics or
high and senior high

in

artic 1at1Qn hEEWEtn %chuula can bLe 1mpluued if =
are familiar with the basic learnings taking place

In the following sectlon, wore Lhan Lwenlty hoea
desgribed, and exemplitied. The order of liscing

is the sdme urder as

When solving a particular

more often, seve

is familia

but

a student

they are referred to in the
a student Lulgll

the |

problem,
ral would be emploved.

r with problem solving heyristivs,

which he or she can use to attack problems

of Mathematlles.

y tha Ohio Department
"Becoming a Better Prob-
A Résuur ne for Pfgblen Solv-

condary teachers for three

zategies are applicable in
(2) many of the
secondary and (3)
ondary school Esachtr1,
in earlier grades.

:uhqal;
school,;
ec

will
them is not

k*riljl%;g} Solving buooklets.

e e SR

mpnlLant

L

Le llsted,
important,

R =1 Sy W

Lo L

use a single heuristic

point is that artc..

ley beotme a 1epeitolac

# National Council of Supervisors on Basl.,
“dﬁhﬁmifliql %kﬁr ‘;7T§%7iriﬁrp inted at the end
A For example, a list of 44 “pxublg@ aolving askills” (heurlatloa) Jdove Loped
in the Lane Gounty flathematics Project in bupene, vrepon Is att.ached at Uhe
end of this paper. Also, see lravers et al, !athematics Teaching (Chapter
5)-. MNew York: Harper and Row,.'1977. -
L U?;;
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"1 "Look for a Pattern

¢ (1) The ten members of a chess club decide to hold a taurﬁé;enﬁ and that
each member must play ééﬁry other one. How many games must be played?
Observe that ome player ‘must play 9 others and another player plays 8
new games (his game with the first plaver is' already accounted for.) A
third player plays in 7 new games (9-2). We see a pattern emerging.
(2) FilY in the,misging numbers in this sequence:
3.14, 3.11, 3%.08&, 3.05, ., , L 2.9,

PR

It

Eg§§p§gcﬁ a Table
- 77\77 L o A

(1) The problem 1.(l) could lend itself to solution by a table construc- N
tion as follows: . ) ; :
: Player . New'Games ' RS

¥
[ N il <D
TP~ O

o
— - T e .

\ \ ;

(ZY A woman makes furnifure asia hobby . If she uses 31 legs to make only 4

legged/benches and 3 legged stools, how many of each did shc make? Try

a table like the following: '
s

Benches Possible Stools.

fenches kos Btoels
7 L
6 2

Selutien
No

Yeo

3. Loynsider Puéﬁé&lll&i;g

All the above examples have employed tij1o b isti. A tabic Is o oway ol

systematically considering possibilities.
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'1 % , . ‘ X .
7 - . B.03
(1) Use the digits 0, 2, 4, 6, and 8 to fill in the e
the di-fference is as small as possible. -
BN I .
Act itgégt
(1) If six people meet and each shakes everyone ‘elge's hand, how many hand-
shakes take place? A group of students was given this problem and 6
of them went to a corner to act it out!
(2) Can you make change for 50¢ using (a) B-CGLHS; (b) "7 coins; (c) 8 coins?
(3) A man buys a h'ng for °560, sells it for $70, buys it back for $80 and
sells it for $90., Doés he make a profit or a 16ss? How much?
5 . '
Make a Model .
(1) Can yéu cut a circplar shape into 2 mépc@ﬂjfuént shapes that have

equal areas?

(2) A céfpgt 9m by 12m has éfhn,by‘gm piece cut out

model might help you find a solution.

L;g W
2 \‘r’ [.-
& iril% -7 li Iy
I
%
v

G tan e obitala s biters of wates oo b,
A_u:, L
mod. ]

cottiainet ! cubventent j.as

used in th.

ek = N

We emplionlze "guess dud check' (o ot L

.Al}r

Cliary

v

o4

[

b

a5 plctured. A scale

i

|3 A

|

formation which might be useful a., he or sue proceeas.,

implies sfmplv that the solver tries a solutlion but does not use Lhe

Formation,)

(b)) Can vou tlad 2
also ;’\é))! y.(L) and éﬁ-(.ﬂ:’) abov. .
(2) 1t each letiter ls a code tor o dlggp (v, 1, 2
following addicion problem? 7 :
SEND
+ MORE
MONEY

4
nuthefs FUeh that thell s

i)*

i

]

Lo

el

LY

: S

[ i

(“Af

Eleadurot

v,

3

FERE B BN

voold be Lasked iill‘«'ll«‘!rrldgljly Al

This heutletic is used often and can be productive.

. oa A
ial and .rro,
R
167 Huee
what 1 the
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8.
i

9.
10.
11.
12.
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wgrk Bagkw&rds ) IR ] I
(L) &lice, Barbara, and Connie played a game with chips. : ’ 7
Alice lost the first rdund, . ) . ’
Barbara lost the second round. . . ' [ - - -
Connie lost the third round. .- . Y-
If the loser ‘must double each player's chips, ahd edch had 8 chips at
the end of the 3 reunds, how many Ehips did each start with?
(2) One of nine baseballs is. heavier than the rest., How can ﬁmuidetéfﬁine
* which is the odd ball with a balance gcalg{ln just twa w51gh;ngs7 - *
E “Try. COHSldEflﬂg the last weighlng firgt. : -
/ i - = O R . E :
Make a Dfanﬁg:Eig7 or Graph - _ ’ T I
(1) Construct {l AXB isosceles with base angles of 159 amd obtuge an gIE at
X Knowing that ABCD is a bquara with X in the interior, pffga th§§§. )
X, C, and D fporm vertices of an equilateral Etldﬂglé - ‘ "ﬁ{x
(2) When standing atop an object of 10 or 20 feet high, if yau.lauk downy L
it appears much higher thap if you stand at the base and look up, Is
there a ﬁhYSLLal axplanaﬁlaﬁ of this? SN s -
(3) What is the largest area ydu can fenca in wltﬁ ASm Df fenc;ng 1t a -
lqéﬁﬁ barn can be used- tar one side? ' -
Select Apprnpflate Notation
(L) E'im‘i agll fﬁitgﬂglﬁb with Integtal sldes such that the airca t,:clugl::n LhL"
périmeter. , - o \
= P doesn't help much, but i
vi. A= 0 wand p = 28 + 2% or -
T w = 2%+ 2w might help.
Restdce the Problem (in yout uwn wuiuda)
(1) Canm yuu find 3 pusitive Intepers 5uch'tﬁa; the sau L lhe tyolprocals '
’ igyan® futeger? A useful restatement might be: ) )
(2) Find positive (distinct) integers A, B, «, sad D sudch that
1/a + 1/B + 1/C - D ; @
Ldent1fy Wanted, Glven, and Needed lulosmat i *
(L) A bottle of clder costs 50 cents.  If Lhe Lo custs 3o we chonn
the bottle, how much does the bottle cost:
() See 8.(1l) also.
Write gp Upen Hentenve
(1) [f'the perimeter of o teCtaugle lo 3dow and the loongth 1s Lwlee b
*long as the width, what are its diwensiouns? '
)
! 5 : v
[y ¢
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- St J oy H P
. A . A .
» (2) Three Guernsey cows and two Holstein cows give as much mllk in four
days as two Guernsey and four-Holstein cows give in thfee days. Which
kind of tow is.the ‘better milk: producer? ‘= .
. ,
(3) K can with 40 marbles in it weighed 135 grams. . The same can with 20
marbles weighed 75 g. What is.the weight of the can?
= . ; 3 .
13. ﬂlqegglfv a Subgoal .
51 . g. . . -
-Sometimes a problem may se®m overwhelming but there may be a 5ubgual which
o is simpler,
(1) I?il tn the missing numbers.in this addition table: =
HAloz b X
= ) 36 . . 29 .
32 . _ =0 N :
Nl NI
”‘ ‘Y ‘ =
' S Y ik 55 s [ 62 ]

The problem may appear ditticult, but wany. people could tind X, then Y,
then 4, etc .
t2) Olson, Smith, Hayward, and Dupcan had dinner ;Dg&Lht; ounengvening.
When they left the restaurant each of them, by mlztske, was wearing
the codat belonging to someune.else in the- Pdftv “and . the hat of yet
sUmeone =lse. Smith took Olson's hat, and- the man’ who took Duncan's
hat tuuh HﬂyWéfd & tudla Which hat anpd Lugn d1d each of the men take!

,»*'

14, Solve a 5i@£}¢ (or qlmlldr) Frublew
pAveE a2 llple Y Lol el
(1) wonalder the problewm 1.(1) QDQLL the oo L0 pamcs pla L, Ty
members. of a chess club . une Strate,y migh, ., could 1 so1ve (l,
aoblem I theie wore 2 Y, we d peaple in Lhe Lab
| s L I £ g
Vo Mooy Prvas can bie dioawn cona. Llng OO polaty v a0 a1 . P BT
ts slmpler (o Find an answer It one gynaiders che pootlea o, 2, 3,

1L
or 4 polnts (problew (1) and (2) are very Similar!)
= - : it T %
1 (PLEIQE tour F\;llii vl \{E;‘f
sumellmes a gsolver weels Fopstoallen vl g bay w0 polul ol viey g, e
. 3
New altlernat ives. . ]
%
= i i;’ ;"
] g‘L}
Q '
@
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is ope kilomeger ar
the test driver averages 30 km/h (kilometers hauf), How fast does
the car have to travel the ond lap to average 60 km/h for the 2

o]
laps? Wany people mlgh guess 90 km/h because 30 + 90 = 60. How-

m

we (1Y A test track for new ‘cars und., For the, first 1dp,: .,

2
,er; 90 is not co é%ect Try eca 1cu1at1ng the time to cover 2 laps at
h,o

i
<

(2) Without 1i ftlﬁg your penc
e ments which pass ‘through . 9 points . ) ' e

;;; »ivl . . v Lk . B - . - ‘ . / . ‘ =

\'r' o PURES

6. Check for Hidden. Assun

o

W

5
m
rﬂ
e
s
a
I
i
/
ﬁ'ﬁ

Here's a little exercise im creativity:

overed with sunuw are two skir tracks. One track is

(1) Coming dﬁwﬁ 4 c

. on one side of a tree and the vther is on the other side. Try to find
LAt least 1'0 different physicdl explanations to fit these facts,

- I \ : " -

DU[C

ik

17. Use a Re:

m
[

. Sometimes  some specific information may be helpful.. Adult p[ublem15§1VEfs
often leok up a formula they need or ask sumeone for help. It may be im-
- kgftqpt in working wi thyyoungsters to indicate that using a resource is
. often a viable heuristic. Anothér useful, and similar, heuristic is,
' "Draw fraom your cognitive background." ln problem 8.(1) one might have
‘to recall’what he or she knows about isosceles and equilateral triangles
te solve the Ptéblﬁm\ in lié(li one might need to recall D= rt.

L

HWule. lhe tinal 5 Heuristles are olitea called Mhuoking Back Strategied because
s they are ctypically employed after a solution has been found. However,

mathematics teachers reallze that o great deal of léwrulng can still
take place after une finds@a solurion to a problea. The looking back
heyrlstics are probat.ly the hardest L., teach because studeunts have been
vonditioned to step thiuking about o problem as soun as a auluLlun is /
round. We urge a cynderted effort o emphasizse these heuristles Lj -
prove student learning.

- w‘ | ! } %&w

18, LiL e 77£l§

[

&

" Utten Sulving a problew permits oo o Mabe a guocial stalement Which sovers
' 4 preat many situations, Including che problem just s.lved.
(1) Conslder problen 1 (1) at}_(;uL the hess club Atter tlodtag that the
situation calls tor 9t B8 + /7 oL 2 81 0 - 55
hard to see tthat if n people are 1n the club, _
(o 1) * (u - 2) + . . .t 2+ 1+t 0=n(n L) palics muat Lo played.
a2

game,, 10 0I5 nao
(Lhe sum of the first: (u 1) intugers. )

o 'é .

ERIC . o R

s Sk A0 ‘ .. -



e
-~

P - .- . . _ ., N ‘ cA e
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*  B.O7 - . ) . - B.0?7
| s Tiﬁ;‘ R : - Cras s eE
lvad 8{(1) Jﬂd Fourd (via a elmplef problem =< -
« n : 2 buac ;rds) t'hat’tne heavy ball of 3 can be decgrmlned in ¥
one wnﬂghlq; and one of. 9 in two, he or She might determine that a
\ heavy ball 'can Be Emmd in n tl;;hiﬂg&; if there are.3" balls.
) ) - !7_ ; LoF i 57 . -
19:° Check the Seiution o ) - s .
i — g‘ . 'ii 1 —'\‘ : L]
ometimes make errors. Lhe;klrg the dolution rép,ﬁﬁ‘h?lﬁfUl‘iQ . ’
one frem thinking an ipcorrect -answer is:cdrréct. ‘For example,
i roblem 15.(1). lf a person tho ught @D km /h was Jcopgct; he or
' d check it as follols. \ o T s )
So~ the time f L;r' laps c::f 1 km gmh 'at 60 km/h would be: ’ ’ o : L
L ¥ B f [ B
. 1/20 hour = 2 mimates. S c : Ly
y ow long did the first lap take! ' : " o
; E = S . , Y
. 1/30 %hour = 2 minutes. . :
. -the Yriver cannot po fast enovugh tu do 2 laps atr 60 km/h it the
lap was at 30 km/hi . :
" 20, Find Another Way to Solve it , a
Often, after a problem has been suvlved, another, even "slicker” way can be
found tu solve the problem. Goad, Vbele% dre characterized as 531n5 .
sultvable in more than vne way--=1 I '
lem, students' efforts must follow a rigid path to gghich a solution. .
. ST . .
2l Fiud Auwethen Solutlvw . .
. ngpily,lzumg probleons Dave moryg il one solut o, Cunsider 2 (2) which
7 has more thdam o 'si fle solution. If this heuristic 1s in a student's repel

toite, additional se Lutkuﬂa may Lo seught

22¢ Study the sulution Process ' <
[ B =
_;L.u,. et Laat learnifgs can o0 0 e 0 01w soabben e Lelution pro
vess altgr worblng on o prubiem s sulhors aiast lngurstr Letween pooduc
:lljd poEoees 'L'.":x‘.'. Lhe produ. t in protlem Solbyving 1a L he l'lll:s..L-l'__"(;—a) Actyal ly .
ay. particul . pr‘.hlem inm of litile value in itaelf the 4N8wes 15 pot the
wedead fo Gather the student .’ .nbilit}: Lo oae hie e (%in; ut ﬁ1L)Lt,fifiI'ISHe_!:§ is of
arbdl calue. the piocesnscs He or She vuplovs are wuch mote Tmportant dand

nmelul ot futute problew s lvlug sltoatlons than the answe

.
!
o

o : : t)'
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. o NATIQHAL cauuclL OF SUPERVISQES aF MATHEMATN:S- R
e S %Y "pOSITION PAPER ON o
T T EAS!G MATHEMATH:AL SKILLS P A

INTEDDUCTIC‘)N

The t:,urrently pnpular slogan Back to the Easucs o There are many reasons why basn’ skllls must
has beco! nearallymg cry of many who perceive aneed - J’z;lm:ludp more than camputatlen The" present
-.for certain changes in-education. The result is a trend- - technological society requires daily.use of such skills’ as -
~that hasgamed considerable. momentum and -has . estlmatmg problem. solving,. mterpretlng data,,
-initiated demands for programs: and evaluatnons whu:h - -organizing data, measuring, predlctmg and applymg
émphaSlEe narrowly 'defined skills. - mathematics ' to everyday - situations.. The changing -
.7 Mathematics-. educators “find themselves under "~ needs of society, the. explosion of: thes ‘amount- of
;consuderablg pressure - from boards -of  education,, = quantitative data, and (hedavsllabmty of: camputers and
legislatures, and citizens’ groups who are demandmg . _calculators demand efining: of the priorities for :.
~instructional” programs which will -guarantee acquisi- . ‘basic -mathematics -skills. -In FECOQﬁItIOﬁ of - the
‘tion 'of cemputational skills. Leaders in mathematics - madequacy of computation alone, NCSM is going.'on.
education haveexpressedaneedforclanfymg what are. record -as providing both - a: general ‘list of basic

. mathematical skills and a clarification of_ the need for

" the "basic skills needed by students who hope to
: such an expanded definition of basic skKills.

'partnclpate successfully in-adult society. .

' The narrow definition of basic skills whnch equates . Any‘list of basic skills-must include C;Dmputatlon
mathematical competence with .computational abmty - _ However, . 'the role of computational skills “in
has evolved as a result of several forces: : mathematlﬁs must be seen.in the ‘light .of the
-, -~ 15— Declining scores on. standardized achievemént. -~ - ~contributions . they--make . to —one's -ability -to use~—
) tests and college entrance examinations; : .Jnathématics -.in" everyday- living. In  isolation,
~ 2. Reactions to the results of the National Assess— .~ computational’ skills- contribute little to one's ability” to”
mént of,Educational Progress: ‘ -participate in mainstream society. Combined-effectively
: Rising costs of -education and mcreasmg de-. . . with the other skill areas, they provide the.learner with -
. maﬂds for accountability, S the basu: mathematlcal ablllty needed hy adults o
‘4." Shifting .emphasis in mafhematu:s educatmﬁ R . .
from curriculum contenttomstructlonalmethods S . T
and alternatives; - i/ o Sl T e, IR .
5 “Increased awareness of the need to. pro‘vude” T oG T
:remedial-and compensatory programs N Lo S UL
" 6. The widespread -publicity: glven to each of {he e —————— = a———
above by the media, - ' DEFINING EASIC SI(ILLS P
Thns w:despread pubhr:nty in’ partncular has gen— E i — ,':';i',
. erated a call for action from governmental agencies, D s - ' S
educational organizations, -and community groups. ln - - The NGSM wews basnc mathematlcal skills -as -
responding to these calls, the National Institute of . falliﬁg under ten vital areas. The ten skill ardas are '
Education adopted the area of basic skills as a.major. . - .interrelated and many overlap with each other and with - -
-priority. This resulted in a Conference -on Basic - = other disciplines:‘All are basic to pupils’ development of
‘Mathematical Skills: and Learmng held m Euclid, C‘Jhlo "'~ the ability to reason effectively in varied.situations. =
in-October, 1975, - Thig expanded list i$ presented withthe conviction
« - T-he National Ccyuncll of Superglsors ‘of .. that, mathematics education must not emphasize
Mathematics (NGSM) durihg the 1976 Annual. Meeting .~ computational skills to the: neglect of othercriticalareas . -
in Atlanta, Georgia, met in a special session to discuss. ' ofs mathematics. The ten <components .of basic.
“the-Euclid Conference Report. More than100 membess . .~ ‘mathematicat’skills are listed below, bat tHé order of =
participating in.that sescion expressed the need for a. - - their listing should riot be" interpreted -as indicating -
unified position on basic mathematical skills which * either a pn@nty{ of importance or a sequence for .
would enaple-them to provide more effective leadership' = . teaching and learninhg.. o
within their respective schaolsystems to give adequate - * - Furthermore, as society changes ﬂur ideas abr::ut'.' '
-rationale and directioh in'their tasks of implementing which skills are-basic also change. For example today
.basic mathematics programs, and.to appropriately our. students should learn to measure in -both the
expand the definition of basic skills. Hence, by-an customary and metric systems but in the“uture the
overwhelming majority, they mandated .the NCSM to significance of the customary system will'be mostly
establish a task force to formulate a position on basic ‘historical: There, will-also be increasing emphasis .on
’mathematlcal skills. Thig ststerﬁent is the result of that, w en, dnd how to use hand-held c;alc:ulators and other,
| Q_jomc dewces in mathematlcs : gl o

wll Toxt Provided by ERIC




Pro Iern Selvmg 1 o S N

Leermng to eelvéﬁprobleme i he prmclpel reesoﬁ
for -studying. mathematics. Problem- solving .is. the'"
‘process of applying prevneuely -acquired knewledge to"

:texte is cne ferm of problem eolvmg, but students also:
problems. F-‘rob-’

|llustret|ng results,

= ,,-sxudente need te be able to epply the rulee of -
i -‘-qum neceeeery toarriveatvalid conclusions. They must
~1'be'able to determine: which’: fac ' &
‘Ishouid be‘unfearful of amwng at tentative eeneluenone
% and tney muet be wnlhng to eubjer:t theee eoneluelene ;o

‘ ecrunny T A A

R

Ap;:lying M’ethemelies te Eve’ryde'y Siluel!ens
The use of mathemetrce is mterreleted wnth all
cemeutetlcn activities. Students should be enceureged
‘Hto take everyday - situations,. translate them .into -
: ;methemencel expreeenene solve the. methemetlee 'end
‘mferpret the results Iﬂ hght of the lnmel ely,letlen o

[
.

o] Alertness 1o the Reasonableness of Results -

.~ Duetoarithmeticerrors or other mistaKes, results of
mathematical. work are sometimes -wrong. Students’
should learn to mepex:t all results and to. check for
reasonabléness in terms of the original problem. "With-
the increase in the use ef eeleeletlng dev:ees in eoenety

this eklll 15 eeeentlel T ) }

éf

B

Eehmehnn end Apprex!mehen

Students sh‘c:ruld be eble to cerry out repld

§ They should. acquire some -simple techniques for

-f estimating quantity,.length, distance, weight, ‘etc. It.is

1 also .hecessary to decide when a pertlculer reSuIt s e
precnee enough for the purpoee ‘at hend )

| A Appraprlete Qamputehﬁnel Skllls T

Studente should gain facmty with’ addmen eub—
tfraction, mulnphcenon and division with: whole num-
.bers and.decimals. Today it must be recagnized that
long, complicated. computations wili-usually .be. done .
with a. calculator. Knowledge. of single-digit number
facts is essential and méntal arithmetic is a valuable
skill Moreover, there are everyday situations which -
nemend ‘recognition-of, end enmple eomputetxon wnth
Emc’imcm frectlene o o .

A st provea oy crvc [ IR she

. ee.me,y

- lw:H need to function effectively in- the3-dimensional :
new and unfamiliarsituations. Solving word problemsin =~ -

ok
G\géuestlons dnalyz-. ., “figures, particularly those propertie

- measurement--and- problem eelwng

k emong DbjEC S

Measurement

- end Grephs

. information into more menag able or meemngful terms

:epprexlmete calculations by first rounding off numbers. ..

- with how mathematics is ysed tc; help make predxctuone

'cemputere can and. cannot. do. Students-should be’
- aware of the many ueeeefeemputerenneocmw suchas ‘

meuntelned

Stedente should Ieern the geometne concepts they

world. They should have knowledge of concepls’ Such as.,
pqint, line, plane, paraliel, and perpendneuler They
- should know ' basic prcpertlee ‘of e{mple geemetnc_
which relate. to |-
kills They eleb« t

As a rnnn_nmum- ekill etudente ehould;be;,ebie tcr
measure distance,. welght time, - capacity, ‘and.’
tempereture Measurement Df engles and t:ert:ufetlans
should be eble to perforrn measurement |n beth me_tnc
- and-customary systems using the*appropriate tools. | =

Eeeding, Interpbehng. end C‘.enelrueliig Tebles Charts

B

Studente ehould know how to reed end drew
“'conclusions* from simple’. tables, ‘maps,  charts, and -
graphs. They ehould be able to condense: numerl\:al

by semng ue elmple teblee cnerte and" grephe

Ueing Melﬁemeliee to Predie‘l.‘ . _

Students ehould leern hew elementery netmne of
probeblllly areusedto dete:mlne the likelihood.of future’,
events *They.shou arn to identify situations where
immediate past™.eéxperience does not affect the-,
" lihood- of future events. They should become fem;l f

eueh as eleetnon fereceete _ . CHE

empeté_r' L";ereey"‘“ e

It s nmpOrtent fm all. c:mzens to understand what

their use in teaching/learning, financial treneaulons‘-
.-and .information storage and retrieval. The “myshque”

surrgundmg computers is disturbing-and can put
persans’ with no understanding: of mputers at a
"disadvantage. The Jncreasing use o compulers. by
‘government, industry, -and- business - demends an
ewerenese of. computer USEes. and llmnatlene

D4
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: EEVELDPING THE BASIC SKILLS Sl

" consider-the: ddorscperimg/docr-closmg implications’
-of the list: THe followingydiagram ‘illuistrates expected

PR LEADERS

Emplnyment and ed'
cational -
fl willcontinue-
increase.  as

“EXPANDED SKILLS }
s MathEmatucal sklll 4

Aﬁybﬁe édé’ptiﬁé’ a d'é'f'ir{ition c:f basic skilié éhbuia :

' -outcomes asso«:iated wnth varioys - amc:unts of skill*: -

" Expected Outcomes *

- opti ons that can-provide the opportunity to. learn basic

opportunities:|
folf
: mathe-r I
rnahcal sk\lls COﬂtlﬂuE -

.educdtion - ‘épportuni-

¥ years a student is in school.

EMPLDYMENT VEHY
1 PROGRESS -

.. LIKEL_Y |
Empl@yment oppo j- ’
‘tunitiés - are pred t-

“able. Doors-to" further

IIES EI"E OE!Eﬁ

TMINIMAL SKiLLs |-

[ ImfAted skills, pnrnanly _
-Gcmputatlon ‘Little| ~ } LIMITED
GPPDRTUNITIES

I exposure to-the.other |
skill " dreas - descrlbed ;Jnemploymenthkely
Potential generally -

| here.:
) I|mlted tD lc:w-level

| boards and state legislatures

ére starting’to mandate - mastery of mjnirhum éssential

9
sk:lfs in-feading and mathematics as a requirement for .-

" high-school graduation..|n the process, they. $hauld P

consider the potential pnfalls of doing ‘thig thhout an.
appraprnate definition of basn: skrlls A the
». mathematics requnrémer-ts are set mordma!ely hjgh
. thenasrgmflcantnumber of-students may notbeableto®’
- -graduate: ' On the -other- hand: if - the- mathematics

requirements are$ef too low and mathematical skills are
_ “the result could be a sterile .
. mathematics- program’ corncentrating exclusively on - -

too narrowly defined,

. .~learning of low-level mathematical skills.- This position,,
.ﬁaﬁer neither, recommends nor condemns minimal

competencies for high-school graduation. However, the -

ten components of basic skills stated here can serve as
guidelines for state-and local school systems that are
- considering the establishment of mlmmum e;sf-ntnal
graduatxcm requxremerl;s .

Aruitoxt provided by Eic:

_ E)ﬂe in ,_.w:dual dnffereme amaﬂg students is style or”
 way of learning. In offering_.opportunities to learn.the -

__basic skilis. options must be’ prowded to ‘meet these
varying: learning styles. The' present “back-to-basics”".

* Certainly drill and. prat:tn:e |51vnab|, ption, butltls

‘only one of many pgss;ble ways tobring about, Iearnmg -

--and ' to c:reate interest -and ‘motivation’ in. studets:
) ,Learnmg centers contracts, tutanalsessxons ;nd:wdual
and Small—qr@up pro;ems games. . simulations” and ™
community-based ’ activitie's are .some of the other.
1

udents. Tully understanc

the. f raﬂgﬂ of at:tmt:a_ and; materials” availal
: iria:!uding objects the students can actually hand|e

.. The learning of basic imathematical skill§is- a
'*contlﬁUIng process’ ‘which. extends thrcxugh;éll of the
r particular, atendency to-

_emphasize computation w
ementa 'y Ie

z - skill* areas: at the :

E\!ALUATING AND RE’

‘ pup:l prggress /

’ In evaluation, test results ‘are: LJSEd to. ,udge the

" effectiveness  of the-mstructiora: process and .to-make -
. needed ad]u;tmem,, in-the curriculum-and’ mstrur:;fn:m
for the. individual gtudent. In gf‘n_eral both edut:atars
.and the pablic have. accepted angd emphasized an-
‘overuse- of. and/ overconfidence
standardized /tests. Standardnzed

. _'comparisons bétween stidents and can provide a. rank
" ordering.of-individuals: schools, or distrigts. However,

staﬂdardnzed t,—sts have several Ixmltatnonsmcludmg the

tests vyigld

L followmg . -

“item; are nz:t necessanly generated to rﬁeasure

'- a specific objecnve or instructional aim,

- b.’ The tests measure only a sample of the’ content

: ‘that ‘fmakes -up.a. program certam outcames are
~»  not Fneasured at all. et

= ﬁega /.
- about’  how much. mathematxcs ‘a::student’ ‘khows,.

“standardi ,ed tests are notthe best: mstrumer’lts avanlable

' suc:h as/ /x:ntern:m tests or competency tests must be
: t:onsnje ed Incriterion tests, #ems are genersted which
‘measure the: specific . DbjECtIVES of the program ‘and.

.which- e’stabnsh the student's level of mastery. of these -

'ob]ectnves Competency tests are designed to determme

if the |7|d:vudua! ‘has mastei ed, the-skills necessary fora

- certain purpose such as entry intothe job market. There .
is also need for open+ended assessments such as.
obserVations, interviews. and ‘manipulative tasks to
assesh skills which papef ‘and pencil tests "do not
measlre adequately. '

..~ . Repaorts of pupil progress will Surély be msqe But

_’whnle standard|zed tests wiil ‘probably - continue to

f' __drjrnmate the testing scene for several years, there is:an -
urgent need to bedin reporting pupil progréss in “other .

terT s. such as- crjterion tests and compatency

LI S . B

"the results !cf :

~"for reporting-individual pupii-growth. Other diternatives . :

oo movement may Iead to an emphaas @n dle and ﬁractn:e ' "
: ‘as a way- to-learn.- . : o

, heglettmg;tﬁe other nine z -
i mugtf be avoxded

Ay

EF

se they do not supbly;su_fhclem mformatnon

i



“rieasures. T hi 50! demaﬁﬁ .an mm
.extenswe prog
. .general pt

"the instructional process. -

randam ‘sample, can-resultin mterpretatncms which
have great influence on -curriculum.’

L c:urrn:ulum Or. the<esults n‘nght mdmate that students
-t are ccnfused about ' some- tgpic - as. a result of
-+ inappropriate -teaching procedures. ILE any.’ case, test
;:results shDuld be carefully examined by educators wi

iate ‘and’ T
i'of inservice education to instrictthe " . (

: G on-the meaning and interpretation of -~ .=
- such dataidnd to'enable teachers to use testmg asa wta!- AR

ge scale testing, whether mvglvmg all students

revisions: and.
~development, Test: .results can_indicare. for: -example:
<! that.a: partu;ular mathematical topic-is. beingy taught at ..
.- thé wrong tlme in the student's development and that.it - _

might -better. be. introduced later or earlier in the

"y 'On basic’ mathemiatical -

S The present paper rapresen_
“attempt by the Nationai Cauncil .
- Mathematics to clarify- and z:ornmum_
‘skills. T -
establishes a”framework - withip n-
B prm:lr arn ptaﬁnmg and. |mplemental|on; uan be-madg.” -
-also - sets_. forth: the underlymg ‘rationale - for
~|denhfymg and- developing ‘basic- skills and for "
. ‘evaluating, pUpils’ acquisition af tHeae. ‘competencies’
_The NCSM position underscores.’ fundamental -~
ghef of the Nahona! Council: of Supervmjrs of .
athematscs that any.. effective: program of ha;:c:_’fi_
§thematn:al skills .must.be directed not-"back” but

pward “to” the ™ ‘essential needs @f afjnlts fin- thp**—-
Co < ipresent and f%ture . v -
Sy T Lo R
. " - T = P ’ - B a ; i . "
. T S N
S You are encauraged to make and S : :
ﬂlstr]buie coples i;if thls paper- N
S __NATIC)NAL G@UNCIL OF SUF‘ERVISDRS GZ)F MA’THEMATIC‘% SRR
~ %+ . ... -. ~Yc/oRoss Taylor- ~ ) T S
e © s Minneapaolis F‘ubhc Sr:hm:»ls R o

The NCSM pQSIhOﬁ paper was: prepared' B
: pursuant to a“contract with the National .
Institute of Education, U:8. Departmenf_
~of * 'Health; . Education. -and Welfare.
Gontractars undertakmg such DFQ]E‘CtS-_-.‘.‘
under government spansorshup -are
=i encouraged - -to* .express - freely-- their =
~ judgment in prcfess:onal and tec‘hmc;al-.
- matters. ‘Points of view or ‘opinions do .
" not; “therefore, necessarily represent
" official Natiopal Insmute of Education -
"”osutnc:n or pollc:y et a T )

|| 807 Broadway N.-E. v S L
: aneapahs anesma 55413 LT
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D Solve§=gutt1ﬁg it thétth—‘SYﬂthESls S

23,

25

26

27l
“contradictions).’

e
- 28
29.

- 30,7

S 3LL

: Satlsfy one. CGDdltlDﬁ at-a .time:

blemﬁD‘Ecavéry, Farmulat;nn

king Inf@rmatiéﬁ

thé=pféblémfin }DUE?QWﬂ:Wﬁde (Read and restéte A R
Clatify the prablem by ‘asking. quEStanS, : HERETER ;
Visualize an abgect fram 1§s dEECTlptan, mathamatiﬁal DDEathn, or 1t5
dfaw1ﬁg.. . : v s :

Determipe and collect data neaded to sclve the. p:ablem.
Sharegégta ‘and results with other interested pefscnsi_ a T
Llsten “EO. persans (;ntluding teaﬁher) who have relevant- knawledge and ,g'[
experlances to share. . _ : ER B PR R

dentify’ saurcag of: 1nfo§matlan S ig ST li'=_>';!

B ! Search prlnted matter for needed 1nfafmatlan SR “”Laf';rvvf LT
_};ID Méke necessary measufements for- abcainlng 4 salutlan._'igf : E j* -
RS s REcnrd solution- passlb;l;tlgs, SDlLtlDﬂ attemﬁts (inrludlng maklng a
ST 1istore ‘table). . . T
’lz{i Recall and: llEt felatédg;nfcrmat19n and¢kanledge,_Z :1, S ,;'f*~
C. Analyzlng Infﬂrmatlgn T PR e -"';' o
"13 ] Ellmlnate ‘(or igﬁcfe date (or 1nfcfmatlcn) ﬁat needed - /
14, Reccgnlze attributes (prapertles) of an object or mathematical idea._- ,
~15:Find 1likenesses—and - differencess < — o e e el
-v”;lé Classlfy gb;ects or mathematlcal ideas (saftlng) _ S 2/
17 ‘Make’ and use a dfaw;ng, dlagram, or physlgal deLl o
_-'ilS Make & systematic 115t1ng§ a- table, chart, or gfaph T / »
19, Identify trends- (pattafns) suggested by data,iﬂ 1ists,_charts tablés, ST
o or graphs. R : T e T _v/x L
cow 2D ‘Seléct appropriate ngtatlan ' L R e
- :.21:  Translate- the problem sltuatlan 1nté*mathemat1cal natatiﬂn
222, “Break a campllcated prcblem into’ maﬁagEable parts. (Ereak prablem 1ntg

parts or Stéps ) : L s e / .

