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Teacher's

1]
E

; Objectives Vo T .
‘1, The student. should know and be able to use

‘the Pythagorean Theorem and 1ts converse;

distance, midpoint and slope formulas,

The student will 'be_able to show 1ine seg~ ¢

ments co gruent parallel, or perpendicular
when cooMlnates are known.

The student ﬁill be able to select coordin=
ates and. prove theorems for tr;angles and

. quadrilatermlsy

Y

‘. . . a .
[

) 1 : ('JV(‘.Wiew v .0 > N
' "This module begins with.a demonetrafion but S
|- nmot a ‘proof of the Pythﬁporean Theorem. The

proof can he added to or us o) replace the

demonstration Lf the class
An 'extensive revlew of radicals 1s included
and 1s uqually needed Prerclae A or B-Qoulé

bo used as a pretest to determine whether part,

- ~all, or nore of the review should be used.

as - the backeround,:

COORDINATE GEOMETRY
Guide

: This module 1ncludess .

I,

IT1,.

I1T,
IV,

.
A}

\ o
L
i

¥

Pythagoreap Theorem (with review of
radicals) " ' L !
Basic Coordinate Geometry :
1, Distance and Midpoint ) '

2
3.

5
L,

Slope
' . L]
Slope of parallels and perpendicu-
\
lars ' . '

Bquation of a line

Selecting Cogndinates

Coordinate Proofs

.

es, Non-negative Coh~- =

V.  Linear Inequali

straints, Linear Programming’

wr

(Qection V 1s optional,)

Materialg

Graph'paper'
Stxaightedee ‘_ '

"Compass . ‘ .

Sclssors




" Pythagorean Theorem . Review Radi_ca:l,s- ’

Teaching Suggestions o L g
)

Exercise Answers (éimplifying Radicals)

1. -Have students work in small groups on this - ' : : C—

construction and demonstration of the Pythag- - - ' Ve S
orean Theorem. You might want to use colored . - 2 z \b , | 17. 13 o s
paper for either the triangles or the square. - - '8_' \lzq _ . 18, 6\12 s , ' :
_2. Square is defined later in ﬁhe module. For : " -3)_( \[3— ' 19 \17
this demonstration, however, the student's. i . R - ' , -
own definition of a square is sufficient. ' ‘ 5 %‘\E— or '\% .20, %_\15'101"2—\55?
3. We have included here a review of radicals 7 : : - :
~if you feel it is needed | 6, -Ll; \10 or —J-l-Q‘ ' 21, 5\2
L, The exercises introduce calculating the | . ) o
. ! . ’ 2“ P } j'2 A 5 'gf; .
length of a line segment as preparation for 7. - 5 |2 or 5 22, \|2 : -
developing the distance formula later. . o —_
_ - ' 8. -61- 15 or \J—lgi 23. 15
M . _ : : ‘ —
Materials i . - _ - TI P T
. Compass g ' 9% b3 - R
o, ] N o _ | : . ‘ ) . 25, 1 \11 v or !le
Straightedge | ' : 10,  9X x L L
Seisso ' . - * T . "
scissors R 11, 2 10 26, 18\5
: ' ‘ ]
- . . e ) .‘3 e \
. 12, _2. IS ‘or .2_..!_. . ?7 . 6 N2
3 3
. . ' 1
gl . 4, — 8. =
13, 2W6 . e 3
~ , , 17 or2 i
Plahd . ' s . 1 \l?
15, b |2 30, 3 \2 or 5=

| [
L VA . 6 '
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-,xercise Answers (Addin(r Radicals)

1, 13r+ 3\]—
2. 15\7 '+ 5\|'1'6'
3- ”lj\rﬁ'

- 4, 100

5. 1243 -"u\z

kY

iixercise Answers (A,

10 u.\j-?j"“ﬁ
. 2. /-‘;-\1-5—01' -6J53

6,

S

. I
7. N13 + 3

.=
_'_90 "'2\]3.4—
~ 10,28

Review of Radibals )

Y

7

w
§ee

31 :
woN3 -

o

1.

. ‘2,

3.

b,

10,

11'.

" Exerclse Answers (G,

J\J’é‘_

‘B

543"

N6 .
\B-.' \'.
7o

1 .
610
. '21' 3 or %‘
s
2u N2

134z

.- - Co - . > ,
Exercise Answers' (Muitioiyi«- & Dividing Radicals) Exemise Answers (B, Review of Radicals)
> - . _ : _
R O L. 3\!2-\;' S AN
P 4 : : : : o :
.. 7 = . .10 . :
. J_ / 5. o ( 2. '_3\5_01’@'3\12- o 7 %\I?or {—3‘
3. 12 N1k L . : | \
| 9 A 4B | 3. 23 + V6 '8, o8
. uo ror ) '
| 9¢0 336 - he 3 9. 30(2
3 3 j’j | , . O | . |
5 2 ﬁ or =, 17, 14 5 \‘5 L . 1o, 2 \f"g Lo

Review of .E'}a.dicals )

12, 2N\3
13, 545 -5 »
W, syz . e )
3. 3 el
16, h 54035
. 17. g 3*’"2]:66 or
18, 12\F - 72
19, ‘L‘QJ?
20, 3+%0—6_ or
Grae oo
“ 8 )

|
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. "Pythagorean Theoren BasiL Coqrd 1nate Geometry

- Exercise Answers - o R ' 'Teacning Suggestions\ ot
1. 10 | ; 12, 5 e ' 1. This unit consists of four parts that es-
2, 4\r5‘ S 13 15 ) . ‘ ~ | tablish the skills nee ed in coordinate
o S . : | St geometrys ‘Finding Distance and Midpoint; ‘
3. .15 : ' . 50 o : ' Finding Slopes Comparing Slope of Parallels
b, 2 ' 15, 5 - . . _ and Perpendiculars; and Writing Equations
. . ~ . L . -
s, \EE? _ 16, 5 JET N o | of Liries. The aotivity in each part de- 3
' - . ' . ’ \ velops’ the main 1dea but will require T
Z“Q? Lo 17. 2 JlO . ' ~ teacher involvement for many students, '
B PR , ) . . \ Y, e
7e dj v . 18, a) Yes . o elther to reinforce the idea when the
.. 3‘Jg— . i b) Yes ' agtivipy is completed, or to introduce the .-
— o idea before students begin the activity, :
"9, 102 . ' c) No y . ' '
— ) _ ' 2. Answers (Distance and Midpoint)
10, 6 \2 | : d)  Yes h ' l. a) 3 L, Yes »
: — . _ - . \ T e .
11, Jé ' : e) .No - : - b)) (3,-2) .5, Hypotenu?p
- ) . o . ’ :
: ) _ ~ : c) -6 ' . AP 1 ) Ple
| : | : . d) ®, -2) | yl
| ) : b (<1, -5) 6
- . - o ' : ¢ (7, -2) 18
K . _ - _ _ . . iy
% 3\2
“ \IST -

3
3
b ’ ) 7 .
3
5




7. (%6, 2) S '_"-" o T, Showing the product of slopes of: perpen-
(u 6) ' _ _ e diculars is -1 depends on similarity ang
, . . _ .
S _ N : so 1s not shown here,
v : (._.1' u) e ; _ . . . . . . /.
. X, xzt-'x Lo _ o : _ ' ‘ Materials ' '=_ ‘

~ . o . | . . I Graph “paper

Exercise An'ﬁers (Distance~ahd Midpoint)
-1 S o L g.___T_—_—"-Sk_——- . )
. _ : l, RS'= 5 - ’ . 4
b » S T g = -
o . ' . ©&Te=s5

