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FOREWORD

The skills and knowledge of mathematics continue to be of significant
importance in our society. Toward this end, the Department of Education
nas primary responsibilities for developing programs which will help all
K-12 students to become effective and contributing members of society.
This guide is an effort to provide direction for a mathematics program
which ailows all students to reach their full potential in the area of
mathematics. An initial draft developed by teachers with technical
guidance provided by the University of Hawaii was disseminated for field
review during Spring 1978. The thougnhtful consideration of teacher and
curriculum specialist reviewers is reflected in this revised version of

the Mathematics Program Guide.

We hope that all teachers and principals will find this-guide useful in
directing improved mathematics programs in their classes and schools.

"\'/’ VA - .
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= L X < 0
Charles G. Clark A
Superintendent of Education \\)

4 Jan 2 6 1981
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CHAPTER I

INTRODUCTION

Purpose of the Guide

The purpose of this Guide is to provide direction for teachérs aﬁd
administrators in the development of school-level mathematics programs and
in the evaluation of thosé programs. The Guide is to build a base from which
schools can develop adequate objectivés for their programs. Further-
more, these guidelines can be useful for those responsible for the selection
of materials and experiences for pupils, and for those responsible for the
education of mathematics teachers. It is expected that the Guide will be
reviewed at regular intervals.

The Mathematics Program

{

The mathematics program is that totality of ingredien;s that provides
for the mathematics education of each »upil to the pupil's potential. This
program first directs its efforts to produce citizens who are mathematically
functional in everyday living. At the same time, because not all types of
mathematical problems requiring solution in the future are presently known,
the program must be ri;h in problem-solﬁing experiences. Such a program
would guide pupils in developing strategies for attacking the problem, reason-
ing effectively using mathematics as a tool, and resulting finally in a
solution or some other valid decision. In general, then, pupils must develop
certain skills, abilities, and attitudes that will provide a basis through

which they '"learn to learn" after they have left the guidance of the school.

K e



This Guide identifies the pupil as the central figure in the educational
scene. At the same time it identifies the effective teacher as the one most
responsible for facilitating maximum learning by the pupil. But the Guide
also identifies the optimum program as one with pupils, teachers, school
administrators, and the public working harmoniously in a common purpose--
providing the best possible mathematics education for all.

The state, district, and school levels share responsibilities in pro-
viding for the mathematics education of students. The responsibilities at
the state level include the identification of mathematical needs of students
and the planning and development of mathematiFal goais, curriculum objectives,
and related educational policies for Statewide application and administration.
At the district level responsibilities include assistance in the implementa-
tion of the mathematics procgram through interpretation, articulation, con-
sultation and monitorin,. The primary responsibility at the school level is
instruction to meet the goals and objectives of the mathematics program.

Highlights of the Mathmatics Program Guide

The Mathematics Program Guide emphasizes 1) communication in the class-
room; 2) delay in the introduction of certain symbolism, technical language
and topics; 3) metrics and the earlier introduction of decimal fractions;
4) provisions for wider educational opportunities; 5) instruction in mathe-
matical reasoning processes; 6) instruction in basic skills; and .) wider
usage of physical models and pictures. Each of these are described below.

'

. The importence of cemmunication. In the past mathematics educators

have concentrated on the communication of mathematical facts, ideas, and
procedur:s by having students listen and read. These aspects remain very

important because they must listen. read textbooks, newspapers, magazines,

-2 .
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b reporcs, and so on critically. Equally important, however, for all
people is the ability to express verbally and in writing mathematicai
concepts in order to live effectively in a technological society. A
further need is the ability to ask searching questions about quantitative
and spatial situations in order to secure needed answers to clarify one's
own thinking.

2. The importance of delaying certain symbolism, certain technical

language, and certain topics. The focus on problem solving demands

that students deal with ideas. Too frequently in the elementary grades,
ideas become vague when technical terminoloyy and symbolism are intro-
duced. The Guide provides fqr a more gradual introduction of technical
nzmes, symbolism, and formalization of mathematical relationships.

3. The importance of the metric system and decimal fractions. Hawaii's

' public schoonls arc committed to the use of the metric system. Throughout
the Guiée the examples given are primarily in metric units. While the
emphasis is on the metric units, important customary units should be
taught. Beeause of the use of decimals in converting metric units,
decimals are introduced earlier than presently done. Coupled with this

is the delay in teaching some of the fraction algorithms.

4. The importance of providing wider educational opportunities. The

Guide accommodates the varying needs and interests of students in the
high school. A full, 4-year sequence of study in mathematics in avail-
able to every student. Three options are available for students with
courses designed for flexibility and mobility within and among options.
All options ccntain the basic essentials of mathematical literacy and
provide for the attainment of essentin' competencies of high school

graduates.




Because of their limited effectiveness, the traditional General
Mathematics courses are deleted. In their place are the various
courses in Option X as described in the section on Curriculum Guide-

iines, 9-12.

The Guide provides wider opportunities for more students to explore
algebraic and geometric concepts which can result in extended educa-
tional and career options.

The importance of mathemitics reasoning processes. Discovering re-

iationships, making and checking conjectures, giving examples and counter-
examples, applying past knowledge to new situations, and presenting mathe-
.matical érguments are examples of reasoning processes that should be
developed and maintained. Students must be afforded the time for such
development and maxintenance. This necessitatcs careful selection of the
content areas to be studied. Mastery in mathematics implies more than
knowing concepts; it also includes the reasoning processes. The Guide
reflects this view by providing fewer content areas than might be normally
expected since attempting to cover too many content areas iends to eli-
minate the fostering of these reasoning rocesses. Essentia) content areas
are maintained.

The importance of basic skills. Basic skills is given a broader in-

terpretation than merely basic computaticnal competence 1. this Guide.

Such competence is necessary but not sufficient for mathematical literacy.
The definition of basic skills used in this Guide incorporates appropriate
computational skills as well as skills in measuring, estimating, determin-

ing reasonableness of results, and reading, constructing and interpreting

tables and graphs.
9



The National Council of Teachers of Mathematics has expressed this
view in a position paper which stresses the need a) to know when to
multiply as well as how to multiply and -b) to develop geometric intui-
tion and to interpret data. (See Appendix A.) Further; thevNatibnal
Council of Supervisors of Mathematics has listed ten basic skills of
which appropriate computational skills is one. (See Appendix B.)

The importance of physical models and pictures. The need for physical

representations and pictures for mathematical ideas and procedures has
been recognized for a long time. It is well documented by research and
by effective classroom teachers who report a higher degree of skill,
deeper understanding, and more favorable attitudes of pupils who have

learned through such a program.



CHAPTER II

THE LEARNING ENVIRONMENT

The learning environment includes the school, the teacher, and the class-
room. Each contributes to the success of the mathematics program.
The School

An effective mathematics program requires the coordinated efforts of all
schools responsible for the mathematics education of students. It is essential
that intermediate schoq}s articulate with their feeder elementary schools,
ana that high schools afticulate with their feeder intermediate schools.
Equally important is the need for the high schools to communicate with
institutions of higher learning.

To attain the mathematics program goals each school, elementary,
intermediate, and high, has a major role to play. A description of the
role of each school follows.

The Elementary School. The role of the elementary school (K-6) is to pro-

vide a basic, firm foundation in mathematics that wili enable students to
achieve their potentials in mathematics. Included in this basic founda-
tion are:
1. the acquisition of knowledge and understandings, and the develop-
ment of concepts and skills in arithmetic, geometry, and measurement.
2. the development of provlem-solving techniques, logical and inde-
pendent reasoning, and confidence in one's ability to apply mathe-
matics to the environment.
3. the awareness and appreciation of one's needs, values, interests,

and achievements as related to mathematics.
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4. the development and sustenance of the ability and desire to in-
quire, explore, investigate, estimate, and solve realistic ecveryday
problems which the student faces.

The Intermediate School. The intermediate school has two major res-

ponsibilities in the attainment of the mathematics program goalg. The
manner and extent to which thesc responsibilities are carried out de-
pends on varying individual characteristics of the student population.

The first responsibility rclates to the broad concept of "basic skills."
Those skills which have been developed in the clementary school must be
maintained and cxtended to applications in the real world outside the
classroom. The basic skills are not restricted to computational proce-
dures, but arc also related to personal and social neceds. They, there-
fore, include applications to consumer activities, use of mathematics in
communications {verbally, symbolically, graphically), estimation pro-
cedures, analysis procedurcs with regard to compiled data, rcasoning
processscs leading to and from generalizations, basic geometric concepts
as related to our threc-dimensional world, and increased cmphasis on
the metric system of mcasurcmcnt. The highest level of functional,
quantitative thinking is that done in connection with the solving of
problems that are vital and realisfic tc the learner and are clarified
by mathematical tcchniqués.

The sccond responsibility deals with the naturce of mathematics itself.
Various ;cloctcd topics from the realm of mathematics are introduced to
cxh&bit the vast range of thought involved in one of civilization's .
greatest productive achievements. Elements of the history of the develop-

ment of mathematics and their effect on civilization are explored, as is



the role of the computer in today's society. Selected ideas from the areas ‘
of number theory, algebra, descriptive and coordinate geometry, trigdno-

metry, and topology are introduced to spur interest in the further study

of nxthematics as a useful, growing, pleasurable area of human endeavor.

Within thesc two responsibilities liies the understanding that the inter-

mediate program will provide the background for the successful study of

algebra in the high school for many of its students, and may provide the

algebra course itself in the eighth grade for highly capable students.

The High School. The role of the high school is to provide a background

in mathematics that will enable students to continue their academic
pursuits in colleges or technical schools, to provide a mathematics
background sufficient for employment, and to provide the mathematical
competence necessary to function adequately in socicty. ‘In order to

fulfill this role, the high school must:

1. offer a broad selection of courses. These courscs must pro-
vide opportunity and encouragement for all students to study mathematics
throughout the high school years. Mathematically talented students
may be able to proceed through the traditional sequence of courses end-
ing with a course in trigonometry or calculus.
2. encourage greater flexibility between and within program
options. The provision for semester courses rather than year courses
will assist in this effort. In addition students should be able to
take more than one mathematics course at a time.
3. provide academic counseling. The mathematics teachers and
'counselors must communicate clearly and accuratel> the many options
availatle in the selection of courses and the many changes in the needs ‘I

and requirements in jecb training and college programs.

-g- 13




' 4, provide for experimentation. The experimentation of new and
hopefully better approaches to teaching and learning should be

encouraged.

The Teacher
Teachers are key figures in the mathematics education of students.

As such they have numerous roles to play. These are described below.

Individual Commitment. The mathematics program at any level is no better

than the teachers who are responsible for supporting and implementing the
program at the class level. To guarantee any measure of success, it is
important that teachers thoroughly acquaint themselves with the Mathematics
Program Guide and make a commitment to follow through with its ideas and
work toward its continuing improvement.

Communication. Teachers must be able to communicate with each other,

. students, administrators, parents, and the lay public if there is to be
support for cooperation and accomplishing the goals of the program.

Mathematical Competencies. Teachers' mathematical competencies should be

updated continually by studying mathematics. Further, their knowledge of
and ability to present applications of mathematics such as to calculators,
consumer education, and computers should be kept current. It is equally
important that teachers be prepared to teach all students: those whose
formal education may be terminated at the high school level, those

who may have learning difficulties in mathematics for various reasons, and
those whose formal education may extend beyond the high school.

Guidance and Placemer*. Mathematics teachers should have a major role i:.

the counseling of students into mathematics classes, communicating the




many changes in the needs and requirements in job training and college
programs. (See Appendix C.) Mathematics departments in grades nine
through twleve should develop systematic counseling programs and procedures
for all mathematics students.

Professional Improvement. It is thé responsibility of cach teacher to

contribute to the quality of mathematics education through personal

involvement and participation in in-service programs, curriculum develop-
ment, and evaluation.

Effective Classroom Teachers. While every teacher has made a commitment

to guide pupils toward steady growth and the greatest possible achievement,
it is worth reviewing on at least a semi-regular basis what that commit-
ment involves. In general, effective teachers are willing to do cvery-
thing possible to instill a sense of worth and success in cach student.

To achieve this, the teachers need to be aware of each student's needs;
provide students with attainable goals; show respect,‘tact, and warmth

toward them; and maintain a two-way communication with them.

The Classroom

The most effective and efficient climate aﬁd environment for learning
provide for the following:
1. an inductive sequence of experiences that makes it possible for
the learner to bridge the gap from the concrete to the abstract.

2. a means of communication that the learner can understand.

3. opportunities for learners to become involved in appropriate

activities.
1. opportunities for the teacher to study the learnmer's habits of

work and reasoning processes.

- 10 - 15




5. motivation for learners to continually improve their pro-
i

ficiencies in mathematical skills and concepts.

The development of an optimum climate and environment for the teaching

and learning of mathematics is no easy matter for there are many obstacles to
overcome. Howe&er, the attainment of the majority of the provisions listed
above might mean the difference between a successful mathematics program
and a mediocre one. Therefure, every effort towards their attainment should
be made. Success could result from the development or acquisition of perti-
nent materials for the classroom, growth in techniques of open communication,
)
or even rearranging the classroom.

Since mathematics is often highly abstract, it is important to provide
experiences that will make symbols meaningful to students. Manipulative
materials provide effective means for facilitating learning. Manipulating
may mean handling an object, comparing cbjects, viewing objects represented
in a pictorial mode, or engaging in paper-and-pencil activities. The materials
shouid provide a smooth transition from concrete learning experiences to the
abstract.

Instructional materials should be flexible enough to be used with
different teaching methods and organizational plans. Rates of learning will
vary and the pacing of instruction should be planned accordingly. Perhaps
of more significance, the pupils' modes of thinking will differ--some think
best in concrete terms, others in abstract formulations. Some deal best
with pictures and others with words or symbols.

The establishment of classroom climate, under the direction of the
teacher, should be pupil-oriented and non-threatening. Using defined in-

structional objectives, the teacher assumes the role of a guide who directs

_11—
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learners to explore, investigate, estimate, and solve everyday, realistic
problems.

The climate of the classroom should provide for an atmosphere of open
communication, interaction among pupils, and a spirit of discovery.

Questions and problems from students should be encouraged. Problems should
be solved in a variety of ways and solutions accepted in many different
forms. Interaction should be encouraged, because students learn from one
another and mathematlcs becomes 2 vibrant, vital subjecf when points of view
are argued.

A significant feature of a mathematics learning environment is the spirit
of free and open investigation. The learning of mathematics is many-faceted.
Pupils and their teachers must feel free to express and explore those facets
that have particular meaning for them. The classroom environment is an
important but often overlooked facet. It should be organized and equipped
to appear as a laboratory for learning and should relate learning to past
experiences while providing new experiences as needed. Well-equipped and
organized classrooms allow pupils to share the responsibility for their own

learnirg and progress.

- 12 -
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CHAPTER 111

MATHEMATICS PROGRAM GOALS, K-12

In this chapter, the broad goals of the mathematics program arc first

discussed. This is followed by a set of procedural goals that facilitate

the attainment of the broad goals. Becausc problem solving is a critical

goal of the mathematics curriculum it is singled out for additional dis-

cussion.

Broad Goals

Broad goals are those that the program strives to achieve throughout the

K-12 mathematics curriculum.

T

Develop mathematical competence to function cffectively in today's
society.

Mathematical competence includes knowledge gnd application of
mathematical facts and spatial properties and rclationships,
proficiency in mathematical skills, and successful operation in
economic situations. It cxtends from dealing smoothly with cvery-
day encounters with mathematics to satisfying carcer-oriented nceds.

Develop understanding of the importancb and rclevance of mathematics
historically and in the world today.

This goal includes awareness of the naturec of mathcmatics and its
place in our culture, recognition of its richness and its power, and
understanding the uscs and limitations of modern technological ad-
vances such as computerization. i

Develop ability to think critically and to solve problems.

This encompasses not only the development of more formal techniques
and strategies for gathering and analyzing data, reasoning logically,
making judgments, communicating idcas through appropriatc symbolism,
and validating results, but also encouraging intuitive, creative, and
uniquely-individual approaches and resolutions to prohlems.

Nurture intellectual curiosity and promote the desirc to continue
learning.

This includes fostering sensitivity to and inquisitivencss about the
environment, observing, questioning, and exploring with a "free and
confident attitude,'" and meeting new situations with resourcefulness
and enthusiam.

g



Procedural Goals

Procedural goals are those that facilitate the achievement of the broad

goals.

1. Provide for individual differences as all students cannot be expected
to reach the same standard at the same time:

a. respect the emotional, physical, and individual needs of students
from all cultures, socio-economic levels, family structures, and
diverse backgrounds.

b. provide a wide variety of experiences in each class so each pupil,
whether in the introductory, develepmental, refinement, reinforce-
ment, or enrichment stage will find something appropriate.

c. develop an awareness of the vocational and avocational aspects .
of mathematics.

