- -}Doguquw RESUME

ED 187 600 e T C S : © SE 031 119
TITLE - - The Arithmetic Project Course for Teachers -~ 19.
. -Topic: Number Piane Kkules (continued). Supplement::
' Hore Work With Number Plane Rules. -+ . v
INSTITUTIUN - ‘wducation DLevelopment Center, Inc., Newton, Mess.:
; ‘ Illinoig Univ., Urbana. . ' ' ;
SPONS AGENCY carnegie Corp. Ot New York, N.Y.: National Science
o Foundation, Washington, D.C. - .
PUB DATE 73 v .
NOTE - 38p.; For'related documents, see SE 031 100-120.
'EDRS<PRICE MFD1/PCOZ" Plus Postage. i _ E
DESCKIPTORS - ®*Analytic seometry; Elemefitary Educationy *Elementary

Sthool Mathematics; *Elementary School Teachers;
Films; orade 6; Inservice Education; *Imservice
feagher Education; Mathematics Curriculum;
*Mathematics Instruction: Mathematics Teachers:
Number Concepts; *Problem Sets; Teacher Education:
- Transtorwations (Mathematics)
IVENTIFIERS *University ot Illinois Arithmetic Project

ABSTHRACT | \ . o :

T This is one of & series of 20 booklets designed for
participants in an in-service course for teachers of elementary
mathematics. Ihe course, developea by the University of Illinois
Arithmetic Project, is desigre be cornducted by local schoal. -
personnel. In addition to theSe booklets, a course package includes
films showing matnematics being taught to classes of children,
extehisive discussion notes, and detailed gquides for correcting
written lessons. This booklet contains exercises on number plane .
rules, a summary of the problems in the film "Jumping Rules im the
Piane, Part II," and the supplement. (MK) ' '

»

- ! . o ”
v ' “
' v
*
€~ \
3
» 4 ) ' )
. ' l ) w N
~m*mmm¥nm**m*mmmmmmmml?ﬁxmmmmm*ym¢mmmmi%mmmmmmmmm*mm*m*mmwm*mmmm**mm**m
? Reproductions supplied by EURS are the best that can be made *
L . - from the original document. *

* % *#*’Nﬁ****ﬂ;*****.**#***************** e e e o ook oK oKk o s ok K ok 5 ol o ek oK ook ok ok 3k

)




—— [

THE ARITHMETIC I'RllJEﬁT.BlllIHSE FOR TEAGHERS

ED187600

, US DEPARTMENT OF HEALTHN,
EDUCATION & WELFARE
NATIONAL INSTITUTE OF

EDUCATION

THIS DOCUME NI, HAS BEEN RE RRO-
DULED EXACTLY AS RECEIVED F ROM
THE PERSON OR ORGANIZATION ORIGIN®
CATINGIT POINTS OF VIEW OR OPINIONS
STATED DO NOT NECESSARILY REPRE-
SENTOFFIVIAL NATIONAL INSTITUTE OF
EDUCATION POSITION OR POLICY

18 '

L

"PEAMISSION TO REPRODUCE THIS
MATERIAL HAS BEEN GRANTED BY

Mr. Murphy of EDC '
Mary L. Charles of NSF

TO THE EDUCATIONAL RESOURCES
INFORMATION CENTER (ERIC)."”

TOPIC. '- Number Piane Rules (continued).

LFILM: Jumping Rules in the Piahe,
- Patt Two, Grade 6 s

SUPPLEMENT: - More Work With Number Plane
Rules




This booklet is part of a course for teachers produced by

The Arithmetlc Project in association with Education Develop-

© .ment Center Principal financial support/has come from the
Carnegie Corporation of New York, t[\e University ot lllinois, .

. and the National Science Foundation. X
" - ‘The course Is available from:
o THE ARITHMETIC PROJECT "
Education Development Center {
v 55 Chapel Street
7’ _ Newton, Massachusetts 02160
LY . '
’

Univarsity of lifinols Arlthmetic Project \}
Copyright © 1988, 1873 by Education Development Center, Inc ! )

All rightes reserved.




g
4

¢
s\ I'. o
~Jumping rule: ( , A) ___9‘ (_» + .1, 10 - A )
N ' 3 ' LoN
k. Start at (2,9) and make one jump. Land: ' : e ‘ !
(The jump is shown below.)
2. Make a jump starting at (3,1 ). Land:
L Make five more consecutive jumps and d#aw them below, R
' . ".} © 7.
Second ) R '
Number
o (z;7)
/
) = -
R .
\ . ‘
, N ]
. ( l) . a T . Flr.St
/ ' . , b 1k | 0 Number -
’ A} e
4. Name a point whose first number is larger than 50, on which you will
land cvcnt.ua]‘ly‘, starting at (2,9). A _ ’ ‘ "
5. Stafting at (2,9), will you ever hity ( 6'03 »9) if you use the rule
cnough times? _ -
i t
6. Where can you start so that after 21 consecutive jumps you land on*
. v - ’)/
( 100 » 9 ) ? \ :
| . T . | . v
. J-18. , Ca : (\ | 1’




New rule: (

'S

) —

-+_5,. 10 '— A)

Apain start at (2,9 ), Make as many consecutive jumps as you can

draw below.

Scecond
Nymber -
- -
N
{TV
L 7
J o4
o) <
v’l‘ R
. 2
¢ L] 5
D
-

Write i rule ‘'which will give these jumps:

e

°

Number

s

Firbjt

Number

-




9.  Write a rule wfiich will give these jumps:A

'~

.
Scecond b : .
Number J

. ¢ '
-+ A 4
) . N
( A ( .
— : ¢
ot ] 1
L]
, /
—+

\

WY )

,{d First . . ®

! Number : ! .o __ ' . .

