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MISSION STATEMENT

The mission of the Wisconsin Research and Development Center

is to improve the quality of education by addressing the full
range of issues and problems related to individualized schooling.
Teaching, learning, and the problems of individualization are
given concurrent attention in the Center's efforts to discover
processes and develop strategies and materials for use in the
schools. The Center pursues its mission by

e conducting and synthesizing research to clarify the
processes of school-age children's learning and
development

e conducting and synthesizing research to clarify effective
approach2s to teaching students basic skills and concepts

@ developing and demonstrating improved instructional strategies,
processes, and materials for students, teachers, and school
administrators

e providing assistance to educators which helps transfer the
outcomes Gf research and development to improved practice
in local schools and teacher education institutions

The Wisconsin Research and Development Center is supported
with funds from the National Institute of Education and the
University of Wisconsin.
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Abstract

This study investigated the relationships between Piagetian logical
reasoning. abilities and an information processing capacity, and first—-grade
children's performance on verbal addition and subtraction problems; The
logical reasoning abilities of interest were number conservation, cléss in-
clusion, and transitive inference. Information processing capacity was con-
sidered to be the number of information pieces that could be simultaneously
processed iﬁ working memory and was measured by backward digit span. The
arithmetic problems varied systematically in semantic structure, number size,
and availability of objects to aid the solution process.

Statistically significant differences between the developmental groups
were fouqd for some of the cognitive variables on some prcblem types, but
no clearvpattern emerged to suggest that a particular cognitive ability was
especially important for solving a specific problem type'or using a specific
solution strategy. Multiple regression analyses showed that backward digit
span was the best predictor of performance accuracy and of the frequency with
which advanced solution strategies were used. Transitive reasoning and class
inclusion rarely made significant contributions to the regression models.

The R2's for all models weré statistically significant;, and generally ranged
from .10 to .20.

None of the cognitive abilities was required to solve any of the arithme-
tic problem types or to use a given solution strategy. Some children who had
not yet developed a particular ability solved at least some of the problems
of each type, and occasionally applied the more advanced strategies to do
s0. fhis calls into question the use of these cognitive tasks »s readiness

variables for arithmetic instruction.
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Cognitive Development and Performance

on Verbal Addition and Subtraction Problems

As any first-grade teacher can attest, beginning school children differ
in their ability to solve basic mathematics problems. In particular, some
children advance their arithmetic skills with apparent ease, whiie others
struggle to grasp certain concepts, and even with prolonged instruction ex-
perience some confusion. The purpose of this study was to examine one of the
factors that may account for individual differences in the acquisition of
arithmetic concepts and skills —-- the presence of more general cognitive deve-
lopmental abilities that may be prerequisites for mastering the arithmetic
operations. Specifically. the study was designed to investigate the relation-
ship between several Piagetian abilities and an information processing capac-
ity, and first-grade children's performance on verbal addition and subtraction
prcblems.

Background

A logical analysis of simple arithmetic problems suggests that several
logical reasoning abilitiez identified by Piaget (1952) are needed to achieve
an operational understanding of addition and subtraction. The first of these,
number conservation, represents an ability to distinguish those transformations
that are relevant for n;mber (adding objects to, or removing them from, a set)
from those that are irrelevant for number (rearranging the objects in a set).
Many of the strategies used to solve simple addition and subtraction problems
involve transformations which presuppose this ability. Second, certain part-
whole addition and subtraction problems deal with superordinate and subordinate

relationships that are very similar to those found in the Piagetian class

10



inclusion task. In fact, it is reasonable tc believe that the élass in-
clusion ability is needed to understand the part-whole relationships in a
problem such as "Theré are m children on the playground; n of them are boys
and the rest are girls; how many girls are on the playground?” Transitive
reasoning represents a third ability which may be importantwfor children's
acquisition of addition and subtraction skills. Sinca many arithmetic prob-
lems require an application of simple oxrdering principles, transitivity may
be linked to success on certain addition and subtraction problems.

In addition to examining the role of these Piagetian reasoning abilities
in young children's arithmetic problem solving, the present study also in-
vestigated the effect of information processing capacity on arithmetic per-
formance. Case (1975, 1978a) argues convincingly that often children possess
all of the individual skills needed for a particular task and‘still fail the
task. The reason for this failure may be children's limited capacity. to deal
with zll of the incoming information and to intecrate the skills which they
possess. While it is not yet possible to specify the information processing
demands of individual arithmetic problems, it is reasonable to assume that
certain sclution strategies raquire more prucessing capacity and therefore are
available only to children who are more developmeﬁtally advanced.

In spite of the logical reasons for believing that these four cognitive
variables may affect children's ability to solve basic arithmetic problems,
the relevant empirical data are inconclusive. The evidence most often cited
to support the potential relationships between Piagetian reasoning abilities
and children's arithmetic performance in school is the frequently reported
significant correlation between performance vn the Piagetian tasks and arichme-

tic achievement (see Carpeanter, 1980). Although these results suggest a global

11



O

ERIC

Aruitoxt provided by Eic:

relationship between cognitive development and arithmetic problen solving,
they provide little insight into the relationships between specific develop-
mental abilities and particular arithmetic concepts and skills.

A few studies do provide some information on the role of particular cog- . ...
nitive abilities in children's arithmetic performance. With respect to number
conservation, Steffe (1970) and LeBlanc (Note 1) found that conservation per-
formance was a significant predictor of first grade children's addition and
subtraction.skills respectively, with low conservation scores associated with
especially poor arithmetic scores. These results suggest that conservation may
neced to be at least partially developed before children can master addition and
subtraction ccncepts. However, the resuits of se&eral other studies indicate
that such a conclusion is questionable, at best. Pennington (1977) reports
that, while number conservers performed significantly better rhan nonconservers
on many school-type arithmetic tasks, a substantial number of uonconservers
performed successfully on at least some problems. Furthermore, Woodward (1978
and Sohns (1974) found that number conservation ability was related to children's
performance on some addition and‘subtraction problems but not on others. Finally,
Steffe and Johnson (1971) discovered that number conservers outverformed non-
conservers on only one out of four kinds of verbal addition and subtraction
problems. It appears from these results that different types of arithmetic
problems may make different demands on conservation ability. No consistent
pattern has emerged from these studies, however, that might indicate whi_:h
type of problems require conservation and which do not.

