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MILITARY CURRICULUM MATERIALS

The military-developed curriculum materials in this course
package were selected by the National Center for Research in
Vocational Education Military Curriculum Project for dissem-
ination to the six regional. Curriculum Coordination Centers and
other instructional materials agencies. The purpose of
disseminating these courses was to make curriculum materials
developed by the military more accessible to vocational
educators 4.11 the civilian setting.

The course materials were acquired, evaluated by project
staff and practitioners in the field, and prepared for
dissemination. Materials which were specific to the nilitary
were deleted, oopyrighted materials were either omitted or appro-
val for their,use was obtained. These coarse packages contain
curriculum resource materials which can be adapted to support
vocational instruction and curriculum development.
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Military
Curriculum" Materials
Dissemination Is ..

an activity to increase the accessibility of
military-developed curriculum materials to
vocational and technical educators.

This project, funded by the U.S. Office of
Education, includes the identification and
acquisitiot of curriculum materials in print
form from the Coast Guard, Air Force,
Army, Marine Corps and Navy.

Access to military curriculum materials is
provided .through a "Joint Memorandum of
Understanding" between the U.S. Office of
Education and the Department of Defense.

The acquired materials are reviewed by staff
and subject matter specialists, and courses
deemed applicable to vocational and tech
nical education are selected for dissemination.

The National Center for Research in
Vocational Education is the U.S. Office of
Education's designated representative to
acquire the materials and conduct the project

Project Staff:

Wesley E. Budke, Ph.D., Director
National Center Clearinghouse

Shirley A. Chase, Ph.D.
Projeet Director
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What Materials
Are Available?

One hundred twenty courses on microfiche
thirteen in paper form) and descriptions of

each have been provided to the vocational
curriculum Coordination Centers and other
Instructional mates ials agencies for dissemi-
nation.

Course materials include programmed
instruction, curriculum outlint:s, instructor
guides, student workbooks and technical
manuals.

The 120 courses represent the following
sixteen vocational subject areas:

Agriculture
Aviation
Building &
Construction
Trades

Clerical
Occupations

Communications
Drafting
Electronics
Engine Mechanics

Food Service
Health
Heating & Air
Conditioning

Machine Shop
Management &

Supervision
Meteorology &

Navigation
Photography
Public Service

The number of courses and the subject areas
represented will expand as additional mate
vials with application to vocational and
technical education are identified and selected
for dissemination.

How Can These
Materials Be Obtained?

Contact the Curriculum Coordination Center
in your region for informatio9 on obtaining
materials (e.g., availability and cost). They
will respond to your request directly or refer
you to an instructional materials agency
closer to you.

CURRICULL);-Cl 00I1DINATIOhl CEITiERS

EAST CENTRAL
Rebecca S. Douglass

Director
100 North First Street
Springfield, IL 62777
217/782-0759

1

MIDWEST
Robert Patton
Director
1515 West Sixth Ave.
Stillwater, OK 74704
405/377.2000

NORTHEAST
Joseph F. Kely, Ph.D.
Director
225 West State Street
Trenton, NJ 08625
609/2924562

NORTHWEST
William Daniels
Director
Building 17
Airdustrial Park
Olympia, WA p8504
206/753.0879

SOUTHEAST .
James F. Shill, Ph.D.
Director
Mississippi State University

Drawer DX
Mississippi State. MS 39762
601/325-2510

WESTERN
Lawrence F. H. Zane, Ph.D.
Director
1776 University Ave.
Honolulu, HI 96822
808/948.7834
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Overview Twelve-I

OVERVIEW

LESSON I

Voltage and Impedance in AC Series Circuits

In this lesson you will study and learn about the following:

-voltage drops in AC Series Circuits

-Ohm's Law for AC Series Circuits

1

BEFORE YOU START THIS LESSON, PREVIEW THE LIST OF STUDY RESOURCES

ON THE NEXT PAGE.
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Study Resources Twelve-I

LIST OF STUDY RESOURCES

LESSON IA>

Impedance

To learn the material in this lesson, you have the option of

choosing, according to your experience and preferences, any or

all of the following:

STUDY BOOKLET:'

Lesson Narrative

Programmed Instruc.

Lesson Summary

ENRICHMENT MATERIAL:

NAVPERS 93400A-lb "Basic Electricity, Alternating Current."

Fundamentals of Electronics. Bureau of Naval Personnel.

Washington, D.C.: U.S. Government Printing Office, 1965.

YOU MAY NOW STUDY ANY OR ALL OF THE RESOURCES LISTED ABOVE. YOU.MAY

TAKE THE PROGRESS CHECK AT ANY TIME.

5
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Narrative Twelve-1

NARRATIVE

LESSON I

Voltage and Iipedance in AC Series Circuits

You have learned how R, 1, and C individually affect AC current
flow, phase angle, and power in AC circuits. You will now discover

how the various combinations of R, L, and C affect series circuits.

All electrical circuits contain some amounts of resistance (R),
inductance (L), and capacitance (C). Inductance and capacitance
cal:se inductive and capacitive reactance (XL, X

C
) which, like

resistance, opposes the flow of AC current. Each of these, oppo-

sitions will develop a voltage drop. The combination of these
voltage drops will, according to Kirchhoff's Voltage Law, equal
the applied voltage. If two of the factors (L, C, or R) are
negligible the circuit can be considered pure or ideal. For

example, a purely resistive circuit may be represented as follows:

R1

ion

Computations in this type of c
Law can be applied to find
can be used to find andand as
applied voltage and circuit cu
phase angle (/6) is 00.

ircuit are not difficult. Ohm's
the power formula I R or 1 x E

you can see from the illustration,
rrent are in phase and the circuit

If the circuit is purely reactive (capacitive or inductive),
circuit values can still be found in the same ma-ler. Remember,

anything measured in ohms (R, XC or X
L
) can be used in the Ohm's

Law equation: amps =
volts

ohms

100v

xt

2011
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Narrative Twelve-I

A

There are, of course, some significant differences between these
reactive circuits and the resistive circuit previously explained.
The most notable difference between resistive and reactive circuits
is the circuit phase angle between applied voltage (E) and circuit
current (I). In the inductive circuit, as you can see from the
illustration, voltage leads current by 90° (ELI). in the
capacitive circuit the reverse is true; current leads voltage by
90° (iCE).

Recall that vectors can be used to represent the magnitude and
phase of voltage and current. For example, these are vector diagrams
for the three circuits you've just seen:

Purely Resistive Circuit:

Purely Inductive Circuit:

7

I F

Notice that voltage and current
are both plotted on the same
line because they are in phase.

bc:
Current is plotted on the ref-
erence line and voltage is plotted
90° ahead, showing that E leads I

by 90°.

-13
E.)

f



Narrative Twelve-1

The vector diagram which represents this relationship is drawn like
this:

EC

ER

E
R

is plotted on the reference line because it is in phase with
circuit current. E is plotted 90° behind E

R
because it lags

currcit by 90°.

By applying Ohm's Law to this circuit we can determine the values
of E and E

R
.

E =IxX ER=IxR

2 x 90 = 60 v 2 x 40 = 80 v

If you are at all observant you have noticed that the sum of the two
voltage drops apparently does not equal the applied voltage. This
is true if you consider the effective values of Ec and ED (60 v 4. 80 v);

however, the instantaneous values of E and ER can be added directly
and they will equal the applied voltagl at a given instant of time.
This is shown in the following illustration

MAX EA

MAX EIA 141.4v

113.12vAU
67firMAX IC

84.84v

The vector diagram representing this circuit is:

420 ER 110v

40

Once again notice the positions of ER and Ec. The angle labeled
A (angle theta) represents the circuit phase angle which is the
number of degrees by which the applied voltage leads or lags (in
this case lags) the circuit current.

9



Narrative Twelve-I

If the circuit were resistive-inductive (RL) instead of resistive-
capacitive (RC) the 900 phase shift between the individual voltage
drops would still exist but would be a leading instead of a lagging
angle because voltage leads current in a inductive circuit.

impedance

In a resistive-reactive AC circuit the total opposition can no !tinge:
be considered,strictly,as resistance or as reactance but must be
thought of as a combination of Xt, Xt. and R. For this reason a new

term is introduced, impedance. YMpebance 's defined as the total
opposition a circuit offers to alternating-current. The letter
designation for impedance is Z. Z represents an opposition to

current and, just like XC, XL and R, impedance is measured in ohms.

Solve:

IT

CC

c

Answer: I

T
= la; E

C
= 75 v

'
E
R

= 100 v

As you can see from the circuit above, impedance is not equal to
the direct sum of the oppositions within the circuit, first as the
applied voltage is not equal to the direct sum of the voltage drops.
Since the voltage drop across each component In a series circuit is in
direct proportion to the Imepdance of that component, the individual
values of opposition (Xc, X,, and R) may be vectored to obtain total
Impedance just as the voltage drops are vectored to obtain total
voltage. The vector diagrams representing the impedance of an RL and
an RC circuit are drawn as show at the top of the next page.

ao 16
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Narrative Twelve -I

Xt

R

Note that X and X, are plotted in the same relationship to R as
E and E aPe to r The mathematical processes you will learn
in

C
n following lessonRs for combining out of phase values will apply
equally well to solving for Ea or for 1.

AT THIS POINT, YOU MAY TAKE THE PROGRESS CHECK, OR YOU MAY STUDY
ANY OF THE OTHER RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK
AHD ANSWER ALL OF THE QUESTIONS CORRECTLY, GO OD THE NEXT LESSON.
IF NOT, STUDY ANY METHOD OF INSTRUCTION YOU WISH UNTIL YOU CAN
ANSWER ALL THE QUESTIONS CORRECTLY.

1 11

17
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P.1. TwelveI

PROGRAMMED INSTRUCTION
LESSON 1

Voltage and Impedance in*AC Series Circuits

THIS PROGRAMMED SEQUENCE HAS NO TEST FRAMES.

1. All circuits contain some amount of resistance, inductance
and capacitance. If two of these factors are negligible the
circuit may be considered pure and is solved by applying
procedures you've already learned.

Solve:

Eni

SON

ER2

150V

--lietTy; 0.5 a; 400 SI)

E
a
=

1 =

RT =

12 18



P.I. Twelve-I

2. In a purely resistive circuit, such as the one in frame 1,
the applied voltage is in phase with the circuit current
which is in phase with the individual voltage drops E

RI
and

E
R2'

In a resistive circuit, the applied voltage is in phase with
' the circuit current. This implies a circuit phase angle of

degrees.

3 Computations in a ideal resistive circuit are-quite simple.
Ohm's Law is applied to find current. R is equal to the
of the resistances and according to Kirchhoff's Voltage Law Ea
is equal to the of the voltage drops.

(sum; sum)

13



P. l. Twelve-1

4. If the circuit is purely reactive (capacitive or inductive)
circuit values can be found in the same manner as in a purely
resistive circuit, using Ohm's Law and Kirchhoff's Voltage Law.

Save:

XLi

60a

X12

2on

T-11C

xc,

ioov I 25a

xc2

X
LT

E
Ll

ELz =-
X
CT

=

=

E=c2_--__-_
E
a

(13041; 2.5 a; 1"50 v; 50 v; 75 RI_ Ti77:' 200 v; 300 v)

5. Although most circuit computations are carried out the same
way in both purely reactive and purely resistive circuits there
are some significant circuit differences, the primary one being
the diffeyence in phase between applied voltage and circuit current.

The difference in phase between voltage and current in a purely
reactive circuit is:

a. 0°

b. 45°

c. 300
d. 1800

(c) 900

2')

I



P. I . Twelve-I

6. Vectors are often used to represent the magnitude
relationship of voltage and current in a circuit.
with relative quantities, one must be chosen as a
which all other quantities may be compared.

The ideal reference is a quantity which is common to all parts
of a circuit. For a series circuit the reference value is

and ,phase

When dealing
reference to

=,11111

a. voltage
b. current
c. resiaance
d. reactance

00

(b) current

r

7. In which position of the vector diagram
.,

is the reference value
..

(current) placed.

a
ilo

(a) [If you were unable to answer this question review t e
lesson on vectors in Module Mine.]

.

3.5 21



P.1: Twelve-1

8. On which axis would a value be placed to indicate it was
90° ahead of (leading) the reference?
90° behind (lagging)? .

b

41

(b; ..d) (lf you were unable to answer this question, review
the lesson on vectors in Module Nine.]

4

22
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P. 1 . Twelve-I

9. Below are the voltage and current sine waves for three circuits.
Beside each, draw the vector. representation using current as
the reference.

a.

b.

d.

la. b. c.

. 0

" 23



P. I .

10. When vectors are used to describe a series circuit,
is used as the reference because it is the

value.

Twelve-1

circuit

(current; common)

Id

Ir.-When resistance and reactance ,are placed IP series, with an i
,

AC voltage applied, the voltage drops which occur across the
4.

individual components are 90° out of phase.

Which vector diagram(s) could possibly be used to represent the
phase differerice between resistive and reactive voltage drops.

..,111 a. C.

r L
(b;dY

24

3.8

0

,
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P.o. -Twelve-1

12..lf you were to view the voltage drops across a capacitor and
a_resistpr At the same time, with an osciiloscope, this'is
.whit yOu would see.'

Notice that E is at its maximum value while EC is at its
minimum. 90° later E reaches its maximum value and E

R
has

.0
decreased to its minimum value.

Which of these vector diagrams-correctly represents the phase
relationship between Cc and ER?

a.

fc.

ER

Ec

ER

0
13. As you canssee E reaches its maximum value 90° before E,

The proper way of expressing this for a series circuit is EC
lags L by 90°. Curtent is the reference point and ER is jn
phase with current.

Both of tpese diagrams show a 90° phds.r.. shift with ER ahead.

Which one is correct if current is the reference?

a. b.
ER
11100

. EC

(b)

a

19 9



P.1. Twelve-1

14. A series circuit containing a coil and a resistor also has 4
90' phase difference between the voltage drops. The voltage
drop (E,) across the inductor leads the voltage drop across the
resistoP.

)raw the vector diagram representative of a resistive-ieuctive
circuit with current as the reference:

15. Solve for:

OW

v; 40 v)

RI

150,a

E
c7(c

2001

ER

20
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P11. Twelve-I

16. Unless you are completely unobservant you noticed that the
sum of E and E (300 v 400 v) is greater than the applied

voltage T500 v). This apparent contradiction of Kirchhoff's
Voltage Law can be explained by the 90° phase difference between
E
R
and Er. By observation you can see that the combination of

out of ptiase voltages such as E and E
R
will be

less/greater

than either individual value and than the direct

sum of the two. less/greater

P.

(treater; lessf

17. The values given on the schematic do not reach maximum at
the same time. In other words, EL will reach its maximum
90° before E

R'
when E

R
is maximum

'

E
L
will have decreased

to 0 v.

What will E
R
be when E

L
has increased to maximum

4

(0 v)

V.

21
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P.I. Twelve-I

18. E
R
and EL, when,properly combined (not directly added), will

equal source voltage. The total effective voltage across R and
L taken together will be greater than the effective voltage
across either R or L, but it will be less than the direct sum
of the two effective voltages.

Label EL, ER, E
a

'

4

4

28

22
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P.1. Twelve-1

ta
19. Kirchhoff's Voltage Law is true for all circuits if properly

applied. for example an RL circuit:

From previous frames you should recognize that Ea is not
175 volts. E must be greater than the largest voltage drop
but less thanathe direct sum of the two. At any instant of
time, however, the instantaneous value of ED added to the
instantaneous value of E

L
will equal E . The values normally

given are effective values, not instantaneous. Some system
for combining these out of phase effective values is required
unless we want to change them to instantaneous values for
direct addition.

(GO TO NEXT FRAME.

20. The combination of out of phase voltage drops is usually
accomplished by vector addition, this process Is comparable
to finding the resultant of two forces pulling on an object
at an angle of 900

4.14Ibs

nibs

As you can see, the resultant force acting on the object will
not be in the direction either force is pulling, but will be
somewhere between the two. The strength of the resultant force
will be greater than either of the pulling forces but
than the direct sum of the two.

(less)

23 29
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//
21. The voltage drops which occur in any circuit are caused by

the oppositions to.current within that circuit. Each of

these oppositiol;s (X
C'

X
L'

R) are measured in ohms and each

can be used in the Ohm's Law equation amp =
volts.

ohms

Solve:

E
L

E =

(225 v; 460 v; 750 0

22. Each voltage drop Is out of phase with the other two as shown
by this vector diagram.

140.

EL 430v

ER 225v

Ac750v

Since this is a series circuit, current is the reference and
E is plotted in the reference position. EL and E, are then
potted leading and lagging ER. As you can see EL and Ec are
180° out of phase (directly opposing). They tend to cancel
one another, eliminating the effects of one of the reactive
components. Draw the voltage vector diagram for the above
sample which results from the canceling reactive voltage drops.

ER 221+

ExT 300v

3 (J

24
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P.I. Twelve-I

23. The phase differences between resistive and reactive voltage
drops in an AC circuit are caused by the different types of
opposition offered by the reactances (XL and Xc) and the re-
sistance (R).

Each type of opposition is different because it opposes current
flow for different reaso,s and is affected by different factors.

Match the determining factors to the value:

1. XC a, frequency

2. XL b. capacitance

3. R c.

d.

Inductance

resistance

T1. a and b; 2. a and ct 3. d)

24. The total opposition in a resistive-reactive circuit can be
considered neither pure resistance nor pure readtance, but
must be thought of as a combination of the two.

Which factors will affect total opposition in an AC circuit:

4

a. total current
b. frequency
c. applied voltage
d. capacitance
e. resistance
f. inductance

(b. frequencr; d. capbcitance; e. resistance; f. inductance)

2S1

o

..

k.



P.I. Twelve-I

25. Total opposition in an AC circuit is referred to as impedance
Impedance represents a proper combination of:

and

(resistance; reactance)

26. Total opposition in an AC circuit is called:

a. resistance.
b. capacitance.
c. inductance.
d. impedance.

d) impedance

27. Impedance is measured it ohms and is designated by the letter Z.

Ohm's Law can be written as I

What is I

T
?

(300 ma) 1

32

26



P.I. Twelve-I

28. Thus, the total opposition in any AC circuit can be referred to
as impedance (Z). If the circuit is purely inductive, capacitive
or resistive, Z is equal to Xi, Xr, or R respectively. Should
the circuit be resistive and Feactive, the impedance is a special
combination of R and X. Regardless of the type of circuit you
are dealing with, , is the correct term to use when
referring to total opposition to alternating current.

(impedance)

29. Since the voltage drop across each component is directly pro-
portional to the opposition of that component, the individual
oppositions may be vectored to obtain total impedance.

The impedance vector diagram for a series circuit is identical
to the volt' vector diagram.

lndjcate the placement of XL, R, and XC on the vector diagram.

XL

-R

IF ANY OF YOUR ANSWERS IS INCORRECT, GO BACK AND TAKE THE PRO-
GRAMMED SEQUENCE AGAIN.

IF YOUR ANSWERS ARE CORRECT, YOU MAY TAKE THE PROGRESS CHECK, OR
YOU MAY STUDY ANY OF.THE OTHER RESOURCES LISTED. IF YOU TAKE
THE PROGRESS'CHECK AND ANSWER ALL THE QUESTIONS CORRECTLY, GO
TO THE NEXT LESSON. IF NOT, STUDY ANY METHOD OF INSTRUCTION YOU
WISH UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.

27 33



Summary Twelve-I

SUMMARY
LESSON I

Voltage and impedance in AC Series Circuits

in Module Two, you learned that cells can be connected in series so
that their voltages either aid or oppose each other. The total voltage
from these series-connected cells is equal to the difference in
voltages when the cells oppose and equal to the sum of the voltages
when they aid.

AC voltages in series act in the same way, but the instantaneous values
must be added together algebraically to find the tots voltage. The
output of two alternators running at sxactly the same frequency and
connected in series will depend on the phase relationsnip of the
voltages. If the alternators are operating in phase, their combined
output is equal to the sum of their voltages; 180° out of phase, the
total output is the difference in their voltages. Waveform A below
shows two voltages in phase and the total or resultant voltage. Wave-
forms B shows two voltages 180° out of phase.

El 40VAC

12 30 VAC

ET 70 VAC

Et 40 VAC

E2 30 VAC

Ey 10VAC

The resultant voltage shown above can be found by arithmetic addition,
or subtraction, but voltages with any other phase relationship are
more complicated to work with. Here two voltages 90° out of phase

.are added together using instantaneous values.

34
28



Summary Twelve-I

Finding the total voltage this way is slow, difficult, and usually
inaccurate. A far simpler way to determine the resultant is to use
vectors to represent the voltages. Using El as the reference vector
in each of the three cases at the bottom the last page yields these
results:

12 El Er

t711'i40v lOv

1lDv 300v

1.2_440.21___64

30v ET 40v 0
1 40v

ET

IN PHASE 180° OUT OF PHASE '90° OUT OF PHASE

In a series AC circuit, the voltage'drops across the loads must also
be added vectorially. The voltages across two resistors in series
are in phase, the voltages across two inductors are in phase and the
voltages across two capacitors are in phase. Because of the phase
shift between current and voltage in an inductor or capacitor, the
voltages acros3 a resistor and a capacitor (or Inductor) connected
in series will be out Of phase.

Current is the same throughout a series circuit, so.the current through
any component is in phase with the current through any other components
in series. For this reason, current is always used.as the reference
in the vector analysis of a series AC circuit. A vector diagram of
the voltage drops across a capacitor and resistor in series looks
like this

0

Remember ELI the ICE man, current through the capacitor leads the
voltage drop across the capacitor and the voltage drop across a
resistor is always in phase with the current through it. The vector
diagram for voltages in an AC circuit containing both inductance
and resistance would be

The angle between t...! voltage and current in a circuit is called the
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phase_ angle of the circuit and is represented by the Greek letter 0.
Recall that the phase angle in a purely inductive circuit is a
Positive 90°, for a purely capacitive circuit, it is negative 90°
and for a circuit containing only resistance, it is 0°. in the
succeeding lessons, you will learn more about vectors in AC circuits,
and some better methods for finding the resultant of two vectors at
right angles.

As you saw in the special statements l'= and 1 = , Ohm's Law
X
L

X
C

applies.to AC circuits as well as to DC circuits. In series circuits
that combine resistance and reactance, total current will be de-
termined by the total opposition to current no', and this opposition
is called impedance. The capital letter Z is the symbol for im-_

E

'pedance, so Ohm's Law for AC r.ircaits is written I

T Z
= Impedance

includes the cases of resistance alone, capacitance alone, in-
ductance alone, or any combination of resistance, inductance, and
capacitance. Transposing Ohm's Law, you will find that E = IZ,

and -the voltage across a pure inductance or capacitance camp be
found from E

L
= IX

L
or E

C
= IX

C
.

