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Tear out this page to use while
viewing the film, '""A Periodic Lattice.™
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BOOK NINE

I. A PERIODIC LATTICE

A lattice such as

® 15 e 18

1 2 4 5 7 8 10 11 13 14 16 17

repeats the same pattern indefinitely to the right, The close three dots on the

right indicate the continuation forever.. The dots in

6 & 9 ® ]2

5 7 8 10 11

1]

just tell you there are unnumbered '"'places'" where you can move. If the in-
J _ y p y

structions in a problem leave you at one of these unnumbered places, your

answer is just '"dot".

One and only one of the following examples is wrong. Find it,

(a) 2 —"-’—'4 = - 7

(b) 15 ——— = ¢

(¢) 8 — = 14

(d) 27 = —— = 33 | A
(¢) 27 ——=——1f = 134 |

(f) 30 = | ——}

"
W
)




Continue with the lattice:

e 3 ® , e 9 e ]2 e |5 e |8

1 2 4 5 7 8 10 11 13 14 16 17

- .
Give answers:

2 4 —-— =
3 | 9 - =
4 l? - — = .‘
5. 2 -+~ —>—+—+—> - =
6. 7 =-———+—+—+—— =
7. e = 30 7
8. AT 30
9. 19t =
10. Give some m‘tmbers lérger than 99 wbich are in the top row.
] ] | ?
11, 105 —————— =
12. 104 ——>—>——— =
13. 104 —»—>—v—>—>-r = =
14, 106 = —+—>+—>—+—+— =

<o




15, — =

6. | |- =

17. ' -f.. =

18, —- = ]
19. —-— =

J-12
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1I. The remaining problems in this w;'itten lesson deal with the lattice shown
below: - -
2816 3328
um8 
704
32 96 352 : ﬂ .
16 _.48 80 176 208 K
8 24 .,40 56 72 88 104
4 12 20 28 36 44 52 84
2 6 10 14 18 22 26 30 34 38 42
13 5 7 9 11 13 15 17 19‘

21 23 7

The dots indicate that the lattice continues indefinitely upward and to the right.

Fxpressions such as 7| and 4 * are undefined.

»

(A tear-out copy of this lattice appears at the end of this booklet.)
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a

. _ \
15, If one traveled straight down from 200, one would eventually reach

an odd number, Which odd number is it?

~

'16. 10 isinrow b, 16 isinrow e, 104 isin row d, etc. In what row
_is 2007
) ‘ .9
i In what row is 1207? -
Lo
18, In what row is 2,720 ?
, Above what odd number is 2,720 ? ’
19, . 20 = - = 20 -+
20. 44 — = 44 +
,
21, Describe all the numbers that work in the equation '
. 1
- = + 32 ,
22, Wrife an equation for which the numbers that work are all the numbers

in row b (and only the numbers in row b')'.

1y
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Teacher: '"How can you tell what to add when you move one space to
the right in some given row ?"

Student:
&

Ex'actly one of the numbers in row d works in the equation

\

(13

What is it?

Ly

» Lots of other numbers (not in row d ) also work in

//

v

' Describe the smallest rectangular array in this lattice which includes -
the whole numbers from i to 100.

3




w27, Are there any positive whole numbers which do not appear on this

lattice? Explain:
.
v
B
L4
’
- )
w28, Do any numbers appeay more than once on-the lattice?

Explain:




W

\

/ “

WARNING., DO NOT READ THIS EPILOGUE U'NTII,I/QOU HAVE TRIED PAGB& 8.

%

/

The answer to questions w27 and %28 on page 8 is no: each positive
integer appears once and only once in the latfice, There ar2 niany ways to

explain this; probably your lirres of reasoning were not precisely the same as

what appears below.

t

Suppose that some positive whole number does not appear. It can't be

odd, for all the odd numbers occur in the bottom row. So it must be :

’

+ even. Write it as the product of somqnmﬁber of 2's times some odd
number; that is, as 2X2X -« X 2X some odd number. Find that odd

- number in the bottom row and go u“p as many s¥aces as thére are factors
of 2 the number that appears in that po.siti'on'ir; the lattice is the nun”xber :

[ L

’ .}

which was supposedly missing.