’ 'y
RN
10. Using the original rule, (O, A —> (O + 1,10 -~ A), make and
draw five conse(“utlve jumps starting at (.6, 6 ) -
bacond ' )

11, -~ Usmg the same rqle\ make five consecutive junips startlng at ( 0 5 )
Graw them on the graph papetr above.

J‘la | ‘A . . \ .3

1 lb/ ) , - ) ’ )
o , *




: \
- . B ~
make anddraw five consecutive jumps starting at (2, 9).

“ ¢ JU— ] .
Second '
. Neonmber " . '-
f : “
al -l | |
O 3k ;
[ -
_ .
- .
‘ L) »
- . _ F'ir‘st
b 14} |5 _ 20 Number
R + : ) ’ | S
3. Where can you.start so that-your jump is horizontal; that.is, so that it
gc;es neith'f&r.up nor down? ‘
®

J-18
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o S First oot
! Number ——
D IS ~ 210 345
2 , T I
. \ ; .
(0-A) — ~
v ' “~ ‘ - .
' Second ’
’ ‘ Number .
15., Write a rule which will .
- givé these jumps: g (lo;lqo)




. -mb pomt is’

\

"'.Lat ( 1

/\)

8') and make five consecutive jumps,

v

Instead of adding a constant amount to {1,
that the distahce we move ta the right will depend onhow far up our start—

_____9_,(

this time we will add

—

, so!

3
+
-
_ .
[e>]
l T
S

Show them below:

7

N

> L
Sec ()nd v _ _ (\\ S .
Nunlber S . . .
, ‘)
A ‘. [) " I 2} 4] N O
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i, - - 0 vd -
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) : . First. ¢— |
. Number
(3
? P Is b a5

-

Whete can you start so that your jump goes neither up nor down?

5 ()

]

.

v

Where can you start so that your jump goes neith?r left nor right?

()

(e)

far, write

it here:

ey

.

Describe all the standstill points of this rule:

»

.

If you want to say somethmg about the rules we have been using so
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I, Jumping aule:s . . ;.
: . p- . - -

toa

. ( A)‘*i_) (10_ A, 10_ ) o

. € . B :
Do the following and, where indicated, show the jumps on the nunfiber plane

on page 9. 7

1. Make a-jump starting-at (7 4 ). = . - ,
. . ; . .
(7] A) == (- A - [7)
. - . ' . - . o »
g D .
a .
ot (7,4') —_—> (6‘937 o g
This jump 'has_ been plotted for you on page 9, a .

L

P

“Plot starting and landing points,
and draw -the jump.

4. = . ‘
. 3
5. (6,6) ——> .~ Draw the jump as in probléms

l,and 3. : | .

b ' L . V4




R d ~ d‘
. "
Continue with the rulé: (U5 &) 2> (10 -A,10-101) |
v
'8. ‘ = ) )
"
Lo ’ ) ) ’
' : ce . ~
\ R / a)
9. (4,7) T—l-> ! Draw the jump. )
: - A . );
ot n J
10. - =
. A —
L 3
1. (9,8) LI ' Draw the jump. \ )
'
12. =
)
13. List $ standstill points:
U R R RO S I T (L0
[
> - b
Plot these and all other standstill points on the next pa,ge: -~
/ | ' i
1 \ -
4] ( ’
L)
“ ' 1.. |
. J"18




Al N i . . . . o " - ) :
: IS T : . o . .

o g TN N B ) X _ :
o Continue with the rule: -(,LA,, N) -§—> (10 - A, 10 = 1) S B

i : 7 ' . "~ . : ' T .
. L < F ' ‘ o T o ! - .
Picture ot jumps on preceding two pages:- . . N
. . . . ; o /,J. . : . ct

v - . . N .
: . . . .
. / ) o . ©

e, o 1 . -
. r Sceond . . )
+ o \ )
Number - oo = .
/ ® . !

e J— . .,.w#. [ESRIUR Y (O B S o _
; . ; v PR
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4 g~
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] 1 ’ j. . . P Flrst-“_
[ . {\) - . . 7 . Number )
7 ' ’ k.‘
. - . (o e i : PN
. . r Sl %y 3. # 7 B | 1 .
’ - -t -} - s : - - T
) - T 1
L T 7 -
) » N . . \ N _ .. . . . . s . B . k4 4 ." . n’ ."
W L4, Describe & ALric I »d to-fi ; i i d - o A A e :
‘ : ibe a geometric mg_thg_d to.fmd ‘the landing point, givenjany starting g . .
* * point. L B et SR ~ e
. B L] . . : .f" . . -. ° . ] .Aﬂ.‘. '. '
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. v ) e
Lo HE CJumping rules
v ~ o, o B

» - _ ‘ 3 . ‘
' 1. 7 ' Start at (5, fl ). Do the ,t'o]lov\iing'in'c)rder: . ' * - '. .’
’ Jump with rule land: (4’5; T :
Jump with rule land: ('5’ = 4) v .
J.ug\p-with rule land: B ) T .
o : - Jump wit}\'rulc land: \ ' ’
L3 . . . /
* LA - ’ # ) . s
Lo _ Plot (5,4) and.your various landing po1nts below, and connect succesmve
. | " points \nth straight lincs, (Keep an eye out for how one could describe
: g,eo_mctrl(:ally the nature of the jumps given by each of these two rules. )
- R °
. . .
Sccond | \ '
Number ‘
l’\; 8
L o> .
J ' N
T17F 1 | !
: , ,
% : ‘
4
. First
-1 1 + 3 458 6 1. . Number
P |
L3 r
5 , .
. .
v Ed
)1y :
: il ¢
: ‘ (7-18
’ ;