You have learned that voltages in AC series circuits are represented
by vectors that show voltage phase relationships with respect to
current, and that adding out-of-phase voltages arithmetically gives
false answers. From this it follows that adding resistance and
reactance arithmetically will provide a false impedance value. Since
voltage and impedance are pro2ortional, however, it is possible to
vector the impedance in a series circuit much as the voltages are
vectored:

EL

ER

EC

V

The resultant of the first vector ,Troup is total voltage, that of
the second group Is total opposition or impedance.

AT THIS POINT, YOU MAY TAKE THE LESSON PROGRESS CHECK, OR YOU MAY
STUDY THE LESSON NARRATIVE OR THE PROGRAMMED INSTRUCTION OR BOTH.
IF YOU TAKE THE PROGRESS CHECK AND ANSWER ALL OF THE QUESTIONS
CORRECTLY, GO TO THE NEXT LESSON. IF NOT, SELECT ANOTHER METHOD
OF INSTRUCTION UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.

36
30



..:

#

BASIC ELECTRICITY AND ELECTRONICS

INDIVIDUALIZED LEARNING SYSTEM

MODULE TWELVE
LESSON I I

Vector Computations

Study Booklet

Bureau of Naval Personnel

January 1972

3337

NAVPERS 94558-I2a

,..

.



Overview Twelve-II

OVERVIEW

LESSON II

Vector Computations

In this lesson, you will study and leirn about the following:

J

-when vectors can be added

-Pythagorean theorem

- relationships in a triangle

- practical application

BEFORE YOU START THIS LESSON, PREVIEW THE LIST OF STUDY RESOURCES

ON THE NEXT PAGE.

38
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Study Resources.

LIST OF STUDY RESOURCES

LESSON

Twelve -II

Vector Computations

To learn the material In this lesson, you have the option of choosing,

accoreing to your experience and preferences, any or all of the

following:

STUDY BOOKLET:

Lesson Narrative
Programmed Instruction

Lesson Summary

ENRICHMENT MATERIAL:

NAVPERS 93400A-lb "Basic Electricity, Alternating Current."

Fundamentals of Electronics. , Bureau of Nava! Persopnei.

Washington, D.C.: U.S. Government Printing Office, 1965.

NAVPERS 93400A-8 "Tables and Master Index." Fundamentals of

Electronics. Bureau of Naval Personnel. Washington, D.C.:

U.S. Government Printing Office, 1965.

YOU MAY NOW STUDY ANYtOR ALL DF THE RESOURCES LISTED2ABOVE. YOU

MAY TAKE THE PROGRESS CHECK AT ANY TIME.



Narrative Twelve-II

NARRATIVE
LCSSON II

Vector Computations
cie

Most practical circuits Will contain all three of the basic elec-
trical properties -- resistance, inductance, and capacitance. Be-

cause the voltages developed by these quantities are not in phase
with each other; new methods of computing-circuitvalues must be
learnid.

You've st.6 how vector diagrams can be used to represent volfnes
(EL, E

C'
ER) and oppositions (X

L'
X
C

, R) in series AC circuit,.

4
EL

A

ER

RL

EC

I
RC RL

R
04

RC

'VOLTAGE VECTOR DIAGRAMS IMPEDANCE VECTOR DIAGRAMS ilk

You will now learn the mathematical techniques that are used to
combine out of phase values by vectorial addition;

Graphical Analysis

Graphical analysis involves the use of graph paper or draWing tc,
scale.

EEEA.
ER

120v

1. Draw the vectors representing_each
value to scale and in the proper -'
position (as described in Lesson I).

40
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2. Construct a parallelogram from the

existing sides. (Draw connecting

lines equal in length and parallel

to the existing sides.

3. Draw the resultant vector from the

lower left corner (apex or zero

point) to the upper eight-handcorner.

4. The length of the resultant vector

represents the combined value of the

sides which is the value of E
a

.

Measure the resultant and compare It

to the scale.

5. The angle between the base line and the

resultant represents the circuit phase

angle, /0. Measure the angle. (The

procets is the same if resistance and

reactance were to be combined to find

impedance.)
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While this is a long, slow, and usually inaccurateprocess, it
is a good Idea to make a trough sketch of the vectors for all cir-
cuits you solve.

Pythagorean Theorem

By looking at the parallelogram which is constructed from the
original vector diagram, you can see that two right 'riangles
a're formed by the sides and the resultant.

ER

120v

The tririgle we are concerned with is the one which contains the
circuit phase angle, /0 (shaded area). The base line which
represents the resistive value (R or E.) forms one side of this
triangle; the side opposiL '0 represeRts the reactive value
(X

L
or EL). Since the fig is a parallelogram, the side

opposite /8 is identical to the vector representing the reactive
value. The resultant vector which is the unknown value forms the
hypotenuse. The problem now resolves into finding the length of
one side of a right triangle when the length of the other two sides
are known. One way of doing this is by applying the Pythagorean
Theorem, which states that the length of the longest side is equal
to the square root of the sum of the squares of the other two sides.

For our purposes, this can be written as:
Ea = E

R
+ E

L
or, if

impedance is desired: Z = R

For the example shown: E
R
= 120 v = 12 x 10

1

EL= 90 v = 9 x 101

E
a
= (12 x 10

1

)
2
+ x 10

1

)
2

/
E
a
= i44 x 10

2
81 x102

/----- 11--
E
a
= 225 x 10

E
a

= 15 x 10 = 150 v

3642
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The only drawback to the Pythagorean Theorem is that the value of
/8 cannot be determined and as you will soon see this value can
be quite important.

Solving Right Triangles

In order to determine the exact value of /8 and the resultant
vector (E or Z), it is necessary that you become familiar with
certain matbematical relationships which exist between the sides and
angles of a yight triangle. The mathematical expressions known as
trigonometric :unctions will be given in terms of the voltage and
impedance triangle.

1. The sine of the circtlit phase angle /0 expresses the re-
lationship between the reactive value and the resultant
(E
a

or Z). E
L

X
L

sine (SIN) =
E

or
Z

a

2. The cosine of /0 expresses the relationship between the
resistive value and the resultant.

R

a

cosine (cos) =
E
R

Z
or

E

3. The tangent of /0 expresses the relationship between the
reactive value and the resistive value.

tangent (TAN) =
E
L

or

X
L

ER

By using these equations it is possible to completely solve either
the voltage or impedance triangle for /0 and any unknown side when
two values are known.

Example:

EL

90v

$s.

" 43
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To help you keep track of all values,
draw a sketch of the vector diagram.

For this example, the only equation which
has both the known values is the equation
for the tangent.

9 0
TAN =

E
R

E
L

120

By referring to the trig tables located in the back of the study
booklet, we find that /0 is 36.9°.

It

Located dfily above the TAN in the90V
trig tables are the sine and cosine
for each angle. To complete the problem,

e MN' either the sine or cosine may be used.

E
L

E
90

SIN = i7- .
Ea SIN

150

a

or

ER E
R 120

COS = F
: -a COS -7997

a

Solve:

/0 = 53.1'; = 75 0; I = 2 a

44
38
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Regardless of the method used to solve the voltage or impedance
triangle, there are four rules that can be applied to check the
answers:

Ei

xl

1. If the resistive Value and the
reactive value are equal, /0

1

must equal 45°

4W

2. If the reactive value is greater
than the resistive value, A
will be greater than 45°.

I 3. If the resistive value is greater
I than the reactive value, /0 will

be less than 45°.
R

4. In all cases, the length of the
resultant will be greater than the
length of the sides but less than
the direct sum of the two.
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1. hyp = 40

/0 = 53.1°

4. adj = 48

opp = 36

2. hyp = 14.14 5. hyp = 12.8

/8 = 49°

3. opp n 69.28

/8 = 60°

/8 = 81.4°

AT THIS POINT, YOU MAY TAKE THE PROGRESS CHECK, OR YOU MAY STUDY
ANY OF THE OTHER RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK
AND ANSWER ALL DF THE QUESTIONS CORRECTLY, GO TO THE NEXT LESSON.
IF NOT, STUDY kNY METHOD OF 1NS1RUCTION YOU WISH UNTIL YOU CAN
ANSWER ALL THE QUESTIONS CORRECTLY.

.

41 47
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PROGRAMMEO INSTRUCTION
LESSON 11

Vector Computations

THERE ARE NO TEST FRAMES IN THIS PROGRAMMED SEQUENCE.

1. individual voltage drops kn resistive-reactive circuits cannot be
added directly to find total voltage (E ) because of the
degree . between tRe values.

.

%,

4,
,1

(90; phase differince)

2. Since the, voltage drop across each component in a series circuit
is directly proportional to the opposition of that component,
total impedance of a resistive-reactive circuit is found by

addition.

(vectorial)

48

142
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3. Vectors may be used to show the phase relationship between out-
of-phase values.

Draw and label the vector diagrams for the circuits shown below.

FOYEn 30V
EC

4. Since direct additton is not possible between out-of-phase values,
vectorial addition must be used to combine these values. The
problem resolves itself to constructing the voltage or impedance
vector diagram and solving for a resultant vector which will rep-
resent the value of or

(E
a

; Z [either order])

43 49
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5. One method of adding vectors is by graphic analysis. To do this

the victors must be drawn to scale. For example:

k
60v

What is the value of each graduation mala

ER 45v

(15 v. The choice of scale is up to each individual so long as the
same scale is used for the entire diagram.)

6. The next step is to construct a parallelogram from the original
vector diagram. (A parallelogram is a four-sided figure in

which the opposite sides are equal in length and parallel.)

_.f _ _+ -

4 4
1

60v

ER 45Vt

----WW7TaTTURI)
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7. Once the parallelogram is constructed, draw the resultant vector
from the lower left-hand corner (apex or zero point) to the upper
right-hand corner. The length of this line when compared to the
original scale gives the value of Ea.

EL

60w

What is the value of E
a

ER 45v

(75 v)

8. The angle between the base line (reference) and the resultant vector
represents the circuit phase angle,. /0.

Estlav

In this example, the applied voltage
by leads/lags

the circuit current

(leads; 53.10) NOTE: Graphic analysis can only be used when
accuracy is not important and the necessary equipment is available.

145

51
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9 When the parallelogram is constructed and the resultant vector
drawn, two triangles are formed. The one we are concerned with
contains /e.

a. The base line of this triangle represents the value of
or

b. The vertical side being equal in length to the side opposite
it represerits or

c. The resultant vector.represents the value of or
.

iER"R; b. E
L'

X
L

c. E
a

, /I
'
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10. Mathematically, the problem can be resolved to solving for
angles and sides within a right triangle.

ER

. The-information usually given will provide the values for the
base and vertical sides of the triangle. The desired informa-
tion will be the length of the resultant and the angle between
it and the base line or angle theta.

Draw the vector diagram, construct
the parallelogram, and label all

Xi known values. (It Is'not necessary

44101/
to draw to exact scale.) .

300u

W63
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I'. There are definite mathematical relationshps.between the sides of
a right triangle. One of these relationships is known as the
Fythac,orean which states that the length of the longest

. side is equal tso the square root of the sum of the squares of the
other two sides:

A

fa; c)

The length of side is equal to

the square root of thn sum of the
squares of sides and

12. For our purposes, the Pythagorean Theorem can be stated in terms
of the electrical values plotted on the vector diagrams.

ER

in the form of an equation:

The resultant vector is the longest
side of the triangle and represents
the value of Ea, so the applied voltage
is equal to the square root of the sum
of the squares of the'other two sides
which represent EL and 5R. Wnitten

/ 2 2
E = E

i.

E
Rav

Write the equation which would be used to find impedance:

(z =/x12 + R

54
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13. This example illustrates the solution of a voltage vector
diagram using the Pythagorean Theorem.

Ea

'Ea =
i

(15 x 10
1

)
2
+ (20 x 10

1
)
2

Ea =,/
/
225 x 10

2
+ 400 x 10

2

Ea =/625 x 102

E
a

25 x 101

E
a
= 250,

Solve for 1.

(200 n)

149 ...,
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14. The Pythagorean Theorem can be quite useful in solving electrical
circuits. It does, however, have one important drawback; it does
not tell us the number of degrees in /0. This value is quite
important in AC circuit computations.

The length of the sides of the triangle determines the size of
/0.

a

ER

R

XL

If the reactive and resistive values are
equal, /0 will be 45° or just half-way
between 0° and 90°.

If the reactive value is greater than the
resistive value, /0 will be greater than
45°.

If the reactive value is less than the
resistive; value, /0 will be less than
45°.

r Os° ER I

111,1
R

In the following examples, determine if /0 is greater
than, equal to, or less than 45°.

a.

56
50
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14. cont.

b.

c.

d.

a. less; b. equal; c. greater; d. less

15. As the adjacent side ofa right triangle increases, /0

increases decreases

As the opposite side of.a right triangle increases, /0

increases/decreases

ecreases; increases

51
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16. In solving right triangles, you must become familiar with
three mathematical expressions relating the three sides and /0
of a right triangle. For convenience, the sides of the triangle
will be given in terms of the electrical value they represent.

The sine of the /0 expresses the relationship between the
reactive value (E, or XI) and the resultant vector (E or Z).
The sine is deterMined By dividing the reactive valueaby the
value of the resultant vector.

E XL

SIN /0 - 1--
L

or r
a

What is the sine of /0 in this example?_

77100.61--

511
SIN=

17. The cosine of the /e expresses the relationship between the
resistive value and the resultant. The cosine is determined
by dividing the resistive value by the value of the resultant.

E

COS /0 = 1R
R

or
Z

a

What Is the cosine of /0 in this illustration?

COS =

1.833n_

59
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18. The reactive value divided by the resistive value is equal to a
number.called the tangent of /e.

E XL

TAN/0 * ir-- or v
"L11

What is the tangent of /0 in the illustration?

loll
TAN

1.0000) [Note; When computing trig values, carry the numbers
to four decimal places to ensure reasonable accuracy.]

19. Match the functions in column B to the .lectrical relationships
in column A.

A. 8.

1.
E
L a. SIN /0

E
a

' R
2. y

b. TAN /8

EL

ER
c. COS /e

-(1. a; 2. c; 3. b)

53

59
4
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20. By using one or a combination of the trigonometric functions, it
is possible to completely solve any right triangle if, any two

sides or one side and /0 are known.
O

Which trigonometric functions would you use to solve for A
in the following examlles?

a.

b.

A

2V

2.11V 3V

(a. TAN: b. SINT

60

51*
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21. Now that you know what the trigonometric functions are and how

OD solve for their numerical value, here is what you do with
them. In the back of this booklet is a set of trigonometric
tables. The column on the left is divided into degrees in-
creasing in value toward the bottom of the page.

I ABLE Or TRIGONOMETRIc FUNCTIONS

i-tlog
Ann
lion 0 0., 0 In 0.2° 0.3" 0 4' 0 5" 0 fa4° cs 7. 0, fie' 0. 90

In 0. 0000 0, 0017 0, 0035 0. 0052 0. 0070 0. 0087 O. 0105 0. 012/ O. 0140 0. 0157
0 Dios 1. 0000 1. 0000 1. 0000 1. 0000 1 0000 1. 0000 0. 9909 0. 9999 0. 9999 0.9999

tan 0. 0000 0. 0017 0. 0035 0. 0052 0, 0970 0. 0087 0. 0105 0. 0111 0. 0140 0. 0157

WO 0, 0175 0. 0192 0. 0209 0. 0227 0, 0244 0. Oda. 0. 0/79 0. 0297 0 0314 0.0332
1 I O 0.9998 0 9998 0. 9998 0. 9997 0. 9997 0. 9997 0.4)996 0.9996 0.9995 0.9995

tau, 0.017S 0.0192 0.0209 0. 0227 0.0244 0.0262 0.0279 0.0297 0. 0114 0. 0332

eon 0. 0349 0, 0366 0. 0384 0, 0401 0, 0419 0. 0436 0. 0464 0. 0471 0.0488 0.0506
nt. 0.9994 0.')993 0.99°)3 0.9992 0.9991 0.9990 0.')990 0.9989 0. 9988 0.9987

tan 0.0349 0.031,7 0. 0384 0. 0402 0.0419 0.0437 0.0454 0.0472 0. 0489 0.0507

Across the top, the table is divided into tenths of a degree
(0.0° - 0.9°). To the right of each whole degree and under-
neath each tenth of a degree is a group of three numbers; these
makers represent the sine, cosine and tangent of that angle.

If the tangent of an unknown angle is known to be 0.0297 what is

the angle?

(1.7°)

22. Using the trigonometric table, find the angle for each of the

following values.

- a. COS m 0.9504 /0 m
b. SIN = 0.7455 /0 =
c. TAN m 0.6494 77-
d. COS m 0.9690 /0 =
e. TAN = 5.4486 A

(a. 21.5'; b. 48.2°; c. 33.0°J d. 14.3°; e. 79.6°)

55 Gi
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23. By reversing the process the numerical value of the functions
can be found if the angle is known.

Find the functions indicated.

a. SIN /73.1°
h COS 747
c. TAN 73b79r
d. Si1.179-
e. TAN 74=

(a. 0.9568; b. 0.7071; c. 0.7908 L d. 0.3987; e. 0.9067)

24. By manipulating the three trigonometric equations, it is possible
to find any value on the triangle if any other two values are
known. The values we will usually be looking for are /0 and the
value of the resultant.

EL 20V

Le_ ER

3IN

The reactive and resistive values are known. Which trigonometric
function would be used to find /6?

What is the value of the function?

What angle does this number represent?

(tangent ..; 222-
'

0.6666; /0 =. 33.7°)
adj

62
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25. /0 was found to be 33.7°. By looking at the two numbers directly
above the tangent, we find that the cosine of 33.7° is 0.8320 and
the sine is 0.5548. Either of these can be used to find the value
of E

SIN = 1L7- or Ea = Ea = zziwr
= 36.05

SIN
20

a

E
R

E
R 30

COS = 6 05or Ea = Ea = Tuff 3 .

COSEa

What is /0 and E
a
?

/6 =

E
a
=

(33.7°; 36.050

26. Solve.

=

Z=

(/0 = 26.60; Z x.46 ay

YOU MAY NOW TAKE THE PROGRESS CHECK OR YOU MAY STUDY ANY OF THE OTHER
RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK AND ANSWER ALL THE
QUESTIONS CORRECTLY, GO TO THE NEXT LESSON. iF NOT, STUDY ANY METHOD
OF INSTRUCTION YOU WISH UNTIL YOUICAN ANSWER ALL THE QUESTIONS CORRECTLY.

63
57
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SUMMARY

LESSON II

Vector Computations

You have seen how vectors can be used to represent voltage and impedance
In series Af., circuits. and it is time now to learn more about how to

manrpulate the vectors. One way, of course, is to make a scale draw-
ing of the vectors and measure the needed values. While this is a long,
slow, and usually inaccurate process, it is a good idea to make a rough
sketch of the vectors for all circuits you solve. It helps you keep

the process straight in your mind. Another method is to use the

Pythagorean theorem (X
2
+ R

2
=

2
), but this gives only the magnitude

of the vector and tells nothing about its direction.

Trigonometric functions can easily provide both the length and direction
of any needed vectors when two. quanttties are known. Mt trigonometric
functions of the phase angle e are:

X

tangent (TAN)

EL

= = TL
R

sine (SIN) a L
= zL

cosine (COS) /0 = ER

A table of the values of these functions is located at the back of this
module.

An example of the use of trigonometric functions is

Find E
a

:

First, sketch the known vectors.

64

EL

50v

58

ER Clv

50v

ER
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Second, use the TAN function to determine /0.
E

TAN /8 = 7.- From the table /8 = 29.7°
LL

50

-.57
E1

Transpose the second equation: ET

Here is a solution for impedance:

XL
TAN /0 = r

120

=50

= 2.4

SIN A

50

SIN 30°

50

0.5

=100v

XL

12011

R

son

From the table /e - 67.3°

7
X
L

" = SIN71)

_.120
.92257

= 130 it

Similar methods can be used to solve for one vector when one vector
and the resultant are known, or when the resultant and the phase angle
are known.

Some rules to help you solve AC series circuit problems: remember first
to skoLch the vectors; then

1. If the reactance (reactive voltage) is greater than the
resistance (resistive voltage) the phase angle will be
greater than 45°.

2. if the reactance and resistance are equal, /e will be 45°.
...

59
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3. if the resistance is larger than the reactance, /0 win be
less than 45°.

Another quick check to avoid some gross mistake is that the resultant
will be larger than either vector, but less than the sum of the vectors.

The following lessons will go more deeply into solving these problems
and will give you more practice with them. If you want to try some
problems now, there are several practice examples at the end of the
narrative for this lesson.

AT THIS POINT, YOU MAY TAKE THE LESSON PROGRESS CHECK, OR YOU MAY STUDY
THE LESSON NARRATIVE OR THE PROGRAMMED INSTRUCTION OR BOTH. IF YOU
TAKE THE PROGRESS CHECK AND ANSWER ALL OF THE QUESTIONS CORRECTLY, GO
TO THE NEXT LESSON. IF NOT, STUDY ANOTHER METHOD OF INSTRUCTION UNTIL
YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.
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OVERVIEW

LESSON III

Rectangular and Polar Notation

In this lesson, you will study and learn about the following:

rectangular notation

the j operator

-positive and negative angles

polar notation

-converting notatic^

-mathematical computatIoNs

BEFORE YOU START THIS LESSON, PREVIU THE LIST OF STUDY RESOURC'S

ON THE NEXT PAGE.
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LIST OF STUDY RESOURCES

LESSON III

'Rectangular and Polar Notation

To learn the material in this lesson, you have the option of choosing,

according to your experience and preferences, any or all of the

fol;owing:

STUDY BOOKLET:

Lesson Narrative

Programmed Instruction

Lesson Summary

ENRICHMENT MATERIAL:

NAVPERS 93400A-1b "Basic Electricity, Alternating Current."

Fundamentals of Electronics. Bureau of Naval Personnel.'
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NARRATIVE

LESSON III

Rectangular and Polar Notation

Rectangular and polar ngiation are simpler means of using trig
to solve AC circuits. 1

Looking first at rectangular notation, !et's see how it makes our
job easier. Rectangular notation states the ohmic value of the
circuit components in two parts, the resistive value always being
stated first and the reactance value second.

The impedance of the following circuits are written in rectangular
notation as shown.

Z..40130n
R
2011

X 2511

Z 10 12.511
R 114

Notice all inductive values are indicated as +j while capacitive
values are indicated as .