;

\ | - ‘
28.  Suppose now that some numl?er appears at least twice. Choose any such

" number; call it x Furthe}, choose two particular occurrences of x
These two positions can®t be in the same row because in each row the
arrow — adds some positive number. As we move to the right the .‘num—_

‘bers get bigger, but no number is bigger than itself. So one eccurrence

\

of x ‘must be in a row lower than the other.

Consider the column 9f numbers under the lower occurrence of x , and
notice that the last of these numbers, the bottom number, must be odd,
since it's in the bottom row. . Those same numbers must appear under the
other occurrence of 5‘4"7 becaulse the arrow down, ly, always divides by "

2. But this means that there. must be an odd number which is noi in ‘t{le

bottom rew. (Sce diagram next page.)
'

J-12




'with. .

()
' odd (%)
g - ' : {’_number?
4 .
2 6
)_odd
l 3 5 7 e | - Lﬁ /‘nurnber_ .

We know this can't be true; every number above an odd number is even.

So we could not have had two occurrences of the same number to begin

2

f-12




Summary of Problems in the Film

"A Periodic Lattice"

 5th Grade, Coolidge School, Watertown, Massachusetts
Teacher: Phyllis R. Klein

What goes over here next to 207 (A dot)
' v
What goes next to this dot?

And what goes next to that dot continuirig alohg the same line? - (25)
. :

This time, instead of building the chart upwards in your heads, you're going

to build it so that it goes to the right.

4 —-» =
9 - . = . . 5.
9 “ A e =

13 t -
13 tt - . )
‘ 13 f | .
°* . - o ‘ (Dot;' 15; "It all depends what dot
S ' ' -, you are talking about.')
. I'm talking about this one (the dot to the left of 9). . (9)
‘_Nuw I'm talking about this one (thé dot to Fhe, left of 19)7.. (19)
Now this one? (o) |
And this vne? | ’ (25)

A question like this one is pretty meaningless unless I give you some more

intormation, ’




Do I have any dots on the lower line?

("Depends on which dot you are
talking about. ") ’

("It's always dot. ')
(Dot.)

("It will always be a dot when you
have dot and three arrows.'')

Let's call the numbers up here top numbers, and the ones below that middle

numbers and those bottom numbers,
if it's top, middle or bottom, ' 7‘ 9? 19°7?

Where is 277

I will give you a number, and you tell me

(Top, bottom and middle all given.)

27 is on the bottom, and now where is 28? Why?

t

Where is 147 ? .
Where is 150 ? . -~
Where is'1.346 ? , .

What about 13,468 ?
Why ?

13,468 « -
13,468 —~ =
Why is it 13,4717
17 - -

16 -

.on the board.
‘numbers are going by 5, 10, 15,

("I have a method that is up there
On the top row, the

Ay e

20, ... and the middle row it go@;s '

"4, 9, 14, 19, and for the bottom '
- row,_it's three numbers and then' _

you skip two and then three more
numbers and you skip two..."). "

("I notice that on the bottom line
that 7 is there and 17 is there so
27 must be there, too.'").

(Bottom) -

(Bottom)
("'8 is on the bottom') °

("Sometimes you can tell where -
the numbers are by the last number"

(13,467)




o and I'still want 127, with the parentheses, -

What happened here ? (3 » = 6) ("When the number is on the bottom
‘ of the row that goes up, and you have
an arrow going across, you add three,
but that doesn't work out on the other
numbers. ')

B oo e (13)

8 » s ce - > s »

Who knows how many arrows ['m going to use this time?

8 B O » - » —> » — o =

This is getting a little bit too long for me. If 1 wanted to write 30 arrows, you would
have le answer betou I could f1n1bh writing the arrows.

~

("You could write 8 and put
parentheses to show how many arrows -
you want. ')

’

I think I'1l do exactly thét I'll write 8 with an arrow facmg in the direction 1 want

8 ________)(12) = . (28)

§ —— - (33)

Why? " ("I knew there were two numbers
) between 14 and 4 and that was
two ard I added the four dots too. ')

("First I added: 9 and % is 14, for
each three arrows we add five; for. .
6 arrows Iadded 10 to each, ")
‘ | (12) ' .
. ("For 4 —— , you can divide
2 by 3 four times and 4 times 5
. ' 20, so if you start at 4, you get
4 ll)

("H you put 9 arrows, I'm poing tp
have to triple it,'")

13




(9)

"Here are 9 arrows: 7 —> (22)
-
" (9)Y
.o (12) '
H —> o (Wrong answer of 19)

What row is 19 in?
What row is & in?
It T went straight across, could I go from 6 to 197

Somebody explain the answer of 26, : ("Whén you have 12, you 1dd 10
to 6 and it's 16, and then you add
another 10 and it's 26.")

