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' One way to. study the laws of arlthmetic is to work’ w‘th some new kmds
’ o Q )

of operatmns w1th numbers.‘ . | e ' V. )

Suppose ‘we take a new operation ® T("circle-dot'), We de_f_ingi‘ what @ .

I does as follows: o ' o n e

| o & "is the number halfway.'betwe.en , "and A ‘

 »Some examples: . o 1

(pronounced "Five c1rc1e dot %ﬂ'
e 2 equals 8ix and orte half” )
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'»Another'w'a‘.;r of describing what circle-dot does: = .

: ©® A o by'-definit_ion is . ‘ -
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' Continue with:

noa

. . .

[}

a8 I8 =,

o8 0o sz =

"1z | | e 100 = 0

"

13, 492. © 1000 -

i

14 (2 @n0) @ 20

in

W15, 2.0 (10 @ 20)

‘-

SR

B Notlce.that in. problems 14 and 15 the answers were, dlfferent although

“the same n\im bers occurred 1n the same order.

'theses or loop& suchas 2 @ 10 @ 20 ,. is not meanmgful It does not make v

| clear which. of. the two é&nswers in. problems 14 and 15 1s meant.

1s not an assoclatwe operat1on \

A similar expression with t ree pumbers and +'s is meaningful-

17 + 3 + 5
- - : —V\'

25. Addition iraqsociative.

P

An express1on without paren-— x

C1rcle—dot
4o , v _

. . '
3 . - AR

Whichever opetation you
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: _"pe‘rforfn first, the result is thfe same:.. (17 + 3) + 5 =
' df

17 + (3 % 5).

“In’ problems 16 through

2y "e'ontinui'ng with

[zl-o '

16,

. .ji

: 17, ‘.

ERLE

'1‘_-9.'.'.
. 20‘ '

i

Y

»

10 1.0 49

20 @ 20 & 2

<A A A /

24,

]

I

50 @ 100 @ 12

o The f1rst one has been done for you. »

...

N

& .

140 18 @ 14~

Ina student's words,' what 1s a good strategy to follow in’ domg the

-3 ©.400 @ 400

n

Fa

precedmg problems?

. L]

/ A

<A A>

—

2.

: 1nsert parentheses to obtam the largest poss1b1e ymrnber, and gwe the number

3052 -

'D +-A_f
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' Here are some ‘more problems \g'lth the operatlons "star" .and "check"
that you saw 1n the fllm. (For convemence we shall use the same symbols. _
- but the chmce bf syrnbols 1setherw1se arb1trary ) Although the defxmtlons R

- were not wrltten in. th1s form. you wﬂl recall that S o
‘/ A Q; o max{ » ).
(pronounced "the max1murn

o o "ofboxand wedge")

.. . B . N 1 a T |
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14
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| 'E'xarnples: 5 %k 18 = 38:-"'_"- Rt 13*5 -

R
<~
H.
T 00
1
[—
oo

18 Y 5

].o




o
h

(9 S
'

“.‘.:‘_. e

| 14
.. 1_6?_. |

BT A

" V-_, ; 0 ‘/ '_A -:

o Continue buitht  DokA

T [

(Hint:. Two nymbers work.) "

k19,

%20,

20X

k4

" * 2 L

' Finda :'nu"nb‘a'rf £oj-’-
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26

- :2-6'_'
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Cosy
—

H

‘

(3 X

. . Comment? .

A_ )¢1o a

) J 10 ; o

the wedge so til?a't. only'-o_ne'.nu.mb'e.r'will work in the -box:

b viie
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in one
“:’:.-vs}: S ‘ J

T B fat e

. p? (Write

[ ’

_'-4

K [V

For the followmg sta'_

*

v, al rf)'r-' "‘b"

‘\1 4%-3

\u

as-in: the first example.