( -J)

With rectangular notation indicating the following values, draw
a circuit corresponding to the values indicated,

Z= 75-j3.511

With circuit values given in rectangular notation, a complicated
circuit can be easily reduced through addition.

614



Narrative Twelve-111

(a

R1 50,11, XL, 7311 R2 25i1 i,

R32.511
Wv

Txci wort

50 + j75 + 25 - j100 + 25 = Z.T. Add all resistances together and all
reactances (j-values) together, and the total value is:

Z
T

= 100 - j25

The +j values will cancel the -j values; this we have an equivalent
circJit containing 100 ohms of resistance and 25 ohms of capacitive
reactance.

AN1.----.
R1 100n

looking at a circuit that contains inductive and resistive opposition

k.......A.A..r-

xi,i son
'.N'y

Iti 2511

_d\iA,___
XL2R2 25fl a

in series, when written in rectangular notation the circuit would
be written as .

25 + 350 + 25 + 325

A4:.ting these values in rectangular notation, we would end up with

50 + j75. Since the 50 denotes resistance, it would be plotted
horizontally .-4.1 a vector. ---------- The +j value, the in-
ductive reactance, is plotted vertically upward.
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50 17511

I

xioi)
75a

R50a

Draw a vector diagram representing the following number in rectangular
notation:

750 - pawn,

The resistive value, 750, is plotted horizontally, while the -J'80
identifies the circuit ccelponent as capacitive reactance, and is

plotted downward.

R 73011

In a series circuit e.ontaining and X the larger value will dominate

and the resulting circuit will appear iKductive or capacitive.

Represented in rectangular notation, this circuit would be

x, soil

2Tson

xc 75a

66
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After performing the indicated functions, you should end up with
50 - j25. The -j implies a capacitive circuit, and the vector
diagram is:

R SOS11

When the circuit has been reduced by rectangular notation, it can
then be converted into a vector resultant and easily solved with
the usual trig functions.

Rectangular notation is highly useful if the individual component
values are known. However, if only the resultant value is known,
with its angle, theta, we have what is called polar notation.

Rectangular notation gives the values of the resistive and reacdve
components of a vector, while polar notation gives only the value of
the resultant and its phase angle. In this configuration, vectors can
be multiplied or divided with ease.

If a circuit has a total impedance of 65 ohms and an angle of 35.5°, we
would put it in polar notation, 65 g/35.5°. If this circuit has a
source voltage of 100 volts and we are solving for total current, the
problem could be laid out like this:

E
a

100 /00
100

I

65/35.5°
1.53 a 1-35.5°

Z
T

65 /35.5°

To bring the /35.5° above the line In division we change the sign to
1-35.5°. In multiplying or dividing vector quantities, the angles
are treated like powers of ten, that is, the angles are added alge-
braically for multiplication, and the angle in the denominator is
subtracted algebraically from the angle in the numerator for division.

We have solved not only for the total current in the circuit (1.53 a),
but have also found that the circuit voltage is leading the source
current. by 35.5°.

In converting from rectangular notation, 250 j320, to polar notation,
405 /52.1°, we simply perform the function indicated by our trig formula.

SIN =
ooposite -

X
LS =

Wil71:7071Tii

COSINE = adjacent r a
C

ypotenuse

TANGENT = T
X
L

--a- T=
adjacent

°
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As the formula dictates for finding the tangent, we divide the reactive
side by the resistive side, the values listed in rectangular notation.
320 divided by 250 gives us a tangent c.f 1.28. Looking at our trig
table we find we have an angle of 52.1°. We also find we have a SIN
function of 0.7891 3nd a COS function of 0.6143. Here again the formula

will indicate what to do, find the resultant by dividing the reactive
side by the SIN value.

320 7
.7$91

In performing the indicated functions we derive the resultant value.

SIN function first ---- .77-gT
320.000

--= 405

COS function next ----
250.000'..

4o576f4T- s

We now have a triangle containing the following values, resistive,
reactive, and resultant, as well as the angle.

52:14 250 AN
DPI

1

Taking the value of the resultant and its respective angle of dis-
placement, we can put the problem in polar notation, 405 /52.1°. In

this form, you can see that you already have the value of the resultant
and the angle.

Following directions, work the following problem.

370 j44o

Draw the angle indicated.

!ist the trig functions.

74
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Perform the math indicated by the formula.

List the following values. TAN =

Using the SIN function, the resultant is
Using the COS function, the resultant is

SIN = COS

Fill in the values on the resulting triangle.

--001

Write the values in polar notation.

575/49.90

Remember, in polar notation we are simply given the resultant value
and its respective angle. And again, we can depend on the formula to
show us what steps to take to solve for our unknown valtjes of the
resistive and reactive sides.

A

Taking the following problem in polar form, 435 /-32.80, first let's
draw out the triangle indicated; notice it is a negative angle.

Now let's go to our trig table and find the SIN and COS function for
the angle of -32.8°. SIN = 0.5417; COS = 0.8406.

Our formula tells us we can do some slmfile multiplication and uolve
our problem.

SIN x resultant = reactive value

COS x resultant = resistive value.
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First, work the SIN.

Next, work the COS.

0 236

A366

Twelve-III

.5417
x435

.8406
x435

366

Now this problem can be written in rectangular notation as 366 - j236
or in polar form as 435 1-32.8°,

Using whit has been covered, convert 750 /42.6° to rectangular form.
Follow directiois and solve for the values indicated.

Draw a vector representing the values given.

List the trig functions.

On the trig sheet, find angle indicated and list SIN =

Solve for the resistive side.

76

70

COS =
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Solve for the reactive side.

Twelve-III

Draw a vector representing the values of the resistive and
reactive sides.

Indicate angle theta and the resultant.

Show vector triangle in rectangular form.

552 + j5013

Solve.

Z
7

=

IT

Al =

Rectangular nJtation =

n 7

Xcinfl
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Vector representation =

Polar notation = /-16.4°

Triangle representation =

Solve for 1T in the preceding problem using polar notation.

150

ITT 88 1-16.4°
IT = 1.7A /16.4°

In this circuit we found the current the source voltage.
leading /lagging

leading

Since we have a combination of resistive and reactive components in
a circuit, we must know how much true power is dissipated and how much
reactive power is returned to the circuit. A ratio of true power to
apparent power is the circuit's power factor (PF).

P

This power factor can be determined by the formula PF = -0"--t* which is

a

also equal to the cosine of the circuit phase angle. True power may
be computed using the formula P. = E x i x COS /0. Reactive power is
Px = Ea A IT x SIN /0. Apparent power is simply Ea x IT.

AT THIS POINT, YOU MAY TAKE THE PROGRESS CHECK, OR YOU MAY STUDY
ANY OF THE OTHER RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK
AND ANSWER ALL OF THE QUESTIONS CORRECTLY, GO TO THE NEXT LESSON.
IF NOT, STUDY ANY METHOD OF INSTRUCTION YOU WISH UNTIL YOU CAN
ANSWER ALL. THE QUESTIONS CORRECTLY.

7;:s

72
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.PROGRAMMED INSTRUCTION
LESSON III .

Rectangular and Polar Notation

THERE ARE NO TEST FRAMES IN THIS PROGRAMMED SEQUENCF.

/

1. Rectangular notation (30 + J20) states the oti6ic value of the

circuit components in two parts. The resistive value always
being stated first and the reactance value second.

In rectangular notation the value is given first.

(resistive

2. The term J (J operator) is used to express the reactive
component. All inductive values are indicated as +J while
capacitive values are indicated as -J.

The reactive component is indicated by the prefix j and a
or sign.

(+; -; either order)

3. A +j indicates the vector must rotate counterclockwise and
a -j indicates the vector must rotate clockwise.

The sign of j operator denotes the the vector is
rotated.

V

(direction)

4. A +j indicates counterclockwise rotation while a
indicates clockwise rotation.

73

79
1"

t
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5. Capacitive reactance is indicated as a -j for Its vector

rotates clockwise.

Inductive reactance (in ohms) is indicated by a +j and is plotted
as rotation.

(counterclockwise)

6. The reactive component (capacitive or inductive) is always the
value attached to the j operator and indicated with a + or - sign..

A -j indicates a reactance and is plotted clockwise.

(capacitive)

7. Actually rectangular notation is another method of giving us
the two sides of a triangle.

The reactive side of a'triangle is represented by a + or

Ai; .I)

8. Rectangular notation is drawing a vector triangle with numbers
and letters.

oft

Drawing represents a +j rotation.

Do. is

(B)

10

60
714

10k
lio

10

6

r-\

1.

7".4
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9. To eliminate drawing a circuit or a right triangle we simply
state the values of the circuit given in rectangular notation.

Indicate the below circuit using rectangular notation.

20n,

737 0)

10. By looking at a statement in rectangular notation you know
immediately what values the respective vectors must represent.

Draw a circuit indicated by the values in rectangular notation.
30 + j20 + 40 - 115

15n 4011
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11. Trig functions and algebraic addition are still required when
using rectangular notation.

In using rectangular notation with trigonometry, what would be
the resultant from the reactive values of + Pin and -j20?

M.120

12. Normal addition will not work on the reactive components in
rectangular notation for their signs are not always the same.

Triangles are easily added in rectangular notation. Normal

additio: is applied to the resistive values and the llgebraic
addition is applied to the values.

(reactive)

13. Adding values in rectangular notation will reduce a large series
circuit to something much simpler.

Using rectangular notation, add up the values of the circuit below.

fLr J. .I A-1
SU, j ild/

ri

err

81r?

76
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Values in rectangular notation represent an actual circuit
containing resistance and reactance.

Draw a circuit indica'ted by the resultant values obtained from
frame #13.

,.,

15. Draw a vector diagram representing the circuit in frame #14.

R 651/
Ow

L

v

77, 63
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16. Rectangular notation in giving resistive and reactive values
is a numerical vector.

in rectangular notation, values of the and

sides are indicated as is the direction of of the
vector.

(opposite; adjacent; rotation)

17. Vectors may be added onjy in rectangular notation-
....

Complete the following problems.

a. 33 + j70 b. 70 - j50 C. 20 - j30
45 - j35 40 + j80 15 j10

(1_1-4Q 10 - po15 - '20

93 0

7,IT; 170 + j; 45 - j50)

64
78
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18. Polar notation of a vector is a vector identified by the value

of the resultant and its angle theta.

Which of the below drawings could be written directly in polar

notation?
11

(c) 400 /la°
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19. In multiplying vectors they must be in polar form.

Write the following resultant vector in their polar form.

a. b. 400

1

I

1

1

la. 85 /23 °; b. 500 1-36.9' )

20. To multiply a vector i, polar form regular multiplication is first
performed on the values preceding the angle.

Perform the math indicated on the preceding problem.

85 /23°

500 7233.50

(42500 211.:

27rfUr---

21. With the angles now we simply perform algebraic addition which,
since their signs are different, means we really subtract.

Algebraically add -36.9" and 23° .
,,

----TITT1
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22. The answer is of a negative value because the largest angle
was in a negative direction. (42500 1-13.5°)

Of the following angles what would the resultants be
positive or negatire?

a. 1-45° b. /20° c. / -40°
7 -,41 ), 7 74-0-r TIEfir

.

(a. /-100; b. /604T--C. /-613°)

23. In polar form then two distinct operations are performed,
multiplication and algebraic addition.

Compute the following polar notations.

a. 7 /30° x 5 /15° /45°

b. 15 /10 x 2 /-15 = 30 /

(a. 35 /45°; b. 30 /-5 )

24. All vectors must be in polar form for multiplication.

Complete the following:

a. 10 /40° x 5-/150 = /55°
b. 15 /-20° x 2 /50° = 30 /

c. 20 7737 x 3 /-20° 0

1a. 50; b. /30° ; c. 60 / -50° ) 1

k

I
i

1
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25. As with multiplication, division also can be performed only
when the vector is in polar form.

Which of the following vectors are divisible in their present

states?

c.
45v 59v

52°

35v

59 152°v

b.

d.

R

70+j 504/

72 - j 48v

(a;

ss

82

e

cr.
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26. In division of polar forms the one confusing part is in the
division of the angles, when the lower angle is brought above
the line its signs changed and it's then added to the upper
angle.

14 /30 14 /30

2 /15 2 7' /15-

The 15 in coming above the line becomes a -15 which is then
"added" to a +30 so we end up with 7/15°.

Divide the following angles.

a. /10 b. /-15 c. /10

/-5 / 5 /10

(a. /15 ; b. /-20 ; c. /0° )

27. Division of vectors is performed only in polar notation.

Complete the following problems.

a. 15 /30°
/10°

-37Err-

c. 30 /30°,

15 /-15°-

b. 100 ./-45°

Y21747

d. 25 /.-30°

5 /75-6-

(a. 3; b. 90°; c. 2 /45° ; d. 5 /1T')

8359



P.I. Twelve -III

28. When given a problem in polar notation the sine or cosine of
the indicated angle theta can be used to find the resistive
and reactive value. The SIN and COS values are listed in
the trig table in the back of this booklet.

List the SIN and COS of the following angles.

a. I SIN = b. 320 1-68.2° SIN =
75 1

22.°) 1 COS = COS = 0.-
..,

c. 100 /90° SIN = d.

COS =

A = 29°

hyp= 48

SIN =
i

I COS =

API

Gra

(.a. SIN 0.3827, COS 0.9239; b. SIN 0.9285, COS 0.3714;
c. SIN 1.000 COS 0000; d. SIN 0.4848, cos .8746)



Polar notation represents
its angle theta.
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3C. In converting from rectangular to polar form the following
relations are used.

...__ a. XL = Z x SIP 9

b. R = Z x COS 8

R

X
L

c. TAN 8 =----

Which formula would be used in the first step to find the pOlar
coordinates for the below circuit?

XL 70a

1A.,...1%.

E 50v

(c)

SI 40 + POD
..,

t

31. By dividin X (70)g b Ry (we we determine the tangent function

for this right triangle.

From the trig table, what is the angle?

(60.3°)

92

.......==.

86
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'N
32. Drawing a vector triangle to represent the above circuit values,

we have all the important information listed except the SIN
and OS of 60.3°. ..,

List the SIN =

COS=

1,
A

xl.

7011
1

(SIN = 0.8686; COS = 0.4955

33. The next step is to fInd the total impedance Z °ray. circuit.

Which of the following formulas could be used in solving fart?
X

L
a. Z

Tsuie

xi.

b. TAN /6 -. 4

R

c. 2 T53-7(7

,
(a. Z = TRXL-7v and/or c.. Z al-7r /

34. If formula a is used, we simply divide XL (70 CI) by the
SIN A to find Z.

i

Complete the following division; 0.8686 /70

111.1.,

41

.....,,,,,,,,,,.,,,,,..,..

.
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35. Had you chosen to use formula c, R divided by the COS yields the
same value for Z.

..4

Complet( the following division: 0.4955

r,80.5n)

36. You now know X
L'

R, Z, an d/ /0,the /0 not to mention the SIN,
-....

COS and TAIL of /0.

Place correct values as indicated, on vector diagram.

R

X Z
70

60.3°
Ift

37. The last step in conversion from rectangular form tepplar
form is to show the circuit impedance in its polar form.

Which of the following correctly shows the impedance in
the above illustration in polar form?

a. '40 - j7011 b. 60 /-0Ja

c. 40 j7011 d. 80.5 /60.3°0

id) 80.5 /60.3° 0

4

4e

9.1

88
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38. In rectangular form only the resistive and reactive values
are shown. In polar form only the resultant Z and the angle
theta are shown.

Which of the forms are correctly shown?

a. X
L
+ JR

d. z /0

b. XL a c. R + jXL

e. /R f. R - JXc

(c. R + JXL; d. Z /6; f. R JXC)

39. The following summarizes the formulas required and the proper
steps'to fellow to convert the following problem from rec-
tangular notation to polar notation.

a. Solve for the circuit tangent =
b. Solve for the circuit angle =
c. Solve for SIN
d. Solve for COS

wm.

e. Solve for Z using either formula
1 or 2. Z =si

f. Show impedance in rectangular
form

g. Show impedance in polar form =

X
L

TAN A .

X
L

= Z SIN A

R = Z COS /6

(a. 0.8125; b. 39.1'; c. 0.6307;

g. 103 /39.10 )

. 0.7760; e. 103; f. 80 + j65;

89
95
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40. in converting a problem from polar to rectangular form, we us
the same three basic formulas a; before.

List thrpe.formulas pertaining to 2, XI, and.R. SIN, COS, and TAN.t

a.

b.

c.

(XL X

a. = SIN /6; b.R = COS /0; c. = TAN /9)

T
2
T

R

L

41. The problem is in polar form giving the value of 2 and th,
phase angle. 120 /48.6°.

From the above information sketch a vector triangle showing
the vector length and angle. -

../

C

/ 4

6

...

. 96

... 90
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.42. We have the vaiue of 2 and its angle theta. To convert to
rectangular notation, we have to solve for XL and R.

From Frame #40, select the two or more formulas you will need
to solve for X

L
and R.

a.

j).

(

a.
X
L R

--- = SIN /0; b. -- = COS /e)
T

2
T

43. It is necessary to know the SIN and COS of 48.6° for conversion.

In the trig table locate and list:

a. SIN =
b. COS =

(a. 0.7501; b. 0.6613)

44. We have the SIN - COS, angle and the vaiue of Z. We still must
solve for X

L
and R.

Using the formula XL = Z SIN /e, perform the indicated math and

*.\\.
determine XL . When SIN /0 ;s 0.7506 and 2 is 120.

(XL = 90 n)

. 45. You now have found the +j value of the circuit. To complete
the conversion, you still must solve for .

(R)

91 97
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46. Using the formula for R, you can complete the transition from
polar to rectangular form.

Using the correct formula, solve for R

(R = Z COS /0 = 79.0)

47. We started with a problem in olar form and by using simple
math and a trig table, we have successfully converted it
into its rectangular form.

Write the just completed problem in its polar form
rectangular form

(120 /48.6 r 79.4 + j90)

48. We continually listed the SIN and COS of the angle during
. conversion, the COS has another important job. The COS /0

equals circuits power factor (PF).

What Is the power factor of a circuit having an angle of 49°7

PF =

(0.707)

49. er factor is a ratio of power used to power supplied.

What was the power factor of the circuit in Frame #39?

0.776

92
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50. If the apparent power supplied by the source and the amount
of power dissipated by the load resistance is known, power

P
t

factor can be computed using this formula: F--= PF.
a

What is the PF of a circuit with 600 va supplied and 300 watts
actually dissipated?

CO. 5)

IF YOUR ANSWERS ARE CORRECT, YOU MAY TAKE THE PROGRESS CHECK, OR
YOU MAY STUDY ANY OF THE OTHER RESOURCES LISTED. IF YOU TAKE THE
PROGRESS CHECK AND ANSWER ALL THE QUESTIONS CORRECTLY, GO ON TO
THE NEXT LESSON. IF NOT, STUDY ANY METHOD OF INSTRLICTION YOU WISH
UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.

93 99
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SUMMARY

LESSON III

Rectangular and Polar Notation

A resultant of two vectors at right angles cam be described in two
important ways - Rectangular Notation and Poiar Notation. Each of
these systems has some very important advantages, so we will study
both of them.

Rectangular notation is based on the graphs you probably studied in
high school and grade school. Any point can be described as "so many
units left or right of zero and so many units up or down." The directions
are called negative when they are left or down from zero and positive
when they are right or up from zero. This is the system we have been
using fol. our vectors with ER (R) as positive horizontal, Ei (X,)

as positive vertical, and Ec (Xc) as negative vertical. Wewilt not
normally use the negative horizontal part.

Rectangular notation is a simple system for describing the location of

a potht such as the end of a vector. The horizontal position is.
. written as a plain number and the vertical position is indicated by

a number preceded by the letter j. For example,'15 + j20 describes
this vector: .

And 15 - j20 means this one:

20

15

We explain this system, by defining the j operator as a function which
causes a vector to rotate 90°.

In electrical units, a series circuit containing 100 ohms'of resistance
and 75 ohms of inductive reactance can now be described as having an
impedance of 100 + j75 ohms. Capacitive reactance (or capacitive
voltage drop) is shown by the negative j, as in 15 - j20, which
describes the circuit at the top of the next page.
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Polar notation uses the phase angle, 0, and the length of the resultant
to describe the location of a point. For example, the vector 15 + j20
is 25./53.1° (read "25 at an angle of 53.1 degrees" or just "25 at 53.1

degree polar notation.

12(C

For another example, 15 - j20 is 25 /-53.1° in polar notation.

r
20n

The greatest advantage of rectangular notation is that any values
stated in this form can be added together easily. The series circuit
below can easily be solved for total impedance using the rectangular
form.

.

It

XL, X.
i

R::___CAr/v-IL___---isPA0

31qa - 20n, sn, ion .. 30a

= 30 4- j20 5 + 10 + j30 = 45 + j50 Oms '-

(All the Numbers without j's are added together then all the numbers
with j's are added algebraically.)

IIII
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Vectors in polar form are easily multiplied or divided. In the

example above, total current can be found by dividing the applied
Ea

00
voltage by the impedance (1 = but this comes out IT =

1 ,

T Z T

a division which is very difficult to perform. If the impedance is
X

50
converked to polar notation (TAN /0 =

L
1.111; /0 . 48°;

50
q)

Z = -
SIN /0 .

--T= 67.3 0 /48°) , the divisior. can be dope easily.
743

I

T 67.3
00
/48

1.49 /-48° a. For division (or multiplication)

the numbers are divided normally, and the angles are treated exactly
like powers of ten; that is, change the sign of any angle in the
divisor and add algebraically; In this example, the current is
1.45 amperes and it lags the voltage by 48 degrees. Since current
is the reference for series circuits, we usually change the reference
to show the voltage vector leading current by 48°.

IT lA9a

instead of

100v

Polar and rectangular notation and the ability to convert between
them easily make AC problems very little harder to solve than
DC problems.

Converting from polar form to rectangular form is very simple. Recall

E

that COS /8 =
ER

and SIN /6 = Ems` Multiplying through by E
T
we get

E
T

E = E COS /e and E = E SIN /0 so the rectangular form can be
wrRitten

T
E
T

COS /0 + JET SIN /e. To convert 71 v /45° to rectangular
form, first find COS /6 (0.707) and SIN /0 (0.707T7 the tables.
Then E COS /A = 50 volts and E SIN /0 =-50 volts and the rectangular

T
form is 50 * j50 volts. Another

T
example:

Convert 35 /-33.7° to rectangular form.