A partial answer to this question may be emerging from a series of teach-

ing experiments designed to study the effect of number conservation on learning
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to solve various arithmetic tasks. Mpiangu and Gentile (1975) instructed

number conservers and nonconservers in several routine calculation tasks

.which required simple counting skills. After finding that the nonconserving

children gained as much from instruction as their conserving peers, the authors
conclude that conservation is not required to solve arithmetic problems. How-
ever, the results of a study by Steffe, Spikes, and Hirstein‘(Note 2) suggest
that this conclusion may overgeneralize the data. 3Steffe et al., using a
static form of the number conservation tgsk, found several qualitative dif-
ferences beitween the performances of conservers and nonconservers after rather
extensive arithmetic instruction. While conservation héd no apparent effect
on children's ability to perform routine calculations, it had a significant
effect on more difficult tasks, such as missing addend problems. Conserving
children were able to learn advanced counting strategies (e.g., counting on and
counting back) and use these to solve the more difficult problems; nonconserv-
ing children mastered only rote forms of counting and consequently were less
successful in the more complex problem situations.

In summary, it appears that different kinds of addition and subtraction
problgms make different demands on number conservation. While conservation
is not required to master simple skill tasks, it may affect performance on
problems that require logical reasoning or genuine problem solving behavior.
Steffe et al. conclude that conservation is needed to acquire more advanced

solution strategies which in turn can be used to solve novel and difficult

problems.
The effects of class inclusion and transitivity on arithmetic performance

have been less well researched. Sohns (1974) found no significant correlations
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between class inclusion ability»and first-, second—, and third-grade children's
performance on a subtraction computation test. Steffe et al. also

report nonsignificant relatinnships between clasé inclusion and a variety

of counting and number skills. Fowever, Howlett (1974) reports the* :lass in-
clusion ability did relate to first grade children's ability to solve missing
addend problems and suggests that the more advanced developmental children
used different strategies to solve the problems. Taken together, the results
of these studies paint a picture similar to that for number conservation. Dif-
ferent kinds of arithmetic tasks make different demands on class inclusion
ability, and its effect on ﬁerformance may be mediated through its influence
on the types of strategies available to children at different developmental
levels.

Although transitivity has a less obvious logical connection with addition
and subtraction, Brainerd (1979) argues that it represents a reasoniug ability
which is psychologically more basic than conservatioq or class inclusion for
the acquisition of arithmetic concepts. Brainerd's data support this contention
but it is not clear whether the results reflect children's competence or are
simply an artifact of the rather narrow set of tasks used to assess these con-
cepts. For example, arithmetic concepts.are frequently measured with a paper-—
and-pencil number fact test. Further research is needed to clarify the role
of transitive reasoning in young children's understanding of addition and sub-
traction operations. It should be noted that several other investigators have
studied the emergence of preschool children's initial understanding of addition
and subtraction concepts, and the relationship of this understanding to

Piagetian-cognitive abilities. However these studies will not be reviewed
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here since the focus of this study is on school-related arithmetic tasks.

Very little evidence exists on the relationship between information pro-
cessing capaciﬁy and arithmetic problem solving. Whimbey, Fischhof, and
Silikowitz (1969) used a common test of processing capacity, backward digit
span, and found significant correlations among college students between capac-.
ity and performance on a mental additions test. With regard to y0ung.children,
Case (1978b) describes an instructional program designed to teach missing
addend problems to kindergarten children by reducing the information process-
ing demand at each step. Although apparently the program was successful, it
provides little insight into the nature of the relationship between processing
capacity and ability to solve arithmetic problems. The present study was one

of the first to explore the effect of information processing capacity on young

‘children's ability to solve arithmetic problems.

Placed in the context of this brief review, the present study can be
viewed as an exploratory investigation of the relationship between informa-
tion processing capacity and young children's arithmetic problem solving, and
an extension of previous work on the role of logical reasoning abilities in
these problem solving processes. The study moved beyond a comparison of right
and wrong answers to an analysis of the solution processes used on the arithme-
tic problems by children at different developmental levels. The aim of the
study was to determine whether any of the three Piagetian abilities, or a
minimum level of processing capacity, were prerequisites for solving verbal
addition and subtraction problems, or were needed to acquire more advanced
solution strategies. Verbal addition and subtraction prdblems were used in
order to elicit the application of problem solving strategies rather than the

recitation of rote skills.



Method

The present study is one of a series of studies designed to examine the
development of basic addition and subtraction concepts in young children
(Carpenter & Moser, Note 3). The principal focus of these studies is on
the strategies children use to solve additipn and subtraction problems, and
on problem, individual, and classroom characteristics which might affect thece
strategies. This study‘describes the relationship between the individual
characteristics selected for inclusion and children's arithmetic performance.
Subjects

The sample consisted of 149 first-grade children from three elementary
schools. The schools draw from predominantly middle-class neighborhoods in
a midwestern city. All schools used a modified version of Developing Mathe-
matical Processes (Romberg, Harvey, Moser, & Montgomery, 1974) for their in-
structional program. At the time of testing, in January, the children had
recéived several lessons on solving different kinds of verbal arithmetic
problems. In these lessons, modeling the problem situation with objects
was suggested as an appropriate solution strategy.