‘Make pfedictlans and EDnJECturES (usually statements Df relatlanshlps) f
based upon ‘observed: patterns.. , ! / . A :

" Make decisions. b§géd upon data S - j

‘Make necessary measurements for- checklng a §D1utléﬁ

Make necessary: camputatlnns needed for the sulutlcn’

Recognize .limits. aﬂd/af éllmlﬁate pDS%lbllltlES (1nclud;ﬂg the use of

Make reasnnable Estlmates as answers _ o
"Guess, check, and.réefine. S R A

Solvé an easier but related prablem Study sglutlan pfgces f cluesi

’*Develuped by the Lane~ Caunty Mathemat;cs Pr333ct - QOscarp Sch?af,_ﬂifectar.,v

_Eugene, Dregﬂn 1978

.

W
;ﬁﬂ




“7,Chéck'éafCulated answers by maklng appraxlmatlcn
BS;J;Betect errors. . - S '

N

"oaklng Back Cansalldatlng Gains LT N o : .
Make explanatlbns based upon'data. . = . R - ”,*i_ Co.
SDlVE a problem by using différent procedures.: o : ' ’
or "bé aware o fi- ﬂther soluticﬁg (1ﬁcludlﬁ Fthe use af symmetry)
'40;_ Dﬂuble chfgk Sﬂlutlﬂns by u51ng some formal reascnlng methgd (matheE»
- - matlcal prgaf) ) o - . L o - AT . . :
- 41 IJEtudy the solution process: = . - - ""}"f '? ;a" S R e

42, Find, o¥ 1ﬁvent a prublam situatinn Wthh can bE salved by a, set Df cal- -

" ‘culators. S uE : : ”

f"43;; Generaiiga agﬁiﬁPlem salutign ED as_ ED 1nclude Dthar sclutlons,

F.- Laak;ng Ahead——Fcrmulatlng New Prablams v L : L
C b4, fnvent .new pfablems by varying an Dld one’ Clncludiﬂg the use nf analagy

& .., o
LGy , - \
v .JV




* . 'PROBLEM SOLVING RESOURCES ~ .= = v v oo

"A-‘zPBQB@EMfSDLViNG'STEAiEGIEé:Ahﬁfﬁgw'TQ}TEACH;PRDBLEMfééLVIﬁG‘

E@tts, Truman-'i"PrDblem Solv;ng-ln Mathematic% fx II Mgphgmat;cs
_'Ieacher, 58 (Dr_-t., Nov. lQéE) hgé-goo 596—6@0 ‘ o

A‘g.Emphaslzesthe 1mpartance of: Erablem salv1ng,1n schDal mathematlcgff iVji

- and-illustrates the way in WhlEh one'”’ d problem 1eaﬂs‘to ‘a whole R
”chaln Oof. problems : ] -

Loy

Scétt Foresman & Company, 1973

) :;ESA collectlcn Df problems deallng w1th arlthmetlc and elemegtary .1_-A:5;
L \numher theory,'lncludes some dlscu331on af prablem s@lu&ng fr@m,"-ﬂl”"‘

; *Bﬁtts, Thémasi Prablem Solvlng in Mathe 1,sziléléﬁviéﬁi 11

'"Cﬂnguerlng Word Pfablems.an Mathematlcs Glen Ellyn, Illlnols
S :Math. House, 1979 A , e e ] A -
v?;5°f?:szen cassette/w@rksheet lESSOﬁS on Practlcal ways to apprcach gprd‘
oY problems. Topics range ffom how to. rea@ the. prablem tD'ChEEklﬂg
~the ansﬁer.i' ‘15 e PR A 1A.; IR , $a

S

. *Fremant Herbert;v Teachlng Secondaf§ Mathematlcs Thro;gh Appligﬁ'lans
Vw{fﬁﬂ:ﬁi(gnd Edltlan) Bostan Prlndle, Weber anﬂ Schmldt lQTQ :

: A methads course. textbook which takes a Problém—SQlVlng apprcach L
to - davel@plng appreglatlon énd\enthu51asm for mathematics. It.. .
'?';utlllzes a wide variety. of. appllcatlans and puzzles ta 1lluatrate‘

v:;;"v7'£': vhy mathematlcs is. 1mportant.; . f“,' ‘ . -‘le' IR
“g ‘ k& S ; ; S g -
ne

*Gardner Martln ‘Thgrghg}ch;“* New York. 1SQientifiE’Ame?icag;A nc,
Sudde& hunchés ﬁhat lead to short elegant problem Eolutlong_areA:
. sometimes called "aha!" reactions. .This is a set of six-sets of
B mathematlcal prcblems Presented in fllmstrlplﬁgssette farmat

*Gardﬁe;? Martin. Aha; Insight ~San Fragclscoi_ W;‘H; Freeman & Co. " .
1978. - A~ S Ai‘:A? ' . T-AA A>“
A g o )

i"‘:sz.:-fl:yai;ure Puzzles whlgh have g;i kle salutlans, each presentea

*Goldln, Gerald AL and McCllntDCk c. Edw1n (edltors) Task Varlablee-gil
in Mathematlcal Problem Salvlng, leumbus, ERIC/SMEAC l979

R 3 ;A framewofk —for. research in prﬂblem solvlng is prav;ﬂed by
' categor121ng and deflnlng variables descrlblng problem tasks.
Teachlng atrategles are also descrlb?ﬂ

%




*Gr enes, Carcle, Gragary, JDhH §nd Seymmur, Dale.; Successful PréblEﬁF
: _{Sle1ngLTeehn1ques.: Palo Ait@ Callfornla, Creétlve Publlcatlans,i

) ' "Descrlhes nine’ bas;c technlques f@r salv1ng problems. - The"EGok'ié
e _grr wr;tﬁen.for bath gtudcﬂts and teachers . Limited reprcductlan

. i - :’l L
v T

Wlllcutt% Robert, and Sp;kell Mark._ Problem Soh“
' ndle, Weber f’ N

' *Greeneg,>Carale

A { ) ,fv1ce or - 1ns52rv1ce mathemat;cs educatlon
o vcourses. The lessans, based on clESSrQom experlences, ére 1ntended oY
t;-f' ta develop problemfsolv;ng‘ab ties v;a laboratory act1v1tles

*Hatflela La””y and: Bradbard Dav1d’(ed1t@rs) Mathematlcal Problem

Salv;ng:~ Papers from Research Wbrkshop Columbu&, ERIC/SMEAC
Flve papers dLScuSSlng re .se h and 1n ﬁructian in prcblem solv1ng

f’”ﬂ Plngry‘r Eobertiﬁ ""PTablEm Solvlng ine
1 m “Its Theory and

A useful reference for the teagherthatdlséu ses the thearles Qf S
: prcblem s86lving and th21r ;mpl;cstlans far 1nstruct10nal appraaches=
"Tj' Ain thelqlassro@m.» S S : v
B V- :

Higgins Jan Lo "A New Laak at. Heurlstlc Teachlng. ngpggﬁaticé. T
Teac,er Sh (Dct 197l), ABT—&QE : LT

= . A reformulatloﬂ Df the cancept of haur;stlc teach}ﬂg-jn terms of

problem 'solving methods and. 1nstru¢tlonal methmds ,;Céw’eqpences _; :' *
‘lnclude a more flexible approach to and more Stuient pa tlclpatlan ' .
_in the teachlﬂg/learnlﬂg process. Lo & SR SR

Hugheg, Earnabas, Ih;nklng Thraugh Problems, Palé Al%é,lca;ifargiag'_;a“
Creatlve Publlgatlanss lQT ek . C e

A mangal whlch prcvldes the teacher with a structure w1th1n whlgh
_‘problem: solving comes ‘alive. Uses tQPlES such as Pascal's trlsi_
, ang;eg Flbanaccl numberg, and finite differences to arouse ’

| . Students’ 1nterest in EKPlorlng and analyz;ng Patterns For,

4
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¥
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;aChlcagD. Eclence Research Assoclatas-

v 197“

Thls classroom klt 1ncludes 12 problem—solv1ng Sectlons, each &
 wh1ch stresses a dlfferent Prﬂblemesolv1ng technlque or ares
-addition to the stuaent wurkcards and record. folders, the ki

_ tains ‘spirit masters far evaluat;ng student achlevement and
”=_,teacher S- guide.,‘ : : TR

"lﬂiJu Wallace. Ermblem Salv1ng Klt for USE vlth 8_ Gglculatar

lath aafbiumé'é L
& 101 in Stanfgrd Ghllfornla-_ ‘School _ o
o Méthematlcs Study GTDEP, 1972-- Avallabie fram Natlonal Ccuncl R

'.m

'"Prablém’501v1ng.;f

";fﬁ yearbaok @f the LT
WashlngtiOn Doc. 7y sk

Klnsella J J

' National ;Qunéll af Teachers Df Mathematles

o
[

s Thls ﬁlscu351én Pr'

es ¢eachers w;th an’ extens;ve CDllEEtlon

k %vﬁ*KIul1k StEPhEﬂ (EﬂltDr) Pf@blem S@lv;ﬁg};n School Métheﬁatlcs,'léadi'

dmiearbock Reston, Va. Natl@nal C@uncll of Teachers Gf M%Fhemat;cs, -
198@ & R o uxiA, St — -

" A collectlon ‘of essays on learnlng and teach;ng how'to~splve ’ : )
- prokiems: - Brand-new! j"'Tf“.. T o ~~%f*~nwwmrm~5JQ

'_'s

A Handbaak for

Krulik;'-”rphen ‘and’ Rudﬂlck Jesse A Problem,Salv1n :
Tl ;eachers Rock121gh N.Y." Langwoad Division, Allyn and Eacon, 1980

A collecticﬂ of Problem solv1ng strategles and teachlng suggestlons,g K
pliis strategy gameg over '200 unusual problems§ and .25 blackllne Thyl o
masters of gelectéd pr@blems ready “for- dupllcatlon“' B . '

*Lesh Rl:hard et al (EdltDIS) Applled Mathematlcal Problem Solv;ng
' CDlumbus ERIC/SMEAG 1979 R o_.,_ -
Var;ea perspectlves on’ applled problem.sa1v1ng, 1ncluﬁ1ng research
flndlngf -and mgdels for 1ngtruct1cn Con51ders motlvatlcn, 1earn— ,
~ing- dlsabllltléﬁ, Informatlon prccess;ng, and theorles of prablem - 5
sclvlng e AR : : " o _

§M21rlng, Steven Probieﬁ'%biving A B351c Mathematlcs Goal : éclumbus,_
Ohio. Department of* Edu:atlon 1979. : ’ : N

.A résource manual far 1ﬂ=gerv1ceﬁeducat1§n__ Includes an alalysianf .
. yproblemfsolv1ng strategle , teaching:considerations, -and ways ta e
make problem SolVlng part of any mathematlcs currlculum T e "

.j
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and a mathematlcal Questlon tD bg!anSWEred on ;.f?,'
S the basls cf thlE quotat;on‘* : . :

: 22;fj *Eclya, George. Havftg,gg;yg>i§}:;'l'”;f?if:

'A class;c handbaak Df problem—SGIVing teehnlques, Qrganlzed araund
;four maln themes understanding the problem,’ devising a plan,"
" carrying out ‘the plan and . loaklng Tback. » Includes a "dlctlanary :
of Heurlstlé- V7'u1-,”A¢, . fa," v'?; L R

'jproblem splv1ﬂg-

. ,*"P?oblem SOLV1ng " ‘SP lal issue Df The Arlthmetlc Teachar, 252; k

§f (Ngvember 1977) _ . , S " =
f - :A.ASPEE‘L’.E Df téau:hlng prDblém Solv:mg -in thé‘prlmagy anﬂ mg.cid;é '

s TLschool clasgrap', Includes psych@loglcal research pedagag;cai
e 1&335, and a dlai'ostlcaprescrlgtlvé approach tD teachlng word
fprablems._" : L TR ,

H r’,v

. : o e »- . . : : &3‘ V T V |
Scamdura; Ji M. "Mathematlcal Problém Smlvlng Amerlcan Mathematleal:}ﬁ;g;:
MQnthl 81 (March 1974),- A . B

al majcr paftlanh S ’bfﬁ
. ooae - sthe. presence or gbsencef

S 55' p@ssible to"combine. the”
: ' 1nto a- coherent: whole




r garet.: F;nlte leferences : A Pattern— };_”f\g;.=
GVETY APPrGach tc Problem Sclvlﬁg, Pal@ Altc, Callfcrnlal."ﬁ s

Lt .. - 0t

s, 1973, _ | ¥ "
 jAfself—teach1ﬂg rESGurEe us;ng a flﬂlte dlfferences appr ch tD e
"solving problems.i The book is appraprlate for studénts teachers

R ”}7pmssasalng ;8 wide range of Pr@blém Solvlng Ekllls and. mathematlcs
kﬁ' ‘.-f.g‘ .bagkgrcunds R . S ;‘,:

' f*"Teachlng via Problém Salvlng, Tnlbﬁdéafigs and Mathematlcs :LEalé_.g=

:aAltG Callfarn;a 4~Creat1ve Publlcatlans, 1978

- :Trautman,_Anarla Prlce,'and Llchtenger, Eetty‘Plunkett "Prablem - ;
. Solving® 1n the General Mathematlcs Classrcamu,‘ ] .
'{:q;J.!Desgribes seven SPEElflE abllltles related t@ solv1ng problems )
'and'suggests apprcpriate prgblem-salv1ng act1v1tles that help ta i
N ; ﬁthése;épecifigféb;lltl_ . - ‘ : g
T &
. maacr methadsk IlluStrat1Vé problemq
. »‘»f--z.q. LT AU j= : ©
: Prav1dea prablemrsalv1n 1 f i?f
W atlgnal and. abstract levels .
'ﬂ;‘lévels 4* : Tt
' ’ e - ﬁ%
i b - ' o
= i . ’ Er \ . R J -
¥ ) 5 e
- _ N . I N , ;
4 . k 3 . ?‘fﬁ o
e T F -. . . & )
i L.
S s R "
| ) 38 A
T . o o
Eo




B;A:éDﬁ§CES;éFfPRG§LEﬁS L

’ Eall W W Rauae,'and Caxeter H 5" Math bical: e:reatlans ‘dnd”
- Terar a,ﬂﬂ”ivezsltﬁ,af I@rcnte Pressg

Essazs, twel"h_edltlcn.
197h . .

-5 t&st’ in a lang line ¢ , 1.
] @blems whase Ehléi appeal is as games mr puzzleg, rather t@an

*Eell :Max S.. ;
: . Studles in Mathematics, Val%

furcé back of . mathemﬁtlcal prébleme takenyfrgm th§=real warld
rizes mathematlcal }@dels, numerlcal 1nf@rmatlan, mea;ureE

F@ulés pnablems aré apenzended, and few. ans wers
2} , (edltér) -Same Uses Df Mat] ‘métl' Btudies’ in -
o Mathematlcsg Valume XVI_ SMSG 1967 - i' ' l{ff "
> A callectlan of Eh artlclés reprlnted from The Mathematlcs S jr
P o Teacher, The American Mathemaﬁltal MDnthly and other soufces. T
A 35 .77A11 deal w1th appllcatlcn aff athematlcs in the real w@rld -
T BT SRR R
. Ma “(ea;te:u:*).1 Mathem;}aeal Challenges iRESth, Va e
nal C_uﬁcll af Teachers of ‘Mathematlcs' l965 - :§2fw%iflf*fmf
,otatei callect;an cf 1hQ prablems fram the Mathematlcg ‘ﬁfﬂ-gA_;;'
PIGVldES a varlety of challenges nDt usually R

found “n textbaaksi ' 1_' R :,,»_ __g, T -AY;»

- 8?

A CDllECthn éf problems ana puzzlas based qp algebr arlthmetlc,:*

r~fﬂgegmetry, l@gl:,;cgmblnatorles, and prebablllty Incru, a]
wh1m31cai Prpblemsi_ : S - AR

fNéw"igfkg charies: P

- Settings are hlghly m@tlvatlonal
' ablllty Gf secondary students S ,-_!j‘._dh : uﬁ:;-




Ecncerneﬁ w1th develaplng the 1nt t

Many examples of. prablems

U S
A . . L a

o FrDhlichsteln, Jack. AMathematlcal Fuﬁ,fGames

3 ',or hlgh and general math

= .

qulck access to prahlem solv1ﬂ 8
ular tDpng UBder study -

nardner Martln.x Mathemat rél Maglc ghcw,ZNeW Ycrk Alfréi A Kncpf
1971 -%i-;.,",f

}The 1atest in a: 1ong 11ﬂe of books based on the authar 5 mathemat-: N
. deal games calumn in Scléntlflc American. ins puzzles, . -~ - .-
"games, tflcks,'and other mathematlcal The authaf has ﬁﬁ
an' uncainy ability to popularize -recet h '
matlcal dl;' varles, as well .as lllum;na

rre;tzer, Samuel L (edltor)H Internatlanal Mathematlcat

“1959-1977," ry, Vo.

'-Mathematlcal Challeng 1T ;;Plus Six ‘Feaﬁmn,[

17211 of Teaeher of Mathematl cs. lQTh

" Ano ther 100 prablems frcm the’ Mathema i )
Sl, ntert "'ng artlcles . thre “by_highﬁ

CRHi1L, Thamas (ed;tﬂr)

y = _'V Natlanal Co

w*HLavaty, Juilue': (ed;tof)
S 2Tth Xearbaok ‘Reston) Va
SR Ms.thematlcg.,. 1963

- Two dazeﬁ anridhment taplcs fe
sov.- . students 1n ‘elementary-and junior: hlgh SEhDGlS ngh SEhOGl
:L;studentsf n alsp profit from some ‘of them : Many challenglng
-'prahleme ir §§h,chaptér-g s Lo L el

o *Hlivétyg JulluasH ﬁ(ediféf)
*School EBth Yearbook-.
Teachérs Df Mathematlcs

N% ‘anal CDuﬂﬂll Df

1is

. e 'Z'.'-p‘gi
Twentysaeven enrlchment toplcs fo  academlcally taIented stuﬁente

L in grades..1 0~ ih Each chapter prov;de a wealth‘mf Qh&llenging
e T prablemg Rl ‘ : :




*Honsberger, Ross. Ingenuity in Mathematics. . New Mathematical Library,
Volume 23. Washington.. Mathematical Association of Ameriga. 1970.

Nineteen essays on enrichment topics in number theory, geometry,
combinatorics, logic, and probability. Standard high school
algebra and geometry courses furnish a sufficient basis for under-
standing each essay.

i

Huyrley, James F. Litton's PrDbiemat; ca

Recreations. New York. Van

Nostrand Reinhold Co. 1971l.

Nearly 600 problems that first appeared in "Problematical
. Recreations,”" a series of mathematical, puzzlers in trade publica-
tions, sponsored by Litton Ifdustries. Includes logic, probability,

algebra, geometry, Diophantine equatiens, number theory and calculus.

Jacobs, Harold R. Mathématlgaiuréiﬂu@ﬂﬂ kndeavor. San Francisco., W. H.
Freeman & Company. 1970.

This is a general mathematics book that contains many good
problematic activities.

%¥Kastner, Bernice. Applications of
Reston, Va. Natlanal Council

A dozen appl;catloﬁa suitable for secondary school mathematics
classes. Mathematical topics range from afighmetic to calculus,
as they are used in physies, chemistry, biology, economics, and
music.

-

-*Kennedy; JDE and Tgomgs, Diane. A Tangle of Matbematlcal Yarns: 1979.

Kennedy-Thomas, P.0. Box 132, Oxford, Ohio L5056. .
Fitty exciting, imaginativei humorous story problems designed to T

encourage students to read. Math level 1s so low that middle

school and high school students shouldn't be intimidated. Good

for extra credit, class activity, small group work or whatever
Kordemsky, Boris A. The Moscow Fuzzles. New York, Charles Scribner's
Sons. 1972. % '

359 mathematical L'E‘LI‘i—“i%l,J ranging frow famllar Whiwmsleal .
puzzles to delighttfully ilff rent problema Most of these mulhué
matical challenges are presented Un lHLIlEulhg stury furms.

Yrultehik, Maurice. Mathematical Hecreatlons. New York. luvel

Publications, 1953.

#50 problems ranging frow anclent Greck and Howman sources rigla

up to the present century. All can be done purely for amusement,
but a good Jdeal of matherintics can be learned from their solution.
25 positivnal and permutalional games are also discussed.
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Loyd, Sam. Mathematical Puzzles of S m Loyd. New York, Dover
Publications, 1959. T : s

A collection of 117 "whimsical problems," first posed by America's
greatest puzzlist near the turn of the century. Solutions involve
arithmetic, algebra, probability, game theory, geometry, tapoLugy

combinatorics and operations research.

*Mathematics Resource Project. Mathematics in Science and Socliety.
Palo, Alto, California, Creative Publications, 1977.

~ Teacher commentary and classroom materials for teaching the applica-

tion of mathematics to astronomy, blalogy, environment, music,

. physics and sports. Student activity pages are ready for duplica-
ting. Can supplement any textbook. Emphasis on Junior high math
topics. '

Mott-Smith, Geoffrey. Mathematical Puzzles for Beginners & Enthusiasts.
New York. Dover Publications. 1946, 195L.

A collection af puzzles and problems ranglng from easy to moderately
difficult. Most of these problems can be solved with arithmetic,
simple algebra, or elementary geometry.

X

Polya, George. Mathematical Methods in Science, New Mathematical
Library, Vol. 26, Washington. Mathematical Association of
America, 1963.

Lectures on simple physical problems, elementary calculus, and the

relation between science and mathematics. Written from an

historical perspective.

1

*Problem Solving. Philadelphia, The Frauklin Press. .

A monthly newsletter devoted to problem-solving research and
instruction. Not all mathematics; mostly college-level problews.

Hapaport, Elviras (translator). Hungarian Problew Book 1, 11 New
Mathematical Library, 11, 12. Washington, Mathematical
Association of America, 1963,

Hungary trom 189b-1928.  These contests are famous for (hg A
simplicity oi cuncepls cuployet, the mathematical Jepth rggchéu
and the diversity of elementary wathematical fiel.ds tQu;hgﬁﬁf

Problems and selutions based o Lhe EHLvBe wompelltlonn L¢g§§lh

N 1, Huenall o langlaus 330 Lvieeluw Hew +ooah, lasver Publloeallooae,
1965.

Yangramn puzzles including seven -, iaateen , atnd Lllleen-plove
challenges. The vrganizacvion aond historical references make Lhilao
an entertalolng as well s challenging book.
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Salkind, Lharles T. (eﬁltar) The Contest PrabLEﬁ’BDGE, I, II, IIT.
New Mathematical Library, Volumes 5, 17, 25. Washington, ‘
Mathematical A;so;*atlan of America, 19&1 1966, 1973. T

o Eroblems and Solatlang_'i'

! ] the annual high aChODl Luntésts of
the MAA sirte 1950. .

Schuh, Fred. The Mastér Egok of Mathematical Recreations. New York. :

D@ver Publltatians, 1968.
-

Presents the mathemat;c; behrﬁd various puz%le‘ games, card, tritks,
and other amusing problem; Emphaala on problém—ﬂclv1ng gtrategl =3,
with step-by- step analyslﬁ and alternate aolutlons given.

{ , ; ) . , : -
_Sentlowitz, Michael and Thelen, James. M. Baseball: A Game of
S -

Numbers. Manlo Park, California. Addison Wesley, -
A collection\of "algéfithﬁic exercises with a puspose,' based on

actual major [league statistics. Readers will learn muci—ascC
baseball as they get-valuable practice in using ratio, percent, .
averages, and’ gragha . :

L e
+ xSharron, Sidney (editor). Applications in School Mathematics. 1979

Yearbook. Reston, Va. National Council of Teachers of r

A'collection of mathematical models and applications in the areas
of art, bilology, ecology, everyday life, finance, music and
zoology. A comprehensive, annotated bibliography is included.

Smith, Seaten E., Jr., and Backman, Carl A. (editors),* Udames and . =
Puzzles for hlgmentdry and Middle School Mathematl;gg Reston, Va.
National Co Jnﬁli of TEaEhPFE of Mathematics, 1975.

A collection Qfégéadlngs trom The Arithmetic Teacher since 195k,
Includes differéht topics in mathematics.®

#Sobel, Max A., and Maletsky, E. M. Teaching Mathemaltics: A suwcsbouk
of Aldgj APthLElEa and g}fatﬁfiés. Englewood Lllff;} N.J.
Prentice— Ha]l 1975. .

A suurce fug problems and selulivus of probcms Wrlblelh o1 Lbig

'

teacher bLut has sources [ur students.

®l/s1skin, Zalman. Algebra Through Appllicatlons. Heston, Va , Hatl.ounol
Council of Teachers of Mathematics, 1979.

A product ol the First Year Algebra via Applgcallone bovelopaeat
Project, this sthdent teat uys=es real-world problems to motivate
the mathematics. Includes some probability and statistics.

Vilenkliu, N.Y. ggmbluﬂtufng, Translated by A. shenllzer and L
Ghonlblzer New York. Academic Press, 071
Aﬁ iatroduction tw cumbinatorics containlog wver Luu problame e
Lh solutions.

O
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. Wylie%hCEEBiEQJr-, 101 Puzzles in Thought & Logic. New I@rk_‘;DGver
- ; Publications, 1957. o -
=~ A cnllectlén of thWdunlts, whu -=held-what position, &nd cryptarlthmq
’ that require logic and déductlag to unravel. The introduetion pro= .
v;des an 1nterest;ng ‘discussion of methods to approa&h such problems.
Xagl@m, A M, and Yagl@m, I. M. Challeﬁglng Mathematical Problems w1th

’gg%meﬁtary Solutions. 2 voiumes. Translated by J. McCawley, Jr.

San Francisco. H@lden Day, Inc., 196L.

Well-known Russ;an problem book designed for mathematics students
in upper high school grades and early years of college. Problems

’ "from the School Mathematics Circle at Moscow State University and
from the Moscow Mathemdtical Olympiads. ’
C. RECENT ARRIVALS AND NEW DISCOVERIES - ’
;g "i =
i ‘Biggs, Edith E. and MacLean, James K. Freedom to Learn: An Active
Learning Approach to Mathematics. Don Mills, Ont., Addison-
Wesley (Canada) Ltd., 1969.
- : An excellent source of problem-soiving activities for children

in middle and junior high schools. Includes many helpful
uggestions for the teacher who wants to adopt an activities-
ased approach to teaching mathematics. "

U.I

U

Frurns, Marilyn and Weston, Martha. ‘The Book of Thiunk. Boustou.

Little Brown and Company 1976,

Subtitled "How to solve u problem twice your size," the book
* emphasizes problef sobving strategies, Not all examples, are
mathematical. o

Friesen, Charlea U "Problem Solving: Meellug the Neaoda wi
M?Lhﬁmathﬂlly Gifted Students." och. Sei Math. 8o (ren  1uouy,
127-130. .

vhallengliy glited studente Lu sulve problems publlabiced 1o walhe
matics peri.dicals has proved (v be successful lp meeting cuwme of
these otudenbtsz' needs. Seven spevific benefits are digdussed.

e wlima, talales Lunet ceel | 018 pu Uihelgs, barl, oohUloan, Llada,
and Spungln, Rika. Teotnd 3 ) éEuDlEm Solving. Palu slto,
California. Dale ic 1980.

4
A comprehenslve piugian [ Lhe developueul ol pewbilci e bving
skills and strategies fn srades K-12. locludes prublem card
Jdecks , development workbooks, duplicating masters, and actiyvity
kits. Designed to cumplement existing mathematics programs.
Froblem Jdecks are organized az.ocording tu grade level.
“paraadel, Aulta. Mathemallew, Reasonlug. ey, Mion M1dweat

F’ubluat;u 1=, 196‘9

Muterials for high students on critical thinklog - Laoth

choo!
in Mathematicsfaﬂd-(thér forms of persuasive argument.

i-
P
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*Joint Committee of the Mathématigal Assaciagiéﬁ of America and the
National Council of Teachers of Mathematics. A Sourcebook of

Applications of School Mathematics. Reston, Va. National Council -

of Teachers of Mathematlgug 1980,

A collection of nearly 500 problems with solutions requiring the
application of arithmetie, algebra, geometry, trigonometry, or
probability in real-world situations. The annotated bibliagrqphy
and comprehensive index make it easy. to supplement the textbook
with genuine, real-world applications. This bbok balangﬁ in

‘ every school library and on every mathematicls teathﬁr'r pro=

T fessional booksheltf'! a

¥Kespohl, Ruth C. Geometry Problems My atudéﬁtﬁ Have Written. Reston, Va.
National Council of Teachers of Mathemdtqu, 1979.

Three dozen problems, cleverly written and s01ved by tenth grade
geometlry students.

. | y,

Kuim, Uerald and Bussmann, Hans. A phase-ability model of mathematicu
problem solving." J.R.M.E. 11(1980), 1{9-18y.

Fresents a model involving elight problem-solving bhases And the
dbllltlEq required of students at each phase. The muisl has yet
X tobe verified empirically.
*Polya, George and Kilpatrick, Jeremy. The Stantord Mathematics Problem
) , 197h. ’

Book. New York, Teachers (ollege Pres

i

The complete set.of problems from the Stantford University
Competitive examinations in Mathematics, held annugally frowm 1yhe
Lo 1975, Hints and solutions are given.

Rubinstein, Moshe F. 'and- Pfeiffar, Fenneth R.  Concepts in Froblem
Solving. Englewood CLiffs, N.J.. Prentice-Hall 1980,

Freseudg o framevwork of concepls basic Lo training in problen
solving. Main topics include thought processes, language
models, weertainty, declsion making, and contldict.

Juseph J. "Mini-caleulators: and problem suelving " don. oo

whlel R
th. 80 (Maroh 1980), 201-217.

ds
Ma
Buggestions Lov exploiting: the nuwtwal combiaation o1 . cul vl
problem soiving experience and the hant held calcualatb. o,
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**For middle school, choose a specific value Ior 1,

~

POSING AND REFOSING PROBLEMS

‘1. Introduction

v For me, and I suspect.the same is true for many other people, the
real joy in studying mathematics is the feeling of exhilaration aqne
gets after solving a probleﬁ -- the tougher the problem, the greater
thé‘satisfaétian! But what féct@r(s) initially motivate someone to
want to solve a problem? Péséible answers to this questignrcan range

from the fear of the consequences if the solution to the problem is

‘not handed in tomorrow to a personal curiosity, but a prime consideration

has to be the manner in which the problem is posed. Examine the

following problems:

Problem 1 Let d(n) denote the number of pQSitiVE‘diViSQFS
of the integer n. Prove that d(n) is odd if and only if

n 1is a square,

Problem 2 Which positive integers have an 6dd number ot

factors? (Justify your answer,)

Froblem 3 lmagine n lockers, all clused, and 1 men.  Sup
LR el R = )

pose the first man goes along and Vpens every locker .o Fuon tné
secand man goes aloung and ¢luses wvery olher locker beginning
with 4. The third meo thon goo. along and Chaoges Lhe stato
f every third locker beglinlng wilH #4 (1.0, if it s open, ho
¢loses 1o; =nd viee -veraa), 1f Lhis prosvedur e 1o conrl ied

unibil all 0 mwen have passed b, al)l the loChers, which 1O0ched s

[

are then open™x

aper is adapted from an urtlole wiilol eppeared lo Lhe fe8rlaok
blem Solving, NCTM, 1980.

i

(e
E

ER= '
B n

=

say n =100 or n - 1000.

15

=
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§ These three problems are in fact, different formulations
of the same problem*. The first version posed is typical of a dry
mathegatical style. Less ponderous, the gecond is given as a question
to answer rather than as a statement to prove. The third conveys
this mathematical question in a very picturesque manner, I #wHuld argue
that the phrasing of the third- version (and, to a lesser éxtent, the
second)-waul&#@f%vi&e’a (significant) source of motivation for the
potential solver to tackle the problem. This paper, then, will
consist of several suggestions on ways to pose Qf "repose' a problem

to maximize this .source of motivation.

¥ {

//: < '2. Vhat is a Problem?

Before offering any suggestions on the posing of & problem, let
us first clarlfy what we mean by & (hathematical) problem. The word
problem is deriggﬂ from the Greek problema which literally translated
means "something thrown forward." More mundame is Webster's defini-
tion: "a question raised for inquiry, consideration, Lr solution...

a source of perplexity." A ér@blemg'%hen, is a perplexing guestion or

For

situation. It is not simply & question - it must be

example the question "What 1is the area ofF a rectangle of length & cm
and width 3 cm?” is not a problem, but an exercise = probablysfor anyoue
reading this paper. An exercise 1s glvewu (usually) te provide practice
in using algorithms. To solve a problem regquires insight.

A question or situation can be judped perplexing, aund heuce Le

=15 the equivalence of PFroblems & and 3, examing a particular
for example. Locker. 412 is touched by men #1,2,3,4, 6,12,
£

s an odd number of factors will be wpen

Lil’

tors of 12. ?fnce a locker is alternately up@n&d and closed,
=

'D.02
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a problem, only in relation to a person and & time. The determination
_of the area of a rectangle given its length and width could be a
problem for a young child. .

Finelly any problem must be accepted by the student as a problem -
he ér‘sﬁe must be interested in the solutioen. ’

To summarize, the three basic characteristics of a problem are:

(1) It is a perplexing question or situation.

(2). It is accepted by the student. »

(3). At the time it is posed, there is some challenge to the

student so the solution is not immediate. ‘

\

3. Some Suggestions on PasingrPrublems

Before we offer a number of suggestlons concerning effective
ways to pose various typss of problems, we glve one suggestion con-~
cerning exercises. The ability to discern a pattern from a gseries
of axamples is an essential quality of a good pr@blem solver, WSO

B Pose a sequence of algorithmlic exercises which are examples of
-3

a general pattern.

Bxample 1 Chouse twoe whole numbers. Find thelr sum and

non-negative difference. Aad these results. Awy

observationsg?

2 C . 1 EY i, &, A 4
Example 2 Compute ( 12 ' 23 (L) 198 ' 2e3 3wy

L

AR A ! L
(e¢) 12 + 2°3 + ... 4 334103 Uenerallze,

Example 3 Compute (a) 255 (b) 355 (e) bn°

Do you see a pattern?

i
(LN
C




. Example u Find the areas of the fﬂllcwing figures:

() IR O ) -
}_‘é * ) ,g |
— 77é — 6
(a) . , (1)
= 7”3777 L2
- = ’
B
b
- 767
Do these figures have anything in common? Any observations?

Completing magic squares agg magic triangles is another
Aexample illustrating this suggestion.

Now the reversal of an exercise is often a problem. Asking questions

"backwards" creates problems which reinforce the knowledge of basic algorithms.

m— Poge the reversal of a famlliar question; ask the question

the "opposite way".

Some classical examples of standard questions in algebra whose
reversals are aléo standard include: ‘
(a) Multiply polynomials -- Factor polynomials.
(b) Given a palyna;nlal find its reots -- Gilveu a sel of ruols,
“find g palynamial with those roots.
Note that the reversal of a problem often has mare than oune

solution. .Some less famliliar examples of reversal problems are;

Example 5 Find three arithmetical problems whose solution

is 13. (You can put as many boundary conditions as you cavrc
on such a proplem; e.g., you must uge at léast o numbg;a‘

and at least one +, x, and ¥ sign).




