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. 4 L e . : W
“. l) Y - o e B - ) \‘, \{’4
4 4 ~BOOK TWELVE'
- ’. | 0,-\ 'I: 4-,_‘;>.. . -, . . - v .
- 4 4 . - J 4 . : | E g : [
. B ’ - '. E 1. . o ' . ..
+ Here is an operation that is used™ some branches of mathematics.. We .
“shall use its conventienal name, "delta"' s bolized by the Greek letter & .
- Here are some examples_of how i-'t..works: o o, ‘ -
‘ o , R . ) “ . . ) - . : .o .
| RS T |
| v 3 = . -H— -5 = =
6 7 _ 0 5 > 6 -5 >
' 1 !
7. 6_3. = 0 | 52 6‘-52 = .
. | B o , )
7 6» 7T &= 1 38 6 3_43 = .
4 ' _ ) ' X | \
> 6 2 -= 1
What does & do? (Sce page 12 to confirm your ans'yver‘.) o
o\
ﬂ.nn :
’ , L)
. ¥ :
~In some of the problems that follow it may be’ that more than one nimber works,
In cach case describe all the numbers that work. 4 , .
l. -~ 14 &6 13 « = S ) S e L
' o ) v e
2, 9 14 b 14 = ‘ . \ g
S ' A
. R
. z .
3‘ ""6 3 6... und l ‘ ‘
v ]
“' ‘ N - ‘ . .
' ' . K '
4. -—6'4“ ) \ = 0 ™ C ' \
3 $ .
‘ \
‘ 2 ) . ’
- = 2. * A
5 6 3 6 2 ‘
J-11 t . , LI LA
. " Y
' p [ 4 .




12.
13,

14,

. R
Tl e sy v | a7

15.

. et

NN

.-

[ ’ ~

il

36 (4 6 5)

. Find a number for so

LY L)

3

.(,5'_'1_5_ )+ _-(_'5"551) F =

" (65 8) + (6 6 5)

2

’ S
Make up a single equation in

in the*boxes, and in which onl

)

that

 equal 6 (4 & 5) . .

X

-

y those numbers wark.

v

W o

B3]

T ‘ N
) R )

L]

) . . ’
does not \

0 -

which“1, 3, 8:1-,,' 14, and 101 work =~ -
‘ R S .




In-a prevmus dessony v‘ meant something eise. - We use the symbol again.

"but with a cllfferent meanmg tQ emphasize that this choice is arbitrary. You
; do neffl to be sure that yo‘ur students know. what a particular symﬂol means on
agwenday. < _ . ‘

IR

N . . o ‘ , / \ V
; 3 r IL, - . .
Here are some examples of an operatibni{vhich we ‘-s_'hall.t:all "_'chec'k_.f'_.: *
N V2 1 1 _ “y
- 50V 60 = 5 ‘
Lo e L o ' ' _ »
Ce B9 VA19 = 20 ; .
- VA T .
11 v 11 =« 0 L '
- ! ;w ‘
A ‘How n_light-a. student describe what c_h'eck' does ? - '
y B
"‘.—' [ : »
2, 1 you can, give a formal definition of check (If+you have trouble with
this. questmn, consult page 12.) o -
\ } / B
" Now do these: ) ‘
3.0 1V 15 = '
.~.4.- _ ‘z"z \/“39 _l - -Lg.-. 'I«_ . »
5. 29V 22l = 5 . ‘




L] , o ’ ' '_. ! . LN - o s . ) .

"' . "" L .- . . . .
.  Zontinue with: SN = —.——&-—,——-—,- - T R

4

6. 1,076 v 1,070 =" : R L

o trepesin

1l

707 L0765 v 10708 ~ S

L ¥4 ,,: - > 3

SR 0V =6 = D v

. S

| r . ‘ ) ‘9v - '.O.a\/_ -ll = S

4
-~
Ve

100 0 Vo1l - |
1.~ =2 14 -2 - e

‘ S - .
2 P
2. | -2y \/.14:2 e

v

-
.

13. =300V -400 = &

!/ . ¢ ™ . (The answer is not =50 .) . - A .

’ . . s

14.  -200 V 200 =

2 B oot . e ' o
) . . . L . . . * .
What is a likely wrong answer ? _ . K /

. e

¥ . __l . ) 5 . — v, ) . ° . . A ) ' . . «

e

1

17, = s =




.' Continue with:

1Y,

19,

Find two answers Eacthr’probhnns 2

- 20.
21,

22,

?_&6;'

A =

. B . N y bl

A sccond answer to 18 above:

-~

0, 21

a v || =

NS

. oo

, and'ZZ.: _" .

L0

100 o

(V5T =

<«
Iw‘
W -
0

. . .

4




i .
- . . ’

_._+f( 3,1%5/ 35.-)' : L - ”'_. o S
N .‘)9." .. . . | o ‘:‘. o : / . . d
( 315_ vo35) = . e S

0 3 (10 \é PR fﬂ ooy = 10 vi90

1
4

1
@

SRR . What are all the numbers that work'? G ey S
" .0 (O] Q\ 3 ').@ o.@'.',\. . ) - ‘ . . o o l.’"‘._':. - .,‘

) v -
) o o v )
- -~ I . » .
. . .
o b ' )| ’
<, o
2, 9 ¢ . . [ [} ‘-

Dy T ) ) o @ w :. ' ,. ‘ v “ ! ‘ . -
) e e 82000 Give ‘one numbe'r that dck's not work in problem 31;
JR :_"‘.' - - e .'0, ERE T | A T ; ' , ) i . . o

“ a o, o o~ ’
T o T : L, . . .

...l_{ ' : L :', ._. _ III_ . o .. | . B .k | ) ‘ : . '

__dot, and check used in the prev1ous written lesson “are blnary Operatlons. .You |
have to give them two numbcrs to get back one number. Addltlon, subtraction, = .
multlphcatxon, and d1v131on are also blnary operatlons, but we are too farmhar

" with them to apprec1ate thelr general pr.opertles. By Wworking with check and

A

other art1I101a1 opcratlons we shall eventually learn more abouf the way famlha\r

L4 : : : ] : . . . PN

?peratmns work. e L

We shall now ex‘plore whether these and other such operations are commu-
.. tative. - - : T




_- When an [o) eratlon\such as c1rcl do * | is. commutatwe, SWif hlng the tWO
§ P e\'

.‘,

’ numbers ar ound gcver changes the aaner.‘ Examples R

, ; . . . .

305 - 503 :"11—;—‘ 6 -2 = =20 _11% s " and'so on.

- If .you c.av)?find two numbers which give different answers when you sWitéh them,

- R . . ) . Y-
then the operation is not-commutative.