Cognitive Tasks

The cognitive tasks were selected to measure children's reasoning abil-
ity in number conservation, class inclusion, and transitivity situations, and
to asséss their. information processing capacity. Each child received two
forms of the number conservation, class inclusion, and length transitivity
tasks. Both forms of each task used conventional task formats. The first
form of the conservation task involved spreading out the seven markers in

one of two rows and asking the child if there were still the same number in




each row; the second form involved grouping the seven markers in one row into
small sets of tﬁreeand four markers and asking a similar question. The forms

of class inclusion were identical except that in the first form the super-
ordinate set consisted of 12 red and white blocks and the subordinate set
consisted of nine red blocks; in the second form the superordinate set in-
cluded seven pieces of fruit and the subordinate set was made up of five apples.
The two forms of length transitivity differed in that one of the forms included
a Mueller-Lyer illusion and the other form did not.

The response to each form of a task was scored as correct (1) or incorrect
(0). Consequently each child received a score of 0, 1, or 2 for each of the
three logical reasoning abilities.

A backward digit span task was used to wmeasure information processing
capacity. Backward digit span appears to have a good deal of face validity
since processing capacity is considered to be the amount of information which
can be held in mind while solving a problem, and backward digit span measures
the number of information pieces which can be remembered while operating
on them. There is also empirical precedent for using backward digit span
as-a measure of processing capacity (Case, 1974, 1977; Lawson, 1976).

The backward digiv span task used in this study consisted of 10 two-digit,
10 three-digit, and 10 four-digit trials. Testing began with the two-digit
trials and moved to the three-~ and four-digit trials. Testing was terminéted
when the child missed three consecutive items or made five or more errors in
a set of 10 trials. Performance was scored by assigning a full point for each
set of 10 trials completed successfully (six consecutive correct responses)
plus a fractional point for the number of correct responses in those sets

which showed neither complete mastery (six consecutive correct responses) nor



complete failure (three consecutive errors). As an example, a child who
responded correctly to six consecutive two-digit items and five out of 10
three-digit items (without three consecutive errors) received a score of 1.5.
For data analysis purposes, four levels of backward digit span were es-—
tablished: 0-1.4, 1.5-1.9, 2.0-2.4, 2.5-3.0. Corresponding to each of these
levels children were assigned a processing capacity score of 0, 1, 2, or 3.

Arithmetic Problems

Verbal addition and subtraction problems differ in the action or relation-
ships which they describe. Two orthogonal dimensions can be used to character-
ize the different problem types used in this study (see Mcser, Note 4). The
first is a distinction between problems which describe some form of action
and those which present a static relationship between the objects in question.
The second dimension focuses on set relationships and distinguishes problems
in which one group of objects is an implied subset of the second group from
problems in which the described sets are disjoint. Within each problem type
arising from these distiuctions, several different problems can be generated
by placing the unknown quantity in a different "position'" and by describing
an increase or a decrease in the quantity in question.

For this study, six different verbal arithmetic problems were selected
from this lurge set of problem types. Table 1 gives representative problems
of each type selected along with the labels, for future reference, assigned
to each problem type. The problems are placed within the 2 x 2 matrix generat-
ed by crossing the two dimensions described above.

These six problem types were selected because: (a) they typify problems

commonly included in elementary school textbooks; (b) they include the three
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set
inclusion

no set
inclusion

Table 1

Representative Addition and Subtraction Problems

action

static

Joining (Addition). Wally had
3 pennies. His father gave
him 5 more pennies. How

many pennies did Wally have
altogether?

Joining (Subtraction). Kathy
has 5 pencils. How many more
pencils does she have to put
with them so she has 8 pen-
cils altogether?

Separating (Subtraction). Tim
had 8 candies. He gave 3
~candies to Martha. How many

candies did Tim have left?

Part~Part-Whole(Addition).
Sara has 5 red cars. She
also has 3 blue cars. How
many cars does Sara have
altogether?

Part-Part-Whole (Subtraction)
There are 8 children on the
playground. Five are boys
and the rest are girls. How
many girls are on the play-~
ground? ’

Equalizing. (No problems were
included from this cell).

Comparison (Subtraction).
Joe has 3 balloons. His
sister Connie has 8 balloons.
How many more balloons does
Connie have than Joe?




basic types associated with subtraction; (c) they were problems that first-
grade children would most likely be able to solve; and (d)an earlier study
(Carpenter, Hiebert, & Moser, in press) indicated that they would elicit a
variety of solution strategies. Each problem type was presented under four
different conditions resulting from crossing two variables —- number size
and availability of physical objects which coﬁld be used to help solve the
problem. Therefore a total of 6 x 4 or 24 problems were presented to each
child. Two sets of number triples were used. The sum of addends in the
smaller set were between 5 and 9, ahd.the sum of those in the larger set
were between 11 and 16. The assignment of number triples to problem typesl
‘involved a six-by-six Latin square design resulting in six sets of six prob-
lem tasks, each of which was uniformly and randomly distributed across sub-
jects. TFor the verbal problems with a missing addend structure, the unknown
number was always presented as the second of the two addends.

The strategy used to solve each problem was recorded, and the final re-
sponse was scored as correct or incorrect. Therefore, two measures were col-
lected for each problem —-- the accuracy of the solution and the strategy used
to generate the solution.

Individual 7 aiterviews

Each child was tested three times in an individual interview setting.
The first interview consisted of the 12 arithmetic problems with smaller
numbers, the second interview consisted of the 12 large-number arithmetic
problems, and the third interview contained the cognitive ability tasks.
Each interview lasted about 15 minutes. The first two iﬁterviews were ter-

minated early if the child showed a complete iack of understanding or failed

20
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to initiate a solution strategy on several successive problems. Arithmetic
problems that were not administered were scored as incorrect.

The order in which the arithmetic problems were administered was the
following (refer to Table 1 for problem names): Joining (Addition), Sepa-
rating (Subtraction), Part-Part-Whole (Subtraction), Part-Part-Whole (Addi-
tion), Comparison (Subtraction), and Joining (Subtraction); The same order
was used within each of the four sets of problems. The six problems in which
manipulative objects were available always preceded the six problems in which
the objects were absent. The same order was used for all subjects since a
previous study (Carpenter, et al., in press), using similar problems, found
no significant order effects.