: = : D'DS
. A
‘Example 6 Find three solids whdse surface area is 60.

'Example 7. Write “a) 45 b)525 as the sum of cohsecutive
integers in as many ways as passible. (You should clarify
whether negatlvexgntegers are allowed. ) ; l

Example 8 %ryptar;thms A cryptar;thm is an excellent

- vehicle for testing understanding of numerlcal algcrlthms.
Three of gx\?aVﬂriteS are: . .

| (a? D?RgiD D = 5. Other letters stand
L +§§;a;g for & unicue digit
ROFERT .for a wnique digit.

(b)) Hocus {e) ABC
+POCUS XBAC
- : " PRESTO *#5xC
*#*A
%%X!B

Another way to turn a question concerning a basic concept into PO

a problem is: i

» Pogse a "Give an Example of" problem.

Example 9 Give, if possible, an example of:

(a) & proper fraction greater than 3/k.

(b) a polynomial of degree 5 with four terms.

(e) a triangleabné of whose altitudes coincides
with one of its medians.

(a) the equation of a circle which is taugentl tou
both coordinaye axes.

(e) a rectangle whose area i1s nugerdcally egual }
to its g&;’iﬂ;rstag. I

This type of proublemslis often effective Lecause of ibs non-
specific answers. It is somstimes a remedy ror "memurization withLoul

understanding. "
= Pose a problew with realistic data.

v
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Examplg 10 A roll of wallpaper is 20 l/E inches wide and

2 feet long. - How many rolls of wallpaper would you need to

:.paper a room which is 9'6" wide, 12‘3"'1@ng and 8'6" high;
has wacdwark:whlch is L" high; has 'a door which is 7'1" |
high and 3! 4" wide; and has twm windows which are 512" high

5

, and 3'3" wide? (Note: x'y" m@ans x feet and y inches)
T . :i. { : B

*{_2 An éxaipieAféquiring algebra is:

. Bxample 11% ﬁ%rméi-seéﬁatér igfébpat 3.5% .solids with nearly
300 pounds of dissolved material ger‘thausaﬁé:gallcns. ;Tnis
’is about 33,000 parts per million, by weight (written ppm).

» . guch water is highi? toxic to a;iﬂk because it contains:
barium and boron in addition to more common substances such as .
cal21um _potassium, sodium, magné%ium and 20 on. Seéwatér
reduced to 5000 ppm of salts is still unhealthy. While paople
can learn to tolerate up to 3000 ppm of-salts, these sc6lids

vshauld not exeeed 500 to 1DQD ppm for good drinking water,
Water for 1rr;gatlan 13“11m1ted to 1500 ppm of dissolved
solids. How many gallons of seawater (33,000 ppm) should
be mixed with drinking water (500 ppm) to obtain 1000
gallons of 1rrlgati@n water (1%@3 ppm)? :

= Pose a prébléﬁ in whieh the unknown gquantity Shag;d'réasagably
be expected to be unknown in reality.

=

E;ammleilg You are in -charge of buyiné food for the class
plenic at which you are having ham sandwiches. Each

] _|%aﬁdwieh will have 3 ounces of ham aund you expect to uzgé
250 sandwiches. Boneless ham costs $1.89 per pound and
semi-boneless (which is 20% "waste") costs $1.53 per pound.

Which type of ham should you buy? How much of it?

Another example requiring algébré is:

* o . £ 1 H H 2 1
"Direct Quote Word Problems', A. Pluker, Applications 1u schivold

Mathematics, 1779 NCIM Yearbook, p. 3h-3%. -

T

©

-
'
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¥ A 6-lane track for running foot races is in the.
shape of a rectangle whose length is 1.5 times -

,ifs wid%h with a semi- eircle on eaéh end. Each

e e lané s to- be 1 meter Wide. What is the length
-tamd width of a rgctangle if the 1n21de track is to be leQ

meters long? F@r a 15DD meter race, the inside runner. would
. ] .

start at the flnigh line. Where should the runners in the
other 5 lanes start? )

.f;EEEEPﬁSEfg,PIleEm {n which the unknown quantity is- one scmeone

might plausibly have a reason to seek.

Example 14
~two 12-inch pizzas serve?
; . =

And one needing algebra:

If an-8-inch pizza serves two, how many should

.7 ‘ .
Example 15 Suppose you wish to buy a new car and you feel
you can afford at most $100 per month. If used car igans
are. made for a maximum of 36 months at 15% interest, what

price car should you consider?

» Fose a-problem cantainiﬁg insufficient or extraneous data.
. . _ .
e Thé ablllty to d;scefﬁ the data necessary to solve a problem is
Qertalnly cruclal in "real world" problem solving. Consequently posing

problems demanding a critical analysis of the data is to be commended.

V Example 16 Two sides of a triangle have lengths 4 cm aud

. : ]
o cm. Find the perimeter and area of the triangle.

While the data are cléarly lnsutficlent to determine a uul. ue
dg%\lti{jﬂ} one should dgeek a solution of the forw: "awy Dewl Nunberas
B, A éétisfyiﬂg 12 Pl 20, VoA ~ 12"  rather than accepting
“no solution'. Eruégems possessiug wore thau oue sulutivn are per
fectly reasonable probleus.

" The remaining suggestions apply waluly to au opeh search pruPleu,

that 18, a problem which requires the sulver to scarch for a patte

& e ¥ . s ; T Ny
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- to Select a Wethod, or to discover a relatianshlp which is not abv;cus

" 'from the statement of the prﬂbiem.: In m@st of the prev;aus Examples

-« the phras;ﬂg of the problem suggested an algorlthm to apply, an ..

equatién'ta solve; ete. No such hints oceur in the statement of an

‘rwﬁapéﬁ-ééarchgirablemﬁ, Problem 3 in.the introductidn is an example of

“#

such a problem. - . L _ )
LEEP&ﬁigliy for’épgﬁ séargh'PrcblemS; but for others as well, the

Pose the problem in & manner which_requi}es the solyer first to
guess the solution. ! )
C - .
Though this axiom cannot always be followed, all too’ often a good
problem. is spoiled by including the answer in the statement of the

problem. The example in the first section furnishes a nice illustration;

others are:
Example 17 "* ° .

Form A For any positive integer n £ 2,3,5 a square can

be partiﬁi@ned inte n smaller syuares. )
Form B For whlch positive integers n cad'ygu partition

a aquare into n smaller squares?

=

Bxample 18

Form A Prove that (u-1)! = U wod 4 if aud ouly if u
is a composite > L .

Form B For which positive dlulegers 10 ls 0 o Lfacloer ol

the product (u-1)(n-2)...3%2+1 7 (rox u,}&;:guflé . if‘_ Lol &

factor of k+*3-2¢1=2k, but o0 1s a factor of H-h-3-2-1-120.)
N,
rorm A 1s typleal 0f college uumber theory leals, while 1u Forw

b Lhis problem could be pused imm=diately following the intreduction
of the concepts "factor" and "prime" (in fact, it is almost an al-
"ternate characterization of "prim=") in middle school. Fourm B also

illustrates the fact that bLrevity is nol uecessarily a virtue in posing

a problem: lLncluding illustrative examples, for instance, simply enlarges

tg% set of potential solvers. S
As a rough rule of thunb, any problem whose statement=fincludes

—

.
=%



- the words 'prove that', "show that", ete.,:will not emcourage guessing
5%%%;’and often can be rephrased to do so. The use of :the phrase "find all")
is still am:thar way to pose an open search pl‘Dblém whlt:h Yequires

‘guessing' aﬂd/or earching f@ﬁ@gtterns.

k Example 19 Find all primes p for which the integer 5p + 1
is a sleuare. Y
;& . : R
. BEven standard thec:rems can be posed as guestlansg R
R Example 20 For which pDSlthE integers n does the fraction % -
_have a findte decimal expanéign?
L. And a gemetric EJESE[P:LE. |
L In which quadrilaterals do the diagonals bisect. = . =, ..
~ (Eé - ) ’ ) & ! L ‘; ’ ’
! Such a prmblém eould prc:fltably be used tr_s begin a unit on
Yo M Gecimals ar on quadrilaterals. a >

o Posa a'préblem having only one solution as an ageﬁ guestion.

‘ What values are possible for the
are of quadrilateral EKDL if ABCH
and EFGH are squares of side 12 and
E is the center of sguare ABCDY

- Pobe & Qrgblam havliug ho sulullon 8% a Juasbloa,

Which iuntegers iu thesset (ly, ¢, 57,...1 van

Exawple 23

be written as the sum of two primes?

All GO0 olfteun oludsule regard EXULLOGOK priolilews ao arliflclal
, .

cnd wue remsUy cited sarlie. was t0 wake the problem as reallstic

=¥ Lu;;;;jhie:_ Auclhes alteruative i8 Lo peno Llie El‘ul;i@lu ia a, tﬂn,gtaﬁl.l_l y
: Ly

\,uut:'a.iftt,l;. matdier, 1 e,

= po3e a whimsicul protlem.

Shu ;SUut:;le;._e shalowdous, jloluve

The g problews ollon palul

iu the minag of the potential sulver. Th.: Locker P.ublem of LI,-

first wsection 1is one exawple, (cau'l you Jllg!tgl sumeone ¥

3
¥ down a row of 1U,uwJd luc};ei.;gg vpeping every othar @n;?)i

‘. Another- example

¥
LS %
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T traveling %awara each other at the Bane ‘time. The firat
' ".-"f;-yclist t¥evels &t 10 mph and’ thé Eecomi 15 mph.. A fly
B "begins flying ‘between the 'b:l.cycles a.t ;the sene, 't.ime sta.rting
L ‘v f:mm the front ‘wheel -of the slcwer bieyr;le.i If‘ thé i‘ly
. tz‘avels at 20 ‘mph- ﬂying back and forth between the bi-
— ’eycles being able ta reverse ﬁrectians wi‘bhcut lasing any: -
B Ab"tima , hcw far ’will the fly travel baff:re =ﬁhe blcyeles mee%g;

‘? A whimsical pro}:lem can a.ppéal t@ a stuiant begause he dces nat

b Eéfpafsij:;g | ?Erébi m

ns Of this paper” .« - .

BT Tn th:..s Snr::tion e apgly scme cxf the suggé t
i't:: the reposing" af pr@bléms.l B T o
Dur ﬁndam%ntsl axicm QEEEFVES reemphasizlng. )

iP«:sa the prablem as a questmn 1f at a,ll gzass;ble. g
. “EBxemple'2 , L i
B R E'}"F@m A’If : i‘t‘-ém is an salé for EQ‘% c:ff mfst sa.les .
e * pec:ple mll f‘lrst. tieduc:t EQ% of the prl\‘;é and than ada the
T appllca:ble sa,les tax (say lL%) - Show that 1f “the Ealespersgn L
. first added the 4% sales tax and then deducted 20% of the . .
' '”‘—t@tal the PI‘lQE ‘l:.c: the . eenstmier wauld e ‘ﬂ‘lé same
o '.Fam B (Same a.ESUmpth)nS as F@rm A a.bc:ut the sa.les priee)

Which methr:rl w@uld. you prefer i ycm, were the a) consumar, T

, V :_b) merchant c) ta;; ccjlactcr'? Wh:sr? R o
} " l Given any s};i:lj. cr ccm:ept it is usual‘l_y passible to pese a Set
| of ncnsrczutiné pmblems o:sf varying t@e and d:l.fficulty 1nvalving that ,
skill QI' ccncept.; ' R LoE -_ e . '
, An algebraic e::a.mple is- . U'X el T
¢ Bxemple 26 The stralght linei 1 ..l o
RO o TTEJZ.E&'L prmblems invc:lva finding the équation af a llne _
""" o R 'iig:wen +wo _‘lentE on the liﬂe*, graghlng a 1irle given iks " e
T ’equatimlj determining thé equatian of a j.lne gz:ven i‘ts o Ce e

graph etc. : Several nanaroutlne prablems are:

nl . cu;‘icsity. ﬁ .
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- Problem A" cive ‘the equatibns of 'l:lu'ee 1inea Qontaining thé E L

'r@int (1,2). ',

S Cmment- Th.é nan—speq:iﬂc a.nswers required shauid help

';thase Etuﬂ,ents Wt:le ﬁre merely memorising the va;'icus

- *f«:rmulae.  Students; who choose ;: =1,.y= 2 ;Y =2x m;.ght
bé régs.rdéd as "cleve:", t.hey are msightful prdblem sclvers. o

s Pro'blem B (Algarithmie) Tal:e a. gnin‘b P c:t'.her than (a, 1) on . :
' _ the pa.ra’bcla y—xg szig

Rl ) 1111&” cgntaining P and (l 1),
b R L :_Lthé same for -aix. Dther pz:irrhs
: |L :cd.l'l':_)— L ) ‘:?r' . '.:Qn the curve. What dg y@u :
1 ’ T . ’7 e '_”_‘-thixﬂt: the slapé af tha 1ine
S j'tangant to y :-; at (1,1) 15'?

Ggmmen.t- A;gcxrithmie prcblems Wlth a8 ?111‘1?‘353- - -

Pra’blem C (@pen Search) Find all poSsible vs.lues for. the L _
slc:pe t:sf a, lina w.h:.ch can‘ta;ns thé crigln a.nd 1;1%3:‘5&21:5 t.he

‘éircle. (x 19) + (v - 5)° Eﬁ-j

e

;';'Ere’blem D Write the - eguatmng af several line Sé@ents with
2 f: ¥ f;' 2 whlx:h mu spell your first name. I

: ‘ ‘Hlé prc:blem of Essmg ancl repaslng alga‘nraic ward pmblems is a
teugh z:rne.: Tne salution of wurci pr@blems regu;res the tra.uslatmg of -
English ‘wc::rds intca ma,thematica.l terms -= g crit;.r:.ajly neecied skill- in
E.tly diSElB:LlQE Tﬁllc‘;h uses mathematlcs.r One ilff:,cu;l_ty is that the .
; quaﬂtity sc:ught lﬂ a Wt:r& Pz'ablem requ:i.ring the Solutlen af an éq_uaa-
tmn is often ‘known iii "real llfe".“ When the . problem is Posed realls—
tieeﬂly hawever 11: cs.n be salved us;ng c:rLL'y s.ritlmatic.

T A Ellhe Elgtcmn CDllSEUIn has. ED OC)D seats -- 8 000 resez‘vecl .
o . seats and 12,(3@(3 general ac'imiESiDn seats. Reséﬂed Eeats
o cast .{;1(3 00 each iWhllé ganezal a@lssi@n saats cas‘t $5 00

' each.. The newas rock group sensa.tlan 'SMDDCH' is g;ving a

" concert there. j $13C3 000 was ccllectei from the sale of

- 18 50@ tlc};ets ﬂaw ma.ny reserved seats were scld"f'

5
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" Camme nt Su:‘ely ‘the persan“ EE]_'Ling the tickets knm-rs ‘how, :

e . -many he sald. At ’best‘ he ﬂcﬁid wan‘!: ta campute the amc;mr‘t. af
" e 'm::nay rec:eived == an arithmetic prablemr SR ’ : o ": e

- A Eamewhat mmre resllst:l,c varsian of this prcblém might be-

- -"":?: FER 8 ﬂle Eigtown < e EBHEEI‘t there. " The- pramatar Estimatés A
R ,;,.h:.s E@Enses for- ﬁshersg pmgrams janitarial serﬁce, ete. SRR
07t at.$10,000. . If SMOOCH demands 0% of the price’of eachi ticket . i
sold plus $J+CJ C)DG “how ma;ly reserved: saats must lie sel_l to brea,k A
i even? ti’ malié a Qrcfit of $§o ocx:v? — S

i

Att&m@t at o (However feeble) in the. statement;@ffiﬁr
mrthwhile. . AR

_ mathematical prablgms ﬁa',re 115_’; 11y

l In ::rder tc ingarlzorate interestmg agen search prcblems j;ita yau;r e

*‘-‘1335 Yﬂu may EDﬂSﬂlt one- of the ma.ﬂy prablém bDDES currently availg,‘ble, - R

We clcnse this sec‘tion w1th threa example Df such pmblems with suggestians o
fcr repcs;ng them in ‘a mare chall.enging ma.tmgr : S .

Leal

'_Emge% ‘,fjf 1“  L;T_ ﬁ ﬁj*}j‘j i=

vnf whasa aig::bs ai‘e identical, Eﬁﬂﬂﬁ‘b be a. perfee*t square. o
‘J'Preblem lA (Better) Which squa::es have 1déntieal digits'?

' _Prcxblam ] (Eest) What is tlie mazclmtm nmber af iderr!:ical ['-"

| ::nnn—sem ﬂ;gits in whlch & square cau encl'?

N _' Cﬁment Famtﬂa.tmns LA s.nd 15 Iepr:se the problem as a ques—»
ticn to eneaursge gu.i.ssz,ngi Vers:u:)n 1B has a pasﬁive answer . - T
e (ra.ther ‘than’ "ncne") o B
N IR N 1 o | :
Pmblem E Shcm‘ that 1_ + = 5 + § Hlewe i 13 never an 1n'teger.
- !Prcb;em;gg The, senes & % Imcwn te élverge and censeq_u_ntly
' _Vthe Sum E x =1 + i:'—ls % ess +. ; can ’became s;‘bi‘trs;‘ily
: k=1 kT 2.3
Lo 155:33; . If we examine & few of its pa.ftial sums? ge nc:tlce that
sﬂ_,. : = .02 an . =-F No~si-B n on o=
ever be an integer? . |




A g%ﬂmg‘bry examyle" ST T D ke

the Pmbiam E'na ms:kes it' more tﬂﬂtﬂli ng ta"the sa;lsrer. A
. calt;ula.tar can. ‘be, used tC‘ cﬁmP‘Li‘te thesa -and Dther examples. R

'».:Fnr 8. pgint P insi &

- ,;pendiculazs a," b c from P ta K
the’ sides eduals the. ‘altitude c:f
'ABC. (V‘iviani's Thenrem)

3 A ma.n bought a.n estate enclased by tm‘ae straight

"'rcads ea.c:h 1 mile 1@113. He mshed 'bt:) build his hause sgmawheré

an the ésta.té sc that if he shcu;l.d hs.ve ) straight d:lveway '_ -
nads, fzon, the front to each of the three roads, he might be
' pu:b ta the least expense. _ Where shmﬂ_d he lc:cate the =
8 Imusé‘? (Duﬂeneyi, 2_351 Gurmus Ercﬂ:lems and. Puszles #EBLI-)

R Cémment- Eié prablem 15 I.w:sad as & questicn_ BY quantii‘ying '
o the’ Prablem, sxperiment:,ng with sevaral lgcatmns %o help o

¥

guess the salutiﬂn is encnuraged., -

'Eﬂs papar :LE ccnc:erned with the lmpravement c:sf the nf‘t-neglecteci' e

‘ art. i@f pr@’blem posing. .The. three key Wnrds 1:1 this sentence a.re L
néglectad" "art". and mprcvement" Dne has iny to e:tamine tha

: prablem Sectlgns of mast te:fbbac:ks to see the néglect" 'EIET éﬁen

cansist of lists of algcri‘bhm;c exa s,,: unlmaglnat::ve word' greblems

" Mprove that" prablems » ebe. (the Renew-?r@blems are usuﬂly wcrse)

" We have affered one a:{;am ‘and ten suggestigns for mprcﬁng the : s
- manner in which prcﬂi:lems are pased. Eley are-']_ e :

V(l) ~PQEE a sequenee of a.lgcri‘tlmie exercises wh:Le.h are examplas
: A_.'-t)f ageneral pa.ttern.: B Lo R
(2): ‘Pose the reversal of A familia.r c;:u:l.ts'.stlnng ask the questlcn R
- #in the DPPQSité vay. ' : ‘ ' o o

(3) Pose a: MGive an ‘Example of" prablem. .
(b)) Poge a prablem mth reallstlc data. -

.u

. triangle ABC,. the sim Qf the per—

i ',,v S



re:;uirea the erea.tivﬂ.ty nf s.n artigt. E.e suggeatians
foél‘éd :Lr; 'this aﬁiele wlll hcgéfully "imprave"the sta.te of

Vo (5) ' B:se a pm‘blem :h: whieh the unhm gusntity- shauld reasana.‘bly

e (1@) ‘Pose. E whimsic-al pi‘ablem. v :

' ‘the Pmblem praperly. co T -'; L

L be ex_péc;ted o be unkna‘wn in. reality ST
 (6)  pose’ & prablem,a which the- ugkmwn qus.ntity is one. scmecne P
might plausi’bl:r wa.nt ’!:c: seek; e ~
‘_ (7) Pase E: prﬁblam ecntaining insui‘ﬂeient or- extraneaus da.ta. N o

A;r:l.m ' ‘PDEE the pz‘a’bl in 8 manner whieh requiras the -salver first

'te guess the saltrbion. S - Lo S
(8) Pose a prablem h&ving Qni;v- DIJE EDl‘LI‘biﬂn as’ a quegtieni R
(9) Pcaé a. prablem h&ving nt: sélutinns as g quastian. 8

] §§‘a. p:a‘blam SD tha.t ‘the: p@tentia.l solinar ﬁ]j,
I (l) -be mativatei to sol'\re the pmblemi, . o ST
(2) understa.nd a::ui retain the cgneapt invelved in’ thé Eﬂl\ltlﬂn_g:i
o CTof e problemy oo T Lot
. (3) learn semething a.'bcut ‘the arl: Qf snlving prcﬂalems,

ihe Etudy Df mathematics is scl'viﬂg prablems Tt is ineinni:erlf )

thezefare, @Qﬂ teachers of mathema.ties a. all la‘vels to teach the -

art of prablem Eclﬁgg The first E‘Eep this pmcess iE tﬂ Pgsg o S

P

#
g



7?some bit Df mathematlca, such as numerlcal EKPFEESIQH, equrtlan; fugctlan, :f B

--5eametvlc figure cr algebra;c stru tureg whlch expresses 1nAabstract termsf::

Dne very'lllumlﬂatlng way t descrlbe the mathematleal m@dellng pr0a

f}fcass 15 the Mdiv as m—cllmﬁ'analogy,.attrlbuted to. Prafessor d. _Synge:.

l: Accordlng to Synge, salv1ng a- real—warld problem mathematlcally 1nvalves _"7

A “three S‘tagegA ‘ S

il) Aidlve fram the warld Df reallty 1nto the warld af mathematlcs ,

o Thls flrst stage ;nvolves translatiﬁg the: problem fram Drdlnary 1an—“ 
;:guage lﬂtO mathematlcal termlnalogy and symbollam. At the end’ ‘of f‘ _
”*ithle stage ﬁhere w1ll be -a- pure mathemat;cal problém (the mathematlcal ‘ :;;"f;

B m@del)to bé solved.- fff{, R ,-;f,”v

—E):~A swim in the warld af mathematlcs ':“fA‘ ?_ﬂW:: _fh_fg':f  /
53:Dur;ng thls stage we find a solutlcﬁ to the mathématlcal prgblem that
blxwas formuléﬁed durlng the alve : Thls may - conslst pf saLv1ng some f;}@ l< N
_Eguatlgns or - 1neguallt1es, prov1ng a geometrlc theorem, Evaluatlng a. f»A o
ﬁlfAffunctlon, ertlng and runnlng a- cDmputer prograﬁ or sgme other ﬁ :
1wm5thematlcal task : We . perform this task w1thaut nezessarlly thlnklng

about any LDHnEEtan w1th the real WDrld;

:3)A A Eiéggzback 1nta the warla of. reallty, carrying a b
our teeth. 7‘: 'A ' CLom e - ) B
At thls po;nt we translate the mathematlcal sclutlcn back’ 1nto termsA

A of thé real warld from whence the prablem arase in the first place.

_ The numbers or geometrlc flgufes muat be 1ntergreted ED that they o
make sense to the person who asked the questlan _This answer 13, An

fg:t ‘a predlctlon of what will occur in a. glVEﬂ real wgrld settlng.

* -

(3%Y]



'*?:5feeﬁ PEF(SEEGnﬁ ThlS m@del ‘has c@nvenlently been PPOVldEd tG US bY the_;

Apath as a parab, a, wh Ee y—co,rd,nate is given by

7715 the tlﬂE ln secsnds, and vQ ;s the lnltlal upward vélcc1ty 1n unlts af

physlclgts;_who study Elmilar prablems._;~

'-vlcal prgblem to campensate far the faet that we den t knaw vé‘ (We dé knowa ' :.f*

i'ij t, the "hang tlme Aof the punt ) At the top of 1ts path the faatball hag= '

-vert;cal valgclty zera ' If ve. make thls Dur startlng PDlht w1th y
'twe w1ll need ta eampute y after 2. seconds’ (half of the hang tlme) We flnd

tha.t j‘,;, e Lo
ST T e =J..6 (2 ) E D(E) 3 -EL;

-5?;";

N AE we cllmb back into the real world we relntergret aur answer of aéu

--by rememberlng that our. Drlgln was ch@sen at the tap Df the parabollc pathtgjj

'7fanswer Ean‘bé tasﬁed by using more sophlsticatéd équlpment to maasure the. 

 _;;he1ght Gf a punt " In all probablllty we wlll flnd that aur answer lS taa .

';‘highg_EEGEQSE_Qur mﬂdgl‘dliwgot take ‘the alr r351stance ar buoyangy 1nta

Aséc&ﬂnf‘"éithoﬁgh'focﬁ%aliﬂfaﬁs are well acquainted wlth the effe:t of- wind

“.ﬂlon a team 8 kléklng perfarmaﬂce; At thlf PDlﬂt we mlght want ta dlve back

7lntD the warld Df mathematlcs anddevel@pa.model that 1ncludes air fEElSt—

fiance,'ar we may atlck W1th.what WE have, recognlzlng 1ts Shcrtcamlngs..,:'

1 i

:'k;remark ab0ut the ‘work” Df pure ana applled mathemat;claﬁs ;5 in arder '; j 

,'héféi: The pure mathematlclan can flnd SEtleacthﬂ in sw1mm1ng endlessly

“in the war;d of mathematlcs A SDlHthﬁ that is mathematlgally correct is

61
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fgieel eelutlen."
'Q;end meny Perfeetly go

L be made ewere ef_this;_

-:'é) Relete. Leak fer methemetleel reletlonehlpe in the deta, try;ng te tle

- .The geel ef e.ri eppl:T metheme.’clele.n‘:.e a better mderﬁed ng. ef‘ ree.,L:Lty, ST

d- methemetleel eolutiene muet be rejeeted beeeuee they ;_}"

n“elmﬁly de ﬂDt meke EEﬂSEiln the phyelcelrer eoelel Wcrldﬁ Studente eheulﬂ

;etinetlen as. they,eh;ft frem reutlne exerelees ‘on - 7

etepe

l) Mee;ure. Dbteln dete frem the reel werld Th;s dete ueuelly eemee e;;;;~ifl

frem ebeefvetlen end meeeurement, eltheugh eame of 1t mey be fmund 1n -

tablee or beeke.:;- i  3 7f-_1 ‘_ ;;: e fi;. .

“the dete tegether hy meene of .an’ equetlon, funetleﬁ er geemetrlenﬂ"

flgurei We eeereh for petterne thet Wlll brlng erder te what etertea ::%;:?:
“out as-raw. feete Th se- rElathﬂSthS eeneﬁltute the’ methemet;eel i

‘model’ ;tself, '_= S - T T LT L
. o S S R AT AR

:3)i Predlet._ Dnee we heve dleeovered e pettern te eur dete, we een use - e

'-ﬁ thle pettern tefﬁredlet en outeemé that was not prevlouelyvreemrded..
Sueh predletlone efteﬂ teke the ferm of 1nterya1at10n (flndlng valuee

1n between thoee elreedy Qbeerved) or extrepoletlon (findlng veluee . 1::y"1;

' beyend those prev;ouely noted)

h) Verli’J‘ We return to the reel WOrld w;th our predlctlen and ettempt tD

teet it egainet Dbeerveble feete _ As in the dlve—SWIm—ellmb enelegy, "_ T

S "we. may need to" eelleet ‘more ‘data end o "baek to the drawing bqeri" to

fermulete a- methemetleel reletlen thet doee ) better;jobi

Ae an exemple ef MR/EV at werk, 1t hee been obeerved thet erlekete ehlrp

feeter when ‘the elr is wermer. If we went te underetend thle phenomeneﬂ

o methemet;eelly, we mey ettempt to ebtelﬁ an equetlen glvlng the rate of -

ehlrplng as & funetlon of temperature ' %uppoee that ve ebteln the follew1ng

data by eDuntlng the averege number of chlfPe per mlnute ena meeeurlng the"'!'

Y

U



:(

Fahfenhélt)f;;
é .
Cn* Chlrps pér m;nute

f fT = Temperature

'se predlctlan can be verlfled

"Z’Perature-is 68°. If the average number afrchlrps'perfminute on that evenlng”*

'1dence ;n aur madél éawever ‘a.

1turns aut to be 112 we w11l have m@re co[

':;idlfferEnt mathematlca; felatlonshlp, wh;§'3

v{;Aan@the; evenlng

wv atan 15 just as PEdantici-;";,f; -

ffas trylng ta mahe évery praaffllgorcus We do want our students tD be o

'acquainted Wlﬁh the notlan of a mathématlcal mgdel, but the actual mcdéllng

i.pragess-can;b2=doge less fcrmally

SANE ; _";Ini&dditidﬁ to b51ng ggod squrce of prablemsg réal—wérld appllcatlcns
prébiiefa number. of. 1mpartant frlnge beneflts. “

;_1)’_Mothatlon._iEtudents are generally mare W1ll1ng and eager ta léarn

’7_'thcse thlngsi hlch théy perc51ve gs useful Utlllty is an 1ntr1n31c
*

farm Df matlvatlon, as oppased ta Eif'“nal 1ncent1ves, such as gradeg

='2)'7'" A gcad teacher seldcm f;nds the textbaok completely

-:f;adequate t@ meet the needs of all students The better students need

‘more shallenglng Prablems, whlle the slower ones need mgre oppartunltles'f_
tQ_PIaQtlEEtbaglC-gk};lS The whale class caﬂ benefit frcm lnterestlng
iaxam?lesjéf matﬁematiés in use. Appllcatlons can’ help meet all of these

needs. .. T e g



ﬂSual élassraﬁm.w :
RS

gatherlng their
statist;gal E

‘ 'ﬁfiappartunlty to, use. thé;r mathematigé

_phy%lcal and b;ologlcal EElEﬂCES,i

-4

-jEchDElES, art and_muslc. Same exeellent appartunltles arise fbr'*'"

saclal stud;es, industrlal arts

rf}teachers 1n alfferent aepartments to plan tagether sn that the SElEﬂEE,{ o

social studleg, or art teacher w1l

"’“k students ta use cancepts and

-,iﬂskills newly 1earrid 1n : éxmathematles classraam ‘“

h 5)“ Functxanal llteragg. Although by ‘ne’ means new, the notlan that @ur v
-  schao15 must prepare students to functlan a§ w1se consumers and enllght—

.enei cltlzens ifi an 1ncraaslngly technmloglcal Eulture has r3221ved new

fﬁﬁe%ﬁéifa

£

ng'the past'd ade? Fqnctlo=alillteracy lmPlleS not:’ Dnly 3

_praflclenzy ln compuiatlonal skllls, ‘but the abillty to use thase
E skllls zorrectly in a varlety Df 51tuat1ans that'may appear 1n everyday
n llfe _Ey'lncludlng real—worlﬂ appllcatlans 1n the :urrlculum, ve pro-.
v1de such cantExts and give the students 1mportant experlence 1n o :‘ .

puttlng th31;§skllls to work.

' 7} Cafear Educatlon The National Coun21l @f Teachers éf Mathematlcs has

called for caoperatlve efforts on the: part of guldaﬁce counsélars and  ‘
E;-mathematlcg teachers in helplng atuaents to maRE'approprlate éducatlanal
- vacatlonal personal, and SOElSl ch01ces. ngay mare and mﬂre Jabs )
_requlre mathematlcal Skllls, EVEQ as many ‘of our'high sghooi studgﬁtéf"'
are graduating w1th YEEHEr mathematlcal foundatlans iThfough éppii;ga
tlons, we can spatllght same of the themﬁtics needed in varlaus -
careers and Emph551ze the 1m§0rtance Df mathematlcs as 1t', 1ates t§

V_the Iuture vocations gf our stgaants.=:“ o : “;‘

LEN. =



'Dn the other hand, thé mathema%;as has ta be at a.

.l €

ithat 1t is lmpgrtant

) :;level apprapr;ate to the students‘ ablllt;es, The statement af the’ problem=
'-f'must be 31mpllf;ed ér Etreamllﬂed ta the extent tha '

:;:ﬁkey facts andhrelatlons and not beéénﬁ ﬁast 1n a tang

’jirédundant 1nfcrmathn.

-']Seem an: answar tc the ﬁr&blem The students shoula see the Problem as
-f,rel%ted to th31r OWn experlences Gr those éf ' mebcdy known to them.  7%;;52*
g is 1mportant t0 remember thﬁt merely Phraslng a prablem in'terms =

l—wcrld ngécts and activitles does not make 1t a genulne appllcatloni.f

':i;yery f;w of the ward prablems 1n our textboaks ask questlcns that anyone o
;;Qutsldé Qf the mathematlcs classroam wauld care to _ansver. For. example
MA l@sfoot baard’ls cut 1nt0 two pleces, one of which is. 5 1nches shart

".qu be;ng three tlmes ‘the: length of the otheriT Ffid the 1ength of each ,'%' .

)e problem shauld be rEEllSth in. terms of the data used as. well_gs = o
" thHe unknowm whose value is. sought ;f p0551ble, data Should be. taken
_ o real llfe, whlch mean% that pr;ces,_interest rates,zspeeds of alra_'
-'lp,anes, e;c ’ may have to be updated perlodlcally ' The Gther half of
' ';ticn about John .age- and thélr ages tagethert or problems asklng far

't,e dlmenglans Df a raam, g;ven 1ts volume and area of each wall T Ty

x3)w'Calculatlans should be feaslble with a m@degt hand—held calculatcr

‘Today, we can pose problems wlth real;atlg ‘data. and not burden .the

étﬁdénta w1th an uﬂrea Gnable computatlanal l@ad. . The- other 51de of .
this EDlH 15 that we need ta teach students ahcut Precl lon and’ ECEUIECY 7
and h@w tb 1nterpret resu;ts obtalned from 1nexact data Most teachers o

-are very unsure about thede. thlngs and there is a real need for betf%%ﬁ

Vpr2ezerV1ge and in-service ,ducatian in this afea,




ome: mathematlcal adeas.'