1. COS /A = 0.8320
2. SIN 76.= -0.5548 (the sine of a negative angle will be negative)
3. 35 v cos /0 = 29 v
4. 35 v SIN /0 = -j19 v
5. 29 .119 v

10 96
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410

Remember to use the rectangular form of vectors when you want to add

or subtract and the polar from when you want to divide or multiply.

S

Recall that, the resistance in a circuit dissipates all the power
(true power) and the voltage and Current which seem to show power
dissipated in reactance (reactive power) really show an exchange

of energy between the reactance and the source. The vector sum of

the reactive power and the true power is called apparent power, and
it can be found by multiplying the applied voltage by the total current

(P
a

= Ea x IT ) .

ThR power factor of an AC circuit is the ratio of true power to

Pt
apparent power (PF = F). This number represents the portion of the

a

total available power which is actually dissipated in the circuit.

Pt
Another formula for true power derived from PF = is Pr = cos /6,

a

a much easier way to determine power factor when impedance or total
voltage is expressed in polar form.

There are practice problems available from your instructor if ynu woLid
like to try solving some circuits using these methods.

AT THIS POINT, YOU MAY TAKE THE LESSON PROGRESS CHECK, OR YOU MAY
STUDY THE LESSON NARRATIVE OR THE PROGRAMMED INSTRUCTION OR BOTH.
IF YOU TAKE THE PROGRESS CHECK AND ANSWER ALL OF THE QUESTIONS COR-
RECTLY, GO TO THE NEXT LESSON. IF NOT, STUDY ANOTHER METHOD OF
INSTRUCTION UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.
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Overview

CD
Twelve-IV

-... OVERVIEW

LESSON 1V

,

Variational Analysis of Series RL Circuit

In this lesson you will study and learn about the following:

-result of changing frequency

-result of changing resistance

-result of changing epplied voltage

-result of changing inductance

.

BEFORE YOU START THIS LESSON, PREVIEW THE LIST OF STUDY RESOURCES

ON THE NEXT PAGE.

105
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Study Resources Twelve-IV

LIST OF STUDY RESOURCES

LESSON IV

Variational Analysis of Series RL Circuit

To learn the material in this lesson, you have the option of choosing,

according to your experience and preferences, arty or ali of the

following:

STUDY BOOKLET:

Lesson Narrative

Programmed Instruction

Lesson Summary

ENRICHMENT MATERIAL:

NAVPERS 93400A-lb "Basic Electricity, Alternating Current."

Fundamentals. of Electronics. Bureau of Naval Personnel.

Washington, D.C.: U.S. Government Printing Office, 1965

YOU MAY NOW STUDY ANY OR ALL OF THE RESOURCES LISTED ABOVE. YOU MAY

TAKE THE PROGRESS CHECK AT ANY TIME. ,

Os
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Narrative

NARRATIVE
LESSON IV

Variational Analysis of)Series RL Circuit

Twelve-IV

Equally as important as vector representation is a thorough
understanding of what happens to other quantities in a series AC

RL circuit if one quantity is changed.

There are four quantities that, when changed, may cause other RL
circuit quantities to increase or decrease. These four variables

are: (1) frequency, (2) resistance, (3) applied voltage, and

(4) inductance. Let's analyze what happens if any one of these
variables is increased or decreased. i'''Vt i

'

Changing Frequency

Assume that f is ,Acr ..ased in

this circuit, and analyze what would
happen to each of the quantities
listed in the variational analysis
table.

..;

A good starting point is to ask what quantity changes first.

To help you recall the quantity rehation-
ships, here are the formulas that are
pertinent to this circuit.

X
L
= ZufL

E

I a
T Z

T

Pt 1

T
2R I

T
x Ea x COS As

.P
x

= IT x Ea x SIN /0 = 1
2
X

P
a

== E x I

Z
T

= R + jX
L

1 0 7

r
t

v

102 +.



Narrative

What Happens to XL

If f increases,
X
L

. THe formula
proportional to
is indicated in
increases (t).

What Happens to zir.

If XL increases
best way to see
an RL circuit.

4
j

R

What Happens to IT

Tweive -IV

the first quantity affected is
for X

L
verifies that X

L
is directly

f; so if f increases, X1 increases. This
the table beside X

L
with an arrow showing

, what happens to total impedance? The
this is to sketch the impedance triangle for
Always draw the triangle; it is very

helpful in seeing the relationships.
Extend the X vector to indicate
An increase,

L
and draw the new

hypotenuse. Observe that when
X increases, V increases. This
is indLcated by T pllcing an arrow
in the box (t).

.0

By Ohm's Law, as total opposition increases, total
current decreases. Therefore, the arrow beside I

T
indicates a decrease (+).



Narrative Twelve-IV

What Happens to Pt and PN

After determining what happens to iT, it is a simple matter
to skip ahead to true power and appArent power and mask these
items. Because the formula for true power is Pt = IT R, if

I decreases, true power decreases.

-4-4' Si milarly, by the formula Pa = Ea x IT, if current decreases,

apparent power decreases.

A rule to remember in analyzing a series RL circuit is
that whatever I does -- increase or decrease --
P
a

and P
x
also does.

P
a
=IxE

P
x

= I x E x SIN /0

P
t
=IxExCOS /0

or I

2
R

WI-3t Happens to /0 and PF

ZIT

XE

It

ER

EL

Pt

X
PA

PF

- ,
The bestway to see what happens to /0 is to look at the

4 w - - - - -01f
, ,

- impede ce ''triangle. Observe:
that as X

L
increases, /0 increases.

.. 1

T r
/

* Whatever /0 does, power factor does
/

X / I
the opposite; therefore, PF decreases.

L ,I,
i

This is quite understandable when
/ .

;t./ ' e you consider the formula PF = ir
,

pm 'a
V
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Narrative Twelve-IV

If X
L

increases, the ratio of reactance to resistance
increases. Since # purely reactive circuit has a PF
of 0, the more reactive a circuit is, the.smaller .

the PF.- Wreactance increases, PF decreases.

f +

ZT 4.
X i +
IT +
ER

P
.. T

PX +
PA

a_
PF .

R

L

What Happens to Voltage Drops

1

E
R
and E are the two circuit quantities most-likely to

cause confusion. However, they are really no problems
lt you remember the two rules for voltage drops Itra series
circuit:

(1) The greatest votSge drop occurs across the
greatest opposition.,

(2) The vector sum of the voltage drops is equal to
the applied voltage.

If I
T

decreases, E
R

decreases (E = I x R). If E
R

decreases and remains constant, then E
L

increases,
since the vector sum of the voltage drops equals E

a
.

105 11 0
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Narrative

What Happens to R and L

MINIM
tilNIZIKII

XL
IT

ER

EL

KM
PX Iri
PA II

#LA_
PE MI
R Po

L ICI

Twelve-IV

Because resistance and inductance
are physical properties, they can
only be changed physically. In-

creasing f affects neither R nor
L.

Decreasing R

To analyze what happens if resistance varies, decrease
the amount of resistance in the same AC RL series circuit.

Keep these formulas in mind:

XL = 2wfL

E

IT
T ZT

Pt ='.1
T
2R =I

T
xE

a
x COS /0

'P
x

= IT x Ea x SIN /0 = 1

2
X
L

P
a
=Exi

ZT = R + .1XL

*In a series RL circuit, varying
R causes the true power to*change
in a complex way, so you are not
expectbd to solve this special case.

,
iT

XL

EL

4

PT

Px

A

Ls_
PE
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Narrative Twelve-IV

If resistance is decreased:

Z
T

decreases.

X
L

is not affected.

I

T
increases (Ohm's Law).

P
t'

P
x

and P
a
do what I

T
does.

/0 increases.

A To see this clearly, draw the

.e i

impedance triangle.

1%
I sistance decrease. Note that /0I

I i

i

. Decrease the R vector to show the re-

114 ----p increases .s R decreases.

*

PF decreases.

L remains the same.

E
L

increases (because I

T
increases).

E
R
decreases, because the vector sum of the voltage drops
must equal E

a
.

s

107
1_1,2
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Narrative Twelve-IV

0 0

Conduct a variational analysis to show what happens if

(1) E
a

is increased.

(2) L is decreased.

Recall the pertinent formulai, and in
each case draw either the impedance or
voltage triangle.

Check answers on next page.

)

I

2.

4
XL

it

EL

_

A
Lt.
Pr

a
L

I l 3

108

e
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Narrative

Answers to Variational Analysis Table:

1. 2.

IA

°ill. IL
XL

+
Sr

FR +

f

1/1k 4
1kl +
(Li_.

PI .1110 +

R 411. 410.

1L--

Increasing E

Remember that we have been stressing that if E is

increased, XL, ZT, R, and L all remain the same.

Since E is increased and ZT.is not cbanged,
I

1
increases according to Ofim's Law.

If IT increases, then both E and ER increases.
P
t'

P
x
and P

a
increase as'dots I

T.

1 4
109
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Narrative Twelve-IV

Draw the voltage triangle to see what happens to /8. Notice
8 does not change when you increase

11 ;40- E because E
R
and E

L
increase pro-

Since /0 doesn't change, PF remains the same.
Being physical properties, R and L do not change.

Decreasing L

When L is decreased;

X
L

decreases,

Z
T

decreases.

Therefore, IT increases.

E
R

increases because I

T
increases.

E
L

decreases.

Pt, and Pa increases as I.

/0 decreases as shown in the triangle.

PF increases since /0 decreases, and
R remains the same.



Narrative. Twelve-IV

Conduct a variational analysis of an AC RL series circuit
by placing arrows in the table to show what happens to
circuit quantities.

mmmmmjtdb.
ZT

.-

Xi
.-

IT

ER

EL
r

Px

/Pa

Pi

R

I.

Check answers on next page.



Narrative TwelveIV

Answers to Variational Analysis Table:
0

iiT- 24 A4 i4lit -..1* 4:xLiT :
'T 4

++aa t
4 4EL

PT 4 ft_
+px .+

PA + s 4
L..._ i * -I*
.11 4 4 -w. *
R. - 4 + +
L ÷ + #

AT THIS POINT, YOU MAY TAKE THE PROGRESS CHECK, OR YOU MAY STUDY
ANY OF THE)THER RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK

AND ANSWER ALL OF THE QUESTIONS CORRECTLY, GO TO THE NEXT LESSON.
IF NOT, STUDY ANY METHOD OF INSTRUCTION YOU WISH UNTIL YOU CAN
ANSWER ALL THE QUESTIONS CORRECTLY.

1
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P.I. Twelve-1V

PROGRAMMED INSTRUCTION
LESSON IV

Variational Analyses of Series RI. Circuit

To fully understand series RL circuits, a good understanding of the
'relationship between resistance, inductance, frequency, current,
and power is necessary.

We have yorked the Different equations, diagrams, afid rules that
pertain to an RI. circuit. The characteristics, of the different
circuit components react differently to changes !n frequency.
Voltage changes also cause changes to some circuit conditions.

Vectors, right triangles, and formulas have all Seen used by you
and are vital for solving reactive circuits. Anothegi method.to
present circuit condition changes, when one of the fundamental
factors is varied, is variational analysis. It clearly shows each
component's dependence on the other components and circu!t factors.

The fundamental factors or variables age:

1. frequency.
2. voltage (source).

3. resistance.
4. inductance.

Remember: When workirig on a complex circuit have the equations and
vectors,in front of you; don't try to remember all .the components'
actions.



P.I. Twelve-IV

TEST FRAMES ARE 4 AND 18. AS BEFORE, GO FIRST TO TEST FRAME 4 AND

SEE IF YOU CAN ANSWER ALL THE QUESTIONS THERE. FOLLOW THE DIRECTIONS

GIVEN AFTER THE TEST.FRAME.

1. Using the basic AC RL circuit with two compone74ts below,

R

draw a voltage vector triangle and label the quantities (E
a

, E
R

and EL;. Indicate angle theta.



010

'

12.1: Twelve-IV

2. Using the same circuit, draw an impedance vector diagram. In-

.dicate X1, R, Z1, and the angle theta.
. .

.

..

N.

3: Again, using the same circuit, draw a power vector diagram.
indicate P

t'
P
x'

P
a

and the angle theta.

o
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Twelve -IV

4. Let's not stop with vectors;let's list all the major equations
we can use to simplify solving a series AC RL circuit.

4

Complete the following equations using the dependent variables
indicated in parentheses.

*

XL . (fL)

ZT = (R, jXL) = (R, y

cos /e . IR, 21) 4) .

E
a
= (I, 21.) = (E

R'
E
L
)

E
k
= (I, R)

E
L
= (I, XL)

.p
t

= (E, COS /8, I = (I, R)

P
a
= (Ea, 1) = (71" /)

Px = ___,__ (Ea, IT, SIN 29
mv

PF = .(Pt'
Pa)

(COS /0

(THIS IS,A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
0 ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

116'
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P.I. . Twrive-IV

4

I

MI

$

ANSWERS - TEST FRAME 4

XL = 21fL

ZT = R + _IX = iillr7
L i) + (XL)

COS' /6 = ;
T

-
E
a
-='I x Z

T (E )
= r 2

P

E
R
= II

%

EL = i X,

--..

Pt = Ea
.

x IT x COS /0 = IT
2RA

P
a

=. Ea, x I = 'I
2
ZT

.

P
x
= I

T
x'E

a
x SIN /6 or 12XL

P
P
t-PF = =-00S /0. '

a S

You may use this answer page for 4eference In studying
the rest of this lesson.

I

IF YOUR ANSWERS.ARE, NOT CORRECT REVIEW LESSONS I TO IV OF THIS
MODULE. IF THEY ARE CORRECT, PROCEEDTO FRAME 18.

4

5. Using vectors will increase the ease and accuracy of
solving for variables.

.

What happens, to XL if frequency is, increased?

Formula: XL ---..-21rfl.
.

L .

Xt.-
(increases)

1*.
1 U7 122
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Twelve-IV

6. In an RL circuit, what happens to R with a frequency increase?

(remains the same)

7. Now we can draw an impedance vector and determine what happens
to Z

T
with a frequency increase.

A

f

-

Comparing drawing-B to drawing A, you see that XL has increased
and Z

T
has

(increased)

R. Using vector diagram A again as the reference, you can see
that the phase °angle has changed with a frequency increase.

79

XL

With an increase in frequency, XL increases, ZT increases, and
/8

increases

12
118



P.I. Twelve-IV

9. Since current through the circuit depends on E
a
and

T'
and I

T
depends on X1 and frequency, changing frequency has far reach4ng
effects.

In reference to vector diagram A, the current in the circuit in
vector diagram B has

Xt

A

(decreased; IT =

Ea
+, Ea , IT+)

10. Since P
t
and P

a
depend on I

T'
a frequency change has other effects.

-a-

XE

CMS 0 R
Pm

,

f+, XL+, T+, /0+, and IT+, so true power (Ea x 1T x COS /0

through the circuit

(decreases; Ea x IT x COS /0 = Pt, Ea+, IT+, COS let. = Pt+)

119 .124
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11. True power decreases with a frequency increase, so it stands to
reason that P

a
and P

x
also are affected.

P
a
and P

x
, since P

a
= and P

x
= .

(-decrease) (Ea x IT = Pa) (Ea x IT x SIN /8)

)2. With 'a frequency increase, you have seen that XL +, 2T+,

IT+ , /0 +, cos +, Pt+, Pa+, Px+ and of course R-1.,

Why is R not affected by the frequency change?

(R is a physical factor]

13. Now, look at Ea, ER, and EL with a frequency change.

First using the formulas for ER,,,EL, and Ea, and then'voltage vector
diagrams, ,determine what happens to the three factors.

Increasing frequency causes IT to .

I

T
causes ED to decrease.

El because ell and E
a

it was not physically changed.
because

(decrease; decreasing; increases; decreases; remains the same)

125
120
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...

14. look at the vector diagrams below to see the effect of an
increase in frequency upon the voltage in a series RI
circuit., B

IC

.
i ".,

I Et IA / I
1 ,..,7

EL EA
/

i
I /

I i

I /
t
r /ER : I

01 IP,

A

Vector diagram B in reference to A shows that E
even through EL increases and Ea decreases:

a

(remains the same)

15. Increasing frequency has increased 2T and E
a
has remained

constant.

Recalling what you have learned thus far, anytime opposition
is raised and source voltage held constant, then I.. must

(decrease)

126
121
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16. Using a basis series AC RL circuit, let's draw a table listing
all circuit components and factors; indicate with arrows what
happens throughout the circuit when frequency is increased.

L EA
Px PT

Pf

(Use vectors, formulas, or whatever means you best understand to
determine what happens. Start with the basic component,
i.e., R. You know R is a physical property and not affected
by frequency, so it remains unchanged 4-.)

DOOM IT EA 101ER g)-- Px PT PA " ie;V:--manarinu mann

,. Again using a basic RL circuit, determine what happens to
the various factors when L is decreased 4.

711 41 TI LLPx I
PT

IPA In I's

As before, use all means available to solve and understand why
these effects take place.

Ln=tnirm--mmumuuR f )1/4 71 00 EL Ep 0 Px ala is, 1i;

I9'

3.22
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18. As a review, let's conduct a variational analysis of a series
AC RL circuit.

Place arrows in table to correctly Indicate changes.

XT II EL EAEATL_9PxPTPA PF'I.'

:A
4

L

k.
f
It t
4

.

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)
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ANSWERS - TEST FRAME 18

oxL goiELLa Eittior Px 3%13UMW 411:tlitliilt t=fit 1111$ +MI I t --,
EMS 4 MI.+ t HUM +Li
EU i ± sUrill-41

4 UCIIIMIIIIIIIii
t EH 1111-C

IMOLIJUMEICii
UMW

4 CM

IF ANY OF YOUR ANSWERS IS INCOPRECT, GO BACK TO FRAME 5 AND TAKE
THE PROGRAMMED SEQUENCE.

IF YOUR ANSWERS ARE CORRECT, YOU MAY TAKE THE PROGRESS CHECK, OR
YOU MAY STUDY ANY OF THE OTHER RESOURCES LISTED. IF YOU TAKE THE
PROGRESS CHECK AND ANSWER ALL THE QUESTIONS CORRECTLY, GO TO THE
NEXT LESSON. IF NOT, STUDY ANY METHOD OF INSTRUCTION YOU WISH UNTIL
YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.

129
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Summary Twelve-IV

SUMMARY
LESSON IV

Variational Analysis of Series RL Circuit

There are four circuit values that, when changed, may cause other
circuit quantities to vary. These variables are: frequency, re-

sistance, applied voltage, and inductance.

A convenient starting point in our study is to determine what circuit
factors are affected directly.

X is directly related to frequency, so if frequency is increased
L

increasesncreases proportionally.

X
L

= 2nfL

Inductive reactance is a part of the total opposition to current flow;
therefore, if XL increases, the total opposition, Z, must increase.

Z = R +
4L

If impedance increases, circuit current decreases.

I=

After determining what happens to I , it is a simple matter to
determine what happens to P

t'
P
x

ana P
a

.

Pt=1T2R =I xEa x COS /6
T

Px =
I

x Ea x SIN /8 = I
2
XL

+

Pa = IT x Ea.

The best way to see what happens to /6 and PF is to consider the
impedance triangle.

lv----74-
.

1

. 1

.,* 1

. 1

As the reactive side of the triangle
increases, the circuit phase angle
increases. As /0 increases, COS $
decreases. Since PF is equal to
CO: /6, PF decreases,

125
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E and
IL

are the values most likely to cause confusion. However,

tHere should be no real problem if you remember the rules concerning
voltage drops in series circuits.

1. The greatest voltage drop occurs across the greatest
opposition.

2. The vector sum of the voltage drops equals the applied
voltage (Ea = Ea + JE

L
).

if I

T
decreases and R does not change, ER decreases. Then,

since E
a
does not change, EL increases.

Looking at these changes in block form, you can get a clearer picture
of what happens to an RL circuit when frequency is increased.

f 4
XL 4
R 40,.

Z 4
IT

pA

PIK +
a
T t
ILL

.

Pr *
ER

EL

L

The next variable 'ID be considered is resistance.

If resistance is increased the total circuit opposition, increases.

z a + jXL

t t

131
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When impedance increases, circuit current decreases.

I =i

If circuit current detreases, Pt, Px and P
a

also decrease.

P
t

= 1
2R

= IT x Ea x COS /6
(Note in first formtla that the
decrease is the square of the

P
x
=I xEa xSIN /6 = 1

2
X
L

current.)
T

P =IxE
+a 4.

Once again the impedance triangle may be used to visualize what
happens to /0 and PF.

--*
I .'

.
I As you can see, the circuit

. .4-'

.
I becomes more r!sistive and /6

I t decreases. Cosine /8 and PF

ili
.,0%1

: .

i
increases.

...._

-- ,

1 1

1

1

Since X
L
doesn't change and I

T
decreases, E

L
decreases. If

E
L
decreases, then E

R
increases.

Ea = ER .1- j E
L

4. 4

In block form, this is what happens
to a series RL circuit when
resistance is increased:

* Changing resistance In a series
circuit affects power in a complex
way, so you will not be required
td'answer this question.

R
XL

Rill

zT #

11.11111111
P
T

PX 3.

PA NI
Pc 4
ER

EL

I Ow

132
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Variations in inductance affect circuit conditions in the same
manner as a comparable change in frequency because inductive re-
actance is directly proportional to both.

Changes in circuit values caused by variations in E are perhaps the
easiest to predict. Any change in E causes a compaa rable change

in all age drops, circuit current, and power. PF does not
change because the circuit phase angle does not change.

Here in block form is a llst of the changes in circuit conditions
for variations in L and E

a
. 4.

1,

1/44 I
Li

; IP. i

XL 10. +

IT + +
P
T # #

PX + 4
PA + #
ILL -.010 +

ER # #
EL

PF S. +

R -40. 1110

U.

AT THIS POINT, YOU MAY TAKE THE LESSON PROGRESS CHECK, OR YOU MAY
STUOY THE LESSON NARRATIVE OR THE PROGRAMMED INSTRUCTION OR BOTH.
IF YOU TAKE THE PROGRESS CHECK AND ANSWER ALL OF THE QUESTIONS COR-
RECTLY, GO TO THE NEXT LESSON. IF NOT, STUDY ANOTHER METHOD OF
INSTRUCTION UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.

I ,3:1
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OVERVIEW

LESSON V

Frequency Discrimination in RICircuits

In this lessen you will study and barn about the following:

4.

-effects of frequency On RL circuits

-frequency cutoff point

-determining
fco

-filters

BEFORE YOU START THIS LESSON, PREVIEW THE LIST OF STUDY RESOURCES

ON THE NEXT PAGE.