The procedures used in the first two interviews could be considered a
form of naturalistic observation. If the solution strategy used on a parti-
cular problem was apparent, no follow-up questions were posed. If the stra-
tegy was not apparent, the child was asked to describe how the answer was
f~und. The interviewer continued questioning until the child's strategy
was apparent or until it was clear that no explanation was fothcoming. All
interviewers followed a standardized routine for questioning children and
coding responses. Interviewers were trained to a minimum .90 level of intra
and intercorder feliability.

The cognitive tasks were presented in the follonwing order: length tran-
sitivity (no Mﬁeller—Lyer illusion), class inclusion (blocks), backward digit
span, number conservation (one row spread), length transitivity (Mueller-Lyer
illusion), class inclusion (fruit), and number conservation (one row grouped).
In the Piagetian tasks children were asked to provide explanations for their

responses but only their final judgments were scored. (Two counting tasks

21



were included in this interview, following the second length transitivity

task, but the results of these tasks are not contained in this report.)

Addition and Subtraction Strategies

Based on other studies (Carpenter, et al., in press; Carpenter & Moser,
Note 3) potential addition and subtraction strategies were identified. These
are strategies that, if applied accurately to solve the arithmetic problems,
will yield the correct answer. A brief description of the strategies follows;

for a complete description of the strategies see Carpenter and Moser (Note 3).

~

=y

For the addition strategies let m + n = t where m is the smaller of the

two addends.

Counting All. Counting sequence begins with 1 and ends with t, either
with or without the aid of objects to model the sets.

Counting On from First (Smaller) Number. Counting sequence begins with
mor m + 1, involves n increments, and ends with t.

Counting On from Larger Number. Counting sequence begins withnorn+1,
involves m increments, and ends with t.

Number Fact. Response based on recall of that particular number fact.

Heuristic. Solution generated from a related number fact or property of
the number system. For example, "4 + 7 is 11 because 4 and 6 are 10 and
1 more is 11."

Based on a logical analysis, the final three strategies in this list appear to
be more advanced that the first two strategies. They require a decision to use
a more efficient strategy and/or more advanced knowledge of the number system.
These strategies are of particular interest since cne hypothesis investigated
in this study was whether certain developmental abilities are needed to acquire

them.

The subtraction strategies are appropriate for solving problems reprasented
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by the number sentences n - m = d or m + d = n where d is the unknown quanti-
ty. Since there are more problem types for subtraction than addition there
are also a greater number of appropriate solution strategies. The following
1ist includes a brief description of each; again, for a more complete de-
scription see Carpenter and Moser (Note 3).

Separating From. Set n is modeled with objects; m objects are removed.
Remaining objects are counted 1 to d.

Separating To. Set n is modeled with objects. Some objects are removed
until m are left. Removed objects are counted 1 to d. )

Adding On. Set m is modeled with objects. Additional objects are added
on until collection equals n. Objects added on are counted 1 to d.

Matching. Both n and m are modeled with objects and then matched one-
to-one. Unmatched cubes are counted 1 to d.

" Counting Down From. Backwards counting sequence begins with n or n - 1,
involves m decrements, and ends with d.

Counting Down To. Backwards counting sequence begins with n orm - 1
and involves as many decreents as necessary to end with m. The number
of decrements equals d.

Counting Up From Given. Forward counting sequence begins with m and in-
volves as many increments as necessary to end with n. The number of in-
crements equals d.

Number Fact. (Same as for addition)

Heuristic. (Same as for addition)
As with addition, some of the subtraction strategies seem to be more advanced
than others. In general, the strategies which do not depend upon the use of
objects -- the last five strategies in the above list -- demonstrate a more
efficient and sophisticated method of solution. The acquisition of these
strategies may reéuire a certain minimum level of cognitive deyelopment. The

results to follow include an analysis cf this question.
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Results

The aim of this study was to examine the relationship between several
specially selected cognitive variat.es and children's arithmetic performance.
In particular, the intenﬁ was to determine whether any of the cognitive vari-
ables serve as prerequisites for successful performance on various addition
and subtraction verbal problems, or are needed to acquire certain solution
strategies. These questions will be addressed by presenting first the re-
sults with respect to accuracy of arithmetic performance, and then the re-
sults on solution strategies.

Accuracy of Arithmetic Performance

Tﬂe relationsiiip of each cognitive variable with the accuracy‘of chil~-
dren's addition and subtraction solutions was examirad initially by comparing
the performance of the developmental groups. Children were classified as low,
transitional, or high for each Piagetian ability based on their score of 0, 1,
or 2 on each pair of tasks. Four groups were formed with respect to informa-
tion processing capacity based on the scoring system for backward digit span
described earlier. With respect to the dependent variables, performance was
sunmmed across the four arithmetic tasks of similar problem type. This generat-
ed an accuracy score of 0-4 for each subject on each of the six problem types.

Mean scores and standard deviations for each developmental group are
presented in Table 2. The relative performance of the developmental groups
within each cognitive ability is pictured in Figures 1-4. The graphs shown
in the figures, and the accompanying means in Table 2, indicate that, in gen-
eral, the more advanced developmental children performed more accurately than

their less cognitively developed peers. This informal observation apparently



Table 2
Mean Number df Correct Responses (out of 4) and

Standard Deviations of the Developuental Groups on Problems of Different Type

Arithmetic problem type

Cognitive Develop- Number ~ Joining  Part-Part-  Joining  Part~Part-  Comparison  Separating
ability mental of Whole subtrac-  Whole
level stbjects addition addition tion subtraction subtractlon subtraction
Number 0 16 2,00(1,37) L.75(L.44) 1.63(1.A3) 1.19(1,28)  1.00(1.26)  1.06(1.18)
conservaticn 1 14 2,36(1.60) 2.57(1,79) 2.07(L.4&) .93(1.07)  L.IL(L.14)  1.93(1.39)
2 119 2,84(1.10) 2.86(1.11) 2.69(1.23) 1.86(1.44)  1.87(1.50)  2.23(1.17)