What macde you add 10? - . ("Every three arrows is 5 numbers, ')
( l%) o v ) ' ] ) .
§ ———> - Is the answer going to be more or less than 267

How much more?

6 s - () | °
)[
6 —(—d)—")
h _.(L) = ¢
N () PP . |
6 —> = 66 - ' . o (36)
( l) ] .- J - Y
6 —> - 8b, .
Who can explain that one? - . . ("6 ——3——)—3’ = 66 and when you put
' S ' ? . three more arrows it equals five more
numbers, and so if you put six more
arrows, that equals 10 more numbers;
if you put 20 more nurnbers on, that *
equals 12 arrows, and 12 arrows B
added onto 36 is 48. ")
10 —-129-‘—) - - o L o 4(Wrong answer of 150 is glven.) “
(90) . :
\Uu did 0 ——>: how can. you fix your answer?
C:an you tell how you did 10 _LQ__(_))_} = 160 ("Each 30 arrows make 50 numbers
and there are three 30's in 90, so
that is 150 and add 10 is 160.')
9 B
o s (Dot)
(300) . N " .
2l ———> = anl people who get that one work on this one:
21 —-(*3-%')‘9 : B . 9 /

13




Who wants to explain that ? (""Three goes into 300 one hundred

f times; 100 times 5 is 500 and 21
more is 521, The second one' is
just one more. So I looked at one on
the chart to make sure if it went
over it would be just one number
more instead of three numbers*®more,
and it was; so I just said 521 is the
first one, and 522 is-the second one.")

Now this is 23, how-will the answers change? ' ' &
0 ' | |
b0, | u
(301 .
23 ‘-'L—'—“)-E' = (Answers of 525 given,)

Where is 525, which row?
Where is 23 _
Why is it 5262 S R oo

o




Supplement
'""More Suggestions for Lattices"

- By Edward Esty

This supplcment describes some more lattices and more thmgs to.do
_ thh them in the classroom. The questxons are not sequenced in small steps;
“you will have to invent ac.d1t1onal questlons to fill in the gaps. Some of the
problems are hard, but none requires excessive computation.

Section 1 shows seven lattices different from those appearing.in the

written lessons and in the booklet Maneuvers on Lattices. Section II

cohsists of more problems on the lattice of page 4 of this beoklet. Section III
»'-‘i"ntroc.iuces a diffterent kind of arrow which can be used alone or in conjunctibn
with the ordinary arrows. '.T'“inally, in Section IV we describe an activity with
lattices which can be pursued with children of many ages. - R

Each section is. independent of the others, it is not mtended that the

reader should complete this pa-per at one sitting. Answers sta.rt on page 34, N
I.
t ._.\/
A, "Serpentine" Lattices - n | .

- These are a variety.of periodic lattices. Example:

3 4. 9 10 1% 16 21 22 27 28 , C .
L 5 g8 11. 14 17 20 23 26 -29

1 6 7 12 13 18 19 24 25 30 31

1. 14 — © =.

2. l4—— = " B
3T 14 e e e = :

n 14 (one hlundred_)_> - ' ‘




5-

6.

10.

11.

12,

Here

13.

14,

15,

16.

\ .
Describe all the numbers that work in [0 —

7 (seven) _

1
d

+ 1. o

[_)cscribc al’ the numbers thit workin O — = O + 3 .

3 {three) | _
4 (four) 5 .

5 .'(fxve)

6 J% =

: 0
Either find a number for O so that [J —(-~—)—-> is an odd number, or

explain why it can't be done.