?r#ﬁjggTﬁgiﬁpﬁlicgtién Shculd lllumlnate and mﬂtlvate

thﬁ’gtth ﬁorassrthe sclutlon 6’ hefprablem should Qause the students

Eﬁut ‘the matﬂematics 1ts ; ' éee thismmathe_ﬂfuigrl

uestlanw :
ﬁ2i7~1;5ht‘ﬁ Hlstorlcally mathematlcs and science haveA“

;,EtlQHSHIE, ﬂith mathémat;cs Prcv1d1ng toal§ fgr .:'j:i

nvetlgat;cn
e VR
'1-_mathémgt;;s Should r31nférce each athEﬁ thls way in the claSsroam -
EA§)T;ThE appllcatlan shauld ‘be lnterest;ng tc the teacher. Enthu51asm (or';bg
ﬁ ithe 1ack cf 1t) 15 contaglous. If We want aur students to enjoy sclv1ng |

. problams, then wa must palnt a plcture of problem solv1ng as & s sti mu— h 2

V,A;latlng challenge,‘rather than as drudgery * This is suzely egsier o do-
'faif;”;»When the teacher, flnds the &Ppllcatiqn,;ntgg esting. - ery teacher g,;w;ﬂ;;f,%
B showld begln ta déV51DP his or her own;§ersanal filﬁ f 1nterest1ng oo
ﬁaPPllcatlans whlch can be tapped fﬂr classraﬂm use §s the cc2351on B ..i A'eu

i warrants_'
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- Count’ the-teetl

a s:racket; whi

' determlneﬂ fram,thé numbezs af teeth on. the Spracketjand chalnwh221¢ _3?5

6.

- §91r5, the géar advantage :of the mlddle one- 1E approx;mately the Eametrlc e

table shcw;ng these numhers (A gear attached tg the T ar,

ea gear attached tothe. pedals is calleﬂ '8 cha

wheﬂ thé blke 13 in a° partlcular gear HQW can- tﬁe gear advantage be‘;T

. N
B

“th 27 1nch dlameter wheels, hg teeth oﬁ,thé'eﬁsihwheél*aﬁa‘f

28 teeth on tHe- spracket “how far w111 lt move alongfth81street for each e

- camplete revolutlon af the pedals? Der;ve ‘a generalffafmula relatlng

dlstance traveled to wheel dlaméter and gear advantage. R

ea;ﬁgat;q fcr a. blcycle is def;ned tol¥e

when.: Lo ’#'teéth Dh chaiﬂwheel

L@ k] == R B . - N P .

' M‘

= # teeth on sprocket

',D'J\ :
1]

dlameter of rear wheel fh lnches

.o _- 1 e -
If a blké r;der cranks the pedals at TE T p m and the gear ratla is 73 D

haw fast is. the blke travellng 1n mlles per hour§
. St .

P TR

A blke rlder'g caﬁe ;g,igvthe number of revolutloﬁs per mlnute made by

the pedals _ Derlve a fDrmula relatlng cadence, gear ratla,_and llnear o

a
gy

EQEEd ‘af a: blﬁycle. ;;7: ; e : ,_ "- o :‘;'f-h

31-

Gearlng af a blcyﬂle is aften set up S0 1hat,for any three cansec¥t1ve=

3 me%n of the gear advantagee of the other two Check thla Qut f@r a

partlcular blcycle Des;yn a 5- spead gearlng syvtem that makes use of

this Qr;nclplei' Assume that: your ghainwheel w12}‘have hB teeth and the E

sprockets for high and Low ‘gear will ?gve.lh and 28 teeth re;pectlvgly,

x

=

I;(i e P B : e ol ,, . Xv: el , -A, N ,



,tversus ;peed and anather gfaph cf

'stapplng dlStanEE versus the aqtare Df tha speed Try to fcrmulate an;.

equatlcn [1 e. a mathematlcal modsi]lrelatlngithese two varlables _f-s' ;

f;;9£ lf the blcycle tD be used 1n prcglém'w is né% equlpped w1th 3 speedometer,;.:f'
' 5-_ devél@p ong ar more methads of deter_ ing 1t5 speed ff.-*' - I

; [}
P T - E ) L
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ERIC

Aruitoxt provided by Eic:

Real-World Problem Solving: Measurement at Home

ome Sweet Home . L.

1. A pair of drapes to céver a double Qindéw;ﬁilfkfehhiré 5 widths of material,
. 2%- widths sewn together for each drape.  The length of the .rapes must

be L]l inches, with 3 additional inches at the boitom “or i1 hem and six

additional inches at the top for pleats. E will the material. vost,
at $3.50 per yard? .
2 One gallon of paint is supposed to cover L00O asquare feet. A bedroom is

e
measures 30 inches by 79 inches, and the closet door measures u8

ons of paint will be required? This paint

—
p—
r:\.
o
T
o
—
P
i
poing
el
£
=}
[
]
")
T
[l
=
et
o
I

i

‘sells for $1L.50 per gallon and #L.50 per.quart. How much will the paint

d fitting, do not subtract the area of the window this time,

n itel
but do subtract the area of the doours.

L, A dining room table haz a circular top With o Sh-inch diametler. Four leaves,

each 17 inches wide, .an be added to g;témd the table., Twu tablecloths are
tyr be made, unie fur the circular table and the other for the table fully

extended. A minimam overhang of 8 inches ls desired, all arcund the table

Vhe material o005 dnches wide, but each hem Al seam will tegulre an
1 {
5

addltivnal Inch.  dow many yard., of mete:igl most be purchased?
y . 3

Lots of Problems

5. The iot 1s 85 reet by 150 teek., The house Cuvers 180 square feet and the

dt‘i\[%‘ﬁﬁy anaother 950 square Feel. The rest of the lot (with the exception

seed custs Blsous

A Vew arall flower bt 1o o e ot frn wrenia Grass
* i
for a J-pound box, and the recomne nded scedling rate Is I3 pounds per thousand

‘Squaré feet. How much Wil 11 cost to seed Lhe yard? Pertilizer costs

]

1M
1]

M

o



e
fertilizer for one feeding of this yard cost?

\ Sod costs $1.50 per square yard. How much would it cost to cover the
yard w;tg 304? (Ngte: *This problem can be made more reslistic by
providing a plot glan from a magazine and having students take their
data from tnis plan.)

6. A patio is to be poured in the shape of a quarter circle, with a radius
of 21 feet. The concrete will be L4 inches deep. If concrete costs $36.L40
é;r cubic yard, how much will the total concrete bill be?

7. The driveway measures 16 feet by 59 feet. What is the welght of snow that

must be removed after a S—inch snowfall? (The weight of snow varies with

its moisture content. For this problem assume that it weighs 3.5 pounds
per cubie foot.) ]
HLI
f. The region shogn at the.right : i A
is to be plantZd with shrubs 1'he
nursery recommends that these be ID’
placed ¢ to b fest apart (g;nLgr (A .. )
centér). How many shrubs will be 1-7"’
neededy Mulch, three iit.ih'c:.::i: deep, — — ”
is L be place!l arvund the shrubs.
How many bads ol ralch will be — Tt T B
pevaired 17 gach bag conlaloo 1o b Pzl At l.ow e oot e Losel st
ateubs Tt \:IllL' et be covered wlohomul b
ST
J A [ T S SRR RS L VR P R O T . . Ve T
ber The Tamoeme:s oo thita wllh v EB1D o an o bbb s Hoow o
i ane 101 thile oW e 1 de o e e s
1
T A N T T ) %ﬂ}; sLL | Vil , Ll \ ;.;,.xll:.m
: beow Wl A S T TR S
7
-
E V - f
t ) 'y
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Aruitoxt provided by Eic:
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ERIC

Aruitoxt provided by Eic:

10.

1.

12.

=
\B_.\\
%

[ ) ) , . )
A lh-inch by 1l6-inch by 38-inch rectangular bale of hay weighs 60 pounds.
low much does this hay weigh per cubic foot?

[=

L]

ome farmers bale hay in round bales 5 t=et in liameter and 5 feet l@ng;
How many rectangular bales of the size in problem 11 does it take to equal

one of these round bales?

A combine has a 16-foot cutler bar. (i.e. it cuts a swath :6 feet wide.)

How far must the combine travel to harvest one acre? (One acre equals 43,560

square feet.) If the machine travels at 3 miles per hour, how many acres

1
.m., with a 45-minute break

o,

can be harvested from 6:30 a.m. until 2:15 p
B

tor lunch and two 15-minute rest periods? First solve this problem without

Then make some realistic assumptions about turn-around time and get a

(Jee a related problem, 0-32, on page F09.)
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Problems, Probléems, Problems!

The'éxy problems in this collection have been partitioned into
three categories:

I Open Search Problems

IT  Application Problems

IIT Miscellaneous Problems

These titles are explained in greater detail in each section and
some of the decisions regarding placement of problems were arbitrary.
The problems have beeh gathered from various sources, many of which are
cited in section C - "Problem Solving Resolrces"i Most of the problems
have appeared in at least two sources.

Although most of the problems in this collectlon can be solved
using ideas fram\arithmetig informal geometry, and basic algebra, no
hints cancerniﬁg the level of difficulty or appropriate grade level
have been given for any problem. This 'omission' is intentional for
(at least) three reasons. Most problems can appeal to students at
various levels of sophistication depending on what is accepted as a
solution. For example, the determination of a certain length could be
done by solving an equation, by approximation using some trial and
error method, or by making a Phyéiaal or scale model and measuring.
secondly, when oie cncounters a problem in the real world, there is
usually no indication of its difficulty. Finally, as the old philosopher
says, "bDifficult for you; easy for me. "

Following soume of Lhe problems are,

1. VARLANT  whilch dndicates wi alleinale vuy Lo poo

essentianlly the same probilonm.

-

2. COMMENT - which contalus comneubs 01 waye Lo ollvel ivel,

: use the problem

and : Ek
: J ; /faL

which indlcated that Lhe cader 1o L;;xuuu%t&xﬁu o

pose a sinilar problem. (You mlght ask youwrself: "What

would happen if ...%")

Ant now, on to the problem

[y

Qo 7

ERIC e f

Aruitoxt provided by Eic:
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III Open Search Problems
An open search problem is one which requires the solver to
search for a pattern, to select a strategy, or to discover a relationship
which is ne® obvious from the statement of the problem. In exercises
or in many '‘word problems', the phrasing of the problem suggests an
algorithm to apply, antequation to solve, etc. There are uéually no
such hints in an open search problem. !
The problems are in random order except that cartain classes of
problems have been groupsd together.
% 0l. When all the whole numbers are listed in order: 12345678910 13...

what digit is in the 206, 789th place? (Example: The digit
2 is in the 15th place.) '

VARTANT: It takes 206, 789 digits-to number the pages of a very
long book. How many pages are in the book? )

Ja. Calculate:

COMMENT: ¢Calculator useful.

O
[

Suppose the scoring in football is simplified to touchdown -
1 points, field goal - 3 Ecintﬁg-ani nu obher scoring. What

3

scores are impossible to achiever (e.g. 2 1, 8B-9)

VAKLANT: With & supply of 13¥ and 1.¢ slamps, whal aacunle

of pustage could you put on a package

G Kxpress a) Ly LJ) Jv o w) wgy as Lhie eone oL L Gl aelw
consecullve integers luo as wany ways as posaslble in
general, which pousitive lntegers can be expressed as thoe sw.

of twu or more consecutive integers?

il BNL . ood priwblem 2% E_L‘Q\SLJLEEZ addl Ll culb.brac bl YRS

divisien.

ey

{




05.  Imagine 1000 lockers, all closed, and 1000 psople. Suppose

! ‘the first person gées aléng and opsns evkry locker, Thénrtha
second person goes along and closes every other locker beginning
with #2. The third person then goes along and changes tﬁe
state of every third locker beginning with #3 (i.e. if it's
open, she closes it; and vice-versa). If this procedure is
‘continued until all 1000 people have passed by all the lockers,
a) which lockers have ‘been touched by exactly two people,
and b) which lockers are now open?

COMMENT: 1) Good problem to introduce a number theory unit
in middle school. 2) A whimsical problem often appeals to

a student because of the mental picture he gets.

06. A person 6 feet tall walks all the way around the earth
at the equator. How much farther does his top of his head

travel than the bottom of his feet?

VARIANT; A steel band is stretched tightly all the way
around the earth at the equat@f! If this band is spliced and
another 10 foot section is added, what 1s the .tallest

object which could now walk underneath ity

CUMMENT: 1) Another whimsical problem with a {geuerally)
wexpected result. 2) Good problew for students to rirst
gstimate o1 guesSs Lhe auswzr Lefore attemplting o solve.

/ How wan wlig,le dig_lL- JLAL;E‘;LQ L pdaved Lo Ulhie daswer Livone .o e
that whenever an lnbeger is placed du Ue 1owzr row, Lhe

integer above 1t must cvcocwr that wauy tlumes o the lower Loace,

P]L[E]3[E]5 678
L L

a
"

[

Fol caaiggd o 1f£ = is E.LS.L:ZQ in Lhe Lo bLoelow L, Lhet, L ua L
appear twice in the lowsr boxes.

_BTC.: Try it for boxes 0 -7 , O -

8
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‘Louie the Gambler took his week's paycheck to.the casino. He
paid the = $2 entrance fee, lost 1/2 of his remaining money,
and then tipped the hatcheck girl $1 on his way out. This
bad luck persisted; the same sequence of events happsned each
day for the next 4 days. ~At the end of the fifth day, he had
$5 after he left the casino. What was his weekly paycheck?

VARIANT: Essentially the same strategy can be used to solve
problems such as 1) How can boiling a pot of vegetables for
15 minutes be timed with a 11 minute "hourglass" and a 7
minute "hour glass"?

2) How can you bring exactly & liters of water from the pond

to your hotse if you have only a 4 liter pail and a 9 liter

“

pail?

In which rectangles with integer sides is the area numerically

equal to the perimeter?

The set (1,2,3,4) can be Tartitioned into two subsets

(1,4} and {2,3] in which the sum of the elements in each
subset is the same. The set (1,2,3,4,5) cannot be so
partitioned. TFor vwhich positive integers n can the set

Sy (1,2,...,n] be partitioned into two subsets (they need uot
have the same number of elements) in which the sum of the
elements in each subset is the same? Describe a method of

partitioning the set Sn when it is possible.

CoMMpNT:  Gooud problem for finding a pattern and o discussioun

of the proparties of a solution to a problem.

Ble. . T 3,b, 00 subects 0r sum of vue suboel l1s 1 wore Lbhasn
¥ 3,0,

sum of other subset.

Suppose a large wooden cube has been palunted black. It is
then cut up into a) ok b) 10uu smaller cubes. How many

cuts were required i each case? How wmany of the smaller

%
jay

ube s

[p]

ave 0,1,2,3 faces painted black?

by

S A

FOu
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ERIC

Aruitoxt provided by Eic:

C o e ST ; S .
ETC.: Find general pattern for cubes. Try cutting up into

other shap=s. : ;

Which positive integers can be written as the difference
of two squares? -
VARIANT: Which positive integexs can be the length of one

leg of a right triangle with integer sides?

EIC.: 1) How menv ways can an integer be written as the
difference of two squares. .,
2) . Which integers can be written as the difference of two

cubas?

Roger Miller claimed on a TV show that he was 1/3 Cherckee.
Disctiss the validity of his claim.

<
COMMENT: Good introductory problem for several units. (See
. [ 3
article
; . A AV RS &5 L
(Permat) rind the rewslnder when j;";"' ) 27 10 alvided Ly (-

F

VARLANT: Fiud the a) oue’'s L) lasl Lw. dlglits of |
VA2, Y

R

Plovt L wmallesl poalbllve ot T O O O | IRV A S

T O T O B O T O T Y e L N A
the object is to get as many 1ln.s of b "marvlea' in a to.
a5 poussible. How many lines of v 1u & row are Lhe.e

in this b ok wio gridy

ELC. : lry larvger grids.

s

;d_! . LT
P .
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ERIC

Aruitoxt provided by Eic:

oL7.

it

-

Magic Squares

Aﬂkadiitive magic square is a square array of numbers - all
different - so that the sum of the numbers in each row, in

each column, and along both diagonals is the same. For example,

1= |
=IO
!h_!l
w

& 3 x 3 magic square whose common sum

W 1 is 18,

FVJ' \I}-J “'-J'l

1
=

[YS] [a st WY

a) Complete each of the following magic squares
hY

16 15[ 20 61 1 81 1= I
.13 113 .13 1
TSN A N1 N - A A S i O T
b) Can you find a 3 x 3 magic square all of whose entries
are 1) old integers 1i) end in O 1iii) end in 2 iv) leave
a remainder of 3 when divided by 17°? '
c) What values are possible for the common sum?
ETC. 1) Try larger additive sguareé 2) Iry multiplicative
magic squafas 3) Use fractioas jinstead of integers 4)
Try magic triangles instead of squares
eg -

;<
5
(3- @

Are Lhere any olher "magic" 5hagaﬁf iy @ 5 w8 w3 wanl, Cube.

lreewlde whebhier the 5LQL§HJ’;LLL2 'Iu iy L;'lgué_l; Ll ovun oL

¥

Lhe lengthsy of the three sxc.&ds vie ball Lhe ;=1

mztzr" is tlue or igégéﬁwhau the Llauk is replaced by a)

albitudes L)) ‘m*:ff{laﬂ::} <) augle bisectors.

For which poslllive dntegers o 1o o a Faclor of Lhe

product (n-1)(u-2). 2+l (ror uxauwple, 5 is nobt a La.tior

by
i

of heaesel o b but oo, 1s a tuctor of ¢ hegecl Jd20

FO6
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COMMENT: Good problem for middle school to get across the

the difference between prime and composite integers.
i

VARTANT: For which positive integers n is
a) n a factor of (n-1)(n-3)... 2(or 1)?
= . i -

b) n” a factor of (n-1)(n-2)...3+2:17

7 o .

Given the line

= -

A B C D
How many segments are determined by a) 2 b) 3 ¢) 4

d) 5 e)n points on this line?
VARIANT: The points need not be on a line.

How many angles are in this picture? Generalize if more

“rays are added.

How wany triangles are 1o thils plouluce: uonerallec

ilvew mahy Jlagunals Jdoes thls lheaagwll hlave?s veueral l e

i = T,
é X | .
»1,1‘} 7 ] \ 7

=4

70
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o2k, If 10 peopde are at a party and everyone shakes hands with -
everyone else, how many handshaked would there be? Generalize.
: 7 1+ .

025, o, L L Find the area and perimeter of each of

these polygons. Generalize.-

526,  For which pcsiti¥§ integers n is t@e gun of the first n
\ ! positive integers a factor of the product of the first n
integers? (Example: n=L, 1424344 = 10, 1+2+3+4 = 24 5o
false; n = 5 , 142434445 =15, 1+2:3:4+5 = 120, true.)

1]

QETi“ Find all pairs of integers (a,b) so that the sum of all
the integers between a and b 1s 1020.
ETC.: Find (a, b) so the sum of every other integer between a and b
T is' 1000. _ . ,
023, You, a druggist, received 10 bottles of a certain drug, each
‘with 100 capsules. One bottle contained capsules which were
10 milligrams too much. How can you find the faulty bottle
as quickly as possible with a Scéle? Suppose more than one
. bottle (but you didn't know how many) contained heavy capsules.
Ho% could you find them =2fficiently with a scale?
.
Y2y, a) luto how many regions can twe rectaungles partitioun Lhe
plane? A

L 4 Lregl o.,u,.:s)

{Example :
3
& Conelder all cases.

ETC.. 1lry other plane rigures
L) Llato how many regions can a Cube und a sphere partltian

space?

Elv.: lry other sclids
Ed

COMMENT: Good problem for testirg visuallzation.
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ERIC

Aruitoxt provided by Eic:

0 30.

031.

032.

Using 16 unit squares (01) , many different polygons can be formed.
What values are possible for the perimeter and area of these
polygons? Answers the same question for 16 unit cubes, sur-

face area, and volume. ETC.
COMMENT: Good problem to practice skill of finding perimeter.

For which positive integers n can you partition a square into
= .

n smaller squares? (Example: n =2 impossible;

n==u -

Given a hay field 600 m long and 200 m wide, and a hay

rake 4 m wide, how many circuits of the field must the farmer

;E?ggake to have raked 1/2 the hay? He rakes as shown in the

figure.

Consllder Lhe set of unitgri fractions B . |

Paj -
Lad—
I e
pad

a) Find 1) 3 i1) 4 iii) o fractious frum F whoSe oum
is 1 venerallze 1f you can.
L) bBlad 1) = i1) 4 111 4 lv) Liwobions fa.o..0 ¢ wlhivow

swa s L clows, Lul Lol s ued, LU 1 s pussible,

2

0 —
N

cvur LE AL liuleger?y

T w—

el

s e
ey

. =
o |
et

f ‘j}-:j 00

48]
[

BlC.. Can you fiund other cholces fur the denominators which
make a similar sum of fractions "easy” to calculate?

.
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ERIC

Aruitoxt provided by Eic:

036.

037.

038.

by

%

- For ‘which positive irntegers n is i : e v;: -

1. 1l-: 1 1 : . ]
2 - L e g . o = =T =
2) nto toee toortaE 1. ' , ’

b) égr+ ;gﬁ+ %g b+ <19 LT e
2 L- - n

v fri s . . 1 .
For which positive integers n does = have a

a) finite de;imal’exgansién (Example: % = .25)

b) repeating decimal expansion of period 2 (Example
= .090909) ;

i L

(L]

c) repeating decimal expansion of period
¥

1]

d) repeating decimal expansion of period 6 ¢

BIC.

Find the prime factorization of the smallest positive intecger
which is 1/2 of a square, 1/3 of asecube, aud 1/5 of a fifth

4

power. ETC. -

A infinite snowflake:

Baclhi second a uew syullateral triangle cw@rges 1o Lhe wliii.

thira of each side, Discover what you can,

COMMENY. Aun opeun ended gyuestion Coudd exalilae #srca, poerlasber,
length of time belfore a certain pheuomen..n vecurs, ete  Bu
courages student te pose as well as solve problems.

- =5

Choose 3 distinet digits and write all possible 3 digit dotegoers

=

-outaining the ghéggm digits. - Add Lhese integers ana then

divide by the sum of the three diglits.. what values are possible



. N o= . W ) o ‘. - {i L o
. - = F11
: ' \ YT e
... . for this quotient? 'Do the same for; a) 2 b) 4 or .
c) 5 digit integers. ETC.. - «
. _ _éx’z o |
AN
COMMENT: Practice skills. - < )
. » & )
Okl. Find the areas of the following figures: :
To(a) S (e}, - (¢)
: . - .
L 8
) Q. = -
. 8
! : T
(a) . (f)
E s
i h{ .
¥ I
Do these figures have anything in common? Auny observations’
COMMENT: More skill practice with a purpose.
Jhe, Take a plece ol string.  Flace if oo 1tfcrosses itsels .m) 1
; L) 2 ) 3 4) b oe) n tiwes. How maly rggiané are formed?
H3 luto bow many pleced CaL you Cubl o place wlllh &) 2 b)) 3
¢} b d) . «) n cutst Cousluc: 8ll . asveo (E‘uﬁ,éuuy.l&_;.
Culs determlue 3% or U pleces): lhe c¢irculas shape is
walntained L,L;Lm,{ghuut Lhe culs.
IR 1} What ﬁappx:u"s if you can ..ove Lhe leces ;\L‘Lﬁ}!‘ s ahy
cuty 7 = .
) cunsglder other sha,.os fur the "kl,_br,.' T .ﬂg\lgl"lﬁl | TR, .
3 -
crescents (uf moon). )
4 - =
#

ERIC .- -~ 7% - 7 .

Aruitoxt provided by Eic:



+ on drthr

‘é, "h;gﬂy : sﬁméf?ig " golids’,

des have a’ 1@ngest S:Lde(s) B
- e) 5 'f) n unlts'? In___ i

GL'L:?- How man‘y different ;lDlYgDnal shapéd iloar 'bllES EQUlﬂ YGE hSE
o vma.ke S0 yﬂu c@uld t*lle X! ﬂr:sm: umng 'bllES@éf orﬂ_y one shépa'?# :

: ’ ma.ttgrs (E}:ample' ’4- 1+ -
;-= 1 +‘2 + 1 1 + 1 + g

g +i2; 2 waya);;f ETC. :




must ‘be con51derec1 (E 3-8 !_l! is Equivalent ‘to iiji

- square ean end?

&

af -a squara w1th 2 colors b) f”ces af a. cuba with 2 calors

S

.;: c) vertices of a cube w1th E c‘;'c‘)lcti's‘?l fﬁ

;;ﬂ_;;:fifﬁ-;?fédﬁMEﬁT:j_GQDi_ﬁ?,biémzafﬁer’iiscuéSiﬁgvsymmatzy?;

v BIC.: 'Différéntﬂghépéé;”mqté-éqiofsi 

: adjacent faces (sharlng an edge) have the same . colar HGW

oty e

R many calars ‘arae requlred? -

EIE.,_\Ghange thé raad tg someth;ng movable S0’ symmetry | S

a) tetrahedran b) c&bé aré ta bescolored SD that no twn -

050, What 13 the maxlmum numbér af ldéﬂtical non- zefa digits in wﬁiéh,af_:?

. .

’,«F

AL

T blue béadS?'_ e o i;£=”1}':_m L

{-  jO53 g Haw many dlfferent necklaces are there with . ? red BéadS'aﬂi

.. L s . . s ‘

"":;CDMMENT; ;Citgﬁlgr'Symigtry;;:}"ff; SN

”i?}‘_f 654 Hmw many squareg are en a Eheckerbaard? Ganeraiiéef'ﬂu

i

What is the fewest number Gf llné segmants necessary to

".fcan truct a flgure (llke a checkerbaard) Whlch has. exactly

: i.lDD ﬂquares? (18 Segments determiﬂe g checkerboard )

e . . - . -.

# L T s

2 -
e
. %t

®
P
.
=
-

L



o A‘Qjé-x_;; Fin& e.ll waye Df arreng;ng “Ehe ‘ten tiigite G l g: iy 9

T . j_nttj a ten digit integer. Whieh 15 divieible by eae}l @f the 17:
‘-integere g 3 L, ~--.,17,18 T o _
F:Ln-i the emelleet Peerhive 1nteger n ee the;gm@ﬁctl
7999ﬁ e _1_i"'” ‘ A N

058, | 'USlng the digz.te 1 Lls 5,7 9, fem a 3- Ellgz:b 1nteger end 8 2- n
S d:l.g;‘t. irrteger wheee e.) eum ‘b) Eilfferenee_ e) preduet ‘

.
o

1
i
!
1
H
!

- d) quetient “is ee le.rge ee peee::ble; ‘a8 emell eevpeeelble
' ETC. : ' PP IR I

L CDI@E‘.I[T Mere geaa ekill preet.lee : eleu;Leterte eheek ' el

: reeu.lte

09 Seme emterltme;': P . e - 1& N 3
'"?.;fe) aEh b) pONALD ,E) HOCUS d) ABCD

<CA . . #GERALD D=5 - . 4POCUS - -’ s ,
AB _‘ RQBERT, TR ‘,eeeemo - '_ , DCBA ‘

b .-€) FORTY .. - f ) EEQ any even - .. &) AECDE

R ATEN - - C %00 digit ;-[ . AJ+ABCBE

e _FIENY ifj L ECEQ --ae;: any odd . | ;;f; FGHIOK .. . .
K . BIXTY .0, (EOO . - adgit, R S
AT ~ 50000 - LT T e S

'M<

fﬁeee;jfegeﬁj'eie;i»; S

&

D‘S%, :Let el, ' 34, ;.i i’ e.n by eny rearrangement Df ZL 3‘;.“

v i For Whleh :Lntegere n is the preduet (el 1)(e. —2)(e -=3)';;_;‘
RS alweye even? ﬁ" Lo ' '
T g
Géj_, A Fer wnleh peeitue 1ntegere 11 15 D :
_ _-a) 1'+E'+3' ;"u-+n“? "5
i? b) 1! 2! 37 Ty f Snllal equare'? ) '

T i A . . L L : - i T E E ) T L. .
. ¢ . : B . L R A . #, s, B . . N . . : = = * N
ST e N o S S




bo:c*?

' Fold a plece Df gapér tw12a ani cut @ff the f@lded carner

L 3

O is a golyg@n farmea by canﬂectlng 5 unlt

HDW'many pent@m;ngs are there¢ qu many of them fﬁld

up ih‘tm an open ’bax? ’-.‘

b) 8. he;mmlno is sueh a pt:lyg@n c@mgased of‘ 5 unlt SQU.areg H_@ﬁ

many hexg 1111105 are there‘? H@rw ma.ny ﬂf them fc::lcl up. ;nto &, clasecl

L O HE

o/

Far a E digit 1nteg§r Such as 35; 11 15 always a factor Qf the

sum c;;f that ‘ntager ancl 11;3 reversal (e 8 ;Ll is a. :E‘actor o:E‘
- e c) 5

6 e) ;1 : aiglt mtegers'?

How mw h@les are in. the unf@ldea pleee of papez‘? Haw ma.ny
holes w-il:L thera be if tha papér is f@lﬂed a) 3 b) L g) 5
d) n- tlmﬂs? if?” 5 : :

GMNT Ehjsii:é.l?i&é;’iel ‘is apprapri_ate .

065
"+ 066.

067,

F;Lnd the smallest 13@51'!;1?& integer icl:t (smultaneausly)

has a rema:xder Qf’ n’l when dlvl by n fﬂr_ g__ 2, 33.

T 1 )

v F:Lnd a get. ai‘ 5 pgsitlve lrrﬁegers s::: no subset ha.s a su,m dia-

'y'lSlblé by 5 DCI 'the same fr:rr 53,‘7 Generalize

S E.

Place Ehe numbers ZLE 38”

9;1@

squares Gl ¥ any twc.: are ,jc:lnerl alc:ng an edge( g o yes Ij ru:))'? o




L T6

. 668 - Find the smallést inﬁeger n fﬂr whlch tlze statement'. 7 :
' E"In any Seﬁ Of n diEEerent twé digit 1ﬂtegers, there are twc dlsgaiﬁt
"'Subsets whose elements have the same sum : 15 true-_l*‘ ‘ A

Qé?a_ a) ch manar zernes are at the en& c:f lC)CJC)‘ " e ‘ !
R ,;_b) What is’ the last ncn-zera c]j.glt'? : S

- o70.- F@rwhat integers §1 l$ (.l_-2-3: n)gi} nn'? L

RPN (T(l Farwhatlnteers,n 152n+l d;.vismlebyi? e - o

o72. '..!What is the msjtimum value. c:f the area af a trlangle 1nscrlbea
T iﬂ a parallel@grsm af base ‘8- and halght 6 E2 Lo - -

A;c) 3 d) n dlglt 1ntegers are there

L | 673 :Hcsw maﬁy s.) Lo ‘b) 5
e ":WhQSé iny gits are _
at least c;rncei .In ‘each case, _h‘:’V many - of the ;ntegers are

jld;v;51b1e by 32 BTC. . ot

E-i aﬂﬂ 2 lf bcth dlglts must. GCEuf jf”

- 074 ’ Find the sum éf all 'Etlnc:t Ll= d;git 1:1-l:egers which c@ntam

U the dlglts 1,2, 23, 5 5. eachi at most: ofice: EIC,
. Eif 3 7

. l/l-'k' i‘foaﬁ; '

1 foot

=D§,.éé§\fér f_wha’_lgg_;yau:c!én;_a}ﬁéut ‘Ehls izlfihiﬁé tree

.-Q76- ' N paaple are’ stand;ng in a” f;eld 80 that no two. PEDPIE are f'f
o 'the Same dlstance apart. Then everyﬁody shaats hlS gearest -

N _Jnelghb@r ane ' R ' S o ';

'y . .a) For which "N .da_es at least one pgrsgn survive "(no matter where Ehe .

. .- 'people stand)? . .
4b) What ig the maxlmum numbgr nf bullets whlch can hlt one perscn? -

o
A




' 3 apples + 1 pear = 10 plums:

a) O§3 : Suppcse .éaéh- penny touches four other pennies. .

Qo ; b)) % _: i‘Sﬁ;pP@Sé;:gaéh -‘pvemijr;taﬁehesf 6 ::thar V:l;\énniés.' L . -

3

.In each v»éa;sa find the peréantagé’ é:f s‘_t;he rtabletégcéveréd b;jr: the pennies.

- 082, :Ea-:h auccessive sqglare 15 i‘:: d ‘by gaining the mldpulnts of
; the Prewaué 'Square. If the arlg;nai aquare has "gide 1&115’@11 1
. :flnd the afea and Permé‘bér cf 'bhe ';‘Cith s:lugre BIC. ERE




S 083, M"T caunted—i@ s‘teps that T e down the egcalator sa:ui e
-,;1;f’:_ 'iAmy@. "But I caunted 75 sﬁ'Ps,ﬁthaugh I Was walklng thrEEftlméﬂ;f;:T;
':';;as fast as y@u: were"'sald Bob.. It the escalatar were st@pped S

. ’ff;hcw many stePS wuuld be v151ble? - 0 ﬁéiv:

' : oo T Co ) ) AR Lol

L éSh.tx-What parcentage af all pawe,» of 2 begin with 1 (e.z. 16
;L“fj%f;“985:1¥*A SEcurlty“guarﬂ ig resgaﬂ51bie f@r the safety cf three T

S locations A,B, G. At what point’ P Shaulﬂ he: stand so that o
'“j“{f":?:-ithe largest af the dlstances; PA, PEQ xs as small‘ad'pass;ble?

vzﬁ_ ®85._' Bgarn baat Jlmmy in & tennls set §=3: Five gamas were wmn. j’ if¥?;t!.
,;by the Player who did not serve. Wha served f;rst?v" B '
DﬁT;,-fWhat?ié‘thérémallést pergentage of the pnlnts_ﬁhe w1nner af
A tennls set’ can. Win if the Winner of each game must win at
) 1éast 4 PDlntS and beat his appaneﬂt by 2 p'lnts anﬂ the w11"‘“

- ef-a set must wla at least 6 games and be 1

-y gamas
-§é88;'7'Con51dér f 8= [1 2 3;--§ .f!ﬂ]? .
" a) Choose a, b,c at randgm f%@m S w1th replacement.‘ Find the

‘ probabillty thaﬁia =b + e. - N
i,b) ChBDgE a, b at randcm fram s w1th replacement Flnd the
"”_' prabablllty that xg A+ ax + b .0 has real raatsiA'
A C);ChQQQE a,b,e,d at randam from S With réplacement Flnd the

o Praaabllity that the system ax + by'=-2D ‘has & salutlan
o T S .cx + Gy = 35 - ,

!Qgéff . ;Suppase a)E b)3 e)5 d)n ‘1ines are.
L " drawn from each,vertex,' Inta haw many

o ) ”reglons vig the trlaﬂgle part;tlaned?i
e
. ™
L “ -
O “g L




t:1§9§{_'EivE;=iffPGESiblé 'an example Qf ! A T-;"f::
o ;?il(g}. e prager fractlgn gréater than 3/4 A P
';(b)-.:a Palynémlal Gf degrea w1th f@ur terms.;:
’i(§);f:a trlangle Dne Df whose altltudeg Qgineldes;
. U e ;iw1th one of 1ts medlang.;__ _ ,‘_ s
g { o ;i-_7f',(iy;vlthe equatlcn of a circle. whlch is. tangent ta5=;
E | , 'tf: bath caardlnate aan.:»*' 7 " -
i‘lféif\=a regtangle whcse area is numer;cally equal "
B o - to its. Pﬁrlmﬂter.A-=;'= N '.'i_ .
' .,twn real numbérs &, b fgr Whieh a +'b. g_ig + b

={H)' .a tlghE scalene tfiangle
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Genera.uy sgeaklng, an a.p;;licati@n Prd: 1Em 15 Qge in wh.lch yau apply
appmp;‘ia,’c.e alg::ritbms to :E‘lzid a salutix:ani _ Ellhe st.rateg ' g 'rlviﬂg Euch
: the caleﬂlatians,
: salve the equat:mn*, ete. . Where many -of* the Dpen search grablems (E.Ilti

’7_5. prnblem :.s ci‘ten evlder;rb the maln task is to. ca,rzw oy

-the miseenanaaus Prﬂblems in ‘the ne:ﬁ: secticn a8, WE:I;) are in. SDIQE -

sense umcg.ze 2 the. prablems i,n this sectlan are :.ntended 6 'be . prr:t@typas or‘“
vmmaclels ?&;1:}1;3@1; can aﬂapt ta: a.reas which '
"In cxrde’”' to i‘md data for reé.l warlcl" r&PPllEE,tlDﬂS .. ycu may . wish tcs ;

ccmsult nail ﬂrder catalégs P a:l.magacs Gulnéss Book Df W‘c:rla Eecarcis T : T :

f e

1:11:3;:‘&51: ynur stuaents. 7';7:7 :

j@&ﬂi ather simllar sgurees.} Though _such prablems are ngt HUEEIOES 1n thls R S
- sectlan (clue largagly to space li‘r itatmns) the falic:w:ing four t’.YPas_, ; _i .