Continue with the rules:

N

(11, A)

N

-

L. Rupeat the preceding for the starting point ( 8,-7) :

. | ‘ 4

(1), A)

»
» C b ¢ e
» —> —>

jﬁ—.—_————_ . —r D — e —
’

—

< Second -
Number - ¢

TS

Pp

-
—
[N

(
X A
)
\*al
1
I
]
=
"N
o
1
-0
s foat

He

G

- Y

‘" First
0 Number

e |

e )
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Lontinue with the ‘1‘u_h!5; (L1, A\) -—)—> (A, 1)
— — ‘ ,
(L1, A) = (=A,~11)

3.,

4.

" -
Using the rules in the order b, ¢, b, ¢, where could you start so
~that if you connected the points you would geta squarc?
' A - ] Y )
. w
) Second .
) Number
\ »
> ‘ 4
) -
I °
r ’
TV
' U
4
-
» 4
: | =
R Firs
LS AEEEERN 3 Y3 o7 %7l Numb
\ P N
N\ 2 .
; \\ .
v - .
L !
; T i 3
L) ’
b 1
' Ag
-' ‘ - 2
/'/\ . - t .
‘What happens if you start at { 5,5) and usc the rulcs in the order .
b, ¢, b, ¢ ¢
“ T
o7
J-18




. . ‘ . | | .
. N -. : A } . '
Continuwe. with the rules: (L1, AV) L (A, L)) A .
‘ ’ R . : . '»’,‘:,. . .
. . (b1, A) "= (=A,-I1) ,
5. What happens it you start at-(~-4,4) ?
l. . )
s - 0_‘.
Yeb. Where can you start so that when you connect the landing points you have

, . P . . . . . 3
a rectafngle that is 3 times as long as it is wide ?

| i

-

W, It you want to say somecthing about these rules, write it here:

7
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-~ . o Y - .
¢ g E}zilog;ﬂc
' v
. Fach ofethe rules in this written lesson, with the exception of !
3 . .
(VWA )Y = (1 + — 10 - A ), is an example of an important class of

2
number plane jumping rules

the isometries. An isometry, or rigid m_oticui,
. .

is any jumping rule which preserves distances : ‘the distance between any two

starting points is the same as the distance between the two landing points given

.

by the rule, : ;- .
- - Consider, tor m\\a'mplc, the two starting points ( 8 7 ) and (12,10 )."

(We picked these points for our first example because the distance between

/

theni 15‘5 units.) Using the rule ((J,A) ——‘%( 0 + 1 , 10 = A), we ob-
_ . . X .

tain the landing points (9,3 ) and ( 13.;\‘0 ), respectively. It is not hérd to

calculate o see from a picture of these jumés that the distance between the

starting points, (8,7) and (12,10 )", is the same ds the distance between the
’ " . ]

e

“landing points, (9,3) and (13,0).

) _ . _
Second . : _ _ ' . e
Number '
0. . .
LA 4 ] ~
N . ’ N
= 1'
"
' |
I (
[ o) !
J
4 ) 1T : \
. I‘beSe'tWO \ ;
J _distances -<<, *
are the same \
’ [l
e -
1a
N
9 \ 4/‘\\ ’
. s
14 « ‘ 4 i L
T T — o First
. \ _ L1 IB Number
. . ; ] " [
» o ’ — . - N
- ¢ ’ - )
Fiven in cases where the distance between the two points is very messy
-~ - - . 1Y . \ Ve ) .l
. ' to compute, you.can gce from a picture that the distance between the starting
re .

3

points is the same as the distapcé_bethe‘;"thp Jlanding points.

2

ey




o - : o . \

e

+ Another example: The rule ((1,A) —> (10 + 1,10 = A) sends

» ‘ .
-~ ( 2,9) to (3,1) and (7,8) to (8,2). As the picture below shows, the . .-
(llstame between the stdrtmg_, points ig the same as the distance between the
g .
landm;., points.
) Second : . -
Numbgr .
¢ Het— - |
s : : 'R
’ 1 “~~~ . . -
. 4 F~~L Py . '
¥ \ \ jo ('
@ \ ] .-....__ i
K \.& \ - . N
: l\ . _ ‘\t\ . These two " ..
\ K i — - distances —— .
’ ) , are the same _|

- -
-~ T ] » e
. "

. ~ ’ Fir'st ' v
R ; ? 0] 5 }\Iumber

An itmportant fact .about isometries is that the composite of any two '

iqometrivs”is alsé.an ‘isometry To seg this, suppose that rules A and B

kd

are both 1somvtr1cs.. If we pick any two startmg points and put them through

ryle A, the digtance between the landing pomts will be the same as it was

between the startmg pomtg. If we now apply rule B , again the distance re- _ B
. mains unchanged. Thus, the composite rule AB , whic¢h has the same ‘effect

!

as first doing rule /A and then rule B, preserves distances, and so it too N

is an isometry. .