+
L}

In the fbllowing problém;s new: operations' are defined, T"ell -Wh'e.the'r' each'

operatio'n is commutative., If it is nat ﬁcommutatlve, glve an example to show

»

.. this, as in the flrbt twa 1llustrat10ns. See if: ‘yQu can predlct commutatﬂrlty or

v

non-—commutatlwty before trying spec1f1c numbers. ) -

]

_ . df . 1. . o
L [Pe/\ o R VAN X
) If not commutative, - ' E o o SR

L]
illustrate by 51v1ng

R M 5@/

. - - . d : ' N _. . ' ..‘. .f.
W Ce 0, I A o= max ( - s A ) . /VO .
. If not commutatlve, e J L ' R

illusyrate by g1v,mg _ . . .
an example. - , _ A - - K

i}

Commutative? -

C e

& . "an cxial.mp.le - I ® 5 { : ..‘.‘ / .
S




-If not commutative, - L ' . -
illustrate by L,ngs

, S : anexample. L I L~

2 %X | + fi . e s T
: _ : U not commutative, : )*’ o TR T S

usgtrate by gwmg I o o oS "_'
"an example. S v |

\
=

. OvA s AY

' If not commutative,

- .

o

Py
. If not éb\mmutative', _ IR o . R v |
illustrate by giving .. - T . T

an example.. . . S

[¥) . . B o ¢ . . . - v . .
) X . . i . . . - [ - - . - . *
. . . ' . : " - . : . ’ ' . - N 'J : . ! -




: .\ .

: o T -Commutativel” . .

~
“a (i - ol .

BRI I not cdmmuta-tive:, B L S : oo

illustrate by giving = . . S PR .
¥ . anexample. - . ' L . e

. .. : . b
»»~ _ . . ) _ :

.

~If not commutative’” e LA o o

~ illustrate by giving _ o - T - |
CoDamexample. - L e

o

7
.
)
]
-

e 0N

»

I U n!)t-C_o'mmutaftiVe, ST o . R v -
- *  illustrate by giving = - oo L o SR
o _arll‘.'&@ample_.f_'}" A P2 L S .

LN : . P
. ‘ .

.~ Observe that prohlems 7 and 8 are very different. - _ ( e

»

y - N A ] . ) ‘ : . _ .
. : . . - . . . v -
' ' . . ‘. - : . e : ) . . \‘

e ot T

‘
X Y

5 . © ) L4 K3




' ‘For the fullowing problems, @, V,- 5 ‘and - are defined as bsfoijg o

[ ' PRI

.in.thi'a_ Pesganie e .- R : .
g - B df - 0.+ A | S ~

‘o . : . v li] _'.' 2‘ ’ S .

®
>
|

\ e T R R o Comimutdtive?

) ) _ . . : . df . ‘_ t_f._ : Y " oo .' & : -
. k‘) o L. ’ . » ’ I' . ’ ’ - N e . '
: .. I{ not §omimutative, . . - . _ T
¥ .. .. illustrate by.giving . R ey
CLo.oh e anexample. T B B

hY . h . " .- --".-. g

.
—

Ca T If nbt commutative, | |
..illustrate by giving
. an example.




o . R o e R e o . L. ) . . . . . ‘
' ) . g . L . L . ‘ \

v - Continué with the 'd.ef.initibns-:_' S . ! '

e
¥
1o
-+
>

neat

=
-
D>

1=

‘ . » 0 %A

. - -
’ . L U .

v ‘ i o L6 A d;f. {0 ; 1f o+ A

Ved

-

- Find all the pairs:of numbers (O,A) that work for problems %12, %13,
¥14, and %15. - L e o

4 ..‘

s

.
'

<%



.' N
*

| Epifogy e‘ |

A szttis«factory‘- description of what & does (page d) is'

o : " \
S - . - '
' It the numbers are the same, the answey is 1;
. - it they are different, the answer is ‘0{.-
¢ | 1 . o v o '* , ."
“An acceptable answer to question l-about v on page 3 is
) 'l‘ake"oiw-ha.lf the distance between the two numbers.
K “l V.
M acceptable answer to guestion 2 might be .
. \ -0
Ll \/ ,/“\ ..:E v I . A I
N 2
Anothe r.acceptable answer: "'
» o v ¢
T - o : ' ' o’
| S - If. BECEVAY e
- - nvA = i .0 2 A
_ 2 N , _
. L _ . *
. -~ a . Lo . . 1
| < Wlf’ A -0 ' ' :
' A = = if - A% D
) .’>A " L “
» b ey

~ o

X

As has been suggested here and in the films, a popular way of introducingv

-

‘an‘artific¢ial operation to a'class of ch11dren 1s to give, a~.xar1ety of examples and

) let students guess what thc operation 13 by supplymg answers to problems. In

ti me st

e bols

N

them and proceed. to explo_lre the propert1~g

v

Beware'. ‘however, of 't:ar'rying such guessing'too far,

[}

)

© time your students. have not figured out tht you have 1n mmd, it

.of the operatlon.A

e

*nts may be asked to give a def1n1t1on of the operatxon in words or sym- -

If in a reasonable

1s'best t,o tell

' P




.8

Even‘after a number. of exanlplea, one could 1nvent valld (if fancy)

de[lmtmns fitting the examples given but not the same gss the one the teacher

was thinking of, After the first three examplea on page ,-'a child would be

correct who said that the operation "check' is as followfs:

Add the two numbers. Round to the nearest multiple of 10,
Divide by 4. ‘Add 1. ‘Again round to the nearest multiple

. of 10, TIf the firgt digit is odd, divide by.- 5. Then, if the
— hrst (hglt is not 2, subtract 1. :

This (le§1n1t10n does not work for the next examp.le on page 3)—-—1t gwes 37

_instead of 5 ~—but an operation. could be invented which would work for ’

-’

"that example ag wcll and similarly for any number of example

Notue‘albo that the cxamples given on page 3 do not tell you what to

do with negative numbers——this is given by 50m63 answered questions later
on (problems’ 8 and 11,

]




‘ | SRR SR R Summary of 151‘1-ob1emal in the F11m - ! .

. . e o N "Frarh n*dumbe!' Line Jumpmg Rules" | =  , N

.- ’ ’ ) ’ - . ¢
[ N :
5th Grade, Cunniff School, Watertown, Masaachusctta ’
' - Teacher: Lece Oaburn ' - T
[ P ‘ ‘
.‘.’ = v v .

Here are some problems:

- - e 4 0= 21 ] ey
a . . « . . S .
o 7 O 0 D224 8) . .° o
' ', L+ U0 =~22 ".A(Written .bét/w_een the two pi‘bblemsp ab‘ov;e) R " A
't . * .. (Wrong answer: 10 + 10.+ 2) '

-

)—II . - A “ | B s -
- What is the difference between these two problems:
) o - O+ 0O+ A= 22 . . T r .
\" 3 N . . “e . s . . .. . - N ‘
_ (i ,and O+ D+ 0=22 = o S

Is the answer to [ + O + [0 = 22. larger or smaller than 77 8?