= =12,

o

Aplaces, Wthh rule lands you on—the la.rger number

Redall that BT

and ""3 X =3 _'==

"~ Winner

7/

9

pori' 'hqgnputg, spec1£10 Landing pomts whenever you can. be sure W1thout
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The\art1f1c1a1 operat1ons you have been workmg with were defmed by

o us1ng combmatmns of the. oz‘dmary ar1thmet1c operat1ons Furthermore, they

ST Were defmed £or all ‘numbers. We can- defme an art1f1c'.1a1~ operat1on on Just a o

few numl)er&va)r g1v1ng a table .
R . Second Number
- ‘Operation 1y & S

‘ @ | V| 4|0 :

: 'Accor'di_n_g to the table:

4.6

il
.
ot
o
-

]
-

11 @ (4@ 10)
” 1,1@4 |

| j’>‘

._'. Eornow, try .

Y

(11@4)@10
| 4@10"

P -~ 1o




i Litnts
L] P o
) " L. J . ' ' / y
AN oo - - T L
e o ' 'lf . vt R . : ~- S
g . e, . S \ o . : L : .

e '_". So far lélooks as though @ m1gh1; be as'soc1at1vé.- But novs( try e S

o "\,\ |
1 <}> (4 <f> ,10 ) SR

e T (1@4;@ 0
.l'\-\_) - 1'-_’. g "“.'_ ’ - : o . ) . " \; - . ] . L _
Th1s one example ShOWS that our operat),on 1s not assoc1at1ve Is @ com‘mu- : ol

}.

[ S
tat1ve? 1f you try Varlous patrs, they come out the same when the numbers are

lnterchanged--—w;th one eXCept1on Y
’ . ,_.-.:L -l . .‘ = i o . - . 10 @ X 4 : - | 1 . | , i .
L . . . - L. R o _ " :..'.:
! Y ’ .. . ’ : E . - .
But th1s makes 1t non—commutatlve S f L ’
- ‘ The partlcular numbers used 1n the prev1ous table had no s1gn1f1cance in
2 them;elves, We cpn just as welf say that we have four elements‘ a2 by oy
§ ' and d \a'nd an opera£1on @ on them def1 ed by the follow1ng table: ._
I'é o - L \ y ) " - * .
_ AU _ '--\.--x‘ . p S
, . R ‘ ) J R .
- : ; R e
. b c - d b b \ S
. t . : ] S
’ c . c a d ',oq b . N ' L
) h / ». A_ - : ‘ 1 3 N
: d “,cl b b d Y RO ~
S .‘ = ' .\ - - x‘i ..4 ‘: - — : .. i . b 3. l',/ N o {‘ i) . E
. . _'r: . ’h\.r . o . . . . . . RN . . | _..' N _— "k") N " . i’~'

| | ' . . / ' ‘..,)'.' - v o . ,._"'V'.
R We can’ bégln studymg th1s q stem f‘or example, you mlght not1ce that when— L
| ever you'haVe O @ 0 you get d for the ansWer Also, the're 1s only one way/

oy ‘- AR ,
cal A to get a ior an answer -CM“QS .b =’ @ . , .' '

Agaln‘, nonce that no rnatter <what computat{on you do vshth @ and a 2 b , o
T C and d, the table tells you‘ that your answer W1ll always be a 4 b, cy -or
' d . I£ the: table Sa}d that a ERY £, for example, then you wouldn't k’now S

t how to ‘do o/thdr problems ),nvz)lvmg 1 unless the- ta?ble were enlarged to 1nc1ude,...
'.4 the elafment f'. _' ; \ . L 7 L ' - ‘




A .. e . .

e S -'~ S : S et : » A
R ‘__'._'-'-' o Us1ng four elemém's such as a, b s Co 'ld > and an operatmn Gr) it is-

possﬂfs'le t&,mak! up systems thatare assomatwe and\ comrnutatwe. Here is one

" such.system that is commonly used in modern algebra. ;

. y v . g
: < e R - . . . s . - : . : v
. R JRT SO U S0, VU T VU e O O SOy el W et . . s . - .Y
6oL N \ - . L A . T J . . Lo .o B . LT
. - ¥ X - o Lo . . .- - . . . . . B
N , . - ¢ L. .- R . . L . .. . : .. Lo :
PR . . o . PR - ‘s . e ERT P wit w7 : '
AR B v, : . . At

o,

:a b Le | '

_o . ... . ' - _.'