Class 0 3 2L46(1,33) 2.33(L,36) 2.0001,30) L.23(131)  L.44(.39)  1.92(1.26
inclusion 1 30 2,67(1,32) 2.73(L.31) 2.63(1.35) L.23(L.33)  1.60(1.50)  1.67(1.30)

2 80 2,85(1.09) 2.89(1.18) 2.73(1.30) 2.11(1.40)  1.99(L.47)  2.30(1.16)
Transitive 0 2 2,50(1,26) 2.55(L.50) 2.18(1,33) 1.05(1,21)  1.64(1.5)  1.55(1.37)
reasoning ] 52 2,65(1.28) 2.58(1.29) 2.35(138) 1.52(1.45)  L.50(L.38)  1.88(1.23)

2 75 280(1L15) 2.85(L17) 2.73(1.29) 2.03(1.39)  L.99(L.48)  2.36(1.13)
Backvard 0 51 205(138) 212(138) 1.86(1.46) L12(1.28)  L.47(L.46)  1.65(L.21)
dgit 1 45 2,86(1,09) 2.73(L10) 2.73(L.18) 1.78(1.35)  1.56(1.36)  2.24(L.I9)
span 2 40 T88(L.07) 3.20(1.04) 2.77(LI7) L.93(L.42)  L.93(L.53)  2.33(L 29)

3 13 3,46( .66) 3.46( .97) 3.54(.66) 3.08(1.12)  3.15(.80)  2.38(.9)
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holds true for each of the cognitive abilities and for == =~ of the problem
types. The question is whether these differences are real differences, i.e.,
statistically significant, and whether any of the cognitive abilities are
prerequisites for successful performance.

The second of these questions.can be zuswered by looking at the means
of the lowest developmental groups. The lowest mean score of 1.00 indicates
that on the average, children who did not yet possess a particular cognitive
ability still mastered at least one of the four tasks of eac’ problem type.
Apparently, ﬁone of the four cognitive abilities included in this study are
required to solve these addition and subtraction problems.

What about statistical significance? To compare the overall performance
of the developmental groups, a multivariate analysis of variance was run for
each cognitive variable across all six problem types. The means used for these
analyses are shown in Table 2. A summary of the multivariate analyses, and the
follow-up univariate analyses for each problem type, is.containedin Table 3.
The analysis procedures were appropriate for the unequal cell sizes evident
in Table 2. Baéed on the multivariate analyses, when all six problem types
are considered simultaneously, only class inclusion and backward digit span
sorEed children into developmental groups that differed significantiy in
their arithmetic performance. The univariate analyses provide a clue with
regard tc whicﬁ problem type(s) contributed to this overall difference. It
is parricularly interesting to note that the class inclusion ability groups
differed significantly only on the Part—BartQWhole (subtraction) problem,
the problem type which, from a logical perspective, is related most closely

to class inclusion. Backward digit span, on the other hand, had significant
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Table 3

Summary of Multivariate and Univariate Analyses on Problem Type N
for Each Cognitive Ve:iable
Univsriate analyseslfor each problem type
Cognitive Multivariate
ability  analysis Joining Part-Part-  Joining Part~Part- Comparison  Separating
Whole - Whole
addition addition subtraction  subtraction . subtraction subtraction

df Fvalve df Fvalue df TFvalue df Fvalue df Fvalue df Fvalue df T value

Mumber 12,282 196 2,146 4.2 46 5.86% 2,146 5.64% 2,16 407 2,146 2,56 2,146 b.87°
congerva-

tion

Class 12,282 2.49a 2,146 1.5 2,146 2.58 2,146 4.16 2,146 7.76a 2,146 2,12 2,146 3,36
inclusion

Transitive 12,282 1.55 2,146 .59 2,146 .96 2,146 212 2,146 4.99a 2,146 < 1,81 2,146 4.87a
reasoning

Backvard 18,396 3.00° 3,045 4.85% 3,145 8,35 3,145 8.63° 35 8.30° 3,145 5.49°315 3.28
digit
span

ap <01

Ca>
~
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discriminatory power on almost all problem types.

A perusal of the univariate analyses results shown in Table 3 suggests
that different problem types make different demands on the various cognitive
abilities. That is, the power with which a specific cognitive variable is
able to predict arithmetic performance appears to depend upon the particular
problem type under consideration. It is also possible that a combination of
develcpmental abilities may best explain performance on the arithmetic tasks.
Fof example, children may need to develop class inclusion ability and a
high information processing capacity before they can mastefuall forms of the
Part-Part-Whole problem. ‘'In order to address these issues and check which
cognitive variables best predict accuracy of solution on each problem type,

a series of six multiple regressions were run, one for each problem type.

The regression proceduvre, a forward stepwise process, first selected the best
single predictor and then in each succeeding step added the variable from those
remaining that contributed most to the existing model in terms of added pre-
dictive power. Correlation coefficieqts between predictor and criterion
variables are given in Table 4. The regression models, presented in Table 5,
include only those predictors which added a significant portion (= = .01) of
predictive power to the model. The predictors are listed in the equation in
the order in which they were entered into the model.