.« . | I_ _. TR=Q-‘E‘—
. 2, \PY=_"\J—156

’ ] - _. ' vr'= \26

2, ,y1+y2) T . TP = Tk e

S Y I ¢ DI S G
9, -5 . o _ .
. ] : _ | . o - 3, Q}\ = 13‘ . : \

h - o o -we= Rl | o
1 | IR b)) 5\17
("5- 13)'_- '.‘" . ) _ .o | b) 5\1.—5—\5

' ' \

3{ There are several Important ideas in the R .o 5, AB
exercises on slope, Discuss these with
_tﬁ%*class.; Y . _ , R _ - | ' L

N R o mesE 12
11 ) | . - "-AB+Bcn-Ac ‘ : '

. » ' - - | CTw5 - o . .' © : ?
J;EQ&; _ . _ | | oy . & . | . SNt ‘7? LJ Of pLL-

22
‘ B & 6 R ‘

-




. . 2 R 2 . —
6, . AB = J’*s *br o - 14, _Midgoint AU = (2—1-. 2)
2 A= \s? 4 % | ' ¢ -
“/ c ' . | Midpoint UD, = (z~—, 2)
Jn 2 2 2 2 ‘ » C —
\Jl&s + br® = \IL& (s ' 15, AC = Jé—é BD = ‘l
w1 Ve2 + 1 . Midpoint AC &-1(3, 5) Midpoint 3D = X(3, 35)
. 5 2 . ~ . ! . .
. -Z\Js +x° o~ M= (17 :DMu\Jl’?_ cd = ¥
7. AB =24z T -—'" B T ()% + ()2 = (D)%
CBC =32 - S |
CA = 52 L 2 . N .
) - ) . Exertise Answers (Slape)
'AB + BC = CA | ' .
N * ) ' lo _:- ) . {
B, 4w % “x)* 4 Gy, -y )2+ (@, - 2,) 3 :
. ’ . L] a ,“ -
. . < . : b - 2 = -] l{
9. 'a.) ' 13 . ..v‘ . - 4 ' . . / ' ) 3 . v%
. . . ) A ) ' / . 2 N
o) 5 e —t -3 = ’ .
’ . . ’ < Y K r;: |
10, a8 = \1b - L R a) -2-a1 ) " "
BC = \156 ‘ . ) ! - ) o . ~ e
. . . . . . . W
"CA - \bl} ' ' ¥ 2, = by ==y - >
2 2 2 . \ ’2.
| .(AB) + (BC) = (CAlg | N 3. "All slopes = 2,
e . ) . - ’ . - |‘ c o yl
11, (_,l .'Z) R N - _ | . Equal . | !
_ | \‘ ) 3 ’ Segments . '1‘ .
(*'_'5.. 2) . } ’ Segments, ’ji‘ :
. | . .' ) . . ) e
_ . _ o N . X
. . . ) " . . , 'b . — M .,.'v."
12, (4, ?t) S ; \.— o ) 5 ’ . e T
. . ] u ,&. »
b, 5, 5 % . RE **- 14 .
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! ’ ! r - )
’

"5, a) O
; b) 0 .  Exercise Answers (Equation of a Line)
o d) o
. 5 " -
6. a) 0= ? slope undefined -
. u : .. . ) . )
b) 5" ? sloperundefine_d_ ) ' .

7. a) (6, 8 Other answers possible

b) (=6, 3). Othe%answers possible

8, a)% < ».. . )
w‘m'

Exerclse Answers (Slope of Parallels and
- Perpendiculars)

he Y=g x-b




Sblecting'Coordinates

Teaching Suggestions *

‘¢

1. Work through the two ei&mples with the class. -

Point out distance formula used *o.show line
segments congruent, and’ slope used to show
lines parallel. ; '
The eight figures can be shown by overhead
transparency for. the whole class or by in- ¢
dividual copies, ‘ ’

Instruct students to support each answer to

a "cheok 1ist" question, using distance form- -

ula, slope formpla,vetc.
by #3x+ 22 =0 Answers to the activitys.'.
v+ 2% + 8 ‘/0 | 1, Equilateral 5. Parallelogram
2. Rectangle " 6. Parallelogram
p | 3. Scalbne . 7. 'Right '
3y -5x-15=0 . ~ M. Quadrilatera - 8, Square
v - X+5=0 | . You may want to use Exercisés 1-6, as % class

3y + #=<"11 =

, discussion. Exercises . 7-15 can be assigned

+ X = '
v+ ,Q _ © to individugls or small groups. Answers for

Y -2 =0 "' the exercises will vary. . T
3y + bx - 68 = 0 ’ S ‘ ‘ .
- . “ ‘Coordinate Proofs:

y-txa0 - | o
y=X=1m0 o Teaching Suggestions . : | S
N ' ' The activity osn be done 1ndiv1dually or in
: Bm&ll 6”]’.‘0\11)30 b 18

t

C) ‘70 Uectr: o,

b .
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3. Answer to fxercise 2
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Linear Inequglities .
Non-negative Constraints
. - Linear Programming .

These three sectlons wind up the coordlnate

geometry with three exercise sets which may help.

answer thejid; most often asked questiBn, "How
ng:to use this stuf%?" o

.am I ever g
‘Linear programming has many applications as
aptly pointed out by the exercise references, 8

~/

L)

You might want to make up a set of transparen-
cles to 1llustrate a step-by-step procedure for

a couple of examples.,
Graph paper 1s a must.

Insist that studentP use stralght edges for draw-
ing 11né§} and label their illustratlions clearly,

-

¢

-

4




LINFAR INEQUALITIES.

Exerclse Answers
kL ' y ’

3X + 3y &5 A
X+y20
. .

X+ 2r<g

!oor-11

“\eo

L.
™~
v
\\ )
‘ - ¢
Yy :
5 " ‘ . 6. ¢ . y < .
" ' \ o 'k\' ' vl
X+ Ly € 28 N & -3y z2aS 7,___

£ 2
LA AL L L

T

¢

A @' U

&
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. - ' NON-NEGATIVE CONSTRAINTS
- Exercise Answers o

a
“:
. \

- .
>

+
-— .

-

R . | ) U G U DO S G S S { £ Y

| AL L Sa SEN SN RSN SNND Sha SN ARE B § v

iy

2
o
v

o

M o< X
AN NIV
w & » oo
/s
<
v

N

ih
< W O

“3'. . x .a‘ 0 T, K kh . . . . ‘1}.

s

P,

y:o ‘.‘ . . v » - ld
Tx + Ly = 28 S _' v, 9
~x+\2ys8! | . | ‘ 4 .rv4‘.
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' AlhO 1
.35
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304
25
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% 1015720 25 30 35
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L kx4 3y 120
x + 2y £ .40
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~ REVIEW RADICALS \

K 'S'imglif xing Radicals

v

I, N'ever leave a perfect sQuare factor under a radical

' Example: \lso \1252=\J—\E=5\l—

-j\ .
IT. Never leave a fraction under a radical

- Ebcample \Jl ' -8--= \I—g_
III. Never leave a radlcal in a denomlnator

Example. —2 —ZE 1J2 3\12 or 2\1—5

N2z 2 2
." | .
- BExercises
- Simplify: . ‘
1., %6 o1 Nwo= 21
= ~5 T
2, \12 = 12, == ., - 2
3. 128 = 13, 2 = 23,
A _ - ,
e e LM \3-

P e | ¢ '
7 \]z,% = - 17, |13 « A
L . . . . \»j\ .
8. \1% - B 18, 3B = - .fza.\\}
—_— S . - o
9. \[48 - 19, L . v- 29
» \ ' \|7 .
10, \81C = 20, .\T,E-_.f . 30




e /
‘t . . Mu:l.ti Yih_g;and l)iyg_ ng Rad'iCé.ls
P Ruler \a.\b= \ab -

—

3 ]

b -

v
. ’

g

4 . - 7 * ’
. Exercises . - -

1

[N 2.-

37 - 4z = -,

N2+ 335+ 65 = 9

. g\‘j.
( ’ . u.
\}ﬂ AREAEE B
~ -. _ 2 i = . ; ‘ . 10-

l . \

" Adding Radicals

Rules x a’+‘y\lE-=(x.+ y)\[a

q?ﬁ?ié@ - 2.