. o e,
";af agpllaatlan prcbléms deéerve amph551s in’ the elass:ocm .
(l) Interp:gtlng and e@nstruet;ng tabias graghs. Ehart53 etc

;,?7'-;(5)_ fPreblems cantalnlng 1nsuff1;1ént or. extranenus data ani/ﬂr - ; ﬂj;‘f;{ : 
: ' l ; ;r@bléms where ’Ellé data’ must be gathered by the sﬁuﬂents - Ve
. (3) " Decision mali:!.ng prcsblems? a prcblem wiich aska the salver 'Er:
. f: ;'  sho§se from alternate eﬂurses of actlcn TR .’f";ﬁ _
\'~;(4)?f;iSimulat1Dn prahlems, u81ng dlﬂé teieph@ne books (as 8. ranﬂcm }?—wmelwi~¥

 number table) ccmputgrg atg - ta simu;ate real Wbr; “Préblems

P " R

CAl. - Here is"”a graph of ﬁ’lé ;neiglits -of ﬂil’.éé’ tribes ,A; B ;,;C,. Ly
- aﬂultkmalegf_ T o o

:5;{'_”_xff;;J)i lv:“f-;f.  ' ;‘_13_;rHé1ght (1n cm)' V-__ ._;J: lj ‘€ '.g _:;_ilé

ce s a) Whlch ‘tribe has 1argest Papulatiﬂﬂ of, aﬂult males? "
Coo b)' In whlch trlbe is the averaﬁe height thé a) 13TEESt -

o b)smallestﬁ— . fx} rv;;: : - S
e Tr:: Wﬂlch ‘tl‘lbé clnes “the a) tall B). smallest, male balong?
o a) . Ih'whlch tribe 1g the varlatlan af heightg the a) greatest

ST e ) smelléstr o o




AE A new pleQe Qf equlgment costs $1D C)OD T’he‘u‘,t;gcst fo.rmaln= o

tenance and I'epalr ara*

‘Ez;ééStff_i' 5éq_h789’:‘§4©~.1iaaf*igééfjﬁga';lgean‘égééffggaéffggajj-* ;

o

a) After hDW maﬂy yea—rs shc:u;l_d thls glécé of equlpment he ;
L replacea scx the a:v*erage yearly EDS‘t of purchas:.ng a.nd ; T

S ogera‘bagné it is mlnimized‘? te : V
e b) Suppose 'bhe

* 1D Tyea:rs Recgnstruct thls table and answer the ClLiES'leﬂ 1

atian ;-ate 15 1@% per yea.r for the na;fﬁ

- :Ln part (a) o ) o
S R o o

o AS You are in charge of buylng :f‘aad fcar t.he class. Pﬁnﬂ.c at ,
i— e *wn:u:h yc:u are haﬁng ‘ham sandwmhes. Each sandmc:h ml_l have _,;
V  3 GLulces of ham aﬂd you a}:’_gect i;:; need 253(3 sandmahes : fBGIIelESE :A
- ham xc;s:sstsg £$.1_f.89 par pc:u;ld and sem1=’bonelass (Whlch is EO%”"WE%‘EE ")
U dosts $1.53 per pound. Whlch type of ha;n ~should you buy?.
. How much of it7 . - . _f B S

=

: ' Decision problem.. ~ ..

v ;;Al L ‘ :

A HEI‘E 15 a stcre W‘;Lth a shr::pplng area N

. :ami s:L:i chec:}muts 'TWD chegkmuts are S
open. Rail a die- tc detem;ne the , i

S numbér af PGEPlé who leava 'the shapplng

V"area ancl go 'tt: the checkcmtéi_ AllD‘W l S e%?

persc:rl at gagh cheakout ta fiIELEh ai‘ter eaﬁ,‘h ‘toss Df the dle What
" is the amallest num’ber Elf chec:lmuts whj.t:h shculcl ‘be open t@ f IR

gavclﬂ lc:mg 11nes‘?‘ o

<o E CDNMENT () Siniﬂa’tiio’;l ;pm‘pi};)em “to stuﬂyque :_V:thérfjry (2) Computer
' o LlSEfUl - B : ' R - :

' A5 ‘HGW many permj.es a.ra 1n a gtacli as ta;Ll as the Segr.; TEJWEI‘ -

-’(1ﬂ Chlcaga)ﬂ




DMMENE (1) N@ numbersused students must lnak up he;ght Gf

Séars I@Wer ani declde whether tg measura 1 pennyg lD pennles} :
ijleO pannlas etc D;sauss measu:emEnt errgr in each case.' .
5 “753(2) calf”“ator usefuL L e e o
EERR : ‘-’-;&,‘av‘-f SRR ’55 : |
. fAAééfilIf one mllllon $1 b;lis are. placed end to, end, how far wnuia N
B they reach? Haw many $1 bllls wnuld it take tg go all the way B
argund the wnrld at thé equatar (snme may get wet)? _— e
‘1‘ ' S ': o E?’ %:' ' .
.;3ﬂf~Aj;ﬁfe(a) At the iétanthyau flnlsh réailng thls qugsti 77 }_:nl;sz-;:;;asg.mate:Ljy4’4_f":"i
B ; Ai hﬂw many Secands have yau=been allve? (b) HGW'many tlmes w1ll SRR
- your. hearﬁ beat 1n 10 years? oo '
L ‘  A?;::;nge examples af Praaect PTDbLems in Whlch students gather or ‘ .-
'fgr- -ﬂ ¥' fe*ﬁugply the;r own aata - o o L .
T :f_ a) H@W many caws Wﬂu;d lt take tg sugply the Sch@al cafEteria ,
_ T”With m;lk for one month?-,}'v:“ e -,-A'- . . 5,:;h;;§, J
: : h b) ; HDW mueh ean you earn frgm a pager raute 1n Dﬂe yearg": .
: -}w; ~c) .How-. mueh Wﬁuld it ccst t@ b' : ?e a 5 year Qld
; K car For one year* i' R ;1' 5 _ 5 s fo: i
‘5wi:?f;f3“fwszv') Hew much waulﬂ it c@st far ycu ana ycur famiLy t@ take a :
j”;; ;{:f';'.; vacatlgn to Disney‘W§rld?' ‘ : : , j SRR .
o " v E) Design a Parklng 1ot fﬁr the nearby gr@cery store i L
.'3f) - How much would, - lt ccst ta Wash -all the Wlndews 1n the Searu .
:,C:Tawer? '-.-_‘ el ”;:,, >:~-. AT R
B}  5) ch many galumn ;nches Df your fa%érlte newgpaper wmuld ba.i>
jj'i- needed to PIlﬂt “the ent;re téxt of & typleal halfahaur _ ﬁﬁh ”,:;'
.;;_.-g-i'ltelev1 1@& news Sth* 7 ’ oo R
-AQ;_!UFlnd the helght Df the . flag pcle 1ﬂ the frant cf tha SQhODl in " h
DI 1'as many ways‘as pDSSiblE& 7ef3,i- =
... - Measure tﬂemdth : E Df this river.
i

e
o .

i T
o
S




. . : . S

;i.(a) Two sides - Df a trlanglé ‘are’ 9 e and- l? ca: 1ong What

values are pé551ble f@r ~the perlmater and area Df the trlanglé?if;g:
?‘(b) The 1&&5 of a quadzllateral have 1engths 7,8 9yrand 10, :
' What valueg are: pc551ble for the area of the quadrllatefal?

y . -r S S ,’ g.é :
_iGOWMENT The data are 'i, ﬁfficient ta ietermlne a unique ansve:

- but. we 'shnuld seek salutigﬂs wh;ch 1nelu§e al; pess;hle valuesa 1ic

1’Ju5t E&Y "no- unlque salutian

»One Df the mﬂstrpapular mathads f@r estlmatlng the;s;ze

of a pcpulaticn (of. anlmals say) is the cgpture recapturé fng,:?”
:ay 1@@), avw-t;'il
) marked and reieased.= Later 200 anlmals were caPtﬁIea and 15

.;,.mathed A-Sample Df ‘the Eagulatlon 13 caguterea (

_ ,§ 1fmarked ones Were fauna a) What.is a reasonable éstimate fDI { 7i?“f'¥Q{
f:f7f:’f'x'the size of the pcpulatlan? b). How wculd You est;matﬂ ’
' “-{af blaod a mankey has us;ng & s;mllar pracedureﬁ :

X'T:AiB;igiThe standard hausa cuzremt is lED vglts.. Fuses Dr eircu;t
ifbreakers are used to Keep wires. frgm beﬁoming averl@aded ! What.

;,15 the minlmum r251gtance {1n the farm of- tgasters refrlgérat@r -
 ¢ ete. ). that cculd e handled w1th a EQ -amp- fuse befare & fuse Wnuld ».5;

‘blaw out? oo g T

L B ) LR . x ‘7.f1‘v

_Zr_fCDMMEﬁT Dhm's Law ﬂeeded an' example oft canstructlﬂg a problem Y
i b§aEa on- fam;ilar 1aw farmula; Etc. o o ‘

i .

ALk  Yaur gag blll fcr last January was $§7 74 f@r ES 8 thausand cublc

feet of natural gas $83 55 f@r SS 2 thousaﬂd cublc feet ﬁhlsi
.January._ a) What was tha lncrease in the priee per thousaﬂd

cublc feet f natural gag far the year? What,percentaﬁe 1ngraase 15 thls¢

The Utllltles Ccmmi sion allawed the Gas Campany an 8% 1ﬂcreage _
'Zrdurlng the yesr - Id addltion they Were aiicwad to pass thr tgh". -
ﬁ;,iany addltlﬂﬂal gasoline costs’ they had iZLT“ '>-,.,-.f[f ;%§§,1

b)) What was’ the 1nerease per thausani cublc feet Df thls "pass-

-i§‘= ’thr@ugh" cost. fur the year¢i; 5
>:i{ - . T Qg .
_%_ - ] - [ ‘i - . R
BE { - L .



earpeﬁ comes: on rc:lELs 12 feet mﬂe @nd -

o ?-,t:l.les cs::me in 12 .:Lm:,h squares ng-’;{ ;T[,-_?:;;;;w;,

; muc:h Gf each materlal WDLlj.(i -_y-ou bu,y'?

{;HDW many feet c:f carpet.‘? Haw many t" 1es'?

o ccmazm Dé'gi‘smfg;s;ﬁﬁg pfé‘nlemfi‘eal Jéi;gt'a;ff o)

=

: ,A_j_5 &E’cu are 111 charge of réfréshments for, the faatba:[_l gamgs tlllg
. Yaar Last year 13 593 Peépj_g attencied 51;; home’ 'gamgs a,mi they o
sold 9, Silla ht:zt dc:gs, 5612 hamblu'gers aua El 518 saft ﬂIlnks . .

'I'hls year the feam 15 better “but thez-e are ley 5 hame games ‘ ﬂjey

a}:pﬂct a’ lﬁ% 1:131*55.3& 111 attgndance at each h@m;‘ gamé ' Pmce

L “hikes) &1owever, m. . Ix:wer' deriai _ fm:- food 'Dy 5% Haw,many LT
el e af eac:h :1:Eem shc:uld ycu r:rcle%z' i‘ar the first hr:me game‘? P R

L -:: A}.7 Palntars get pal'é.\by the ;]f:’b or: b;y the hc:\ur A pa:.nte:r: is @fferecl :‘ S

: : the i;::llémng alternatlves either $3DD plus $S f@r each h«:ur ‘

e warke@ 1éss than i0; or a straight hourly wage of $8.50. Unde::‘ .
o ,7 what ccﬂdltj,cms shauld the pain‘ber cht:cse the hml;:'j.y rate'?' IS

AJ.B A taj.lr:sr has the fz:llc:w;ng ma‘berlals ava;lable 163{::15 c\:rt‘l:an, Cee

L 13— sq. Eds 3111t: l§ Sq_ ycls wc:csl. o *“ PR -’_‘_,". :  _- .'.- .

ot A suit requlres - 2 sq ycis. cottgn 1 Sq, ya \ glj_kg 1. $q *yd WDD:L
- ) i A gc:wn reqmres - ;L sq yd cc:tton E sq ydsiZSI;L}g 3 Sq yds

,, A su;rt Sélis fc:r $3Q 5. gc:tm fr:)r f;;D ng mg.ny Qf each shguld E

Ee make*? Lt e e SRR Ty

gL
P . e s . 5 i . L e B R - } - & - . o= I
T d - o B . - B
&




L 1ndlcate d:,:ectla*i eg‘ Q

e dr:)esn't; - It gw:.ngs BDE tlmes wﬁen it '?hquld swmg 3()‘3 Hc:w'i_;._, S

) much ‘tme C],Déa =the ClD(’;‘k galn in one manth'?‘f :

iz 4582, a) Wha.‘h is the SuPer -Saver fara on. Satu;‘day‘? b).. If the

5

LA Pendulum @n a ez_oc}t "‘hDLL'_L(i gmng com:e eve:z'y 3 sez@nds but 11; ._ :

“on the Screén ',Ehe transpa_:iclers /hé.ve L(- 6ials

to 7 a,nci the cantral}.er agké eac/h IjllD’t to set

cﬁll‘prated frt:om Cj
qls transpandéf

tD a g;wen  fr- dg.glt I‘l
é.re there‘? aggpﬁs«a 'the*

HDW ms.rly cllfferent *—ranagander set.r

ca,n be. a‘ss’i ed éis‘bi

Hr:w? man;y’ planes ien

E.Ilci stltchecl*t@glve ¥:) '!:c:t::k,
pages (1,§ ZEEWES) (ls fc;l.ds)

£

-'.S"_ -E ) _,a-;;-_'v

Get a :macl man f‘ar the eastern U S “‘Wha )

~

g tD St Lcuis@ f

allpaper is ED 1/2 lflEhES Wlde and llsE f‘fet :Long,

f_ HDW many rol;l.s of . Wallpaper WQLL'Ld ymi need to~ pap ra roum whlc:h

-is 9’ g mde 12*3" lofig and. *"6" high has woodyork, Toﬁi;ch is- “ '
S h:.gh has ‘a c'io::xr ic:h is 7 1" hj.gh and ?'4" l
' whic:h -a.re 5" E" hlgh g.nﬂ 3 3" wide‘? (r:u::’fe ;; y méan5>

* tié anﬂ has twa

x feet ,mﬂ,y :1.:121‘1&5)

]

g .
i

Sugsr gaver fg.res ::ffered ’by‘ m*:;gt\alrkl e ssy that yqu SSNE 1#(3%
“on a, 1Qng trj.]_;), 1 ycﬁ_i fly- Mt:nday—ihursdégr {;:‘,Q% if. you i’ly Frld$

Suﬂdajy' ~The u..gu.al I‘Eunc’i 'trlp fare 'fi:t:m Clevej_arld tcs San FI'E.I’lEiSCO )

,rate; 111&:1'25.@% 3?5 nex.t m@nth What Wlll a Super Saver 'tlcket

tt: leave on 51 I‘ugsday cast‘? . o . _’ ' _‘ o f» e




i the tmtai‘ Whlch method wauld you prefer

;'then deduct: g@% _ _
! Af yau were the a) cansumer b) msrchant c)-tax cgllégﬁcr? -Why§ 

A A car depraclatas 3@% tha flrst'year lg% the secand year 13% _
- oo the thlrd year and IE% the faurth year How 1Dng d@ns it take-a?x’;a”
L ﬁ‘fi{A,ta Tos: ha;f 1ts value? - : ' '

  %7 .?f ffA2$;~:;Qlevﬂ1and has a pogulatlan of . 594 75D. Of ‘these 58% are quallfled ff‘?-fg
o 2 ;:ta vote, 61% of %he gﬂallfled voté§s were reglstered and 53% o ff',l.:
Cof thgse reglgtereﬂ vatﬁd 1n the 1ast eiéctlan Haw many Peaple f_f;  )
rriv_h¥~fVGt9ﬂ in: the. last electlgn? fwfarfgl~,'fml"mwrwﬂr' ' ,»;aqg,»:,fwww S

- A
. L

: AE9} :Eihe PTlCé of hamburger was $l 4? per pﬂund 1n Septembér. it

' rose 119 1n_@ctaber anﬂ'dra§§ad 11%in Novenber . What was the

v.:~prlca per. Eﬁund at the end Gf Nbvember?i

s .-.', ; - : ’ o =t ) o '.7'- -. . 7' ( . oLt
.., .-A30. Haw 1Qng wmuld it take ta gpread’a rum@r (disea e) in axtgwg'gf Dt o
T » uQ [olo/o} if . éach pergan wha hears it téllg 3_charg within 15;~. o

o - . . ‘¥
*'mlnu’tes? L L e

i ;"

B 5 lane track f@r running f@at races 15

A3l .
e .fih the ghapa cf a ractangle Wﬁase length

s 1.5 times its width w1th a: semi-circle 'KY K

A T ;;cn each end Each lane is tﬂ be l meter _.VL:*Q;“

\ . ;s ;w1de,r What 15 the length and w1dth .
.Qf a, rectangle 1f17£ track'is tD be l§®D meters’ 1Gﬁg? ,

‘%. ; FGI a 1500 metér ace, the inside runner Wmuld start at the finish .
*Jv‘llne._ ‘Where whould the runnérs in the cher 5. 1aneﬁ*ﬂtarf@ﬁa\4

. . . . . £
RO B -
2 : .

EMC . o f } :




b ABEThe : E;gtmm Co;
. and 32,000

;ckagé sggy;ces.d The!lenf

gent by next bus oui~ serv;ce?

B Clévelani to\Atlanta
a) HDW lang ‘can yau talk for. $1D?

Goet - talk for %1@? ¥ 33,3_: .
_ ' oy B T e
1 . 1--2)- On Saturday; there is a fa% di count. .+ {How leng can you talk for $10?
‘ : 7 & R : _5' . . " ) E’-"_—“..‘ : :

@ . . e P »1% SR S
ERIC -~ ¢« S 895 Vv e LA




:'1f1Li§§n$§lplates in Dhlo gans;st cf thrée 1etters f@liawbd by

:7 a) SlngLe b) dcuble c) trlpie dlp cgnes can be madeﬁ:

'-%Gheck your ‘answer. v,

_%Eﬁd 1 tD the pﬁrscn at the’ tap of the list, ‘cross his name

: Hawi@ﬁgh_maney will you qltlmately receive? -

the baak?v . _4;*,‘;;',f ,'};:' e ﬂﬁ  }aii;,ﬂ jfr; 1}>.i

fg_ 3ﬁhrééjdigits;_iﬁaw many ilfferent iicanse piates can ba mada? R i;}

) e

- i &

'EBaskln—R@bbins Iee Gream aﬂV3rtlses 31 flavors.: Haw many‘dlfferent

E oL

ng*much str;ng does 1t take 6 - a) Stltiff? baSEbal1 b) string

e ﬁagden tennls facket?'-_il=.;;s, O ORI

. L _ : . .

a L o

L

E -

A 1adder lS 1ean1ng agalnst a hulldlng ;7 féét frcm tha baae. iﬂzi:
J=If the tap of the ‘ladder slips L, feet downg then the*f@at of . L
- . - - o  ‘: ;:¥‘\:; w; .

. tha 1adder sllaes how far?_

] - .
. K & » . . -
.

Ycu receive a chain 1etter w;th 5 namas on 1t Yoﬁtare <o

outg and place ‘your namﬂ at’ ‘the bottam Df the 115t Iop ‘then

. send Emgap;es Gf‘thls 1etter to. friends. w;th the sams 1ﬁ§tructiong.

ldn . RS
= e 2 g5 B

e
<

. tFlE(% Ehé volume Df. a f@gtbail mtﬁ@utlusmg wat EI' tiiSPj.ac:ement\ 3 .

L T




WA}S;_V-‘_,A A

Ak

;71fCQMMENTZ\;MOiél-fﬁinifurevﬁéving . easy case of Sofe Problem.:

. ‘,»A‘;;;Q?; ;

’ ,1etu;nlng

_an a grlll wh;ch halas 2 stgaks haw»;anggwﬂuld it ‘telis to ?'"

_;Eﬂﬁk 3 steaks QQ mlnuies - 1Q mlnutes én a slde? _f‘;.‘%f ;-

_On a ;ED m{le trlg, you af;ragéﬂ BD m@h g@lng aﬁd AD mph
What was yaui average speea far the aft;re tr;pﬁi f;“

',?What is: tha largest (areaa rectangle LT
'.ycu cculd Sllde d@wn Dne cazri&grglrh;;
;araund the carner and théﬂ dgwn thé

vcther cafrldgr$

ASE.

F

-

7’_,5éé3 —

- COMENT:. éugssgfifst e

: CQMMEETél"Caiéﬁlﬁs unnecessary. |

Where should you'sit in'a. theatre to get the best view? = -

- Flnd the valume cammcn ta thé three'=

= L . - ey

= !—,. ’ . -

Lo s . - ‘-_,_1

Suppese a 5@@3 faat Lang rallrcad rall is salldly anchared at
' bath ends (w1th 1o,

axgan51an Jo;nts)

When it is very hmt‘lt exgﬁfﬂs by 5

feet “How far off ‘the " grauna" daes_J__,:af,]

the Iall get? L . .;;~_ I

" pipes of raﬂ;us 2 cm if their axes af . ;f£’+

'symmetryﬁare mgtually parpand;cular A \,‘

<
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Ll M.* I‘vﬁ: riders E!I‘l blcyclesi, 2(‘3@ mllas apart: beg;ri rid:.ng ﬁawara

' t:ﬁ:her ai: the same tlma. : The ﬁrst c:yc;:.st travels at =

E lC) mgh the EEEDnd at lf»i@;:hi ‘A fiy- ’beg:.na ﬂmg ’betwaen the o v
g bicycles at the same tme sta.i'ting fram the :E‘rc:nt vheel af ) ! AT
Jg ’ ! the slmrér blgyglei - If “the fly travels a‘t 20 mph flying “

B ":—'»‘m_ back - ami forth’ between the b;cys:les how - f‘ar will . the f;Ly; - : -E' oy
' St jti_rav ,ibef::re 'the blcycles meet'? // S N ‘
4 MB ZE ‘am, thlmt;.ng of an 1ntége;:- ’beﬁween 1 5,.11(:1 _'LDDD What. is. S R
T the maaamum number of” questlang yDu need to ask me to ‘ R

' ‘_.V‘f_determlna my number? \ I may answar any quast:.r:n cznly "yes"

e '_t::r nc

o MLL. ’Eixu are standlng a‘b ‘som leﬂ't Qn the es.rth (agsumf‘d spherlcal) N
Ao \ Y&:u Wa]i: 10 rn:L;Le.; saut.h, lC) mlles eaat‘ and ' 1D :IlllEa north- !

" and rgtu;:‘n to ‘Ehe Pant from wh:.c:h YD’LI s%arted. At wha.t pm,nt(s)

Qfl t‘le Earth e,:::n.;'l_a ycu be

. : _ + " .o e
_ g M§ Mgkéflccj usiﬁg the ﬁis‘iﬁs’ 1,2, o 39 1:1 ‘as many, way-ilaa Yﬂu'
b7 can \sing any arithmetic Dperg‘tlons you wish:' (Example: ..
oo 1+ +3+h+¢'+6+‘?+8 ><9 lDD 123-45557”*592;1@@); |
B . o L ‘ o N _,;_é’;‘ , ,:’v A
7 GOIVIL\EJL\TT ‘Iihere are msmy Puzsles of this kmd a classic belng :
*“‘ﬁ our 4's p@zle. : Restrlctlng YDUI@Elf to DE;LY aaaltlaﬂ B
PR Y, end Su‘btract;c\n in this PLEE]- is cha;lenglﬂgd : - !
- A




- \ Mga_ I‘lmi all arrar;geménts oi: 1+ pain‘t-s ll‘l the pls.ne so th&t v S I .
R R at mr:st twco cilétlm:t lengths ‘are determipéd. T ST T

o . ﬁT;n:r ferry bc:ats go 'baek ‘and f@rth ac: ;
L § cgnstant speedi / They les.ve oppasité -shares a‘ﬁ ﬂ‘ie s_é;me-
S 1115‘!:.5.1115 meet fc/r ‘E.E f‘lrst tlme TDD fe

. _gaﬂtinu_, on f.hélr way tc the -ba.nksg retum a) =-mge;=t=fjgz a R o
it ._j’seccnd timé LI-DD feet f;-om the o;spcs;te shm:e. 'i}I@# W':Lde i

oL : .15 ‘the river"r‘

B - . . L - . R S LI,
B 7 o : . : ; ) . .
= ; . o

" M‘E) J?If YEE i‘@lc‘l ‘& glece of P ;ér DDB ‘cm th:r.ck 5(’.) tmes each S :
'X-F-.-Eaubling thé thlckness éaeh tlme h:::w th:.ck is the falnied T g
~ @Dnr?, A i‘ R ‘;ﬁ ‘ '

£ ,k '..i ' x

% k GDNDEI\TT | In tmng to fold a piéca Gf papﬂr : anaif;ncis ym;
' B ca _'fv};eeg acubllgg ‘l:he thlc:kness a max;mum oi‘ "(' tmes '

B I\QD . -Form LF e.quilater_al triéngles'withpétt:@%hpické’— of equéi_iengﬁh.”_. - e ;;. ;

;'.I- . e : ’ ,*5-! = "’- : . "
* p [ i R

Mll Tals;e ‘ar s:mgle StI‘lP Df paper a.nd f@lcl rlz ﬁD make a regmn, in thé

s-hapenﬁ a\regular peﬁtagan. ET_C Many paper fald;ﬁg prablems .

u

: a.‘bnut ane of 1'!:.5 diaganalsi_ ST T ﬂ S T

. . . L S 7 .
H 1 o £ St o - : LB

MLz Rem;:ve ‘the twcn appc::site céﬁér'squéres of & checkerboard. Cat. .. )

e : ;o fi' yau ccwe;- th rema:.ning SE'SQEEI'ES with ’Bi l}:é aomin@é's?s' Vhat ' i
' ¢- square and ohe whlte 5q11&1‘é from any— SRS

= e

é_‘ - ., squal‘eg wrbh 3.1 J;E -dc:mlnaes“? o o R

e

I
"

-




.'.:.\;

EIC&- Dc: thé res
baa;d":;s ussd?

' ; . Place 57 ]i}annies on thla “b@a.ra" *‘SQ .-

. mpo

s tha.t no 2 pe:mies sze-i—n, -Ehe san:sa ‘

T ORTC. 7 He

L LOUISA - 7 o el

s:c»ver -the surfgce DfLE. unit cubg o '%

ya? Use more pennies? -.

It is aasyiatc_ﬂ

FATHER . 0 on o
» SEPEEI‘E"JE campa.r

’ N ' '-~.,: fa’ s ' :
Wha.t is the smalle.st plece ::i‘ squaz‘e pape:e Whiﬂ:h csan cnmpletely

-:'», o L .ti-_” . sa

Plaee l{- 1fientg§cal Ct:ké ’bt:ttles ‘on ‘g ta'blatap s0 the ciista.nce
’be‘iﬁreen any ttm mc:uths is the sma s

- . . P

A penr;y size clrcula.;' g:lé is. c:ut in 8 piece of ps.;;g:'. [ Can-* R S
yau get a quarter thr@ugh the h@lé withaut tearing the “paper? ' ;



T %_Multlggy by 3) Add 25 4) Mult Ely by 2° 5) Aﬂi the

: - _;"_'numbar ai‘ brc)thers ar;ri %isters y(:su have 6) Stfntra.et 5(3 o o

o ‘l:he stareir

*iME&'

w26,

_Wllat 15 the si@:l,fiéance Df your'resuil_t'? le? I)Ges ‘bhis | |
7 | A aﬂi E-ll mmbers Qf R

L

" hgnd.: When yt;su retu::'-h no one remembers i"

;nmnber of- cards in any - hand?a

MME There. are’ ms.ny of these : "Ta};e asnumber pu.zgles
wh;,ch alre. usually ba.sed on alge‘bra;\cancallati' 75 the
pla.ee value number system e

store and‘spend rhalf yOuz' m@ney‘

S

';’

A fnénd told me. the mther d,ay *tha.t his :E'a.ther died rec:ently, T SR
at a.n age ﬁhieh was 1/;29 of ‘the year af his biz'th Hm{ o1d

‘was h:. ather in 19'{(3'? Dol

"':’_A telephcme caZL‘L in’terrupts you as yGu S-I'E dealmg & briige

o st@ppéd—

; ._Haw can you cc:rmglete the deal c@rreeﬂy withgut caunting *bhe :

falre any thrée gt lnteser (say 638), reverse the digits T

£

and find thé nan-nagative chfféi‘encé (835=638 198), reverse

A

Whan Yc’iuc@me.;-_

_—.__‘:,

L t.he ti‘Lgl‘t‘.S a.nd a.dd (198 -+ 891 lC)SS)) (If a %WD cligit diﬁ‘erence ST o



T e (8532-2358 6174)
:;:.F{'L:' 7541—1#&?56%74 WE st@g slnce we got. the same number tw1ce
o - If wé nake other c;ha;ee§ for the I alglts w1t1‘1 What L diglt

:;:1ntegers can thls grﬂcéss stﬂg? 7?. *,;!‘ - }' L n;:;;: .

7cnmputg?the dlfference Répeat ‘the pracess"w;( ﬂj L

, What Sha@és can be usad tg make & Squaré Shai; ;,” 5 W
*5%.-_ a candle or flashlightﬁ Q- : :

=

meaaﬁ:ing 1ﬁstruments‘? L _
ln“ the dlsgram, a heavy ;Lr;g is .. - ‘ .
belng moved by ralling it on the ' :
cylinders.: If the circumferengé

w;ll the 1log move for5b

of each cyllnder is" 6 feet Yow far!

"u5each revalutla& of the cyllnders? e fﬁf'?"

cEr T e T e AR T e S @ .




How Should yau hcld a o

rlzcntal table SQ 1ts shadcw hag

,érﬁééﬂ,

! 5, TWD people aj.ternateiy pla.x:e Permles (mthout crverlap) Fn
!é>.*_:,  a tahletap ' The pgtgan to PlaceKﬁhé last penny on the table ;:

oz

.};ffi;.'iTé s ;s the’ Einnér. TS there ‘a wlnn;ng strategy for either playef
e COMENT: | How' aoes the shag

Lo T strategles?

!;ihThére are’ n.. checkers an table. TWD players alt{;na:elﬁ
,Lremave an add{"uﬁbéz of Qheek”” i(less than.l@) e '
As}the one th femavea the last checkér. Fgr wﬁat

; ﬁrmer X

A va;strategy f@r'
: Domne o S e

Two players ta.}ie

ivléonSii r thg'sequence l E 3...,19 ED

absﬂiute val

. players. -How much can |

-
f

-An{B"‘x 5" rectangular plece‘@f paper is folie& so that~ twc;”;_? o
~diagonally. opposite. verticeE calnclde. What ;s the&iength ’

of the fold 1ine? ~EIC.. 1'3f-;ﬂ‘f,'Q’-f¥”': £',;~f“x“l D :=;;; g}'?

. : - “ w0 : , L y
o Co T T s e T : R




. - . : (
f - " = . A\

You purchased some one cent stamps, 3/4 as many 2¢ stamps,

3/4 as many 5¢  stamps ‘as. 2f stamps, sg;d'fivg 8¢ stamps.

f‘!c:u ‘pay for them with a single bill ahd Erece’i}ze no change

' How many stamps of each kind did you buy?

A Mh}a

M43,

_
Ml .

MLE.

a)

At what times during a 12 hour period is ‘the minute hand

of the clock directly over the hour hand?
\ :

S

ETC.: When are the hour hand and minute hand opposite,

perpendi cular?

2. . JHow many ping pong balls will it take to fill up your

¢ 14ssroom?

COMMENT: Good problem to introduce volume. Easy to esti-
e
mate, -but sphere packing is a complicated problem.

You are one-fourth of the :ﬁay across a rallway bridge when you
see.a train ané bridge length away. Which way should you run?

AABC is équilateral. Find its area.

The squares are comgruent, - O is
the center of the left SQH&rE- Find
allAEéﬁﬁibLE vaiues for the shaded
area.

area;

b)

F38



Mh8.

-ML9.

M50.

M51.

M52,

Find two line segments parallel

to the base which will divide the tri-

angle into three regions of equal

area.

Find two line segments emanating
from one vertex which divides
the parallelogram into three

rTegions of equal area.

. ETC.: Other shapes; more lines. , .

A a) triangular pyramid b) cube is cut by a plane. What
A3 . = 3 * .

iiffe:ent'figures can be forma=d?

=

COMMENT: 1) Rephrase as cutting a cheede etc. if you wish.

2) Leads into the conicsections.

.How many ways can ypu make a dle (assuming the numbers on the

Given two pusitive integers m aud n , what le the largest

value of the smaller of the twu aumbers mJ n Tm_ e

COMMENT: Calculator useful.

Is it possible to "load"
differently) so that the
likely to occur when the

two dice (each one may be "loaded"
eleven sums 2,3,4,...,12 are equally

dice are tossed?

* 739



. © o

M53. A cliff is 300 m high: Consider two free falling raindrops
~ such that the second leavéds the top of the cliff g%%er'the first
‘one has fallén .00l mm. What i€ the distance between them
the instaﬁt*the first.one hits the ground?

s
'

gt~ . 2) Encourage student .

i}
roj-

.~ COMMENT: 1) Need formula - S
to guess first. '

A

: ' .
b g A

M5hk. a) Take any two integers, say 4 and 9, and form the sequence

of eleveg‘integefsi L3§j1332253§,51§2§¥!35d§ Show that the

sum of these terms is always eleven times the seventh term.
b) Suppose the sequence continues. Form the quotients 9/L,

13/9, 22/13,... . What is the limiting value of the quotients?