2. Provide for each pupil a basis for continuous growth:

a. provide experiences that enhance concept formation, develop skills,
and utilize mathematics.

\

b. provide experiences that lead students from the physical (or
concrete, including manipulative devices, etc.,) to the symbolic
(or theoretical).

c. motivate students to learn more mathematics and to desire
continuation of their mathematics education.

d. provide many successful experiences for students so that they
will develop a positive attitude towards the study of mathematics.

e. emphasize the SI (System International) units of measurement
' (without neglecting important customary units).

f. develop mental mathematics skills and skills of estimating solutions
to problems.

3. Develop the notion that mathematics deals with the investigation and
application of ideas:

a. encourage verbal communication.

b. provide opportunities for developing a vocabulary of necessary
mathematical terms and symbols.

c. make a conscious effort to develop mathematics reading skills.

d. provide opportunities for students to explore and to develop
their mathematical curiosity.

-1- 19




e. provide experiénces‘for a student to apply known facts to a
new problem situation.

f. provide experiences that are sequential in nature so that the
pupils progress from known to unknown mathematical ideas.

4. Develop the relationship of mathematics to our culture:

a. provide examples of the aesthetic aspects of mathematics in
nature, art, etc.

b. develop an awareness of thz contributions of mathematics to
civilization and its potential role in the future.

Problem Solving

Problem solving is a critical goal of the mathematics curriculum and as
such, 1t must éccupy a prominent position in the education of our students.

To solve a problem is to find an appropriate response to a situation which is
new and unique to the problem solver,

Various methods of approaching problems have been suggested. In gencral,
they may be classified into four stages commonly associated with problem
solving: 1l)understanding the problem, 2) devising a plan to solve the
problem, 3) carrying out the plan, and 4) looking back or reviewing the problem
and solution. The appropriateness of any method must be determined by the
situations and the nature of the learner. Table 1 on page 1¢ suggests

!

various methods under each stage. Examples and elaboration of thecse stages

and methods follow.

Understanding the Problem. Sometimes students will not be able to solve

a problem because they do not know the meaning of the terms used, see

the relationships in the problem, or understand the question. The methods
listed under "understanding the problem'" in Table 1 will focus the stu-
dents' attention on the necessity of knowing the meaning of terms, seeing
relationships, and understanding the question. For example, in Problem 1,

students might be asked to read the problem aloud, tell the problem to

-15 - 2()



Table 1

Problem-Solving Behaviors

Understanding the Problem Devising a Plan to Solve the Problem
Rcad the problem aloud Guess
lise resources such as text, dictiomnary Experiment

to clarify meaning of terms
Compute
Tell the problem to someone else
Restate the problem

Act out the problem :
Use resources, e.g., dictiocnary,

Underline or write down only the necessary atlas

data
Look for a similar problem

Determine whether data is sufficient, solved before

consistent, reasonable
Organize data into list,

Jraw a figure tables, figures, diagrams, etc.

1y

Look for paiterns in the data

Make a physical model
(e.g., study tables, lists,

Draw a diagram figures, or diagrams)
Organize a list Work the problem backwards
Make a table Make and verify conjectures
Make a graph Generalize the data

Assign a time sequence to the problem Make deductions

Outline the problem Check your assumptions
Introduce suitable notation Specialize the problem

(simple sample problems)
Braifistorm on given information,

immediate inferences, assumptions ist all poésible alternatives
List all information given and relatad Write a mathematical sentence
facts .

State the conditions of the problem Break the problem into parts

State or write the probiem using the nec- Go back to the definition

essary information in a concise form
Brainstorm

Write algebraic equations

Determine the nature of your answers

by trial and error, estimating, etc. (What
label will it have? What will the answer
look like? How large is your answer?) ‘11
4

- 16 -




Table 1

Problem-Solving Behaviors

Carrying Out the Plan

Keep the problem continuously
in mind

Write .and solve an example
of the problem

Check each step of the solution
to see that the solution process
makes sense

Differentiate between reasonable
and absurd, logical and illogical

Demonstrate or explain that each
step is correct

Use a new plan, if necessary

- 17 -

Looking Back: Reviewing
The Problem and Solution

Check your result and process
(argument) :

Is the question in the
problem answered?

Is your answer within
reason?

Apply another technique to solve

. the same problem

Organize (outline) the approach
(ﬁteps) used +0 solve the problem

See your solution at a glance

Explain why and how the approach
worked

Extend the problem
Generalize your solution process

Identify key elements of the
problem

Apply the process used to solve
similar problems



someone else, list all information given, and determine the nature
of the answer by estimating.
Problem 1. Moki's brother, David, weighs 140
' . pounds. His sister Lei weighs 98
pounds. : Moki weighs 24 pounds less
than his brother and 18 pounds more
than his sister. What 18 the average
‘weight of Moki, Lei. and David?
In Problem 2, a student might r:ad the problem aloud, tell the problem
to someone else, act out -he problem, and make a diagram.
Problzm 2. .. If a recipe calls jor 2/3.-cup of
shortening, how much shortening will
. be needed for 2-1/2 times the recipe?
In Problem 3, students might be encouraged to make a physical model;
to draw a figure; introduce suitable notation; list all information
given; brainstorm on given information, immediate inferences and

assumptions; write algebraic equations; and state the conditions of the

problem. e
Using Cartesian coordinates, show that

Problem 3.  the four diagonals of a parallelepiped
have -a common point which is the mid-
point of each.
In Problem 4, stﬁdents'might be encouraged to act out the problem; make
a table; and bra.instorm on given information, immediate references, or
assumptions. For example, do we assume that no matter how'many pieces
of candy we buy the rate will remain '"two for 15¢"?
Problem 4.  If two pteces of candy cost 15¢, how

much would 8 pieces cost?

Devising a Plan to Solve the Problem. For many students this is the

most difficult stage in problem solving. Students need to have choices
on what to do to solve problems. While some students seem to have a
wealth of ideas on what to do to solve a problem, others seem to be

- 18 -
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totally lacking in ideas. The methods listed under ''devising a plan
to solve the problem" in Table 1 are those used by successful problem
solvers. Possible instructional strategies the teacher might use to
teach these include modeling the technique, providing students with
a checklist of choices, asking questions that suggest choices such as:
‘"Have you solved a problem like this before?", "Would it help to draw a
diagram?", and discussing possible techniques with the students. For
example, given Problem 5 below,
Problem 5. Three girls on a basketball team
weigh 375 pounds. If the heaviest
girl lost 15 pounds she would still
wetgh 15 pounds more than the lightest
girl. If the lightest girl gained 15
pounds, then two girls would weigh the
same. How much does each girl weigh?
Students might be asked to review a checklist of possible choices and
then to select those they feel are appropriate. Some might choose to
guess and then check by computing, others might choose to make a diagram
or a table.
For Problem 3, previously stated on page 18 students might choose to
generalize the data, specialize the problem, look for a similar problem
solved before, go back to the definition, or organize the data into

diagrams.

Carrying Out the Plan. Devising a plan and carrying it out are closely

related. Generally a student would not choose a plan that he/she could
not carry out. This implies that teachers must provide students with the
"do it" skills if they are to choose alternative plans to solving a prob-
lem. The "do it" skills include using a diagram, meking a physical
model, using guesses, using a table, and using computation. The follow-

ing examples illustrate several 'do it" skills necessary to solve problems.
- 19 -
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The 'do it" skill in Problem 6 is using a diagram.

Problem 6. What is the largest number of pieces
you can cut a pizza into i1f you can
use only 4 straight cuts?

The '"do it" skills in Problem 7 are making a table, starting with
a simpler case of the problem, and looking for patterns.

Problem 7. A book has 250 pages. How many

times will "2" appear when
nunbering the pages?

For Problem 3, previously stated on page 18, the 'do it" skills in-
clude drawing a figure, generalizing the data, going back to the defini-
tion, etc. .

In carrying out the plan, students should be encouraged to keep the
problem continuously in mind. This might be done by having students
check each step of the solution to see that the solution process makes
sense, write and solve an example of the problem, or demonstrate or ex-
plain that each step is correct.

Encourage students to use a new plan if it becomes necessary. Some-
times students will continue to use a technique even when it yields no
positive results. For them, looking at a new plan might be more fruitful.

Looking Back: Reviewing the Problem and Selution. This stage of problem .

solving is frequently overlooked. The behaviors in this stage are as
important as the other stages. The first part of this stage involves
checking your result and process. Questions such as '"Is the question in
the problem answered?" and "Is your answer within reason?'" should be
asked. A good way to have students check their results is to have them
apply a different technique to solve the same problem. Other activities

‘ - 20 -
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to help students check their solutions and processes include having them
outline the steps used to solve the problem and explain orally how and
why the approaches worked. Encourage students to ''see at a glance'
the solutions to their problems.

The second part of this stage extends the solution and proccsg to
other problems. Students should be encouraged to identify key elements
and processes of a problem and to apply them to solve similar problems.

For example, after solving Problem 8,

Problem 8. Seventy-six persons voted for one or

the other of two candidates for class

president. The winning candidate had .

-10 more votes than the losing candi-
date. How many votes did each candi-
date have?

students should identify the key elements of the problem and discuss the
technique of writing algebraic equations or mathematical sentences. They
should then attempt to apply the technique to similar problems as in

Problem 9.

Problem 9. Leilani found ten coins, all nickels
and dimes, with a total value of
seventy cents. How many dimes did she

" find? How mani nickels?

Another activity that is helpful in focusing students' attention on
key elements and processes of a problem is to have them write problems
that are extensions of the original problem. They could develop another
problem that has the same solution as the original problem or they
could change the conditions of a problem and note what effect that has

on the solution. Students could also discuss and solve cach others

problems.
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The problem-solving behaviors discussed under the four stages of
problem solving can be taught in the classroom utilizing various in-
structional strategies. Following is a discussion of these.

Instructional Strategies for Promoting Problem Solving Behaviors.

The following instructional strategies for promoting problem solving be-
haviors can be utilized in the mathematics classroom: exposure, check-
list, behavior teaching, imitation, and teacher questioning. The effect-
iveness of these strategiels is highly dependent on the teacher. He/she
might use a combination of these instecad of any one in particular.
Exposure. In this strategy the student is given a problem to solve.
No instruction is provided to the student regarding problem solv-
ing tactics. The student is free to explore whatever problem solv-
ing approach he/she chooses. Underlying this strategy is the belief
that practice in solving mathematical problems will enhance the stu-
dent's problem solving skill.
Checklist. 1In this strategy the student is provided a problem to
solve without instruction in problem solving methods. When the stu-
dent encounters difficulty in solving the problem, he/she is provided
‘a checklist of problem solving behaviors to try.

Behavior teaching. In this strategy the teacher teaches methods to |

apply in solving certain problems before or at the same time that the
1

student is given a problem to solve. The student then proceeds to solve

the problem using those mecthods. [

Imitation. In this strategy, students watch the teacher solve many
problems. No attempt is made by the teacher to discuss problem
solving metheds. Students are then expe ‘ted to apply the observed

problem solving techniques to their problems.
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Teacher questioning. The teacher in this strategy, whenever

possible, asks problem solving oriented problems when helping
students solve problems and when discussing the solution of
problems. The hope is that students in time will ask themselves
such questions when solving problems.

Problem Solving and Learner Objectives. Problem solving being a

practical art like swimming or piano playing can only be acquired
by imitation and practice. As a result, it is necessary to pro-
vide students with as many as possible oppor£unities to see and
become involved in problem solving. A wide variety of problems
from all areas of mathematics must be presented so that students
experience the behaviors (described under the four stages of
problem solving) necessary to solve problems. These behaviors
have been incorporated into the Learner Objectives and Comments/
Adtivitiés listed in Chapter IV: Curriculum Guidelines, K-12.
Statements such as: have students draw a figure, make diagrams,
discuss ways, estimate, and check appear throughout the Curriculum

Guidelines.

(a4
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CHAPTER 1V q

CURRICULUM GUIDELINES K-12

The curriculum guidelines on the following pdges provide directions,
as they focus attention on classroom instruction, for accomplishing the goals
of mathemgtics education.

The guidelines are organized to“ﬁighlight the four méjor goals of mathe-
matics education and are arranged so that specific objectives for a certain
grade or topic may be located readily. To accoﬁplish this, the following
five subsections have been prepared as outlined below.

Scope and Sequence: An Overview. This section provides by means of two

tables a general indication of the grade levels where certain mathemati-

cal topics and problem-solving behaviors are taught. In addition, the

three types of experiences are indicated and discussed: 1) intuitive; ‘l
2) for understanding, skill, and application; and 3) for mastery of skills

with understanding and for applying skills and concepts in a variety of
situations. This section begins on page 25.

Performance Expectations. This section displays performance expectations

for mathematics related to the Foundation Program Objectives (FPO). Listed
here are bench-mark expectations for students by the end of grades 3, 6,and
8. For the high school level, performance expectations are listed for the
required program and for students who elecﬁ to enroll in specialized

electives. This section begins on page 30.

Curriculum Guidelines, K-6. This section,(page 37)contains learner

objectives for three major mathematical topics: Numbers and Operations,
Geometry, and Measurement. Comments and activities are suggested for most

objectives in order to bring them in focus. Teachers are encouraged to ’

- 24 -
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' expand this section with their own comments and activities. Learner

objectives that lead to student attainment of the performance expecta-

tions are also displayed in this section.

Curriculum Guidelines, 7-8. In this section (page 92), a short des-

cription of the mathematics program for intermediate school students
is followed bytlearner objectives along with corresponding comments
and activities. These learner obhjectives are classified according
to three important methematical topics: numbers and‘operations,
geometry, and measﬁrement. Learner objectives that léﬁd to student
attéinmcnt of the performance expectations are also displayed in this

section.

Curriculum Guidelines, 9-12. This section gives an overview of the high

school mathematics program with a discussion of alternatives for students
' according to achievement in mathematics, interest, and need for the
course(s). Three options are explained and procedurcs for moving from
one option to another within the.regular program are described for pupils
whose vocational or educational plans change. Also, in this section is a
{

description of the courses available and a list of learner objectives for

some of the courses. This section begins on page 107.

Scope and Sequence: An Overview.

This section summarizes information about the major mathematical topics:
Numbers and Operations, Geometry, and Measurement, and about problem solving
by means of two tables. These describe school programs available to all
students.

Table 2 classifies the mathematics program into three major topics and

problem solving with a general indication of grade placement. Table 3 parti-

|
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Table 2

Scope and Sequence: Major Mathematical Topics and

Problem Solving

K 1 2 3 4 5 6 | 7 8 9 - 12
. o o o Q o ] o o o ]
Numbers and Operations X X X X X X X X, X
* * * * * * * *
] ] ] ] o ] ] ] Q o
Geometry X X X X X X X
* * *
Q Q o o o o ] o [} <]
Measurement X X X X X X X
* * * * * * ‘l
. o o o Q
Problem Solving X ; ; ; ; ; ;
* * * * *

Legend:
¢ JIntuitive experiences
x Experiences for understanding, skill and application

* Experiences for mastery of skills with understanding and experiences
for applying skills and concepts in a variety of situations

91
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Aruitoxt provided by Eic:

Table 3

Scope and Sequence: Subdivisions of Major Mathematical Topics and Problem Solving

i

K 1 2 3 4 5 6 7 8 [9-12
Numbers and Operations
Whole Numbers
Forms Concepts 0 o Ox jox foX*| x x| xx * * *
Adds [¢] O x O X% X k] X % * * * * *
Subtracts o] 0 Ox x| x*x| x* * * * * *
Multiplies ¢} <) O0x |ox x{ox*|ox * * * * *
Divides <} [} Ox |ox lox*|ox *x{ox *| x * -
Decimals
Forms Concepts o o o x x| x * * *
Adds 0 0 X X * * * *
Subtracts 0 o X x X * * * *
Multiplies o O X ox * * * *
Divides Ox |Ox *| x * * *
Fractions
Forms Concepts o 0 o ox |oX lox « x| X% * *
Adds o oX |ox Ox X * * *
Subtracts 0 ox {ox |ox X * * *
| Multiplies [ [¢] [¢] Ox Cx * * *
Divides o] o Ox {0 x * *
Ratio and Proportion 0 Jox jox x| * *
Percent ' 0x X X % *
Integers ! o o O x #{OX
Algebra o 0 0 o 0 ‘0 o ‘0 x x| Ox %
Trigonometry 0 ox *
Analytic Geometry ! o o__io Ox =
Calculus 1 {o
Geometry ! , i :
Geometric Figures ‘ |
Sorts o 0 ox |ox X% x K| X*
Recognizes o 0 ox Jox . Xk x ¥ *
Identifies and Names ! o 0 oX ox X*  x kl X¥
Draws and Constructs o 0 0 o o o ox X x x| x*
Classifies by Properties o 0 O  jox ©ox io%*ox *ow*
Geometric Relationships ! | '
Organizes into Deductive Systems | 0 o Loxk
Measurement i
Time o] 0% X X X *i * % * * *
Temperature 0 " ox x x T % * X
Linear ) 10X ox 0X 0x .0X 0x |0 Xx* * %
Area 0 10 0 Ox o0x | x ¥ X * * *
Volume 0 0 o OX Ox .0X 0w X *. *
Mass o 0 0 o] ox ox T Xk *, *
Capacity o .0 o 0 0 x x x X * * *
Graphing o] 10 oX Ox X k' x ok gk x * * *
Statistics 0 ] 0 0 ) 0OX 0X *x fx
Problem Solving '
Data Relationships f i
Relates Data to Physical f o . N
Models and Pictures °c °o o X R ek R ex X
Relates Data to Mathematical Sentences, ! 0 O 0 . x* x*X| x* x *k  xx
Uses Inductive Procedures > o o o oX pX OX*|OXxg X * Cwx
Organizes and Analyzes Data o o 0 0 X 0 X X X x x*
Draws Conclusions and Checks Them [} o o 0 o X X%k X *x ¥
' Uses Deductive Arguments X 0 o 0 ox Ox*

lLegend:
o Intuitive experiences

« Experiences for understanding, skill and application
+ Experiences for mastery of skills with understanding’and experiences for

applying skills and concepts in a variety of situations.