Consider the first rule in the written les%Son: _ : o /

[ d . \

'(l,;_'l,A") —> (D .+01 , 10— A)

“\ﬁ One way to look at this rule is as t?e compos1t(, of two 1sometr1es
. . . L7 —_ u\
-\) . . A-
\ (LL,A) #= (0 +1,4)

and . (1, A) By ﬂ 0, 10 ="A)-

15

. Qo ‘ . : _ . 1»,} ! .
ERIC B '. oo




C Rule .A ,

4

(L, A) == (1) +1,A), slides every point in the.pl_ane"_one
ace he ‘right: ' | | M
‘ _‘:iplLL'tO the m;.,}:;‘ B L
'Sucond'
Y'Number
‘ . .
T
™A e
T
A
-~
r am

Rule “B , (-

r

] '\' ) -’—L

Second

(0, 10 =AY, flips the w

line which is five spaces up from (0,0 ):

J

hole plane about a lldri‘zdntal

Number

D
LA

P




'he kind of isometry which, like rule A, moves every point the same |

distance and direction might well be called a glide in the elementary classroom;
technically, it is called a translation. The composite of any two translations

I ' .
ig again a translation. Since a tr\anslation which moyes any particular point -’ c/

A

moves all other pomts the same distance and cllrectlon, no translation except
the simple one, (Li,AN) —> | LJ A), has any standstill points? - EVery'
: point is a btanclsmll pomt of the rulc (U1,A) L ( E],/.__.X) because nothing

~

is movm;_, at all{ . . . ] . | )

T The kind of i:s\ometry;whi‘ch, like rule B ,“spins the whole plahe about

sm'hu' s-tra‘ight line can beé spoken of in the classroom as a flip; technically, it L e
is ce'tlle(l a\ rel’lc‘ction . The standstlll points of a lefleqtlon are all the p01nts

4

on the line ar ouncl which the plane is turned.

Rule a of page 7 is a reflection; this time the flip is made. around the
diagonal line through ( 10/., 09 and (0, 100) . i
: C

Rule' b and ¢ of page. 10 are rcflectlons too; rule b fhEs the plane

dzouncl the lmv ;b,om;j through (0, O ) and (1,1 ), and rule c flips about the

line passing through (0, 0 ) and (1,-1). Interebtmgly enough, the composite * -

b .
of these two rctlcctlons, ( L, A\) -—(:—9 (=-01,-A), is not itself a reflection.
' Instea(l it is a rotation through 180o (a half turn) about the origin, (0,0 )

Natice thdt the onIy btandstll\}pomt for thls composne rotation is ( 0,0 )

L ’ . - | . .‘.
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- S.ummary of Problems in the Film i
“"Jumping Rules in the Plane, Part II" )
* . 6th G rna‘de, Jamed' Russell Lowell School, Watertown, Massachusett ’
: ‘Teacher: "Liee Osburn ] ‘ '
. .
SIS EERYSEREEEECERERREE |
, . ; o= R ;ﬁ ﬁ _ IV ﬂ'...A
SO HARR A
’ -t 3
v | 4 L S bolgd L
. aRunl
= LZRRERE -
\ ) —

Hvex/';’e is a new rulet (L1 , A) —> (O x5, M)

W"il the area change 6: stay the same now? .

T/Zachcr changes the ru.leA td (0, A4) —-—> (0 X 3", L)

ey 2,8 - L o (6 ,5) [ )
' -~ Try one of the other ’poir.lts up thex:e'. ' (2, 3) g!m)s tp(/ﬁ) 5 3)
Maybe your are right and(;he. area doed stay the same. .
., . Try an.b'ther point. . : o 3\‘("_4 » 3) goes to (12, 3) |
Ar,iother_? : | ‘ ) A (4 ?‘5) goes tp (12 , 5)~ |
“ g ; . "It has gone three times bigger. "
’ - o | . ~ "The space bétwegn the two sets
’ ) . a w oo T . of dots is thiree o-f.thosev boxes. "

New prbblem:' Write a rule.so that when you start with that same basic figu.re'
that'we have up there, your rule will make the arqa 15 times bigger and put ~

the figure down here in the lower left hand quarfer.

t- . ' : L

\




v. . ’ ' ) ) C BN

1«‘ollowingar\es~mw of the students' writtep answers and the teacher's comments: «

Iy
’

(0 ,0) —> (O, AX15)

4

That will make therarea 15 times bigger, but will all"of,g,the picture he down here?

|}

Other simihr answers were: - ' - ,‘\_. . _ .
N (L, &) —> (15 x (1), A)

- | ) _-;k/ (O, Ay —> (4 ><'.5,A>< 3)-"
R - | ' - “ -.‘ ‘ (D ’A) —_—> (D X 3 ’ AX 5)

“

Wed , &) —> (O X 3,AX'5) -6

. . o o>
[f you want to subtract 6, where do ypu want to subtrhct it from? (From A X 5)
- _ ‘ ' / . o ' S

a
1

" Then you have to put it in here: (L , A) —> (U'% 3, Ax 5 - 6 )
- .h ’ . ~ N

That's not going to make the area bigger.

——— : T . (e ——4) —> (O X 15, AX 15).
o : ) : . -
That's going to be more than 15 times bigger: . _ .
N ‘ - o {01, A) —> (0 X 15, A + 15)
2 . . " . ! v- - . ) . .
' . ' That does funny things. ) ,
'- o A L J
' Let's see if we (fan;gét a rule that will make it 15 times bigger. Then we will .
& . . .
worry about moving it. . o L ' ’
. - N v ,

. (o, 8) — (Oxis, A)

. Can you do something to that rule so that it will come down over here?