's'another scrpentme lattice: -

by

1 8 9 16 17

Describe or draw two other serpentine lattices in which ' 8— = 9, Do

not include the trivial serpentine lattice.
1 2 3 4 . 5 6 boee »

-~

in which there are no zigzags. (For now we will say that a serpentine lat-
tice must have 1 in the lower left-hand corner, and, except for the tr1v1al
serpentine lattice, it must have 2 dlrectly above 1,) . - —- o

Including the trivial one, how ‘many serpentme lattices are there in Wthh
100 == = 101 ? (Hint: There-are fewer than 50 of them. )

Find some numbers for [ so that ‘there are exactly two serpentme

lattices (1n<.luc11ng the trivial one) in which FJ — = [0+ 1.

,'.\ .

In the serpentine lattice in which 3 - = 100 , what is 1,000,000 — — ? -

(

e ]

17




. . A . - . - . .'.,, .\"v
- B. The Tree lLattice SRS
1
2 3
4 . ,
5, 6. 7 8
9 ' .
10 11 12 13 14 15
, . 16
17 18 19. 20 21 22 23 24
- T 25 ) .

N

(Probably_'this lattice‘_sho'uld be used only with children who have had some
experience with multiplication, and who will therefore""nécogﬁize the '"trunk"
numbers—1, 4, 9, 16, ... —as perféct s’quarés: 1X1 = 1, 2X2 = 4,
'3'><3 = 9, etc.) | ) o | " -

]

" We shall say that 5} = 11, 124, = 9 and:9}.= 16.

N

6

1. 81} .=

2. 81/ =

3. 1,000,000 \ .= -

4, 1,000,001 | .=

(one hundred) - o o
5. 10 } = . | S




C. A Spiral Lattice
. Another lattice with interesting properties is one which spirals out for-
ever and which therefore has no edges. (Compare it with the qullt lattice,

- page 12 of the booklet '""Maneuvers on Lattices'.)

17 16 15 14 I3 __—

18 5 4 3 12
19 6 1 2 11 EEE
20 7 8. 9 10

21 22 23 24 25 26 "

Obberve that the perfect squares. appear- -in two d1agonals, the odd squares °

O -~.--btartmg wntrh 1 and- golngdwand—tedeh( —rtgh’r-and“the*eve‘n squares start-
ing with 4 ancl bomg up and to the left. o g ' !
Lo 49N ;' o, :
2. 144N =
3. 14; t =
4 144 — =
.15, '144 } = o

6. 144 -~ =
. ,
7. 148 | = -
8. 148 | = .
’ | .
9, (iiven any number Ul on this lattice, what is a procedure for finding EH ?
‘ (one hundred)
10. 1 C = (Hint: This is the same as
: _ : " (one hundred){one hundred)
L | : 1 ~ - )

)

[t is worthwhile to compare the spiral lattice with the tree lattice. Pairs
of branches are turncd into L.~shnped arrays.




D.

\

-~

31 32
~ " 26 27 28 29 30
21 22 - 23 24 25

. b6 17 18 19 20
i 12 13 14 15
6 7 -8 9 10
’ 1 2 3 4 5
Motice thadt ‘22 = 32, asina conventional 10 - fold lattice, but
Lo . . .
22 A N | =, | o
18 =t v = \
. . °
18 =t ¥»¥ = :
. 6
. " (one hundred)
17—=—=1 ¢ Nt = NN t A = v
. “ A

Construct a new lattice so that every equation on the offset lattice can be
transformed into an equation ‘on the new lattice by rotating each arrow
one-eighth turn counterclockwise. For example, since &4 = 14 on
the offset lattice, we want 8 { = 14 on the new lattice; since

7 XN } — = 7 onthe offset lattice, we want 7+« %N /7 "= 7 on

~
t

the new lattice.

)

22




R 2 A

E.  An Offset Periodic Lattice

a . 117
b 2 3 14
¢ 4 5 6
d 7 8 9 10
)

(one hundred three)

1. 1 >

"2, In which row does §§,721,386 appear?

computation,)

18

12

19
16
13

27

20

24

21

25

(Do not do any

v

H-a

A\

A Semi-Deleted Lattice . ) - ‘

Another kind of lattice is one in whicl'} numbers are left out in some *

N

orderly way. For example;

. . 38 39 41 42 .
- Y '32‘ 33 34 36 37

23 24 26 27 28 29

16, 17 18 19 21 ‘zz

8 9 112 13 14

1 2 3 4 6 1

b |

l. . Find all numbers which work.in otYy = O + 15 .
2. Find all the numbers w‘hich workin O — = 0 ‘z .
3. gt = | |
4'.' 3,4&7 ! .=

(two hundred)
oo =

(two hundred one)

5. - 200 (Careful!) i

6. 201 b =




, A ]
X . "

G, A Lattice With Ordercd Pairs ‘ ' )

]
0

(0, 2)

LD 0.1 (L) @y 3
CLO) 0,0 (Lo (20 (3,0 -
_(—.1.'—;}) 0,51 L0 @-n 3

(0,=2) N -

—
.