32
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tions the three topics and problem solving into their integral elements. For
each of these elements a typical grade placement is given and the sequential ‘I
nature of the elements can be observed.

Both tables show that the development of competence in any area of
mathematics is a long-term process covering many years of school. They further
focus attention on the spiral nature of instruction with fhe reintroduction
at various grades of a topic through new approaches at higher levels of so-
phistication. The variety of experiences required for an effective mathematics
program is displayed. These experiences include intuitive; those for under-
standing, skill and application; and others for mastery of skills with exten-
sive applications. Indicated also but in a less specific way is the fact :
that learning any idea or skill during a given year depends on learning
during the previous years. | !

Different levels of learning experiences are depicted in the tables by the '
symbols: o, X, *- ‘

The symbols may be understood more completely from the examples which follow.

The meaning of o. The instruction at this level provides for intuitive

experiences when learning new concepts. A term often used to describe

this stage of instruction is readiness. A few examples are:

1. Students cut regions into equal parts to illustrate fractions.

2. Students fold paper to bisect a segment, draw a right angle with the
corner of a card, or use string to approximate an angle bisector.

, 3. To measure a given distanpe ;upils use available materials such as a

pencil, a piece of wire, or a strip of cardboard as a unit segment.

4. In attacking a new problem the pupils apply intelligent trial ;ﬁd

error by trying various procedures in an effort to isolate an answer

or find a counterexample. ‘ ‘
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' The meaning of x.. The instruction at this level is aimed at understanding,

skill and application. A few over-simplified examples follow.

1. In learning to multiply 23 x 49, students draw a picture of a rectangle
subdivided into four rectangular regions with the area of each
related to one of the four products in the algorithm.- Later in
algebra the students draw a similar picture for (2x +3) (4x +9)
to show the four partial products. In each instance, as their under-
standing develops, the students practice and apply their knowledge.

2. In learning graphing students make é physical model of a bar graph by
stacking boxes on their birthday months (marked on the floor). , Later
they relate data in a table to a graph and draw a variety of graphs:

e. g., line, bar, q}rcle. fhen with ordered pairs of numbers they
make tables, draw;band interpret graphs.

’ 3. The students first encounter the formula a = bc as they study the multi-
plication facts such as 30 = 5 x 6. Later they encounter unknown
factors ZC:7 x 6 = 30 for which they think "what numver times 6 is 30"
before they learn the miltiplication property of equality. As a final
outcome they understand a = bc as a formula for finding the area of
a rectangular region, for finding to£a1 cost for a number of items
each costing the same, for finding the distance traveled if time and
average speed per unit time is given and so on.

The meaning of *. The instruction at this level provides for a wide varicty

of practice for mastery of skills with understanding. At the same time
new applications appropriate for each student as well as problem-solving

activities are introduced.




Further information on objectives for developing mathematical competence
is contained in the next section on performance expectations and the subsequent

three sections describing curriculum guidelines for grades K-6, 7-8, and 9-12.
f

Performance Expectations.

The Department of Education has developed eight Foundation Program
Objectives which, if accomplished, would produce the desired outcomes--an
educated person. These objectives form the basis for all disciplines working

‘together to plan, implement, and evaluate the overall instructional program.

Mathematics has a major responsibility in accomplishing two of these
Foundation Program Objectives:

Objective I: Develop basic skills for learning and effective communi-

cation with others.

Objective III: Develop decision-making and problem-solving skills at the

student's proficiency level.

To a lesser extent mathematics is responsible for accomplishing the remain-
ing Foundation Program Objectives: ,

Objective II: Dcvelop positive self-concept.

Objective IV: Develop independence in learning.

Objective V: Develop physical and emotional health.

Objective VI: Recognize and pursue career development as an integral

part of personal growth and development.

Objective VII: Develop a continually growing philosophy that reflects

responsibility to self as well as to others.

Objective VIII:Develop creative potential and aesthetic sensitivity.

ey
2
o
L

T - 30 -



For Objectives I, III, and VIII, student performance expectations which
specify desired behavioral outcomes have been developed for ﬁathematics. Each
performance expectation specifies desired knowledge,'attitudes, or skills. These
are stated in Table 4. The following description is provided fur a more thorough

comprehension of these performance expectations.

e The expectations for Objective 1, Basic Skills, are listed first.
Those related to Objective III, Problem Solving, and those for Objective
VIII, Creativity gnd Aesthetics are listed last.

e The performance expectations are written in the form of demonstrable
behavior that requires application of knowledge, skills and attitudes
to provide direction and focus for classroom instruction.

e Performance expectations are written for grades 3, 6, and 8. For
the high school level, they are categorized as required or as electives.
Within the specified grades and for the required and electives cate-
gories, performance expectations are clustered in topical areas. The
performance expectations within a cluster;are arrayed in a progression
to assist the teacher in taking the learners from where they arc to their
fullest potential. Student development must occur in each cluster. .

e The increasing sophistication of the mathematics learned as students
progress through the grades is evident in the expectations. There are,
for example, expectations at grades 6, 8, and high school related to
geometfic properties. The language indicates growth in ability to deal
with these properties in greater depth. Thus, in reading the perfogmance
expectations, the idea of appropriateness must be kept in mind.

The related learner objectives for the performance expectations are displayed

in the sections that follow.
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Table 4

Performance Expectations

Grade 3

Grade 6

Grade 8

Uses whole numbers and
commonly used fractions
(e.g., %,%) to communicate
" physical quantities. (How
many, how much, etc.)

Recalls the addition and
subtraction facts through
sums of 18.

Adds and subtracts 3-digit
numbers with regrouping
(carrying and borrowing).

Recalls the multiplication
and division facts through
products-of 81.

2-digit numbers
numbers without

Multiplies
by 1-digit
regrouping.

2-digit numbers
numbers with

Multiplies
by 1-digit
regrouping.

Divides 2-digit numbers by
1-digit numbers with and
without remainders.

Estimates measurements and
does arithmetic mentally.

Uses appropriate language
e.g., greater than, less
than, and equal to in com-
paring temperatures, masses
(weights), lengths, regions
(areas), quantities, and
times of events.

Tells time to the nearest
minute, makes change
through one dollar, and
takes temperatures to the
nearecst degree Celsius.

Estimates and measures the
length, capacity, and mass
(weight) of physical ob-
jects using non-standard
units.

eSolves simple ratio, propor-

" units, including the metrid

Uses whole numbers, deci-
mals, and fractions to
communicate physical
quantities.

Adds and subtracts whole
numbers; multiplies any
whole number by a 2-digit
number; and divides any
whole number by a 1-digit
number.

Adds and subtracts like-
denominator fractions and
commonly used decimals.

Multiplies and divides
decimals.

Estimates measurements and
does arithmetic mentally.

Uses ratios to compare :
quantities and characteris-

tics of physical objects. |
|

Adds and subtracts commonly
used fractions (mixed and
common) with unlike deno -
minators.

Multiplies and divides
mixed and common fractions.

tion and percent problems.

Estimates and measures
length, capacity, and mass
(weight) of physical ob-
jects using standard units
including the metric units.

Reads and writes time,
money expressions, and
temperatures. ’

Estimates and measures
angles, regions (areas),
and volume using standard

units.
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Does simple arithmetic
mentally (e.g., recognizes
complements of 100, multi-
plies and divides by
powers of ten).

Adds,
plies

Adds, subtracts, multi-
plies and divides
fractions and integers.

subtracts, multi-

Uses ratios to compare
quantities and character-

istics of physical objects.

Solves ratio, proportion,
and percent problems.

Uses algebraic techniques
and describes their re-
lationship to the proper-
ties of real numbers.

@ Estimates and measures

angles, regions (areas:
and volume using standurd
units, including the
metric units.

Computes measurements us-
ing the four basic
operations.

Converts within metric
units.

Explains the interrela-
tionship of the metric
units.

Describes and explains
possible uses and misuses
of basic statistical
measurements.

Computes measurements of
various common plane and
solid geometric figures.

and divides decimals.




Table 4

Performance Expectations

(Grades 9-12)

Required

Electives

¢

. Calculates measures of dispersion and

Adds, subtracts, multiplies and divides
fractions and integers.

Uses algebraic techniques and describes
their relationship to the properties
of real numbers.

Computes measurements of common plane
and solid geometric figures.

Describes and explains possible uses and

misuses of basic statistical measurements|.

Calculates and interprets statistical
measurements from a set of data.

correlation of data.

Uses correct terminology in*describing
the properties of plane and solid
geometric figures.

Explains relationships of the parts
of a geometric figure and among geometrig
figures.

Performs and describes geometric
transformations. *

Describes ways that geometric properties
and relationships are organized in a
deductive system.

Graphs and analyzes polynomial, rational
exponential, and logarithmic functions,
and solves corresponding equations and
inequalities.

States or writes the probleh using the

necessary information in a concise mannef.

Solves problems by translating given sity
uations into mathematical sentences, by
breaking the problems into parts, or by
working the problem backwards.

Generalizes the solution process and
applies to similar problems.

Cin
4
0}

Uses algebraic tecnhiques and de-
scribes their relationship to the

properties of real numbers.

Calculates and interprets basic
statistical measurements from a set
of data. . ‘

Calculates measures of dispersion
and correlation of data.

Explains relaiionships of the parts
of a geometric figure and among
geometric figures.

Performs and describes geometric
transformations. *

. p- .
Describes way§ that geometric
properties and relationships are
organized in a deductive system.

Organizes geometric properties and
relationships into deductive systems.

Uses concepts from trigonometry and
analysis to graph equations and in-
equalities and discusses these from
a theorstical point of view.

States the condition of the problem,
introduces suitable notations, and
determines whether the data is
sufficient, consistent, and reasonable.

Proves mathematical statements orally
and in writing; writes alternate de-
ductive justifications (proofs).

Solves different problems using the
same mathematical model and extends
problems solved.



Table 4

Performance Expectations

Grade 3

Grade 6

Grade 8

Estimates and measures the
length, capacity, and mass
of physical objects using
standard units, including
the metric units.

Reads and writes time,
money expressions, and
temperatures.

Identifies and compares
plane and solid geometric
figures in -the environment

Sorts plane and solid geo-
metric figures according
to their observed proper-
ties.

Identifies, names and
draws various plane and
solid geometric figures.

Makes tables and graphs to
display and compare measure
ment data.

Clarifies problems by ask-
ing questions, making phy-
sical models,drawing pic-
tures, organizing a list,
or restating the problem.

Solves problems by estimat-
ing, experimenting, comput-
ing, listing, or looking
for patterns.

Demonstrates and explains
how a mathematical problem
is solved.

T
@

e Explains the interreiation-

Measures and computes mea-
surements using the four
basic operations.

ship of the metric units.

Identifies, names and
draws various plane and

solid geometric figures. |Ig

Classifies plane and solid
geometric figures into
various subsets using dif-
ferent specialized proper-
ties.

Uses correct terminology
in describing the proper-
ties of geometric figures.

Makes tables and graphs to
diplay and compare measure-
ment data.

Makes, reads, and inter-
prets simple graphs, tableﬁ.
and commonly used schedules
(e.g.,class and bus
schedules) .

Clarifies problems by mak-
ing a graph, outlining the
problems, or brainstorming
on assumptions. |

Solves problems by making
and verifying conjectures,
by organizing data into

lists, tables, figures, and
diagrams, or by listing all
possible alternatives.

Checks correctness of re-
sults and processes.

Classifies plane and solid
geometric figures into
various subsets using
different specialized
properties.

Uses correct terminology
in describing the proper-
ties of geometric figures.

Explains relationships of
the parts of a geometric
figure and relationships
among geometric figures.

Performs and describes
geometric transformations.?

Makes, reads and inter-
prets simple graphs,
tables and commonly used
schedules (e.g., class
and bus schedules).

Clarifies problems by
listing all information
given and related facts.

Solves problems by making
deductions, working
simple sample problems,
or checking assumptions.

Devises and uses alter-
nate means to solve
problems.

Geometric transformations--
operations such as turning,
sliding, and enlarging.



Table 4

Performance Expectations
(Grades 9-12)

Required : Electives

® Exhibits curiosity about mathematics by e Exhibits a curiosity about mathe-
seeking answers to questions such as matics by compiling examples of
"What is the value of algebra.' "How are how the progress of civilization
integers like whole numbers,' "Why is parallels the progress of mathematics.

i f f . ‘s A
Eig:?ggt;ci one of the great branches o ® Investigates critically the utility,
ge- limitations and beauty of
¢ Discusses objectively the value, power mathematics.

and beauty of mathematics.

e Is aware of the relationship of the
® Is aware of the lag in time historically development of mathematics to other
from the development of mathematical disciplines.
ideas to the application of them. :
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Table 4

Performance Expectations

Grade 3

Grade 6

Grade 8

Exhibits curiosity about
every new mathematical idea
and asks questions which
clarify, relate or extend
them.

Gives examples of the
value of numbers and geo-
metry in interpreting the
environment.

Is aware of the need for

numbers in record keeping
and communication to en-

hance civilization.

e Exhibits curiosity about

mathematical ideas with
questions such as ''How

(do you know)," "What
would happen if (we were
not allowed to use numbers
for 24 hours)."

Is aware of the value and
power of mathematics for
attacking quantitative and
space problems.

Is aware of the need to usJ
mathematical and measure-
ment skills and concepts
in coping with the environ-
ment to enhance
civilization.

[59S
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@ Exhibits curiosity about

mathematics by seeking
explanations of why

algorithms and formulas
work, why is that trick
or short cut correct or
how do you perform that
mental computation.

® Compiles examples of

the value, power, and
beauty of mathematics.

® Is aware of attempts to

build mathematical models
(not physical models) to
help solve real-life
problems throughout ‘the
growth of civilizatinn.
For example, the attempt
to "invent' negative
numbers.



Curriculum Guidelines K-6

The learner objectives ion the following pages are more than a grade place-
ment chart, more than statements of subject matter objectives, and more than
a list of skills and concepts. They are ddditionally procedures for accom-
plishing the four broad goals of mathematics education: 1) Develop mathe-
matical competence to function effectively in today's society; 2) Develop
understanding of the importance and relevance of mathematics historically and
in the world today; 3) Develop ability to think critically and to solve prob-
lems; and 4) Nurture intellectual curiosity and promote the desire to continue
learning. If the Comments/Activities opposite the Learner Objectives are
followed, they become experiences that promote in some way all four of the major
goals for learning mathematics.

Learner objectives are displayed by grade level. For each grade learner
objectives have been classified under three major divisions of content: Numbers

~and Operations, Geometry, and Measurement.

Each learner objective is associated with one grade. This does not mean
that the mathematical content associated with it is always introduced there for
every student. Effective experiences over an extended period of time are necessary
for any student to reach a suitable level of competence for each objective.

The language used indicates the student as ''doing something.” In some cases
words such as adds, writes, checks, compares, and so on identifies rs ther care-
fully what the student should be able to do. In other cases words such as in-
vestigating, searches for, devises own way, and interprets indicate experimenta-
tion and decision-making. Such language is included to foster problem-solving.
By referring to the section on problem solving (page 15), you will note that the

behaviors associated with the different stages of problem solving are suggested
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by the language used in stating the learner objectives. |

Initial introduction of symbolism is generally indicated. The delay in
using formal symbolism is shown, for example, with fractions introduced in
kindergarten and their symbols found first in gfade 2.

Comments/Activities serve two purposes: To clarify the meaning of the
learner objective and to give examples of experiences for students not always
found in texts.