- 0+ 0+ (0= 23 (Writtenafter O+ O+ O=22) . . e

1

-
“More pr_o-bl_efns:"- : .

. U+ 0 O S (20) - . | o

| o L)+ O +i-m'— 203y . T
N S+ L +.0= 91 0 (30d) - - o

i i
% 2

i

4

New problem

‘e

.

i

w
T O+ O+ O=0+ 12 / + (Wrong answer: 3)\
L.et'sdo u+u+ O+ O= 12 ' |

L]

f v . ) . ) . -4 . - . “ | . . .' - ‘ B : E
. v Continue with the problems: : A e LM

- .

¢

. U+ 0+D0=0

D4+ 040
0% 0-
‘D + 0O
0+ O

+ o+
i
C oo

1

H

[ "

']
“va D
+ + 4+ + + 4
- o
)
oo

C
+s + +

FJ‘+[Z]




» o N . Lo

I want a number 80 that the answer in the boxes will come’out to be 75,

i+ 0+ =0+ ©(150)
N T
What is the answer so that the number in the boxes is 10% ? (21)

q
ot
L

"Andy, I nétice your hand is up
| awfully fast, do you have a |

. “method for'this?",' o ' - ! : ' _
| . . I“_ o o "Yes, the first two T -rﬁl;ers in .

| the first two boxes h{ve to ac‘:ld o B ( ‘

’ hp to the nurqlber%or,i the {ig_ht."

\ . " . ' o .
15 - " (Wrong answer: 7). R

n

More problems:

Dy 04 1140
- S .
O+ B+ O+ 0

4

TR A |
o o o
+ o+ o+
NN

) &

Flw O 4+e0 + 0O 3

o ~ . U+ 0 .,+”'l“f1:+' [ﬁ: 0O+ 22 BRI o,
o ' %“ M R .

Qo4 U+ O+ 0=

”' @ - % ) -

\.v:\ !,&
. .

H
0
L
i ]
AR R
W
N
L Y

+ New problems?
( L 4. 04 0= 300 . ‘ ‘p L
L t99499+99= /\ N
. 98498 498 ="/ _\ S o o
96 +96 +96= [_] : |

" Did ')gou actﬁally"add these numbers-'?_ -How did."yg)u’ get the answgﬁr'?_ |

i

i

{“.‘.' " T

S D‘.-+-'D-+'3';~(Z>.<%Cj) £ 7

. i N ' - . 0 ’. o : . . ’ : : !
. c v . . . ! . . t .
B o . : L. i . . N L LR . N S
«

é . h G ., '. ) - o : M|

. New problem: = « .

&




o . A . ‘ . R f
. . - J . .

| . : o
. . ' H . . " ’
L > . D Ce———> T3x Pl - 10 a b .
. ] o 1\ ,J . - ‘ ) . . . e . .. »);' -, .
‘ . - » \ ’ . k : - . s ‘ .' o

) Andy: 'o" .« _ o : _
et N IR A . ¢ . . ‘ ' B S
"What about 192" - D PR . : ‘

: , s , - . _ L

- - _ . Andy: "That's what goes' in thére, isn't it? "' |

v . . . B ' ) .' - ' ; _‘ “?._ Lo : ‘ . . . -.' . _..._ ._ , !
"It might. This u, a 1ulc ‘that tells us that we are’ going, to start here, and land -

| ’ |. here. So lct s start at lO _ If we start at lO wh01e do we land Gretchen" no_- ‘-'
( . ' - v . - K¥ e - o ® -'” &
S S S Pt Y
e MThat's the first part of it. Now do the whole tbmg " _ o "
- \ 1 -."-= . ’ o, ' " ) : oo 0 { “ e,
» ,. Lo . . . . ‘ N . . . \- . v (20), » .. s v \.
. .'“ . ‘\" N \ '.'f v .
- el ] L L ‘:1"--"1 _ \ | L 1 $ B
v Y T T T Y L T T T L -‘. '~.‘
» -3 -2 <10 11 2 34 5:6-7 8 T

‘Startat: 7 . - Land at;. /11~ . N

.
‘l
P
v d .
' ";‘"v . ) va'
‘ S ‘ S ' , - Ve
: v N . i .
' 1 W L 1 mll 1 N L 1 i 1 1 1 /‘l [V 1 el } '
. (v T T Y Y yo— T T v Y L T L ]m“
0 1 : 56 78 9 1011 12
. T e “\ e e
\ .
. . a 1‘
. r’
L
[ ]




Continue with the rule C]__‘—'_>'L‘3‘_><:EJ -j_l‘O' ¢

that happencd to that Jump? Is t\hat any : T L o ' I

<l1t£eront from tho other one ? Lynn? . . o 2

. O . v ,
' : 's (It' s going. \:he oppos1te way, )

.-_;

Lct' s see if we can fmcl some moﬂr‘c Jumps going the oppos:.te way. “You give me '

| anumbgr.. o Yas N
. ) X . - , -" [N B R X . . ‘ ‘

b . . r‘)\. ’ ". '» T . - ) '
If'you start at 1% you goto 41. What if you start at 3? _Land? . ' ’
Lo arret ) AT
" How many spaces is _t‘he\.jump_tha:'t starts at 47 at 3? at 7 ?\""‘"‘--..- )
. 7. . . ) . . = ) ‘|_" . N . , ‘ - .

p v

. T > S
N Wc hav«; two Jumpfb tha{t are 4 spaces each Can you. f{nd another - \( ’

. » : i
mp. of 2 ‘bpaceS? e T (Start at 6) . ~
— .‘,‘ . : ": " o . b % \ »
- Can you find a jumip that doesn't go anywhere? " o |
. ; o -. : | . -. . v‘/. -~

Can you find _a_‘start.ing..p'oint so that we will jurmlp one spéce?
A R _ e ,




7’50 on Y o -

.. - | . Supplement A
, ) Functions' = = .. B
oo o by Edward Esty
ey L & . ! . . - -
. . - o gy Lams 5 T . : .
\ . o e R : £
. : .’)._ - L

" The l!niversity of Illindis Arithmetic Project has long used'jvumping rules.

in classes for elerﬁentary scho'ol ehildren This paper will-give a broader

view of Jumpmg rules (fcalled "fu\n'ctaons" by mathemat1c1ans) ‘and. 1nd1cah"how.