L} o 3, . 7

Can you a‘how that @ 1s commutatlve? Assocmt ve? . TR

o o Another such four element system, shown on the £ollow1ng page, is known

Do us tayley 8 four group. Is it assomative‘? Commutative? ST

L. : . ha. L [ .

'_.4- . . Cae - . LT ' . ) P .
. R . . ' . . o . . . . . R \ .
b3 3 - . L .
: ) . e . .
. . . i ' - .
. & . . .

sa
- ) C‘UI:: ;

K4




'.'Vsymbols (such as V or Gfﬂsa):e used,. the 1deas they stand for are not necessar1ly

C NeW. Averag-mg,. T .and maximum,. -‘,max'(E]‘._ A) are standard mathe-—
-matical operations. = | | o C ' .
c . R [
) " A . N .
.. i '\ B ’
N ) B ?
N - :
- . L 4 - -
. % .
A W, . ) N \) -
i Yoo .
. . o '
. d e L ‘
. A1 ) .& ]
‘e N . . N
L - | .
o 3 N - i
I ¢ o
\ . . L] . N
. Y ! . - _ v .
' ' [] . . ‘\ :.‘,J' \ ) ' :-, v
¢ L a w ~ .
v N , 'f'." C f
-~ ’ " - N . .

Ok

' rart1f1cia1 operat1on.

e " Ly ' g
L K .
Cayley's four group: Ve
L .4" - N I3 K
;-. : 7- 7 ‘ ".
Y R P ¢
’ .. ‘l -. .'4 ' - 1 3
R ‘ R “ ’ ,!
. ‘ ". . . . !
. , o
e . . !
. X .
( /
" r
. ‘Q'A
AT S % | "o o
¢ ' . ' !

_ Pedple are often curious about the symbols that appear in the wr1tten 1es~
e S &
'sons.b Although tnany of the’ syrnbols have: been dev1sed by the Progect, others

.

The symbols @. "

and \/ do not necessarl.ly h‘ave to mean thlsoperatmns that are used 1n this

(such as absolute value) appear in standard mathernatlcs texts.

wr:,tten 1esson. In'the next lesson, the symbol v will be used for a d1fferent

You should notlce, however, that although spec“1al b1nary

. ' & L
NI AN ‘ - s ¢ '




BT Summary of Problems in the Film

s ’“Some Artificial OperatioK

4

*4th Grade, Phillips School. Wate.rtown, Massachusetts |
Teacher' Phyllis R Klein - = AT AN

LI . ' L s R ~ e

Lo e . . ' . B v ¢ ’ - . T
' _ . .. .

.\,He/re. ia;é’.'syr;nbol:.that_“does something to pumber’s.. You figure out = =

»

SR .,.\_ Clok3 = 23 R

A 50 * 75 = .ro72.
' 32 % _». ' "14%
.-".-. .
.‘ - ~ - ’ ’ . 1., » "“

Te],l rne the answer if you! 'know what star. does\

/ . o=z (8. o

o ‘ RO N T VA - .;%) L

1}

1

! “ -\
« (1] . .

"Tell me what to_.writétz V”_*_n‘means: Double the’ first numbe_'r and add t’h,e"sep.ond_. R |
| | g "‘-;."..5;.:3_.1;'=-l.1_'.| » : ) ‘

s,_.
P

Don t do any arithmetic. Where do you put the nurnbers to get the biggest

: answer?