The Comments/Activities in many cases provide a basis for lesscrs which
help students learn to communicate, learn how tq attack problems, and learn to
reason with numbers and geometric concepts.

Many of the problem-solving behaviors noted on page 15 are incorporated here.
Teachers are encouraged to have students experiment, organize ..ta, make and

check guesses, communicate their understanding of problems and procedures, and

SO on.




KINDERGART

Learner Objectives

Is curious abtout everything new
and asks questions which clarify,
relate, or extend ideas.

EN

Comments/Activities,

The natural curiosity of students can
be fostered by welcoming all questions,
praising good questions more than
answers, and serving as a model by
wondering and questioning in as many
situations as possible: "I wonder
what would happen if...?'" "Do you
suppose this has anything to do with..
"I wonder how...?" ''What if...?"

"I wonder why...?"

NUMBERS AND OPERATIONS

(ARITHMET

Whole Numbers

~-Comparison
Searches for sets that have
as many as a given set,
fewer than or morce than a
given set.

--Number Names
Writes numbers 0r9

Arraunges sets of objects so
that each new set has one
more or one less member than
another set.

--Addition and Subtraction
Uses addition and correspond-
ing subtraction facts through
sums of 5.

Fractions
Investigates separating a whole
object into two equal parts
to produce halves
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Ic)

Have students form pairs as they
perform the daily activities. They
match students to see wnich table has
the most (or fewest).

Students are arranged in a set. By
matching they find a set with one more
or one less. They progress to using
objects and later locating pictures
which illustrate the ideas.

Facts are first illustrated with a set
of 2 students joining a set of 3. .
Students report the results of their
experiments orally with no written
record at this time.

Have students cut common cbjects

(e.g., fruit, jello, bread) in half.
Extend the activity to geometric
figures such as squares, ciicles, and
rectangles. Have students Jetermine if
they actually have equal picces.



Learner Objectives

Comments/Activities

GEOMETRY

Geometric Figures
Searches the environment for
examples of basic geometric
figures such as line segments,
rectangles, triangles, circles,
spheres, cylinders, cubes, and
cones.

Have students prepare a bulletin board
display of examples located, tell the
class of those seen at home and point
out 'as many examples as possible in
the classroom.

MEASUREMENT

Time
Recognizes relative times of
events.

Describes happenings of events
using the words early, late,
later, before, after, etc.

Monez

Uses up to five pennies to
purchase item.

i
Temperature

Describes temperature using
relative terms: hot, hotter,
warm, warmer, cold, and colder.

Mass
Compares two objects using words
such as heavier, lighter, and
same as.

Length
Investigates the height or length

of two or more objects to deter-
mine which is longer (or shorter).

Investigates the length of two or
more pictured ohjects by careful
observation.
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Students might tell, for example,
about school in the morning, play in
the afternoon, to the beach sesterday.
and tomorrow is Wednesday.

Students might discuss, for example,
"we went to the beach earlier today
than yesterday,'" "a nap after lunch,"
"TV before bed."

Have. students act as clerk and purchaser
at a class store with each checking to
determine that the correct amount has
been paid.

Students might describe to the class:
"My soft drink was colder than the water
in the »cean.'" "It is warmer in the

day tim. than at night."

With one opbject in each hand students
compare their masses. They report to
the class, '"The book is heavier than
the tablet.'" Other objects that could
be used are odd-shaped beads, clay, or
candies.

Some students may handle or move objects
to compare them; others may observe and
make a guess. Have students discuss the
advantages of each method.

Encourage students to invent ways to
improve on their observations.

b
e




Learner Objectives

Ordering

Observes and orders up to three
objects.

Patterning

Recognizes and develops simple
patterns involving manipulative
objects

Comments/Activities

Students should be encouraged to choose
their criteris for ordering. They may
choose w¢ight, area, capacity, width,
ctc.

Students can use beads, blocks, and
other objects to first copy a glven
pattern and then crecate their own.



lL.earner Objectives

Is curious about everything new

GRADE 1

and asks questions which clarify,

relate, or extend ideas.

Comments Activitics

The natural curiosity of students can
be fostered by welcoming all questions,
praising good questions morc than
answers, and serving as a model by
wondering and questioning in as many
situations as possible: "I wonder what
would happen if...?" ''Do you supposc
this has anything to do with...?"

"I wonder how...?" '"What if...?" "I
wonder why...?"

NUMBERS AND OFERATIONS
(ARITHMETIC)

Whole Numbers

--Comparison

Uses ''greater than' and 'less
than'" to compare all numbers
up to 10 and for multiples of
10 to 100. (Do not use '"'>"
and ''<'' at this time.)

--Counting

Observes, verbalizes, and
continues patterns in counting
by ones, twos, fives, and tens
to 100.

--Names and Place Value

Displays, reads, and writes the
number of tens and ones in any
numeral up to 99.

Reads, writes, and uses the
terms ''first, second,
third, ... tenth."

N
AN

Students could use rulers, number linecs,
and beam balances as aids.

As they count using a hundreds board
students make observations such as
"When I count by fives the numbers
end in 0 or 5 (have 0 or 5 in ones
place).

Have students arrange sets of tens and
ones in place value charts, with bean
sticks or bottle caps in plastic bags
and write the corresponding numeral.
They reverse the process by observing

a number and showing its represcntation
with objects.

Have students use ordinal numbers
throughout the day during routine

activities. They verbalize "I'm
first- in line." "I'm tenth from the
front."



Learner Objectives

--Addition and Subtraction
Relates addition and sub-
traction.

Uses addition and corresponding
subtraction facts through sums
of 10.

Verifies the order and zero
property for addition.

Uses relational thinking to
discover or rediscover facts.

a
Add three numbers (horizontal
or column format) with sums of
10 or less.

Fractions
Recognizes and identifies halves,
thirds, and fourths of objects
and regions.

Comments/Activities

Students might tell stories such as
"I have 5 cents and I must have 8
cents. How muchk do I need?" They

write 8 - 5 = and think '"what do
I add to 5 to get 8?" This idea reduces
memorization of facts. ¢

Extensive use of physical objects to
illustrate addition as joining sets
and subtraction as removing a subset
is essential with students writing
records of their experiments.

Students know this before they come to
school: '"Our family of 3 joins our
neighbor's family of 2. They are the
same number if the neighbor's 2 joins
our 3." Have students describe or
make up similar situations.

Describe to the class how you 'think"
answers. "I know 4 + 4 = 8 so I know

4 +5=9," "I know 8 -4 =4 so 8 -5
is one less or 3." Have students share
with others how they '"think' answers.
Ask students what other sentences they
can easily find if you give them the
sentence 6 + 4 = 10, etc.

Have students describe how they obtain
answers. Some may count, others may
have discovered they can add in any
order, etc, :

Students might cut or fold to contrast
two equal parts and two unequal parts.
They might color figures in as many
different ways as -

possible =0 that (e.g. )
one-fourth or

one-half is colored.

GEOMETRY

Congruence, Similarity, and Symmetry
Points out similar, congruent,
and symmetric objects (plane and
solid) in the environment.
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Have students collect objects such as
a small and a large heart (valentine)
to show similar objects. They show
two new pencils as congruent objects
and fold paper objects to determine
symmetry,

18



MEASUREMENT

'

lLearner Objectives

Time
Tells time to the nearest hour
and % hour.

Shows awareness of relative
movement of the hands on a
clock.

Monex

Makes change for a quarter
using pennies and dimes.

L

Temperature

Describes changes on a
thermometer.

Mass
Uses a balance scale to weigh
objects to the nearest gram.

Length

Measures length using non-
standard units.

Measures length using rulers
marked in centimeters.

'

Area
Compares regions in the environment
using relative terms such as small,
smaller, smallest, large, larger,
and largest.

'

Comments/Activities

Have students tell time as an integral
part of classroom activities. They
position the hands of the clock and
tell the class the time shown.

Have students actually move the hands
on a clock and explain what happens.
"The big hand goes around once and the
little hand moves from one number to
the next."

Have students use only pennies and
dimes at first to relate making change
to the idea of place value. Later
include nickels. Have students search
for all ways to make change for a
quarter.

Have students take turns reading the
daily temperature and reporting to the
class. They keep track of indoor and
outdoor temperatures for a week.

Have students look at scales and tell

how much objects weigh. Later they guess
the weight of an object and check their
guess using the scale. ‘

Students could measure a stick using
their pencils. Discuss why students
have different measures. Have a contest
to see who can find the most different
ways to tell the length of an cdject.

Be sure that students use the language
"about ___ centimeters long" to build
the idea of the approximate nature of
measurement.

For example, a student might say ''the
grassy part is larger than the sidewalk."



Learner Objectives

Volume
Investigates which container holds

more {or less).

Graphin
Makes a bar graph to display and
assimilate data.
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Comments/Activities

’

Have students fill and pour contents of
different containers to discover which
"holds more." Some might arrange the
containers according to how much they
hold. Have students verify the arrange-
ments.

Write the months January through December
on the floor. Then have students pile
their boxes on their birthday month.




GRADE 2

Learner Objectives .

Is curious about everything new and
asks questions which clarify, relate,
or extend ideas. '

Comments/Activities

'The natural curiosity of students can

be fostered by welcoming all questions,
praising good questions more than answers,
and serving as a model by wondering and
questioning in as many situations as

possible: "I wonder what would happen
if...?" 'Do you suppose this has any-
thing to do with...?" '"I wonder how...?"

"What if...?" "I wonder why...?"

NUMBERS AND OPERATIONS
(ARITHMETIC)

Whole Numbers
--Comparison
Orders numbers to 100.

-~Counting
Extends counting to at least
by threes and fours to 100.

~--Names and Place Value
Investigates the meaning of
3-digit numerals by showing the
number of hundreds, tens, and
ones. Also reads and writes
3-digit numerals.

Reads, writes, and orally
states number names through
""twenty."

Reads, writes, and uses the
terms "eleventh, twelfth,
twentieth."

Recognizes and writes different
expressions for the same number.

--Number Properties
Discovers special arrangements
of objects for even and odd
numbers.

o '-46

Have students group as tens and ones to
compare two numbers. Later they verbaliize
"I know 82 is greater than 79 because
it has more tens.' )

Have students ti . : x'#r tags on the
hundreds board to show counting by threes
or fours.

Have students show the meaning of smaller
3-digit numerals with grouped materials.
Later they generalize 256 as 2 hundreds,
5 tens, and 6 ones and 256 = 200 + 50 + 6.

Students can take turns taking juice,
milk, or lunch counts and recording
the numbers.

Have students count and record names
and positions of fellow studertsand find
out who was twentieth, first, etc.

Have a contest. Who can write the most
names for 6 in one minute? This is a
good activity at the beginning of a
period.

Have students attempt to make geometric
shapes such as rectangles and triangles
using a particular number of objects.
Have them share with the class what they
observe about the number (even or odd)
of objects and the shapes they can make.

_531



Learner Objectives

--Addition and Subtraction
Pictures addition and sub-
traction on a number line.

Checks addition by subtracting
and subtraction by adding.

Discovers and then memorizes
addition and subtraction facts
through sums of 18.

Adds three or more numbers
with sums of 18 or less.

‘

Groups materials and records
results for addition and sub-
traction with carrying and
borrowing for two digit numbers,
then performs the algorithm
without the use of objects.

Discovers ianswers forEE% in
sentences such as 5 + = 7,
5 -0 =2,or[]J-3=5
using concrete materials.

Recognizes that zero is the
identity for addition and the
corresponding subtraction fact.
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Comments/Activities

Have students investigate ways to step
off 5 + 3 = 8 with a number line on
the floor. Encourage them to invent
ways to label a number line to show

20 + 50.

Students could dq this by using sets of
objects, For example, a student might
start with a set of 6 and join it to

a set of 4 and write 6 + 4 = 10. Next,
he/she removes a set of 4 and notes

he/she has the original set of 6 and writes
10 - 4 = 6. Students could also argue
thus: "I know 6 + 8 = 14 because

14 - 8 =6."

Use joining of sets as needed. Have
students tell how they can rediscover
forgotten facts. '"10 + 8 = 18 so

9 +8=17." "To add 8 + 5 I do

10 + 3." "To do 15 -7, I think what
added to 7 is 15."" "To find 14 - 8,

I subtract 4 and then 4 again to get 6."

Encourage students to invent ways to add
columns and describe them to the clas:Z.

7 7 7w 7

2 =9 222 S0

3 3 3 3

R R
16 6 - 16

For early instruction the students write
the algorithm as a record of their
experiments with materials. Crutches
may be used in the algorithm.

For 5 + [:] = 7 students should think

"I have 5. I must add something to it
to get 7.!' They experiment to find 2

is the only 'solution. Try 5 + [ ] =4
with the class. In mathematics, "It
can't be done'" is often a correct answer.

The word identity is not introduced at
this time. The important idea is that
0 added to or subtracted from a number
equals that number.

[
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Learner Objectives Comments/Activities

' Verbalizes the idea of the Technical vocabulary is learned over a
terms: addends, sums, and period of time. Use short practice
related subtraction terms. periods with questions such as, '"What

are the addends in 7 - 4 = 3? '"How do
you know 5 and 3 are addends in 8 - 5 = 3?"

--Multiplication and Division

Makes smaller groups, each Have students think of division first

with the same number of objects as equal sharing. They share six pieces

from a larger group of objects. of candy with a friend by saying, "One
for you, one for me..." and find three

in each pile. "

Discovers the relationship Have students arrange objects such as
of multiplication to addition. shown and give four interpretations:
two 3's are six, 3 twos
are 6, twos 1in 6 are 3, XXX
and threes in 6 are 2. XXX
Gives examples of order Students might show, for example,
property for multiplication. that xxxxx is twn fives and if rotated
XXX
is five twos XX
XX
N XX
' : XX
. XX
Understands and uses multipli- The early language of 6 twos are 12 is
cation facts through products of replaced by 6 times 2 is 12 and x and
25. = are used. Encourage students to ask

other students '"Show me why 3 x 4 = 12."
A variety of answers should be discussed:
pictures, counting by ones, counting by
fours, etc. :

‘ Fractions
Recognizes and identifies halves, Students could cut regions and write
thirds, and fourths of objects, 1/2, 1/3, or 1/4 on the parts to show
regions, and set of objects. equal parts of the whole. Students
’ should cut some wholes into 4 pieces,
some being unequal, and tell why each
part is not labeled 1/4.
GEOMETRY
Sorts plane and solid objects and Have students establish their own criteria
figures by observing similarities - for sorting. Some possibilities are,
and differences in their properties. "Has five sides,'" '"Has no straight sides."
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Learner Objectives
--Congruence
Devises ways to determine
figures of the same size and
shape.

Comments/Activities

Have students search for congruent
figures in the classroom. Also

one student forms a figure on the
geoboard; another student forms one
congruent to it.

MEASUREMENT

Time
Reads and writes time expressions
for hours and minutes.

Names the days of the week and
months of the year.

Makes time schedules for specific
activities.

Monez

Names and writes the value of coins
through one doliar.

Uses symbols for cent and dollar.

TemEerature

Reads, interprets, and records
temperature shown on a thermometer
using the degree symbol.

Mass
Estimates and then uses a balance
scales to weigh objects to the
nearest kilogram.

Length
Estimates and measures (using

ruler and meter sticks) to the
nearest meter and decimeter.

Q - 49

Have the students keep a record of
how they spent the morning, recording
the times for starting each new activity.

Have students keep the classroom calendar
and announce to the class, '"Today is

Tuesday, November 5. "

Have students keep a record of times for
various classroom activities.

Have one student display a collection
of coins and a partner write the value.

Have students list the cost of common
commodities like milk, juice, lunch, candy,
and Star War cards in two different ways:
cents and dollars.

Students can read and record temperature
at different times of day. Encourage
and assist students in organizing data.

Have students find objects that weigh

one kilogram. Objects from the classroom
might be a number of books, a can of sand
or a stack of paper. They weigh each
after estimating.

e Have students locate objects in the
classroom that are about one decimeter
in length. Do the same outdoors for
one meter.

e Historical tidbits such as, '"'The meter
unit was once defined as one ten-millionth
of the distance from the equator to the
North Pole,' may help to foster student
curiosity and appreciation for the
history of mathematics.

>4



Learner Objectives Comments/Activities

' Uses body rarts as illustratious Have students determine what part of a
of linear units and as a means of certain fingernail is about 1 centimeter
visualizing the length of objects. long or what part of the foot is about

i 1 decimeter.

rea
Compares the region of two 'luve students invent their own ways of
geometric figures stating whether comparing. First they compare by physically
one is larger than, smaller than, placing one figure on top of the other.
or the same size as another. Later when they find objects that can't
be moved they compare a tracing of one
to the other.
Volume
Investigates to discover the Have students compare the amount of
relationship between a liter and liquid that a deciliter and liter
a deciliter. ‘ container hold by filling one with water
and then pouring it into the other. Ask,
""How many times dc you have to do this?"
"What part of the larger is the smaller
container?"
Estimutes, measures, and records Have students collect a variety of 1

to the nearest liter and deciliter. liter containers to show that size
is not always an indicator of the

volume it can hold.