(2,104 "=

2. (=8,-6) {4}~ =-

(one hundred)

3.0 (3,1) A =

4, Use 'the' fewest arrows you can in (5,1) [ ‘ _ | I = 1,‘5) .
5. ‘Do the same for (5,1) ( ' ] = | 12', 3“ ),'

6. How many arrows? (347 , 26 )..L_._-_‘_'\jv = (26 , 347) .‘ I

W

This lattice can be used as an introduction to locating points in the plane.

Many of your'ea‘rly qucétions will probably be of the "What goes here?'" typ:.




II.

16 ’ .

€

d 8 24 40 : :

c 4 12 20 28 36 44

‘ -

‘b 2 6 10 14 18 22 26

a 13 5 7 9 11 13 15

[ '
You Know that the numbers which work in (1 — = 0O + Ot ace those’ ;
in the first column. Describe all the numbers that work in
Ve 2 0+ Qe e et

‘Write an equation such that the numbers that work are 101 and the numbers
in the column above 101.

Describe all the numbers that work in O X (31 = 0O% x O} .
' (Notice that 7 does not work in the equation above because so far no
meaning Aas been assigned to 7] .) .

Write an cquation so that the numbers that work are all the numbers above
row d . ’

5 (five)

5

- (seven)

7

) _.(unc)___) ' ’

-

1

1
(one hundred one)

101 = (3 is a likely wrong answer.)

o . | 23




) two) -

6 (six)

10. = U
- b
‘ 12 (twelve)
11. Without doing any computation, predict what : is.
' : ' 12
. Prediction: !
' 4 (four) . o .
12, Now: do ‘ . = [0 by looking at the lattice. Was your
- : 4
prediction right?
40 (foftz)_%’
13. ' : = O : |
40. " : A ‘ . :
[ : ° (
- 14 96 (ninety-six) 0l
: e ‘ ‘4
B. Here is a jumping rule which we call rule a .
’ | / ' A «~lattice arrow
v :
) D —-——a‘——% D-‘b - D
, 2
arrow for jun;ping rule , »

'

if we start at 28 we have

o .. B - &

_ " 2
gL 3_6"2
5

o2 a




Continue with the rule: 11 —>

a. . d— = ]

13,216 can be written.as 32 X 413 . Start at, 13,216, Use rule a. Land?

“tion?

rule b. What i$ your final landing number?

Start at 26. Use ru}ﬁ'.‘ Land? ' . , -—-—*“
Cive three sta‘t"rting numbers larger than 100 for which 2 is the landing -

number (using rule a ). , ,

N, /

Start at 13,216, Make 13,216 jumps with rule a . Land?

]

Start at 13,216 (thirteen thous.and two hundred sixteen) _ > Make '_13,216

jumps with rule a . Land?

Here is another jumping rule:

' b 0
—_— — —_
‘ D ( D-—b - D ) :.)
2 .
Make some jumps with this rule so that you know what it does. If problems
| through 5 on this page were to be answered using rule’ “b , one of the .
problems would be impossible. Which problem? : Of the . '

remaining four problems, Whlch would involve the most difficult computa-

@
!

Start at 3,728,400,000 . Make a jump with rule a and then a jump with "

Comment?

25
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A, We introduce a new kind of arrow——the superarrow. Here's how

N
¥

superarrows work, using this lattice:

20 21 22
15 16 17 18 19

10 11 12 13 14

(Assume that nothing has been said about edges; that 9 —, for instance, i§ un-

* °
!/

defined.) . . ) : .

11 ) = 1

16 = = 19

- : | p
19 = = 19 g -

3N = 15 o : | <

5

8 1]‘ Jdoes not exist, because there is no upper edge.

15 ¢ = 15

10 +~ il, is not defined (because 10 + isn't), . : (
10 & lL = 0

. Now do the problems beginning on the next page.