135
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LIST OF STUDY RESOURCES

LESSON V

Frequency Discrimination in RL Circuits

To learn the material if' this lesson, you have the option of choosing

according to your experience and prefere.-3S, any or all of the follow-
.

ing:

STUDY BOOKLET:

Lesson Narrative

Programmed Instruction

Lesson Summary,

44.

ENRICHMENT MATERIAL:

NAVPERS 93400A-lb "Basic Electricity, Alternating Current."

Fundamentals of Electronics. Bureau of Nava) Personnel.

Washington, D.C.: U.S. aovernment Printing Office, 1965.

O

YOU MAY NOW STUDY ANY OR ALL OF THE RESOURCES LISTED ABOVE. YOU MAY

TAKE THE PROG'ESS CHECK AT ANY TIME.

OP
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NARRATIVE
LESSON V

Frequency Discrimination in RL Circuits

At this point, consider what happens in a series RL circuit when
the frequency is varied.

Series DC RL Circuit .
.

First, consider a circuit with .

I a DC source after five time con -
1 stants.

100V 1. 1.27 nth

G

1

How much X
L
do we have in the above

circuit?

What is total Impedance?

This is a DC circuit so the applied frequency is zero. The

formula for X is XL = 2sfL; therefore.. If there Is no frequency,
Ithere can be to XL.

L
X is zero. Recall that X

L
is the opposi,4on

,/'
an inductor offers to..AC.

Since the circuit contains no X
L'

the only opposition in the cir-
cuit is 100 0 of resistance. Z

T
is 100 O.

For the circuit above, determine the values fqr:

1.

ER.

EL.

PT'

/

137132
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Narrative Twelve-V

By Ohm's Law, if E is 100 v and Zr is 100 n, then I is 1 amp.

Since X, is 0, there will be no voltage drop across the coil and
the full 100 v is dropped across R.

Power equals 12R (1
2
x 100 0 or 100 watts.

A Circuit With AC

Now, if you replace the battery in this RL circuit with an AC source,
you increase the frequency from
0 to some value.. Let's see
how this affects circuit quanti-
ties.

L L27nsh

X : As frequency increases, X
L

increases from 0 to 50Me value

which can be computed by the formula:

X
L

= 2wfl.

XL = (6.20 (12.5 x 103) (1.27 x 10-3)

XL = 100 C

Notice that in this circuit and at this particular frequency, XL
and R are equal: XL = 1000 R = 1000

2 To find total impedance in the circuit, we construct the LR

impedance triangle.

XL
1 XL

either R or X (2 =
orlama 1 SINL6

By dividing either the SIN 6 or
COS 0 (which are equal in tri-
angles of equal sides) into

R
z

COS
A)' we arrive at the

value of the hypotenuse,
T

.

133 138



Narrative Twelve-V

100AZ=
T 0.7071

zT = 141.4n.

/0: Angle theta of an RL circuit with equal resistance and induc-
tive reactance is always 45°.

iT: By Ohm's Law, if ZT is 141.4 n then;

100 v
IT IWT7-$1.

0.707 amps

E
R
= 100 A x 0.707 amps = 70.7 v

- 45°

PF = COS 9 or 0.707

Pa = Ea x la or 70.7 va

Px = Ea x la x SIN A or 50 vars

Pt = I2R ur 50 w

or

P =P COS tie or 50 w
t a

Comparing Effects of Frequency

Compare the values of quantities In an RL circuit with 0 frequency
(DC) and with some frequency applied (AC):

NO FREQUENCY FREQUENCY APPLIED CHANGE

f =O 6 = 12.5 KHz

X
L
= 0 X

L
= 100 A

Z
T

= 100 A Z
T

= 141.4 n

I

T
= la I

T
= 0.707 a 4

E
R
= 100 v E

R
= 70.7 v

EL =O E
L
= 70.7 v

P = 100w Pt = 50 w

139
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Frequency Cutoff Point

Notice particularly that the applied frequency has reached a point
where E

R
and E

L
are equal, and X1 and R are equal. When the

.

circuit reaches this condition, it is at the frequency cutoff
(f
co

) point.

Another term often used to designate f is the half-power point.
You can see in the comparison above th8f P in the circuit with
DC applied Is 100 w, and in the circuit at foo, Pt is exactly
one-half of that value, or 50 w.

For every given value of resistance and inductance in a circuit.
there is a frequency cutoff point.

When f
co

is reached in a series RL circuit, these five conditions
.

exist:

X
L
= R

EL = ER or 70.7% of E
a

= 70.7% of its maximum ,alue

/0 = 45°

P
t
= 50% of its maximum value

Determining f,

You can determine the cutoff frequency of a given RL circuit by
substituting the value of R for XL in the formula: XL = 2wfl.

You know that XL = R @ f
co

therefore, R = 21f
co

Now you can transpose this formula to isolate foo.

f=
co 2irL
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Determine the frequency of the half-power point of this
circuit.

L 3mh

The half-power point, or fco, of this circuit is found by:

f
R

71 --
co 211.

50 SI
f -
co

(6.28) (3 x 10-3)

f 2.6 KHz
co

Practice:

2.

L !ChM

136

Find X
L
at f

co
.

Find fco.
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3. WhiCh of the below conditions exists at f
co

in a series

RL circuit?

a. E
R

is 50% of E
a'

b. I

T
is 50% of its maximum value.

c. P
t

is 70.7% of its maximum value.

d. P
t

is 50% of its maximum value.

Answers: 1. X = 1000; 2. f
co

= I KHz; 3. d

Filters

Cutoff frequency is important in many kinds of equipment. You

are probably familiar with hi-fi speaker systems that use speakers
called woofers and tweeters: Woofers reproduce the low-frequency
sounds and tweeters supply the high-frequency sounds. Filter
circuits are used-to separate the high from the low tones.

MUSIC

A series RL circuit performs this filtering Job easily. Wiring

the woofer (speaker 1) across the resistor and the tweeter
(speaker 2) to the coil separates the high- and low-frequency
signals fed to the speakers.

At frequencies above fc
o

E
L

is greater than ER and the volume
from the tweeter is greater, than that from the woofer. At fre-
quencies near f".0, the output from the speakers is about equal,
and at ower frequencies, the woofer supplies the most sound.
In this way, the series RL circuit is used to discriminate
between high and low frequencies.

137 2 4
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Types of Filters

the frequencies below fv, are the desired frequencies, thrn
the output is taken across the resistance.

sit LOW PASS
our SECTION

MUSIC

our SECTION
V

aL HIGH PASS

This is called a low-pass filter. It mostly passes the low fre-
quencies and discriminates against the high frequencies. This
circuit configuration is also called a high-frequency discrimina-
tor, or a high - frequency attenuator (meaning the high frequencies
arnot develop enough voltage across the resistor for a useable
output.)

On the other hand, when the frequencies above f are the desired
frequencies, the output Is taken across the coil0 . This is a high-
pass filter. It passes the majority of the high frequencies and
discriminates against the low frequencies. For this reason, it is
called a low - frequency discriminator, or a low-frequency attenuator.

Your hi-fi has a network that separates th.. high frequencies

from the low frequencies and supplies the signals to speakers
designed to work well in the different ranges.

1. In a series RL circuit, if the output is taken across
the coil it if called: (check all correct answers)

a. a low-pass filter
b. high-frequency attenuator
c. a high-pass filter
d. low-frequency discriminator

2. In a series RL circuit, if you want a low-frequency
attenuator, which component do you take the output
from?
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3. A series RL circuit used as a low-pass filter has an
output from the:

a. coil

b. resistor
c. capacitor

Answers: 1. c and d; 2. coil; 3. b

AT THIS POINT, YOU MAY TAKE THE PROGRESS CHECK, OR YOU MAY STUDY ANY
OF THE OTHER RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK AND
ANSWER ALL OF THE QUESTIONS CORRECTLY, GO TO THE NEXT LESSON. IF NOT,

STUDY ANY METHOD OF INSTRUCTION YOU WISH UNTIL YOU CAN ANSWER ALL THE .

QUESTIONS CORRECTLY.

139 144
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PROGRAMMED INSTRUCTION
LESSON V

Frequency Discrimination in RL Circuits

TEST FRAMES ARE 7, 14, 19 AND 23. AS BEFORE, GO FIRST TO TEST FRAME 7
AND SEE IF YOU CAN ANSWER ALL THE QUESTIONS THERE. FOLLOW THE DIREC-
TIONS GIVEN AFTER THE TEST FRAME.

1. Inductive reactance is a direct function of frequency (X, =
In other words, there has to be a constantly changing cul"rent
before a coil offers opposition to current other than the re-

sistance of the wire from Which it was constructed.

In the circuit below, find XL and Z
T.

1541 R2 25a

L 1.Smh

1 'X

Z
T
=

(XL = O.
'

Z
T

40 0)

2. Still dealing with a DC circuit, if there is no XL, what is
the voltage drop across the coil?
(The circuit has been turned on for 5 minutes.)

(0)

145
0



e

\

P.I. Twelve-V

3. if the frequency of the applied voltage is 0 (DC), the coil
offers no opposition to current. So for all practical purposes
the circuit can be considered purely resistive.

Solve for the indicated values.

a. XL =

b. Z
T

c.
IT

tk.71misd. E =

e. E
L

f. A -

9. Pt=

-----571TE. 800; c. 1.25 a; d. 100 v; e. 0; f. 0679.M54
(Keep these valor,:s in mind. They will be used for comparisons
later in the lesson.

4. If the DC source is replaced by an AC source and frequency in-
creases from 0 to some value, XL increases to some measurable
value.

What happens to EL as frequency increases?

a, increases
b. decreases
c. remains the same

.'"

.\

(a) increases

5. Since Ea ER .1- jE
I.'

what happens to E
R
as frequency increases?

a. increase.,11
b. decreases
c. remains the same

(b) decreases

1' 246
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ed voltage

lues and compare
rcuit values

6. Using the circuit
at a frequency of
the results with
react to changes

MA.
R1114

in frame 3, but with an appli

500 Hz, solve for the same va
those of frame 5 to see how ci
in frequency.

4.

a. X
L

=

. b. Z
T

=

ah

c. I

T
=

12.73m
d. Ea =

e. E
L

1- /0 =

9. Pt

(a. 40a; b. W9.3(;. c. I.12a; d. 89.6; e.. 44.8v; f. 26.6 °;

g. 100.30

T. Using'arrows, indicate increase t, decrease t, or remain the same -0-
for the following values of a series RL circuit when the frequency
of the applied voltage is increased.

a. X
L

b. ZT

c. I

T

d. E

e. E
L

.

f. /0

9. Pt

(THIS IS A TEST FRAME. C

ANSWERS GIVEN AT. THE TOP

MPARE YOUR ANSWERS WITH THE CORRECT
OF THE NEXT PAGE.)
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ANSWERS - TEST FRAME 7

a. 4

i b. 4

c. +

d. 4

e. 4.

f. 4.

g. 4

IF ALL YOUR ANSWERS.,MATCH THE CORRECT ANSWERS, YOU MAY GO TO TEST
FRAME 14. OTHERWISE, GO BACK TO FRAME I AND TAKE THE PROGRAMMED
SEQUENCE BEFORE TAKING TEST FRAME 7 AGAIN.
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8. As frequency continues to increase, a point is reached in any
RL circuit where X

L
R. This can be represented graphically

like this:

160

MO

g 120

0 loo,

so
60

40

20

0

MIMI
IRENE

MII%PME M
11 =II Erd
III II MEI=

simowisminsioFA 1
111,41111M1111E
KAM
200 600 MOO a , WOO Sa

FREQ. in Hz

RENISTANCE

For the circuit represented by this graph, at what frequency
does X

L
= R?

,

What is the ohmic value of X
L
?

(I KHz; 80
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9. Solve:

a 10 CI

12.73146

a. X
L

=

b. Z
T

=

c. I

T
=

d. E
L
=

e. ER =

f. /e =

a.
Pt

h. P
x

=

111

a. 00; b. 1130; c. d. 70.7v; e. 70.7v;
_11. 62.5w; h. 62.5 vars1

10. The point at which XL = R is called the cutoff frequency,
fco.

Since X
L
= R at f , what is the relationship between E

L
and E

R
?

co

(EL
= ER)

11. EL = ER and X
L
= R at f

co
. This makes the circuit phase angle

(45°)
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12. The circuit phase angle at f is 45°. Recall that to compute
E and E. if E and /0 are lawn, you multiply E

a
by the sine and

L a
cosine or /e. E, = SIN /0 x E

a?
E
R
= COS /8 x Ea. At 45° both the

--- a'
sine and cosine of /0 0.707.

Solve for E
L
and E

R
when circuit is at cutoff.

E
L 7

(141.4 v)

13. There is one more term used to describe f the half- over point.
If you compare Pt, which you computed in f?.;me 3 125 watts with
a DC source), to the P

t
computed in frame 9 (62.5 watts at 1 KHz

which is the :utoff frequency for that circuit), you will see how
this term came about.

What is P
t
at f ?

co

Pt at f
co

= 0
------

(225 w one-half of the DC power dissipation, 450 w.)

151

346



P.I. Twelve-V

14. Solve (Circuit is operating at fco).

a. Xi

b. /0 =

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)



P. I . Twelve-V

ANSWERS - TEST FRAME 14

a. 10 0

b.
Z5°

IF ALL YOUR ANSWERS MATCH THE CORRECT ANSWERS, YOU MAY GO TO TEST
FRAME 19. OTHERWISE, GO BACK TO FRAME 8 AND TAKE THE PROGRAMMED,
SEQUENCE BEFORE TAKING TEST FRAME 11t AGAIN.

15. To understand the term cutoff, you may think of the RL circuit
as a variable voltage divider, with changes in frequency causing
the output voltages taken across the resistor and coilo vary.

At f
co'

E
L

r

and E are equal. At frequencies cbove cutoff, the
,

greatest output is etween points:

a. A and B

b. B and C

fb) B and C

16. At frequencies above cutoff, EL is than E
R.

greater/less
At frequencies below cutoff, E is than E

L
.

greater/less

(greater; greater)

153
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17. Cutoff frequency is a point below which the output across
the coil is not considered useful and above which the output
across the resistor is not considered useful.

Which output is useful?

f
co

. 1.5 KHz

A

a. A to B

b. B to C

c. C to D

(a) A to B

18. A formula for finding fco is derived from the fact that R = XL

at fco* By
substituting R for XL in the formula XL = 2ifL, then

solving for frequency, we arrive at an equation for finding the
frequency at which R is equal to XL.

f
R

. ..

co 2111
---

What is f for this circuit?
co

f
R601 co

=

I. 4enh

12.3W KHz

154
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19. Solve for f , E, E. and P at f . Remember the conditions
which exist cutoff:

t co

a.
R 5011 co

b. EL

L Smh c ER

d.
Pt

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

155
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ANSWERS TEST FRAME 19

a. 1.59 KHz

b. 166 v

c. 106 v

d. 225 w

IF ALL YOUR ANSWERS MATCH THE CORRECT ANSWERS, YOU MAY GO TO TEST
FRAME 23. OTHERWISE, GO BACK TO FRAME 15 AND TAKE THE PROGRAMMED
SEQUENCE BEFORE TAKING TEST FRAME 19 AGAIN.

IA 15
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20. Because a resistive- reactive circuit rea.ts differently to dif-
ferent frequencies, it is capable of discriminating against car-

._ tain frequencies whilA passing others.

For example:

The cutoff frequency for this
circuit is 1 KHz. With the
output taken across the coil,
the load functions prop-
erly only when the frequency
is above 1 KHz.

This circuit is called a'high-pass filter or a low-frequency
discriminator.

With the output taken across
the resistor, the load func-
tions properly at frequen-
cies 500 Hz?

above below

(below)

157
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21. The action described in frame 19 is known as filter action. The
positioning of the outpLt-leads determines whethei- the filter
circuit passes high frequencies or low frequencies.

High-Pass Filter Low-Pass Filter
(low-frequency discrimination) (high-frequency discrimination)

The term pass, when used in connection with a filter circuit,
'does not mean that circuit current stops above f in the case
of a low-pass filter or below f in the case ofca high-pass
filter. it merely means that tfig output voltage is not high
enough to be useful.

The terms discriminate and attenuate, when used in reference to
a filter circuit, both mean that those particular frequencies are
greatly reduced. These two words are used interchangeably.

If a filter attenuates high frequencies, the frequenCy
mtput will be useable. 1-177717;7

Clow)

.156
333
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.

22. Draw an RL series circuit as a low frequency attenuator.

23. When the output is taken across the coil, a series RL circuit
is called a: (check all correct answers)

a. low pass filter

b. high-frequency attenuator
,

c. high pass filter

d. low-frequency discriminator

.,

..

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)
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ANSWERS - TEST FRAME 23

c. high pass filter

d. low-frequency discriminator

IF ANY IF YOUR ANSWERS IS INCORRECT, GO BACK TO FRAME 20 AND TAKE
THE PRO RAMMED SEQUENCE.

IF YOUR ANSWERS ARE CORRECT, YOU MAY TAKE THE PROGRESS CHECK, OR
YOU MAY STUDY ANY OF THE OTHFR RESOURCES LISTED. IF YOU TAKE THE
PROGRESS CHECK AND ANSWER ALL THE QUESTIONS CORRECTLY, GO TO THE
NEXT LESSON. IF NOT, STUDY ANY METHOD OF INSTRUCTION YOU WISH
UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.
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SUMMARY
LESSON V

Frequency Discrimination in RL Circuits

Because of the type of opposition offered to alternating current by a
coil, a circuit containing inductance reacts to a change in frequency.
Thus, a properly designed RL circuit may be utilized to differentiate
between frequencies. IA this way, the RL circuits may be used to
eliminate undesired frequenciei while developing a useable output for
the, desired frequencies.

To understand this operation it is first necessary to consider the
reaction of a coil to changes in frequency. As you know by now, in-
ductive reactance is directly related to the frequency of the applied
voltage. First consider a circuit with a DC potential. (Assume the
circuit has been energized ft,r at least five tine constants.)

P
E-- A

31.8mh

With frequency equal to 0, X is equal to 0. .The impedance of the

circuit is equal to 100 the value of circuit resistance. Other
circuit values are

I

T
1 amp

P
t
= 100 watts

P
a
= 100 va

P
x
= 0

E
L
= 0

E
R
= 100 volts

o°

PF = 1

Before circuit values are computed at an increased frequency, con-
sider what is going to happen to the outputs taken across the coil

/ Ad



Summary

(E
L

) and across the resistor (ER).

As frequency increases,
consequently there Is a
As E

L
increases E

R
must

Twelve -V

Mr

the opposition offered by the coil increases;
value of voltage developed across the coil.
decrease because 4. E

a
= .11

R
+ jE t.

As you learned in the previous lesson, a change in frequency affects
many circuit values, not just X. Consider the original circuit with

the frequency increased from 0 !o 250 Hz.

EA 100v

f 253hz

X
L
= 50 0

Z = 112 0

R 100a IT = 895 ma

P
a
= 89.5 va

P
t
= 80 w

L 31.8mh

P
x

= 40.2 vars

EL = 44.6 v

E
R

= 89.5 v

/0 = 26.6°

PF = 0.89

The changes you are primarily interested in at this time are E and

E
h .

It was mentioned earlier tWat an RL series circuit can differentiate
between frequencies. As frequency varies, the outputs taken across the

resistor and the coil also vary. For example:

15'1162
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As the frequency of the input in-
creases, the voltage across the
coil increases while the voltage
across the resistor decreases. if

the input frequency decreases,
the reverse occurs.

Assuming speakers are connected across both the resistor and the coil,
the volume of each varies as the voltage across each component varies.

As the frequency increases, a point is reached where X, = R. This
frequency is termed cutoff frequency, designated f . 4The cutoff
frequency for a given RL circuit may be determined gy using the

formula: f =
co 2./rL.

/-.\EA vov
( 500hz

R ioo)

I. 31.8enh

At 500 Hz, this circuit is.at f
Compare the .circuit values which
now exist to those. which existed.
with DC an 250 He AC app13f81.

R = 100 0

X
L

= 100 0

z = 14;44 0

I

T
= 707 ma

P
a

= 70.7 va

P
x

= 50 vars

P
t

= 50 w

EL = 70..7 v

E
R
= 70.7;v

/0 . 45b

PF = 0.707

158
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Notice that at this frequency (f
co

)
,

EL = ER and both are equal to

70.7% of Ea.

By zomparing P at fca to Pt with DC applied, you see.that the power
dissipated at f is exactly one-half of that oissipated with DC
applied. For tns reason, fco is also referred to as the half-power
point.

Do not let the term cutoff confuse you; it does not mean that all cir-
cuit acion stops at this frequency. fo is merely a term assigned to
the frequency below which the output acrcoss the coil is not considered
usefirrand above which the output across the resistor i3 not con-

sidered useful.

The ability of a resistive-reactive circuit to differentiate between
frequencies is known as filter action. Circuits which make use of this
ability are called filter circuits. If the output is taken across the

resistor as shown, a useful output would be developed at frequencies
below the cutoff frequency of the circuit. This circuit is called a
)ow-pass filter or a high-frequency discriminator.

LOW-PASS FILTER.
High-Frequency Discriminator

159164
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If the output is taken across the coil, the circuit is called a high-pass
filter or low-frequency discriminator because a useful output is de-
veloped at frequenees above the fco of the circuit.

HIGH-PASS FILTER
Low-Frequency Discriminator

AT THIS POINT, YOU MAY TAKE THE LESSON PROGRESS CHECK, OR YOU MAY
STUDY THE LESSON NARRATIVE OR THE PROGRAMMED INSTRUCTION OR BOTH.
IF YOU TAKE THE PROGRESS CHECK AND ANSWER ALL OF THE QUESTIONS COR-
RECTLY, GO TO THE NEXT LESSON. IF NOT, STUDY ANOTHER METHOD OF
INSTRUCTION UNTIL YOU CAN ANSWER ALL THE QUESTIONS CORRECTLY.
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OVERVIEW

LESSON VI

Series RC Circuits

In this lesson you will study and learn about the following:

-vector diagrams for series RC

circuits

-variational analysts of series

RC circuits

-frequency discrimination in RC

circuits

-RC filter circuits

BEFORE YOU START THIS LESSON, PREVIEW THE LIST OF STUDY RESOURCES

ON THE NEXT PAGE.

167
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LIST OF STUDY RESOURCES

LESSON VI

Series RC Circuits

To learn the material in this lesson, you have the option of choosing,

according to your experience and preferences, any or all of the follow-

ing:

STUDY BOOKLET:

Lesson Narrative

Programmed Instruction

Lesson Summary

ENRICHMENT MATERIAL:

NAVPERS 93400A-lb "Basic Electricity, Alternating Current."

Fundamentals of Electronics. Bureau of Naval Personnel.