Graphin
Interprets data given in bar Display a bar graph in which the number
graphs. of letters in each student's name 1is

shown; have the students interpret this
bar graph and from it make a table.
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GRADE 3

’ Learner Objectives Comments/Activities
Is curious about everything new The natural curiosity of students can
and asks questions which clarify, be fostered by welcoming all questions,
relate, or extend ideas. praising good questions more than

answers, and serving as a model by
wondering and questioning in as many
situations as possible: "I wonder what
would happen if...?'" '"Do yc¢u suppose
this has anything to do with...?" "I
wonder how...?" ‘'"What if...?" "I
wonder why...?"

NUMBERS AND OPERATIONS

(ARITHMETIC)
Whole Numbers
--Comparison
Orders numbers to 1,000. Have students discuss a variety of
ways to order numbers. ''Which comes
first when I count: 79, 57, or 387
If I think about place value, I can
tell."
--Counting
Counts numbers less than 1,000 Have students look for patterns. Ask,
by hundreds, tens, fives, fours, "If a number has a O in the ones place
threes, twos, and ones. is it in counting by 10? by 5?7 by 27

--Names and Place Value
Reads, writes and orally naies Have students find large numbers in

numerals through 1,000 and newspapers and magazines; have them
identifies the place value of read the numbers and state the placc
each digit. . value of the digits.

Rcads and writes Roman numerals You may have students make a clock face
through ten. with Roman numerals and hunt for places
where thosc numerals are used.

Uses ordinal and cardinai ® Have students count a set of playthings.
numbers. . Then have the students order them in
terms of their preferences.

e Have a monitor record the order of
students arriving to class.

--Addition and Subtraction
Adds and subtracts two 3-digit For most students even at this stage

nunbers with regrouping. of development the use of physical
materials is necessary before they
verbalize the procedures and cven-

tually practice a skill.




Learner Objectives

Adds three addends each of three
digits or less.

Explores ways of adding and
subtracting without paper and
pencil.

--Multiplication and Division

Pictures multiplication an<
division on a number line.

Understands and uses the
relationship of multiplication
and division.

Groups three factors in any
order and finds all products
the same.

Relates multiplication to
addition and division to
subtraction.

Uses basic multiplication facts
and corresponding divisicn facts
through products of 81.

Multiplies with one factor less
than 100 and the other factor
less than 10.

- 52

Comments/Activities

Have students scarch their environment

for examples of the use of column addition;
for example, total score for a team

during four quarters of football crv :otal
attendance at school given number present
in each room.

Encourage students to describe ways they
use to find sums and differences mentally.

The intuitive language, 6 twos, provides
students with a basis for a number line
picture.

0 12

Similarly 12 ¢+ 2 as twos in 12 give a
mental picture of what to draw.

Students might describe the picture at
the right as showing 2 x 5, XXXXX
5x2, 10 £ 2, and 10 = 5. ¢ XXXXX
Have students check their

division by multiplying.

Encourage students to experiment to
find the easiest way to find the
results for a multiplication such
as 2 x 87 x 5.

Students might tell stories about equal
sharing. For example, "There are eight
pieces of candy and each student gets

two pieces. How many students can have
candy? Two for the first student, so

8 - 2 :u, two for the second, so 6 - 2 = 4,
etc.

Many students need ‘individual help with
these facts. Have students discuss with
each other ways to reduce memorization
such as "9 sevens = 7 nines'" or "6
sevens are 42 so sevens in 42 are 6."

Students should discover various ways
to find, for example, 3 x 21. They
may use place value charts or money;
they may add or use expanded algorithms
prior to writing in the shortcut form.
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Learner Objectives

Divides with 1-digit divisors
and 1 or 2-digit quoticnts.

Fractions
Recognizes and identifies two-
thircs and three-fourths of objects,
regions, and sets of objects.

Reads and writes fractions with
denominators 2, 3, 4, 5, and 10 for
equal parts of objects, rcgions,
and sets.

Uses words '"nmumerator'' and
‘‘denominator'’ correctly.

--Addition and Subtraction
Represents fractions with the
same denominators in pictures
or with objects, manipulates
pictures or objects to find
sums and differences.

Comments/Activities

Students should first use place value
charts to perform 35 : 3 reading it
"36 into 3 equal parts.' Later they
subtract one 3 at a time and then
subtract multiples of 3.

Students using physical matcrials show
two-thirds as two of threc cqual parts
of 1. Later they find two of three
equal parts of sets.

By actually making equal regions, or
parts of an object, students learn
the mecaning of the fraction symbol.

Plan short lessons to review the
technical vocabulary. Use a variety of
questions. "Which fraction has the
smallest numerator: 6/7 or 5/27"
"Write a fraction with a dcnominator

of 5."

Hlave students manipulate objects then use
symbols to recoid results. Later they
write, for example, "2 cighths + 3
eighths = 5 eighths."

GEOMETRY

Geometric Figures
" Names and draws basic geomctrlc
figures {planc and solid) including
points, lines, planes, parallel and
intersecting lines.

Geometric Propertics
Investigates the propertics of
lines, re .angles, triangles,
and circles.

~--Symmetry
Investigates line symmetry.

Have students locate many examples_qf
geometric figures. Names such as X%
for line AB is not introduced at this
time.

Stud-nts might discover, for cxample,
that the diameters of a circle always
contain its center, that only onc
linc passes through two points but

many lines pass through onc point, ctc.

Have students guess if figures have line
symmetry. Have them verify their guess--
papzr folding or mirrors could be used.
Students could also sort figures using
the number of line symmetries ns criteria.

29



Learner Objectives Comments/Activities

--Congruence ‘
Draws figures of the same shape Students could work in pairs with one
and size. . drawing a figure and the other trying
to make a copy of it. Questionable copies
should be verified by the students.
Placing one figure on top of the other
is one possible way to verify.

Terminology

Understands the terms: angle, sides On the overhead projector demonstrate the

corners, radius, diameter, parallel, meaning of diameter by placing an object

and diagonals. (e.g., straw, stick) in various positions
in a drawn circle.

Angles
Locates examples of angles, forms Encourage students to use readily available
angles, and tests for right objects to test for right angles. For
angles. example, the corner of a card.
MEASUREMENT
Time
Tells and writes time to the Set the hands of a clock in various
nearest minute. positions. Students write the time
shown and tell how they determined ‘

their answers.

Describes a year in terms of months Have students make a table of the names
and number of days. of the month and number of days per month.
Have students tell, "How many months in
a year? two years? etc. How many days
in a year? two years? etc."

Mone
Regas and writes money expressions. Using a catalogue or newspaper, have
Lo students tell how much each of their
favorite items cost.

Makes change through one dollar. Have students find all ways to make
change if given a dollar for an 84 cents
purchase.

Counts a collection of coins and Have students, given an amount such as

bills and records the amount using $2.53, show it with the fewest bills

dollar sign and decimal point. and coins.
Temperature

Describes the readings on the Have students observe when and how the

thermometer for boiling and thermometer reading changes in boiling

freezing points of water. water and in ice cubes. Then have them
describe or draw two pictures: one.for ’

a reading of boiling point and one for
freezing point.




Learner Objectives Comments/Activities

Mass
Investigates to discover the e Have students guess and verify with
relationship between a gram and a a dictionary the meaning of "kilo."
kilogram.
® Have students compare different masses
by using a balance beam.
Length
Finds the perimeter of plane Students could identify the meaning of
objects, pictures, and plane length one on the geoboard and then find
geometric figures. as many figures as possible with a perimeter
of 6 units. Have them repeat for
different units. (Note that it is not
possible to show with perimeters of
5, 7, or 9.)
Area
Explores the meaning of area. Ask students to determine how large a
certain region is by selecting their
own unit. For example, students may
choose their hand, circular objects,
rectangular objects, etc.
Volume
‘ Estimates, measures, and records Have students guess the capacity of various
to the nearest centiliter and containers, e.g., milk cartons, eye
milliliter. droppers, can of soup, perfume bottle,

’ straw, teaspoon. Then have them measure
and record to the nearest centiliter or
milliliter.

Forms figurcs with unit cubes and Provide students with a supply of unit

tells the volume of each. cubes. Have them make structures and
describe the voluae as 5 cubes, 6 cubes,
etc. Have students make all possible
structures using a particular number of
cubes, e.g., 6 cubes.

Investigates the relationship of Have students find out by using water

capacity units and volume units. or sand how many liters one cubic

' decimeter holds.

Graphing
Collects, records data, and draws A variety of data might be collected. For
graphs. example, height, number in each ethnic

group, types of cars that arc parked or
go by in 15 minutes.
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GRADE 4

' Learner Objectives Comments/Activities
Is curious about everything new The natural curiosity of students can
and asks questions which clarify, be fostered by welcoming all questions,
relate, or extend ideas. praising good questions more than

answers, and serving as a model by
wondering and questioning in as many
situations as possible: 'I wonder

what would happen if...?'"" '"Do you
suppose this has anything to do with...?'
"I wonder how...?" ‘"What if...?" "I
wonder why...?"

NUMBERS AND OPERATIONS

(ARITHMETIC)
Whole Numbers
--Comparison
Orders numbers to 100,000. Have students explain to the class how

they decide on the order of two numbers.

~

--Names and Place Value
Reads, writes, and orally names Have students search newspaper and

numerals to 100,000 and identi- magazines for examples of large numbers
fies the place value of each and have them tell the class the
digit. meaning of each digit in their example.

Reads and writes Roman numerals
to 25. *

--Rounding

Rounds to the nearest thousand. Have students explain how they round.
One effective aid (in most cases) is
shown on the right for
rounding 1243 to the
nearest thousand. A
pencil is placed over 2000
the tens and ones. Ther 1243
12 is closer to ten than 1000
20. Thus the answer is

1,000.
--Addition and Subtraction
Shows proficiency in adding and
subtracting whole numbers.
Estimates sums and unknown ad- - For example, the sum of 36 and 53 is
dends by rounding or by per- estimated by rounding 36 to 40 and 53

forming two steps. to 50, then adding 40 and 50.

--Multiplication and Division
Estimates products by rounding. Discuss with the students the reasons for
rounding, e.g., to avoid bizarre mistakes.
Also discuss why of several satisfactory
estimates one might be considered the best.
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Multiplies with 2-digit multi-
pliers. .

Multiplies numbers by multiples
of 10 and 100.

Divides with one-digit divisor
and quotient three digits or
less.

Checks @ multiplication by division
and a division by multiplication.

Fractions
Reads and writes common and mixed
fractions.

Uses mixed numbers in various
concrete situations.

For fractions and mixed numbers
draws conclusion about order.

Finds equivalent fractions in a
variety of ways.

While less concrete representation is

used for these examples understanding is
still emphasized. Have students think for
13 x 42 "I need 13 forty-twos. I'll find
10 forty-twos plus 3 foriy-twos."

Students could think of multiples 10 and
100 as multiples of ten cents or one
dollar.

¢ Some students will still profit from
physical representation using blocks
or place value charts. For 468 + 2
they separate 4 hundreds, then 6 tens,
and then 8 ones into two equal parts.

® Have students determine how many bags
of mangoes were sold in a day if 369
mangoes were sold and each bag holds
9 mangoes. Provide problem solving
help by suggesting drawing a figure,
acting it out, using physical models,
making a table, etc.

Have students make oral statements about
simpler divisions in order to check. For
14 :+ 3 they say 4 threes plus 2 should
equal 14. As numbers become larger they
make similar statements.

While students are learning to operate
with symbols physical representation
must be continued. With circles and
sectors of circles, for example, the
meaning of 2 3/4 as 2 + 3/4 is readily
illustrated.

Situations may include giving measurements
of various objects, describing observations,

and making diagrams.

Students could shade bars to show 1/2,
1/3, 1/4, etc. and from these decide which
is larger. The number line is also an
effective aid.

For example, students might investigate
through drawing diagrams, paper-folding,
cutting paper or solids, or recognizing
and using number properties.

G2



Learner Objectives

--Addition and Subtraction
Adds and subtracts fractions
having like denominators.

Decimals
Reads and writes decimals involv-
ing tenths.

--Addition and Subtraction

Adds and subtracts two or more

decimals expressed in tenths
and hundredths.

Comments/Activities

First have students illustrate these
operations with objects and pictures
emphasizing why numerators are added
and why the denominators are not.

Have students use place value charts

as they study the place value of decimals
and relate meanings to those learned with
whole numbers. They also relate decimals
and fractions.

Be sure students see addition and subtraction
of decimals as an extension of those operations

with whole numbers.

GEOMETRY

Geometric Solids
Investigates the properties of
common geometric solidssuch as
cubes, spheres, and cylinders.

Geometric Properties
--Symmetry

From a set of geometric figures

chooses those with symmetry.

Finds ways of recognizing
symmetry where it cannot be
drawn or objects folded.

--Congruence

Sort geometric figures into sets

of congruent ones.

--Similarity
Sorts geometric figures into
sets of similar ones.

Have students count the number of flat
or curved faces, number of edges and
vertices of various solids.

Where possible students should fold

figures to determine a line of symmetry.

If this is impossible they should make

a paper model of the figure to try folding.

For example, intersection of two streets
and the human body.

If the problem involves pictures, have
students compare figures by making paper
models from tissue paper to compare for
congruence.

Have students form a figure similar to
a given one on the gecboard. Help them
discover that a triangle similar to
another has sides twice as long, three
times as long, etc.
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MEASUREMENT

Learner Objectives

Time
Chooses appropriate units of
time from seconds to centuries
to describe certain events.

States different units of time
in relation to each other.

Compares measurements of time.

Money
Makes change through five dollars.

Uses operations of addition and
subtraction involving money expres-
sions.

Temperature

Compares readings on different
types and sizes of thermometers.

Makes observations about temper-
atures using Celsius units.

Mass
Estimates mass of various objects
and verifies them.

- 59

Comments/Activities

Have students make up problem such

as '"Which unit(s) of time would you
use to describe the winning time for
the marathon? the time to fly from
Honolulu to Kauai? the time from the
discovery of the Hawaiian Islands
until now?"

Students may prepare a bulletin“board
display to show relationships of time.
In addition to 60 minutes = 1 hour,
they may also write 1 minute = 1/60
hour.

® If the race started at 2:35 p.m.
and ended at 3:15 p.m. on the
same day, how long was the race?

e Have students decide which is
longer: a 2-hour movie or a
90 minute movie; a 3-week trip or
a 20 day trip.

Students can take turns buying and
selling with a $5.00 bill and the
appropriate change of play money.

Students could use a real menu to
to figure out a bill for a lunch order.

Using a Celsius thermometer have students
read the temperature at various hours

of the day, in various amounts of

shade, in water of varying warmth, and

so on.

Students, as they estimate the mass
of objects, should keep a record so
it can be compared to the correct
mass from reading a scale.



Learner Objectives

Demonstrates knowledge of when
to use certain units of mass
such as gram, kilogram, and
milligram.

Length

Devises own shortcuts for finding
perimeters of special figures such

as rectangles and regular polygons.

Uses addition in finding perimeters

of polygons.

Makes guesses about known distances

in kilometers and finds ways to
check them out.

Area
Finds areas of regions by using
different types of grids.

Volume
Investigates to discover the
relationship of capacity units
{e.g., liter, milliliter) to
mass units (e.g., kilogram, gram).

Graphing

Makes a line graph to display
and assimilate <ata.

Comments/Activities

A student would not use, for example,
a kilogram to weigh a stick of gum.

@

Guide students to discover by examin-
ing perimeters of different polygons
that counting can be replaced by
addition to find the perimeter of

"any polygon and by multiplication

for regular polygons.

Students may first measure the lengths
of sides of polygons. The idea of
adding to find perimeters is more
evident if they place the sides of
the polygon end to end on a line.

Have students suggest a variety of

ways to check guessed distances such

as odometer on an automobile or a
pedometer. If no mechanical device

is available they may measure a step and
find "5 steps is ahbout 3 meters. "Using
this they may check shorter distances.

If graph paper with squares of varying
length of sides is not available

have students use a square length 1

as a unit area, a square side 2 as a
unit area and so on.

By holding or using a beam balance,
have students use equal capacity
containers to compare capacity and
mass of materials of differant
densities.

A variety of data might be used
including weather reports, sports
scores, personal, class, and school
data.
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"GRADE 5

Learner Objectives

Is curious about everything new
and asks questions which clarify,
relate, or extend ideas.

Comments/Activities

The natural curiosity of students
can be fostered by welcoming all
questions, praising good questions
more than answers, and serving as

a model by wondering and questioning
in as many situations as possible:
"I wonder what would happen if...?"
"Do you suppose this has anything

to do with...?" "I wonder how...?"
"What if...?" "I wonder why...?"