/-\ " R
they are used in 1ater work in mathematms L
'ty. - ’- “ '.- _‘. o \ .. ..... o i '_ . L
- -Example I. Consider the jumpi'n«gl‘ _r.ﬁ‘le : C— - + 3
(Thls mandzid mtroductory exam le from the Ar1thmet1c PrOJez:t ) If we ’
" gtart at™4, we put a 47 in both of the boxe,,s The rule then tells u "to- go from 4
to 4 +37or 7, A o R R
y . .- - . . . o ) . . s I . .
| : 1 — S
. ) e . - . . _ ‘ =
N T N — 4 . o (- i e
, ~otart e - Land. R o -
* ’ ,‘6\ ’ . )

: _;A so, if we start at 2, we land on 5, If we 's‘tart_'et.‘lOO ,;{land'\_?n 103, __ahd
. " . - '
’There are several thmgs which should be not1ced about this Jumpmg rule

-

"(er fL}_m tmn) : ‘e

A T O 1 S S : e N
K : \ v . K
»

Lo There are some places where we - can't start.. If we put Bro(hx Zoo

—_— \
1 mto the boxes, we 'get nonsense: 'Q)Bronx Z00 + 3 d0esn't mean anythmg o

\

& *

2. If we start at a "legal" startmg place, we land on e’xactly one land-."_" &'

.‘

<
ing pla( ed In the absence of further mformatlon we can ass!lme that "legal"

qtartmg pomts mclude at least all the numbers on. the number lme—-zero pos- o

S . S
1tiVe ahd negénve mtegers, all frafnoms (like -::;’- ' 6@1-", _72 , e_tc.) and .
. even irrational numbers like Ve and ‘w , /o .7 ‘ : . | |
14 ' ’ C * / )

o




‘ L ' \ : . o , S
~3s . We can draw a plctune'of some of the jumps ma,de with the Jumpmg
B rule, I‘yplcally, we m1ght draw' - * o ’. | (1 .. o e
‘ i ' - | -
— u
' g

' "[‘ﬁis"jlip\pih%uie, Allfl - 'l‘f]’+, 3, is not an.overly fascma.tm\'he but we want/a%l

' simple "orjé for'.illustratiofrgnc_)w. Notice tha\t pot all msmble jumps ére drawn

. P N l . .

4, T-here is a definite, simple pattern app’aren.t 1n the Jumps, e, '-each -

. Jump for-this rule goes three umts to the right. ) ' ' P

» ) [ . ‘. . A
' o ‘3..:- - We can land‘at any number we want (Just by startmg 3 units to the
. . ?l - ~ . : . b " N . . .. . )
. Teft of 1t:) SRR \ A i T

L . . . e * . o Ty )
Sver oL . . . - o . . .
[ . oo /!

v “ o ] K¢ - K . X
o . 6.7 Any landing.place is alsd a legal starting place. - * - ay
' 7. You never land on thé place you started from, .. 2

N~
€ i . . .
ice . . R Lo '/‘. AT ’ L. ) . sor
. . . . S . o .
. .

ST

A}

'.,‘ . . . -.'.'._-\

- I . '
/— . . - - * e

v

L S — e ) _ . : , . _ ., ,
. ) - — . - . . . -

. N N ¥ oo ' »
-Start . o .. Land . .
. . '. ) \ . ) K ‘ ~_ . . : ._ -’. ) . - PO . - \

If we s:t_a'x:t at g*We ‘land at h. 'If we start'at u we land on v, and 80 on. -
. . T '!'. ’ B S ¢,_'  D S . - e e
"".-Noti-‘cé-thatf' s

[
[ 2

| ‘,gam therp are some placeg. We can't start at, for example 5= ,’

.Fi:ga.hlplc .II. Here is a different sort of jui’fép”m.‘g’“'rul%ai.if-'?alphé.b'et'jumping rule; -

-@ L —> thé letter i;nmediat;.ely following . | in _tile Englislh-valphabet '

- w o and z.' (Why not? ‘How could we alter the rule shghtly and in a/"natural” i

‘way to. mal(e 'z a legal starting pomt'a) A k o T e |
< y ‘ ( . - . '; - . . C. . .
3 tee *l_d. - ‘." ~ o




e . . . : : v

‘o

‘ ./ 2. L Ag .«hetore 1f we start at a 19gdl starting place (1 e, any letter of o

¢ .
. the Iun;,llsh alphahet exce t'pt 7 ) we 1c1n,d on exactly one landmg place . ‘.
'n 3, 1.‘0rl thiﬂ,rulu we can draw a -pigt}lre of 9_}_}_ ’of its ju_mps.
R ! 4 . L ] A . - v ¢
. . ¢ .

/\!/Nf\ N(#;"«:warwﬂrvfw Wf\f\/fwmmmmm(.m'mm'-'

o .4..' ) -Ag:_ain there's a gihjple pél_ttéljf’l --app.ai"eht’ﬁ‘l'thé rule, - o -- o
' N - R N ‘
.' .. - .5 3 We -czl}nh:Ot land on eve ry.‘_le't'te.l'-‘ (W.h'i.clh_.'o.ne‘ 'o-r. oneé;aqe'pgg lar\dmg
‘ by _N_(_)_t ch ry;l-ahding place is 'alq-so.a I_egal' startiﬁé 1;1-d;ce.

ot o _ Again there are no standstill points (places.such that if. we'start =

~— . . e . . e .

e +

" there, we land there)

LW

. . .
- . : : . v ' .
. . ) . . . . N X )
. . . N . . . 3
— [ ) e . - . . . . — -
. A . . . . R . . ‘ .
. . ) : . . : } L. "

[ J

wet/can't start’at (for ex'e’imple = )

z!. If we start at a’ lcgal startmg place (i.e, any mteger) we land on exactly. .

' one landm;., pldc(‘ (whlch must be e1ther 0 or 1).

. > - ) »
a . . I T . -

-4

3. Wo namnot draw a p1cture of all fhe Jumps we ‘can rnake Wlth thls rule. -

II:* I‘t“' a 1cturo of some of them:  « K
P .
oo o : . -8 4
N BN AR ) .
4 L. . " ) )\ ‘.‘ v

“KExamplé III. Here is‘another jumping rule: ‘. - _ SRR
S ' ' R S S S ¢ © is even- %
.-.' o . : "'. . . S ' . 1 _1f. 18 odd -
I'wi: . N . . BN . " | Y ‘ o . | . s ‘ _. - o .
1., There are placcs wén can t stant at———m fact th,e>re are some numbers o




e SR . . LT, WO ) e O -
N ) . . . Nt ‘- . ’ LTy ' - ’ e
AP . : . . ) . .

4. Again sgm@or't;ot_' pattérn"i‘s a-’pf)ar'en.t{ L

5. Y We cannot land on every number or eyen on every integer.es -, .
. . . o . . . - . g .- “ . .
. . . ‘ 2 . . . (v

6. Kvery landing place.is also a legal starting place.
_ ‘ Lo v o

-

* o

. -‘('/ . ..
* 7. This rule does ‘have standstill pointg. (

is an even i"n\mber. ) ‘“ o s L
. . . . . « . ) : ’ - . .
. . . N : ‘I './ ' . v . A\_ o . e ) ‘ ‘ . L , . ]
bl R 4. ) . . .- , . N . .