Washington, D.C.: U.S. Govtrnment Printing Office, 1965.

MU MAY NOW STUDY ANY OR ALL OF THE RESOURCES LISTEO ABOVE. YOU MAY

TAKE THE PROGRESS CHECK AT ANY TIME.

168
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NARRATIVE
LESSON VI

Series RC Circuits

We have indicated that we must use vector addition to solve cir-
cuits which have out-of-phase quantities caused by resistance and
reactance. We have already studied circuits which have both re-
sistive and inductive components. Now, we turn our attention to
series AC circuits with bcth resistance and capacitance.

xc4011

Plotting RC Circuits

The only difference between the vectorial representation of a series
RL circuit and a series RC circuit is in the direction of the angle.
Angle theta in an kC circuit is always negative.

As in any series circuit, I is common and is plotted on the
adjacent side with resistive quantities.

The phase relationship between the EC and I in the circuit is

90° with 1 fading voltage (ICEman); therefore, we plot Xc
in a 90° clockwise /.-j) position.

R 30a

The hypotenuse indicates Z
T'40fl

This triangle can be expressed in rectangular notation as
30Q - j40$1. XC is always a j quantity, and R is always
plotted on the adjacent side and listed first in rectangular
notation

ObviousJy, this is a 3-k-5 triangle, so the hypotenuse (id
is 50 ohms and angle theta is -53.1°. Notice that /0 is now
a ne ative angle. This is the only difference between an RC
impe ance, power or voltage triangle or an LC triangle.

1611G9
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1

i

1

1

1

The voltage triangle is
shown at the left.

Solve for the following,

We--
R =41

I c

T...59ufd

Recall X = 5,-
C fC

Round answers off to nearest whole

number. Draw Vector Diagram.

X
C

=

Z
T
=

TANS .

SIN 6 = _
COSS =

I

T

E
R

=

E
C

P
t
-

Pa

P =
x

/6 =

PF =

....-....

Since X rounded off is 100 ohms, the triangle has equal sides
and /6 is -45°.

N-------101
-4 R> )0041

4141.4r1

Z
T

v 141.4 ohms

TAN /6 = 1 (this is tr a! for / 's

with equal sides)
SIN /6 = .707

COS /6 = .707

165 370
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Narrative
E
a 282.8v

' '

= = Tm4:-= 2a

E = 200v

ER = 200v

Twelve-V1

Pt = I2R = 4 x loon = 400wor P
t
= E.1.COS /0 = 400w

Pa = E I = 282.8v x 2a = 565.6 va

Px = I2X = 4 a x ioo a - 400 ears

/0 = -45°

PF = .7 (cos 0

What vOcaa-/9 be if Xr in the' above circuit were 50127
What would the power factor be? /6 = ; PF =

/0 = -26.6°

PF = 0.89

Variational Analysis of Series RC Circuits

You can analyze quantities in an RC series AC circuit just as
you did for FIL circuits. Remember to draw the impedance, power
or voltage triangle, and remember that /8 is negative.

1 7 I
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Narrative TmAve-V1

With this formula as a reminder, indicate on the table
what will happen in an RC circuit if f decreases,

.159

XC fC

Draw Triangle.

IT

XC

IT

ER

EC

PT

Px

A

L40

PF

C

if frequency is decreased:

X will increase t

ZT will increase t

I

T
will decrease 4,

E
R
will decrease 4,

E will increase t

P
t'

p
x

and P
a

will decrease 4,

A will increase t

PF will decrease 4,

R will remain the same -0.

C will remain the same ->

R

XC
Zir



narrative

.

TWC;Ve-Vi

Complete this table by inserting arrows to indicate the
changes that will take place in a 'series RC circuit.

_RI c fit

YT

.1..4

XC

IT -

ER

IC

Pr

Px

PA
-

LA
PP

R

C J

*In a series RC'circuit, varying R causes the true power to change
in a-complex way, so you are not expected to solve this special
case.

A

ta
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Narrat:v0 Tw=!vc-V:

MMUS=
-4

4 '4LE=
xc -0. in
IT KB17IaN

ME
*

IA'

+ 4

ER It.

EC +
4PT

Px 4 + + 4
PA Minn

z_f 11:11111L11
PF -- En + .4

R -4- E. -+ -,
Ell --i - WM=



Narrative
+ _t 1,
OINGOVC-1,0

Try these problems.

2.

3.

NA At
R 60011

4.
CO-534°

f lkhz /1

XC 3641

Ec 70.7,

C .127ufd

Find:

ZT =

=T -
ER =

E
C
=

PF =

P
t

P =x------
P=a------

=

Find:

Find:

Z
T

=

Find:

XC

Z
T



.
.

Narrative

1% Z
T

= 6051 2. Z
T
= 25

IT = 2a IT
= lia

E
R
= 96v E

a
= 100v

EC = 72v /8 =

PF = 0.80 3. Z
1

= 141.4a

P
t
= 192w 4. Xc = 80051

,._ P
x
= 144 vars ZT = 1,00011

P
a
= 240 va

/0 =
-36.9°

Twelve-VI

Frequency Discrimination in RC Circuits

1 'NR IC

T T

Analyze wAt happens to
quantities in this circuit
with DC applied. After five
time constants, there is no
current flow and full applied
voltage appears across the
capacitor.

If you replace the DC source
in this R. circuit with an AC
source, the capacitor reacts
to changing AC voltage and
there is some value of X .

C

As, the frequency of the applied voltage is increased, Xf. de-

creases. The formula for XC shows that X
C

is Inversely'pro-
portional to frequency.

i

Xc = 21T

You can see that Xc is high at low frequencies, and is IDW at
high frequencies. In an RI circuit, Xl. is high at high fre-
quencies and low at low frequencies.

Current in a circuit is determined by opposition, as the table
at the top of the next page shows.
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Narrative

RI Circuit

RC Circuit

Low Frequency

- minimum

I - maximum

X - maximum

I - minimum

Twelve-VI

Frequency.

maximcm

minimum

minimum

maximum.

Increasing f

As the applied frequency increases In a series RC circuit:

X decreases.

I
T

decreases.

I

T
increases.

E
R

increases.

EC decreases (Ea = ER - jEc).

ow

Frequency Cutoff,

There is a frequency for which the vaiui of equals the
value of R. This is called the frequency cutoff point (fco)'
or the half-power point for the series RC circuit.

The five conditions which exist in series RC circuits at
f
co

are

X =R

EC = ER and is equal to 70.7% of Ea.

I

T
= 70.7% of its maximum value

. - -45°

P
t
= 50% of its maximum DC value.

Pt
Px

1 1
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Narrative Twelve-V1

Determining f
co

for RC Circuits

Since Xc is equal to R at fcco the formula Xc
159

159
can be modified to R =

.
Transposing this formula to find

co

f
co

for an RC circuit yields. f
co *R Cg

*/59

Find f
co

for this circuit.

By the formula f
6co

.155

Practice.

1.

2.

(.159 x 10 ) (10)

f = 100 KHz
co

C

.159#0 fco

C2Ouhl

f
co

Pt

173 7,8



Narrative

I. f
co

* 79.5 Hz

2. P
t
a 1,600 w

RC Circuit Filters

Twelve-VI

Just as series RL circuits are used as filters, so are series
RC circuits.

As frequency increases, XC and Er decrease. When the output
is taken across the capacitor, the circuit discriminates against
high frequencies; therefore, it is a low-pass filter, or high-
frequency attenua'-or.

As frequency Increases and E decreases, ED increases. There-
fore, when the output is takin across the resistor, the circuit
discriminates against low frequencies, an it Is a high-pass

filter.

I High-pass filter
Low-frequency discriminator, or
Low-frequency attenuator

Low-pass filter
High-frequency discrimination,
or
High-frequency attenuator

Voltage Graphs

A graph of the variation of output voltages from low-pass and
high-pass filters as frequency is changed looks like these curves:

HIGH PASS

E max

Ico

1714179

FREQUENCY
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41.

I

Narrative Twelve-VI

At , A cutoff frequency, output voltage is 70.7 percent of the
applied voltage, power is half of maximum, and circuit reactance
equals circuit resistance.

AT THIS POINT, YOU MAY TAKE THE PROGRESS CHECK, OR YOU MAY STUDY ANY OF
THE OTgER RESOURCES LISTED. IF YOU TAKE THE PROGRESS CHECK AND ANSWER
ALL OF THE QUESTIONS CORRECTLY, YOU MAY TAKE THE MODULE TEST. IF NOT,

STUDY ANY METHOD OF INSTRUCTION YOU WISH UNTIL YOU CAN ANSWER ALL THE
PROGRESS CHECK QUESTIONS CORRECTLY, BEFORE YOU TAKE THE MODULE TEST.

-160
175
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P.I. Twelve-V1

PROGRAMMED INSTRUCTION
LESSON VI

Series RC Circuits.

TEST FRAMES ARE 3, 7, 11, 16 AND 24. AS BEFORE, GO FIRST TOTEST
FMK 3 AND SEE IF YOU CAN ANSWER ALL THE QUESTIONS THERE. FOLLOW
THE DIRECTIONS GIVEN AFTER THE TEST FRAME.

1. When dealing with a series RC circuit, current is still used
as the reference and is plotted in the standard vector
position. The phase relationship between capacitor voltage
(EC) and circuit current is 900.

Indicate where EC should be polotted.

B_

181
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P.1. Twelve-VI

2. Once the values are plotted on the vector diagram, the impedance,
per or voltage'lriaagle can be constructed.

R 3041

xc4.

LI_ tR 30P,

Xc 40a

Impedance can be computed in the same manner as in an RL circuit,

the only d;fference being that /0 is negative indicating a
lagging phase angle.

What is the impedance of the circuit above? Ave your answer in
both rectangular and polar notation.

Z=

'3O - 40a ; 50a /-733, iv)

3. Solve for the values indicated.

ER 95V

75Ort:c

a. EA =
Pi

b. Z, = ---
c. /e =

mermaxam

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS :ITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

1 52177
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P.1. Twelve-VI

ANSWERS - TEST FRAME 3

a. 165 v

b. 220

c -54.13°

IF ALL YOUR ANSWERS MATCH THE CORRECT ANSWERS, YOU MAY GO ON TO
TEST FRAME 7. OTHERWISE, GO BACK TO FRAME 1 AND TAKE THE PROGRAMMED
SEQUENCE BEFORE TAKING TEST FRAME 3 AGAIN.

4 Recall that power is not dissipated by a reactive component.
In an RC circuit some power is dissipated by the resistor (Pt),
and some is stored by the capacitor (P ) and returned to the
circuit. The vector sum of these equaf Pa, the total avail-
able power.

Solve for the values irdicated.

-----57FlOw; b. I8b vacs; c. 300 va)

a. P
t

b. P
x

c. P
a
=

153

178



0.1. Twe4ve-VI
P.

5. The power factor is still equal to Pt or, perhaps more conveniently,
F
a

PF equals cosine /e.

Solve for PF

PF=,

(0.4695)

6. Remember, if two values are known, whether they be total values
or values for individual components, the circuit can usually
be solved.

Solve for the values indicated.

EA 250V

625va 1

a. I=
R501-1 T;

b. 2 1=

r

c. .Eal..=

d. E
C

(a. 2.5 b. 1000; c. 125v; d. 2160

179
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P.I. Twelve-VI

7. Solve for the values indicated.

xc r2f1

a. Z T---
b 1T

'

c. P =a--*---
d. /6

e. PF =

f. E
C

g.' R =

h. E a _ ---_

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

1 ..);)fs--
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P.I.

ANSWERS - TEST FRAME 7

a. 90 Q

b. 1 a

c. 90 va

d. -53.1°

e. 0.60

72 v

g. 54 a

h. 9C' v

IF ALL YOUR ANSWERS MATCH THL CORRECT ANSWERS, YOU MAY GO TO TEST
FRAME 11. OTHERWISE, GO BACK TO FRAME 4 AND TAKE THE PROGRAAMED
SEQUENCE BEFORE TAKING TEST FRAME 7 AGAIN.

8. variational analysis of a series RC circuit is conducted in the
same manner as in a series RI circuit. Remember, however, that
a change in frequency has a different effect on than n

it does on X . The reason it that X
L

is directly proportional
to frequency

L
while X, is inversely proportional to frequency.

Indicate wit' arr..i ..hat happens to the following circuit
values if fr. 'Cy is increased in a series RC circuit.

xr.

IT

(X
C '

4. Z
T
4. I

T
4)

181
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P.1. Twelve-VI

9. As frequency increases, Xc decreases. Since resistance is
not affected by frequency and Z = R jXc, the circuit appears
more resistive with an increase in the applied frequency.

As frequency increases /6
---

(decreaJs 4)

10. atutly this circuit. P 54w

R 54v

foSkhz

If frequency is increased, true power:

a. increases.

b..' decreases.

c. does not change.

Xc 72a

(a) increases

182
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P.I. Twelve-VI

11. Using the table bllow, indicate what happens to each of the
circv't values if frequency is decreased. Keep in m:nd the
factors which are strictly physical and the relationship between
frequency and X,.

C

s

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

iss
183
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ANSWERS - TEST FRAME 11

zi. 4

-:+
K-ii
IT

ER +
Ec f

pT .4

px +

PA

Lo 4

PF 1 +

R

Z
-10,

-

IF ALL YOUR ANSWERS MATCH THE CORRECT ANSWERS, YOU MAY GO TO TEST
FRAME 16. OTHERWISE, GO BACK TO FRAME 8 AND TAKE IHE PROGRAMMED
SEQUENCE BEFORE TAKING TEST FRAME 11 AGAIN.

189
164
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P.1. Twelve-V1

12. A variation in resistance has the same effect in a series
PC circuit as it does in a series P' circuit.

If resistance is increased, what happens to these circuit

voores?

a. X

(a. 1 b. 4; c. d.

13. An increase in applied voltage causes an increase in all
valued of power Pa, Px, Pt), voltage (Ea, ER, Ec), and current

within the circuit. PF does not change with variations inne ..
applied voltage.

Indicate what happens to the following circuit values if the
applied voltage is decreased.

44. Ytc
d. /e

b. Z e. P
t

c I

T
f. P ,..11

(a. 4.; b. -+; c. d. e. f.

149



P.I. o Twelve -VI

Since X
C

is inversely proportional to C as it is to f, any

variation in capaqitance has the same effect upon circuit
conditions in a series RC circuit as a corresponding change
in frequency.

An increase in C causes:

a. X
C

b. Z,
i

c. I

T

d. Pt

e. Pa---
f. /e

-----(777b. 4-; c. 41 d. t; e. .t (777--------
I

191
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15. If oint you are still having trouble with variational
aoalysis, rhaps a review of procedure will help. Let's

increase frequency in d series RC circuit, and by applyinr,
the proper equation to each value, determine what happens to
each of'khe values in the circuit.

IF:

THEN:
+
4,

t
F___

Xci ,.
EC

PT
t

rx\-----f

A f

LI__ 4 _p_____
PF t
R 111*

C 1110

EA 0'

,BECAUSE: ZT:R1Xc+

ITITA hrjr
.'Ift:111T.R..111°

wor.a...AlikiAatIR.i1/41/7
11. .....n. dm. 1. 111r1: t IT IR t

Px It (IT)2' XC4

TANG XC/R-qp.**

- - -PF :COS e+R /z4 ***.....r. ^
*

*Physical property which is not affected by
frequency.

.

**The tangent function is used to determine As.

***PF is equal to the COS O. As the /C approaches 900, the COS
approaches O.

This procedure, with slight modification, can be applied
to any prclem.

1187 92
41,



P.I. Twelve-VI

16. Complete this table to show what happens in a series RC circuit
when the indicated changes are made.

0 Ri' i

Zr
,

Xc

ER

EC

PT

Px

PA '

'A

PF

R

._ -

I

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

l 9:1

S
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ANSWERS - TEST FRAME 16

zT

144

--
ILLS

+
4 f
+ 4

Xc -6. .- Ilr

IT t t $
ER + 4 it
EC t a t 4 .+
PT + t +
Px + 4
PA + f .,_+___

it/0 -
PF -4w 4 4 4
R -4w + . -4.

C Ow -4w t -4w

IF ALL YOUR ANSWERS MATCH THE CORRECT ANSWERS, YOU MAY GO TO TEST
FRAME 24. OTHERWISE, GO BACK TO FRAME 12 AND TAKE THE PROGR6MMED
SEQUENCE BEFORE TAKING TEST FRAME 16 AGAIN.



P.I. Twelve -VI

17. A series RC circuit exhibits frequency discrimination similar
In many respects to that encountered in series RL circuits.
the terms cutoff frequencland,t211:29mr_ploint have the same
meaning.

At f
co

in a series RC circuit:

a. Xr =

b. E =

C.

d. Pt = of maximum DC ve.lue

e. ER = of E.
a

f. EC = of Ea

(a R; b. ER; c. 45°; d. 50%; e. 70..7%; f. 70.7%)

18. Series resistive - reactive circuits can be used as variable

voltage dividers. The voltage developed across a reactive
component depends on the amount of opposition offered by that
component, which In turn depends on the frequent./ of the applied
voltage_

E
out

would be greatest at:

a, frequencies above foo.

b, frequencies below fco.

(h)

416
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19. As frequency decreases, X increases because of the inverse
relationship between the two. Since circuit current decreases,
the voltage drop across the resistor decreases as frequency
decreases. As E

R
decreases, E

C
must increase because

Ea = ER - jE
C

.

If frequency is increased in the circuit below, the voltage
measured between points A and B:

a. increases.

b. decreases.

c. remains the same.

(a)
dmoVVvivNm

20.'In series RC circuits, just as in series RI circuits, a point
is reached where reactance equals resistance (Xc = R). That,
of course, is f

co
for this circuit.

What is f
co

for this circuit?

0 120

1.904 ufd y
3

vd11111.

200 600 1000 t400 MOO
frog in 1tz

(1 KHz)

191 1 9 6
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21. Because R := X
c

at f
co

, a formula can be derived to find this

frequency. By subsituting R for Xc in the capacitive rel

actance equation, we have:

1

2sf C
co

Then by transposing the formula to find fco; we have:

1 0.159
f = or f -----
co 2sRC co RC

Solve for f .

co

7



P.I. Twelve-VI

.

22. A capacitor develops the greatest voltage at low frequencies,
so if a series RC circuit is used to pass low frequencies

0
to some type of load, the output must be taken across the
capacitor.

°

Low-pass filter (high-frequency
discriminator)

This circuit would develop a useful output at frequencies
f .

above/below
co

(below)

4
AO

23. if it Is desired to use a series RC circuit as a high-pass
filter (low-frequency discriminator), the output would b3
taken across the resistor. he to the decrease in X, as
frequency increases, the greater voltage is developed across
the resistor at frequencies above cutoff.

4116,

This circuit will produce a useable output voltage at

abo0e/below
fco'

frrequencies

,

(above)
-PI

3.9

198
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Twelve -VI
6

2L. Draw a series RC circuit and indicate the necessary connections
for use asa high - frequency discriminator.

I

(THIS IS A TEST FRAME. COMPARE YOUR ANSWERS WITH THE CORRECT
ANSWERS GIVEN AT THE TOP OF THE NEXT PAGE.)

.

19 r9

Mb



tr YOUR ANSWER MATCHES THE CORRECT ANSWER, YOU MAY
GO TO FRAME 25. OTHERWISE GO BACK TO FRAME NUMBER
17 AND TAKE THE PROGRAMMED

,

SEQUENCE BEFORF TAKING TEST
FRAME 24 AGAIN.



P.I. Twelve -VI

25. Notice the difference between series RL and RC filter circuits.
In a series RI:circuit, the greater voltage is developed across
the reactive device (cop) at frequencies above f , while in
a series RC circuit, due to the inverse relationship between
frequency and Xc, the greater voltage is developed across the
capacitor at frequencies below f

co
.

04°51°
Draw a series RL and a series RC circuit, and indicate the output

. connections necessary to utilize them as high-pass filters.

4.

j

201
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26. To determine if the circuit will produce a useable output at
a particular frequency, first determine if you are dealing
with a high- or low-pass filter. Second, compute f . Third,
compare the desired operating fret:went), with fc . Fourth',

determine whether the load will receive more voltage above
or below that particular frequency.

What type of filter is shown in the schematic below?

there a useable output at the applied frequency?

-bow- pss; '00

YOU MAY NOW TAKE THE PROGRESS CHECK, OR YOU MAY STUDY ANY OF THE
OTHER RESOURCES LISTED. 1F YIN; TAKE THE PROGRESS CHECK AND ANSWER
ALLOF THE QUESTIONS CORRECTLY, YOU HAVE MASTERED THE MATERIAL AND.
ARE READY TO TAKE THE MIELE TEST. SEE YOUR LEARNING supeRvisoB.

IFSYOU DECIDE NOT TO TAKE 1HE PROGRESS CHECK AT THIS TIME, OR IF
YOU MISSED ONE OR MORE QUESTIONS, STUDY ANY METHOD OF INSTRUCTION
YOU WISH UNTIE. YOU HAVE ANSWERED ALL THE PROGRESS CHECK QUESTIONS
CORRECTLY. THEN SEE YOUR LEARNING SUPERVISOR AND ASK TO TAKE THE
MODULE TEST.

197
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Summary Twelve -NI

SUMMARY

LESSON VI

Series RC Circmits.

As you learned in the lessons on RL circuits, vectors must be used
to solve resistive-inductiye circuits, This is also true for

resistive-capacitive circuits. '

The only- difference between solving. RC circuits and RL circurts is

the direction of the resultant vector of impedance and voltage.
0 ER

As yoil.see, the vectors representing )C and E are rotated clockwise
and plotted 90° behind, the reference 1 Ile. The reason for this is
I leads E by 90° in a capaci time circuit and in a series circuit
current is the reference value. In a resistive -Capacitive circuit
0 is a negative angle. ,Othe'r than the' neoative rglase angle,
an RC circuit is solved in the same manner as an RL circuit.

TAN /C = Ma.
0
1007 adj 5

R 5C)

XC
100

150v

a
son

xc
loon,

. -69.4°

2,

kv,,
opp 100

S IN 19 .T9-41

. 1139

E 15° = 1.33a
2' 1 1 3

Pa = I 'E
a
= 133 x I 5Q 159 va

Pt = I E COS /0 = I
2
R

x
I E SIN /0 = I

2
Xc

P
t

1,33 x 150.x .4478 . 85w
er,

PF = COS /0 = .4478

. 1403

s,



Summary Twelve-VI

Variational analysis of series RC circuits is conducted in the
same way as for series RI. circuits. Do not expect all RI circuit
values to react in the same way as tilt corresponding value in the
RC circuit, however. Remember, Xc is inversely proportional to
frequency while XL is directly proportional to frequency.