NUMBERS AND OPERATIONS
(ARITHMETIC)

Whole Numbers

--Names and Place Value
Reads, writes, and orally names
numerals to 1,000,000 and
identifies the place value of
each digit.

Reads and writes Romxzi numerals
to 100.

~-Rounding
Rounds to the nearest hundred-
thousand.

--Number Properties
Investigates the characteristics
of prime and composite numbers
- and classifies numbers less than
50 as prime or composite
(or neither).

vesiigates multiples and factors
of a number; and expresses a number
.as a multiple of some number, and
expresses a number as a product of
factors.

Determines common multiples and
common factors of two numbers.
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(W)

Have students explain how they decide
the correct oral description of the
place value of a digit. For numerals
such as 2,700,000 use also the com-
monly used form, 2.7 million.

Have students decode a secret message
written in arabic numerals, with a
code of Roman numerals matched with
alphabetical letters.

Locate large numbers in newspapers.
Students are more likely to see the
need for rounding such numbers.
why 2 hundred thousand from 217,649
rounded is easier to '"think about."

Have students write all the factors
of various numbers (up to 50).

Have them partition the numbers into
subsets. "Those with one factor,"
"Those with two factors,'" etc.

Multiples and factors are often
confused. Have reviews for 5 minutes
using questions such as, "A multiple
of 67" '"How do you know?" "A factor
of 127" '"How do you know?"

Have students study the multiplication
table and make lists of multiples.

Discuss



--Addition, Subtraction, Multipli-
cation, and Division

Finds the product of all whole Students could work with multiplication
numbers. magic squares.
Finds averagés. Provide many opportunities for students

to gather data and find averages, €.8.,
test scores, height, handful of

marbles.
Checks a division by multiply- Have student suggest various forms for
ing and adding. recording the check. For 13 r4 some

may like the horizontal 6) 82
form 82 = (13 x 6) +4.' Others may prefer

a vertical form: 13
x 6
78
+ 4
82
Shows why division by 0 is For 5 + 0 some students might try to
meaningless. show by asking the question, 'How

many 0's in 57" Some may try sub-
traction. Others may try to relate

5=:0-= to 5 =0 X
Divides by two-digit divisors Have students first solve everyday
and expresses the quotient as problems using concrete materials.
a mixed number. , For example, "How many pieces of

candy for each of 12 students if
they share equally? How many if
there are fourteen people?'

Understands and uses the inverse The word inverse is not used at this '

relation of multiplication and time. The important idea, for example,
division to solve equations is that multiplying by 1/2 gives the
having unknown factors. same result as dividing by 2.

--Number Properties
Searches for common multiples Have students use a multiplication
of two or more numbers. table or write sets of multiples of

the numbers:
multiples of 6: 6, 12, 18, (24, 30

multiples of 8: 8, 16, (29, 32

Fractions
Investigates ways to express Have students use objects, pictures,
fractions in lowest terms. mental calculation and dividing for
a number of fractions to decide which
method(s) may be most effective for
certain fractions.
Orders fractions from least to Have students use pictures and/or
greatest using '<'" and ">." the number line to investigate the
order of fractions.
- 62 {37,




Learner Objectives

Compares mixed numbers.

Expresses fractions as decimals
to hundredths.

--Multiplication and -Division
Demonstrates with .»ictures or
objects the multiplication of
mixed numbers and fractions by a
whole number.

Decimals

--Comparison
Orders and compares decimals
using "<'" and '*>." '

--Names and Place Value
Reads, writes, and gives the
place value of any digit through
ten-thousandths.

--Rounding
Rounds decimals to the nearest
tenth, nearest whole number,
nearest hundredths, or near-
est thousandths.

--Multiplication and Division
Multiplies decimals.

Divides decimals with two-
digit divisors.

’ Ratio
Uses ratio for comparisons of
numbers and physical quantities.

Comments/Activities

Have students use pictures and the
number line to make comparisons.
Some students might find other more
sophisticated ways to compare.

Relate both the fraction and the decimal
to the same picture and/or number line.

Using recipes that call for mixed and
fractional number amounts of ingredients,
have students draw or measure out the
amount of ingredients needed to make
twice., three times, etc. the recipe.

Students could compare regions using
graph paper.

Have students orally give place values.
Avoid reading "2.1" as '"two point on¢’’
but rather state as "two and one-tecnf:.'
Guide students to see the similaritics
and differences in the decimal and
whole number place values.

Round could be related to money
situations and/or to metric measure-
ments. For example, rounding 2.84

to the nearest tenth becomes finding
$2.84 to the nearest dime and rounding
3.956 to the closest hundredth could
be measuring to the closest centimeter.

Rectangular regions with decimal
dimensions could be used to relate
the algorithm to a physical model.

e Have students find out how much one
dozen eggs costs if it costs $1.50
for a tray of 30 eggs.

® Ask students how to find the gas
mileage if you drove 97.9 miles and
used 12 gallons of gas.

Have students, using a piece of string,
measure around the base of their thumbs,
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Learner Objecctives

ways o’
to a given

Searches for and finds
obtaining ratios equal
ratio.

Devises own table to display cqual
ratios.

Expresscs and responds to ratios in
various written and verbal forms.

Comments/Activities

wrist, necks, and waists. Have students
look for relutionships in those measure-
ments. Discuss other mathematical
rclationships in naturec.

For cxample, =cudents might usc their
knowledge ol equal fractions.

For the string activity mentioned above,
have students makc a table of ratios
of various parts of the body.

For example, "2 t¢ = ' '"2/3,'" '"two-
thirds," '"2 out of 3."

GEOMETRY

Geometric Solids
Studies many cubes, devises own
way of making a copy, tries it
out, and modifies after examining
result.

Polygons

Compares number of sides, angles,
and diagonals of polygons.

Sorts poiygons by observing
similarities and differences in
their propertics, describes com-
mon features of figures in each
class using different classifica-
tions.

Coordinates
Locates points on a grid for an
ordered pair of numbers and
connects points to draw a
geomctric figure.
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Matcrials may be sclected by students
and may include clay, styrofoam, paper,
cardboard, sticks, straws, etc.

Students could use a geoboard or

dot paper to make figurcs and show
all diagonals. Have them explore to
complete a table,

Number of sides of polygon 3 4 5
Number of diagonals from one
corner 12

Have students investigate why a car-
penter in checking a rectangular
frame measures the diagonals.

Have students list many ways to sort,
such as number of sides, number of
diagonals, number of lines of symmctry,
number of angies gccater than 90°,

ctc.

Provide students with a grid with
objects 1°'he a horse, a surfboard,
a tent, ctc. located at lattice
points. Have students describe how
to reach the objcct by going to the
right and up only. '

o

9
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MEASUREMENT

Learner Objectives

Tine
Computes with numbers which have
been derived from different
measurements of time.

Money

Uses operations of multiplication
and division involving money
expressions.

Temperature

Makes observations about temper-
atures using Fahrenheit and Celsuis
thermometers.

Mass
Estimates weights of animals, pcople,
and other heavier objects; suggest
ways of verifying them and verifics
them.

Length

Locates distances and/or objects in
the environment that have lengths
about a kilometer, a mecter, a
decimeter, and a centimeter.

Mcasures to the nearest millimeter.

Comments/Activities

Have students detcrmine how many
years it has been since Moses led
the Israelites from Egypt to Canaan
in 1200 B.C.

® Using newspaper or catalogues,
have students find the unit cost
of bulk items or the cost of -
buying the same toy for each of
7 friends.

e Have students find out how much
each student would receive if
each shared equally their earnings
for chores completed if they
collected a total of 9 dollars,
19 quarters, 23 dimes, and 62 nickels.

Havc students match given situations
with appropriate temperature, e.g.,
boiling =< 100° C

Students may be given a set of five
objects. They first arrange them

in order from heaviest to lightest
and then estimate the weight of ecach.

A walk with the students will help
establish approximately how great a
distance a kilometer :s.

Students could compile on the bulletin

. brard objects measured in millimeters,

tocave items in the environment
identified by millimeters (35 mm film),

“‘and grow plants and measure their

Area

Finds morc cfficient ways to
determinc arecas of regions.

Volume

Experiments to find ways to

detemine the volume of a prism.

heights at regular intervals.

For cxample, notes symmetry, usecs
disecction.

Students might count cubes needed to
"£ill" a prism and uncover short cuts
suck as adding or multiplying.
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Learner Objectives

Graphing

Interprets data given in a line
graph.

Finds actual dimensions of a

room and its content and actual
distances between known locations
from scale drawings.

Angles

Measures angles with non-standard
units,
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Comments/Activities

Have students make a line graph
showing hourly temperatures;
interpret risc around room.

Have students read local and state
maps .

Have students choose arbitrary units
to measure with and discuss criteria
for the choice of units.
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GRADE 6

Learner Objcctives

Is curious about cverything new and
asks questions which clarify, reclate,
or cxtend idecas.

srrreany

SIBERS AN OFERS
(ARTTHIETTC)

Whole Numbers

--Names and Place Value
Reads, writes. and orally
states numerals to 100,000,000
and identifies the place value
of cach digit.

Recads and writes Roman numerals
and explains the additive and
subtractive principles.

--Rounding
Rounds to the ncarest million.

~-Number Propertics
Investigutes tests for divisi-
bility by 2, 3, 4, 5, and 10.
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Comments/Activitics

The natural curiosity of students
can hc fostered by welcoming all
questions, praising good questions
morc than answers, and serving as

a model by wondering and questionii:
in as many situations as possible:
"I wonder what would happen if...?"
Do you supposc this has anything

to do with...?" "I wonder how...?"
“What if...?" "I wonder why...?"

TIONE

. By counting or ecstimating. have

students determine the number of
letters on a page of a local news-
paper. Then estimate the number of
pages it will take to get 100,000,000
letters and lay out that number of
pages on the floor or board.

Using matchsticks or toothpicks,
have students make up cquations
consisting of Roman numcrals

and the plus and minus signs, c.g.
VI + T1T = IX. Then have them
correct equations that can he
corrected by moving exactly onc
of the sticks, c.g., T - 1T = 1
changed to 1 = 1] - TI.

Have students look up populations
of cach stute and round to the
nearest million.

lHave students list observations about
divisibility. For divisibility by 2
they sce '"has 0, 2, 4, 6, or 8 in
oncs place,'" "only multiples of 2 are
divisible by 2,'" "if divisible by 4,
it is divisible by 2,'" and so on.



Learner Objectives

Expresscs numbers as a product
of prime factors.

--Division
Uses the division algorithm
in finding the quotient of all
wholec numbers.

By rounding, cstimatcs
quotients.

Fractions
Explores to detcrmine when two

fractions arc cqual.

Uses division to cxpress a
fraction as a decimal.

--Addition and Subtraction
Adds and subtracts commonly
used fractions and mixcd
numbers with unlike denominators.

--Multiplication
Demonstrates with pictures the
multiplication of commonly usecd
fractions.

Comments/Activities

Encourage students to experiment to
find various ways to express numbers
as a product of primes and to tell
advantages and disadvantages of each.
Have them make a 1list of numbers that
cannot be expressed as a product

of primes.

Recognize the huge variation in
ability to perform division. Some
students continue to use some form

of the '"ladder' algorithm whilc others
usc short division quickly with all
one-digit divisors. :

In general, too little time is spent
on cstimation. Have students work

in groups and decide ways to estimate.
For 23 J427 they may think, '"23's in
427. So 20's in 100 is 5. Now 20's
in 4 hundred is 4 x 5.

\

lHave students first check for equality
of two, fractions by examining objects
and pictures, looking at rulecs and
studying a number line. Next have
them try multiplying numerator and
denominator of one by the same number.

These should be limited to tcerminating
decimals, and repcatine decimals
should be rounded off.

At first have students use pictures
to avoid silly mistakes. For mixed
numbers have students estimate the
answer by adding or subtracting only
the whole numbers.

For 1/2 x 1/4 have students fold a
paper into 4 equal parts. They shade
1/4 of the paper. They fold the
paper in half. They darken 1/2 of
the shaded part.

N | | \




Learner Objectives

Decimals

--Names and Place Value
Reads, writes, and gives the
place value of any digit
through millionth.

--Rounding

Rounds decimals to the necarest

hundred-thousandths.

Estimates before performing
the basic operations.

Computes with scientific
notation.

Uses division to express a
fraction as a decimal.

Ratio
Uses knowledge of equal fraction
to determine equal ratios.

Percent
Understands that percent is a
special ratio, namely 1 to 100
and may be symbollzed as 1/100,
.01, or 1%.

Comments/Activities

Have students make and study place

value charts through the millionths.
Provide them with the widths of some
tiny objects, e.g., water molecule=
.00000001 inch, and let them read

the number without use of the charts.
Then read some numbers to the millionths,
and have the students write them out.

Discuss who and when one might round
to the nearest hundred-thousandths.

Be sure the students apprec1ate why
this is done. .

Discuss the advantages of such notation,
e.g., writing large numbers on a test
tube.

Have students first express fractions
as decimals without dividing, e.g.,
1/2 = 5/10 = .5. Students list
fractions that can be expressed as
decimals easily in this way and
those that cannot.

Have students draw and interpret pictures.
For 2/3 = 4/6 they may say 4 out 6 .
are shaded. Two out of 3 of these’ _EE}GI@

shaded. The same amount is
shaded in each case.

Ask students how % and 100 are alike.
If may help in understanding percent

as hundredths. Have students interpret
newspaper reports: "60% of party went
swimming' means if 100 present then

60 went swimning.

GEOMETRY

Polygons
Classifies polygons in various
subsets using different
specialized properties.

E.g., rectangles may be classified
as parallelograms.



Learner Objectives Comments/Activities

Classifies and names triangles. Have students suggest how they might
classify triangles. Accept all usahle
criteria, e.g., number of lines of

symmetry.
Angles
Classifies angles as acute, right Draw a figure. Have students name
obtuse, straight, or round. and classify each angle as obtuse,
right, or acute.
Construction
Uses a compass. Have students draw circles and arcs
to complete a design. They color
region to make a picture.
Copies a given line segment. e Given three segments, a ruler,
and a compass, have students
investigate how to construct a
triangle.
e Optical illusions! Have students
.copy one of two equal line segments
on tracing paper, then place it
over the other to see that they
have the same length.
N e
-~ ~N
//
Bisects a given line segment. Students could bisect the sides of
a triangle and discover geometric
relationships.
MEASUREMENT
Time
Recognizes time zones and reads Have students pretend their friends
time schedules. live in different places on the

mainland. Then, using the time zone
map in the phone book, have students
determine what time it is at their
friend's in Tulsa, Oklahoma, etc.
Extend by asking them at what time
they should call to make sure their
friend wasn't sleeping.

- 70 - 75




Learner Objectives Comments/Activities

‘ Monez

Relates coins and dollars to For example, 5¢ = 0.05
decimals.

Relates coins to parts of a For example, 25¢ = 14 of a dollar.
dollar.

Calculates average cost. For the average cos' f two items
have students first find the number

half way between. Have students
search for situations where average
is important (batting average, grades,
etc.).

Have group of students decide way's
to estimate and get exact answer
mentally. For 57¢ + 83¢ + 24¢ they
may add dimes getting 15. Then add
cents getting 14. Then add 15 dimes
and 14 cents for $1.64.

Estimates the total cost of
several items.

Temperature

Recognizes the variability in Have students maintain a graph of
‘ temperature within a period of temperatures at 10 o'clock each
days, months, etc. and identifies school day. For each week/montu
the range in temperatures within have them identify range and account
a period of time. for variability, e.g., storm, change
of season.

Mass
Understands the relationship Have students weigh a liter of water.
of mass units to capacity units. Discuss why it may not weigh exactly

one kilogram.

Length and Area
Investigates the possible rectangles A piece of striang or a geoboard could

that can be formed with a fixed be used. Students should be encouraged
perimeter. to arrange their data in a table:
e.g., Perimeter = 8 cm

Possible rectangles: 3 cm X 1 c¢cm
2 cmx 2 cm

Investigates the possible number Have students explore using unit squares.
of different perimeters that can They find, for example, with area 4
be formed with a fixed area. perimeters of 8, 10, 12, and 16 are

possible (on a geoboard).

Determines experimentally the Avoid introducing m and formulas at
relationship between circumference this time. Understanding that the
’ and diameter. circumference of any circle is about
three times its diameter is sufficient

here.




Learner Objectives

Area
Experiments to find ways to
determine the surface area of a

rectangular prism.

For a given situation appropriately
finds length, area, or volume.

Volume
Investigates efficient ways to

determine the volume of a
rectangular prism.

GraEhig&

Collects and records data and
draws a line graph.

Angles

Estimates and measures angles
using a full turn as the
standard unit.