- As seen in Table 5, the regression model for each problem type explained
a statistically significant amount of variation in performance on those prob-
lems, with Rz's ranging from .07 for the Comparison (subtraction) problems
to .23 for the Part-Part-Whole (subtraction) problems. The single best pre-

dictor for five of the six problem types was the information Processing
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Table 4

Correlations Between Performance on Cognitive Tasks

and Solution Accuracy on Arithmetic Problems

NC CI TR  BDS JOl PPW1 JO2 PPW2 CO SE

Number 1.00
conservation
(NC)

Class .13 1.00
inclusion
(C1)

Transitive .33 .19 1.00
reasoning
(TR)

Backward .16 .14 .04 1.00
digit span
(BDS)

Joining .23 .15 .09 .26 1.00
addition
(Jo1)

Part-Part-Whole .27 .18 .11 .37 .74 1.00
addition
(PPW1)

Joining .27 .22 .16 .37 .17 .7 1.00
subtraction
(Jo2)

Part-Part-Whole .20 .29 .25 .36 .49 .53 .57 1.00
subtraction
(PPW2)

Comparison .18 .17 .12 .27 .52 .55 .57 .54 1.00
subtraction
(co)

Separating .29 .15 .25 .25 .52 .60 .61 .45 .48 1.00
subtraction
- (SE)
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Table 5
Regression Models that Best Predict Performance

Accuracy on the Arithmetic Problem Types

- Problem types Regression modela R2 Significance
level
p<

Joining y=1.26+.51(8BDS)+.36(NC) .11 .01

addition

Part-Part-Whole y=.75+.78 (BDS)+.41(NC) .18 .01

addition

Joining y=.46+.81(BDS)+.43 (11C) .18 .01

addition

Part-Part-Whole y=.65+.85(BDS)+.40(TR)+ .23 .01

addition .33(CI)

Comparison y=.61+.71(8DS) .07 ‘ .01

subtraction

Separating y=.52+.48(NC)+. 46 (BDS) .09 .01

subtraction

4pbbreviations used in the equations are: NC-number conservation; CI-
class inclusion; TR-transitive reasoning; BDS-backward digit span.
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variable--backward digit span. Number conservation was the best single
predictor in the remaining case and was included as the second variable
in three other equations. Transitive reasoning and class inclusion ap-
peared in only one regression model -- that for the Part-Part-Whole (sub-
traction) problem type.

A final analysis of the accuracy scores focused on the conditions under
which the problems were administered rather than on the semantic structure
of the problems. Piagetian tasks like conservation, class inclusion, and
transitivity involve relztionships between physical objects. It may be
that the ability to deal with these relationships is more closely related
to solving problems that invoive manipuiuzirn objects than to solving prob-
lems where no objects are available. Information process;:g capac::y, ON
the one hand, may be more critical for pro*lems where obiects arc absent
than for problems where objects can be used as memory aids. rincessing
capacity may be especially important when the numbers are larger and children
are less likely to use quickly accessible number facts or other automatized
routines, |

Means and standard deviations ;or the developmental groups on the prob-
lems given under different conditions are shown in Table b. A ..usmary of
the univariate analyses for each cognitive ability on each problem condition
is given in Table 7. Number conservation and backward digit span are the
most successful variables in terms of sorting children into groups that differ
significantly in accuracy of responses. However, the effect of neither seems
to be dependent on the particular condition. Number conservation is a signi- .
ficant factor in problems where physical objects were present and where they

were absent. Backward digit span is a significant classification variable
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Mean Number of Coiiect Responses and Standard Deviations of the Developmental

Groups on Problems Given Under Different Conditions

Table 6

A Develop~ Number

Arithmetic problem condition

38

mental of Physical objects Physical objects Small Large Physical objects
level subjects available not available numbers numbers not available and
large numbers
(12 problems) (12 problems) (12 problems) (12 problems) (6 problems)
0 16 5.25(4.01) 3.38(3.38) 5.19(3.95) 3.43(3.50) 1.19(1.60)
1 14 6.71(3.65) 4.86(3.57) 6.64(3.88) 4.93(3.54) 1.93(1.86)
2 119 8.06(2.88) 6.29(3.42) 8.68(2.91) 5.67(3.49) 2.15(2.05)
0 39 6.67(3.45) 4.69(3.30) 6.92(3.48) 4,44(3.25) 1.49(1.81)
1 30 7.23(3.19) 5.30(3.45) 7.30(3.37) 5.23(3.30) 1.90(1.83)
2 80 8.25(2.97) 6.61(3.54) 9.00(2.99) 5.86(3.71) 2.34(2.11)
0 22 6.73(3.37) 4.73(3.63} 6.68(3.76) 4,77(3.37) 1.73(1.79)
1 52 7.17(3.47) 5.31(3.42) 7.54(3.43) 4,94(3.51) 1,77(1.86)
, 2 75 8.21(2.86) 6.55(3.49) 8.93(2.90) 5.83(3.60) 2.29(2.14)
0 51 6.31(3.79) 4,16(3.%6) 6.45(3.74) 4.02(3.56) 1.31(1.85)
1 45 7.96(2.55) 5.93(2.97) 8.56(2.70) 5.33(3.05) 2,00(1.78)
2 40 8.17(2.81) 6.85(3.52) 8.78(2.82) 6.25(3.60) 2.53(2.15)
3 30 10.00(1.41) 9.08(2.29) 1.08(1.19) 8.00(2.74) 3.39(1.85)
Note: Standard deviations are given in parentheses.
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Table 7

Summary of Analyses of Variance on Problem

Condition for Each Cognitive Variable

8¢

Uritvariate analyses for each problem condition

;ve Physical objects - Physical bbjects Small Large Physical objects
available not available numbers numbers not available and
large numbers
af _F value df _F value df _F value df  F value df  _F value
nservation 2,146 6.52° 2,146 5.75°2 2,146 10.53° 2,146  3.00 2,146  1.67
lusion 2,146 3.63 2,146 4,512 2,146  6.75%2 2,146 2,18 2,146 2.50
e reasoning 2,146 2.71 2,166  3.27 2,146 5.42% 2,146 1.32 2,146  1.35
: a
digit span 3,145  6.448 3,145 10.16 3,145 10.08 2 3,145  6.29 8 3,145  5.44
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in all problem conditions.