-~

® [} Vi

~ Examples - \2'+ \3 = \fg ]

) — | _ ‘
%  Rulet -Na Jg . | Examples

\j’j--~_
G \1_5.

o (If radicals are not equal, addi‘tj;'if?n 1s not defined,).
Examples . 3\]2 -5 \|7+ 1\|?-- L \l‘é~ -5\‘7
o A " '

18NS - 2\ + 554 513 = 6.

S ol + 510 2.

« 3 =411 - 9 1IN - 8.

ok 925+ Nes e 9
Y -
5 123 ~ 112 = . 10,

v

= | -

’5 13 - 8 [13 =
13+ 9=
SR
| 2‘-4"54;5\5 =9\ =

816 - V16~




) A\ S i . A. Review.of Radicals o . '-‘ L
. g ; _;Wﬂ _l / . & , . \\ ,
“ - - N e . ] . . -

Loz oz - \wse * 6. 626w

= %" N 7. 2\2 +6\6 -

N %* \]%*rz\_z_l_l;_.- | “ 87-\|’31;-43-1, - o

[ B. Review of Radicals

¥ \J%"‘J%' o 74 .3"&-4\12.
R R e N 2L

———

f
—_
2|
S
=
-0 |
i

& |
n




o, Review of Radicals
Lo 3+ \6 - ‘ o 11, ¢ 13 - V26 =

ZJ%@' | sz 2 - 754 (T e

. ﬁ; \J%Jg- T \,50-3\J8+u -}; ’

5. 6523 S s 5 jl J
6. 7}’.\{‘" 6, \180+,d75=
& P; (EE O v \ls .

L"‘\E—."8 8§1n
|27 (J

o
-«
ok}
-
)
P
By
g
=
o
-«

s ey =3{rs - 5 -

\.5?\. ’

SRR 8 '\]3““ \Jl- Wz




PYTHAGORFAN THEOREM | S |

o - . } Activity Ir ‘ , o
Review ' S : = ‘_//
A right triangle is a triangle with one right angle. The sides that form
the right angle are called legs. The side opposite the right angle is the

L hypotenuse

Lﬂ{’.; .

Construct any rlght triangle 'Let a and b be the lengths of the legs‘énd
c be the length of the hypotenuse. Construct three more triangles coﬁgruent

.to the first. . Construct a square with side a + b. Cut out the four triangles.

I. Arrahge the triangles in this pattern on the square.
IIJ‘ .

1. What is the measure of LWXY? Why?
2. How do you know WXYZ is a square?

. b ] . .

3. What is the area of WXYZ? ,

- - ' : SN :
..Y | L (Record your answer in the box provided.)

_ There are many different non-overlapping patterns in which you could place

your four triangles and cover part of the square region, yet in eacH case
shouldn't the areas of the uncovered regions be equal? .

: vy ' .
IT. Now try this pattern: 4

De T

- - | 1l.. What is the measure of / DGF? Why?
. I?L 2. 'Is DEFG a square?

- G \ . 3. What is the measure of Z HGJ?  Why?

. AT ‘h. Is GHIJ a square?

. o : g

6

. Find area of DEFG. (Récord answer-beiow.)
. Find area of GHIJ., (Record answer below,)
. . .

T ' J

) S o \

¢ Area WXYZ = Area IEFG + Area GHIJ . Why?

o » - '
Record aniswers ' " + \
. here -




This demonatratlon was to show you that for any right trlangle with legs
length a and b and Mypotenuse length ' a° 4 b2 = ¢®.  This is known -as the'

) Pythagorean Theorem. There are many Ways to prove this- famous theorem alge-—
bralcally, one 'attributed to Pythagora , even one done by Pres‘dent Garfleld

3 "
Write the converse of the Pythagorean Theorem: '

2 \‘\

Kxercises

Dxample° -Given a rlght trlangle with legs measuring 3 cm and 4 cm, find the -
length of the hypotenuse.

By Pythagorean Theorem a* + b° - 02(

Lo '. '_ . | . ‘.
% - In our triangle '32_+ hg = 02
v 9'-}- 16 = 02.
- B S
The hypotenuse is ‘ 5=c¢.

In the' following table, a and b are lengths of the Iegs.and c is the

" length of the hypotenuse of a right triangle, Complete the table, Simplify
all radicals. ‘ ' o

T a b ¢

1. 6 g | '

2. b L

3. e |17 \
L, N -

5 VR 5

e ] 202 : (

7. 3 6 .| - o .

N T ~ R BRI

- © T
--AQ.‘ Tn the square shown, A 1g A dlagonal, Pind the

. ~ length of tha dlagonal if the square. has sides
of vlength 10, |

(CR TR I




l' B . B X \ o ' B ' ' €. ‘_,
',10. - Find the length of the diagonal of a square if the square has sides 6, ' ' '
11, . Find the length of the sides of a square if. the diagonal has length 2JV§T :

- 12, Find the ‘length of the sides of a square if the disgon.l has length S\f- L -

13, Find the length of the diagonal of a-rectangle of dimensions 9 ‘cm x 12 cm, .

o ’ , ‘).cm ' T
- M) 12 cm - |

Example: Recall from ‘algebra that you can locate a point with respect to.
coordinate axes by an ordered pair of real numbers, For example: (0, 3) ‘has

| x=-coordinate O and y—coordinate 3. This is point A shown below,,; -

N )
Ag(0,3)
| ' (You will have a completerreview
| o ; > xzzxé; of working with coordinate axes
. " later,) _ —
G | | o -
. . - .
' y~-axls ' ' |
. ' _ | . ‘
Point B with coordinate (4, Q) is also $hown. Draw AB, and you have a right ~
“triangle AOB. What is the length of leg OA? of leg OB? ‘ | “,'
14, Use the Pythagorean Theorem to find the length of hypotenuse AB *
15, Find the distance from point E (O, ~4) to point ¥ (3, 0). )
16. Find the distance from point C (0, 5) to point D (5, 0). ‘ ' _’/'.
. * . . - ’ . .
' 17. Find the distance from G (0, 6) to H (2, 0).. - » |
18, Given.aré the. measures of three.line segments. Use the converse of the o
Pythagorean Theorem to determine whether or not the segments could form |
a right»triangie. . _
(a) 9y 13, 12 .o (e) 4y5,6 (e) 2, 4, 2v3 .
(b) 3,3,3V2 (@) 7, Ly Tv3 |
L | - . @SN (e
v | 0_7 33 P R -
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-ve . DISTANCE AND MIDPOINT -~ . —

Activity II

Let )(’1 and .;_(2 be perpendicular lines ih a plane. The point of inter-
- section we shall call the origin, ,\"1 and ,4’2 in the figure below will be the
X—axis and y-axis respectively, The x~coordinate of a point P is the coordi-
" nate on '11 (x—-axis)9of the foot of the _ from P to the x-axis, The y-coordi-
 nate of a point P is the coordinate on )22 (y-axis) of the foot of the L from
P to thie y-axis. The coordinates of P in the figure are the set of ordered
| »phii; of numpers (x,.y) or (3, 1). Note that the‘x-coor'dinate.is always written
first. - The coordinates of Q are (-2, 3). | .

LA, y-axis

> 'QI x-axis - | .