COMMENT: 1)(a) Makes a nice puzzle in that teacher can

! walk around the room and tell students their sum before they
are finished writing down all the terms . (2)(b) Calgulator
uséfuléi (3) These are only two of many problems pcnzgfning

Fibonaccl sequences and the golden ratio.

bescribe, sketch, or construct

K/A/\\\§<j§ Eﬁ) 8 solid which fdts suugly through
) . AN . cach of these "holes". What is Lhe

voluwne of the zolidry

MO, For whildd %tf:.‘;l Llve lulégoio o aals YAl saasV2E war b b s

checkerboard with pleces sha,=a llke + l_{lr] ?

M57. Can you pack an 8 & 8 4 O boa wilh 1 & « x b Lilihe.

M58. A pilot starts Tlying due northeast frow auny point oo e

egquator. What are possible destinations for his flight?

M59. i If the length of chord 2 15 lu

units, find the shaded area.

I




T M60. a) What islthe largest sum of money in coins (half~dallar or .

i - ”-16539 you’ coula have andbe unable to nake clange fcr a dollar,
v a half-dollar, a quarter, a dime, or a n;ckelﬁ . ’

| " b) In.how ms.r;y ways can you make change for & ci;:&;lar?'

M61l. Augustus de Morgan claimed he was x. years old in the year
s _ xg . He died in 1871. When was he born? Can anyone iiving
P - in the twehtieth century make that claim? ETC..
What are the dimensions of the 1argést
' rectangular package which can be
‘tied as “shown with 12 feget string?
Neglect any Encts até.
7
Cutting along the lines, what is the
' fewest number of squares into whi:cH
thils 13x13 square can be dissected?.
13xY3 square with 169 unit squares)
TR
Fold a rectangular piece of paper ,7 .
% so that corner D 1lies on side AC.
what is the shortest possible
length for the crease?
i
Prepared by thomas Butts, 2/du
&
. .
oy,
}
L




GOl PR ‘ | ~ | Go1

‘ W ) . ! ) Teaching Problem Solving: A Tougl )

T“L‘%. . .~ but Rewprding Assignment
b A dedicated and able teacher committed to improving his or her students' .
4 R .
g

hill struggle. Although many educa-
1

, make substantial imp {i
some have accomplished lot with their students. But national efforts have

£y

h H
is on the thréshald of a new frontier. We have seenarevolutimsa in the 1960's
I a?g {gﬁ%&ﬁ .

vV
plgcé emphasis on the "why" of mathemacics-=und§t5tanding:; Before 1950 and

Y
again recently in 1975-80 an emphasis was placed on skill learning-("Back to
- the Basics')n Now "basic" is acquiring a new definition and many of us _expect
a new emphasis-on problem égig;ggi . N

But students are in classrooms now.. Many teachers do not want to wait

a
five' or sten years for instructional packages aimed at problem-solving. What

\ ' o L ..

-

As with so @guy other endedvors, a SEHS; Ql'ﬁg@g%éﬁﬁ
priority in Lhe Eﬁughi%g uf prublem 5glviﬂgi Such a ﬁummif&aﬂt involves time
and tlexibility as crucial facturs. ligghggh g;ziLypiLgllijELy busy, - and
finding time tu také on additional responsibilities is ot casy A few aéhuul
avstews provide ”d;v;iupmgué grahts" tu: L;aghgla_ 5gm¢t1ﬁe; Bloups of

Leachiers can teeelve suppurt or partlal Loppoert duriong the suuemer for a apeclal

’ ' : - ' .
project, such as Jdeveloping protlem aolving instructlosal anics More ollen,
the eXxira time for a4 modification of the curriculum s sluply something a

I[t's hard Lo say where the Lime comes from but the job pets

o

Another difficulty iéifinding time in the course curriculum (v add some-
thing new-=like problem solving. Over a period of mure than three thousand
vears mathematics content has grown. Mure and more of this content has' been
placed on' pre-college learning and seldom does anyone recommend deleting

d sequence of a course, like eighth

LA

ents don't need

»

Tl

tu

i

it is difficult to say,

H

El{lC’ . o o 115

Aruitoxt provided by Eic:



[¥a]
o
=]
i
pop
(]
La}
L
[
m
ﬂ
uﬁ
s
i
pu
L]
=
e
" et
=
fw
<
i
-
3

oo
=
B .
1o,
T

matical learning--so some time is availal

solving is so impor

gl
o]
'
Ind
>m‘
pas}
r

to'students that it deserves more emphasis--and

£

more Eime, The major peint is that tgdzharg committed to improving problem
salvlna ,abilities will have to examine the total curriculum and care. 1

f
plan enoygh time to pf@vidé_suffic ent experience ".to make a measurable

improvement. _ o . \

[n ?ddlt;éﬂ to findiﬁg the time, one has to be willing to be flexible
when consciously teacHing pggﬁlem solving. i@uking at differept approaches
to ‘the Same p;pblem, encouraging students to guess (without fear), allowing.

. students to posé problems, and being quiet are only four of geveral ways in
which a teacher may have to deviate from established patterns Sf classroom
hahgv1gr! . i

» B
Making this commitment to teach prablem solving raises several questions:

(1) What must I[-conddder in planning problem solving experiences?

—
"t
ot
jons
i
T
el
[
=
i
I~y

ate’ a pruhl;m solving envirpnment in my clas aLLD

i3

e
! (3) How can | tfectiv Ely teach somiepue Lo solve mLLgm%"

¥
"

s

(4) How can I gvgluatéi roblem solving abili ty?

(5) What,can T do'i
_—

o]
solving in my

b

&
The teacher who la commltted to teaching pnublen solving with the same
- [
devotion as teaching shllls and applications wmust be prepaied "The greatest
expenditure of tedaching Lime aud encigy should wecur I plannta, Tor the

wlana vom activitles that ave Lo ocour, A Flauning vtadks Inclade.

i LA T =l | H . - = ' =z
® [dentify specific learning goals for the lesson or unit.

® Select prnhlema or situations whivh are lnleresting to puplls.
* Think Lhruuuh solving pfuhlgm% to auticipate student strdategle., alter
natives, distractiens, or.confusions
o

& Develop a lesson plan and schedule for acllvitles and evenls.
: '
students it they E“EU%Qijf dittrculey.

.

Basic Mathematics 5kill, Booklet 2.

*Hiiifixﬁ Steven P. PIDblEm
% &
io: Ohio DPPJI’EHI

ERIC | | | 1/ 4
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* Developa plan to evaluate stulent learning. . )
v -
* Check plans to insure that you have provided mot dtl n and reinforce-
. ment for students. K co , ’
* Exami i

e plan methudalogles and instructional activites to see if another
ve would serve bettEf_ '

tgansfer to other similar problems. lhe appruach wprks to the extent that

the studént learus to solve that "type' of problem, but Léglﬁuﬂcgru of

teachiers is that we cannot predict all,the types of ‘problems student will
- , 4 ' L
face (o the next 10O, 20, ur 30 veara

e bhewriat 1. PR L eran Jhowlt et 3 | ST A l,u,hiut‘,. Mt v o wealal Sonle prboat
blem Lypes die s Jommon Lhat they will linely always be 1n the cur L lowlan.
vtk h_v Leachilhy stadonls Lo une heut 1.t 1. ., penclal methods ot ,ALLQL:!’&lUH

wllle o Pe el L0 i ol H.;ﬁ_’f\l]. Ly gL;éic;s, Whic

%:_l.dbluuh the studoat do arwed
Paved witn w sww o0 novel problem, ool !,l.c,% Braes ﬁs«..t d}z!!LuA\IlC,‘: Ly Lry
The hrewr sl approach aloo helpn co o laott - the poal. of instiuction
(Please tofer Lo Uhe 11EL .l.sl Dol Lol foe L Lo pPaprel o "Hanl., Heurlsil.
T Preblew aclulty ) leacter s o et tudenls Lo "took toe a pattern”
Lo Vmake a table”, o ot ddentir. ouand Ysolve a almpler problem.” Rt.%ac;i::l.f:t‘_‘ll
heas shionvn Chat yl,uhltf[u el vling abriity 1o colanfed Ly Ll;‘d,L'hillE, heuristloes
and . when heurlatlas e Laughc', Chey ape \;rfjt:‘tj= Thene heurist1ea Lhen Lﬁ%

be thought <ol a5 genetal skilla Lo help sotudents become hettet }llu[}l{_’—lll

£ . - = =
solvers. lhey are certatuly more explicit than one general ability sulve
problems better!
4 [+ -
Q . . ] N

ERIC

Aruitoxt provided by Eic:
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: Another major challenge in developing problem solving experlences is
locating good problems. Little can be accomplished without the resource
3f. problems. Some teachers make i%lﬂ% af prgblems on 3" x 5" cards. When-

ever they fiﬂd an Lﬂtéfgbtlﬂg and approp
" and filegit. A few teachers have set up

tion. If a heuristic is useful in solving a particular problem, they file

o develop seme problems your rself.” The -,

t
yaper on ""Posing and Reposing Problems". prefents heipful ideas tu téachers
par g P g I P
Al

rce packet. Special atten-—

Also, many pfmbltma are contained in the resou

ing Resources', '"Real

o
Qrﬁgtlng a Problém sulvlﬂé Environment
In addition to teaching heuristics, there are many ways of fostering a
3 & ; , ¢ ; =
- “problem S@{Viﬂw environment in the c¢lassroom. Some Pf the suggestions cgncern

changes in the phyalx&l environment of the classroom whi 1: others involve
= - =

altering the dav-to-day instructivual Loutine by including various problem

.

sulving activities P .

{

Sugee=liops Lé“k ruing the classroon include:
= &
(1) Estabilish a problem tile oh 3" % 9" cards as indicated 1o the

Tast section. Allow students to s clect & pLuhlem write theit
names,on the back of the card and try cu solve the problem for

an appropt ldte Teward.

] .

() lis.e Lhe h\;llt:‘Lln board Ly luagLilLﬁ, (g) a Frobilew ol Lhe \Jt;tz'!\",
- () student solutions to problems or student "thoorems' vamed
gftgr the student (ﬁ.é. Johuson's Solution or Theorow), (¢) a
list ot heuristics tor reference, (d) fﬁLLuunﬁ, newspaper and
mﬂgdgiﬂﬁ!ﬂfLiElgﬁ,quHEgEiDHS, etc. related td preblem solving.

(3) Construct a bookshell rfor books of problems {(see "Problem

Solviug Kesuvurces'), wmathematical games and puzzlés, ﬂdg—
azines (e.z. Mathematics Student Journal (NCTM) ,Sciet

American, Games etc.) and the like.

(4) Ureate a problem selving center in une cwrnelr wb the classToom,
[t could be near the bookshelf (3) and contalu vartlous mani-

pulative devices and other materials listed in the previous

section. A catcly name like "Sleuth's Curner', "221 B Baker
Street', 'ur one chosen hy the students {s appropriate. .

I = -5 )
.+ Jj_t} = j

O

[ERJ!:‘ : . i g ‘ . . . ;- :

[AFuiTox provided by ERIC . . .
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Some .suggestions for ways to use problems to vary thel instructional

routirde are:

%

€5)

'

(6)

ii
Biplﬂ a unlc w1th a prohle
it take to flll this classr

(]
wunit on volume. (Paper E) are especially u%qﬁul in this wav.

-

Close tha}claaa period with a problem. Example: After a less
n removing common factors;- assign: Factor (a) 3300 x90  +

a
"2520 k81 4+ 2310 %72 ; (B) 13,672 x10 - 27679 x8 +
1

18,627 xb6 - BD,DQD x4 4+ 223. (These "problems" are really

exercises, but each has a moral).

Solicit problems from students and/or ask them to construct
probléems based on a picture from a magazine, a short)news-
paper article, etc.

'
ame .,

w3

lay a

e

Have a (maﬁhemat1cal)=5c3vanger Hunt. Sample list: "Find"

(1) a parallelogram in the classroom, (2) a polygon whose
area is numerically Equgl to its perimeter, (3) a number

_ greater rthan 10,000 with exacEly 8 factors, (4) four numbers

"

whose sum exceeds their product, (5) a quadrilateral whose
diagon

y,_.

are wperpendicular (6) a recrangle and a triangle

. having tha same area, (7) two polygons which can-partition

.the plane into 10 regions., etc.

probably think of other ways to bring problems and problem

/gur clasaroom. s

P

: ‘f) o ) - Go5

em. Eximple: "How magy pennies would
om?'" would be suitable to begin a

L

on

o
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- = N\ Teaching Problem Solving + » J
. 1 . - . .

One cannet anticipate all the situations that could arise in any
rtéaéhing situation -~ edgpecially in prg?lgm 50 lviﬁg! Our goal here is not

to prescrng what,;hauld be done, but rather to 'fF T some commerts oft

=
some of the critical issues in tha'téaching of problem 5ulv1ng, especially

teaching heuristics and asking questions. .
. ’ . et

- » . 7 . -
Research attegts to the v lu of teaching heuristics or gtrategies -

the fDllQWlﬂg flow Lhaft offers one procedure. . AT

1+ : ! N

__ =

Iftroduce ]
new strategdy [V - T ~ '

T |

_ —— j ¢ B Ve i =
Practice the . . ‘
new strategy ) ‘ : .

with problems - : E
R , 1 .
e mmmrncue UL 4 ; o

. , A ,
Provide a varlety of
dissimilar probleds to : : No
exemplify the new '

— S e . -~
Pfavide a varifery of T J ..

problems which are : L
appropriate for all - - Hav. all stiategles

Pfaviuusly learned ) | ,“%;%E‘x been taught
strategles ] .y '

- S — - - .

Cuntinue to provide
a varlety of problems

™

O
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After stddents have léﬁfntd to use Lh} r s 1] istiés, they should
: .be pfavid;a with an opportunity to %lee igssimilar .problems,
using heuristits of their ChELC%; 't monstrate studen¥
selection of "heuristicss-and the advantag m. As the student:
backgrounds g?®w in terms of heuristic effectively, their -
* succéss in problem solving will show sign:s t improvement.  You
\kshéﬁld decide on a reasoenable Qfdéf in which introduce the lligpiﬁtifﬁ.
: Mact it out” comes easier than "Look for a simpler problem" SPéFlﬁl '
Lol 5 N o
’ empghasis naeds‘>@ be given to the looking back hjutisti¢5?> ' .
'enefaiizg - .
Check "the solution
' Find another wav to solve the problen \ ’
Find another res_ult - !
Study the solution pfocess = :
g It appears -that studééta do not ugc-Lhegs heuristics on thelir Bwn! The
impli&jti@ﬁ = that tea®hers should use them fo provide a role mModel for stu-
) dents and to demons tfﬁte how much can be learned from using ‘the looking back
. .
hti%;st1rL. In ppLyng thgs heuristics, Lgaéhe;5~ﬂgéd to resetrve time for -
them. EBKometimes it is effective to Follow a student sulected strategy for a
. ) . : .

problem even it the teacher knows a "Letter'” way. LI an answer 1s obbained,

the E;;‘%EI;&‘E 1s tn an idedl positicn (o ask gqueslions to gulde studeols Lo Lhe
b 4 .

alternate atrategy.  Such an experience mav be valuable to student learning.
. . - - 5 i .

Fouerr Mot Tatelament al Liv Lihies l,L:'El,\.I!Ll\E b pt Py ;,-Ul\jillg‘ Lo Lhie art ot

Sasl oall ol s ooann he as prer e U by 1oy e b ale. L Ll we

,;11.!\ Ligd vl

musl Lev. A guearton, heto, means poalug v proublem a. o gueseloy; uoC Lho

Cheton toal gt on whiaeh ata offen oVt in the clanstoon

Pl ;.e’,,;n;plci severtal [ oatilar thootens o plane geomelry Lan la Stadled by

Lo O N A A A T ST TR O PP Tl owhito EE tlat oy alad do chie ala, vl Ligao,
ca. b theer S Pon.d tn thl . waluelr N TR TN a0 swveral
R O L T fioon st b . N T
LL’(!L:{} guens ingl Boeosase oo stadells Teat telog witng, veu o wiale o I
Litl wuvsalig o asklilyg os:n thitealeniog TS A STN Y I Lohivve beair v, soanld

. bggiuulnq cacle o Lass with o "Oueatlon o (he Do Y gtaamplen s (L What Jde the
tullﬁwlng bonves in Ul 1l L lE L poapes . Llac !, (o Whitoh sl ifle eren daatn

i

b= oo beavd? ) 3y Whiat UL oLt wan wanesd aleer o oradln-Tv sl aludent.
will normally reépﬂnd cagel l, o such trivia gqueacbonag A et oate could be
wherte vouo place an ob)oot (teal oo Lmag, loaly)

NI ?lxlg and ('IYHE'\,],IUIH;L' Chig ,jLndt,‘l\sz tor wtlérms= LE= itit’[lLiL}’ h_\a’ .lﬁkill):_—', (il!i;;ﬁ[. ions

f» 'if - =

El{l(j © T . . | . [y . )
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_ which can be answered only 'yes' or, "no". Finallv, mathematical questions .
can initially be @bsedita small groups stude 50 there ig a calleccivé
- guess. ‘Gpadually Ehe individual student will develop thé confidence ‘to gueasi
intelligently and without fear., o ) -
Opte a question s posed, the next step can be an un-
natural one - be quiet. An important aspect of using quuﬁtion’;g is a
phenomenon called Mwaig time'-~the time between the end of a teacher's ques-
EEA
* tion and either a student response or.tvacher talk of some sort, such as
repeating, rép%raﬁlng, or redirecting the question. Incrediblv, averape
walt timés as medsured in a classic studv by ﬁarv Budd Rowe, were less than
‘ "(A teacher) must Bg prepared Lo meel often with Lhe discuncertiag
silence of studentes.” (Georgd Polva) ) .
A critical aspect of problem sulving juvelves the OppurCunity to carce-
- Fu
telly weigh evidence, to compare given conditions and relationships to pre-= .
vicusly knewn information or-problems, aud to 5§d[gﬂ fuor the untried and un-

thought. sInstead or rapid-tire questiouning, the problem solving teacher may
even have tu advise the class Lo alow dowa 1o Lhelir réspunses and Lo Lhink

Lhem through more carctully.

v

Amost o slgnlflcant aspect of the Rowe studydiinvolved the vhange 1o Jhiarac-
: - P : R s .

conscivusly made*an attempt to {uCrease walt

ter uf o class when the Leacher
Cilie sabstantially.  the tollowihg effécts wéare observed whorr Lalt timea wore
; : T

R : . e ]
ncreased to three sceconds or more

o he length of studenl [espunues Loy and,
Lo The number of unsolicited But appropriate oo, et .

. Failures t. r.spond decreased

o tonfidence 1o teased,

. The dovideoco of apecalacy o (hitoa s, 40 L

r Peacher ccentoied show-and (el decovaed and choe, 5 00 .

i!lx, L i;—'gl:‘il_’k,i -

Iluferencea b DLyl wit h cVIidinew i cased

3 :
ho The number o questions asked by el ildren T I P o
Ff cxperiments thev préposcd incieased. ' ’ -
4 [ Coutributions Ly slow learners [ncreased
. Disciplinary nwvens decreased

Live rep 1 l(\l(:iﬁli!’lllll;‘%‘i method topa s one . i.um...“\h FIL O O S N L T T PO PR TN

to the teach, tefro. iolated

ccambion s v ousbantly cwanat ing and retorng o

individualas 1 the o lassy,

i stower paced questtoning Alnwsphere | Lhe womnan

. .

feation model becowes ond ot group parcicipation. I'he teacher plays more of an
= % = i3 B

— Le | o
O . ) » [ :

ERIC =~
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= .equal rblewith mQFéPJEElCiPiETghibéiﬂg assumed bv individual class  members
and interaction occurridg among students. ) -
=
We close this section with several miscell ous comments related to the
EEdthﬂg of problem gglvinj . ’ -
(1) Small group (3-4 people) instruc;ian is usually effective (see ¥
Meiring, op cit. pp 60-100,  for a discussion of te¢hniqu§s advant=
ages, and disadvantag f i livid
. ualized instruction.)
e
. (2) A godd deal of practice
- the solution of most problem
instead of ten or twenty exerci
(3) Encourage oral praqentat
. . . Ask such questions as
"Waz this approach the flf t
see another wav to svlve the =

(4y Examine more
i C eu

(5) Ty model being a prublem s@lvef,
a pr ' ing the teacher "stru
r

:] 1.
a problem none of vou have seén befori )
should be beneficial for all. It may hglp change the authori
fig iter the confidence u§ the

[

ire role of the teacher and bols

l;dlty of trtal and eritor procedures tor solving a
ng a numerical answer. While sych a solution may
L

(] {
\

s tic appeal, it is usually bascd on sound reasuning
and eften can effectively make use of 'a calculater or computer. A
roup of sedvndary gg@achers weire given the problem: "Find the max-
gilar;;s;gl whose side have lengths 7,8,9 and 10."

[muny aren of a quadd®r
While none ot them rediscovel ¢d’ Brahmagupta's tormala, all but.
» vne Ghtalned o numerical estimate correct to within 5% Uﬁi ng

vhiv oo ol wmodo e aad trial aod crror proocedu

v whna s real won b s Lo ol Ly e, L, . Lda oy,
Afer o4 %.:J Tooatha o o supploue it the oo L “lwal o war bl Foobbems oan

Ve bleat ons"Coap g b

T (1) Many rtedal werlld )full_,” o peac i Ty bseat b, ate . Lo Lt L
1 Lt 1 .

in the hlank exercises toguiting ooly acithmeti. skitls Faro ot

the task in Lolving

et it Loal models

a real world probrem is todeternlne 4 reanonable

:
o) JKeal world problems olton coulad esttaneon. o Lol biateal Jdata
gather thelr own data is worthwhiole!

Loyttt asking stadents o

a4 random wumb.p table, a telephonc

ciallv apprupriate.

Simulation methads wu=sing Jdif

hook, or a computer are

O

Aruitoxt provided by Eic:



(4) Most real wDﬁld pfublem5 are not Rﬂﬁ?lv mathematical, so their ..
O use offeér: \ ‘feam teaching, or at leasp. “77 7
B parallel 16, ons ulih;ﬂﬁuthv- class. ) : ='{
- ) i —_ . - )
(5). wor Ld FFUhlvﬁ one often seeks only an approx- -
’ - t ation techniques and (measurement) vrror,
ools. - - ’
: (6) the emphasis on numerical = trial and error _—
are often J[PIU priate. -7 b
e (7)) problems frequentlv rea;guff Eo %Ludl ng, the solution - .-
- finding alternate solutions ark especially important.
. - N
- / - - ‘ .“73._ = 7 . i ) i = I
Problem solving ability must V| ed if students are to perceiye . ’

"

‘its importance. 1f class time is spent on sulving prublems but tests arg

compulational exercises taken from the Leachier's gnide, then the ifmpact is
. e .

lost. Evgluating studedt success in problem HuLviﬂg,ﬁqwévgf, is ‘one of the

'f Mr’r’lc’)fé;t difficult tasks facing a teacher. [f problem "U‘l‘é”lng is viewed as
o . L s Ctees , 4 . . :
"answeér—getting' the task is simplified but maybe artificially so. Our

overall goal is lwproving students' abilities to solve problems. “If answer-

b

petting &5 the onlv Qritcfiagﬁthgn it is gasv Lo rall into a trap of

prouviding students with problems tha EENT quickly sulved with Il,i:l['!.'u\i%:l'u-

cedu

L

[ =81

=53,

e
in worder to have sigqggts sulve a lafgg vaaber of problems (to

fncredse the reljability of a test). ‘ﬁsu%:h a pulat of ;\fiﬁ‘,,w-t_'&jll lead teachers

to teaghing students to selve "problem types". "If the EVldEﬂCE ou accept
£ E ) Yy I

af Success,ln IILQ{S[EL(; solving 15 getting Lhe anaw it l§ Hatural to shows

w-qlﬂ

& B

students how to do a type of problew and wive them sceveral problems &1 that

LVF*(J;’
" g0 -

. (30 S O T PR TR B I O hijl}; Seends it oL L cbilos thal o arfe New Lo -L[u.n\' Lhe

[T TR AR TV G I 1 lsu;llL Lot wll!l medan oore v Bhie ntoadank. . .ﬁul\!lug Hovel

beoboracm s co g lres er e ba denld \..‘\}llll..ll Lovwo ot hilob Doy L UGS gl Thuniar il

the -lving proce.s, Cewe T pLoblems caa be piesdentad Lo siudents.
e : %

Ve AUppe ol choet o ter s Lok gt a0 Lue ot age anelel D o aludat tng stadentl g

1. t1l1.t stage (= L., detcrwmiae j_F sLod.nls can uLe tea. hie ;:!;‘i\izttg—d heuristics-

21ven ot appreprlate pEdblem, .can the student set U;s a [db_‘l Lo vrganize

T
L S

data (o sul ¢ 1L wr guﬁ;;hé atudent diaw a picture which inc ,dE the key.ele-
ments of the prolblem? ';Tln;.-,-‘ woe suppestl cevaluatlag studeat abllip, toluse heur
ftien direotly [he scevnd =loagge in Lo vvaluace 1[lltllll£ nhiliEyTt(; écle,cﬁ -

e ppfuprlatl hpufléElt» and use thoem to solve new problems. 5 mply hgéking

P
answers (s not emough,  The process iﬁVoIv . looking at haw students tried to

[

O

RIC - & R
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Ediﬁé.thé;p:ébléms Sametimes Ees may be a matt er of 1oaking over. the students

éhérs hawe tflEd prcble lv ng 1nterv1ew3 ing a iu
em in ‘a. CGDEEYEEEE set 1ig b thinking aloud f Tha

have a lot of pay@ffi[?j_ﬁ o

: , ot SO .
',;'han;aqswer=géﬁ§ing3 -good evaluation

llUEanS using reasonable heut stlcgg"’*':' V

glving up A

nétian of ‘an: "i€éhba',oﬁ péfiod" for solvlng ¢
’1ta,employ 1aniﬁg back heurlstlcs (e ‘8. solves ‘a prblEm
. e

Wo: Gther notions whlch I have employed with some success are

-tCI) 1Keep an’ anecdotal file (on a 4" E" card) on’ each student recmrding
IR : .so0lved or attempted- w1t otes on 1maginativa solutians, L ;
. Vgood 't ,iesx; etc.. This sugges»%ﬁg ay be ~impractical. fora:. ] > L
RE number -of students, but tfy it faf,one class to determine 1f it's : .
S 1WGftthlE far you.:-" . - e S oo v J;, bl

(\.

":;(Ejf’clve a féﬁf“prmblem test with 50 leﬂtS award d. for Ehe flrst corréct o

rseve L

saluﬁlon, 25 pointg fﬂr the se;ond 15 fcr the thlédi and lD for the -

"vTomafféw

RPN

Avfn yOu do*ta Start? FlrSt we SUEEESE thrt you dg nOt plan to-

>SE§EE,EometQW to devate 1/3 af yuur mathematic ED irse to. prablem solv1ng.

 We wculd 1ike to see mathématlcg spllt into l/3 for AD putatlanal sklll 1/3

”@ﬁfor understandlngs and 1/3 fqr prablem solv1ng, but- iE ig’ ealistic to maké’j;:}

*‘guch a. drastlg change ln ‘a very shcrt tlme. Examlne varlous sources 1ooklng

'LTry to develap a. quesﬁlon sense - an ablllty tn;3,~

»ffomulate problems based .on all typeg of tuatmans. Then,we suggest plannlngr

'a 51n,1e :lggg period “for prublem solv1ng and explcriﬂg what 5trategles
’(heurlstlcs) yaur students use. Cont1nue by chooslpg fram 1 to 3 strateg;es*
and plan a small unlt ED develop them.! Then try anéthgr periudsfor open ended
problem salv1ng Iﬁ Eollowing thig prucess a teacher cafefully develops hlSA

?Dr her 1nstructlcnal Ekllls to hElP Students become better prablem solve oo :

:An 1mpartant danger to avald is to try to* dn too much at once. SmalL Steps, o

1235
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‘? iempheslee the 1mprovement Df pfeblem eelv1ng ebilltlee One ef the 1ntereet—f

. are ineluded ‘at’the end Df ‘this paper to. demenetrete eeme of the prebl

!

Logl2

earefully plenned provide more pre hise of success than efgfaﬁdjeemmitmeeﬁif
thet may- be impaselble to eehleve 'j;f';.' A L S " é

Ouf hope 15 thet problem eolv;ﬁg w111 eveﬁtue11y~beeomere“philoeopﬁy,'é -
raeheg then a- method, nf teeeh;ngf The ultlmete reward is the "eha -
The pr;ce for thle moment lE e

=Y ;ﬂg, and hard

Dneef the moet 1mpfeeelve pfojégts eurrently ﬁear eempletlnn in Oregon 1er ff

the LeneCDuntmethematlce PIDJECE-” Dlreeted by PrcfeSeotDeeergSehaff the ”fj}:

prejeet hee been develeplng meterlele far gradee 4-8 for the paet Ehfee yeere i
& R

Theee meterlale, whleh are eupplemente te a eﬁenderd methemetlee progrem,_‘

1ng feeturee of the materlele 15 the ‘use of 1ntereet1ng probleme, challenges

f‘x‘eﬁd gEmee to provlde dIlll Samplee, ueed w1th permlee;en of. the dlrector,’"?ﬁ ;

pfeeentetioﬁe end the use ef drlll tp Eeeeh etudente to use heurietice Thie

‘in- problem eelv1ng B

oy

' The fallow1ng pegee ‘dre Eake f om grede 8 of the Lene County Mathemetiee;,
E;sblem Selving Prejeet end ueed by p rmleeion Df the D;reetnr, Deeet Scheef
Twe of Ehe priﬁelple authere are 5co gt MeFedden end Richard: Efannen.; Currently f
theee megeriele, developed for gradee 4 threugh 8, are 1n‘d1fferent etegee of;f

development fleld teetlng, rev151eﬂ, and 1mplementetleni Inqulree ebeut the”!ﬂ>_

g

Prcject end uee of meterlale eheuld ‘be SubmltEEd te the dlreeter' o ‘“z; Y

Oscar Sehaef Dlreetor _j: -
. .Lane County Mathematics Project
v T + . Lane. Education Service Dletric§
o C T T . © . .1200 Highway 99 North
R —— ,:_,xiix_, i Eugene, Dregen_ 974@2

_ The few pegee eeleeted heve been cheeen tg refleet some ef the probLeme~n'
preeented to etudente and the teehn;quee used to have etudente preetice com-

putetlenal ek;lle Whllé develepiﬂg and eherpen;ng pfoblem eelv1ng etretegiee;fi'z

(ReV1eed BISD) o _ | {‘.fl
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PRQBLB-! SDLVING PUPIL HA‘I‘ERLALS

GRADEu f;¥. 3

-,;I;-;PIEQPrablem Sglving Activities

-:-LX- Gueaa anﬂ Gheck _'  ;T‘ 'érir

‘Make. a“Syﬁtematit List - T
Hake anﬂlcr Uae a° Diagram, Hndel af Drawing

, -A-Game . of--Darts--
Happy Numbers oL
e¥Last Digit PR
* s Birthday Party T h
_o' Where Is-The Moiikey?:
5_1A Raw af Eenniaa E
‘b

¥L931c51 Thinking
- "e’A Game of Cards .-
;'Pizga Puzsleg SR

IIT,” Drill and Practice e e S
‘. Complete the Pfgblem ©~ . . e Patterns S S A
_.-» More Than" -One Snlutinn e . '1i; Find a Path _;;”x"i; -

. &"A Potpourri of Decimal- Digit "~ -+ ».The Best Guess.(Mone

+° - Draw Activities (Ideas for Taa:hers)f;f;EIhe Best Guéese, (Decimals) .
e Distributi?e Praperty : f’”f,Thé Best‘Guess*tEractiané} A
" Create d Ter S s SR

L

'.VFIV, fvariatian (Alggbra Readi 'E'):';_; s e L S S
) ',.f--HahbufEEfs fo Slim R _-*"q,Eelieve It or Nat Fgrmulgéxfj R
Ve, Integer Sense (Algabfa Readineas)

s ; Thermometey Readings =u;-,  = -:i:f;f >é.HﬁgtiE{Tﬁnguma, :
S .“ﬂ;i; Negative Numbera T S -’;;.A'T:iéky-gstgejn ;

P ."’.-- LI . : . . ‘

"xj:?I_'SEquatiaﬁ Salving CAlgebra RéadinEES) ] : S
S L R e e s
.+ o Puzzle Probler R o ‘v;:;HAﬁathéf:Dilemmg :
-~ '  e The-Hidden Solutfon ' =~ % . '+ .4 Unusual Equations’
'5\: ' Arthur's Dilemma,i : , lfi:;-1 £-= Ll T

_— Puzzlg Pfﬁblemg
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‘Iitlﬁs - 2

Protractor. Experiments ' -

_;Prntrg;tpf Pra;zi;a

“ Iﬂyeatiga€1nna in Géametfy ;f:i

. ‘Patterns. in Geamet:y '_::,lgi‘:;:“;f*i ' o Finding Distances . .

e Quadrilaterals. -’ : -15“ia=31‘43_;.3-3=,- Gnng:uent Irianglea

L . Snipping Quadrilaterali f.' Sl A o Drawing Triangles coo.c . -
'J;;_Qil Wella : R P A Px;hagaras e T ]

I,E Heaniﬂg of Percent el T : SR
- Gne—Percent HEtth e SRR S . Shart Stgfiea - t e
: . Per:Eﬁts and Ffactianu “:;)=' - B g T

 i“1Ca1cu1atar .
e A Number Iimgs Itéeif

.« Best Estimate = - &
ARE .’Dj.s:mfgringt Pattern

TR g Géléulstnr Euzzleré :
e f; ,. i'm Thinking Gf Number

= -

?ﬁ‘“a5qXI Pfﬁbability

L -« Dice o 7'; SRR :“:f'ﬂ,: ;  :; Cnin Tesa : R
;e ...« Roll That Eube el le T e The Gum, Haﬁhine BRI
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. Sanet;aes a prablen can be solved by guess1ng If at flrst
_;l;gyau don‘t suceed try again | : & -

,ff; jg Hha am I7 it yau ﬁultﬁi

o ~the result 1s 84, 8 . s T

b Who am 12 " If yau sub[,.a-ct me fr'cm 30 and then duuble

.o that ansver ‘the result is 48, T . ~*2"'_:_

‘c. ;.th am l? N'ma 2—d;glt number If you- reverse Ey dxgxts ?ai

~and_add us' tugether the result is 110, (lee all o
possxble answers ) ST P SRS S

_ji-e by .yself aﬂdithen add 3

?;é;Z Julia and Ed were asked tn add twa nunbers together Julxa,-»',;
o by nistake Subtracted the two numbers and ‘gave the answer-as .
- 10, i stead ofsadding, Ed multiplied the two nunbers and the ef;;
resul Has 551 1Hhat was the cnrrect total7 -

s,f}S; Use each of the digits O 1 2 3 4 5 L
. Fankthe snalles* answer passxble  %,%%_‘_

 The. Happy Hel;day Hotel is blessed w1th cheerful bedbugs ln -
: .each 51ngle bed you-can find 7 bedbugs and in each double begh o
g; ‘there are 13 bedbugs ‘How_ many beds af -each- slze are there e

.4the hatel 1f there are 106 bedbugs? L e e

5 Patfl has 74¢ in her purse ‘She dnes not have a half—dollar - 
~She can't make change fur a half—dallar e1ther Hhat coins. ;f
daes Pattl have* ! e o |

tale
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; (1)

'-'xié'f%,MAxE A SYSTEHATIC_LIST

All of therfnllawlng prcblems | béfsclxed by maklng a'Tjﬁim’j

.ff};SYStematlc lxsf‘f Organlze yaur work‘and loak for patterns ,E:,f?i

A, -Mr Yaung makes p1cture frames 11ke the _f; f:J:":
- one’ lllustrated ‘He makes them. from.
pleces of. vcod w;th measurements of -

10 inches, 5. xnches 2 anhes '_};ﬁ_.f7f”:ifffzﬂf'
ffiand 25 -inches.. e N ,

, One. poss;bke frane isa 10 by 10
'i;irq;another is a-15 by 5. B
'fr"Llst all. the other PDSSlble fraues e

f"f;2.52The gnfner stare sellé.éeﬁcxls”fbf Sé; 1b¢; §nd‘15¢ -Llst
'7'ff;;ng15t-all the ways Kay can spend exactly 45¢ on penc1ls ;J“;
e 3 Sliﬁlwaé studyiﬁg the menu. He had the fullowlng cho;ces
R st course  Soup or salad L | i |

~2nd course - Chicken, beef, 1amb or ham g '41
3rd course Pie, cake or sherbert

':f* . LlSt all passxble camb;natlnns Df faad Sl1m could arder
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Use a dlagram a madel ora drawlng«ta help you sglvE these f%¥"t3,
prablems B R SETA (i

e

. 1 A frag is’ at the bqttam nf a: 10—faut well Every day he i
%5%ff»wwi~crawls up-3-feet. - But at night he slips- down-2 feet’,"  How.-
. 't'out af the well7 ]

- 'many days will it take for h;m to:get
- (Tgfjanswer is nut 10.) « R

e

~2;'*It t::éé 27 sugar cubes te f111 a
. cubical box. Howmany cubes will:
. obe tauchlng the bottom of the boxv

”"5$'ithe SLdes? o g

v%,v 'A ‘ - ;71 - »7 ’ . s

r;;fiéa;xﬁs X- Q_rls hage JUSt completed a 400—metre race. The: ¥¥~—v¢¥w>*Fi
©oi . 7girls' names are Chris, Debbi, ‘Julie; Kay ; Nancy, and. “
© = Vicki. Use the fbllow;ng clues to help ycu determ;ne in "
S _;{thlgh ‘order: the glrls finished. . .~ S
TR Nancy beat Julie by 6 metres %} o é?'-i'f’ o
.+ . . Chris finished 11 metres beh;nd Vlckx .
- . Nancy finished 2. metres ahead of Kay but 3 metres
- behind Vicki. .
. Debbi finished exactly halfway etween the flPSt
. and last person | R T |
. 4. A service station has a 1arge cantalner of antifgeeze. L
A customer needs exactly 2 quarts. The only containers - -
- available are a 5-quart can and.a-4-quart can. How can
~ the attendant use these contalners to measure out the -
2 quarts7 S L

"7‘?\




' A GAME DF CARDS

K1m hae a SPEGJEI deck Df earde After shuffl;ng the eerds;:7i

| ?\ she turned six- ef them feee up on the table

3

e 3\, 0 / | 0 iﬂ; 3]

'em, eKIm explalﬂed the geme tth vay

"i‘f'47;uUse eech of the f;rst f1ve numbere 1n eny order ::;'};;ge

o Use eny eperet1ens yeu want

:-f;;eYeur anewer muet be the leet eerd turned up (1n th15f5ff{?