Any variation in frequency causes Xc to change in the reverse
direction. For exampla, if f.equency increases, decreases s

(41C it

1

2 C)"4
Impedance is equal to the vectorial sum of re-

sistant. : apacitive reactance (Z = R - jX). So any change
4. ' +

in X
C

taus a corresponding change in Z1. ( Z = R - jy. After

change to impedance and capacitive reactance has been determined,
all other circuit values change as they do in an RI. circuit.

-".....

tt

f

R

I

PA

Px i

PT

IA A l

Ec ---f--

Le
PF .

A change.in capacitance causes circuit conditions to react in
the same way as a comparable change in frequency. .

.

204
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Summary Twelve-VI

EM.=W=i
WrillIEL7111
Mffall CL.M1

a

Again the variations in the voltage drops may be the most confusing.
Just remember to determine which opposition is unchanged (with Xr or R),
then determine the direction of the change in circuit current. From
this information, the.ehange in the voltage drop across the unchanged
opposition can be determined; then the voltage drop across the remaining
opposition changes in the opposite direction (Ea = ER jEc).

The other' two variable factors (E
a
and R) ha'e exactly the same effect

on RC circuits as on RL circuits.

igThrn
Z 4
I . t

PT ii
Px t t
PA t -t
FR ii 4
lc 4 t
Le .. t
PF --+ .1

RC circuits may also be used as filter circuits.

*Changing resistance in a series circuit affects power in a complex
way, so you will not be required to answer this question.

2 0 5

200
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Summary T,./eive-V1

With a DC potential applied, there
is no current flow, and the
entire source voltage appears
across the capacitor. ER is 0.

If the DC source is replaced by an AC source and frequency is in-
creased, X. decreases to some measurable value and there is some
current flow.

At 2000 Hz these circuit values
exist:

X
C
= 500

Z = 113c2

R I

T
= 885 Me

88.5 v

)1/4 EC = 44.2 v
5041

P
a
= 88.5 va

= 39.16 vars

Pt 79 w

/e = -26.6°

PF = .8942

As frequency-decreases, a point is reached where X = R.
As_in RL circuits, this condition is called frequency cutoff (fa)'
At f

co
in a series RC circuit:

X =.R

EC = ER = 70.7% of. Ea

P
t

1/2 maximum DC value (half-power point)

/0 = -45°

The formula for determining cutoff frequency is f =
1

co 21.1IC



Summary Twelve-VI

The output connections for RC filters are:

0
Low-pass filter

(high-frequency discriminator)

0
high-pass filter

(low-frequency discriminator)

iC

AT THIS POINT, YOU MAY TAKE THE LESSON PROGRESS .CHECK, OR YOU MAY STUDY
THE LESSON NARRATIVE OR THE PROGRAMMED INSTRUCTION OR BOTH. IF YOU TAKE
THE PROGRESS CHECK AND ANSWER ALL OF THE QUESTIONS CORRECTLY, YOU MAY
TAKE THE MODULE TEST. IF NOT, STUDY ANOTHER METHOD OF INSTRUCTION UNTIL
YOU CAN ANSWER ALL PROGRESS TEST QUESTIONS CORRECTLY. THEN YOU ARE READY
FOR THE MODULE TEST.
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Appendix Twelve

lion 0. 00 0. 10 0. 20 0, 30 0. 4° 0, 5° 0, 6° . 0, 7° 0. 8° 0. 90

sin 0.0000 0.0017 0.0035 0.0052 0.0070 0.0087 0.0105 0.0122 0.0140 0.0157
cos 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 0.9'399 0.9999 0.9999
tan 0.0000 0.0017 0.0035 0.0052 0.0070 0.0087 0.0105 0.0122 0.0140 0.0157

Sin 0.0175 0.0192 0.0209 0.0227 0.0244 0.0262 0.0279 0.0297 0.0314 0.0332
1. cos 0. 9998 0. 9998 0. 9998 0. 9997 0. 9997 0. 9997 0. 9996 0. 9 996 0. 9995 0. 9995

tan 0.0175 0.0192 0.0209 0.0227 0.0244 0.0262 0.0279 0.0297 0.0314 0.0332

sin 0. 0349 0. 0366 O. 0381 O. 0401 0. 0419 O. 0436 O. 0454 '0. 0471 0, 0488 0, 0506
2 cos 0. 9994 O. 9993 0.9993 0, 9992 0. 9991 0. 9990 O. 9990 O. 9989 O. 9988 O. 9987

tan 0. 0349 0. 0367 0. 0384 0. 0402 0, 0419 0. 0437 0. 0454 0. 0472 0, 0489 0. 0507

3

5

9

10

11

12

&hi 0.0523 0.0541 0.0558 0.0576 0.0593 0.0610 0.0628 0.0645 0.0663 0.0680
cos 0. 9986 0. 9985 0. 9984 0, 9983 0. 9982 0, 9981 0. rao 0.1979 0, 9978 0, 9977,
tan 0. 0524 0. 0542 0. 0559 0. 0577 O. 0594 0, 0612 0. 0629 0. 0647 0, 0664 0. 0682

sin 0.0698 0.0715 0.0732 0.0750 `}.0767 0.0785 0.0802 0.0819 0.0837 0.0854
cos 0. 9976 0. 9974 0. 9973 0. 9972 0. 9971 0. 9969 0, 9968 0. 9966 (. 9965 0. 9963
an 0. 0699 0, 0717 0. 0734 0. 0752 0. 0769 0. 0787 0. 0805 0. 0822 0. 0840 0. 0857

sin 0.0872 0.0889 0.0906 0.0924 p.0941 0.0958 0.O .6 0.0993 0. 1011 0.1028
cos 0.9962 0.9960 0.9959 0.9957 O. 9956 0. 995 1 0.9952 0.9951 0.9949 0.9947
tan 0.0875 0.0892 0.0910 0. 0928 0.0945 0.0963 0. 0981 0.0998 0.1016 0. 1033

sin
cos
tan

sin
cos
tan

sin
cos
tan

sin
cos
tan

sin
cos
tan

sin
cos
tan

sin
cos
tan

sin
13 cos

tar.
iiinc-

deo don

0. 1045 0.1063 0.1080 0.1097 0.1115 0. 1132 0.1149 0.1167 1 1189 0.1201
0. 9945 0, 9943 0.9942 0. 9940 0. 9938 0. 9936 0. 99 34 0. 9932 0. 9930 O. 9928
O. 1051 O. 1069 O. 1086 0. 1104 O. 1122 0. 1139 O. 1157 O. 1175 O. 1192 O. 1210

O. 1219 0.1236 0.1253 0.1271 0.1288 O. 1305 0. 1323 0.1340 0.1357 0.1.374
0. 9925 O. 9923 O. 9921 O. 9919 O. 9917 0, 9914 0. 9912 0. 9910 O. 9907 O. 9905
0. 1228 0. 1246 0. 1263 0.1281 6. 1299 0. 1317 0 1334 0.:352 0. 1370 0. 1 388

0. 1 392 0. 1409 0, 1426 0, 1444 0. 1461 0. 1478 0. 1495 O. 1 513 0. 1530 0. 1547
0. 9903 0. 9900 0. 9898 0. 9895 0. 9893 0. 9890 0. 9888 0. 9885 0 9882 0. 9880
0. 1405 0. 1423 0, 1441 0, 1459. 0. 1477 O. 1495 0, 1512 0. 1 530 O. 1548 0. 1566

0. 156 4 O. 1582 O. 1599 0. 1616 0, 1633 0, 1650 O. 1668 0.'1685 0. 1702 O. 1119
0.9877 0.9874 0.9871 0.9869 0.9866 0.9863 0.9860 0.9857 0.9854 0.9851
0, 1584 0. 1602 0, 1620 0, 1638 0, 1655 O. 1673 O. 1691 O. 1709 0. 1727 O. 1745

...

0. 1736 O. 1754 0, 1771 0. 1788 0, 1805 0, 1822 O. 1840 O. 1857 O. 1874 0. 1891
0. 9848 0. 9845 0. 9842 0, 9839 0, 9836 0, 9833 0. 9829 0.9826 0. 9823 0. 9820
0. 176 3 0. 1781 O. 1799 0. 1817 0. 1835 0. 185 3 0. 1871 0, 1890 0. 1908 0. 1926

0. 1908 O. 1925' 0. 19 42 O. 1959 O. 1977 O. 1994 O. 2011 0, 2J28 O. 2045 0 2062
0. 9 816 O. 9813 0. 9810 9. 9806 O. 9803 0. 9799 0. 9796 0. 9792 0. 97N") 0, 9785
0.1944 0. 1962 0. 1980 0. 199 8 0. 2016 0. 2035 0. 2053 0.2071 0.2089 0. 2107

0.2079 0.2096 0. 211 3 0.2130 0.2147 0.2164 0.2181 0.2198 0.2215 0.2232
0. 9781 0. 9778 O. 9774 0. 9770 0. 9767 0. 9763 0. ';'759 O. 9755 0. 9751 0. 9748
O. 2126 0.2144 O. 2162 O. 2180 O. 2199 0. 2217 O. 2235 O. 2254 0, 2272 0. 2290

O. 2250 0, 2267 0, 2284 ,0. 2300 0. 2318 0. 2334 O. 2351 0. 2 368 0. 2385 0. 2402
O. 9744 -0 :9740 0. 9736 0. 9732 0, 9'28 0, 972 4 0, 9720 0, 9715 O. 9711 0. 9707
0. 2309 0. 2327 0, 2345 O. 2364 0 2382 0. 2901 O. 2419 0. 2438 0. 2456 0. 2475

0. 0° 0. 10 0. 20 0. 3° 0, 4° 0, 5° 0. 6° O. 70 0. 80 0.90 1
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Appendix

fuitc-
tton

Ueg

sin
COB

tan

sin
cos
-tan

sin
cos
tan

cos
sin

tan

sin
cos
tan

in
cos
tan

cos
six

tan

sin
cos
tan

stn
cos
tan

sin
COS

tan

sin
COS
tan

Sin
cos
tan

sin
cos
tan

sin
cos
tail

luny-
tton

Twelve

0. 00 0. 10 0. 2° 0. 30 0. 4° 0. 5° 0. 6° 0.7° 0.8° 0.9°

0.2419 0.2436 0.2453 0. 2470 0.2487 0.2504 0. 2521 0. 2538 0.2554 0. 2571
0.9703 0.9699 0.9694 0.9690 0.91.86 0.9681 0.9677 0.9673 0. 966 8 0.9664
0.2493 0.251i 0.2530 0.2549 0.2568 0.2586 0. 260 5 0.2623 0.7642 0.2661

0. 2588 0. 2605 O. 2622 0. 2639 0. 2656 0. 2672 0, 2689 0. 2706 O. 2723 0. 2740
0.9659 0. 96 55 0.9650 0.9646 0.9641 0.9636 0.9632 0.9627 0.9622 0.9617
0.2679 0.26 °8 0.2717 0.2736 0.2754 0.2773 0.2792 0.2811 0.2830 0.2849

0.2756 0.2773 0.2790 0.2807 0. 282 3 0.2840 0.2857 0.2874 0.2890 0.2907
0.9613 0.9608 0.9603 0.9598 0.9593 0.9588 0.9583 0.9578 0. 957 3 0.9568
0. 2867 0. 2886 0. 2905 0. 2924 0.2943 0.2962 0. 2981 0. 3000 0. 3019 0. 3038

0. 2924 O. 2940 0, 2957 0. 2974 0. 2990 0. 3007 0. 3024 0, 3040 0. 3057 0. 3074
0, 9563 O. 9558 0. 9553 O. 9548 0.9542 O. 9537 0, 9532 0. 9527 0. 9521 0. 9516
0.3057 0.3076 0.3096 0.3115 0.3134 0.3153 0.3172 0.3191 0.3211 0. 3230

0. 3090 0.3107 0. 312 3 0.3140 0.3156 0.3173 O. 3190 0. 3206 0.3223 0.3239
0.9511 0.9505 0.9500 0.9494 0.9489 0.9483 0.9478 0.9472 0.9466 0.9461
0. 3249 0. 3269 0.3288 0. 3?07 0.3327 0. 3346 0.3365 0. 3385 O. 3404 0. 3424

0. 3256 0. 327 2 0.3289 0.3305 0.3322 0 3338 0.3355 0. 3371 0. 3387 0.3404
0. 945 5 0.9449 0.9444 0.9433 0.9432 0.9426 0.9421 0.9415 0.9409 0.9403
0. 3443 0.3463 0. 3482 0.350.'. 0. 3522 0. 3541 0. 3561 0.3581 0.3600 0. 3620

0. 3420 0. 3437 0. 3453 0. 3469 0.3486 0. 3502 0. 3518 0.3535 0.3551 0.3567
0. 9397 0.9391 0. 9385 O. 9379 0. 9373 0. 9367 0. 9361 0. 9354 0. 9348 0. 9 34
0. 3640 0. 3659 0. 3679 0. 3699 0. 3719 0. 37 39 0. 3759 0. 3779 0. 3799 0. 3819

0.3584 0.3600 0.3616 0.3633 0.3649 0.3665. 0.3681 0.3697 0.3714 0.3730
0.9336 0.9330 0.9323 0.9317 0.9311 0.9304 0.9298 0.9291 0.9285 0.9278
0. 3839 0. 3859 0. 3879 0. 3899 0. 3919 0. 3939 0.3959 0. 3979 0. 4000 0. 4020

0. 3746 0. 3762 0. 3778 0. 3795 0. 3811 0. 3827 0. 3843 0. 3859 0. 3875 0. 3891
0.9272 0.9265 0.9259 0.9252 0.9245 0.9239 0.9232 0.9225 0.9219 0.9212
O. 4040 0.4061 0.4081 0.4101 0.4122 0.4142 0.4163 0.4'83 0.4204 0.4224

0. 3907 0,x3923 0. 3939 0.3955 0. 3971 0.3987 0.4003 0. 4019 0.4035 0.4051
0.9205 0.9198 0.9191 0.9184 0.9178 0.9171 0.9164 0.9157 0.9150 0.9143
0.4245 0.4265 0.4286 0.4307 0.4327 0.4348 0.4369 0.4390 0.4411 0.4431

0.4067 0.4083 0.4099 0.4115 0.4131 0.4147 0.4163 0.4179 0.4195 0.4210
O. 9135 0. 9128 0. 9121 O. 9114 0. 9107 O. 9100 O. 9092 0. 9085 O. 9078 0. 9070
0.4452 0. 447 3 0. 449 4 0. 451 5 0.4536 0.4557 0.4578 0.4599 0.4621 0.4642

0.4226 0.4242 0. 4258 0.4274 0. 4289 0. 4305 0. 4 321 0. 4337 0.4352 0.4368
0. 9063 0. 9056 0, 9048 0. 9041 O. 9033 O. 9026 O. 9018 0. 9011 0. 9003 0. 8996,
0. 466 3 0..1684 0.4706 0.4727 0. 47 48 0.4770 0.4791 0.4813 0.4834 0.4856

0.4384 0.4399 0. 441 5 0.4431 0.4446 0.4462 0.4478 0.4493 0.4509 0.4524
0.8988 0.8980 0. 897 3 0.8965 0.8957 0.8949 0.8942 0.8934 0.8926 0.8918
0. 4877 0.48'!9 0. 4921 0. 4942 0. 4964 0.4986 0. 5008 0. 5029 0. 5051 0.5073

0. 4540 0. 4555 0. 4571 0. 4586 0. 4602 O. 4617 0. 4633 O. 4648 0. 4664 0, 4679
0.8910 0.8902 0.8894 0. 8886 0.8878 0 8870 0.8862 0.8854 0.884G 0.8838
0. 5095 0. 5117 0. 5139 O. 5161 0. 5184 0. 52% 0. 5228 0. 5250 0. 5272 0. c295

0. 0° 0. 1° 0. 2° 0. 3° 0. 4° 0 5° 0. 6° 0. 7° 0. 8° 0 9°
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deg

Appendix

-rtalc--r-
tiort

lwelve

0. 0° 0. 1° 0. 2° 0, 3° 0. 4° 0. 5° O. 6° 0. 7° 0. 8° 0. 9°

sin 0.4695 O. 4710 O. 4126 0. i 0. 4756 0. 4772 0. 4787 C. 4802 0. 4818 0. 4833
28 cos 0.8829 0.8821 G.8813 0. 88 05 0.8796 0.8788 0.8780 0.8771 0.8763 0.3755

tan 0. 5317 0.5340 0. 5362 0. 5384 0.5407 0. 5430 0. 5452 0. 547 5 0. 5498 0. 5520

in 0.4848 0.4863 0.4879 0.4894 0.4909 0.4924 0.4939 0.4955 0.4970 0.4985
29 cos 0.8746 0. 87 38 0.8729 0. 87 21 0.8712 0.8704 0.8695 0.8686 0.8678 0.8669

tan 0.5543 0.5566 0.5589 0.5612 0.5635 0.5658 0.5681 0.5704 0.5727 0.5750

sin 0.5000 0. 50i 5 0.5030 0.5045 0.5060 0.5075 4.5090 0.5105 0.5120 0.5135
30 cos 0.8660 0.8652 0.8643 0.8634 0.8625 0.8616 0.8607 0.8599 0.8590 0.8581

tan 0. 5774 0. 5797 0. 5820 0. 5844 0. 5867 0. 5890 0.5914 0. 5938 0. 5961 0. 5985

sin 0.5150 0. 516 5 0.51 "0 0.5195 0.5210 0.5225 0.5240 0.5255 0.5270 0.5284
3.1 COS 0.8572 0.8563 0.8554 0.8545 0.8536 0.8526 0.8517 0.8508 0.8499 0.8490

tan 0.6009. 0.6032 0.6056 0.6080 0.6104 0.6128 0.6152 0.6176 0. 6210 0.6224

sin 0.5299 0.5214 0.5329 0. 5344 0. 5358 0. 5373 0. 5388 0. 5402 0. 5417 0. 5432
32 cos 0.8480 0.8471 0.8462 0. 84 53 0.8443 0.8434 0.8425 0.8415 0.8406 0.8396

tan 0. 62 49 0.6273 0.6297 0.6322 0.6346 0. 6 371 0. 6 395 0.6420 0.6445 0.6469

sirs 0.5446 0. 5461 0. 5476 0. 5490 0. 5505 0. 5519 0. 5534 0. 5548 0. 5563 0.5577
33 COS 0.8387 0.8377 0.8368 0.8358 0.8348 0.8339 0.8329 0.8320 0.8310 0.8300

tan 0.6494 0.6519 0.6544 0.6569 0.6594 0.6619 0.6644 0.6669 0.6694 0.6720

sin 0.5592 0.5606 0. 5621 0. 5635 0. 56 50 0. 5664 0. 5678 0. 5693 0. 5707 0. 5721
34 cos 0. 8290 0.8281 0. 8271 0. 8261 0. 8251 0. 8241 0. 8231 0. 8221 0. 8211 0. 8202

tan 0. 67 45 0.6771 0.6796 0.6822 0.6847 0.6873 0. 6 899 0.6924 0.6950 0.6976

sin 0.5736 0. 5750 0. 5764 0.5779 0. 5793 0. 5807 0.5821 0. 5835 0. 58 50 0.5364
35 cos O. 8192 O. 8181 O. 8171 O. 8161 O. 8151 0. 8141 O. 8131 O. 8121 O. 8111 O. 8100

tan 0.7002 0.7028 0.7054 0.7080 0.7107 0.7133 0.7159 0.7186 0.7212 0.7239

sin 0. 5878 0.5892 0. 5906 0.5920 0. 59 34 0.5948 0.5962 0. 5976 0. 5990 0. 600 4
3 cos 0. 8090 0. 8080 0. 8070 0.8059 0.8049 0.8039 0.8028 0. 8018 0. 8007 0.7991

tan 0. 726 5 0.7292 0.7319 0.7356 0. 737 3 0.7400 0.7427 0.'x454 0.7481 0.7508

sin 0.6018 0.6032 0.6046 0.6060 0.6074 0.6088 0.6101 0.6115 0.6129 0.6143
37 cos 0.7986 0.7976 0.7965 0.7955 0.7944 0. 79 34 0.7923 0.7912 0.7902 0.7891

tan 0.7536 0.7563 0.7590 0.7618 0.7646 0.7673 0.7701 O. 7729 0.7757 0.7785

sin 0. 6157 O. 6170 0. 6184 0. 6198 A '6211 0.6225 0.6239'0.6Z52 O. 6266 O. 6280
38 cos 0.7860 0.7869 0.7659 0.7848 *:7837 0.7826 0.7815 0.7804 0.7793 0.7782

tan 0.7813 0.7841 0,7869 0.7898 0.7926 0.7954 0.7983 0.8012 0.8040 0.8069

sin 0.6293 0.6307 0.6320 0.6334 0.6347 0. 6 361 0.6374 0.6388 0.6401 0.6414
39 cos 0.7771 'O. 7760 0.7749) 0.7738 0.7727 0.7716 0.7705 0.7694 0.7683 0.7672

tan 0. 809 8 0.8127 0.815,6 0.8185 0.8214 0.8243 0.8273 0.8302 ).6332 0.8361

sin 0. 6428 O. 6441 0. 6455 0. 6468 0. 6481 0.6494 0, 6508 0.6521 O. 6534 0. 6547
40 cos O. 7660 0.7649 O. 7638 0. 7627 0. 761 5 O. 7604 O. 7593 O. 7581 0. 7570 O. 7559

tan 0. 8391 0. 8421 0. 8451 0. 8481 0. 8511 0. 8541 0.8571 0. 8601 0. 8632 0. 8662

sin 0.6561 0.6574 0.6587 0.6600 0.6613 0.6626 0.6639 0.6652 0.6665 0.6678
41 cos 0.7547 0.7536 0.7524 0. 754 3 0.7501 0.7490 0.7478 0.7466 0.7455 0.7443

tan 0. 8693 0.8724 0. 8754 8785 0.8816 0. 8847 0.8878 0. 8910 0.'8941 0.8972
func-

eg tion 0.0° 0.1° 0.2° 0.3° 0.4° O. 5° 0.6° 0.7° 0.8° 0.9°
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Appendix Twelve

funt -
tion 0. 0° O. 1° 0. h 0. 30 0. 4° 0. 50 0. 6° O. 70 0. 8° 0. 9°

sin 0.6691 0.6704 Q.6717 0. 67 30 0.6743 0.6756 0.6769 0.6782 0.6794 0.6807
42 cos 0.7431 0.7420 0.7408 0.7396 0.7335 0. 7 373 0. 7 361 0.7349 0.7337 0.725

tan 0.9004 0.9036, 0.9067 0.0099 0.9131 0.9163 0.9195 0. 922 8 0.9260 0.9293

sin 0.6$20 0. 6833 0. 6845 0.6853 0.6871 0.6884 0.6896 0. 6909 0.6921 0.6934
43 cos 0.7314 0.7302 0.7290 0.7278 0.7266 0.7254 0.7242 0.7230 0.7218 0.7206

tan 0. 9325 0.9358 0. 9391 0. 9424 0.9457 0. 9 490 0.9523 0. 9556 0. 9 590 0.9623
': .