]

Q75 U of DV
' A

Y TR N




is

. Thevx~coordinate of P

' 'b) The coordinates.of Pl are .
: c) The y—:coordinate_of,P3 1s" . ]
d) The coordinates of PL are .
2 . | ' . - ' s
: ) - y-axls : .
| 4" : :‘ . P1 (ul6) - | o A
. 1 | - , Find the coordinates -
. W(743) © of A, B, and C,
: , A L e
. | i ' .
ettt : —+——+——+x-axis -
~10 - . . 10 -
.q2<*1'f2) , C C | .
Il)°<‘ﬂg-5)j B ¢
. -8
®
3. Use the figure in Exercise 2 to find the distance from A to Ql;. .
AQ = | | o : A L
‘».AP‘1=..
BP:2 =
By =
R —
0Qy =
’ .h...If you.idenxify Pl(h,"é) as Pl(xl,'yl) apd Q1(7,13) as‘Pz(xz, yz) is

AQ .|x2 ;_x1|gnd APlj-lyz - ¥y ?




\* 5. Find 'the distance be’oween_'P1 and Q; Since! 13_1_(.-2.;1 is the

right triangle, (AQ;)% + (___)*'= (__ )2

) ; 3
| ) 8 #
Y2 3
. 645 - — =45
- . /] -
P - |
\ : /y |
¢ P | -
o R T | |
[ o I yll U
AL T N
B L 2 L 5 R
) x 1 X,
N Py
The coordinates_of'Pl'are
' 'The‘coordinateé of P, are ..
The coordinates of P are - .
Let M be the midpoint of MiM2 (MM = M)
-
C~10 73-6""

r

(kpem %)% 4 (=) = (P

(1= _)f (3=

3% 4+ (=3)% =
. P
P

1Q1 T —

-

el

- of a

g




Then MM = lx - x| ax - x

p» and- | PR S,

MM

2'5‘L32 - .Ji e

X ~:x1 =Xy=-Xx or x=(__ y o - -

" The x-coordinate of P is - ~.’ﬂ,

‘-

" In the same wey, the y-coordinate of P is _+ .Therefore, the
midpoint of PlP2 (Point P) has coordinates {

o o

a) ‘P, has coordinates of (1, -1), P, has coordinates (-5, -4). The :

x-coordinate of the midpoint is . The y—coordinate of the midpoint '

is . . ' - ‘ o 7 T

I

et

. B _ ., e )
b) Pl( 19 "y) and,Pz(xz, y2) are the endpoints of segmemt PiP,. P is the.

. midpoint of P,P,. P has coordinates of ( -, ).

. The miqpoint of a segment is (-1, 4), One endpoint of the, segment 1is

(3, =5). The coordinates of the other endpoint are to be found.

Since x= f1*% % T4 | .
. —-—2—’ . —-T. r e : . .
or x, = . /
y = ( ) ¥y = - ¥,
y1_8—(,- ) ) w o~ "
v : 3
ylb'ﬂ‘ - ~
. Coordinates of Pl(xl’ yl) are ( , ). N

. BExercises = Distance and Midpoint

1.

‘Show that a triangle with vertices R(O 0), 5(3,4) and T(-1,1) is an -

isosceles triangle.'

Use tﬁe converse of the Pythagorean Theorem to prove that the triangle
P(-6,2) Y(5,-1 ) (a L) is a right triangle.

The vertices of QUAD are Q(h,-B) u(7,10), A (-8,2).dnd'D(~l,5). Find the

- _lengths of the diagonals. . L T ‘\<'

A

o3y

©'B5U D, -
'G-ll L o S




.h;

10.

11

12,

.13,

o) B(5, 7),.(6, -20) §~

. 15. _
Show that KC and BD .

‘b) are perpendicular
~¢) 'blgect each other.

. . . P R . o . .
. . . : .
S . e . . L .
\ . . ) . . .

Find the distance between these two points~ . -:._‘

a) . (e 11) (15,35) o

b

5‘) (<6,3)y (4,-2) |
A(-1,6), B(1,4), C(7,-2). Show that A,B and C are collinear.
.For A(r,s), B(r'+ 2s, s+ 2r) and Q(O 0), show that AB = 2(AQ)

- Use the distance formula to show. that A(l l+b B(?,3+b ) and C(6 6+b) are
) colllnear. ' '

'State a formula for the distahce between p01nts in space — P ( ,yl,z )';.'

2(x21vaz ) B

Find the distance between these two. p01nts' '

a) (hv ‘1v ‘5) (7 3, 7)

O G0 (L3

Fhow that a triangle with vertices A(2 4,_ )» B(1, 2, -2)- and (5, 0, -2) .
is a rlght triangle. \ '

Find the midpoint of PQ.
a). P(-2, 3) Q(1, u)i‘
b) P(-5, -2) Q(-5, 6)

’

- N ' B |
The coordlnatdé of one endpoint of a egment are (h, the coordinates

of the midpoint are (h, 1), find the cogrdinates of. the “other endp01nt

°

A(-2, 1), B(0, 5) and C(2, =1). Find the ength of each medlan. -

The vertices of ,QUAD are Q(0, o) U(5, 0) A(5, 4) and D(O, 4) Use the

midpoint formula to show that QA and UD bisect “qach other.,’

The vertices of quadrilateral ABCD are A(z 1) 1), O(4, 9) and D(-1, 6)

a) 'are congruent

C-12
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‘ s ..
\

The slope of a line segment P B? is defined in terms of the coordinaﬁ%s
Of the two points P1 and P Suppose the coordinates of P1 are (xl, yl) and 7

coomdinates of P2 are (xz, yz)‘ ~ o ‘5?2
“-’ - Slope =y, - Yy : S - . -
ST ' S 1 (5, 3] ;:

<
A g? . ‘
.‘ __= " - -2 =i
Slope.AB 5 7> 3
e

"We found-thé'slope 1et£ing Pl_befB and p2 be A° ‘If:wellgt Pi beﬁA #nd P2 ‘.\  ;.;;,;
5§ B, Slope.beéomest | ' .' ' ' s
-Finiéh calculati;; siope Ez*andtbompare to'élppe XE.' State a conclusion, .. '

’

vb" L - |

I
< . / ) . \\ . 4)! ‘
G . v .' . A
(-2,-1) Cou ho(2,2) "o
~ | Y . -
- N _ 7
Find slope of GF ‘o . L

)




. - _ _ C e
Find slope of JK A ' . Find. slope of LM

: A
Study these four problems. Can you tell’ by looking at‘a line segment ‘ '
whether a line segment has positive or negative slope?
2, In each example, tell whether the line~s%gment haa + ‘or - slope.
S S .
oy - : B T ' o | a
v o '¢:§\\\ 7
e _ Y
3 |
. a) Find slope of AB, ' o
o %Q, Find slope of AC, N
o ¢) Find slope of BC, - A
,3¥- d)‘ Find SIQpe_of'Kﬁ. . o _
~e) Find slopé_of 63.'_ . - _' ' '
' The ®lopes of any two segments of a’ piven line are |, iy .
The slope of a 1ine is the slope .of any of its .
~The slope of a ray is the slope of any of 1ts — o
: o ’ . e' : ./11 .‘
A (3.3)f _ R ' K t

ﬂf-r’“2, Fihd'élqu o£\X§.
- b)_-Eind slops of BC, _ . .
g)@iFinq slope of CA.. . . f*iff-' T }fA

. AN
o
.
. .
-‘. .

- : i . o . = 5 ot . B
R 7 n . T ~ s .