4

. | | | | B (0, A) — (15 x (=0), -4)

: . - , : :
Let's try all four of these points on the corners. - Where will (2, 5) go with this

»
¥
-

o

N ’

" (=30%-=5)




Where is that point? .,Is_f'it going to be in I, II, III, or Iv? - . A

e

; (In 10.) /
- |
b - .
~ N ) i
. ¢
5 2
A Y : - w’:;‘*'ﬁ. ~tir - )
: . . '._,5:3' s . ‘- - : )
By 4 o ' _ - H .
t"w., o \ . X : . : I"" ﬁ@
# T : "M : ¢
How about (4,5 )7? o Uit's going to get you in III. " )
. . . ) T . 3
What's the name of the paint? - B ( -60,-5) . ﬂ
) . . - - . . | . . . ‘b:‘
[s the area going to be 15 times the original? _", -
, low do you know? L. it would bé 30 -across, and
. ' '2 X 30 is 60 and 4 X 15 is 60.' "
(L, A) —> (5% 11, TX /A): How many.times bigger will the area be?
' , . ¥ S . 4 7. o
(L, &) —> (loox(Ol, 5X {\Q . Mow many times bigger now? /
N .
(L ,’L\)q'—% (70 X 14 , 6 X/\): How many’times bigger?
(L, &) —> (2 X1, ;XA): How many times bigge 1l " ‘ '
Using (LI , A) —> (2 x U, :, X ‘L\), check a4 couple of points out. Where
will {2, 5) go? , |
L , (4,25) .~
Where will (4, 5) go? (2,3)? (4,3)7° |
:» . " ’ . ,
. ' . ¢ . V4
. . \ ? :
‘\‘ B
\ ® ! flVﬁ"‘ . ""\...., .
) \
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Aruitoxt provided by Eic:

e

‘What happened to the _fig:}re?

<4

4
P
$
|

et M

“r

It changed from a 'squé.re-to a rectangle, -

-

"The slhape cgénged.'-'

Using ghat rule, draw a rectangle so that after you usethat rule once, the

-~

re(tangjle will 'he a square.
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B v - ' Supplement: ) o
: : ) | | More Work With Number Plané Rules- . : Lo o
' e ‘ L3 , CL S
(0 2 by Edward Esty
! ' - h‘, a
' Y " A
L. . '
H R ’ L] 7 -
. . ‘ The written lesson Epllobue in this" booklet introduces 1sometr1es, |

AN

Whth are Jumplng, rules that do not alter distances. - Translations, reflec-

L t1ons and rotations are examples of isometries.” The purpose of this paper

is to explo‘re number plane 1sometr1es in some greater depth and to develop

K waz's Yot comblmng 31mp1e isometries by composition’to form more compli-

» ! «

cated ones. X :

.c‘—._‘ [l

As wa%gbested in the wrl.tten lessons, one of the best ways to see.
" what a _)ump1ng rule does ig to try mal&vzng Jumps with it. }G;\t‘ungs out
"is the way a ‘chitd staqts to learn ab’@ﬁut Jumplng rules - (among other' thingsg}).

YOu alsogwﬂl learn fram this prooess;«s in tihe sgme’'way’'as your students. -

L ' . Most de£1n1tel§r, you shoyld not ‘wait untll youg nderstand all about" number

[y
-

pl_ane rules befo re.' b,eglnnlngto play with them: ' "

: Q-

e S ~After d01ng the wr1tten lessong you may have made gand' tried«

‘; v . ’ ' l . X
’ ¢ solve such questlons as; ’Her.e is a‘.trlangle Can I make up a rule that

e o w111 move it to a spec1f1c place, Lor turn it >ups1de,»down'7" or ''Here is a - -

| rule that I made up. What will it do"" Qne can ask what one jump with a
.rule w111 do to figures located in varrous places, what wi'ill happen with

. successive jumps with the rule, and where its standst111 po1nts are. Whether
ar not you and your class were able to solve a‘ll-the problems you thought of, .
‘this supplement w111 sum up some. of‘l(e discoverigs you made, and 1ntroduce
you to ways to pursue other interesting problems ; A ' o

‘ Central to what follows is the fact that 1sometr1es, | ‘when combined - \”""” ¢

by the operation of composition, enJoy the followmg four propertles. B '

. - “ e . .
1 i &

1.7 The compos,ite‘of two igometries _is' again an isometry. (See page 15 .«
) . } A .t
in this Booklet.) - ' = S
‘ ' e | v 4
' " ) ‘- . .V| * \ ;
2, Composition is associative. This is true; regfardless of whether the

1

rules (fungtiona) being composed are isometries or nét. Let A, B, and C.

- be hree Ju.mpmg rules. and compare (AB)C w1th A(Bé) Each of these is .




Ehe rulc- whu h has the same effect as: t1rst domg rule A, th%n rule_B, ,and 2

tmally rule C. So (A B)( is the same as A(BC) Sa)’mb anythmg mo;e - w
) ' .

about thiy would only contuse thmg,s ‘ w0 o
N N N ‘ Lo -' ] L]

3. . The rule (U , [\)':'—1—> (L) ) 4) is ah isometry, :a'nd hag no ef'f_ecb; e

This means that no matter what rule b is, bi is the s:aklhe ‘aU', and ib /g :
. . Kg.also the same as b. In this pAper we w111 a,lways usé the letter i'to S
L] ) : N e * v ) . - .

| name the rule (Li , Ay —— (OO , /.\') ) Rule i can be v1ewed elther as

A tlamlataon that slides: every point a dlstance of zero or élse as a. rotatlon

Yy . )
: - -

P through 2810 _deblrees. o : : : o N s

| ’- - _' | Lo ., - ' . r/"\ . ‘ - - ‘1 o ‘

' N 3 rule & i%cIny 1sometry, then there is an isometry t (read Hy bar") o

whlch undoes whatever rule t did; that is,: . Co _ N
N ) _ _ S, o . : S S

— . - . )