-’75f'ceee 2).

| Here are: tee dlfferent selut1ene Study them te meke sure they re

eerreet :

"? "Kim dealt out f1ve more. hends See hew many d1fferent solutlone
yeu can find for each of them Remember te express the results in N

enrreet mathemetleal ferm

j@ﬁ§11,‘f3 71,8 1 '*_';e?

Ny S 2,10, 7 L Answer is Mo
3:;.4 16 7 8, 90— “efi;f Aﬁsver‘ie 1.7

4 12 7, 9, 71 ‘_'-itejAhswer is 13

-_'~See“ifeyou ceﬁ:fiﬁd eﬁetheF1eelutidﬁi"'“"'t

Answer is 6.

 ?5;' 4, 25 10 22, 4_r'j'-Answer is 4

o LGy
Q SflcFms T - , *' /
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Suppase that_there are‘200 pennles all in a row All of them
- are "heads" qP S LT e T e e

an suppose that 200 people’llne up and —;~ F.ift"EL;  B
_;;51;;fthe f1rst persan turns over a11 the pennles.~ AR
H>;1 f;;start1ng with thg 2ﬂd penny, the 2nd pEPSGn turns over .
7 every other cne. . ; B -»wi"'ﬂ_,

7 Lostarting with the 3rd penny, the Brd persen turns over

-';;f¥every 3rd penny. I ":-'--f;'

e pf“?ffilth the 4th penny,_the 4th persgn turns over e
-f_fy_fgt;r‘_._s,;i;“i[e

g _1;.;Suppase yau 're the ZODth person Wiil;you,find}fhe'Zﬂﬁthjﬂ e
o penny- "heads" or "talls?" f'7 BRI 1“"',”“f‘ R

§ Qf2‘ffAfter everyane has gone thraugh the 11ne whlch calns w111
"-:g_shﬂw "talls?" . f?.A”_ - o R

g 3foAfter everyane has gone thraugh the 11ne how many perscns
~ will have turned over the 200th penny? . - T e
Who are they (lee their numbers ). S

S T s

SMcFms : . o
.LCMPEI?‘Q_ R 0




s

ele

sMel ms
LCMT 7.79

O
|

- SMcF ms
C g
v e

,




o DrJ&Prm-

" Drav a path %0 the nunbersialnngithewpath addito the number in
the c;rcle The path can: only go thrnugh ihe upen gates‘

o
-

Nl = e
—
N

P . . . % _ . . L n ) : .
o e Y T o, :
. AR SNSRI, DS I DT SR Bt "

N - ol . . . o e o TR w7 . TRAL lar e figty EE g o T 7 RE7] L ;o E T
P L) S o e - IR L AL Y R v sUUD- e led 0 BT L . .
. : . S E *e. o . - . 7 . b - - - P e . LI ST - . . - Ry
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. ! I oAl A v X wi | e B
. R T Do SEEEARE AN B ) I Th 1 ¥ | T e
£. N . 4L

e e, i e = = i R o f 25 4 R | ":’_}, — ‘,:'_,* e 3 | opg——t—
e e = “Start o T .
. S A ’ H : .. .. S - ’ % 4 on i FAIR 7 3

o 5) Create one of 'j,ff;?y*‘ Cie s
_ :ynur own, TN .
¢ f,;;G;ve itto (o
- * sbme0ne else-’fr_  -
. ocsolve. A

. . e A .
. —] - 5 . N . N o
L. . L "( v o s o - T
. IO S . . - . (I - - ' P . : 3 o = . -y IO
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ngi;tinn
(Alg-Rgnd )

S%mmy was quxte pleased w;th hlmself “He. had Just flgured.dut a ;??;
z_new farmula.5 Sammy named it the I T TN
ldeal ‘Weight For Everyone ?Hi7e’f - 7.*"’;5';”'“?. o
H 5H 190 His the persan s height in 1nches i
W 1is thE. we;ght in_pounds.. |

; ls tJ1s aqﬁ”fsonable&foi ula to use? Let's leSt“ 
‘ 3wost for Sammy Then we! 11 see, haw 1t,w5rks

95'2,%Class Exerc1ses |

w?wSammyéiéA64 1nches:tall and we;ghs 128 pounds Accoﬁgfﬁg;tq: o
thhe formula how much should Sammy ae1g L
:ffiwhat is ycur own he;ght in 1nches?v Accordinéﬁtéithefformﬁié;*35”
uch, shauld .you; we;gh? e ,b-—<é~4w%5+¥<'+f~wfw<fWW’ '

‘L N

| ﬁfﬁthV-‘

BT - A
L . ;

Y

 7;g;;;3;gEHr Garcxa‘féﬁg‘feet tall and we;gh§ 173 pouﬁds.‘ Até@ﬁdfﬁﬁ:ff;gf:
L ito. the furmula how much should he we;gh? =*}X;‘%;§:f;;fg;_;;f,;

fi,1’4;{LKaren 's 11ttle 51s%er is 40" tall Accard;ng to the formula
04, how much should she;we;gh?l,&;, TR A |

‘Ji'EBa ycu fhlnk Sammy ought f%'change the .name of l ﬁ
1why? : ‘ .

R 4 f‘
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Full Tt Provided by ERIC.
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Vaflati.an

Hould you helieve thet a or;ek‘f
Thglwarmer 1t s, the feete

'téé ‘s“théﬁnumber of ehlrps in .one m1nute°f"1¥_;;
T 1e the;temperature in Cels;ué?;_ LT

S ~a person S HElght increases as’ h__gets taller LR R

- The sleep-age formyla suggests:that LT R
-~ thenumber of -haurs “of- eleep a person neede decreesee,;,j, L
e eseehe”qete older, : R L EE

Acoordlng to the crloket ohlrpe formule how doee the temperature 7itt
very as-the CPinEt eh1rpe faster? Let‘e f1nd out. .

%f, 1 Uee ‘the. cr;oket formule to complete th1$ table
oo [c [ 56 | 63.[ 70 1334 }112 |154 [o“““"'

e SRR Pt FR S .

a. If the temperetqre ‘is ﬁ4° 'estlmate the number of ChleS g
7 & cricket ‘would' make. Theﬁ cheek your estlmate by u51ng
o L’the fornula. <f1' ﬁeyf:e B S

S

ftﬁﬁi;thstlmatefthe number of ch;rPs 1f tbeﬂtemPEratH s
| =p—5?;gi7he" check your est:mete by u51ng the fopmula‘

,,.\. .-f.:u,

\ ‘cert:

c kind of* ant. aleo can.be used as a. thermometer 7Tﬁe;5

:fls' the fester the ant runs. SO
T 5R 5R.+ 8 R is’the speed-in centtmetree per mxnute oKy

. Z-erl- T is the temperature in Ce151us SRR
formule to complete th1e table o

'<>:u5e thet

LG If a criEkettqh1rps 112 t1mee e mlnufv-f
ERikf R ant run? | lgtg ~



x o Inveatiin Geoms™:

(2%’

.’f”isubd1V1ded5;ntd
dtrlanglee.,_,_ <7
Use this same

_=itechn1que?f
“other: flg

\fé-l Number df si , :1 R
Number of tr;anglesl 2 | 3 l 4 ] ]_ _ll-‘f'ﬁ_ T
Study the cempleted table. Ledk forfpatterns., If ydu used

_-the:same technique, how many;trlan wduld ydu expect in.
K ,0—51ded f1gure? :

-
E2E

g nine. Hdw'many w;res:ﬁ'
# would the. eystem need?

- Marty made

Ldfmuch Theee‘webe =i S T
_ ,’Just tQQ nany ‘lines. to kee ’_;;track Df

“eigKyle decided’ ;nsteéd to try 51npleﬁ ceses and lddk fdr a: _*j*jp.?l‘
'ﬁffpattern oy . | R

Heke drawquS"tdwshd[ theiduﬁber dT HIPES needed fdr =¥?*d:
| 2 persons 3 pe_‘ons e 4 persnns s *95 persens'

- eb Lodk fdr a pettern. Hdulmany'g;ree would ‘be: needed fdr IE%
v own 10 persons? T . AT S 4
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the storage tank. Of

course, the company wants .
to use as little plpe as
possible.

1. What is-the best location
. for the storage tank? .

2. How much plpe is needed?

On anéther:étretch of the

- river, two more oil wells

have been drilled (see

drawing). Another storage
‘tank is to 'be built to

~ service these two wells.

3. What is the best location
for the storage tank?

4. How much pipe is needed?

G.25 .

. IV=C:8 -,
: Invest.in Geom. -
COILWELLS . . . Eri
-Two oil wells are located ,
3 miles from the shore of . 7 9
a river. A single storage - i.s o es.
tank is to be built on the 3 “‘“}e »- I
shore. O0il is to be piped oy SO A
- from each well directly to 8 miles— >

Note: This picture
has NOT been drawn
, to scale 3

9 ;
| .
¢ 0
i S W3X§§
o B %
.20 m;lea-.u%ﬂzyn_él
NOT dr‘awﬁ h
L to scale.
B W W

_7-’
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N Iv-C:8 -
Investiin Geom, -

0il Wells (cont.) o @

On another stretch
of the river there
are 4 oil wells
located according
to the drawing.

A single storage
tank is to be built
to service all 4
wells.

5. What is the best
' location for the
storage unit?

@

6. How much pipe is needed?

~ to scale )

gBﬁ
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" Using a Textbook for Teaching Problem Solving

Tﬁéhtéxfbobk is the resource akéuﬁdiwh3éh most classroom activities

“are planned. Céhseduénfiy, any decision to plage more emphasis on problem
- solving instruction should consider how the textbook can be used more

-eFFéctive1yﬁtoJ§Qpport problem solving objectives. The following suggestions o

¥

..are not_intended tD'béZexhaustive,but rather to ser&e as a springboard to~

7

additional ideas.

1. Reexamine the role problem solving assumes_in the textbook.

.Most textbook authors incorporate problem solving into their materials.

The teacher's guide for your textbook likely discusses 'the role the author
assigns to érDbTem solving, indicating "how "the bcgkvisddesigned to support

this role. Problem solving may be addressed in several ways: periodic
F) .

.enrichment or challenge problems, starred sections in exercises, applications

zbemphasig in story problems, special activity sections, special units on

problem solving or problem solving components (egé. solving, equations) ;

historical references to problem solvers, and famous or unsolved problems.

. . 4 ,
Authors also treat content topics in a manner which supports their

problem solving philosophy and gd%lsg A Systgmatiﬁ iﬁ=, 5-, or 6-step approach
may be used in working through illustrative prDbTéms (we do not advocaté

rigid adl:ieram:e to such a model); some apf)!icét‘ians may be arranyed by

topics (e.yg. culn or mixture problems); highlighting gnd other graphic
features of the bopk lTayout may suggest approaches tu solving problems the
author wishes tu convey. -

The imperﬁant point is to become aware of the problem solving strengths
the text possesses and to determine the impression about problem solving the
materials are likely to make upon students. You will be in a better position
to determine how to supplement the text with additional activities, whether
to reorganize topics, what to emphasize or deemphasize, and whether you need

12y



=

H.02 o T H,02

ES

n'l

E to‘ﬁ?s?1de an Expanded or a]ternate approach t@ prob]em so1v1ng than that

z i

taken by the book

,"asl'

'E" 2 ’Identify p?éCise]y'yGur:dai1y _objectives for using problem materials.

There are different asnects of problem solving that can be emphas1zed at a*

particular time. Somet1mes, the object1ve may be to pra§t1ce a part1cu1ar
heuristic Such as 'wr1te an Equat1oﬂ,' At an@ther time, the emphas15 may be E

i

on a Spec1F1c technique such as so]ut1@n by factor1ﬁg At still another time,

prerequisite subskill practice, such as finding the L.CM for two numbers, may

Bé éﬁe central focus. Unless the punzgse for study of a particular topic is
clearly identified, students aPéIﬂDt {%ke1y to appreciate how it is related

to the hore‘campréhensive process of problem solving. A further a&vantage to

you is that such identification can provide you Fgedback %b@ut your class-

room teaching priorities. Reviewing your list QF daily problem solving objectives

can help you ascertain the relative balance or. imbalance among problem solving

goals within your program.

3. ’Regroup prob]em materials to better a;hjéyg YOur purposes.

Pr@b1ems in most ‘texts are grouped by type (e.g. time-rate-distance) or to

< 55, i .

practice a techﬁs? (e g. so1ut101 by quadrat1¢ equation). This results
in only one type of problem solving practice--applying the same or similar
technfﬁues tag%g;y siﬁi1aripﬁob12ms, But according to Brownell! (1942, p. 439),
'PFaLt1LE in solving problems should not Lunblst in rapedted experiences 1n
§ulv1ﬂg the same prublems w1th Lhe same techniques, but rdther A{the solution
of different prub1¢m5 by Lhersame techniques and in the apoTlication of

4 Jd1fferent techniques tou the same problem " 10 achieve this end, it may Le

Pwilliam A. Brownell. "Problem Solving," The Pyychology of Learnlnﬁ Chicayo:

Part I{ of the Forty-first Yearboak of the National Society for the
Study at Education.
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% ' [

necessary to regroup practicé prgbiems accprﬁing to fhe specific problem
sb1vigé goal to be addressed, oo 7
Other reasons to select prabiems'frém other sections of the book;
concern motivation and timing. Presenting a problem for which prerequiéite
skills have not yet been~]éarned can establish the need to acéuﬁfe moré
apprqprfate techniques and procedures to handie{thq probTlem difFicu]tiés
é - posed- by such situations, thus mdtivatiﬁg the need for Fﬁ;ther é@ntent study.
After introduction of particu]ér, powerful means for dealing with certain ‘
situations, many potential "problems" become mere exercises. Confronting

such problems before being aware of the existence of superior techniques is

) _ ) . ) : ) Lo . s
experignce. The best techniques are not always known, accessible, or practical,
‘Eut still the solver must somehow prevail over the problem. |

4. "Sacrifice quantity for quality in problem solving learning.

GEﬁe}a11y in problem solving, more time should be spent on‘iﬂdepth consideration
of fewer selected problems. Gacd problems merit careful examination from
many pérspectivesi !Di¥Ferent épprca:hes Teading to 5@1uti@n, impj?catiog§ to
othe} problems, generalization or exteﬁsian of result(s), effect on the
561utign-by variation of given ﬂOﬂditiDné are éuL a few of the wuthwﬁilﬁ
activities that can accompany more deliberate and intensive study of fewer
problems . More often than not, yuod problems arve dropped Ltoo quickly than
dealt with overlong

" Students can hardly Le Llamed for developlig w super flctal altttude about

problem sulving and thels acapunsiLIlities for peiscvering with problems when

their experience typically consists of cranking through twenty very similar

prgblems . By necessity, they come to espect to spend nu mure than a few

miiutes cfrort with each problem 1 ovder Lo complete Lheir homework 1n a

reasonable time, But assignment of fewer prublems (accompanied by specific

problem solving objectives) can change the focus for assignments from answer-

[ ]
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getting to .thinking and reasoning activities.
p Cp : ,

5. ,gge_digcrimjhatjcnﬂjQ,§§§iggjngjyx@ﬂgm§i

| A1 studenﬁé %éed’ﬁotwbe eﬁpééied té-1ébar with thé sémé pfébiéméi;ﬂﬁcét

teachers practice this princip1e with respect té*more difficult problems.

However, such a practice één be extended to a broader frame of reference.

Most problem sets are organjzed progressively from;ea§y.tb difficult problems.

Samekstudents do not need to spend much timéicn beginning problems, but |

very much may bénef%t firom the éhaT1éng§ Q? more difficult activities,

Unfortunately, after these StUdéﬁtSlSDEﬂd most of their efforts on problems

leading up to those challenges, they have }ittie time or mativaticnéieft to

Erea]?y think througﬁ'thase problems which are more appropriate for them.
There are also some text pfobTemé, frequently enrichment, which emphasize

or draw upon particular heuristics or emphasize certain problem solving 3ki115:

Uéuai1y, these prab1e%s are appropriate for everyone. Aﬁd since they often

permit responses on a.varjety oF‘]evelg, the thinking associated with even . 1

partial solutions makes them worth the effort and serves to establish the

need for acquiring additional problem solving skills.

Example: Find the number of squares on a checkerboard.

(Hint: there are more than | x | squares present.)

Students trequently “live up to the ;ha}IEngg” of difficult problems
(1f Lhéfﬁbdré not too many at une time) exceeding ovur expectattons and using
technigues and thinking that we may got even have consideréd.

How then do you discriminate without labeling students ‘as "Letler” o)

,

"weaker"? One technique used with some success is to make a Qommdn assign-
ment, but later while moving about the room to adjust the assignment for
individual students by referring them to the particular parts of the assignmengéﬁf
they should concentrate upon. Another approach is to have a frank discussioﬁ'p (
with the class about the differences in individual learning needs, pointing

Qo .. i . S K ‘Igf K
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out that some stud?nts require more.préctice with easier pr@biemé before
feeling confident to progress to more éiFFicu1t situations. Making a
‘comprehensive assignment ranging from easy to difficult problems but
starring those to be graded will permit students to adjust théiriawn
learning styles to fit the situation they are expected to master. (This,
§F course, requ{res Eaééfui'in%tiaT monitoring to avoid the entire class
tackling only the starred érab?ems_) _ 7 -

6. Disclss with students the purposes for problem materials.

Many students havernegative attitudes about written problems and about
their Dwn:abi1jties_ta engage in any problem solving activity that requires
indepth thinking. They.perceive their roles pr%mariiy limited to exercisé-
» practice, mostly manipulating numbers and symbols according to a procedure
recently d’ménstréted in class. Such attitudes demonstrate the need té
téik with students about the role that various components of mathematics
instruction assume in their mathematical development. They need to under-
stand how skill development and practice, applications, and problem solving
interrelate. Specifically, they need td ta]} over why they hold negatiQe’
views about story problems. They need to find out why they lack confidence
éin applying their skills Luighallsnging situatiuns and to learn whatl it‘takzﬁ
to develup such expertise. Having a frank and earnest discussion enables
sludents Lo acgulre @ mure ateurate understanding of th; nature of malhematical

learning and applicallon of personal skl lls

models for cla.oom developuenl vl yuedtlvns.

/. Use Legl materlals as

Hav iy stadants crltigue ;Lury pfubkémz as Lu Tg%lvaLiDn, content, and

structure can be Dengfigcal to the teacher in ﬁrgvidinglinqumatign fgf

desfygning mure appropriate learning activities Ihis exercise can alsu bLa

coupled with the task of rewriting the problens after these criliques. Students
‘ ‘

can grow in their understanding about how questions are phrased and the

relationships of given, needed, and requested information in a pr@b1er§
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And they will appreciate better the role of insufficient or extraneous
data in a problem. By observing how student questions differ in style -

) ) ‘ V ) . . B & :
and format from text questions, the teacher can obtain useful informatidn

‘about students' thinking and how they perceive such pr@b1ém§_+e;what it takes

to make problems more interesting, challenging, understandable, and realistic.

Since most textbooks do not have strong explicit problem-solving strands, you

will wish to supplement text.problems with se1?=devef%§ed materials. The

textbook can still be a primary tool in your efforts. Many times an exercise-
oriented problem can be transformed into a problem solving activity with a
s1ight modification or extension. . . i

Grade 7: Following is the won-1lo6st record for the National League

b on July 14, 1965. Arrange the teams in order of their
performance (best to worst) by computing percentagés.

WL WL
Chicago 41 46 - New York 29 56
Cincinnati 49 36 Philadelphia 45 39
Hous ton " 39 45 St, Louis 41 45
' Los Angeles 51 38 | Pittsburgh 44 43
: Milwaukee 42 40 San Francisco 45 38,

A slight modification to enhance the problem as a problem sulving
activity:
F%Howing Is the won-lost record for the National leayue
on July 14, 1965. Arrange the teams in order of their
performance (best to worst) without computing percentages.

=
self dgvelup@d materials. Must tabular and graphtcal lessons in bLuoks are
reading; qﬁéstioﬁ and response exercises -- calling for Tittle insight or
ang1;3is by Studen%s. However, with supplementary questions, the same
graphical or tabular material can be transformed into bonafide problems
requiring students ta do some critical rea;gningg |

However, the most useful purpose the textbook may serve is stimulus

1!

]'j!xf:

.
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for creative development of problems simiiar to textbook exercises but
requ1r1ng better prob1em solving 5k1115 An algebra unit on linear

equat1oﬂs m1ght prampt th15 quest1on

Which of the following equations ‘ )*

could represent the graph at the ‘

r‘1ght"" & (234)
A- X + Ey = 1@ &

B. y=x? - o / —
C. y = 2%

D. Ix-y=2 ,

E. any of the above

Students typically can produce the graph for a linear equation, but
many ha&e!not;yet realized the unique 1-1 correspondence dﬁdériying the

reverse question (E. is the favorite student response).

Using a Text Problem Fully

The issue of making better teaching use of fewer problems is so
important that an example illustrating various uses and extensiona 1> worth
while. The following discussion is centered around a geometry 1é§5Qn
involving the content topic: the sum  of the Tnterior angled of a tonvea

polyyun iy ygtven by S - (n2) - 1By~

{'!dz IﬂLIHi a B\ublbm JUIVIH& m;LhudU]ugL.

4

Each student in the class is ashed L0 unc o - Loalyht wdye oo diaw

he xdgon (nét necessar ily regular) and to find the sum of its angles wWith .
protractor. tach student is then ashed Lo draw a nine s1ded polyyon and L.,
find the sum of its an?lg; in the same mdnner .

The teacher uses a table to tabuldte individual 1esults For cach

pulygdﬁi heibiﬂg students to discover that, within measurement error, Lhe

11,

<t



sum of tﬁe interior angles of coﬁvex Essidéd'éndii;sidéd figures appears
~to be constant and independent ;F other ghapeAcénsidgratiDns (a side
discussion migﬁt ensue later about discrepancies 1nyaTyin§:pongDns with
one or more'c¢oncave vertices); B o o .

‘ Studeétsﬁéfe then asked tG;CDﬁSidéf, in small groups, the %mp1icaticn§
of these experimental results and are encouraged to formulate hypcthesés._:

“'that mMght be tested in.Some manner and to decide’thé nature of such tests.

[1lustrating heuristics:

Students are told that the objective is to study the sums of the

iﬂterior angles of convex polygons. From students, tgg Zg;cher elicits

the information that the simplest polygon is a triangle and the éuﬁ of its
angles is known to be 180°. Students volunteer names for the next simplest
polygons through 8-sided figures, . They are asked what théy knaW=éF the sums
for these polygons (the quadri]aﬁeﬁai will be the only one kﬁawnf? Tt might
be wise to stress E} this point the invariance of the sum of the interior
aﬁg?esifgr triang?eé and quadrilaterals regardless of size or shape. Then
with Céfefu1AquE§tioﬂing, the teacher sh@Q1d help the class djggﬁyer thaf

they can subdivide aﬁy polygon into triangles ta obtain the angle sum.

Using a table, students are encouraged to look for a pattern among their

results and to develop a formula for the angle sum in térmg of the number of

sides.  Succeeding columns in the f@lluﬁiﬂg table could be added a step at
: . " ; : _
a time as students appreciate the need to rewrite the data in a different form

td r‘égugrnié\: the pattern required Lo dgeneralize for the case with n sides.

Co

] ' A Y
No. of sides Sum of Pin,;gr'ri;urr'; S _ No. giAé ~_Alternate form

2) - 180°

—

180° I 1-180°
360° 2 2-180°
540° 3 3-180°

) - 180°

3
(5-2)

) - 180°

b
] 1
™ Pl P

[ S

n _ o | ez " (n-2) * 180°

11

.y
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Extenéjné;tbgiprpblem:

.. Following this period of inst%ﬁctiéﬁ;'a gﬁcbiem for homework might .

rgv%éw!thé notion of exterior angles and ask whether there is any relationship
‘ 2

between the sum of the extérior angles
§ﬁ§ thernggber of sides. Students - N -
ouldbe givén the hint that the
‘ extgriQr angle sum mightebe rejated L

to the interior angle sum. b : - P

Se = 360°

After discussing the above result:
+.in class, a subsequent extension
might. ask students to determinfgaq

" & relationship for tﬁé‘éﬁm of the

"total exterior angles" at each vertex
in terms of the number of siéesi
Ste = 360° + n-180° = (n+2)-180°
. . \ :
§ richidess of resulting discussions and exp].c;\k'r‘aqtiunz assoclated
with Stayi}g w%tﬁ one bﬁablémh1ong enough to explore thoroughly its impli-
cations far outweigh the ﬁ?sadvanta955-LhaL students are exposed Lo fewer
4 w®xerctses. The insight and péﬂeLFdL1n5-dppraisa]§ assucfated with such
extensions prQVidé a much more aQCUraté!glimpag of true problem sulving
' than the more traditional exercise list that practices the equatien
$ = (n-2)-180° Farrvariaus numbers of sides or angle sums and then moves Lo
the next lesson with scarcely a backward look
However, these kinds of approaches take time and, I1he wost Lechniques
\ associated with problem solving, should not be used exclusively. Students

need a wide variety of different kinds of challenges, technigues, approaches,
\ _
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and problems to round out their problem solving development. In this paper,

we have tried to suggest how oné instructional resource, the textbook, ‘can

be used more. effectively to accomplish that end. - - -

¥
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: i Research'on’ Problem Solving
SO i . _.at the Secondary School Level .

Cow LaaE

For many years, research on problem solving in mathematics was focused

gn the elamantaty 5;hool level (and on word prablems in particulgr)..

Dufing 'vdhe ‘past’ 15 years, howéver, dttention has increasingly alsa,b%en
directed toward t secondary school level. Moreover, concern over the
-process of prable solv1ng especially the effects of heufiﬁth% and strate-

gies) has been reflected in the resaarch

This report highlights some of the findings‘whiﬂh seem relevant to teachers.
It is divided into three parts: (1) findings about students as problem
solvers; (2) findings on tlhé structure of problems; and (3) findings on
problem-solving heuristics or strategies. . ) ) . .

Findings About Students as Problem Solvers

¥

|
s As you might expect, go ood prgblem solvers tend to have:
4 = relatively high IQ scores
» good reasoning ability

) hlgh feadlng camprehen51an scores /

. hlgh quantltat;ve ablllty or camputatlan scores (cantrlbutlng
to success on numerical problems) and/gr high spatial aptitude
scores (contributing to success on geometric problems)

(Dodson, 1971;. Hesemdn, 1976; Hollander, 1974; Kilpatrick, 1968;
Moses, 1978; Robinson, 1973; Talton, 1973)
e Other characteristics of good problem solvers (nclude:
- abili&§ to understand mathemat ical gunﬁtpt% and terms
+ ability to note likenesses, difference, aud analogies

- abtlity tu fdentify ciiticdal elemsuls, aud Lo selecl Juiredt
procaedures and data

- ;;Lallll.y tue nute irrtelevant detatl
- ability to estimate aud aunalyes

= ability to visualize and lnterpiet qoactitatige 0 wp v dal Laves
. . - /4 )
and relationships ‘ s

= ::lbll.LL}' Ltu generallse on the basis !l luw cnamples
+ ability te switch methods readily s

« higher scores for self-esteem and confideace, with gowd telat ton
ships with other students
1

- lower scores for cest anxicly

\\ (Dodson, 1971; Hﬂliandat, 1974; KfutELakii, 1976; Robinasou, 1973
Suydam and Weaver, 1975, 1977; Talton', 1973) ’

ERIC - o s

Aruitoxt provided by Eic:
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. ® Capable students also skipped steps,'had a. E'
tions, and reversed steps easily. Good problem 5@1vers tended tn
fgrget the détalls of a problem and reca 11'1t strugtural faatLrea,

whereas pﬂDr pr@bl&m lvers tended to recall the Spéélfi& details.

so
CK;utgﬁskll, 1976; silvér, 1979)

L
H

with su
in othe

.® Positive attitudes tcward mathematics are corre
some studies (e.g., Dodson, 1971) andinét corre

Kilpatrick, 1968) ’ @
.ii.kii\ o

ccess in
rs,( ]

W

.
]

ern about messiness or neatness has also been noted\lo be
‘related success on problem salwing' (Dodson, 1971)

s o S T . .

Lack of con
to

he strategies or methods by 'which students approached problems-were not

nt for individuals from problem to problem, .nor were the strate- '

d similar from problem to problem. Good problem solvers used a

t

atégy more often than poor problem solvers, who tended to rely
e often on a random trial-and-error strategy. (Robinson, 1973) . .. .

la]

ers took more time to solve novel prgﬁlgm% Lhanépuuf
d. (Kalmykova, 1975; Rebinson, 1973)

“iy 1. e Thene appears to be a differeuce 10 the way in which studenls tackle simple
and difficult problems:

+ On Qumplﬁx tasks, random =leps seem Lo appear o sequence,
.

« On simple tasks, a gestalt seems to vperdle as-gu wrganizing
principle for solving problems. (Pdluffo, 1969)

. Fi ndlnéa on’ tht Stzigtugg aof Problems

e Almost any problems can be of luletest Lo some sludenls. Studies Wt

types of problems students preffr indicate no selationship of these *
preferences to prublem-solving [success. (Gohen, 1977; Travers, 1967)

® Many persons have studied the ditilcuﬁﬁy level of problems by usiug
such techniques as factor analysis, in which the computer manipulates
data on students' answers until the data cluster into a number of
groupings, or by ascertalning the relativaship ot the data from any v
factor tu wverall success., In gencial, such factors can ‘be clawsifled
as mathematical, reading, aud reasvunlng factors; anoiher categorizagion
is by order, digital, and process variatles,  (Cromer, 1471; Jerman,

/72; Luftus, 1970; webb, 1979) : . : {

Bllowloug a sciles o erxpluoiat Loa. 0 the difticalty tevel of a lacge
number of variables, it was report.d that no one of them accounted fou
a significant portion of the variance, but the syntactic coumplexity

ot word problems is a detinite contributor (e.p., Beardslee and Jetman,
1973 The studies sagpest that mathemat ical dehievement factuors
accowit fur the must vdarian.e. \5agivk 1978; Webb, 1979)

® As most wl ous recognlze, problows contaralag o alttancousd
tion are more difficult ond take wore time to solve thaffproblems with
WBiegen, 19/2; Blankcaship and luv’it ]976;

no extraneous data.