) . ) .,
. e A e Co . ) . ’ \ ryY A
o ' o LT SRR T ’ 4 0 T : l(l. ‘\) U U‘ A|,.)|
. Q Lt L By S el o e : L0




5.
SR MO REE S
< I - i ’.- . > . (» R b) Slope E l. ' ) . ]
1 ¢) Slope HI = . .
- - -} e I - .\\ o '
' Fo——s G ( '2)(30'2) ) S . . "o
(4 3)(2,0)Y _ . o S
Y ¢ ) | | ! | ) |

A segment parallel to the x-axis is said to be horizontal DE FG and HI :
-are horizontal, 3 v

| e
. d-)’ ‘Horizontal segnents alWays have SlOpe = .
6. ' - | vt | 5
| ) a) .‘Sl'ope AB = ' [
. oy —> b) Slope CD = o
TN ™~
: \ B (1'-2)
N . .“ "’
. D (-zl;&)

[ te

T A eegrnent parallel to the y—axis is said to be vertical All points on

a vertical 1,ine have the same X~cdordinate so slope = Yo =¥y . Since

b S '

division by Zero. is undefined for the set of real numbers, we cannot

expréss the slope of a vertical line with a real number. We say the
‘ slope of a vertical 1ine is undefineel1—~ ) |

nW o a) (2, 5) is a‘point on A AB which has slope 3/h Name the coordinates v
¢ of "another point on AB. L |

a9

*+
b) ;(-l -1) is a point on X} which ‘has slope( 4/5. Name the coordinates
’ of another point.on W J ' _

Q.

L

g, Find the slope

o a)

OR /oUo'"“

»
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SLOPE OF PARALLELS AND PERPENDICULARS - ‘
‘ Activity IV o

Find glope of ﬁ.

: . «»
Find the slope of CD, ,

Is TP // &

1
\

Through C draw a+1ine ?55 parallel to ﬁ.' |

R 0 L 3 . '
. . Through F draw a 1line EF with slope 3/?
\ Gttt [y ', D Through G draw aline GH with slope 3/2. °

’
e
¢
A
[}
ks



a

‘Through A dray a line Kﬁ with slope 2/5.
Through A draw a line A0 such that XG.L ‘5
‘What is the slope of KE?

(Slope Kﬁ) x (slope KE) -

What 1'8 the slope of ;';? . ) -_h__.__._
What is the slope of X%7
What 1s the measure of ~Lzxy?

(Slope X¥) x (slope X2) =

State a conclusions




Slope of Parallels and Perpendiculars

" Exarcises | '
: ]

Given: A(-ky 3) B(3, 3); C(-Sv ‘i); D(2, -1)
1. Slope AB = | -

.
N

2, Slope“55 - ' | ' r: .
. 3., Slope IC = ' . & I :
Llru Slope Aé = ' . b v

5, Name a pair of parallel segments.

.

" Glven: A set of six line segments with end points
- W0, 5); x(4y 0); ¥(0, =5); Z(~k, 0)

6. Name a pair of segments that are parallel,

7.) ‘Name a pair of segments that are perpendjicular.

| GiVen;L A sét of line segments withrend'points
M(hv“'z)i N(7,‘0); P(6n 1)

-8, Name a pair'of Begments. that are perpéndicular.
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BQUATIONS OF LINES - N
[ 4 ' - o A / . /
Activity Vv ' : /

B _.Ay)

) o i . ' v

Suppose that you are given Pl(xl, yl) and a slope m of some line. What:

’ N g

1s the linear equation for that set of points?

The slope, m = 92 ~ Y1 o ‘ ’ |
| o Ham K e o o o
Since P(x, y) is any point on £, m=Y "Y1 . y_ yp=m (x - xl).
' , ' X-x,° ' '
1

This result is called the "point-glope" equation of a line.

Example: A line passes through the point (h, -2) and has a slope of ~~% . what
is the eqpation of the line? . o . ' *

/

Y""(-Z)-—Z(X' )->2y+-h--3x_+12 | .‘ v .‘
=> 3x +“2y 8w0

If two points on a line are given, it is first‘WPcessary to find the slo
"’.of the line and use either point as the given point and use the "pointmalope"

‘equation. For examplee 1(-2,. ﬁz(h, - o :

o e the slope m w &= l_ ) .'é - % o ]

 You may use‘éiﬂhbr Pl or.P2 as "the Poiqtm ’ | '1

Yy=1m % (x + 2)

3y-.3 w X 4 2 ’ . ‘

Xw3y+5m0 L o = -
,_ - © '75.U of DL




| By using Py ¥=-3 -'% (x - h)

L]

3}"" 9,'- X:-h
X =3y +5=0

Quite often we would f&ke to know the specific point where the line crosses

the y-axis. This point is called the y~intercept, The coordinate§ of that o .
point are (0, k). > o B T o
A

(0,k) ’;Zf®7 y-intercept.

. 4
Using the "point-slope" equation
y-k=m(x-0)or . o
Y = mx + k. ' \' . .
This famous reagﬁé;is known as the "sldpe~interéept" fd{m of a linear equation,
. . '* . . - .

v

Exercises

Write each of the following equations in "slope-intercept" form and sket.ch "
the graph of each,
1 1/2(y=1)mx=4k IR e

.'2. 2yh2.x~6 i ’ K ‘Ib_
;30 3y +5)=x+3 v R

" Q X = 2y' - 5@ . ' - ’ } ll

: 1 2 -3y - 6

~




" Write an equation in point-alope form for the 1ine that, corttains P and has

A

~the glven slope. L - o L
8. (.~?m--ﬁ | 1 | !
9. P(=3, F2), m = - 2,

- Write an..ioopiation, in pozt-slope form for A‘g
10. '-A(lf" L) B(k, 3)
L -A(d 5) . B(-3, 0) S
12 A(z, -‘3) B(4, ..1) ' | . T | \ iz |

13.  A(+L, 1) B(1, -1) .. - o R

{

~

LN

14, Wriite an equation in slope-intercept form of the line that contains P(O, O)
and is parallel to the line that contains Q(2 ,-3). and. RB(1,.1)e oo ol

- 15, 11 has a slope of 3/h and contains P(8 .12). Write an equation of X‘z

such that J is perpendicular to /? and passes through P.

-_16. A triangle has vertices A(O O), B(1, 6), C(-5, 2). | ~
~a) Write an equation of AB. o N o By
'b) Write an equation for the ..L bisector of BC. |

&
2




~ Example 11,

vAB-Bc- \'a + Db

"~ Slope WX = 0
. gtk Y
N B

 Slope _XY -\i—b—

 Henos (D WXYZ 18 a ghembus, ¥

{.-‘l : L - : 2 48 r .

 SELZCTI}G_COORDINATES

( - o . Activity VI

Your teacher will show, eight diagrams containing triangles or quad- !

rilaterals, Fach of these will be imposed on & coordinate system with//
specific coordinates glven for the vertices.— From this you are to 1lis

- all possible conditions that exist on the figure and from your list/bf defx\

1n1tiona piok an appropriate name. -

1

Tor A ARC

2
.» AABC is gggcelés
\‘ .

v
Low

L e

Example 23 .

For quadrilateral WXYZ
WX - a

XY w \l(a+b-a) + (3 E-»bi )?
,Hrszpf“ a

Slope Y7 = 0

Slope W7 w YA

~ ath-a

W) R




- Dofinitions

' Polygons If P1, Pz. coe P is a set of three or nore distinct coplanar

points, the union of P Pz, P2 P3, vos P P1 is a polygon 1ff no two seg-
- ments inferseot axcept at their endpoints and no two interseoting segments

are colinear.

Iaosoeles Trianplen An isosceles triangle qf a triangle with two congruent
| sides. ‘

A
L

 Scalene Trianglet A scalene triangle is a triangle with no oongruent.sides.
' ) ST : |

: Equilateral Trianglel An equilateral triangle is a triangle with three con-_
gruent sides.'

o . . :
Right Trianglelu'A right trlangle is a triangle with one right angle,

Quatirilaterals A quadrilateral is a polygon that has<four sides, /

. Parallelograms A parallelogram is a quadrilatgfal with Opposite sldes
pardllel, S s

Rectanglen. A rectangle i1s a parallelogram with one right engle.
Rhombuss: A rhombus is a rectangle with a palr of adjacent sides pafallel.f .

B A
! . .
. ) | / o , _t
Trapezoidl A-trapezoid is a quadrilateral with one palr of'sides?parallel.