.

6".

- E_xunlp\le‘lv. ' Here is, ald.élibe,l.ately'stra_n"ge juihpi'ng"rule.

<At

:""“‘.‘\.* C O - . .. b ‘ N - .' ol 4/];V/¢7i8 Bronx ZOO *
ey ‘ v M . _.-

1’\3 : T e g o1 B RPN

’ . 7 . - ‘ l. _% j | . ‘ . X “? ,.e?‘
' — - | Qhio if | | i$ Ohjo
] . .

[} ) . - 4 r. ~ i P
. » .

. o : . ~ v : ' B e ’ T e . ’
S . N S r f"-’ 4 if- | - is 9 wx

\ e

// - ;_.1.. ~ P-Ié're-tbe:'re ét’ria_'_o'_nly fét}r legallstartin‘g plaéegi, na‘rﬁély, -.Brot‘ix*'Z'.oo.f\ o

. A .o \ :

2, I we_"gt;rt at-a legal starting place we, land on éxa,ctly_.or{'e' landing-
. IPIa(:e" - . .‘ o N ‘-., .f\ ‘ .

-~

L Wg can draw a‘picture of all the._jun’_i%\.- ‘-\\:'

- «
)

_ a
Bronx Zoo

N .7 4. There is g_(_)_}i«we pattern.in this totally arbitrary and artificial.

CJlumping ruler .

X

”
(82
’ .

. . . . : ) ) ‘ .. ..(-_'
“¢ ... - 5 " Wecanland on only three t!

v .

gal starting po_int.' y

. R 7. This rule has a's‘t.agﬁdstill ""point'*, = (Ohjo)

v\ ‘ . . ‘ F v » ¢ . . “‘.
P4 ¥ . ‘. . ) ¢ ’ .

W N . u . TR 2

. C T
What $ire they? Zero. -
; RN . f' ;

—_ : L .Central Park if |- is M
L b g

Af"l.

lings,;'namely‘ 4, Central _Paflf and ‘O"hi_o.’ ' , o

' _;211




x' Lo . .’.- ‘ .‘ v. ,..- ‘. 1 .‘.'. 1/ . . -
g . e L (O : Wi . o o L
: . . \ . M . : ' - N ! . 'I‘. ’

S B Hcre we phall say that there ad‘e no 1Ilega1 startmg places.® If you

_ o 1 1 -
A btart at 5—4- you‘land on 52 LI you start at Bronx Zoo » you land on Bronx ‘/

. ' _ RS
. ”';) - 700, _and-so on. - o . T ST
* 2, 'If we start ata legal starting”place we-land on exactly one Ilf‘an.di'ng
- ade, . . : A Vo e ‘ . . o'
© L B e
. 7 3, - We '._c_an_not d_l'_‘a_v'v' a picture of all the jumps. B : 5
% 4. The pattern is clear here (and.dull!) «. . .

‘
1 ~

| 5. We can l(and'whefeve\r f\%;(e_want-._ S ) ' 3 :-' . _
57 6. -,.'EVery'la'nding place is also a legal starting place(_"-\ . -

. * . . . _\ . .
T Every p!’ ce is a st'lndstlll pomt’ v S k

_ The reader will ‘have observed that there is only one property wh1ch all of'-
3 the-xabov?' exam‘ples sha*re for each legal startlng po1nt there 1s exactly one-
o landmg pldce Some 1and1ng places may. be Mused!! more than.once; (hke 4 in

Tl hxample IVor. 0. and']1 1n Example III) but to each startmg pomt there ,cor-..

- rt sponds one and only one 1and1ng pomt -~ T
. .. .o v - ‘. - co ] R N

hd ~

-E)_(anlple VI, ‘Here-is an example; ofin 'rule' which is not a jumping rule

.'(fn_nction):

T ' . ..'v- 3 . »‘ (" % . . b - . . -‘
— > ~ .any number whose squareis | | -

I

The permlss1b1e startlng numbers are zero and all pos1t1vc numbers.‘ But 1f
RS kwe start at 9%, for example, ‘we could land on e1the1/3 or -3, sincée 3 and~':
(—-3) a‘re ,bo‘.th 9. Smce for some startmg numbers we have two landmg

-

" IR numbers th1s "rule" is- not a fumftmn. : PR

’ | * Actually, we should sa;'r‘that each place in any pr’determined collection @
‘ “.starting places ig a legal starting place—but don t wo ry aboﬂ he dmtmcuoni

between this&agntence and the one above. v ‘ T e S

g B .- : . | ‘ ) ¥ - L . . . )
' 32 \ ". / o ‘ . . | . . v E . . . R - ‘ B 20 ‘ »- 3\:‘»




) e : . . .l o ’ ‘e K ‘ '. ! g~
= . .. —7—> - the telephone number of | #|
¥ P _ o A L A e
B A ) : . s v . - o

-_"_ : . N : : . 5';'- ' -.‘- L o .} ...r:

. -'We specify thd.t the legal starting places are all people and orga.mzatlons - g

-"._h;;ted‘ in the l‘)bb Boston West Sub‘urb% telephone dlrectory Suppose that .
- if we'start at H. ‘M. 8mith we- landcat &35 6373 (Note ‘hat one would have T

to havc the d1rect0ry to determine the landmg places 1ﬁ general, ) Is, thls o
%jum tior” = What about stands@lll pomts? Are any landmg places. also legal" - ~. |
Stdrtlng plclc\es'? | L / Lo .' | o _ ) _

Example VIII; : ' .
S C “is larger than 2
e . | [ '._.n—_"'—>' - '. ] i R N ' o
a , - " . is smaller than 7 A

ot

Legal startmg places here are all numbers on the number 11ne. 1s th1s P

' 'functlon" Are there any standst111 po1nts'? _ S - o e

1
:’05 * . f 1 : V N . ’.-
t

. . 210 Y- . L. . R
- R . . MR “ X ) -
. - < B ] . .- . .
- . PPN M . . . . . . . . .
. . .. .
f

L Y

‘The, reader mlght reasonably wonder what aspects of.functlons people

studyr 'In the next three examples.we explore in somewhaﬁ more depth e

. the §orts of things wthh can be done w1th functlons.

-o.




. " the left-hahnd edge is 1 1nch and the he1ght four-inches from the left- : v

-

. peoint,

‘hand edge is '3A

Ve

\' .‘,.. . . , ‘
The hught of the piece obv1ously depends on where one measures it, &

4,
but it is' 1mportant to notice that gwen/ac-rfy d1stance (from 0 to 4 mches)

L4

Afrom the left- han‘ti edge, the piece of metal has exactly one he1ght at that

2 .