Fafard, 1977) A i
Q % %‘ ]f"‘"" A '

Aruitoxt provided by Eic:
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theﬁ the lergeet pfopnrtien of correct’ reepeneee;
;ee euee tn the proeedure or 0peretion thet cen

n,en key words’ eppeeredzee. ietreetnre, indieeting en inenrreet operetien
‘_nr preeedure- CNesher. 1976 Wright, 1968) T :

F

I milerity beeed on’ “the™ preeence ef
eemmon meeeureble quentlty, eneh ae ege or weight) ’

L (:The pereeived eelienee ef mezhemetleel et'ueture ‘was elgn i ntly related
oA L £ problenseelving eempetenee (s ' i : .

| az'leﬁive neteriele, pietures, diegreme, end 51miler elde :l¢
P bebility of e,problen being- understood and solved enrreetly.
Sherrill, 1973 Suydem and ngglne, 1977)

jg;The‘uee of
'__eﬁhenEeﬁ ‘T
sﬂ(Celdwe11,1197S Neleon 191,:

‘ g he upper elementery level, etudlee do nQ nd1eete thet»reedlng ie as .
bl g a’ deterrEnt ee.ls commenlf belleved . There:. efe? of - eouree, some N
.- 'studiés which report a positive rElatiD"Shlp between reeding and - -success -
“on pfoblem eolving, but it may not -be’ of eufflelent magnitude to be an. T
_»'Z:eeeufete predictor orzpreblem—eolving success (e.g., Harvin and’ Gilehriet
- -1970)7 “In one ‘S udy, ‘poor 'reading was not .a Eeeter in the case of. half
; ,hef Ehe standardized test prebleme enlved inenrrectly, on further anelyele,,;w~

-‘m

A IB pefcent eE the errnre. Studente whe eeuld reed the prebleme elmply
enuld net eelve them (Knlfong end Holten, 1976 1977) S

i;!\Ei e eueeees hee been fnund in develnplng 1netrue§10nel eequeneee to
e methemetieal reeding ehnllty (e.g 5 Henney, 1971)¢_..

o A;,'y' R S ' L
o Einﬁinge,nn Pfoblemeeblving HenrieEiee!or.Stfategiee*

R ) Reeeareh ,rGV1dee etrnng ev1denee Ehet preblem—eolvlng perfermenee is ,
' ""‘jenheneed Hy Eeeehing etudente to-use a verlety ef strategies or heur;et;ee,"
~ both generhl and. specific. That 'is, - stiidents using a-.wide range of -

“ strategies were ‘able to solve mare probleme., (BleEe, 1977 Greham, 1978
Pennington, 1970 fWebb 1979 Wlleon, 1958) :

. -!ifwhen heurieﬁlee are epee;fleally teught they are then ueed more,‘and o
© students aehieve correct" eelutlene more frequently (Fowler, 1978
Hell 197E Kentnweki 1977 Lee, 1?78 Vne,,197 —

e,Tra;ning on a vaflety of heurietlee is neeeeeafy ‘80 thet etudente have a .
repertoire from which they ‘can draw.as they meet the wide- variety.of
-probleme that  exist; diffefent methematleel content evokes. different.
strategies. Certain ones’(e.g:, enelysie and eyntheeleg are used more-’
‘frequenzly Ehen_nthere (Brendau end'ﬂneeey, 1979) S
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EVarinus stratégies are used ar different stages in sulving prnblems.~
. Thus, training on bnth inregration (the" capacity to integrate’ remaining
_cnmponenrs in: a sequenue of operations required for: prnblem solution) - -
- - and evaluatinn seem to be required for solving problems, .when’ either was
-__absenc, the sclution rata did nor exneed chante., (Gallu, 1975) Lo e

_.iV?lexibility in prnblem solving is ‘a type uf learned behavinr, Studants
,-exposed .to a variety of problems.are able to makeé.a.smoother' transirinn»
.- to new probléms than thuse who are given practine only on many. similar
.. problems. - Questinning may also contribute to the develupment of ’

'iflgxibiliry in prubléﬁrsnlving behavinrs. (Cunningham, 1966)

e The use . ‘of. reguiar patterns of analysis and synthesis was. noted in the
"solutions-of higherusnnring students.. In many cases, these ‘regular
*;patterns were. immediately preceded by~a goal- -oriented heuristiuﬂwiStudents
~-who had no directiun ‘tended to establish as many facts as. p9551ble'whether
’Uthey were neuessary fur rhe solutinn or not; (Kantowski, 1977)

_;-__GADeduurion and trial—andserror patrerns were frequently fnund _nfa study o
o lwith general mathematics students.' (Dalton,;1975) ’ S e

. _'Either ‘a highly varied OoF a’ nnn—varied sequence (Sumagaysay, 1972)

.. has been suggested that prnbléms 1nvolving related theorems should be a
";alternated-sn that students are made aware of the essential’ elaments of

" a theorem and do not. develup a-: sar" to use a particular thenrem (Smith,

’ '1973)

*i’ThE uumber nf times a student attempted to salve a problem was unreiared'tn_]
ﬁi-obtaining a ‘correct solution. - Changing the ‘mode of attack in solving:a e
...problem.was, - hcwever,—signifigantly relared to nbtalning a uurrect Solu=

fEion. (Blake, 1977) e o ) LT 1 oo e

u?:Students at differant &Evelopmental levels tend to. differ in. the exrent

" to which- they ‘use particular strategies; for instance; students at a for-: _
~mal. uperatinnal level (as defined by Plaget) used more means-ends heuristics.
_than 'did concrete .operational ‘students (Grady; 1976) - Formal aperational
students also used a larger variety of heuristics (Days, 1978) : They used
dedugtion, avaluatlgn, and systematic trialsand—error Srrategles on- signiﬁ-

_ficanrly more prublems._‘;-,

i'SEudents ‘who scored hlgh on- divergant type prablems made fewer genaraligag
Lions and usad Erial—and—arrar stratagies mnre afran.- (Maxwell 19753

. Problem—snlv1ng skills are improved by inunrparating them rhroughout the
_uurriculum that is, organiging the curriculum as a saquence nf problems

A i'Flener (l978) suggested. _ .
S -- Whenever passibla, gmbad a teauhing/learning experienca in a prablem—
et " solving format. Con e , _
' e Think in terms. of hints or suggestions -rather than absalute procedures
to be fullcwed R .




xpetiment by giving students less help thaﬁ usual

‘Q‘;ﬂDD not be mislad by the immediate benefits .of structural [axp051tory]
' 1taach1ng-=— the: lnng—range benafits nf teaching through problem
;sgiving may be highﬁr._:: :

a’ R i

s

e Thgre is no - one Dptimal strategy or heufistit fgr pfoblem solving But in
s 7;. his review which focused on the relationship Qf 1nstructional methad, -
L fiﬁternal tggﬂitive activity, ‘and: performance measures,’ Mayer (1974) :con-
. 1 .7 .cluded that little progress will be made until the émphasis.on "which.
© i 7 -method is best“ gives way to,.an - attempt to defina,:ahd relate to one: #
O anpther, (1) external faaturEs of iﬁstruttion, (2) internal featutes of
. subject thatatteristlcs, (3) activity during 1earning, ana (4) outcome
-erformanceLmeasuras.;; : . : . v

o1 : ,that téthniques whith attemp tg prngram the Solver tc fallnw
toa fixad sequence of “steps aré:not very effective. Experience and researth
: -sugggst hDWEVEI, thdt certain heuristic pracadutes which.will improve _
o " mathematical problem—sulving perfarmance can be_learned, —- ‘provided the -
~“'teacher illustrates how the procedures work; gives ample Qppgrtunity for.
: w_’ﬂdiscussian, ‘practice,” and reflection; and Suppgrts aﬁd encourages the .
’35_learner Efforts.A (Kilpatrick 1978 p. 191) - : S

“;¥§ Almost 40 years agg Browtell (1942) collated fram the rasaarch a 1ist EffA=
. ':5uggestians for teachers., Three ‘of . them seem particu}arly pertinant.; L

. To be most fruitful, practice in problem solvlng should not tansist
~in repeatéd experiences in solving theé same problems.with the same _
" techniques, but should consist of the solution of different ‘problems .
- by the’ ‘same techniques and the application of - different techniques - .*-
”";f?:t,ta the sama p:ablam. 1,,W}w,”,ﬂ,:,,Wﬁm”,;,tlti,wﬁ,ﬁm"",dm;,”;”_,ww;W””W

e A problem is nat necessarily snlvéd"'bécaﬁSe>the ccrrect rESpGﬁSé
. _ has been made. A probla' is not truly solved unless the leatrrer .
"~'under5tands what he or she has done and kﬂDWS why hlS or her actions':"
were appropriate. L T '“4 s f}

-

~?»Qb.;:!n~{fi Ins tead bf being ptéte:ted" ftam errcr, tha student shcgld many

t;més be -exposed to error and be encouraged to’ détact and to. demonaf'iAi
stra ‘2 what is wrong, and why. P . : ‘

s R
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| mine’ Pr@blem—Snlving Diffi;ulty gn a GomputersBaseﬂ Taletype.; DEEEEbEE :f;”.i

1970. ERIG_:zED 047.505.

jfﬂayer, Righard E. Learning to.- Salve Erchiems. Role of Iﬁstrgctionai Methad

and Learnef Activity.: 1974 ERIC.‘ ED 091 225, o :', S '*~'f'¥?

K Haxwall Ann’ A “An: Explora&ary Study ‘of Segandary Schcal Gegmetry Students.y,

“Problem Solving Related to Convargant-Diverg%nt Productivity.  (The ‘(J:?fﬁf.

: Univetsity of Tenﬁessee, 1974) Disserﬁa;iqqﬁAPg;racts Interna;ianal
~ 35A: 4987 February 1975 = R

" Moses, Barbara E. The Nature: of - Spatial Ability ahd Tts Relationship to
' Mathematical Probiem Solving.. _(Indiand University, '1977. ) Dissertatign
Absﬁragts Inﬁernational -38A: 4540 Februa:y l978_ - .

-

’Nelson, Glenn T. The.Effezts of Diagram Drawing -and Translation on Pupils
Mathematics Problem-Solving ‘Performance. (The University of. Iowa,. 1974. )
Disse:taticn Abstraats Interﬁaﬁlnnal 35Ai 4149 Jaﬂuary 1975 '

"Neshar, Pearlg Three De e ,iﬁants of Difficulty in Verbal Arithmetic e
Problgms._ Educatimn l 3, udies in Maihematics ;7:1 359 388; December 1975.

Eeluffb, N. Constructlans of Relatians and Classes and Their Use. 1ﬁ Ptablem
-Solving. Rivista di Psicologia Sggiale ‘e Archivio Italiano di

Psicolagig Genaralé e del Lavora' 36 +109- lAE 1969

~ _Pe nningtcn, Earbats Anmeil BEhaVlDfal and Caﬁceptual Strategies as DEEISiOﬂ
Models for Solving Problems (UnivEr51ty of Califotnia, Los Angeles,
1970.) DiSSertatiDn Abstfatts Internaticnai 31A: 1530 1631 Dctaber 197D
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;iiECALCULATaR R RTINS [ SR U
N "“WF@RMAT’@N 1200, Chambers Rd: . o
N S Columbus, Oho 43212 7

EFCENTER

Ul (Bl4)422=8509

ﬁRasearch on Caleulator Uses in Secaﬁdary School yathematics f;
: T ) F' ' 72{‘ 5 * - R R 7‘,';7 = c - . C. \} : : ‘!;-; ) -

L 'calﬁulatﬁrs came intn classfnoms., On - tha follawing pagss, 46 studies are .. - ;.
n;ir;sfllsted‘_ Five were 'conducted with desk calculators:[Aldridge, Cech, Gaslin, ‘
- :Keough and Burke, Ladd], ‘they .are included.since their. findings seam rele= .
s ;~vant. Thé remainder pertain specifically to handﬁheld Qalculatars_ : L
A Df the 46 studies, 35 ware experimental 10 were surveys, and 1 (Jewelll¥'51_
- was a. curriculum analysis.” The variance in. quality is great, as.with most: -
- ‘gets. of studies;conducted under- varying” conditions,. ;The’ mago:ity focused on *

'x;the ‘effects ‘of using ‘calculators for computational’ naads ‘as’ they arose; for - L

ﬁnly 12 were, zal;ulatcrgspecific materials develnped

Eighc Df the axperimental studie_gﬁare EDﬂduEtEd with genefal mathe=f
lv

’A?,matigs glasses, whiia aﬂly three invo algebra l classes.' _The dse of
£ 5 ‘to. have evaked

?;f, , mcre researah attaﬁ ian thap_;heir use With the ﬂallege=bound,;:é count: .
. A'_ind;catés that theré ware the follawing‘ﬂumber of studies at each- 1evel
S e - mp A
Cgrade 8. - 8 . v
'fggadéi_9;3= 20
" grade 10 - . ”
' gréde5ll - L, r
: LT o
‘-gradé~12‘ =
Almost na attentlan was given to prablem sclving exeegt as a. camp@nent '
Dgig standardized- ‘achievement test. Only two studies were focused on analy=”;f“
. sis of the leafning prggess, the rest were Ecncernad with the Variable of"
‘ achlavement , - ; o
b
'
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-~ Aldridge, ‘Wanda. Scott,
=7 " mént of Middle Schcal Remedial Hathéma,
oL ef. Geﬂrgia, 1976.)

L 4@78 January 1977

if:calculatar graup. Eighth gfaders in the -
: ,higher,than Eightb gtadars in:

'[AthiEVEEEﬂt Dégk ﬁalculatgr§; Elementary (grade 5) Juniaf high
,(grades 7—8) Remgdial Résearzh] _

-

'nderson, Lyle Euget‘le.£ The Effects ai Using Restricted and Unféstticted
. -Modes. of Presentation with Electronic’ Calculators on the Achievément

.and Attitude of- Seventh Grade- Pupils,. (UniVarslty -of Denver, 1976, )

Dissertatiaﬂ Abstracgs Internatlanal 37A 6321&5322 April- 1977

TthE sévgnth—grade.mathematlcs cLassas taught by ‘the ‘same teacher .
- were. ranéamly selected at each of-four schools for the 20-week. study..=
. Oné class in eacﬂgs:haal was permitted festriéted use of calculators. -
(fot chezklng paper-and-pencil camputatlan and as an aid in pfablem
salving}, a second:.class was. permitted unrestricted calculatar use;
“and a ‘third class ‘'was not permitted to use calculators. Pupils using
. - calculators .showed improved attitudées toward mathematics but no -
-?‘*ﬁfj'”*chaﬂge —in aghievzmént undérstanding ‘of ‘mathematical’ .concepts,; or T
) . computational skill, * On-an ‘untimed . prablem—salving test, pupllS R
using calculators salved problems EBfreetly at almust tw1:a the fate
ﬁf ‘pupils: not uging calculat@rs.' cm

5

[Achievament Attitudes Juﬂiaf high (gradé 7. Research]

Blume. Glendan W. and Hitchell Chafles E.\ The Caleuli;at Effect Qgri .
Children's Solution PfﬂCES§E5.~ Papet presented at NCIH 5 th Annual

- f'Heeting, ‘April’1979. ERIC: ED. 170 166

Three p:eliminafy 5tudieg and one éxplaratgfy main’ study investigaged
the effect of. calculator use on students. at-a-variety.of gfadé levels,
' For the 83 eighth-grade sStudents in the main study, there was a signi= -
 ficant association between calculator use and choice of the longer ‘
.solution: methnd_@n 5 of '7 items, The heuristics of simplicatlon and
- application. of a structure. praperty such as-distributivity appear to-
_ be’ aalculatarainhibitad rather 'than calculatgfﬁenchanﬂéd in the : 2;
. absence of specific instruetion designed to encourage -their use in ¢ -
E canjungtinn with calcula;af computations. The number of errors in"
FEE YA — ennﬁeptualizatian of ‘the p:ablem does not- appéar to be affegted by
- calculator use,- _

Lo ?f [Elémentgry, Reaearch Seccndary, Sﬂlutiﬁﬂ ﬁgthad ]

f.s‘- ’ : e

162




Eech Jeeeph Ehilip._ The Effeet the Uee ef Deek Caleuletere Hee on-
;Attitude end Achievement in Ninth—Grede Genefel Methemetiee

U 31ATe 278

'n;fMethemetlee Teaehef 55-_;

" calculator ‘efféctiveness invelvedgtwo ‘teachers each téaching a -

‘ methﬂds.

“for seven weeks. “Students.in the experimental group. were’ eneoufage

7 f1The Eeuisiene Szate Universi,y end‘Agfieulturel end
Mecheﬁ cal College,’ 1977 ) \Qissegtegion Abstra ts Internatleﬂel
: 1252& Nevember 1 -~ ! ' e

"No. eignifieent deferen”ee’in meﬁhemetleel prubl n=
Selving aehievement .or .in attitude: tewerd mathematics’were; feund _
" ‘between the two groups. .Strong positive ettitudee”teward‘the*use-i
ef eeieuletere—in the- ‘classroom- were found - Bl e :

[Aehievement Attitudes, Ceneumer methematlee. Reeeereh Seeendery
(gtede 12)] Co T e _

°

Cleeeee.

“(See else*i

183—186 Februafy 1972 ) 'lf

“The two main reasons for using eelculetefs with lew eehievefe in : :
mathematics classes are meﬁivetion and eehievemene. “This . study ef e

calculator section and a reguler section of geﬂerel mathematics -

but" not - foCEd to check’ enswefs with the.calculators.  All classes
were. given pre- and posttests of ettitude and- eehievement._ Results -

.. did ‘mot. support the hypothesis that studente using" eelculeeors weuld

" ghow positive’ gains in attitude toward methematies, ‘or increased

’paper—end—peneel cemputetlenal skill, ‘Studerits ceuld eempute bettet

-with the teleuletat than witheut it howeverpf'

:’[Attitudes, Desk - eeleuleters, Generel mathematics, Low eehievere, e;’”'k;

'Reeeereh Seeendery (g:ede 9)] :

.

Cheng, Lisa L;gTze .~ An Exeminetien iﬂto the’ Effeete of Celeuletorsf'

¥

Assisted Instruction onm 'the: Mathematics "Achievement and Attitude of _?

‘Seventh and Eighth Grade’ D;sedventeged Students. (Cornell Univer- -
e;ty, 1979.).- Diesertetlen Abstrette Intetnat;anal 40A._ 1323“13241-'

September 1979._ : T

;-f Students (n = 126) in, grades 7 ‘and" 8 were- raﬁdemly divided iﬂte tﬁo

- groups. For 24 weeks, one group had- .calculators eveileble during Cie
_lessons,. but- not on tests.or: for ‘taking home; the other group’ used -
‘only paper. and peneil No- signlfleent ‘differences betweert groups

. _were found.on compufatién, concepts, or attitudes; a highly signi-

. ficant difference on problem selving feveted the eeleuleter greup,
Use of eeleuletors ‘'did not seem to- affect the seventh gradefe in
imprev;ng their eré&e ef leafnlng dlffleultlee, but eighth’ greders

[Aehievemenﬁ, Atcitudee, Juﬁinr high (gredes 7*8) Reﬁédiel,,geeeafeh] B

,v v - -A N .; . lg;:!j : :“;



“1calculatarﬁmateri
did nan—calzuiato

-"[Achievement, De;imals, Esﬁiﬁation. .
. Pefcent_ Research]?f_ ' :

Fischmgn, Myfna Leah.
Ganaept Leatﬁings in

and Calculation.: (New Xark Univer51ty,=
atts lnternat;cnal 37A 774 775 Augusﬁ,

. PO A é sy L . . e
Gaslin William Lee. A Cgmparisan gf Achievement and Attitudes af
Stgdgnts Using Canventi nél;

{af:¥éfs&"*fNavEmber'1972 ‘
e - (See-also: Jaufnal for Research in Mathematlcs Educatian Em

95=1DB Harch 1975 _;%h -

_V‘UEE of units iﬁ whiah fraggianal numbers were canverted to . ,*. i
o ,_fiidecimals and examples then solved on a‘calculator was found. ‘to’. '
Voo . bea viable.alternativé"'to use of converitional textbooks o
: 7 (dneluding fractions) with or without. a ealaulatﬂr, for low~ - =
“ability or 1owaachieving Etudenzs.'fﬂ T o o A %_' o
"ZYIAlgarithmq ‘Désk. calculatcrs, Général mathematics, an achievers, o
K tional. numbers, Researgh $egﬁmdary (grade 9) Units] /

_ ~=;éallery, Hizhael Edward, Taaching Galculatar Use ‘and - Chaaking Agccunt L
R - Skills to-the Mildly Handicapped. (Utah State University, 1978.) - . .~ °~
T ,DlSSEf ration Abstracts Inte:natipnal :39A: 2866; November: l&?S A

: packages un calculatar skilbs and onéchecking account skills
,iWEfe evaluated with-38 -students ﬁ;am six: high Séhools and two. junior
* high schaols Eighteen students;, teéeived lnst:ugtlon on the packages,
~ while 20 students were “in the. cangral group . Aécne—way andlysis of - A
~varilance indicated that the difference between, group?gosttést ‘means- .o 7Y
'£8r both’ packages significantly £ vored the experimental group. _
Bl lHéﬁévéf, thg mastery ¢riterion was ﬁEt achieved on either gackage_! e

[Handicapped juﬁicr high Reséargh Secoﬂﬂary, Unltsj
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Graeber,. Anna O.; Rim Eui- Da' and Unki, Nancy J. A Survej of Class-
room Practices in Mathematics: Repart% of Firgt Thlfd Fifth and
Seventh qudE'TéJFhéTS ;ggpejgggpé New Jersev, and Penﬁsvlvaniai
&

Philadelphia:

In a survey in 1977 of 1,343 teachers in grades 1, 3, 5, and 7,
questilons on calculator use were included. vhé pefcentage of
teachHers who had used calfulators was: 3.9 perdent at grade 1,
8.4 percent at grade 3, 19.4 percent at grade 5, and 25.6 pe:cent
at grade 7. In the first grégé, calculators were used most fre-
quently for drill: the next~three most frequent usages were for
checking, motivation, and remediation. Use of the calculator for
drill decreased with grade level. Above first grade, the most
frequent use was for Ehecking, with motivation and word problems

Research for Better Schools, Ine., 1977. ° - _%

[Attitudes, Research (survgy)i Roles, Teachers (gfades i, 3. 5, 7)]

RS S

Hopkins, Billy Lynn. The Effect af a Hand-Held Calculator Curriculum

in Selected Fundamentals of Mathematics Classes, (The University
of Texas at Austin, 1978.) ERIC: ED 156 496, . y

This study investigated.the effects on achievement and attitude
resulting from use of a calculator-based curriculum and calculators

in niath¥grade basic mathematics (in which students were at least

two grade levels behind in mathematics achievement), Twelve
classes from three schools were randomly assigned to either
calculator (n = 83) or non-calculator groups (n = 84), For four
weeks, teachers used guides prepared by the investigator to teach
estimation, computation, and problem solving using the four opera-
tions with whole numbers. One-half of each group was randomly
selected to take the posttest with calculators available, while
the other half did not have calculators, Data were adalvzed by
analysis af cavariance. Students using aalﬂulators in instruitiun

5D1ulng ‘as the1r peers not uging tglgulatcrs. Ktiltudag veére ﬁuL
slgnificantly different. Students using calculators on the post-

test did significantly better jin'poth computation and problem
solving than students not using calculators.

[Achievement, Attitudes, Basic mathematics, Estimation, Mixed
operations, Problem solving, Research, Secondary (grade 9), Units)

Hutton, Lucreda Ann Williams, The Effects of the Use GfiH191~C§lgulg£u;§

on Attitude and Achievement. in Mathematics. (Indlana University,
1976.) Dissertation Abstracts International 37A: 49343 February
1977, i -

A 4-weék unit on powers, roots, and radicals was studied by one
group of ninth-grade ‘algebra students whe had traditional instruc-
tion'with no calculators, a second group who had traditional
instruction but could use calculators during class, and”a third
group who had speciil calculator fnstruction plus access to calou-
lators during class. No differences were found when groups were

compared on achicvément or attitude,.
[&éhiévEEEﬁti Aféehfai Attitudes, Powers, RESEEFCED Roots,
Secondary (grade 9), Units] 1 ,

i



K.07

Jamski, William Donald., The Effect of Hand Calculator Use on the
Achievement ‘of Seventh Graders Learning Rational Number-Decimal-
Percent Conversion Algorithms, (Indiana University, 1976)
Disgértatian Ab?EIq¢E$_IﬁEErnﬂt1Dﬁsl 37A:  4934-4935; February
1977,

(See also: Jamski, William D, The Effect of Calculators on Achieve-
ment., MATYC Journal 13: 52-56; Winter 1979, )

Three classes of students at the seventh-grade level used calculators
during a four-week unit on finding equivalent forms for fractions,
decimals, and percents, while three other classes did not use calcu=
lators. On an immediate posttest a significant difference was
identified between groups on items involving conversion from a
aimplified fraction te a decimal, No differences were found

between groups when a retention test was ‘given,

IAEhiEVEmEﬁE, Junior high (grade 7), Rational numbers, Research]
Jewell, Wallace F., Jr, Hand Calculators in Secondary Education!
Evaluation, Analysis and Direé¢tion, Unpublished doctoral disser-

tation, State University of New York at Buffalo, 1979.)

The purpose of this study was to analyze and evaluate present hand-
held calculator uses and materials and propose possible directions
for their utilization in the near future, Also included is an
analys of the usual high school mathematics curriculum of
elemengﬁ

and el

ary algebra, geometry, intermedi#te algebra-trigonometry,
mentary functions with regard to calculator impliementation,

ECurricglum, Research (review), Séiandafy]

Keaugh Joahn J,. and Burka Gerald W. Utilizing an tlectfaﬁic Célcu-
lator to Facilitate Instructiaﬁ in Mathematics in the 11lth and 12th

Grades. Final ﬁhpgrﬁ.r July 1969. ERIC: ED 037 345,

The group using ﬁaliuéﬂ;@f% achieved significantly more on a
standardized test than did a group not using them.

[Achievement, Desk calculators, Research, Secondary (grades 11-12)9

Kolpas, Skdney J. The Use of Electronic Calculators as In-Class
Instruaticonasl Alds fn a Ninth-Grade Arithmetic Program, Unpublished
doctoral disscrtation, University of Southern California, 1978,

Efghty uninth-grade low- and under-achievers {n four arithmetic
classes participated ipn this 20-week study. The two experimental
classes used calculators as Iinstructional aids and,as the sole
solution-source for 50 pertent or for 75 percent of each in-class
assigument, while cwntrol classes (frum another school) did not
use calculators. The Comprehensive Test of Basic Skills was giveu
as the pre- and posttest, and a researcher-constructed test was
completed twice (first by hand, then with calculators to correct),
No significant diFé?fEnLea were found on the atsndafdized test; .
significant ditfereness on the researcher-constructed test favored
the EXPéTimuﬁtallgEéa%S both with and without calculaturs,

EAChiévemEﬁti Low Achievers, Remedial, Research, Secondary (grade 9),
Tésting] N ' 4

ERIC - At

Aruitoxt provided by Eic:
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4+ .
Ladd, Norman Elmer, The Effects of Electronic Calculators on Attitude
and Achievement of Ninth Grade Low Achievers in Mathematics.
(Southern Illinois University, 1973.) Dissertation Abstracts Inter-
national 34A: 5589; March 1974, L - -
Two-hundred-one low achlevers were randomly scheduled into one of
five control sections or one of five experimental sections. All
groups followed the same lesson sequence, with control groups using
only paper-and-pencil for all calculations and experimental sections
using electrgnic calculatafs. SigﬂifiéQﬁE diFféfentes were féﬂﬁd on

bath graupq but no signifisant diffetentes in p@sﬁEEst mean sScores
- were found between gf@ups. :

[Achievement Attitudes, Desk calculators, Low aﬂhievers, Research,
Secﬁndary (grade 9)] « :

Laursen, Kay William, Use of Calculators in High Schoel General Mathe-
matics: A Study Comparing Achicvement, Attitude, and Attendance of
Ceneral Mathematics Students Who Used Calculators with Students Who
Did Not, (Brigham Young University, '1978.,) Dissertation Abstracts
International 39A: 733; August 1978, - !
From five schools with 18 general mathematics classes which had
classroom sets of calculators, nine classes were randomly assigned
ta use calculators while nine other classes used paper-and-pencil

methods of camputaticn. Analyses of varlance and covarilance using
pre-posttest data indicated that greater gains were made by
students using calcuylators, However, no significant differences
were found in attitudes or attendance.

[Achievement, Attitudes, General mathematics, Research, Secondary
(grade 9)) L -

o

i
Lawson, Thomas James. A Sctudy of- Eha GalculaLu; s aud Altered Calcu-
lator's Effect upon Student Perception and Utilization of an
Estimation Algorithm, (State UﬁivETEity ot New York at Buffalo,
1977.) Dissertation Abstracts International 39A: 647; August
1978,

Seventh-grade students from one junior high sclivel weire randomly
assigned to use paper and pencil, a fogr-function calculator, or

an altered calculater (with the funLLizn of the four operation

keys masked)., The four-day "interim work experience' was a 16 1iLem
computational rtask, Using analysis of variance, it was found that
(1) computaticnal ability correlated positively with ability 1o esci
mate, (2) the treatment had no effeci on estimation abi]itvr (3
students with low computatiunal ability made the greatest nawber ol
errors when using calculatorvs, and (4) altering the keyboard had no
slgnificant overall effect on ability to use calculators. Gidéﬂtép;
analysis of students working indicated that many did not use esti-
mation to verify aunswers. Tuterview information is also provided,

[E—ﬁtlnk;[lunvr_ Four tunctlion caloulators, Research, Secondary (grade ])_]
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Lenhard} Rodger William. Hand-Held Calculators in the Mathematics

Classroom at Stuart Public School, Stuart, Nebraska. (Montana
State University, 1976.) Dissertation Abstracts International
37A: 5661; March 1977. ' ' o

Analysis of at least eight tests taken by 125 students in grades 7

using and those not using calculators during the test on test scores,

[Achievement, Attitudes, Junior high, Research, Secondary}

Lunder, Denﬁis,A!' The Impact of the-Calculator on Test Anxiety for

High School Consumer Mathematics Students, (University of Denver,

'1978,) Dissertation Abstracts International 39A: 6607; May 1978,

Consumer mathematics students (n = 159) in grades 9-12 in three
schools were randomly scheduled into two experimental groups
(using calculators) or two control groups (not using calculators).
One expérimental and one control group used calculators-on the
posttest, while the other two groups did not. Analysis of covar-
iance indicated that allowing use of calculators on the posttest
improved achievement, The group using calculators for instruction
and the test scored higher than the group not using calculators
for instruction but using them on the test. Test anxlety was also

explored; use of the calculator did not significantly reduce anxiety.

[Anxiety, Research, Secondary (grades 9-12), Testing]

C ey, Shawnee Mission Public Schools.
Shawnee Mission, Kansas, 197
Results of a calculator survey on avallability of calculatoers to
K-12 students and on parent and teacher opinion toward the use of
calculators in the classroom is given. Data from both 1975 and
1977 are cited.
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{Atcitudes, Elementary (grades K-6),. Research (survey), Secuundary
(grades 7-12)]

Peterson, Robert E. and Capoferl, Alfred. 19/5 /6 Fraser High Sclivol,

Macomb Intermediate School Disitrict Project: Sctudy on the Use of
Hand-Held Calculators in Pre-Algebra (Grade 1u7, Aig&b;a I (Crade
10), and Intermediate Algebr. (Grade 11). ‘Fraser, ﬂighiéuu;
Frascr Public School bistrice, 1976. '

A gencral project descriptfon I8 provided Data, obscrvattoans. aud
calculato. activicfes and protlews are repoited for each of the
mathematics groups.

[Algebra, Research, Secoudary {(grades 10-11)]
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Quinn, Donald Ray. The Effect of the Usage of a Programmable Calcu~-
lator upon Achievement and Attitude of Eighth and Ninth Grade
Algebra Students. (Saint Leuis University, 1975.) Dissertation

The programmable calculator was used in eighth- and ninth-grade
algebra classes for evaluating algebrale expressions and for
solving linear, quadratic, and systems of equations. Findings
showed no significant differences in achievement when performance
of students.in the calculator classes was compared to performance
of those in non-calculator algebra classes., However, students ip
the calculator classes showed less '"anxiety-toward mathematics"
and had better ''self-concept in mathematics" than students in
non-caleculator classes,

[Achievement, Algebra, Anxiety, Junior high (grades 8-9),
Programmable calculators, Research]

Royce, George and Shank, James. Calculators in the Classroom?
Science Teacher 44: 23-25; October 1977.

The results of a student attitude survey among junior high school
students who had been allowed to use calculators to check mathe-
matics computations are reported. Significant preference for
using calculators in the classroom was displayed.

[Attitudes, Junior high, Research (survey)]
Rudnick, Jesse Pocket Sized Calculators Versus Seventh Grade Math

Students., Philadelphia: Temple University, May 1978. Mulcilitch
copy.

2z

proximately 700 seventh-grade students in two schools were randomly
assigned either to calculatur or control groups, Each of six
teachers taught two experimental and two control classes, using the
regular textbook, Students were "on thelr own' as to how and when
they used calculators; they kepr logs of when and for what opera-
tions caleulators were used., No significant Jdifference in compu-
tational skills was found between groups. Attitudes of students in
both groups varied little, Parcontal attitudes, however, changed:
while 50 percent opposed the use of calculators at the oulset, only
33 perceut were. upposed at the end. At the sta.t, 49 percent felt
that thelr children would become highly dependent on the machine,
while at the end this number dropped to 22 percent,

[AfLiLud:s, Junfour high (grade 7)), Resealceh)

l\u._!ult,}\! JG:‘AZ;EL,: AL anud }'\,L\All}%’ =] TS T Lhic Hindoaleulaowr, Lyorend
or Fou? Arithweti. leache. 23: 6..-65c; December 1976
The effect of the availabilitv and use of a ealculator du seventh

graders' mathematics achievement was studicd. Preliminary findings
on parental attitude toward the use of calculators and on student

achievement are Jdincussed.

[Achievement, Attitudes, Junlur high (grade /), Kesear.l)
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‘Schnur, James 0, and Lang, Jerry W. Just Pushing Buttons or Learning?

—A Case for Minicalculators, Arithmetic Teacher 23: 559-562;

s

A study of the effect of the use of caiculatafs on student computa-~
tional ability is reported. Results showed that the treatment groups
using calculators gained significantly more whole number computacional
ability than control groups not using the calculator, Sex of
student and calculaflor usage interaction was not significant,
nor was the interaction between ethnic/economic background and
gain in computational abilirty, '

‘[Achievement, Elementary (grades é;é), Junior high (grades 7-9),

Research]

Shirey, John Reginald. The Effects of .Computer-Augmented Instruction on

Suydam, Marilyn N, Electronic Hand Calculators: The Implications for

Sfudénﬁg"AchiEVEEEQE and Attitudes, (Unlversity of Oregon, 1976.)
Dissertation Abstratts Internarional 37A: 3386-3387; December 1976,

Tenth, eleventh, and twelfth graders in consumer and businéss mathe-
matics classes were randomly assigned to receive computer-augmented
instruction or a low-cost alternative using tables and calculators
to complete inquiry exercises. The instructional unit covered nine
days. Results showed that the calculator group did significancly

.more inquiry beyond the minimum required than did the computer

group.
[Business mathema#ics, Consumer applications, Research, Secondary
(grades 10-12)]

Pre-College Education. Final Report, Grant No. EPP 75-16157,

National Science Foundation, February 1976. ERIC: ED 127 205

- (full report); ED 127 206 (50-page form).

Szetela, Walter. A Study of Ratio Councepts, Skills, and Problem Solving

Using Calculatcrs in Grade 7. 1978, Xerux copy.

This study was concerned with the use or non-use ot calculators by
39 students In grade 7 who used specially designed lessons to
increase involvement 1in measuriug actlvities. There were 11 dayvs
of i{nstruction, On two tests on ratioc skills, concepts, and prob-
lems and un a test of attitude tuward learning ratles, no signifi-
cant differcn.cs were found, oOn a test with unfamilia