\]
1)

_3 [)




l.

13 &= = i) ’
: Noo= 0 | :
. 13 ¢ . 20 21 22 /
Find all numbers that work in . ' - 15 16 17:' 18 19
problems 3 - 8. : ' '
‘ . 10 11 12 13 14
3. U =» = 14 ' 5 .6' 7 8 9
4, L =D3NA =14 . 0 1-2 3 4 '
5, 0= = 2,338
* 6. 20,942 [N = O |
v ! o ) '
7. 26942 N ] = o . T v
8. Q 1= = = n =%
Compare this equation with
o] = 191w o] - LoJ
© 9. Use only superarrows to make this true: 0
AN . .
8- ° \l = 19
‘ (It is possible to do this problem...)
10. Using only superarrows, can you get. from 8 to every number on an edge?
Explain, ' o
k1. Same problem, st'arting at 12,
B. One reason for introducing superarrows is that they can be used to give

general descriptions of whole classes of lattices.

l.

Still on the original five-fold lattice, find all numbers that work in

Ne&= + D,jy

) =

Does 3 work? Does 10 work? Does 0 work?




Now the lattice 1s

e o= e - B e T

2+  Same problem: 0O = ] (= + O J

Y

Now the lattice is

: .
N . %

3. f‘ind all the numbers that work in 0 =
is the 1 coming from? '

¥’

4, Using o'nly boxes and superarrows (and + or -, etc.——no numbers),
fix up the equation in problem 3 so that bers work. '

) = '_"U & + 0, _ ________________________ .,,,___;___.._.._.._._..' |

WrNg som€thing here

~

18,842
17,921 18,228 18,535
A'/f‘) 17’000 17,307 17,614

(There's na number below 17.000 on this’laptice.)
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5. Buidd a single lattice for which equations (a), (b) ;"ﬁ__?.) and (d) are R
e always trges -4 should-add a constant amount; — should also add a ,.
~ tconstaht amount (except for numbers on the right-hand edge, where —
is undvt’il_wd)._ ; - _ : -
() ' = - e = 10
(by & =3 ’
B : () s == = 7 '
() =N = 58 |
Here is a multiplicative lattice: . | : . ' M
.‘ \'~ .*.
» ' ‘ .
625 - | B
125~ 250 500 _ ' ¢
25 50 - 100 200 - 3
B 5 10 20 40

6, 250 [, X 250 ¢&= 250 X [

&
T, Write an equation similar to the one you wrote. for problem 4 that will
. e . -
be true for -all multiplicative lattices. - » I
K. Write a supcrarrow cquation for the lattice of Section II .




$

~C. o Another reason for introducing superarrows is that since they always
take us to ¢dges, we can use them to describe extensions of lattices at edges,

I
Example: consider a ten-fold lattice:

30 ° 31 A : .g
*20 21 22 '23 24 25 26 27 28 29
10 11 12 13 14 15 16" 17 18 19 L

. 4.0123'4,_5678;9

9 — ‘is not yct defined. If we define it by saying that O ~ shall always be
11 + 1, we will have defined the "reversed typewriter” f extension, but only
for lattueb (like the one above) in which- 0 — is already O + 1 for some-
number in the boxes. E.g., the description is 1nadequate for the latt1ces in

section .6, pages 9 and 10 of Maneuvers on Lattices .

1f, on the other hand, we say that the equatlon O=— = U& 1
- is always ‘true, we will have descrlbed the reversed typewrlter extewsion in-
dependently of the partlcular lattice. Notlce that 11 we put 13 in the boxes we
'have 13m) = = 13 & f', or 19—+ = 10 t. The equat1on tells us that
19 — is 10 1 , or 20, it doesn't say anything about 13 —, which we already
know to be 14. If we put a number in the O which is already on the right-
hand edge, the first superarrow h,.a‘s no effect. Since / ie equivalent to =1,
~we have U = /" = 0O €= tt , which tells us that in this system 29/
equals 40 . - 4 o | »
It could be arguedﬁ that the reversed typewriter notion can be

described generally by saying that for all numbers in O and. A; /
R = A— - A . Thatis, — addsa constant amount
(not necessaril;r 1). But the superarrow approach is more geometric.