.A,‘a one can see fron‘ the d1agram, the helght zero inches fr'om

Y 3
mches. Suppoehe that. the piece: of metal 13’ des1gned s0 -
[ ’

'that 1f we measure the he1ght at*va,,’pmnt O .inches from tl’l‘e left- hand

[/

_ V.t;dge, then-tl;}; height at t_hat;peint vw.dl be“_ U;;D '+. ,‘,1- 1r;ch,es;- o ] .
| \ | 'AQ 'Jr »

'

o S
For mstance, the he1ght of the piece 2 inches from the Ieft hand edgé

'is LX2 + l or l'!- inchel. We cap express all this as & functioh

as follows: j S e

-




"

. The. le*gal startmg places (dlstancés from the left hand edge) are all the :
numbcrs' é‘am 0 to 4, im.luswe, landmg number's are helghts. Notlce-
' that the function gives 1 when we start at 0, and 3. when we' start at 4, . . N

Whu,h agrees (as it should) w1th theﬁmenslons shown in t_he,_plctu_._re.,
%0 AW ‘ . : B

' -~ : B .
! , Q_ues.tion: ‘What is the area of the ernt'face of the piece of metal? v
N Nt 7 v
We might approximate the area in many ways ‘Suxely the area must be' ' '

more than‘\‘} square inches because a 1" X 40 r’é%ta.ngle could be cov-"
% ! L : Y

ered by the metal.. = _ L _ -

* .
]

On the other hand, the area must be less than 12 square inches since a

o3 X 4 rectangle could cover-the piece.

o

~.




R A L o S

-
< -
=

I - C PR T . ‘ . ' ’ : S o - S
. . ,

SOOI S

A ¢ lusor .Lpprumnmtmn can be obtained by drawing a slanted 1 line:

@ .
. ‘ “
.
L N !
) ' . . *

1 ;
oG a.
\} '
v -~ L
4
‘ . .
l\. -
L
<
A
. :Q‘-:.
» =
. Al 3 “ +
a _ 'Y ' ' D ' ‘ ' . : _ -
The area of this trapezoidal figure.is P 4 of 8 square inches ~
. co W% N . '.'
) ) i , . . A , .
A further refinement would bé to use two trapezoidé': . .
K . . <.,
° 4
| . ‘ o .
b o + td
Ll :
14 .
. &—T_
“:I 1‘” ' .‘
. i
I 'Y ; . .J[_
L l’ - ' L]

/ ) ,/ . Y L v \
L ‘ : .o _
: ‘ | e
. : ; ] ‘ . . o !
* g we had two of theae trapezmdt they could be arranged to '
forma 4" by K'Y square, which would have an area of 16 square _
inches. One of the trapezoids, theh, has half that area, or 8 : A "
26 ,-.aquare incheb. o - ' ,
- ' .

e e e e

.(’




i . . ) . e
) o )

" v ) . N .
' . : . ! . ’ . -
. . . e . L .
i - A '
: : . 1 . o N T
- . . . o .
‘ .. e .-
. . O
. & . i ;

We know’'the height of the broken vertical line in the middle because v}e_ know

< "
¢ . N - . . ; ‘ . X ‘V ) .
where we land when we start at &«usin;g the rule -[J > 0 3 E] ELEEE SURNR

The height- Z 1nchcs from the left is l% 1nches )y

oo G

.

(We've already done this,

|

- » The area of thc. trape/,oid on the left turns out to be | Z-Z-
1 il

the area of the one on the right ig 4*" square 1nche8.AcThe total area of the

-~ ’ ‘
’

two tzape.wuls is then 7 squaxe 1nches Thia 1looks a.s if it is very close to-

'
square inches, and

the’ true sul‘tace are@ but it 19 still a bit too big. ‘We: could use more and more o
t.lc@(,/()lflb, but no mafter how many trapez.o1ds we use.» the curved portion of\ '
A .

the picce of metal w1ll still g,1ve us trouble. By sphttmg up the figure into more

—and more tI'ilp.lds and by figuring the total area each ttlme, we will get a .
sequence of numbers _which appr0x1mate more and more: c»losely the true area:
(We &FC assuming here that there actually is a number w}uch represents the |

true area.) Even though no sﬁngle apprommatwn w111 glve us the true area, it

15 possible to determwle the true area from the sequence of approx1mat1ons

o ‘ ?e tollowmg table'was prepared by a computer R TR
——e ——— .. PR .____.._.._‘.- - .‘. . i N .‘ . . v e e > .\."._. »,_ __,:. _\.. s . R
X o Number of 3 Width of .caeh ~ Totzi.l; area 'o_f :
‘ " . trapezoid in the trapezoids
trapezoids ‘ , g o 2 : o
.. . inches in square -inche's
‘ r—~ 2 E'3 ; './ A"
- 4 N R
) ¢ { .
3 2 S T : 17
| Voo ,
’ 3 1.3333 - 16,8148
‘ 4 1 : D es
5 .8 6.72 '
\ 10 4 6,68 °
| 15 L2666 " 6.6726
’ ’. ' dTS “ 016 | 606688
50 .08 ' 6,6672
. : . .
100 04 , 6.6668
A\ | < |
. ) :

Can the reader 8

a_n what number is bemg approximated in the rlght*hand col-

umn of the table? This number represents the area, of the piece ‘of metal.



-
*

m}m:mh#mmmmcnaﬂeﬂ”mmﬂwmchﬁemwtﬂrmm

propert‘es “of functions, In partlcular, calculus can be,used to angwer just .

!

- such v'probluns as the oné abovem—flndmg the surface area of the piece of metal R
o _ . '
apully ard epsily, . v

lhc function which dctermmes the curved portmn of the plece of metal is: |

4 v

I’ . .. ‘ . °
. . b . : . v, -
! * . . : ’ v o

Using a proeess ealled 1ntegrat10n (which is very rduch like our summmg of

[}

arcas of smallcr ancl smalle.r tfrapezmds) we get a ne'w funct1on.

. ¢ ‘ x ' >.< ¢

| P +
, - © 24

v

whigh tells us the amount of a_rea to the left of the vertical line .0 inches from

L4

the. lu_t't-hand_édge.._,- (As before, the legal starting places aresthe numbers from L
0 to .4', inclusive. ) So if we start at 4 an.d .uée‘the area_ rule, the number we
. land on-will be the area of éVerything to the left of 'the vertic‘al line 4 inches

' trom -the left- hand. edge—-—-that 1s, the area of" the whole thmg. Try it. Does
. . ,. . . f, . )
»your answer agree with your prev1ous guess? : L

— The preeedmg paragraph cspeually%he part about' the new function? may

sch like black magic to the reader,’ It isn't really, but a der1vat10n of the pew

functmn is too long to incjude, here. Suffice 1t to say that often one functlon is
\ “
useful to desembe certain propertles of another. -
’. ‘ )

1

i‘lxample X. We reconsider Example III in a little m_or.e depth,

. .-O, 1f i-s’e\;e‘n

4

1o [ dsead

3

(The legal starting numbers are aﬂll integérs———O 1A, ~1, 2, ~2,.... ).
* Choose any two starting numbers. We could follow two different procedures.