" - , ot o= i [
Rule t is ca\LEsd the inverse of rule e (See problems 5,76, and 7 on- pagesb |
and 5 of the wmtten lesson for Book 16 ) .Furthermore, rule t . is the

u— - v 1 N
inverse™f rule t, S0 we also hav_e tt,: i. For example, if t is the

" translatipn . S LAY —s (o ¥ 4%_ A =100),
Kl - u_mn-T is 3‘ h (’[‘,i".é\) —> (0 - 4% , A +100) .
St . o .'- o oL B P
Translations are simple. So’rqéé p.?(_)blems: o ﬂ; - R L
1. W rite the ltrans:,.l‘ation'that' .sendé‘.( 1, 2) to (10, 10)'. . )
(M) ——> , | -“
J 2.’ Where does the rule you Wrote for problem l send'( 0, 0)°?
RN _What pomt gets sent to (O ».0), using the same rule (rutl'e c) 2 . :
oo ‘ 4“’[ Whexe does the 1ngrer.s’e of rule ¢ send (0, O) ? ) . ST \,.w
. 5. Where is- (3* , 6) . sent, usmg rule cc ? .
. ' 6. Startmg at (O 0) ake three consecutlve Jumps with rule c. W-hat T
| | is your fm% landing:. pomt" ) ',,M A ,»' “ R |
4" S Startmg at (0, O) make. one jump w1th rule cce . Wl}ere’ do you Y ;
_ Lind ? s ~) . R L S
8. - o One jum vs'/'ith the tra.nsla'tienljdl's_ends th‘e“f)oint (798 , —-14%) 7 | .‘
, \ . ' 4 * : !
" e 897 space aight down., .. . |
| | Write the'i_n_vers of tule d. s - Coe S .




1 - S i ~ . '. . A, . . - “Itj o ] .\ B ~ v "’
\\ ] ’ » " . R ‘
T ‘ ' | ‘ ] J : » . o
co T ' [3 oo . 1L b, ‘
R S . o 'q . - - _ e en R i .
. . l. - R \y B ) ..‘
We turn now to reflettions and rotatidns, considéring for the moment -. e
_ -y _ ) ] C - . S «
two very simple retlg;}\‘tion'a. T’ilq_;’tn‘st 8 . .
| o ‘ { o "a'.. _ . _.-" . '
I B . (i ',A)‘—.—-:’%U , =) -
whuh tlips the plane 1;}und the first number line. Its effect ?m number R
pairs is to keep the tipst component the sé.me but to, réplace the second .
g
component bv lts opposxte Notlce that standstﬂl points for f are exactly
~ all pomts@{{n thc: first nu-mber line. . Also, { is its ow-n inverse: . ff = 1, S
(Of course, this is true of all retlegtions—not just f.). Y ' )
! . . ’ ‘N ¢ i v .
< ) ot . “'\".\ - « 7
gy
. -
o
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. . The second reflecliomwe consider is (L1, &) —b 5 (AN, 1) which is
B ‘ - - . ! : . - . ) . '
- the thp aboul the diagonal line through (0, 0) and (1, 1)." 1Its effect on_
number pairs is simply to interchange the components. The fixed points for

g are those points whose TOfrdinates are equal. And again, g = g —that

i3, B is its own inve rse. .
7'\' ¢ .
o 2 , - . 3
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e e e o LY R N . . . A\ ) .
. “We used the tetter f because it would suggest "flip"' ." The letter g is
near fin the alphabet and thus scems appropriate to.indicaté another
* flipping rule. Because rules f and g are used so frequently, we réwrife
Y them- at the top of all'appropriate pages. - .
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Aruitoxt provided by Eic:

.V "V
[
.a'“ . ® . I . . B
Lo (&, Ay —=> (1.,
3 - Ty
C (U, Ay —E> (A, 17)
x¢ .
‘ What ddes. the composite rule fg do ? The réader is encouraged to
v . ‘ . ' B * I.’ A'
cut gut the square at the bottom of this page, give it a flip like ‘this:
7 .
’ L. - — — rule f
“ . .
..'
(9
B 4 &
!
and then a tlip like this: ’ o . :
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The final result looks like this:

.

R34

-

The little man ha® been rotated 90° counterclockwise. (This is hard to

show in pictures. It's much more convincing if you actually do it yourself.) .
ot

¥ “
” In terms of boxes and wedges the rule fg is .(N ,ON) —> —A » U), because
. ¢ : .
0 U ==, —Es A

» . A . \

' A
7~ . \\ - ~
/ Tlake the opposite of

Interchange \

Y iecond componer_lt./’ \ components. /
P al

. N — e e g .

> — -

The origi_r), (0, 0), is the sole fixed point of this rotation.

. . 1 ]
"Problems:

1. If fg ib; a counterclockwise retation of 90°, what is fgfg ? That is, what
amotion has tbe same effect as two sUccessive 90° éounterclockwise
rotations ?

2. \Rule t'ét'gt’g is a rotation ..of | {.de'grees counterclockwise, or, what

- amounts to the same thing, a rotation o - degrees clockwise.
fgfggfg ? '

3.  What.is a much simpler name for rule

A

4. The rule gffg must be i because we can cross off the {f in the middle
(since ff = i) and then we are left with g8 , which is also i. 8o,

since (gO)(fg) = i, gf.must be the inverse of fg. Describe what

' rule gf does. _ ” ' . Y

,. 27
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You can doubtless tlg,ure out how to get a retlectlon about the second

I3

number line. Instead of taking the opposite of the second componeny as

/

we did in rule t, we must take the opp051te of the first component.