_ Superarrows can be used to: define or describe other edge extensions.
The "marching men at a cliff—don't go! " 1dea is simply 0= — = 0 %

- (Can this be done without using superarrowa")

v TSee Maneuvers on Lattices, page 11.
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- R
3 A
1

"Go direcily to z.ero" is (1 % - .= but if zero is not in the

' A —— s —— i e —— m——— —_—

“Tlattice, we probably. want to go directly to the lower left-hand corner:

=y~ = &

1. How would systems vIV‘, vV, ana V1, pages 11 and 12 of Maneuvers',
be done? "What about system IX ? : :

. ~

| Iv. Consi'der this latticc:: '20. 21
15 16 17 18 19
’ ) 10 11 12 13 | l>4 )
5 6 7 8 9
) o 1. 2 3 4 .

A B -C D E

(Thrlo‘ughuut this secf;j‘on, all lattices will have 0 in the lower left-hand corner.)Q

L. = " Pick some number in 'column D . Pick some number in column B .
Add the two numbers. " In what column is your answer?

A Pick another number in Lolumn D and another number in column B,
In what column is their sum?

qQ

A few more examples will convince you that no matter which numbers

~from B and D you pick, their sum will be in column E We chn express
this by writing D + B =" E, .

In the followmg problems, fill in the frames with letters only.

3, c+ o = [ ]

5, L1+ [+ 1 = &

6. C 1+ C 3+ C 3+ 1 - = |
o L3« C3+ C3 - s

8. Pick two numbers, one from column C and the other from D . Multiply

them.  In what column is your answer? . Will this always work?




10. )

11,
12.
13+
14.
15.

lo.

17.

18.

20.

21.

2e.

A X B X C XD X E

A+ B + C + D t.E

i

L]

A\Y

AXxA + BxB + CxcC + DxD + ExE = [ ]

P

gxplain why 3 X A = A s impossible unless you use A in at least
one of the frames. : : , K .

Since CX E = D;; it. might make sense to write D + E = C . But
it we pick 13 from D and 7 from E and divide, we get 1I3+7 =1

' 6 ° : _
and 17 .isn't in any column. How should we interpret D ¥ E ?

B:E = [ |
B+A = | |
“Try ”the sé.hﬂe—-éorf of ‘thing with this .Tlatt'iice':m/_m'ﬂ PR o ;
. L a
18 19 |

12 13 14 15 16 17

6 7' 8 9 10 11

D = I::l -

B +cCc+D+E+F = | | (Cf. problem 14):

Do not use A in either frame: | I X Q = A

E

+
“
L

+

A

2]
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23,

Use 12 and 2 as representatives from columas A and C: .
. . * - :

-

ISy W S o N~ e T

24,

25,

26.

27,

Use 18 and 2 as representatives from columns A .ax}d C :

A C = : |

We have seen that division (except by column A) makes sense in‘the
lattice with five columns but not in the lattice with six columns. What
about this lattice? o . % '

14

]

:."Describe all lattices in which division (except by column A) can be

4,

defined. _ ‘
. ot /

Describe all the lattices for which
N+t B + C + D 4+ ... + "(l'ast ¢olumn) = A

(Hint: Tryl a lattice with 9 col®mns before you decide.)

3/




10 A

A 1. 17 7.

= ’ I e e — e
Zo &0' . - Y . - ) 8. 16 :
3. 26 ' ' 9, - 20 -
4. 314 . | — 10. 24 - -
5. « Positive multiples of 3 ' 11, 30 :

Numbers in the middle row; that is, numbers that are 2 more than
some multiple of 3.~ ) '

12. Iff O is even, O LQ—)'> = O + multiple of 6,
¥ which is even. R : '
o (0)

"

If 1) is odd, 0

0O + multipleof 60 + (1 or 5),
which is also even. :

8 9
7 10, )
2 3 6 1 ‘ - -6 1 -
13. - : et and - .
? O 1 4 5 8 9 : 5 12
4 13
P ’ - ‘ 3 14
2 15
_ 1 16 17
**14. 9 (the number of positive divisors of 100
15, Any and all primes for 0.
51 52
l16. We have ' y SO T adds 102.
S 3 100 . '
: - 101 104
1 102 103
Thus -1,000,000 = -~ = 1,000,102 .
g 35




- B,

10.