The relative strength cf number conservation andvbackward digit span as
predictors of solution accuracy is confirmed by the multiple regreésion analyses.
Table 8 shows the regression models for each problem condition. Class inclusion
and transitive reasoning did not make a significant contribution to any of the
models-

While statistically significant relationships are evident, the cognitive
abilities are not prerequisites for solving verbal arithratic problems given
under a particular condition. The mean scores in Table 6 indicate that at
least some children who had not yet developed a particular cognitive ability
were able to solve some problems given under each condition. 1In this sense
the analyses with respect to condition yield the same results as those for
problem type. Differences between developmental groups are significant for
some cognitive variables on problems given under certain conditions. Although
no clear patterns are evident to link specific abilities with specific condi-
tions, backward digit span is the most consistently significant variable. How-
ever, none of the cognitive abilities appear to be essential for solving a
problem given under any of the conditions.

Solution Strategies

One of the primary concerns of this study was to determineﬂwhe;her children
of different developmental status used different strategies to solve the arith-
metic problems. A question of particular interest was whether any of the cogni-
tive abiliries are needed to acquire more advanced solution strategies. Tables
9 and 10 show the frequency with which appropriate solution strategies were

0

used - by an "average" student from each developmental group. For the eight

12

O

ERIC

Aruitoxt provided by Eic:



30

Table 8

Regression Models that Best Predict Performance

Accuracy on the Arithmetic Problems Given Under Each Condition

Problem condition

Regression modelsa

R

Significance
level: p <

Physical objects
available

Physical objects
not available

Small numbers

Large numbers

Physical objects
not available
and large numbers

y=2.89+1.69 (BDS)+1.16 (NC)

y=.02+2.40(BDS)+1.13(NC)

y=2.16+2.09(BDS)+1.51(NC)

y=1.834+2.17(BDS)

y=.20+1.12(BDS)

.16

.2

1

.24

.1

1

W0

.01

.01

.01

.01

.01

aAbbr'eviations used in the equations are=BDS - backward digit span;
NC - number conservation.



Table 9
Mean Number of Appropriate Strategies Used by

Each Developmental Group on the 8 Addition Problems

Strategy
Cognitive Develop-
ability nental Count All Count On From Count On From?  Number? Heuristic?®
level Pirst Number  Larger Number  Fact
Numbet 0 2,69 .50 .30 .38 13
conservation 2,75 50 107 o 29
2 3.24 76 .96 g1 .36
Class 0 3.51 91 .46 WAl 21
fcluston 3,40 30 R 90 20
2 2.85 .96 1,20 16 b
Transitive 0 3.59 .39 .68 13 .09
reasonfng -y 3.5 75 4 2 1
2 un 72 1.01 1.03 55
Backvard 0 AT A4S 61 3 18
:;i;t 1 3% 40 A7 61 3
2 2,85 1.00 1.20 1,03 | 40
3 3.15 54 1.46 1.46 .62

== SAdvanced strategy

TE



Table 10

<€

Mean Number of Strategies Used by Each

Developmental Group on the 16 Subtraction Problems

Cognitive Develop-

a
ability Tzzzil Separat- Separat- Adding  Matching Counting Counting Counting Number  Heuristic
- Ing Fron ing From On Down Dogp Up From Fact
From To Given
Number 0 23 .06 L350 w06 0 .68 A9 .13
conservation 1 " 2.86 .07 1.14 79 51 0 1.5 57 21
2 3.3 .05 1.73 57 A7 .03 1.66 1.15 b
Class o305 .08 LB s 2 0 L1 56 .33
inclusion 1 2,93 0 2,03 ) .20 0 1.10 3 23
2 3.38 .06 1.60 .58 A9 04 1.91 1.35 .46
Transitive 0 2,59 0 1.55 35 .32 0 1.32 .35 J4
reasoning 1 3.38 .06 1.67 1 02 0 1,12 .30 15
2 3.25 07 1.63 Ny 28 04 1.91 1.47 .61
Backward 0 2,75 0 1.43 .63 .06 0 84 .65 22
digi;1 : 1 30 13 2.11 S8 8 0 1.44 .60 40
.gpan 2 3.22 .03 1.33 48 .33 .05 213 1.53 45
3 3.15 .08 1,69 Y 38 .08 2.85 2,08 1

dAdvanced strategy
o
ERIC

Full Tt Provided by ERIC.
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addition problems, shown in Table 9, it is clear that none of the cognitive
abilities were prerequisites for acquiring a particular strategy. That is,

at least some low developmental children, with respect to each cognitive abil-
ity, used a given strategy.

Several other patterns are evident from these data. First, in most cases
the low developmental children used appropriate strategies less frequently
than their more advanced peers. This is consistent with their less accurate
performance reported above. Second, the relative frequency with which the
various strategies were used is similar for. each developmental group. For
example, the strategy used most often by nonconservers was Count All; the
strategy used least often was of a heuristic type. This same pattern also
holds true for number conservers.

Similar observations can be made from the data for the 16 subtraction
problems shown in Table 10. 1In general, none of the cognitive abilities ap-,
peared to be a prerequisite for acquiring a given strategy. The only strategy
which the low developmental children did not use was Counting Down To. How-
ever, this strategy was used so infrequently by any developmental group that
it is impossible to draw any conclusions from this resuit. As was true for
the addition problems, the low developmental children used most of the appro~
‘priate subtraction strétegies less frequently than the higher developmental
children. However, the distribution of use across strategies was again similar
for groups of different developmental level.

A question of special interest in this study concerned the effect of
developmental status on the use of more advanced solution stracegies. The

data relevant for this question are summarized in Table 11. A pattern of

‘ - | | 48
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Table 11
Mean Number of Advanced Strategies

Used by Each Developmental Group

Cognitive Develop- Addition Subtraction All problems (24)
ability mental problems (8) problems (16) _
level X §2

Number 0 1.00 1.06 2.06  2.65
conservation 2.07 2.93 5.00  6.66

2 2.09 3.44 5.53  6.08
Class 0 1.18 2.23 3.41 4.71
inclusion 1.87 2.27 4.13  5.73

2 2.40 3.90 6.30  6.33
Transitive 0 1.50 2.32 3.82 3.92
reasoning 1.29 1.79 3.08  4.02

2 2.59 4.31 6.90  6.96
Backward 0 1.14 1.76 2.90  4.15
digit 1 1.89 2.62 4.51  5.45
span

2 2.63 4.48 7.11  6.77

3 3.54 6.15 9.69  6.87
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responses similar to that found in Tables 9 and 10 is evident here. While

the low developmental children, with respect to each dognitive ability, did
not apply advanced strategies as frequently as the hiéﬁer developmental children,
they apparently did use these strategies on some problems. Analyses of vari-
ance showed that the total mean differences were statistically significant

(at the .01 level) for only two of the cognitive variables: transitive reason-
ing, F(2,146)=7.57; and backward digit span, F(3,145)=7.44. For transitive
reasoning it is interesting to note that the transitional group used advanced
strategies less frequentiy than the low developmental group. However, post
hoc comparisons showed this difference to be statiétically nonsignificant

(= = .05).