, . | ‘

Squaret A square 1s a rectangle and a rhombus, -

. - Diagonal of a polygonl A diayonal of a polygon 18 a segment whose endpofkts :

are two non~oonseottive vertices of the polygon.
. .

v




Check 1ists |
. Are.there any congruent sides?
Are there any right angles?

' ZSEQU-is g(an), , . triangle, ! . ,. 3 | :_' ‘]'

AN




.
<3

Check list: .t l .

Are there congruent sides?
_ _ /.
=~ Are there parallel sides?
[Dwcisa

@5 U iDL

. s




L

Check 1ist: .~

Are tbé’ie congruent sides?“\\
Arp “there right angles?

/’.

| o .. / | | - - T . ¥ . [




b Lo 2 2.4 3 8 1 3 )
1+t
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.- Check list:
* ¢+ Are there congruent sides? L , o -
Are there parallel sjdes? . : S : Lo
‘Are there right angles? S - Q\ 3 ' -

DNODI is a ! _I L | -

.o .93 o S @'Ts UL




Check 1ist: B

Are there cqngimenlt', sides?,

~ .Are ‘there parallel sides? -

" Are there ri_g'“}'it'- angles?
[OWMHisa '

N

[ )
'
1
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'+ _Lheck 1ist:

7+ Are there congruent sides?
Is there a right angle? Lt

”
- AP is a triangle
.- . . I
| ’

9
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b
Check lists

»  Are there bongruent sldes?

. Are there parallel sides? .

. ¢ Are there right angles? | ' oo

N o
HEN . ) . . P
. .
AJ

A .
o o

oo ‘ N X .

.

.

S e 5§y, , Oy ;--\0:.:1.
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 Exergisess .
. ' ‘ C h ‘ \
¢ Perbaps less easy to do is giving coordinates to a figure where only its o
| ,type is known, For example, what coordinates would correctly describe the

vertices of a figure if it was kmown only to he a parallelogram? Here is a
proposed solution and some questions about that's01ntiqnf" '
o 'f_- L | L;w_i;“ﬁw,N,. S L

l'i Must AD be placed on the x axis? % »

2, Could a point such as” (5,0) be
used for point D? T

'~ 3, Would coordinates (a,c) work for 1

B (b,c) ¢ (a+b,c)
point B instead of (byc)? '

b 4 e
o e———

he Why was C Selected as the y
' "_coordinate of -point .C?

5. _Could’a new cOnstant‘such'as d

" be used for the 'x coordinaté of
point C? .

6. Why was a+b selected as the x .
coondinate of point .

. 7, Choose ¢coordinates for the vertices of a figure where all that 1s known
is that the figure is a trapezoid.

In exercises 8 through 15, establish general coordinates for the vertices of _
3 figure if it 1s known only that the- figure is as

‘ ) ' » ‘

w8, scaleno triangle
- 9, isoseeles'triangle‘ ] B
10. right triangle |
11, equilateral triangie
12, quadrilateral o

- \
13. rectangle D | ' ‘ l |
14, rhombus L - ' | | .
. g '. ' | | . , . ; ‘ . )
15, square - . : ) ST
| e T ‘ SR 98 . @75 Ul ity "




. . COORDINATE_PROOFS : , | .
: ) ¢

Activity VII

If onﬁjia poing to do proofs, they may as well be done an easily as
. posaible. fere is:a method of proof ‘which sometimes makes the act of prov-
Ing a stat@ment true unbearably easy., _ \

Prove1 The segment jolning the midpoﬁrté of two sides of a triangle 1is-
. parallel to and one~half the length of the third side,

A
ZSEAS.is.any trlangle, By the
midpoint formula M and N are the A (2b,2¢)

midpoints of AR and AS respec-

A\
i
\

tivelyc

Slope ES = slope MN = 0 N(a+b,c)

. Therefore, ES I/ MN,
MN - Jaz = g
BS = 2a

s |
Therefore, MN = 1/2 ES, and the proof is complete, (Q.E,D,)

S(2a,67>.

Notice the selectioh‘of the coordinates of A as (2b, 2¢) rather than
(b, ¢) and similarly (2a,\0) for S, This was done in anticipation of working
with'midpdints. ' ‘ ‘ . S~ '

Prove the diagonals gf/a parallelogram bisect each other,

/7 ALSO 1s any parallelogran, A
Thq midpoint of diagonal (0 is
(b4 a, ¢),' The midpoint of - | :
diaéonal Sk 1s (b + a, ¢), Therd- £ (2v,2¢) . o S(2a+2b,2c)
fore L0 and SA bisect eachother, | L

1
1

T . em 99 ARGV

. L ' .y P .




Complete the following proofe.'eeing cooxdinates ae an aldy

1,

7.

-
.

Prove the opposlte sldes of a parallelogram are congruent.

‘Prove the dlagonals of a rectangle are congruent,

Prove that a rhombds is equilateral. ’

Prove the diagona%? of a rhombus are perpendicular bieectors of each
other; « - ’

| '
“Prove the midpoint of the hypotenuee of a right triangle 1s equidistant _

from-the three vertices of the trianale. y
Prove the segment whose endpoints are the midpoints of the diagonals of
a trapezoid is parallel to the bases and has length eqpal to average of

" the base lengths, '.

Prove the segments joining the midpoints of the oppoeite sldes of 8

k44

quadrilateral bisect each other.

LI




NECESSARY CONDITIONS -~ *

_mxexgtso 1

In' the Iast activity. you were dealing with necessary conditions on par~ o

_alleloprams rectanples. rhombuses and squares,. For example, if-a quadri-
) ilatera.l 1s a parallelogram, 1t is 'necessary that its diagorals’ biseo't eaoh
_other. o L :
: Observe that any condition neceSsary for parallelogramh 18- also a

)

necessary condition for rectanglesy rhombuses and squares, Hence, the
diagonals of a rectangle bisect each other; the dliagonals of a rhombus y
sect each other; and the dlagonals of a equare biseot éach other,

’I'he f;ollowing 1s a table to be completed by you. Its purpose is to
catalogue the necessary conditions for parallelograms, rectangles, rhombuses

and squares, -

.
. ‘l




Nncenuury condittons for paralleloprams. rectanrles, rhombus and ,
¢ | S
ﬂquwﬂq. Put a chaek in the blockav that 1ndlcat.e such conditlon‘ S } ‘

Lo it dnvain s e e e -' PR —r e

\, If a quadri-
‘lateral is

., e — ————

jthen'
1t is o
naoessary’that -

a18urpq o0y
- '_ sﬁqmmm
aden
3

‘Qppqslta sides
i are parallel

opposite sides . . _ .
are congruent o - : o

e

opposite angles ' R gl s
) ‘o . ” . . . b .
_are congruent - _ o P S

theidiagonals . ) S |
bisect .each -other - o L !
the diagdnals ' ~_L
are congruent S - . _ ST : ,
l.the_diagonals ’ : . 7"'_ o A. - |
are parpendicular\

.«k....._...~ ———— ————— o L

the diagonals are.L | I iR
bisectors of each , ‘ '
other

e, s , ae e .

‘the dtngonals A.' S - : E ': : . ’
bisect the angles . | . _ | - o

P e e be men s e s s e <o . - POIVEN -

.18 equiangular , '
! . ‘. (X2 . S N T T YNV G DU,

| 18 equilateral // _
e el Ce T . L..‘....‘I..H N M;l_ e ~....,- : - ) ey 8 e . - ) N —— ey ‘(

is equtangular
and equilateral

x

o e B2 . o'mUdma




" SUFFICIENT CONDITIONS /

Ah:gnminn 2 | °

“The converse of a'hecassury condition is a sufficlent condition, The -
onverse of the statement "If a quadrilateral is-a parallelogram, then 1t ¢
‘gs necessary that 1ts diagonals bisect each other" could be stated as "The
fact that the diagonals of ‘a quadrilateral’ blgect each other is- sufficient o
‘to guarantee:that the quadrilatéral is a parallelogram, = - '

Observe that any condition sufficient to guarantee that a flgure is a
squafe or rectangle or rhombue,~ts*eufflcient to ‘guarantee that'the~figqren
~1s a parallelogram, For example, if a quadrilateral is equiangular and. R
equilateral 1t is certainly a square, But it is also a rectangle, a rhombus.

and a parallelogram. The Venn diagram below‘I;dicatinp how the sets of
isquares. rectangles, rhombuses and parallelograms fit together may be help-
ful in visualizing this result. ' ‘

Panellelogréﬁ'

Rhombuses.