1. Multiply the numbérs, and then put the procluct (;‘hrough the rule,
2, First put each number through the Pule and then multiply the two land- -

' Lt . N
dng numbe;'hs. ' ' )

) -




% R Lok
: —Fhe—pule .&Hh@-ﬂﬁ-\-&l‘k—:&b-kh-pt‘ﬂ-peﬂy——rﬁ th&t—rt——m—&k&s—no—dﬁferenc&whfchwo-———

vdurc- is followed.™ For mcample- supposc the, two numbora are, 3 217 and 984

. . !
- - The prm'ud\_grc are dia u.amvd bvlow : : - '~ TR R Coo T
! . o ] e ' "‘ N L .

. Sy 'Multiply them: N - -Puts 3,165,528 L
' > %217 X 984 - esme  through the rule:’ | .7
3,165,5287 3,165,528 —> 0 SR

L ‘ ] o . ) . . .
( ~ i L - _ 'Re}ult'is- .
' S - the sarhe

't' ’ B . in both
. BN / procedured®

Ho> =yl

Put cach num-
o - ber thlough the: - Multlply the 1and~ o
o Y rule: — ing numbers: ' .
~ T a7 — T 1xo0 = 0 . o
984 —> ¢ e -

TS0 it we're mtorebted only in where we land if we start. at the product of 3 t217

. ¢
S . . and 984, we can avoid the bothorsome mul)tlpluatlon by’ usmg Procedure 2

- 4 ’

mthor tlmn Procedure. |- $ ! .
The reader may sce that this exanﬁple can be¢ summarized by saying that
thv product of two whole numbers is even unless both numbers are odd, in
which case thv product is odd While thls is of .,some theoretical 1nterest its -
N ’p.rd(’tu,al vwluo is negligible: if w.e are interested in-finding what the product
of 3-2.[-7 ﬂnd‘{()84' is, Procodurv 2's ,0of nd help Bven’ though Wwe can find out x

whvr«- we 'land it we start at 3,217 X 984, we cannot use thc landmg number (0) -

to rec (mstxuct th("pl oduct.. This is because there are many startmg numbera,

(allth(‘ gven ‘numbors)vwhldh will givé 0 whcn put through the rule. .

)

"‘If the reader/ doea'n't find'this remarkable, he is urged to find other
functions with this prop rty. One is O —> 0O X0, What abq_ut '
' . 0—"0+3 or O 5% 0 7 . ¥ |




»

¥ .'y h" ..-. «
| -
. t "' . s . ‘.1 - B
' . o ) .- . - , . s
Example XI, ‘ _the number of times 2 . . .’ e L
Lo . “won _ SRR
\ > = ¢ is.used when {8, / v,
ST . . - o S '
- | written as a product of 3'g_—, .
! "\ - '» c g S S

- The 1eh,’gal starting numbers are those numbers which can be written &5 a pr_gdu_c% :

~of 2's. Since' 8 =2 X2 X2, if we §t§ér_t at 8 we land on 3. Awpartial ljst of

oo

oduct through the rule. .

X

-

jumps is .shGWt_l below: |
w ,
| oo START v ‘LAND R
| ™
2. — 1 S
4 b —> 3 B
g
, 16 S 4 :
- 32 — 5 ‘
64 —_—> 6
) 128 _—> 7
256 —> 8 '
. # 7
Pick any two starting numbers. Again we can'follgw_tWO differént proc.edures:
.. © "Multiply the numbers, and then put the pr
. ¥. 2. Firstput each numbex; through the rule and then add ,the twg landing

.. ample, guppose we start with 4 and 32 .

o

Multiply th(am:
4X32 = 128

u

Put each num=
ber through

" the rule:

4 —> 2

32 —» 5 .

A4

L]

e

S

)
»

Put 128 through
the rule:

'~ 'Add the land-
.ing nfmbers:
2 +5 =17 ¢

33

. BN
* ‘

qnumbers,  Again the xl'csults of the two procedures will be the samef For ex-

R

‘Result is

the same
in both

AY

procedures ”

.-

T




. . . . . A . : . . . . oL

’ 5, It happenq thlt 7 is the landlng numbe r f01 no other Startnlg number except
o 128 0 qup., this fact (ndblt‘\-i us’ to [md th("pl()d\l(t of 4 and 32 1n thls fashmn e :
¢ . - v , L ) S . ) 'L_ . LI
_ v
| C ) ,
: - So 128 is . Find where to start Uy
. : - 4,X 32 " ("‘—'— 80, as to land on 7: [ .
p ) . ) . E ! : ___} 7 . . - oﬁ_
. 8. - e, . o . - )
} T : ) F(, , .'( . -
) ‘A o h , o ‘
% - . ‘e & o ! ' roo.
dut eac ber S '
Put cach nymber R SR Add the land-
» through the rule: . ine numbes
. " e 4 | e > 2 E,’,_ 51“1 c7 >
’ | 32 -—‘—.) 5 ) - ,-., . v .. B .
e } ) , . .\’ . . . , ) . . .
Thus. the problem of multlplymt_, two startmg., numbersv is reduced to the far o f
' Csimpler problem of adding tho 1and1ng numbers and then usmg the rule backwards.
” " In the m\ample above, mstcad of mult1p1ymg 4 and 32"we put 4 and 32 ‘through - "'
< the rule, landmg n 2 and 5 respectwely. we added the’ 1andmg numbers get— ' ,
ting 7% #Ance ,l&B‘.\s\the place to start in ordé\r to land on 7 we know that ; |
: . \ < . * !
I S VI AN WY RR : SR -
« At this point the reader may be thinking that this mdthod works only if we
Ciretrying to multiply’n\ﬁnbere like 2,- 4, 8,°16,. etc. {3 8o, the re'élder:is-right; A
1t would be sillysto try to write }"or oxample as a product of Z's because | / |
RO 2 ~ 2 - 4 and 2X2X2 ='8., But it would be a tremendous aid to computatlon ‘
i the rule cohld'bo cx‘tcndod to other startlng points so that the same relatlon- '
. ’ —_— T

h o sh1p bvtween multiplying startmg nurnbers a.nd addmg 1and1ng numbers hcl'd

~ Supposg,

A
» start at é W.here should we land? We know that 16 X % =2, .

A

. If we'use t tarting numbers then the Iandmgg numbers should:

numbers as.