sin 0. 6947 0.6959 0. 6972 0.6984 0.6997 0. 7009 0.7022 0. 7034 0. 7046 0. 7059
44 cos 0. 7193 0.7181 0.7169 0. 71 57 0.7:45 0.7133 0.7120 0. 7108 0.7096 0.7083

tan 0.9657 0.9691 0.9725 0.9759 0.9793 0.9827 0 :9861 0.9896 0.9930 0.9965`

sir. 0. 7071 O. 7083 0. 7096 0. 7108 O. 7124 0, 7133 0. 7145 O. 7157 O. 7169 O. 7181
45 cos 0.7071 0.7059 0.7046 0.7034 0.702<: 0.7009 0.6997 0.6984 0.6972 0.69591

tan 1. 0000 1. 0035 1. 0070 1. 0105 1. 0141 1. 0176 1. 0212 1. 0247 1 0283 L 8319!
,

sin O. 7193 0. 7206 I 0. 7218 0. 7230 0. 7242 0. 7254 0. 7266 0. 7279 0. 7290 0. 7302;
46 cos 0. 6947 0. 69341 0. 6921 O. 6909 0. 6896 O. 6884 O. 6871 O. 6858 0, 6845 0. 68331

tan 1. 0355 1. 1. 042 8 1. 0464 1. 0501 1. 0538 1,0575 1. 0612 1. 0649 1. 0686!

sin 0.7314 0.73251 0.7337 0. 7349 0.7361 0.7373 0.7383 0.7396 0.7408 0.7420,
47 cos 0.6820 0. 68071 0.6794 0.6782 0.6769 0.6756 0.6743 0.6730 0.6717 0.6704

tan 1. 0724 1. 07611 1. 0799 1. 0837 L 0675 1. 0913 1. 0951 1. 0990 1. 1028 1. 1067,
i

sin 0.7431 0.74431 0.7455 0.7466 0.7478 0.7490 0.7501 0.7513 0.7524 0.7536'
48 cos 0.6691 0.66781 0.6665 0.6652 0.6631 0.6626 0.6613 0.6600 0.6587 0.6574!

tan 1. 1106 1. 11451 1. 1184 1. 1224 1. 1263 1. 1303 1. 1343 1. 1383 1. 1423 1. 1463,
1

sin 0.7547 0.7559 0.7570 0.7581 0.7593 0.7604 0.7615 0.7627 0. 76 38 0.7649,
49 cos 1 0. 6561 0. 6547 0. 6534 0.6521 0.6508 0.6494 0.6481 0.6468 O. 6455 0.6441`

tan 1 1. 1504 1. 1544 1. 1585 1. 1626 1. 1667 1. 1708 1. 1750 1. 1792 1. 1833 1. 1875

sin 0. 7660 0.767 0. 7683 0. 769.1 ;,.7705 0.7716 0.7727 0.7738 0. 7749 0. 7760
50 cos 0.6428 0.641 0.6401 0.6388 %; 6374 0.6361 0.6347 0.6334 0.6320 0.6307

tan 1. 1918 1, 196 1.2002 1. 2045 1. 2088 1. 2131 1. 2174 1. 2218 1. 2261 1. 2305

sin 0. 7771 0. 7782 0. 7793 0. 7804 0. 1;.:5 0. 7826 0. 7837 0. 7848 0. 7859 O. 7869
51 cos 0. 6293 0. 6280 0. 6266 0. 6262 O. 6239 O. 6225 O. 6211 0, 6198 0, 6184 O. 6170'

tan 1. 2349 L 2393 1. 2437 1. 2482 1. 2527 1. 2572 1. 2617 1 2662 1. 2708 1. 2753

sin 0. 7880 0. 78911 O. 7902 0, 7912 O. 7923 0. 7934 0. 7944 0. 7955 0, 7965 0. 7976'
52 cos 0.6157 0.6143; 0 6129 0.6115 0.6101 0.6088 0.6074 0.6060 0.6046 0.6032'

tan 1. 2799 1. 2846: 1. 289a 1. 29 38 1. 2985 1. 3032 1. 3079 1. 3127 1. 3175 1. 3222.

sin 0. 7986 0.7997 0. 8007 0.8018 0. 8028 0.8039 0.8049 0.8059 0.8070 0.8080;
3 cos 0.6018 0.6004 1 0. 5990 0. 5976 0.5902 0.5948 0.5934 0.5920 0. 5906 0.5892

tan 1, 3270 1. 3319 11. 3367 1. 3416 1. 3165 1. 3514 1. 356 4 1. 3613 1. 3663 1. 3713'

sin 0. 8090 0. 8100'10.8111 0. 8121 0. 6/31 0.8141 O. 8151 O. 8161 0. 6171 O. 8181.
.4 cos 0.5878 0. 586 4 10.5850 0.5835 0.5821 0.5807 0 5793 0.5779 0.5764 0.5750

tan i. 3764 1. 3814 a. 3865 L 3916 1. 3968 1. 4019 1. 4071 1. 4124 1. 4176 1. 4229
I

sin 0. 8192 O. 8202 0. 8211 O. 8221 0. 8231 0. 8241 O. 8251 O. 8261 O. 8271 O. 8281!
. 5 cos 0. 5736 0. 5721 9. 5787 0. 569 3 0. 56 78 0. 6661 0. 5650 0. 5635 0. 5621 0. 56061

tan 1. 4231 1. 4335 1 4388 1. 4112 1. 44(.6 1. 4550 1. 4605 1. 4659 1. 4715 1. 477.24
func-

c : tion 0. 0° 0. 1° ' 0. 2° 0. 3° O. 4° 0. 5° 0. 6° 0. 7° 0. 8° 0. 90

N

4

i
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Appendix Twelve

tunc
tion 0. 0° 0. 10 0. 2° 0 3° 0. 4° 0. 5° 0. 6° 0. 7° 0. 8° 0 90

sin 0.3290 0.8390 0. 831 0 0. 8 320 0.839 0.8339 0.8348 0.8358 0. 8 36 8 0. 837 7
56 cos 0 5512 0.5577 0. 556 3 0. 5548 0. 5534 C. 5519 0. 5505 0. 5490 0.5476 ':` 5461

tan 1 4826 1. 4882 1., 498 1. 4994 1:-5051- --1-. 5108 1. 5166 1. 5224 1. 5282_ 1, 5340

sin 0.8387 0.8396 0.8406 0.8415 0.8425 0. 84 34 0.8443 0.8453 0.8462 0.8471
57 cos 0.5446 0.5432 0.5417 0.5401. 0. 5 388 0. 537 3 0.5358 0.5344 0.5329 0. 531 4

tan 1. 5399 1. 54 58 1. 5517 1. 5577 1. 56 37 1. 5697 1 5757 1. 5818 1, 5880 1. 5941

sin 0. 8480 0. 8490 0. 8499 0. 8508 0. 8517 0.8526 0. 8536 0. 8545 0. 8554 0. 8563
158 cos 0.5299 0.5284 0. 527 0 0 5255 0.5240 0. 5225 0. 5210 0.5195 0.5180 0. 516 5

tan 1. 6003 1.6066 1. 612 8 1. 6191 1. 6255 1.6319 1. 6183 1. 6447 1. 6512 1. 6577

sin 0.8572 0. 85 1 0. 859 0 0. 8599 0.8607 0.8616 0. 8625 0.8634 0. 8643 0. 8652
59 cos 0. 51 50 0.5135 0. 512 0 0. 510 5 0.5090 0.5075 0.5060 0.5045 0.5030 0. 501 5

tan 1. 6643 1. 6709> 1. 6775 1. 6842 1. 6909 1. 6977 1. 7045 1. 7113 1. 7182 1. 7251

sin 0. 8660 0. 8669 0. 867 8 0. 8686 0 8695 0.8704 0. 8712 Cr. 8721 0. 8729 0. 8738
0 co s 0. 5000 0. 498 5 0. 497 0 0. 4955 0. 49 31 0. 49 24 0. 4909 C. 4894 0. 4879 0. 4863

tan 1. 7321 1. 7391 1, 7461 1. 7532 1. 7603 1.7675 1. 7747 1. 7820 1. 7893 1. 7966

sin 0. 87 46 0.8755 0. 876 3 0. 87 71 0.8780 0.8788, 0.8796 0.8805 0.8813 0.8821
61 cos 0. 4848 0. 4833 0.4818 0. 4802 0.4787 0. 4172 0. 4756 0. 47 41 0. 4726 0. 4710

tan 1. 8040 1. 811 5 1. 819 0 1. 826 5 1.8341 1. 8418 1. 8495 1. 8572 1. 8650 1. 8728

sin 0.8829 0.8838 0.8846 0.8854 0.8862 0.8870 0.8878 0.8886 0.8894 0. 890 2
2 cos 0. 469 5 0. 4679 0. 466 4 0. 4648 0. 46 33 0. 4617 0. 4602 0. 4 586 0. 4571 0. 4555

tzn 1. 8807 1. 8887 1. 8967 1. 9047 1.9128 1.9210 1. 9292 1. 9375 1. 9 458 1.9542

sin 0.8910 0. 891 8 0. 8926 0.8934 0.8942 0. 89 49 0. 8957 0.8965 0.8973 0. 8980
-63 cos 0. 4540 0. 4524 0. 4509 0. 449 3 0. 4478 0.4462 0. 4 446 0. 4431 0. 4415 0. 4399

tan 1.9626 1.9711 1.9797 1. 988 3 1.9970 2. 00 57 2.0145 2. 02 33 2.0323 2. 041 3

sin 0. 8988 0. 8996 0. 9003 0.9011 0.9.018 0.9026 0.9033 0.9041 0. 9048 0 9 056
64 cos 0. 4384 0. 4368 0. 4352 0. 4337 0. 4321 0. 4305 0. 4289 0, 4274 0. 4258 0. 4242

tan 2.0503 2. 059 4 2.0686 2.0778 2.0872 2.0965 2.1060 2.1155 2.1251 2.1348
,

sin 0. 9063 0. 9070 0. 9078 0. 9085 0. 9 092 0. 9100 Cf. 9107 0. 9114 0. 9121 0. 9128
5 coo 0.4226 0.4210 0. 419 5 0. 417 9 0. 416 3 0.4147 0.4131 0.4115 0.4099 0.4983

tan 2. 1445 2. 1 543 2. 1642 2. 1742 2. 1842 2. 1943 2, 2045 2. 2148 2. 2251 2. 2355

sin 0.9135 0.9143 0.9150 0. 91 57 0. 916 4 0.9171 0.9178 0.9184 0.9191 0.9198,
66 cos 0. 4067 0. 4051 0. 4035 0. 4019 0. 400,3 0. 3987 0. 3971 0. 39 55 0. 3939 0. 392 3

tan 2. 2460 2.2566 2. 267 3 2.2781 2.2889 2. 299 8 2. 3109 2. 3220 2. 3 332
0

2. 3445

Ain 0. 92 05 0. 9212 0. 9219 0. 922 5 0.9232 0. 92 39, 0.9245 0. 92 52 0. 92 59 0. 9265
7 cos 0. 3907 0. 3891 0. 387 5 0. 3859 0, 3843 0. 3827 \O. 3811 0. 379 5 0. 3778 0. 3762

tan 2. 3559 2. 3673 2. 3789 2. 3906 2. 402 3 2. 4142 4262 2. 4383 2. 4504 2. 4627

sin 0. 9272 0. 927 8 0. 9285 0.9291 0. 9298 0. 930 4 0.931 0.9317 0. 9 32 3 0. 9 330
8 coo 0. 3746 0. 37 30 0. 3714 0, 3697 0. 36 81 0. 366 5 0. 36 49 0, 363 3 0. 3616 0 3600

tan 2. 47 51 2.4876 2. 5002 2. 512 9 2. 52 57 2.538o 2. 5517 2. 5649 2. 57 82 2. 5916

sin 0. 9336 0.9342 0. 9 348 0. 9354 0. 9361 0. 936 7 0. 9373 0. 9379 0. 9 385 0. 9391
cos 0. 3584 0. 3567 0. 3551 0. 3535 0. 351 8 0. 3502 0. 3486 0, 3469 0. 3453 0. 3437
tan 2.6051 2.6187 2.6325 2. 646 4 2.6605 2. 67 46 2.6889 2.7034 2.7179 2 7326

func-
tion 0. 0° 0. 10 0. 2° 0. 1° 0. 4° 0. 5° 0. 60 0. 7° 0. 8° 0. 90
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Appendix Twelve

func-
tion 0. 00 0. 1° 0. 20 0. 3° 0.40 0 50 0. 6° 0. 7° 0. 8° 0 9°

sin 0. 9397 0. 9403 0. 9409 O. 941 5 0.9421 0.9426 0.9432 0. 94 38 0.9444 0. 9449
70 cos 0. 3420 0. 3404 9 3387 0. 3371 0. 3355 0. 3338 O. 3322 0. 3305 0, 3289 0. 3472

tan 2, 7475 2. 762 5 Z. 7776 2. 7)29 2.8083 2.8239 2.8397 2.8556 2.8716 2. 8878

sin O. 9455 0. 9461 0, 9466 0 9472 .0.9478 0. 9483 O. 9489 G. 9494 C. 9 500 0 9505
71 cos 0. 3256 0. 3239 0. ±22 3 0. 3206 O. 3190 O. 317 3 0. 3156 O. 3140 O. 3123 O. 3107

tan 2. 9(142 2. 9208 2, 9375 2. 9544 2. 9714 2. 9887 3. 0061 3. 0237 3.0415 3.05`!5

sin O. 9511 0. 9516 0, 9521 0.9527 O. 9532 0. 9537 0, 9542 0. p548 O. 9553 0. 9558
7Z cos 0. 3090 0. 3074 0. 30 57 0. 3040 0. 3024 0, 3607 0. 2990 0. 297 4 0. 29 57 0. 2940

tan 3, 07'47 3. 0961 3. 1146 3. 1334 3. 1524 3. 1716 3. 1910 3. 2:06 3. 2305 3. 2p6
i:n 0, 9563 0.9 568 0. 9573 0. 9578 0. 9583 0. 9588 0. 9593 O. 959 8 0. 9603 0. 9608

cos 0. 2924 0 2907 2.2890 0. 2874 O. 2857 0. 284 0. 2823. 0. 2807 0. 2790 0 2773
tan 3. 2709 3.2914 3. 3122 3. 3332 3. 3544 3. 37 59 3. 3977 3. 419 7 3. 4420 3. 46 46

sin 0.9613 0.9617 0. 4622 0.9627 0. 96 32 0.'9636 0. 9641 0. 9656 0. 9650 . 0.9655
74. cos 0. 2756 0. 2740 O. 272 3 0. 2706 0.26,89 0. 26 72 O. 2656 0. 26 39 0. 2622 0. 2605

tan 3 4874, 3. 5105 3. 5334' 3. 5576 3. 5816 3. 6059 3. 630; 1. 6554 3. 6806 3. 7062
...,

sin 4 4. 9659 0. 9664 0. 9668 0: 967 3 O. 9677 O. 9681 0. 9686 O. 9690 O. 9694 0. 9699
75 cos 0. 2688 0. 2571 0, 2554 0. 2538 0. 2521 0.,2504 0. 2487 O. 2470 0. 24 53 0. 2436

tan 3. 7321 3. 7583 3. 7848 3. 8118 3. 8391 3 8667 3. 8347 3. 9232 3. 9520 3.9812

Sin 0.9703 0. 9707 O. 9 71 1 0.9715 O. 9720 0, 9724 O. 9728 0. 9732 0. 9736 0, 9740
76 cos O. 2419 0. 2402 0. 2385 O. 2368 O. 23 51 0. 2334 0. 2317 O. 2300 0. 2281 0. 2267

tan 4, 0108 4. 0408 9, 0713 4, 1022 4. 1335 4. 16 53 4. 1976 4. 2393 4. 2b35 4. 2972

sin 0. 9744 O. 9748 0. 9751 0.9755 0.9759 0. 9763 0.9767 0. 9770 O. 9779 0.9778
77 cos 0. 2250 0. 22 32 0. 22I5 O. 2198 0, 2181 0. 2164 0.2147 O. 2130 0.2113 o. 20%

tan 4. 3315 4. 3662 9. 401 5 4. 4374 4. 4737 4. 5107 4. 5483 4. 5864 4 6252 4.6646
.

sin O. 9781 0. 9785 0. 9789 0.9792 0.9796 0. 9799 0. 9803 0. 9806 0. 9810 0.9813
78 cos 0, 2079 0. 2062 0, 2045 O. 2028 0.2011 0. 199: O. 1977 0. 1959 0. 1942 0. 1925

tan 4. 7046 4. 7453 4. 7867 4.8288 4.8716 4 9152 4. 9594 5. 0045 5. 0504 5.0970

sin 0. 9816 0. 9820 0 9823 0.9826 0. 9829 O. 9833 0. 98 36 0. 98 39 0. 9P42 0.9845
79 cos 0. 1908 O. 1891 0. 1874, 0. 1857 Q. 1840 0. 1822 0. 1805 0. 1788 O. 1771 O. 1754

tan 5. 1446 5. 1929 5, 2422 5. 292 4 5. 34 35 5, 39 55 5. 4486 5. 5026 5. 5578 5.6140

sin 0. 9848 O. 9851 0.9854 0.9857 O. 9860 0. 986 3 0. 9866 0. 9869 O. 9871 0 9874
£(0 cos 0, 17 36 O. 1719 0. 1702 O. 1.685 0. 1668 0. 1650 O. 1633 O. 1616 0. 1 599 o 1582,

tan 5. 671 3 5. 7297 5. 789 4 5. 8502 5.9124 5. 9758 o. 0405 b. 1066 6. 174Z 6. 2432

sin 0. 9877 0. 9880 0. 9882 0.9885, 0. 9888 O. 9890 0. 9893 0. 989 5 0. 9898 0 9900
81 cos 0. 1564 1: 1547 0. 1530 O. 1 51 3 0. 149 5 0. 1478 0. 1461 0. 1444 0. 142o 0. 1 409

tan 6. 3138 6.3859 6. 4596 6. 5350 6. 6122 6 6912 6. 77Z0 6. 8548 6. 9395 7. 0204

sin 0. 9903 0. 9905 0. 9907 0. 991 0 6_9912 O. 9914 0. 991 7 0. 9919 O. 9921 0 9023"
2 cos 0. 1392 0.1374 0. 1 357 0. 1340 p. 1323 0. 1305 O. 1288 0, 1271 0.1253 0. 123o

tan 7. 1154 7. 2066 7. 3002 7.3962 7., 4947 7. 5958 7, 6996 7. 8062 7. 9158 8. 0285
1

sin 0. 9925 0. 9928 0. 9930 0. 9932 0.9Q34 0. 99 36 0.9938 0.9940 0. 9942 0 9943:
3 cos O. 1219 0. 1201 0. 1184 0, 1107 O. 1149 O. 1132 0.1115 0. 1097 0. 1080 0. 1003;

tan 8. 1443 8. 2636 8. 3863 8 5126 8. 6427 8 776Q 8, 9152 Q 057Q 4). 2053 9 3572'
furic- ijstui 0. 0° 0. 1° 0. 20 0 3° 0. 4`' 0 c° 0 6° 0. 7° 0. 8" 0. 901
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Appendix Twelve

c
func-
tion 0. 0° O. 10 O. 20 0 30 0. 40 0. so 0 6° 0 70 0. $0 0 go

sin 0. 9945 0 9947 0.9949 0. 99 51 0 9952 0. 9954

4

0. 9956 0.9457 0.9959 0. 9960
84 cos 0. 1045 0 1028 0. 1011 O. 0993 0 0976 0. 0958 O. 0941 G. 09'24 0.-0906 0. 0889

tan 9 51 44 9. 6768 9. 8448 10 02 10. 20 10. 39 10. 58 10. 79 10.99 11.20

sin 0.9962 O. 996 3 0.9%5 0.9%o 0 9968 0.9969 0.9971 0.9972 0.9973 0.9974
85 cos 0 0872 0. 0854 0.0837 0.0819 0 0802 0. 0785 O. 0767 0.0750 0. 0 /32 0, 0715

tan 11.43 11.66 11,91 12 16 12.43 12.71 13. 00 13.30 13.62 13.95

sin 0.9976 0 9977 0.9978 0.9979 0. 9980 0. 9981 0, 9982 0; 9983' 0.9984 0. 9985
86 cos 0.0618 0.0680 0.6663 0.0645 0.0o28 0.0610 0.0593 0.057/ 0.0558 0.0541

tan 4. 30 14, 67 15. 06 15. 46 15. 89 16. 35 16 83 17. 34 17. 8 18. 46

sill O. 9986 0. 9987 0. 9988 0.9989 0. 9990 0. 9990 O. 9991 0. 9992 0. 9993 0, 9993
87 cos 0.0523 0.0506 0.0488 0.9471 0.0454 0.0436 0.0419 0.0401 0.0.384 0.0366

tan i 9. 08 19. 74 20. 45 21. 20 22. 02 22. 90 23. 86 :.4. 90 26. 03 27. 2'7

sir. 0.9994 0. 999 5 0.9995 0.9996 0.9996 0.9997 0.9997 0.9997 0. 9, 8 0.9998
88 cos 1 0. 0349 0.0332 0.0314 0.0297 0.0279 0.0262 0.0244 /.0227 0.0209 0.0192

tan 8. 64 30. 14 3E 82 33. 69 35. 80 38. 19 40, 92 44. 07 47.74 52, 08

sin 0. 9998 0. 9999 0. 9999 0.9999 0.999 1 1. 000 1. 000 1. 000 1 000 1. 000
89 cos 0.0175 0.0157 0.0140 0.0122 0.0105 0.0087 0.0070 0.0052 0.0035 0.0017

tan 57 29 63.66 71.62 81.85 95 49 11 4. 6 ) !3 2 191.0 286.5 573 0

111
twit -
.on 0 00 0, 10 0:.2° 0, 3° 0. 4° 0. 5° 0. 6° 0. 7e 0 8° 0 90
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