N~

w287 a2z (1422 firsy)

T ]
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Think of wha.t 1o * 3 18. Now da:

. -

A

‘S (10*3)*-5___"‘. (462)-.

'u__.

leference between top and bottOm?

(50 *'-1-)~*'4 -

it

o . .50 *‘(3- *4) =
leference between top and bottom?

v

M

’ R NI ’ .
- . . v o . L]

Prechct what the d1£ferenc~.e is: R , o S '/' . y

"Pfoblemj Give. me 3 numbers (a.nd we'll put. stars -and. parentheses

EUIEEEIES --(4.* 5) *f'rooli 1 (126)

4 % (5 % 100) (118)'

that tells you how far apart,

[ ..l N ..t . ) ) ) ! T . J

between them) 80 th?d;fference between the top- One' and L

bottom one is 0

i

T I (-— * 14)

b

.
]
-

- c S HOW far apart? '_ (50) «

Student: (0 * 0) * 0 =_-'

¢

0 * (0 :k 0) ‘ /

-Studenty You double the fir st number and”’ e

SO - How far 'apa.rt? S ‘\'*.-'- "',.."'(It works. )

el

L




Get the difference to be' 0 but one of the nurnbers has to be 10

) S P R Student- | ('10 w 10) = (70)

3 ey : . (20 apart)

e ' Student:, (0% 10) * 0 = (20) "
.0 *,( 10 % 0‘)_ = . (20) .;5. o

; S " | | __‘ _ ‘Student: Put 0 for the first number, . ¢

Write: what‘goea in the »box to malke_: this true: ..
(Kept on board' (10 10) * 100 =770) IR
. s ey o sy s e st _.__,,_,.,,_,1,,,,, K o e L _ 7. et e . ‘ ) . Ly

. _’ci (0. >;<[j) X ,-_-2,1 (3)
C (0 % []) % 56 (8)

L A = H e R = C S .

-

o O g O:
n -’

\ (o 'D)
f S Hmmnyomg@t&mg Lour answers?’ . .. T
Loy Student'- If you look at (IJ.%.[J) # (1= 14
. ‘ \ o theré are 7 boxes and you think *~
Coe o - s 7X2 14, LT
_ o ,Stu__de'nt' D1v1de the number by 7.
. .“ ’ . .Y
Se 'Let 8 do somethmg d1fferent-—-a new operat1on, Vo It".s 'VerYA.Si‘rr‘l:_[:Jle.»_} R '
| Examples-' 10 J 14° ‘1.4 AU o

Ay

- 1003— \/ 55 .= | 1003 ,

Guess: .~ 88V 0 = - (88)

. ‘ ‘ ! : . . . . .
' » ‘ ‘ . . o _'.. L 1047 \/ 1048 : ' | (1048)/
L . . R T & VAR Y T R .

n

“’ o . - ""17\/ ,-.18 = t
. . Billy question: = <18V =17 =




‘ On side board -. o B Y
: I * means: Doﬁble-ﬁ'r-s_t- number and a_‘.dd»seco.nd.. ) o L

J means' ‘Take the larger number.

ZJS

.

More problems: ‘0 v 100 = 100 (Any number under 100) *
. .. oVvs=16 - (16)
| " Ovs

n.u

2 -(Impossible) - 1

y -

Give me -'s"omé n-ur'nbers]to write on the boar'd_:- Loa T Lk

= T
i

¥ (((‘ 1 "/ 6) ‘/ 8“' ) ‘/ 81 ooo ooo ) ‘/ 3’°°°§ ._ V.

-

L] . ’ . .

R L I & R 2 S . R

w " \

e — e
" o .

Arrange them 8.0 you get the b1ggest anﬁwFr.

""i.

. . .
b Lo . v » . ~ 4 . . . . i )
- i . L e L [y Lo e . S Y . : . ]
3 - : C v . oLt v T
" . ) . -, - . . . - .
. . 3 . p © e . . )
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