/




Sufficlent. conditions for paralleloprams, rectangles, rhgphbuses and ‘ -
squares., ' B s L ' \
Put a cheék in ‘the blocks that indicat7 sufficient conditions, - .

L TN
[ O, . L 5 i y ‘V;

' |
0 .
: 'E ) '

snquogy
a13ue3 o9y
s93uBIEnS 04‘1§
juaToTIImS
uey} ST
1T

® ST 3T 32U3

wersoTsTTRIBg

TReI83®l
-jIpenb ® J1

S g s 8 bm a e g s

e ERIE S o 3 e

hés opposité'

sides parallel
/ T v /

’// has opposite

/| sides congruent

has opposite 3
angles congruent

4 - o " " | has dlagonals which |

R ' ' ‘ - ’ iisect each other o
' " ] has congruent 1
dlagonals

s

has perpjndicular
diagornial

| has diagonals which are | @
L bisector of each other;

fes diagonals which -
s ) : bisect the angles

N . - e . ‘»4-1

1s equiangular

1 18 equilateral

' - L e is equiangular . | --
“ I g . ’ A and equilateral

©'75 U of DML
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LINEAR INRQUALITTRS

Ct . DAetivity VITT (
A lnear equation has a straight 1ine as its geometitd‘répreaqntation.
- A single 1neqpa11ty is represented by all points on one side of a iine. If
we think of a linear Pquatlon s divtdinp a plane in half, tﬁe solution of
~an inequality in two dimenqions consists of all points in a alf~plane.
anmplea Graph the solution of 2x + 36 < 6.,
Solving for y in the usual manners. ye -2/3 x + 2,
This says that the points satisfying ‘the 1nequality lie on or below
the line y - -2/3 x + 2, :

< " y ‘. .
— _(Q )
‘ \\\j 2X + Jy = 6
— e M
b 5
-
= X f
= r— N,
- \ﬂ

. j ,
Iﬁig. 1

/
1

Now conslder a system of two linear inéqqalities, such ast

1) x &3 and - 2) 3x+2yeb6 ., /,
/
The solution of a.palr of 1lnequalities consists of a sectlion of a plane ' f - /
which we shall call ‘the solution spdce, The solutlon space 1s the set of - . o

all posqible solutions., _
The first inequality qtates that x must lie less than or equal to 3.

_ golvinn for y on the second 1nequa11ty ¥leldss : _ )
R y € -3/R x4 34 T - |
Tho solution space for ths system conslats of polnts which are both

to the left of x = 3 and below 3x + 2y = 6, This may be symbolized as

{fx,y)t x < 3”\ 3x + 2y £ é} ﬂge solutlon qpace s shownlin Pigure ?.

/ ' .
j". . .

i
!

. 7
P | '
. : . . .
. A . . . ! . .

_\,__ ——ae
-
rd
{
-
e
-
o~
kY
J




/ | Fig. 2
Consider a.nother sys‘em involving - two 1nequa11t1es. ‘ IR
1) 2x+y>b . 2) x+3y 26 '

Solving both 1nequa11ties for. ya
1) y>=2x+h. ?) vy > -1/3 X+ 2

| The solution space for this system consists of thosg polnts whlch are both
above Qhe Mne 2x + y =l and above x.+ 3y = 6,

{(x.y)t 2x + y 24V x+ 3y /6}
"Figure 3 1llustrates the solution shace.

. 4

o~ .
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Exe

'ges

_ for enoh problem.

1,

»

T2

‘3.'

3x+3y<5
x+y>0‘

2x + Jy » 6
Ix + y_g'z

2x+y 24
24y &3

B

2x* 3y 25
x+y<£2,

7x+l&y;_:.'2_8

x=2y<&8

2 -3y 22

X#y > 5

.7.

2X _-.yz"i'
xX+y>2

8,

9 x1y& 3
 2x -2y 2l
100 yz2x+ 2
Y€ -x-2.
11, y<x-1-
ye2x -2
12, x+ypb
X+y§63,
2x -y 47
13, x+ydh
. x-y<l
-
,
, /
!
Y - 11
C-41

}fW\

T

X+yp 6
X+ 279 h .

Find the general solutiona and graph the solution space. 1f they exist,

'
R
\:/"
. -
1]
‘,l
|
4
Al
' \




o . .77y NONSNEGATIVECONSTRAINTS .- | B A .

7 - a . .Ac.tzi-_v_lty X BEREEE S N '_,L‘

. In the work to come. we ehall deal with quantities, prices of goode. L _
and other variables which ahnnot have negative Values.' In the case of " o ] ;7 R
-~ two variables, X and y.«thie restriction is expressed by writing ‘ |
. X z-O, y20 with the other 1noqualities of the problem, This }mplles
’then ‘that only the points 1n the flrst quadrant 1nc1uding the x.and - y
' akxes will 'oe' considered For 1nsta.nce, the systema
) | x>0 | o e e
. | & | .yz.o : o ’ .' L (
e X+ 2y <8 ’ S S | L
- . 2x+y 46 ' ' '
has as its 3plution space the shaded area I shown in Figure b,

(0,6) \Y A
7 N\ -

(0,8)

Consider next the systema B r j‘.] ' B - ‘;‘n S _ ﬁ_\iw, e
X+ 2y 48 , Ca . . L S
, . N 2y »6 o N "
: The solution space for this syetem ls area 1T on Fgure u SRR _ :
Another system can be 111ustrated with the following problem, e 'ef~;3~\'

Lo e et s

' - ounces of | -ounces af_"'k' ' *?fff
Food type . . ...'_”.,n!.tﬁ .,,!nemimre nutrlent/init | . wt,funit | . 0
¥ oy 0w L I AR T

. . g o | .
. . R - L oo

. * N ’ : ) N - - L N ‘ ._"'~ N . .. . ) ‘l N .

o . Ce o 68 - oo w70 U oy L

oty




A mixture 1s ‘to be made ot' food typea X and Y. Jf the mlxture 1s
0 contaln not less than 13 ounae:

f nutrient and 1is. not to weigh more
an 50 ounces, what combination

the foods are rermissible?
The nutrlent, conntraint is Ofix + 0,9y > 13,

'I‘he welght constraint
s 2+ 3y < 50,

Take these two. onstra.lnts alohg with x >0and y >0,
fI‘he solution space for the systeml

x 20 : " : ' . '
_ y 20 ' o L ~
. * O.bx + 0, 9y z 13
- : 2xp 3y <50
1s shown below, o : .
y ~ab .
: .
K
\«“ >

5 |

. r o
T T - " N
‘ .
. 1 I 0
1 ' -
o
A -
"
2 . .
g
: v
il ' z
) ) . [}
s ...\“ N
[ 4 o
. o o A , ’
A N \ ) . .
.o S e : | : ‘
.~ IR 4 e :‘.::‘1";} ~‘1 . . . o= o Ic-l.a R 9 . . . e ea




Exercises

. \ ’ . 1
: Construct a graph showing ihe 501Otioo space, | s — | fﬂ
"1, x20 5. %20
y=0 = yio
., vz3 ‘ 7x + by 4 28 o |
. xsth - X+2y €8 ;a0 .7
oxz) & xz0 {.1
yzo0 o yz0 il
x £3 | 2% + Jy < 12 .
xg¢y . x-2zy 22 L
3. x20 | 7. x20 \ T
.y >0 A | *‘; 20 : -
2x + y > 6 . v o bx+y el |
X+ Uy< 8 T ‘ x + by > ? Y N
b, x <3 - 8., x>0 S
Yy 42 ‘ | y>0
§x+3y50 : bx + y > 12
x_.-i- by ¢ 8 v y
9, {§£9rggolU;it | m-—éost/Unit | t'wétorage Space |
' A . \ ~$3.00 | N X |
.'B ; - _ $8 00 ' y

Sufficient storage space 1s available for. 500 units (total) and _
$2h00 is avallable to spend on the items, Graph the solution space, show-
inp permissible combinations oﬁvitems which may be purchased and stored

wi@hout exceeding total space and money restrictiona.