’ "ngnm equation 1nvolv1ng addition: _ : . o,
ot - . ) 4 | N ‘ ¢ , ‘ ,. ?
’ " START: - 16 X .= = 2
b - x | »
: v
[ 4




o i vB\_;'t' we. know that 4 fl(—3) =1, so if-w-é gtart at % *we should land on —3

i 3 — " Y -

Notice that we are not =(°1ahining that if'one uscs 2&3 a factor negative three
¢ .

-l
tnm S thc p-roduct is {“ (How could you udv anyt

n ‘- . ¢ A
! . ng negative thr ee'tinws?')

W an (l(nmm;., that if one wants to allow more numb&rs as legal Startmg

[4

plfu GER t(t eplng the same mult1p11( ation- addltloh.ldea., then in partlcular ifo e
) A . » . R .

we start at g we nms‘t land on -3 _ :
\ e “In _Lht" case of 16 X i ;‘, -:%&ghakeg sense to gay that if we star? a.t,é- we
land. on +3, ;But how do we knmﬁ;@that this will always: work? Perhaps another -
\ < (
problvm would force us to Loncludc that.if we. start at é— we must land on -—5%

v

b:ly "Of course this would be disastrous: it would mean that we could never -

. 1 . . . ' N .
_ mclude. § asa legal star.t‘,lng plaCe smce if our rule is to be,a function every . .
L . : .
btdrtmt., plage must have._exactly one landmg place Suppose S-1 and S.Z,\ are any
: . . . e, > ' S e

two legal starting numbers such, that S X El; x S We will call Ll the -lan.di:rig'__.

i

2.

. pl_a(‘p !'or,Sl_; and Lé the la,nding place folr S2 N 'We,,v‘v%nt to show that 'Ll' + (=+3)

-
o o l[& , for then we will have shown that the 1and_ipg-nur;1ber for -é— is -3, Now if
q Hl Y;l;— SZ' .thep Sl.eis 8 :times_as big as S2

| or, "s‘ayir'ig» it a"’iﬁt‘le differ'ently., '
' . . t : R ’

8 X 8- 8§ . We know the landing places for all three of these numbers._-

P .. Z. .- . h h ) ~ . .

v - ! -
 We have:

(O

. ' e - ~NC
. START: .S, X

, 8
e .<TT~_LANDS~  YL, o+ 3

[y

\ ' We know thakthe b_o{to'm dquation is .c‘orrect be.cause Sé , 8 '.and' Sl'are all legal, .

- S o o . |
starting numbers. But. 'L; +3 = L1 says. that L1 is 3 more- than L2 . SQ"if_wé
‘ added -3 Yo Ll we would have .‘L2 . Thus Ll + ( 3) = 2 . We have'éhpwn - n

~ that extendihg our rule td include 1 as a legél starting'nurr.lbe;r wi_li‘Cause no
. A ' : 0! [y s )
\

' s i‘ncon&s.ténc'y; . \\

8




L e

Let s try tOfncluclt‘)ft/G\(noreA?umbérs as legal starting numbers for the

- 5
rulu Wheu- should we,l dn’} 1j)we start at 1 ' We have. \fOr example.

“ . .- \o,‘ .‘_ ’ B . ) LY ...-- . ) '. .o . . ) Ca
B N C l l .
) - . . . . . e .

Qo L E LAND Q' 4 f-t ? =

" But 4 + 0~ 4, 30 if we start at 1 we mus land on

o
) " this to e that makmg 0 the landmg numbey of 1 produces no Qntradlctlon.
' In somewhht tam ier language, if multiplicatjon problems’ involving startmg
numbers are gomg ‘to be turned 1nto additio problems involving the landmg .
:.. numblers, then if we start at the 1dent1ty elgment for mult1p11cat1on (namely l)

WL‘ should lan}d on the 1dent1ty element for add1t10n (namely b)
)

s thre should we land if we start 4t 0? Using the same techniques as-"be'fo_re' ;
. we have tor examplc' ; ' B ' R
L. . . h ; - .
* *. 8 _._X 0 B ~6»~~ ol

1. 2
' LAND:. ). 3 '+-/\= g
.4'. . Lo - ) - [‘ ] . I
. . Notice ‘that we have used two fpames of the same shape in {he second equat1on
P v . '5)
bvcauqe‘stdrtmg at zero must glve us exactly one landmg number. ‘But 1t‘1s
1mpu:}51ble to fill the blanks of 3¢ A A ‘to get a true sentence s The¥ fpre "
.J
. :", .
] \
. .l'
3
’ ‘f . )
W3,

a

.

/.J CE




- . :

Wher;e should we land if we start at -5 ?- We notitce that 5 X 5 Xl = 125" L |

and 125 iy pretty close to 128 . ‘Soy. . - NS ( . -

;o . _ R o« L

STARF -X | X. =. 125 . close to, 7.'12'8' .

5 5 5
LAND /\“r/\‘tA . -close to - 7 . /\ '

. A ‘a“ s - ’ . . . A ;ll 7 ) ~' o .
If .0+ ]+ S is to be near 7 then- /A should be close. to 3 of 213- "U(sing more \

| powo rful methods wh1ch we w111 not exp1a1n here, one finds that to five decimal

places the landing number is 2, 32192 so our gstimate of_..Z% }s not too far off,

. 3 . . . v R . . . . . .

. . . : f ¢ . . . . it B
. ; ) ) — s . . N N . .
LA . , J‘L . . . 7 U . . X t :

It turns out that this. funct1on (wh1ch is technlcally known as-a logarlthm' '

_.‘-' : tun( t1on) can be\extend.cd to mcludé‘\ all p051t1ve numbers as le.gal starting places.

»

[he whole idea was f1rst developed by John Napler and Henry Briggs in the early

s scventeenth. (.entury, and a coryfpleté\table of landing numbers was pub11shed in

Ly 1627 It vastly 51mp11f1ed the horrendous calculatlons nec-essary for the astro-
A : ) o r -
nomlcal, navigational and engineering applications of the day . The logar1t_hm

‘A' functmn {usually in a sl1ght1y different form) is used now in'many practlcal and o
theoretu al settmgs. Its usefulness lies in two of 1ts3propert1es F1rst as we

| R have seen, mult1p11cat1on problems are turned into addition problems, . and
gec ond cach 1and1ng number is ‘the landing number for only one startlng number,-

4+ o

This allows us to reconstruct unfquely the producj; from the sum by usmg the
A ) .

logarlthm funct1on bac kwa rds.

W ) N 5 . . Os . :; . . = ) . . . )
LN . . A . . C ) . . o ) _— .
’ ) .-‘ N . ° ' : *

It should be ‘émp}_maaiz'ed' that this paper is only an if’ltrodﬁction to the nature. - o

o - ,un“d uges of functions. .",But_ efementary school tea\chers'ahiuld be assured that

| o there;arﬁe few topics which play a more central role in eve y brgnch of math- \
- . ti . . : i o ’ S ) .
J4 e s ‘