A forward stepwise multiple »egression procedure, similar to that des-
cribed earlier, was used to establish the relative contribution of each cogni-
tive variable in predicting the use of advanced strategies. Backward digit
span was the best single predictor of the frequency with which advanced strat-
egies were used. The regression model y=3.37+3.59(backward digit span)+1.98
(transitive reasoning) was significant at tﬁe .01 level, accounting for 177%
of variation. Number conservation and class inclusion did not explain a
significant (x = ,01) portion of the remaining variance and were not included
in the model.

An important descriptive statistic shown in Table 11, which may account
for the qusignificant effect of number conservation and class iﬁclusion on
the use éf advanced sirategies. is the high within group variance. The large
standard deviations indicate that categorizing children according to develop-

mental level, on any of these cognitive variables, did not yield a homogeneous

an
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sorting with respect to the use of more sophisticated solution strategies.
While the tendency to use advanced strategies generally increased with devel-
opment, there were many low developmental children who apparently used these
strategies and many high developmental children who did not.

Discussion

The’aim of this study was to examine the relationship between addition
and subtraction problem solving performance and more general cognitive abil-
ities that might be prerequisites. From an instructional point of view, the
question of whethér the ability to solve problems or apply certain strategies
is tied to the development of basic cognitive abilities is an important one.
There are potentially different instructional implicationé if certain problem
solving processes are closely linked to underlying cognitive abilities whbse
development is difficult to accelerate than if this is not the case.

The results reported here indicate that the answer to this question, as
with many questions in human learning and development, is more complicated
than one would like. The graphs in Figures 1-4 show a consistent effect
of cognitive development on problem solving performance. “a all cases, the
children who possessed a particular cognitive ability performed better than
those who did not, although the mean differences across all tasks reached
statistical significance only for two of the four cognitive variables. These
results suggest that the absence of at least some of the cognitive abilities
have a limiting effect on children's acquisition or deployment of accurate
solution strategieé.

The results do not suggest, hovever, an immediate application of the

cognitive variables as readiness indicators in an instructional setting. It
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is quite clear that the cognitive abilities were not prerequisites for success-
fully solving the arithmetic problems, oﬁ'whatever type, or under whatever
condition. Furthermore, théAregression analyses showed that the most parsimon-
ious models usually accounted for 10% to 20% of the variance in performance

on the various sets of problems. Although this was sufficient to reach stat-
istical significance, it is not clear whether it is sufficient to be educa-
tionally significaat.

The informatior on solution strategies supports these reservations ex-
Pressed about using the cognitive tasks as readiness variables for arithmetic
instruction. The fact that at least some low developmental children not
only solved the prbblems correctly, but did so with a variety of appropriate
strategies, argues against interpreting their performance as an application
of rote skills. By using the more advanced strategies such‘aé_counting on,
counting back, and some heuristic forms, these children demonstrated that a
clear understanding of the problem situation and the acquisition of an effi-
cient solution process does not depend upon the development éf these particular
cognitive abilites.

This finding is problematic for Piaget and those sympathetic with Piaget's
position. They would not deny that preoperational children can learn simple
number skills that require some form of symbol manipulation, but they wouid
argue that such manipulations lack meaning for the child. Consequently,
children who have not yet developed the logical reasoning ability of, for
example, conservation, would no£ be able to apply their number skills to solye
novel problems. However, the strategies used by the preoperational children

in this study indicate that such children can and do acquire strategies similar

S2
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t - those of their developmentally advanced peers. Furthermore they are
able to apply them successfully to solve a variety of problems.

Of the four cognitive variables included in this study, the one measur—.
ing information processing capacity was the variable most consistently related
to arithmetic performance. It is intuitively appealing to characterize
children's poteu.ial prbblem solving limitations in'information processing
terms. However, even this variable accounted for a relatively small percent-
age of variation in performance accuracy and in use of advanced strategies.
Nevertheless, given the exploratory nature of this study with respect to pro-
cessing capacity, and the consistently strong showing of this variable relative
to the other three, further research should examine more carefully its role in
the acquisition of arithmetic skills.

It is clear that first grade children differ in their ability to solve
arithmetic problems. Large variat&ons were found in performance accuracy on
each of the problem types and in the use of advanced strategies. However, the
cognitive variableslemployed in this study do not seem to fully capture the
reasons for these differences. The large variances within the developmental
groups, particularly with respect to the use of advanced strategies, indicate
that none of the cognitive variables were very successful in sorting the
children into homogeneous groups with respect to problem solving ability.
Based on the correlations shown in Table 4, it appears that it may be better
to deal with individual differences in performance directl& rather than to
hope for uncovering a more general trait which will predict performance
on a wide range of tasks. The fact that the correlations within the set of

six arithmetic problem types were substantially higher than those between

-
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the cognitive variables and the arithmetic problems indicates that ability
to solve a set of arithmetic problems is best measured by performance on a
similar arithmetic problem. This implies, of course, that mathematics
problem solving ability may need to be reassessed for each instructional
topic. Although this approach lacks the potential generalizability which
makes the search for underlying cognitive prerequisites so appealing, it

is the approach which is currently suggested by the data.
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