( v . .
I ‘Units in ‘Ounces of ~Ounces of
Mixture wt /untt ., | Nutrients/unit
Vo [ 0 g\?
. b /
y '5 - . 1.0
. A mixture is to have at least 8 ounces of nufrients, and the totali g

weivht 18 not to exoeed L5 ounces. Graph the solution space, showiny ai}?’

possible combinatlons of the two food types. _ \ . . \
l . L o 4 )
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Q : / *

L 4
L e e e s e s pwn: eom sy o

'S :
v ¥ X
e s e e _ e
11, |Department prggzo:pggnr:;{to Units 6f | Units of Hours |
A hoe A . B ‘available b
: 1 | 1 1 x| y 5
in I 2 1 ox y . 7

The table shows that 1t takes one hour for Qeﬁartment A tY produce
product ‘A, while 1it, takes department II two hours to make one‘unft of A,
The 'table also shows the number of hours available: for making products A
and B, . Graph the solution 'sp&e, showing all’ permd,ssible combinations of
{tems which may be producod ' i

- -

o Hours - Hours required to
12, | Department avallable make ovne unit . -
| A B e
. g~
! 120 BT
11 » 60 1,3
ol T 175 . T

h ) g
Let x be the number of\::fts of products A and y be the number of
units of productq B, Graph tHe solution space showing all permisséble com-

"

binations of items which may be produced,

T | - | e,
o ottt T |
. A B :
I 2 1 .
R 11 '
" 171 i 3

If the hours available in T, II, and III are 12, 7, and’15 respectively,
graph the solution space showing all permissible combinations of 1tems which

may be produced, . s
Vo a °‘ : ' . ’
e o ‘Hours Hours required to
1, | Department . avallable produce one unit
B 129 b 3 |
o S 40 1 2 e

' L]

Fach unit of A eontributes $3 to overhead and profit witlle each unit
of B contributes B4, Graph the solution space showlng permissib]e oombina—
tlona that can be made in the avallable time if total ocontribution to ?Ver{

"head. and prorit 1e to be at least $100.
R \

. Cmly5 1?1 | ' W Yo L’ﬁﬁ A
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LINEAR PROGRAMMING ,

\

Activity X e

' .

" 1n applied mathema:;cs, we are often interested in a number of ways

of accomplishing a certain objective, 'For'example} some combinatlons of
 foods will provide a satisfactdry diet, but some combinations are-more

costly than others, and we are interested in finding the minimum cost of
. providinﬁ diethry requirements, Again, there are many combinations of

products that a plant can manufacture, and we are 1nteres£ed,1n the com-

bination which yieﬂhs a maximum profit, ' &

The variables in the real world are called ¢ constraintss that is,

1diuat+nns~ﬂ1n~sﬁbﬁoct—to—restrie%iens-in whiehy-3dn-most-cases, the— . .

varlables do not take on negative values, -

'When the problem is one of finding the maximpm (or. minimum) value of

- a gystem of inequalities, when-the constraints and the ohjectives function -

- are linear, we have a problem in linear programminz.
. :

Exanple 1 | ' |

3uppose that Fn airline agrees to provide space on a specialrtour to

Lower Slohobla, for at least 180 first-class nnd J20 tourlst passengers,
" Tt must use two or more of 1ts type-X planes, Each type X plane has 30
firgt-class and 50 tourlst seats. The type Y plane has 30 first-class.
seats and 70'tourlst seats, The flight cost is $1300 for type X plane and
$1800 for each tybe Y plane.' Total cost is to 'pe a minimum. How many of

each kind of plane should be used? - . o )
No., of seatsg, ) N T
?lane type First class’ . Tourist
X. ! 30 ~ 4o CoL
o ' \
.30 1 80
. tdy 1 N * LA "
Let “x and y represent the number of . planes of type X and of type ¥,
If G rep‘eaents the total cost, then ! : “

- C w» 1200x + 1800y,

“The alrline wants to minimize C subject to the followfng constraints:
1),ox;% (mQSt uso 2 or more typo X planos) e _ k T
¥ 20 (cannot use a nogative number of type Y.planes) '
J0x ¢ 30y > 180 ~(// of firat cl{sa seatd) ' ‘ _—
‘ Lox + B0y > 320 (# of.%ourist.aoatg)' ' ' , A

K C-L46 7y£é




(2,0) - (6,00~ - (8,0)

.

The shaded region has the'following characteristics:

~ 1.$IWHGTG 1t is bounded,’thé boundary 1s determined by stralght lines, The
~points where boundary.lines intersect are called corner points.

2, The resion 1s convex.

It cdn be shoﬁn that 1200x + 1800y has a minimum value over the shaded
region, TQ Tinimiée £h1s expression over the region, evaluate it at the three
cornér poihts. . ‘ ' '

. At corner (2,4) 1200x + 1800y = 9,600
At corner (h,?) - 1200x + 1800y = 8,400

At corner (8,0) 1200x + 1800y = 9,600 |

The minimum cost in this probﬂém is $8,400 and the ailrline should use

L type X and 2 type Y planes, ) ’ |

Example 2 o
- Hours required per unit
Product gﬁ?::rm;ge onﬁi;t Dept, I Dept, II
- | Pe (4 hrs, avall,) (6 hrs. avail,)
. 4 . v [} . '
X $1,00 1 1
y "% .50 - A 2

' ' A/ : . :
Determine the maximum profit that can Be achleved, Keep in mind the
4 and 6 hour H}me limltations in Department I and Department II, .

\

-y,
)




P=x+ .5y'

X+ y<h (x units of A and y unlfs of N in anartmenj‘t'l.)
x+2yeb (x units of A and y units of B in Dopartmeht I1,)
x 2 0 (cannot produce a negative number of 1téms.)

e profit achleved may be expressed asi

y20
‘The solution space 1s shown 1n.th9 figure below,
¢ . ’ Ly i .
.ot b /
3 [(0,3

We now check the cor&ers to see which yields the maximum profit P,
At comer (0,3) x + ,5y = '$3.5'O_ ' '
At corner (2,?,)‘» X + .5y = $3,00 . s .
At gcorner (b,b) "\x + ,5y = $4,00

. _ _ .
The solution of the problem 1s to make 4 unlts of product A and O units of
product B, _ .
&
~ ¥ I , .
fxerciges; ‘ $‘§ oo

7 C . .
. Pe, 119-125 Boweﬂ( Ratrl K, Mathematice, with Applications in Management
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todern School Mathematics,
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' Pp. 216-203 Dolciani, Mary P., M., Modern School Hathe
e IT and T try, Houghton Lin Gom'pany' 1971,

Pe, 105~201 Glaubig@r,xﬁ’earl, et, a‘i.. Modern '-Coo;g'ihatel(?egmgtm.'
Houghton Miff1lin Company, 1965 - Y '

+ Chapter VI Kemeny‘, Tohn ( , ot, al,, Introdugtlon to 'F‘lnite ‘Mathematics,
"Prontice~llall ,‘{nc. , Er}glewoog Cl\ffa, N.J. 1957,

C-48
\

ics,