Comments/Activities

Initially have students use rectangular
prisms composed of unit cubes so the
surface area is in easily countable
units. Possible ways that students

may discover to find the surface area
include counting, counting and adding,
counting and multiplying.

Have students use a calculator to
determine the difference between the
edges of two cubes given their volume
and the difference of the sides of
two squares given their areas.

Short cuts such as adding or multiplying
are possible. Students should verify
their short cuts by counting unit

cubes.

Realistic data from situations known
to the students should be used.

Initially have students work with
full, half, three-quarters, and
quarter turns. -
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Learner Objectives Related to Performance Expectations

Performance Expectations

Numbers and Gperations: ® Uses whole numbers and commonly used fractions
(e.g., %, %) to communicate physical quantities.
(How many, how much, etc.)

® Recalls the addition and subtraction facts through
sums of 18.

® Adds and subtracts 3-digit numbers with re-grouping
(carrying and borrowing).

e Recalls the multiplication and divisicr facts through
products of 81.

e Multiplies 2-digit numbers by 1-digit numbers without
re-grouping.

® Multiplies 2-digit numbers by 1-digit numbers with
re-grouping.

e Divides 2-digit numbers by 1-digit numbers with
and without remainders.

o Estimates measurements and does arithmetic mentally.

e Clarifies problems by asking questions, making
physical models, drawing pictures, organizing a
list, or restating the problem.

® Solves problems by estimating, experimenting,
computing, listing or looking for patterns.

e Demonstrates and explains how a mathematical
problem is solved.

® Is aware of the need for numbers in record keeping
and communication to enhance civilization.

Learner Objectives

Kindergarten Grade 1
Whole Numbers Whole Numbers
~--Comparison --Comparison
Searches for sets that have as many Uses ''greater than'" and '"'less
as a given set, fewer than or more than'" to compare all numbers
than a given set. up to 10 and for multiples of
. 10 to 100. (Do not use '"»"
--Number Names and "€ at this time.)
Writes numbers 0-9.
--Counting
Arranges sets of objects so that each Observes, verbalizes, and
new set has one more or one less continues patterns in counting
member than another set. by ones, twos, fives, and tens
to 100.
--Addition and Subtraction :
Uses addition and corresponding --Names and Place Value
subtraction facts through sums of 5. Displays, reads, and writes
_ the number of tens and ones
Fractions in any numeral up to 99.
Investigates separating a whole
object into two equal parts to Reads, writes, and uses the
produce halves. terms ""first, second, third,
...tenth."

!7& )



Learner Objectives Related to Performance Expectations

Performance Expectations

Numbers and Operations: e Uses whole numbers and commonly used fractions
(e.g., %, %) to communicate physical quantities.
(How many, how much, etc.)

® Recalls the addition and subtraction facts through
sums of 18.

¢ Adds and subtracts 3-digit numbers with re-grouping
(carrying and borrowing).

¢ Recalls the multiplication and division facts through
products of 381.

e Muitiplies 2-digit numbers by 1-digit numbers without
re-grouping.

e Multiplies 2-digit numbers by 1-digit numbers with
re-grouping.

@ Divides 2-digit numbers by l-digit numbers with
and without remainders.

e Estimates measurements and does arithmetic mentally.

o Clarifies problems by asking questions, making
physical models, drawing pictures, organizing a
list, or restating the problem.

o Solves problems by estimating, experimenting,
computing, listing or looking for patterns.

¢ Demonstrates and explains how a mathematical
problem is solved.

® Is aware of the need for numbers in record keeping
and communication to enhance civilization.

Learner Objectives

Grade 2 v Grade 3
Whole Numbers " Whole Numbers
--Comparison --Comparison
Orders numbers to 100. Orders numbers to 1,000.
-+« Counting --Counting
Extends counting to at least by Counts numbers less than 1,000
threes and fours to 100. by hundreds, tens, fives, fours,

threes, twos, and ones.
--iJames and Place Value

Investigates the meaning of --Names and Place Value
3-digit numerals by showiang Reads, writes, and orally names
the number of hundreds, tens, numerals through 1,000 and
and ones. Also reads and writes identifies the place value of
3-digit numerals. each digit.
Reads, writes, and orally states Reads and writes Poman numerals
number names through 'twenty." through ten.
Reads, writes, and uses the terms Uses ordinal and cardinal numbers.
"eleventh, twelfth, ...twentieth."

- 75 -




Learner Objectives

Kindergarten E Grade 1

--Addition and Subtraction
Relates addition and subtraction.

Uses addition and corresponding
subtraction facts through sums
of 10.

Verifies the order and zero
property for addition.

Uses relational thinking to
discover cor rediscover facts.

Adds three numbers (horizontal or
column format) with sums of 10 or less.

Fractions

Recognizes and identifies halves, thirds,
and fourths of objects and regions,
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Learner Objectives

Grade 2

Grade 3

Recognizes and writes different
expressions for the same number.

--Number Properties

Discovers special arrangements of
objects for even and odd numbers.

--Addition and Subtraction

Pictures addition and subtraction

on a number line.

Checks addition by subtracting
and subtraction by adding.

Discovers and then memorizes
addition and subtraction facts
through sums of 18.

Adds three or more numbers with
sums of 18 or less.

Groups materials and records
results for addition and sub-
traction with carrying and
borrowing for two digit numbers,
then performs the algorithm
without the use of objects.

Discovers answers for /7 in
sentences such as 5 + [/ = 7,
5-/[7=2,0or [J-3=5

using concrete materials.

Recognizes that zero is the
identity for addition and

the corresponding subtraction
fact.

Verbalizes the idea of the terms:

addends, sums, and related
subtraction terms.

--Multiplication and Division

Makes smaller groups, each with
the same number of objects from
a larger group of objects.

Discovers the relationship of

" multiplication to addition.

9

B - 77

2

--Addition and Subtraction

Adds and subtracts two 3-digit
numbers with regrouping.

Adds three addends each of
three digits or less.

Explores ways of adding and
subtracting without paper
and pencil.

--Multiplication and Division

Pictures multiplication and
division on a number line.

Understands and uses the
relationship of multiplication
and division.

Groups three factors in any
order and finds all products
the same.

Relates multiplication to
addition and division to
subtraction.

Uses basic multiplication

facts and corresponding
division facts through products
of 81.

Multiplies with one factor less
than 100 and the other factor
less than 10.

Divides with 1-digit divisors
and 1 or 2-digit quotients.

Fractions

Recognizes and identifies two-
thirds and three-fourths of
objects, regions, and sets of
objects.

Reads and writes fractions
with denominators 2, 3, 4, 5,
and 10 for equal parts of
objects, regions, and sets.



Learner Objectives

Kindergarten Grade 1

o

. -
~

- 78 -




Learner Objectives

Grade 2 Grade 3

Gives examples of order property Uses words 'numerator" and

for multiplir- " "~n. "denominator' correctly.

Understands ' us:s multiplication --Additicn and Subtraction I

facts throug Jcts of 25. Represents fractions with e
same denominators in pict? ;4

Fractions or with objects to find S
Recognizes and identifies halves, and differences.

thirds, and fourths of objects,
regions, and set of objects.

%
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Learner Objectives Related to Performance Expectations

Performance Expectations

Measurement: o

Uses appropriate language e.g., greater than, less than, and

equal to in comparing temperatures, masses (weights), lengths,
regions (areas), quantities, and times of events.

e Tells time to the nearest minute, makes change through one
dollar, and takes temperatures to the nearest degree Celsius.

@ Estimates and measures the length, capacity, and wmass (weight)
of physical objects using non-standard units. v

e Estimates andmeasures the length, capacity, and mass of physical
objects using standard units, includinig the metric units.

e Reads and writes time, money expressions, and temperatures.

e Makes tables and graphs to display and compare measurement data.

e C(larifies problems by asking questions, making physical models
drawing pictures, organizing a list, or restating the problem.

e Solves problems by estimating, experimenting, computing, listing,
or looking for patterns.

e Demonstrates and explains how a mathematical problem is solved.

Learner Objectives

Grade 2 Grade 3
Time Time
Reads and writes time expressions Tells and writes time to the nearest
for hours and minutes. minute.

Names the days of the week and
months of the year.

Makes time schedules for specific
activities.

Money
Names and writes the value of
coins through one dollar.

Uses symbols for cent and dollar.

Temperature
Reads, interprets, and records
temperature shown on a thermo-
meter using the degree symbol.

Mass
Estimates and then uses a balance

scale to weigh objects to the
nearest kilogram.

Length
Estimates and measures (using
ruler and meter sticks) to the
nearest meter and decimeter.

- 81 -

Describes a year in terms of months
and number of days.

Monez

Reads and writes money expressions.
Makes change through one dollar.

Counts a collection of coins and bills
and records the amount using dollar
sign and decimal point.

TemEerature

Describes the readings on the thermo-
meter for boiling and freezing
points of water.

Mass
Investigates to discover the relation-
ship between a gram and a kilogram.

Length
Finds the perimeter of plane objects,
pictures, and plane geometric figures.

Area
Explores the meaning of area.

'6



Learner Objectives

Kindergarten Grade 1
Ordering Volume
Observes and orders up to three Investigates which container
objects. : holds more (or 1less).
~ Patterning Graphing

Recognizes and develops simple
patterns involving manipulative
objects.

- 82 -

Makes a bar graph to display
and assimilate data.

<7
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Learner Objectives

Grade 2 Grade 3
Uses body parts as illustrations Volume
of linear units and as a means Estimates, measures and records
of visualizing the ilength of to the nearest centiliter and
objects. milliliter.

Area Forms figures with unit cubes
Compares the region of two and tells the volume of each.
geometric figures stating
whether one is larger than, Investigates the relationship
smaller than, or the same size of capacity units and volume
as another. units.

Volume Graphing
Investigates to discover the Collects, records data, and
relationship between a liter draws a bar graph.

and a deciliter.

Estimates, measures, and
records to the nearest liter
and deciliter.

Graphing

Interprets data given in bar
graphs.




Learner Objectives Related to Performance Expectations

Performance Expectations

Geometry: e Identifies and compares plane and solid geometric figures in

the environment.

e Sorts plane and solid geometric figures according to their
observed properties.

e Identifies, names and draws various plane and geometric figures.

® Gives examples of the value of numbers and geometry in intew-
preting the environment.

e Clarifies problems by asking questions, making physical models,
drawing pictures, organizing a list, or restating the problem.

e Solves problems by estimating, experlmentlng, -computing,
listing or looking for patterns. :

e Demonstrates and explains how a mathematical problem is solved.

Learner Objectives

Kindergarten ) Grade 1
Geometric Figures Congruence, Similarity, and
Searches the environment for examples Symmetry
of basic geometric figures such as Points out similar, congruent,
line segments, rectangles, triangles, and symmetric objects (plane
circles, spheres, .cylinders, cubes, and solid) in the environment.
and cones.

-84 -




Learner uhjectives Related to Performance Expectations

Performance Expectations

Identifies and compares plane and solid geometric figures in

the environment.

e Sorts plane and solid geometric figures according to their
observed properties. '

e Identifies, names and draws various plane and geometric figures.

e Gives examples of the value of numbers and geometry in interpreting
the environment.

e Clarifies problems by asking questions, making physical models,
drawing pictures, organizing a list, or restating the problem.

® Solves problems by estimating, experimenting, computing,
listing or looking for patterns.

¢ Demonstrates and explains how a mathematical problem is solved.

Geometry:

Learner Objectives

Grade 2 Grade 3
Sorts plane and solid objects and figures Geometric Figures
by observing similarities and differences Names and draws basic geometric
in their properties. figures (plane and solid)

including points, lines, planes,

--Congruence : parallel and intersecting lines.
Devises ways to determine figures of
the same size and shape. Geometric Properties

Investigates the properties of
lines, rectangles, triangles,
and circles.

--Symmetry -
Investigates line symmetry.
A
--Congruence
Draws figures of the same shape
and size.

Terminology

Understands the terms: angle,
sides, corners, radius, diameter,
parallel, and diagonals.

Angles

Locates examples of angles, forms
angles, and tests for right angles.

-8 - 39n




Learner Objectives Related to Performance Expectations

Performance Expectations

Numbers and Operations: e Uses whole numbers, decimals, and fractions to
communicate physical quantities.

e Adds and subtracts whole numbers; multiplies any
whole number by a 2-digit number; and divides any
vwhole number by a 1-digit number.

® Adds and subtracts like-denominator fractions and
commonly used decinals.

e Multiplies and divides decimals.

® Estimates measurements and does arithmetic mentally.

o Uses ratios to compare quantities and characteristics
of physical ohjects.

® Adds and subtracts commonly used fractions (mixed
and common) with unlike denominators.

e Multiplies and divides mixed and common fractions.

e Solves simple ratio, proportion and percent problems.

® Is aware of the need to use mathematical skills and
concepts in coping with the environment to enhance
civilization.

@ Clarifies problems by asking questions, making physical
models drawing pictures, organizing a list, cor restating
the problem.

e Solves problems by estimating, experimenting, computing,
listing or looking for patterns.

® Demonstrates and explains how a mathematical problem is

solved.

Learner Objectives

Grade 5

Grade 4 Grade 6

Whole Numbers
--Names and Place Value

Whole Numbers

Whole Numbers v
--Names and Place Value

--Comparison

Orders numbers to 100,000.

--Mames and Place Value
Reads, writes, and orally
names numerals to 100,000
and identifies the place
value of each digit.

Reads and writes Roman
numerals to 25.

--Rounding
Rounds to the nearest
thousand.

--Addition and Subtraction
Shows proficiency in
adding and subtracting
whole numbers.

Estimates sums and
unknown addends by
rounding or by performing
two steps,

Reads, writes, and
orally names numerals
to 1,000,000 and
identifies the flace
value of each digit.

Reads and writes
Roman numerals to
100. )

~--Rounding
Rounds to the nearest
hundreu-thousand.

--Number Properties
Investigates the
characteristics of
prime and composite
numbers less than 50
as prime or composite
(or neither).

- 86 -
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Reads, writes and
orally states
numerals to
100,000,000 and
identifies the
place value of
each digit.

Reads and writes
Roman numerals and
explains the
additive and sub-
tractive principles.

~-Rounding

Rounds to the
nearest million.

--Number Properties

Investigates tests
for divisibility
by 2, 3, 4, 5, and
10.



Learner Objectives

Grade 4

Grade 5

Crade 6

--Multiplication and Division

Estimates products by
rounding.

Multiplies with 2-digit
multipliers.

Multiplies numbers bv
multiples of 10 and 100.

Divides w -h cne-digit
divisor an: quotient
threce digits or less.

Checks a multiplication
by division and a

division by multiplication.

Fractions

Reads and writes common
and mixed fractions.

Uses mixed numbers in
various concrete
situations.

For fractions and mixed
nnumbers draws conclusion
about order.

Finds equivalent fractions
in a variety of ways.

--Addition and Subtraction

Adds and subtracts
fractions having like
denominators.

Decimals

Reads and writes decimals
involving tenths.

--Addition and Subtraction

O

ERIC

Aruitoxt provided by Eic:

Adds and subtracts two or
more decimals expressed
in tenths and hundredths.

Investigates multiples
and factors of a number;
and expresses a number
as a multiple of some
number, and expresses a
number as a product of
factors.

Determines common
multiples and common
factors of two numbers.

--Addition, Subtraction,
Multiplication, and
Division

Finds the product of
all whole numbers.

Finds averages.

Checks a division by
multiplying and adding.

Shows why division by 0
is meaningless.

Divides by two-digit
divisors and expresses
the quotient as a mixed
number.

Understands and uses the
inverse relation of
multipiication and divi-
sion to solve equations
having unknown factors.

--Number Properties
Searches for common
multiples of two or more
numbers.

Fractions
Investigates ways to
express fractions in
lowest terms.

Orders fructions from
least to greatest using
II(H and |l>.ll

Compares mixed numbers.

Expresses fractions as
decimals to hundreths.

‘92- 87 -

Expresses numbers as
a product of prime
factors.

--Division
Uses the division
algorithm in finding
the quotient of all
whole numbers.

By rounding, estimates
quotients.

Fractions

Explores to determine

when two fractions
are equal.

Uses division to
exp.ess a fraction
as a decimal.

--Addition and Subraction
Adds and subtracts
commonly used fractions
and mixed numbers with
unlike denominators.

--Multiplication
Demonstrates with
pictures the multi-
plication of commonly
used fractions.

Decimals

--Names and Place Value
Reads, writes, and
gives the place value
of any digit through
millionth.

--Rounding
Rounds decimals to the
nearest hundred-
thousandths.

Jstimates before
performing the
basic operations.

Computes with scien-
tific notation.



Learner Objectives

Grade 4 Grade 5 Grade 6

--ifultiplication and Uses division to express
Civision a fraction as a decimal.