100
2 81—+ —vyBt——=—90 -
3. 1,000,000 + 1,000,000 .1 = 1,001,001
4. 1,000,001 + 2x 1,002,001 = 1,002,003
(100) ‘- (100)
5, 10} = 10 == A | = .
(100)
. =9 | ¥ =~ .
=, (103)2 v —
2,
= (103 + 103 - 2 = 10710
C. 1. 8l 5. 101
2, 196 6. 145
3, 195 7. 147
4, 143 - 8. 149
9. Here's one pgocedure. Locate [ between two successive odd squares,
m and n ; m s 0O < n.
- If O = m, ~
then 0t =0 - 4XxVm +.5,
If s M < 0O < m+vVm,
then It o= Co+ 1,
I m+yVym <0< m+2xym + 2,
Cthen | Bt =11 + 4xvVm + 7.
1f m+2xym + 2 <O s m+3xVm + 3,
then ot =0 -1, -
»
' f =~ "m+ 3%XVm <0 < n,
then Ot =0 - 4xym - 3, '
2
(201)° = 100 = 40,301
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e ca

E. 1. 419
2. Row ¢

F. l. All numbers on the lattice

2, All numbers 1 less than a multiple of 5 which are not 1 less than
. a multiple of 30,

Sy .—

3. 116
4, 3,434
5. 200 is not on the lattice.
6. 1,708
G. 1. (2,2) S -
2. ( -9, =9 ) o ) | —
3. (103,101 )" ’
4, NN ,
5. e e - — > A A inany order °
6. 321 (which is 347 = 25)




! Y
II. A. 1. 7/ and numbers in the column above 7

. 2. = 4] e-ingL—t

3. Fverything in row b or above
4. X = ‘.*#ttt “ tilt)

30 L , "/}

b, 3 .
7. 3 ’
8. 303
9. 5 .
10. 5 . . '
Il 7 or Grame—0:?F
le. 9 '
13, 17
14, 65 X 96 = 6,240
- B. I 2
S 102, 106, 110, etc.
3. 32
o~ 4, 32-
5. 3¢ : : !
' 1
' b. "2 )iﬁmoss‘ib‘le, (5) hard
' ' I .BRules a and b comnute.
'
[ AL
4. 107 5. impossible
; &. Cp ¢ 6. 10
3. 10, 11, 12, 13, 14 1. 0 ,
4, 1o, 11, 14, 13, 14 8. everything
9.. 8 \u N = = 19 (other ways possible) “
10, Yes, "’l'ri.:.ll and enror shows you can reach edge numbers < 24 .
For larger edge nimbers use appropriate X and 7 alternately,
11, Nou.  Can rceach only even edge numbers,

37
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B.

Y 2

Everything works.
Everything works.
Nothing works. 1 comes from lower left hand corner.

o= e v, - D&

58 60

47 49 51 53 55 57
36 38 40 42 44 46
25 27 29 31 33 35

14‘ 16 18 20 22 24

4
: ,
(= DJLXD#%D{L@
or I, x0& = Ofé x0O
7= U Xx0é&

System IV : [ = — (] => <

1

M=y = 3 -;%A( , etc.
System V. 1 =» —- = U =y L]
= = M=yt , etc.
System VI: O = - = i é: ' , ctc.
System IX : {1 = N = =1
[ = — = =]
(o= A = O=>1t |, ctc.
P ‘4
1<
.

§




A
v

\
Iv. L. | 9. C
2. E . 10. B
5. A 1. A
4, C 12, Impossible
5. D 13, A
b. B , 14, A
E LY 7. Impossible ' 15, - A‘ .
| 8. B, Yes. ' ' 16, 5 is prime. '
17, Pick two numbers d and e from columns D and E respe‘ctivély,
'so that d + e is a whole number.. o
18, YU 23, A
19. Impossible o 24, D
20, B 25.  Yes.
21, D : 26. Those where 0} is prime. ‘ .
22. CXD or DXE - 27. Those where 0} is odd..
®
>
\ \
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. ‘\»U
/’/
2816 338
N 1408
. 704
Yo 16 48 80 176 208 : ‘
5 d ‘8 24 40 56 72 88 104
4. 1z 20 28 36 44 52 | 84

v

10 14 18 22 26 30 34 38 42

[
o~

1 3 5 7 9 1 13 15 17 19 21 23