The rule is then (11, A) — (=3, A) . But let's see how we could |,

have obtained this rule using only {'s and g's. Since we want to flip

around the secc «d number line, we first do‘a rotation of 90° clockwise,
c o . ! . . .

. _ _ <y

using rule gt which sends the second number line into the first. Then

we flip using rule t, and finally rotate 90° Countergllo%kwise, using
1]

[ht Lompontc rule is therefore gfffg, whlch we can sunphfy into gfg by

)
crogsing otit ff With boxes and wedges we have

(0]

) -JL» (/\’m) u—~7\—> "A L, =TT —JL~> (-1, A)
1 e o
: / ‘. o~
-~ swit(h ~ /take opposite of\ /swnch
(( omponents) \se( ond ¢ omponent/ kcomponents \ '
~ -~ ~ - ~ _again .~

tovms  aamm——

R
rule fg . The effects of these rules on &« triangle, S, are shown below.
o ' composite reflection
-
/ ,
5
e
3 ,
L~
. I :
gf ) l i o f i . ] fg' ot
rotate 90° clockwise flip rotate back again

-
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The same sorg of thing is happening with the boxes and “wedges as is

¢

L A —--—-——_—;z 41\ ,

happening in the picturesf we move the box 1nto the second slot, take its

-opposite, and then"mow- it back., An analogous thing occurs'in hdspitals,
R A X { . ’ .

.
L

‘effect on another triangle.,
L3S

The patient is moved from his room to the operating room, is operated
on, dnd thcn n'mvecl back to his own room. Moving the surgical Equipment

to the patlent' $ room and operau(ﬁg there would have the same effect, but .

¢

of course the standard procedure is far easwr.
5

Our last simple reflection will be one about the other cllagonal——the

line tthU}.,h (-l 1) (0, . ” ' E N

and

e

1G4

(0,[0)

o -
~J

Rotating 90° counterclockwise will bring the diagonal line shgw‘n onto the

diagonal through (0, 0) and (1, 1) . Then we flip using rule g and

finally rotate 90° clockwise,

*

We illustrate these steps by showing their

[&, S8
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(0, &) —tsuo, -a)

<

B (A B AN w b
This time the C(')mpos\ite rule is fgggf,~ or, more simply, fgf.

We summarize the reflections and rotations we have so far:

-

: . _
Rule ‘ Name Effect Standstill Point(s)
e _ : 90° ‘counterclockwise : '
7oL ) > (=A, 0) fg o 270° clockwise (0,0)
Q fgfg or | 180° counterclockwise ) _
: (L1, N) —> (-0, -A) gfgf or 180° clockwise ' (0,0)
- _ . fgfgfg 270° counterclockwise
8. 1, \) —> (A, -(1) or gf or 90° clockwise (0,0)
- fgfgfgfg » counterclockwise ‘
(1, NA) — (O,A) or i or clockwise .. |every point
4 L) ’
flip around first
n P
é (F1y )y —>-(1,-A) f number line _ < ’
B (t1,A) —> (A, ) g flip around ﬁ;g_onal j , Zl ‘ _ b
: E ¢ : . - flip-around second _. | = = & _

L ((H,-A) — (-0, A) gig number line . .
(. . .

. , N I
. (1, N) — (=A, -00) fgf flip arou'nN d‘iagonal H‘ 1

..' . ! ¢ ) '
,
. o . }

L]

The reader may be wondering, ""How canl remember all those rules?

They all look so much alike.' Indeéd they do, and this is why nobody does

memorize them. All you have to remember is the two reflections
(M, A) ""‘—-—{--) (0,=A) and (O, A) —£ 5 {A,0) , because all
the others can be geperated from these two. (If this is remzniscent of
lists of rules discussed in an earlier supplc.ement,. it should be.. Rules f

and g generate a list of eight rules—those appearing in the chart above.)
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t N ’ ‘. . H T ’ R - .
’ ’ . . e . .
. . T : ] \ B
[ . . . ) -
, < ' -

S o ‘ » o (10,.4) ""&'L';Q a(m9"A)

Do . oL |

@. . * & . . :‘ . I‘. ) *
So tar, our rotations have been around the origin and our reflections ¢
) about lines through the origin «Can we find rotations and reflectlons through
othcr points and lines " Tec hmqut,s sxmxlar to those we have already useéd
are brought into play a[?am we 1llustrate by deriving the 90° counter-
“ clockwise rotation around the point (5, 2), wvhose effect on triziﬁgle \{'
' is shown below. . « e ,
»__}‘,_,_* 1 Al ' i ,
* j . - ' 1
- "" p— =1 —— l“**’“‘—\— v L \
N .~54L>‘——“— A _“\‘ N o ] ¢
\ '
B R S lg\*
\
RN
' . ) - 7~ \'K/’v’
- \ ']
S A - . —
. ' 5 . 1p
B A O TR N N . N
] )7)_
¢ We first perform the translation that sends (5, 2) to (0, 0); then we
do the rotatlon fg ; finally we slide back using the inverse of our or1g1na1
'ranslatlon The first t,rans}atlon, t, is . .
. » |
((1,A) —— (0 - 5,4 - 2)
Our rotation. is: : ' : o
(0, AL B> (-a,10) !
and the inverse translation is
o oA~ (0 o+ 5, A + 2)
» This gives us ‘
(L1, A) =t (0 ==5,A - 2 (~(A=2),0 - 5) —
C _, k (A = 2) + 5,0 = 5 + 2)
so . (1, Ay —HEY 5 L(x - 2y 4 5\\ 5+ 2) '
. . » ) "
. or, slmphfymg, (E] N) ,___E____; (7 - A, 0 - 3)
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D : o, Ay L5 0, o)