Demonstrates with
pictures or Ratio
objects the multi- Uses knowledge of equal
plication of mixed fraction to determine
numbers and equal ratios.
fractions by a

whole number. Percent
’ Understands that

Decimals percent is a special

--Comparison’ - ratio, namely 1 to 100
Orders and and may be symbolized
compares decimals as 1/100, .01, or 1%.

using " " and
1" 1t

--Names and Place
Value
Reads, writes,
and gives the
place value of
any digit through
ten-thousandths.

--Rounding
Rounds decimals to
the nearest tenth,
nearest whole number,
nearest hundredths,
or nearest thousandths.

--Multiplication and
Division
Multiplies decimals.

Divides decimals with
two-digit divisors.

Ratic
Uses ratio for compari-
sons of numbers and
physical quantities.

Searches for and finds
ways of obtaining ratios
equal to a given ratio.

Devises own table to
display equal ratios.

Expresses and responds to
ratios in various written

and verbal forms.
43
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Learner Objectives Related to Performance Expectations

Performance Expectations

Measurement: e Estimates and measures length, capacity, and mass (weight) of

physical objects using standard units including the metric units.

® Reads and writes time, money expressions, and temperatures.

e Estimates and measures angles, regions (areas), and volume using
standard units, including the metric units.

e Measures and computes measuresments using the four basic operations.

e Explains the interrelationship of the metric units.

® Makes tables and graphs to display and compare measurement data.

e Makes, reads, and interprets simple graphs, tables and commonly
used schedules (e.g., class and bus schedules).

e C(larifies problems by making a graph, outlining the problems, or

assumptions,

e Solves problems vy making and verifying conjectures, by organizing
data into lists, tables, figures, and diagrams, or by listing
all possible alternatives.

o Checks correctness of results and processes.

Learner Objectives

Grade 4

Grade 5

Grade 6

Time

Chooses appropriate units
of time from seconds to
centuries to describe
certain events.

States different units
of time in relation to
each other.

Compares measurements of time.

Monez

Makes change through five
dollars.

Uses operations of addition
and subtraction involving
money expressions.

Temperature

Compares readings on different

types and sizes of thermometers.

Makes observations about
temperatures using Celsius
units.

Time
Computes with numbers
which have been
derived from different
measurements of time.

Money

Uses operations of
multiplication and
division involving
money expressions.

TemEerature

Makes observations
about temperatures

" using Fahrenheit
and Celsius thermo-
meters.

Mass
Estimates weights of
animals, people, and
other heavier objects;
suggests ways of
verifying them and
verifies them.

94
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Time
Recognizes time
zones and reads
time schedules.

Money

Relates coins
and dollars to
decimals.

Relates coins to
parts of a dollar.

Calculates average
cost.

Estimates the total
cost of several
items.

Temperature

Recognizes the
variability in
temperature within
a period of days,
months, etc. and
identifies the
range in tempera-
tures within a
period of time.



Learner Objectives

Grade 4

Grade 5

Grade 6

Mass

Estimates mass of various
objects and verifies
them.

Demonstrates knowledge of
when to use certain units
of mass such‘as gram,
kilogram, and milligram.

Length

Devises own shortcuts’
for finding perimeters of
special figures such as
rectangles and regular
polygons.

Uses addition in .finding
perimeters of polygons.

Makes guesses_ about known
istances in

Area
Finds areas of regions

by using different types
of grids.

Volume

Investigates to discover
the relationship of
capacity units (e.g.,
liter, milliliter) to
mass units (e.g., kilo-
gram, gram).

Graphing

Makes a line graph to
display and assimilate
data.

i kilometers and
inds ways to check them out.

Length

Locates distances and/or

objects in the environ-
ment that have lengths
‘about a kilometer, a
meter, a decimeter, and
a centimeter.

Measures to the nearest
millimeter.

Area .
Finds more efficient
ways to determine areas
of regions.

Volume

" Experiments to find
ways to determine the
volume of a prism.

Graphing
Irterprets data given
in a line graph.

Finds actual dimensions
of a room and its
content and actual
distances between known
locations from scale
drawings.

Angles
Measures angles with
non-standard units.
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Mass
Understands the
relationship of
mass units to
capacity units.

Length and Area
Investigates the
possible rectangles
that can be formed
with a fixed peri-
meter.

Investigates the
possible number

of different peri-
meters that can be
formed with a fixed
area.

Determines experi-
mentally the
relationship between
circumference and
diameter.

Area

Experiments to find
ways to determine
the surface area of
a rectangular prism.

For a given situation
appropriately finds
length, area or
volume.

Volume
Investigates effi-
cient ways to
determine the volume
of a rectangular
prism.

Graphing

Collects and records
data and draws a
line graph.

Angles
Estimates and
measures angles
using a full turn
as the standard

unit.



Learner Objectives Related to Performance Expectations

Performance Expectations

Identifies, names, and draws various plane and solid geometric

figures.

@ Classifies plane and solid geometric figures into various subsets
using different specialized properties.

® Uses correct terminology in describing the properties of geometric

figures.

® Is aware of the value and power of mathematics for attacking
quantitative and space problems.

e Clarifies problems by making a graph, outlining the problems,
or brainstorming on assumptions.

e Solves problems by making and verifying conjectures, by organlzlng
data into lists, tables, figures, and diagrams, or by listing all
possible alternatives.

e Checks correctness of results and processes.

Geometry:

Learner Objectives

Grade 4 Grade 5 Grade 6
- k)

Geometric Solids Geometric .Solids Polygons

Investigates the properties Studies many cubes, Classifies polygons

of common geometric solids devises own way of in various subsets

such as cubes, spheres, and making a copy, tries using different

cylinders. it out, and modifies specialized properties.

.. after examining

Geometric Properties result. Classifies and
~~Symmetry names triangles.

From a set of geometric Polygons o

figures chooses those Compares numbe~ of Angles

with symmetry. sides, angles, and Classifies angles such

) diagonals of poly- as acute, right, obtuse,

Finds ways of recognizing gons. straight, or round.

symmetry where it cannot :

be drawn or obiscts folded. Sorts polygons by Construction

observing similari- Uses a compass,

--Congruence ties and differences

Sorts geometric flgures in their properties, Copies a given line

into sets of congruent describes common segment.

ones. features of figures

in each class using Bisects a given line

--Similarity different classifi- segment.

Sorts geometric figures cations.

into sets of similar ones.
Coordinates

Locates point on a
grid for an ordered
pair of numbers and
connects points to
‘draw a geometric
figure.

- 91 -

“ep




PAGES 92-156 NOT INCLUDED IN THIS PAGINATION
WHICH IS ONLY FOR GRADES K-b.




BIBLIOGRAPHY

Alpren, M. (Ed.) The subjcct curriculum: grades K-12. Columbus, Ohio:
Charles E. Merrill, 1967.

American Mathematical Society. Mathematics - its content, methods, and
meaning. Cambridge: MIT, 1955.

Association of Teachers of Mathematics. Notes on Mathematics in primary
schools, Cambridge: Cambridge University Press, 1967.

Bakst, A. Mathematics - its magic and mastery. New York: Van Nostrand, 1941.

Behavioral objectives and an assignment schedule for differential calculus.
Rurlington, Vermont: Burlington High School. (mimco)

Bchavioral objectives and an assignment schedule for integral calculus.
Burlington, Vermont: Burlington High School. (mimco)

Bell, E. T. Men of !Mathematics. New York: Simen and Schuster, 1937.

Benacerraf, P., & Putma, H. (cd.s) Philcsophy of mathematics. Englewoud
Cliffs, New .Jerscy: Prentice-Hall, 1964.

Brownell, W. A. "Proklem solving, the psychology of learning.'" pPart II
of the Forty-first Yearhook of the National Society for the Study of
Education. C(hicago: Socicty for the Studv of Education, 1942, 415-443.

Burlington High School Mathematics Department Tcaching Guide. Burlington,
Vermont: Burlinton High School, 1975. (mimeo)

Cambridge Conference on School Mathematics. Goals for .chool mathematics.
Boston: Houghton Mifflin, 1963.

Conference Board of Mathematical Sciences. Overview and analysis of school
vathematics, K-12. National Committce on Mathematics Education, 1975.

Crosley, M. Curriculum deveclopment for clement ¢/ schools in a changing

socicty. Lexington, Mass.: D.C. Heath, :504.

Curriculum guide for instruction in mathematics (K-12). St. Paul: State of
Minnesota Department of Educ~tion, 1970.

Curriculum guide - mathematics. C.,lumbus, Ohio: Franklin County Board of
Education, 1970.

Curriculum Guide, Mathematics Department, McKinley High School, 1972-1973.
Honolulu: McKinley High School, 1972.

Davis, G. Psychology of problem solving. New York: Basic Books, 1973.




Davis, R. The changing curriculum: mathematics. Washington D.C.: Association
for Supervision and Curriculum Development, NEA, 1957.

Dolciani, M. Algebra I - modern school mathematics. Bosten: Houghton Mifflin,
1970.

Earle, R. A. Tcachiry Reading and Mathematics. Reston: Natinnal Council
of Teachers of mathematics, -376.

Elements, A Framework for Mathematics, K-5, 6-8, 9-12, Dover, Delaware
State Department of Education, 1976.

Eves, H. An introduction to the history of mathematics. New York: Holt,
Rinhart and Winston, 1964.

First-Ycar Algebra via Applications cvelopment Project. Algebra through
applications with probability and statistics, student text, parts I and TI.
Chicago: University ot Chicago, 1976.

Fitzgerald, W. M. '"The role of mathematics in a comprchens.ve problem solving
curriculum in seccondary schools.' School Science and Mathematics, 1975
75, 39-47.

Greenes, C., et al. Successful problcm solving techniques. Palo Alto:
Creative Publications, 1977,

Griffiths, H. B., § Howson, A. G. Mathematics society and curricula. New York:
Cambridge University Press, 1974.

Guideslines for junior and senior high school mathematics. Charleston: West
Virginia Department of Education, 1965.

Hess, A. L. Mathematics Project Handbook, National Council of Teach-rs of
Mathematics, 1977.

Implications for mathematics ecducation in Michigan for 1980's. Michigan:
Michigan Council of Teachers of Mathematics, NACOME Study Group, 1976.

Instructional Aids in Mathematics, 34th Yearbook, National Council of Tecachers
of Mathematics, 1973,

Iowa Problem-Solving Project. Problem solving harndbook. Funded by Iowa
Department of Public Instruction, Title I[V-C, 1978.

Johnson, R. E., et al. Algehra. Reading, Mass.: Addison-Wesley, 1971.

Johnson, R. E., ef ai. Algcbra and trigonometry. Recading, Mass.: Addison-

Wesley, 1971.

Kidd, K. P., et al. The laboratory approach to mathematics. P.io Alto: SRA,
1970.

Kline, M. Mathematical thought from ancient to modern times. New York:
Oxford University Press, 1972.

- 158 - i}
L
e



Kline M. Mathematics in western culture. New York: Oxford University Press,

1953.

Kramer, E. E. The nature and growth of modern mathematics. New York: Hawthorn,
1970.

Le Blanc, J. F. '"You can teach problem solving.'" Arithmetic Teacher, 1977,
25, 16-19.

Learning of mathematics - its theory and practice, 21st yearbook. Reston,
Virginia: National Council of Teachers of Mathematics, 1953.

Math curriculum guide, grades 7-12. Corning, New York: Corning-Painted Post
Area School District, 1969.

Mathematics 9-12, volumes I and II. Austin: Texas Education Agency, 1976.

Mathematics continuum K-3. Honolulu: Hawaii State Department of Education,
1972.

Mathematics continuum 4-8. Honolulu: Hawaii State Department of Education,
1972.

Mathematics curriculum guide K-6. Honolulu: Hawaii State Department of
Education, 1968.

Mathematics framework for California public schools, kindergarten through grade
twelve. Sacramento: Ca}ifornia State Department of Education, 1974.

Mathematics Guicelines K-12. Indiana Department cf Public Instruction, 1977

Mathematics Learning in Early Childhood, 37th Yearbook, National Council of
Teachers of Mathematics, 1975.

Mathematics in Modules. Chicago: Rand McNally, 1976.

Mathematics 7-12. Louisville, Kentuchy: Jefferson County Board of Education,
1969.

Measurement in School Mathematics, 1976 Yearbook. National Counc'.l of Teachers
of Mathematics, 1976.

Nelson, D., § Kirkpartick, J. ''Problem solving.'" Mathematics Learning in Early
Childhood, 37th Yearbook. Reston, Virginia: National Council of Teachers

of Mathematics, 1975.

NIE Conference or basic mathematical skills and learning (Volume I: contributed
position papers.) Washington, D.C.: National Institure of Education, 1977.

Organizing for Mathematics Instruction, 1977 Yearbook. Reston, virginia: National
Council of Teachers of Mathematics, 1577.

Polya, G. Mathematical discovery, volumes 1 and 2. New York: Wiley, 1965.

-159-

100




Position paper on basic mathematical skills. Reston, Virginia: National (Council
of Supervisors of Mathematics, 1977.

Prcgram Demand Mcdule. Honolulu: Hawaii State Department of Education, 1976.

Rapport, S., § Wright, H. (cds.) Mathematics. New York: New York University
Press, 1963.

Report of the conference on the K-12 mathematics curriculum, Snowmass. Colorado,
June 21-24, 1973. Bloomington, Indiana: Mathematics Education Jevelopment

Center.

The revolution in school mathematics. Reston, Virginia: National Council of
Teachers of Mathematics, 1961.

The Slow Learner in Mathematics, 35th Yearbook. National Council of Tcgchers
of Mathematics, 1973.

Schaff, W. L. The High School Mathematics Library. National Council of
Teschers of Mathematics, 1976.

Smart § Rogalsky. Algebra I. Lexington, Mass.: Gin, 1974.

Smith, D. E. History of mathematics, volumes 1 and 2. New York: Dover, 1958,

Sorgenfrey § Wooton. Modern algebra and trigonometry. Boston: Houghton
Mifflin, 1973.

Specific learning objectives and an assignment schedule for statistical mathe-
matics. Burlington, Vermont: Burlington High School. (mimeo)

Struik, D. J. A concise history of mathematics. New York: Dover, 1948.

Struik, D. J. (ed.} A source book in mathematics, 1200 - 1800. Cambridge:
Harvard University Press, 1999.

Taylor, R. "What to dc about basic skills in mathematics.'" Today's Education,
March-April, 1977.

Vogeli § Moredock. Algebra two and trigonometry. Coneral Learning Corporation,
1972.

Vos, K. Problem solving organizers. Minneapolis: Vos, 1975.

Walter, M. I., & BErown, S. 'Problem posing and problem solving: Illustrations
of their interdependence.' Mathematics Teacher, 1977, 70, 4-13.

Whitehead, A. N. The Aims of Education. New York: MacMillan, 1929.

101

-160-



PAGES 161-165 '"NATIONAL COUNCIL OF TEACHERS GF MATHEMATICS
POSITION STATEMENT ON BASIC SKILLS" REMOVED DUE TO
COPYRIGHT RESTRICTIONS.

149




APPENDIX C

GUIDANCE/COUNSELING FOR BOTH COUNSELORS AND MATHEMATICS
TEACHERS AT THE SECONDARY SCHOOL LEVEL

Today, more than ever before, the study and appreciation of mathematics are
vital to the intellectual development and tu the scientific, industrial,
technological, and social progress of society. It is essential that teackers,
counselors, supervisors, educational administrators, parents, and the generai
public work together to provide the bés; mathematics education possible for all
studénts, regardless of sex, ethnic group, national origin, or ability. All
gtudents should be encouraged to keep options open by studying machematics so
as to make maximum use of their talents. Specifically, it is suggested that
students include a maximum of mathematics appropriate to their abilities and

interest in their high‘school PrOgrams.

The educational, vocational, personal-social choices and decisioné made by
seudents should lead to satisfy .g and worthwhile lives. The important members
of the guidance team in each scheol, both the school counselor aad the mathe-
matics teacher, are responsible £for helping students gain insight and under-
standing of themselves and their environment in this decision making. There-
fore, they must work cooperatively in:
‘l. Planning mathematics programs for individual students.
2. Placing studerts in mathematics courses app;opriate to thelr needs
and abilicies.
3. Anticipating developments in mathematics and fields that utilize
mathematirs.
4., Conferring with the school administration with regard to mathe-
matics course offerings.

S. Planning a mathematics program designed for a specific field.
Reprinted with permission_of the National Council of Teachers of Mathematics.
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6.

8.

Securing, evaluating, and making available to students a variety

of career publications,

Planning career-oriented activities,

Keeping students informed about:

a.

b.

Ce

secondary school and college mathematics programs
vocatioral and technical school mathematics requirements
coliege entrance requirements in mathematics

mathematics requirements for majoring in specific areas
procedures for obtaining college credit for mathematics
courses taken in high school

tareer opportunities in mathematics

mathematics needed for specific fields and professions

(January 1276)
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