E— . (o, ) —‘5.—5“(/3 ;)
The effects ontriangle Y of thé&"succes&ion of rules t, fg, and t (and

hence the effect of the composite rule tfg t) are shown here;

v e - b l ' - j' _ .  '
v T R N . ~ . .
] e ot B % ) \ar . R
4L} N 8ok x
WFW p ” : .. o ’ . J
L Vi |
R i ,
FAEA >
. k// - t', _ .
S NN
. [

The reader is e,nCOurag'ed.to try this rule on a few pgints to see that it really
. Al ' . , ’ B -
© performs as advertised.

One l.ast”evxa‘mple‘: What is the reflection about the line through (-7, 0)

* and {0 VT)? _ . I

——p e 7 x_(...)_.

U B . . 1\

" 3 R

L i N

- A
‘ - <
<
“ ! i ) N
[ L/

-

Pick any pomt on the line in question, and find the translation which sends
that point to (0, 0). (Call the translatlon s. ) Then do the flip
B S [\) —k (A, L), F(ol'low that with the inverse of the translation.

Suppose we pick (=1, 6), which is on the lme thrOugh (=7, 0) and (0, 7).

([_1,_[\)‘————» (_[;.1+‘1 A r~6)———g——>(/\~-— 6 L1+1)—————>(/\ 6 -1, LJ+1+6)

8 o

' So, (= A)——S—e(/\-? B+ 7)
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- \ J‘ | . : ‘([:] ) A) _g_"y (A t. D)

Would it have made any difference if we hac'plcked a.point other than ("'l y 6) ?
lry ( —4\ 3). The rules then look’ hke this:

¢

.(.[_;],A) —Bs (44, A-3) —E (A<3,0+4) 2> (A-3-4,04 4+.3).

‘ Again-we_‘h\éve (0,48) — (A -1, O+7) (

‘More Prollems:

l.. Using the rules s, g and n of'pageé 32 and 33, ‘writt‘e the-'rule 'sgr-l Qsing
boxes and wedges. (This kind of isometry is like-the rulesjof the first |
five pages of the written lesson in this booklet: and is called a M , '
reflection. ) c -

. | 2. What are all the 1sometg1es 4hat Not alter the position of the rectangle

)

shown below ?.

o
&

-

— 3 2 . !

a
Ed ! * .

(Hint: There are four of them, two of which are reflections.) °

3. What are all the isometries that do not alter the position of the triangle

" shown below ? | ‘ . : ®

, | * .
4
' . N

!
1
«

|

|
|
Ly




) IR : | J\ o
" 4. . There ave four isometries which take the pomts of rectangle S into-
the points of rectangle L ‘Of these fout, how many take the po&nt
X into the thll’d (IOWer left—hand) quadrant? - , J
B Sk i IR _\,;»w._,. +— ., *x
’ N —em 5 ) S
[y - ‘-_“ / 0‘
e _
! ! ' L
e
4+ -
i P - |
%.
-
o 5 '
5. Finda p'oint Y such that ex:—:ictly one of the four isometries of problem
o . ]
4 takes Y 1nto the third- quadrant
6. i Replace the underlined word of problem 5 by three ; by four; by none.
Which are possible? -
T
’ , A

ad
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( .
We have said nothing about rotations through angles other than 0°, 90°, -

180°, or 2707, | nor have we mentmnec‘l«rétlectlons about lines other than K

.Lhose that make angles.of 0° 45%°, 90°, or 135° with the first number line’ - ‘ '

-

The reason for thlb is that even though other reflections and .ro,tations‘ are

as simple conceptually as ghe ones we have considered, they are devilishly
ditficult to express in box~wedge jumping rule form. If the angles involved
are simple, like 30° or 60° then some of the numbers mvolved are 1rrat10nal

(111((" V37 ); if the numbers are relatively simple the angles are never easy

4

to handle. This is just the way the ball bounces (reflects) but,for the

determinecd Lea\ler we append two formulas .

l., The reflection about the line that goes through (0, 0) and (1, n) .is:

2,.._1 : 2n. 2‘ nZ...l -
n : - n n__ + = X A
n + 1 e nZ+IXL\ ’ 2 X U n2+l _

« » \ N

(ti, &N) —>|-

£

(The symbol "1'" stands\ for the number one, and is not a lower case

1

letter L.) ¢ - S ‘ SR

2. The rotation which keeﬁ\s '(‘0 , 0) fixed and*sends (1,0) to.(a,b) is
given by : ’ .
(1, A) —> U-—bA,lﬂ%+ a )

]

The rotation jumping rule looks pretty straightforward until you realize that

the point (a, b) must be on the ¢ircle of radius 1 centered at (0, 0) ,°

N\

because the distance between (0, 0) a'n‘d\(a » b) must be 1, just as it is

\,
N

between (0, 0) and (1, 0). Even a rotatign as seemingly simple as 45°

. : N
counterclockwise necessitates irrational numbe\rs, for we must send (.1_ , 0)

Ve VZ

to (—— , —=) making the r:lle ’ \\ . ' .
2 2 :
| | VZ V2 V2 .
N A —> | ——— {] = —— N —_— +
(71, N) , > 7 5 N e, Fy ] 2\\A
) \‘\ \

-




